
大學線性代數再探

ϟ

୯ҥѠৣጄ大學數學س



前言

ҁᖱကЬाҞࢂޑଞჹ大Ο學ғϟಏԖᜢ線性代數ޑፕ. Ьाࢂख़ܭঁ
linear operator .ᄬୢᚒ่ޑ Ӄഢޕӧ線性代數Бय़ሡΑှંତޑၮᆉ, ՉӈԄޑ性፦.
Կܭӛໆޜ໔аϷ linear transformation ୷ҁ性፦, ӧҁᖱက再ԛϟಏ. ќѦ代數Бय़
ሡΑှ field ୷ҁ性፦аϷޑ over ঁ field ޑ polynomial ring 代數่ᄬޑ (ջӭԄᕉޑ
ନݤচ).

ҁᖱကᗨฅЬाаύЎኗቪ, όၸੋϷۓက܈ԖӜຒਔ, ᘋஒаमЎ֚ޑխᙌࣁ
.代ڗ ӢԜஒаύम֨ᚇၨόޑБԄᡉ, ऩԖόߡፎـፊ.

ҁᖱကጓቪਔ, ጓቪֹ٠ࡕ҂ၸᝄᙣޑਠჹ. ౧ᅅӧ܌ᜤխ, ᗨόԿܭԖፕ性ᝄ
ख़ޑᒱᇤ, ՠ᠐ޣϝᔈݙཀόࡴཷەӄԏ. ऩวᒱᇤ, ߆ගрᝊޑཀـ.

ҁᖱကހឦբޣҁΓ, ߆大ৎԾҗΠၩ. ୷ޕܭԾҗϩޑ٦ۺΨ߆大ৎණթ
ϩ٦, ՠ๊ჹЗҺՖᔼճޑՉࣁ. Їॊҁᖱကϣਔፎ൧ख़բޣϐբ, ሡֹᡉ
Ңҁᖱကϐрೀ.
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Chapter 4

Form Reduction

ჹܭঁ linear operator, ޑډפఈૈ׆ॺך ordered basis, ځ٬ representative
matrix Ԅޑਸࣁ (form). ӧ matrices ٰᇥޑࡰ൩ࢂाډפԖձ form ޑ similar
matrices. ډఈள׆ॺך form Ԗ܌ࢂޑᒏޑ canonical form (ஒંତϯࣁ canonical form ૈ
ᔅךॺղᘐব٤ંତࢂ similar), ᗋԖ٤ form ӧ數學ӭሦୱԖख़ाޑᔈҔ. όၸӧԜ
ॺόѐፋፕ೭٤ᔈҔך (大ৎӧࣴ᠐࣬ᜢሦୱਔԾฅ學ډ), ԶܭݙӵՖஒঁંତϯ
೭٤ࣁ forms.

前കךॺගډճҔ Primary Decomposition Theorem, ॺёаஒך linear operator ᙁ
ϯԋѝाԵቾ characteristic polynomial ࣁ p(x)c ೭ᅿԄޑ linear operator, ύځ p(x) ࢂ

F [x] ޑ irreducible polynomial. ॺஒҗך p(x) Ӛᅿډளٰёૈޑ forms.

4.1. Diagonal From

೭ύ, ޑॺஒவനᙁൂך T -invariant subspace рว, Ї܌ᒏޑ eigenvalue аϷ
eigenvector, 再ᇥܴব٤ёаளډ diagonal form.

ჹܭঁ linear operator T : V →V ,ନΑ {O}аѦ,നᙁൂޑ T -invariant subspaceԾฅ
ࢂ dimension ࣁ 1 ޑ T -invariant subspace. ऩ U ࣁ T -invariant subspace Ъ dim(U) = 1,
ջӸӧ v ̸= OV ٬ள U = Span({v}). җ U ࣁ T -invariant ,ଷޑ ॺளך T (v) ∈ U =

Span({v}). Ψ൩ࢂᇥ, Ӹӧ λ ∈ F ٬ள T (v) = λv. .ကۓޑॺԖаΠך

Definition 4.1.1. ଷ T : V →V ࣁ linear operator, ऩӸӧ λ ∈ F аϷ v ∈V Ъ v ̸= OV

٬ள T (v) = λv, ᆀ߾ λ ࣁ T ঁޑ eigenvalue, Զ v ࣁ T ঁޑ eigenvector.

,ཀݙ ჹܭ eigenvector v ॺाך v ̸= OV , Զჹܭ eigenvalue λ ॺ٠คाך λ ̸= 0.
Ψ൩ࢂᇥ OV ᗨ಄ӝ T (OV ) = λOV , ՠךॺόԵቾ೭ᅿ trivial ,ޑ όᆀࡺ OV ࣁ

eigenvector. ќБय़ऩ v ̸= OV ᅈى T (v) = 0v = OV , Ң߄ v ࣁ Ker(T ) .ϡનޑ аऩ܌ 0

ࣁ T ޑ eigenvalue, Ң߄ Ker(T ) ̸= {OV}, ҭջ T : V →V όࢂ one-to-one.
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66 4. Form Reduction

Question 4.1. ଷ V ࣁ finite dimensional vector space Ъ T : V →V ࣁ linear operator.
Πӈবࢂ٤ሽޑ?

(1) T is an isomorphism (2) T is one-to-one (3) T is onto (4) 0 is not an eigenvalue of T .

ाډפঁ linear operator Ԗব٤ eigenvalue ک eigenvector, ำׇࢂӃפ T Ԗব

٤ eigenvalue, 再ճҔ೭٤ eigenvalue ஒځჹᔈޑ eigenvector .рפ २Ӄᢀჸऩ λ ࣁ
T : V →V ޑ eigenvalue, ѸӸӧ߾ v ̸= OV ٬ள T (v) = λv, ள λ id(v)−T (v) = OV . Ψ൩ࢂ
ᇥ v ∈ Ker(λ id−T ), ҭջ λ id−T ೭ঁ linear operator όࢂ isomorphism, ճҔ Lemma
3.1.4 ޕ det(λ id−T ) = 0. ӵՖ det(λ id−T )? ӣ៝Π, פॺሡӃך V ঁޑ ordered
basis β , 再 λ id−T ჹܭ β ޑ representative matrix [λ id−T ]β . ကۓ٩ det(λ id−T ) ൩ࢂ

det([λ id−T ]β ). ฅԶऩ dim(V ) = n, ॺԖך߾

[λ id−T ]β = [λ id]β − [T ]β = λ [id]β − [T ]β = λ In− [T ]β .

ӢԜऩ λ ∈ F ࢂ T ঁޑ eigenvalue, ߾ det(λ In− [T ]β ) = 0. Ξ T ޑ characteristic poly-
nomial ࣁ χT (x) = χ[T ]β (x) = det(xIn− [T ]β ). ளޕ, ऩ λ ∈ F ࢂ T ঁޑ eigenvalue, ߾
χT (λ ) = 0. ϸϐ, ऩ λ ∈ F ࣁ χT (x) = 0 ϐਥ, ߾ det(λ id−T ) = 0. Ң߄ λ id−T ೭ঁ

linear operator όࢂ one-to-one, ҭջӸӧ v ∈V Ъ v ̸= OV ٬ள T (v) = λv. ӢԜךॺԖа
Πϐ่݀.

Proposition 4.1.2. ଷ V ࣁ finite dimensional vector space Ъ T : V → V ࣁ linear
operator. ߾ λ ∈ F ࣁ T ޑ eigenvalue ऩЪऩ χT (λ ) = 0.

 dim(V ) = n ਔ, җܭ χT (x) ∈ F [x] ࣁঁԛ數ࢂ n ,ӭԄޑ Ѭӧ F ύਥঁޑ數നӭ

ѝԖ n ঁ (ฅΨёૈؒԖਥ), а܌ T ૈԖԖज़ӭঁ eigenvalue. ऩ λ ∈ F ࣁ χT (x) ޑ

ਥ, ߾ (x−λ ) | χT (x). Ξ x−λ ࣁ F [x] ޑ monic irreducible polynomial, аऩஒ܌ χT (x)

ϩှԋ monic irreducible polynomials ४ᑈޑ χT (x) = p1(x)c1 · · · pk(x)ck . ೭٤ pi(x) ύԛ數

ॺঁךӭԄ൩๏ޑԛࣁ T ޑ eigenvalue. ॺჹך x−λ ёନ χT (x) നଯԛБԖᑫޑ

፪, ӢԜԖаΠۓޑက.

Definition 4.1.3. ଷ V ࣁ finite dimensional F-space, T : V →V ࣁ linear operator Ъ λ
ࣁ T ঁޑ eigenvalue. ॺᆀך x−λ ёନ χT (x)ޑനଯԛБࣁ λ ޑ algebraic multiplicity.

٩Ԝۓက, ऩ χT (x) = p1(x)c1 · · · pk(x)ck , ύځ p1(x), . . . , pk(x) ޑ౦࣬ࣁ monic irreducible
polynomials Ъ p1(x) = x−λ , ߾ c1 ࢂ λ ޑ algebraic multiplicity.

Question 4.2. ऩ T : V →V ࣁ linear operator Ъ dim(V ) = n, ߾ T നӭԖӭϿঁ࣬౦ޑ

eigenvalue? Ԝਔঁ eigenvalue ޑ algebraic multiplicity ?ӭϿࣁ

ډפ T ޑԖёૈ܌ eigenvalueך,ࡕॺ൩ёа،ۓ೭٤ eigenvalue܌ჹᔈޑ eigenvector
Α. ऩ λ ࣁ eigenvalue, 前य़ගၸ܌Ԗᅈى v ̸= OV аϷ T (v)−λv = OV ϡનޑ v ൩ࢂ
eigenvalue ࣁ λ ޑ eigenvector. Ψ൩ࢂᇥ eigenvalue ࣁ λ ޑ eigenvector ൩ࢂ Ker(T −λ id)

ύߚޑ OV ϡન. ޑԾฅԵቾаΠࡐॺך vector space.
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Definition 4.1.4. ଷ T : V →V ࣁ linear operator Ъ λ ࣁ T ঁޑ eigenvalue. з

Eλ (T ) = Ker(T −λ id) = {v ∈V | T (v) = λv}.

ᆀϐࣁ T ჹᔈܭ λ ޑ eigenspace Ъ dim(Eλ (T )) ᆀࣁ λ ޑ geometric multiplicity.

ଷ v ∈ Eλ (T ), җܭ T (T (v)) = T (λv) = λT (v), ॺளך T (v) ∈ Eλ (T ). ளޕ Eλ (T ) ࢂ

ঁ T -invariant subspace.

Question 4.3. գૈҔ Lemma 3.5.3 ᇥܴ Eλ (T ) ࣁ T -invariant subspace ༏?

ӵՖளډ Eλ (T ) ?ګ ճҔࢂॺϝך ordered basis β ளډ [T −λ id]β = [T ]β −λ In ೭ঁ

matrix,再 [T ]β −λ In ޑ null space N([T ]β −λ In) = {x∈ Fn | ([T ]β −λ In) ·x = O}.再ճҔ β
ஒ N([T ]β−λ In)ύޑϡનᗋচӣ V ύޑϡન,൩ࢂ Eλ (T ϡન,ԶЪޑ( dim(N([T ]β−λ In))=

dim(Eλ (T )) ൩ࢂ λ ޑ geometric multiplicity.

Example 4.1.5. Եቾ T : M2(F)→M2(F) ࣁကۓ T
(

a b
c d

)
=

(
a c
b d

)
. Եቾ M2(F) 

ޑ ordered basis β = (

(
1 0
0 0

)
,

(
0 1
0 0

)
,

(
0 0
1 0

)
,

(
0 0
0 1

)
), ߾ T ჹܭ β ޑ repre-

sentative matrix ࣁ

[T ]β =


1 0 0 0
0 0 1 0
0 1 0 0
0 0 0 1

 .

ள χT (x) = χ[T ]β (x) = (x−1)3(x+1). а܌ 1 ک −1 ࣁ T ޑ eigenvalue, Ѭॺޑ algebraic
multiplicity ϩձࣁ 3 ک 1.

ा T ჹܭ 1 ޑ eigenspace E1(T ), ॺӃԵቾך N([T ]β − I4), ջှᖄҥБำಔ
0 0 0 0
0 −1 1 0
0 1 −1 0
0 0 0 0

 ·


x1
x2
x3
x4

=


0
0
0
0

 , Ψ൩ှࢂ


0 = 0

−x2 + x3 = 0
x2− x3 = 0

0 = 0

ှள N([T ]β − I4) = {(x1,x2,x2,x4)
t | x1,x2,x4 ∈ F}. ޕ 1 ޑ geometric multiplicity ࣁ 3 Ъ

E1(T ) = {
(

x1 x2
x2 x4

)
| x1,x2,x4 ∈ F}.

ӕ, ჹܭ −1 ޑ eigenspace E−1(T ), ॺӃԵቾך N([T ]β − (−1)I4), ջှᖄҥБำಔ
2 0 0 0
0 1 1 0
0 1 1 0
0 0 0 2

 ·


x1
x2
x3
x4

=


0
0
0
0

 , Ψ൩ှࢂ


2x1 = 0

x2 + x3 = 0
x2 + x3 = 0

2x4 = 0

ှள N([T ]β − (−1)I4) = {(0,x2,−x2,0)t | x2 ∈ F}. ޕ −1 ޑ geometric multiplicity ࣁ 1 Ъ

E−1(T ) = {
(

0 x2
−x2 0

)
| x2 ∈ F}.

Algebraic multiplicity ٠όۓܭ geometric multiplicity, .ηٯޑॺ࣮ঁᙁൂך
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Example 4.1.6. Եቾ T : P1(F)→ P1(F) ࣁကۓ T (ax+ b) = bx, ٠Եቾ P1(F) ޑ ordered

basis β = (x,1). ॺԖך [T ]β =

(
0 1
0 0

)
, ள χT (x) = x2. а܌ 0 ࢂ T ޑ eigenvalue

Ъځ algebraic multiplicity ࣁ 2. ा N([T ]β − 0I2) = N([T ]β ) ջှ
(

0 1
0 0

)
·
(

a
b

)
=(

0
0

)
ள b = 0, ջ N([T ]β −0I2) = {(a,0)t | a ∈ F}. ࡺ 0 ޑ geometric multplicity ࣁ 1 Ъ

E0(T ) = {ax | a ∈ F}.

ᗨฅ T ঁޑ eigenvalue λ ޑ algebraic multiplicity ک geometric multiplicity Ԗёૈ
όӕ, όၸѬॺϐ໔ϝԖࢌᅿᜢ߯Ӹӧ. ॺճҔך Primary Decomposition Theorem ٰᇥ
ܴ. ճҔ Theorem 3.5.8 ,಄ဦޑ ଷ

µT (x) = p1(x)m1 · · · pk(x)mk and χT (x) = p1(x)c1 · · · pk(x)ck

ύځ p1(x), . . . , pk(x) ޑ౦࣬ࣁ monic irreducible polynomials ЪӢࣁ λ ࣁ T ޑ eigenvalue,
ॺзך p1(x) = x−λ . ऩз Vi = Ker(pi(T )◦mi), for i = 1, . . . ,k, ߾ Primary Decomposition
Theorem (Theorem 3.5.8) ນךॺ

V =V1⊕·· ·⊕Vk

Ъ

µT |Vi
(x) = pi(x)mi and χT |Vi

(x) = pi(x)ci , ∀ i = 1, . . . ,k.

Ӣଷ p1(x) = x−λ , ॺԖך

V1 = Ker((T −λ id)◦m1)⊇ Ker(T −λ id) = Eλ (T ).

җԜޕ λ ޑ geometric multiplicity dim(Eλ (T )) ≤ dim(V1). ќБय़, ကۓ٩ c1 ࣁ λ
ޑ algebraic multiplicity, ԶΞ χT |V1

(x) = (x−λ )c1 , ޕ deg(χT |V1
(x)) = c1. Ӣࣁঁ linear

operator ޑ characteristic polynomial ޑ degree Ԝࣁ operator ޑӧ܌ space ϐ dimension,
ளࡺ dim(V1) = c1. ӢԜךॺޕ dim(Eλ (T ))≤ c1, ளډаΠ่݀ޑ.

Lemma 4.1.7. ऩ V ࣁ finite dimensional F-space, T : V → V ࣁ linear operator Ъ λ ࣁ
T ঁޑ eigenvalue, ߾ λ ޑ algebraic multiplicity 大ܭځܭ geometric multiplicity.

 λ ࢂ T ޑ eigenvalue ਔ, җܭ Eλ (T ) Ӹӧߚ OV ,ϡનޑ ޕࡺ dim(Eλ (T ))≥ 1, Ψ
൩ࢂᇥ λ ޑ geometric multiplicity Ѹ大ܭܭ 1. Ԝਔऩ λ ޑ algebraic multiplicity ࢂ
1, җ߾ Lemma 4.1.7 ޕ λ ޑ algebraic multiplicity ځܭ geometric multiplicity (ջ λ ޑ
geometric multiplicity ܭ 1). ӧޑ, ϙሶਔং λ ޑ algebraic multiplicity ܭ
ځ geometric multiplicity ?ګ .่݀ޑॺԖаΠך

Proposition 4.1.8. ଷ V ࣁ finite dimensional F-space, T : V →V ࣁ linear operator Ъ
λ ࣁ T ঁޑ eigenvalue. ߾ λ ޑ algebraic multiplicity ځܭ geometric multiplicity ऩ
Ъऩ x−λ | µT (x) ՠ (x−λ )2 - µT (x).
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Proof. ಄ဦ,ޑॺҔ前य़ኬך µT (x) = p1(x)m1 · · · pk(x)mk аϷ χT (x) = p1(x)c1 · · · pk(x)ck ,
ύځ p1(x) = x−λ . Ξз V1 = Ker((T −λ id)◦m1). ऩ x−λ | µT (x) ՠ (x−λ )2 - µT (x), Ԝջ߄
Ң m1 = ளࡺ,1 V1 = Ker(T −λ id) = Eλ (T ). 前य़ςޕ dim(V1)ࣁ λ ޑ algebraic multiplicity,
Զۓ٩က dim(Eλ (T )) ࣁ λ ޑ geometric multiplicity, .ளѬॺ࣬ࡺ

ϸၸٰ, ऩ λ ޑ algebraic multiplicity ځܭ geometric multiplicity, ջ߄Ң dim(V1) =

dim(Eλ (T )), ளࡺ V1 = Ker(T −λ id). ඤѡ၉ᇥ, ჹܭҺཀ v ∈ V1, T (v)−λ id(v) = OV . ೭
ນךॺ T −λ id ज़ڋӧ V1 ࢂঁ zero mapping, ջ (T −λ id)|V1 = T |V1 −λ id|V1 = O.
Ψ൩ࢂᇥ, ऩз h(x) = x− λ , ள h(T |V1) = O. ӢԜҗ Lemma 3.3.5 ޕ T |V1 ޑ minimal
polynomial µT |V1

(x) ନ h(x) = x−λ . ฅԶ Theorem 3.5.8 ນךॺ µT |V1
(x) = (x−λ )m1 ,

ளࡺ m1 = 1. �

ձޑ, ଷ χT (x) ёаֹӄϩှԋ F [x] ύޑԛӭԄޑ४ᑈ, ҭջ χT (x) =

p1(x)c1 · · · pk(x)ck , ύঁځ pi(x) ԛӭԄࣁࣣ x− λi. Ԝਔऩঁ λi ޑ alge-
braic multiplicity ک geometric multiplicity ࣣ࣬, җ߾ Proposition 4.1.8 ޕ µT (x) =

p1(x) · · · pk(x), ӢԜள Vi = Ker(T −λiid) = Eλi(T ), ∀ i = 1, . . . ,k. ӢԜҗ Primary Decomposi-
tion Theorem ޕ

V = Eλ1(T )⊕·· ·⊕Eλk(T ).

