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Chapter 5

Operators on Inner
Product Spaces

iz- & ¢ AP & inner product spaces ® £ linear operators {2 . d ** inner

-

product spaces +* — & vector spaces § { ¥ % chgiE, AT A PE U LFE iR

T & linear operators. # i 3k #% hE_¥ * & inner product spaces, #71 i&— F ¢ &7 vector

spaces ‘¥ % vector space over C & &_R.

5.1. Inner Product Spaces

hig- & ¢, AP G E AL inner product space HE R E AAEF. FATERED

Real inner product space.
Definition 5.1.1. £ V % - i vector space over R. & Jific (,):V XV >R & UT chld
B, {45 V ih— B dnner product.
(1) (v,w)=(w,v), Vv,weV.
(2) (rv+sw,u) =r(v,u) +s(w,u), Vu,v,w €V and r,s € R.
(3) (v,v)>0,VveV. @ (v,v)=0 % ¥ rix v=0y.

PEEANPAV L real inner product space.

3% complex e92), 5 A wAE, # z€C, 2% 7 &5 z &0 conjugate (& =47 #k).
Definition 5.1.2. £ V % - i vector space over C. & Jufic (,):VxV - C & X1 T ehfd
B, V- B dnner product.

(1) (v,w) = (w,v),Vv,weV.
(2) (rv+sw,u) = r(v,u) +s(w,u), Yu,v,w €V and r,s € C.

u’ )
(3) (v,v) >0,VveV. mZ® (v,v)=0 % ¥ ricE v=0y.

105



106 5. Operators on Inner Product Spaces

PNV L complex inner product space.

AR, — B vector space ¥ " F 7 ¢ ¢ inner product. % # PR V & - i inner product

space, % 77 # e L2 X - B inner product.
Example 5.1.3. & R" ¢ A3 %

<(x17--~,xn)7()’17---a)’n)> ZXIYI+"'+anna

Bt & R" ¢ standard inner product. %t inner product z T, A P H R" L n-dimensional
Euclidean space.

E G L 3

<(x1,---,xn),<y17---,yn)> =X1Y1+ T XnYn,

L C" e standard inner product. ftt inner product z. T, S P4 C" 4 n-dimensional
p p s -

unitary space.

i

uestion 5.1. BE3X V & - B over C & inner product space. % ¥V 5 = &_ vector space
P D A D

over R, % V % over R & inner product space?
A & t real inner product space A, d 3t (1) ¥t fids, fI* (2) H3E E o0
uvweV 1z rsecR 305
(W, rv+sw) = r(u,v) +s(u, w).
FrEFEiavvV,wweV 1z s s eR AT
(rv+7V sw+s'wW) = r(v,sw+s'W)+r(V sw+s'w)
= rs(v,w) +rs'(v,W) +r's(V,w) + s (VW) (5.1)

7 i & complex 5, RBld (1), (2) 3 EZuv,weV 112 rseC APy

(w,rv+sw) = (rv+sw,u) = 7(v,u) +5(w,u) = 7(u,v) +5(u, w).
Fr gt E g avvV.ww eV 1z s s eCiipg
(rv+ 7V sw+s'W) = r(v,sw+s'W)+r (v sw+s'w)

= rs(v,w) +rs'{v,w) + 5V w) + (V. W) (5.2)

% inner product (hT & ¥, (v,v) =0 % ¥ vix v=0y, i&— BIEFTH 5 non-degenerate.
TV FEEN G LT i]’i’}:"r

Lemma 5.1.4. & V & - B inner product space * veV % X (vyw)=0, YweV, R
V:OV.

Proof. ¥ £ w=v, B|F (v,v)=0. #cd inner product 1% & v=Oy. O
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Lemma 5.1.4 #3734 P - BH 2V P A ZEF 5 Oy 9> 2. RFE vyueV, s &
(v,w) = (u,w), YweV, pld
(v—u,w) = (v,w) — (u,w) =0
Eraov=u HTUAFEG T FEH RGO g

Corollary 5.1.5. %k V & - B inner product space. & v,u€V & & (v,w)= (u,w), VWeV,

Bl v=u.

Lemma 5.1.4 = # 2 §[ B4 24 5 f2 linear operator, ™M & e -k ¢ 25 * . &3 F

% real fv complex 77 5.

Proposition 5.1.6. % V & - B inner product space * T :V —V 5 linear operator.
(1) % V - B real inner product space, & (T(v),w) =0, VvvweV Bl T % zero
mapping.
(2) ¥ V &~ B complex inner product space, % (T(v),v)=0,VveV B T i zero
mapping.
Proof. 4z =z & veV, 7| (T(v),w)=0,VweV, tcd Lemma 5.1.4 &= T(v) =0y. F] i
ﬁeiveV?$i,ﬁT:O.
3 * complex A5, J1* 38 (5.2) g3 @ hvweV i reC Py
0 = (T(rv+w),rv+w)
= (T(vV)+T(w),rv+w)
= (T (v),v) +r(T(v),w) +7(T(W),v) + (T (W),w)
= r(T(v),w)+7T(w),v)
FAPSUE r= 1o r= VT, 7@ (1), W)+ (T(w),v) =0 fe (T(v),w) — (T(w),¥) =0.
]

ZE(T(v),w),Vv,weV. &&d ma SHcT=0.

% V ¥_- B inner product space, % *Fz %_over R & &_over C, # i *K € F T p
Cauchy-Schwarz inequality.

cm\¢

Lemma 5.1.7. B3&% V & - B inner product space over F, 27 F=R & C. ¥ ix;
vev A& (v =1/(v,v), RIF*EL vyweV, ¥ 7
(v, w)| < [IvI[[Iwl].

a—

2 v,w)=vl||w]| FErEE vvw H? 5 - B3 Oy 8L FhreF % v=rw.

3

Proof. § vow # 7 5 - B 5 Oy, A% 5o S50 2 9PV BSK vow 3 5 Oy, ¥
WEL reF, ¥ F 5 R85 (5.1) A3

0 < (V—rw,v—rw) = (v,v) = 2r(v,w) 4+ r* (w,w).



108 5. Operators on Inner Product Spaces

PREE = <V7W>/<W7W>7 a ;Faﬂ};

FF A Cmqlr 43 (52) iy
0 < (Vv—rw,v—rw) = (v,V) — r{wW,v) —F(V, W) + rF(wW, w).

BEEL r=(v,w)/(w,w) (LE F=(v,w)/(w,w), F15 (w,w) ER), 57}

F1i e F=C B (v,w)(v,w) = |(v,w)|* & @& inequality.

BUEPENR AT FRreF @8 (v—rw,v—rw)=0 ¥ v=rw. O

% % - B inner product 2 &, TF“TI&L? "E_E AT3) o norm. A F G AP G T

L

Proposition 5.1.8. Ex V ¥~ B inner product space over F (F=R & C). F¥> &,
veV A g v =/(v,v), B3V 5 10T e 5

(1) [[v[=0 @2 |lv[[=0 %2 &% v=0y.
2) $v &L reF 1A veV, t 3 |rv]| =rv.

@) #H*EL voweV, ¥ 3 [[v+wl] <|lv]+[w].

Proof. (1)

® #&d inner product e F (3) ¥, A (2) d 43 (5.1), (5.2) ¥ F, AT A
PEEP (3)

3 (VW VW) = (v, V) +2(v,w) + (w,w), 1 %2 Lemma 5.1.7 i &
v+ wl? = (vt wov - w) < V2 + 2] v ]+ w2 = (V] w2,

FE v+wl < [Ivll+[wl]]. u

Proposition 5.1.8 (3) & %”T,T* 973 = & 2 % 3% (triangle inequality). — 1 vector
space V, & 73 t— B J¥k || || : V — R & & Proposition 5.1.8 e7= B 5 { $ 5 normed
linear space, m % ||| { £ E - B norm. *f1 - % inner product space ¥ 4 | #*
Proposition 5.1.8 #7 Z_d} ¢h norm i 2 = 5 — {# normed linear space. ¥ 5 7 norm ¥t
WEL vweV, AP g vw aped (distance) d(v,w) = ||[v—w|. @ 5 F distance
£ vector space # ' fL 5 metric space. #7141 inner product space » € &_metric space.
metric space ¥ 3 7 FEHE, AP T LA sequence T ar B F i, F e BT AR TR

P HTHAE, A PR 5

Question 5.2. BX V A - B dinner product space. #F1* Proposition 5.1.8 #1 2 1} e

norm P parallelogram law, T3 EZ & v,weV ¥ 3

[V - W1 [V = wf = 2| v[|* + 2| w]>.
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Inner product space # ¥ 3 2 i 18 ¥] metric space, ¥ — & £ & S FRrLLE (or-
thogonal) ePE L. AP 0T e .

Definition 5.1.9. &3 V & - B inner product space. % v,weV & & (v,w) =0, Al
v,W % orthogonal, ¥ vl w k%

FAVI,.,Vn} BV i-ebasis PHEL iE]FF il BIREA {vi,..., v} 3
V ih- & orthogonal basis. % orthogonal basis ¥ E & v, ¥ & ||vi|| =1, A PFH2L 2V

- %2 orthonormal basis.

2

ARE (v,w) =0, Bl (W,v) =0, *t/ v 1w &R wly.
Question 5.3. 1L & F 5 — B equivalent relation? v # & vR&: equivalent relation g 2 ¢

& T &FE {Wi,...,w,} & V - 2 orthogonal basis, £ v, =

= HWHW” 1 Vi, Va} ﬁ}u

£_V - % orthonormal basis.

F — % orthogonal basis (£¢ orthonormal basis) {vy,...,v,} Wi L EZZ veV
A E L ad-v 8 2 {vy,...,v,} ¢ linear combination. i&E %] i F v=cvi+---+
CnVn, B *
(v,vi) = c1(v1,Vi) + -+ cn(Vy, Vi) = ci(Vi, Vi),
v

<V7Vi>
(Vi, Vi)
% V 5 finite dimensional p¥, &4 7 ¥ 241 *  Gram-Schmidt orthogonalization process 5 I

Cci =

V &h- ‘e orthogonal basis (¢ orthonormal basis). gt #w% it~ T iz B process.
FLEsw eV\{Oy} I £ vi=w. BFEBR wyeV\Span({w}), * £
(W2,V1)
(vi,v1)
AR (vi,vp) =0 2 Span({vy,v2}) = Span({w,w,}). ¥ 4% Span({vi,vo})=V, B
{vi,va} ,T&{V e % orthogonal basis. & BIE 35 3] w3 € V\ Span({w,wz}), X £
V3 =W3— (<W37V1>V1 + <WS’V2>V2> :
(vi,v1) (v2,v2)
AR P (v, va) = (v2,v3) =0 ® Span({vy,v2,v3}) = Span({w,wy,w3}). 4rpt - B T 3 4
,T&{gﬁ;ﬁ | w; € V\Span({wy,...,w;_1}), 2R 4

W;. V W;,V;_
Vi=W, — (< b 1>V1+"'+<”ll>vil>-

Vo = Wy —

(vi,v1) (Vie1,Vi-1)
AR (v,vi) == (vi.1,vi) =0 & Span({vy,...,v;}) = Span({wy,...,w;}). d ** V &_
finite dimensional, i& B A2/ — =€ B k. 7 W 5] {Vl, . Vu} % V &1- % orthogonal
basis. £ i, i H BT ok A PRE BV T ||v ! ,]* ¥ 3| orthonormal basis.

¥-2w, %R~ 3 V- e basis {wi,...,w,}, Bld 3t w; € V\Span({wy,...,w,_1}), #7

MEFE® a0 process, 27 1 E T V - % orthogonal basis.
p g
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% {V & subspace P&, A P ariE ¥ U T WSV g subspace # 8 V=WaW/,
PR LEEBEZHW LA vE- . A inner product space ® , R E 02 FiEiE @ E W
SRE- L APE R T TR,

Definition 5.1.10. 3% V % inner product space, S 3 V #1— i nonempty subset. 4
={veV|(v,w)=0,VweS}.

ANy S+ % the orthogonal complement of S in V.

Question 5.4. * A& E_{Oy}t? HAE VL2

B ST A T SR E
Lemma 5.1.11. B3 V 5 inner product space.

1) % S & V 0 nonempty subset, B St % V & subspace.

2
3

)

) ¥ 81,5 & V ¢ nonempty subsets % X_S; C S, B Sy C Si.
)
4) & W % V 1 subspace, ] WNW+ ={O0Oy}.

¥ 8 % V ¢ nonempty subset, B S+ = Span(S)= .

(
(
(
(

Proof. £ V 5 inner product space over F (7 F=C & F =R).

(1) pAizzk OyesSt. ~ Fv,vaeSH RN EIR rnseF ¥ 1 (rvit+sv,w) =
r(vi, W) +5{vo,w) =0, YWES. 7 F rvi+svy €St #3% St 5 V ¢ subspace.
(2) FVESy, 27 EL WES, ¥F (vyw)=0. FHiZL weS F 8§ CS,

wWES), #® veST, T Sy CSt.

(3) 1 S C Span(S), #d (2) % Span(S)T CSt. ¥ - 2 G, F veSt PR
w e Span(S), F1F ¢y, €EF 113 Wi, W, €S @8 w=c Wi+ +c,W,, &
™ (w,v) =c (wl,v>+~--+cn(wn,v> =0. 7 % v € Span(S)*+, #% S C Span(S)*,
# S+ = Span(S)*.

