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前言

本ᖱကЬाҞ的ࢂଞჹε΋ᏢғϟಏԖᜢ整數論΋٤基本的ж數کᆉ數΢的性質, а
բࣁஒٰᏢಞܜຝж數ϐྗഢ. 基ܭ೭ኬ的౛җ, ӧԜךॺஒόϟಏԖᜢܭ整數論ϐᐕў
.ᔈҔځаϷࡺڂک ჹ整數論ϐᔈҔ (ЀځӧၗૻБय़的ᔈҔ) Ԗᑫ፪的᠐ޣ, ॺ௢ᙚך
Silverman 的ȨA Friendly Introduction to Number Theoryȩ(Prentice Hall, Third Edition
2006). .ᔈёᇸ᚞᎙᠐೭本ਜࡕऩჹ本ᖱကϣ৒Ԗ࣬྽ᇡ᛽ϐߞ࣬
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Chapter 1

整數的基本性質

ᗨฅԖ٤ӕᏢςჹ整數的性質࣬྽Αှ, ॺགྷճҔ೭ঁεৎၨዕ஼的ܿՋٰϟಏ΋Πך
ӵՖҔКၨ “數Ꮲ” 的Бٰݤೀ౛ୢᚒ. Ԗ٤ᙁൂ的ୢᚒךॺёૈ཮ࡺཀᙅᇻၡٰೀ౛, Ь
ाচӢ׆ࢂఈεৎૈዕ஼ၲ߄數Ꮲ的Б׎کݤԄаϷᡄᒠ௢ᄽ的ၸำ. а೭΋ക཮ᡉள܌
ၨࣁϧߏ. ऩεৎჹ೭٤性質ςࡐዕ஼Ъᇡၲ߄ࣁ數Ꮲ的ૈΚςࡐԋዕ, ёаౣၸԜക, ޔ
ௗ຾ΕΠ΋ക.

1.1. Ӣ數ᆶ७數

२Ӄךॺϟಏ൳ঁ಄ဦ໩ߡፄಞ΋Π໣ӝ的ཷۺ. ाޕၰ಄ဦࢂ數Ꮲ΢ᔅշךॺૈᙁܴ
,ڀ٣௃的Ѹाπၲ߄ εৎᔈ၀ाᏢಞӵՖ፾Ϫ的٬Ҕ಄ဦ.

ӧ本ᖱကύךॺҔ Z .ԋ的໣ӝ܌Ԗ整數܌Ң߄ٰ а܌ 0 ӧ Z ύ, 2 Ψӧ Z ύ, 2007 ک

−365 Ψӧ Z ύ. ೭ኬ΋ٰ྽ךॺाᇥ΋ঁ數 a ,整數ਔࢂ ॺѝाᇥך a ӧ Z ύ൩ӳΑ. ӧ
數Ꮲ΢ךॺाᇥ΋ঁܿՋӧ΋ঁ໣ӝύ൩Ҕ “∈” ೭ঁ಄ဦ, Ψ൩ࢂ “ឦܭ” 的ཀࡘ. аа܌
ၲ߄ॺाךࡕ a ௗᇥޔ΋ঁ整數൩ࢂ a ∈ Z ջё. ,ॺΨதѝԵቾ҅整數ך ӧ本ᖱကύךॺ
Ҕ N .ԋ的໣ӝ܌Ԗ҅整數܌Ң߄ ॺҔךа܌ a ∈ N Ң߄ٰ a .΋ঁ҅整數ࢂ

ჹܭ整數΋໒ࢂۈҗԾฅ數рวǴճҔ數數的БךݤॺۓကΑуݤǴௗ๱ԖΑॄ的ཷۺ

整ঁ整數уݤ的ᡏس൩ࡌҥଆٰΑǶ๏ۓ a ∈ Z, ॺҔך 2a .Ң߄ a+a ΋૓ٰᇥऩ n ∈ N
ॺஒך n ঁ a ࣬у的่݀ࣁ߄ na. ॺΨஒך (−n)a ࣮ԋ n ঁ −a ࣬у܌ளϐॶ. ऩךॺӆ
ஒ 0a ࣁۓ 0, ӵԜ΋ٰჹҺཀ的 m ∈ Z, ma ೿ԖΑۓက. ӵԜۓကрٰ的४کݤуݤϐ໔
,ӵҬඤ౗߾的ၮᆉೕىᅈ܌ ่ӝ౗کϩଛ౗฻Ԝೀ൩όӆᙧॊ. ॺஒёаቪԋך ma ύځ

m ∈ Z 的數ᆀࣁ a 的७數 (multiple). ќ΋Бय़ऩ b ࢂ a 的७數, ॺΨᆀך a ࢂ b 的Ӣ數

(divisor). ಄ဦ૶ࣁ a|b.

ॺஒך a 的७數܌ԋ的໣ӝҔ aZ .Ң߄ٰ Ψ൩ࢂᇥ aZ ύ的ϡન೿ࢂ ma ೭ኬ的׎Ԅ

ύځ m ∈ Z. ೭ኬ的໣ӝёҔ aZ= {ma | m ∈ Z} .Ң߄ٰ ӢԜךॺёаᇥ b ∈ aZ ک b ࢂ a

的७數 ܈) a ࢂ b 的Ӣ數) .ࡘ΋ኬ的ཀࢂ
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2 1. 整數的基本性質

ௗΠٰךॺགྷҔ໣ӝ的ࡋفೀ౛Ӣ數७數的΋٤性質. ाݙཀ೭٤性質εৎଯύਔ೿ς
᛾ၸ, ճҔѬᡣεৎዕ஼ࢂ໻ݤǴϟಏ೭ኬ的ೀ౛Бߡೀ౛٠ؒԖКၨБࡋفॺҔ໣ӝ的ך
΋Π໣ӝ的ᇟ言.

२Ӄݙཀऩ a ∈ Z, aZ ೭΋ঁ໣ӝ٠όൂൂࢂ΋ঁ໣ӝ. җܭ整數ӧуکݤ४ݤϐΠԖ
,ഈ性࠾ᒏ的܌ aZ ΨԖаΠঁٿख़ा的࠾ഈ性.

Proposition 1.1.1. ଷ೛ a ∈ Z Ъ b,c ∈ aZ. .ॺԖаΠϐ性質ך߾

(1) b+ c ∈ aZ.

(2) ჹҺཀ m ∈ Z ࣣԖ mb ∈ aZ.

Proof. Ӣࣁ b,c ∈ aZ Ӹӧޕကۓ٩ n,n′ ∈ Z ٬ள b = na Ъ c = n′a.

(1) җϩଛ౗ޕ b+ c = na+ n′a = (n+ n′)a. Ξҗܭ n,n′ ∈ Z ޕॺך n+ n′ ∈ Z, ளࡺ
b+ c ∈ aZ.

(2) җ่ӝ౗ޕ mb = m(na) = (mn)a. Ξҗܭ m,n ∈ Z ޕॺך mn ∈ Z, ளࡺ mb ∈ aZ. �

่ӝ Proposition 1.1.1 的่݀ךॺԖаΠϐ性質.

Corollary 1.1.2. ଷ೛ a ∈ Z Ъ b,c ∈ aZ. ऩ m,n ∈ Z ߾ mb+nc ∈ aZ. ඤ言ϐ, ऩ a|b Ъ
a|c, ჹҺཀ߾ m,n ∈ Z ࣣԖ a|mb+nc.

Proof. Ӣࣁ b,c ∈ aZ аϷ m,n ∈ Z, җ Proposition 1.1.1(2) ޕ mb,nc ∈ aZ. ӆճҔ Propo-
sition 1.1.1(1) ޕ mb+nc ∈ aZ. Ψ൩ࢂᇥ a|mb+nc. �

ε೽ϩ΋ঁख़ा的性質ךॺ೿཮Ҕ Proposition ٰᆀڥӆ߷΢ጓဦаߡаࡕЇҔ. Զޔ
ௗ঺Ҕ Proposition ॺ೿Ҕךள的性質܌ Corollary ٰᆀڥ.

ௗ๱ךॺٰ࣮໣ӝൂપ的性質. ऩ A,B ໣ӝЪࢂ A ύ的ϡન೿ӧ B ύ, ॺ൩Ҕך߾
A ⊆ B Ң߄ٰ (ᆀ A х֖ܭ B). :৒ܰԖаΠϐ性質ࡐ

(1) ऩ A ⊆ B Ъ B ⊆ A ߾ A = B.

(2) ऩ A ⊆ B Ъ B ⊆C ߾ A ⊆C.

่ӝ೭໣ӝ的性質аϷ前य़ග的࠾ഈ性ךॺԖаΠϐ่݀.

Proposition 1.1.3. ଷ೛ a,b,c ∈ Z. .ॺԖаΠϐ่݀ך

(1) bZ⊆ aZ ऩЪ୤ऩ a|b.

(2) ऩ a|b Ъ b|a ߾ a =±b.

(3) ऩ a|b Ъ b|c ߾ a|c.

Proof. (1) ऩ bZ ⊆ aZ, җܭ b ∈ bZ, ॺளך b ∈ aZ. ޕࡺ a|b. ϸϐ, ऩ a|b, ॺा᛾ܴך
bZ⊆ aZ. ΋૓ٰᇥा᛾ܴ΋ঁ໣ӝ B х֖ܭќ΋ঁ໣ӝ A, ࢂॺा᛾ܴ的ך B ύҺڗ΋ঁ

ϡન೿཮ӧ A ύ. ӢԜԜೀךॺा᛾的ࢂҺڗ bZ ύ的΋ঁϡન mb, ύځ m ∈ Z ೿ёаள
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ډ mb ∈ aZ. ฅԶҗ a|b 的ଷ೛ךॺޕ b ∈ aZ. ௗ๱ךॺ൩ёճҔ Proposition 1.1.1(2) ჹޕ
Һཀ m ∈ Z ࣣԖ mb ∈ aZ. Ψ൩ࢂᇥ bZ 的ϡન೿ӧ aZ ύ. ள᛾ࡺ bZ⊆ aZ.

(2) ऩ a|b Ъ b|a, җ (1) ޕ bZ⊆ aZ Ъ aZ⊆ bZ. ӢԜҗ໣ӝ性質ޕ aZ= bZ. Ψ൩ࢂᇥ
aZ ک bZ .ӕ的໣ӝ࣬ࢂ җԜ, ৒࣮ܰр྽ࡐ a = 0 ਔ b = 0. ϸϐҭฅ. ӢԜךॺѝഭԵቾ
a ̸= 0 Ъ b ̸= 0 的௃ݩ. Ԝਔ aZ ύനλ的҅數 a (྽ a > 0) ܈ −a (྽ a < 0) ཮฻ܭ bZ ύ
നλ的҅數 b ܈ −b. ள᛾ࡺ a =±b.

(3) ऩ a|b Ъ b|c, җ߾ (1) ޕ bZ⊆ aZ Ъ cZ⊆ bZ. ӢԜҗ໣ӝ性質ޕ cZ⊆ aZ. ӆҗࡺ
(1) 的฻ሽᜢ߯ޕ a|c. �

Question 1.1. ଷ೛ a,b ∈ Z ၂᛾ܴ aZ= bZ ऩЪ୤ऩ a =±b.

Remark 1.1.4. ჹܭ整數Ԗ΋ঁࡐख़ा的性質 “well-ordering principle”. ೭΋ঁ principle
൩ࢂᇥ๏ۓ΋ঁޜߚ的整數的η໣ӝ S, ӵ݀ S ԖΠࣚ ( ऩԖ΋數λܭ S ύ܌Ԗ的數, ᆀ߾
S ԖΠࣚ), ߾ S ύѸ֖Ԗ΋ঁനλ的整數 (೯தҔ minS .(Ң߄ٰ ӕ౛ऩ整數的ޜߚη໣ӝ
S Ԗ΢ࣚ (ऩԖ΋數εܭ S ύ܌Ԗ的數, ᆀ߾ S Ԗ΢ࣚ), Ԝ໣ӝύѸ֖Ԗ΋ঁനε的整數߾
(೯தҔ maxS .(Ң߄ٰ ӵখωٯ Proposition 1.1.3(2) 的᛾ܴύךॺԵቾ aZ ύനλ的҅整
數, ྽ a > 0 ਔ a ൩ࢂ aZ ύനλ的҅整數. ೭္Ӣךࣁॺዴჴޕၰ aZ ೭ঁ໣ӝߏϙሶኬ,
ޕௗёޔа٠όሡ೭ঁ性質܌ a ൩ࢂനλ的. аךࡕॺத཮࿘ډ΋ܜ٤ຝ的҅整數η໣ӝ,
ٗਔ൩ள࿶தҔډ整數的೭ঁ性質ٰዴޕԜ໣ӝӸӧ΋ঁനλ的҅數. ќѦाݙཀԜ性質
ӧځд的௃ݩӵԖ౛數൩όჹΑ. ٣ჴ΢҅Ԗ౛數ࢂԖΠࣚ的 (0 λ܌ܭԖ的҅Ԗ౛數), ՠ
٠ؒԖ܌ᒏനλ的҅Ԗ౛數.