Ψ൩ࢂᇥԜਔ V ൩ࢂ eigenspaces ޑ (internal) direct sum. Ӣঁࣁ eigenspace ύߚޑ
OV ϡનࣣࣁ T ޑ eigenvector, а܌ Eλi(T ) ύޑҺಔ basis Si ࣣҗ T ޑ eigenvector ܌
ಔԋ. ΞӢ V = Eλ1(T )⊕·· ·⊕Eλk(T ), Proposition 3.4.6 ນךॺ S1∪ ·· · ∪ Sk ࣁ V ಔޑ

basis, Ψ൩ࢂᇥ V Ԗಔ basis җࢂ T ޑ eigenvector .ಔԋ܌ ଷ {v1, . . . ,vn} ࣁ V ޑ

ಔ basis, ύځ vi ࣁ T ޑ eigenvector Ъځჹᔈޑ eigenvalue ࣁ γi (೭္ γi ό࣬ۓ౦),
ԜਔԵቾ V ޑ ordered basis β = (v1, . . . ,vn). җܭჹ܌Ԗ i = 1, . . . ,n, ࣣԖ T (vi) = γivi, ך
ॺளډ

[T ]β =

 γ1 O
. . .

O γn


ঁࣁ diagonal matrix (ჹંفତ). ӢԜԖаΠϐۓက.

Definition 4.1.9. ଷ V ࣁ finite dimensional F-space Ъ T : V → V ࣁ linear operator.
ऩ V Ӹӧಔ basis җࢂ T ޑ eigenvectors ,ಔԋ܌ ᆀ߾ T ঁࣁ diagonalizable linear
operator.

ᜢٰ߯ղᘐঁޑॺԖаΠሽך linear operator ࣁցࢂ diagonalizable.

Theorem 4.1.10. ଷ V ࣁ finite dimensional F-space Ъ T : V → V ࣁ linear operator.
.ޑሽࢂаΠ߾

(1) T ঁࢂ diagonalizable linear operator.

(2) Ӹӧ V ޑ ordered basis β ٬ள [T ]β ঁࣁ diagonal matrix.
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(3) T ޑ characteristic polynomial χT (x) ёаֹӄϩှԋ F [x] ύޑԛӭԄϐ४ᑈ,
Ъ T ঁޑ eigenvalue ޑ algebraic multiplicity ک geometric multiplicity ࣬.

(4) T ޑ minimal polynomial µT (x) ёаֹӄϩှԋ F [x] ύ࣬౦ޑ monic ԛӭԄ
ϐ४ᑈ.

Proof. 前य़ךॺςޕ (3)⇒ (1) Ъ (1)⇒ (2), ाܴ (2)⇒ (4). ଷ dim(V ) = n Ъ β ࣁ
V ޑ ordered basis ٬ள

[T ]β =

 γ1 O
. . .

O γn


ঁࣁ diagonal matrix. ଷ λ1, . . . ,λk ࣣ࣬౦Ъ {γ1, . . . ,γn}= {λ1, . . . ,λk}. ҭջჹҺཀ γi

ࣣӸӧ λ j ٬ள γi = λ j. ကۓ٩ χT (x) = χ[T ]β (x) = (x− γ1) · · ·(x− γk) = (x−λ1)
c1 · · ·(x−λk)

ck ,
ύځ ci ∈ N. ԶЪҗ Theorem 3.3.7 ܈) Theorem 3.3.9) ޕ µT (x) = (x−λ1)

m1 · · ·(x−λk)
mk ,

ύځ mi ∈ N. Եቾ h(x) = (x−λ1) · · ·(x−λk), җ Lemma 3.2.1 ள

h([T ]β ) = ([T ]β −λ1In) · · ·([T ]β −λkIn)

=

 γ1−λ1 O
. . .

O γn−λ1

 · · ·
 γ1−λk O

. . .
O γn−λk


=

 (γ1−λ1) · · ·(γ1−λk) O
. . .

O (γn−λ1) · · ·(γn−λk)


ฅԶঁ γi ࣣӸӧ λ j, j = 1, . . . ,k ٬ள γi = λ j, ளࡺ h([T ]β ) = O, ҭջ h(T ) = O. а܌
җ Lemma 3.3.5 ள µT (x) | h(x), ள µT (x) = h(x) = (x−λ1) · · ·(x−λk), ҭջ T ޑ minimal
polynomial µT (x) ёаֹӄϩှԋ F [x] ύ࣬౦ޑ monic ԛӭԄϐ४ᑈ.

നךࡕॺाܴ (4)⇒ (3). ଷ µT (x) = (x−λ1) · · ·(x−λk), ύځ λi ∈ F Ъࣣ࣬౦. җ
Theorem 3.3.7, ޕ χT (x) = (x−λ1)

c1 · · ·(x−λk)
ck ύځ ci ∈ N, ջ χT (x) ёаֹӄϩှԋ F [x]

ύޑԛӭԄϐ४ᑈ. ฅԶ λ1, . . . ,λk ࣁ T Ԗ܌ޑ eigenvalues, Ъჹܭঁ i = 1, . . . ,k

ࣣԖ (x−λi) | µT (x) ՠ (x−λi)
2 - µT (x). ࡺ Proposition 4.1.8 ນךॺঁ λi ޑ algebraic

multiplicity ک geometric multiplicity ࣣ࣬. ளҁۓ. �

Question 4.4. ଷ dim(V ) = n, T : V → V ࣁ linear operator. ऩ T Ԗ n ঁ࣬౦ޑ

eigenvalue, ߾ T ࣁցࢂ diagonalizable?

Question 4.5. Example 4.1.5 ک Example 4.1.6 ύবঁ T ࢂ diagonalizable?

ᗨฅ前य़ࢂፋ linear operator, ܭॺाமፓ೭٤性፦ჹך n×n ޑБତΨԖ࣬ჹᔈޑ

ӦБ. २Ӄऩ A ∈Mn(F), ޑᒏ܌ॺΨԖך eigenvalue аϷ eigenvector.

Definition 4.1.11. ଷ A ∈Mn(F). ऩӸӧ λ ∈ F аϷ x ∈ Fn Ъ x ̸= O ٬ள A ·x = λx,
ᆀ߾ λ ࣁ A ঁޑ eigenvalue, Զ x ࣁ T ঁޑ eigenvector.
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ௗΠٰճҔ A ޑ characteristic polynomial χA(x) ٰளډ A ޑ eigenvalues λ аϷ
N(A−λ In)ٰளډ A࣬ჹܭ λ ޑ eigenvector, ᗋԖᜢܭ eigenvalueޑ algebraic multiplicity
ک geometric multiplicity, ... 性፦, .௶ॺ൩ό再ᙧך

Question 4.6. ऩ A ∈Mn(F), λ ࣁ A ޑ eigenvalue, գૈۓက λ ޑ algebraic multiplicity
ک geometric multiplicity ༏? գૈቪр A ࣬ჹܭ Lemma 4.1.7 аϷ Proposition 4.1.6 ޑ
?༏ۓ

ကՖᒏۓॺΨёך diagonalizable matrix ӵΠ.

Definition 4.1.12. ଷ A ∈Mn(F). ऩӸӧಔ Fn basis җࢂ A ޑ eigenvectors ,ಔԋ܌
ᆀ߾ A ঁࣁ diagonalizable matrix.

ॺΨԖӵӕך Theorem 4.1.10 ղᘐ A ࣁցࢂ diagonalizable .ݤሽБޑ Ӣࣁܴ൩
ӵӕ linear operator ,ޑ .ॺ൩ό再ख़ፄך

Theorem 4.1.13. ଷ A ∈Mn(F). .ޑሽࢂаΠ߾

(1) A ঁࢂ diagonalizable matrix.

(2) Ӹӧ P ∈Mn(F) ࣁ invertible ٬ள P−1 ·A ·P ঁࣁ diagonal matrix.

(3) χA(x) ёаֹӄϩှԋ F [x] ύޑԛӭԄϐ४ᑈ, Ъ A ঁޑ eigenvalue ޑ
algebraic multiplicity ک geometric multiplicity ࣬.

(4) µA(x) ёаֹӄϩှԋ F [x] ύ࣬౦ޑ monic ԛӭԄϐ४ᑈ.

 A ࣁ diagonalizable, Theorem 4.1.13 (2) ύ P−1 ·A ·P ೭ঁ diagonal matrix ൩ᆀࣁ
A ޑ diagonal form. ډפॺձᇥܴΠӵՖך P ஒ A ϯࣁ diagonal form. ଷ

P−1 ·A ·P = D =

 γ1 O
. . .

O γn

 ,

Ъз Pi ∈ Fn ࣁ P ޑ i-th column. 前य़ගၸંঁٿତ࣬४ځ i-th column ,ݤБޑ ॺך
Ԗ A ·P ޑ i-th column ࣁ A ·Pi, Զ P ·D ޑ i-th column ࣁ γiPi, аճҔ܌ A ·P = P ·D ள
A ·Pi = λPi, Ψ൩ࢂᇥ P ޑ i-th column Pi ൩ࢂঁ eigenvalue ࣁ γi ޑ eigenvector. ӢԜך
ॺѝाஒঁ diagonalizable matrix A ޑ eigenvectors ಔԋ܌ Fn ಔޑ basis, ׇྣࡪ
ঁ column ঁ column ༤Ε, ޑள܌ invertible matrix P, ൩ࢂёаஒ A ჹفϯ. Ψ൩ࢂᇥ
P−1 ·A ·P .ତંفঁჹࣁ

നךࡕॺᇥܴࣁՖঁٿ diagonalizable matrices, ஒځϯԋ diagonal form ൩ёаղᘐࡕ
ࣁցࢂځ similar. २Ӄமፓऩ A ࣁ diagonalizable, Ъ B∼ A, ߾ B Ѹࣁ diagonalizable. ೭
ଷࣁӢࢂ P ࣁ invertible Ъ P−1 ·A ·P = D ࣁ diagonal matrix. җӸӧ Q ࣁ invertible ٬
ள B = O−1 ·A ·Q, ள

(Q−1 ·P)−1 ·B · (Q−1 ·P) = (P−1 ·Q) · (Q−1 ·A ·Q) · (Q−1 ·P) = P−1 ·A ·P = D.
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ΞӢ Q−1 ·P ࣁ invertible ள B ࣁ diagonalizable.

ќБय़ऩ A,B ࣁࣣ diagonalizable, ऩ A ∼ B, ޑҢѬॺԖ࣬ӕ߄ characteristic poly-
nomial, ӢԜԖ࣬ӕޑ eigenvalues Ъ A ک B ӕঁ eigenvalue ޑ algebraic multiplicity ࣣ
࣬. Զঁ eigenvalue ޑ algebraic multiplicity Ξځܭ geometric multiplicity, а܌
ஒ A,B ϯࣁ diagonal form ӕঁࡕ eigenvalue วғӧޑჹف線ޑԛ數࣬ӕ. ϸϐ,
ऩஒ A,B ϯࣁ diagonal form ӕঁࡕ eigenvalue วғӧޑჹف線ޑԛ數࣬ӕ, Ңஒ߄
diagonal form ჹف線Տϕඤࡕ, ঁٿ diagonal form ࣬. ฅԶჹف線Տϕඤѝ
ஒࢂ eigenvector ޑԋ܌ ordered basis ख़ཥ௨ׇ ӵஒٯ) (i, i)-th entry ک ( j, j)-th
entry ϕඤѝࢂஒচٰ P ޑ i-th column ک j-th column ϕඤ), ޕаள܌ A∼ B.

4.2. Triangular Form

 linear operator T ޑ characteristic polynomial ёֹӄϩှԋԛޑ monic polyno-
mials ,४ᑈਔޑ T όࢂۓ diagonalizable. ೭ύךॺஒ探ӧ೭ᅿਔ T ёаϯ

ԋ࡛ኬޑԄ.

ॺϝଷךཀҁύݙ χT (x) ёаֹӄϩှԋԛޑӭԄޑ४ᑈ (ջ χT (x) =

(x−λ1)
c1 · · ·(x−λk)

ck). ೭ঁଷ V over ޑ field F ࢂ algebraically closed ӵٯ) F = C)
ਔԾฅԋҥ. ճҔ Primary Decomposition Theorem, ॺଷך T ޑ minimal polynomial
ࣁ µT (x) = (x−λ )m. Ψ൩ࢂᇥ (T −λ id)◦m = O.

ঁ linear operator T : V →V ᅈى T ◦m = O, ࣁॺᆀϐך nilpotent, Զനλ҅ޑ數
m ٬ள T ◦m = O, ᆀࣁ೭ঁ nilpotent operator ޑ index. Ӣךࣁॺଷ T −λ id ࣁ nilpotent
Ъ index ࣁ m. ॺٰձ探ך nilpotent operator .性፦ޑ

ჹܭঁ linear operator T : V → V . ऩ v ∈ Im(T ◦i), ҢӸӧ߄ u ∈ V ٬ள v = T ◦i(u),
ӢԜ i ≥ 2 ਔ, ॺԖך v = T ◦i−1(T (u)) ∈ Im(T ◦i−1). ޑॺԾฅԖаΠךа܌ chain of
subspaces

V ⊇ Im(T )⊇ Im(T ◦2)⊇ ·· · ⊇ Im(T ◦i−1)⊇ Im(T ◦i)⊇ ·· · .

ձޑ,  T ࣁ nilpotent of index m, .ॺԖаΠך

Lemma 4.2.1. ଷ dim(V ) > 0, ऩ T ࣁ nilpotent operator of index m, ޑॺԖаΠך߾
chain of subspaces.

V ) Im(T )) Im(T ◦2)) · · ·) Im(T ◦i−1)) Im(T ◦i)) · · ·) Im(T ◦m−1)) Im(T ◦m) = {OV}.

Proof. २Ӄᇥܴ Im(T ◦m−1)) Im(T ◦m) = {OV}. Ӣࣁ T ◦m = O, ҭջჹҺཀ v ∈V, T ◦m(v) =
OV , а܌ Im(T ◦m) = {OV}. ќБय़, ऩ Im(T ◦m−1) = Im(T ◦m) = {OV}, Ң߄߾ T ◦m−1 = O,
Ԝᆶ m 數٬ள҅ޑനλࣁ T ◦m = O ࣬ҟ࣯, ޕࡺ Im(T ◦m−1) ̸= Im(T ◦m).

ௗΠٰךॺᇥܴ V ) Im(T ). ऩ Im(T ) = V , ҢჹҺཀ߄ v ∈ V ࣣӸӧ v1 ∈ V ٬ள

v = T (v1). Զ v1 ∈ V , Ӹӧࡺ v2 ∈ V ٬ள v = T (v1) = T ◦2(v2), ள V = Im(T ◦2). ӵԜޔ
Πѐ, ॺёளך V = Im(T ◦i), ∀ i ∈ N. Ӣ V ̸= {OV}, Ԝᆶ T ࣁ nilpotent ࣬ҟ࣯, ޕࡺ
V ̸= Im(T ).



4.2. Triangular Form 73

ӕ,  1 ≤ i ≤ m− 2, Ӣჹ܌ܭԖ v ∈ Im(T ◦i+1) ࣣӸӧ u ∈ V ٬ள v = T ◦i+1(u) =
T (T ◦i(u)). ऩ Im(T ◦i) = Im(T ◦i+1), җ߾ T ◦i(u) ∈ Im(T ◦i) = Im(T ◦i+1) Ӹӧޕ w ∈V ٬ள

T ◦i(u) = T ◦i+1(w). ҭջ v = T (T ◦i(u)) = T ◦i+2(w) ∈ Im(T ◦i+2), ள Im(T ◦i+1) = Im(T ◦i+2).
ӵԜޔΠѐள Im(T ◦m−1) = Im(T ◦m), Ԝᆶ前य़܌ள Im(T ◦m−1) ̸= Im(T ◦m) ࣬ҟ࣯, ࡺ
ޕ Im(T ◦i) ̸= Im(T ◦i+1), ளҁۓ. �

ௗΠٰךॺᇥܴऩ dim(V ) = n Ъ T : V →V ࣁ nilpotent operator of index m, ӵՖஒځ
ϯࣁ triangular form. २Ӄᒧڗ Im(T ◦m−1) ޑ ordered basis (v1, . . . ,vk1), ॺԖךཀԜਔݙ
T (vi) ∈ Im(T ◦m) = {OV}, ࡺ

T (vi) = OV , ∀ i = 1, . . . ,k1.

ௗуΕ {vk1+1, . . . ,vk2} ٬ள (v1, . . . ,vk1 , . . . ,vk2) ࣁ Im(T ◦m−2) ޑ ordered basis. Ԝਔךॺ
Ԗ

T (vi) ∈ Im(T ◦m−1) = Span({v1, . . . ,vk1}), ∀ i = k1 +1, . . . ,k2,

ԶЪճҔ ordered basis (v1, . . . ,vk1 , . . . ,vk2) ள܌ T |Im(T ◦m−2) ޑ representative matrix )ࣁ
Ok1,k1 ∗
Ok2−k1,k1 Ok2−k1,k2−k1

)
,

ύځ Oi, j ࣁҢ߄ i× j ໘ޑ႟ંତ, Զѓޑف ∗ ঁࣁ k1× k2− k1 ໘ߚޑ႟ંତ. ௗΠٰ
уΕ {vk2+1, . . . ,vk3} ٬ள (v1, . . . ,vk1 , . . . ,vk2 , . . . ,vk3) ࣁ Im(T ◦m−3) ޑ ordered basis. Ԝਔך
ॺԖ

T (vi) ∈ Im(T ◦m−2) = Span({v1, . . . ,vk1 , . . . ,vk2}), ∀ i = k2 +1, . . . ,k3,

ԶЪճҔ ordered basis (v1, . . . ,vk1 , . . . ,vk2 , . . . ,vk3) ள܌ T |Im(T ◦m−3) ޑ representative matrix
ࣁ  Ok1,k1 ∗ ∗

Ok2−k1,k1 Ok2−k1,k2−k1 ∗
Ok3−k2,k1 Ok3−k2,k2−k1 Ok3−k2,k3−k2

 .

೭ኬޔΠѐךॺёளډ Im(T ) ޑ ordered basis (v1, . . . ,vkm−1), ܭύჹځ j = 1, . . . ,m− 1,
ࣣԖ (v1, . . . ,vk j) ࣁ Im(T ◦m− j) ޑ ordered basis Ъ

T (vi) ∈ Im(T ◦m−( j−1)) = Span({v1, . . . ,vk j−1}), ∀ i = k j−1 +1, . . . ,k j.

നࡕуΕ {vkm−1+1, . . . ,vn} ٬ள (v1, . . . ,vkm−1 , . . . ,vn) ࣁ V ޑ ordered basis, Ԝਔ

T (vi) ∈ Im(T ) = Span({v1, . . . ,vkm−1}), ∀ i = km−1 +1, . . . ,kn,

ԶЪճҔ ordered basis (v1, . . . ,vkm−1 , . . . ,vn) ள܌ T ޑ representative matrix ࣁ O ∗ ∗
... . . . ∗
O O O

 .

೭ঁંତࢂჹف線ࣣࣁ 0 ޑ upper triangular matrix (Οંفତ), ่ޑॺԖаΠךа܌
݀.
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Proposition 4.2.2. ଷ V ࣁ finite dimensional F-space Ъ T : V →V ࣁ linear operator.
߾ T ࣁ nilpotent ऩЪऩӸӧ V ޑ ordered basis β ٬ள [T ]β ࣁ upper triangular matrix
Ъ [T ]β ࣁ線ࣣفჹޑ 0.

