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前言

ҁᖱကЬाҞࢂޑଞჹ大Ο學ғϟಏԖᜢ線性代數຾΋ޑ؁౛ፕ. Ьाࢂ๱ख़ܭ΋ঁ
linear operator .ᄬୢᚒ่ޑ Ӄഢޕ᛽ӧ線性代數Бय़ሡΑှંତޑၮᆉ, ՉӈԄޑ性፦฻.
Կܭӛໆޜ໔аϷ linear transformation ฻୷ҁ性፦, ӧҁᖱက཮再ԛϟಏ. ќѦ代數Бय़
ሡΑှ field ୷ҁ性፦аϷޑ over ΋ঁ field ޑ polynomial ring 代數่ᄬޑ (ջӭ໨Ԅᕉޑ
ନݤচ౛).

ҁᖱကᗨฅЬाаύЎኗቪ, όၸ྽ੋϷۓက܈஑ԖӜຒਔ, ᘋஒаमЎ֚ޑխᙌ᝿ࣁ
.代ڗ ӢԜஒаύम֨ᚇၨό໺಍ޑБԄᡉ౜, ऩԖόߡፎـፊ.

ҁᖱကጓቪ຤ਔ, ጓቪֹ٠ࡕ҂࿶ၸᝄᙣޑਠჹ. ౧ᅅӧ܌ᜤխ, ᗨόԿܭԖ౛ፕ性΢ᝄ
ख़ޑᒱᇤ, ՠ᠐ޣϝᔈݙཀόࡴཷەӄԏ. ऩว౜ᒱᇤ, ៿߆ගрᝊ຦ޑཀـ.

ҁᖱကހ៾ឦբޣҁΓ, ៿߆大ৎԾҗΠၩ. ୷ޕܭ᛽Ծҗϩޑ٦౛ۺΨ៿߆大ৎණթ
ϩ٦, ՠ๊ჹ࿣ЗҺՖ୘཰ᔼճޑՉࣁ. Їॊҁᖱကϣ৒ਔፎ൧ख़բޣϐ๱բ៾, ሡֹ᏾ᡉ
Ңҁᖱကϐрೀ.
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Chapter 3

Linear Operator

྽ V ΋ঁࢂ vector space ਔ, வ V ډ V ޑ linear transformation, ൩ᆀࢂࣁ΋ঁ linear
operator on V . ྽ T : V → V ΋ঁࢂ linear operator ਔ, ӝԋځёаԵቾޑԾฅࡐॺך
T ◦2 = T ◦T , аϷ T ◦3 = T ◦T ◦2, . . . ೭ኬ΋ޔΠѐჹҺཀ i ∈ N ೿ёаۓр T ◦i = T ◦T ◦i−1

(T ◦0 = id). ӵԜ΋ٰ፟ϒ V ΋ঁࡐᙦ൤ޑ代數่ᄬ (ᆀࣁ F [T ]-module), ॺёа຾ךа܌
΋؁ѐΑှ T ک V .ᜢ߯ޑ ೭൩ךࢂॺ೭΋ക຾΋؁ፋ linear operator .চӢޑ җܭ大ৎ
ёૈჹ代數όࡐࢂዕ஼, ,代數ᇟ言ޑॺ཮ᗉխ٬ҔϼӭᚐѦךа܌ Ҕ大ৎዕ஼ޑБݤ (ᙖ
җંତ, ՉӈԄ) ٰϟಏ࣬ᜢޑ౛ፕ.

3.1. Basic Concept

΋ঁ linear operator൩ࢂ΋ঁ linear transformation܌а前΋കޑ౛ፕךॺ೿ёаճҔ.
җۓܭကୱکჹࢀୱࢂӕ΋ঁ vector space,ךॺёаᒧ࣬ӕޑ ordered basis,೭཮ᡣંତ߄
Ңݤᡂளၨᙁൂ. Ψ൩ࢂᇥऩ T : V →V ΋ঁࢂ linear operator, ाளډ T ޑ representative
matrix, ۓॺёаᒧך V ΋ঁޑ ordered basis β = (v1, . . . ,vn), ᜐ೿Ҕٿ β , ள β [T ]β ೭΋ঁ

n×n matrix. ޑᜐᒧٿ྽ـଆߡΑБࣁ ordered basis ࣬ӕਔ, T ޑ representative matrix,
ॺ൩཮Ҕך [T ]β ,Ң߄ٰ Ψ൩ࢂᇥ

[T ]β =
(
τβ (T (v1)), . . . ,τβ (T (vn))

)
.

ӵऩٯ T1,T2 ࣁࣣ V ޑ linear operator, җ Chapter 2 ޑ Proposition 2.4.5 ޕॺך

[T2 ◦T1]β = [T2]β · [T1]β . (3.1)

ќѦ٩Ԝݤ߄, ॺԖך [id]β = In.

ಞᄍ΢ךॺ཮ע V ޑ linear operators ޑԋ܌ vector space L (V,V ) ᙁϯԋ L (V ). Ξ
Ӣࣁ೭္ંޑତࣣࣁ n×n ,Бତޑ ॺҔךа܌ Mn(F) Ԗ܌Ң߄ٰ over F ޑ n×n matrices.
ճҔ೭٤಄ဦ, ྽ۓڰ΋ঁ V ޑ ordered basis β ਔ, Theorem 2.4.4 ֋ນךॺёаளډ΋ঁ
L (V ) ډ Mn(F) ޑ isomorphism, ջ Φ : L (V )→Mn(F), T 7→ [T ]β . ੝ձޑҗܭ [id]β = In,
ॺԖך [T ]β = In ऩЪ୤ऩ T = id.ӕ౛ [T ]β ΋ঁࢂ zero matrixऩЪ୤ऩ T : V →V ࢂ zero
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42 3. Linear Operator

mapping, ջ T (v) = OV , ∀v ∈V . ,ـଆߡΑБࣁ ॺஒך zero matrix ک zero mapping ೿Ҕ
O .Ң߄ .ॺԖаΠϐ่ፕךа܌

Lemma 3.1.1. ଷ೛ V ࣁ finite dimensional vector space, dim(V ) = n Ъ β ࣁ V ΋ঁޑ

ordered basis. ೛ T : V →V ࣁ linear operator, :ॺԖаΠ่݀ך

[T ]β = In⇔ T = id and [T ]β = O⇔ T = O.

前य़ᇥၸԵቾ linear operator ਔ, ޑୱԖ࣬ӕࢀჹکကୱۓॺ൳Я೿཮ᒧך ordered
basis. όၸԖ΋ঁٯѦ, ൩ࢂ identity ೭ঁ linear operator, id : V →V . Ӣࣁჹӕ΋ঁ linear
operator ऩඤќѦޑ΋ঁ ordered basis ٰೀ౛, Ѭޑ representative matrix ൩ёૈό΋ኬ
Α, ޑॺሡΑှ೭ኬך matricesϐ໔ԖՖᜢ߯, ൩ள᎞ β ′ [id]β ೭ኬޑ change of basis matrix
ٰᔅԆΑ. ճҔ Proposition 2.4.6, .ॺԖаΠϐ่݀ך

Lemma 3.1.2. ೛ β ,β ′ ࣁ V ޑ ordered bases, T : V →V ࣁ linear operator, ߾

[T ]β ′ =β [id]−1
β ′ · [T ]β · β [id]β ′ .

Proof. ճҔ Proposition 2.4.6, ޕॺך [T ]β ′ =β ′ [id]β · [T ]β · β [id]β ′ . ฅԶऩ dim(V ) = n, җ
Ԅη (2.6) ޕॺך

β ′ [id]β ·β [id]β ′ =β [id]β ′ ·β ′ [id]β = In,

ҭջ β ′ [id]β =β [id]−1
β ′ , ள᛾ҁۓ౛. �

྽ A,B ∈Mn(F), Զ P ࣁ Mn(F) ύޑ invertible matrix, ऩ B = P−1 ·A ·P, ᆀ߾ A,B ࣁ

similar matrix, Ҕ A∼ B .Ң߄ٰ ԜਔӢ det(P−1) = det(P)−1 ޕ

det(B) = det(P−1 ·A ·P) = det(P−1)det(A)det(P) = det(A).

җ Lemma 3.1.2 ၰޕॺך [T ]β ∼ [T ]β ′ , ளࡺ det([T ]β ) = det([T ]β ′). Ψ൩ࢂᇥόᆅҔব΋ঁ
ordered basis, T ޑ representative matrix ޑ determinant ࣣ࣬ӕ, ࢂက೭൩ۓॺΨӢԜך
T ޑ determinant, Ψ൩ࢂᇥ det(T ) = det([T ]β ).

Lemma 3.1.2 ϸၸٰࢂჹ༏? Ԗ൩ࢂᇥऩ A∼ [T ]β , ډפցёࢂ V ΋ঁޑ ordered basis
β ′ ٬ள A = [T ]β ′ ?ګ ٣ჴ΢, ऩ P ΋ঁࢂ invertible matrix ٬ள A = P−1 · [T ]β ·P, җ߾
Proposition 2.4.7, ډפॺૈך V ΋ঁޑ ordered basis β ′ ᅈى P =β [id]β ′ , җࡺ Lemma
3.1.2 ޕ

A = P−1 · [T ]β ·P =β [id]−1
β ′ · [T ]β · β [id]β ′ = [T ]β ′ .

ӢԜךॺԖаΠϐ่ፕ.

Proposition 3.1.3. ଷ೛ V ࣁ finite dimensional vector space, dim(V ) = n Ъ β ࣁ V ΋ޑ

ঁ ordered basis. ೛ T : V →V ࣁ linear operator Ъ A ∈Mn(F), ߾ A∼ [T ]β ऩЪ୤ऩӸӧ

V ΋ঁޑ ordered basis β ′ ٬ள A = [T ]β ′.
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྽ךॺा探૸΋ঁ linear operator ,性፦ਔޑ ΋ঁۓڰॺёаך ordered basis ஒϐᙯ
ඤԋ square matrix ,ᚒୢޑ Զ Proposition 3.1.3 ֋ນךॺ೭٤性፦ᔈჹܭ similar matrices
ᔈࢂόᡂޑ, аךࡕॺ཮࣮ډ೚ӭٯηک೭٣ჴ࣬ڥᔈ. .׎௃ޑॺӃ࣮΋ঁᙁൂך

Lemma 3.1.4. ଷ೛ V ࣁ finite dimensional vector space, β ࣁ V ΋ঁޑ ordered basis Ъ
T : V →V ࣁ linear operator, :ޑ฻ሽࢂΠӈ߾

(1) T ΋ঁࢂ isomorphism.

(2) [T ]β ΋ঁࢂ invertible matrix.

(3) det(T ) ̸= 0.

Proof. ޕॺך [T ]β ΋ঁࢂ invertible matrixऩЪ୤ऩ det([T ]β ) ̸= а໻ा᛾܌,0 (1)⇔ (2).

ଷ೛ dim(V ) = n, җ T ࢂ isomorphism, ޕ T ◦−1 ӸӧЪࣁ linear operator, җࡺ

[T ◦−1]β · [T ]β = [id]β = [T ]β · [T ◦−1]β аϷ [id]β = In

ޕ [T ]β ࣁ invertible. ϸϐ, ऩ A · [T ]β = In, җ Φ : L (V )→Mn(F), ࣁ isomorphism, Ӹޕ
ӧ T ′ : V →V ٬ள Φ(T ′) = [T ′]β = A. җࡺ [T ′ ◦T ]β = [T ′]β · [T ]β = In аϷ Lemma 3.1.1 ள
T ′ ◦T = id, ӕ౛җ [T ]β · [T ′]β = In ள T ◦T ′ = id, ள᛾ T ࣁ isomorphism. �

Question 3.1. ёցவ Lemma ऩޕ3.1.4 A∼ B߾ Aࢂ invertibleऩЪ୤ऩ Bࢂ invertible.