(4) FvewnWt, &7 vLiv, T (v,v) =0. %4 inner product i+ 5 v=Oy.

O

Question 5.5. & Lemma 5.1.11 (1) # S * % #3% 5 V ¢ subspace, S* 7 5 V ih
subspace. & @t (4) ¢ FEE W i V 1 subspace?

Question 5.6. FHP £ W;,Wo 5 V 5 subspaces, B (Wi +Ws)* :WlLﬂWZL.

% W AV drsubspace 2 7 11 4] * Gram-Schmidt process 45 | W - ‘2 orthogonal
basis S = {wi,....wi}. »FHER vEV F4
v, W V, W
{7 < 1> Wl_i_.-._i_g
<wl>wl> <Wk,Wk>
Afpg VEW @ ® i’%f: i Wi %4 (v—v,w)=0. F&d Lemma 5.1.11 (3) & i @&

v—V €St =Span(S)t =W, Flpt A T ch i

Wi,



5.1. Inner Product Spaces 111

Proposition 5.1.12. % V & inner product space £ W % V 1 finite dimensional
subspace. ¥} EE veV, T VeW & LT .

(1) v—vew+
(2) #EL weW\{¥}, ¥ 3 [[v-¥] <|lv—w].
(3) 19l < [Iv]].
Proof. £ @ W ¢ ‘& orthogonal basis S = {wy,...,wi}, HEZZ veV, JI* 5 5 o5t 2 i

T ov—veWL @ (1).

RiEP-weW,d v—weW, AiF5

(V=Wyv—wW)=(V-VF+V—Wv—V+V—W) = (V-V,v—7V) +(V—wW,V—w).

2. ~ ~

B v—w|| > |[v-V| T E5x 2 FrrEE V-Ww,V—w)=0, * w=¥v. & (2).
BigFlv—veWt 2 vew, #

V,v) =(V=V4+V,v—V+V) = (v-V,v—7) +(

\.41
<
~

s 9] < V. @3 (3). 0

d Proposition 5.1.12 (2) A F4e v Z_ W ? JEH v B3TD, #T0 V ErE- i W7 £ F)
W i orthogonal basis #EP~7 e @ § “77 fo. 3V ¥ * projy(v) X &7 ¥ 2 fz i the
projectionof von W. ¥ #*F A P& 552 ¢ V 7 §_finite dimensional, ¥ & W E_V & finite
dimensional subspace, Proposition 5.1.12 i» 2k = =, 2 % W 7 &_finite dimensional, £
Proposition 5.1.12 ,T%?r - T a7

Question 5.7. ##HM Proposition 5.1.12 ® ||¥||=|v|]| 7 & iE it 5 veW.

WM IR veEV, AFEF B X v=v—projy(v)+projy(v). ¢ > v—proj,(v)e Wt
projy (V) €W, 248 V=W+W,. x4 Lemma5.1.11 (4), WNWL={0y}, X P iFzxT
EELN

Theorem 5.1.13. 4 V % inner product space = W % V & finite dimensional subspace.
Bl
V=waow.

Fulayg V A £ §_finite dimensional, i i ¢ subspace » #_finite dimensional, #712
Theorem 5.1.13 43t V ¢hix R, ¢ subspace ¥ & > . RE ¥ & W i& B subspace, # i }
\% :Wi@(WL)L‘ AR RERNLE W= (WL)L?

Corollary 5.1.14. £ V 3 inner product space = W 5 V e finite dimensional subspace.
]
whHt =w.
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Proof. # we W, RI$iz R veW!, Fl (w,v) =0, # we (WH)L. #x W
& F ve(WhH)E, § £41% Theorem 5.1.13, A FF #-v B3 v=w+w, 27 weW *
wewh 4 ve WhHt g (vw) =0, &F

0=(v,w) = (w,w)+ (W w)=(w w).

BT ET W =0y, tivv=weW, TEE (WHtCw. -

Question 5.8. F#HE M 3 - 4 inner product space 1 subspace W (* % 3K finite
dimensional) ¥ 3 W+ = ((WH)* )L.

Question 5.9. % V % finite dimensional inner product space, S 5 V ¢ subset. # K
(SHt ¢ 2L A2 ~ 2 W,Wo 5 V i subspace, 3% (WiNWa)t =W+ Ws

3V ehd B osubsets S,8, FHYER veSVeS ¥ (v,w)=0, A% SLS ki
. Fuh & WW' 5V ehsubspaces 2 W LW/ B W CWE &% Lemma 5.1.11 #
7 wWnNW ={0y}. _E W,...,W; 5 V e subspaces & XV =W+ + W, & ¥z F
i#j, %3 WilW;,, RV & W,...,W hrdirect sum. 3P s f 5 V - f& orthogonal

direct sum ® #-izf& direct sum *
V=WwH---BW
K457, bldcg W 5 V & finite dimensional subspace, Theorem 5.1.13 £, 22\ i

V=wBW"
5.2. Dual Spaces

Dual space #$% 4 fv inner product space (L4 5 3% 2 M 1%, A ® § 3F 5 inner
product space % * dual space PR B ;—ﬁ- B, Aig- &0 AP Eu 4% dual

space.

Definition 5.2.1. #3%X V #_- i vector space over F, & f:V — F % — B F-linear
transformation, R f % — ® linear functional on V. #t% ¢ linear functional on V 2} =

- 1 vector space over F, & P2 & V ¢ dual space, * V* k% 7

Question 5.10. ¥4 g nxn &L e determinant & % det: M, (F) = F 1 3 trace 3 #c
tr: M,(F) — F. 9%~ & &_linear functional on M,(F)?

¥ RE - T XV ih- e basis, {vi,...,V,} EREE- W, W, eW, APT I IE-
linear transformation 7:V —W & &_T(v;))=w;, Vi=1,...,n. ¥ 2 Z i=1,....n 37
Y% vi:V — F %ri— 0 linear function on V, % &_

o [ 1 =i
WWD—{O,ﬁj#L

AT
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Theorem 5.2.2. % {vi,...,v,} 5 V - ' basis, B| {v],...,vi} 5 V* eh— & basis.

g, S p 4 dim(V) = dim(V*).

Proof. § £ &P Span({v],...,vi})=V* « A FEH»ET L feV* ¥ Ftc,...,cne€F
B E f=cvi+---+cpvy. d @i linear transformation ¥ 12 d basis #rE - Fr 2 R, A
PEEHI ..., €F BE fieavi+dev, F - B v, BB Y. Ko B
Vi, A f]ﬂiﬂﬁ
(c1vi+---+cnvy,) (Vi) = c1Vi(Vi) + -+ cuvi (Vi) = civi (Vi) = ci. (5.3)
BME L = f(Vi), TF 8 f=cvi+-Fcpv.
EF¥#EP {vi,...,vi} % linearly independent. K c;vi+ - +c,vi =0 % zero
mapping. 7 TEHEZE v, ¥ F (vt +av,)(vi) =0, &4 5 (5.3) #w =0,
Vi=1,...,n. O

XV - E basis {vi,...,V,}, AFH {v],...,vi} FHE {vi,...,V,} 7 dual basis.
Question 5.11. &3k {vy,...,v,} 5 V - % basis, H* veV,vi(v) 5 @7

F IRV 77 L F-space, &P p X € B V* ¢hdual space 2 @7 T (V*)* (§£5 V 0 double
dual space). & % & (V*)* ¢ ¢ % % linear functional on V*. » ,Th{;m%’ o (V) Rl
0:V* = F i — B linear transformation ¥ 3, e feV* E3|- B F &, #F5d, FveV,
APv RV Vo F AT ERLIHER feVL V() =Ff(v). BEP Ve (V) AP f

WP ¥ % linear functional, ¥t Z & f,geV* M2 rsecF, 5

V(rf+58) = (rf +s8)(v) = rf(v) +s8(v) = r9(f) +s¥(g).

Theorem 5.2.2 £ 724 7 4 V &_finite dimensional ¥, dim(V) = dim(V*), #1127 ¥
dim(V*) = dim((V*)*). » ,Tkiﬁu dim(V) =dim((V*)*). % 2RV fo (V*)* & isomorphic,
FRAPT A VEHE DV fo (V) Beh- B E & isomorphism, S PEFLL V e (VF)*

£ canonical map

Proposition 5.2.3. ¥ g 7:V — (V)" &% t(v)=V,VveV. Bl 7 % - & one-to-one

e linear transformation. #F 9§ V i finite dimensional P¥, T 5 — 1 isomorphism.

Proof. 3P 7 & linear transformation. & F]Z $#E & vyweV M2 rscF 3

T(rv+sw)(f) = f(rv+sw) =rf(v) +sf(w) = (rt(v) +st(w))(f), YfeV",

Bk t(rv4sw) foort(v) Fst(w) B TR A VL ke R Sk, A T(rv+sw) =
rT(v) +st(w).

EFHEP T 5 one-to-one, FFEM Ker(t) =0y. MK veKer(r), ¥ 7(v)=V
V* } ézero mapping. 7P WHEZ feV w3 0=9(f)=f(v). A F v#Oy,
TFEUHI eV #EF f(v)#0. d g4 FEE v=_0y.

&

G e

ED

Atey

F_k
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£ ¢ % V 5 finite dimensional, 4 7:V — (V*)* 5 one-to-one 14 2 dim(V) =dim((V*)*),

#¥% 1 5 onto, 7~ T % isomorphism. O

& dual space ¥ 7 — i#{r orthogonal complement #f i L, 24 i A G4 .

Definition 5.2.4. 3k V &% vector space, S % V - B nonempty subset. 4

={feV*| f(v)=0,VveS}
AP SO % the annihilator of S.

Question 5.12. # & & _{0y}°? A& _VO?
Bt SO A4 0T BB Lemma 5.1.11 e B
Lemma 5.2.5. 3K V 5 wvector space over F.
(1) & S % V 1 nonempty subset, B] S & V* 1 subspace.

(2) & 81,8 5 V i1 nonempty subsets 7% &_S; C Sy, B S(z) C S(l).

(3) = S & V & nonempty subset, B S° = Span(S)°.

(1) § 4 @& % & V* ¢ 1 zero mapping O & S%. * % f,geS AT nseF
3 rf+sg(v)=rf(v)+sg(v)=0,VveS. T rf+sgest @m Y L Vvroen
subspace.

(2) & fESZ, 2AEHELIWES ¥ F f(w)=0. mHZZ weS F1S5CS, frwes,,
Hp_a_fESO e SOCSO

(3) #]1 SC Span(S), &xd (2) & Span(S)°C S0 ¥ - 3G, % feS MHEE we
Span(S), %)% ’ér_cl, e €F R wi.. . w, €8 B w=cwi+--+cW,, P
t f(W)=cif(wi)+---+cuf(w,) =0. 7= % f Span(S)°, ¥ SO C Span(S)°, &
5% = Span(S)°.

O

¥ V &_finite dimensional inner product space, & W 5 V = subspace, F| Theorem
5.1.13 2 #7241 dim(W') = dim(V) —dim(W). B ** annihilator 2 7+ § 4p b ch2 .

Proposition 5.2.6. BX V=WaQU. B t— B isomorphism ¢ :U* =W, $Fu|¢ V %
finite dimensional, B]%t1Z &, ¢ subspace W ¢ 3 dim(W?) = dim(V) — dim(W).

Proof. d direct sum e 5, iz veV, # ari- hweWuelU ## v=w+u. &
HER feU, Aras ¢of):V—=F 5 ¢o(f)(w+u) = f(u). %] f & linear functional
“F A ¥ & o(f) ™ 5 linear functional, 7 F ¢(f) € V*. ¥ ikt TLEH N F weW,
Flw=w+O0yp, <@ ¢(f)(w)=f(Oy)=0, =% ¢(f)eW #m ¢:U" ->W" & - &
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well-defined ¢ function. %% % %% ¢ 5 linear transformation. * % f,geU* ¥ f+#g,
LT R WU & ()£ g(), T ()W) £ ()W), B O() £0() <M 0 5
one-to-one. 1t ¢ £ onto FRFLFLHERL FeW), Attt f(v)=f(w+u) = f(u),
HY weWueUBEv=w+u *TUEF g flyeU", 2P 35 o(flv)=/f, ¥ ¢ 5 onto.
% V % finite dimensional, %> & % subspace W, 3% i ‘F{K? #- W en- %2 basis
{Wi,...,wi} #F =~ = V - % basis {w,...,w,uy,...,w}. *THUAFF V=WaU, 8°*
U =Span({uy,...,w;}). ¢ Theorem 5.2.2 M2 2% } 5 cn% % NP5
dim(W?) = dim(U*) = dim(U) = dim(V) — dim(W).
O

v

Question 5.13. ## M 5 W, Wo 5 V 1 subspaces, B (Wi +Wh)? =W2NWY. = £V %
finite dimensional, B (W; NW,)0 =W+ WJ.

Z R WO % V* e subspace, & 4 ¥ 02 B WO ¢ annihilator, T (WO)O. g Ao T

#g 2 Corollary 5.1.14 e 5.

Corollary 5.2.7. #3®k V & - B finite dimensional vector space, ® W i V &1 subspace.
¥ J& canonical map T:V — (V)" & 5 1(v)=9,VveV, p| 1 (W)= (W°)°.