Proof. җ前य़ޑፕךॺޕ: ऩ T ࣁ nilpotent, Ӹӧ߾ V ޑ ordered basis β ٬ள [T ]β ࣁ

upper triangular matrix Ъځჹف線ࣣࣁ 0. ϸϐ, ऩ [T ]β ࣁ upper triangular matrix Ъ
ࣁ線ࣣفჹځ 0, ޕॺך χT (x) = χ[T ]β (x) = xn ύځ) n = dim(V )), ޕࡺ T ◦n = O, ள T ࣁ

nilpotent. �

Question 4.7. ऩ V ࣁ finite dimensional F-space Ъ T : V → V ࣁ nilpotent operator of
index m, ߾ χT (x) ?Ֆࣁ Ξ µT (x) ?Ֆࣁ

ӣ៝Π, ჹܭ linear operator T : V → V , ाډפ Im(T ), ॺёаճҔך V ޑ ordered
basis β , Ӄளډ representative matrix [T ]β . 再 [T ]β ޑ column space C([T ]β ) ॺҔך)
C(A) Ңંତ߄ A ޑ column space). ௗஒ column space ϡનҔޑ τ◦−1

β ᗋচԋ V ,ϡનޑ
൩ளډ Im(T ) .ϡનΑޑ ࣁॺ࣮аΠϯך upper triangular matrix .ηٯޑ

Example 4.2.3. Եቾ linear operator T : P2(R)→P2(R),ۓကࣁ T (ax2+bx+c) = (c−a)x2+

cx+(c−a). ऩԵቾ P2(R) ޑ ordered basis β = (x2,x,1), ॺԖך [T ]β =

 −1 0 1
0 0 1
−1 0 1

, ள

χT (x) = x3. Ξ [T ]2β =

 0 0 0
−1 0 1
0 0 0

 ޕ µT (x) = x3, ջ T ࣁ nilpotent of index 3. Ӣ [T ]2β

ޑ column space ࣁ Span({(0,1,0)t}), ॺளך Im(T ◦2) = Span({x}). ӕҗ [T ]β ޑ column
space, ёள Im(T ) = Span({x,x2 +1}). നࡕӢ x2 ̸∈ Im(T ), ॺёаԵቾך P2(R) ޑ ordered
basis β ′ = (x,x2 +1,x2). Ӣ

T (x) = 0,T (x2 +1) = 1x+0(x2 +1)+0x2,T (x2) = 0x+(−1)(x2 +1)+0x2

ள [T ]β ′ =

 0 1 0
0 0 −1
0 0 0

 ೭ঁ diagonal ࣁࣣ 0 ޑ upper triangular matrix.

ӧךॺӣډ T ޑ minimal polynomial ࣁ µT (x) = (x−λ )m ,ޑ Ԝਔ T −λ id ࣁ

nilpotent аҗ܌ Proposition 4.2.2 Ӹӧޕ ordered basis β ٬ள [T −λ id]β = U ঁࣁ

diagonal ࣁࣣ 0 ޑ upper triangular matrix

U =

 0 ∗ ∗
... . . . ∗
0 · · · 0

 .

ฅԶऩ dim(V ) = n, Ӣ [T −λ id]β = [T ]β −λ In, ளࡺ [T ]β = λ In +U , ঁࣁ diagonal ࣁࣣ λ
ޑ upper triangular matrix

λ In +U =

 λ ∗ ∗
. . . ∗

O λ

 .
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Theorem 4.2.4. ଷ V ࣁ finite dimensional F-space. ऩ T : V →V ࣁ linear operator ځ
characteristic polynomial ࣁ

χT (x) = (x−λ1)
c1 · · ·(x−λk)

ck ,

ύځ λ1, . . . ,λk ࣁ F ύ࣬౦ޑϡન, Ӹӧ߾ V ޑ ordered basis β ٬ள

[T ]β =

 A1 O. . .O Ak

 ,

ύঁځ Ai ࣁ ci× ci ໘ޑ upper triangular matrix
λi ∗ ∗

. . . ∗

O λi

 .

Proof. җ Theorem Ӹӧޕ3.3.9 mi ≤ ci ٬ள µT (x) = (x−λ1)
m1 · · ·(x−λk)

mk , җࡺ Primary
Decomposition Theorem, ޕॺך V =V1⊕·· ·⊕Vk, ύځ Vi = Ker((T −λi id)◦mi) Ъ µT |Vi

(x) =

(x−λi)
mi . ள T |Vi −λi id|Vi ࣁ nilpotent, ճҔࡺ Proposition 4.2.2, Ӹӧޕॺך βi ࣁ Vi ޑ

ordered basis, ٬ள [T |Vi ]βi ࣁ Ai ೭ኬޑ ci×ci ໘ޑ upper triangular matrix. ஒࡺ β1, . . . ,βk

٩ׇ௨ӈԋ V ޑ ordered basis β , ёள [T ]β ޑा܌ࣁ triangular matrix. �

Theorem 4.2.4 ນךॺ T ޑ characteristic polynomial ёֹӄϩှԋ F [x] ύޑԛ

ӭԄ४ᑈ, ᗨฅ T ёૈόૈϯԋ diagonal form όၸۓёаϯԋ triangular form.

ऩ T ࢂ diagonalizable,ךॺёаճҔჹفϯᔅշךॺள T ◦i. ջճҔ V ޑ eigenvectors

ޑԋ܌ ordered basis β ள [T ]β =

 γ1 O
. . .

O γn

, ёளࡺ [T ◦i]β =

 γ i
1 O

. . .
O γ i

n

. 

T όૈϯࣁ diagonal form ਔ, ॺёճҔך trianbular form ٰᔅշीᆉ T ◦i.

२Ӄஒ V ቪԋ T -invariant subspaces ޑ direct sum V = V1⊕·· ·⊕Vk. җܭҺཀ v ∈ V ,
ёаቪԋ v = v1 + · · ·+vk, ύځ vi ∈ Vi (Proposition 3.4.6). ჹ܌ܭԖޑ i = 1, . . . ,k,
ကঁۓॺёך linear operator πi : V → V , ࣁကۓځ πi(v) = vi. Ԝ linear operator ᆀ
ࣁ the projection to Vi with respect to the direct sum V = V1⊕ ·· ·⊕Vk. ٩Ԝۓကךॺޕ
ၰჹ܌ܭԖ v ∈ Vi, ࣣԖ πi(v) = v. ќБय़җܭ Vi ࣁ T -invariant, ჹܭ v ∈ Vi, ॺԖך
T (v) ∈Vi. ӢԜჹܭҺཀ v ∈V , ஒϐቪԋ v = v1 + · · ·+vk, ύځ vi ∈Vi, ߾ T (πi(v)) = T (vi),
Զ πi(T (v)) = πi(T (v1)+ · · ·+T (vk)) = T (vi). ள

T ◦πi = πi ◦T, ∀ i = 1, . . . ,k. (4.1)

Theorem 4.2.5. ଷ V ࣁ finite dimensional F-space. ऩ T : V →V ࣁ linear operator ځ
minimal polynomial ࣁ

µT (x) = (x−λ1)
m1 · · ·(x−λk)

mk

ύځ λ1, . . . ,λk ࣁ F ύ࣬౦ޑϡન,߾ T = TD+TN ύځ TD ࣁ diagonalizable, TN ࣁ nilpotent
of index m = max{m1, . . . ,mk}, ԶЪ TD ◦TN = TN ◦TD.
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Proof. Եቾ Primary Decomposition V = V1⊕ ·· ·⊕Vk, ύځ Vi = Ker((T −λi id)◦mi), Ъз
πi : V → V ࣁ the projection to Vi with respect to the direct sum V = V1⊕·· ·⊕Vk. Եቾ V

ޑ linear operator TD = λ1π1 + · · ·+λkπk. ӢჹҺཀ vi ∈ Vi, ࣣԖ TD(vi) = λivi, аಔ܌
Vi ޑ basis, ࣣҗ TD ޑ eigenvectors .ಔԋ܌ җࡺ V ࣁ V1, . . . ,Vk ޑ direct sum, ೭٤ Vi ޑ

basis ёಔԋ V ޑ basis. Ψ൩ࢂᇥ V Ԗಔ basis ࣣҗ TD ޑ eigenvectors ,ಔԋ܌ ࡺ TD

ࣁ diagonalizable.

з TN = T −TD ࣁ V ޑ linear operator. ӢჹҺཀ vi ∈ Vi, TN(vi) = T (vi)−TD(vi) =

T (vi)− λivi ∈ Vi, ޕ Vi ࣁࣣ TN-invariant. Ξςޕ µT |Vi
(x) = (x− λi)

mi , ջ mi ޑനλࢂ

҅數٬ள (T −λi id)◦mi(vi) = OV , ∀vi ∈ Vi, ޕࡺ µTN |Vi
(x) = xmi . ճҔ Lemma 3.5.6 ޕ

µTN (x) = lcm(xm1 , . . . ,xmk) = xm, ύځ m = max{m1, . . . ,mk}, ள TN ࣁ nilpotent of index m.

നࡕӢࣁ

TD ◦T = (λ1π1 + · · ·+λkπk)◦T = λ1(π1 ◦T )+ · · ·+λk(πk ◦T ),

җԄ (4.1) ள

T ◦TD = λ1(T ◦π1)+ · · ·+λk(T ◦πk) = TD ◦T.

ӢԜள

TD ◦TN = TD ◦ (T −TD) = TD ◦T −TD ◦TD = T ◦TD−TD ◦TD = (T −TD)◦TD = TN ◦TD.

�

Question 4.8. Եቾ Theorem 4.2.4 ύޑ ordered basis β , ऩ [T ]β ࣁ upper triangular
matrix, ߾ Theorem 4.2.5 ύޑ TD,TN ჹځ β ޑ representative matrix [TD]β , [TN ]β ᔈࣁՖ?

Question 4.9. գૈճҔ Theorem 4.2.5, ܴऩ T ޑ minimal polynomial µT (x) ёаֹӄ

ϩှԋ F [x] ύ࣬౦ޑ monic ԛӭԄϐ४ᑈ, ߾ T ࣁ diagonalizable?

җ Theorem 4.2.5, ճҔૈߡॺך triangular form ٰीᆉ T ◦i Α. җ TD ◦TN = TN ◦TD, ள

T ◦2 = (TD +TN)◦ (TD +TN) = TD
◦2 +TD ◦TN +TN ◦TD +TN

◦2 = TD
◦2 +2TD ◦TN +TN

◦2.

ΒԄ໒ޑёளаΠݤճҔ數學ᘜયࡺ

T ◦i =
i

∑
j=0

(
i
j

)
TD
◦i− j ◦TN

◦ j.

җܭ TD ࣁ diagonalizable ܰीᆉࡐॺך TD
◦ j, Զ TN ࣁ nilpotent of index m, ၰޕॺך

j ≥ m, TN
◦ j = O. ॺीᆉךঁᔅշࢂа೭܌ T ◦i .ݤБޑ

നךࡕॺٰ࣮ linear operator ࣬ჹᔈډ n×n matrix .ፕ่ޑ

Theorem 4.2.6. ଷ A ∈Mn(F) Ъځ characteristic polynomial ک minimal polynomial ϩ
ձࣁ

χA(x) = (x−λ1)
c1 · · ·(x−λk)

ck , µA(x) = (x−λ1)
m1 · · ·(x−λk)

mk
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ύځ λ1, . . . ,λk ࣁ F ύ࣬౦ޑϡન. Ӹӧ߾ invertible matrix P ٬ள

P−1 ·A ·P =

 A1 O. . .O Ak

 ,

ύঁځ Ai ࣁ ci× ci ໘ޑ upper triangular matrix λi ∗ ∗
. . . ∗

O λi

 .

ԜਔךॺԖ P−1 ·A ·P = D+N, ύځ D ࣁ diagonal matrix, N ࣁ nilpotent matrix ᅈى
D ·N = N ·D Ъ Nm = O, m = max{m1, . . . ,mk}.

ӕኬޑஒ A ϯԋ triangular form P−1 ·A ·P = D+N, җܭ D ·N = N ·D, ॺԖך

P−1 ·Ai ·P =
i

∑
j=0

(
i
j

)
Di− j ·N j.

ଷ A ∈Mn(F) Ъ χA(X) = (x−λ1)
c1 · · ·(x−λk)

ck , µA(x) = (x−λ1)
m1 · · ·(x−λk)

mk . ॺך
ᇥܴӵՖډפ invertible matrix M ٬ள M−1 ·A ·M ࣁ upper triangular matrix. २Ӄךॺ
ճҔ Chapter 3 primary decomposition ډפݤБޑ invertible matrix P ٬ள P−1 ·A ·P ࣁ
block diagonal matrix 

A1 O
. . .

O Ak

 ,

ௗԵቾঁ ci× ci matrix Ai. Ӣࣁ µAi(x) = (x−λi)
mi , Ai−λi Ici ࢂ nilpotent of index

mi, ॺёаճҔך Proposition 4.2.2 פ२ӃݤБޑ (Ai−λiIci)
mi−1 ޑ column space ಔޑ

basis (Ԝջ࣬ჹܭ Proposition 4.2.2 ύ Im(T ◦m−1) ޑ basis), ฅࡕᘉ大ԋ (Ai−λiIci)
mi−2 ޑ

column space ಔޑ basis, ೭ኬޔΠѐډޔᘉ大ԋ Fci ಔޑ basis. ऩз೭ಔ basis
а column by column ٩ׇಔԋޑ ci× ci ޑ matrix ࣁ Qi, ॺԖך߾ Q−1

i ·Ai ·Qi ࣁ upper
triangular matrix. നࡕஒ೭٤ Qi ӧ diagonal ,ΕܫՏ٩ׇޑ ಔԋ n× n ޑ invertible
matrix 

Q1 O
. . .

O Qk

 ,

൩٬ள

(P ·Q)−1 ·A · (P ·Q) = Q−1 · (P−1 ·A ·P) ·Q =


Q−1

1 ·A1 ·Q1 O
. . .

O Q−1
k ·Ak ·Qk

 ,

ࣁ upper triangular matrix Α. .ηٯޑॺ࣮аΠך
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Example 4.2.7. ӧ Example 3.5.10 ύךॺԵቾ 5×5 matrix

A =


2 1 1 1 0
1 4 2 2 1
−1 −2 0 −1 −1

0 0 0 1 1
0 −1 −1 −1 0


Ӣࣁ χA(x) = µA(x) = (x−1)3(x−2)2 ӧ Q[x] ύֹӄϩှԋԛӭԄޑ४ᑈ, ډפॺёך
invertible matrix M ∈M5(Q) ٬ள M−1 ·A ·M ࣁ upper triangular matrix.

ӧ Example 3.5.10 ύךॺςډפ P ∈M5(Q) ஒ A ϯࣁ block diagonal matrix.

P−1 ·A ·P =


0 −1 −1 0 0
1 1 0 0 0
0 1 2 0 0
0 0 0 1 −1
0 0 0 1 3

 .

ӧךॺሡஒ

B =

 0 −1 −1
1 1 0
0 1 2

 , C =

(
1 −1
1 3

)
ϯࣁ triangular forms. Ӣ µB(x) = (x−1)3, Եቾ B− I3 ೭ঁ nilpotent matrix. ॺԖך

B− I3 =

 −1 −1 −1
1 0 0
0 1 1

 , (B− I3)
2 =

 0 0 0
−1 −1 −1

1 1 1

 .

җ Proposition २ӃᒧݤБޑ4.2.2 (B−I3)
ޑ2 column spaceޑ basis,ךॺᒧ w1 =(0,−1,1)t,

再уΕ B− I3 ޑ column space ϡનޑ w2 ٬ள {w1,w2} ࣁ B− I3 ޑ column space ޑ basis,
೭္ךॺᒧ w2 = (−1,1,0)t. നࡕ再уΕ w3 ∈ Q3 ٬ள {w1,w2,w3} ԋࣁ Q3 ޑ basis, Ԝ
ೀךॺᒧ w3 = (0,0,1)t. ԜਔԖ Bw1 = w1, Bw2 = w1 +w2, Bw3 = w1 +w2 +w3, ऩзࡺ

Q1 =

 0 −1 0
−1 1 0

1 0 1

, ߾ Q−1
1 ·B ·Q1 =

 1 1 1
0 1 1
0 0 1

 ࣁ upper triangular matrix.

ќБय़Ӣ µC(x) = (x− 2)2, ॺԵቾך C− 2I2 ೭ঁ nilpotent matrix. Ӣ C− 2I2 =(
−1 −1

1 1

)
, ॺᒧך u1 =

(
−1

1

)
ࣁ C−2I2 ޑ basis, 再у u2 =

(
1
0

)
٬ள {u1,u2}

ࣁ Q2 ޑ basis. Ԝਔ Cu1 = 2u1, Cu2 = u1 +2u2, ऩзࡺ Q2 =

(
−1 1

1 0

)
, ߾ Q−1

2 ·C ·Q2 =(
2 1
0 2

)
ࣁ upper triangular matrix. നࡕஒ Q1,Q2 ӝࣁٳ 5×5 ޑ invertible matrix

Q =


0 −1 0 0 0
−1 1 0 0 0

1 0 1 0 0
0 0 0 −1 1
0 0 0 1 0
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ёள upper triagular matrix

(P ·Q)−1 ·A · (P ·Q) = Q−1 · (P−1 ·A ·P) ·Q =


1 1 1 0 0
0 1 1 0 0
0 0 1 0 0
0 0 0 2 1
0 0 0 0 2

 .

4.3. Jordan Form

ஒંତϯࣁ Triangular form ٠όܰᡣךॺղᘐંঁٿତࢂցࣁ similar. ᒧࡷॺஒך
ޑӳ׳ ordered basis ஒځϯ܌ࣁᒏޑ Jordan form. ҁύךॺϝଷ χT (x) ёаֹӄϩ

ှԋԛޑӭԄޑ४ᑈ (ջ χT (x) = (x−λ1)
c1 · · ·(x−λk)

ck). ӕኬךޑॺӃፕ nilpotent
.ޑ

ჹܭঁ linear operator T : V →V . ೭ԛךॺ探 T,T ◦2, . . . ޑ kernel ໔ޑᜢ߯. ऩ
v ∈ Ker(T ◦i), Ң߄ T ◦i(v) = OV , ளࡺ T ◦i+1(v) = T (T ◦i(v)) = OV . ޑॺԾฅԖаΠךа܌
chain of subspaces

{OV} ⊆ Ker(T )⊆ Ker(T ◦2)⊆ ·· · ⊆ Ker(T ◦i−1)⊆ Ker(T ◦i)⊆ ·· · .

ձޑ,  T ࣁ nilpotent of index m, ॺԖך Ker(T ◦i+1) ̸= Ker(T ◦i), ∀ i = 1, . . . ,m−1.

Lemma 4.3.1. ଷ dim(V ) > 0, ऩ T ࣁ nilpotent operator of index m, ޑॺԖаΠך߾
chain of subspaces.

{OV}( Ker(T )( Ker(T ◦2)( · · ·( Ker(T ◦i−1)( Ker(T ◦i)( · · ·( Ker(T ◦m−1)( Ker(T ◦m) =V.

Proof. २Ӄᇥܴ Ker(T ◦m−1) ( Ker(T ◦m) = V . Ӣࣁ T ◦m = O, ҭջჹҺཀ v ∈ V, T ◦m(v) =
OV , а܌ Ker(T ◦m) =V . ќБय़, ऩ Ker(T ◦m−1) = Ker(T ◦m) =V , Ң߄߾ T ◦m−1 = O, Ԝᆶ
m 數٬ள҅ޑനλࣁ T ◦m = O ࣬ҟ࣯, ޕࡺ Ker(T ◦m−1) ̸= Ker(T ◦m).