ӆԛமፓ΋Π前य़ךॺҔ໣ӝၨܜຝ的Бݤ᛾ܴ整ନ的性質Ьाࢂाεৎಞᄍ໣ӝ的

ᇟ言аϷᏢಞ΋ܜ٤ຝ的論᛾Бݤ. Ѭ٠όࢂϙሶ੝ձ的ӳБݤ. КБᇥεৎዕޕ的 a|b ߾
ma|mb ൩ࡐᜤҔᜪ՟΢य़໣ӝ的Бٰݤೀ౛. ᕴϐ, ाೀ္΋ঁୢᚒ٠ؒԖᇥ΋ۓाҔϙሶ
Бݤ. գѝा٬Ҕ΋ঁգᇡࣁёՉЪ҅ዴ的Бݤೀ౛. ౛的ۓङᇝࢂаᏢಞ數Ꮲ๊όा໻܌
᛾ܴ. ӵՖஒᕷᅥ的᛾ܴ整౛ԋգԾρಞᄍЪૈ౛ှ的ᇟ言ωࢂख़ᗺ. ௗΠٰךॺ൩ӣᘜۓ
ကٰ᛾ܴ前ॊϐ性質.

Lemma 1.1.5. ଷ೛ a,b ∈ Z Ъ a|b, .ॺԖаΠϐ性質ך

(1) ऩ m ∈ Z, ߾ ma|mb.

(2) ऩ d|a Ъ d|b, ߾ (a/d)|(b/d).

Proof. җଷ೛ a|b Ӹӧޕ n ∈ Z ٬ள b = na.

(1) ஒ฻Ԅٿᜐӕ४а m ёள mb = mna = n(ma) ޕࡺ ma|mb.

(2) d|a Ъ d|b ջ߄ҢӸӧ a′,b′ ∈ Z ٬ள a = a′d Ъ b = b′d. җࡺ b = na ள b′d = na′d.
Ӣࣁ d ̸= 0, ᜐӕନаٿ d ёள b′ = na′, ջ a′|b′. Ӣࣁ a/d = a′ Ъ b/d = b′ ள᛾ࡺ

(a/d)|(b/d). �

Lemma 1.1.5 .΋ঁᙁൂ的性質ࢂ Ѭ本٠يόᆉϙሶख़ε的性質, ՠࢂаࡕ૸論೚ӭ性
質ਔ೿ाҔډѬ, Ҕߡॺך Lemma ᆀڥϐаБߡЇҔ.
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ӧ Lemma 1.1.5(2) ύ d|a Ъ d|b 的ଷ೛൩ࢂᇥ d ӕਔࢂ a ک b 的Ӣ數, ࣁॺᙁᆀϐך
a,b 的 common divisor (ϦӢ數). ૸論΋٤整數ϐ໔的ᜢ߯ਔϦӢ數کനεϦӢ數аϷϦ
७數کനλϦ७數ࡐࢂख़ा的πڀ. ௗΠٰךॺ๏ѬॺΠۓက.

Definition 1.1.6. з a1,a2, . . . ,an ∈ Z Ъࣣό฻ܭ 0.

(1) ऩ c ∈ Z, Ъ c|a1, c|a2, . . . , c|an, ᆀ߾ c ࣁ a1,a2, . . . ,an 的 common divisor (ϦӢ數).

(2) ऩ d ∈ N ࢂ a1,a2, . . . ,an 的ϦӢ數ύനε的, ᆀ߾ d ࣁ a1,a2, . . . ,an 的 greatest
common divisor നεϦӢ數, ೯தךॺ཮Ҕ gcd(a1,a2, . . . ,an) .Ңϐ߄ٰ

(3) ऩ m ∈ Z, Ъ a1|m, a2|m, . . . , an|m, ᆀ߾ m ࣁ a1,a2, . . . ,an 的 common multiple (Ϧ
७數).

(4) ऩ l ∈ N ࢂ a1,a2, . . . ,an 的҅的Ϧ७數ύനλ的, ᆀ߾ l ࣁ a1,a2, . . . ,an 的 least
common multiple നλϦ७數, ೯தךॺ཮Ҕ lcm(a1,a2, . . . ,an) .Ңϐ߄ٰ

೯த྽Ԗ΋ঁ಄ဦ܈Ӝຒሡाϟಏਔ, ॺ཮੝ձҔךډפߡΑБࣁ Definition ٰ኱Ңϐ.

྽ाΠ΋ঁۓကਔाݙཀࢂցӝ౛. όा๏的ۓက的ܿՋਥ本όӸӧؒ܈ԖҔ.
Definition 1.1.6 ύ൩ाݙཀനεϦӢ數ϷനλϦ७數ࢂցӸӧ: Ӣࣁ 1 整ନ܌Ԗ的整數,
аऩ܌ a1,a2, . . . ,an ∈ Z .ϦӢ數ѸӸӧځ߾ ΞӢࣁ྽ a ̸= 0 ਔ, a 的ҺཀӢ數ࣣλܭ฻ܭ

|a|, ࡺ a1,a2, . . . ,an 的ϦӢ數܌ԋ的໣ӝԖ΢ࣚ, ޕॺךа܌ a1,a2, . . . ,an 的നεϦӢ數Ѹ

Ӹӧ. όၸ a1,a2, . . . ,an 的നεϦӢ數Ԗёૈࢂ 1. ऩӵԜ (ջ gcd(a1,a2, . . . ,an) = 1), ᆀ߾
a1,a2, . . . ,an ϕ質 (relatively prime). ќ΋Бय़Ӣࣁ a1a2 · · ·an ࢂ a1,a2, . . . ,an 的Ϧ७數, ܌
а፾྽的४΢҅ॄဦёޕ a1,a2, . . . ,an ҅的Ϧ७數ѸӸӧ, ӢԜҗ well-ordering principle ޕ
a1,a2, . . . ,an 的നλϦ७數ѸӸӧ.

ௗΠٰךॺ௖૸ϦӢ數ϷനεϦӢ數的基本性質. җܭ a ک −a 的Ӣ數ࢂ΋ኬ的, а܌
όѨ΋૓性, ӧ૸論Ӣ數ਔךॺ໻૸論҅整數的௃׎. .૸論ۈ໒׎整數的௃҅ঁٿॺ൩வך

Proposition 1.1.7. ଷ೛ a,b ∈ N Ъ d ࢂ a ک b 的ϦӢ數. ऩ d′ ࢂ a/d ک b/d 的ϦӢ

數, ߾ dd′ ࢂ a ک b 的ϦӢ數.

Proof. २Ӄݙཀ, җܭ d ࢂ a,b 的ϦӢ數, Ӹӧࡺ m,n ∈ Z ٬ள a = dm Ъ b = dn. Ψ൩ࢂ
ᇥ a/d = m ک b/d = n .整數ࣁࣣ Ξ d′ ࢂ m,n 的ϦӢ數ࡺӸӧ m′,n′ ∈ Z ٬ள m = d′m′ Ъ

n = d′n′. 整౛ள a = dd′m′ Ъ b = dd′n′ ޕࡺ dd′ ࢂ a ک b 的ϦӢ數. �

ऩ Proposition 1.1.7 ύךॺڗ d = gcd(a,b), ॺёளаΠϐךကۓճҔനεϦӢ數的߾
性質.

Corollary 1.1.8. ଷ೛ a,b ∈ N Ъ d = gcd(a,b). ߾ a/d ک b/d ϕ質.

Proof. ा᛾ܴ a/d ک b/d ϕ質൩ࢂ᛾ gcd(a/d,b/d) = 1. ฅԶाᇥܴ gcd(a/d,b/d) = 1 ൩

ளᇥܴऩ d′ ࢂ a/d ک b/d 的΋ঁ҅的ϦӢ數, ߾ d′ = 1. ٣ჴ΢ऩ d′ ࢂ a/d ک b/d 的΋

ঁ的ϦӢ數, җ߾ Proposition 1.1.7 ޕ dd′ ࢂ a,b 的ϦӢ數. ฅԶςޕ d ࢂ a,b ϦӢ數ύന
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ε的, ޕࡺ d ≥ dd′. Ψ൩ࢂᇥ d′ ≤ 1. ӢԜ่ӝ྽߃ଷ೛ d′ ࢂ a,b 的΋ঁ҅的ϦӢ數 (ջ
d′ ≥ 1) ள᛾ d′ = 1. �

ཀ΋૓ा᛾ܴݙ d = gcd(a,b)ךॺा᛾ܴٿҹ٣. २Ӄा᛾ܴ dࢂ a,b的ϦӢ數,ӆٰ൩
᛾ܴࢂ d ࢂ aک b的ϦӢ數ύനε的. 前य़ Corollary 1.1.8ύךॺा᛾ܴ gcd(a/d,b/d) = 1.
җܭ 1 Ѹࣁ a/d,b/d 的ϦӢ數, аѝा᛾ܴҺཀ܌ a/d ک b/d 的ϦӢ數ࣣλܭ฻ܭ 1 ൩ё.

Proposition 1.1.7 ک Corollary 1.1.8 ೿ёа௢ቶډ΋૓ n ঁ҅整數的௃׎.

Question 1.2. ଷ೛ a1, . . . ,an ∈ N. ၂᛾ܴ

(1) ऩ d ࢂ a1, . . . ,an 的ϦӢ數Ъ d′ ࢂ a1/d, . . . ,an/d 的ϦӢ數, ߾ dd′ ࢂ a1, . . . ,an 的

ϦӢ數.

(2) ऩ d = gcd(a1, . . . ,an). ߾ gcd(a1/d, . . . ,an/d) = 1.

฻Π΋࿯௖૸ନݤচ౛ϐࡕ, .д的性質ځॺӆ຾΋؁ፋ論നεϦӢ數ϷനλϦ७數ך

1.2. ନݤচ౛ᆶനεϦӢ數

整數ύന基本的ۓ౛ᔈ၀൩ࢂ整數的ନݤচ౛ Division Algorithm, ൳Я܌Ԗ整數的基
本性質೿ࢂҗѬ௢Ꮴрٰ.

Theorem 1.2.1 (Division Algorithm). ๏ۓ΋҅整數 n, ჹҺཀ的 m ∈ Z, ࣣӸӧ h,r ∈ Z,
ύځ 0 ≤ r < n, ᅈى m = h ·n+ r.

೭ࢂ΋ঁࡐख़ा的性質, ख़ाךډॺа Theorem ٰᆀڥѬ. ೭ঁۓ౛ךॺಞᄍᆀࣁନݤ
চ౛, ӵԜᆀѬ྽ฅ൩х֖ “ନ” ೭ঁཷۺ. २Ӄᢀჸ, ྽ךॺӧλᏢਔೀ౛ 36 ନа 7 的ୢ

ᚒਔ, ॺ཮Ӄ჋၂ך 36−7, ว౜܌Ꭹεܭ 7, аӆԵቾ܌ 36−2×7. ,ϼεࢂᎩᗋ܌ ӢԜӆ
Եቾ 36−3×7, ೭ኬ΋ޔΠѐډ 36−5×7 ୼λΑ, ۓዴߡॺך 36 ନа 7 的୘ࣁ 5 Ꭹ數ࣁ

1. εৎёа࣮рٰ, ೭္ךॺ٣ჴ΢ࢂԵቾ {36− 7t | t ∈ Z} ೭ঁ໣ӝύനλ的ॄߚ整數,
ࢂ཮ߡ 36 ନа 7 的Ꭹ數Α. ճҔ೭ঁགྷݤ, ёа᛾ܴߡॺך Theorem 1.2.1 Α.

Proof. ๏ۓ n ∈ N Ъ m ∈ Z. २ӃԵቾ W = {m− t ·n | t ∈ Z} ೭΋ঁ໣ӝ. Ψ൩ࢂԏ໣ m,
m−n, m−2n, . . . аϷ m+n, m+2n, . . . ฻ϡન܌ள໣ӝ. Ӣࣁ t ёڗҺՖ整數, ৒ܰ൩࣮ࡐ
р W ΋ۓх֖΋ॄߚ٤的整數. ඤ言ϐ, ऩԵቾ W ′ ࣁ W ύॄߚ的ϡન܌ԋ的໣ӝ, ߾ W ′

.的整數的η໣ӝޜߚ΋ঁࢂ җ整數的ࡺ well-ordering principle ޕ W ′ ύӸӧനλ的整數

r. ջ r ࢂ W ύനλ的ॄߚ的整數. Ӣࣁ r ∈W , җۓကޕӸӧ h ∈ Z ᅈى r = m−h ·n. ॺך
നЬा的Ҟ的൩ࢂा᛾ܴ 0 ≤ r < n.