Proof. 3k we W, RIE L feW', &G W(f)=/(w)=0, 7T t(w)=Wwe (W)°. @
(W) C (W0, 4 Proposition 5.2.3, 2 4 7:V — (V¥)* % one-to-one, # dim(t(W)) =
dim(W). ¥ - * @ Proposition 5.2.6 2 3 i

dim((W°)%) = dim(V*) — dim(W°) = dim(V) — (dim(V) — dim(W)) = dim(W).
toar dim(t(W)) = dim((W?)?), #3 t(W) = (W°)°. O

B {8 2 R 4£ 34 dual space fr inner product space B b k. F AN T & LT R

Definition 5.2.8. £ V.W 5 vector spacesover F, 27 F 2 Ca& R. # T: VW #

E¥F vweV,reF ¥ 3 T(V+V)=TWV)+TV) 2 T(rv)=7T(v), RIH T 5 - B

conjugate transformation. * % T &_one-to-one and onto, B2 & conjugate isomorphism.

1R 3% F=R P, conjugate transformation i*u{ linear transformation. # ¢ % F=C
FF conjugate transformation = linear transformation § 3% % 4p 2 g, 0P 4 5 BB 5 B

conjugate transformation a2 fr.

Lemma 5.2.9. 33X VWU ¥ 3 wvector spaces over C. T\ :V W, T, :W = U.

1) # I, ® % — B &_linear transformation ¥ — T &_ conjugate transformation, R
F
ToTi:V —U % conjugate transformation.

(2) & T\, T» ¥ 5 conjugate transformation, B] ThoT;:V — U % linear transformation.
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(3) & T1 % conjugate isomorphism, B Tl_1 W =V &% conjugate isomorphism.

Proof.

(1) i %P T 5 conjugate transformation ® T» % linear transformation i,
Vo RRAE0, G TR APFEPHEL vwWEV UE nseC ¥ G DhoTi(rv+sv) =
71, 0T (V) +sT,0T; (V/). A

LoTi(rv+sv') = LFT (V) +5T1 (V) = F(Ti (V) + 5T (T (V) = Flh o Ty (V) + 5T o Ty (V).

# ThoTy % conjugate transformation.
(2) # T1,T» # % conjugate transformation, & FPEM HZ L v,v eV M2 rnseC ¥ 7

ToTy(rv+svV)=rLoTi(v)+sThoTy (V). FF +

ToTy(rv+svV) =THFT (V) +5Ty (V) = (F)T(T1(v) + )T (T1 (V) = rTr o Ty (V) +sTh o Ty (V).

# ThoT,:V = U % linear transformation.
(3) & T % conjugate isomorphism, %] 7} 3 one-to-one and onto, Tfl W=V ighth
LT (W) =w,YweW. itz wweW 12 rseC, 213 T(T ' (rw+sw)) =

rw+sw 11 %
T (T (W) +5T (W) = F)T (T (W) + )T (T (W) = rw+-sw,
@ T (T '(rw+sw)) = T1(FT~ (W) +5T~(W)). F152 T % one-to-one, ¢* ¥ % 77
T rw+sw) =77 (w) +5T1(W).

B Tfl 7t 4 conjugate isomorphism. O

% V % inner product space over F, %% veV, ¥ g™ S p(v): V> F &5
wi—= (W, v), (F p(v)=(-,v)) Bl p(v) 5 linear functional on V, 7= ¥ p(v) € V*. #7120 p ¥
1A - BV | VF dhmapping. ETER vV eV, A g

PV+V)(W) = (W,v+V) = (w,v) +(w,V) =p(v)(W) +p(¥))(W), VweV.
B p(v+v)=p(v)+p(V)in V*. ¥ E reF, pl
p(rv)(w) = (W,rv) =F(W,v) =7p(v)(W), VweV.
Wi p(rv) =7p(v) in V¥, iP5 0T ahg e,

a3

Proposition 5.2.10. %k V % finite dimensional inner product space. % Jg p:V — V* Z_

x

&% p(v)=(-,v), Bl p 5 conjugate isomorphism.

Proof. &P 2 &+ p % conjugate transformation, #7 % & ZZP p % one-to-one and onto.
BAHEP p i oneto-one. BE v,V eV B E p(v)=p(V), & TET (W,v)=(WV),

VYweV. Aa Corollary 5.1.5 £ AP i 5 v=v {#% p % one-to-one.
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i p & onto, 2 i E LE =V - & orthonormal basis {vy,...,v,}. #EZ & feV*,

TR v=f(vi)Vvi+-+ f(Va)Ve. B
P(V)(vi) = (vi, F(VOVI + -+ f(va) Vi) = (i, f(vi)vi) = f(vi),  Vie{l,...,n}.

J.' IIVL{;L FAep(v) e {vi,...,v,} - 2 basis ehB~E ¥ 4p ke, =7 f=p(v). @& p 3
onto. 0

AR Fli p L conjugate isomorphism, ¥ Lemma 5.2.9 4 p~!:V* -V 7 % conjugate

isomorphism.

Question 5.14. & Proposition 5.2.10 * ¥ 22 41* p:V —=V* & one-to-one 11 % dim(V) =
dim(V*) k3P p:V —>V* 5 onto 5 ?

Example 5.2.11. % i R" } ¢ standard inner product, 4 {ey,...,e,} 5 R" &1 standard
basis. & v=uxje;+---+x,e, € R", B p(v)(e;) = (e;,Vv) =x;. ~ ,Th{;fu%’ﬁ p(v)=fe(R"",
Pl fle)=x;, Vie{l,...,n}. F&E %, & fe®R)* 1 p ' (f)=fler)er+---+ f(e,)en.

+ & C" 1} &0 standard inner product, £ {ey,...,e,} % C" 1 standard basis. %
v=2zie;+ - +2z.6, €C", B p(v)(e;) = (e;,v) =7. ~ )*I*u{;”fu%’ £ p(v)=fe(Ch* Bl

fle)=z,Vie{l,...,n}. FE%, & f€(C), 0 p~'(f) = f(er1)e; + -+ f(e,)e,.

5.3. Transpose and Adjoint

B fR v 15 2 B e linear operator, # i 3 B % transpose {r adjoint s, *
- 4% ¢ linear transformation #& % % "ﬁ o is - & ¢ AP Y g e E — 4L linear
transformation. % %_— i linear transformation T :V — W, % dual spaces W*,V* F 3\ i
¥ 2 Z & T ¢ transpose, m & V,W % inner product space, & % ¥ 12 % & T ¢ adjoint.
AP RFE 3T transpose fr adjoint 2o B B k.

B AP - B linear transformation T :V — W ¢ transpose, # ¢ V,W ¥ & vector
space over F. £ =t 533 3 M T i transpose # 3 B3k V,W % inner product space @ ¥ »
7 % B3R 5 finite dimensional. LT E feW* d 20 T f % % linear transformation,
#1100 foT :V — F 7% % linear transformation. » f]h%'.\;;b foT eV #ruAipw 2 &x- B
mapping T': W* - V* H % & 5 TY(f)=foT,VfeW* &y T &, >R f,ge W,
rnseEF Ay

T'rf+sg)=(rf+sg)oT =r(foT)+s(goT)=rT'(f)+sT'(g),

gede T W* — V* 4 linear transformation. # i 4E T 5 T & transpose. & % & T v T'

MG, HEL veV, feWr Ay
F(T () =T'(f)(v).
% T kAR S transpose gk AR

Proposition 5.3.1. % V,W,U ¢ 5 wvector space over F.
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v

(1) #rnseF 2 T1:V->W, T,: VW %5 linear transformations, B|
(rTy +sT)' = 1T} +sT5.
(2) FT: VW, L:W—=U ¥ 5 linear transformations,
(ThoTy)' =T oT;.
(3) (idy) ' =idy+, #u#, £ T:V =W 3% isomorphism, B] T':W* = V* 7 % isomor-
phism *
(Tt)—l — (T_l)t.
Proof.
(1) >+ d feW", 515 f 5 linear, &}
(rTi+5T2)'(f) = fo (rTi +5T2) = r(fo Th) +5(f o T2) = rT{ (f) +5T3(f) = (T} +5T3) (f)-
@& (rT+sh) =T} + sT5.
(2) F15 ThoTy 5V ¥ U & linear transformation, #712 (TaoTy)' 5 K _U* 3| V* &
linear transformation. ¥tz &, feU*, i 7
(LoTh)'(f) =fo (o) = (fol)oTi =T{(fo 1) = T{(Ty(f)) = T{ o T (f).
T2 (TzOTl)t = TltOTZt.
(B) $Ed FeV, AP (idy)(f) = foidy = £, *2 (idy) =idy-. BE T:V oW
% isomorphism, # 3 T 'oT =idy * ToT '=idy. #d (2) #
idy- = (idy)' =T o (T7")Y, idw+ = (idw)' = (T7")' o T,
#3% T' % isomorphism ® (T4~ != (1"t O
MR A r A P~ B linear transformation H kernel 4 image fr# transpose 7

kernel 22 image 2. ¥ el 2. & B % % ¥ 3 & 7 vector space ¥ = | 7 i AP EE

finite dimensional &§3;.
Proposition 5.3.2. BX V.W ¥ % finite dimensional vector space, T :V — W % linear
transformation, T : W* — V* 4 2 transpose. B
Ker(TY) =Im(T)°, Im(T") = Ker(T)°.
Proof. Bk feKer(T"), ¥ T'(f)=foT=0inV*. sz veV, ¥ 3 T'(f )(V)

F(T(v)=0. # fe{T(v)|veV}'=Im(T)°. 5 2., & fcIm(T)°, %ﬁéﬁn{,g, VEV, ¥ 3
f(T(v))=0, =2 TY(f) =0 in V*, @& f € Ker(T").
¥-26, BX felm(T"), T3 geW" @ =T (g) =goT. #¥izx veKer(T),

2 f(v) =g(T(v) =g(0w) =0. # 3k f € Ker(T )9, % Im(T') C Ker(T)?. 7]
T':W* —V* % linear transformation, §]* Theorem 5.2.2 3\ i 3

dim(Im(7")) = dim(W*) — dim(Ker(7")) = dim(W) — dim(Ker(T")).
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£ d Ker(T") =Im(T)° 12 2 Proposition 5.2.6 4=

dim(Ker(T")) = dim(Im(7)°) = dim(W) — dim(Im(T)),

dim(Im(7")) = dim(Im(7)).
m F T:V—W % linear transformation, # ¥ dim(Ker(7)) = dim(V) —dim(Im(7)), £ ¢
Proposition 5.2.6 4+
dim(Ker(7)°) = dim(V) — dim(Ker(T)) = dim(Im(T)).
#28 dim(Im(7T")) = dim(Ker(7T)?), ¥ Im(T") = Ker(T)°. O

Question 5.15. % Proposition 5.3.2 &z @ @ A ey dim(Im(7")) = dim(Im(7T)). £_F
dim(Ker(7")) = dim(Ker(T)) ?

HR T W* - V* & & _linear transformation, 4 #* p A+ € 2 ¥ g T' ¢ transpose, ~
,T.*‘u{ (TH': (V¥)* — (W*)*. whg— T4 V 5 finite dimensional, #* {* % — i# isomorphism
VoWV, ZaxsHEL veV, wv) =V EH? V() =f(v), VeV NP j 0T aig
7T

v — - w
J/TV lTW
(V*)* () (W*)*

REER veV, ArF (TH' v (v)) =VoT € (WH)*. 4 )*]&{;m}%“ R fews

Ul
(TY (v (W)(f) =T (f) =¥(foT) = foT(v)= f(T(v)).

—

Y-25 T(v)eW, #1712 tw(T(v)) =T(v) € (W*)*. & fru{;;.ﬁi WER feWr, Ay
w(T(W)(f) =TV = FTV)).
B (TH'Y (v (v)) = ww(T(v)), VveV, 7=
(THY'oty =Ty oT.
ApEEP T PR INB BT 5 - B commutative diagram. £ v} 1y % isomorphism, #&
Tl (V¥)* =V % & (7 5 isomorphism). £ F 2T 2 B %
Proposition 5.3.3. Bx V,W ¢ & finite dimensional vector space, T :V —W % linear
transformation. 4 Ty M E Ty A B G V(VF)F i W (W' 2 B i3 canonical map. B
(TY'=tyoTor, .

A& 7 f2- B Linear transformation T:V — W v T &1 transpose T': W* — V* & &

# R3] V,W &1 ordered basis 2 2 dual basis 7 representative matrix 2. B enfd 1%,
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Proposition 5.3.4. £ B = (vi,...,Vy), Y= (Wi,...,Wy,) & B 5 V.W ¢ ordered basis ¥
LB = (vi,... V), Y = (Wi, W) A B A AR e dual basis #tiE s VI WF eh ordered

basis. ¥ T — B Linear transformation T :V — W, 23

[Ty =y [Tlp.
Proof. 15 T'(w;)=w;oT €V*, F wioT =ci;Vi+- - +cniVy, RIE L&
cji=w; oT(vj) =w;(T(v})).

