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Chapter 2

Arithmetic Function

྽ךॺा௖૸΋數سਔ, ԵቾۓကӧѬ΢य़ڄޑ數೯தࢂ΋ঁख़ाޑБݤ. ӧ數論ύך
ॺ྽ฅ൩ࢂा௖૸ۓကӧ҅᏾數΢ڄޑ數, ࣁॺᆀϐך arithmetic function. ೭΋കύךॺ
ஒ૸論൳ঁதޑـ arithmetic function.

2.1. Multiplicative Arithmetic Functions

٠ό܌ࢂԖޑ arithmetic function ೿ࡐԖ፪, ा௖૸ব٤ۭډ arithmetic function ?ګ
೭ֹӄ،ܭܭۓा௖૸ࢂޑԖᜢব٤᏾數ޑ੝܄. ӢࣁӧԜךॺ๱ख़ܭ᏾數ޑϩှ܄፦, ܌
аךॺ௖૸܌ᒏޑ multiplicative arithmetic function.

Definition 2.1.1. ॺᆀவך N ډ C ࣁ數ڄޑ arithmetic function. ऩ f : N→ C ΋ঁࢂ
arithmetic function ᅈىჹҺཀ a,b ∈ N Ъ gcd(a,b) = 1 ࣣԖ f (ab) = f (a) f (b), ᆀ߾ f ࢂ

΋ঁ multiplicative arithmetic function.

ाݙཀ྽΋ঁ arithmetic function f ࢂ multiplicative ਔ, f (ab) = f (a) f (b) ٠ό΋ۓԋ

ҥ. ೭ࢂाӧ gcd(a,b) = 1 ਔωёаዴࢂۓჹޑ. ӵ݀ f ჹҺཀډ፦ம܄ޑ a,b ∈ N ࣣԖ
f (ab) = f (a) f (b),ٗሶךॺᆀ f ࢂ completely multiplicative. җܭ completely multiplicative
arithmetic function ,చҹၨமޑ Ъ٠คϼӭ೭ᜪԖ፪ڄޑ數, ܭݙॺѝ஑ךа೭္܌
multiplicative arithmetic function.

ॺӃٰ࣮΋ঁך multiplicative arithmetic function .ηٯޑ

Example 2.1.2. ॺԵቾך Möbius µ-function, ࣁကۓځ

µ(n) =


1, ऩ n = 1;
0, ऩӸӧ፦數 p ٬ள p2|n;
(−1)r, ऩ n = p1 · · · pr, ύځ p1, . . . , pr .౦፦數࣬ࣁ

ॺٰᡍ᛾ך µ ዴࣁ multiplicative. Եቾ a,b ∈ N Ъ gcd(a,b) = 1. Ϟऩ a = 1 җ߾ µ(a) =
µ(1) = 1 ள µ(ab) = µ(b) = µ(a)µ(b). ӕ౛ऩ b = 1 Ψள µ(ab) = µ(a)µ(b). ॺ໻ךа܌
ाԵቾ a > 1 Ъ b > 1 .׎௃ޑ җᆉ數基ҁۓ౛ (Theorem 1.5.1) ॺёаஒך a,b ϩձቪ
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22 2. Arithmetic Function

ԋ a = pn1
1 · · · pnr

r аϷ b = qm1
1 · · ·qmt

t ύځԄ׎ޑ ni,m j ࣣεܭ 0 Ъҗܭ a,b ϕ፦܌Ԗޑ፦

數 pi ک q j ࣣ࣬౦. Ϟऩ ni ܈ m j ύԖ΋ঁεܭ 1, όѨ΋૓܄൩ଷ೛ n1 ≥ 2, җ߾ p2
1|a Ъ

p2
1|ab, ޕ µ(a) = 0 Ъ µ(ab) = 0, ளࡺ µ(ab) = µ(a)µ(b). നךࡕॺѝഭΠ n1 = · · ·= nr = 1

Ъ m1 = · · ·= mt = 1 .ݩ௃ޑ Ԝਔҗܭ ab = p1 · · · pr ·q1 · · ·qt Ъ p1, . . . , pr,q1, . . . ,qt ౦፦࣬ࣁ

數ள µ(ab) = (−1)r+t . ฅԶ µ(a) = (−1)r Ъ µ(b) = (−1)t , ள᛾ࡺ µ(ab) = µ(a)µ(b). Ψ൩
ᇥࢂ µ ΋ঁࢂ multiplicative arithmetic function.

ाݙཀ µ ߚ٠ completely multiplicative. ॺёаவך a = b = p, ύځ p ޑ፦數ࣁ

௃࣮׎р. Ԝਔ µ(a) = µ(b) = 1 ՠࢂ µ(ab) = 0, ޕࡺ µ(ab) ̸= µ(a)µ(b). ाޕၰգा᛾
΋ঁ arithmetic function f ࢂ multiplicative ਔ, գѸ໪Եቾ܌Ԗޑ௃ݩ, ջჹ܌Ԗᅈى
gcd(a,b) = 1 ᏾數҅ޑ a,b ࣣा಄ӝ f (ab) = f (a) f (b), Զόૈ໻жঁٯηᡍ᛾. ՠ྽գाᇥ
f όࢂ multiplicative ਔ, ѝाډפ΋ಔ a,b ∈N Ъ gcd(a,b) = 1 ཮٬ள f (ab) ̸= f (a) f (b) ջ

ё.