ௗΠٰךॺᇥܴ {OV} ( Ker(T ). ჹҺཀ v ∈ V Ӣ OV = T ◦m(v) = T (T ◦m−1(v)) ள
T ◦m−1(v) ∈ Ker(T ). ऩ Ker(T ) = {OV}, Һཀ߾ v ∈ V ࣣᅈى T ◦m−1(v) = OV Զளډ

T ◦m−1 = O ϐҟ࣯, ޕࡺ Ker(T ) ̸= {OV}.

ӕ,  1 ≤ i ≤ m− 2, Ӣჹ܌ܭԖ v ∈ V ࣣԖ OV = T ◦m(v) = T ◦i+1(T ◦m−(i+1)(v)),
ջ T ◦m−(i+1)(v) ∈ Ker(T ◦i+1). ऩ Ker(T ◦i) = Ker(T ◦i+1), җ߾ T ◦m−(i+1)(v) ∈ Ker(T ◦i) ள

OV = T ◦i(T ◦m−(i+1)(v)) = T ◦m−1(v). Ӣࣁ೭ࢂჹҺཀ v ∈V ࣣԋҥ, ډளࡺ T ◦m−1 = O ϐҟ
࣯, ள Ker(T ◦i) ̸= Ker(T ◦i+1). �

ଷ i≥ 2, ऩ v1, . . . ,vs ∈ Ker(T ◦i+1) ࣁ linearly independent Ъ

Span(v1, . . . ,vs)∩Ker(T ◦i) = {OV},

߾ T (v1), . . . ,T (vs) ∈ Ker(T ◦i) ҭࣁ linearly independent. ٣ჴऩ

r1T (v1)+ · · ·+ rsT (vs) = OV ,
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җ߾ T (r1v1+ · · ·+ rsvs) = OV ள r1v1+ · · ·+ rsvs ∈Ker(T )⊆Ker(T ◦i). җࡺ Span(v1, . . . ,vs)∩
Ker(T ◦i) = {OV} ϐଷள r1v1 + · · ·+ rsvs = OV , 再җ v1, . . . ,vs ࣁ linearly independent ள
r1 = · · ·= rs = 0, ள T (v1), . . . ,T (vs) ࣁ linearly independent. ќѦךॺΨёள

Span(T (v1), . . . ,T (vs))∩Ker(T ◦i−1) = {OV}.

೭ࢂӢࣁऩ v = r1T (v1)+ · · ·+ rsT (vs) ∈ Ker(T ◦i−1), ߾

OV = T ◦i−1(r1T (v1)+ · · ·+ rsT (vs)) = T ◦i(r1v1 + · · ·+ rsvs),

ջ r1v1+ · · ·+rsvs ∈ Span(v1, . . . ,vs)∩Ker(T ◦i)= {OV}. 再җ v1, . . . ,vsࣁ linearly independent
ள r1 = · · ·= rs = 0, ள v = OV . .ॺԖаΠϐ่ፕך

Lemma 4.3.2. ଷ T : V →V ࣁ linear operator.  i≥ 2 ਔ, ऩ v1, . . . ,vs ∈Ker(T ◦i+1) ࣁ

linearly independent Ъ Span(v1, . . . ,vs)∩Ker(T ◦i) = {OV}, ߾ T (v1), . . . ,T (vs) ∈ Ker(T ◦i) ࣁ

linearly independent Ъ Span(T (v1), . . . ,T (vs))∩Ker(T ◦i−1) = {OV}.

ձӦ, ऩ V ࣁ finite dimensional F-space, ߾

dim(Ker(T ◦i+1))−dim(Ker(T ◦i))≤ dim(Ker(T ◦i))−dim(Ker(T ◦i−1)). (4.2)

Proof. ॺഭाܴԄηך (4.2). ଷ {u1, . . .ut}ࣁ Ker(T ◦i−1)ޑಔ basis,ஒϐᘉ大ԋ
{u1, . . .ut ,w1, . . . ,wl} ٬ϐࣁ Ker(T ◦i)ޑಔ basis. 再ᘉ大ԋ {u1, . . .ut ,w1, . . . ,wl,v1, . . . ,vs}
٬ϐࣁ Ker(T ◦i+1) ಔޑ basis. ٩Ԝள v1, . . . ,vs ∈ Ker(T ◦i+1) ࣁ linearly independent
Ъ Span(v1, . . . ,vs)∩Ker(T ◦i) = {OV}. җ前य़่݀ޕ T (v1), . . . ,T (vs) ∈ Ker(T ◦i) ࣁ linearly
independentЪ Span(T (v1), . . . ,T (vs))∩Ker(T ◦i−1) = {OV}.ࡺ {u1, . . .ut ,T (v1), . . . ,T (vs)}ࣁ
Ker(T ◦i) ύޑ linearly independent set. ளޕ t + s≤ dim(Ker(T ◦i)) = t + l, ҭջ

dim(Ker(T ◦i+1))−dim(Ker(T ◦i)) = s≤ l = dim(Ker(T ◦i))−dim(Ker(T ◦i−1)).

�

ௗΠٰךॺӃᇥܴՖᒏ Jordan form, ฅࡕ再ᇥܴӵՖளډ Jordan form.

Definition 4.3.3. ๏ۓ λ ∈ F ,ჹܭ 1×1 matrix (λ )аϷӵΠԄ׳ޑଯ໘ square matrix

λ 0 0 · · · 0 0
1 λ 0 · · · 0 0
0 1 λ 0 · · · 0
... . . . . . . . . . . . . ...
0 · · · 0 1 λ 0
0 0 · · · 0 1 λ


,

Ψ൩ࢂᇥჹف線 (i, i)-th entry ࣁ λ , Զჹف線ΠБޑՏջ (i, i−1)-th entry ࣁ 1, дՏځ
ࣣࣁ 0 ,ତંޑ ࣁॺᆀך elementary Jordan matrix associated with λ . Զҗ associated
with λ ޑ elementary Jordan matrices ޑಔԋ܌ block diagonal matrix, ջ J1 O. . .O Jk

 ,
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ύঁځ Ji ࣁࣣ elementary Jordan matrix associated with λ , ᆀࣁ Jordan block matrix
associated with λ .

ޑཀԖ٤ਜҁݙ elementary Jordan matrix ࣁကۓޑ 1 ӧჹف線ޑБ (ջ (i, i+1) ޑ

Տ), όၸѝाஒ ordered basis ׇ前ࡕჹፓ, όᜤว೭ٿᅿંତࣁ similar.

Question 4.10. ଷ T : V → V ࣁ linear operator Ъ β = (v1,v2, . . . , ,vn−1,vn) ࣁ V ޑ

ordered basis. ऩ [T ]β ࣁ elementary Jordan matrix associated with λ , Եቾ ordered basis
β ′ = (vn,vn−1, . . . ,v2,v1), ߾ [T ]β ′ ޑԄՖᅿࣁ matrix?

ௗΠٰךॺᇥܴ nilpotent linear operator ࣣёډפ ordered basis ځ٬ representative
matrix ࣁ Jordan block matrix associated with 0.

Proposition 4.3.4. ଷ V ࣁ finite dimensional F-space. ऩ T : V →V ঁࢂ nilpotent
linear operator of index m, Ӹӧ߾ V ޑ ordered basis β ٬ள [T ]β ࣁ Jordan block matrix
associated with 0.

Proof. з S1 ࣁ Ker(T ) ಔޑ basis, ஒϐᘉ大ࣁ Ker(T ◦2) ಔޑ basis S2, ޔΠѐډޔ
ளډ Sm ࣁ Ker(T ◦m) = V ಔޑ basis. Ψ൩ࢂᇥ i = 1, . . . ,m ਔ Si ࣁ Ker(T ◦i) ޑ basis
ཀݙ) Lemma 4.3.1 ນךॺ i = 2, . . . ,m ਔ Si−1 ( Si). Եቾ {v1, . . . ,vk1}= Sm \Sm−1 ೭

ಔ linear independent subset (Ѭόޜࢂӝ). Corollary 1.4.4 ນךॺ Span({v1, . . . ,vk1})
ک Span(Sm−1) = Ker(T ◦m−1) ࣁҬޑ {OV} җࡺ Lemma 4.3.2 ޕ {T (v1), . . . ,T (vk1)} ࣁ
Ker(T ◦m−1)ύޑ linearly independent setЪ Span({T (v1), . . . ,T (vk1)})∩Ker(T ◦m−2) = {OV},
ճҔࡺ Corollary ޕ1.4.4 {T (v1), . . . ,T (vk1)}∪Sm−2ࣁ Ker(T ◦m−1)ύޑ linearly independent
set. ऩ {T (v1), . . . ,T (vk1)}∪Sm−2 ҭࣁ Ker(T ◦m−1) ޑ spanning set, ࢂѬ൩߾ Ker(T ◦m−1) ޑ

ಔ basis. Զऩ {T (v1), . . . ,T (vk1)}∪ Sm−2 όࢂ Ker(T ◦m−1) ޑ spanning set, ॺёӧך߾
Ker(T ◦m−1) ύᒧڗ vk1+1, . . . ,vk2 ٬ள

{T (v1), . . . ,T (vk1),vk1+1, . . . ,vk2}∪Sm−2

ࣁ Ker(T ◦m−1) ύޑಔ basis. Ψ൩ࢂᇥךॺஒӝ Sm−1 \Sm−2 Ҕ

{T (v1), . . . ,T (vk1),vk1+1, . . . ,vk2}

.代ڗ ཀԜਔݙ {v1, . . . ,vk1 ,T (v1), . . . ,T (vk1),vk1+1, . . . ,vk2}∪Sm−2 ϝࣁ Ker(T ◦m) =V ಔޑ

basis.

ௗΠٰԵቾڗ代 Sm−1 \Sm−2 ӝޑ {T (v1), . . . ,T (vk1),vk1+1, . . . ,vk2}. 再ԛճҔ Lemma
4.3.2, ޕॺך {T ◦2(v1), . . . ,T ◦2(vk1),T (vk1+1), . . . ,T (vk2)}∪Sm−3 ࣁ Ker(T ◦m−2) ύޑ linearly
independent set. а再уΕ܌ Ker(T ◦m−2) ύޑϡન vk2+1, . . . ,vk3 ٬ள

{T ◦2(v1), . . . ,T ◦2(vk1),T (vk1+1), . . . ,T (vk2),vk2+1, . . . ,vk3}∪Sm−3

ࣁ Ker(T ◦m−2) ޑ basis. Ψ൩ࢂᇥךॺஒ Sm−2 \Sm−3 ӝҔ

{T ◦2(v1), . . . ,T ◦2(vk1),T (vk1+1), . . . ,T (vk2),vk2+1, . . . ,vk3}
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.代ڗ ೭ኬޔΠѐ,ᙁൂޑᇥ൩ࢂஒڗ代 Si+1\Siޑӝ S′i+1代Ε T ளډ T (S′i+1)೭ಔӧ

Ker(T ◦i)ޑ linearly independent set,再уΕ Ker(T ◦i)ύޑηӝ S′′i ٬ள T (S′i+1)∪S′′i ∪Si−1

ࣁ Ker(T ◦i) ޑ basis. ௗ൩ࢂஒ Si/Si−1 Ҕ S′i = T (S′i+1)∪S′′i .代ڗ :Ң߄ٰ߄ॺҔаΠკך

Sm \Sm−1 v1, . . .vk1

Sm−1 \Sm−2 T (v1), . . . ,T (vk1 ), vk1+1, . . . ,vk2

Sm−2 \Sm−3 T ◦2(v1), . . . ,T ◦2(vk1 ), T (vk1+1), . . . ,T (vk2 ), vk2+1, . . . ,vk3

...
...

...
...

...

S1 T ◦m−1(v1), . . . ,T ◦m−1(vk1 ), T ◦m−2(vk1+1), . . . ,T ◦m−2(vk2 ), T ◦m−3(vk2+1), . . . ,T ◦m−3(vk3 ), · · · T (vkm−2+1), . . . ,T (vkm−1 ), vkm−1+1, . . . ,vkm

നࡕঁᡯ൩ࢂஒڗ代 S2 \S1 ϡનޑ

T ◦m−2(v1), . . . ,T ◦m−2(vk1),T
◦m−3(vk1+1), . . . ,T ◦m−3(vk2), . . . ,

T (vkm−3+1), . . . ,T (vkm−2),vkm−2+1, . . . ,vkm−1

代Ε T , ளډ Ker(T ) ύޑ linearly independent set

{T ◦m−1(v1), . . . ,T ◦m−1(vk1),T
◦m−2(vk1+1), . . . ,T ◦m−2(vk2), . . . ,

T ◦2(vkm−3+1), . . . ,T ◦2(vkm−2),T (vkm−2+1), . . . ,T (vkm−1)}

再уΕ Ker(T ) ύޑϡન vkm−1+1, . . . ,vkm ࣁԋځ٬ Ker(T ) ޑ basis. ࡕനޑ߄аय़კ܌
ঁ row 代ڗࢂϡન൩ޑ S1 ,ϡનޑ ջ Ker(T ) ޑ basis. ஒϐᆶڗ代 S2 \ S1 ӝᖄ൩ޑ

代ڗࢂ S2 ,ϡનޑ ջ Ker(T ◦2) ޑ basis. ӕკ߄ύڗ代 Si \Si−1 ঁٗޑ row ϷځаΠ
Ӛ row ಔԋࣁϡનջޑ Ker(T ◦i) ޑ basis. ΨӢԜ߄ύޑӚϡનջಔԋ V = Ker(T ◦m) ޑ

basis. ԵቾஒѬॺࡪׇঁ column ঁ column җ۳Π௨ׇ܌ԋޑ ordered basis
β , ջ β ࣁಃঁϡનޑ v1 ௗࣁ T (v1), ډޔಃ m ࣁঁ T ◦m−1(v1) ௗܫ v2,T (v2), . . .

೭ኬޔΠѐനࣁ٩ׇࡕ vkm−1 ,T (vkm−1),vkm−1+1, . . . ,vkm . ࣮ܰрࡐ [T ]β ঁࢂߡ Jordan
block matrix associated with 0. ӵٯ [T ]β ჹᔈ (v1,T (v1), . . . ,T ◦m−1(v1)) ޑϩޑ block ൩
ࢂ 

0 0 0 · · · 0 0
1 0 0 · · · 0 0
0 1 0 0 · · · 0
... . . . . . . . . . . . . ...
0 · · · 0 1 0 0
0 0 · · · 0 1 0


೭ঁ associated with 0 ޑ m×m ໘ elementary Jordan matrix. �

Question 4.11. ӧय़ܴύ [T ]β ჹᔈ (vk1+1,T (vk1+1), . . . ,T ◦m−2(v1)) ޑϩޑ block ࢂ
൳໘ޑ elementary Jordan matrix? ჹᔈډ (vkm−1 ,T (vkm−1)) ک (vkm−1+1, . . . ,vkm) ϩΞ࡛ࢂ

ኬޑ matrices?

Example 4.3.5. Եቾ linear operator T : P4(R)→ P4(R)ۓကࣁ T (ax4+bx3+cx2+dx+e) =

4ax2 +3bx+2c, ܰղᘐࡐ T ࣁ nilpotent of index 3. Ӣ Ker(T ) = {dx+ e | d,e ∈ R}, ॺך
ډפ Ker(T ) ಔޑ basis S1 = {x,1}. Զ Ker(T ◦2) = {bx3 + cx2 +dx+ e | b,c,d,e ∈ R}, ॺך
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ஒ S1 ᘉ大ࣁ S2 = {x3,x2,x,1} ԋࣁ Ker(T ◦2) ޑ basis. നࡕஒ S2 ᘉ大ࣁ S3 = {x4,x3,x2,x,1}
ࣁځ٬ Ker(T ◦3) =V ޑ basis.

 S3\S2 = {x4},ࡺԵቾ T (x4) = 4x2. ᆶځ S1 ᖄޑ {4x2,x,1}ࣁ Ker(T ◦2)ޑ linearly
independent set, ёуΕ x3 ٬ள {4x2,x3}∪S1 = {4x2,x3,x,1} ࣁ Ker(T ◦2) ޑ basis. ԜਔҔ
{4x2,x3} 代ڗ S2 \S1 = {x3,x2}. ௗԵቾ T (4x2) = 8,T (x3) = 3x, Ӣࣁ {8,3x} ςࣁ Ker(T )

ޑ basis ௗҔޔаόሡуΕϡન܌ {8,3x} 代ڗ S1. :߄ॺԖаΠϐკך

S3 \S2 = {x4} x4

S2 \S1 = {x3,x2}  T (x4) = 4x2, x3

S1 = {x,1}  T (T (x4)) = 8, T (x3) = 3x

аԵቾ܌ ordered basis β = (x4,4x2,8,x3,3x), ډॺளך

[T ]β =


0 0 0 0 0
1 0 0 0 0
0 1 0 0 0
0 0 0 0 0
0 0 0 1 0

 .

ჴӧځ Example 4.3.5, ډפޑॺόѸך ordered basis ղᘐૈߡ T ޑ Jordan form ޑ
ёૈԄ. ճҔ Proposition ၰޕॺך,߄კޑҔ܌ܴύޑ4.3.4 Jordan block matrixύޑ
elementary Jordan matrixঁޑ數൩ࢂკ߄ύ columnঁޑ數,Զ columnঁޑ數൩ࢂკ߄ύ
നࡕঁ row ,ϡનঁ數ޑ ջ #(S1) = dim(Ker(T )). ќѦঁ column Ѭࢂϡનঁ數൩ޑ
ޑჹᔈ܌ elementary Jordan matrix .໘數ޑ ӵಃঁٯ column ൩ٰࢂԾ Sm \Sm−1 ϡޑ

ન v1,ௗࣁ T (v1), . . . ,T ◦m−1(T )Ӆ mঁϡન,Ѭ܌ჹᔈޑ൩ࢂঁ m×m໘ޑ elementary
Jordan matrix. ೭٤ m×m ໘ޑ elementary Jordan matrices ٤Ԗٗࢂ數൩ঁޑ m ঁϡ

數ޑ column ,數ঁޑ җკ߄ύךॺёаޕၰдॺঁޑ數൩ࢂ k1, ջ Sm \ Sm−1 ϡનঁޑ

數, Ψ൩ࢂ dim(Ker(T ◦m))− dim(Ker(T ◦m−1)). җ Lemma 4.3.1, ܭԜ數Ѹ大ޕॺך 0. Կ
ܭ (m− 1)× (m− 1) ໘ޑ elementary Jordan matrices ,數ঁޑ ൩ࢂ Proposition 4.3.4 ύ
ޑ k2− k1, ջ dim(Ker(T ◦m−1))− dim(Ker(T ◦m−2))− (dim(Ker(T ◦m))− dim(Ker(T ◦m−1))), Ԝ
數Ԗёૈࣁ 0 (Lemma 4.2 ນךॺѬ大ܭܭ 0). ӕ, i× i ໘ޑ elementary Jordan
matrices ࣁ數ঁޑ dim(Ker(T ◦i))−dim(Ker(T ◦i−1))− (dim(Ker(T ◦i+1))−dim(Ker(T ◦i))).

