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前言

ҁᖱကЬाҞࢂޑଞჹ大Ο學ғϟಏԖᜢ線性代數຾΋ޑ؁౛ፕ. Ьाࢂ๱ख़ܭ΋ঁ
linear operator .ᄬୢᚒ่ޑ Ӄഢޕ᛽ӧ線性代數Бय़ሡΑှંତޑၮᆉ, ՉӈԄޑ性፦฻.
Կܭӛໆޜ໔аϷ linear transformation ฻୷ҁ性፦, ӧҁᖱက཮再ԛϟಏ. ќѦ代數Бय़
ሡΑှ field ୷ҁ性፦аϷޑ over ΋ঁ field ޑ polynomial ring 代數่ᄬޑ (ջӭ໨Ԅᕉޑ
ନݤচ౛).

ҁᖱကᗨฅЬाаύЎኗቪ, όၸ྽ੋϷۓက܈஑ԖӜຒਔ, ᘋஒаमЎ֚ޑխᙌ᝿ࣁ
.代ڗ ӢԜஒаύम֨ᚇၨό໺಍ޑБԄᡉ౜, ऩԖόߡፎـፊ.

ҁᖱကጓቪ຤ਔ, ጓቪֹ٠ࡕ҂࿶ၸᝄᙣޑਠჹ. ౧ᅅӧ܌ᜤխ, ᗨόԿܭԖ౛ፕ性΢ᝄ
ख़ޑᒱᇤ, ՠ᠐ޣϝᔈݙཀόࡴཷەӄԏ. ऩว౜ᒱᇤ, ៿߆ගрᝊ຦ޑཀـ.

ҁᖱကހ៾ឦբޣҁΓ, ៿߆大ৎԾҗΠၩ. ୷ޕܭ᛽Ծҗϩޑ٦౛ۺΨ៿߆大ৎණթ
ϩ٦, ՠ๊ჹ࿣ЗҺՖ୘཰ᔼճޑՉࣁ. Їॊҁᖱကϣ৒ਔፎ൧ख़բޣϐ๱բ៾, ሡֹ᏾ᡉ
Ңҁᖱကϐрೀ.
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Chapter 5

Operators on Inner
Product Spaces

ӧ೭΋കύךॺፋፕӧ inner product spaces ύޑ linear operators .性፦ޑ җܭ inner
product spaces К΋૓ vector spaces Ԗ׳ᙦ൤่ޑᄬ, ݩ探૸೭௃ޑుΕ׳ॺёаךа܌
Πޑ linear operators. ޑதҔࢂޑॺፋፕך inner product spaces, ޑа೭΋കύ܌ vector
spaces ࣁࣣ vector space over C ࢂ܈ R.

5.1. Inner Product Spaces

ӧ೭΋࿯ύ, ॺᙁൂϟಏך inner product space .ကϷ୷ҁ性፦ۓޑ २Ӄӣ៝ዕ஼ޑ
Real inner product space.

Definition 5.1.1. з V ΋ঁࣁ vector space over R. ऩڄ數 ⟨ , ⟩ : V ×V →R ᅈىаΠޑ性
፦, ࣁᆀߡ V ΋ঁޑ inner product.

(1) ⟨v,w⟩= ⟨w,v⟩, ∀v,w ∈V .

(2) ⟨rv+ sw,u⟩= r⟨v,u⟩+ s⟨w,u⟩, ∀u,v,w ∈V and r,s ∈ R.

(3) ⟨v,v⟩ ≥ 0, ∀v ∈V . ԶЪ ⟨v,v⟩= 0 ऩЪ୤ऩ v = OV .

Ԝਔךॺᆀ V ࣁ real inner product space.

Կܭ complex ,׎௃ޑ २Ӄӣ៝, ऩ z ∈ C, ॺҔך z Ң߄ z ޑ conjugate (Ӆ೫ፄ數).

Definition 5.1.2. з V ΋ঁࣁ vector space over C. ऩڄ數 ⟨ , ⟩ : V ×V →C ᅈىаΠޑ性
፦, ࣁᆀߡ V ΋ঁޑ inner product.

(1) ⟨v,w⟩= ⟨w,v⟩, ∀v,w ∈V .

(2) ⟨rv+ sw,u⟩= r⟨v,u⟩+ s⟨w,u⟩, ∀u,v,w ∈V and r,s ∈ C.

(3) ⟨v,v⟩ ≥ 0, ∀v ∈V . ԶЪ ⟨v,v⟩= 0 ऩЪ୤ऩ v = OV .
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106 5. Operators on Inner Product Spaces

Ԝਔךॺᆀ V ࣁ complex inner product space.

,ཀݙ ΋ঁ vector spaceёаԖόӕޑ inner product. ྽ךॺᇥ V ΋ঁࢂ inner product
space, ΋ঁࢌۓॺς๏ךҢ߄ inner product.

Example 5.1.3. ӧ Rn ύךॺۓက

⟨(x1, . . . ,xn),(y1, . . . ,yn)⟩= x1y1 + · · ·+ xnyn,

Ԝࣁ Rn ޑ standard inner product. ӧԜ inner product ϐΠ, ॺᆀך Rn ࣁ n-dimensional
Euclidean space.

ӧ Cn ύךॺۓက

⟨(x1, . . . ,xn),(y1, . . . ,yn)⟩= x1y1 + · · ·+ xnyn,

Ԝࣁ Cn ޑ standard inner product. ӧԜ inner product ϐΠ, ॺᆀך Cn ࣁ n-dimensional
unitary space.

Question 5.1. ଷ೛ V ΋ঁࢂ over C ޑ inner product space. ऩஒ V ࣮ԋࢂ vector space
over R, ցࢂ V ࣁ over R ޑ inner product space?

ཀӧݙ real inner product space ,׎௃ޑ җܭ (1) ,ჹᆀ性ޑ ճҔ (2) ჹܭҺཀޑ
u,v,w ∈V аϷ r,s ∈ R ॺԖך

⟨u,rv+ sw⟩= r⟨u,v⟩+ s⟨u,w⟩.

ӢԜჹҺཀޑ v,v′,w,w′ ∈V аϷ r,r′,s,s′ ∈ R ॺԖך

⟨rv+ r′v′,sw+ s′w′⟩ = r⟨v,sw+ s′w′⟩+ r′⟨v′,sw+ s′w′⟩

= rs⟨v,w⟩+ rs′⟨v,w′⟩+ r′s⟨v′,w⟩+ r′s′⟨v′,w′⟩ (5.1)

όၸӧ complex ,׎௃ޑ җ߾ (1), (2) ჹܭҺཀޑ u,v,w ∈V аϷ r,s ∈ C ॺԖך

⟨u,rv+ sw⟩= ⟨rv+ sw,u⟩= r⟨v,u⟩+ s⟨w,u⟩= r⟨u,v⟩+ s⟨u,w⟩.

ӢԜჹܭҺཀޑ v,v′,w,w′ ∈V аϷ r,r′,s,s′ ∈ C ॺԖך

⟨rv+ r′v′,sw+ s′w′⟩ = r⟨v,sw+ s′w′⟩+ r′⟨v′,sw+ s′w′⟩

= rs⟨v,w⟩+ rs′⟨v,w′⟩+ r′s⟨v′,w⟩+ r′s′⟨v′,w′⟩ (5.2)

ӧ inner productۓޑကύ, ⟨v,v⟩= 0ऩЪ୤ऩ v =OV ,೭΋ঁ性፦ᆀࣁ non-degenerate.
ѬёаዴךߥॺԖаΠϐ性፦.

Lemma 5.1.4. ऩ V ΋ঁࢂ inner product space Ъ v ∈ V ᅈى ⟨v,w⟩ = 0, ∀w ∈ V , ߾
v = OV .

Proof. ѝाᒧڗ w = v, Ԗ߾ ⟨v,v⟩= 0. җࡺ inner product ޕကۓޑ v = OV . �



5.1. Inner Product Spaces 107

Lemma 5.1.4 ֋ນךॺ΋ঁղۓ V ύϡનࢂցࣁ OV .ݤБޑ ౜ऩ v,u ∈ V , ᅈى
⟨v,w⟩= ⟨u,w⟩, ∀w ∈V , җ߾

⟨v−u,w⟩= ⟨v,w⟩−⟨u,w⟩= 0

ளޕ v = u. .性፦ޑॺԖаΠᙁൂՠԖҔךа܌

Corollary 5.1.5. ೛ V ΋ঁࢂ inner product space. ऩ v,u∈V ᅈى ⟨v,w⟩= ⟨u,w⟩, ∀w∈V ,
߾ v = u.

Lemma 5.1.4 ΨёаᔅշךॺΑှ linear operator, аΠޑ性፦ஒٰ཮ࡐԖҔ. ाݙཀ
ӧ real ک complex .όӕޑ

Proposition 5.1.6. ೛ V ΋ঁࢂ inner product space Ъ T : V →V ࣁ linear operator.

(1) ྽ V ΋ঁࢂ real inner product space, ऩ ⟨T (v),w⟩ = 0, ∀v,w ∈ V ߾ T ࣁ zero
mapping.

(2) ྽ V ΋ঁࢂ complex inner product space, ऩ ⟨T (v),v⟩ = 0, ∀v ∈ V ߾ T ࣁ zero
mapping.

Proof. ๏ۓҺཀ v ∈ V , Ӣ ⟨T (v),w⟩ = 0, ∀w ∈ V , җࡺ Lemma 5.1.4 ޕ T (v) = OV . Ӣࣁ
ჹҺཀ v ∈V ࣣԋҥ, ࡺ T = O.

Կܭ complex ,׎௃ޑ ճҔ฻Ԅ (5.2) ჹܭҺཀޑ v,w ∈V аϷ r ∈ C ॺԖך

0 = ⟨T (rv+w),rv+w⟩

= ⟨rT (v)+T (w),rv+w⟩

= rr⟨T (v),v⟩+ r⟨T (v),w⟩+ r⟨T (w),v⟩+ ⟨T (w),w⟩

= r⟨T (v),w⟩+ r⟨T (w),v⟩

྽ךॺϩձ代 r = 1 ک r =
√
−1, ёள ⟨T (v),w⟩+ ⟨T (w),v⟩= 0 ک ⟨T (v),w⟩−⟨T (w),v⟩= 0.

٩Ԝள ⟨T (v),w⟩, ∀v,w ∈V . ޕҗ前य़่ፕࡺ T = O. �

྽ V ΋ঁࢂ inner product space, όᆅࢂ over R ࢂ܈ over C, ޑॺ೿཮ԖаΠך
Cauchy-Schwarz inequality.

Lemma 5.1.7. ଷ೛ V ΋ঁࢂ inner product space over F, ύځ F = R ܈ C. ऩჹܭҺཀ
v ∈V ကۓॺך ∥v∥=

√
⟨v,v⟩, Һཀܭჹ߾ v,w ∈V , ࣣԖ

|⟨v,w⟩| ≤ ∥v∥∥w∥.

ԶЪ |⟨v,w⟩|= ∥v∥∥w∥ ऩЪ୤ऩ v,w ࣁύԖ΋ঁځ OV Ӹӧࢂ܈ r ∈ F ٬ள v = rw.

Proof. ྽ v,w ࣁύԖ΋ঁځ OV , .ၰ฻Ԅԋҥޕ৒ܰࡐ ॺଷ೛ךа܌ v,w ࣣόࣁ OV . ჹ
Һཀܭ r ∈ F , ྽ F ࣁ R ਔճҔԄη (5.1) ॺԖך

0≤ ⟨v− rw,v− rw⟩= ⟨v,v⟩−2r⟨v,w⟩+ r2⟨w,w⟩.
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Ԝਔз r = ⟨v,w⟩/⟨w,w⟩, ॺԖך
⟨v,w⟩2

⟨w,w⟩
≤ ⟨v,v⟩.

྽ F ࣁ C ਔճҔԄη (5.2) ॺԖך

0≤ ⟨v− rw,v− rw⟩= ⟨v,v⟩− r⟨w,v⟩− r⟨v,w⟩+ rr⟨w,w⟩.

Ԝਔз r = ⟨v,w⟩/⟨w,w⟩ ཀݙ) r = ⟨v,w⟩/⟨w,w⟩, Ӣࣁ ⟨w,w⟩ ∈ R), ॺԖך

⟨v,w⟩⟨v,w⟩
⟨w,w⟩

≤ ⟨v,v⟩.

Ӣࣁӧ F = C ਔ ⟨v,w⟩⟨v,w⟩= |⟨v,w⟩|2 ள᛾Ԝࡺ inequality.

നࡕऩ฻Ԅԋҥ߄ҢӸӧ r ∈ F ཮٬ள ⟨v− rw,v− rw⟩= 0 Ԝջ v = rw. �

๏ۓ΋ঁ inner product ϐࡕ, ޑᒏ܌ကۓॺ൩ёаך norm. ೭ࢂӢךࣁॺԖаΠޑ性
፦:

Proposition 5.1.8. ଷ೛ V ΋ঁࢂ inner product space over F (F =R ܈ C). ऩჹܭҺཀ
v ∈V ကۓॺך ∥v∥=

√
⟨v,v⟩, :性፦ޑॺԖаΠך߾

(1) ∥v∥ ≥ 0 ԶЪ ∥v∥= 0 ऩЪ୤ऩ v = OV .

(2) ჹܭҺཀ r ∈ F аϷ v ∈V , ࣣԖ ∥rv∥= |r|∥v∥.

(3) ჹܭҺཀ v,w ∈V , ࣣԖ ∥v+w∥ ≤ ∥v∥+∥w∥.

Proof. (1) ௗҗޔ inner product 性፦ޑ (3) ёள, Զ (2) җԄη (5.1), (5.2) ёள, ךа܌
ॺ໻᛾ܴ (3). җ ⟨v+w,v+w⟩= ⟨v,v⟩+2⟨v,w⟩+ ⟨w,w⟩, аϷ Lemma 5.1.7 ޕॺך

∥v+w∥2 = ⟨v+w,v+w⟩ ≤ ∥v∥2 +2∥v∥∥w∥+∥w∥2 = (∥v∥+∥w∥)2,

ள᛾ ∥v+w∥ ≤ ∥v∥+∥w∥. �

Proposition 5.1.8 (3) ό฻ԄفΟޑᒏ܌ࢂ性፦൩ޑ (triangle inequality). ΋ঁ vector
space V , ऩӸӧ΋ঁڄ數 ∥ ∥ : V → R ᅈى Proposition 5.1.8 ࣁᆀߡΟঁ性፦ޑ normed
linear space, Զڄ數 ∥ ∥ ΋ঁࢂᆀբߡ norm. а΋ঁ܌ inner product space ёаճҔ
Proposition 5.1.8 ޑрۓ܌ norm ٬ϐԋࣁ΋ঁ normed linear space. ќѦԖΑ norm ჹ
Һཀܭ v,w ∈ V , рۓॺёаך v,w ຯᚆޑ (distance) d(v,w) = ∥v−w∥. ԶӸԖ distance
ޑ vector space ࣁॺᆀך metric space. а܌ inner product space Ψ཮ࢂ metric space. ӧ
metric space ύԖΑຯᚆ, ကۓёߡॺך sequence .ԏᔙᆶวණޑ όၸ೭όឦܭҁᖱက܌ा
ፋፕޑፐᚒ, .ॺ൩όӭፋך

Question 5.2. ଷ೛ V ΋ঁࢂ inner product space. ၂ճҔ Proposition 5.1.8 ޑрۓ܌
norm ᛾ܴ parallelogram law, ջჹܭҺཀ v,w ∈V ࣣԖ

∥v+w∥2 +∥v−w∥2 = 2∥v∥2 +2∥w∥2.
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Inner product space όѝᡣךॺளډ metric space, ќ΋ঁख़ाޑ性፦൩ޔࠟࢂ (or-
thogonal) .ۺཷޑ .ကۓޑॺԖаΠך

Definition 5.1.9. ଷ೛ V ΋ঁࢂ inner product space. ऩ v,w ∈ V ᅈى ⟨v,w⟩ = 0, ᆀ߾
v,w ࣁ orthogonal, Ҕ v⊥ w .Ң߄ٰ

ऩ {v1, . . . ,vn} ࣁ V ΋ಔޑ basis ЪჹҺཀ i ̸= j ࣣԖ vi ⊥ v j, ॺᆀך߾ {v1, . . . ,vn} ࣁ
V ΋ಔޑ orthogonal basis. ऩ orthogonal basis ύҺཀޑ vi ࣣᅈى ∥vi∥= 1, ࣁॺᆀϐך V

΋ಔޑ orthonormal basis.

ཀऩݙ ⟨v,w⟩= 0, ߾ ⟨w,v⟩= 0, а܌ v⊥ w ҭ฻ӕܭ w⊥ v.

Question 5.3. ⊥ ΋ঁࣁցࢂ equivalent relation? Ѭ಄ӝব٤ equivalent relation ?చҹޑ

ကऩۓ٩ {w1, . . . ,wn} ࣁ V ΋ಔޑ orthogonal basis, з vi =
1
∥wi∥wi, ߾ {v1, . . . ,vn} ൩

ࢂ V ΋ಔޑ orthonormal basis.

Ԗ΋ಔ orthogonal basis ܈) orthonormal basis) {v1, . . . ,vn} Һཀܭჹࢂߡӳೀޑ v ∈V

ஒޑזࡐॺёаך v ቪԋ {v1, . . . ,vn} ޑ linear combination. ೭ࢂӢࣁऩ v = c1v1 + · · ·+
cnvn, ճҔ߾

⟨v,vi⟩= c1⟨v1,vi⟩+ · · ·+ cn⟨vn,vi⟩= ci⟨vi,vi⟩,

ёள

ci =
⟨v,vi⟩
⟨vi,vi⟩

.

྽ V ࣁ finite dimensional ਔ, ॺёаճҔך Gram-Schmidt orthogonalization process ډפ
V ΋ಔޑ orthogonal basis ܈) orthonormal basis). ӧԜ໻ౣॊ΋Π೭ঁ process.

२ӃҺڗ w1 ∈V \{OV} Ъз v1 = w1. ௗ๱ᒧڗ w2 ∈V \Span({w1}), Ъз

v2 = w2−
⟨w2,v1⟩
⟨v1,v1⟩

v1.

ཀԜਔݙ ⟨v1,v2⟩= 0 Ъ Span({v1,v2}) = Span({w1,w2}). ௗΠٰӵ݀ Span({v1,v2}) =V , ߾
{v1,v2} ൩ࢂ V ΋ಔޑ orthogonal basis. ց߾再ډפ w3 ∈V \Span({w1,w2}), ฅࡕз

v3 = w3−
(
⟨w3,v1⟩
⟨v1,v1⟩

v1 +
⟨w3,v2⟩
⟨v2,v2⟩

v2

)
.

ཀԜਔݙ ⟨v1,v3⟩= ⟨v2,v3⟩= 0 Ъ Span({v1,v2,v3}) = Span({w1,w2,w3}). ӵԜ΋ޔΠѐ, Ψ
൩ࢂᇥډפ wi ∈V \Span({w1, . . . ,wi−1}), ฅࡕз

vi = wi−
(
⟨wi,v1⟩
⟨v1,v1⟩

v1 + · · ·+
⟨wi,vi−1⟩
⟨vi−1,vi−1⟩

vi−1

)
.

ཀԜਔݙ ⟨v1,vi⟩ = · · · = ⟨vi−1,vi⟩ = 0 Ъ Span({v1, . . . ,vi}) = Span({w1, . . . ,wi}). җܭ V ࢂ

finite dimensional, ೭ঁำׇ΋ۓ཮ଶЗ. ҭջډפ {v1, . . . ,vn} ࣁ V ΋ಔޑ orthogonal
basis. 再ԛமፓ, ӧ前य़ၸำύӵ݀ךॺஒ؂ঁ vi ४΢ ∥vi∥−1 ൩ளډ orthonormal basis.
ќ΋Бय़, ऩচҁςԖ V ΋ಔޑ basis {w1, . . . ,wn}, ܭҗ߾ wi ∈V \Span({w1, . . . ,wi−1}), ܌
аޔௗ঺Ҕ΢य़ޑ process, ൩ёаளډ V ΋ಔޑ orthogonal basis.