1

T E T(Vj) = d17jW1 + . —|—dm7ij, R Cji= dw‘. R Cji EY ﬁ*[Tt]y* £ (j,i)—th entry,

d Proposition 5.3.4, 2V i ¥ #-— 1§ linear transformation 7 transpose fr— i matrix

transpose #p i $. 2% ¥ 1 #- Proposition 5.3.1, 5.3.2, 5.3.3 # = 3 M matrix ¢ transpose

Question 5.16. £ B = (vi,...,V,), Y= (Wi,...,Wy,) &~ B 5 VW & ordered basis ® %
B=, W), 7= (Wi,...,Wn) A8 5 (V) (W) e ordered basis, & 7 Vi =1y (v;), W) =
w(w;) (tv:V —= (V)" tw:W — (W)* & canonical maps.) 331 * Proposition 5.3.8,
5.9.4 HP

(IT]p) =7 [(T")']5 =y [T]p-
T kA PR e — B linear transformation T :V — W 0 adjoint. £ =X % 3

adjoint eh¥ & E_Z & V,W ¥ 5 finite dimensional inner product spaces. w fg— T, fptpF

Aipg py: VoV py:WaW &5 py(v)=(-,v),YveV 112 py(w)=(-,w),YweW

v

T py.pw ¥ 5 conjugate isomorphism. £ % & T ¢ adjoint T :W —V 5
T*=py'oT opy.
BT 2HEI weW, AiPg
T*(w) = p;l opw(w)oT = P;l((T(-),w»

d Lemma 5.2.9 (1) #4 i 4 T'opy : W — V* % conjugate transformation, #zf ¢ Lemma

529 (2) # T*:W =V % linear transformation. #% i 3§ ™ T 3 commutative diagram.

V 1w
lpv lpw
V* TI W*

Theorem 5.3.5. B3k V,W ¢ 5 finite dimensional inner product space, T :V — W 3

linear transformation. B T €7 transpose T* : W — V| & ¥&— 1 linear transformation & %_

(T(v),w) =(v,T"(w)),VveV,weW.



5.3. Transpose and Adjoint 121

Proof. # i e & T* % linear transformation. ¥ Z & weW, 25 py(T*(w)) e V* i
RHEL VEV, EF (T W) = (VT W) T 2 py(TH(w) = T'opu(w), & #s
LVEV, ¥ F Topw(w)(v)=(T(v),w). #z (T(v),w)=(v,T*(W))

IarE- M BR T WV AR (T(v),w)=(v,T'(w)),VveV,weW, pl-w¥ix §
veV.weW %3 (v,T*(w)) = (v,T'(w)). ¢ Proposition 5.1.6 #z& T'=T". O

£ ;3 & Theorem 5.3.5 ¥ % ;% &1 inner product £ W #7 inner product, + 3 & V &

inner product. % — B linear transformation 7 :V — W 4% inner product, 7= ¥

(T(v), T(V"))=(v,¥v'), Vv,V eV

dm

AP fp RF T % onetoone. &H Fi % veKer(T), Al (v,v) =(T(v),T(v)) =0, t
# v=0y. &% dim(W)=dim(V), | T % isomorphism, #' if* # 1%tk ¢ isomorphism &
inner product isomorphism. * ¥ linear transformation T-!:W —V 4 ¢ #_inner product

isomorphism. i&%_%] %
(T~ (w), T~ (W) = (T(T™' (W), T(T~' (W) = (w.w'), Vw,w eW.
A0 2T A% inner product isomorphism 17 2

Corollary 5.3.6. &3k V.W % finite dimensional inner product spaces, T :V — W % linear

transformation £ T*W =V 2 & adjoint. B] ™M™ &t & & % 9 (equivalent).
(1) T % dinner product isomorphism.
(2) T % idsomorphism & T~'=T*.
Proof. (1)= (2): ¥ 2 & veV,weW, i3
(T(V),w) = (T (), T(T"(W))) = (v, }(w)).
#f]* Theorem 5.3.5 % M adjoint tfri— [ Fz T =T
2)=1): #g»=EzL vweV, ¥7
(T(V),T(V)) = (v.T*(T(V))) = (v,T (T (V))) = {v.V').
# T % inner product isomorphism. U
%= kAP 7] adjoint AR AR
Proposition 5.3.7. %k V,W.U % 5 finite dimensional inner product space over F.
(1) FrnseF 2 T1:VoW, T,: VW ¢35 linear transformations, B|
(rT] +ST2)* = FTI* +ET2*
(2) FT: VW, L:W—=U ¥ 5 linear transformations,
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(3) idy =idy, #%#, & T: V=W 5 isomorphism, Bl T*:W —V 7= & isomorphism

£
(1) = (771",
(4) & T:V =W 5 linear transformation, R
(T*)" =T.
Proof.

(1) #*=Z & veV,we W, f1* inner product e 5 3% i 5
((rTy +sT) (v),w) = r(T1(v), W) +s(Ta(v), W) = r(v, Ty (W)) + (v, T, (W)) = (v, (FT}" +5T5 ) (wW)).
txd adjoint gwi— BEE (rTy +sh)" =FIy +5T5.

(2) F15 ThoTy % #_V ¥| U & linear transformation, # (ThboTy)* % & U 3| V eh
linear transformation. I EF veVueU, A5

(TyoTh)(v),u) = (Ta(T1 (v)),u) = (T1(v), Ty (w)) = (v, Iy (T3 (w))) = (v, T} o 75 (w)).
ted adjoint - B (o) =T oT;.

B) Hx»iE g vweV, Aiprg (v,v) = (idy(v),V) = (v,idy(V)), #7241 * Corollary
5.1.5 #& idy(vV) =V, vV eV. # % idj =idy. ¥ T:V - W % isomorphism, #' 3
T 'oT =idy ¥ ToT !'=idy. #d (2) ¥

idy =id}, = T*o(T™1)*, idy =id}y = (T"")*oT",
#% T* % isomorphism ® (T*)~!=(T-1)*.
(4

F] T*:W —V % linear transformation, #iZ & veV,we W i3

(T"(w),v) = (W, (T")"(v))-

F- g
(W, T(v)) =(T(v),w) = (v,T*(w)) = (T"(w),v),
AR s (T4 (V) = T(v), Vv e V. #% (T =T. O

Question 5.17. #E4|* adjoint FT_& 7P Proposition 5.5.7.
)

#T ok, AP kg - B linear transformation fr# adjoint v ' ¢ kernel fr image 2.

Proposition 5.3.8. &x V,W % finite dimensional inner product spaces, T :V —W &

linear transformation ® T*:W —V i 2 adjoint. P
1) Ker(7T*) =Im(T)* * Im(T*) = Ker(T)*.
2

(1)

(2) T is one-to-one & 2 ¥ T* is onto. T is onto & £ *&% T* is one-to-one.
(3) Ker(T*oT)=XKer(T) ® Ker(ToT*)=XKer(T").
(4)

4) Im(T*oT)=Im(T*) * Im(ToT*)=Im(T).
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Proof.
(1) 3% weKer(T*), ¥ T*(w) =0y, ‘! FHE I veV, A5
<T(V),W> = <V7T*(W)> = <V7OV> =0,
Fwelm(T)t. 72, Fwelm(D)!, PIEER veV ¥ 3 0=(T(v),w) = (v,T*(w)).
tcd Lemma 5.1.4 ¥ wekKer(T*). ¥- 25, 2 velm(T*), 275 weW i#®
v=T*w). &z g vV eKer(T), ¥3 (vV,v)=(V,T*(w)) =(T(V),w) = (Ow,w) =0,
vEKer(T)t. 8% Im(T*) CKer(T)*L. #i541* Ker(T*) =Im(T)*+ &
dim(Im(7*)) = dim(W) —dim(Ker(T*)) = dim(W) — dim(Im(7T)")
= dim(W) — (dim(W) — dim(Im(7'))) = dim(Im(7))
~ 7] dim(Ker(T)*') = dim(V) — dim(Ker(T)) = dim(Im(7)) % dim(Im(T*)) = dim(Ker(7T)")
#c 8% Im(T*) = Ker(T)*.
(2) % T is one-to-one, B Ker(T) ={Oy}. &4 (1) % Im(T*) =Ker(T)* = {Oy}*+ =
®% T* % onto. ¥ 2, % T* 5 onto, ¥ Ker(T)* =V, 4 Corollary 5.1.14 4=
Ker(T) = (Ker(T)})* = v+ = {0y}
##® T 5 onetoone. JI* pt B X BT * T Bk @5 T* 5 oneto-one % ¥ *EF
(T*)*=T % onto.
(3) ixm &g i35 Ker(T) CKer(T*oT). % veKer(T*oT), R

(T(v),T(v)) = (v,T*(T(v))) = (v,0v) =
BHET(V)=0w, " veKer(T) fI* P 2%RT * T B L% (T # Ker(ToT") =
Ker(T™).
(4) =P EAPH Im(T*oT) CIm(T*). Z%ad (3) AP
dim(Im(7* o T)) = dim(V) — dim(Ker(T* o T')) = dim(V) — dim(Ker(7T')) = dim(Ker(T)"),
£d (1) Im(T*) =Ker(T)* # 4 dim(Im(T*oT)) = dim(Im(T*)), & Im(T*oT) = Im(T*).
Fl* LSBT ¥ T B 1*,15' Im(T oT*) = Im(T). O

Question 5.18. ## P Ker(T)=Im(T*)* 2 Im(T) = Ker(T*)" .

¥ T:V =W fev chadjoint T*: W — V £ representative matrix § X3 — @b %,
d ** adjoint fr inner product 7 B, #7142 V,W #7: i3 ordered basis &+~ % {r inner product
7B, EF FF A YEV {r W & orthonormal basis #7% = &7 ordered basis f = (vi,...,V,)
fey=(Wi,...,Wn), & T(Vi) =c1iWi+-+CniWn, Bk T& [T]g &7 (j,i)-th entry 3 cj;.
Ra F {wi,...,W,} & W i orthonormal basis, 2473 c¢;; = (T(v;),w;) = (v;, T*(W;)). ¥
= 2% F TH(w;)=dy Vi + - +dyjVn, Bl g[T*]y 0 (i, j)-th entry =

dij= <T*(Wj)>vi> = <Vi’T*Wj> = Cji-
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- ,Th{’éu g[T*]y ## ,[T|g LB~ transpose £ #-# i entry B~H conjugate m . 45 1

Definition 5.3.9. B3 A € Myn(C) £ BEMym(C). 973 1<i<n, 1<j<m, £ a;; %
A & (j,i)-thentry ¥ b;; % B ¢ (i,j)-thentry. ¥ b j=a;;, Vie{l,...,n},je{l,...,m},
RIFE B % A <0 adjoint ® 10 A* R 4 on.

AR, BrETE (A) =A P FAEMu,(R), Bl A* =AY ~ ikt @ &, AP 0T 2
5.

it

Proposition 5.3.10. B3 V.W i finite dimensional inner product space, ® 4 %|iE B~ V

a

v W & orthonormal basis #7 % = i3 ordered basis B = (Vi,...,V,) fv y=(Wi,...,Wy). %

T:V—W i linear transformation & T*:W —V & T < adjoint, B

d Proposition 5.3.10, #% i ¥ #-— B linear transformation 7 adjoint fr— # matrix
adjoint 4pif 5. 2\ i ¥ 12 % Proposition 5.3.7, 5.3.8 # = 5 B matrix 7 adjoint 2 .

¥ ¢t &1 g enE_ A Theorem 5.3.5 ¥ # {53 33 — % linear transformation 1 adjoint &_
FE - o, B H_ A X T - B inner product ehi% £ 2. F . A% F ¢ inner product 2. T, - B

linear transformation ¢ 3 # I i adjoint, #% if* 5 T |+ .
Example 5.3.11. ¥ 5 T:R> > R> = % %
T (x1,%2,x3) = (41 +22 + 203, 4x1 +4x2 + 4x3, 2x1 +x2 +4x3).
4 g R } & @ inner products (,) % ((,)), ¢ (,) & standard inner product, ¥
((r1,x2,%3), (¥1,52,¥3)) = X1y1 + %22 + x3y3.
5 (L)) kS
1
((Crryx2,23), (91,32, 33))) = 2191+ 2052 + 233

%% B R® % standard inner product space, B €

|

= {(
4 1 2

% ordered orthonormal basis. » P [T|e=1| 4 4 4 |, &4 Proposition 5.3.10 ¥
2 1 4

B ={(1,0,0),(0,2,0),(0,0,1)}
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4 2 2
% R’ - ‘= ordered orthonormal basis. #*p¥ [T]g=| 2 4 2 |, ¢ Proposition 5.3.10
2 2 4
4 2 2
@rlg=|2 4 2 |, &wrp =T, ™
2 2 4

T*(x1,x2,x3) = (dx1 +x2 + 2x3,4x1 + 4xp + 4x3,2x] + X2 +4x3).

5.4. The Adjoint of Linear Operators

iT- &Y APEYE I - B linear operator T:V — V 1 adjoint. i+ € 4734 -
d ) e operator £ adjoint. #712 & & ¥ &0 vector space V A ik H — B finite dimensional
inner product space over F, # ¢ F=C & F=R.

% T:V —V % linear operator, F| 2 adjoint T7*:V — V 7= % linear operator. #74
HiEzd flx)eFlx], f(T*) 3 @& °F % linear operator. & ¥ E R f(x) € Flx|, f(T)
adjoint  ®F #4&8. § L% f(x) =cX"+ - +cixtco, AP EE f(x) ="+ +C1x+ 0o,
Rl 10T %,

Lemma 5.4.1. & T:V =V 5 linear operator, RI¥ = & f(x) € Flx] ¥ 3
(f(T))" = F(T7).
Proof. § % d Proposition 5.3.7(2) 4 (T°")* = (T*)™". &% f(x) =cux"+---+c1x+co, B
£ d Proposition 5.3.7(1)(3) ¥
(F(T)" = (eaT™+-+arT +coidy)" = (T™)" +- +e1 T" +cgidy
= (T +---+e T +coidy = f(T%).