җ೭္ךॺёа࣮р؃΋ঁፋፕ linear operator 性፦ᚆό໒ޑ determinant, ॺӧ೭ך
္ፄಞ΋ঁ؃ determinant .ݤБޑ ऩ A ∈Mn(F), з aik ∈ F Ңӧ߄ A ޑ (i,k)-th entry (ջ
ӧ A ޑ i-th row Ϸ k-th column Տ࿼ޑϡન), Ъз Aik ∈ Mn−1(F) ஒࣁ A ޑ i-th row ک
k-th column մନ܌ࡕளޑ (n−1)× (n−1) matrix. ؃ݤБޑॺёаҔफ़໘ך det(A) ջჹ

i-th row फ़໘, ள

det(A) =
n

∑
k=1

(−1)i+kaik det(Aik),

Ψёჹ j-th column फ़໘ள

det(A) =
n

∑
k=1

(−1)k+ jak j det(Ak j).

က΋ঁۓॺΨёך n×n matrixᆀࣁ adjoint matrix of A, Ҕ adj(A)ٰ߄Ң, ࣁကۓځ adj(A)

ޑ (i, j)-th entry ࣁ

adj(A)i j = (−1)i+ j det(A ji).

ճҔԜંତךॺԖаΠ่݀ޑ.

Lemma 3.1.5. ଷ೛ A ࣁ n×n matrix, з adj(A) ࣁ A ޑ adjoint matrix, ߾

A · adj(A) = adj(A) ·A = det(A)In.
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Proof. det(A)In ΋ঁࢂ diagonal matrix, ջӧჹف線ޑՏ࿼ࢂ det(A) Զځдߚჹف線Տ࿼

ࣁ 0. Ӄᔠࢗ A · adj(A) ޑ (i, i)-th entry, ٩ંତ४ۓݤကԜջ
n

∑
k=1

aik adj(A)ki =
n

∑
k=1

(−1)k+iaik det(Aik) = det(A).

ќ΋Бय़྽ i ̸= j, A · adj(A) ޑ (i, j)-th entry, ٩ંତ४ۓݤကࣁ
n

∑
k=1

aik adj(A)k j =
n

∑
k=1

(−1)k+ jaik det(A jk).

ऩஒંତ Aޑ j-th rowҔ i-th rowڗ代, ତҔંޑள܌ A′ ,Ң߄ җܭ A′ ޑ i-th rowک j-th
row ࣬ӕ, ޕॺך det(A′) = 0. ฅԶճҔ A′ ޑ ( j,k)-th entry a′jk ࣁ aik аϷ A′jk = A jk, ჹ A′

ޑ j-th row फ़໘, ॺԖך

0 = det(A′) =
n

∑
k=1

(−1) j+ka′jk det(A′jk) =
n

∑
k=1

(−1) j+kaik det(A jk),

྽ޕࡺ i ̸= j ਔ A · adj(A) ޑ (i, j)-th entry ࣁ
n

∑
k=1

aik adj(A)k j =
n

∑
k=1

(−1)k+ jaik det(A jk) = 0.

ள᛾ A · adj(A) = det(A)In. ӕ౛, ճҔჹ column फ़໘؃ determinant, ёள adj(A) ·A =

det(A)In. �

3.2. Characteristic Polynomial

前य़ගၸ΋ঁ linear operator ,ᚒୢޑ ܭॺёаᙯϯԋԖᜢך square matrix ,ᚒୢޑ ܌
аךॺ཮Ӄ探૸΋૓ n×n matrix, ฅࡕ再ஒϐᙯϯԋ linear operator .׎௃ޑ

๏ۓ΋ঁ߯數ӧ F ޑ polynomial f (x) = cdxd + · · ·+ c1x+ c0 аϷ΋ঁ n× n matrix A,
ကۓॺך

f (A) = cdAd + · · ·+ c1A+ c0In.

,ޑᡉܴࡐ f (A) ϝฅࢂ΋ঁ n×n matrix. ΋૓ٰᇥંତ࣬४ࢂόёҬඤޑ, όၸ Ai ک f (A)

࣬४ࢂёаҬඤޑ. ٣ჴ΢

Ai · f (A) = Ai · (cdAd + · · ·+ c1A+ c0In)

= cdAd+i + · · ·+ c1A1+i + c0Ai = (cdAd + · · ·+ c1A+ c0In) ·Ai = f (A) ·Ai.

ӢԜу΢ճҔંତуݤ४ޑݤϩଛࡓ, .่݀ޑаΠډॺёаளך

Lemma 3.2.1. ଷ೛ f (x),g(x),h(x) ∈ F [x] Ъ f (x) = g(x)h(x). ऩ A ∈Mn(F), ߾

g(A) ·h(A) = h(A) ·g(A) = f (A).

再ԛமፓ೭္೿کࢂ A ࣬ᜢંޑତ࣬४ω཮ԋҥ, ΋૓ٰᇥऩ g(x),h(x) ∈ F [x] аϷ

A,B ∈Mn(F), ό΋ۓ཮Ԗ g(A) ·h(B) = h(B) ·g(A).

ௗΠٰךॺԖᑫ፪ࢂޑऩ A∼ B, ցࢂ f A)∼ f (B) ?ګ २Ӄᢀჸऩ P ࣁ invertible, ߾

(P−1 ·A ·P)2 = (P−1 ·A ·P) · (P−1 ·A ·P) = P−1 ·A2 ·P.
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ճҔ數學ᘜયݤёள

(P−1 ·A ·P)i = P−1 ·Ai ·P.

.ॺԖаΠ่݀ך

Lemma 3.2.2. ଷ೛ f (x) ∈ F [x] Ъ A,B ∈Mn(F). ऩ A∼ B, ߾ f (A)∼ f (B).

Proof. җ A∼ B Ӹӧޕ P ࣁ invertible ٬ள B = P−1 ·A ·P. ऩ f (x) = cdxd + · · ·+ c1x+ c0,
߾

f (B) = cdBd + · · ·+ c1B+ c0In = cd(P−1 ·A ·P)d + · · ·+ c1(P−1 ·A ·P)+ c0In

= cd(P−1 ·Ad ·P)+ · · ·+c1(P−1 ·A ·P)+c0In = P−1 ·(cdAd + · · ·+c1A+c0In) ·P = P−1 · f (A) ·P,

ள᛾ f (A)∼ f (B). �

ډ௢ቶۺ೭ཷעॺΨёך linear operator, ଷ೛ f (x) = cdxd + · · ·+ c1x+ c0 ∈ F [x] аϷ

T : V →V ΋ঁࢂ linear operator, җܭ linear operators ϐ໔ޑӝԋંکତϐ໔࣬ޑ४࣬ჹ
ᔈ Ԅηـୖ) (3.1)), ကۓॺך

f (T ) = cd T ◦d + · · ·+ c1 T + c0 id,

ޑᡉܴࡐ f (T ) ϝฅࢂ V ډ V ޑ linear operator. ࢗॺёаᔠך T ◦i ◦ f (T ) = f (T )◦T ◦i, ܌
а΋ኬԖаΠ่݀.

Lemma 3.2.3. ଷ೛ f (x),g(x),h(x) ∈ F [x] Ъ f (x) = g(x) ·h(x). ऩ T ∈L (V ), ߾

g(T )◦h(T ) = h(T )◦g(T ) = f (T ).

೭္ाமፓ΋Π྽ f (x) = g(x) ·h(x) ਔ f (T ) = g(T )◦h(T ) Զόࢂ฻ܭ g(h(T )). Ψ൩ࢂ
ᇥஒ g(T ک( h(T )೭ঁٿ linear operatorӝԋ཮ளډ f (T )೭ঁ operator, ՠ٠όࢂஒ h(T )

೭ঁ linear operator 代Ε g(x) ೭ঁӭ໨Ԅ.

๏ۓ V ΋ঁޑ ordered basis β ॺԾฅाୢך F(T ) ޑ representative matrix کցࢂ T

ޑ representative matrix Ԗᜢ. ٣ჴ΢再ԛճҔ฻Ԅ 3.1, ॺԖך [T ◦2]β = [T ]2β , ճҔ數學ᘜ
યݤёள

[T ◦i]β = [T ◦T ◦i−1]β = [T ]β · [T ]i−1
β = [T ]iβ ,

җԜךॺԖаΠϐ่݀.

Lemma 3.2.4. ଷ೛ V ΋ঁࢂ finite dimensional F-space, β ࣁ V ΋ঁޑ ordered basis Ъ
T : V →V ΋ঁࢂ linear operator. ऩ f (x) = cdxd + · · ·+ c1x+ c0 ∈ F [x], ߾

[ f (T )]β = f ([T ]β ) = cd [T ]dβ + · · ·+ c1 [T ]β + c0 In.

Proof. ကۓ٩ [ f (T )]β ࢂ f (T ) ޑ representative matrix, ճҔ Φ ࢂ linear transformation,
ޕॺך

[ f (T )]β = [cd T ◦d + · · ·+ c1 T + c0 id]β =

cd [T ◦d]β + · · ·+ c1 [T ]β + c0 [id]β = cd [T ]dβ + · · ·+ c1 [T ]β + c0 In = f ([T ]β ).
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�

౜ӧӣډ n× n matrix .׎௃ޑ ޕॺך dim(Mn(F)) = n2, ౜ऩ A ∈ Mn(F), Եቾ S =

{In,A,A2, . . . ,An2}. җܭ #(S) = n2 +1 > dim(Mn(F)), ޕॺך S ࣁ linearly dependent. ҭջ
Ӹӧ c0,c1, . . . ,cn2 ∈ F όӄࣁ 0 ٬ள

cn2 An2
+ · · ·+ c1 A+ c0 In = O.

ऩз f (x) = cn2xn2
+ · · ·+ c1x+ c0, ள߾ f (A) = O. ӢԜךॺёаᇥ: ჹҺཀޑ n×n matrix

A, ࣣӸӧ΋ঁԛ數ό大ܭ n2 ႟ӭ໨Ԅߚޑ f (x) ∈ F [x] ٬ள f (A) ࣁ n×n ޑ zero matrix
O. ཀ೭္ݙ cn2 Ԗёૈࢂ 0 ॺόૈᇥךа܌ deg( f (x)) = n2, ќѦ cn2 , . . . ,c1,c0 όӄࣁ 0, ܌
а f (x) όࢂ႟ӭ໨Ԅ.

Question 3.2. ऩ A∼ B Ъ f (x) ∈ F [x] ᅈى f (A) = O, ցёளࢂ f (B) = O?

Question 3.3. ऩ dim(V ) = nЪ T : V →V ΋ঁࢂ linear operator,ࢂցёډפ΋ঁ nonzero
polynomial f (x) ∈ F [x] Ъ deg( f (x))≤ n2 ٬ள f (T ) = O?

٣ჴ΢ךॺёаډפԛ數ࣁ n ӭ໨Ԅޑ f (x) ٬ள f (A) = O, ൩܌ࢂᒏޑ characteristic
polynomial.

Definition 3.2.5. ଷ೛ A∈Mn(F),Եቾ χA(x) = det(xIn−A)∈ F [x],ᆀࣁ Aޑ characteristic
polynomial.

ကۓਜޑཀԖݙ det(A−xIn) ࣁ A ޑ characteristic polynomial, ॺҔך det(xIn−A) Ьा

ᡣࢂ χA(x) ΋ঁࢂ monic polynomial (നଯԛ໨߯數ࣁ 1). ճҔफ़໘؃ determinant ݤБޑ
аϷ數學ᘜયך,ݤॺёаޕ྽ Aࣁ n×n matrixਔ, χA(x)ޑԛ數ࣁ nЪനଯԛ໨߯數ࣁ 1.
Ψё׳຾΋؁ளډ χA(x)ޑԛଯ໨ (ջ xn−1 ໨)߯數ࣁ −tr(A) (ຏ: tr(A)ࣁ Aޑ trace, ջჹ
.(ک線ϐف ќѦஒ x = 0 代Ε χA(x) ёள χA(x) ࣁத數໨ޑ χA(0) = det(−A) = (−1)n det(A).

Example 3.2.6. җܭ xIn− In = (x−1)In, ॺёளך χIn(x) = det((x−1)In) = (x−1)n. ॺך
ीᆉ൳ঁ 2×2 matrix ޑ characteristic polynomial. Եቾ

A1 =

(
1 −1
1 −1

)
, A2 =

(
1 −1
0 −1

)
, A3 =

(
1 −1
2 −1

)
,

߾

χA1 = det
(

x−1 1
−1 x+1

)
= (x−1)(x+1)+1 = x2,

χA2 = det
(

x−1 1
0 x+1

)
= (x−1)(x+1) = x2−1,

χA3 = det
(

x−1 1
−2 x+1

)
= (x−1)(x+1)+2 = x2 +1.