110 5. Operators on Inner Product Spaces

྽ W ࢂ V ޑ subspace ਔ, ډפၰёаޕॺך W ′ ࣁ V ޑ subspace ٬ள V =W ⊕W ′,
όၸ಄ӝ೭ঁచҹޑ W ′ ٠ό୤΋. ӧ inner product space ύ, ॺёау΢చҹ٬ளך W ′

.୤΋ࣁ .ကۓޑॺሡाаΠך

Definition 5.1.10. ଷ೛ V ࣁ inner product space, S ࣁ V ΋ঁޑ nonempty subset. з

S⊥ = {v ∈V | ⟨v,w⟩= 0, ∀w ∈ S}.

ॺᆀך S⊥ ࣁ the orthogonal complement of S in V .

Question 5.4. ϙሶࢂ {OV}⊥? ϙሶࢂ V⊥?

ᜢܭ S⊥ .性፦ޑॺԖаΠ൳ঁᙁൂך

Lemma 5.1.11. ଷ೛ V ࣁ inner product space.

(1) ऩ S ࣁ V ޑ nonempty subset, ߾ S⊥ ࣁ V ޑ subspace.

(2) ऩ S1,S2 ࣁ V ޑ nonempty subsets ᅈى S1 ⊆ S2, ߾ S⊥2 ⊆ S⊥1 .

(3) ऩ S ࣁ V ޑ nonempty subset, ߾ S⊥ = Span(S)⊥.

(4) ऩ W ࣁ V ޑ subspace, ߾ W ∩W⊥ = {OV}.

Proof. з V ࣁ inner product space over F (ջ F = C ܈ F = R).

(1) २Ӄۓ٩က OV ∈ S⊥. Ξऩ v1,v2 ∈ S⊥, Һཀܭჹ߾ r,s ∈ F ࣣԖ ⟨rv1 + sv2,w⟩ =
r⟨v1,w⟩+ s⟨v2,w⟩= 0, ∀w ∈ S. ҭջ rv1 + sv2 ∈ S⊥. ள᛾ S⊥ ࣁ V ޑ subspace.

(2) ऩ v ∈ S⊥2 , ҢჹҺཀ߄ w ∈ S2 ࣣԖ ⟨v,w⟩ = 0. ჹҺཀࡺ w ∈ S1 Ӣ S1 ⊆ S2, ޕ
w ∈ S2, ள᛾ v ∈ S⊥1 , ջ S⊥2 ⊆ S⊥1 .

(3) Ӣ S ⊆ Span(S), җࡺ (2) ޕ Span(S)⊥ ⊆ S⊥. ќ΋Бय़, ऩ v ∈ S⊥, ჹҺཀ߾
w ∈ Span(S), ӢӸӧ c1, . . . ,cn ∈ F аϷ w1 . . . ,wn ∈ S ٬ள w = c1w1+ · · ·+cnwn, ך
ॺԖ ⟨w,v⟩= c1⟨w1,v⟩+ · · ·+cn⟨wn,v⟩= 0. ҭջ v ∈ Span(S)⊥, ள᛾ S⊥ ⊆ Span(S)⊥,
ࡺ S⊥ = Span(S)⊥.

(4) ऩ v ∈W ∩W⊥, Ң߄ v⊥ v, ջ ⟨v,v⟩= 0. җࡺ inner product ޕ性፦ޑ v = OV .

�

Question 5.5. ӧ Lemma 5.1.11 (1) ύ S όሡଷ೛ࣁ V ޑ subspace, S⊥ ϝࣁ V ޑ

subspace. Ֆӧࣁ (4) ύሡଷ೛ W ࣁ V ޑ subspace?

Question 5.6. ၂᛾ܴऩ W1,W2 ࣁ V ޑ subspaces, ߾ (W1 +W2)
⊥ =W⊥1 ∩W⊥2 .

྽W ࢂ V ޑ subspaceךॺёаճҔ Gram-Schmidt processډפW ΋ಔޑ orthogonal
basis S = {w1, . . . ,wk}. ԜਔჹҺཀ v ∈V ऩз

ṽ =
⟨v,w1⟩
⟨w1,w1⟩

w1 + · · ·+
⟨v,wk⟩
⟨wk,wk⟩

wk,

ॺԖך ṽ ∈W ԶЪჹҺཀ wi ࣣԖ ⟨v− ṽ,wi⟩ = 0. ӢԜҗ Lemma 5.1.11 (3) ॺளך
v− ṽ ∈ S⊥ = Span(S)⊥ =W⊥. ӢԜךॺԖаΠޑ性፦.
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Proposition 5.1.12. ଷ೛ V ࣁ inner product space Ъ W ࣁ V ޑ finite dimensional
subspace. ჹҺཀ v ∈V , Ӹӧ ṽ ∈W ᅈىаΠ性፦.

(1) v− ṽ ∈W⊥

(2) ჹܭҺཀ w ∈W \{ṽ}, ࣣԖ ∥v− ṽ∥< ∥v−w∥.

(3) ∥ṽ∥ ≤ ∥v∥.

Proof. ᒧۓ W ΋ಔޑ orthogonal basis S = {w1, . . . ,wk}, ჹҺཀ v ∈V , ճҔ前य़܌ॊךॺ
Ԗ v− ṽ ∈W⊥. ள᛾ (1).

౜Һڗ w ∈W , җ ṽ−w ∈W , ॺԖך

⟨v−w,v−w⟩= ⟨v− ṽ+ ṽ−w,v− ṽ+ ṽ−w⟩= ⟨v− ṽ,v− ṽ⟩+ ⟨ṽ−w, ṽ−w⟩.

ளࡺ ∥v−w∥ ≥ ∥v− ṽ∥ Ъ฻ဦԋҥऩЪ୤ऩ ⟨ṽ−w, ṽ−w⟩= 0, ջ w = ṽ. ள᛾ (2).

നࡕӢ v− ṽ ∈W⊥ Ъ ṽ ∈W , ள

⟨v,v⟩= ⟨v− ṽ+ ṽ,v− ṽ+ ṽ⟩= ⟨v− ṽ,v− ṽ⟩+ ⟨ṽ, ṽ⟩.

ޕࡺ ∥ṽ∥ ≤ ∥v∥. ள᛾ (3). �

җ Proposition 5.1.12 (2) ޕॺך ṽ ࢂ W ύຯᚆ v നޑ߈, а܌ ṽ ,ޑ୤΋ࢂ ջό཮Ӣ
W ޑ orthogonal basis .όӕ܌όӕԶԖڗᒧޑ ॺ೯தҔך projW (v)ٰ߄Ң ṽ Ъᆀϐࣁ the
projection of v on W . ќѦךॺाமፓջ٬ V όࢂ finite dimensional, ѝाW ࢂ V ޑ finite
dimensional subspace, Proposition 5.1.12 ϝฅԋҥ. όၸऩ W όࢂ finite dimensional, ߾
Proposition 5.1.12 ൩ό΋ۓԋҥΑ.

Question 5.7. ၂᛾ܴ Proposition 5.1.12 ύ ∥ṽ∥= ∥v∥ ࣁкाచҹޑ v ∈W .

౜ჹܭҺཀ v ∈ V , ॺёቪԋך v = v−projW (v)+ projW (v). җܭ v−projW (v) ∈W⊥ Ъ

projW (v) ∈W , ॺளך V =W +W⊥. Ξҗ Lemma 5.1.11 (4), W ∩W⊥ = {OV}, ॺள᛾аΠך
.౛ۓ

Theorem 5.1.13. з V ࣁ inner product space Ъ W ࣁ V ޑ finite dimensional subspace.
߾

V =W ⊕W⊥.

੝ձޑ྽ V ҁࢂي finite dimensional, ҺՖޑ subspace Ψࢂ finite dimensional, а܌
Theorem 5.1.13 ჹܭ V ޑҺཀޑ subspace ࣣԋҥ. ౜ऩԵቾ W⊥ ೭ঁ subspace, ॺԖך
V =W⊥⊕ (W⊥)⊥. ցࢂॺԾฅ཮ୢך W = (W⊥)⊥?

Corollary 5.1.14. з V ࣁ inner product space Ъ W ࣁ V ޑ finite dimensional subspace.
߾

(W⊥)⊥ =W.



112 5. Operators on Inner Product Spaces

Proof. ऩ w ∈W , ჹҺཀ߾ v ∈W⊥, Ӣ ⟨w,v⟩= 0, ள w ∈ (W⊥)⊥. ள᛾ W ⊆ (W⊥)⊥. ќ΋
Бय़ऩ v ∈ (W⊥)⊥, २ӃճҔ Theorem 5.1.13, ॺёஒך v ቪԋ v = w+w′, ύځ w ∈W Ъ

w′ ∈W⊥. җܭ v ∈ (W⊥)⊥, ॺԖך ⟨v,w′⟩= 0, ளࡺ

0 = ⟨v,w′⟩= ⟨w,w′⟩+ ⟨w′,w′⟩= ⟨w′,w′⟩.

Ԝջ߄Ң w′ = OV , ޕࡺ v = w ∈W , ջ᛾ள (W⊥)⊥ ⊆W . �

Question 5.8. ၂᛾ܴჹܭ΋૓ inner product space ޑ subspace W (όሡଷ೛ finite
dimensional) ࣣԖ W⊥ =

(
(W⊥)⊥

)⊥.

Question 5.9. ೛ V ࣁ finite dimensional inner product space, S ࣁ V ޑ subset. ၂ୢ
(S⊥)⊥ ཮ࣗࢂሶ? Ξऩ W1,W2 ࣁ V ޑ subspace, ၂᛾ (W1∩W2)

⊥ =W⊥1 +W⊥2

ჹܭ V ঁٿޑ subsets S,S′, ऩჹܭҺཀ v ∈ S,v′ ∈ S′ ࣣԖ ⟨v,v′⟩ = 0, Ҕ߾ S ⊥ S′ ߄ٰ

Ң. ੝ձޑ, ऩ W,W ′ ࣁ V ޑ subspaces Ъ W ⊥W ′, ߾ W ′ ⊆W⊥, ճҔࡺ Lemma 5.1.11 ё
ள W ∩W ′ = {OV}. ౜ऩ W1, . . . ,Wk ࣁ V ޑ subspaces ᅈى V =W1 + · · ·+Wk, ЪჹܭҺཀ
i ̸= j, ࣣԖ Wi ⊥Wj, ߾ V ࣁ W1, . . . ,Wk ޑ direct sum. ࣁॺ੝ձᆀԜך V ΋ᅿޑ orthogonal
direct sum Ъஒ೭ᅿ direct sum Ҕ

V =W1� · · ·�Wk

.Ң߄ٰ ӵ྽ٯ W ࣁ V ޑ finite dimensional subspace, Theorem 5.1.13 ֋ນךॺ

V =W �W⊥.

5.2. Dual Spaces

Dual space کۺཷޑ inner product space ,Ԗ೚ӭ࣬ᜢ性ۺཷޑ ԶЪԖ೚ӭ inner
product space 性፦Ҕޑ dual space ٰඔॊၨࣁమཱ. ॺ੝ձϟಏךаӧ೭΋࿯ύ܌ dual
space.

Definition 5.2.1. ଷ೛ V ΋ঁࢂ vector space over F , ऩ f : V → F ΋ঁࣁ F-linear
transformation, ᆀ߾ f ΋ঁࣁ linear functional on V . ޑԖ܌ linear functional on V ԋ׎

΋ঁ vector space over F , ࣁॺᆀϐך V ޑ dual space, Ҕ V ∗ .Ң߄ٰ

Question 5.10. Եቾ n× n ંତޑ determinant 數ڄ det : Mn(F)→ F аϷ trace 數ڄ
tr : Mn(F)→ F. ব΋ঁࢂ linear functional on Mn(F)?

ӣ៝΋Π๏ۓ V ΋ಔޑ basis, {v1, . . . ,vn} Һཀᒧڗ w1, . . . ,wn ∈W , ޑ୤΋ډפॺёך
linear transformation T : V →W ᅈى T (vi) = wi, ∀ i = 1, . . . ,n. ౜ჹܭҺཀ i = 1, . . . ,n ॺך

Եቾ v∗i : V → F ޑ୤΋ࣁ linear function on V , ᅈى

v∗i (v j) =

{
1, if j = i;
0, if j ̸= i.

.ॺԖаΠ性፦ך
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Theorem 5.2.2. ଷ೛ {v1, . . . ,vn} ࣁ V ΋ಔޑ basis, ߾ {v∗1, . . . ,v∗n} ࣁ V ∗ ΋ಔޑ basis.
੝ձޑ, ॺԖך dim(V ) = dim(V ∗).

Proof. २Ӄ᛾ܴ Span({v∗1, . . . ,v∗n}) = V ∗. Ψ൩ࢂᇥჹܭҺཀ f ∈ V ∗, ࣣӸӧ c1, . . . ,cn ∈ F

ᅈى f = c1v∗1 + · · ·+cnv∗n. җ前ॊ linear transformation ёаҗ basis ,性፦ޑۓ୤΋ዴ܌ ך
ॺ໻ाډפ c1, . . . ,cn ∈ F ٬ள f ک c1v∗1 + · · ·+cnv∗n ӧ؂΋ঁ vi .ॶࣣ࣬ӕڗޑ ฅԶჹ؂ঁ
vi, ॺԖך

(c1v∗1 + · · ·+ cnv∗n)(vi) = c1v∗1(vi)+ · · ·+ cnv∗n(vi) = civ∗i (vi) = ci. (5.3)

аऩз܌ ci = f (vi), ёளߡ f = c1v∗1 + · · ·+ cnv∗n.

ௗ๱᛾ܴ {v∗1, . . . ,v∗n} ࣁ linearly independent. ଷ೛ c1v∗1 + · · ·+ cnv∗n = O ࣁ zero
mapping. ҭջჹҺཀ vi, ࣣԖ (c1v∗1 + · · ·+ cnv∗n)(vi) = 0, җԄηࡺ (5.3) ளޕ ci = 0,
∀ i = 1, . . . ,n. �

๏ۓ V ΋ಔޑ basis {v1, . . . ,vn}, ॺᆀך {v∗1, . . . ,v∗n} ჹᔈࣁ {v1, . . . ,vn} ޑ dual basis.

Question 5.11. ଷ೛ {v1, . . . ,vn} ࣁ V ΋ಔޑ basis, ჹܭ v ∈V , v∗i (v) ?Ֆࣁ

ฅࡽ V ∗ ҭࣁ F-space,ךॺԾฅ཮ୢ V ∗ ޑ dual spaceࣁՖ? ջ (V ∗)∗ (ᆀࣁ V ޑ double
dual space). ကۓ٩ (V ∗)∗ ύޑϡનࣁ linear functional on V ∗. Ψ൩ࢂᇥऩ σ ∈ (V ∗)∗, ߾
σ : V ∗→ F ΋ঁࣁ linear transformation ஒҺཀޑ f ∈V ∗ ଌډ΋ঁ F ॶ. ੝ձޑ, ऩ v ∈V ,
ॺёаԵቾך v̂ : V ∗→ F ჹҺཀࣁကۓځ f ∈V ∗, v̂( f ) = f (v). ाᇥܴ v̂ ∈ (V ∗)∗, ॺѸ໪ך
ᇥܴ v̂ ࣁ linear functional, ջჹܭҺཀ f ,g ∈V ∗ аϷ r,s ∈ F , ॺԖך

v̂(r f + sg) = (r f + sg)(v) = r f (v)+ sg(v) = rv̂( f )+ sv̂(g).

Theorem 5.2.2 ֋ນךॺ྽ V ࢂ finite dimensional ਔ, dim(V ) = dim(V ∗), аҭள܌
dim(V ∗) = dim((V ∗)∗). Ψ൩ࢂᇥ dim(V ) = dim((V ∗)∗). ྽ฅԜਔ V ک (V ∗)∗ ࣁ isomorphic,
٣ჴ΢ךॺёаճҔ v̂ ᄬрࡌ V ک (V ∗)∗ ໔ޑ΋ঁख़ा isomorphism, ࣁॺᆀך V ک (V ∗)∗

ޑ canonical map

Proposition 5.2.3. Եቾ τ : V → (V ∗)∗ ࣁကۓ τ(v) = v̂, ∀v ∈V . ߾ τ ΋ঁࣁ one-to-one
ޑ linear transformation. ੝ձ྽ V ࣁ finite dimensional ਔ, τ ΋ঁࣁ isomorphism.

Proof. २Ӄ᛾ܴ τ ࣁ linear transformation. ೭ࢂӢࣁჹҺཀ v,w ∈V аϷ r,s ∈ F ॺԖך

τ(rv+ sw)( f ) = f (rv+ sw) = r f (v)+ s f (w) = (rτ(v)+ sτ(w))( f ), ∀ f ∈V ∗,

Ԝջ߄Ң τ(rv + sw) ک rτ(v) + sτ(w) ကӧۓࣁ V ∗ ΢ޑӕኬڄ數, ޕࡺ τ(rv + sw) =

rτ(v)+ sτ(w).

ௗ๱᛾ܴ τ ࣁ one-to-one, ջ᛾ܴ Ker(τ) = OV . ౜ଷ೛ v ∈ Ker(τ), ջ τ(v) = v̂ ကۓࣁ
ӧ V ∗ ΢ޑ zero mapping. ҭջჹҺཀ f ∈V ∗ ࣣԖ 0 = v̂( f ) = f (v). ฅԶऩ v ̸= OV , ॺ΋ך
ډפёаۓ f ∈V ∗ ٬ள f (v) ̸= 0. җԜҟ࣯ள᛾ v = OV .
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നࡕऩ V ࣁ finite dimensional,җ τ : V → (V ࣁ∗(∗ one-to-oneаϷ dim(V ) = dim((V ∗)∗),
ள᛾ τ ࣁ onto, ҭջ τ ࣁ isomorphism. �

ӧ dual space ύԖ΋ঁک orthogonal complement ᜪ՟ۺཷޑ, .ॺϟಏӵΠך

Definition 5.2.4. ଷ೛ V ࣁ vector space, S ࣁ V ΋ঁޑ nonempty subset. з

S0 = { f ∈V ∗ | f (v) = 0, ∀v ∈ S}.

ॺᆀך S0 ࣁ the annihilator of S.

Question 5.12. ϙሶࢂ {OV}0? ϙሶࢂ V 0?

ᜢܭ S0 ॺԖаΠ൳ঁᜪ՟ך Lemma 5.1.11 .性፦ޑ

Lemma 5.2.5. ଷ೛ V ࣁ vector space over F.

(1) ऩ S ࣁ V ޑ nonempty subset, ߾ S0 ࣁ V ∗ ޑ subspace.

(2) ऩ S1,S2 ࣁ V ޑ nonempty subsets ᅈى S1 ⊆ S2, ߾ S0
2 ⊆ S0

1.

(3) ऩ S ࣁ V ޑ nonempty subset, ߾ S0 = Span(S)0.

Proof.

(1) २Ӄۓ٩က V ∗ ύޑ zero mapping O ӧ S0. Ξऩ f ,g ∈ S0, Һཀܭჹ߾ r,s ∈ F

ࣣԖ r f + sg(v) = r f (v)+ sg(v) = 0, ∀v ∈ S. ҭջ r f + sg ∈ S0. ள᛾ S0 ࣁ V ∗ ޑ

subspace.

(2) ऩ f ∈ S0
ҢჹҺཀ߄,2 w∈ S2 ࣣԖ f (w) = 0. ჹҺཀࡺ w∈ S1 Ӣ S1 ⊆ S2,ޕ w∈ S2,

ள᛾ f ∈ S0
1, ջ S0

2 ⊆ S0
1.

(3) Ӣ S ⊆ Span(S), җࡺ (2) ޕ Span(S)0 ⊆ S0. ќ΋Бय़, ऩ f ∈ S0, ჹҺཀ߾ w ∈
Span(S), ӢӸӧ c1, . . . ,cn ∈ F аϷ w1 . . . ,wn ∈ S ٬ள w = c1w1 + · · ·+ cnwn, ॺך
Ԗ f (w) = c1 f (w1)+ · · ·+ cn f (wn) = 0. ҭջ f ∈ Span(S)0, ள᛾ S0 ⊆ Span(S)0, ࡺ
S0 = Span(S)0.