ӧ Example 4.3.5 ύޑ T ࣁ nilpotent of index 3, ځࡺ Jordan block matrix ύۓԖ
3× 3 ໘ޑ elementary Jordan matrix. ՠ dim(V ) = 5, ૈԖঁࡺ (ց߾ Jordan block
matrix ܭܭ໘數大ޑ 6×6). ԖঁࢂаഭΠёૈ܌ 2×2 ໘ޑ elementary Jordan
matrix, ঁٿԖࢂ܈ 1×1 ໘ޑ elementary Jordan matrix. όၸ dim(Ker(T )) = 2, аૈ܌
Ԗ 2 ঁ elementary Jordan matrices, ӢԜ௨ନޣࡕ. ޕ T ϯԋޑ Jordan block matrix ۓ
җঁࢂ 3×3 ໘کঁ 2×2 ໘ޑ elementary Jordan matrices .ಔԋ܌

ӧךॺӣډ T ޑ minimal polynomial ࣁ µT (x) = (x− λ )m ,ޑ Ԝਔ T − λ id

ࣁ nilpotent аҗ܌ Proposition 4.3.4 Ӹӧޕ ordered basis β ٬ள [T −λ id]β = J ঁࣁ

diagonal ࣁࣣ 0 ޑ Jordan block matrix J. ฅԶऩ dim(V ) = n, Ӣ [T −λ id]β = [T ]β −λ In,
ளࡺ [T ]β = λ In + J, ঁࣁ diagonal ࣁࣣ λ ޑ Jordan block matrix.
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Theorem 4.3.6. ଷ V ࣁ finite dimensional F-space. ऩ T : V →V ࣁ linear operator ځ
characteristic polynomial ک minimal polynomial ϩձࣁ

χT (x) = (x−λ1)
c1 · · ·(x−λk)

ck , µT (x) = (x−λ1)
m1 · · ·(x−λk)

mk

ύځ λ1, . . . ,λk ࣁ F ύ࣬౦ޑϡન, Ӹӧ߾ V ޑ ordered basis β ٬ள

[T ]β =

 J1 O. . .O Jk

 ,

ύঁځ Ji ࣁ ci×ci ໘ޑ Jordan block matrix associated with λi,ԶЪಔԋ Ji ޑ elementary
Jordan matrices ࢂ數൩ঁޑ λi ޑ geometric multiplicity, ջ dim(Ker(T −λi id)). ќѦ Ji ύ

നଯ໘ޑ elementary Jordan matrix ࣁ mi×mi ໘.

Proof. җ Primary Decomposition Theoremள V =V1⊕·· ·⊕Vk,ځύ Vi =Ker((T −λi id)◦mi)

Ъ µT |Vi
(x) = (x−λi)

mi . ள T |Vi −λi id|Vi ࣁ nilpotent, ճҔࡺ Proposition 4.3.4, Ӹޕॺך
ӧ βi ࣁ Vi ޑ ordered basis, ٬ள [T |Vi ]βi ࣁ Ji ೭ኬޑ ci× ci ໘ޑ Jordan block matrix
associated with λi. ஒࡺ β1, . . . ,βk ٩ׇ௨ӈԋ V ޑ ordered basis β , ёள [T ]β ޑा܌ࣁ

Jordan matrix. �

Question 4.12. գૈճҔ Theorem 4.3.6, ܴऩ T ޑ characteristic polynomial χT (x)

ёаֹӄϩှԋ F [x] ύޑԛӭԄϐ४ᑈ, Ъ T ঁޑ eigenvalue ޑ algebraic
multiplicity ځܭ geometric multiplicity, ߾ T ࣁ diagonalizable?

ӧ Theorem 4.3.6 ύ T ޑ representative matrix ൩ᆀࣁ T ޑ Jordan form. 前य़ගၸԖ
٤ךݩॺёаҔ χT (x),µT (x) ٰளډ T ޑ Jordan form, όၸԖਔ٠όᅰฅ, ॺҔаΠך
Αٯηٰ探.

Example 4.3.7. ଷ T : V → V ࣁ linear operator Ъ χT (x) = (x− λ1)
3(x− λ2)

4, ύځ
λ1 ̸= λ2. ॺٰ探ך T ޑ Jordan form ёૈޑԄ. २Ӄҗ deg(χT (x)) = 7, ޕ dim(V ) = 7,
а܌ T ޑ Jordan form ࢂۓ 7×7 matrix. ќѦӢ χT (x) Ԗ࣬ঁٿ౦ޑԛӢԄ, аѬ܌
ޑ Jordan form, ࢂۓԖঁٿ Jordan block matrix ,ಔԋ܌ ࢂύঁځ 3×3Ъ associated
with λ1, ќঁࢂ 4×4 Ъ associated with λ2. ӧୢᚒࢂ೭ঁٿ Jordan block matrix ࢂ
җব٤ elementary Jordan matrix .ಔԋ܌

२Ӄ࣮ 3× 3 ޑ block Jordan matrix associated with λ1 .ݩёૈޑ ऩ µT (x) ё

(x−λ1)
3 ନ, җ߾ Theorem 4.3.6 Ԝޕ block ύۓԖঁ 3× 3 ޑ elementary Jordan

matrix, аԜਔ೭ঁ܌ Jordan block ൩ࢂঁ 3× 3 ޑ elementary Jordan matrix. ऩ
µT (x) ё (x−λ1)

2 ନ, όૈ (x−λ1)
3 ନ, ӕኬҗ߾ Theorem 4.3.6 Ԝޕ block ύ

ۓԖঁ 2×2 ޑ elementary Jordan matrix, ՠԜ block ࣁ 3×3 matrix, аᔈ၀ᗋԖ܌
ঁ 1×1 ޑ elementary Jordan matrix. ೭ঁа೭ᅿ܌ block җঁࢂ 2×2 ঁک

1× 1 matrix .ಔԋ܌ നࡕऩ (x−λ1) | µT (x) ՠ (x−λ1)
2 - µT (x), ёޕԜ block җࢂ 3 ঁ

1×1 ޑ elementary Jordan matrix .ಔԋ܌ ߄Πࣁॺஒ่݀ӈך
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x−λ1 ԛ數ޑ 3 2 1

block Jordan matrix

 λ1 0 0
1 λ1 0
0 1 λ1

  λ1 0 0
1 λ1 0
0 0 λ1

  λ1 0 0
0 λ1 0
0 0 λ1


а܌ Jordan block matrix associated with λ1 ࣣёҗ µT (x) ዴۓ.

Կܭ ޑ4×4 block Jordan matrix associated with λ2 ӧ,ݩёૈޑ x−λ2 ёନ µT (x)

ࣁനଯԛ數ޑ 4,3,1 ਔ, ,ޑ前य़ኬک ԜਔಔԋԜ block ޑ elementary Jordan matrix ࢂ
ёаዴޑۓ. :߄ॺӈрΠך

x−λ2 ԛ數ޑ 4 3 1

block Jordan matrix


λ2 0 0 0
1 λ2 0 0
0 1 λ2 0
0 0 1 λ2




λ2 0 0 0
1 λ2 0 0
0 1 λ2 0
0 0 0 λ2




λ2 0 0 0
0 λ2 0 0
0 0 λ2 0
0 0 0 λ2


ऩ x−λ2 ёନ µT (x) ࣁനଯԛ數ޑ 2 ਔ, Ԝਔ associated with λ2 ޑ 4× 4 ޑ block

Jordan matrix ύᗨޕۓԖঁ 2×2 ޑ elementary Jordan matrix, ՠځдޑϩԖёૈ
ঁࢂ 2×2 ޑ elementary Jordan matrix ঁٿԖࢂ܈ 1×1 ޑ elementary Jordan matrices
.ಔԋ܌ Ψ൩ࢂᇥԜਔ೭ঁ block ԖёૈࢂаΠٿᅿݩ:


λ2 0 0 0
1 λ2 0 0
0 0 λ2 0
0 0 1 λ2

 ,


λ2 0 0 0
1 λ2 0 0
0 0 λ2 0
0 0 0 λ2



ฅΑ൩ளճҔ λ2 ޑ geometric multiplicity (ջ dim(Ker(T −λ2 id))) ٰղᘐΑ. ऩ geo-
metric multiplicity ࣁ 2 ߾ block Jordan matrix ޣ前ࣁ (ջҗঁٿ 2×2 elementary Jordan
matrices ,(ಔԋ܌ Զ geometric multiplicity ࣁ 3 ਔ൩ޣࡕࢂ (ջҗঁ 2×2 ঁٿک 1×1

elementary Jordan matrices .(ಔԋ܌

ஒঁٿ Jordan block matrices ዴࡕۓ, ۓ،ॺ൩ૈך T ޑ Jordan form Α, ӵٯ
µT (x) = (x−λ1)

2(x−λ2)
3 ޑ T ޑ Jordan form ൩ёዴࣁۓ



λ1 0 0 0 0 0 0
1 λ1 0 0 0 0 0
0 0 λ1 0 0 0 0
0 0 0 λ2 0 0 0
0 0 0 1 λ2 0 0
0 0 0 0 1 λ2 0
0 0 0 0 0 0 λ2


.
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Զऩ µT (x) = (x− λ1)
2(x− λ2)

2 ਔ T ޑ Jordan form ൩Ԗٿᅿёૈ,  λ2 ޑ geometric
multiplicity ࣁ 2 ک 3 ਔ, T ޑ Jordan form ϩձࣁ

λ1 0 0 0 0 0 0
1 λ1 0 0 0 0 0
0 0 λ1 0 0 0 0
0 0 0 λ2 0 0 0
0 0 0 1 λ2 0 0
0 0 0 0 0 λ2 0
0 0 0 0 0 1 λ2


,



λ1 0 0 0 0 0 0
1 λ1 0 0 0 0 0
0 0 λ1 0 0 0 0
0 0 0 λ2 0 0 0
0 0 0 1 λ2 0 0
0 0 0 0 0 λ2 0
0 0 0 0 0 0 λ2


.

Question 4.13. ӧ Example 4.3.7ύ χT (x) = (x−λ1)
3(x−λ2)

4.  µT (x) = (x−λ1)
2(x−λ2)

2

ਔ, λ2 ޑ geometric multiplicity ࢂϙሶόёૈࣁ 1 ܈ 4 ?ګ ΞԜਔૈዴۓ λ1 ޑ geometric
multiplicity ༏?

ჹܭ n× n ,ۓޑॺΨԖ࣬ჹᔈךତંޑ Ψ൩ࢂᇥऩ A ∈ Mn(F) ځ characteristic
polynomial ёаֹӄϩှԋ F [x] ύޑԛӭԄ४ᑈ χA(x) = (x−λ1)

c1 · · ·(x−λk)
ck , Ӹ߾

ӧ invertible matrix P ∈Mn(F) ٬ள

P−1 ·A ·P =

 J1 O. . .O Jk

 ,

ύঁځ Ji ࣁ ci× ci ໘ޑ Jordan block matrix associated with λi. ೭ঁ matrix ࣁॺᆀך
A ޑ Jordan form.

ډפॺᇥܴӵՖך invertible matrix P ٬ள P−1 ·A ·P ࣁ Jordan form. २Ӄݙཀך
ॺόѸӵளډ triangular form עӃޑ A ϯࣁ block diagonal matrix. ೭ࢂӢࣁऩ
µA(x) = (x−λ1)

m1 · · ·(x−λk)
mk , ճҔ Proposition 4.3.4 ,ݤБޑ ჹܭঁ i = 1, . . . ,k, ॺך

Ѹډפಔ (A−λi In)
mi ޑ null space N((A−λi In)

mi) ޑ basis (Ԝջ࣬ჹܭ Proposition
4.3.4 ύ Ker(T ◦m) ޑ basis), Զ N((A−λi In)

mi) খӳࢂ primary decomposition ύ܌Եቾޑ
invariant subspace, ॺόѸख़ፄᡂඤךа܌ basis .բޑ ाډפ P :ᡯӵΠޑ ჹܭ
ঁ i = 1, . . . ,k, Ӄډפ N(A−λi In) ޑ basis S1, 再ஒϐᘉ大ԋ S2 ٬ϐԋࣁ N((A−λi)

2) ޑ

basis. ೭ኬޔΠѐډޔளډ N((A−λi)
mi)ޑ basis Smi . ௗΠٰз Smi \Sm1−1 = {v1, . . . ,vk1},

ฅࡕள {Av1, . . . ,Avk1}. ஒϐᘉ大ԋ {Av1, . . . ,Avk1 ,vk1+1, . . . ,vk2} ٬ϐᆶ Smi−2 ࣁᖄԋޑ

N((A−λi)
mi−1) ޑ basis 代ڗ٠ Smi−1 \Smi−2. ೭ኬޔΠѐډޔஒ S2 \S1 .代ֹڗ ന٩ࡕ

Proposition 4.3.4 ஒ೭٤ bases ௨ׇளډ P. .ηٯޑॺ࣮аΠך

Example 4.3.8. Եቾ 5×5 matrix

A =


2 1 1 1 0
1 4 2 2 1
−1 −2 0 −1 −1

0 0 0 1 1
0 −1 −1 −1 0


ᗨฅӧ Example 3.5.10 ύךॺډפ invertible matrix P ٬ள P−1 ·A ·P ࣁ block diagonal
matrix, ௗӧ Example 4.2.7ύךॺΞډפ invertible matrix Q٬ள (P ·Q)−1 ·A · (P ·Q)ࣁ
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upper triangular matrix. όၸाஒ A ϯࣁ Jordan form ൩όѸӃஒ A ϯࣁ block diagonal
matrix 再ϯࣁ Jordan form ೭ሶഞྠ, ௗҔޔॺך Proposition 4.3.4 .ೀݤБޑ

Ӣ χA(x) = µA(x) = (x−1)3(x−2)2,२Ӄᢀჸ A− I5 ޑ null spaceࣁ dimension ॺளך,1
S1 = {(0,0,−1,1,0)t}ځࣁ basis. ௗᘉ大ԋ S2 = {(0,0,−1,1,0)t,(1,0,−1,0,1)t}ࣁ (A−I5)

2

ޑ null space ޑ basis. ฅࡕᘉ大ԋ S3 = {(0,0,−1,1,0)t,(1,0,−1,0,1)t,(−1,0,0,0,1)t} ࣁ
(A− I5)

3 ޑ null space ޑ basis. Ӣࣁ v1 = (−1,0,0,0,1)t ∈ S3 \S2, ॺԵቾך v2 = Av1−v1 =

(−1,0,0,1,−1)t, Ъஒϐڗ代 S2 \S1 .ϡનޑ നࡕள v3 = Av2−v2 = (0,0,1,−1,0) 代ڗ S1 ޑ

ϡન. ԜਔךॺԖ {v1,v2,v3} ࣁ (A− I5)
3 ޑ null space ޑ basis Ъ

Av1 = v1 +v2, Av2 = v2 +v3,Av3 = v3.

ӕኬךޑॺԖ S′1 = {(0,−1,1,0,0)t} ࣁ A− 2I5 ޑ null space ޑ basis. ஒϐᘉ大ࣁ
S′2 = {(0,−1,1,0,0)t,(1,0,0,0,0)}ࣁ (A−2I5)

ޑ2 null spaceޑ basis. Եቾࡺ v′1 =(1,0,0,0,0)

٠Ҕ v′2 = Av′1−2v′1 = (0,1,−1,0,0)t 代ڗ (0,−1,1,0,0)t. ԜਔךॺԖ {bv′1,v′2} ࣁ (A−2I5)
2

ޑ null space ޑ basis Ъ
Av′1 = 2v′1 +v′2, Av′2 = 2v′2.

നࡕз

P =


−1 −1 0 1 0

0 0 0 0 1
0 0 1 0 −1
0 1 −1 0 0
1 −1 0 0 0

 ள P−1 ·A ·P =


1 0 0 0 0
1 1 0 0 0
0 1 1 0 0
0 0 0 2 0
0 0 0 1 2

 .

ӧ前य़ Section 4.1, ډॺගך A,B ∈Mn(F) ࣁ diagonalizable ਔ, فჹځॺёаஒך
線Տޑ eigenvalue ޑख़௨ٰղᘐ A,B ࣁցࢂ similar. ӕኬޑऩ A,B ޑ characteristic
polynomial ӧ F [x] ёֹӄϩှԋԛޑ monic polynomials ,४ᑈޑ ॺёаஒך A,B ϯࣁ

Jordan form ٰղᘐѬॺࢂցࣁ similar. ฅΑӃ،చҹࢂ χA(x) = χB(x) Ъ µA(x) = µB(x).
ऩځύԖঁό࣬ߡёޕ A,B όࣁ similar, Զऩࣣ࣬൩ሡᙖҗ A,B ޑ Jordan form
ٰዴۓ. ჹܭ A,B ঁޑ eigenvalue, ऩஒ A,B ჹܭ associated with λ ޑ block Jordan
matrix ύޑ elementary Jordan matrices ख़௨ࡕ࣬ӕ, ޕ߾ A∼ B. ϸϐ, ऩ A∼ B,
ॺёஒך A,B ຎࢌࣁঁ linear operator T Ҕόӕ ordered bases ޑள܌ representative
matrices. җܭ associated λ ޑ elementary Jordan matrices ॺך數ນঁޑӚঁ໘數ޑ

. . . ,dim(Ker((T −λ id)◦i−1)),dim(Ker((T −λ id)◦i)),dim(Ker((T −λ id)◦i+1)), . . .

೭٤ dimensions ϐ໔ޑᜢ߯, Զ೭٤ᜢ߯ک ordered basis ,คᜢڗᒧޑ а܌ A,B associated
λ ޑ elementary Jordan matrices ,數࣬ӕঁޑӚঁ໘數ޑ Ψ൩ࢂ A,B ёаϯ࣬ࣁӕޑ

Jordan form. Ӣࣁ Jordan form ёаҔٰղঁٿۓ matrixes ࣁցࢂ similar, а܌ Jordan
form ёаຎࣁᅿ canonical form.

നךࡕॺፋፕ Jordan form ঁख़ाޑᔈҔ. ӣ៝Π, ऩ A ∈ Mn(F) ߾ A ک A ޑ

transpose At Ԗ࣬ӕޑ characteristic polynomial ک minimal polynomial. ೭߄Ң A ک At

Ԗёૈࣁ similar. ٣ჴ χA(x) ёаӧ F [x] ύֹӄϩှԋԛޑ monic polynomials
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,४ᑈޑ ॺёளך A ∼ At. ೭ࢂӢࣁ A ∈ Mn(F) ਔ, dim(N(A))+ dim(C(A)) = n. ΞӢ
ࣁ dim(C(A)) = dim(C(At)), ॺளךа܌ dim(N(A)) = dim(N(At)). ӕ, ჹܭঁ A ޑ

eigenvalue λ (Ψࢂ At ޑ eigenvalue), ॺԖך

dim(N((A−λ In)
i)) = dim(N(((A−λ In)

t)i)) = dim(N((At−λ In)
i)).

аஒ܌ A ϯࣁ Jordan form, ঁ໘數ޑ elementary Jordan matrix associated with λ ک
At ӕ໘ޑ elementary Jordan matrix associated with λ ঁ數࣬ӕ, Ψ൩ࢂᇥ A ک At ёа

ϯԋӕኬޑ Jordan form. .ॺԖаΠϐ่݀ך

Theorem 4.3.9. ଷ A ∈ Mn(F). ऩ χA(x) ёаӧ F [x] ύֹӄϩှԋԛޑ monic
polynomials ,४ᑈޑ ߾ A ޑ transpose At ک A ࣁ similar.

аךࡕॺගډऩ A,B ∈Mn(F) ЪӸӧঁК F 大ޑ field F̃ ٬ளӧ Mn(F̃) ύ A ∼ B

(ջӸӧ P̃ ∈Mn(F̃) invertible ٬ள B = P̃−1 ·A · P̃), ӧ߾ Mn(F) ύ A∼ B (ջӸӧ P ∈Mn(F)

invertible ٬ள B = P−1 ·A ·P). а٣ჴ܌ Theorem 4.3.9 όሡ χA(x) ёаӧ F [x] ύֹӄϩ

ှԋԛޑ monic polynomials ,४ᑈϐଷޑ ॺϝёளך A∼ At.

4.4. Rational Form

 V ࢂ over F ޑ vector space Ъ T : V → V ࣁ over F ޑ linear operator. ऩ F όࢂ

algebraically closed, ߾ T ޑ characteristic polynomial ٠όۓёаֹӄϩှԋ F [x] ޑ

ԛӭԄޑ४ᑈ. ,ϐΠॺஒ探ӧ೭ᅿך ӵՖډפӝޑ V ޑ ordered basis ٬ள
T ޑ representative matrix ёࣁၨᙁൂޑԄ.