O

d Proposition 5.3.10 4 2 Lemma 5.4.1, 24 & } 7 12 {8 3] T fv T* < characteristic
v

polynomials x7(x) f= xr+(x) 2 B eff %, 12 2

2_ & enhf 2.

i ¢ minimal polynomials ur(x) fv uz-(x)

Lemma 5.4.2. & T:V —V % linear operator, P
1) =Zr() and () = B ().

Proof. ¢ ** characteristic polynomial £ ordered basis =3:E B~ & Bf | #1234 9 4 %] i B~
V ¢h- ‘& orthonormal basis *7 % = ¢ ordered basis B. @ Proposition 5.3.10 = [T*]g =
([Tlp)", # 18 2r-(x) =77 (x).

d minimal polynomial # % 4v ur(T) =0, txd Lemma 5.4.1, ¥ Uy (T*) = (ur(T))* =0,
e Up«(x) | pr(x). B32d (T*) =T, % ur(x) | dr-(x), £ %3 2f 5 38 ;% 0% P~ conjugate
@ por (x) | g (x). #35& prs(x) = pr (). O
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3 M linear operator {7 decomposition, & & & Hif &_T-invariant subspace. ¥ W 3
T-invariant subspace, #* g X ¢ B W % % T*-invariant subspace. — 4 ki3 - 2
¥, RG22 2%k

Lemma 5.4.3. 3 T:V —V % linear operator, B W CV % T-invariant subspace % & *&

* WL CV % T*-invariant subspace.

Proof. % W 5 T-invariant, & 3. WL % T*-invariant, ,T* L BEPHER WeW! )
T(W)eWL %BazxweW, pld T(w)eW 12 weWh & (w,T*(w)) = (T(w),w)=0.
PTER TH(w )eWL, #= Wt i T*-invariant.

F 2, % Wt i T*invariant, | d + & #rg (WHL =W % (T*)*invariant, ¥ T-

invariant. O

¥ % - B inner product space V, 3 # subspace W, # ® ¥ ¢ decomposition 3z V =
WEWL. #m§ W % T-invariant B, 2 @ p 2 g AT WL 7 % T-invariant. i #
Lemma 5.4.3, igh|4w & 1 @ pF W 7= 5 T*-invariant.

Corollary 5.4.4. 3% T:V —V % linear operator 2 W CV % T-invariant subspace.
Bl Wt i T-invariant subspace & ® v& % W 5 T*-invariant subspace. ¥ % W 3
T-invariant 4= T*-invariant, B

(Tlw)" =T"|w.
Proof. ¥ Lemma 5.4.3, & *4r W' % T-invariant % B W= (WH)L & T*-invariant.
Bz awweWw %1
(Tlw(w),w) = (T(w),w) = (w,T*(W)) = (W,T"|w(W)),

FE (Tlw)"=T"w. =

BT ORAPIFE A B R o linear operator 2 H adjoint B B k. B A w R E
V=W, oW, BIER vEV, ¢ 5 hri- hw W, wae Wy & 18 ve=w, +wy. AR
TE Twow, VoV, & (V) =wi RPH mw w, & projection on Wy along W, & i1
L, 2 V=WaW, 27 W #W,, B w,w 7é7rW1,W2’-

Question 5.19. 4t #7it, wy, W, (v) @7 ZTEPEF V=W W =W, eW, & W, #W,

ﬂlj Tw, W, 75 77,";‘/1 7W2/'

% V &_finite dimensional inner product space, & ¥ ¢ V=W, ®W, £ V=Wl oW
EEFLEWEWINWS, PIStER veV, 25 v=wi+wy, 27 w €W, wa €Wy, #
# (v,w) = (w;,w)+(wp,w) =0. 4 Lemma 5.1.4 # w=0y. £ d

e

dim(Wi- +Ws") = dim(Wit) + dim(W3" ) = dim(W3) + dim(W;) = dim(V),

@RV =WleWd fI7 22 P7 2085 gy, 9 adjoint 1) ..
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Proposition 5.4.5. 2 V=W, &W,, B V = WILEBWZL X
n‘TVl Wy, = TEWZL,Wli :

Proof. " & & & V = Wﬁ‘@W2 ,EmEER VW eV, APt weW,w e W, 11 E
W e W wh eWSh B B v=w +wo,V =W, +wh. P

<7TW1,W2(V>7V/> = <W1,W/1 +W/2> = <w17wl2>'

Y- q
<Vv7rW2i,W]i(V/)> (W14 W2, W)) = (Wi, W)).
" A <7L'W1,W2 (V),V/> = <V,EW2L7W1L (V/)>, VV,V’ ev, Rl n‘;l,Wz = EWZL,WIL. [}

i 4esg e inner product space ® E ¥ * 7 decomposition i&{V =WHBW=L. pbtpFst e
#- projection Ty w1 & orthogonal projectionon W. & 7 = ig, 12 {8 2 " 3% ¢ 4= orthogonal
projection on W * my k& (F15 v & W 3 B). §1* Proposition 5.4.5, & 7§ + 3
T2 R

Corollary 5.4.6. % V &_ finite dimensional inner product space * W 5 B subspace. %

mw V=V % orthogonal projection on W, B my = 157 ® Ty = Tow .

Proof. #Z & veV, & F v=w+w, 27 weW,weWt %

T (v) = mow (7w (v)) = 7w (7ow (W + W) = 7w (W) = 7w (v), YV € V.

#% my =m. ¥ - > &, 1% Proposition 5.4.5 & (WH)L =W, 2 i 4
ﬂ:{;/ = E;;V,WJ- - ﬂ(WL)L7wL - 7rW7wL - TCW
|

Question 5.20. FHEP T E veV, my ,T* A_ Proposition 5.1.12 ¥ # 7 projection projy .

— & linear operator T:V —V £&% &L T2 =T, B # % idempotent. 4 Corollary 5.4.6
eFE NP Arig i P e projection ¥ % idempotent (7 % orthogonal projection 2. K ).
I T =T 5, NP H 5 self-adjoint. — 47 projection 7 ¢ &_ self-adjoint, “$ 2ty

4_orthogonal projection, iz & d *t 3V i3 T B %,

Proposition 5.4.7. &% T:V =V % linear transformation i% &_T°? =T, B] ™ 7|4t 5

50
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Proof. £ P3P # T & idempotent (¥ T?=T), Bl T = Tm(T) Ker(T)- & 7 7P
V=Im(T)®Ker(T). 7 + dim(V) =dim(Im(7)) +dim(Ker(7)), #r2 7 &

Im(7)NKer(T) = {0y},

i3

pld Im(T)+Ker(T)CV, ¥ V=Im(T)DKer(T). a5 % velm(T), 47 5 weV
#Ev=T(W), ted T?2=T, # T(v)=T%*w)=T(w)=v. &£ 4t veKer(T) ¥ ¢
v=TWv)=0y. e &V =Im(T)®Ker(T), &z v, ¥ 3 welm(T),w € Ker(T) i
Bv=w4w. 78 T(v)=T(wW)+T(W)=T(w). Zwm ¢ wxr welm(T), | T(w)=w,
#cir T(v) = w. ¢ o projection on Im(7T') along Ker(T') Ty z) ker(r) ¥ V P1F* 40k, 2
B T = Tym(7) Ker(T)-

M4 Corollary 5.1.14, # i 5o Ker(T) = Im(T)*+ % ¥ v& % Im(T) = Ker(T)* (%
(3) = ). @~ % Ker(T) =Im(T)" Pl Tim(r)Ker(r) = Fim(r)qm(r)Ls & 7 T = Mim(7) Ker(1) #
orthogonal projection (¥ (3) = (1)). * & T % orthogonal projection, | d Corollary 5.4.6
e T*=T (7 (1) = (2)). 5 4]* Proposition 5.3.8(1) 4% T* =T, B Im(T) = Ker(T)*
(2 Ker(T) =Im(T)") (¥ (2) = (3)(4)) @34 2. O

- HE k3R, AP F 02— B finite dimensional inner product space B = orthogonal
direct sum V =W, B---BW, & Wi = ®;+Wj. ¥4 m % orthogonal projection on W;
(F m=mw), PI{IxE % ‘?j A

T4+ m =1idy.
A AL 5 orthogonal resolution of the identity. LR FPEAF G al=m, mF=m M1 E §
i#jP mom=0. FFF, NP5 T2 8%,

Lemma 5.4.8. B3k V % finite dimensional inner product space = Wy, W, 3 V &1 subspace.

£ m,m & % % orthogonal projection on Wi,Wa. R 5| 5 % 1 :

(1) Wi L Ws.
(2) mom=0.
(3) mom =0.

Proof. $*t iz g veV, d 7'1?1( )EW], mE W LWy, B m (V) GWZL. T ﬂz(ﬂ?](V)):Ov,
VveV T mom=0. F¥ ¥ mom =0.

B¥IEZ w € Wi, wy € Wy, TF“?S <W1,W2> = <7'51(W1),7'C2(W2)> = <W1,7'Cik(7'[2(W2))>. ¥ m
% orthogonal projection, ¢ Corollary 5.4.6 4v nf =m. #F mom =0, B (w;,wy) =
<W1,0v>:0, %5’€%_W1J_W2. H—"@.%’ 717207171207&'\’_’%5' W1J_W2. O

W EE i 4 AP i, B ¥ linear operator T:V —V, AP F U TV an- % basis
H_d T & eigenvectors #7k% =, B4 7 T &_diagonalizable. # %t #3F 4- 2 T

;—
eigenvectors 75 = V - % orthogonal basis (£ orthonormal basis), R|#4F § M T iz &.
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Definition 5.4.9. 3% V ¥ - B finite dimensional inner product spaceover ¥ & T:V —V
% linear operator. # % f— % T & eigenvectors 35 == V - % orthogonal basis (&
orthonormal basis), PI# P £ T % unitary diagonalizable (4 F =R P, 5 éhd ¢ FSIFH T
% orthogonal diagonalizable).

% A ¥ - B nxnmatrix over F, &% Jg F" } ¢ standard inner product, s - 2 A &
eigenvectors = F" ¢— ‘2 orthogonal basis (2% orthonormal basis), FI#* FH A & unitary
diagonalizable (4 F =R P&, 5 03 § & %|fE A & orthogonal diagonalizable).

At REP ) F - B matrix A 3 unitary diagonalizable pF, & F =C e 4 7 %
4 — B matrix P % & P* =P & ¥ P*AP % - # diagonal matrix. i&tkehse't P §.d 7%
£ eigenvectors #f = 7 orthonormal basis #7% = e, 2P H L unitary matriv. m &= F =R
R, & 57 77 - B matrix P % & P'=P! & 18 PAP L - % diagonal matrix. &k
eaetl P E d 7R eigenvectors #7 = 7 orthonormal basis #7 % = ¢h, AP AL orthogonal
matrizx. Q,Th{ unitary diagonalizable (£ orthogonal diagonalizable) & fiiad k. % 3 3
A=, A3 4 F A unitary diagonalizable £ orthogonal diagonalizable, - % unitary
diagonalizable 7\%6-7\ T KA K FF 4 unitary diagonalizable linear operator =i 4.

Proposition 5.4.10. &% V & - B finite dimensional inner product space over F
T:V =V & linear operator. R|T 5|8 % {f e,
(1) T % unitary diagonalizable.
(2) watd A,... ., ,k€F #® V=E,B---BE), #° Ej, & A 0 eigenspace,
E), ={veV|T(v)=Av}.
B) ¥t A,... heF B T=A4m+--+Ahm, E¥ m 5 orthogonal projection
HE Tom =0, Vi)

Proof. B3 T % unitary diagonalizable, &% {vi,...,v,} 5 T &1 ‘& eigenvectors 7%
= ¢ orthogonal basis. #-H if % € £ ¢ {F4p F eigenvalue = eigenvectors #it - 42, #
"X vi,...,v, » eigenvalue & Ay 7 eigenvectors, v, i1,...,V, » eigenvalue i Ay i3
eigenvectors, &yt Fpde (B¢ =@ A wApR). AP LR Wo=Span({v,_ ,11,...,v;})
E),. 3 WiCE,,~d T % diagonalizable vV =E; @©---QE,,. 37}
dim(V) = dim(W;) + - - +dim(W;) < dim(Ey, ) + - +dim(Ej, ) = dim(V),

@3 dim(W,) = dim(Ey,), & Wi=E,. f{xf Reh #2004 APFd W LW, ©@%
V=E,B---BE,. F2,% V=EB---BE, ¥ Rg*B® E, - 2 orthogonal
basis, d **ig& E, _t 9 orthogonal basis ¥ .= V - ‘e orthogonal basis, * ¥ 5 T
eigenvectors. ## (1) < (2).

MEV=E, B BE, FI#HEL vEV, AP f vavi+-tv, B¢ v€Ey. HpFL

m; = orthogonal projection on Ej,, #ld Lemma 5.4.8 & mom; =0, Vi# j =

()Llﬂl +"'+Ak7'fk)(V) =MV —|—"'),ka = T(Vl)—l—-"—{—T(Vk) = T(V1+"'—|—Vk) = T(V).
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B T=hm+ - +hm, & (2)=(3).