ଷ೛ r όӝךॺ的చҹ, Ψ൩ࢂᇥ r ≥ n (ձבΑ r .(整數的ଷ೛ॄߚࢂ ऩӵԜ, ॺёך
ஒ r ቪԋ r = n+ r′, ύځ r′ ≥ 0. ӢԜճҔ

m = h ·n+ r = h ·n+(n+ r′) = (h+1) ·n+ r′,

ډॺளך r′ = m− (h+1) ·n ∈W . ՠ 0 ≤ r′ < r, ೭ک r ࢂ W ύനλ的ॄߚ整數࣬ҟ࣯. ࡺ
ள᛾本ۓ౛. �
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ाݙཀ Theorem 1.2.1 的᛾ܴךॺҔډ整數΢ёа௨ׇ的 well-ordering principle, ӢԜ
ᗨฅ᛾ܴࡐᙁൂ, ՠ٠όૈޔௗ঺Ҕځډд的數س.

Division Algorithm ,整數論ύ΋ঁख़ा的性質ࢂ Ѭёаᔅշךॺೀ౛΋ঁ整數ࢂցё
а೏ќ΋ঁ整數整ନ的ୢᚒ. ۭΠךॺ൩ࢂाճҔ Theorem 1.2.1 ஒ Z ύԖব٤η໣ӝё
аቪԋ aZ ೭ኬ的׎Ԅዴᇡрٰ.

ӣ៝΋Π, ӧ΢΋࿯ύךॺޕၰ྽ a ∈ Z, aZ ೭΋ঁ໣ӝԖ܌ᒏ的࠾ഈ性 (Proposition
1.1.1), ջऩ b,c ∈ aZ ჹҺཀ߾ m,n ∈ Z ࣣԖ mb+nc ∈ aZ. ౜ӧךॺाᇥܴ, ϸၸٰΨԋҥ.
Ψ൩ࢂᇥऩ S ࢂ Z 的΋ঁޜߚη໣ЪԖ࠾ഈ性 (ջᅈىऩ b,c ∈ S ჹҺཀ߾ m,n ∈ Z ࣣԖ
mb+nc ∈ S), ॺा᛾ܴӸӧך a ∈ Z ٬ள S = aZ.

२ӃᢀჸӢ S ,ޜߚࣁ ѸӸӧࡺ b ∈ S, ӢԜҗ࠾ഈ性的ଷ೛ޕ b+(−1)b = 0 ∈ S. Ψ൩
ᇥࢂ 0 ΋ۓӧ S ύ. ౜ऩ S = {0}, з߾ a = 0, ॺԾฅԖך S = aZ. ӢԜךॺ໻ഭΠ S ̸= {0}
的௃׎ाԵቾ. ा࡛ኬډפ a ∈ Z ٬ள S = aZ ?ګ ၰऩޕॺך S = aZ, ٗሶ S ύനλ的

҅整數൩ࢂ a ܈ −a. ډפаा܌ a ᅈى S = aZ, ॺԾฅΨ཮Եቾך S ύനλ的҅整數Α.
з S′ ࣁ S ύ的҅整數܌ԋ的໣ӝ, ջ S′ = S∩N. ॺӃᇥܴך S′ όޜࢂ໣ӝ. ೭ࢂӢࣁҗ
S ̸= {0} Ӹӧޕ b ∈ S Ъ b ̸= 0. ऩ b > 0, ޕ߾ b ∈ S′; Զऩ b < 0, җ 0 ∈ S аϷ࠾ഈ性ޕ

0−b =−b ∈ S, ӢԜҗ −b > 0, ளޕ −b ∈ S′. നࡕҗ S′ Ӹӧޕ໣ӝЪԖΠࣚޜߚࣁ a ∈ S′

Ъࢂ S′ ύനλ的ϡન. ॺाᇥܴԜਔך S = aZ. ӣ៝΋Π, ྽ךॺाᇥঁٿ໣ӝ࣬฻ਔ, ߡ
ाᇥܴ೭ঁٿ໣ӝϕ࣬Ԗх֖ᜢ߯. Ӣࣁ a ∈ S, ჹҺཀޕഈ性࠾җࡺ m ∈ Z, ma ∈ S, ӢԜள
᛾ aZ⊆ S. നךࡕॺഭΠा᛾ܴ S ⊆ aZΑ. Ψ൩ࢂा᛾ܴჹҺཀ b ∈ S,ࣣᅈى b ∈ aZ. ඤ言
ϐ, ॺा᛾ܴך S ύ的Һཀϡન b ࣣё೏ a .整ନ܌ ೭൩ךࢂॺाҔډ division algorithm
的ਔᐒΑ. җܭ a ∈ N, җ Theorem 1.2.1 Ӹӧޕ h,r ∈ Z ٬ள b = ha+ r, Ъ 0 ≤ r < a. ा
ཀԜਔݙ r = b− ha, Զ a,b ࣣឦܭ S, ޕഈ性࠾җࡺ r ∈ S. ౜ऩ r ̸= 0, Ң߄ r ∈ N, җࡺ
r ∈ S ள r ∈ S′. ฅԶ r < a, ೭کߡ a ࢂ S′ ύ的നλϡન࣬ҟ࣯Α. ޕࡺ r = 0, ΨӢԜள᛾
b = ha ∈ aZ. .ॺஒ΢य़૸論的่݀整౛ӵΠך

Theorem 1.2.2. ଷ೛ S ⊆ Z ໣ӝЪޜߚࣁ S ᅈىჹܭҺཀ b,c ∈ S аϷ m,n ∈ Z ࣣԖ
mb+nc ∈ S, Ӹӧ߾ a ∈ Z ٬ள S = aZ. ੝ձ的, ྽ S ̸= {0}, з a ࣁ S∩N ύനλ的ϡન,
Ԝਔёள S = aZ.

Question 1.3. Եቾ S = {4x+6y | x,y ∈ Z}. ၂᛾ܴ S ᅈىჹҺཀ b,c ∈ S аϷ m,n ∈ Z ࣣ
Ԗ mb+nc ∈ S. ၂פр a ∈ Z ٬ள S = aZ.

ௗΠٰךॺճҔ Theorem 1.2.2 ٰ௖૸ԖᜢനεϦӢ數ख़ा的性質. ҅ঁٿவࢂॺᗋך
整數的௃ݩ໒ۈ௖૸. ๏ۓ a,b ∈ N, ӵ݀ךॺૈډפ΋ঁ໣ӝ S ᅈى a,b ∈ S ЪڀԖ࠾ഈ

性, җ߾ Theorem 1.2.2 Ӹӧޕёߡ d ∈ Z ٬ள S = dZ. Ԝਔҗܭ a,b ∈ S = dZ, ޕࡺ a,b ࣣ

ࣁ d 的७數, Ψ൩ࢂᇥ d ཮ࢂ a,b 的ϦӢ數. ฅԶ౜ऩԖќ΋໣ӝ S′ ҭᅈى a,b ∈ S′ Ъڀ

Ԗ࠾ഈ性, ӕ౛ޕӸӧ d′ ∈ Z ٬ள S′ = d′Z, Ԝਔ d′ ҭࣁ a,b 的ϦӢ數. ౜ऩΞଷ೛ S ⊆ S′,
ҭջ dZ⊆ d′Z, җ߾ Proposition 1.1.3(1) ޕ d′ | d. வ೭္ךॺёаޕၰ, ྽ךॺפ的 S ຫ

λ,ёளډ a,b的ϦӢ數൩ຫε. ΋ঁനλ的໣ӝډפाࢂߡа౜ӧ的Ҟ኱܌ Sᅈى a,b ∈ S

ЪڀԖ࠾ഈ性.
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࡛ኬ的໣ӝ S ཮ࢂх֖ a,b ЪڀԖ࠾ഈ性的നλ的໣ӝګ? ,ഈ性的ा؃࠾٩ җ a,b ∈ S

ॺளჹҺཀך m,n ∈ Z ࣣሡ ma+nb ∈ S. ӢԜ S 的നλ的ёૈ൩ࢂ S = {ma+nb | m,n ∈ Z}.
р的ۓॺஒ᛾ܴ೭ኬך S ዴჴԖ࠾ഈ性, ΨӢԜளډаΠ的性質.

Proposition 1.2.3. ଷ೛ a,b ∈ N, з d ໣ӝࣁ S = {ma+nb | m,n ∈ Z} ύനλ的҅整數.
߾ gcd(a,b) = d.

Proof. २Ӄݙཀҗܭ೭္ m,n ,Һཀ的整數ࢂ ၰ໣ӝޕॺךа܌ S = {ma+nb | m,n ∈ Z}
ύѸӸӧ҅整數. ӢԜךॺ঺Ҕ well-ordering principle ޕ S ύѸԖനλ的҅整數. Ψ൩ࢂ
ᇥ௶ॊύ的 d ΋ۓӸӧ.

ௗ๱ךॺाӃᇥܴ S ؁ᡯ᛾ܴঁٿ前य़ග的ྣࡪࡕഈ的ฅ࠾ࢂ d ࣁ a,b 的നεϦӢ數.
Һڗ u,v ∈ S, җ S 的ۓကךॺޕӸӧ r,r′,s,s′ ∈ Z ٬ள u = ra+ sb, v = r′a+ s′b. ౜ჹҺཀ
m,n ∈ Z, ॺԖך

mu+nv = m(ra+ sb)+n(r′a+ s′b) = (mr+nr′)a+(ms+ns′)b.

ӢԜҗ mr+nr′,ms+ns′ ∈ Z ள mu+nv ∈ S, ᛾ܴΑ S 的࠾ഈ性. аҗ܌ Theorem 1.2.2 ޕ
S = dZ. ΨӢԜҗ a ∈ S аϷ b ∈ S ள᛾ a ∈ dZ аϷ b ∈ dZ. Ψ൩ࢂᇥ d|a Ъ d|b, ҭջ d

ࢂ a,b 的ϦӢ數.

നךࡕॺा᛾ܴ d ࢂ a,b 的ϦӢ數ύനε的數. Ψ൩ࢂा᛾ܴऩ d′ ࢂ a,b 的ϦӢ數, ߾
d′ ≤ d. Ϟҗܭ d ∈ S, җ S 的ۓကޕӸӧ m,n ∈ Z ٬ள d = ma+ nb. ฅԶ d′|a Ъ d′|b, җ
Corollary 1.1.2 ޕ d′|ma+nb. ջ d′|d, Ψ൩ࢂᇥӸӧ l ∈ Z ٬ள d = d′l. ӢԜҗςޕ d > 0

྽ฅள d′ ≤ d. �

,܁ڻ೚εৎ཮܈ ΋૓ٰᇥפ a,b 的നεϦӢ數ѝाӧ a,b Ԗज़ӭঁϦӢ數ύפനε的

൩ӳΑࣁϙሶाԾ૸धӞӧ {ma+nb | m,n ∈ Z} ೭ঁԖคጁӭঁϡન的໣ӝύפ? ؒԖᒱ,
ӵ݀ a,b .פௗޔϙሶ྽ฅࢂၰޕᡏ的ڀࡐ ฅԶ྽ךॺा૸論΋૓的௃׎, a,b ҺՖёૈࢂ

的整數, όૈҔ൳ঁڀᡏٯηж΋ж൩Α٣. аᗨฅ܌ Proposition 1.2.3 ӧჴሞᏹբਔ٠ό
ჴҔՠाҔډ౛論的௢ᄽਔѬࡐࢂࠅӳҔٰၲ߄നεϦӢ數的πڀ. ௗճҔޔ Proposition
1.2.3 .ॺଭ΢ԖаΠϐ性質ך

Corollary 1.2.4. ଷ೛ a,b ∈ N Ъ d = gcd(a,b) Ӹӧ߾ m,n ∈ Z ٬ள d = ma+nb. ԶЪჹ
Һཀ d′ ∈ Z, d′ ࢂ a,b 的ϦӢ數ऩЪ୤ऩ d′|d.

Proof. җ Proposition 1.2.3 ޕॺך d ӧ໣ӝ S = {ma+ nb | m,n ∈ Z} ύ, ကӸӧۓ٩ࡺ
m,n ∈ Z ٬ள d = ma+nb.