ௗΠٰךॺٰ࣮ multiplicative arithmetic function .፦܄基ҁޑ

Proposition 2.1.3. ଷ೛ f ߚ΋ঁࢂ 0 ޑ multiplicative arithmetic function. ߾ f (1) = 1,
ЪऩჹҺཀޑ፦數 p аϷ t ∈ N, ೿ёޕ f (pt) ჹҺཀ߾ॶޑ n ∈ N, f (n) ϐॶ൩ёаዴۓ.

Proof. Ӣ f ࢂ multiplicative Ъ gcd(1,1) = 1, ޕࡺ f (1) = f (1) f (1) ளޕ f (1) = 1 ܈

f (1) = 0. ऩ f (1) = 0, ჹҺཀ߾ n ∈N, җܭ gcd(n,1) = 1, ёள f (n) = f (n) f (1) = 0. Ψ൩ࢂ
ᇥ f ࢂ 0 ,數ڄ Ԝک f ߚࢂ 0 ֖數ϐଷ೛ҟ࣯, ޕࡺ f (1) = 1.

౜ჹҺཀ n ∈ N, ऩ n = 1, ޕҗ前߾ f (n) = f (1) = 1. ऩ n > 1, ޕ౛ۓҗᆉ數基ҁ߾
n = pn1

1 · · · pnr
r ύځ, pi ౦፦數Ъ࣬ࣁ ni ∈N. җࡺ f ࢂ multiplicativeЪ gcd(pn1

1 , pn2
2 · · · pnr

r ) =

1 ޕ f (n) = f (pn1
1 pn2

2 · · · pnr
r ) = f (pn1

1 ) f (pn2
2 · · · pnr

r ). ᝩុΠѐ٬Ҕ數Ꮲᘜયޕݤ f (n) =

f (pn1
1 ) · · · f (pnr

r ). ӢԜӵ݀ςޕ೭٤ f (pni
i ) ϐॶךॺߡёዴۓ f (n) ϐॶ. �

٩ Proposition 2.1.3 ӵ݀ޕॺך f ࢂ multiplicative arithmetic function, ٗሶऩૈඓඝ
Ԗ፦數܌ p аϷ t ∈ N ύ f (pt) ϐॶٗሶ൩ёаֹӄΑှ f ೭΋ঁڄ數. όၸ前ᚒࢂा
ዴᇡ f ࣁցࢂ multiplicative. ۭΠךॺ཮๏΋ঁதҔٰዴᇡࢂ multiplicative .ݤБޑ ೭
ঁБݤόѝёаٰ৾ዴᇡ multiplicative arithmetic function ԶЪёаᔅշךॺബ೷೚ӭ
multiplicative arithmetic function. όၸ२Ӄךॺሡा΋ঁံշۓ౛.

Lemma 2.1.4. ଷ೛ a,b ∈ N Ъ gcd(a,b) = 1. ऩ d ࢂ ab ,Ӣ數҅ޑ ޑӸӧ୤΋߾ a ҅ޑ

Ӣ數 d1 аϷ b Ӣ數҅ޑ d2 ٬ள d = d1d2.

Proof. ೭Ξࢂ΋ঁӸӧϷ୤΋ୢޑᚒ. Ӹӧ൩ࢂा᛾Ӹӧ d1|a Ъ d2|b ٬ள d = d1d2, Զ୤
΋൩ࢂा᛾ᅈى೭చҹޑቪݤѝԖ΋ᅿ.

२Ӄ᛾ܴӸӧ܄. ๏ۓ d|ab, ाӵՖډפ d1|a Ъ d2|b ٬ள d = d1d2 ?ګ җܭा؃
d1d2 = d аϷ d1|a а܌ d1 Ѹ໪ࢂ a ک d .ϦӢ數ޑ ,Ե΋Πࡘ ڗॺёԵቾך d1 ࣁ a,d ޑ

നεϦӢ數, ೭ኬ΋ٰ d2 = d/d1 ཮КၨλКၨёૈ᏾ନ b. ൩ᡣךॺڗ d1 = gcd(a,d) ࣮࣮

.ցёՉࢂ Ԝਔз d2 = d/d1, ॺዴჴԖך d = d1d2 Ъ d1|a. ѝഭΠाᡍ᛾ࢂց d2|b. ฅԶ
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d|ab ޕࡺ (d/d1)|(a/d1)b. Ξҗ d1 = gcd(a,d) ޕ gcd(a/d1,d/d1) = 1 (Corollary 1.1.8), җࡺ
Proposition 1.2.6(1) ޕ d/d1|b, Ψ൩ࢂᇥ d2|b.