Question 3.4. ၂ᔠ࣮࣮ࢗ χI2(I2), χA1(A1), χA2(A2), χA3(A3) .ব٤ંତࢂ

ௗΠٰךॺٰ࣮࣮ similar matrices Ѭॺޑ characteristic polynomial Ԗϙሶᜢ߯.
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Proposition 3.2.7. ऩ A,B ∈Mn(F) Ъ A∼ B, ߾ χA(x) = χB(x).

Proof. җ A∼ B Ӹӧޕ invertible matrix P ٬ள B = P−1 ·A ·P. Ӣ xIn ࣁ diagonal matrix,
ޕॺך xIn ·P = P · xIn, Ԗࡺ P−1 · xIn ·P = xIn. ӢԜ

xIn−B = xIn−P−1 ·A ·P = P−1 · xIn ·P−P−1 ·A ·P = P−1 · (xIn−A) ·P.

ள᛾

χB(x) = det(xIn−B) = det(P−1 · (xIn−A) ·P) = det(P)−1 det(xIn−A)det(P) = χA(x).

�

੝ձޑ, ྽ T : V →V ΋ঁࢂ linear operator, β ,β ′ ࣁ V ޑ ordered bases, җܭ [T ]β ∼
[T ]β ′ , Proposition 3.2.7 ֋ນךॺ χ[T ]β (x) = χ[T ]β ′ (x). ӢԜךॺёаۓက linear operator ޑ
characteristic polynomial.

Definition 3.2.8. ଷ೛ V ࣁ finite dimensional F-space. ჹܭ V ޑ linear operator T : V →
V , Һڗ V ΋ঁޑ ordered basis β , ကۓ T ޑ characteristic polynomial ࣁ χ[T ]β (x), Ъа
χT (x) .Ң߄ٰ

җܭ A ޑ characteristic polynomial ౐ੋډ xIn − A ೭ኬંޑତ, Ψ൩ࢂᇥંତޑ
entry ύԖӭ໨Ԅ, ౜ӧךॺٰ探૸೭΋ᜪંޑତ. २Ӄ, ତቪԋંޑॺёаஒ೭΋ᜪך
xdAd + · · ·+ xA1 +A0, ύځ Ai ∈Mn(F) ೭ኬࠠޑԄ. )ݤҢ߄ޑॺёаԖаΠךӵٯ

5x2 +3 4x−1
7 x3−2x2 + x

)
= x3

(
0 0
0 1

)
+ x2

(
5 0
0 −2

)
+ x

(
0 4
0 1

)
+

(
3 −1
7 0

)
.

җךܭॺࢂஒ F ϡન代Εޑ x, ॺёஒךа܌ xA ຎࣁத數 x ४΢ંତ A. ӢԜ྽
A,B ∈Mn(F), җંତ४ݤ (rA) · (sB) = (rs)A ·B, ॺԖך

(xiA) · (x jB) = xi+ jA ·B.

,ࡓԖϩଛݤ४ݤӵӢંତуٯ ॺԖך

(A+ xB)2 = (A+ xB) · (A+ xB) = A2 +A · (xB)+ xB ·A+(xB)2 = A2 + x(A ·B+B ·A)+ x2B2,

όၸाݙཀӢંତ४ؒݤԖҬඤࡓ, (A+ xB)2 ό΋ۓ฻ܭ A2 +2x(A ·B)+ x2B2.

྽ঁٿ entry ύԖӭ໨Ԅޑ square matrices ࣬४ਔ, ତٰ࣬ંޑॺёаѬॺӵӕ΋૓ך
४. ΨёճҔ΢य़ޑБݤஒѬॺԖ x ,೽ϩගрޑ ฅࡕႽӭ໨Ԅ࣬४΋ኬ৖໒. җܭ೭ኬೀ
౛ϝ٩ൻ๱ંତ४ޑݤೕࡓ, .཮࣬ӕ่݀ޑډаள܌ .ηٯॺ࣮΋ঁך

Example 3.2.9. Եቾ(
5x2 +3 4x−1

7 x

)
= x2

(
5 0
0 0

)
+ x

(
0 4
0 1

)
+

(
3 −1
7 0

)
.

аϷ (
x−1 1
−x x+2

)
= x

(
1 0
−1 1

)
+

(
−1 1
0 2

)
.
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)ॺԖךௗ࣬४ޔ
5x2 +3 4x−1

7 x

)
·
(

x−1 1
−x x+2

)
=

(
5x3−9x2 +4x−3 9x2 +7x+1
−x2 +7x−7 x2 +2x+7

)
,

Զќ΋ᜐӵӭ໨Ԅ࣬४৖໒Ԗ(
x2
(

5 0
0 0

)
+ x

(
0 4
0 1

)
+

(
3 −1
7 0

))
·
(

x
(

1 0
−1 1

)
+

(
−1 1
0 2

))
= x3

(
5 0
0 0

)(
1 0
−1 1

)
+ x2

((
5 0
0 0

)(
−1 1
0 2

)
+

(
0 4
0 1

)(
1 0
−1 1

))
+ x

((
0 4
0 1

)(
−1 1
0 2

)
+

(
3 −1
7 0

)(
1 0
−1 1

))
+

(
3 −1
7 0

)(
−1 1
0 2

)
= x3

(
5 0
0 0

)
+ x2

(
−9 9
−1 1

)
+ x

(
4 7
7 2

)
+

(
−3 1
−7 7

)
.ޑ฻࣬ࢂ่݀ݤᅿᆉٿа܌

ௗ๱ךॺाமፓऩ xdAd + · · ·+ xA1 +A0 = xdBd + · · ·+ xB1 +B0, ύځ Ai,Bi ∈Mn(F), ߾
Ai = Bi, ∀ i = 0,1, . . . ,d. ೭ࢂӢࣁऩԖঁࢌ Ai ̸= Bi, ତԖঁંޑᜐٿҢ฻Ԅ߄ entry ځ xi ޑ

߯數ό࣬ӕ, ೷ԋҟ࣯. ΑှΑ೭ۺ٤ཷ, ॺ൩ёаೀ౛ך characteristic polynomial ख़ाޑ
性፦.

Theorem 3.2.10 (Cayley-Hamilton Theorem). ऩ A ∈Mn(F), χA(x) ࣁ A ޑ characteristic
polynomial, ߾ χA(A) = O.

Proof. з χA(x) = xn + · · ·+ c1x+ c0. ճҔ xIn−A ޑ adjoint matrix, җ Lemma 3.1.5 ॺך
Ԗ

adj(xIn−A) · (xIn−A) = det(xIn−A)In = χA(x)In = xn In + · · ·+ xc1In + c0In.

ऩஒ xIn−Aޑ i-th rowک k-th column౽ନ,܌ளޑ (n−1)×(n−1) matrixځ determinant
ܭԛ數λࣁ n ,ӭ໨Ԅޑ а٩܌ adjoint matrix ကۓޑ adj(A− xIn) ؂ঁޑ entry ԛ數ࣁࣣ
λܭ n ,ӭ໨Ԅޑ ଷ೛ࡺ adj(A− xIn) = xn−1Bn−1 + · · ·+ xB1 +B0, ύځ Bi ∈Mn(F). ӢԜך
ॺԖаΠޑ฻Ԅ

(xn−1Bn−1 + xn−2Bn−2 + · · ·+ xB1 +B0) · (xIn−A) = xn In + xn−1 cn−1In + · · ·+ xc1In + c0In (3.2)

ஒ฻Ԅ (3.2) Ѱᜐ৖໒, ॺளך

(xn−1Bn−1 + xn−2Bn−2 + · · ·+ xB1 +B0) · (xIn−A)

= xn(Bn−1 · In)+ xn−1(Bn−2 · In−Bn−1 ·A+)+ · · ·+ x(B0 · In−B1 ·A+)−B0 ·A
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ᔈ၀ک฻Ԅ (3.2) ѓԄ࣬ӕ, Кၨ߯數ளࡺ

−B0 ·A = c0In

B0 · In−B1 ·A = c1In
...

Bn−2 · In−Bn−1 ·A = cn−1In

Bn−1 · In = In

ஒಃ΋Ԅό୏, ಃΒԄٿᜐѓ४ A, ಃΟԄٿᜐѓ४ A2, . . . , നࡕ΋Ԅٿᜐѓ४ An, ॺளך

−B0 ·A = c0In

B0 ·A−B1 ·A2 = c1A
...

Bn−2 ·An−1−Bn−1 ·An = cn−1An−1

Bn−1 ·An = An

Ӣ҂Ѱᜐӄ೽уଆٰ཮฻ܭѓᜐӄ೽уଆٰ, ள᛾

O = An + cn−1An−1 + · · ·+ c1A+ c0In = χA(A).

�

྽ β ࣁ V ΋ঁޑ ordered basis, T : V →V ࣁ linear operator,ךॺۓက χT (x) = χ[T ]β (x).
Ԝਔ χT (T ) ࣁ linear operator, ჹځ β ޑ representative matrix , ٩ Lemma 3.2.4 ࣁޕ

[χ[T ]β (T )]β = χ[T ]β ([T ]β ).

җࡺ Theorem 3.2.10 ޕ [χT (T )]β = O, ӢԜճҔ Lemma 3.1.1 ளޕ χT (T ) = O. ೭൩ࢂ
linear operator ޑҁހ Cayley-Hamilton Theorem.

Corollary 3.2.11 (Cayley-Hamilton Theorem). ऩ V ࣁ finite dimensional F-space, T :

V →V ࣁ linear operator, ߾ χT (T ) = O.

3.3. Minimal Polynomial

ऩ A ࢂ n×n matrix, ճҔ A ޑ characteristic polynomial, ࣁၰӸӧԛ數ޕॺך n ӭޑ

໨Ԅ f (X) ∈ F [x] ٬ள f (A) = O. ཮ό཮Ԗԛ數׳λޑӭ໨Ԅёаၲډ೭ঁҞګޑ? ೭ࢂԖ
ёૈޑ, ӵٯ A = In ਔ, χIn(x) = (x−1)n, ՠԵቾ f (x) = x−1, ॺԖך f (In) = In− In = O. ܌
аךॺགྷाډפԛ數നλߚޑ႟ӭ໨Ԅ f (X) ∈ F [x] ٬ள f (A) = O.

Definition 3.3.1. ೛ A ∈Mn(F), ӧ܌Ԗߚ႟ӭ໨Ԅ f (x) ∈ F [x] ύᅈى f (A) = O, Ъԛ數
നλޑ monic polynomial (ջനଯԛ໨߯數ࣁ 1) ᆀࣁ A ޑ minimal polynomial, Ҕ µA(x)

.Ң߄ٰ
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႟ӭ໨ԄߚޑӸӧԛ數നλۓၰ΋ޕॺך f (x) ∈ F [x] ٬ள f (A) = O, Զ೭္ा؃ monic
൩ࢂा؃୤΋性. ٣ჴ΢ऩ f (x),g(x) ∈ F [x] ႟ߚޑԛ數നλࣁ monic polynomial ٬ள
f (A) = g(A) = O, Ӣࣣࣁԛ數നλࡺѸԖ deg( f ) = deg(g), Ξा؃ f (x),g(x) ࣁ monic, ࡺ
ޕ deg( f (x)− g(x)) < deg( f (x)). ՠԜਔ f (A)− g(A) = O−O = O, ޕा؃ޑҗԛ數നλࡺ
f (x)−g(x) Ѹࣁ႟ӭ໨Ԅ, ջ f (x) = g(x), а܌ minimal polynomial µA(x) .ޑ୤΋ࢂ

ௗΠٰךॺाୢऩ A∼ B, ٗሶѬॺޑ minimal polynomial µA(x),µB(x) .ց࣬฻ࢂ २Ӄ
ٰ࣮΋ঁ minimal polynomial ന୷ҁޑ性፦.

Lemma 3.3.2. ଷ೛ A ∈Mn(F) Ъ f (x) ∈ F [x]. ߾ f (A) = O ऩЪ୤ऩ µA(x) | f (x).