ཀ೭္ݙ “ऩЪ୤ऩ” 的ཀࡘ൩ࢂᇥӵ݀ d′ ࢂ a,b 的ϦӢ數ٗሶ d Ѹ整ନ a,b 的നε

ϦӢ數 d, ϸϐऩ d′ 整ନ a,b 的നεϦӢ數, ٗሶ d′ ΋ࢂۓ a,b 的ϦӢ數. җ Proposition
1.2.3 的᛾ܴךॺޕऩ d′ ࢂ a,b 的ϦӢ數߾ d′|d. ϸϐऩ d′|d, ܭҗ߾ d|a Ъ d|b, ճҔ
Proposition 1.1.3(3) ޕ d′|a Ъ d′|b. ջ d′ ࣁ a,b 的ϦӢ數. �
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΋૓ٰᇥԖ的性質ёаவҘё௢ளΌ, ՠ೭٠ό߄ҢவΌё௢ளҘ. ӵ݀ঁٿ性質ёа
ϕ௢, ॺ൩Ҕך “ऩЪ୤ऩ” .Ңϐ߄ ੝ձाݙཀ Corollary 1.2.4 ٠όࢂᇥऩԖ΋ঁ҅整數
d ёډפ m,n ∈ Z ٬ள d = ma+nb, ߾ d ൩ࢂ a,b 的ϦӢ數. ೭ࢂ΋໒ۈεৎӧᏢಞᡄᒠ௢
論ਔதҍ的ᒱᇤ. ჴځ d ёаቪԋ ma+nb ໻߄Ң d ཮ӧ໣ӝ S = {ma+nb | m,n ∈ Z} ύ,
٠ό߄Ң d ཮ࢂ S ύനλ的҅整數. а྽ฅ܌ d ൩҂Ѹࢂ a,b 的നεϦӢ數. ӢԜ྽ा᛾
ܴ d ࢂ a,b 的നεϦӢ數ਔ, ᗋࢂளࡪ೽൩੤ӵ前य़܌ග的؁ٿᡯ຾Չ, ί࿤όाঁٿډפ
整數 m,n ٬ள d = ma+nb ൩ᇥ d ൩ࢂ a,b 的നεϦӢ數. ྽ฅΑӵ݀գा᛾ܴ a,b ϕ質

(ջ gcd(a,b) = 1) ਔёаճҔډפ m,n ٬ள ma+nb = 1 ٰೀ౛. ೭ࢂӢࣁԜਔ 1 ӧ S ύ,
ࢂ྽ฅࡺ S ύനλ的҅整數Α. ӢԜךॺஒԜ੝ਸ௃ݩӈр.

Corollary 1.2.5. ଷ೛ a,b ∈ N. ߾ gcd(a,b) = 1 ऩЪ୤ऩӸӧ m,n ∈ Z ٬ள ma+nb = 1.

Proof. ӆமፓ΋ԛ, ा᛾ܴऩЪ୤ऩѸሡঁٿБӛ೿᛾ܴ.

ऩ gcd(a,b) = 1, җ Corollary 1.2.4 Ӹӧޕ m,n ∈ Z ٬ள 1 = ma+ nb. ϸϐ, ऩӸ
ӧ m,n ∈ Z ٬ள ma+ nb = 1, ߾ 1 Ѹࣁ໣ӝ {ma+ nb | m,n ∈ Z} ύനλ的҅整數, җࡺ
Proposition 1.2.3 ޕ gcd(a,b) = 1. �

а΢的性質٠ؒԖ֋ນךॺ࡛ሶډפ m,n ٬ள ma+nb = gcd(a,b), ॺஒ཮ӧΠ࿯ϟך
ಏֹᗅᙯ࣬ନࡕݤ๏΋ঁБ؃ٰݤ m,n. ᗨฅҞ前ךॺόޕӵՖ؃ள m,n, όၸவΠ΋ঁ௖
૸ a,b ϕ質ਔ的ख़ा的性質ךॺёа࣮ډ໻໻ޕၰѬॺ的Ӹӧ性ӧ౛論的௢ᄽ൩ࡐᆅҔΑ.

Proposition 1.2.6. ଷ೛ a,b ∈ N Ъ gcd(a,b) = 1. :ॺԖаΠ的性質ך

(1) ऩ k ∈ Z Ъ a|bk, ߾ a|k.

(2) ऩ l ∈ Z Ъ a|l Ϸ b|l, ߾ ab|l.

Proof. Ӣࣁ gcd(a,b) = 1, җ Corollary 1.2.5 Ӹӧޕॺך m,n ∈ Z ٬ள ma+nb = 1.

(1) ஒ ma+nb = 1 ฻Ԅٿᜐ४΢ k ёள mak+nbk = k. ฅԶଷ೛ a|bk ճҔࡺ a|ak аϷ

Corollary 1.1.2 ޕ a|mak+nbk, ջ a|k.

(2)җ a|l аϷ b|l Ӹӧޕ r,s ∈Z٬ள l = ar = bs. Ӣࣁ a|arࡺள a|bs. ӆҗ gcd(a,b) = 1

的ଷ೛ճҔ (1)ёள a|s. ඤ言ϐӸӧ t ∈ Z٬ள s = at. ஒϐ஥ӣ l = bsள l = b(at) = (ab)t,
ள᛾ ab|l. �

ाݙཀ Proposition 1.2.6 的చҹ. ΋૓ٰᇥऩؒԖ a,b ϕ質的ଷ೛ a|bc ٠όૈߥ᛾ a|b
܈ a|c. ൩৾ 12|6×4 ٰᇥփ, ᡉ的ܴࡐ 12 - 6 (೭္ - (ࡘҢό整ନ的ཀ߄ ԶЪ 12 - 4. ӕኬ
的ऩ a,b όϕ質 a|c Ъ b|c Ψόૈߥ᛾ ab|c. ӵٯ 4|12 Ъ 6|12 ՠࢂ 4×6 - 12.

ௗΠٰךॺٰ࣮࣮ a,b 的നλϦ७數. ऩ l ࢂ a,b 的നλϦ७數, ܭҗ߾ gcd(a,b)|l, ך
ॺԾฅޕӸӧ m,n ∈ Z ٬ள l = ma+nb. όၸ೭ঁ߄Ңݤჹ l ൩ؒԖϙሶᔅշΑ. ЬाচӢ
ࢂ l ӧ {ma+nb | m,n ∈ Z} ೭ঁ໣ӝύόႽ gcd(a,b) Ԗӵ Proposition 1.2.3 ॊ΋ኬ੝ਸ܌
的ӦՏ. όၸؒᜢ߯, Π΋ঁۓ౛֋ນךॺ΋૓ٰᇥѝाΑှ a,b 的നεϦӢ數൩ૈඓඝ

a,b 的നλϦ७數.
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ᡣךॺӃٰ࣮࣮ा࡛ኬޕၰ l ࢂ a,b 的നλϦ७數. ൩ӵӕനεϦӢ數的௃׎΋ኬךॺ
ा᛾ܴٿҹ٣. २Ӄ᛾ܴ l ࢂ a,b 的҅的Ϧ७數, ӆٰ൩ࢂ᛾ܴ l ࢂ a ک b 的҅的ϦӢ數ύ

നλ的. ӵԜ΋ٰ൩ૈᏼߥ l ࢂ a,b 的നλϦ७數.

Proposition 1.2.7. ଷ೛ a,b ∈N Ъ gcd(a,b) = d Ϸ lcm(a,b) = l, ߾ l = ab/d. ԶЪ m ∈ Z
ࢂ a,b 的Ϧ७數ऩЪ୤ऩ l|m.

Proof. җଷ೛ d = gcd(a,b)ޕӸӧ a′,b′ ∈N٬ள a = a′d, b = b′d Ъ gcd(a′,b′) = 1 (Propo-
sition 1.1.8). ౜ӧךॺ٩΢ॊ؁ঁٿᡯ᛾ܴ ab/d = a′b = b′a ࢂ a,b 的നλϦ७數.

२Ӄҗ ab/d = b′a ޕ a|(ab/d) ӕ౛ޕ b|(ab/d), Ψ൩ࢂᇥ ab/d ࣁ a ک b 的Ϧ७數. Ξ
Ӣࣁ a,b,d ,數҅ࣁࣣ а܌ ab/d ࣁ a,b ϐ҅的Ϧ७數.

ௗ๱᛾ܴऩ m ࣁ a,b ϐ҅的Ϧ७數, ߾ (ab/d) ≤ m. җଷ೛ޕӸӧ m′,n′ ∈ N ٬ள
m = m′a = n′b. ඤ言ϐ m = m′a′d = n′b′d, ੃௞ࡺ d (Ӣ d ̸= 0) ள m′a′ = n′b′. Ψ൩ࢂᇥ
a′|n′b′. ՠҗܭ gcd(a′,b′) = 1, җࡺ Proposition 1.2.6(1) ޕ a′|n′. Ψ൩ࢂᇥӸӧ h ∈ N ٬ள
n′ = a′h. жӣ m = n′b ள m = ha′b, ޕளࡺ a′b = (ab/d)|m. җܭ ab/d Ϸ m ,數҅ࣁࣣ ள᛾
(ab/d)≤ m. Ψ൩ࢂᇥ ab/d = lcm(a,b) = l.

ฅࡽ ab/d = l җ΢य़的᛾ܴךॺޕऩ m ࣁ a,b 的Ϧ७數, ߾ l = (ab/d)|m. ϸϐ, ऩ l|m,
җ߾ a|l Ъ b|l, ளޕ a|m Ъ b|m, ࡺ m ࣁ a,b ϐϦ७數. �

ाݙཀᗨฅ Proposition 1.2.7 ύଷ೛ a,b ∈ N, ՠځҞ的໻ࢂճҔ҅ࣁځ數Бߡඔॊന
λϦ७數. ऩ a,b ∈ Z ό΋҅ࣁۓਔ, ॺѝा፾྽的у΢ॄဦϝёճҔך Proposition 1.2.7
的ԄηቪΠനλϦ७數. ќѦک Corollary 1.2.4 ύ܌ॊϦӢ數ࣁനεϦӢ數ϐӢ數࣬፵ࢀ
Proposition 1.2.7 ֋ນךॺϦ७數ࣁനλϦ७數ϐ७數.

ௗΠٰᡣךॺٰ࣮࣮Ԗᜢӭঁ (ӭঁٿܭ) 整數的നεϦӢ數性質. ॺ၂๱๱௢ቶ前ך
य़的Бݤ, ࣮࣮前य़的่݀ჹӭঁ整數ࢂց፾Ҕ.

Proposition 1.2.8. ଷ೛ a1, . . . ,an ∈N, з d ໣ӝࣁ S = {m1a1+ · · ·+mnan | m1, . . . ,mn ∈Z}
ύനλ的҅整數. ߾ gcd(a1, . . . ,an) = d.

Proof. ,ӕ࣬׎前य़的௃ک ճҔ well-ordering principle ޕ S ύѸԖനλ的҅整數. Ψ൩
ᇥ௶ॊύ的ࢂ d ΋ۓӸӧ. ௗ๱ک前य़΋ኬ, ޕॺך S ,ഈ的࠾ࢂ җࡺ Theorem 1.2.2 ள
S = dZ. ӢԜёྣࡪ前य़᛾ܴനεϦӢ數的؁ᡯ᛾ܴ d ࣁ a1, . . . ,an 的നεϦӢ數.

२Ӄᔠࢗჹ܌Ԗ i ∈ {1, . . . ,n}, ࣣԖ d|ai. җܭ ai ∈ S = dZ, ޕࡺ d|ai. Ψ൩ࢂᇥ d ࣁ

a1, . . . ,an 的ϦӢ數.

ௗ๱ךॺा᛾ܴ d ࢂ a1, . . . ,an 的ϦӢ數ύനε的數. Ψ൩ࢂा᛾ܴऩ d′ ࢂ a1, . . . ,an

的ϦӢ數, ߾ d′ ≤ d. ,ကۓ٩ Ӹӧ m1, . . . ,mn ∈ Z ٬ள d = m1a1 + · · ·+mnan. Ϟҗܭჹ
Һཀ i ∈ {1, . . . ,n}, ࣣԖ d′|ai ޕࡺ d′|m1a1 + · · ·+mnan. ջ d′|d, ӢԜҗςޕ d > 0 ྽ฅள

d′ ≤ d. �



10 1. 整數的基本性質

ԖΑ Proposition 1.2.8 ,аΠϐ่݀ډ΋ኬளݤ前य़的Бکॺ྽ฅёаך ᛾ܴ൩όӆᙧ
ॊ.

Corollary 1.2.9. ଷ೛ a1, . . . ,an ∈ N Ъ d = gcd(a1, . . . ,an) Ӹӧ߾ m1, . . . ,mn ∈ Z ٬ள
d = m1a1 + · · ·+mnan. ԶЪჹҺཀ d′ ∈ Z, d′ ࢂ a1, . . . ,an 的ϦӢ數ऩЪ୤ऩ d′|d.