�

྽ V ࢂ finite dimensional inner product space, ऩ W ࣁ V ޑ subspace, ߾ Theorem
5.1.13 ֋ນךॺ dim(W⊥) = dim(V )−dim(W ). ᜢܭ annihilator .性፦ޑॺΨԖ࣬ӕך

Proposition 5.2.6. ଷ೛ V =W ⊕U . Ӹӧ΋ঁ߾ isomorphism ϕ : U∗→W 0. ੝ձ྽ V ࣁ

finite dimensional, ޑჹҺཀ߾ subspace W ࣣԖ dim(W 0) = dim(V )−dim(W ).

Proof. җ direct sum ,性፦ޑ ჹҺཀ v ∈ V , Ӹӧ୤΋ޑ w ∈W,u ∈U ٬ள v = w+u. ࡺ
ჹҺཀ f ∈U∗, ကۓॺך ϕ( f ) : V → F ࣁ ϕ( f )(w+u) = f (u). Ӣ f ࢂ linear functional
ࢗ৒ܰᔠࡐ ϕ( f ) ҭࣁ linear functional, ҭջ ϕ( f ) ∈ V ∗. ќ٩Ԝۓကჹ܌ܭԖ w ∈W ,
Ӣ w = w+OU , ளࡺ ϕ( f )(w) = f (OU) = 0, ҭջ ϕ( f ) ∈W 0. а܌ ϕ : U∗ →W 0 ΋ঁࢂ
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well-defined ޑ function. ৒ܰᡍ᛾ࡐ ϕ ࣁ linear transformation. Ξऩ f ,g ∈U∗ Ъ f ̸= g,
ҢӸӧ߄ u ∈U ٬ள f (u) ̸= g(u), ӢԜ ϕ( f )(u) ̸= ϕ(g)(u), ள᛾ ϕ( f ) ̸= ϕ(g), ҭջ ϕ ࣁ
one-to-one. Կܭ ϕ ࢂ onto ჹҺཀࣁӢࢂচӢޑ f ∈W 0, ॺࣣԖך f (v) = f (w+u) = f (u),
ύځ w∈W,u∈U ᅈى v = w+u. аऩԵቾ܌ f |U ∈U∗,ךॺԖ ϕ( f |U) = f ,ள᛾ ϕ ࣁ onto.

౜ऩ V ࣁ finite dimensional, ჹܭҺཀ subspace W , ॺ೿ёஒך W ΋ಔޑ basis
{w1, . . . ,wk} ᘉ大ԋ V ΋ಔޑ basis {w1, . . . ,wk,u1, . . . ,ul}. ॺԖךа܌ V = W ⊕U , ύځ
U = Span({u1, . . . ,ul}). җ Theorem 5.2.2 аϷ঺Ҕ΢य़่݀ޑ, ॺԖך

dim(W 0) = dim(U∗) = dim(U) = dim(V )−dim(W ).

�

Question 5.13. ၂᛾ܴऩ W1,W2 ࣁ V ޑ subspaces, ߾ (W1 +W2)
0 =W 0

1 ∩W 0
2 . Ξऩ V ࣁ

finite dimensional, ߾ (W1∩W2)
0 =W 0

1 +W 0
2 .

ฅࡽ W 0 ࣁ V ∗ ޑ subspace, ॺΨёаୢך W 0 ޑ annihilator, ջ (W 0)0. ॺԖӵаΠך
ᜪ՟ Corollary 5.1.14 .性፦ޑ

Corollary 5.2.7. ଷ೛ V ΋ঁࢂ finite dimensional vector space, Ъ W ࣁ V ޑ subspace.
Եቾ canonical map τ : V → (V ∗)∗ ࣁကۓ τ(v) = v̂, ∀v ∈V , ߾ τ(W ) = (W 0)0.

Proof. ೛ w∈W Һཀܭჹ߾, f ∈W ॺԖך,0 ŵ( f )= f (w)= 0,ҭջ τ(w)= ŵ∈ (W 0)0. ளޕ
τ(W )⊆ (W 0)0. җ Proposition 5.2.3, ၰޕॺך τ : V → (V ∗)∗ ࣁ one-to-one, ࡺ dim(τ(W )) =

dim(W ). ќ΋Бय़ Proposition 5.2.6 ֋ນךॺ

dim((W 0)0) = dim(V ∗)−dim(W 0) = dim(V )− (dim(V )−dim(W )) = dim(W ).

ޕࡺ dim(τ(W )) = dim((W 0)0), ள᛾ τ(W ) = (W 0)0. �

നךࡕॺٰ探૸ dual space ک inner product space ໔ޑᜢ߯. २ӃךॺሡाаΠۓޑ
က.

Definition 5.2.8. з V,W ࣁ vector spaces over F , ύځ F ࣁ C ܈ R. ऩ T : V →W ಄

ӝჹ܌Ԗ v,v′ ∈ V , r ∈ F ࣣԖ T (v+v′) = T (v)+T (v′) аϷ T (rv) = rT (v), ᆀ߾ T ΋ঁࣁ

conjugate transformation. Ξऩ T ࢂ one-to-one and onto,߾ᆀϐࣁ conjugate isomorphism.

ཀ྽ݙ F = R ਔ, conjugate transformation ൩ࢂ linear transformation. ჴ྽ځ F = C
ਔ conjugate transformation ک linear transformation Ԗ೚ӭ࣬՟ϐೀ, ॺϟಏ൳ঁԖᜢך
conjugate transformation .性፦ޑ

Lemma 5.2.9. ଷ೛ V,W,U ࣁࣣ vector spaces over C. T1 : V →W , T2 : W →U .

(1) ऩ T1,T2 ύԖ΋ঁࢂ linear transformation ќ΋ঁࢂ conjugate transformation, ߾
T2 ◦T1 : V →U ࣁ conjugate transformation.

(2) ऩ T1,T2 ࣁࣣ conjugate transformation,߾ T2◦T1 : V →U ࣁ linear transformation.
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(3) ऩ T1 ࣁ conjugate isomorphism, ߾ T−1
1 : W →V ҭࣁ conjugate isomorphism.

Proof.

(1) ॺ໻᛾ܴך T1 ࣁ conjugate transformation Ъ T2 ࣁ linear transformation ,ݩ௃ޑ
ќ΋௃ݩᜪ՟, ፎԾՉᡍ᛾. ॺሡ᛾ܴჹҺཀך v,v′ ∈V аϷ r,s ∈C ࣣԖ T2 ◦T1(rv+ sv′) =
rT2 ◦T1(v)+ sT2 ◦T1(v′). ٣ჴ΢

T2 ◦T1(rv+ sv′) = T2(rT1(v)+ sT1(v′)) = rT2(T1(v))+ sT2(T1(v′)) = rT2 ◦T1(v)+ sT2 ◦T1(v′).

ࡺ T2 ◦T1 ࣁ conjugate transformation.

(2) ऩ T1,T2 ࣁࣣ conjugate transformation, ॺ᛾ܴჹҺཀך v,v′ ∈V аϷ r,s ∈C ࣣԖ
T2 ◦T1(rv+ sv′) = rT2 ◦T1(v)+ sT2 ◦T1(v′). ٣ჴ΢

T2 ◦T1(rv+ sv′) = T2(rT1(v)+ sT1(v′)) = (r)T2(T1(v))+(s)T2(T1(v′)) = rT2 ◦T1(v)+ sT2 ◦T1(v′).

ࡺ T2 ◦T1 : V →U ࣁ linear transformation.

(3)ऩ T1 ࣁ conjugate isomorphism,Ӣ T1 ࣁ one-to-one and onto, T−1
1 : W →V ӸӧЪᅈ

ى T1(T−1
1 (w)) = w, ∀w∈W . ౜ჹܭҺཀ w,w′ ∈W аϷ r,s∈C,ךॺԖ T1(T−1

1 (rw+sw′)) =
rw+ sw′ аϷ

T1(rT−1(w)+ sT−1(w′)) = (r)T1(T−1(w))+(s)T1(T−1(w′)) = rw+ sw′,

ளࡺ T1(T−1(rw+ sw′)) = T1(rT−1(w)+ sT−1(w′)). Ӣࣁ T1 ࣁ one-to-one, Ԝջ߄Ң

T−1(rw+ sw′) = rT−1(w)+ sT−1(w′).

ள᛾ࡺ T−1
1 ҭࣁ conjugate isomorphism. �

౜ऩ V ࣁ inner product space over F , ๏ۓ v ∈V , ԵቾаΠڄ數 ρ(v) : V → F ࣁကۓ

w 7→ ⟨w,v⟩, (ջ ρ(v) = ⟨ · ,v⟩) ߾ ρ(v) ࣁ linear functional on V , ҭջ ρ(v) ∈V ∗. а܌ ρ ๏
Αךॺ΋ঁவ V ډ V ∗ ޑ mapping. ౜ჹܭҺཀ v,v′ ∈V , ॺԖך

ρ(v+v′)(w) = ⟨w,v+v′⟩= ⟨w,v⟩+ ⟨w,v′⟩= ρ(v)(w)+ρ(v′)(w), ∀w ∈V.

ளޕ ρ(v+v′) = ρ(v)+ρ(v′) in V ∗. ќѦऩ r ∈ F , ߾

ρ(rv)(w) = ⟨w,rv⟩= r⟨w,v⟩= rρ(v)(w), ∀w ∈V.

ளޕ ρ(rv) = rρ(v) in V ∗. .౛ۓޑॺԖаΠך

Proposition 5.2.10. ೛ V ࣁ finite dimensional inner product space. Եቾ ρ : V →V ∗ ۓ

ကࣁ ρ(v) = ⟨ · ,v⟩, ߾ ρ ࣁ conjugate isomorphism.

Proof. ޕॺςך ρ ࣁ conjugate transformation, а໻ा᛾ܴ܌ ρ ࣁ one-to-one and onto.

२Ӄ᛾ܴ ρ ࣁ one-to-one. ଷ೛ v,v′ ∈ V ᅈى ρ(v) = ρ(v′), Ԝջ߄Ң ⟨w,v⟩ = ⟨w,v′⟩,
∀w ∈V . ฅԶ Corollary 5.1.5 ֋ນךॺԜջ߄Ң v = v′, ள᛾ ρ ࣁ one-to-one.
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Կܭ ρ ࢂ onto, ۓॺ२Ӄᒧך V ΋ಔޑ orthonormal basis {v1, . . . ,vn}. ჹҺཀ f ∈V ∗,
Եቾ v = f (v1)v1 + · · ·+ f (vn)vn. ߾

ρ(v)(vi) = ⟨vi, f (v1)v1 + · · ·+ f (vn)vn⟩= ⟨vi, f (vi)vi⟩= f (vi), ∀ i ∈ {1, . . . ,n}.

Ψ൩ࢂᇥ f ک ρ(v) ӧ {v1, . . . ,vn} ೭΋ಔ basis ,ॶࣣ࣬ӕڗޑ ҭջ f = ρ(v). ள᛾ ρ ࣁ
onto. �

ࣁཀӢݙ ρ ࣁ conjugate isomorphism, җ Lemma 5.2.9 ޕ ρ−1 : V ∗→V ҭࣁ conjugate
isomorphism.

Question 5.14. ӧ Proposition 5.2.10ύёаճҔ ρ : V →V ∗ ࣁ one-to-oneаϷ dim(V ) =

dim(V ∗) ٰᇥܴ ρ : V →V ∗ ࣁ onto ༏?

Example 5.2.11. Եቾ Rn ΢ޑ standard inner product, з {e1, . . . ,en} ࣁ Rn ޑ standard
basis. ऩ v = x1e1+ · · ·+xnen ∈Rn, ߾ ρ(v)(ei) = ⟨ei,v⟩= xi. Ψ൩ࢂᇥऩз ρ(v) = f ∈ (Rn)∗,
߾ f (ei) = xi, ∀ i ∈ {1, . . . ,n}. ϸၸٰ, ऩ f ∈ (Rn)∗, ߾ ρ−1( f ) = f (e1)e1 + · · ·+ f (en)en.

Եቾ Cn ΢ޑ standard inner product, з {e1, . . . ,en} ࣁ Cn ޑ standard basis. ऩ
v = z1e1 + · · ·+ znen ∈ Cn, ߾ ρ(v)(ei) = ⟨ei,v⟩ = zi. Ψ൩ࢂᇥऩз ρ(v) = f ∈ (Cn)∗, ߾
f (ei) = zi, ∀ i ∈ {1, . . . ,n}. ϸၸٰ, ऩ f ∈ (Cn)∗, ߾ ρ−1( f ) = f (e1)e1 + · · ·+ f (en)en.

5.3. Transpose and Adjoint

ᗨฅаךࡕॺᜢЈࢂޑ linear operator, όၸԖᜢܭ transpose ک adjoint ,性፦ޑ Ҕ
΋૓ޑ linear transformation ၨ৒࣮ܰр. ޑ΋૓ࢂޑॺԵቾךа೭΋࿯ύ܌ linear
transformation. ๏ۓ΋ঁ linear transformation T : V →W , ӧ dual spaces W ∗,V ∗ ΢ךॺ

ёаۓက T ޑ transpose, Զऩ V,W ࣁ inner product space, ကۓॺΨёаך T ޑ adjoint.
ॺஒ探૸ך transpose ک adjoint ϐ໔ޑᜢ߯.

२Ӄךॺ探૸΋ঁ linear transformation T : V →W ޑ transpose, ύځ V,W ࣁࣣ vector
space over F . 再ԛமፓԖᜢ T ޑ transpose όሡଷ೛ V,W ࣁ inner product space ԶЪΨ
όሡଷ೛ࣁ finite dimensional. ౜ჹܭҺཀ f ∈W ∗, җܭ T, f ࣁࣣ linear transformation,
а܌ f ◦T : V → F ҭࣁ linear transformation. Ψ൩ࢂᇥ f ◦T ∈ V ∗. က΋ঁۓॺёךа܌
mapping T t : W ∗→ V ∗, ࣁကۓځ T t( f ) = f ◦T , ∀ f ∈W ∗. ٩Ԝۓက, ჹܭҺཀ f ,g ∈W ∗,
r,s ∈ F ॺԖך

T t(r f + sg) = (r f + sg)◦T = r( f ◦T )+ s(g◦T ) = rT t( f )+ sT t(g),

ޕࡺ T t : W ∗→V ∗ ࣁ linear transformation. ॺᆀך T t ࣁ T ޑ transpose. ကۓ٩ T ک T t

,ࣁᜢ߯ޑ ჹҺཀ v ∈V , f ∈W ∗ ॺԖך

f (T (v)) = T t( f )(v).

ௗΠٰךॺӈр transpose .୷ҁ性፦ޑ

Proposition 5.3.1. ೛ V,W,U ࣁࣣ vector space over F.
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(1) ऩ r,s ∈ F Ъ T1 : V →W , T2 : V →W ࣁࣣ linear transformations, ߾

(rT1 + sT2)
t = rT t

1 + sT t
2 .

(2) ऩ T1 : V →W , T2 : W →U ࣁࣣ linear transformations, ߾

(T2 ◦T1)
t = T t

1 ◦T t
2 .

(3) (idV )
t = idV ∗, ੝ձӦ, ऩ T : V →W ࣁ isomorphism, ߾ T t : W ∗→V ∗ ҭࣁ isomor-

phism Ъ
(T t)−1 = (T−1)t.

Proof.

(1) ჹܭҺཀ f ∈W ∗, Ӣࣁ f ࣁ linear, ॺԖך

(rT1 + sT2)
t( f ) = f ◦ (rT1 + sT2) = r( f ◦T1)+ s( f ◦T2) = rT t

1( f )+ sT t
2( f ) = (rT t

1 + sT t
2)( f ).

ள᛾ (rT1 + sT2)
t = rT t

1 + sT t
2 .

(2) Ӣࣁ T2 ◦T1 வࣁ V ډ U ޑ linear transformation, а܌ (T2 ◦T1)
t வࣁ U∗ ډ V ∗ ޑ

linear transformation. ౜ჹҺཀ f ∈U∗, ॺԖך

(T2 ◦T1)
t( f ) = f ◦ (T2 ◦T1) = ( f ◦T2)◦T1 = T t

1( f ◦T2) = T t
1(T

t
2( f )) = T t

1 ◦T t
2( f ).

ள᛾ (T2 ◦T1)
t = T t

1 ◦T t
2 .

(3) ჹܭҺཀ f ∈V ∗, ॺԖך (idV )
t( f ) = f ◦ idV = f , а܌ (idV )

t = idV ∗ . ౜ऩ T : V →W

ࣁ isomorphism, ॺԖך T−1 ◦T = idV Ъ T ◦T−1 = idW . җࡺ (2) ள

idV ∗ = (idV )
t = T t ◦ (T−1)t, idW ∗ = (idW )t = (T−1)t ◦T t,

ள᛾ T t ࣁ isomorphism Ъ (T t)−1 = (T−1)t. �

аΠ่݀֋ນךॺ΋ঁ linear transformation ځ kernel ک image ځک transpose ޑ
kernel ᆶ image ϐ໔ޑᜢ߯. ೭ঁ่݀ჹҺཀޑ vector space ࣣԋҥ, όၸךॺ໻探૸
finite dimensional .׎௃ޑ

Proposition 5.3.2. ଷ೛ V,W ࣁࣣ finite dimensional vector space, T : V →W ࣁ linear
transformation, T t : W ∗→V ∗ ځࣁ transpose. ߾

Ker(T t) = Im(T )0, Im(T t) = Ker(T )0.

Proof. ଷ೛ f ∈ Ker(T t), ջ T t( f ) = f ◦T = O in V ∗. ೭߄ҢჹҺཀ v ∈V , ࣣԖ T t( f )(v) =
f (T (v)) = 0. ள f ∈ {T (v) | v ∈V}0 = Im(T )0. ϸϐ, ऩ f ∈ Im(T )0, ҢჹҺཀ߄ v ∈V , ࣣԖ
f (T (v)) = 0, ҭջ T t( f ) = O in V ∗, ள᛾ f ∈ Ker(T t).

ќ΋Бय़, ଷ೛ f ∈ Im(T t), ջӸӧ g ∈W ∗ ٬ள f = T t(g) = g◦T . ჹҺཀࡺ v ∈ Ker(T ),
ॺԖך f (v) = g(T (v)) = g(OW ) = 0. Ψ൩ࢂᇥ f ∈ Ker(T )0, ள᛾ Im(T t) ⊆ Ker(T )0. ౜Ӣ
T t : W ∗→V ∗ ࣁ linear transformation, ճҔ Theorem 5.2.2 ॺԖך

dim(Im(T t)) = dim(W ∗)−dim(Ker(T t)) = dim(W )−dim(Ker(T t)).
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再җ Ker(T t) = Im(T )0 аϷ Proposition 5.2.6 ޕ

dim(Ker(T t)) = dim(Im(T )0) = dim(W )−dim(Im(T )),

ளࡺ

dim(Im(T t)) = dim(Im(T )).

ԶӢ T : V →W ࣁ linear transformation, ޕࡺ dim(Ker(T )) = dim(V )− dim(Im(T )), 再җ
Proposition 5.2.6 ޕ

dim(Ker(T )0) = dim(V )−dim(Ker(T )) = dim(Im(T )).

ளࡺ dim(Im(T t)) = dim(Ker(T )0), ள᛾ Im(T t) = Ker(T )0. �

Question 5.15. ӧ Proposition 5.3.2 ၰޕॺך᛾ܴύޑ dim(Im(T t)) = dim(Im(T )). ցࢂ

dim(Ker(T t)) = dim(Ker(T ))?