Proof. ଷ೛ f (x) | µA(x), ҢӸӧ߄ h(x) ∈ F [x] ٬ள f (x) = µA(x)h(x), Ӣ µA(A) = O, ճҔ
Lemma 3.2.1 ޕ f (A) = µA(A) ·h(A) = O ·h(A). Ӣࣁ႟ંତ४аҺՖӕ໘ંޑତҭࣁ႟ંତ,
ளࡺ f (A) = O.

ќ΋Бय़,Ӣ F ΋ঁࢂ field,Եቾӭ໨Ԅޑନݤ f (x) = µA(x)h(x)+r(x),ځύ h(x),r(x)∈
F [x] Ъ deg(r(x))< deg(µA(x)). җ f (A) = O ॺளךଷ೛ޑ

O = f (A) = µA(A) ·h(A)+ r(A) = O ·h(A)+ r(A) = r(A).

ҭջ r(x)∈ F [x]ࢂ΋ঁԛ數К µA(x)λࠅᅈى r(A) = Oޑӭ໨Ԅ. ٩ µA(x)ࢂ Aޑ minimal
polynomial ϐۓကள r(x) ,႟ӭ໨Ԅࣁ ள᛾ f (x) ࢂ µA(x) ,७Ԅޑ ջ µA(x) | f (x). �

౜ऩ A∼ B, ճҔ Lemma ޕ3.2.2 µA(B)∼ µA(A) = O, ฅԶک႟ંତ similarંޑତѸࣁ
႟ંତ (ӢჹҺཀ invertible matrix P, P−1 ·O ·P = O), ளࡺ µA(B) = O. җ Lemma 3.3.2 ޕ
µB(x) | µA(x). ӕ౛ճҔ µB(A)∼ µB(B) = O, ள µA(x) | µB(x). ฅԶ µA(x),µB(x) ࣁࣣ monic,
ளࡺ µA(x) = µB(x). ᛾ளаΠϐ่݀.

Proposition 3.3.3. ऩ A,B ∈Mn(F) Ъ A∼ B, ߾ µA(x) = µB(x).

΋ঁۓॺΨёаך linear operator ޑ minimal polynomial.

Definition 3.3.4. ೛V ΋ঁࣁ finite dimensional F-space, T :V→V ΋ঁࣁ linear operator.
ӧ܌Ԗߚ႟ӭ໨Ԅ f (x) ∈ F [x] ύᅈى f (T ) = O, Ъԛ數നλޑ monic polynomial ᆀࣁ T

ޑ minimal polynomial, Ҕ µT (x) .Ң߄ٰ

ӕ matrix ,׎௃ޑ T ޑ minimal polynomial ѸӸӧЪ୤΋. ճҔ Lemma 3.3.2 ࣬ӕޑ
᛾ܴБݤ (ሡҔډ႟ڄ數کҺՖڄ數ӝԋϝࣁ႟ڄ數) .ॺ཮ԖаΠ่݀ך

Lemma 3.3.5. ଷ೛ V ΋ঁࣁ finite dimensional F-space, T : V →V ΋ঁࣁ linear operator.
߾ f (T ) = O ऩЪ୤ऩ µT (x) | f (x).

Question 3.5. գ཮᛾ܴ Lemma 3.3.5 ༏?

྽ β Vࣁ ޑ ordered basis, T ޑ characteristic polynomial χT (x)ࢂҗ T ޑ representative
matrix [T ]β ޑ characteristic polynomial χ[T ]β (x) .ကԶளۓ όၸ T ޑ minimal polynomial
µT (x) ٠όࢂҗ µ[T ]β ,ډကளۓ .ց࣬ӕࢂॺा探૸Ѭॺךа܌
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Proposition 3.3.6. ೛ V ΋ঁࣁ finite dimensional F-space, β ࣁ V ΋ঁޑ ordered basis
Ъ T : V →V ࣁ linear operator. ߾

µT (x) = µ[T ]β (x).

Proof. २Ӄݙཀ, ऩ f (x) ∈ F [x], ճҔ߾ Lemma 3.2.4 аϷ Lemma 3.1.1 ॺԖך

f (T ) = O⇔ [ f (T )]β = O⇔ f ([T ]β ) = O.

аҗ܌ µT (T ) = O ёள µT ([T ]β ) = O, җࡺ Lemma 3.3.2 ޕ µ[T ]β (x) | µT (x). ӕኬޑҗ
µ[T ]β ([T ]β ) = O, ёள µ[T ]β (T ) = O, ޕࡺ µT (x) | µ[T ]β (x). ΞӢ µT (x),µ[T ]β (x) ࣁࣣ monic
polynomial, ள᛾ µT (x) = µ[T ]β (x). �

നךࡕॺٰ探૸ minimal polynomial ک characteristic polynomial ϐ໔ޑᜢ߯.

Theorem 3.3.7.

(1) ଷ೛ A ∈Mn(F), ߾ µA(x) | χA(x). ԶЪ λ ∈ F ᅈى χA(λ ) = 0 ऩЪ୤ऩ µA(λ ) = 0.

(2) ଷ೛ V ࣁ finite dimensional F-space, T : V →V ࣁ linear operator,߾ µT (x) | χT (x).
ԶЪ λ ∈ F ᅈى χT (λ ) = 0 ऩЪ୤ऩ µT (λ ) = 0.

Proof.

(1) Ӣ χA(A) =O,җ Lemma ޕ3.3.2 µA(x) | χA(x). җԜёளऩ µA(λ ) = ߾0 χA(λ ) = 0.
ϸϐ, ऩ χA(λ ) = 0, Ң߄߾ det(λ In−A) = 0 ҭջ λ In−A όࢂ invertible matrix.
౜Եቾ µA(x) ନа x−λ , ள µA(x) = (x−λ )h(x)+ r, ύځ h(x) ∈ F [x] Ъ r ∈ F . 代
Ε A, ள O = µA(A) = (A− λ In) · h(A)+ rIn. ऩ r ̸= 0, җ (λ In−A) · h(A) = rIn ள

(λ In−A) · r−1h(A) = In. Ԝ代߄ r−1h(A) ࣁ λ In−A ޑ inverse, ᆶ λ In−A όࢂ

invertible matrix ࣬ҟ࣯, ளޕ r = 0, ҭջ x−λ | µA(x). ள᛾ µA(λ ) = 0.

(2) ჹܭ linear operator T :V→V ,ᒧۓV ΋ঁޑ ordered basis β ,җܭ χT (x)= χ[T ]β (x)

аϷ µT (x) = µ[T ]β (x). ঺Ҕ (1) ܭ่݀ޑ [T ]β , ॺள᛾ך µT (x) | χT (x) Ъ

χT (λ ) = 0⇔ µT (λ ) = 0.

�

Example 3.3.8. ॺճҔ前य़ך Example 3.2.6 ޑள܌ characteristic polynomial ٰ؃Ѭॺ
ޑ minimal polynomial. Ӣ χA1(x) = x2,٩ Theorem ޕ3.3.7 µA1(x)ᔈࣁ x܈ x2. ՠ A1 ̸= O,
ޕ A1 ޑ minimal polynomial όёૈࣁ x, ளޕ µA1(x) = x2.

Ӣ χA2(x) = x2−1,٩ Theorem ޕ3.3.7 x−1ک x+1೿ࢂ µA2(x)ޑӢԄ,Ξ µA2(x) | x2−1

ளޕ µA2(x) = x2−1.

Ӣ χA3(x) = x2 +1, ٩ Theorem 3.3.7 ޕ µA3(x) | x2 +1. ऩ F = R, x2 +1 ޑ monic factor
(ӢԄ) ໻Ԗ 1 ک x2 +1, Ξ minimal polynomial όૈࢂத數ӭ໨Ԅ, ள᛾ µA3(x) | x2 +1. Ξ
ऩ F = C, Ӣ i,−i ࣁࣣ x2 +1 = 0 ,ਥޑ ٩ Theorem 3.3.7 ޕ µA3(x) = x2 +1.

Question 3.6. գૈډפ A ∈M2(R), ٬ள µA(x) ̸= χA(x) ༏?
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Question 3.7. ऩ A ∈Mn(F) Ъ χA(x) = (x−λ1) · · ·(x−λn) ύځ λi ∈ F Ъ λi ̸= λ j for i ̸= j,
߾ µA(x) ?ϙሶࢂ

ॺёаஒך Theorem 3.3.7 ଺຾΋ޑ؁௢ቶ, ೭ሡाፄಞ΋Π學ၸޑ代數. ଷ೛
p(x) ∈ F [x] ΋ঁࢂ irreducible polynomial, ډפॺёаך F ΋ঁޑ finite extension F̃ , ٬
ள p(x) = 0 ӧ F̃ ύԖਥ. ଷ೛ λ ∈ F̃ ΋ਥࣁ (ջ p(λ ) = 0), Һཀܭჹ߾ f (x) ∈ F [x], ᅈى
f (λ ) = 0,Ӣ p(x)ࣁ irreducible,ךॺޕ p(x) | f (x). ౜ऩ A∈Mn(F), AΨёຎࣁӧ Mn(F̃)ύ.
A ޑ characteristic polynomial όᆅஒ A ຎࣁব္ંޑତ, ࣁကࣣۓځ det(xIn−A), Ԝکஒ
A ຎࣁ Mn(F) ܈ Mn(F̃) ύޑ matrix คᜢ. ՠ minimal polynomial ব΋ঁکက൩ۓޑ field
ԖᜢΑ. ऩஒ A ຎࣁ Mn(F̃) ,ତંޑ ځ minimal polynomial (ӧԜҔ µ̃A(x) ,(Ң߄ ࣁကۓځ
ӧ F̃ [x] ύԛ數നλޑ monic polynomial f (x) ٬ள f (A) = O. ࣁаӢ܌ µA(x) ∈ F [x]⊆ F̃ [x],
ճҔ Lemma 3.3.2 ޕॺך µ̃A(x) | µA(x). ΑှΑ೭΋ቫᜢ߯, .౛ۓԖаΠϐख़ाߡॺך

Theorem 3.3.9.

(1) ଷ೛ A ∈Mn(F) Ъ p(x) ∈ F [x] ΋ঁࢂ irreducible polynomial. ߾ p(x) | χA(x) ऩЪ

୤ऩ p(x) | µA(x).

(2) ଷ೛ V ࣁ finite dimensional F-space, T : V →V ࣁ linear operator, Ъ p(x) ∈ F [x]

΋ঁࢂ irreducible polynomial. ߾ p(x) | χT (x) ऩЪ୤ऩ p(x) | µT (x).

Proof.

(1) җ Theorem 3.3.7 ޕॺך µA(x) | χA(x), ऩࡺ p(x) | µA(x) ள߾ p(x) | χA(x). ќ΋Б
य़, ऩ p(x) ∈ F [x] ࣁ irreducible Ъ p(x) | χA(x). Եቾ F̃ ࣁ F ޑ finite extension,
٬ள p(x) = 0 ӧ F̃ ύԖ΋ਥ λ . ஒ A ຎࣁӧ Mn(F̃) ତЪзંޑ µ̃A(x) ∈ F̃ [x] ࣁ

A∈Mn(F̃)ӧ F̃ [x]ޑ minimal polynomial. Ԝਔҗܭ p(x) | χA(x),ךॺԖ χA(λ ) = 0.
ճҔ Theorem 3.3.7 ঺Ҕӧ F̃ ,׎௃ޑ ள µ̃A(λ ) = 0. ฅԶςޕ µ̃A(x) | µA(x), ள
µA(λ ) = 0. ౜Ӣ µA(x) ∈ F [x] Ъ p(x) ∈ F [x] ࣁ irreducible, ள᛾ p(x) | µA(x).

(2) ჹܭ linear operator T :V→V ,ᒧۓV ΋ঁޑ ordered basis β ,җܭ χT (x)= χ[T ]β (x)

аϷ µT (x) = µ[T ]β (x). ঺Ҕ (1) ܭ่݀ޑ [T ]β , ॺள᛾ך

p(x) | χT (x)⇔ p(x) | χ[T ]β (x)⇔ p(x) | µ[T ]β (x)⇔ p(x) | µT (x).