ाݙཀ٠ό܌ࢂԖԖᜢঁٿ整數的നεϦӢ數的性質೿ёа௢ቶډӭঁ整數的௃׎.
ӵٯ Proposition 1.2.6(2) ֋ນךॺऩ gcd(a,b) = 1 Ъ a|l Ϸ b|l, ߾ ab|l. Ԝ性質ӧঁٿа
΢整數的௃׎൩ό΋ۓჹ. ЬाচӢ൩٩ࢂӭঁ整數ϕ質的ۓက a1,a2, . . . ,an ϕ質߄ࢂҢ

೭٤數ନΑ ±1 ϐѦؒԖӅӕ的Ӣ數, ՠό߄ҢҺځڗύঁٿ數೿ϕ質. ჴԖёૈҺཀځ
ai,a j ೿όϕ質ՠࢂ a1, . . . ,an ϝϕ質. ӵٯ a1 = 6, a2 = 15 аϷ a3 = 10 的௃׎. ॺԖך
gcd(a1,a2) = 3, gcd(a2,a3) = 5 аϷ gcd(a1,a3) = 2 ՠࢂ gcd(a1,a2,a3) = 1. ׎аԖ٤௃܌
໻ଷ೛ a1, . . . ,an ϕ質ࢂό୼的, ೿ϕ質ঁٿڗҺډॺ໪Ҕך (ջჹҺཀ i, j ∈ {1, . . . ,n} Ъ
i ̸= j, ࣣԖ gcd(ai,a j) = 1) ೭΋ঁၨம的ϕ質性ωՉ. ೭ᅿၨம的ϕ質性ךॺᆀϐࣁ ٿٿ“
ϕ質” (pairwise relatively prime). ྽ฅΑऩ a1, . . . ,an ,ϕ質ٿٿ ߾ a1, . . . ,an Ѹϕ質. εৎ
΋ۓाమཱ೭ٿᅿϕ質性ϐόӕ. Proposition 1.2.6(2), ӧӭঁ整數的௃׎ϐΠऩٿٿࣁׯ
ϕ質൩཮ԋҥ. җܭ೭္౐ੋډҺཀӭঁ整數, .᛾ٰܴݤ數ᏢᘜયډаளҔ܌ 數Ꮲᘜયݤ
的চ౛ךॺଷ೛εৎςΑှ, Ԝೀόӆᙧॊ.

Proposition 1.2.10. ଷ೛ a1, . . . ,an ∈ N Ъ೭٤ ai .ϕ質ٿٿ ऩз M = a1 · · ·an, ॺԖך߾
аΠϐ性質.

(1) ჹҺཀ i ∈ {1, . . . ,n} ࣣԖ gcd(ai,M/ai) = 1.

(2) ऩჹ܌Ԗ i ∈ {1, . . . ,n} ࣣԖ ai|l, ߾ M|l.

Proof. җܭ໻ӧӭܭ΋ঁ整數ਔωፋനεϦӢ數, வݤॺ數Ꮲᘜયךа܌ n = 2 ໒ۈ.

(1) Ԝೀҗکܭ a1, . . . ,an 的௨ׇคᜢ, ॺ໻ೀ౛ך i = 1 的௃׎. २Ӄ࣮ n = 2 的௃

.׎ Ԝਔ M = a1a2 җଷ೛ࡺ gcd(a1,a2) = 1 ޕ gcd(a1,M/a1) = 1. ӆٰҗ數Ꮲᘜયݤଷ೛
n = k−1 ਔԋҥ, ջ gcd(a1,a2 · · ·ak−1) = 1. ԜਔӸӧ m′,n′ ∈ Z ٬ள

m′a1 +n′(a2 · · ·ak−1) = 1. (1.1)

౜Եቾ n = k ϐ௃׎, Ԝਔ M = a1a2 · · ·ak. ஒԄη (1.1) ᜐ४аٿ ak ள

m′a1ak +n′(a2 · · ·ak−1ak) = m′aka1 +n′(M/a1) = ak. (1.2)

Ξҗٿٿϕ質的ଷ೛ޕ gcd(a1,ak) = 1, ջӸӧ r,s ∈ Z ٬ள ra1 + sak = 1. аԄη (1.2) ϐ
ak жΕ΢Ԅள

1 = ra1 + s(m′aka1 +n′(M/a1)) = (r+ sm′ak)a1 + sn′(M/a1).

Ӣࣁ r+ sm′ak ∈ Z Ъ sn′ ∈ Z җࡺ Corollary 1.2.5 ޕ gcd(a1,M/a1) = 1.

(2)२ӃԵቾ n = 2的௃׎,Ԝਔ M = a1a2 Ъ gcd(a1,a2) = ࡺ1 Proposition 1.2.6(2)֋ນ
ॺऩך a1|l Ъ a2|l,߾ M|l. ӆٰҗ數Ꮲᘜયݤଷ೛ n = k−1ਔԋҥ,ջऩз M′ = a1 · · ·ak−1,
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߾ M′|l. ౜Եቾ n = k ϐ௃׎, Ԝਔ M = a1 · · ·ak−1ak = M′ak. җ (1) ޕ gcd(ak,M′) =

gcd(ak,M/ak) = 1, җଷ೛ࡺ ak|l Ъ M′|l аϷ Proposition 1.2.6(2) ޕ M′ak = M|l. �

ௗΠٰךॺٰ࣮, ऩךॺ཮ঁٿ؃整數的നεϦӢ數 (ݤΠ΋࿯ϐᗅᙯ࣬ନـୖ) ٗሶ
.Ӧ؃ளӭঁ整數的നεϦӢ數ঁٿঁٿॺ൩ёаך Ψ൩ࢂᇥёаӃ؃ d1 = gcd(a1,a2) ؃

ள d2 = gcd(a1,a2,a3) = gcd(d1,a3), ೭ኬ΋ޔΠѐа؃ள gcd(a1,a2, · · · ,an). ॺ的᛾ܴБך
.຾ՉݤճҔ前ॊ᛾ܴനεϦӢ數Бࢂᗋݤ

Proposition 1.2.11. ऩ a1, . . . ,an ∈ N (n > 2), ߾

gcd(a1, . . . ,an−1,an) = gcd(gcd(a1, . . . ,an−1),an).

Proof. з d = gcd(gcd(a1, . . . ,an−1),an) २Ӄךॺा᛾ܴ d ࢂ a1, . . . ,an 的ϦӢ數. җܭ
d|gcd(a1, . . . ,an−1) җ Corollary 1.2.9 ޕ d ࢂ a1, . . . ,an−1 的ϦӢ數. ӆу΢ d|an, ޕࡺ d ࢂ

a1, . . . ,an−1,an 的ϦӢ數.

౜ଷ೛ d′ ࢂ a1, . . . ,an−1,an 的ϦӢ數. ྽ฅ d′ ࢂ a1, . . . ,an−1 的ϦӢ數, җࡺ Corollary
1.2.9 ޕ d′|gcd(a1, . . . ,an−1). ӆу΢ d′|an, ޕࡺ d′ ࢂ gcd(a1, . . . ,an−1) ک an 的ϦӢ數, ӆࡺ
җ Corollary 1.2.4 ޕ d′|gcd(gcd(a1, . . . ,an−1),an) = d. ள᛾ d ࢂ a1, . . . ,an 的ϦӢ數ύനε

的數, ࣁࡺ a1, . . . ,an 的നεϦӢ數. �

നךࡕॺ࣮࣮ӭঁ整數的നλϦ७數的性質. २Ӄाݙཀ的ࢂ Proposition 1.2.7 ύ
lcm(a,b) = ab/gcd(a,b) ೭ঁ性質ӧӭঁ整數ਔ٠ό΋ۓჹ. ග܌ӵ前य़ٯ a1 = 6, a2 = 15

аϷ a3 = 10 的ٯη, ॺԖך a1a2a3 = 900, gcd(a1,a2,a3) = 1 ՠࢂ lcm(a1,a2,a3) = 30. ᗨฅ
ӵԜ, ,നλϦ७數ϐ७數的性質ࣁॺϝԖϦ७數ך ԶЪ؃ӭঁ整數ϐനλϦ७數Ψёӵന
εϦӢ數΋ኬঁٿঁٿ຾Չ. ۭΠךॺஒճҔ數Ꮲᘜયݤӕਔ᛾ܴ೭ঁٿ性質. ೭ᅿख़ा的
᛾ܴמѯεৎ܈೚ؒԖـၸ, όၸځচ౛ӵӕ΋૓的數Ꮲᘜયݤচ౛, εৎᔈૈ౛ှ.

Proposition 1.2.12. ऩ a1, . . . ,an ∈ N (n > 2), ߾

lcm(a1, . . . ,an−1,an) = lcm(lcm(a1, . . . ,an−1),an).

ԶЪ m ∈ Z ࢂ a1, . . . ,an 的Ϧ७數ऩЪ୤ऩ lcm(a1, . . . ,an)|m.

Proof. ᔈҔ數Ꮲᘜયݤ, ྽ n = 3 ਔз l = lcm(lcm(a1,a2),a3). Ӣࣁ l ࣁ lcm(a1,a2) ک a3

ϐϦ७數, ޕ l ࣁ lcm(a1,a2) ϐ७數, җࡺ Proposition 1.2.7 ளޕ l ࣁ a1,a2 的Ϧ७數. ࡺ
l ࣁ a1,a2,a3 ϐϦ७數. ౜ଷ೛ m ࣁ a1,a2,a3 ϐϦ७數. ྽ฅ m ࢂ a1,a2 ϐϦ७數, җࡺ
Proposition 1.2.7 ޕ lcm(a1,a2)|m. ΞӢ m ࣁ a3 ϐ७數, ޕࡺ m ࣁ lcm(a1,a2) ک a3 ϐϦ

७數. ӢԜӆҗ Proposition 1.2.7 ޕ l = lcm(lcm(a1,a2),a3)|m. ॺ᛾ளΑך l ࢂ a1,a2,a3 的

҅ϦӢ數ύനλ的數, ளࡺ l = lcm(a1,a2,a3). ॺΨӕਔ᛾ளך l 整ନ܌Ԗ a1,a2,a3 的Ϧ७

數. ϸϐ, ऩ l|m, җ߾ a1|l, a2|l аϷ a3|l ޕ m ࣁ a1,a2,a3 的Ϧ७數. ӢԜ n = 3 的௃׎᛾

ֹܴԋ.

౜٩數Ꮲᘜયݤଷ೛ n = k−1 ਔԋҥ: ջ

lcm(a1, . . . ,ak−1) = lcm(lcm(a1, . . . ,ak−2),ak−1)
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Ъ m ∈ Z ࢂ a1, . . . ,ak−1 的Ϧ७數ऩЪ୤ऩ lcm(a1, . . . ,ak−1)|m. ౜Եቾ n = k ϐ௃׎. з
l′ = lcm(a1, . . . ,ak−1) Ъ l = lcm(l′,ak) ॺा᛾ܴך l ࢂ a1, . . . ,ak 的നλϦ७數.

җܭ l = lcm(l′,ak) ࢂ l′ = lcm(a1, . . . ,ak−1) 的७數, ଷ೛ݤҗ數Ꮲᘜયࡺ (n = k− 1 ϐ

௃ݩ) ޕ l ࣁ a1, . . . ,ak−1 的Ϧ७數. ӆу΢ l Ψࢂ ak 的७數, ޕளࡺ l ࢂ a1, . . . ,ak 的Ϧ

७數. ќ΋Бय़ऩ m ࢂ a1, . . . ,ak−1,ak 的Ϧ७數, ྽ฅ m ࢂ a1, . . . ,ak−1 的Ϧ७數. җࡺ
數Ꮲᘜયݤଷ೛ޕ l′ = lcm(a1, . . . ,ak−1)|m. ӆу΢ ak|m, ޕ m ࣁ l′ ک ak ϐϦ७數. җࡺ
Proposition 1.2.7 ޕ l = lcm(l′,ak)|m. ӢԶளޕ l ዴࣁ a1, . . . ,ak 的҅Ϧ७數ύനλޣ, Ψ൩
ᇥࢂ l = lcm(a1, . . . ,ak). ॺΨӕਔ᛾ளऩך m ࣁ a1, . . . ,ak 的Ϧ७數, ߾ l|m. ϸϐऩ l|m, ߾
җჹ܌Ԗ i ∈ {1, . . . ,k} ࣣԖ ai|l, ள᛾ ai|m. Ψ൩ࢂᇥ m ࣁ a1, . . . ,ak 的Ϧ७數. �

1.3. ᗅᙯ࣬ନݤ

ᗅᙯ࣬ନ؃ࢂݤനεϦӢ數ࡐԖਏ౗的Бݤ. २Ӄךॺϟಏᗅᙯ࣬ନݤ的চ౛.

Lemma 1.3.1. ऩ a,b ∈ N Ъ a = bh+ r, ύځ h,r ∈ Z, ߾ gcd(a,b) = gcd(b,r).

Proof. ଷ೛ d1 = gcd(a,b) Ъ d2 = gcd(b,r). ॺ᛾ܴך d1|d2 Ъ d2|d1, ӢԶёճҔ Proposi-
tion 1.1.3(2) аϷ d1,d2 數ள᛾҅ࣁࣣ d1 = d2.

Ӣ d1|aЪ d1|bճҔ Corollary ޕॺך1.1.2 d1|a−bh = r. Ӣࣁ d1|b, d1|rЪ d2 = gcd(b,r)

җࡺ Proposition 1.2.4 ޕ d1|d2. ќ΋Бय़, Ӣࣁ d2|b Ъ d2|r ࡺ d2|bh+ r = a. ӢԜёள
d2|d1. �

Lemma 1.3.1 ֋ນךॺ྽ a > b > 0 ਔ, ा؃ a,b 的നεϦӢ數ךॺёаӃஒ a ନа b

ࣁளᎩ數ऩ܌ r, ߾ a,b 的നεϦӢ數฻ܭ b ک r 的നεϦӢ數. Ӣࣁ 0 ≤ r < b < a, а܌
྽ฅעीᆉᙁϯΑ. ௗ๱ךॺ൩ٰ࣮࣮ᗅᙯ࣬ନݤ. җܭ gcd(a,b) = gcd(−a,b) ॺѝךа܌

ाԵቾ a,b ೿҅ࢂ整數的௃ݩ.