ฅࡽ T t : W ∗→V ∗ Ψࢂ linear transformation, ॺԾฅΨ཮ѐԵቾך T t ޑ transpose, Ψ
൩ࢂ (T t)t : (V ∗)∗→ (W ∗)∗. ӣ៝΋Π྽ V ࣁ finite dimensional, ॺԖ΋ঁך isomorphism
τV : V → (V ∗)∗, ჹҺཀࣁကۓ v ∈V , τV (v) = v̂ ύځ v̂( f ) = f (v), ∀ f ∈V ∗. კޑॺԖаΠך
Ң:

V T−−−−−−→ WyτV

yτW

(V ∗)∗
(T t)t

−−−−−−→ (W ∗)∗

౜ჹܭҺཀ v ∈ V , ॺԖך (T t)t(τV (v)) = v̂◦T t ∈ (W ∗)∗. Ψ൩ࢂᇥჹܭҺཀ f ∈W ∗, ך
ॺԖ

(T t)t(τV (v))( f ) = v̂◦T t( f ) = v̂( f ◦T ) = f ◦T (v) = f (T (v)).

ќ΋Бय़ T (v) ∈W , а܌ τW (T (v)) = T̂ (v) ∈ (W ∗)∗. Ψ൩ࢂᇥჹܭҺཀ f ∈W ∗, ॺԖך

τW (T (v))( f ) = T̂ (v)( f ) = f (T (v)).

ள᛾ (T t)t(τV (v)) = τW (T (v)), ∀v ∈V , ҭջ

(T t)t ◦ τV = τW ◦T.

΋ঁࣁॺ᛾ܴΑ΢य़ٗঁკҢך commutative diagram. 再у΢ τV ࣁ isomorphism, ࡺ
τ−1

V : (V ∗)∗→V Ӹӧ (ҭࣁ isomorphism). .ॺԖаΠϐ่݀ך

Proposition 5.3.3. ଷ೛ V,W ࣁࣣ finite dimensional vector space, T : V →W ࣁ linear
transformation. з τV аϷ τW ϩձࣁ V,(V ∗)∗ аϷ W,(W ∗)∗ ϐ໔ޑ canonical map. ߾

(T t)t = τW ◦T ◦ τ−1
V .

ॺाΑှ΋ঁך Linear transformation T : V →W ک T ޑ transpose T t : W ∗→V ∗ ϩձ

ჹᔈډ V,W ޑ ordered basis Ϸځ dual basis ޑ representative matrix ϐ໔ޑᜢ߯.
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Proposition 5.3.4. з β = (v1, . . . ,vn),γ = (w1, . . . ,wm) ϩձࣁ V,W ޑ ordered basis Ъ
з β ∗ = (v∗1, . . . ,v∗n),γ∗ = (w∗1, . . . ,w∗m) ϩձ࣬ࣁჹᔈޑ dual basis ಔԋ܌ V ∗,W ∗ ޑ ordered
basis. ๏ۓ΋ঁ Linear transformation T : V →W , ॺԖך

β ∗ [T
t]γ∗ =γ [T ]tβ .

Proof. Ӣࣁ T t(w∗i ) = w∗i ◦T ∈V ∗, ऩ w∗i ◦T = c1,iv∗1 + · · ·+ cn,iv∗n, ကۓ٩߾

c j,i = w∗i ◦T (v j) = w∗i (T (v j)).

ऩࡺ T (v j) = d1, jw1 + · · ·+ dm, jwm, ߾ c j,i = di, j. ฅԶԜೀ c j,i ࣁ β ∗ [T t]γ∗ ޑ ( j, i)-th entry,
Զ di, j ࣁ γ [T ]β ޑ (i, j)-th entry, ள᛾ β ∗ [T t]γ∗ =γ [T ]tβ . �

җ Proposition ॺёஒ΋ঁך,5.3.4 linear transformationޑ transposeک΋ঁ matrixޑ
transpose ࣬ೱ่. ॺёаஒך Proposition 5.3.1, 5.3.2, 5.3.3 ඤԋԖᜢ matrix ޑ transpose
.性፦ޑ

Question 5.16. з β = (v1, . . . ,vn),γ = (w1, . . . ,wm) ϩձࣁ V,W ޑ ordered basis Ъз
β̂ = (v̂1, . . . , v̂n), γ̂ = (ŵ1, . . . , ŵm) ϩձࣁ (V ∗)∗,(W ∗)∗ ޑ ordered basis, ύځ v̂i = τV (vi), ŵ j =

τW (w j) (τV : V → (V ∗)∗, τW : W → (W ∗)∗ ࣁ canonical maps.) ፎճҔ Proposition 5.3.3,
5.3.4 ᛾ܴ

(γ [T ]tβ )
t =γ̂ [(T t)t]β̂ =γ [T ]β .

ௗΠٰךॺा探૸ࢂޑ΋ঁ linear transformation T : V →W ޑ adjoint. 再ԛமፓ
adjoint ሡाࢂကۓޑ V,W ࣁࣣ finite dimensional inner product spaces. ӣ៝΋Π, ӧԜਔ
ॺԖך ρV : V →V ∗, ρW : W →W ∗ ࣁကۓ ρV (v) = ⟨ · ,v⟩,∀v∈V аϷ ρW (w) = ⟨ · ,w⟩,∀w∈W

Ъ ρV ,ρW ࣁࣣ conjugate isomorphism. ကۓॺך T ޑ adjoint T ∗ : W →V ࣁ

T ∗ = ρ−1
V ◦T t ◦ρW .

ඤ言ϐჹҺཀ w ∈W , ॺԖך

T ∗(w) = ρ−1
V ◦ρW (w)◦T = ρ−1

V (⟨T (·),w⟩).

җ Lemma 5.2.9 (1) ޕॺך T t ◦ρW : W → V ∗ ࣁ conjugate transformation, 再җࡺ Lemma
5.2.9 (2) ள T ∗ : W →V ࣁ linear transformation. ޑॺԖаΠך commutative diagram.

V T ∗←−−−−−− WyρV

yρW

V ∗ T t

←−−−−−− W ∗

Theorem 5.3.5. ଷ೛ V,W ࣁࣣ finite dimensional inner product space, T : V →W ࣁ

linear transformation. ߾ T ޑ transpose T ∗ : W →V , ޑ୤΋ࣁ linear transformation ᅈى

⟨T (v),w⟩= ⟨v,T ∗(w)⟩, ∀v ∈V,w ∈W.
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Proof. ޕॺςך T ∗ ࣁ linear transformation. ౜ჹҺཀ w ∈W , ॺԖך ρV (T ∗(w)) ∈V ∗ ᅈ

ჹҺཀى v ∈V , ࣣԖ ρV (T ∗(w))(v) = ⟨v,T ∗(w)⟩. ќ΋Бय़ ρV (T ∗(w)) = T t ◦ρW (w), ԶჹҺ
ཀ v ∈V , ࣣԖ T t ◦ρW (w)(v) = ⟨T (v),w⟩. ள᛾ ⟨T (v),w⟩= ⟨v,T ∗(w)⟩

Կܭ୤΋性, ଷ೛ T ′ : W →V ҭᅈى ⟨T (v),w⟩= ⟨v,T ′(w)⟩, ∀v ∈V,w ∈W , ჹҺཀޕ߾
v ∈V,w ∈W ࣣԖ ⟨v,T ∗(w)⟩= ⟨v,T ′(w)⟩. җ Proposition 5.1.6 ள᛾ T ′ = T ∗. �

ाݙཀ Theorem 5.3.5 ύѰԄޑ inner product ࢂ W ޑ inner product, ѓԄࣁ V ޑ

inner product. ྽΋ঁ linear transformation T : V →W ࡭ߥ inner product, ҭջ

⟨T (v),T (v′)⟩= ⟨v,v′⟩, ∀v,v′ ∈V.

ԾฅԖࡐॺך T ࣁ one-to-one. ೭ࢂӢࣁऩ v ∈ Ker(T ), ߾ ⟨v,v⟩ = ⟨T (v),T (v)⟩ = 0, ள
᛾ v = OV . ऩࡺ dim(W ) = dim(V ), ߾ T ࣁ isomorphism, ޑॺᆀ೭ኬך isomorphism ࣁ
inner product isomorphism. Ԝਔ linear transformation T−1 : W →V Ψ཮ࢂ inner product
isomorphism. ೭ࢂӢࣁ

⟨T−1(w),T−1(w′)⟩= ⟨T (T−1(w)),T (T−1(w′))⟩= ⟨w.w′⟩, ∀w,w′ ∈W.

ॺԖаΠղᘐך inner product isomorphism .ݤБޑ

Corollary 5.3.6. ଷ೛ V,W ࣁ finite dimensional inner product spaces, T : V →W ࣁ linear
transformation Ъ T ∗W →V ځࣁ adjoint. ޑ฻ሽࣁаΠ௶ॊ߾ (equivalent).

(1) T ࣁ inner product isomorphism.

(2) T ࣁ isomorphism Ъ T−1 = T ∗.

Proof. (1)⇒ (2): ჹܭҺཀ v ∈V,w ∈W , ॺԖך

⟨T (v),w⟩= ⟨T (v),T (T−1(w))⟩= ⟨v,T−1(w)⟩.

ճҔࡺ Theorem 5.3.5 Ԗᜢ adjoint ୤΋性ள᛾ޑ T−1 = T ∗.

(2)⇒ (1): ჹܭҺཀ v,v′ ∈V , ࣣԖ

⟨T (v),T (v′)⟩= ⟨v,T ∗(T (v′))⟩= ⟨v,T−1(T (v′))⟩= ⟨v,v′⟩.

ࡺ T ࣁ inner product isomorphism. �

ௗΠٰךॺӈр adjoint .୷ҁ性፦ޑ

Proposition 5.3.7. ೛ V,W,U ࣁࣣ finite dimensional inner product space over F.

(1) ऩ r,s ∈ F Ъ T1 : V →W , T2 : V →W ࣁࣣ linear transformations, ߾

(rT1 + sT2)
∗ = rT ∗1 + sT ∗2 .

(2) ऩ T1 : V →W , T2 : W →U ࣁࣣ linear transformations, ߾

(T2 ◦T1)
∗ = T ∗1 ◦T ∗2 .
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(3) id∗V = idV , ੝ձӦ, ऩ T : V →W ࣁ isomorphism, ߾ T ∗ : W →V ҭࣁ isomorphism
Ъ

(T ∗)−1 = (T−1)∗.

(4) ऩ T : V →W ࣁ linear transformation, ߾

(T ∗)∗ = T.

Proof.

(1) ჹܭҺཀ v ∈V,w ∈W , ճҔ inner product ॺԖך性፦ޑ

⟨(rT1 + sT2)(v),w⟩= r⟨T1(v),w⟩+s⟨T2(v),w⟩= r⟨v,T ∗1 (w)⟩+s⟨v,T ∗2 (w)⟩= ⟨v,(rT ∗1 + sT ∗2 )(w)⟩.

җࡺ adjoint ୤΋性ள᛾ޑ (rT1 + sT2)
∗ = rT ∗1 + sT ∗2 .

(2) Ӣࣁ T2 ◦T1 வࣁ V ډ U ޑ linear transformation, а܌ (T2 ◦T1)
∗ வࣁ U ډ V ޑ

linear transformation. ౜ჹҺཀ v ∈V,u ∈U , ॺԖך

⟨(T2 ◦T1)(v),u⟩= ⟨T2(T1(v)),u⟩= ⟨T1(v),T ∗2 (u)⟩= ⟨v,T ∗1 (T ∗2 (u))⟩= ⟨v,T ∗1 ◦T ∗2 (u)⟩.

җࡺ adjoint ୤΋性ள᛾ޑ (T2 ◦T1)
∗ = T ∗1 ◦T ∗2 .

(3) ჹܭҺཀ v,v′ ∈ V , ॺԖך ⟨v,v′⟩ = ⟨idV (v),v′⟩ = ⟨v, id∗V (v′)⟩, аճҔ܌ Corollary
5.1.5 ள᛾ id∗V (v′) = v′, ∀v′ ∈ V . ҭջ id∗V = idV . ౜ऩ T : V →W ࣁ isomorphism, ॺԖך
T−1 ◦T = idV Ъ T ◦T−1 = idW . җࡺ (2) ள

idV = id∗V = T ∗ ◦ (T−1)∗, idW = id∗W = (T−1)∗ ◦T ∗,

ள᛾ T ∗ ࣁ isomorphism Ъ (T ∗)−1 = (T−1)∗.

(4) Ӣ T ∗ : W →V ࣁ linear transformation, ჹҺཀ v ∈V,w ∈W ॺԖך

⟨T ∗(w),v⟩= ⟨w,(T ∗)∗(v)⟩.

ќ΋Бय़

⟨w,T (v)⟩= ⟨T (v),w⟩= ⟨v,T ∗(w)⟩= ⟨T ∗(w),v⟩,

ޕॺளך (T ∗)∗(v) = T (v), ∀v ∈V . ள᛾ (T ∗)∗ = T. �

Question 5.17. ၂ճҔ adjoint က᛾ܴۓޑ Proposition 5.3.7.

ௗΠٰ, ॺٰ࣮΋ঁך linear transformation ځک adjoint Ѭॺޑ kernel ک image ϐ໔
.ᜢ߯ޑ

Proposition 5.3.8. ଷ೛ V,W ࣁ finite dimensional inner product spaces, T : V →W ࣁ

linear transformation Ъ T ∗ : W →V ځࣁ adjoint. ߾

(1) Ker(T ∗) = Im(T )⊥ Ъ Im(T ∗) = Ker(T )⊥.

(2) T is one-to-one ऩЪ୤ऩ T ∗ is onto. T is onto ऩЪ୤ऩ T ∗ is one-to-one.

(3) Ker(T ∗ ◦T ) = Ker(T ) Ъ Ker(T ◦T ∗) = Ker(T ∗).

(4) Im(T ∗ ◦T ) = Im(T ∗) Ъ Im(T ◦T ∗) = Im(T ).



5.3. Transpose and Adjoint 123

Proof.

(1) ೛ w ∈ Ker(T ∗), ջ T ∗(w) = OV , ԜਔჹҺཀ v ∈V , ॺԖך

⟨T (v),w⟩= ⟨v,T ∗(w)⟩= ⟨v,OV ⟩= 0,

ள᛾ w ∈ Im(T )⊥. ϸϐ, ऩ w ∈ Im(T )⊥, ჹҺཀ߾ v ∈ V ࣣԖ 0 = ⟨T (v),w⟩ = ⟨v,T ∗(w)⟩.
җࡺ Lemma 5.1.4 ள᛾ w ∈ Ker(T ∗). ќ΋Бय़, ऩ v ∈ Im(T ∗), ҢӸӧ߄ w ∈W ٬ள

v = T ∗(w). ჹҺཀࡺ v′ ∈ Ker(T ), ࣣԖ ⟨v′,v⟩ = ⟨v′,T ∗(w)⟩ = ⟨T (v′),w⟩ = ⟨OW ,w⟩ = 0, ջ
v ∈ Ker(T )⊥. ள᛾ Im(T ∗)⊆ Ker(T )⊥. നࡕճҔ Ker(T ∗) = Im(T )⊥ ள

dim(Im(T ∗)) = dim(W )−dim(Ker(T ∗)) = dim(W )−dim(Im(T )⊥)

= dim(W )− (dim(W )−dim(Im(T ))) = dim(Im(T ))

ΞӢ dim(Ker(T )⊥) = dim(V )− dim(Ker(T )) = dim(Im(T )) ள dim(Im(T ∗)) = dim(Ker(T )⊥)

ள᛾ࡺ Im(T ∗) = Ker(T )⊥.

(2) ऩ T is one-to-one, ߾ Ker(T ) = {OV}. җࡺ (1) ޕ Im(T ∗) = Ker(T )⊥ = {OV}⊥ =V ,
ள᛾ T ∗ ࣁ onto. ϸϐ, ऩ T ∗ ࣁ onto, ள Ker(T )⊥ =V , җ Corollary 5.1.14 ޕ

Ker(T ) = (Ker(T )⊥)⊥ =V⊥ = {OV}.

ள᛾ T ࣁ one-to-one. ճҔԜ่݀ஒ T Ҕ T ∗ ,代ڗ ளޕ T ∗ ࣁ one-to-one ऩЪ୤ऩ
(T ∗)∗ = T ࣁ onto.

(3) ॺԖךᡉܴࡐ Ker(T )⊆ Ker(T ∗ ◦T ). ౜ऩ v ∈ Ker(T ∗ ◦T ), ߾

⟨T (v),T (v)⟩= ⟨v,T ∗(T (v))⟩= ⟨v,OV ⟩= 0.

ள᛾ T (v) = OW , ջ v ∈Ker(T ). ճҔԜ่݀ஒ T Ҕ T ∗ ,代ڗ 再ճҔ (T ∗)∗ ள Ker(T ◦T ∗) =

Ker(T ∗).

(4) ॺԖךᡉܴࡐ Im(T ∗ ◦T )⊆ Im(T ∗). ฅԶҗ (3) ॺԖך

dim(Im(T ∗ ◦T )) = dim(V )−dim(Ker(T ∗ ◦T )) = dim(V )−dim(Ker(T )) = dim(Ker(T )⊥),

再җ (1) Im(T ∗) = Ker(T )⊥ ளޕ dim(Im(T ∗ ◦T )) = dim(Im(T ∗)), ᛾ள Im(T ∗ ◦T ) = Im(T ∗).
ճҔԜ่݀ஒ T Ҕ T ∗ ,代ڗ ள᛾ Im(T ◦T ∗) = Im(T ). �

Question 5.18. ၂᛾ܴ Ker(T ) = Im(T ∗)⊥ Ъ Im(T ) = Ker(T ∗)⊥.

ჹܭ T : V →W ޑѬک adjoint T ∗ : W →V ޑ representative matrix ྽ฅԖ΋ޑۓᜢ߯,
җܭ adjointک inner productԖᜢ,܌а V,W ޑᒧ܌ ordered basisᔈΨाک inner product
Ԗᜢ. ٣ჴ΢ऩϩձڗ V Wک ޑ orthonormal basis܌ಔԋޑ ordered basis β = (v1, . . . ,vn)

ک γ = (w1, . . . ,wm), Ъ T (vi) = c1,iw1 + · · ·+ cm,iwm, ကۓ٩߾ γ [T ]β ޑ ( j, i)-th entry ࣁ c j,i.
ฅԶӢ {w1, . . . ,wm} ࣁ W ޑ orthonormal basis, ॺԖך c j,i = ⟨T (vi),w j⟩= ⟨vi,T ∗(w j)⟩. ќ
΋Бय़ऩ T ∗(w j) = d1, jv1 + · · ·+dn, jvn, ߾ β [T ∗]γ ޑ (i, j)-th entry ࣁ

di, j = ⟨T ∗(w j),vi⟩= ⟨vi,T ∗w j⟩= c j,i.
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Ψ൩ࢂᇥ β [T ∗]γ ஒࢂ γ [T ]β Ӄڗ transpose 再ஒ؂ঁ entry ځڗ conjugate Զள. ॺԖаך
Πۓޑက.

Definition 5.3.9. ଷ೛ A∈Mm×n(C)Ъ B∈Mn×m(C). ჹ܌Ԗ 1≤ i≤ n, 1≤ j≤m,з a j,i ࣁ

A ޑ ( j, i)-th entry Ъ bi, j ࣁ B ޑ (i, j)-th entry. ऩ bi, j = a j,i, ∀ i ∈ {1, . . . ,n}, j ∈ {1, . . . ,m},
ᆀ߾ B ࣁ A ޑ adjoint Ъа A∗ .Ң߄ٰ

ाݙཀ, ٩Ԝۓက (A∗)∗ = A, Ъऩ A ∈Mm×n(R), ߾ A∗ = At. Ξ٩Ԝۓက, ॺԖаΠϐך
่݀.

Proposition 5.3.10. ଷ೛ V,W ࣁ finite dimensional inner product space, Ъϩձᒧڗ V

ک W ޑ orthonormal basis ޑಔԋ܌ ordered basis β = (v1, . . . ,vn) ک γ = (w1, . . . ,wm). ऩ
T : V →W ࣁ linear transformation Ъ T ∗ : W →V ࣁ T ޑ adjoint, ߾

β [T
∗]γ = (γ [T ]β )

∗.