�

Question 3.8. ऩ A ∈Mn(F) Ъ χA(x) = pc1
1 (x) · · · pck

k (x) ύځ ci ∈ N, pi(x) ∈ F [x] ࣁ monic
irreducible polynomial Ъ pi(x) ̸= p j(x) for i ̸= j, ߾ µA(x) ཮࡛ࢂኬ׎ޑԄ?

Example 3.3.10. Եቾ linear operator T : P2(R)→ P2(R) ᅈى

T (1) = 2x2−1,T (x+1) = 3x2 +2x+2,T (−x2 + x+1) = 4x2 +2x+2.

рפॺགྷך T ޑ minimal polynomial µT (x).

२ӃԵቾ P2(R) ޑ ordered basis β = (−x2 + x+1,x+1,1). Ӣ
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T (−x2 + x+1) = (−4)(−x2 + x+1)+6(x+1)

T (x+1) = (−3)(−x2 + x+1)+5(x+1)

T (1) = (−2)(−x2 + x+1)+2(x+1)+(−1)1

ள [T ]β =

 −4 −3 −2
6 5 2
0 0 −1

. ीᆉள χT (x) = χ[T ]β (x) = (x+1)2(x−2). Ξ

([T ]β + I3) · ([T ]β −2I3) =

 −3 −3 −2
6 6 2
0 0 0

 ·
 −6 −3 −2

6 3 2
0 0 −3

=

 0 0 6
0 0 −6
0 0 0

 ,

ޕ µT (x) = µ[T ]β (x) ̸= (x+1)(x−2), Զள µT (x) = µ[T ]β (x) = (x+1)2(x−2). ٣ჴ΢

([T ]β + I3)
2 · ([T ]β −2I3) =

 −3 −3 −2
6 6 2
0 0 0

 ·
 0 0 6

0 0 −6
0 0 0

= O.

Question 3.9. ၂ճҔ ordered basis (x2,x,1) ೀ౛ Question 3.3.10. ཮ό཮Ԗ΋ኬ่݀?

3.4. Internal Direct Sum

๏ۓ΋ঁ linear operator T : V → V , ऩᒧ୼ӳޑ ordered basis, T ޑ representative
matrix ёаࢂၨӳೀ౛ޑ matrix. όၸ೭ሡाஒ V ቪԋ܌ᒏޑ internal direct sum of
T -invariant subspaces. ॺӃόፋךа೭΋࿯܌ linear operator, Ӄ探૸ internal direct sum
.性፦ޑ

ॺӧך Chapter 1 ޑϟಏ܌ direct sum ޑᒏ܌ࢂჴځ external direct sum, Ѭࢂόᆅ؂
ঁ vector space ϐ໔ޑᜢ߯, Զ೷рޑ vector space. όၸऩ؂ঁ vector space ໔Ԗᜢ߯, ٗ
ሶךॺߡёа探૸Ԗᜢܭ internal direct sum .ᚒୢޑ

ଷ೛ U,W ࣁࣣ V ޑ subspace. ёаԵቾڄ數 T : U⊕W →U +W , ࣁကۓ

T ((u,w)) = u+w, ∀u ∈U,w ∈W.

ډ৒ܰளࡐကۓ٩ T ࢂ well-defined function, Ъёள T ΋ঁࢂ onto ޑ linear transforma-
tion. ௗΠٰךॺԾฅाୢ Ker(T ?ϙሶࢂ( ऩ (u,w) ∈Ker(T Ң߄,( T ((u,w)) = u+w = OV ,
ள u=−w. ՠ u∈U,w∈W ளࡺ, u=−w∈U∩W . ϸϐ,ऩ u∈U∩W ,Եቾ (u,−u)∈U⊕W ,
ёள T ((u,−u)) = OV . ள᛾ Ker(T ) = {(u,−u) | u ∈U ∩W}.

Question 3.10. ډՖाளࣁ T : U ⊕W →U +W ೭ঁڄ數ሡा U,W ࣁࣣ V ޑ subspace
೭ঁଷ೛?

Question 3.11. ၂᛾ܴ {(u,−u) | u ∈U ∩W} ≃U ∩W . ճҔ the First Isomorphism Theo-
rem, ॺёόёаᇥך (U⊕W )/(U ∩W )≃U +W?

੝ձӦ, ྽ U ∩W = {OV} ਔ, Ӣ (OV ,OV ) = OU⊕W , ॺளך Ker(T ) = OU⊕W . ҭջ T ࣁ

one-to-one, .ॺԖаΠϐ่݀ך
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Proposition 3.4.1. ଷ೛ U,W ࣁࣣ V ޑ subspace, ऩ U ∩W = {OV}, ߾

U⊕W ≃U +W.

൩ࢂӢࣁ೭ঁচӢ, ྽ U,W ࣁࣣ V ޑ subspace Ъ U ∩W = {OV} ਔ, ॺ཮ஒך U +W

Ҕ U⊕W .Ң߄ٰ ाݙཀԜਔ U⊕W ࢂޑࡰ V ޑ subspace U +W , όࢂа前ঁٗޑۓཥޑ
vector space. ೭္ךॺҔ U ⊕W ೭ঁ಄ဦٰமፓ U ∩W = {OV}. ,Α୔ϩమཱࣁ ॺ཮ᇥך
೭ࢂU,W ޑ internal direct sum. ཀ,ऩU,Wݙаा܌ ࣁࣣ V ޑ subspaceЪU∩W ̸= {OV}
ਔ U⊕W ೭ঁ಄ဦ๊ჹࢂ代߄ external direct sum. ऩ U,W ࣁࣣ V ޑ subspace, Զךॺம
ፓ U ⊕W ⊆V ࢂᇥ܈ internal direct sum, ൩߄Ң U ∩W = {OV}. ྽ฅΑऩ U,W ؒԖҺՖ

ᜢᖄ, ٗሶ U⊕W ޑচҁࢂޑࡰ external direct sum.

྽ V ࣁ finite dimensional vector space, Ъ U ࢂ V ޑ subspace. ќ΋ঁډפॺёаך
V ޑ subspace W ٬ள V =U ⊕W . ٣ჴ΢Һڗ U ΋ಔޑ basis S = {u1, . . . ,um}, ёޕॺך
аஒ S ᘉ大ԋ V ΋ಔޑ basis {u1, . . . ,um,w1, . . . ,wn}. Ԝਔऩз W = Span({w1, . . . ,wn}), җ
ܭ {u1, . . . ,um,w1, . . . ,wn} ࣁ linearly independent, ޕॺך U ∩W = {OV}. аёள܌ U ⊕W

೭΋ঁ U,W ޑ internal direct sum. ΞӢࣁ V = Span({u1, . . . ,um,w1, . . . ,wn}), ॺளך
U ⊕W =V . җܭஒ΋ಔ linearly independent ϡનᘉ৖ԋ basis ,٠ό୤΋ݤБޑ வ೭္ך
ॺΨΑှډ๏ۓ V ΋ঁޑ subspace U , ёஒ V ቪԋ U⊕W ޑ W ٠ό୤΋.

Example 3.4.2. Եቾ F2 = {(x,y) | x,y ∈ F}, ऩ U = {(x,0) | x ∈ F}, ߾ W1 = {(0,y) | y ∈ F}
ک W2 = {(y,y) | y ∈ F} ೿ᅈى F2 =U⊕W1 аϷ F2 =U⊕W2.

ஒ V ቪԋ internal direct sum V =U⊕W ऩࢂ΋ঁӳೀ൩ޑ v ∈V , ޑӸӧ୤΋߾ u ∈U

аϷ w ∈W ٬ள v = u+w. ॺஒך V ቪԋঁٿ subspaces ޑ internal direct sum 性፦ӈޑ
ᖐӵΠ.

Proposition 3.4.3. ଷ೛ U,W ࣁ V ޑ subspaces. Πӈࢂ฻ሽޑ

(1) V =U⊕W .

(2) ऩ v ∈V , ޑӸӧ୤΋߾ u ∈U,w ∈W ٬ள v = u+w.

(3) ჹҺཀ U,W ޑ basis S1,S2, ॺԖך S1∩S2 = /0 Ъ S1∪S2 ࣁ V ΋ಔޑ basis.

Proof. (1)⇒ (2): ကۓ٩ V =U +W , ჹҺཀࡺ v ∈V , ѸӸӧ u ∈U,w ∈W ٬ள v = u+w.
౜ऩ u′ ∈U,w′ ∈W ٬ள v+w = u′+w′,߾Եቾ u−u′ = w′−w∈U ∩W = {OV},ள᛾ u = u′

Ъ w = w′.

(2)⇒ (3): ଷ೛ v ∈ S1 ∩ S2, Ң߄ v ∈U ∩W . Եቾ v = v+OV = OV + v ύಃ΋ঁځ v
࣮ԋӧ U , ಃΒঁ v ࣮ԋӧ W Ъಃ΋ঁ OV ࣮ԋӧ W , ಃΒঁ OV ࣮ԋӧ U , ճҔ୤߾
΋性ޕ v = OV . ՠ v ∈ S1, Ԝک S1 ࣁ linearly independent ࣬ҟ࣯, ளޕ S1∩S2 = /0. ќѦ
ჹҺཀ v ∈V , Ӹӧޕ u ∈U,w ∈W ٬ள v = u+w, ฅԶӢ S1,S2 ϩձࣁ U,W ޑ basis, ޕ
Ӹӧ u1, . . . ,um ∈ S1, w1, . . . ,wn ∈ S2 аϷ c1, . . . ,cm,d1, . . . ,dn ∈ F ٬ள u = c1u1 + · · ·+ cmum,
w = d1w1 + · · ·+dnwn. ӢԜள v = c1u1 + · · ·+cmum +d1w1 + · · ·+dnwn, ள᛾ S1∪S2 ࣁ V ޑ
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spanning set. ќ΋Бय़ऩ S1 ∪ S2 όࣁ linearly independent, ճҔ Corollary 1.4.4 Ӹӧޕ
v ̸= OV ٬ள v ∈ Span(S1)∩Span(S2) =U ∩W . ӕ前य़᛾ܴ S1∩S2 = /0 ,ޕݤБޑ Ԝᆶ v ቪ
ԋ U , W ϡન࣬уޑ୤΋性࣬ҟ࣯. ޕࡺ S1∪S2 ࣁ linearly independent.

(3)⇒ (1): җ S1∪S2 ࣁ V ΋ಔޑ basis, ޕ V = Span(S1)+Span(S2) =U +W . ౜໻ሡ᛾
U ∩W = {OV}. Ӣ S1∩S2 = /0 ॺԖך (S1∪S2)\S1 = S2, ճҔࡺ Corollary 1.4.4 ޕ S1∪S2 ࣁ

linearly independent Ң߄ Span(S1)∩Span(S2) = {OV}, ҭջ U ∩W = {OV}. �

ঁٿעॺёаך subspaces ޑ internal direct sum ௢ቶ׳ډӭ subspaces ޑ internal
direct sum. ӵٯ V = U ⊕W , ॺᗋёஒך W ቪԋঁٿ W ޑ subspaces W1,W2 ޑ direct
sum, W =W1⊕W2, Զள V =U⊕W1⊕W2. ೭္Ӣ W =W1⊕W2, ॺԖך W1∩W2 = {OV}, Ξ
Ӣ V = U ⊕W , ॺΨԖך U ∩W1 ⊆U ∩W = {OV}, U ∩W2 ⊆U ∩W = {OV}. όၸ೭٤చҹ
(ջ W1∩W2 = {OV}, U ∩W1 = {OV} ک U ∩W2 = {OV}) ٠όىаᡣךॺԖᜪ՟ Proposition
3.4.3 性፦ޑ ӵҺཀٯ) v Ԗ୤΋ޑ u ∈U,w1 ∈W1,w2 ∈W2 ٬ள v = u+w1 +w2), ॺ࣮аך
Πٯޑη.