Fz,# T=Am+-+Nm, £ Im(ﬂ,-) =W, B4 oW =0, Vi#£jx=W LWJ',
Vi£j % Bi & W; eh—- % orthogonal basis, * &4 W=W H---BW,. % W=V, Rl
B=UL B 5 V eh- % orthogonal basis, * $tZ & vef, 9 > veW, § j#i, &1
4}5 ﬂj(V) = ﬂj(ﬂ'j(V)) :Ov. =d T(V) :AiV, 7Ty ,‘% T e eigenvector. m -'2:7 \% #W, £
Wi =W 2B V=WH - -BWBW.,. &3 By > Wi - %2 orthogonal basis, B
B= Uf.‘;rllﬁi 5 V éh— 2 orthogonal basis. * ¥4t ve B A F veWh Vie{l,... k}, &
m(v)=07% T(v)=0y =0v, T v i T éheigenvector. #2 B % V - & orthogonal basis
® B¢ E ¥ 5 T eheigenvector, I T % unitary diagonalizable. #3% (3)=(1). O

d Proposition 5.4.10 #* #4if % T:V —V % unitary diagonalizable, B| 5 % Ay,..., A4 €
F 12 %2 orthogonal projections my,...,m & & T =Am +---+4m, &H 5 T 5 spectral
resolution. #* ¥ d Proposition 5.3.7 ¥

T =M+ + M =M+ + T
Ed mom;=0,Vi#£j* n?=m #
T*OT:)Tlllﬂl—{—'-'—{—Tk)Lkﬂk:TOT*.
f#& T*oT =ToT* ¢ linear operator T # % normal operator, i& £ 3% P T — & T & £ 3¢
HTIAL.
Question 5.21. RFHEM F nxn matrir A 5 unitary diagonalizable, ] A*A = AA*.

5.5. Normal Operators

3% 4445 33 normal operator & . d »t 3% 4E 3 40 normal operator i #_& & over
F (F=C & F=R) & finite dimensional inner product space. #7141 & & ¥ 1 vector space
- %_¥%_finite dimensional inner product space ¥ # over &1 field 3 C & R, & ir“,T.k‘J £

#.

Definition 5.5.1. 3% T:V —V % linear operator, # T % &_T*oT =ToT*, P T E

® normal operator.

® A5 - B nxnmatrix, F A & L AA=AA", RIFE A 5 - B normal matrix.

Question 5.22. - # orthogonal projection _%F % normal?

.,

BAANPESZY 1d - B normal operator # 3| { % ¢ normal operator.
Lemma 5.5.2. 533 T:V =V 5 normal operator.

(1) T* 7= & normal operator.

(2) & W,W+ % 5 T-invariant, B| T|w 7 % normal operator.

(3) & T % isomorphism, B T~ 7 % normal operator.
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(4) #= & f(x) € Flx], f(T) 7 5 normal operator.
Proof. (1) d (T*)*=T, ¥ ¥ T* 7= 5 normal.
(2) & Corollary 5.4.4, # st pF W 78 5 T*-invariant & (T|w)* =T"|lw. &
(Tlw) o Tlw =T |lwoTlw = (T"eT)lw = (ToT")|lw =Tlwo (Tlw)"
(3) ¢ Proposition 5.3.7, # i aept g (T-1)* = (T*)7!) &
(T Y oT ' =) oT ' =(ToT*) ' =(T*oT) ' =T 1o (T71)".
(4) & f(x)=cpX"+---+c1x+co, Bl f(T)=c, T"+---+c1T +coidy * ¢ Lemma 5.4.1
a f(T) =co(T*)" + -+ T* +coidy. BT ;T 0 f(T)* = ¢;¥i_oc;T 0 (T, = @

F(T)o f(T) =Y e T o (T7).

ST o f(T) =Y cjeil(T*) 0T
i,j
SRR ToT* =T 0T, & T (%)% = (T o T, @3 f(T)o f(T)" = f(T)* o f(T). O
% kNP £E 3T normal operator (R, fig- AP AFH - LA F=C{ F=R
PRI g Hen T T - S AP s u e F=Cqr F=R RF3 B = L f.
B Ad normal (hE & (W ToT*=T"cT), HEL v,weV, i3
(T(v),T(w)) = (v,T(T(W))) = (v, T(T"(W))) = (T"(v), T"(W)).
FlrEER veV v F
ITW) > = (T(¥),T(¥)) = (T*(v),T*(v)) = |[T*(v)|*.
W T
Lemma 5.5.3. 3k T:V =V & normal operator, ¥ & v,weV 345 T cd f

(T(v),T(w)) =(T"(v),T"(w)) and [TV)[|=[T"(V)]

7T

BE veKer(T), BIF ||IT(v)|| =]Oy|| =0, 1 * Lemma 5.5.3 ¥ #& ||[T*(v)|| =0, 7= =
T*(v)=Oy. = i*u{;r\. v € Ker(T*), ##% Ker(T) C Ker(T*). F32¥ ¥ Ker(T*) C Ker(T), #
Fr Ker(T) =Ker(T*). ®F + d Proposition 5.3.8, 4 i # {§ 7 7|+ 5.

Lemma 5.5.4. B3k T:V =V & normal operator, P|3% i 5 1217 e &
Ker(T) =Ker(T*), Im(T)=1Im(T*), and Ker(7T)NIm(T)={Oy}.
Proof. #] T*oT =T oT*, ¢ Proposition 5.3.8
Ker(T) =Ker(T*oT) =Ker(T o T*) = Ker(T"),

Im(T)=Im(ToT*) =Im(T*oT) =Im(T").
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4 ¢+ £ 41 * Proposition 5.3.8 #t4th Ker(T*) = Im(T)*, #

Ker(T) = Ker(T*) = Im(T)*.

Ker(T)NIm(T) = Im(T)* NIm(T) = {Oy }.

F1* Lemma 5.5.4, 2% i % 7 3| B ** normal operator 2t £ & «f2 7.

Corollary 5.5.5. B3k T:V =V & normal operator, F|3 i3 1217 e B
(1) veV &_T i eigenvector ® B eigenvalue 5 A % 2 v&x veV E_T* 1 eigenvector
® A eigenvalue 5 A.
(2) =& meN, Ker(T") =Ker(T).
(3) F v,weV ® uy(x) v uw(x) & relatively prime (2 %), Bl v L w.
Proof. (1) #t i &g T ¢ eigenvalue 3 A ¢ eigenvector 5 Ker(T — Aidy) ® =1 nonzero

element, m T* ¢ eigenvalue 5 A 1 eigenvector 5 Ker(T* —Aidy) ¥ 7 nonzero element.

d Lemma 5.5.2(4) 4 5 T — Aidy 7* 5 normal operator, #td Lemma 5.5.4 %

Ker(T — Aidy) = Ker((T — Aidy)*) = Ker(T* — Aid};) = Ker(T* — Aidy).

% {¥ eigenvalue 3 A e T &0 eigenvector 'T} . 8_eigenvalue % A &1 T* & eigenvector.
(2) # £# P Ker(T?) = Ker(T). %M & 1 Ker(T ) Ker(T°?). 3% v € Ker(T?), 71
F] T(v) eKer(T) & T(v) eIm(T). 4 Lemma 5.5.4 ¥ # T(v) =Oy, =+ v e Ker(T).

Ker(T°%) C Ker(T), 3% Ker(Toz) Ker(T).
FFr mEFpE, F veKer(T), Bl T°"1(v) € Ker(T)NIm(T), # T" (v) =
Oy, ¥ v € Ker(T°" ). mﬁ...p\ Bk, @ ve Ker(TOm—‘) = Ker(T). #% Ker(T°") = Ker(T).
(3) 4 molx) fo pa(x) 3 Fwds & £(0),8(0) € Flx] & # f(0)ay(x) + (i) = 1. ¢ &

v=F(T)ou(T)(v) +&(T) o tw(T)(v) = &(T) o prw(T)(v).
¥ - 25, d g(T)ouw(T)(w) =0y & we Ker(g(T)ouw(T)), * ¢ Lemma 5.5.2(4) 4
g(T)ouw(T) 7 % normal operator, ztf d Lemma 5.5.4 v w € Ker((g(T) o uw(T))*), 7
(8(T)ouw(T))* (W) =Oy. #isd adjoint e 4

(v,w) = (¢(T) o tw(T) (v), W) = (v, (&(T) o tw(T))"(W)) = (v,0v) =
|

wEE% T:V —V &_linear operator, 2% i 5 #73} ¢ primary decomposition theorem, »

PR (1) = pr (™ i)™, 39 e €N 2 py(v),ee.pule) € Fla] 5 A8 2
monic irreducible polynomial, B| V=W, @---®W,, & * W;=Ker(p;(T)*"). % T % normal

operator F¥, # primary decomposition § T $FFk 7] 50,
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Proposition 5.5.6. B&& T:V —V i normal operator, B| ur(x) = pi(x)---pe(x), # ¢
p1(x),...,pk(x) € F[x] % 48 & &9 monic irreducible polynomial. ¥ ¥t+#73% i=1,....,n £
Wi = Ker(pi(T)), 7!

V=WH.  -BW.

Proof. B3k pr(x) = pi(x)™ - - pp(x)™. 41 * Lemma 5.5.2(4) #% i# 5 p;(T) 7= 5 normal
operator, #xd Corollary 5.5.5(2) %= W; = Ker(p;(T)"™) = Ker(pi(T)). # 7 2 H T & i=
Lok 3 iz, () = i), @32

r(3) = iy, () iy, () = 1)+ pi().

WF i Js Bl pry, () = pix) A= piry, () = pj(x) & relatively prime, ¥ =& wie W,
Wi €W Tl tw,(x) | pi(x) fo pw; (x) | pj(x), 47 Uy, (x) fo by, (x) & relatively prime. §]*
Corollary 5.5.5(3), = w; Lw;, @& W, LW,, & V=W, 8---BW,. O

T kAP 4 8 A 84 %) 50 normal operator.

Definition 5.5.7. &3k T:V —V 5 linear operator. & T* =T, Bl T % self-adjoint
operator. % T*=—T, PIf T % skew-adjoint operator.
F— B nxnmatrix A % L A=A RIF A 5 self-adjoint matrix. & A= —A", PIf£ A

% skew-adjoint matrix.

AR EAeM,(R) i35, § A & self-adjoint matrix (7 A'=A) - &4 H 5 symmetric
matrix. @ § A % skew-adjoint matrix (7 A'= —A) - &4 F 5 skew-symmetric matrix.
& AeM,(C) a5, 3 e % self-adjoint fi£ = Hermitian @ #- skew-adjoint % skew-
Hermitian.

b Y

%P & e self-adjoint operator fv skew-adjoint operator ¥ 5 normal operator. #% i
bt - & 4 £iF self-adjoint operator. ¥ F + 4% 4 £ &3 & normal operator £ %) i 3 M
TER PR

Proposition 5.5.8. B3k T:V =V % linear operator. s tri— 1 self-adjoint operator
T\ :V =V 112 vi— i skew-adjoint operator Tr :V =V % L. T =T+ 1. %, 35
T % normal operator & 2 v&E TioT, =TroTj.

Proof. # Ti 5 self-adjoint, T, % skew-adjoint ¥ Ty +7, =T. R|d Proposition 5.3.7(1)
T =T AT =T —T, @ T=3T+T"), h=YT-T"). &@ze- v- 5%
Ty =43(T+T*), Th=%(T—T"), B4 Proposition 5.3.7(1) # T} =Ty, Ty = —T. =¥ T} 3
self-adjoint, 5 % skew-adjoint ¥ Ty + T =T. #&=##% 5 ot
o

ToT*=(T1+T)o(T1—T) =T1"* ~TyoTy + Tro Ty — [,**,

T*oT = (T} —T)o(T1+T) =T1* + Ty o Ty — T o Ty — [,*%.
@ ToT*=T*oT £2*5% TyoTlh=ThoT. O
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fr normal operator i — &, 24 i k5 f4cie ¥ 7 3] { § 0 self-adjoint operator.

Lemma 5.5.9. B3 T:V >V, T1:V =V &% self-adjoint operator.
T+Ty 7 5 self-adjoint operator.

(1)

(2) # W i T-invariant, B T|w 7% 5 self-adjoint operator.
(3) & T 5 isomorphism, ] T~! 7= % self-adjoint operator.
(4)

Hizd f(x)eR[x], f(T) =% self-adjoint operator.

Proof. (1) A1 (T+T) " =T"+Ty =T+T, + T+T; % self-adjoint operator.

(2)d T=T*#® W 7 % T*-invariant, #cd Corollary 5.4.4, # (T|w)* =T*w =T|w.
(3) ¢ Proposition 5.3.7(3) &= (T-1)* =(T*)"!=T7!, & 77! 5 self-adjoint.

(4) 4 Temma 541 % (f(T)) = F(T") = F(T). & f(x) €RM, &3 F() = f(x), @32

self-adjoint operator. O

f(T

Question 5.23. & T:V =V, T1:V =V &% normal operator, 2. F T+T, 7% 5 normal

operator?
Question 5.24. B3}k T:V =V 5 self-adjoint operator ® f(x) € Flx]. ##M f(T) 5
self-adjoint operator & & v&% ur(x) | f(x) — f(x).

B »> self-adjoint operator % i3 12T £ & chjd i

Lemma 5.5.10. 3% T:V —V 5 self-adjoint operator. & A % T i eigenvalue, P
A eR.