ௗΠٰ᛾୤΋܄. ๏ۓ d|abଷ೛Ӹӧ d1,d′
1,d2,d′

2 ∈Nϩձᅈى d = d1d2, d1|aЪ d2|bа
Ϸ d = d′

1d′
2, d′

1|a Ъ d′
2|b, ॺा᛾ܴך d1 = d′

1 Ъ d2 = d′
2. җܭ d1d2 = d′

1d′
2, ޕॺך d1|d′

1d′
2.

Ξҗܭ d1|a, d′
2|bаϷ gcd(a,b) = ޕॺך,1 gcd(d1,d′

2) = 1. аӆճҔ܌ Proposition 1.2.6(1)
ளޕ d1|d′

1. ӕ౛ё᛾ d′
1|d1 ӆу΢ d1,d′

1 ∈ N ޕࡺ d1 = d′
1, Ъள d2 = d′

2. �

ӧ Lemma 2.1.4 ԖᜢܭӸӧޑ܄᛾ܴύךॺว౜٠҂Ҕډ gcd(a,b) = 1 ,ଷ೛ޑ Ψ൩ࢂ
ᇥ٠όሡଷ೛ gcd(a,b) = 1, ჹҺཀ ab ډפӢ數೿ёа҅ޑ d1|a, d2|b ٬ள d = d1d2. όၸ
ӧ᛾ܴ୤΋܄ਔ, gcd(a,b) = 1 .ଷ೛൩ሡाΑޑ КБᇥԵቾ a = 6, b = 4 ک d = 6 ,׎௃ޑ
ڗॺёаך d1 = 6,d2 = 1 ک d′

1 = 3,d′
2 = 2 ೿ᅈىा؃, .٠όԋҥݩӧԜ௃܄а୤΋܌ җ

ԜךॺΨӆԛமፓ୤΋๊܄όૈҔӢࣁ a ک d ޕޑ୤΋ࢂനεϦӢ數ޑ d1 Զளޑ୤΋ࢂ

᛾୤΋܄. ೭ࢂӢࣁคவளࣁޕՖ d1 ࢂளߚ a,b .നεϦӢ數όёޑ ,ਔ܄аӧ᛾ܴ୤΋܌
εৎᗋࢂाࡪ೽൩੤ӦӃଷ೛Ԗٿᅿቪݤӆѐᇥܴ೭ٿᅿቪࢂݤ΋ኬ, ೭ኬޑБٰݤೀ౛К
ၨό཮рᒱ.

٣ჴ΢ Lemma 2.1.4 ֋ນךॺ྽ gcd(a,b) = 1 ਔ, ऩ d1, . . . ,di, . . . ,dr ک e1, . . . ,e j, . . . ,es

ϩձࢂ a ک b ,౦҅Ӣ數࣬ޑԖ܌ ߾ d1e1, . . . ,die j, . . . ,dres ཮ࢂ ab .౦҅Ӣ數࣬ޑԖ܌ ೭
೭٤ࣁӢࢂ die j ΋ࢂۓ ab ,Ӣ數҅ޑ ӆу΢ Lemma 2.1.4 ֋ນךॺ ab ёۓϦӢ數΋҅ޑ

аቪԋ die j ԄԶЪ೭٤׎ޑ die j ΋࣬ۓ౦. ௗΠٰךॺ൩ࢂाҔ೭܄፦ٰճҔ΋ঁςޑޕ
multiplicative arithmetic function ளډཥޑ multiplicative arithmetic function.

Theorem 2.1.5. ଷ೛ f : N → C ΋ঁࢂ multiplicative arithmetic function. Եቾڄ數
F : N→ C ჹҺཀࣁကۓځ n ∈ N,

F(n) = ∑
d|n,d>0

f (d),

߾ F ΋ঁࢂ multiplicative arithmetic function.

Proof. २Ӄှញ΋Π F(n) = ∑d|n,d>0 f (d) ೭಄ဦ߄Ңӵ݀ d1, . . . ,dr ࢂ n Ԗ࣬౦҅Ӣ܌ޑ

數ٗሶ F(n) = f (d1)+ · · ·+ f (dr). ॺा᛾ܴך F ࢂ multiplicative ൩ࢂा᛾ܴ྽ a,b ∈N Ъ
gcd(a,b) = 1 ਔ F(ab) = F(a)F(b).