Example 3.4.4. ӧ Example 3.4.2 ύ U ∩W1 = W1 ∩W2 = U ∩W2 = {(0,0)}, όၸҺཀ
(x,y) ∈ F2, ऩ y ̸= 0, ॺԖך (x,y) = (x,0) + (0,y) + (0,0) = (x− y,0) + (0,0) + (y,y), ύځ
((0,0) ∈W1 ՠ (0,0) ̸= (0,y) ∈W1. ӕኬޑ, (0,0) ̸= (y,y) ∈W2. а܌ F2 ύޑϡનቪԋ

U,W1,W2 ϐޑکБݤό୤΋.

ကۓा࡛ሶۭډ internal direct sum ?ګ ډॺёаӣך external direct sum .ݤ࣮ޑ ଷ
೛ V1,V2,V3 ࣁ V ޑ subspace, Եቾவ external direct sum V1⊕V2⊕V3 ډ V1 +V2 +V3 ޑ

linear transformation T , ࣁကۓ T (v1,v2,v3) = v1 +v2 +v3. ကۓ٩ T ࣁ onto. ऩ T ࣁ one-
to-one, ሡ߾ Ker(T ) = {(OV ,OV ,OV )} ҭջऩ v1 ∈ V1,v2 ∈ V2,v3 ∈ V3 Ъ v1 + v2 + v3 = OV ,
߾ v1 = v2 = v3 = OV . ฅԶ v1 + v2 + v3 = OV , ޕ v1 = −(v2 + v3) ∈ V1 ∩ (V2 +V3), ӕ౛ޕ
v2 ∈V2∩(V1+V3), v3 ∈V3∩(V1+V2). ӢԜऩޕ V1∩(V2+V3) =V2∩(V1+V3) =V3∩(V1+V2) =

{OV},߾ёள Ker(T ) = {(OV ,OV ,OV )}. ϸϐ,ऩ v1 ∈V1∩(V2+V3),߾Ӹӧ v1 ∈V2,v3 ∈V3ᅈ

ى v1 = v2+v3,Ԝਔ (v1,−v2,−v3)∈Ker(T ). ӢԜऩ Ker(T ) = {(OV ,OV ,OV Ң߄{( v1 = OV ,
ޕࡺ V1∩ (V2 +V3) = OV . ӕ౛ёள V2∩ (V1 +V3) = V3∩ (V1 +V2) = OV . ஒԜ௢ቶډҺཀԖ
ज़ӭঁ subspaces, .ကۓॺԖаΠϐך

Definition 3.4.5. ଷ೛ V1, . . . ,Vk ࣁ V ޑ subspaces, Ъ

Vi∩ (∑
j ̸=i

Vj) = {OV}, ∀ i = 1, . . . ,k

߾ V ޑ subspace V1 + · · ·+Vk ᆀࣁ V1, . . . ,Vk ޑ internal direct sum, Ҕ V1⊕·· ·⊕Vk .Ң߄

再ԛமፓ, ჹܭ V ޑ subspaces V1, . . . ,Vk, ॺ೿Ԗך V1 + · · ·+Vk ೭΋ঁ subspace. ऩך
ॺቪԋ V1⊕·· ·⊕Vk ⊆V ࣁமፓ܈ internal direct sum, ᇥࢂߡ V1, . . . ,Vk ᅈى Vi∩ (∑ j ̸=iVj) =

{OV}, ∀ i = 1, . . . ,k ೭٤చҹ. ќѦ, аךࡕॺाፋޑ decomposition theorem, ೿ࢂஒ΋ঁ
vector space ԋ΋٤ှܨ subspaces ޑ internal direct sum, ॺό཮再ѐፋך external direct
sum, ࣁॺ൩ό再மፓךа܌ internal direct sum.
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ஒ vector space ቪԋӭঁ subspaces ޑ direct sum, ঁٿቪԋک subspaces ޑ direct sum
Ԗӕኬޑ性፦. җܭ᛾ܴک Proposition 3.4.3 ࣬ӕ, .ॺ൩ό再᛾ܴΑך

Proposition 3.4.6. ଷ೛ V1, . . . ,Vk ࣁ V ޑ subspace. Πӈࢂ฻ሽޑ

(1) V =V1⊕·· ·⊕Vk.

(2) ऩ v ∈V , Ԗ܌ܭჹ߾ i = 1, . . . ,k ࣣӸӧ୤΋ޑ vi ∈Vi ٬ள v = v1 + · · ·+vk.

(3) ჹҺཀ Vi ޑ basis Si, ॺԖך S1∩·· ·∩Sk = /0 Ъ S1∪·· ·∪Sk ࣁ V ΋ಔޑ basis.

Question 3.12. ऩ V ࣁ finite dimensional vector space Ъ V1, . . . ,Vk ࣁ V ޑ subspaces ٬
ள V =V1⊕·· ·⊕Vk, ٗሶёаޕၰ dim(V ) ཮฻ܭ dim(V1)+ · · ·+dim(Vk) ༏?

྽ U,W ࣁ V ޑ subspaces Ъ V = U ⊕W , Ξ W1, . . . ,Wk ࣁ W ޑ subspaces Ъ W =

W1⊕ ·· · ⊕Wk, ٗሶךॺёаள V = U ⊕W1⊕ ·· · ⊕Wk ༏? เਢޑۓޭࢂ. ೭ࢂӢࣁऩ
v ∈ V , җ V = U ⊕W Ӹӧޕ u ∈U,w ∈W ٬ள v = u+w. ќ΋Бय़җ W = W1⊕·· ·⊕Wk,
Ӹӧޕ wi ∈ Wi, ٬ள w = w1 + · · ·+ wk. Ψ൩ࢂᇥჹҺཀ v ∈ V , ࣣӸӧ u ∈ U,w1 ∈
W1, . . . ,wk ∈Wk ٬ள v = u+w1+ · · ·+wk (᛾ளӸӧ性). Ξऩ u′ ∈U,w′1 ∈W1, . . . ,wk ∈Wk ٬

ள v = u′+w′1 + · · ·+w′k, Ӣ߾ u,u′ ∈U аϷ w1 + · · ·+wk,w′1 + · · ·+w′k ∈W , җ V =U ⊕W

ள u = u′ аϷ w1+ · · ·+wk = w′1+ · · ·+w′k. ΞӢ wi,w′i ∈Wi,җW =W1⊕·· ·⊕Wk ள wi = w′i
(᛾ள୤΋性), аҗ܌ Proposition 3.4.6 .ॺԖаΠϐ่݀ך

Corollary 3.4.7. ऩ U,W ࣁ V ޑ subspaces Ъ V = U ⊕W , Ξऩ W1, . . . ,Wk ࣁ W ޑ

subspaces Ъ W =W1⊕·· ·⊕Wk, ߾ V =U⊕W1⊕·· ·⊕Wk.

3.5. Primary Decomposition

ᡣךॺӣډ linear operator. ऩ T : V → V ࣁ linear operator, ఈஒ׆ॺך V ቪԋ΋٤

subspaces ޑ direct sum, ٬೭٤ subspaces ޑ ordered basis ಔԋ܌ V ޑ ordered basis ᡣ
T ޑ representative matrix ԖКၨӳ׎ޑԄ. ाၲډ೭ঁҞޑ, ఈ׆ॺך T ज़ڋӧ೭٤

subspaces ΢ࢂό཮າ௞ޑ (ջ׆ఈѬॺϝࣁ linear operator), .ကۓޑॺԖаΠךа܌

Definition 3.5.1. ଷ೛ T : V →V ΋ঁࢂ linear operator. ऩ W ࣁ V ޑ subspace Ъᅈى
T (W )⊆W (ջჹ܌Ԗ w ∈W ࣣԖ T (w) ∈W ), ᆀ߾ W ࣁ T -invariant.

Question 3.13. ଷ೛ T :V→V ΋ঁࢂ linear operator. Πӈব٤ subspacesࢂ T -invariant?

(1)V. (2) {OV}. (3) Im(T ). (4) Ker(T ).

ӣ៝΋Π, ྽ T : V →V ࣁ linear operator, ჹܭ f (x) = adxd + · · ·+a1x+a0 ∈ F [x], ॺך
ёۓက΋ঁ linear operator f (T ) = adT ◦d + · · ·+a1T +a0 id.

Lemma 3.5.2. ଷ೛ V ࣁ F-space, T : V →V ࣁ linear operator. ऩ W ࣁ T -invariant, ߾
ჹҺཀ f (x) ∈ F [x], W ࣁ f (T )-invariant
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Proof. Ӣ W ࣁ T -invariant, ჹҺཀ w ∈W , Ӣࣁ T (w) ∈W ளࡺ T ◦2(w) = T (T (w)) ∈W .
ճҔ數學ᘜયޕݤ T ◦i(w) ∈W , ∀ i ∈ N. ౜ऩ f (x) = adxd + · · ·+ a1x+ a0 ∈ F [x], Ӣ W ࣁ

subspace, ள f (T )(w) = adT ◦d(w) + · · ·+ a1T (w) + a0w ∈W , ∀w ∈W . ள᛾ W ࣁ f (T )-
invariant. �

৒ܰղᘐࡐ Im(T ) ک Ker(T ) ࣁࣣ T -invariant. ॺёаճҔך f (x) ∈ F [x] ள׳ډӭ

T -invariant subspaces.

Lemma 3.5.3. ଷ೛ V ࣁ F-space, T : V →V ࣁ linear operatorЪ f (x)∈ F [x]. ߾ Im( f (T ))

ک Ker( f (T )) ࣁࣣ T -invariant subspaces.

Proof. ଷ೛ w ∈ Im( f (T )), ջӸӧ v ∈ V ٬ள w = f (T )(v). җ Lemma 3.2.3 ޕॺך
T ◦ f (T ) = f (T )◦T , ӢԜ

T (w) = T ( f (T )(v)) = (T ◦ f (T ))(v) = ( f (T )◦T )(v) = f (T )(T (v)) ∈ Im( f (T )),

ள᛾ Im( f (T )) ࣁ T -invariant.

ଷ೛ v ∈ Ker( f (T )), ҭջ f (T )(v) = OV . Ԝਔ f (T )(T (v)) = T ( f (T )(v)) = T (OV ) = OV ,
ҭջ T (v) ∈ Ker( f (T )), ள᛾ Ker( f (T )) ࣁ T -invariant. �

๏ۓ΋ঁ linear operator T : V →V ,Եቾ V ΋ঁޑ subspace W ॺёаஒך, T ကୱۓޑ

ज़ڋӧ W ΢, ջԵቾ T |W : W →V , ࣁကۓ T |W (w) = T (w), ∀w ∈W . ೭ࢂ΋ঁவ W ډ V ޑ

linear transformation,ךॺᆀࣁ the restriction on W . ྽W ࣁ T -invariantਔ,Ӣ T (w)∈W ,
∀w ∈W , ॺԖך T |W : W →W , ΋ঁࣁ W ΢ޑ linear operator. ॺԾฅёа探૸ך T |W
ک T ޑ minimal polynomial ϐ໔ޑᜢ߯. २Ӄჹܭ f (x) ∈ F [x], Ӣ W ҭࣁ f (T )-invariant
(Lemma 3.5.2), ၰޕॺԖᑫ፪ך f (T )|W ک f (T |W ) ೭ঁٿ W ޑ linear operator ϐ໔ޑᜢ
߯. ౜ჹ܌Ԗ w ∈W , Ӣ

T ◦2|W (w) = T ◦2(w) = T (T (w)) = T |W (T |W (w)) = T |W ◦2(w),

ޕॺך T ◦2|W ک T |W ◦2 ࣁ W ΢࣬ӕޑ linear operator. ճҔ數學ᘜયݤёள T ◦i|W =

T |W ◦i, ∀ i ∈ N. ౜ऩ f (x) = adxd + · · ·+a1x+a0 ∈ F [x], Һཀܭჹ߾ w ∈W , ࣣԖ

f (T )|W (w) = f (T )(w) = ad T ◦d |W (w)+ · · ·+a1 T |W (w)+a0 id|W (w)

= ad T |W ◦d(w)+ · · ·+a1 T |W (w)+a0 id|W (w) = f (T |W )(w).

Ψ൩ࢂᇥ f (T )|W ک f (T |W ) ࢂ W ΢࣬ӕޑ linear operator, ӢԜޕ

f (T )|W = f (T |W ). (3.3)

ճҔԜ่݀, ॺԖаΠϐך Lemma.