җ Proposition 5.3.10, ॺёஒ΋ঁך linear transformation ޑ adjoint ΋ঁک matrix ޑ
adjoint ࣬ೱ่. ॺёаஒך Proposition 5.3.7, 5.3.8 ඤԋԖᜢ matrix ޑ adjoint .性፦ޑ

ќѦाݙཀࢂޑӧ Theorem 5.3.5 ύךॺமፓ΋ঁ linear transformation ޑ adjoint ࢂ
୤΋ޑ, ೭ࢂӧ๏ۓ΋ঁ inner product .చҹϐΠޑ ӧόӕޑ inner product ϐΠ, ΋ঁ
linear transformation ཮Ԗόӕޑ adjoint, .ηٯޑॺ࣮аΠך

Example 5.3.11. Եቾ T : R3→ R3 ࣁကۓ

T (x1,x2,x3) = (4x1 + x2 +2x3,4x1 +4x2 +4x3,2x1 + x2 +4x3).

Եቾ R3 ΢ঁٿ inner products ⟨ , ⟩ аϷ ⟨⟨ , ⟩⟩, ύځ ⟨ , ⟩ ࣁ standard inner product, ջ

⟨(x1,x2,x3),(y1,y2,y3)⟩= x1y1 + x2y2 + x3y3.

Զ ⟨⟨ , ⟩⟩ ࣁကۓޑ

⟨⟨(x1,x2,x3),(y1,y2,y3)⟩⟩= x1y1 +
1
4

x2y2 + x3y3.

ऩԵቾ R3 ࣁ standard inner product space, ߾ ε = {(1,0,0),(0,1,0),(0,0,1)} ࣁ R3 ޑ

΋ಔ ordered orthonormal basis. Ԝਔ [T ]ε =

 4 1 2
4 4 4
2 1 4

, җࡺ Proposition 5.3.10 ள

[T ∗]ε =

 4 4 2
1 4 1
2 4 4

, ջԜਔ T ∗(x1,x2,x3) = (4x1 +4x2 +2x3,x1 +4x2 + x3,2x1 +4x2 +4x3).

ऩԵቾ R3 аࣁ ⟨⟨ , ⟩⟩ ࣁ inner product ޑ inner product space, ڗё߾

β = {(1,0,0),(0,2,0),(0,0,1)}
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ࣁ R3 ΋ಔޑ ordered orthonormal basis. Ԝਔ [T ]β =

 4 2 2
2 4 2
2 2 4

, җ Proposition 5.3.10

ள [T ∗]β =

 4 2 2
2 4 2
2 2 4

, Ԝਔޕࡺ T ∗ = T , ջ

T ∗(x1,x2,x3) = (4x1 + x2 +2x3,4x1 +4x2 +4x3,2x1 + x2 +4x3).

5.4. The Adjoint of Linear Operators

೭΋࿯ύךॺ੝ձा探૸΋ঁ linear operator T : V → V ޑ adjoint. ॺΨ཮探૸΋ך
٤੝ձޑ operator ޑ adjoint. ޑаҁ࿯ύ܌ vector space V ҉ᇻࢂ΋ঁ finite dimensional
inner product space over F , ύځ F = C ܈ F = R.

྽ T : V → V ࣁ linear operator, ځ߾ adjoint T ∗ : V → V ҭࣁ linear operator. а܌
ჹҺཀ f (x) ∈ F [x], f (T ∗) ҭԖۓကЪࣁ linear operator. ॺჹҺཀך f (x) ∈ F [x], f (T ) ޑ

adjoint .ՖԖᑫ፪ࣁ २Ӄऩ f (x) = cnxn + · · ·+c1x+c0, ကۓॺך f (x) = cnxn + · · ·+c1x+c0,

.ԖаΠ่݀߾

Lemma 5.4.1. ऩ T : V →V ࣁ linear operator, ჹҺཀ߾ f (x) ∈ F [x] ࣣԖ

( f (T ))∗ = f (T ∗).

Proof. २Ӄҗ Proposition 5.3.7(2) ޕ (T ◦n)∗ = (T ∗)◦n. ऩࡺ f (x) = cnxn + · · ·+ c1x+ c0, ߾
再җ Proposition 5.3.7(1)(3) ள᛾

( f (T ))∗ = (cnT ◦n + · · ·+ c1T + c0idV )
∗ = cn (T ◦n)∗+ · · ·+ c1 T ∗+ c0 id∗V

= cn (T ∗)
◦n + · · ·+ c1 T ∗+ c0 idV = f (T ∗).

�

җ Proposition 5.3.10 аϷ Lemma 5.4.1, ډॺଭ΢ёаளך T ک T ∗ ޑ characteristic
polynomials χT (x) ک χT ∗(x) ϐ໔ޑᜢ߯, аϷѬॺޑ minimal polynomials µT (x) ک µT ∗(x)

ϐ໔ޑᜢ߯.

Lemma 5.4.2. ऩ T : V →V ࣁ linear operator, ߾

χT ∗(x) = χT (x) and µT ∗(x) = µT (x).

Proof. җܭ characteristic polynomial ᆶ ordered basis ,คᜢڗᒧޑ ڗॺ੝ձᒧךа܌
V ΋ಔޑ orthonormal basis ޑಔԋ܌ ordered basis β . җ Proposition 5.3.10 ޕ [T ∗]β =

([T ]β )∗, ளࡺ χT ∗(x) = χT (x).

җminimal polynomialۓကޕ µT (T )=O,ࡺҗ Lemma 5.4.1,ள µT (T ∗)= (µT (T ))∗=O,
ޕࡺ µT ∗(x) | µT (x). ӕ౛җ (T ∗)∗= T ,ள µT (x) | µT ∗(x),再ஒٿᜐӭ໨Ԅ߯ޑ數ڗ conjugate
ள µT (x) | µT ∗(x). ள᛾ µT ∗(x) = µT (x). �
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Ԗᜢ linear operator ޑ decomposition, നख़ाࢂߡޑ T -invariant subspace. ౜ऩ W ࣁ

T -invariant subspace, ॺԾฅ཮ୢך W ࣁցࢂ T ∗-invariant subspace. ΋૓ٰᇥ೭ό΋ۓ
ჹ, ՠךॺԖаΠϐ่݀.

Lemma 5.4.3. ऩ T : V →V ࣁ linear operator, ߾ W ⊆V ࣁ T -invariant subspace ऩЪ୤
ऩ W⊥ ⊆V ࣁ T ∗-invariant subspace.

Proof. ଷ೛W ࣁ T -invariant,ाᇥܴW⊥ࣁ T ∗-invariant,൩ࢂाᇥܴჹҺཀ w′ ∈W⊥ࣣԖ

T ∗(w′) ∈W⊥. ฅԶऩ w ∈W , җ߾ T (w) ∈W аϷ w′ ∈W⊥, ள ⟨w,T ∗(w′)⟩= ⟨T (w),w′⟩= 0.

Ԝջ᛾ܴ T ∗(w′) ∈W⊥, ࡺ W⊥ ࣁ T ∗-invariant.

ϸϐ, ऩ W⊥ ࣁ T ∗-invariant, ᛾܌җ΢य़߾ (W⊥)⊥ = W ࣁ (T ∗)∗-invariant, ջ T -
invariant. �

๏ۓ΋ঁ inner product space V , Ϸځ subspace W , നޔௗޑ decomposition ࣁ V =

W �W⊥. а྽܌ W ࣁ T -invariant ਔ, ցࢂॺԾฅ཮ୢך W⊥ ҭࣁ T -invariant. ճҔ
Lemma 5.4.3, ೭খӳӣเΑՖਔ W ҭࣁ T ∗-invariant.

Corollary 5.4.4. ଷ೛ T : V → V ࣁ linear operator Ъ W ⊆ V ࣁ T -invariant subspace.
߾ W⊥ ࣁ T -invariant subspace ऩЪ୤ऩ W ࣁ T ∗-invariant subspace. ќѦऩ W ࣁ

T -invariant ک T ∗-invariant, ߾
(T |W )∗ = T ∗|W .

Proof. җ Lemma 5.4.3, ޕॺך W⊥ ࣁ T -invariant ฻ሽܭ W = (W⊥)⊥ ࣁ T ∗-invariant. Ԝ
ਔჹҺཀޑ w,w′ ∈W ࣣԖ

⟨T |W (w),w′⟩= ⟨T (w),w′⟩= ⟨w,T ∗(w′)⟩= ⟨w,T ∗|W (w′)⟩,

ள᛾ (T |W )∗ = T ∗|W . �

ௗΠٰךॺ探૸൳ঁ੝ਸޑ linear operator Ϸځ adjoint ໔ޑᜢ߯. २Ӄӣ៝ऩ
V =W1⊕W2, ჹҺཀ߾ v ∈V , ࣣӸӧ୤΋ޑ w1 ∈W1, w2 ∈W2 ٬ள v = w1 +w2. Ԝਔךॺ
ကۓ πW1,W2 : V → V , ࣁ πW1,W2(v) = w1. ॺᆀך πW1,W2 ࣁ projection on W1 along W2. ाݙ
ཀ, ऩ V =W1⊕W ′2, ύځ W2 ̸=W ′2, ߾ πW1,W2 ̸= πW1,W ′2

.

Question 5.19. ӵ΢܌ॊ, πW2,W1(v) ?Ֆࣁ ٠ᇥܴऩ V = W1⊕W2 = W1⊕W ′2 ՠ W2 ̸= W ′2
߾ πW1,W2 ̸= πW1,W ′2

.

྽V ࢂ finite dimensional inner product space,ךॺёҗV =W1⊕W2௢ளV =W⊥1 ⊕W⊥2 .
೭ࢂӢࣁऩ w ∈W⊥1 ∩W⊥2 , ჹҺཀ߾ v ∈V , ॺԖך v = w1 +w2, ύځ w1 ∈W1,w2 ∈W2, ࡺ
ள ⟨v,w⟩= ⟨w1,w⟩+ ⟨w2,w⟩= 0. җ Lemma 5.1.4 ளޕ w = OV . 再җ

dim(W⊥1 +W⊥2 ) = dim(W⊥1 )+dim(W⊥2 ) = dim(W2)+dim(W1) = dim(V ),

ள᛾ V =W⊥1 ⊕W⊥2 . ճҔԜךॺёаளډ πW1,W2 ޑ adjoint π∗W1,W2
.
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Proposition 5.4.5. ऩ V =W1⊕W2, ߾ V =W⊥1 ⊕W⊥2 Ъ

π∗W1,W2
= πW⊥2 ,W⊥1

.

Proof. 前य़ςޕ V = W⊥1 ⊕W⊥2 , ჹҺཀࡺ v,v′ ∈ V , Ӹӧޕॺך w1 ∈W1,w2 ∈W2 аϷ

w′1 ∈W⊥1 ,w′2 ∈W⊥2 ᅈى v = w1 +w2,v′ = w′1 +w′2. Ԝਔ

⟨πW1,W2(v),v
′⟩= ⟨w1,w′1 +w′2⟩= ⟨w1,w′2⟩.

ќ΋Бय़

⟨v,πW⊥2 ,W⊥1
(v′)⟩= ⟨w1 +w2,w′2⟩= ⟨w1,w′2⟩.

ள᛾ ⟨πW1,W2(v),v′⟩= ⟨v,πW⊥2 ,W⊥1
(v′)⟩, ∀v,v′ ∈V , ջ π∗W1,W2

= πW⊥2 ,W⊥1
. �

ၰӧޕॺך inner product spaceύനதҔޑ decomposition൩ࢂ V =W�W⊥. Ԝਔךॺ
ᆀ projection πW,W⊥ ࣁ orthogonal projection on W . ,ߡΑБࣁ аךࡕॺ೿཮ע orthogonal
projection on W Ҕ πW Ң߄ٰ (ӢࣁѬ໻ک W Ԗᜢ). ճҔ Proposition 5.4.5, ॺଭ΢Ԗך
аΠϐ่݀.

Corollary 5.4.6. ೛ V ࢂ finite dimensional inner product space Ъ W ځࣁ subspace. з
πW : V →V ࣁ orthogonal projection on W , ߾ πW = π◦2W Ъ π∗W = πW .

Proof. ჹҺཀ v ∈V , ॺԖך v = w+w′, ύځ w ∈W,w′ ∈W⊥, ࡺ

π◦2W (v) = πW (πW (v)) = πW (πW (w+w′)) = πW (w) = πW (v),∀v ∈V.

ள᛾ πW = π◦2W . ќ΋Бय़, ճҔ Proposition 5.4.5 аϷ (W⊥)⊥ =W , ॺԖך

π∗W = π∗W,W⊥ = π(W⊥)⊥,W⊥ = πW,W⊥ = πW .

�

Question 5.20. ၂᛾ܴჹҺཀ v ∈V , πW ൩ࢂ Proposition 5.1.12 ύගޑ projection projW .

΋ঁ linear operator T : V →V ऩᅈى T ◦2 = T , ࣁᆀ߾ idempotent. җ Corollary 5.4.6
ޑၰҺՖޕॺך᛾ܴޑ projection ࣁࣣ idempotent (όሡ orthogonal projection ϐଷ೛).
Կܭ T ∗ = T ,性፦ޑ ࣁॺᆀך self-adjoint. ΋૓ޑ projection ό཮ࢂ self-adjoint, ନߚѬ
ࢂ orthogonal projection, ೭ࢂҗךܭॺԖΠ่݀.

Proposition 5.4.7. ଷ೛ T : V →V ࣁ linear transformation ᅈى T ◦2 = T , ࣁΠӈ௶ॊ߾
฻ሽ:

(1) T ࣁ orthogonal projection.

(2) T ∗ = T .

(3) Ker(T ) = Im(T )⊥.

(4) Im(T ) = Ker(T )⊥.
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Proof. २Ӄךॺᇥܴऩ T ࣁ idempotent (ջ T ◦2 = T ), ߾ T = πIm(T ),Ker(T ). ೭ሡӃ᛾ܴ
V = Im(T )⊕Ker(T ). ٣ჴ΢ dim(V ) = dim(Im(T ))+dim(Ker(T )), аѝा᛾ܴ܌

Im(T )∩Ker(T ) = {OV},

җ߾ Im(T )+Ker(T ) ⊆ V , ёள V = Im(T )⊕Ker(T ). ฅԶऩ v ∈ Im(T ), ҢӸӧ߄ w ∈ V

٬ள v = T (w), җࡺ T ◦2 = T , ள T (v) = T ◦2(w) = T (w) = v. ऩ再у΢ v ∈ Ker(T ) ёள

v = T (v) = OV . ౜ςޕ V = Im(T )⊕Ker(T ), ჹҺཀࡺ v, ࣣӸӧ w ∈ Im(T ),w′ ∈ Ker(T ) ٬

ள v = w+w′. ёள T (v) = T (w)+T (w′) = T (w). ՠ前य़ςޕऩ w ∈ Im(T ), ߾ T (w) = w,
ޕࡺ T (v) = w. Ԝک projection on Im(T ) along Ker(T ) ջ πIm(T ),Ker(T ) ჹ v ,բҔ࣬ӕޑ ࡺ
ள᛾ T = πIm(T ),Ker(T ).

౜җ Corollary 5.1.14, ၰޕॺך Ker(T ) = Im(T )⊥ ऩЪ୤ऩ Im(T ) = Ker(T )⊥ (ջ
(3)⇔ (4)). ԶΞऩ Ker(T ) = Im(T )⊥ ߾ πIm(T ),Ker(T ) = πIm(T ),Im(T )⊥ , ள᛾ T = πIm(T ),Ker(T ) ࣁ

orthogonal projection (ջ (3)⇒ (1)). Ξऩ T ࣁ orthogonal projection, җ߾ Corollary 5.4.6
ޕ T ∗ = T (ջ (1)⇒ (2)). നࡕճҔ Proposition 5.3.8(1) ऩޕ T ∗ = T , ߾ Im(T ) = Ker(T )⊥

(Ъ Ker(T ) = Im(T )⊥) (ջ (2)⇒ (3)(4)) ள᛾ҁۓ౛. �

΋૓ٰᇥ, ॺёаஒ΋ঁך finite dimensional inner product space ቪԋ orthogonal
direct sum V = W1� · · ·�Wk, Ԝਔ W⊥i = ⊕ j ̸=iWj. ऩз πi ࣁ orthogonal projection on Wi

(ջ πi = πWi), ৒࣮ܰрࡐ߾

π1 + · · ·+πk = idV .

ࣁॺᆀԜך orthogonal resolution of the identity. ॺԖךཀԜਔݙ π◦2i = πi, π∗i = πi аϷ྽

i ̸= j ਔ, πi ◦π j = O. ٣ჴ΢, .ॺԖаΠϐ่݀ך

Lemma 5.4.8. ଷ೛ V ࣁ finite dimensional inner product spaceЪW1,W2 ࣁ V ޑ subspace.
з π1,π2 ϩձࣁ orthogonal projection on W1,W2. :฻ሽࣁΠӈ߾

(1) W1 ⊥W2.

(2) π1 ◦π2 = O.

(3) π2 ◦π1 = O.

Proof. ჹܭҺཀ v∈V ,җܭ π1(v)∈W1,ࡺऩW1⊥W2,߾ π1(v)∈W⊥2 . ள᛾ π2(π1(v))=OV ,
∀v ∈V ջ π1 ◦π2 = O. ӕ౛ёள π2 ◦π1 = O.

౜ჹҺཀ w1 ∈W1,w2 ∈W2, ॺԖך ⟨w1,w2⟩= ⟨π1(w1),π2(w2)⟩= ⟨w1,π∗1 (π2(w2))⟩. Ӣ π1

ࣁ orthogonal projection, җ Corollary 5.4.6 ޕ π∗1 = π1. ऩࡺ π1 ◦ π2 = O, ߾ ⟨w1,w2⟩ =
⟨w1,OV ⟩= 0, ள᛾ W1 ⊥W2. ӕ౛ऩ π2 ◦π1 = O ҭёள W1 ⊥W2. �

ӣ៝ၸѐךॺගၸ, ऩჹܭ linear operator T : V → V , ډפॺёаך V ΋ಔޑ basis
җࢂ T ޑ eigenvectors ,ಔԋ܌ Ң߄߾ T ࢂ diagonalizable. ੝ձޑ, ऩӸӧ΋ಔ T ޑ

eigenvectors ԋ׎ V ΋ಔޑ orthogonal basis ܈) orthonormal basis), .ကۓޑॺԖаΠך߾
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Definition 5.4.9. ଷ೛ V ΋ঁࢂ finite dimensional inner product space over F Ъ T : V →V

ࣁ linear operator. ऩӸӧ΋ಔ T ޑ eigenvectors ԋ׎ V ΋ಔޑ orthogonal basis ܈)
orthonormal basis), ॺᆀך߾ T ࣁ unitary diagonalizable (྽ F =R ਔ, Ԗޑਜ཮੝ձᆀ T

ࣁ orthogonal diagonalizable).

྽ Aࢂ΋ঁ n×n matrix over F ,ऩԵቾ Fn ΢ޑ standard inner product,Ӹӧ΋ಔ Aޑ

eigenvectors ࣁ Fn ΋ಔޑ orthogonal basis ܈) orthonormal basis), ॺᆀך߾ A ࣁ unitary
diagonalizable (྽ F = R ਔ, Ԗޑਜ཮੝ձᆀ A ࣁ orthogonal diagonalizable).

ӧԜ੝ձᇥܴ,྽΋ঁ matrix Aࣁ unitary diagonalizableਔ,ӧ F =Cޑ௃ݩջ߄ҢӸ
ӧ΋ঁ matrix P ᅈى P∗ = P−1 ٬ள P∗AP ΋ঁࣁ diagonal matrix. ೭ኬંޑତ P җٗࢂ

٤ eigenvectors ޑԋ܌ orthonormal basis ,ޑಔԋ܌ ࣁॺᆀך unitary matrix. Զӧ F = R
,ݩ௃ޑ ҢӸӧ΋ঁ߄ matrix P ᅈى Pt = P−1 ٬ள PtAP ΋ঁࣁ diagonal matrix. ೭ኬ
ତંޑ P җٗ٤ࢂ eigenvectors ޑԋ܌ orthonormal basis ,ޑಔԋ܌ ࣁॺᆀך orthogonal
matrix. ೭൩ࢂ unitary diagonalizable ܈) orthogonal diagonalizable) Ӝᆀޑҗٰ. ΑБࣁ
,ـଆߡ ॺόѐ୔ϩך unitary diagonalizable ܈ orthogonal diagonalizable, ΋ࡓҔ unitary
diagonalizable ٰᆀϐ. ௗΠٰךॺٰ探૸ unitary diagonalizable linear operator .੝性ޑ

Proposition 5.4.10. ଷ೛ V ΋ঁࢂ finite dimensional inner product space over F Ъ

T : V →V ࣁ linear operator. .ޑ฻ሽࢂΠӈ߾

(1) T ࣁ unitary diagonalizable.