ाஒ T ޑ representative matrix ϯࣁᙁൂޑ form, ൩Ѹஒ V ቪԋ٤ T -invariant
subspaces ޑ direct sum. ቪԋຫӭᆢࡋλޑ T -invariant subspaces ޑ direct sum, T ޑ

representative matrix ൩ёቪԋຫᙁൂޑ form. ӵٯ T ࢂ diagonalizable ਔ, ൩߄Ң V ё

аቪԋ٤ 1-dimensional T -invariant subspaces ޑ direct sum. ௗΠٰךॺ൩ࢂाፕऩ
v ∈V , х֖߾ v നλޑ T -invariant subspace .Ֆࣁ

ଷ W х֖ࣁ v ޑ T -invariant subspace. Ӣࣁ v ∈W , җࡺ W ࣁ T -invariant, ள
T (v) ∈W . ӕள T ◦2(v) ∈W , T ◦3(v) ∈W , ..., ளݤҗ數學ᘜયࡺ T ◦i(v) ∈W , ∀ i ∈ N. 再җ
W ࣁ over F ޑ vector space, ёளჹҺཀ ad ,ad−1, . . . ,a1,a0 ∈ F ࣣԖ

adT ◦d(v)+ad−1T ◦d−1(v)+ · · ·+a1T (v)+a0v ∈W.

ඤ言ϐ, ჹ܌ܭԖ f (x) ∈ F [x] ࣣԖ f (T )(v) ∈W . Եቾ

Cv = { f (T )(v) | f (x) ∈ F [x]},

ॺԖך Cv ⊆W . ܰᔠࡐ Cv ঁࣁ vector space, ࡺ Cv ࣁ W ޑ subspace. ΞჹܭҺཀ
w ∈Cv, ॺԖך w = adT ◦d(v)+ · · ·+a1T (v)+a0v, ύځ ad , . . . ,a1,a0 ∈ F . а܌

T (w) = adT ◦d+1(v)+ · · ·+a1T ◦2(v)+a0T (v) = g(T )(v) ∈Cv,
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ύځ g(x) = adxd+1 + · · ·+ a1x2 + a0x ∈ F [x]. ೭ᇥܴΑ Cv ঁࢂ T -invariant subspace. Ӣ
ԜךॺΑှঁх֖ v ޑ T -invariant subspace, ۓх֖ Cv ೭ঁ T -invariant subspace.
Ψ൩ࢂᇥ Cv х֖ࢂ v നλޑ T -invariant subspace. .ကۓॺԖаΠϐך

Definition 4.4.1. ଷ V ঁࢂ F-space Ъ T : V → V ঁࢂ F-linear operator. ๏ۓ
v ∈V , Եቾ Cv = { f (T )(v) | f (x) ∈ F [x]}. ॺᆀך Cv ঁࣁ T -cyclic subspace spanned by v.
ύځ v Ψᆀբ Cv ঁޑ cyclic vector.

ाݙཀ Cv (the T -cyclic subspace spanned by v) ک T Ԗᜢ, җךܭॺό探όӕ
linear operator ໔ޑᜢ߯, ॺ࣪ౣךߡΑ಄ဦᙁࣁа܌ Cv ύԖᜢ T .ޑ ٰᇥ Cv ٠

όࢂ the subspace spanned by v, ԶЪঁ T -cyclic subspace ޑ cyclic vector ٠ό.

Question 4.14. ନΑ v аѦ, գૈډפќঁ Cv ޑ cyclic vector ༏?

Question 4.15. ӧࣗሶݩϐΠ Cv ܭ Span(v)?

ௗΠٰךॺा׳ٰΑှ Cv ೭ঁ T -cyclic subspace. २Ӄҗךܭॺ探ޑ
vector space V ࢂ finite dimensional, а܌ Cv Ψࢂঁ finite dimensional vector space.
ӢԜ {v,T (v),T ◦2(v), . . . ,T ◦i(v), . . .} ࣁ linearly dependent. Ψ൩ࢂᇥӸӧ k ∈ N, аϷ
a0,a1, . . . ,ak ∈ F όӄࣁ 0 ٬ள akT ◦k(v)+ · · ·+a1T (v)+a0v = OV . ೭ນךॺ, Ӹӧߚ႟ӭ
Ԅ f (x) ∈ F [x] ٬ள f (T )(v) = OV . ᅈى೭ঁ性፦ޑԛ數നλޑ monic polynomial ჹךܭ
ॺΑှ Cv Ԗࡐ大ޑҔೀ, .ကۓаԖаΠϐ܌

Definition 4.4.2. V ঁࣁ finite dimensional F-space, T :V→V ঁࣁ linear operator.
ӧ܌Ԗߚ႟ӭԄ f (x) ∈ F [x] ύᅈى f (T )(v) = OV , Ъԛ數നλޑ monic polynomial ᆀࣁ
the T -annihilator of v, ॺҔך µv(x) .Ң߄ٰ

再ԛமፓ µv(x) όѝک v Ԗᜢک T ΨԖᜢ, όၸҗךܭॺѝ探ൂޑ linear operator,
а࣪ౣԖᜢ܌ T .ޑ

Question 4.16. ჹܭҺཀޑ linear operator T : V →V , ࣗሶࢂ the T -annihilator of OV ?

ճҔӭԄޑନݤচ (division algorithm), v ޑ T -annihilator ک Lemma 3.3.5 ύԖᜢ
ܭ T ޑ minimal polynomial Ԗᜪ՟ޑ性፦, җܭܴБ࣬ݤӕ, ೭္൩ό再ᙧॊ.

Lemma 4.4.3. ଷ V ঁࣁ finite dimensional F-space, v∈V Ъ T : V →V ঁࣁ linear
operator. ܭჹ߾ f (x) ∈ F [x], f (T )(v) = OV ऩЪऩ µv(x) | f (x).

ճҔ Lemma 4.4.3, ၰޕॺଭך µv(x) | χT (x) Ъ µv(x) | µT (x), ೭ࢂҗܭ χT (T ) =

µT (T ) = O, аჹҺཀ܌ v ∈V ࣣԖ χT (T )(v) = µT (T )(v) = OV .

ॺёаၸך µv(x) ٰΑှ Cv. ٣ჴךॺԖаΠϐ่݀.
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Theorem 4.4.4.  V ঁࣁ finite dimensional F-space, T : V →V ঁࣁ linear operator.
ऩ v ∈V , Ъځ T -annihilator ࣁ

µv(x) = xd +ad−1xd−1 + · · ·+a1x+a0,

߾

{v,T (v), . . . ,T ◦d−1(v)}

ࣁ Cv ಔޑ basis. ќѦԵቾ T ज़ڋӧ Cv Πޑ linear operator T |Cv : Cv → Cv, ॺԖך
T |Cv ޑ characteristic polynomial ک minimal polynomial ࣣܭ v ޑ T -annihilator, ҭջ
χT |Cv

(x) = µT |Cv
(x) = µv(x).

Proof. २Ӄܴ S = {v,T (v), . . . ,T ◦d−1(v)} ࣁ linearly independent. ऩ S όࢂ linearly
independent, ܭܭҢӸӧԛ數λ߄ d− 1 ޑ polynomial f (x) ∈ F [x] ᅈى f (T )(v) = OV .
Ԝک µv(x) ,က࣬ҟ࣯ۓޑԛ數നλࣁ ளࡺ S ࣁ linearly independent.

ௗܴ Cv = Span(S). २Ӄࡐܰᢀჸ

Span(S) = {g(T )(v)|g(x) ∈ F [x],deg(g(x))≤ d−1},

ޕࡺ Span(S) ⊆ Cv. ฅԶۓ٩ကჹܭҺཀ w ∈ Cv, ࣣӸӧ g(x) ∈ F [x] ٬ள g(T )(v) = w.
ऩ deg(g(x)) ≤ d− 1, ёள߾ w ∈ Span(S). Զऩ deg(g(x)) > d− 1, ,চݤҗନ߾ Ӹӧ
h(x),r(x) ∈ F [x] ύځ deg(r(x))≤ d−1 ٬ள g(x) = h(x)µv(x)+ r(x). җࡺ µv(T )(v) = OV , ޕ

w = g(T )(v) = h(T )(µv(T )(v))+ r(T )(v) = h(T )(OV )+ r(T )(v) = r(T )(v),

ள w ∈ Span(S). Ԝள Cv ⊆ Span(S).

Եቾ T |Cv ޑ minimal polynomial χT |Cv
(x), ကۓ٩ deg(χT |Cv

(x)) = dim(Cv). Զҗ S ࣁ

Cv ಔޑ basis, ள dim(Cv) = d. Ξ v ∈Cv, ကۓ٩ࡺ χT |Cv
(T )(v) = OV . а܌ Lemma 4.4.3

ນךॺ µv(x) | χT |Cv
(x). നࡕҗ µv(x) аϷ χT |Cv

(x) ࣁࣣ monic аϷѬॺޑ degree ࣁࣣ
d ள χT |Cv

(x) = µv(x). ӕ µT |Cv
(T )(v) = OV , ளࡺ µv(x) | µT |Cv

(x). 再җ deg(µT |Cv
(x)) ≤

deg(χT |Cv
(x)) = deg(µv(x)) ள µT |Cv

(x) = µv(x). �

Question 4.17. ऩ deg(µv(x)) = d, գૈܴ Cv ύޑϡનࣣё “” ቪԋ g(T )(v) ύځ
g(x) ∈ F [x] Ъ deg(g(x))≤ d−1 ༏?

Theorem 4.4.4 ύ Cv ೭ಔޑ basis ,ख़ाࡐ .ကۓޑॺԖаΠך

Definition 4.4.5. ଷ V ঁࣁ finite dimensional F-space, v ∈ V Ъ T : V → V ঁࣁ

linear operator.  deg(µv(x)) = d, ॺᆀך {v,T (v), . . . ,T ◦d−1(v)} ࣁ Cv ಔޑ cyclic basis.

 deg(µv(x)) = dਔ,ךॺёаԵቾ T |Cv : Cv→Cvჹܭ β = (v,T (v), . . . ,T ◦d−1(v))೭ঁ
cyclic basis܌ԋޑ ordered basisޑ representative matrixࣁՖ. җܭ T (v) = 0v+1T (v)+
0T ◦2(v)+ · · ·+ 0T ◦d−1(v), ၰԜޕॺך matrix ಃঁޑ column ᔈࣁ (0,1,0, . . . ,0)t, ӕ
Ӣ T (T (v)) = 0v+ 0T (v)+ 1T ◦2(v)+ · · ·+ 0T ◦d−1(v), ၰԜޕॺך matrix ಃΒঁ column
ᔈࣁ (0,0,1,0, . . . ,0)t, ೭ኬޔёளډ前 d − 1 ঁ column. Կܭനࡕঁ column, җ
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ܭ T (T ◦d−1(v)) = T ◦d(v), ऩࡺ µv(x) = xd + ad−1xd−1 + · · ·+ a1x+ a0, җ µv(T )(v) = OV , ள
T ◦d(v)+ad−1T ◦d−1(v)+ · · ·+a1T (v)+a0v = OV . ҭջ

T ◦d(v) =−(a0v+a1T (v)+ · · ·+ad−1T ◦d−1(v)),

ӢԜளനࡕঁ column ࣁ (−a0,−a1, . . . ,−ad−1)
t. ޕа܌ T |Cv ჹܭ β ޑ representative

matrix ࣁ 
0 0 · · · 0 −a0
1 0 · · · 0 −a1

0 1
. . . 0 −a2

...
... . . . ...

...
0 0 · · · 1 −ad−1

 . (4.3)

з f (x) = xd +ad−1xd−1 + · · ·+a1x+a0, ॊંତ (4.3) ᆀࣁ the companion matrix of f (x).

Question 4.18. ၂ीᆉ

det


x 0 · · · 0 a0
−1 x · · · 0 a1

0 −1
. . . 0 a2

...
... . . . ...

...
0 0 · · · −1 x+ad−1

 .

Example 4.4.6. Եቾ T : R3 → R3 ࣁကۓ T (x1,x2,x3) = (2x1,x1 + x3,x1− x2). Եቾ v =

(0,0,1), ߾ T (v) = (0,1,0), T ◦2(v) = (0,0,−1) = −v. җ T ◦3(v) = −T (v),... ࣮ܰрࡐ
Cv = Span({v,T (v)}) = Span({(0,0,1),(0,1,0)}). җ {v,T (v)} ࣁ linearly independent Զ
{v,T (v),T ◦2(v)} ࣁ linearly dependent ޕ v ޑ T -annihilator ࣁ degree 2 ޑ polynomial.
٣ჴӢ T ◦2(v) = −v, ջ T ◦2(v)+ 0T (v)+ 1v = OV , ॺԖך µv(x) = x2 + 1. ܰᔠࡐ
χT (x) = µT (x) = (x− 2)(x2 + 1), аዴჴԖ܌ µv(x) | χT (x) аϷ µv(x) | µT (x). ќѦԵቾ

β = ((0,0,1),(0,1,0)), ډॺёаளך [T ]β =

(
0 −1
1 0

)
.

Question 4.19. ऩ k ى數ᅈ҅ޑനλࢂ {v,T (v), . . . ,T ◦k−1(v),T ◦k(v)} ࣁ linearly depen-
dent, ߾ deg(µv(x)) ?Ֆࣁ

ӧೀ finite dimensional vector space ,ᚒਔୢޑ ॺ೯தҔך induction (數學ᘜય
.(ݤ Ψ൩ࢂӃ探 dimension Кၨλޑݩ, 再ஒ dimension Кၨ大ޑϯԋКၨλޑ
. Quotient space ൩ࢂஒ dimension ϯԋၨλޑঁБݤ (ӣ៝Πऩ W ࣁ V ޑ

subspace,߾ dim(V/W ) = dim(V )−dim(W )). ऩ T : V →V ࣁ linear operatorЪW ⊆V ࣁ

T -invariant subspace, 數ڄޑঁཥۓॺёаך߾ T : V/W →V/W . ࣁကۓځ T (v) = T (v).
ॺሡᇥܴך T ࢂ well-defined,Ψ൩ࢂᇥऩ v = u∈V/W ߾, T (v) = T (u) in V/W . ฅԶ v = u
Ң߄ v−u ∈W , ճҔWࡺ ࣁ T -invariantள T (v−w) ∈W , ջ T (v)−T (w) ∈W . ೭ນךॺ
T (v) = T (u) ٩ࡺ T ကளۓޑ T (v) = T (u). ٩ T ,ကۓޑ ډܰளࡐॺך T : V/W →V/W

ࣁ linear operator. ॺᆀך T : V/W →V/W ࣁ linear operator induced by T on the quotient
space V/W . ٣ჴ T ک T Ԗӭ࣬ޑᜢ性, .性፦ޑॺԖаΠך
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Lemma 4.4.7.  T : V →V ঁࣁ F-linear operator, W ⊆V ࣁ T -invariant subspaceЪз
T : V/W →V/W ࣁ linear operator induced by T , Һཀܭჹ߾ g(x) ∈ F [x] ࣣԖ g(T ) = g(T ).

Proof. ၰޕॺךကۓ٩ g(T ) ࣁ V/W → V/W ޑ linear transformation ԶЪऩ g(x) =

cnxn + · · ·+ c1x + c0, Һཀܭჹ߾ v ∈ V/W , g(T )(v) = cnT ◦n(v) + · · ·+ c1T (v) + c0v. ΞӢ
T ◦2(v)= T (T (v))= T (T (v))= T (T (v))= T ◦2(v),ճҔ數學ᘜયݤёள T ◦i(v)= T ◦i(v), ∀i∈N.
ӢԜள

g(T )(v) = cnT ◦n(v)+ · · ·+ c1T (v)+ c0v.

ќБय़Ӣ W ҭࣁ g(T )-invariant (Lemma 3.5.2), ࡺ g(T ) ҭࣁ V/W → V/W ޑ linear
transformation Ъ

g(T )(v) = g(T )(v) = cnT ◦n(v)+ · · ·+ c1T (v)+ c0v.

നࡕҗ V/W ύϡનၮᆉۓޑကள g(T )(v) = g(T )(v), ∀v ∈V/W . ளࡺ g(T ) = g(T ). �

ճҔ Lemma 4.4.7, ډॺёаளך T ک T ޑ minimal polynomial ϐ໔ޑᜢ߯.

Corollary 4.4.8.  T : V → V ঁࣁ F-linear operator, W ⊆ V ࣁ T -invariant subspace
Ъз T : V/W →V/W ࣁ linear operator induced by T , ߾

µT (x) | µT (x).

ќѦ๏ۓ v ∈V , з µv(x) ࣁ the T -annihilator of v, ॺԖך߾

µv(x) | µv(x).

Proof. ٩ µT (x)ۓޑက,ჹҺཀ v∈V ,ࣣԖ µT (T )(v) =OV ∈W ,ள µT (T )(v) =OV =OV/W .
җࡺ Lemma 4.4.7 ޕ

µT (T )(v) = µT (T )(v) = µT (T )(v) = OV/W .

ճҔ Lemma 3.3.5 (Ҕӧ T ) ள µT (x) | µT (x).

ӕ, Ӣ µv(T )(v) = OV , ॺளך µv(T )(v) = OV/W , җࡺ Lemma 4.4.3 (Ҕӧ v аϷ T )
ள µv(x) | µv(x). �

٣ჴӧ٤ࢌݩϐΠԖёૈ µv(x) = µv(x), .ݩޑӵаΠٯ

Lemma 4.4.9. з T : V →V ঁࣁ F-linear operator. ๏ۓ v ∈V , Եቾ T : V/Cv→V/Cv

ࣁ linear operator induced by T on V/Cv. ऩ w ∈V ᅈى µw(x) | µv(x), Ӹӧ߾ u ∈V ᅈى

u = w ∈V/Cv Ъ µu(x) = µu(x) = µw(x).

Proof. Ӣ µw(T )(w) = OV/Cv , ճҔ Lemma 4.4.7 ள µw(T )(w) = OV , ҭջ µw(T )(w) ∈Cv.
ඤ言ϐ, Ӹӧ f (x) ∈ F [x] ٬ள

µw(T )(w) = f (T )(v). (4.4)
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٩ µw(x) | µv(x) ϐଷ, аϷҗ Corollary 4.4.8 ޕ µw(x) | µw(x) ёள µw(x) | µv(x), ҭջӸ
ӧ h(x) ∈ F [x] ٬ள µv(x) = h(x)µw(x). җԄࡺ (4.4) ள

µv(T )(w) = h(T )◦µw(T )(w) = h(T )◦ f (T )(v). (4.5)

ฅԶ µw(x) | µv(x), җࡺ Lemma 4.4.3 ᆶԄ (4.5) ޕ OV = µv(T )(w) = h(T )◦ f (T )(v). 再
ԛճҔ Lemma 4.4.3 ள µv(x) | h(x) f (x), ҭջ h(x)µw(x) | h(x) f (x). җԜޕ µw(x) | f (x), ҭ
ջӸӧ g(x) ∈ F [x] ٬ள

f (x) = µw(x)g(x). (4.6)

з u = w− g(T )(v). Ӣ g(T )(v) ∈ Cv, ॺԖך u = w ∈ V/Cv. ճҔ µw(T ) ࣁ linear
operator ள

µw(T )(u) = µw(T )(w−g(T )(v)) = µw(T )(w)−µw(T )◦g(T )(v),

аҗԄ܌ (4.6) аϷԄ (4.4) ள

µw(T )(u) = OV .