Proof. #] T 5 normal, d Corollary 5.5.5(1) 4r, & veV S Ap 3t A 0 T 7 eigenvector,
W T(v)=Av, Bl v 7 4 Ap 3t A 0 T* b eigenvector, T T*(v) =Av. e d T % self-adjoint
2 BRK, APF T(V)=T*(v), # T Av=Av. #&d v£Oy, @ A=1, ¥ LcR. O

I ** skew-adjoint operator, % i+ 3 fr self-adjoint 4p &F i F. T FEP o
Lemma 5.5.9 #p iz, 2% i ,T.%Z AL
Lemma 5.5.11. 8% T:V >V, T1:V =V i skew-adjoint operator.
(1) T+T, 7~ 5 skew-adjoint operator.
(2) # W & T-invariant, B Tlw 7 5 skew-adjoint operator.
(3) & T 5 isomorphism, ] T~! 7= % skew-adjoint operator.
Question 5.25. BXk T:V =V i skew-adjoint operator. Z_F ¥ E & f(x) € Rlx], f(T)

7 & skew-adjoint operator?

B+ skew-adjoint operator 2% 5 M T £ & L H
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Lemma 5.5.12. 3% T:V —V % skew-adjoint operator. % A 5 T &0 eigenvalue, P A

e real part (§3%) % 0.

Proof. #] T % normal, ¢ Corollary 5.5.5(1) v, & veV % 4p¥> A e0 T & eigenvector,
W T(v)=Av, B] v 7 5 4p %3 A e T* b eigenvector, & T*(v) =Av. e d T % skew-
adjoint 2 B3k, AP F T*(v)=—T(v), "% —Av=2Av. tcd v£Oy, H# A+A1 =0, T 1

2_FImE 0. O

+ & #7147 M normal operator, self-adjoint operator ™ % skew-adjoint operator it
4 ‘%"3’5‘ "E* A AP ¥R 0 normal matrix, self-adjoint matrix 12 % skew-adjoint matrix. |
4rix F 7 n X n matrix FOF - B & - i self-adjoint matrix fr— & skew-adjoint matrix

e Bl A TR, AP E Feat
5.6. The Spectral Theorem

ig— &P AP over C e over R enfin & B 334, & @ 48 ¥ 1 normal operator h

spectral theorem.

5.6.1. Normal Operator over C. ’FT A AP+ BV i finite dimensional inner product
space over C ¥ T:V —V % normal operator ¢35, %] C % algebraically closed, #¢
P ¥ 2% T & minimal polynomial % >4 f&. =3 & Ay,..., 4 €C 2% my,....m €N
#E ur(x)=(x—A)™ - (x— ). i& F1* Proposition 5.5.6 # ¥ 2 {8 3| over C e

normal operator 7 spectral theorem.

Theorem 5.6.1 (Spectral Theorem: complex case). &K V 5 finite dimensional inner
product space over C 2 T :V —V % linear operator. B| T % wunitary diagonalizable % *

v T % normal operator.

Proof. 4 Proposition 5.4.10 # i #ig % T 5 unitary diagonalizable B] T % mnormal
operator.

K T & normal operator ¢ Proposition 5.5.6, ¥ ur(x) = (x—41)---(x —A), &
A, A4eC Ep R, 2 V=WH---BW, #°? W, =Ker((T —Aiidy)) =Ej, = A
eigenspace, ¥

V=E, 8---BE,,

#d Proposition 5.4.10 == T % unitary diagonalizable. O

4 & C" } ¢ standard inner product, 1 * Theorem 5.6.1, 2 % & } {8 3| 45425 5% en

spectral theorem.

Corollary 5.6.2. & A e M,(C). Bl A 5 normal matriz (7 AA* =A*A) % F *E% 5 &
unitary matriz P € M,(C) (% P! = P*) & 8 P*AP % diagonal matriz.

AP 5 P E 15 B oself-adjoint operator ™ % skew-adjoint operator Fspectral theorem.
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Corollary 5.6.3. B V & finite dimensional inner product space over C 2 T:V =V
% linear operator. 3% F T [RE.
(1) T % self-adjoint operator & * *&% T % wunitary diagonalizable ® T 1 eigenvalue
(N E 3
(2) T % skew-adjoint operator & ® *&3% T 5 unitary diagonalizable 2 T ¢ eigenvalue

23 R Y
IR 30 G

Proof. 4] * Theorem 5.6.1, Lemma 5.5.10 #* ¥ & T % self-adjoint operator B| T %

unitary diagonalizable ® T & eigenvalue % 5 § #i. ¥ 22 % T % unitary diagonalizable

o

T ¢ eigenvalue ‘¥ 3 § #c, P|d Proposition 5.4.10 &3 & Ay,...,A4 € R 12 % orthogonal
projections m; # # T =Alm+-+Nhm. BT =haf+-+hrl 2 FAn=m F#&
T*=T. 3127 #%{¥ skew-adjoint #F35, Btk iF. O

Question 5.26. & T:V =V 5 self-adjoint, B| xr(x),ur(x) % @587 £ T:V >V
% skew-adjoint, B| xr(x),ur(x) & @552

e ket iy 5 self-adjoint matrix fr skew-adjoint #p ¥ & h.% % .

Corollary 5.6.4. Bk A€ M,(C). 25 T 5.

(1) A*=A % * *&% 5 & unitary matriz P € M,(C) #& #
N o
P'AP = ,
o Y
2e y,....meER.
(2) A*=—A ¥ ® r& ¥ 5 & unitary matric P € M,(C) i {7
N o
P'AP = ,
Y T
0.

ETIR

By R0

A& Corollary 5.6.4 ® 7,....0% # %428 . ¥ ¢ & skew-adjoint nfF3; 3 enF 5 0

- 4.4 % purely imaginary number (% g #c), # &AL % F ¥ i 5 0.

5.6.2. Normal operator over R. % over C st i % 3] C % algebraically closed,
d ** R[x] ¢ 7 irreducible polynomial, 3 # it £.= e, Fpt AP g & * H @ 3 J2
over R e}, 3K V % over R 9 finite dimensional inner product space, F £ /L & &
LA T:V =V i normal operator ¥ % — % unitary (orthogonal) diagonalizable. %
F + ¢ Proposition 5.4.10 #* P4 & T 5 unitary diagonalizable, % & Ay,... 4 €R *

m,..., M » orthogonal projection @ {8 T =Ajm +--- + Amg. # PFF 7]

T =M+ i = 4+ m =T,
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@i T % % self-adjoint operator. ¥ F A i3 10T 2 B %,

Theorem 5.6.5. 3% V % finite dimensional inner product space over R 2 T:V =V &

-

linear operator, | T % wunitary diagonalizable & * v&% T % self-adjoint operator.

Proof. # 6 = v T 5 unitary diagonalizable B T % self-adjoint operator. LK T &
self-adjoint operator, #] T % normal, #zd Proposition 5.5.6 = ur(x) = pi(x)--- pr(x), &
® pi(x),...,pr(x) 548 E 0 monic irreducible polynomial in R[x], = V=W, H---BW,, &
PW; =Ker(pi(T)). A Pacsmp 973 i=1,...,k pi(x) ¥ % — = ¢ polynomial, ¥ 5 &
ALeR ®F pi(x) =x—A. ¢ TEFE W, =E), 5 A P eigenspace, & V=E; B---BE,, +
d Proposition 5.4.10 5= T % unitary diagonalizable.

iz B~ V &- ‘2 orthonormal basis #f% = &1 ordered basis f = (vy,...,v,). & T=T*
% Proposition 5.3.10 #v [T]?3 = [T*|g =[T]g, ™ ¥ [T]g % self-adjoint matrix in M,(R).
% 2 [Tlp 7+ M,(C) & matrix ™ % self-adjoint, % * Corollary 5.6.4(1), #* ¥ 53z %
Yi,...,h €R & ¥

Xir)y(X) = 2r(x) = (x=71) -+ (x = Th)-

A oxr(x) TR A RS R P - = ANk, Bl our(x) | xr(x), FES &
ALeR @ pi(x) =x—A. O

A8 F I BT symmetric matrix 4p ¥ & LR

Corollary 5.6.6. E& A€ M,(R), B| A'=A & v& % 5 & orthogonal matriz P € M,(R)
(P l=PY) & PAP 5 M,(R) # 5 diagonal matriz.

BT KA P IE T over R #0 skew-adjoint operator.

Lemma 5.6.7. B3 V % finite dimensional inner product space over R ® T:V —V %

linear operator, Bl T % skew-adjoint % 2 vex ¥ =EZZ veV ¥ 3 (T(v),v)=0.
Proof. 7 43 over R ¢ inner product 7 ¥4, ¥ (v,w) = (w,v),Vv,we V. JRIEX
T* =T, Rl¥Ei veV %3
(T(v),v) = (v,T"(v)) = (v,=T(v)) = =(T(v),v),
@2 (T(v),v) =0.
Fz , #¥HEL veV %3 (T(v),v)=0, AIHEZ L vyweV, A3
0=(T(v+w),v+w) =(T(v),w)+(T(W),v).

Bzl vyweV ¥ 3

F1* adjoint &wiE—~ |+ (Theorem 5.3.5) ##& T*=—T. O
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4 T % skew-adjoint, B& x—A € Rx] & ur(x) éh- X F38, ¥ A eR 5 T -
B eigenvalue. 4 veV i ip$3t A e eigenvector, ¥ T(v) =Av. ¢ Lemma 5.6.7
0=(T(v),v) =(Av,v) =A(v,v). d 3> v£Oy, Fir 1 =0. fj*u‘{;h x &_ur(x) vE— ¥ i e
P - FN. R AP T RY

Corollary 5.6.8. B V & finite dimensional inner product space over R 2 T:V —V
% nonzero skew-adjoint operator. & T % isomorphism, % & by,...,by €R % 4p R ® %
20 ®% ur(x)=*+b})--- (X +b3). F T * & isomorphism, Bl t by,....by €R & 49
22350 @E ur(x)=x(x>+b3)--- (> +b).

Proof. &4 2 & ur(x) 2 Rlx] ¥ Faceh—- X F58 5 x. My g ur(x) & Rlx] ¢ 7 i en
- FERL BE P rxrseRR], B oup(x) éh- B2 = FF. Bl cyclic decomposition
theorem 3% & veV % & py(x) =x>+rx+s. ¢ Lemma 5.6.7, 2 i &+ (T°%(v),T(v)) = 0.
X T°%(v) = —rT(v) —sv, # {8

0=(=rT(v)—sv,T(v))=—r(T(v),T(v))—s(v,T(v)) = —r(T(v),T(v)).

Ba T(V)#0(FE B uy(x)|x), &® r=0. @ x % s<0, B| x>4s # % irreducible polynomial,
war s> 0. Fae pp(x) fi- T s KT AN S 2407 B P b#£0 iR,

% T % isomorphism, ¥ Ker(T)={Oy}, #F4r x 7 ¥ i & ur(x) %5 & ur(x)
R - S ehf F]5Y, ~ d Proposition 5.5.6 4 ur(x) S FIN 2 € EAF MR, FE G A
bi,....,by ER ¥4 B2 2 5 0@ pr(x)=(>+5b3)---(x*+b}). @ % T # &_isomorphism,

¥ dim(Ker(T)) >0, @40 x & 5 pr(x) hF8, %@ 5 by, by cR #4223 5 0 2
@ wr(x) =x(2+b2) - (2 +b2). O

% T % skew-adjoint operator ¥ p(x) #_pr(x) (0 #1538, £ W =Ker(p(T)) ¢ primary
decomposition theorem, X F & 7 (% T|y. % p(x)=x B, W =Ker(T) & T|y 5 zero
mapping. & & ¥ B px) =x>+b% b#£0 hfFa5. W = Ker(T°? 4 b%idy), 5 T-
invariant, # ¢ Lemma 5.5.11(2), T|w 7 3 skew-adjoint. * P up, (x) =x*4b%, #7113

P R —‘,‘; )ﬁ]‘j T 2 :FELII;.

Lemma 5.6.9. B33 V % finite dimensional inner product space over R 2 T :V —V
% skew-adjoint operator. Bk ur(x)=x>4+b> B¢ bA£0, B 5 & V - 2 ordered

v

orthonormal basis B & 7 [T|g % 1T & block diagonal matriz

[T]p = Y © , B M:<2 _Ob). (5.4)

(0] M

Proof. B veV 2 |v[[=1. F T2+b%dy =0, i3 T(T(v))=—b’v. ¥ & T-cyclic
subspace W = Span({v,T(v)}). ]

ITW? = (T(¥),T(V) = (v,T*(T(v))) = (v, =T(T(v))) = (v,6°v) = b*.
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£ vV =4T(v). 4 Lemma 5.6.7 & (v/,v) =

ordered orthonormal basis. %)

(T(v),v)=0. & Bi=(v,V) 5 W eh- B

=

T(v)=bv,T(V)= %T(T(V)) = —bv,

= () o )

BYH V=WHW F]W % T-invariant, ¢ Lemma 5.4.3 5= W+ % T*-invariant. f
T =-T, &+ WL 7 % T-invariant. £ ¢ Lemma 5.5.11 4= T|y. 7 5 skew-adjoint. IR 7]
Mr),. (x) [ pr(x), ¥ Hr|, (x) =12 Mr),. () =X +0% F Hr), 0 (x) =1, %7 W' ={Ovy},
ATET V=W, BEAUL. F Uy () =+ RIAPT 2 RFFREH D W
- % ordered orthonormal basis B, # ¥ [T|y.]g, = 4 (5.4) 77 block diagonal matrix. #* p*
# BB &&= V - % ordered orthonormal basis B, P [T]g % & #f K. O

3 i F

Example 5.6.10. 3% V 7 finite dimensional inner product space over R ¥ T:V —V
% skew-adjoint operator. & xr(x) = (x*+2), B4 Proposition 5.5.6 % ur(x) =x>+2. %
d Lemma 5.6.9 #v33 & V ¢— % ordered orthonormal basis 8 ¢ ¥
0 —v2 0 0
T]s = V2.0 0 0
0 0 0 -2
0 0 V2 0

Question 5.27. B3& V % finite dimensional inner product space over R 2 T:V —V A
skew-adjoint operator. & © 4v ur(x) =x>+b*> ¢ b£0, FHEP dim(V) & 5 & #.