Theorem 1.3.2 (The Euclidean Algorithm). ଷ೛ a,b ∈ N Ъ a > b. җନݤচ౛ךॺޕӸ
ӧ h0,r0 ∈ Z ٬ள

a = bh0 + r0, ύځ 0 ≤ r0 < b.

ऩ r0 > 0, Ӹӧ߾ h1,r1 ∈ Z ٬ள

b = r0h1 + r1, ύځ 0 ≤ r1 < r0.

ऩ r1 > 0, Ӹӧ߾ h2,r2 ∈ Z ٬ள

r0 = r1h2 + r2, ύځ 0 ≤ r2 < r1.

ӵԜᝩុΠѐډޔ rn = 0 .Зࣁ ऩ n = 0 ( ջ r0 = 0), ߾ gcd(a,b) = b. ऩ n ≥ 1, ߾
gcd(a,b) = rn−1.

Proof. २Ӄݙཀऩ r0 ̸= 0, җܭ r0 > r1 > r2 > .. . ,ᝄ਱ሀ෧的ࢂ Ӣࣁ r0 ک 0 ϐ໔നӭ໻

ૈකΕ r0 −1 ঁ҅整數, ཮Ԗۓၰ΋ޕॺךа܌ n ≤ r0 ٬ள rn = 0.
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ऩ r0 = 0, ջ a = bh0, ޕࡺ b ࣁ a ϐӢ數, ள᛾ b ࣁ a,b 的നεϦӢ數. ऩ r0 > 0, җ߾
Lemma 1.3.1 ޕ

gcd(a,b) = gcd(b,r0) = gcd(r0,r1) = · · ·= gcd(rn−1,rn) = gcd(rn−1,0) = rn−1.

�

౜ӧךॺٰ࣮Ҕᗅᙯ࣬ନ؃ݤനεϦӢ數的ٯη.

Example 1.3.3. ॺ؃ך a = 481 ک b = 221 的നεϦӢ數. २Ӄҗନݤচ౛ள 481 =

2 ·221+39, ޕ r0 = 39. ӢԜӆԵቾ b = 221 ନа r0 = 39 ள 221 = 5 ·39+26, ޕ r1 = 26. ӆ
а r0 = 39 ନа r1 = 26 ள 39 = 1 · 26+ 13, ޕ r2 = 13. നࡕӢࣁ r2 = 13 整ନ r1 = 26 ޕ

r3 = 0, җࡺ Theorem 1.3.2 ޕ gcd(481,221) = r2 = 13.

ӧճҔᗅᙯ࣬ନ؃ݤനεϦӢ數ਔ, εৎόѸ੿的ډ؃ rn = 0. ύё࣮рٯӵӧ΢ٯ
r0 = 39 ک r1 = 26 的നεϦӢ數ࢂ 13, ճҔ Lemma 1.3.1 ଭ΢ளޕ gcd(a,b) = 13.

ӧ΢΋࿯ Corollary 1.2.4 ֋ນךॺऩ gcd(a,b) = d, Ӹӧ߾ m,n ∈ Z ٬ள d = ma+ nb.
྽ਔךॺؒԖගډӵՖډפԜ m,n. ౜ӧךॺճҔᗅᙯ࣬ନٰݤϟಏ΋ঁډפ m,n 的Бݤ.
Ҕݮॺך Theorem 1.3.2 的಄ဦ. २Ӄ࣮ r0 = 0 的௃׎, Ԝਔ d = gcd(a,b) = b аऩз܌

m = 0, n = 1, ॺԖך߾ d = b = ma+nb. ྽ r0 ̸= 0 ՠ r1 = 0 ਔ, ޕॺך d = gcd(a,b) = r0.
ճҔࡺ a = bh0 + r0 ,ޕ ऩз m = 1, n =−h0, ߾ d = r0 = ma+nb. ӕ౛ऩ r0 ̸= 0, r1 ̸= 0 ՠ

r2 = 0, ޕ߾ d = gcd(a,b) = r1. ճҔࡺ a = bh0 + r0 аϷ b = r0h1 + r1 ޕ

r1 = b− r0h1 = b− (a−bh0)h1 =−h1a+(1+h0h1)b.

ӢԜऩз m =−h1 Ъ n = 1+h0h1, ߾ d = r1 = ma+nb. ٩ྣԜݤ, ྽ r0,r1 ک r2 ࣣόࣁ 0

ਔ, җܭ d = gcd(a,b) = rn−1 җࡺ rn−3 = rn−2hn−1 + rn−1 ޕ d = rn−3 −hn−1rn−2. ճҔ數Ꮲᘜ
યךݤॺޕӸӧ m1,m2,n1,n2 ∈ Z ٬ள rn−3 = m1a+n1b Ъ rn−2 = m2a+n2b жΕளࡺ

d = (m1a+n1b)−hn−1(m2a+n2b) = (m1 −hn−1m2)a+(n1 −hn−1n2)b.

ӢԜऩз m = m1 −hn−1m2 Ъ n = n1 −hn−1n2, ߾ d = ma+nb.

΢य़的ᇥܴ࣮՟ӳႽ྽ r0 ̸= 0ਔჹ؂΋ঁ i∈{0,1, . . . ,n−2}ाӃஒ riቪԋ ri =mia+nib,
നࡕωёஒ d = rn−1 ቪԋ ma+nb 的׎Ԅ. ,ߡ論᛾ਔ的Бࢂჴ೭ѝځ ӧჴሞᏹբਔךॺځ
ჴࢂஒ؂ঁ ri ቪԋ m′

iri−2 +n′iri−1 的׎Ԅᄌᄌ଍௢ӣ d = ma+nb. ፎ࣮аΠ的ٯη.

Example 1.3.4. ॺ၂๱ճҔך Example 1.3.3 的่݀ډפ m,n ∈ Z ٬ள 13 = 481m+221n.
२ӃךॺԖ 13= r2 = 39−26= r0−r1. Զ r1 = 221−5 ·39= b−5r0,ࡺள 13= r0−(b−5r0) =

6r0 − b. ӆҗ r0 = 481− 2 · 221 = a− 2b, ளޕ 13 = 6(a−2b)− b = 6a−13b. ளࡺ m = 6 Ъ

n =−13 ཮ᅈى 13 = 481m+221n.

ाݙཀ೭္ډפ的 m,n ٠ό཮ࢂ୤΋ᅈى d = ma+ nb 的΋ಔှ. ᗨฅ΢य़的௢ᄽၸ
ำӳႽ཮ѝԖ΋ಔှ, όၸѝૈᇥࢂҔ΢य़的Бݤ཮ளډ΋ಔှ, ٠όૈᏼߥё܌ډפԖ的
ှ. КБᇥऩз m′ = m+b, n′ = n−a, ߾ m′a+n′b = (m+b)a+(n−a)b = ma+nb = d. ܌
а m′,n′ Ψ཮ࢂќ΋ಔှ. ӢԜаࡕ྽ा௖૸୤΋性ਔ, ऩؒԖкϩ的౛җί࿤όૈᇥҗ前
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य़的௢Ꮴၸำ࣮рࢂ୤΋的൩ᘐ言ࢂ୤΋. ΋૓的բࢂݤଷ೛գԖٿಔှ, ӆճҔ೭ٿಔှ
.ϐ໔的ᜢ߯ޣٿډפ的ԄηىӅӕᅈ܌ .ݤॺ࣮࣮аΠ的բך

Proposition 1.3.5. ଷ೛ a,b ∈ N Ъ d = gcd(a,b). ऩ x = m0,y = n0 ࢂ d = ax+by 的΋ಔ

整數ှ, ჹҺཀ߾ t ∈ Z, x = m0 +bt/d,y = n0 −at/d ࣁࣣ d = ax+by 的΋ಔ整數ှ, ԶЪ
d = ax+by 的܌Ԗ整數ှѸࣁ x = m0 +bt/d,y = n0 −at/d ύځ t ∈ Z ೭ኬ的׎Ԅ.

Proof. ଷ೛ x = m,y = n ࢂ d = ax+ by 的΋ಔှ. җܭςଷ೛ x = m0,y = n0 Ψࢂ΋

ಔှ, ளࡺ am+ bn = am0 + bn0. Ψ൩ࢂᇥ a(m−m0) = b(n0 − n). җܭ d = gcd(a,b), ך
ॺёаଷ೛ a = a′d, b = b′d ύځ a′,b′ ∈ Z Ъ gcd(a′,b′) = 1 ـୖ) Corollary 1.1.8). Ӣ
Ԝள a′(m−m0) = b′(n0 − n). ճҔ b′|a′(m−m0), gcd(a′,b′) = 1 аϷ Proposition 1.2.6(1)
ள b′|m−m0. Ψ൩ࢂᇥӸӧ t ∈ Z ٬ள m−m0 = b′t. ޕࡺ m = m0 + b′t = m0 + bt/d. ஒ
m = m0 +bt/d жӣ am+bn = am0 +bn0 ёள n = n0 −at/d, ӢԜள᛾ d = ax+by 的整數ှ

೿ࢂ x = m0 + bt/d,y = n0 − at/d ύځ t ∈ Z ೭ኬ的׎Ԅ. നךࡕॺ໻ाዴᇡჹҺཀ t ∈ Z,
x=m0+bt/d,y= n0−at/dࣣࣁ d = ax+by的΋ಔ整數ှ. ฅԶஒ x=m0+bt/d,y= n0−at/d

жΕ ax+by ள a(m0 +bt/d)+b(n0 −at/d) = am0 +bn0 = d, .౛ۓள᛾本ࡺ �

ճҔ Proposition 1.3.5 ॺ൩ёճҔך Example 1.3.4 ډפ 13 = 481x+221y 的΋ಔ整數

ှ x = 6,y =−13 ளډ x = 6+17t,y =−13−37t ύځ t ∈ Z ࢂ 13 = 481x+221y Ԗ的整數܌

ှ.

1.4. 質數

೭΋࿯ךॺाፋ整數的ϩှύന基本的ϡન: 質數. εৎ೿ޕၰ΋ঁ質數 p ൩҅ࢂӢ數

ѝԖ 1 .的數ي本ک .ကۓॺϝ๏΋ঁ҅Ԅ的ך

Definition 1.4.1. ऩ p ∈ Z, p > 1 Ъ p 的҅ϦӢ數ѝԖ p ک 1 ᆀ߾ p ΋ঁ質數ࢂ (prime
number). ऩ΋҅整數Ԗځд的҅Ӣ數߾ᆀࣁӝԋ數 (composite number).

ᙁൂٰᇥ質數൩ࢂคݤϩှԋঁٿၨλ的҅整數४ᑈ的數. 質數೭΋ᅿόёϩှ的੝性
ᡣѬԖࡐӭ੝ਸ性質. ΋質數ۓӵ๏ٯ p аϷ΋整數 a ∈ Z, ۓ৒ܰղࡐॺך gcd(a, p) ࣁ

Ֆ. ऩ d = gcd(a, p) Ӣ߾ d|p, ޕ d = 1 ܈ d = p. ฅԶ d = p Ң߄ p|a, ӢԜऩςޕ p - a, ߾
ёள d = 1. аճҔ܌ Proposition 1.2.6(1) .ॺԖаΠϐ่論ך

Lemma 1.4.2 (Euclid). ଷ೛ p ,΋ঁ質數ࢂ Ъ a,b ∈ Z. ऩ p|ab, ߾ p|a ܈ p|b.

Proof. ೭္ךॺा᛾ܴ p|a ܈ p|b. ӵ݀ p|a ྽ฅ൩ёаΑ (όѸᏼЈࢂց p|b); ՠऩ p - a,
ٗሶךॺ൩ள᛾ܴ p|b. όၸҗ前ޕ p - a Ң߄ gcd(p,a) = 1, ճҔࡺ Proposition 1.2.6(1) ள
᛾ p|b. �

Euclid ೭΋ঁ Lemma ֋ນךॺ΋ঁ質數ऩࢂ ab 的Ӣ數ٗѬ΋ࢂۓ a,b ύϐ΃的Ӣځ

數. ٣ჴ΢೭ঁ性質٠όѝ፾Ҕӧঁٿ整數࣬४的௃ݩ, ӭ數࣬४ϐ௃׳৒ܰ௢ቶԿࡐॺך
.ݩ
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Corollary 1.4.3. ଷ೛ p ,΋ঁ質數ࢂ Ъ a1,a2, . . . ,an ∈ Z. ऩ p|a1a2 · · ·an, Ӹӧ߾ i ∈
{1, . . . ,n} ᅈى p|ai.