(2) Ӹӧ࣬౦ λ1, . . . ,λk ∈ F ٬ள V = Eλ1 � · · ·�Eλk , ύځ Eλi, ࣁ λi ޑ eigenspace, ջ
Eλi = {v ∈V | T (v) = λiv}.

(3) Ӹӧ λ1, . . . ,λk ∈ F ٬ள T = λ1π1 + · · ·+λkπk, ύځ πi ࣁ orthogonal projection Ъ
ᅈى πi ◦π j = O, ∀ i ̸= j.

Proof. ଷ೛ T ࣁ unitary diagonalizable, ଷ೛ {v1, . . . ,vn} ࣁ T ΋ಔޑ eigenvectors ಔ܌
ԋޑ orthogonal basis. ஒځ፾྽ख़௨٬ள࣬ӕ eigenvalue ޑ eigenvectors ᘍӧ΋ଆ, ך
ॺଷ೛ v1, . . . ,vl1 ࣁ eigenvalue ࣁ λ1 ޑ eigenvectors, vl1+1, . . . ,vl2 ࣁ eigenvalue ࣁ λ2 ޑ

eigenvectors, ٩Ԝᜪ௢ ύ؂ঁځ) λi ࣣ࣬౦). ॺाᇥܴך Wi = Span({vli−1+1, . . . ,vli}) ฻ܭ
Eλi . ٣ჴ΢ Wi ⊆ Eλi , Ξҗ T ࣁ diagonalizable ޕ V = Eλ1⊕·· ·⊕Eλk . ॺԖך

dim(V ) = dim(W1)+ · · ·+dim(Wk)≤ dim(Eλ1)+ · · ·+dim(Eλk) = dim(V ),

ள᛾ dim(Wi) = dim(Eλi), ջ Wi = Eλi . ,ޑԾฅࡐ ჹܭ i ̸= j ॺԖך Wi ⊥ Wj, ள᛾ࡺ
V = Eλ1 � · · ·� Eλk . ϸϐ, ऩ V = Eλ1 � · · ·� Eλk , Եቾ؂ঁ߾ Eλi ΢ޑ΋ಔ orthogonal
basis, җܭ೭٤ Eλi ΢ޑ orthogonal basis ёಔԋ V ΋ಔޑ orthogonal basis, Ъࣣࣁ T ޑ

eigenvectors. ள᛾ (1)⇔ (2).

౜ऩ V = Eλ1� · · ·�Eλk , ჹҺཀ߾ v ∈V , ॺԖך v = v1 + · · ·+vk, ύځ vi ∈ Eλi . Ԝਔз
πi ࣁ orthogonal projection on Eλi , җ߾ Lemma 5.4.8 ޕ πi ◦π j = O, ∀ i ̸= j Ъ

(λ1π1 + · · ·+λkπk)(v) = λ1v1 + · · ·λkvk = T (v1)+ · · ·+T (vk) = T (v1 + · · ·+vk) = T (v).
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ள᛾ T = λ1π1 + · · ·+λkπk, ࡺ (2)⇒ (3).

ϸϐ, ऩ T = λ1π1 + · · ·+ λkπk, з Im(πi) = Wi, җ߾ πi ◦ π j = O, ∀ i ̸= j ޕ Wi ⊥Wj,
∀ i ̸= j. Եቾ βi ࣁ Wi ΋ಔޑ orthogonal basis, Ъз W = W1� · · ·�Wk. ऩ W = V , ߾
β = ∪k

i=1βi ࣁ V ΋ಔޑ orthogonal basis, ЪჹҺཀ v ∈ βi, җܭ v ∈Wi ྽ j ̸= i, ॺך
Ԗ π j(v) = π j(πi(v)) = OV . ࡺ T (v) = λiv, ҭջ v ࣁ T ޑ eigenvector. Զऩ V ̸= W , з
Wk+1 =W⊥,Ԝਔ V =W1� · · ·�Wk�Wk+1. ऩ再ڗ βk+1 Wk+1ࣁ ΋ಔޑ orthogonal basis,߾
β =∪k+1

i=1 βi ࣁ V ΋ಔޑ orthogonal basis. Ξჹܭ v∈ βk+1 ॺԖך v∈W⊥i , ∀ i∈ {1, . . . ,k},ࡺ
πi(v) = 0ள T (v) = OV = 0v,ջ vࣁ T ޑ eigenvector. ள᛾ β ࣁ V ΋ಔޑ orthogonal basis
Ъ β ύޑϡનࣣࣁ T ޑ eigenvector, ջ T ࣁ unitary diagonalizable. ள᛾ (3)⇒ (1). �

җ Proposition ၰऩޕॺך5.4.10 T :V→V ࣁ unitary diagonalizable,߾Ӹӧ λ1, . . . ,λk ∈
F аϷ orthogonal projections π1, . . . ,πk ٬ள T = λ1π1 + · · ·+λkπk, ೭ᆀࣁ T ޑ spectral
resolution. Ԝਔҗ Proposition 5.3.7 ள

T ∗ = λ1π∗1 + · · ·+λkπ∗k = λ1π1 + · · ·+λkπk.

再җ πi ◦π j = O, ∀ i ̸= j Ъ πi
◦2 = πi ள

T ∗ ◦T = λ1λ1π1 + · · ·+λkλkπk = T ◦T ∗.

಄ӝ T ∗ ◦T = T ◦T ∗ ޑ linear operator T ᆀࣁ normal operator, ೭ךࢂॺΠ΋࿯܌ा探૸
.ፐᚒޑ

Question 5.21. ၂᛾ܴऩ n×n matrix A ࣁ unitary diagonalizable, ߾ A∗A = AA∗.

5.5. Normal Operators

ॺஒ探૸ך normal operator .性፦ޑ җךܭॺ探૸ޑ normal operator ကӧۓࣁ over
F (F = C ܈ F = R) ޑ finite dimensional inner product space. ޑаҁ࿯ύ܌ vector space
΋ࢂۓ finite dimensional inner product space Ъځ over ޑ field ࣁ C ܈ R, ॺ൩ό再ᙧך
௶.

Definition 5.5.1. ೛ T : V →V ࣁ linear operator, ऩ T ᅈى T ∗ ◦T = T ◦T ∗, ᆀ߾ T ΋ࣁ

ঁ normal operator.

೛ A ΋ঁࣁ n×n matrix, ऩ A ᅈى A∗A = AA∗, ᆀ߾ A ΋ঁࣁ normal matrix.

Question 5.22. ΋ঁ orthogonal projection ࣁցࢂ normal?

२Ӄךॺᢀჸёаҗ΋ঁ normal operator ள׳ډӭޑ normal operator.

Lemma 5.5.2. ଷ೛ T : V →V ࣁ normal operator.

(1) T ∗ ҭࣁ normal operator.

(2) ऩ W,W⊥ ࣁࣣ T -invariant, ߾ T |W ҭࣁ normal operator.

(3) ऩ T ࣁ isomorphism, ߾ T−1 ҭࣁ normal operator.
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(4) ჹҺཀ f (x) ∈ F [x], f (T ) ҭࣁ normal operator.

Proof. (1) җ (T ∗)∗ = T , ёள T ∗ ҭࣁ normal.

(2) җ Corollary 5.4.4, Ԝਔޕॺך W ҭࣁ T ∗-invariant Ъ (T |W )∗ = T ∗|W . ࡺ

(T |W )∗ ◦T |W = T ∗|W ◦T |W = (T ∗ ◦T )|W = (T ◦T ∗)|W = T |W ◦ (T |W )∗.

(3) җ Proposition 5.3.7, Ԝਔޕॺך (T−1)∗ = (T ∗)−1, ࡺ

(T−1)∗ ◦T−1 = (T ∗)−1 ◦T−1 = (T ◦T ∗)−1 = (T ∗ ◦T )−1 = T−1 ◦ (T−1)∗.

(4) ऩ f (x) = cnxn + · · ·+ c1x+ c0, ߾ f (T ) = cnT ◦n + · · ·+ c1T + c0idV Ъҗ Lemma 5.4.1
ޕ f (T )∗ = cn(T ∗)

◦n + · · ·+ c1T ∗+ c0idV . ౜Ӣ ciT ◦i ◦ f (T )∗ = ci ∑n
j=0 c jT ◦i ◦ (T ∗)◦ j, ёள

f (T )◦ f (T )∗ = ∑
i, j

cic jT ◦i ◦ (T ∗)◦ j.

ӕ౛

f (T )∗ ◦ f (T ) = ∑
i, j

c jci(T ∗)
◦ j ◦T ◦i.

٩ଷ೛ࡺ T ◦T ∗ = T ∗ ◦T , ޕ T ◦i ◦ (T ∗)◦ j = (T ∗)◦ j ◦T ◦i, ள᛾ f (T )◦ f (T )∗ = f (T )∗ ◦ f (T ). �

ௗΠٰךॺ探૸ normal operator ,性፦ޑ ӧ೭΋࿯ךॺӃ探૸΋٤ӧ F = C ک F = R
ਔ೿཮ჹޑ性፦, Π΋࿯ךॺӧϩձଞჹ F = C ک F = R ٰ探૸ঁձޑ性፦.

२Ӄҗ normal ကۓޑ (ջ T ◦T ∗ = T ∗ ◦T ), ჹҺཀ v,w ∈V , ॺԖך

⟨T (v),T (w)⟩= ⟨v,T ∗(T (w))⟩= ⟨v,T (T ∗(w))⟩= ⟨T ∗(v),T ∗(w)⟩.

ӢԜჹҺཀ v ∈V ёள

∥T (v)∥2 = ⟨T (v),T (v)⟩= ⟨T ∗(v),T ∗(v)⟩= ∥T ∗(v)∥2.

ள᛾аΠ性፦.

Lemma 5.5.3. ଷ೛ T : V →V ࣁ normal operator, ჹҺཀ v,w ∈V .性፦ޑॺԖаΠך

⟨T (v),T (w)⟩= ⟨T ∗(v),T ∗(w)⟩ and ∥T (v)∥= ∥T ∗(v)∥.

౜ऩ v ∈ Ker(T ), Ӣ߾ ∥T (v)∥ = ∥OV∥ = 0, ճҔ Lemma 5.5.3 ёள ∥T ∗(v)∥ = 0, ҭջ
T ∗(v) = OV . Ψ൩ࢂᇥ v ∈ Ker(T ∗), ள᛾ Ker(T )⊆ Ker(T ∗). ӕ౛ёள Ker(T ∗)⊆ Ker(T ), ࡺ
ޕ Ker(T ) = Ker(T ∗). ٣ჴ΢җ Proposition 5.3.8, .ॺёளΠӈ性፦ך

Lemma 5.5.4. ଷ೛ T : V →V ࣁ normal operator, .性፦ޑॺԖаΠך߾

Ker(T ) = Ker(T ∗), Im(T ) = Im(T ∗), and Ker(T )∩ Im(T ) = {OV}.

Proof. Ӣ T ∗ ◦T = T ◦T ∗, җ Proposition 5.3.8 ޕ

Ker(T ) = Ker(T ∗ ◦T ) = Ker(T ◦T ∗) = Ker(T ∗),

Im(T ) = Im(T ◦T ∗) = Im(T ∗ ◦T ) = Im(T ∗).
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җԜ再ճҔ Proposition 5.3.8 ޑޕ܌ Ker(T ∗) = Im(T )⊥, ள

Ker(T ) = Ker(T ∗) = Im(T )⊥.

ள᛾

Ker(T )∩ Im(T ) = Im(T )⊥∩ Im(T ) = {OV}.

�

ճҔ Lemma 5.5.4, ܭᜢډॺଭ΢ளך normal operator .性፦ޑதख़ाߚ

Corollary 5.5.5. ଷ೛ T : V →V ࣁ normal operator, .性፦ޑॺԖаΠך߾

(1) v∈V ࢂ T ޑ eigenvectorЪځ eigenvalueࣁ λ ऩЪ୤ऩ v∈V ࢂ T ∗ ޑ eigenvector
Ъځ eigenvalue ࣁ λ .

(2) ჹҺཀ m ∈ N, Ker(T ◦m) = Ker(T ).

(3) ऩ v,w ∈V Ъ µv(x) ک µw(x) ࣁ relatively prime (ϕ፦), ߾ v⊥ w.

Proof. (1) ၰޕॺך T ޑ eigenvalue ࣁ λ ޑ eigenvector ࣁ Ker(T −λ idV ) ύޑ nonzero
element, Զ T ∗ ޑ eigenvalue ࣁ λ ޑ eigenvector ࣁ Ker(T ∗−λ idV ) ύޑ nonzero element.
җ Lemma 5.5.2(4) ޕॺך T −λ idV ҭࣁ normal operator, җࡺ Lemma 5.5.4 ޕ

Ker(T −λ idV ) = Ker((T −λ idV )
∗) = Ker(T ∗−λ id∗V ) = Ker(T ∗−λ idV ).

᛾ள eigenvalue ࣁ λ ޑ T ޑ eigenvector ൩ࢂ eigenvalue ࣁ λ ޑ T ∗ ޑ eigenvector.

(2) २Ӄ᛾ܴ Ker(T ◦2) = Ker(T ). ޑᡉܴࡐ Ker(T ) ⊆ Ker(T ◦2). ౜ऩ v ∈ Ker(T ◦2), ߾
Ӣ T (v) ∈ Ker(T ) Ъ T (v) ∈ Im(T ). җ Lemma 5.5.4 ёள T (v) = OV , ޕࡺ v ∈ Ker(T ). ջ
Ker(T ◦2)⊆ Ker(T ), ள᛾ Ker(T ◦2) = Ker(T ).

ௗ๱ճҔ數學ᘜયݤ, ऩ v ∈ Ker(T ◦m), җ߾ T ◦m−1(v) ∈ Ker(T )∩ Im(T ), ள T ◦m−1(v) =
OV , ջ v ∈ Ker(T ◦m−1). ٩ᘜયଷ೛, ள v ∈ Ker(T ◦m−1) = Ker(T ). ள᛾ Ker(T ◦m) = Ker(T ).

(3) җ µv(x) ک µw(x) ϕ፦ޕӸӧ f (x),g(x) ∈ F [x] ٬ள f (x)µv(x)+g(x)µw(x) = 1. җԜ
ள

v = f (T )◦µv(T )(v)+g(T )◦µw(T )(v) = g(T )◦µw(T )(v).

ќ΋Бय़, җ g(T ) ◦ µw(T )(w) = OV ޕ w ∈ Ker(g(T ) ◦ µw(T )), Ξҗ Lemma 5.5.2(4) ޕ
g(T )◦µw(T ) ҭࣁ normal operator, 再җࡺ Lemma 5.5.4 ޕ w ∈ Ker((g(T )◦µw(T ))∗), ҭջ
(g(T )◦µw(T ))∗(w) = OV . നࡕҗ adjoint ޕ性፦ޑ

⟨v,w⟩= ⟨g(T )◦µw(T )(v),w⟩= ⟨v,(g(T )◦µw(T ))∗(w)⟩= ⟨v,OV ⟩= 0.

�

ӣ៝྽ T : V →V ࢂ linear operator, ޑᒏ܌ॺԖך primary decomposition theorem, Ψ
൩ࢂᇥऩ µT (x) = p1(x)m1 · · · pk(x)mk , ύځ m1, . . . ,mk ∈ N Ъ p1(x), . . . , pk(x) ∈ F [x] ޑ౦࣬ࣁ

monic irreducible polynomial,߾ V =W1⊕·· ·⊕Wk,ځύWi = Ker(pi(T )◦mi). ྽ T ࣁ normal
operator ਔ, ځ primary decomposition ԖаΠ੝ਸ׎ޑԄ.
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Proposition 5.5.6. ଷ೛ T : V → V ࣁ normal operator, ߾ µT (x) = p1(x) · · · pk(x), ύځ
p1(x), . . . , pk(x) ∈ F [x] ޑ౦࣬ࣁ monic irreducible polynomial. ऩჹ܌Ԗ i = 1, . . . ,n з

Wi = Ker(pi(T )), ߾
V =W1� · · ·�Wk.

Proof. ଷ೛ µT (x) = p1(x)m1 · · · pk(x)mk . ճҔ Lemma 5.5.2(4) ޕॺך pi(T ) ҭࣁ normal
operator, җࡺ Corollary 5.5.5(2) ޕ Wi = Ker(pi(T )◦mi) = Ker(pi(T )). ඤ言ϐჹҺཀ i =

1, . . . ,k, ࣣԖ µT |Wi
(x) = pi(x), ள᛾

µT (x) = µT |Wi
(x) · · ·µT |Wk

(x) = p1(x) · · · pk(x).

౜ऩ i ̸= j, Ӣ µT |Wi
(x) = pi(x) ک µT |Wj

(x) = p j(x) ࣁ relatively prime, ჹҺཀ wi ∈Wi,
w j ∈Wj Ӣ µwi(x) | pi(x) ک µw j(x) | p j(x), ޕ µwi(x) ک µw j(x) ࣁ relatively prime. ճҔ
Corollary 5.5.5(3), ޕ wi ⊥ w j, ள᛾ Wi ⊥Wj, ޕࡺ V =W1� · · ·�Wk. �

ௗΠٰךॺϟಏٿᅿ੝ձޑ normal operator.

Definition 5.5.7. ଷ೛ T : V → V ࣁ linear operator. ऩ T ∗ = T , ᆀ߾ T ࣁ self-adjoint
operator. ऩ T ∗ =−T , ᆀ߾ T ࣁ skew-adjoint operator.

ऩ΋ঁ n×n matrix A ᅈى A = A∗, ᆀ߾ A ࣁ self-adjoint matrix. ऩ A =−A∗, ᆀ߾ A

ࣁ skew-adjoint matrix.

ཀӧݙ A∈Mn(R)ޑ௃׎,྽ Aࣁ self-adjoint matrix (ջ At = A)΋૓Ψᆀࣁ symmetric
matrix. Զ྽ A ࣁ skew-adjoint matrix (ջ At = −A) ΋૓Ψᆀࣁ skew-symmetric matrix.
ӧ A ∈Mn(C) ,׎௃ޑ Ԗޑਜஒ self-adjoint ᆀࣁ Hermitian Զஒ skew-adjoint ᆀࣁ skew-
Hermitian.

ޑᡉܴࡐ self-adjoint operator ک skew-adjoint operator ࣁࣣ normal operator. ॺමך
ӧ΢΋࿯ϟಏၸ self-adjoint operator. ٣ჴ΢੝ձϟಏ೭ٿᅿ normal operator ԖаࣁӢࢂ
Πख़ाޑ性፦.

Proposition 5.5.8. ଷ೛ T : V → V ࣁ linear operator. Ӹӧ୤΋ޑ self-adjoint operator
T1 : V →V аϷ୤΋ޑ skew-adjoint operator T2 : V →V ᅈى T = T1 +T2. ੝ձޑ, ॺԖך
T ࣁ normal operator ऩЪ୤ऩ T1 ◦T2 = T2 ◦T1.

Proof. ऩ T1 ࣁ self-adjoint, T2 ࣁ skew-adjoint Ъ T1 +T2 = T . җ߾ Proposition 5.3.7(1)
ޕ T ∗ = T ∗1 +T ∗2 = T1−T2, ள T1 =

1
2(T +T ∗), T2 =

1
2(T −T ∗). .ள᛾୤΋性ࡺ ќ΋Бय़ऩ

T1 =
1
2(T +T ∗), T2 =

1
2(T −T ∗), җ߾ Proposition 5.3.7(1) ள T ∗1 = T1, T ∗2 =−T2. ҭջ T1 ࣁ

self-adjoint, T2 ࣁ skew-adjoint Ъ T1 +T2 = T . .ள᛾Ӹӧ性ࡺ

౜җ

T ◦T ∗ = (T1 +T2)◦ (T1−T2) = T1
◦2−T1 ◦T2 +T2 ◦T1−T2

◦2,

T ∗ ◦T = (T1−T2)◦ (T1 +T2) = T1
◦2 +T1 ◦T2−T2 ◦T1−T2

◦2.