౜ଷ೛ d1, . . . ,di, . . .dr ک e1, . . . ,e j, . . . ,es ϩձࢂ a ک b .Ӣ數҅ޑԖ܌ ॺԖך F(a) =

f (d1)+ · · ·+ f (di)+ · · ·+ f (dr)аϷ F(b) = f (e1)+ · · ·+ f (e j)+ · · ·+ f (es). ӢԜޕ F(a)F(b) =

f (d1) f (e1)+ · · ·+ f (di) f (e j)+ · · ·+ f (dr) f (es). җܭ gcd(a,b) = 1 Զ di,e j ϩձࢂ a,b Ӣޑ

數, ޕॺך gcd(di,e j) = 1. ӆу΢ f ࢂ multiplicative, Ԗ܌ளჹࡺ di,e j ࣣԖ f (di) f (e j) =

f (die j). ӢԜள F(a)F(b) = f (d1e1)+ · · ·+ f (die j)+ · · ·+ f (dres). ฅԶ Lemma 2.1.4 ֋ນ
ܭॺҗך gcd(a,b) = 1, ೭٤ d1e1, . . . ,die j, . . . ,dres খӳ൩ࢂ ab ,౦҅Ӣ數࣬ޑԖ܌ ள᛾ࡺ
F(ab) = F(a)F(b). �

നךࡕॺٰ࣮࣮ Example 2.1.2ύޑ µ ճҔ Theorem ޑബ೷рٰ܌2.1.5 multiplicative
arithmetic function .Ֆࣁ
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Example 2.1.6. з δ : N→ C ΋ঁࢂ arithmetic function ,ࣁကۓځ ჹҺཀ n ∈ N,

δ (n) = ∑
d|n,d>0

µ(d),

ύځ µ ࢂ möbius µ-function. Ӣࣁ µ ࢂ multiplicative, җ Theorem 2.1.5 ޕ δ ࢂ multi-
plicative. ۓ،ाࡺ δ ϐॶҗ Proposition 2.1.3 ѝाӃԵቾޕ δ (pt) ϐॶջё, ύځ p ፦ࢂ

數 t ∈ N. ฅԶ pt ࣁӢ數҅ޑԖ܌ 1, p, p2, . . . , pt , ޕကۓҗࡺ

δ (pt) = µ(1)+µ(p)+µ(p2)+ · · ·+µ(pt) = 1−1+0+ · · ·+0 = 0.

ऩࡺ n > 1, җ߾ n = pn1
1 · · · pnr

r ޕ δ (n) = δ (pn1
1 ) · · ·δ (pnr

r ) = 0. ฅԶҗۓက δ (1) = µ(1) = 1,
ॺёளךа܌

δ (n) = ∑
d|n,d>0

µ(d) =
{

1, ྽ n = 1;
0, ྽ n > 1.

2.2. ҅Ӣ數ঁ數Ϸ҅Ӣ數ک

ॺёаҔך multiplicative arithmetic function Ӣ數ϐ҅ځ؃р΋҅᏾數ޑזࡐۺཷޑ
ঁ數Ϸ҅Ӣ數ک.

๏ۓ΋҅᏾數 n, з v(n) Ң߄ n .Ӣ數ঁ數҅ޑ ฅჹҺཀࡽ n ∈ N, v(n) ೿Ԗڗॶ, ܌
аךॺёаஒ࣮ځԋࢂ΋ঁڄ數 v : N → N. வڄ數ٰ࣮ࡋفޑ, v ൩ࢂ΋ঁ arithmetic
function. ๏ۓ n ∈ N ӵՖ؃ v(n) ॶګ? ஒࢂ൩ݤբޑௗޔ n 數ԖࡕӢ數΋΋ӈрฅ҅ޑ

ӭϿঁ. ӵٯ 6 Ӣ數Ԗ҅ޑ 1,2,3,6, а܌ v(6) = 4. ೭ኬݤ؃ޑӵՖҔԄη߄Ңګ? ॺёך
а๓Ҕ summation ∑ ,಄ဦޑ ஒ v(n) ቪԋ

v(n) = ∑
d|n,d>0

1.

΢Ԅޑཀࡘ൩؂ࢂԛգ࣮ډ d ᅈى d|n Ъ d > 0 ൩у΋ԛ, ډԾฅளࡐа܌ n Ӣ數ঁ҅ޑ

數.

Proposition 2.2.1. ჹҺཀ n ∈ N, з v(n) Ң߄ n .Ӣ數ঁ數҅ޑ ߾ v : N → N ࢂ
΋ঁ multiplicative arithmetic function. ԶЪऩ n = pn1

1 · · · pnr
r , ύځ pi ,౦፦數࣬ࣁ ߾

v(n) = (n1 +1) · · ·(nr +1).

Proof. ऩз l : N→N ΋ঁࢂ arithmetic function ᅈىჹҺཀ n ∈N, l(n) = 1, ߾ v(n) ё߄

ࣁ

v(n) = ∑
d|n,d>0

l(d).

җܭჹҺཀ a,b ∈ N, l(ab) = l(a)l(b) = 1, ޕॺך l ࣁ (completely) multiplicative. ӢԜҗ
Theorem 2.1.5 ޕ v ࣁ multiplicative.