Proof. .᛾ܴݤॺ٩ฅҔ數Ꮲᘜયך ྽ k = 2 ਔҗ Lemma 1.4.2 ऩޕ p|a1a2, ߾ p|a1 ܈

p|a2. ଷ೛ k = n− 1 ਔԋҥ, ջऩԖ n− 1 ঁ整數 a1, . . . ,an−1 ᅈى p|a1 · · ·an−1, Ӹӧ߾
i ∈ {1, . . . ,n−1} ٬ள p|ai. ౜Եቾ k = n 的௃׎, ऩ a1, . . . ,an ࢂ n ঁ整數ᅈى p|a1 · · ·an, ߾
з a = a1 · · ·an−1, b = an. Ԝਔҗ p|ab Ϸ Lemma 1.4.2 ޕ p|a ܈ p|b. ऩ p|a, җ數Ꮲᘜય߾
Ӹӧޕଷ೛ݤ i ∈ {1, . . . ,n−1} ٬ள p|ai, Զऩ p|b ջ p|an, .౛ۓள᛾本ࡺ �

ऩ΋質數 p ΋整數ࢂ a 的Ӣ數, ॺᆀך߾ p ࢂ a 的΋ঁ質Ӣ數. ྽ฅΑ質數 p 本ي൩

ࢂ p 的質Ӣ數, Զ΋ঁӝԋ數཮ό཮Ԗ質Ӣ數ګ? εৎࡐԾฅ的᝺ள΋ۓԖ, ๏΋ࢂॺᗋך
ঁ҅Ԅ的᛾ܴ.

Lemma 1.4.4. ଷ೛ a ∈ Z Ъ a > 1. ѸӸӧ΋質數߾ p ٬ள p|a.

Proof. .ݤॺҔ數Ꮲᘜયך २Ӄऩ a = 2, ܭҗ߾ 2 ॺளך質數ࢂ p = 2 .؃܌ࣁ ౜ଷ೛
ჹҺཀ b ∈ Z ᅈى 2 ≤ b ≤ n 的數ࣣӸӧ質數 p ٬ள p|b, ॺԵቾך a = n+1 的௃׎. ऩ a

本ࢂي質數ٗ྽ฅ p = a .؃܌ࣁ ϸϐ, ӵ݀ a όࢂ質數ۓ٩ကӸӧ b ∈ Z Ъ 2 ≤ b < a ٬

ள b|a. Ӹӧ΋質數ޕଷ೛ݤҗ數Ꮲᘜયࡺ p ᅈى p|b. ӢԜճҔ Proposition 1.1.3(2) ள᛾
p|a. �

ᗨฅ҅整數ԖคጁӭঁԶ Lemma 1.4.4 ֋ນךॺ؂΋ঁεܭ 1 的҅整數೿Ԗ質Ӣ數, ՠ
೭٠όж߄཮Ԗคጁӭঁ質數. ௗ๱ךॺ൩ࢂा௖૸質數ዴԖคጁӭঁ. ΋૓ٰᇥा᛾ܴ質
數Ԗคጁӭঁ܈೚཮Ԗ的གྷ׆ࢂݤఈճҔ౜Ԗ的質數ബ೷׳ε的質數. όၸ೭ঁགྷࢂݤό
ёՉ的, Ьा的চӢډࢂҞ前ࣁЗךॺؒԖ΋ঁղձ΋ঁ數ࢂցࣁ質數ӳ的Бݤ. ќᜪ的ࡘ
ԵࢂҔϸ᛾ݤ, ଷ೛ѝԖԖज़ঁ質數Զளډҟ࣯. ೭ঁБݤ൩ό཮࿘ډղձ質數的ୢᚒ, ࣬
.的֮Ҕݤϸ᛾ډᡏ཮ૈ׳җԜεৎߞ

Theorem 1.4.5 (Euclid). 質數Ԗคጁӭঁ.

Proof. .ଷ೛ѝԖԖज़ঁ質數ݤॺҔϸ᛾ך ,ॺёаஒϐ΃΋ӈрךฅѝԖԖज़ঁࡽ ൩
ଷ೛ p1, . . . , pn .Ԗ的質數܌ࢂ ౜Եቾ a = p1 · · · pn + 1, җ Lemma 1.4.4 ѸԖ΋質數ޕ pi,
i ∈ {1, . . . ,n} ᅈى pi|a. ฅԶ pi 本ي整ନ p1 · · · pn җࡺ Corollary 1.1.2 ޕ pi|a− p1 · · · pn, Ψ
൩ࢂᇥ pi|1 Զளډҟ࣯. ,όёૈ໻ԖԖज़ӭঁ質數ޕࡺ Զள᛾Ԗคጁӭঁ質數. �

質數ᗨฅԖคጁӭঁόၸдॺ的ϩѲόߚࢂத࿨ஏ的. Һཀε的整數ۓӵ๏ٯ n ॺёך

аډפ n ঁೱុ整數೿όࢂ質數. Եቾࢂݤפॺ的ך

(n+1)!+2,(n+1)!+3, . . . ,(n+1)!+n+1

೭ n ঁೱុ整數. .質數ࢂ৒ཀ࣮рѬॺ೿όࡐ ൩ࢂӢࣁ質數೭ሶό৒ܰр౜, ӆу΢ࡐᜤ
ղձ΋ঁࡐε的數ࢂցࣁ質數, .а質數த೏ᔈҔӧஏዸᏢύ܌ ۭΠךॺϟಏ΋ᅿനᙁൂղ
ᘐ質數的Бݤ.
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Proposition 1.4.6. ଷ೛ n > 1 .΋整數ࢂ ߾ n όࢂ質數ऩЪ୤ऩӸӧ質數 p λܭ฻ܭ
√

n Ъ整ନ n.

Proof. २ӃऩӸӧ p ≤
√

n Ъ p | n. Ӣ 1 < p < n, ள n ନΑ 1 ک n аѦᗋԖځд的҅Ӣ數,
ޕࡺ p όࢂ prime. ќ΋Бय़, ଷ೛ n όࢂ質數, Ӹӧޕကۓ٩ a,b ∈ Z ᅈى 1 < a ≤ b < n

Ъ n = ab. җԜךॺёаዴۓ a ≤
√

n, ց߾ऩ a >
√

n ཮೷ԋ ab > (
√

n)2 = n Զᆶ n = ab ό

ӝ. Զҗ Lemma 1.4.4 Ӹӧ質數ޕ p ٬ள p|a. ฅࡽ p|a ॺளך p ≤ a ≤
√

n Ъ p|n. �

Proposition 1.4.6 ֋ນךॺ的ࢂ΋ঁղձ composite number 的฻ሽᜢ߯, аѬΨ൩֋܌
ນΑךॺղձ prime 的Бݤ. Ψ൩ࢂᇥ n ܭ฻ܭԖλ܌質數ऩЪ୤ऩࢂ

√
n 的質數೿όૈ

整ନ n. ೭ᅿղձ質數Бݤᆀࣁᑔݤ (sieve method). Ѭёаᔅշךॺᑔளব٤數ࢂ質數.
ܭԖλ܌рפӵऩाٯ 100 的質數. ܭॺѝाஒλך

√
100 = 10 的質數 (ջ 2,3,5,7) ,рפ

੮Π 2,3,5,7 ฅࡕஒځᎩ 2,3,5,7 的७數մନ, ࿶ၸ೭ኬᑔᒧࡕ੮Πٰλܭ 100 的數൩೿ࢂ
λܭ 100 的質數. ೭ࢂӢࣁऩ n < 100 Ъόࢂ質數, җ߾ Proposition 1.4.6 ޕ n ѸԖ΋質Ӣ

數λܭ฻ܭ
√

n <
√

100 = 10. ӢԜ೏ךॺ܌մନ 2,3,5,7 的७數൩܌ࢂԖλܭ 100 的ӝԋ
數, ԾฅഭΠ的ߡ೿ࢂ質數Α.

質數ࡽฅԖคጁӭঁ, ௗΠٰךॺёаୢࢂցԖ٤੝׎ۓԄ的質數Ψ཮Ԗคጁӭঁ? ٯ
ӵךॺޕၰଽ數ύѝԖ 2 ,質數ࢂ ӢԜёаஒ܌Ԗڻ數ϩᜪ, ϩԋ 4n+1 ک 4n+3 ೭ٿᜪ

ฅୢࡕব΋ᜪ཮Ԗคጁӭঁ質數. ाݙཀ 4n+1 ೭΋ᜪ的數Ԗ΋ख़ा੝性൩ঁٿࢂ 4n+1

ࢂԄ的數࣬४ϝฅ׎ 4n+1 的׎Ԅ. ӢԜҺཀԖज़ӭঁ 4n+1 ࢂԄ的數࣬४ϝ׎ 4n+1 的

,Ԅ׎ Ψ൩ࢂᇥ೭΋ᜪ的數Ԗ४࠾ݤഈ性. ќ΋Бय़ 4n+3 的׎Ԅ的數൩ؒԖ೭ঁ੝性, ٣
ჴ΢ঁٿ 4n+3 Ԅ的數࣬४཮ᡂԋ׎ 4n+1 的׎Ԅ. ճҔ೭ٿᜪ數的੝性аϷᜪ՟ Lemma
1.4.4 的᛾ܴ, .ॺԖаΠϐ่݀ך

Lemma 1.4.7. ଷ೛ a = 4n + 3 ύځ n ∈ N∪ {0}, ѸӸӧ΋質數߾ p = 4n′ + 3 ύځ

n′ ∈ N∪{0} ᅈى p|a.

Proof. .᛾ܴݤॺճҔ數Ꮲᘜયך २Ӄऩ a = 3, ܭҗ߾ 3 ॺளך質數ࢂ p = 3 .؃܌ࣁ ౜
ଷ೛ჹҺཀ b = 4k+3 ∈ Z ᅈى 0 ≤ k ≤ n−1 的數ࣣӸӧ質數 p = 4k′+3 ٬ள p|b, ॺԵך
ቾ k = n 的௃׎. ऩ a = 4n+3 本ࢂي質數ٗ྽ฅ p = a .؃܌ࣁ ϸϐ, ӵ݀ a όࢂ質數٩

ကӸӧۓ b,c ∈N ύځ b < a Ъ c < a ٬ள a = bc. ཀݙ b, c ύѸԖ΋ঁϡનࢂ 4k+3 ,Ԅ׎
ց߾ b,c ೿ࢂ 4k+1 Ԅ཮೷ԋ׎ bc = a Ψࢂ 4k+1 .Ԅ的ҟ࣯౜ຝ׎ ൩ଷ೛ b = 4k+3 փ!
Ԝਔ 0 ≤ k ≤ n−1 (Ӣ b < a), Ӹӧޕҗᘜયଷ೛ࡺ p = 4k′+3 ٬ள p|b, ӢԶள᛾ p|a. �

ཀݙ 4n+ 1 ԖۓԄ的數٠ό΋׎ 4n+ 1 .Ԅ的質Ӣ數׎ 9 ൩ࢂനᙁ的的ٯη. ᢀჸҗ
Lemma 1.4.4 ௢ள Theorem 1.4.5 的ᜢ߯, ӕኬ的ךॺΨёճҔ Lemma 1.4.7 ௢ள 4n+ 3

.Ԅ的質數Ԗคጁӭঁ׎

Proposition 1.4.8. ໣ӝ S = {4n+3 | n ∈ Z,n ≥ 0} ύԖคጁӭঁ質數.
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Proof. ଷ೛ݤॺ٩ฅҔϸ᛾ך S ύѝԖԖज़ӭঁ質數٠з p0 = 3, p1, . . . , pn ࢂ S ύ܌Ԗ的

࣬౦質數. ౜Եቾ a = 4(p1 · · · pn)+3. җܭ a ∈ S ճҔ Lemma 1.4.7 ѸԖ΋質數ޕ p ∈ S ᅈ

ى p|a, Ӹӧޕҗଷ೛ࡺ i ∈ {0, . . . ,n} ٬ள p = pi, .

ऩ p = p0 = 3, җ߾ 3|a, 3|3 аϷ a−3 = 4(p1 · · · pn) ளޕ 3|4(p1 · · · pn), җࡺ Corollary
1.4.3 ளډ 3|4 ޣ܈ 3|pi, i ∈ {1, . . . ,n} ೭ኬ的ҟ࣯.

ऩ p = pi ύځ i ∈ {1, . . . ,n}, җ߾ pi 本ي整ନ p1 · · · pn ޕ pi|a− 4(p1 · · · pn), Ψ൩ࢂᇥ
pi|3 Զளډҟ࣯. ள᛾ࡺ S ύόёૈ໻ԖԖज़ӭঁ質數. �

Ӣࣁ Lemma 1.4.7 ٠ό፾Ҕܭ 4n+ 1 ,Ԅ的整數׎ а܌ Proposition 1.4.8 的Бݤόૈ
Ҕٰ૸論 4n+1 ,Ԅ的質數׎ όၸ 4n+1 .Ԅ的質數ϝԖคጁӭঁ׎ ٣ჴ΢數論΋ঁࡐख़
ा的ۓ౛ (Dirichlet Theorem) ֋ນךॺჹҺཀϕ質的ٿ整數 a,b ࣣԖคጁӭঁ an+b Ԅ׎

的質數. ೭ঁۓ౛的᛾ܴຬр本ᖱကጄൎ, .ॺ൩όӆӭፋΑך

1.5. ᆉ數基本ۓ౛

ᆉೌ基本ۓ౛ (The fundamental theorem of arithmetic) ջ୤΋ϩှۓ౛, ֋ນךॺ؂
΋ঁεܭ 1 的整數ऩόࢂ質數೿ёаቪԋԖज़ӭঁ質Ӣ數的४ᑈЪ࿶ၸ፾྽௨ׇځቪݤ୤

΋. Ԝۓ౛࣮՟ԾฅЪܴᡉ, ՠϝሡ΋ঁ҅Ԅ的᛾ܴ.