ள T ◦T ∗ = T ∗ ◦T ऩЪ୤ऩ T1 ◦T2 = T2 ◦T1. �
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ک normal operator ,΋ኬݩ௃ޑ ޑӭ׳ډॺٰ࣮࣮ӵՖёளך self-adjoint operator.

Lemma 5.5.9. ଷ೛ T : V →V , T1 : V →V ࣁ self-adjoint operator.

(1) T +T1 ҭࣁ self-adjoint operator.

(2) ऩ W ࣁ T -invariant, ߾ T |W ҭࣁ self-adjoint operator.

(3) ऩ T ࣁ isomorphism, ߾ T−1 ҭࣁ self-adjoint operator.

(4) ჹҺཀ f (x) ∈ R[x], f (T ) ҭࣁ self-adjoint operator.

Proof. (1) Ӣ (T +T1)
∗ = T ∗+T ∗1 = T +T1, ࡺ T +T1 ࣁ self-adjoint operator.

(2) җ T = T ∗ ள W ҭࣁ T ∗-invariant, җࡺ Corollary 5.4.4, ள (T |W )∗ = T ∗|W = T |W .

(3) җ Proposition 5.3.7(3) ޕ (T−1)∗ = (T ∗)−1 = T−1, ࡺ T−1 ࣁ self-adjoint.

(4) җ Lemma 5.4.1 ޕ ( f (T ))∗ = f (T ∗) = f (T ). ՠ f (x) ∈ R[x], Ԗࡺ f (x) = f (x), ள᛾
f (T ) ࣁ self-adjoint operator. �

Question 5.23. ऩ T : V → V , T1 : V → V ࣁ normal operator, ցࢂ T +T1 ҭࣁ normal
operator?

Question 5.24. ଷ೛ T : V → V ࣁ self-adjoint operator Ъ f (x) ∈ F [x]. ၂᛾ܴ f (T ) ࣁ

self-adjoint operator ऩЪ୤ऩ µT (x) | f (x)− f (x).

ᜢܭ self-adjoint operator .性፦ޑॺԖаΠख़ाך

Lemma 5.5.10. ଷ೛ T : V → V ࣁ self-adjoint operator. ऩ λ ࣁ T ޑ eigenvalue, ߾
λ ∈ R.

Proof. Ӣ T ࣁ normal, җ Corollary 5.5.5(1) ,ޕ ऩ v ∈V ܭჹ࣬ࣁ λ ޑ T ޑ eigenvector,
ջ T (v) = λv,߾ vҭ࣬ࣁჹܭ λ ޑ T ∗ ޑ eigenvector,ջ T ∗(v) = λv. ՠҗ T ࣁ self-adjoint
ϐଷ೛, ॺԖך T (v) = T ∗(v), ҭջ λv = λv. җࡺ v ̸= OV , ளޕ λ = λ , ջ λ ∈ R. �

Կܭ skew-adjoint operator, کॺΨԖך self-adjoint ࣬ᜪ՟ޑ性፦. аΠӢ᛾ܴک
Lemma 5.5.9 ࣬՟, .ॺ൩ό再᛾ܴך

Lemma 5.5.11. ଷ೛ T : V →V , T1 : V →V ࣁ skew-adjoint operator.

(1) T +T1 ҭࣁ skew-adjoint operator.

(2) ऩ W ࣁ T -invariant, ߾ T |W ҭࣁ skew-adjoint operator.

(3) ऩ T ࣁ isomorphism, ߾ T−1 ҭࣁ skew-adjoint operator.

Question 5.25. ଷ೛ T : V → V ࣁ skew-adjoint operator. ցჹҺཀࢂ f (x) ∈ R[x], f (T )

ҭࣁ skew-adjoint operator?

ᜢܭ skew-adjoint operator .性፦ޑॺԖаΠख़ाך
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Lemma 5.5.12. ଷ೛ T : V →V ࣁ skew-adjoint operator. ऩ λ ࣁ T ޑ eigenvalue, ߾ λ
ޑ real part (ჴ೽) ࣁ 0.

Proof. Ӣ T ࣁ normal, җ Corollary 5.5.5(1) ,ޕ ऩ v ∈V ܭჹ࣬ࣁ λ ޑ T ޑ eigenvector,
ջ T (v) = λv, ߾ v ҭ࣬ࣁჹܭ λ ޑ T ∗ ޑ eigenvector, ջ T ∗(v) = λv. ՠҗ T ࣁ skew-
adjoint ϐଷ೛, ॺԖך T ∗(v) =−T (v), ҭջ −λv = λv. җࡺ v ̸= OV , ளޕ λ +λ = 0, ջ λ
ϐჴ೽ࣁ 0. �

΢य़܌ගԖᜢ normal operator, self-adjoint operator аϷ skew-adjoint operator 性ޑ
፦೿ёа঺Ҕӧ࣬ჹᔈޑ normal matrix, self-adjoint matrix аϷ skew-adjoint matrix. ٯ
ӵҺཀޑ n×n matrix ೿ёа୤΋ቪԋ΋ঁ self-adjoint matrix ΋ঁک skew-adjoint matrix
ϐک. ೭٤ፎ大ৎԾՉᙯඤ, .ॺ൩ό再ᙧॊΑך

5.6. The Spectral Theorem

೭΋࿯ύךॺஒ over C ک over R ,ϩ໒૸ፕݩ௃ޑ ຾Զ௢Ꮴр normal operator ޑ
spectral theorem.

5.6.1. Normal Operator over C. २ӃךॺԵቾ V ࣁ finite dimensional inner product
space over C Ъ T : V →V ࣁ normal operator .׎௃ޑ ԜਔӢ C ࣁ algebraically closed, ך
ॺёаஒ T ޑ minimal polynomial ֹӄϩှ. ҭջӸӧ λ1, . . . ,λk ∈ C аϷ m1, . . . ,mk ∈ N
٬ள µT (x) = (x−λ1)

m1 · · ·(x−λk)
mk . ٩Ԝ, ճҔ Proposition 5.5.6 ډॺёаளך over C ޑ

normal operator ޑ spectral theorem.

Theorem 5.6.1 (Spectral Theorem: complex case). ଷ೛ V ࣁ finite dimensional inner
product space over C Ъ T : V →V ࣁ linear operator. ߾ T ࣁ unitary diagonalizable ऩЪ
୤ऩ T ࣁ normal operator.

Proof. җ Proposition 5.4.10 ၰऩޕॺך T ࣁ unitary diagonalizable ߾ T ࣁ normal
operator.

౜ଷ೛ T ࣁ normal operator җ Proposition 5.5.6, ள µT (x) = (x− λ1) · · ·(x− λk), ځ
ύ λ1, . . . ,λk ∈ C ,౦࣬ࣁ Ъ V = W1� · · ·�Wk, ύځ Wi = Ker((T − λiidV )) = Eλi ࣁ λi ޑ

eigenspace, ள
V = Eλ1� · · ·�Eλk ,

җࡺ Proposition 5.4.10 ޕ T ࣁ unitary diagonalizable. �

Եቾ Cn ΢ޑ standard inner product, ճҔ Theorem 5.6.1, ޑԄ׎ତંډॺଭ΢ளך
spectral theorem.

Corollary 5.6.2. ଷ೛ A ∈Mn(C). ߾ A ࣁ normal matrix (ջ AA∗ = A∗A) ऩЪ୤ऩӸӧ

unitary matrix P ∈Mn(C) (ջ P−1 = P∗) ٬ள P∗AP ࣁ diagonal matrix.

Ԗᜢډॺଭ΢ளך self-adjoint operatorаϷ skew-adjoint operatorޑ spectral theorem.
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Corollary 5.6.3. ଷ೛ V ࣁ finite dimensional inner product space over C Ъ T : V → V

ࣁ linear operator. .ॺԖаΠ性፦ך

(1) T ࣁ self-adjoint operatorऩЪ୤ऩ T ࣁ unitary diagonalizable Ъ T ޑ eigenvalue
.ჴ數ࣁࣣ

(2) T ࣁ skew-adjoint operatorऩЪ୤ऩ T ࣁ unitary diagonalizableЪ T ޑ eigenvalue
ࣁჴ೽ޑ 0.

Proof. ճҔ Theorem 5.6.1, Lemma 5.5.10 ॺளऩך T ࣁ self-adjoint operator ߾ T ࣁ

unitary diagonalizable Ъ T ޑ eigenvalue .ჴ數ࣁࣣ ϸϐऩ T ࣁ unitary diagonalizable Ъ
T ޑ eigenvalue ,ჴ數ࣁࣣ җ߾ Proposition 5.4.10 Ӹӧޕ λ1, . . . ,λk ∈ R аϷ orthogonal
projections πi ٬ள T = λ1π1 + · · ·+λkπk. Ԝਔ T ∗ = λ1π∗1 + · · ·+λkπ∗k ЪӢ π∗i = πi, ள᛾
T ∗ = T . ӕ౛ё᛾ள skew-adjoint ,׎௃ޑ ӧԜౣၸ. �

Question 5.26. ऩ T : V → V ࣁ self-adjoint, ߾ χT (x),µT (x) ?Ԅ׎Ֆᅿࣁ ऩ T : V → V

ࣁ skew-adjoint, ߾ χT (x),µT (x) ?Ԅ׎Ֆᅿࣁ

ӕኬךޑॺΨԖ self-adjoint matrix ک skew-adjoint ࣬ჹᔈ่݀ޑ.

Corollary 5.6.4. ଷ೛ A ∈Mn(C). .ॺԖаΠ性፦ך

(1) A∗ = A ऩЪ୤ऩӸӧ unitary matrix P ∈Mn(C) ٬ள

P∗AP =

 γ1 O
. . .

O γn

 ,

ύځ γ1, . . . ,γn ∈ R.

(2) A∗ =−A ऩЪ୤ऩӸӧ unitary matrix P ∈Mn(C) ٬ள

P∗AP =

 γ1 O
. . .

O γn

 ,

ύځ γ1, . . . ,γn ࣁჴ೽ޑ 0.

ཀݙ Corollary 5.6.4 ύ γ1, . . . ,γn όѸ࣬౦. ќѦӧ skew-adjoint ׎௃ޑ γi ࣁჴ೽ޑ 0

΋૓ᆀࣁ purely imaginary number (પ຀數), όၸ೭္ γi Ԗёૈࣁ 0.

5.6.2. Normal operator over R. ӧ over C ډॺҔךݩ௃ޑ C ࣁ algebraically closed,
җܭ R[x] ύޑ irreducible polynomial, ԖёૈࢂΒԛޑ, ӢԜךॺሡाҔځдޑБݤೀ౛
over R .׎௃ޑ ଷ೛ V ࣁ over R ޑ finite dimensional inner product space, २Ӄݙཀӧ
Ԝ௃׎ T : V → V ࣁ normal operator ٠ό΋ࣁۓ unitary (orthogonal) diagonalizable. ٣
ჴ΢җ Proposition 5.4.10 ၰऩޕॺך T ࣁ unitary diagonalizable, Ӹӧ߾ λ1, . . .λk ∈ R Ъ
π1, . . . ,πk ࣁ orthogonal projection ٬ள T = λ1π1 + · · ·+λkπk. ԜਔӢ

T ∗ = λ1π∗1 + · · ·+λkπ∗k = λ1π1 + · · ·+λkπk = T,
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ளޕ T Ѹࣁ self-adjoint operator. ٣ჴ΢ךॺԖаΠϐ่݀.

Theorem 5.6.5. ଷ೛ V ࣁ finite dimensional inner product space over R Ъ T : V →V ࣁ

linear operator, ߾ T ࣁ unitary diagonalizable ऩЪ୤ऩ T ࣁ self-adjoint operator.

Proof. 前य़ςޕऩ T ࣁ unitary diagonalizable ߾ T ࣁ self-adjoint operator. ౜ଷ೛ T ࣁ

self-adjoint operator, Ӣ T ࣁ normal, җࡺ Proposition 5.5.6 ޕ µT (x) = p1(x) · · · pk(x), ځ
ύ p1(x), . . . , pk(x) ޑ౦࣬ࣁ monic irreducible polynomial in R[x], Ъ V =W1� · · ·�Wk, ځ
ύ Wi = Ker(pi(T )). Ԗ܌ॺటᇥܴჹך i = 1, . . . ,k, pi(x) ޑ΋ԛࣁࣣ polynomial, ջӸӧ
λi ∈ R ٬ள pi(x) = x−λi. Ԝջள᛾ Wi = Eλi ࣁ λi ޑ eigenspace, ջ V = Eλ1� · · ·�Eλk , ࡺ
җ Proposition 5.4.10 ޕ T ࣁ unitary diagonalizable.

౜Һڗ V ΋ಔޑ orthonormal basis ޑಔԋ܌ ordered basis β = (v1, . . . ,vn). җ T = T ∗

аϷ Proposition 5.3.10 ޕ [T ]∗β = [T ∗]β = [T ]β , ҭջ [T ]β ࣁ self-adjoint matrix in Mn(R).
྽ฅ [T ]β ࣮ԋ Mn(C) ޑ matrix ҭࣁ self-adjoint, ঺Ҕࡺ Corollary 5.6.4(1), Ӹӧޕॺך
γ1, . . . ,γn ∈ R ٬ள

χ[T ]β (x) = χT (x) = (x− γ1) · · ·(x− γn).

ҭջ χT (x) ёаֹӄϩှԋ R[x] ύޑ΋ԛӭ໨Ԅޑ४ᑈ, җࡺ µT (x) | χT (x), ள᛾Ӹӧ
λi ∈ R ٬ள pi(x) = x−λi. �

ܭԖᜢډॺଭ΢ளך symmetric matrix ࣬ჹᔈޑ性፦.

Corollary 5.6.6. ଷ೛ A ∈Mn(R), ߾ At = A ऩЪ୤ऩӸӧ orthogonal matrix P ∈Mn(R)
(ջ P−1 = Pt) ٬ள PtAP ࣁ Mn(R) ύޑ diagonal matrix.

ௗΠٰךॺ探૸ over R ޑ skew-adjoint operator.

Lemma 5.6.7. ଷ೛ V ࣁ finite dimensional inner product space over R Ъ T : V → V ࣁ

linear operator, ߾ T ࣁ skew-adjoint ऩЪ୤ऩჹҺཀ v ∈V ࣣԖ ⟨T (v),v⟩= 0.

Proof. २Ӄமፓ over R ޑ inner product Ԗჹᆀ性, ջ ⟨v,w⟩ = ⟨w,v⟩, ∀v,w ∈ V . ౜ଷ೛
T ∗ =−T , ჹҺཀ߾ v ∈V ࣣԖ

⟨T (v),v⟩= ⟨v,T ∗(v)⟩= ⟨v,−T (v)⟩=−⟨T (v),v⟩,

ள᛾ ⟨T (v),v⟩= 0.

ϸϐ, ऩჹҺཀ v ∈V ࣣԖ ⟨T (v),v⟩= 0, ჹҺཀ߾ v,w ∈V , ॺԖך

0 = ⟨T (v+w),v+w⟩= ⟨T (v),w⟩+ ⟨T (w),v⟩.

ளޕჹҺཀ v,w ∈V ࣣԖ

⟨T (v),w⟩=−⟨T (w),v⟩= ⟨v,−T (w)⟩,

ճҔ adjoint ୤΋性ޑ (Theorem 5.3.5) ள᛾ T ∗ =−T . �
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྽ T ࣁ skew-adjoint, ଷ೛ x− λ ∈ R[x] ࢂ µT (x) ,΋ԛӢԄޑ ջ λ ∈ R ࣁ T ΋ޑ

ঁ eigenvalue. з v ∈ V ܭჹ࣬ࣁ λ ޑ eigenvector, ջ T (v) = λv. җ Lemma 5.6.7 ޕ
0 = ⟨T (v),v⟩= ⟨λv,v⟩= λ ⟨v,v⟩. җܭ v ̸= OV , ளޕ λ = 0. Ψ൩ࢂᇥ x ࢂ µT (x) ୤΋ёૈޑ

ჴ߯數΋ԛӢԄ. ٣ჴ΢ךॺԖаΠ่݀.

Corollary 5.6.8. ଷ೛ V ࣁ finite dimensional inner product space over R Ъ T : V → V

ࣁ nonzero skew-adjoint operator. ऩ T ࣁ isomorphism, Ӹӧ߾ b1, . . . ,bk ∈ R ࣣ࣬౦Ъό
ࣁ 0 ٬ள µT (x) = (x2 +b2

1) · · ·(x2 +b2
k). ऩ T όࢂ isomorphism, Ӹӧ߾ b1, . . . ,bk ∈ R ࣣ࣬

౦Ъόࣁ 0 ٬ள µT (x) = x(x2 +b2
1) · · ·(x2 +b2

k).

Proof. ޕॺςך µT (x) ӧ R[x] ύёૈޑ΋ԛӢԄࣁ x. ౜ӧԵቾ µT (x) ӧ R[x] ύёૈޑ
Βԛ፦ӢԄ. ଷ೛ x2 + rx+ s ∈R[x], ࣁ µT (x) .΋ঁΒԛ፦ӢԄޑ җ߾ cyclic decomposition
theorem Ӹӧޕ v ∈V ᅈى µv(x) = x2 + rx+ s. җ Lemma 5.6.7, ޕॺך ⟨T ◦2(v),T (v)⟩= 0.
Ξ T ◦2(v) =−rT (v)− sv, ளࡺ

0 = ⟨−rT (v)− sv,T (v)⟩=−r⟨T (v),T (v)⟩− s⟨v,T (v)⟩=−r⟨T (v),T (v)⟩.

ฅԶ T (v) ̸= 0 (ց߾ µv(x) | x),ࡺள r = 0. ԶΞऩ s≤ ߾,0 x2+sόࣁ irreducible polynomial,
ޕࡺ s > 0. ளޕ µT (x) ୤΋ёૈޑΒԛ፦ӢԄࣁ x2 +b2 ύځ b ̸= 0 ೭ኬ׎ޑԄ.

౜ऩ T ࣁ isomorphism, ջ Ker(T ) = {OV}, ளޕ x όёૈࣁ µT (x) .ӢԄޑ ࡺ µT (x)

ѝԖΒԛޑ፦ӢԄ, Ξҗ Proposition 5.5.6 ޕ µT (x) ,፦ӢԄό཮ख़ፄр౜ޑ ᛾ளӸӧ
b1, . . . ,bk ∈ R ࣣ࣬౦Ъόࣁ 0 ٬ள µT (x) = (x2 +b2

1) · · ·(x2 +b2
k). Զऩ T όࢂ isomorphism,

ջ dim(Ker(T ))> 0, ளޕ x Ѹࣁ µT (x) ,ӢԄޑ ᛾ளӸӧ b1, . . . ,bk ∈ R ࣣ࣬౦Ъόࣁ 0 ٬

ள µT (x) = x(x2 +b2
1) · · ·(x2 +b2

k). �

ऩ T ࣁ skew-adjoint operatorЪ p(x)ࢂ µT (x)ޑ፦ӢԄ, зW = Ker(p(T ))җ primary
decomposition theorem, ॺሡाΑှך T |W . ྽ p(x) = x ਔ, W = Ker(T ) Ԝਔ T |W ࣁ zero
mapping. ໻ाԵቾࡺ p(x) = x2 + b2, b ̸= 0 .׎௃ޑ Ԝਔ W = Ker(T ◦2 + b2idV ), ࣁ T -
invariant, җࡺ Lemma 5.5.11(2), T |W ҭࣁ skew-adjoint. ΞԜਔ µT |W (x) = x2 +b2, ךа܌
ॺ໻ाԵቾаΠϐ௃׎.