ฅࡽ v ࢂ multiplicative, ॺёаճҔך Proposition 2.1.3 ؃ჹҺཀ n ∈ N, v(n) ϐॶ. Ψ
൩ࢂᇥךॺाӃ௖૸ჹҺཀ፦數 p аϷ҅᏾數 t, v(pt) ϐॶ. җܭ pt ࢂӢ數൩҅ޑ pi, ύځ
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i ∈ {0,1, . . . , t}, ډॺளך v(pt) = t +1. ӢԜჹҺཀ n ∈ N, ऩ n = 1, ޕॺך v(n) = v(1) = 1;
Զऩ n = pn1

1 · · · pnr
r ύځ pi ,౦፦數࣬ࣁ җ߾ v ࢂ multiplicative ޕ

v(n) = v(pn1
1 ) · · ·v(pnr

r ) = (n1 +1) · · ·(nr +1).

�

ᖐٰٯᇥ, ॺा؃ך 360 ,Ӣ數ঁ數҅ޑ җܭ 360 = 23 · 32 · 5, ճҔ Proposition 2.2.1,
൩ёளזࡐॺך v(360) = (3+ 1)(2+ 1)(1+ 1) = 24. வ೭္εৎᔈૈ׳ᡏ཮ multiplicative
arithmetic function .ӳೀޑ ೚؃܈ v(n) চ౛ݤϦԄεৎӧଯύਔᏢ௨ӈಔӝਔ൩Ҕ४ޑ

ளډၸ. ёаҔ४ݤচ౛ޑচӢځჴ൩ک v ࢂ multiplicative ৲৲࣬ᜢ.

ௗΠٰךॺ௖૸҅Ӣ數ک. ๏ۓ΋҅᏾數 n, з σ(n) Ң߄ n .کԖ҅Ӣ數ϐ܌ޑ ฅჹࡽ
Һཀ n ∈ N, σ(n) ೿Ԗڗॶ, 數ڄ΋ঁࢂԋ࣮ځॺёаஒךа܌ σ : N→ N. வڄ數ٰࡋفޑ
࣮, σ ൩ࢂ΋ঁ arithmetic function. ๏ۓ n ∈N ӵՖ؃ σ(n) ॶګ? ஒࢂ൩ݤբޑௗޔ n ޑ

҅Ӣ數΋΋ӈрฅࡕӄ೽уଆٰ. ӵٯ Ӣ數Ԗ҅ޑ6 а܌,1,2,3,6 σ(6) = 1+2+3+6 = 12.
೭ኬݤ؃ޑӵՖҔԄη߄Ңګ? ॺӆ΋ԛ๓Ҕך summation ∑ ,಄ဦޑ ஒ σ(n) ቪԋ

σ(n) = ∑
d|n,d>0

d.

΢Ԅޑཀࡘ൩؂ࢂԛգ࣮ډ d ᅈى d|n Ъ d > 0 ൩у d, ډԾฅளࡐа܌ n .کӢ數҅ޑ

Proposition 2.2.2. ჹҺཀ n ∈ N, з σ(n) Ң߄ n .Ӣ數ঁ數҅ޑ ߾ σ : N→ N ΋ঁࢂ
multiplicative arithmetic function. ԶЪऩ n = pn1

1 · · · pnr
r , ύځ pi ,౦፦數࣬ࣁ ߾

σ(n) =
pn1+1

1 −1
p1 −1

· · · pnr+1
r −1
pr −1

.

Proof. ऩз I : N→ N ΋ঁࢂ arithmetic function ᅈىჹҺཀ n ∈ N, I (n) = n, ߾ σ(n)

ёࣁ߄

σ(n) = ∑
d|n,d>0

I (d).

җܭჹҺཀ a,b ∈N, I (ab) = ab =I (a)I (b),ךॺޕ I ࣁ (completely) multiplicative. Ӣ
Ԝҗ Theorem 2.1.5 ޕ σ ࣁ multiplicative.

ฅࡽ σ ࢂ multiplicative, ॺёаճҔך Proposition 2.1.3 ؃ჹҺཀ n ∈ N, σ(n) ϐॶ.
Ψ൩ࢂᇥךॺाӃ௖૸ჹҺཀ፦數 p аϷ҅᏾數 t, σ(pt) ϐॶ. җܭ pt ࢂӢ數൩҅ޑ pi,
ύځ i ∈ {0,1, . . . , t}, ډॺளך σ(pt) = 1+ p+ · · ·+ pt . җܭ 1, p, . . . , pt ࣁ΋ঁϦКࢂ p ฻ޑ

К數ӈ, ॺளך

σ(pt) =
pt+1 −1

p−1
.

ӢԜჹҺཀ n ∈ N, ऩ n = 1, ޕॺך σ(n) = σ(1) = 1; Զऩ n = pn1
1 · · · pnr

r ύځ pi ౦፦࣬ࣁ

數, җ߾ σ ࢂ multiplicative ޕ

σ(n) = σ(pn1
1 ) · · ·σ(pnr

r ) =
pn1+1

1 −1
p1 −1

· · · pnr+1
r −1
pr −1

.