#3 - 4 e over R 7 skew-adjoint operator T :V — V, 4 Proposition 5.5.6 = V =
WiE---BW, 27 W,=Ker(T) & W, =Ker(T?+b%dy). & W;=Ker(T), #] Tlw, & zero
mapping, ¥ W; ch- 2 ordered orthonormal basis B;, & § @ # [T|w]s = zero matrix.
@ % W; = Ker(T°? +b2idv), d Lemma 5.6.9 2V ¥ 245 3] W, en— % ordered orthonormal
basis B;, & 7 [T|w]p, = 4= (5.4) ¢ block diagonal matrix. d **igs By,... B ¥ M &V

eh— % orthonormal ordered basis, 2% 5 1177 2. 5 %.

Theorem 5.6.11. B3X V i finite dimensional inner product space over R. f| T :V —V
= skew-adjoint operator 3 2 ¥& ¥ 1% & V - %2 ordered orthonormal basis B & 17 [T|g =
127 a1 block diagonal matrix
M 0 0 —b
[T]p = ,—ﬁ“‘Mi=<bi Ol>,bi750é‘Mi=0- (5.5)
O M,

Proof. # T:V —V % skew-adjoint operator ¢ # & e3P 243 & V & %2 ordered

orthonormal basis B i # [T|g & 4= (5.5) 7 block diagonal matrix.
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F 2., # t V é1- 2 ordered orthonormal basis B i ¥ [T|g = 4r (5.5) ¢ block

diagonal matrix, | d Proposition 5.3.10 4

M O

E M;:( 0 b > M F M =0=-M;. %72, [TV =—[Tlp=[-Tlp "2
T =-T. |

d Theorem 5.6.11, 2% i ¥ # | 5 B ** skew-adjoint matrix 2 . » i*u{;m AeM,(R)
M X_A'=—A ¥ T r£% 5 & orthogonal matrix P € M,(R) # {8 P'AP 5 4- (5.5) ¢ block

diagonal matrix.

Question 5.28. % ACM,(R) & A'=-A. £ 5 )=+ 1)>+2)?, #5~
4o (5.5) e block diagonal matriz B & 7 A~B. #F® T A 1 rational form (2 classical

form). & ® A &7 rational form # &_ skew-symmetric?

B fe AP kI - 4L over R ¢ normal operator. % T :V —V % normal operator, B
d Proposition 5.5.6 2475 V=W, H---BW,, # ¢ W;=Ker(p;(T)) * pi(x) € R[x] % monic
irreducible polynomial. #% i %~ R[x] ¢ 7 monic irreducible polynomial &5 ™7™ & &4} 3%
T x—AAER, 1% (x—a)>+b* a,beR ¥ b#0. % pi(x) =x—A, Bl W; = Ker(p;(T))
% eigenvalue 3 A £ eigenspace. #7142\ P & £t pi(x) = (x—a)?> + b A5 LR
L WiL =H;4W; 2 W; ¥ & T-invariant, ¥ WiL 7 % T-invariant. #td Lemma 5.5.2(2) #v

Tlw, 7 % normal operator. * #* P& pp, (x) = (x—a)? +b%, #Fre s i & 4§ 11T 2 7).

i

Lemma 5.6.12. B3k V % finite dimensional inner product space over R, T:V —V &
normal operator ® Ur(x) = (x—a)’+b*> 2 ¢ b#£0. £ T=T1+T, ¢ T;:V =V 3
self-adjoint operator, T, : V —V i skew-adjoint operator. B

(1) T % isomorphism.

(2) iy (x) = x—a.

(3) ,LLTZ(X) :X2+b2.
Proof. Proposition 5.5.8 £ 2% i T, T, & 3 A2 rii— . X T % normal tx TjoTh =ToT].

(1) i 2 2P Ker(lh) ={0y}, {7 # T, 5 isomorphism. IJEK Ker(Tr) # {Oy}
L W= Ker(Tz). d Tolh=T0oT sv¥tiz 3 we W, Tz(Tl(W)) = Tl(Tz(W)) = Tl(Ov) =0y.
7w Ti(w) eKer(Th) =W, 8% W i Ti-invariant. * 28 weW, ¥ 7
T(w)=T1(w)+Th(w)=T1(w), * T|w =Ti|w.

4 Lemma 5.5.9 # Ti|ly & self-adjoint, # Tly & self-adjoint. 2% @ ug, (x) | ur(x) 2
dr, () #1 (FRW={0y}), ¥ (x—a)?+b* (b#0) & R[x] # i irreducible ¥ pz, (x) =
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ur(x) = (x—a)> +b>. ¥ - > 4 d T|y 5 self-adjoint, Theorem 5.6.5 % & i Tly &
unitary-diagonalizable, ¢ ¥ & 7=z, (x) ¥ M A4 3% Rx] ¥ - & 5 g ehgff. d 29 5
##% W =Ker(Tr) = {Ov}.
(2) E" T10T2:T20T1 %5'
T2 =(T1+ D)o (i +T) =T\ +2T o L + T2
PR T =T+ T =T — T, & (T =T2—2T o L+ T2, &+ 5 4pi @
T2 —(T*)? = 4T 0 T>. (5.6)
¥ -6, d Lemma 5.4.2 ¥ up(x) = fr(x) = (x — a)®> + b?, #4v
T2 =2aT — (a®> +b%)idy, (T*)* =2aT* — (a® +b*)idy.
iR
T2 —(T*)** = 2a(T — T*) = 4aTs. (5.7)
d %5 (5.6), (5.7) # 4TioTh=4aTy, 4 (1) T, Hh, adsa Ex3afa T, 440
Ty = aidy. T Ty —aidy =0, ## |, (x) =x—a.
(3) 4 (2) v B =T —aidy, &
T2 = (T —aidy)? = T2 = 2aT +d*idy = (2aT — (a® + b?)idy ) — 2aT + a’idy = —b%idy,

T T2+ b%dy =0. 4 b#0, x> +b* & Rlx] ¢ 5 irreducible, % ur, (x) = x> +b%. O

% Lemma 5.6.12 ¢ | %] T» % skew-adjoint ® pzp(x) =x*>+b% ¢ Lemma 5.6.9 53F &
V ¢h- 2 ordered orthonormal basis B # ¥ [I2]g = 4 (5.4) 7 block diagonal matrix. @
T\ = aidy, E dlm(V) =n, | [Tl]ﬁ =al,. #+d [T]l; = [Tl +T2]ﬁ = [Tl]/} + [TQ]B L f]”"ﬁ TE

2 2%,

Corollary 5.6.13. B3k V % finite dimensional inner product space over R, T:V —V &
normal operator. % Ur(x) = (x—a)>+b> 27 b#0 R & V h- & ordered orthonormal

basis B & 17 [T]g & 127 1 block diagonal matriz

M O
[T)p = . ,ﬁﬂM:(Z‘”>. (5.8)

O

Example 5.6.14. E3% V % finite dimensional inner product spaceover R ® T:V —V 3
normal operator. & xr(x) = (x> +4x+6), Bld Proposition 5.5.6 * ur(x) = x> +4x+6 =
(x+2)2+2. #d Corollary 5.6.13 4v3% & V - ‘& ordered orthonormal basis f # ¥

-2 —V2 0 0
. — V2. -2 0 0
Th=1 09 o =2 -2

0 0 V2 =



142 5. Operators on Inner Product Spaces

¥t - & e over R ¢ normal operator T :V — V, 4 Proposition 5.5.6 & ur(x) =
p1(x)-pr(x)q1(x) - qi(x), B P pi(x),...,pr(x) € Rlx] 5 48 £ ¢ monic irreducible poly-
nomial of degree 2, g;(x),...,q(x ) € R[x] % 4p & ¢ monic polynomial of degree 1. 4
Wi = Ker(pi(T)), Ej = Ker(q,(T)), P

V=w @ -BWBHE D -BE.

d > Ej=XKer(q;(T)) # T - & eigenspace, P~ E; - % ordered orthonormal basis f,
FE T [T\Ej]ﬁj/_ % diagonal matrix. @ F] p;(x) 5 (x—a)?+b* 97558 ¥ T|y, © % normal,
* piry, (x) = pi(x), ¢ Corollary 5.6.13 # i ¥ 1145 ¥] W; ¢ 2 orthonormal ordered basis
Bi, & @ [Tlw]p = 4= (5.8) ¢ block diagonal matrix. o **ig& By,..., B, Bl,....p 7 &

= V ¢— % ordered orthonormal basis, #* 7% 12" 5 B over R 5 spectral theorem.

Theorem 5.6.15 (Spectral Theorem: real case). B3K V 5 finite dimensional inner product
space over R. B T:V —V i normal operator % ® ¥&3% 3 & V - 8 ordered orthonormal

basis B & ¥ [T]g & v+ ¢ block diagonal matriz

M, O ,
a; —b;
[T]ﬁ: 7£‘6Mi_<bi

O M,

Proof. # T:V — V % normal operator & # & eh3lp S iois & V a1- %2 ordered

)h#OéM Ai. (5.9)

i

orthonormal basis B & # [T|g & 4= (5.9) 5 block diagonal matrix.
F 2, ¥ &V - & ordered orthonormal basis B i ## [T]g = 4r (5.9) 7 block

diagonal matrix, F]d Proposition 5.3.10 v
M; O
O M}

Eﬂﬁﬁ:<%r;);wﬁzazm.wwmm:Mm@?@ﬁMﬂm:mmmm
4 1

#F ToT*=T*oT. O

d Theorem 5.6.15, 2% i ¥ ¥ $|5 B ** normal matrix 8. » ,T*u{?u AeM,(R) &
E_A'A =AA' ¥ rE £ % % orthogonal matrix P € M,(R) & ¥ PAP % 4o (5.9) &1 block

diagonal matrix.
Question 5.29. BE#% A€ M,(R) 2 A'A=AA' & ¢
2a(x) = (P +1) (% +4x4+6)2(x+1)2(x* - 2),

#FE T e (5.9) 0 block diagonal matriz B € 18 A~B. 3#8 T A 3 rational form. 5 @ A

e rational form * &_normal?
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B fo NP AR T Gk fL — 1 linear operator 7:V —V & % & diagonalizable, {v
V &_% % inner product space & k. = T ¥_F % unitary diagonalizable 7&{? inner product
3R ﬁ‘fu{;m V * % I e inner product, * € :x% T &£ % 5 diagonalizable 2 f, e
i e g 2 F L unitary diagonalizable s F. S5 0T i+

“.1

~b

Example 5.6.16. % Example 5.3.11 ¢ ¥ 5 T:R3 - R 2 % %
T (x1,x2,x3) = (4x1 +x2 + 2x3,4x1 +4x3 + 4x3,2x1 +x2 +4x3).

& R3 A @ inner products {,) 72 & ((,)). f§ B gt AP T cheigenvalues 5 2 - 8
* H ¥k o0 eigenspaces A %] & Ep = Span({(1,—2,0),(1,0,—1)}) m 2 Eg=Span({(1,2,1)}).

%% B R3 4 standard inner product space, #* P T # T* ¢ T # &_self-adjoint operator.
d Theorem 5.6.5 4= T % standard inner product (,) 2 & % 4_unitary diagonalizable. ¥
7+ ((1,-2,0),(1,2,1)) = =3#0, v E, € E§-. & 5] T » i diagonalizable, 7 % T h
minimal polynomial pr(x) ¥ % = - = monic polynomial h3k# (F9 + AP 3 ur(x) =
(x—2)(x—8)). &y i 7 4] * Theorem 5.6.15 ¥+ T % standard inner product 2. F %

#_normal operator. ¥ § + ¢ Example 5.3.11 Fvpt pF

4 4 2 4 1 2 36 22 32
[T*oT)e=[T"e[Tle=| 1 4 1 4 4 4 |=| 22 18 22|,
2 4 4 2 1 4 32 22 36
m
4 1 2 4 4 2 21 28 17
[ToT*e=[T|[T"e=| 4 4 4 1 41 |=| 28 48 28 |,
2 1 4 2 4 4 17 28 21
+ % R 52 ((,)) % inner product ¢ inner product space F¥, & i 8 T* = T7 7r AP
T % self-adjoint operator, #zd Theorem 5.6.5 -~ T 7 #* inner product 2. T % unitary

diagonalizable. ¥ % + d (((1,-2,0),(1,2,1))) =0 = % ({(1,0,—1),(1,2,1))) =0 & p*
E> 1 Eg. 41* Gram-Schmidt’s process 43 I E; - ‘& orthogonal basis, H i #g4-7: £
Vi = (1,—2,0),W2 = (1,0 —1) R B~

<<W27V1>> _ B _1 - _1 B
vy V1= (10D =3 (1,220 = (5, 1,-1),

8 ((vi,v2)) =0, % {(1,-2,0),(5,1,—1),(1,2,1)} & T ¢ eigenvectors ¥ 3 R? & ((,))

27T - % orthogonal basis.
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