再ԛճҔ Lemma 4.4.3 ள µu(x) | µw(x). ฅԶ u = w, ࡺ µw(x) = µu(x), ջ µu(x) | µu(x). 再
у Lemma 4.4.8 ນךॺ µu(x) | µu(x), ள µu(x) = µu(x). �

ٰᇥऩ deg(µw(x)) = d, ᗨฅ {w,T (w), . . . ,T ◦d−1
(w)} ࢂ Cw ಔޑ basis, όၸ

{w,T (w), . . . ,T ◦d−1(w)} ൩҂Ѹࢂ Cw ಔޑ basis. όၸӧ Lemma 4.4.9 ךଷచҹΠޑ
ॺёډפ u ᅈى u = w Ъ {u,T (u), . . . ,T ◦d−1(u)} ک {u,T (u), . . . ,T ◦d−1

(u)} ϩձࢂ Cu ᆶ

Cu =Cw ಔޑ basis.

ӧךॺёаճҔ primary decomposition theorem ளаΠख़ाۓޑ.

Theorem 4.4.10 (Cyclic Decomposition Theorem). ଷ V ࣁ finite dimensional F-space
Ъ T : V →V ࣁ linear operator. ߾ V ёаቪԋ٤ T -cyclic subspaces ޑ direct sum. ٣ჴ
, ऩ µT (x) = p1(x)m1 · · · pk(x)mk , ύځ pi(x) ∈ F [x] ޑ౦࣬ࣁ monic irreducible polynomial,
߾ V =W1⊕·· ·⊕Wk, ύځ

Wi = Ker(pi(T )◦mi) =Cvi,1⊕·· ·⊕Cvi,ni
,

ԶЪঁ vi, j ޑ T -annihilator ࣁ pi(x)mi, j ᅈى mi = mi,1 ≥ mi,2 ≥ ·· · ≥ mi,ni > 0.

Proof. җ primary decomposition theorem,ךॺޕၰ T |Wi : Wi→Wi ޑ minimal polynomial
ࣁ pi(x)mi . ऩૈளঁ Wi ёаቪԋۓ܌ॊޑ T -cyclic subspaces ޑ direct sum,
җ߾ Corollary 3.4.7 ёள V ёаቪԋ٤ T -cyclic subspaces ޑ direct sum. ॺךа܌
ाܴ T : V → V ࢂ F-linear operator Ъ χT (x) = p(x)m ύځ p(x) ∈ F [x] ࢂ monic
irreducible polynomialޑΠ,Ӹӧ v1, . . .vn ∈V ٬ள V =Cv1⊕·· ·⊕Cvn Ъჹܭ 1≤ i≤ n,
µvi(x) = p(x)mi ᅈى m = m1 ≥ m2 ≥ ·· · ≥ mn.

ॺճҔჹך dim(V ) բ數學ᘜયݤܴ.  dim(V ) = 1 ਔ, ҺཀܭԾฅჹࡐ v ̸= OV

in V , ॺԖך V = Cv Ъ µT (x) = µv(x), .ԋҥۓа܌ ଷԜۓӧᆢࡋλܭ dim(V )

,ԋҥޑ Ԝਔ٩ଷ µT (x) = p(x)m, Ӹӧࡺ v1 ∈ V ᅈى p(T )◦m−1(v1) ̸= OV . Ӣ
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µv1(x) | µT (x) = p(x)m аϷ p(x) ࣁ irreducible, аӸӧ܌ m1 ≤m ٬ள µv1(x) = p(x)m1 . ฅԶ
前य़ଷ p(T )◦m−1(v1) ̸= OV , а܌ m1 > m−1, ӢԜள m1 = m.

Եቾ T : W/Cv1 → V/Cv1 induced by T on V/Cv1 . ཀԜਔݙ µT (x) | µT (x) (Corollary
4.4.8), ޕࡺ µT (x) = p(x)m′ , ύځ m′ ≤ m. ӢԜҗ dim(V/Cv1)< dim(V ), ॺёаҔ數學ך
ᘜયݤϐଷ, ջӸӧ w2, . . . ,wn ∈V ᅈى

V/Cv1 =Cw2⊕·· ·⊕Cwn ,

Ъჹܭ 2 ≤ i ≤ n, µwi(x) = p(x)mi ᅈى m ≥ m′ = m2 ≥ ·· · ≥ mn. Ξҗܭ mi ≤ m = m1, ջ
µwi(x) | µv1(x),܌аճҔ Lemma Ӹӧ,ޕ4.4.9 vi ∈V ٬ள vi =wi Ъ µvi(x) = µvi(x) = p(x)mi .

ऩ deg(p(x)) = d, җ direct sum 性፦ޑ (Proposition 3.4.6) аϷ Theorem 4.4.4 ޕ

{v2,T (v2), . . . ,T
◦dm2−1

(v2), . . . ,vn,T (vn), . . . ,T
◦dmn−1

(vn)}

ࣁ V/Cv1 = Cv2 ⊕ ·· · ⊕Cvn ಔޑ basis. Ӣ T ◦ j
(vi) = T ◦ j(vi) (Lemma 4.4.7), аϷ

{v1,T (v1), . . . ,T ◦dm1−1(v1)} ࣁ Cv1 ಔޑ basis, ճҔ Proposition 1.6.2 БޑҔ܌ܴޑ
ॺளךݤ

{v1,T (v1), . . . ,T ◦dm1−1(v1),v2,T (v2), . . . ,T ◦dm2−1(v2), . . . ,vn,T (vn), . . . ,T ◦dmn−1(vn)}

ࣁ V ಔޑ basis. Ӣࣁჹ܌Ԗ 1≤ i≤ n, {vi,T (vi), . . . ,T ◦dmi−1(vi)} ࣁ Cvi ಔޑ basis, ࡺ
җ direct sum 性፦ޑ (Proposition 3.4.6) ள

V =Cv1⊕Cv2⊕·· ·⊕Cvn .

�

Question 4.20. ӧ Theorem 4.4.10 ,ܴύޑ Ֆाஒࣁ w2, . . . ,wn ԋׯ v1, . . . ,vn?

Question 4.21. ёаҔ cyclic decomposition theorem ᇥܴऩ µT (x) = (x−λ1) · · ·(x−λk),
ύځ λi ̸= λ j for i ̸= j, ߾ T ࢂ diagonalizable ༏?

ճҔ primary decomposition theorem, ډפॺёаך V ޑ ordered basis β , ٬ள [T ]β
ޑаΠࣁ block diagonal matrix  A1 O. . .O Ak

 ,

ύঁځ Ai ޑ minimal polynomial ࣁ pi(x)mi . Զ cyclic decomposition theorem ນךॺ,
β ёаҗ٤ cyclic vectors ޑԋ܌ cyclic bases ,ಔԋ܌ Ԝਔঁ Ai ёቪԋ Ci,1 O. . .O Ci,ni

 ,

ύঁځ Ci, j ࢂ the companion matrix of pi(x)mi, j . ೭ΨນךॺҺՖޑБତ similar
to ೭ኬԄޑБତ, ࣁॺᆀԜך rational form.
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Example 4.4.11. Եቾ over R, ॺाрך A ޑ rational form, ύځ

A =


2 −5 −1 6 1
1 −2 0 3 1
0 0 2 −1 0
0 0 1 0 0
0 0 0 0 1

 .

२Ӄᆉр χA(x) = (x2 +1)(x−1)3, 再ள µA(x) = (x2 +1)(x−1)2.

२ӃԵቾ primary decomposition,р A2+I5ᆶ (A−I5)
ޑ2 null space W1,W2. ளW1,W2

ϐಔ basisϩձࣁ {(1,0,0,0,0)t,(0,1,0,0,0)t}, {(−1,0,0,0,1)t,(1,0,1,0,0)t,(−1,1,0,1,0)t}.

җ dim(W1) = 2 ёޕ W1 ҁࢂيঁ cyclic space. ٣ჴڗ w1 = (1,0,0,0,0)t, ߾
Aw1 = (2,1,0,0,0)t ཀݙ) A2w1 =−w1). ջ W1 =Cw1 .

ԿܭाஒW2 ϩှԋ cyclic subspacesޑ direct sum, ॺሡӃᒧрך w2 ᅈى (A− I5)w2 ̸=
(0,0,0,0,0)t. ٣ჴऩᒧ w2 = (1,0,1,0,0)t,߾ Aw2 = (1,1,2,1,0)t ཀݙ) A2w2 = 2Aw2−w2),
а܌ dim(Cw2) = 2. җܭ dim(W2) = 3, ၰޕॺך W2 ᔈࣁ Cw2 ќঁک dimension ࣁ 1 ޑ

cyclic subspace ޑ direct sum. Ԝ cyclic subspace ᔈࣁ eigenvalue ࣁ 1 ޑ eigenvector w3

,ԋ܌ ԶЪ w3 ̸∈Cw2 . ڗॺᒧך w3 = (−1,0,0,0,1)t, аऩз܌

P =


1 2 1 1 −1
0 1 0 1 0
0 0 1 2 0
0 0 0 1 0
0 0 0 0 1

 , ߾ P−1AP =


0 −1 0 0 0
1 0 0 0 0
0 0 0 −1 0
0 0 1 2 0
0 0 0 0 1


ࣁ A ޑ rational form.

٣ჴӧ Example 4.4.11 ύ, ղᘐрޑזࡐॺёаך A ޑ rational form. Ӣࣁ χA(x) =

(x2+1)(x−1)3 а܌ A2+I5 ޑ null spaceҗঁ cyclic subspace܌ಔԋ,Ъځ cyclic vector
ޑ annihilator ࣁ x2 +1. Զ µA(x) = (x2 +1)(x−1)2 аҗ܌ Theorem 4.4.10 ,ޕ (A− I5)

2 ޑ

null space ύۓԖঁ cyclic subspace ځ cyclic vector ޑ annihilator ࣁ (x−1)2. ΨӢԶ
ޑഭޕॺך cyclic subspace ځ cyclic vector ޑ annihilator ࣁ x− 1. а܌ A ޑ rational
formࣁԖΟঁ blocksޑ diagonal matrixځύঁ blockϩձࣁ x2+1, x2−2x+1аϷ x−1

ޑ companion matrix. ٰᇥঁ matrix ޑ rational form ٠όૈҗځ characteristic
polynomial ک minimal polynomial ൩ૈዴۓ. όၸךॺёаӈр܌ځԖёૈޑ. ќ
Бय़ rational form ঁࢂ canonical form, Ψ൩ࢂᇥંঁٿତࢂ similar ऩЪऩѬॺёޑ
аϯԋӕኬޑ rational form. ॺӧΠፕֹך classical form ϐࡕ再探೭٤ፐᚒ.

4.5. Classical Form

ঁ linear operator ޑ minimal polynomial ёаֹӄϩှԋԛӭԄޑ४ᑈਔ, ନ
ѬؒԖख़ਥߚ (ջ diagonalizable), Ԝ linear operator ޑ rational form ٠όࢂ Jordan form.
ԜύךॺஒᇥܴӵՖќѦᒧڗ cyclic subspace ಔޑ basis, ஒځϯԋ܌ᒏޑ classical
form. ࣮ܰрࡐॺך classical form ൩ࢂ Jordan form .ቶޑ
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 T : V →V ࢂ F-linear,๏ۓ v∈V ,Եቾ T -cyclic subspace Cv. ӵ݀ vޑ T -annihilator
ёаቪԋ µv(x) = p(x)m (೭္ p(x)∈F [x]όሡଷࣁ irreducible),ӣ៝Πऩ deg(p(x))= d,
߾ {v,T (v),T ◦2(v), . . . ,T ◦md−1(v)} ࣁ Cv ಔޑ basis, ᆀࣁ cyclic basis. ॺёаԵቾаΠך
ಔཥޑ basis.

Lemma 4.5.1. ଷ T : V →V ࢂ F-linear, ๏ۓ v ∈V . ऩ µv(x) = p(x)m, ύځ p(x) ∈ F [x]

Ъ deg(p(x)) = d, ߾

v T (v) . . . T ◦d−1(v)
p(T )(v) p(T )(T (v)) . . . p(T )(T ◦d−1(v))

...
...

...
pm−1(T )(v) pm−1(T )(T (v)) . . . pm−1(T )(T ◦d−1(v))

(4.7)

ࢂ Cv ಔޑ basis.

Proof. җ µv(x) = p(x)m ޕ dim(Cv) = dm. Ӣࣁ (4.7) ύӅԖ dm ঁϡન, ऩૈܴѬॺࣁ
linearly independent over F , ࢂߡѬॺ߾ Cv ಔޑ basis.

ჹܭ 0≤ i≤m−1, 0≤ j ≤ d−1, ऩз hi, j(x) = pi(x)x j, ߾ pi(T )(T ◦ j)(v) = hi, j(T )(v). Ӣ
ࣁ deg(hi, j(x)) = di+ j, ऩޕॺך (i, j) ̸= (i′, j′), ߾ deg(hi, j(x)) ̸= deg(hi′, j′(x)). ඤ言ϐ, ऩ
c0,0, . . . ,ci, j, . . . ,cm−1,d−1 ∈ F όӄࣁ 0, ߾ ∑i, j ci, jhi, j(x) ࢂ F [x] ύঁ nonzero polynomial.

ऩӸӧಔόӄࣁ ޑ0 {ci, j}٬ள ∑i, j ci, j pi(T )(T ◦ j(v))=OV Ң߄, h(x)=∑i, j ci, jhi, j(x)

೭ঁ nonzero polynomial ᅈى h(T )(v) = OV . ᡉฅࡐ deg(h(x)) < dm = deg(µv(x)), ೭
ک annihilator ,က࣬ҟ࣯ۓޑ ளࡺ (4.7) ύޑϡનࣁ linearly independent. �

Question 4.22. ၂ճҔ T ◦d(v) ∈ Span(v,T (v), . . . ,T ◦d−1(v), p(T )(v)) ٰܴ (4.7) ࣁ Cv ޑ

ಔ basis.

Example 4.5.2. Եቾ A =


0 −1 0 1
1 0 −1 0
0 1 0 0
0 0 −1 0

,ीᆉள µA(x) = (x2+1)2. Ӣ A2+ I4 ޑ null

space ࣁ N(A2 + I4) = Span((0,1,0,1)t,(0,0,1,0)t), ॺளך R4 = Cv, ύځ v ̸∈ N(A2 + I4), Ъ
µv(x) = (x2 +1)2. ڗа܌ v = (1,0,0,0)t, җ߾ Theorem 4.4.4 ޕ

{v,Av,A2v,A3v}=




1
0
0
0

 ,


0
1
0
0

 ,


−1
0
1
0

 ,


0
−2
0
−1




ࣁ R4 =Cv ಔޑ basis. ฅԶ Lemma 4.5.1 ນךॺ

{v,Av,(A2 + I4)v,(A3 +A)v}=




1
0
0
0

 ,


0
1
0
0

 ,


0
0
1
0

 ,


0
−1
0
−1




ҭࣁ R4 =Cv ಔޑ basis.
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ќѦԵቾ B =

 0 1 −1
−2 3 −2
−1 1 0

, ள µB(x) = (x− 1)2. Ӣ Span((1,1,0)t,(−1,0,1)t) ࣁ

B− I3 ޑ null space, ऩз w = (1,0,0)t, ॺԖך Cw ޑ cyclic basis ࣁ

{w,Bw}=


 1

0
0

 ,

 0
−2
−1

 .

ฅԶ Lemma 4.5.1 ນךॺ

{w,(B− I3)w}=


 1

0
0

 ,

 −1
−2
−1


ҭࣁ Cw ಔޑ basis.

ௗΠٰךॺा探ऩճҔ (4.7) ೭ಔ basis, ߾ T |Cv ޑ representative matrix .Ֆࣁ ჹ
ܭ 0≤ i≤m−1, 0≤ j ≤ d−1, з vid+ j+1 = pi(T )(T ◦ j(v)). ाԵቾࢂॺ൩ך β = (v1, . . . ,vmd)

೭ঁ Cv ޑ ordered basis. ଷ p(x) = xd +ad−1xd−1 + · · ·+a1x+a0,  1 ≤ k ≤ d−1 ਔ,
ॺԖך T (vk) = T (T ◦k−1(v)) = T ◦k(v) = vk+1. Զ

T (vd) = T (T ◦d−1(v)) = T ◦d(v) = p(T )(v)−ad−1T ◦d−1(v)−·· ·−a1T (v)−a0v

= −a0v1−a1v2−·· ·−ad−1vd +vd+1.

Ψ൩ࢂᇥ [T |Cv ]β ೭ঁ matrix 前ޑ d ঁ column ϩձࣁ

0
1
0
...
0
0
0
...
0


,



0
0
1
...
0
0
0
...
0


, . . . ,



0
0
0
...
1
0
0
...
0


,



−a0
−a1
−a2

...
−ad−1

1
0
...
0


.

Ψ൩ࢂᇥ前 d ঁ column ޑԋ܌ matrix ࣁ Cp(x)
U
O


೭ኬޑԄ, ύځ Cp(x) ࣁ d× d ޑ companion matrix of p(x), Զ U ࣁ d× d ޑ matrix
ࣁفӧനѓځ 1 ࣁдՏࣣځ 0. നޑࡕ O ࢂ (m− 2)d× d ޑ zero matrix. ӕ
id+1≤ k = id+ j+1≤ (i+1)d−1,ךॺԖ T (vk) = T (pi(T )(T ◦ j(v)) = pi(T )(T ◦ j+1(v)) = vk+1.
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Զ k = (i+1)d ਔ

T (v(i+1)d) = T (pi(T )(T ◦d−1(v))) = pi(T )(T ◦d(v))

= pi+1(T )(v)−ad−1 pi(T )(T ◦d−1(v))−·· ·−a1 pi(T )(T (v))−a0 pi(T )(v)

=

{
−a0vid+1−a1vid+2−·· ·−ad−1v(i+1)d +v(i+1)d+1, if i+1 < m;
−a0vmd+1−d−a1vmd+2−d−·· ·−ad−1vmd , if i+1 = m.

ډளࡺ

[T |Cv ]β =



Cp(x)

U Cp(x) O
U

. . .

O . . . Cp(x)
U Cp(x)


.

೭ঁ md×md ંତᆀࣁ the classical matrix associated with p(x)m.

Example 4.5.3. ॺ探ӧך Example 4.5.2 ύ, ᒧڗόӕޑ basis ޑள܌ similar matrices.

ճҔ v܌ԋޑ cyclic basis,Եቾ P1 =


1 0 −1 0
0 1 0 −2
0 0 1 0
0 0 0 −1

 ߾, P−1
1 AP1 =


0 0 0 −1
1 0 0 0
0 1 0 −2
0 0 1 0


ࣁ µv(x) = (x2 +1)2 = x4 +2x2 +1 ޑ companion matrix. ԶऩԵቾ P2 =


1 0 0 0
0 1 0 −1
0 0 1 0
0 0 0 −1

,

߾ P−1
2 AP2 =


0 −1 0 0
1 0 0 0
0 1 0 −1
0 0 1 0

 ࣁ classical matrix associated with µv(x) = (x2 +1)2. ݙ

ཀ

(
0 −1
1 0

)
ࣁ x2 +1 ޑ companion matrix.

ᜢંܭତ B, җܭ u = (1,1,0)t ∈ N(B− I3) Ъ u ̸∈ Cw, ॺளך R3 = Cw⊕Cu. Եቾ

Q1 =

 1 0 1
0 −2 1
0 −1 0

, ॺԖך Q−1
1 BQ1 =

 0 −1 0
1 2 0
0 0 1

, ࣁ B ޑ rational form. ԶऩԵቾ

Q2 =

 1 −1 1
0 −2 1
0 −1 0

, ॺԖך Q−1
2 BQ2 =

 1 0 0
1 1 0
0 0 1

, ࣁ B ޑ Jordan form.

Question 4.23. ၂ᇥܴ the classical matrix associated with (x−λ )m ൩ࢂ m×m ޑ ele-
mentary Jordan block associated with λ .