�
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ᖐٰٯᇥ, ॺा؃ך 360 ,کӢ數҅ޑ җܭ 360 = 23 ·32 ·5, ճҔ Proposition 2.2.2, ॺך
൩ёளזࡐ

σ(360) =
24 −1
2−1

33 −1
3−1

52 −1
5−1

= 15 ·13 ·6 = 1170.

2.3. The Euler ϕ-function

ॺा௖૸Кך n λЪᆶ n ϕ፦҅ޑ᏾數ঁ數.

Definition 2.3.1. ๏ۓ n ∈ N, ϕ(n) ҢК߄ n λЪᆶ n ϕ፦҅ޑ᏾數ঁ數. ೭ኬۓрڄޑ
數 ϕ : N→ N, ᆀϐࣁ Euler ϕ -function.

ॺा᛾ܴך Euler ϕ -function ࢂ multiplicative, .ॶڗӧҺཀ҅᏾數ϐځ٠؃ җܭό৒
ޑᙁൂډפܰ multiplicative arithmetic function f ٬ள ϕ Ңԋӵ߄ Theorem 2.1.5 ,Ԅ׎ޑ
ௗ᛾ܴޔॺाךа܌ ϕ ࢂ multiplicative. Ψ൩ࢂᇥჹҺཀ a,b ∈ N ᅈى gcd(a,b) = 1, ॺך
ा᛾ܴ ϕ(ab) = ϕ(a)ϕ(b).

२Ӄךॺ࣮΋ঁ a = 5,b = 4 .ηٯޑ ॺाᇥܴך ϕ(20) = ϕ(5)ϕ(4). җܭ ϕ(20) ҢК߄

20 λЪᆶ 20 ϕ፦҅ޑ᏾數ঁ數, ܭ฻ܭॺஒλךа܌ 20 :᏾數ӵΠӈр҅ޑ
1 6 11 16
2 7 12 17
3 8 13 18
4 9 14 19
5 10 15 20

΋ӈࡕ৒࣮ܰрനࡐ 5 10 15 20 ύ؂΋ঁ數೿ࢂ 5 کаόёૈ܌७數ޑ 20 ϕ፦, ӢԜךॺ
ाմନ೭΋ӈ. ԶځᎩ 4 ӈ؂΋ӈύޑ數ନа 5 ܭᎩ數೿࣬ӕЪ೿ό฻ޑ 0 а೭܌ 4 ӈޑ
數೿ک 5 ϕ፦. ӢԜךॺѝाԵቾ೭ 4 ӈޑ數বک٤ 4 .ޑϕ፦ࢂ вಒᢀჸ೭؂΋ӈύޑ
數ନа 4 Ꭹ數೿࣬౦ӢԜ؂ӈύѝԖᎩޑ 1 Ꭹک 3 ک數ঁٿޑ 4 ϕ፦. ᕴٰ่ᇥךॺว౜
ӅԖ ϕ(5) = 4 ӈޑ數ک 5 ϕ፦, Զ೭ 4 ӈޑ數ύ؂ӈࣣԖ ϕ(4) = 2 ঁ數ک 4 ϕ፦, ӢԜ 1

ډ 20 ϐύӅԖ ϕ(5)ϕ(4) = 8 ঁ數ک 5 Ъک 4 ϕ፦. ೭٤數൩ࢂ 1 ډ 20 ϐύک 20 ϕ፦ޑ
數, ޕа܌ ϕ(20) = ϕ(5)ϕ(4).

ௗΠٰךॺ൩ࢂाҔ前य़ޑБݤ᛾ܴ΋૓ޑ௃׎. ाݙཀ前य़ޑБךݤॺ٠ค੿҅ᗺр
ব٤數ک 20 ϕ፦, Ӣךࣁॺѝགྷޕၰঁ數. ӆу΢ךॺޑБݤ൳Яک a = 5,b = 4 คᜢ܌а

Кჴሞפрব٤數ک 20 ϕ፦ૈ׳ၮҔӧ΋૓ݩރޑ. २ӃךॺҔکډ 20 ϕ፦ޑ數൩کࢂ

5 Ъک 4 ϕ፦ޑ數, ೭ঁ܄፦ӧ΋૓ޑ௃ݩ೿ჹ.

Lemma 2.3.2. ଷ೛ a,b,c ∈ Z. ߾ gcd(ab,c) = 1 ऩЪ୤ऩ gcd(a,c) = 1 Ъ gcd(b,c) = 1.

Proof. ଷ೛ gcd(ab,c) = 1. ऩ d = gcd(a,c), Ң߄ d ࢂ a,c ,ϦӢ數ޑ а܌ d Ψࢂ ab ک c

,ϦӢ數ޑ ளࡺ d = 1. ӕ౛ޕ gcd(b,c) = 1.