Lemma 3.5.4. ଷ೛ T : V → V ࣁ linear operator, W ࣁ T -invariant subspace, ߾ T ޑ

restriction on W , T |W : W →W ࣁ W ΢ޑ linear operator, Ъځ minimal polynomial µT |W (x)

ᅈى

µT |W (x) | µT (x).
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Proof. ςޕ µT (T ) = O ΋ঁࣁ zero mapping, ࡺ µT (T )|W = O. җ฻Ԅࡺ (3.3) ޕ
µT (T |W ) = µT (T )|W = O, 再җ Lemma 3.3.5 ள᛾ µT |W (x) | µT (x). �

ଷ೛ V ёаቪԋঁٿ T -invariant subspace U,W ޑ (internal) direct sum V =U⊕W , ϩ
ձᒧڗ U,W ΋ঁޑ ordered basis β1 = (u1, . . . ,ul),β2 = (w1, . . . ,wm), җ߾ Proposition 3.4.3
ޕ β = (u1, . . . ,ul,w1, . . . ,wm) ҭࣁ V ޑ ordered basis. Ԝਔҗܭ T (ui) = T |U(ui) ∈U , ॺך
ޕ [T ]β 前य़ޑ l ঁ columns, ؂ঁ column 前ޑ l ঁ entry ೿ک [T |U ]β1 ࣬ӕ, ԶЪࡕय़ m

ঁ entry ࣁࣣ 0. ӕኬޑ, җܭ T (w j) = T |W (w j) ∈W , ޕॺך [T ]β य़ࡕޑ m ঁ columns, ؂
ঁ column 前ޑ l ঁ entry ೿ࢂ 0 Զࡕय़ m ঁ entry کࣣ [T |W ]β2 ࣬ӕ. Ψ൩ࢂᇥ T ჹܭ

β ޑ representative matrix ࣁ

[T ]β =

(
[T |U ]β1 O

O [T |W ]β2

)
(3.4)

ा探૸ T,T |U ,T |W ޑ characteristic polynomial ໔ޑᜢ߯, ሡΑှ฻Ԅ (3.4) ೭ᜪ block
diagonal matrix ޑ determinant ᆉݤ. ,ॺᙁൂӣ៝΋Πך Եቾ matrix

A =

(
B O
O C

)
ύځ A ∈ Ml+m(F),B ∈ Ml(F),C ∈ Mm(F) ࣁࣣ square matrix. ॺёаҔफ़໘Ϸ數學ᘜך
યݤ᛾ள det(A) = det(B)det(C). Бݤ大ठӵΠ: ॺჹಃ΋ঁך row բफ़໘ள det(A) =

∑l+m
k=1(−1)1+ka1k det(A1k), ฅԶ A1k ஒࢂ A ޑ first row ک k-th column մନ, ӢԜ྽ 1≤ k≤ l

ਔ, a1k = b1k Ъ A1k =

(
B1k O
O C

)
೭ኬޑ block diagonal matrix. ,ଷ೛ݤа٩數學ᘜય܌

Ԝਔ det(A1k) = det(B1k)det(C). Ξ྽ l < k ≤ l +m ਔ, a1k = 0, ளࡺ

det(A) =
l+m

∑
k=1

(−1)1+ka1k det(A1k) =
l

∑
k=1

(−1)1+kb1k det(B1k)det(C) = det(B)det(C).

ճҔ೭ঁ่݀ךॺ൩ёаளډ characteristic polynomial .ᜢ߯Αޑ

Lemma 3.5.5. ଷ೛ V ࣁ finite dimensional F-space, T : V → V ࣁ linear operator. ऩ
V =U⊕W , ύځ U,W ࣁ T -invariant subspace, ߾

χT (x) = χT |U (x)χT |W (x).

Proof. ᒧۓ U,W ޑ ordered basis β1 = (u1, . . . ,ul),β2 = (w1, . . . ,wm), ёள V ޑ ordered
basis β = (u1, . . . ,ul,w1, . . . ,wm). ԜਔճҔ฻Ԅ (3.4) ॺԖך

xIl+m− [T ]β =

(
xIl− [T |U ]β1 O

O xIm− [T |W ]β2

)
.

ճҔ΢य़܌ॊԖᜢܭ block diagonal matrix ޑ determinant ᆉݤள

χT (x) = det(xIl+m− [T ]β ) = det(xIl− [T |U ]β1)det(xIm− [T |W ]β2) = χT |U (x)χT |W (x).

�
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Կܭ minimal polynomial, ܭॺሡाӧፄಞ΋Π代數Ԗᜢך F [x] ೭΋ঁ polynomial
ring .性፦ޑ Ӣࣁ F ΋ঁࢂ field, F [x] ΢ޑϡનԖନޑݤ性፦, ջ๏ۓ f (x),g(x) ∈ F [x],
ऩ g(x) ̸= 0, Ӹӧ߾ h(x),r(x) ∈ F [x] ύځ deg(r(x)) < deg(g(x)) ٬ள f (x) = g(x)h(x)+ r(x).
೭ঁ性፦٬ள F [x] ԋ܌ࣁᒏޑ Euclidean domain. а܌ F [x] ཮ࢂ΋ঁ principle ideal
domain, ΨӢԜࢂ΋ঁ unique factorization domain. ඤ言ϐ, Һڗ f (x) ∈ F [x], ॺ೿ёаך
ஒ f (x) ୤΋ቪԋ΋٤ irreducible polynomial .४ᑈޑ ঁٿڗаҺ܌ F [x] ΢ޑ polynomial
f (x),g(x), നଯϦӢԄޑကѬॺۓॺёаך (Ҕ gcd( f (x),g(x)) (Ң߄ аϷനեϦ७Ԅ (Ҕ
lcm( f (x),g(x)) .(Ң߄ ,ཀݙ ೭္ࣁΑाԖ୤΋性 gcd( f (x),g(x)), lcm( f (x),g(x)) ॺ೿ᒧך

monic polynomial. ऩз l(x) = lcm( f (x),g(x)), :ॺԖаΠ性፦ך߾

(1) f (x) | l(x), g(x) | l(x).

(2) ऩ h(x) ∈ F [x] ߾ f (x) | h(x), g(x) | h(x)⇔ l(x) | h(x).

ճҔ೭ঁ性፦ךॺёаளډаΠԖᜢ minimal polynomials ໔ޑᜢ߯.

Lemma 3.5.6. ଷ೛ V ࣁ finite dimensional F-space, T : V → V ࣁ linear operator. ऩ
V =U⊕W , ύځ U,W ࣁ T -invariant subspace, ߾

µT (x) = lcm(µT |U (x),µT |W (x)).

Proof. з l(x) = lcm(µT |U (x),µT |W (x)). җ Lemma 3.5.4 ள µT |U (x) | µT (x),µT |W (x) | µT (x),
ޕࡺ l(x) | µT (x).

ќ΋Бय़, ჹܭҺཀ v ∈V , Ӹӧ u ∈U,w ∈W ٬ள v = u+w, җ฻Ԅࡺ (3.3) ޕ

l(T )(v) = l(T )(u)+ l(T )(w) = l(T )|U(u)+ l(T )|W (w) = l(T |U)(u)+ l(T |W )(w).

ฅԶ µT |U (x) | l(x),µT |W (x) | l(x), ޕࡺ l(T |U) = O, l(T |W ) = O, ҭջ l(T |U)(u) = OU = OV Ъ

l(T |W )(w) = OW = OW . җԜޕ l(T )(v) = OV , ∀v ∈V , ள᛾ l(T ) = O. җࡺ Lemma 3.3.5 ޕ
µT (x) | l(x). ӢԜҗ l(x) | µT (x) Ъ µT (x) | l(x) аϷ µT (x), l(x) ࣁࣣ monic polynomial, ள᛾
µT (x) = l(x) = lcm(µT |U (x),µT |W (x)). �

౜ӧךॺٰᇥܴӵՖஒ V ቪԋ T -invariant subspaces ޑ direct sum. җܭ F [x] ΋ࢂ

ঁ principle ideal domain (P.I.D.), ๏ۓ f (x), g(x) ∈ F [x], ॺёаԵቾך f (x), g(x) ғԋ܌

ޑ ideal ( f (x),g(x)), ೭ঁ ideal ύޑϡન೿ࢂ a(x) f (x)+ b(x)g(x) ύځ) a(x), b(x) ∈ F [x])
೭ኬ׎ޑԄ. Ӣࣁ F [x] ࢂ P.I.D. аӸӧ܌ d(x) ∈ F [x] ٬ள ( f (x),g(x)) = (d(x)). ҭ
ջ ( f (x),g(x)) ύޑϡન, ೿ёаቪԋ h(x)d(x) .Ԅ׎ޑ Ӣࣁ f (x) ∈ ( f (x),g(x)), а܌
d(x) | f (x), ӕ౛ d(x) | g(x). ќѦΞ d(x) ∈ ( f (x),g(x)) аӸӧ܌ a(x), b(x) ∈ F [x] ٬ள

d(x) = a(x) f (x)+b(x)g(x). җԜёޕऩ h(x) | f (x), h(x) | g(x) ߾ h(x) | a(x) f (x)+b(x)g(x), ջ
h(x) | d(x). ёа࣮рځჴ d(x) ൩ࢂ f (x),g(x) ,നଯϦӢԄޑ ջ d(x) = gcd( f (x),g(x)). ॺך
ஒ d(x) = gcd( f (x),g(x)) :性፦ӈрӵΠޑ

(1) d(x) | f (x), d(x) | g(x).

(2) ऩ h(x) ∈ F [x] ߾ h(x) | f (x), h(x) | g(x)⇔ h(x) | d(x).
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(3) Ӹӧ a(x), b(x) ∈ F [x] ٬ள d(x) = a(x) f (x)+b(x)g(x).

੝ձӦ,྽ f (x), g(x)ؒԖӅӕޑ፦ӢԄਔ,ךॺᆀࣁ relatively prime,Ԝਔ gcd( f (x),g(x)) =

1, Ӹӧࡺ a(x),b(x) ∈ F [x] ٬ள a(x) f (x)+b(x)g(x) = 1.

Theorem 3.5.7. ଷ೛ V ࣁ finite dimensional F-space, T : V → V ࣁ linear operator Ъ
µT (x) = f (x)g(x), ύځ f (x),g(x) ∈ F [x] ࣁ monic polynomials Ъ relatively prime. ऩз
U = Ker( f (T )), W = Ker(g(T )), ߾ V ёаቪԋ T -invariant subspaces U,W ޑ internal
direct sum, ջ V =U⊕W , ԶЪ µT |U (x) = f (x) аϷ µT |W (x) = g(x).

Proof. U,Wޕॺςך ࣁ T -invariant subspaces. ౜ӧा᛾ܴV =U+W ԶЪU∩W = {OV}.
२ӃӢ f (x),g(x) ࣁ relatively prime, Ӹӧࡺ a(x),b(x) ∈ F [x] ٬ள a(x) f (x)+ b(x)g(x) = 1.
ӢԜޕ a(T )◦ f (T )+b(T )◦g(T ) = id. ҭջჹҺཀ v ∈V , ॺԖך

v = a(T )◦ f (T )(v)+b(T )◦g(T )(v). (3.5)

з w = a(T )◦ f (T )(v),u = b(T )◦g(T )(v), ԜਔճҔ Lemma 3.2.3 ள

f (T )(u) = f (T )◦ (b(T )◦g(T ))(v) = b(T )◦ ( f (T )◦g(T ))(u) = b(T )◦µT (T )(v).

ฅԶ µT (T ) = O, ޕࡺ f (T )(u) = OV , ҭջ u ∈ Ker( f (T )). ӕ౛ёள w ∈ Ker(g(T )). ள᛾
V = Ker( f (T ))+Ker(g(T )) =U +W .

౜ऩ v ∈U ∩W = Ker( f (T ))∩Ker(g(T )), Ң߄ f (T )(v) = g(T )(v) = OV . җ฻Ԅࡺ (3.5)
ள v = a(T )(OV )+b(T )(OV ) = OV . ள᛾ U ∩W = {OV}.