Lemma 5.6.9. ଷ೛ V ࣁ finite dimensional inner product space over R Ъ T : V → V

ࣁ skew-adjoint operator. ଷ೛ µT (x) = x2 + b2 ύځ b ̸= 0, Ӹӧ߾ V ΋ಔޑ ordered
orthonormal basis β ٬ள [T ]β ޑаΠࣁ block diagonal matrix

[T ]β =


M O

. . .
O M

 , ύMځ =

(
0 −b
b 0

)
. (5.4)

Proof. Һڗ v ∈V Ъ ∥v∥= 1. Ӣ T ◦2 +b2idV = O, ॺԖך T (T (v)) =−b2v. Եቾ T -cyclic
subspace W = Span({v,T (v)}). Ӣ

∥T (v)∥2 = ⟨T (v),T (v)⟩= ⟨v,T ∗(T (v))⟩= ⟨v,−T (T (v))⟩= ⟨v,b2v⟩= b2.



5.6. The Spectral Theorem 139

з v′ = 1
b T (v). җ Lemma 5.6.7 ޕ ⟨v′,v⟩ = 1

b⟨T (v),v⟩ = 0. ࡺ β1 = (v,v′) ࣁ W ΋ঁޑ

ordered orthonormal basis. Ӣ

T (v) = bv′, T (v′) =
1
b

T (T (v)) =−bv,

ॺளך

[T |W ]β1 =

(
0 −b
b 0

)
.

౜Եቾ V =W �W⊥. Ӣ W ࣁ T -invariant, җ Lemma 5.4.3 ޕ W⊥ ࣁ T ∗-invariant. ՠ
T ∗ =−T , ޕࡺ W⊥ ҭࣁ T -invariant. 再җ Lemma 5.5.11 ޕ T |W⊥ ҭࣁ skew-adjoint. ౜Ӣ
µT |W⊥ (x) | µT (x), ள µT |W⊥ (x) = 1 ܈ µT |W⊥ (x) = x2 + b2. ऩ µT |W⊥ (x) = 1, Ң߄ W⊥ = {OV},
ҭջ߄Ң V =W , ள᛾ҁۓ౛. ऩ µT |W⊥ (x) = x2 +b2, ډפݤॺё঺Ҕ數學ᘜયך߾ W⊥ ޑ

΋ಔ ordered orthonormal basis β2 ٬ள [T |W⊥ ]β2 ӵࣁ (5.4) ޑ block diagonal matrix. Ԝਔ
ஒ β1,β2 ӝಔԋ V ΋ಔޑ ordered orthonormal basis β , ߾ [T ]β ջ؃܌ࣁ. �

Example 5.6.10. ଷ೛ V ࣁ finite dimensional inner product space over R Ъ T : V → V

ࣁ skew-adjoint operator. ऩ χT (x) = (x2 +2)2, җ߾ Proposition 5.5.6 ޕ µT (x) = x2 +2. ࡺ
җ Lemma 5.6.9 Ӹӧޕ V ΋ಔޑ ordered orthonormal basis β ٬ள

[T ]β =


0 −

√
2 0 0√

2 0 0 0
0 0 0 −

√
2

0 0
√

2 0

 .

Question 5.27. ଷ೛ V ࣁ finite dimensional inner product space over R Ъ T : V →V ࣁ

skew-adjoint operator. ऩςޕ µT (x) = x2 +b2 ύځ b ̸= 0, ၂ᇥܴ dim(V ) Ѹࣁଽ數.

ჹܭ΋૓ޑ over R ޑ skew-adjoint operator T : V → V , җ Proposition 5.5.6 ޕ V =

W1� · · ·�Wk, ύځ Wi = Ker(T ) ܈ Wi = Ker(T ◦2 + b2idV ). ऩ Wi = Ker(T ), Ӣ T |Wi ࣁ zero
mapping, Һڗ Wi ΋ಔޑ ordered orthonormal basis βi, ࣣ཮٬ள [T |Wi ]βi ࣁ zero matrix.
Զऩ Wi = Ker(T ◦2 +b2idV ), җ Lemma 5.6.9 ډפॺёаך Wi ΋ಔޑ ordered orthonormal
basis βi, ٬ள [T |Wi ]βi ӵࣁ (5.4) ޑ block diagonal matrix. җܭ೭٤ β1, . . . ,βk ёаಔԋ V

΋ಔޑ orthonormal ordered basis, .ॺԖаΠϐ่݀ך

Theorem 5.6.11. ଷ೛ V ࣁ finite dimensional inner product space over R. ߾ T : V →V

ࣁ skew-adjoint operator ऩЪ୤ऩӸӧ V ΋ಔޑ ordered orthonormal basis β ٬ள [T ]β ࣁ

аΠޑ block diagonal matrix

[T ]β =


M1 O

. . .
O Ml

 , ύMiځ =

(
0 −bi
bi 0

)
,bi ̸= Mi܈0 = 0. (5.5)

Proof. ऩ T : V →V ࣁ skew-adjoint operator җ前य़ޑᇥܴךॺޕӸӧ V ΋ಔޑ ordered
orthonormal basis β ٬ள [T ]β ӵࣁ (5.5) ޑ block diagonal matrix.
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ϸϐ, ऩӸӧ V ΋ಔޑ ordered orthonormal basis β ٬ள [T ]β ӵࣁ (5.5) ޑ block
diagonal matrix, җ߾ Proposition 5.3.10 ޕ

[T ∗]β = [T ]∗β =


M∗1 O

. . .
O M∗l

 ,

ύځ M∗i =

(
0 bi
−bi 0

)
= −Mi ܈ M∗i = 0 = −Mi. ඤ言ϐ, [T ∗]β = −[T ]β = [−T ]β , ள᛾

T ∗ =−T . �

җ Theorem ܭԖᜢډॺёளך,5.6.11 skew-adjoint matrixޑ性፦. Ψ൩ࢂᇥ A∈Mn(R)
ᅈى At = −A ऩЪ୤ऩӸӧ orthogonal matrix P ∈Mn(R) ٬ள PtAP ӵࣁ (5.5) ޑ block
diagonal matrix.

Question 5.28. ଷ೛ A ∈Mn(R) Ъ At = −A. ऩςޕ χA(x) = x3(x2 + 1)(x2 + 2)2, ၂ቪΠ
ӵ (5.5) ޑ block diagonal matrix B ٬ள A ∼ B. ၂ቪΠ A ޑ rational form ܈) classical
form). Ֆࣁ A ޑ rational form όࢂ skew-symmetric?

നךࡕॺٰ探૸΋૓ over R ޑ normal operator. ऩ T : V →V ࣁ normal operator, ߾
җ Proposition ॺԖך5.5.6 V =W1� · · ·�Wk,ځύWi = Ker(pi(T ))Ъ pi(x)∈R[x]ࣁ monic
irreducible polynomial. ޕॺך R[x] ύޑ monic irreducible polynomial ໻ԖаΠٿᅿ׎Ԅ,
ջ x−λ , λ ∈ R, аϷ (x− a)2 + b2, a,b ∈ R Ъ b ̸= 0. ऩ pi(x) = x−λ , ߾ Wi = Ker(pi(T ))

ࣁ eigenvalue ࣁ λ ޑ eigenspace. ॺ໻ा探૸ךа܌ pi(x) = (x−a)2 +b2 .׎௃ޑ ཀҗݙ
ܭ W⊥i =� j ̸=iWj Ъ Wj ࣁࣣ T -invariant, ள W⊥i ҭࣁ T -invariant. җࡺ Lemma 5.5.2(2) ޕ
T |Wi ҭࣁ normal operator. ΞԜਔ µT |Wi

(x) = (x−a)2 +b2, .׎ॺ໻ाԵቾаΠϐ௃ךа܌

Lemma 5.6.12. ଷ೛ V ࣁ finite dimensional inner product space over R, T : V → V ࣁ

normal operator Ъ µT (x) = (x− a)2 + b2 ύځ b ̸= 0. з T = T1 +T2, ύځ T1 : V → V ࣁ

self-adjoint operator, T2 : V →V ࣁ skew-adjoint operator. ߾

(1) T2 ࣁ isomorphism.

(2) µT1(x) = x−a.

(3) µT2(x) = x2 +b2.

Proof. Proposition 5.5.8 ֋ນךॺ T1,T2 ѸӸӧЪ୤΋. Ξ T ࣁ normal ࡺ T1 ◦T2 = T2 ◦T1.

(1) ॺѝा᛾ܴך Ker(T2) = {OV}, ёளߡ T2 ࣁ isomorphism. ౜ଷ೛ Ker(T2) ̸= {OV}
ЪзW = Ker(T2). җ T1 ◦T2 = T2 ◦T1 ჹҺཀޕ w∈W , T2(T1(w)) = T1(T2(w)) = T1(OV ) = OV .
ҭջ T1(w) ∈ Ker(T2) =W , ள᛾ W ࣁ T1-invariant. ΞჹҺཀ w ∈W , ࣣԖ

T (w) = T1(w)+T2(w) = T1(w),ջ T |W = T1|W .

җ Lemma 5.5.9 ޕ T1|W ࣁ self-adjoint, ࡺ T |W ࣁ self-adjoint. ฅԶ µT |W (x) | µT (x) Ъ

µT |W (x) ̸= 1 (ց߾ W = {OV}), җ (x−a)2 +b2 (b ̸= 0) ӧ R[x] ύࣁ irreducible ள µT |W (x) =
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µT (x) = (x− a)2 + b2. ќ΋Бय़җ T |W ࣁ self-adjoint, Theorem 5.6.5 ֋ນךॺ T |W ࣁ
unitary-diagonalizable, Ԝջ߄Ң µT |W (x) ёаϩှԋ R[x] ύ΋ԛӭ໨Ԅޑ४ᑈ. җԜҟ࣯
ள᛾ W = Ker(T2) = {OV}.

(2) җ T1 ◦T2 = T2 ◦T1 ள

T ◦2 = (T1 +T2)◦ (T1 +T2) = T1
◦2 +2T1 ◦T2 +T2

◦2.

ӕ౛җ T ∗ = T ∗1 +T ∗2 = T1−T2, ள (T ∗)◦2 = T1
◦2−2T1 ◦T2 +T2

◦2, ᆶ΢Ԅ࣬෧ள

T ◦2− (T ∗)◦2 = 4T1 ◦T2. (5.6)

ќ΋Бय़, җ Lemma 5.4.2 ޕ µT ∗(x) = µT (x) = (x−a)2 +b2, ޕࡺ

T ◦2 = 2aT − (a2 +b2)idV , (T ∗)◦2 = 2aT ∗− (a2 +b2)idV .

࣬෧ள

T ◦2− (T ∗)◦2 = 2a(T −T ∗) = 4aT2. (5.7)

җ฻Ԅ (5.6), (5.7) ள 4T1 ◦T2 = 4aT2, җ (1) ޕ T−1
2 Ӹӧ, ᜐᆶٿஒ前य़฻Ԅࡺ T−1

2 ӝԋள

T1 = a idV . ջ T1−a idV = O, ᛾ள µT |1(x) = x−a.

(3) җ (2) ޕ T2 = T −a idV , ࡺ

T2
◦2 = (T −a idV )

◦2 = T ◦2−2aT +a2idV = (2aT − (a2 +b2)idV )−2aT +a2idV =−b2idV ,

ջ T2
◦2 +b2idV = O. җ b ̸= 0, x2 +b2 ӧ R[x] ύࣁ irreducible, ள᛾ µT2(x) = x2 +b2. �

ӧ Lemma 5.6.12 ύ, Ӣ T2 ࣁ skew-adjoint Ъ µT2(x) = x2 +b2, җ Lemma 5.6.9 Ӹӧޕ
V ΋ಔޑ ordered orthonormal basis β ٬ள [T2]β ӵࣁ (5.4) ޑ block diagonal matrix. Զ
T1 = a idV , ऩࡺ dim(V ) = n, ߾ [T1]β = aIn. җࡺ [T ]β = [T1 +T2]β = [T1]β +[T2]β ॺԖаΠך

ϐ่݀.

Corollary 5.6.13. ଷ೛ V ࣁ finite dimensional inner product space over R, T : V →V ࣁ

normal operator. ऩ µT (x) = (x−a)2 +b2 ύځ b ̸= 0 Ӹӧ߾ V ΋ಔޑ ordered orthonormal
basis β ٬ள [T ]β ޑаΠࣁ block diagonal matrix

[T ]β =


M O

. . .
O M

 , ύMځ =

(
a −b
b a

)
. (5.8)

Example 5.6.14. ଷ೛ V ࣁ finite dimensional inner product space over RЪ T : V →V ࣁ

normal operator. ऩ χT (x) = (x2 +4x+6)2, җ߾ Proposition 5.5.6 ޕ µT (x) = x2 +4x+6 =

(x+2)2 +2. җࡺ Corollary 5.6.13 Ӹӧޕ V ΋ಔޑ ordered orthonormal basis β ٬ள

[T ]β =


−2 −

√
2 0 0√

2 −2 0 0
0 0 −2 −

√
2

0 0
√

2 −2

 .
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ჹܭ΋૓ޑ over R ޑ normal operator T : V → V , җ Proposition 5.5.6 ޕ µT (x) =

p1(x) · · · pk(x)q1(x) · · ·ql(x), ύځ p1(x), . . . , pk(x) ∈ R[x] ޑ౦࣬ࣁ monic irreducible poly-
nomial of degree 2, q1(x), . . . ,ql(x) ∈ R[x] ޑ౦࣬ࣁ monic polynomial of degree 1. з
Wi = Ker(pi(T )), E j = Ker(q j(T )), ߾

V =W1� · · ·�Wk�E1� · · ·�El.

җܭ E j = Ker(q j(T ࣁ(( T ΋ঁޑ eigenspace,Һڗ E j ΋ಔޑ ordered orthonormal basis β ′j,
ࣣ཮٬ள [T |E j ]β ′j ࣁ diagonal matrix. ԶӢ pi(x)ࣁ (x−a)2+b2 ԄЪ׎ޑ T |W j ϝࣁ normal,
Ξ µT |Wi

(x) = pi(x), җ Corollary 5.6.13 ډפॺёаך Wi ΋ಔޑ orthonormal ordered basis
βi, ٬ள [T |Wi ]βi ӵࣁ (5.8) ޑ block diagonal matrix. җܭ೭٤ β1, . . . ,βk,β ′1, . . . ,β ′l ёаಔ
ԋ V ΋ಔޑ ordered orthonormal basis, ॺԖаΠԖᜢך over R ޑ spectral theorem.

Theorem 5.6.15 (Spectral Theorem: real case). ଷ೛ V ࣁ finite dimensional inner product
space over R. ߾ T : V →V ࣁ normal operatorऩЪ୤ऩӸӧ V ΋ಔޑ ordered orthonormal
basis β ٬ள [T ]β ޑаΠࣁ block diagonal matrix

[T ]β =


M1 O

. . .
O Ml

 , ύMiځ =

(
ai −bi
bi ai

)
,bi ̸= Mi܈0 = λi. (5.9)

Proof. ऩ T : V → V ࣁ normal operator җ前य़ޑᇥܴךॺޕӸӧ V ΋ಔޑ ordered
orthonormal basis β ٬ள [T ]β ӵࣁ (5.9) ޑ block diagonal matrix.

ϸϐ, ऩӸӧ V ΋ಔޑ ordered orthonormal basis β ٬ள [T ]β ӵࣁ (5.9) ޑ block
diagonal matrix, җ߾ Proposition 5.3.10 ޕ

[T ∗]β = [T ]∗β =


M∗1 O

. . .
O M∗l

 ,

ύځ M∗i =

(
ai bi
−bi ai

)
܈ M∗i = λi = Mi. җܭ MiM∗i = M∗i Mi, ёள [T ]β [T ∗]β = [T ∗]β [T ]β ,

ள᛾ T ◦T ∗ = T ∗ ◦T . �

җ Theorem 5.6.15, ܭԖᜢډॺёளך normal matrix .性፦ޑ Ψ൩ࢂᇥ A ∈Mn(R) ᅈ
ى AtA = AAt ऩЪ୤ऩӸӧ orthogonal matrix P ∈ Mn(R) ٬ள PtAP ӵࣁ (5.9) ޑ block
diagonal matrix.

Question 5.29. ଷ೛ A ∈Mn(R) Ъ AtA = AAt. ऩςޕ

χA(x) = (x2 +1)(x2 +4x+6)2(x+1)2(x2−2),

၂ቪΠӵ (5.9) ޑ block diagonal matrix B ٬ள A∼ B. ၂ቪΠ A ޑ rational form. Ֆࣁ A

ޑ rational form όࢂ normal?
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നךࡕॺ੝ձ଺аΠޑගᒬ. ΋ঁ linear operator T : V →V ࣁցࢂ diagonalizable, ک
V ࣁցࢂ inner product spaceคᜢ. ՠ T ࣁցࢂ unitary diagonalizable൩ک inner product
ԖᜢΑ. Ψ൩ࢂᇥ V Ҕόӕޑ inner product, ό཮ׯᡂ T ࣁցࢂ diagonalizable ,性፦ޑ ՠ
Ԗёૈׯᡂࢂځցࣁ unitary diagonalizable .性፦ޑ .ηٯޑॺԖаΠך

Example 5.6.16. ӧ Example 5.3.11 ύךॺԵቾ T : R3→ R3 ࣁကۓ

T (x1,x2,x3) = (4x1 + x2 +2x3,4x1 +4x2 +4x3,2x1 + x2 +4x3).

аϷ R3΢ঁٿ inner products ⟨ , ⟩аϷ ⟨⟨ , ⟩⟩. ᙁൂޑीᆉךॺள T ޑ eigenvaluesࣁ ک2 8

Ъځჹᔈޑ eigenspacesϩձࣁ E2 = Span({(1,−2,0),(1,0,−1)})аϷ E8 = Span({(1,2,1)}).

ऩԵቾ R3 ࣁ standard inner product space,Ԝਔ T ̸= T ∗ ࡺ T όࢂ self-adjoint operator.
җ Theorem 5.6.5 ޕ T ӧ standard inner product ⟨ , ⟩ ϐΠόࢂ unitary diagonalizable. ٣
ჴ΢ ⟨(1,−2,0),(1,2,1)⟩ = −3 ̸= 0, ޕ E2 * E⊥8 . ՠӢ T ϝࣁ diagonalizable, ҭջ T ޑ

minimal polynomial µT (x) ёቪԋ΋ԛ monic polynomial ४ᑈޑ (٣ჴ΢ךॺԖ µT (x) =

(x−2)(x−8)). ٩ԜךॺёճҔ Theorem 5.6.15 ளޕ T ӧ standard inner product ϐΠό
ࢂ normal operator. ٣ჴ΢җ Example 5.3.11 Ԝਔޕ

[T ∗ ◦T ]ε = [T ∗]ε [T ]ε =

 4 4 2
1 4 1
2 4 4

 4 1 2
4 4 4
2 1 4

=

 36 22 32
22 18 22
32 22 36

 ,

Զ

[T ◦T ∗]ε = [T ]ε [T ∗]ε =

 4 1 2
4 4 4
2 1 4

 4 4 2
1 4 1
2 4 4

=

 21 28 17
28 48 28
17 28 21

 ,

Եቾ R3 аࣁ ⟨⟨ , ⟩⟩ ࣁ inner product ޑ inner product space ਔ, ॺளך T ∗ = T , ҭջ
T ࣁ self-adjoint operator, җࡺ Theorem 5.6.5 ޕ T ӧԜ inner product ϐΠࣁ unitary
diagonalizable. ٣ჴ΢җ ⟨⟨(1,−2,0),(1,2,1)⟩⟩ = 0 аϷ ⟨⟨(1,0,−1),(1,2,1)⟩⟩ = 0 ளԜਔ

E2 ⊥ E8. ճҔ Gram-Schmidt’s process ډפ E2 ΋ಔޑ orthogonal basis, :ၸำӵΠځ з
v1 = (1,−2,0),w2 = (1,0,−1), ڗ߾

v2 = w2−
⟨⟨w2,v1⟩⟩
⟨⟨v1,v1⟩⟩

v1 = (1,0,−1)− 1
2
(1,−2,0) = (

1
2
,1,−1),

ёள ⟨⟨v1,v2⟩⟩= 0, ࡺ {(1,−2,0),(1
2 ,1,−1),(1,2,1)} ࣁ T ޑ eigenvectors Ъࣁ R3 ӧ ⟨⟨ , ⟩⟩

ϐΠޑ΋ಔ orthogonal basis.