ϸϐ, ଷ೛ gcd(a,c) = 1 Ъ gcd(b,c) = 1. ऩ gcd(ab,c) ̸= 1, ҢӸӧ΋፦數߄ p ᅈى

p|gcd(ab,c). Ψ൩ࢂᇥ p|ab Ъ p|c. ՠ p ,፦數ࢂ җࡺ Lemma 1.4.2 ޕ p|a ܈ p|b. ளޕ p

ࢂ a,c ܈ b,c .ϦӢ數ޑ Ԝک gcd(a,c) = 1 Ъ gcd(b,c) = 1 ࣬ҟ࣯, ޕࡺ gcd(ab,c) = 1. �
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ӧ前य़؃ᆶ 20 ϕ፦ޑ數ύ, ќ΋ঁख़ा؁ᡯࢂҺ΋௨ύ؂΋ঁ數ନа 4 ,Ꭹ數೿࣬౦ޑ
೭ӧ΋૓ gcd(a,b) = 1 .ޑჹࢂ೿ݩ௃ޑ

Lemma 2.3.3. ଷ೛ a,b, l ∈ Z, b > 1 Ъ gcd(a,b) = 1. ӧ߾ l, l + a, l + 2a, . . . , l +(b− 1)a,
ύ؂΋ঁ數ନа b .Ꭹ數ࣣ࣬౦ޑ ԶЪځύӅԖ ϕ(b) ঁϡનک b ϕ፦.

Proof. ऩ u,v ∈ Z Ъ u,v ନа b ,Ꭹ數࣬ӕޑ Ң߄ b|u− v. ӢԜाᇥ l, l +a, . . . , l +(b−1)a

ύޑϡનନа b ,Ꭹ數ࣣ࣬౦ޑ ൩ࢂᇥҺڗ l + ia, l + ja, ύځ 0 ≤ i < j ≤ b−1, ೿ค٬ݤள
b ᏾ନ (l + ja)− (l + ia). Ϟଷ೛ b|(l + ja)− (l + ia), Ψ൩ࢂᇥ b|( j− i)a. җܭ gcd(a,b) = 1,
Proposition 1.2.6(1) ֋ນךॺ b| j− i. ՠԜᆶ 0 ≤ i < j ≤ b−1 ࣬ҟ࣯, ޕݤҗϸ᛾ࡺ b ό

᏾ନ (l + ja)− (l + ia). Ψ൩ࢂᇥҺڗ l + ia, l + ja, ύځ 0 ≤ i < j ≤ b−1, Ѭॺନа߾ b ϐ

Ꭹ數ࣣ࣬౦.

ჹܭ i ∈ {0,1, . . . ,b−1} ऩз ri Ң߄ l + ia ନа b ,Ꭹ數ޑ җܭ 0 ≤ ri ≤ b−1 Ъ೭ b ঁ

ri ࣣ࣬౦, ޕॺך {r0,r1, . . . ,rb−1} ೭΋ঁ໣ӝک {0,1, . . . ,b− 1} .ޑӕ࣬ࢂ ฅԶ Lemma
1.3.1 ֋ນךॺ gcd(l + ia,b) = gcd(ri,b), а܌ {l, l + a, . . . , l +(b− 1)a} ύک b ϕ፦ޑ數ک

{0,1, . . . ,b−1} ύک b ϕ፦ޑ數ϐঁ數࣬ӕ. ޕကۓ٩ {0,1, . . . ,b−1} ύӅԖ ϕ(b) ঁ數ᆶ
b ϕ፦, .ள᛾ࡺ �

ௗΠٰךॺ᛾ܴ ϕ ΋ঁࢂ multiplicative arithmetic function.

Proposition 2.3.4. ऩ a,b ∈ N Ъ gcd(a,b) = 1, ߾ ϕ(ab) = ϕ(a)ϕ(b).

Proof. ܭॺஒλך ab ௨ԋݤ᏾數٩ΠӈБ҅ޑ b ӈ:
1 1+a · · · 1+(b−1)a
2 2+a · · · 2+(b−1)a
...

... . . . ...
a 2a · · · ba

ύಃځ l ӈࣁ l, l+a, . . . , l+(b−1)a. җ Lemma 1.3.1 ک೭္؂΋數ޕ a നεϦӢ數ࣣᆶޑ

l ک a .നεϦӢ數࣬ӕޑ ඤ言ϐ, ऩ l ک a ϕ፦߾ಃ l ӈύ؂΋數ࣣک a ϕ፦; Զऩ l ک

a όϕ፦߾ಃ l ӈύ؂΋數ࣣک a όϕ፦. ΞӢࣁ 1 ≤ l ≤ a, ကӅԖۓ٩ࡺ ϕ(a) ঁ l ཮ᆶ a

ϕ፦. Զךॺ൩໻Եቾ೭ ϕ(a) ӈޑ數 ک數೿ޑᎩځ) a όϕ፦کࡺ ab όϕ፦).