೭္ךॺΞ࿘ډ΋ঁࠠڂ的ԖᜢӸӧ性ᆶ୤΋性的ୢᚒ. ೭္的Ӹӧ性ࡰ的൩ࢂჹ΋ε
ܭ 1 的整數ёаډפԖज़ӭঁ質數ځ٬ёаቪԋ೭٤質數的४ᑈ, Զ୤΋性൩ࡰࢂ的൩ࢂ
ቪݤ୤΋. җ҅ܭ整數ॄک整數的ϩှѝৡ΋ঁॄဦ, .ݩॺѝሡԵቾ҅整數的௃ך

Theorem 1.5.1 (The Fundamental Theorem of Arithmetic). ଷ೛ a ∈ N Ъ a > 1, Ӹӧ߾
p1, . . . , pr, ύځ pi ,౦的質數࣬ࢂ ᅈى

a = pn1
1 · · · pnr

r , ni ∈ N,∀i ∈ {1, . . . ,r}.

ӵ݀ a ёаϩှԋќѦ的׎Ԅ a = qm1
1 · · ·qms

s , ύځ qi ,౦的質數࣬ࢂ ߾ r = s Ъ࿶ၸᡂ

ඤ໩ׇёள pi = qi, ni = mi, ∀ i ∈ {1, . . . ,r}.

Proof. .ॺϩ໒ٰ᛾Ӹӧ性ᆶ୤΋性ך

२Ӄٰ࣮Ӹӧ性: ᙁൂٰᇥӸӧ性൩ࢂा᛾ܴ؂΋ঁεܭ 1 的整數೿ёаቪԋԖज़ӭঁ

(ёа࣬ӕ) 質數的४ᑈ. ӵ݀ a 本ঁࢂي質數, ߾ a = p1 (ջ r = 1, n1 = 1), ள᛾Ӹӧ性. ӵ
݀ a όࢂ質數ګ? җۓကޕӸӧ a1,b1 ∈ N Ъ a1 ̸= 1, b1 ̸= 1 ᅈى a = a1 · b1. ௗΠٰ൩ࢂ
࣮ a1,b1 .質數Αࢂόࢂ ӵ݀ځύԖ΋ঁόࢂ質數, .Зࣁ質數ډளډޔॺ൩ᝩុϩှΠѐך
೭ঁၸำ΋ۓ཮ଶΠٰӢ؂ࣁԛϩှࡕள的數ຫٰຫλ. ྽ฅനࡕ൩ёаஒ a ቪԋ΋٤質

數的४ᑈΑ. ೭ኬ的᛾ܴБԄ, ,εৎ཮Ԗ΋ᅿᇥόమཱ的ག᝺ߞ࣬ Ҕ數Ꮲᘜࢂॺᗋךа܌
યٰݤ᛾ܴ. ྽ a = 2 ਔҗܭ 2 ,質數ࢂ .ჹ的ࢂӸӧ性ݩаӧ೭௃܌ ௗ๱ଷ೛ჹ܌Ԗவ 2

ډ a−1 的整數Ӹӧ性ࢂჹ的. ӵ݀ a ,質數ࢂ ٗӸӧ性Ծฅԋҥ. ӵ݀ a όࢂ質數, ޕ߾
a = a1 ·b1 ύځ a1,b1 ∈ N Ъ 1 < a1 < a Ϸ 1 < b1 < a. ޕճҔᘜયଷ೛ࡺ a1 ک b1 ೿ёቪԋ

Ԗज़ӭঁ質數的४ᑈ, аள᛾܌ a = a1 ·b1 ΨёаቪԋԖज़ӭঁ質數的४ᑈ.
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,᛾୤΋性ݤॺ٩ฅҔᘜયך ଷ೛

a = pn1
1 · · · pnr

r = qm1
1 · · ·qms

s ,

ύځ p1, . . . , pr ,౦的質數࣬ٿٿࢂ Ъ q1, . . . ,qs Ψ࣬ٿٿࢂ౦的質數. җܭ p1 ,質數ࢂ җࡺ
p1 |a = qm1

1 · · ·qms
s аϷ Corollary 1.4.3 ঁࢌӸӧޕ j ∈ {1, . . . ,s} ᅈى p1 |q j. ᡂඤ΋Π໩ׇ

ॺёаଷ೛ך p1 |q1. җܭ q1 ,質數ࢂ q1 的Ӣ數ѝૈࢂ ±1 ܈ ±q1. җࡺ p1 |q1 ޕ p1 = q1.
౜ӧԵቾ

a
p1

= pn1−1
1 pn2

2 · · · pnr
r = qm1−1

1 qn2
2 · · ·qms

s .

җܭ a/p1 < a, ॺளךଷ೛ݤճҔ୤΋性的ᘜયࡺ r = s Ъ࿶ၸ፾྽௨ׇ p2 = q2, . . . , pr = qr

аϷ n1 = m1, n2 = m2, . . . ,nr = mr, .ள᛾୤΋性ࡺ �

΋૓ٰᇥךॺஒ΋҅整數 a ቪԋ質數ϐ४ᑈ a = pn1
1 · · · pnr

r ਔ, ॺा؃؂ঁךΑ୤΋性ࣁ
質數 pi 的ԛБ ni ೿҅ࢂ的, Ψ൩ࢂᇥךॺѝࡷр a 的質Ӣ數 p1, . . . , pr. όၸ྽ा૸論҅ٿ
數 a,b ਔࣁΑБߡКၨ, рࡷॺ೯த཮ך a ک b Ԗ的質Ӣ數ӆஒ܌ a,b ቪԋ೭٤質數ϐ४

ᑈ的ኬη. Ψ൩ࢂᇥёቪԋ a = pn1
1 · · · pnr

r аϷ b = pm1
1 · · · pmr

r ܭύჹځ i ∈ {1, . . . ,r}, ni ≥ 0

Ъ mi ≥ 0. ܭཀ೭္җݙ a 的質Ӣ數҂Ѹ൩ࢂ b 的質Ӣ數, ϸϐҭฅ, а܌ ni,mi Ԗёૈࣁ

0. ೭ኬቪݤ的Бߡ性൩ךࢂॺόѸ୔ϩব٤ pi ࢂ a 的質Ӣ數, বࢂ٤ b 的質Ӣ數. ճҔ೭
ኬ的ቪךݤॺࡐ৒ܰஒ a,b 的നεϦӢ數߄Ңрٰ.

Proposition 1.5.2. ଷ೛ a,b ∈ N Ъ a,b > 1. ऩ a = pn1
1 · · · pnr

r Ъ b = pm1
1 · · · pmr

r , ύځ
p1, . . . , pr ౦質數Ъ࣬ࣁ ni,mi ≥ 0, ߾ a,b 的҅ϦӢ數೿ёቪԋ pt1

1 · · · ptr
r 的׎Ԅ, ύځ

0 ≤ ti ≤ min{ni,mi}. ੝ձӦ, ॺԖך

gcd(a,b) = pmin{n1,m1}
1 · · · pmin{nr,mr}

r .

Proof. २Ӄӣ៝΋Π min{x,y}߄Ң x,yύനλϐ數. Ԗ܌ܭჹ,ـଆߡΑБࣁ i∈ {1, . . . ,r},
ॺзך di = min{ni,mi}. ౜ଷ೛ d ࢂ a,b 的҅ϦӢ數, җ߾ d|a ऩޕॺך p ࢂ d 的質Ӣ數,
җ߾ p|d ޕ p|a. җࡺ Corollary 1.4.3 Ӹӧޕ i ∈ {1, . . . ,r} ٬ள p|pi. ӢԜҗ p, pi 質數ࣁࣣ

ள p = pi. Ψ൩ࢂᇥ d 的質Ӣ數Ѹӧ {p1, . . . , pr} ύ, ࡺ d ΋ۓёаቪԋ pt1
1 · · · ptr

r 的׎Ԅ,
ύځ ti ≥ 0. ΞҗܭჹҺཀ i ∈ {1, . . . ,r} ࣣԖ pti

i |d ࡺ pti
i |a, ҭջ pti

i |p
n1
1 · · · pnr

r . җܭऩ i ̸= j

߾ pi ̸= p j, Ԝਔޕ gcd(pti
i , pn j

j ) = 1, җࡺ 1.2.6(1) ள pti
i |p

ni
i . Ԝਔऩ ti > ni, ཮೷ԋ pti−ni | 1

ϐҟ࣯, ӢԜޕ ti ≤ ni. ӕ౛җ d|b ёள ti ≤ mi, ள᛾ࡺ 0 ≤ ti ≤ di.

ௗ๱ךॺ௖૸ gcd(a,b). २Ӄᇥܴ pd1
1 · · · pdr

r ࣁ a,b 的ϦӢ數. ჹܭ i ∈ {1, . . . ,r}, җܭ
di ≤ ni, ޕࡺ pd1

i | pni
i . ӢԜள pdi

i | a. җܭ೭ࢂჹ܌Ԗ i = 1, . . . ,r ࣣԋҥΞӢࣁ pd1
1 , . . . , pdr

r

җࡺϕ質ٿٿ Proposition 1.2.10 (2) ޕ pd1
1 · · · pdr

r | a. ӕ౛ёள pd1
1 · · · pdr

r | b. നࡕჹܭҺཀ
a,b ϐϦӢ數 d. җ΢ޕ d = pt1

1 · · · ptr
r Ъ 0 ≤ ti ≤ di, ޕҗ前य़的૸論ࡺ d | pd1

1 · · · pdr
r . ள᛾

gcd(a,b) = pd1
1 · · · pdr

r . �

ᗨฅ Proposition 1.5.2 Ψࢂ΋ঁ؃ளঁٿ數ϐനεϦӢ數ϐБݤ, όၸӧჴሞ௃ݩ (Ѐ
(ε的數ਔࡐೀ౛ࢂځ җܭϩှ質Ӣ數֚ࡐࢂᜤ的٣௃, ளനεϦӢݤаᗅᙯ࣬ନࢂаϝ܌
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數ၨᆅҔ. Proposition 1.5.2 ख़ाϐೀࢂѬܴࡐዴ的֋ນךॺനεϦӢ數ߏϙሶኬη, ೭ӧ
΋ܜ٤ຝ౛論的௢ᏤࢂԖҔ的.

ௗΠٰךॺёаճҔ Proposition 1.2.7 ஒനλϦ७數ቪΠ.

Corollary 1.5.3. ଷ೛ a,b∈NЪ a,b> 1. ऩ a= pn1
1 · · · pnr

r Ъ b= pm1
1 · · · pmr

r ύځ, p1, . . . , pr

౦質數Ъ࣬ࣁ ni,mi ≥ 0, ߾

lcm(a,b) = pmax{n1,m1}
1 · · · pmax{nr,mr}

r .

Proof. җܭ ab = pn1+m1
1 · · · pnr+mr

r ճҔ Proposition 1.2.7 аϷ Proposition 1.5.2 ޕ

lcm(a,b) =
ab

gcd(a,b)
= pn1+m1−min{n1,m1}

1 · · · pnr+mr−min{nr,mr}
r .

ჹҺཀΒ數 x,y, όѨ΋૓性ךॺଷ೛ x ≥ y, ԜਔךॺԖ min{x,y}= y Ъ max{x,y}= x,
ӢԜள x + y = min{x,y}+max{x,y}. аჹҺཀ܌ i ∈ {1, . . . ,r} ॺࣣԖך max{ni,mi} =

ni +mi −min{ni,mi}, ӢԜள᛾本ۓ౛. �

྽ךॺԖӭঁٿܭ的整數ਔ, ॺ൩ёаճҔ質Ӣ數ϩှаϷך Proposition 1.2.11
ک Proposition 1.2.12 ஒдॺ的നεϦӢ數کനλϦ७數ቪΠ. ӵऩٯ a = pn1

1 · · · pnr
r ,

b = pm1
1 · · · pmr

r Ъ c = pt1
1 · · · ptr

r , ύځ p1, . . . , pr ౦質數Ъ࣬ࣁ ni,mi, ti ≥ 0, ߾

gcd(a,b,c) = pmin{n1,m1,t1}
1 · · · pmin{nr,mr,tr}

r ,

lcm(a,b,c) = pmax{n1,m1,t1}
1 · · · pmax{nr,mr,tr}

r .