౜Եቾ minimal polynomial. җܭ U = Ker( f (T )), ࡺ f (T )|U = O. ӢԜҗ฻Ԅ (3.3)
ள f (T |U) = O. 再җ Lemma 3.3.5 ள µT |U (x) | f (x). ӕ౛ள µT |W (x) | g(x). ՠ f (x),g(x) ࣁ

relatively prime, ޕࡺ µT |U (x),µT |W (x) ҭࣁ relatively prime, ள

lcm(µT |U (x),µT |W (x)) = µT |U (x)µT |W (x).

ӢԜҗ Lemma 3.5.6 ள
µT |U (x)µT |W (x) = µT (x) = f (x)g(x).

再җࡺ µT |U (x) | f (x) аϷ µT |W (x) | g(x) ள᛾ µT |U (x) = f (x) аϷ µT |W (x) = g(x). �

F [x] ΋ঁࢂ unique factorization domain (U.F.D.), Ң߄ F [x] ύߚޑத數ӭ໨Ԅ೿ё

а୤΋ቪԋ΋٤ irreducible polynomials .४ᑈޑ ӢԜჹܭ linear operator T ޑ mini-
mal polynomial, ޑ౦࣬ډפॺёаך monic irreducible polynomials p1(x), . . . , pk(x) ٬ள

µT (x) = p1(x)m1 · · · pk(x)mk , ύځ m1, . . . ,mk ∈ N. җܭ characteristic polynomial χT (x) ک

µT (x)Ԗ࣬ӕޑ፦ӢԄ (Theorem 3.3.9)Ъ µT (x) | χT (x),ךॺޕၰ χT (x) = p1(x)c1 · · · pk(x)ck ,
ύځ ci ∈ N Ъ ci ≥ mi.

Theorem 3.5.8 (Primary Decomposition Theorem). ଷ೛ V ࢂ dimensionࣁ nޑ F-space,
T : V →V ࣁ linear operator Ъ

µT (x) = p1(x)m1 · · · pk(x)mk and χT (x) = p1(x)c1 · · · pk(x)ck
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ύځ p1(x), . . . , pk(x) ޑ౦࣬ࣁ monic irreducible polynomials. ऩз Vi = Ker(pi(T )◦mi), for
i = 1, . . . ,k, ߾

V =V1⊕·· ·⊕Vk

Ъ

µT |Vi
(x) = pi(x)mi and χT |Vi

(x) = pi(x)ci , ∀ i = 1, . . . ,k.

Proof. ॺჹך µT (x) ౦࣬ޑ moinic irreducible divisor (፦ӢԄ) 數ঁޑ k բ數學ᘜયݤ.
ऩ k = 1, Ң߄ µT (x) = p1(x)m1 , ԜਔӢ µT (T ) = p1(T )

◦m1 = O, ޕࡺ V = Ker(p1(T )◦m1), ӢԜ
ӧ k = 1ਔۓ౛ԋҥ. ౜ଷ೛྽ µT (x)Ԗ k−1ঁ࣬౦ monic irreducible divisorਔҭԋҥ,ך
ॺԵቾ µT (x) = p1(x)m1 · · · pk(x)mk .׎௃ޑ Ԝਔз f (x) = p1(x)m1 , g(x) = p2(x)m2 · · · pk(x)mk ,
Ӣ f (x),g(x) ࣁ relatively prime, җ Theorem 3.5, ޕॺך V =U⊕W , ύځ U = Ker( f (T )) =

Ker(p1(T )◦m1), W = Ker(g(T )) ԶЪ µT |U (x) = p1(x)m1 , µT |W (x) = p2(x)m2 · · · pk(x)mk . ౜Եቾ
vector space W аϷ linear operator T |W : W →W , ঺Ҕ induction ӧ k− 1 ௃ޑ׎ଷ೛

ޕ W =V2⊕·· ·⊕Vk ύځ Vi = Ker(pi(T |W )◦mi) Ъ µ(T |W )|Vi
(x) = pi(x)mi , ∀ i = 2, . . . ,k. ฅԶ྽

i = 2, . . . ,k ਔ pi(x)mi | g(x), ࡺ Ker(pi(T )◦mi)⊆ Ker(g(T )) =W , ӢԜ

Vi = Ker(pi(T |W )◦mi) = Ker(pi(T )◦mi)∩W = Ker(pi(T )◦mi).

ќ΋Бय़, Ӣ Vi ⊆W , ॺԖך (T |W )|Vi = T |Vi ளࡺ

µT |Vi
(x) = µ(T |W )|Vi

(x) = pi(x)mi .

зࡺ U =V1, ճҔ Corollary 3.4.7, ள᛾ V =U⊕W =V1⊕V2⊕·· ·⊕Vk.

Կܭ characteristic polynomial,ճҔ Theorem ޕॺך3.3.9 χT |Vi
(x)= pi(x)ei ύځ ei≥mi.

ӢԜҗ Lemma 3.5.5 ޕ

p1(x)c1 · · · pk(x)ck = χT (x) = χT |V1
(x) · · ·χT |Vk

(x) = p1(x)e1 · · · pk(x)ek ,

ճҔ F [x] ࣁ U.F.D. ள᛾ ei = ci, ջ χT |Vi
(x) = pi(x)ci , ∀ i = 1, . . . ,k. �

ӣ៝΋Π, ჹܭ linear operator T : V → V , ाډפ Ker(T ), ॺёаճҔך V ޑ ordered
basis β , Ӄளډ representative matrix [T ]β . 再؃ [T ]β ޑ null space N([T ]β ) ॺҔך) N(A)

Ңંତ߄ A ޑ null space). ௗ๱ஒ null space ϡનҔޑ τ◦−1
β ᗋচԋ V ,ϡનޑ ൩ளډ

Ker(T ) .ϡનΑޑ ॺ࣮аΠך primary decomposition .ηٯޑ

Example 3.5.9. Եቾ Example 3.3.10 ύޑ linear operator T : P2(R)→ P2(R). ॺाԵך
ቾѬޑ primary decomposition. ӧ Example 3.3.10 ύךॺޕၰ T ޑ minimal polynomial
ࣁ µT (x) = (x+1)2(x−2), ӢԜךॺѸ໪פр V1 = Ker((T + id)◦2) ک V2 = Ker(T −2id). ճ
Ҕ representative matrix ёаᔅշךॺډפ೭ঁٿ T -invariant subspaces. Ҕݮॺϝฅך
ordered basis β = (−x2 + x+1,x+1,1). २ӃԵቾ ([T ]β + I3)

2 ޑ null space, ջှ −9 −9 0
18 18 0
0 0 0

 ·
 x1

x2
x3

=

 0
0
0

 , i.e.
{
−9x1 −9x2 = 0
18x1 +18x2 = 0

.
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ளޕ N(([T ]β + I3)
2) = Span((1,−1,0)t,(0,0,1)t) ளࡺ V1 = Ker((T + id)◦2) = Span(x2,1). ӕ

౛ N([T ]β −2I3) = Span((1,−2,0)t), ளࡺ V2 = Ker(T −2id) = Span(x2 + x+1). ৒ܰᡍ᛾ࡐ
V1,V2 ࣁࣣ T -invariant subspace Ъ V =V1⊕V2. ऩз β ′ = (x2,1,x2 + x+1), Ӣ߾

T (x2) =−x2,T (1) = 2x2 +(−1)1,T (x2 + x+1) = 2(x2 + x+1),

ள

[T ]β ′ =

 −1 2 0
0 −1 0
0 0 2

 .

Եቾ (x2,1) ࣁ V1 ޑ ordered basis, ߾ T |V1 ޑ representative matrix ࣁ
(
−1 2
0 −1

)
, ளࡺ

χT |V1
(x) = µT |V1

(x) = (x+1)2. ӕ౛ёள χT |V2
(x) = µT |V2

(x) = (x−2).

Primary Decomposition Theorem֋ນךॺ,ऩ linear operator T : V →V ޑ characteris-
tic polynomial ܈) minimal polynomial) ࢂ p1(x)c1 · · · pk(x)ck , ډפॺёаך߾ V ޑ ordered
basis β , ٬ள [T ]β ޑаΠࣁ block diagonal matrix A1 O. . .O Ak

 , (3.6)

ύ؂ঁځ Ai ޑ characteristic polynomial ࣁ χAi(x) = pi(x)ci . ӢԜаךࡕॺѝाঁձ探૸
linear operatorځ characteristic polynomialࣁ p(x)c ύځ) p(x)ࣁ monic irreducible, c∈N)
೭ᅿ௃׎൩ёаΑ.

ჹܭ n×n Бତ A ∈Mn(F), ॺΨёаճҔך linear operator ޑ primary decomposition
ډפۺཷޑ invertible matrix P∈Mn(F)٬ள P−1 ·A ·Pࣁӵ ޑ(3.6) block diagonal matrix.
ॺёаஒך A࣮ԋࢂ linear transformation T : Fn→ Fn ࣁကۓځ T (x) = Ax. Ԝਔ Aࢂߡ T

ჹܭ኱ྗ୷ۭ ε ޑ representative matrix [T ]ε . ճҔ Primary Decomposition Theorem, ך
ॺёаډפ Fn ޑ ordered basis β ٬ள [T ]β ࣁ block diagonal matrix. ฅԶҗ Proposition
2.4.6 ޕ

[T ]β = β [id]ε · [T ]ε · ε [id]β = ε [id]−1
β ·A · ε [id]β ,

аёаз܌ P = ε [id]β . Ψ൩ࢂᇥऩஒ ordered basis β ΋ঁ column ΋ঁ column (column
by column) ޑ٩ׇ௨ԋޑ n×n matrix ൩ךࢂॺགྷाޑ P. ӢԜךॺ؁ޑᡯӵΠ: २Ӄ؃ள
µA(x)٠ஒϐϩှԋ࣬౦ޑ monic irreducible polynomialsޑ४ᑈ µA(x) = p1(x)m1 · · · pk(x)mk .
ௗΠٰ؃؂ࢂߡ΋ঁ pi(A)mi ޑ null space N(pi(A)mi) (Ԝջჹᔈډ Ker(pi(T )

◦mi)). ள؂ډ
ঁ null space ޑ basis ,ࡕ ஒϐ column by column ٩ׇ௨ԋંତޑ P ջё. ޑॺ࣮аΠך
.ηٯ
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Example 3.5.10. Եቾ 5×5 matrix

A =


2 1 1 1 0
1 4 2 2 1
−1 −2 0 −1 −1

0 0 0 1 1
0 −1 −1 −1 0


ࣁॺाஒϐϯך block diagonal matrix. २Ӄ؃ள χA(x) = µA(x) = (x− 1)3(x− 2)2. ճҔ
Primary Decomposition Theorem ၰޕॺך A ёаϯࣁԖঁٿ blocks ޑ block diagonal
matrix, ࢂύ΋ঁځ 3×3 matrix ќ΋ঁࢂ 2×2 matrix. २Ӄ؃ள

N((A− I5)
3) = Span((−1,0,0,0,1)t,(−2,0,0,1,0)t,(−2,0,1,0,0)t)

N(A−2I5)
2 = Span((1,−1,1,0,0)t,(1,0,0,0,0)t).

ऩз

v1 =


−1

0
0
0
1

 , v2 =


−2

0
0
1
0

 , v3 =


−2

0
1
0
0

 , v4 =


1
−1

1
0
0

 , v5 =


1
0
0
0
0

 ,

Ӣ߾

Av1 =


−2

0
0
1
0

= v2, Av2 =


−3

0
1
1
−1

=−v1 +v2 +v3, Av3 =


−3

0
2
0
−1

=−v1 +2v3,

Av4 =


2
−1

1
0
0

= v4 +v5, Av5 =


2
1
−1

0
0

=−v4 +3v5,

ڗ

P =


−1 −2 −2 1 1

0 0 0 −1 0
0 0 1 1 0
0 1 0 0 0
1 0 0 0 0


ёள block diagonal matrix

P−1 ·A ·P =


0 −1 −1 0 0
1 1 0 0 0
0 1 2 0 0
0 0 0 1 −1
0 0 0 1 3

 .



64 3. Linear Operator

ऩз

B =

 0 −1 −1
1 1 0
0 1 2

 C =

(
1 −1
1 3

)
,

ॺԖך χB(x) = µB(x) = (x−1)3 аϷ χC(x) = µC(x) = (x−2)2.