ჹܭޑ, ऩঁ F-linear operator T : V → V ޑ minimal polynomial µT (x) =

p1(x)m1 · · · pk(x)mk , ճҔ cyclic decomposition theorem (Theorem 4.4.10),

V =Cv1,1⊕·· ·Cv1,n1
⊕·· ·⊕Cvk,1⊕·· ·⊕Cvk,nk

,



4.5. Classical Form 99

ύঁځ vi, j ޑ T -annihilator ࣁ µvi, j(x) = pi(x)mi, j ᅈى mi = mi,1 ≥ mi,2 ≥ ·· · ≥ mi,ni . Ԝ
ਔऩჹঁ Cvi, j , ӵڗॺᒧך Lemma 4.5.1 ύ (4.7) ೭ኬಔ ordered basis, ฅࡕಔӝԋ V

ಔޑ ordered basis β , ߾ [T ]β ޑԄаΠࣁ block diagonal matrix

[T ]β =



A1,1
. . .

A1,n1

O . . . O
Ak,1

. . .
Ak,nk


,

ύঁځ Ai, j ࣁ classical matrix associated with µvi, j(x) = pi(x)mi, j . ೭ΨນךॺҺՖޑ
Бତ similar to ೭ኬԄޑБତ, ࣁॺᆀԜך classical form.

Example 4.5.4. ុۯॺך Example 4.4.11,探 Aޑ classical form. ೭္ࣁΑБߡଆך,ـ
ॺݮҔ Example 4.4.11 .಄ဦޑ Ӣ µw1(x) = x2 +1, µw2(x) = (x−1)2 аϷ µw3(x) = x−1, Ե
ቾ Cw1 , Cw2 ک Cw3 ӵ Lemma 4.5.1 ύ (4.7) ೭ኬޑ ordered basis (w1,Aw1), (w2,(A− I5)w2)

аϷ (w3), ԋ܌ R5 ޑ order basis. ջऩз

Q =


1 2 1 0 −1
0 1 0 1 0
0 0 1 1 0
0 0 0 1 0
0 0 0 0 1

 , ߾ Q−1AQ =


0 −1 0 0 0
1 0 0 0 0
0 0 1 0 0
0 0 1 1 0
0 0 0 0 1


ࣁ A ޑ rational form.

Question 4.24. Եቾ square matrix A,  µA(x) = p1(x)m1 · · · pk(x)mk , ύځ pi(x) ޑ౦࣬ࣁ

monic irreducible polynomial. ऩ m1 = m2 = · · · = mk = 1, ၂ᇥܴ A ޑ classical form ൩ࢂ
rational form. ќБय़, ऩ deg(p1(x)) = deg(p2(x)) = · · · = deg(pk(x)) = 1, ၂ᇥܴ A ޑ

classical form ൩ࢂ Jordan form.

ӧள rational formаϷ classical formޑၸำύ,ځჴѝाޕၰঁ cyclic vector vi, j

ޑ annihilator pi(x)mi, j , ൩ёаዴځۓ rational form Ϸ classical form. ೭ಔ annihilators
࣬ޑख़ा, .ကۓޑॺԖаΠך

Definition 4.5.5.  T : V →V ࣁ F-linear operator, Ъ

V =Cv1,1⊕·· ·Cv1,n1
⊕·· ·⊕Cvk,1⊕·· ·⊕Cvk,nk

,

ύঁځ vi, j ޑ T -annihilator ࣁ µvi, j(x) = pi(x)mi, j ᅈى mi,1 ≥ mi,2 ≥ ·· · ≥ mi,ni . ॺᆀך

(p1(x)m1,1 , . . . , p1(x)m1,n1 , . . . , pk(x)mk,1 , . . . , pk(x)mk,nk )

೭ಔ polynomials ࣁ T ޑ elementary divisors.
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ӵӧٯ Example 4.4.11 ύ A ޑ elementary divisors ൩ࢂ (x2 +1,(x−1)2,x−1). ाݙཀ
elementary divisors܌ࢂޑࡰԖޑ vi, j ޑ T -annihilators,܌аջ٬Ԗёૈ pi(x)mi, j = pi(x)mi, j′ ,
ΨाஒѬॺӈр. ӵঁٯ linear operator T : V → V ޑ cyclic decomposition ࣁ
V =Cv⊕Cw⊕Cu ύځ µv(x) = (x+1)2,µw(x) = µu(x) = x+1, ߾ T ޑ elementary divisors ࣁ
((x+1)2,x+1,x+1).

୷ҁ, ॺሡाճҔך ker(pi(T )
◦t), ∀ t ∈ N ٰዴۓ T ޑ elementary divisors. όၸךॺ

ёаҗ χT (x) ک µT (x) ளډ T ޑ elementary divisors .ݩёૈޑ २ӃךॺሡाаΠԖᜢ
elementary divisors .性፦ޑ

Lemma 4.5.6.  T : V →V ࣁ F-linear operator Ъ

(p1(x)m1,1 , . . . , p1(x)m1,n1 , . . . , pk(x)mk,1 , . . . , pk(x)mk,nk )

ࣁ T ޑ elementary divisors, ύځ mi,1 ≥ mi,2 ≥ ·· · ≥ mi,ni, ∀ i ∈ {1, . . . ,k}. ߾

χT (x) = p1(x)m1,1 · · · p1(x)m1,n1 · · · pk(x)mk,1 · · · pk(x)mk,nk ,

µT (x) = p1(x)m1,1 p2(x)m2,1 · · · pk(x)mk,1 .

Proof. җ elementary divisors Ӹӧޕကۓޑ vi, j ∈V ٬ள

V =Cv1,1⊕·· ·Cv1,n1
⊕·· ·⊕Cvk,1⊕·· ·⊕Cvk,nk

,

ύঁځ vi, j ޑ T -annihilatorࣁ µvi, j(x) = pi(x)mi, j . җ Theorem ॺԖך,4.4.4 χT |Cvi, j
(x) =

µvi, j(x) = pi(x)mi, j , җࡺ Lemma 3.5.5 ள

χT (x) = ∏
i, j

χT |Cvi, j
(x) = ∏

i, j
pi(x)mi, j .

ќѦҗ Theorem 4.4.10, ऩޕॺςך µT (x) = p1(x)m1 p2(x)m2 · · · pk(x)mk , ߾ mi = mi,1,
∀ i ∈ {1, . . . ,k}. ளࡺ µT (x) = p1(x)m1,1 p2(x)m2,1 · · · pk(x)mk,1 . �

ηᇥܴղᘐٯޑॺճҔаΠך elementary divisors .ݤБޑ

Example 4.5.7.  T : R10 → R10 ࣁ R-linear operator Ъ χT (x) = (x2 + 1)3(x− 1)4 аϷ

µT (x) = (x2+1)2(x−1)2. २Ӄךॺޕၰ (x2+1)2аϷ (x−1)2ۓрӧ T ޑ elementary
divisors ύ. όၸ (x2 + 1)2 όрٿԛ. ೭ࢂӢࣁӧ χT (x) ύ (x2 + 1) ԖΟԛБ, а܌
җ Lemma 4.5.6 ᗋԖঁޕ x2 + 1 р. ќБय़ёૈᗋԖঁ (x− 1)2 рӧ

elementary divisor ύ, ाόฅ൩ࢂԖঁٿ x−1 р. ೭ࢂӢࣁ χT (x) ύ x−1 ԖѤԛБ.
а܌ T ޑ elementary divisors Ԗٿᅿёૈ, ঁࢂ ((x2 +1)2,x2 +1,(x−1)2,(x−1)2). Զ
ќঁࢂ ((x2 +1)2,x2 +1,(x−1)2,x−1,x−1)).

Կܭ Example 4.5.7 ύ T ޑ elementary divisors ,বᅿёૈࢂۭډ ൩όૈֹӄҗ χT (x)

ک µT (x) .Αۓ،ٰ ԜਔךॺёаԵቾ dim(Ker(T − id)). ऩ dim(Ker(T − id)) = 2 ߄

Ң Ker((T − id)◦2) ёаቪԋঁٿ T -cyclic subspaces ޑ direct sum, ӧ೭ᅿךॺԖ
((x2 + 1)2,x2 + 1,(x− 1)2,(x− 1)2) ࣁ T ޑ elementary divisors. Զऩ dim(Ker(T − id)) = 3

Ң߄ Ker((T − id)◦2) ёаቪԋΟঁ T -cyclic subspaces ޑ direct sum, ӧ೭ᅿךॺԖ
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((x2 +1)2,x2 +1,(x−1)2,x−1,x−1) ࣁ T ޑ elementary divisors. Կܭޑ, ॺ൩ך
Ѹ探ঁ Ker(p j

i (T )) .ࡋᆢޑ २ӃךॺԖаΠޑ性፦.

Lemma 4.5.8.  T : V → V ࣁ F-linear operator, v ∈ V ځ T -annihilator ࣁ p(x)m, ځ
ύ p(x) ∈ F [x] ࣁ monic irreducible Ъ deg(p(x)) = d. ჹܭ monic irreducible polynomial
q(x) ∈ F [x], ॺԖך

dim(Ker(ql(T )|Cv)) =


ld, if q(x) = p(x) and 1≤ l ≤ m−1;
md, if q(x) = p(x) and l ≥ m;
0, if q(x) ̸= p(x).

Proof. २ӃԵቾ p(x) = q(x) .ݩޑ ჹܭ 0 ≤ i ≤ m− 1, 0 ≤ j ≤ d − 1, з vid+ j+1 =

pi(T )(T ◦ j(v)). җ Lemma 4.5.1, ޕॺך β = {v1, . . . ,vmd} ࣁ Cv ಔޑ basis. ջऩ w ∈Cv,
Ӹӧ߾ c1, . . . ,cmd ∈ F ٬ள w = ∑md

k=1 ckvk.  1≤ l ≤ m−1 ਔ

pl(T )(w) =
m−1

∑
i=0

d−1

∑
j=0

cid+ j+1 pl(pi(T )(T ◦ j(v))) =
m−l−1

∑
i=0

d−1

∑
j=0

cid+ j+1 pl(pi(T )(T ◦ j(v))).

ऩࡺ w ∈ Ker(pl(T )|Cv) = Ker(pl(T ))∩Cv, җ߾ β ࣁ linearly independent ޕ c1 = c2 =

· · ·= c(m−l)d = 0. ள w ∈ Span({v(m−l)d+1, . . . ,vmd}). ࣮ܰрࡐ Span({v(m−l)d+1, . . . ,vmd})⊆
Ker(pl(T ))∩Cv, ளࡺ dim(Ker(pl(T )|Cv)) = md− (m− l)d = ld.

 l ≥ m ਔ, Ӣ pl(T )(w) = OV , for all w ∈Cv, ள Ker(pl(T )|Cv) =Cv. ࡺ

dim(Ker(pl(T )|Cv)) = dim(Cv) = md.

Ξऩ p(x) ̸= q(x), җ p(x),q(x) ࣁࣣ monic irreducible ޕ p(x) ᆶ q(x) .ϕ፦ࣁ ऩ
w ∈ Ker(ql(T )|Cv) = Ker(ql(T ))∩Cv, җ w ∈ Cv Ӹӧޕ f (x) ∈ F [x] ٬ள w = f (T )(v), 再җ
w ∈ Ker(ql(T )) ள OV = ql(T )(w) = ql( f (T ))(v). ӢԜҗ µv(x) = p(x)m, ள p(x)m | q(x)l f (x).
ฅԶ p(x) ᆶ q(x) ,ϕ፦ࣁ ளࡺ p(x)m | f (x), ջ w = OV . ள dim(Ker(ql(T )|Cv)) = 0. �

 T : V →V ࣁ linear operator Ъ V =W1⊕·· ·Wk, ύځ Wi ࣁ T -invariant subspace, ߾
Ker(T ) = Ker(T |W1)⊕·· ·⊕Ker(T |Wk). ೭ࢂӢࣁऩ v = w1+ · · ·+wk ∈Ker(T ύځ,( wi ∈Wi,߾
OV = T (v)= T (w1)+ · · ·+T (wk). җܭ T (wi)∈WiЪ V =W1⊕·· ·⊕Wk ࣁ inner direct sum,җ
Proposition 3.4.6 (2) ޕ T (w1) = · · ·= T (wk) = OV . Ψ൩ࢂᇥ wi ∈ Ker(T )∩Wi = Ker(T |Wi),
∀ i = 1, . . . ,k. ऩ

V =Cv1,1⊕·· ·Cv1,n1
⊕·· ·⊕Cvk,1⊕·· ·⊕Cvk,nk

,

ύঁځ vi, j ޑ T -annihilator ࣁ pi(x)mi, j , ঁࣁӢ߾ Cvi′, j ࣁ pi(T )-invariant 再җ
Lemma 4.5.8 ள dim(Ker(pi(T )|Cvi, j

)) = deg(pi(x)), ளࡺ

dim(Ker(pi(T ))) =
ni

∑
j=1

dim(Ker(pi(T )|Cvi, j
)) = ni deg(pi(x)).

ඤ言ϐ, dim(Ker(pi(T )))/deg(pi(x))ນךॺ Ker(pmi
i (T )ёаቪԋӭϿঁ T -cyclic subgroup

ޑ direct sum. ӕऩ mi, j ≥ 2, ߾ dim(Ker(p2
i (T )|Cvi, j

)) = 2deg(pi(x)). Զऩ mi, j ≤ 2, ߾
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dim(Ker(p2
i (T )|Cvi, j

)) = deg(pi(x)). ӢԜ

dim(Ker(p2
i (T ))) =

ni

∑
j=1

dim(Ker(p2
i (T )|Cvi, j

)) = 2(ni− s1)deg(pi(x))+ s1 deg(pi(x)),

ύځ s1 = #{1≤ j ≤ ni | mi, j = 1}. Ψ൩ࢂᇥךॺёҗ

dim(Ker(p2
i (T )))−dim(Ker(pi(T ))) = (ni− s1)deg(pi(x))

ளޕ T ޑ elementary divisors ύԖӭϿঁࣁ pi(x)t ύځ t > 1 ೭ᅿԄ. ԶЪךॺޕ T ޑ

elementary divisors ύԖ

s1 = (2dim(Ker(pi(T )))−dim(Ker(p2
i (T ))))/deg(pi(x))

ࣁঁ pi(x). ٩Ԝᜪ, ऩз st = #{1≤ j ≤ ni | mi, j = t}, ߾ 1≤ l ≤ mi ਔ,

dim(Ker(pl
i(T ))) = (l(ni− (s1 + s2 + · · ·+ sl−1))+ s1 +2s2 + · · ·+(l−1)sl−1)deg(pi(x)).

җࡺ

dim(Ker(pl
i(T ))−dim(Ker(pl−1

i (T )))) = (ni− (s1 + s2 + · · ·+ sl−1))deg(pi(x)) (4.8)

ॺёаஒך s1,s2, . . . ,smi р.

Proposition 4.5.9.  T : V →V ࣁ F-linear operator Ъ µT (x) = p1(x)m1 · · · pk(x)mk , ύځ
pi(x) ∈ F [x] ޑ౦࣬ࣁ monic irreducible polynomial. ჹܭ i ∈ {1, . . . ,k},  1≤ l ≤ mi ਔ, T

ޑ elementary divisors ύ pi(x)l рޑԛ數ࣁ

1
deg(pi(x))

(
2dim(Ker(pl

i(T )))−dim(Ker(pl−1
i (T )))−dim(Ker(pl+1

i (T )))
)
.

Proof. ճҔ前य़ޑ಄ဦ, T ޑ elementary divisors ύ pi(x)l рޑԛ數ࣁ sl. җԄη (4.8)
ޕॺך 1≤ l ≤ mi−1 ਔ

dim(Ker(pl
i(T )))−dim(Ker(pl−1

i (T )))−
(

dim(Ker(pl+1
i (T )))−dim(Ker(pl

i(T )))
)

= (ni− (s1 + s2 + · · ·+ sl−1)− (ni− (s1 + s2 + · · ·+ sl)))deg(pi(x)) = sl deg(pi(x)).

ќѦ l = mi ਔ Ker(pmi
i (T )) = Ker(pmi+1

i (T )) аҗԄη܌ (4.8) ޕ

2dim(Ker(pmi
i (T )))−dim(Ker(pmi−1

i (T )))−dim(Ker(pmi+1
i (T )))

= dim(Ker(pmi
i (T ))−dim(Ker(pmi−1

i (T ))))
= (ni− (s1 + s2 + · · ·+ smi−1))deg(pi(x)) = smi deg(pi(x)),

ளҁۓ. �

җ Proposition 4.5.9, ޕॺளך T ޑ elementary divisors ֹӄҗ Ker(pl
i(T )) ,ۓ،ٰ

೭ک V ޑ basis ᒧڗคᜢ. Ψ൩ࢂᇥόᆅᒧ࡛ڗኬޑ cyclic basis, ޑӕ࣬ډॺளך
elementary divisors. ޑаёаϯԋ࣬ӕ܌ rational form ک classical form. Ψ൩ࢂᇥ
rational form ک classical form ࢂ canonical form. .ॺԖаΠϐ่ፕך

Theorem 4.5.10.  A,B ࣁ n×n matrices. ߾ A ک B ࣁ similar ऩЪऩ A ک B ёа

ϯԋ࣬ӕޑ rational form ΨऩЪऩ A ک B ёаϯԋ࣬ӕޑ classical form.
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ӧ Theorem 4.3.9 ၰޕॺך A ∈ Mn(F) Ъ χA(x) ёаӧ F [x] ύֹӄϩှԋԛޑ

monic polynomials ,४ᑈޑ ߾ A ޑ transpose At ک A ࣁ similar. ਔךॺΨගډ೭ঁۓ
ӧݩރޑΨࢂჹޑ, ӧךॺёаܴ೭ঁ׳่݀ޑ.

Theorem 4.5.11.  A ࣁ n×n matrix, ߾ A ޑ transpose At ک A ࣁ similar.

Proof. Ӣ µA(x) = µAt(x). ऩ µA(x) = p1(x)m1 · · · pk(x)mk , ॺाፕך ∀ i ∈ {1, . . . ,k} ჹ
ܭ 1 ≤ l ≤ mi, pi(x)l рӧ A ޑ elementary divisors рӧܭԛ數ޑ At ޑ ele-
mentary divisors .ԛ數ޑ ೭߄Ң A ک At Ԗ࣬ӕޑ elementary divisors, ࣁадॺ܌
similar. ฅԶ pi(x)l рӧ A ޑ elementary divisors ԛ數٩ޑ Proposition 4.5.9 җޕ
dim(Ker(pl−1

i (A))),dim(Ker(pl
i(A))) аϷ dim(Ker(pl+1

i (A))) .ۓ،܌ ԶჹܭҺཀ j ∈N, ॺך
Ԗ

dim(Ker(p j
i (A))) = dim(Ker((p j

i (A))
t)) = dim(Ker(p j

i (A
t))).

.ۓளҁࡺ �

а前ךॺමගډऩ A,B ∈Mn(F) ЪӸӧঁК F 大ޑ field F̃ ٬ளӧ Mn(F̃) ύ A ∼ B

(ջӸӧ P̃ ∈Mn(F̃) invertible ٬ள B = P̃−1 ·A · P̃), ӧ߾ Mn(F) ύ A∼ B (ջӸӧ P ∈Mn(F)

invertible ٬ள B = P−1 ·A ·P). ೭ঁ٣ჴࢂӢࣁҗ A,B ࣮ԋ Mn(F̃) ޑ matrices ਔѬॺ
ޑ elementary divisors ࣬ӕёаள A,B ࣮ԋ Mn(F) ޑ matrices ਔѬॺޑ elementary
divisors Ψ࣬ӕ. ܴޑಒ, ൩੮๏大ৎԋಞᚒΑ.