೭ ϕ(a) ӈޑ數ᗨ೿ک a ϕ፦ՠ٠ό೿ک b ϕ፦. ฅԶ؂΋ӈࣣࣁ l, l+a, . . . , l+(b−1)a

,Ԅ׎ޑ җࡺ gcd(a,b) = 1 аϷ Lemma 2.3.3 ؂΋ӈࣣԖޕ ϕ(b) ঁ數ک b ϕ፦. ࡺ 1 ډ ab

ύᕴӅԖ ϕ(a)ϕ(b) ঁϡનک a Ъک b ϕ፦. җ Lemma 2.3.2 ೭٤數൩کࢂ ab ϕ፦ޑ數.
ள᛾ࡺ ϕ(ab) = ϕ(a)ϕ(b). �

ฅࡽ ϕ ࢂ multiplicative, ॺ൩ёаճҔך Proposition 2.1.3 ᆉр ϕ ϐॶ.

Proposition 2.3.5. ऩ n = pn1
1 · · · pnr

r , ύځ pi ,౦፦數࣬ࣁ ߾

ϕ(n) = (pn1
1 − pn1−1

1 ) · · ·(pnr
r − pnr−1

r ) = n(1− 1
p1

) · · ·(1− 1
pr
).
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Proof. ॺӃ؃ჹҺཀ፦數ך p аϷ҅᏾數 t, ϕ(pt) ϐॶ. җܭ p ࢂ pt ୤΋ޑ፦Ӣ數, u ک

pt όϕ፦߄Ң p Ѹࣁ u ϐӢ數. ӢԜाीᆉλܭ pt ᏾數ύԖӭϿᆶ҅ޑ pt ϕ፦, ѝाᆉ
р೭٤數ύԖবࢂ٤ p .७數ӆԌ௞ջёޑ ฅԶ 1 ډ pt ύӅԖ pt/p ঁ數ࢂ p .७數ޑ ࡺ
ளޕ 1 ډ pn ύӅԖ pt − pt−1 ঁ᏾數ک pt ϕ፦.

౜ԵቾҺཀ n ∈ N. ऩ n = 1, ޕॺך ϕ(n) = ϕ(1) = 1; Զऩ n = pn1
1 · · · pnr

r ύځ pi ౦࣬ࣁ

፦數, җ߾ ϕ ࢂ multiplicative ޕ

ϕ(n) = ϕ(pn1
1 ) · · ·ϕ(pnr

r ) = (pn1
1 − pn1−1

1 ) · · ·(pnr
r − pnr−1

r ) = n(1− 1
p1

) · · ·(1− 1
pr
).

�

ฅࡽ ϕ ࢂ multiplicative, ॺёаճҔך Theorem 2.1.5 ೷рќ΋ঁ multiplicative
arithmetic function. Եቾ F : N→ N ჹҺཀࣁကۓځ n ∈ N, F(n) = ∑d|n,d>0 ϕ(d). җܭ F

ࢂ multiplicative, ЪჹҺཀ፦數 p аϷ t ∈ N, ॺԖך

F(pt) = ϕ(1)+ϕ(p)+ϕ(p2)+ · · ·+ϕ(pt) = 1+(p−1)+(p2 − p)+ · · ·+(pt − pt−1) = pt .

ӢԜךॺԖаΠϐ่݀.

Corollary 2.3.6 (Gauss). ऩ n ∈ N ߾

∑
d|n,d>0

ϕ(d) = n.

Proof. з F(n) = ∑d|n,d>0 ϕ(d), җ前ޕ F όࢂ 0 җࡺ數ڄ F ࢂ multiplicative, ճҔ
proposition 2.1.3 ޕ F(1) = 1. ऩ n ∈ N Ъ n > 1 ਔ, ஒ n ቪԋ n = pn1

1 · · · pnr
r , ύځ pi ࣬ࣁ

౦፦數, ӆҗ΢य़ F(pt) = pt Ϸ่݀ޑ Proposition 2.1.3 ޕ

F(n) = F(pn1
1 ) · · ·F(pnr

r ) = pn1
1 · · · pnr

r = n,

ள᛾ҁۓ౛. �

2.4. Convolution

ॺёаճҔך convolution ޑကрཥۓ multiplicative arithmetic function, ќѦ convo-
lution ΨගٮΑ΋ঁၨᙁܴޑБٰݤ᛾ܴΠ΋࿯ा௖૸ޑ Möbius inversion formula. ᗨฅ
ҁ࿯ϷΠ΋࿯ޑϣ৒ӧҁᖱကύаࡕό཮Ҕډ, ՠ׆ఈճҔԜϟಏᡣεৎޕၰԖਔ፾྽ۓက
΋٤ၮᆉჹှ،ୢᚒԖࡐεޑᔅշ.

Definition 2.4.1. ๏ٿۓ arithmetic functions f ,g ځॺ૶ך convolution ࣁ f ∗g, ကۓځ
ჹҺཀࣁ n ∈ N,

f ∗g(n) = ∑
d|n,d>0

f (d)g(n/d).

٩ྣ convolution ,ကۓޑ ा؃ f ∗ g(n) ϐॶ, २Ӄפр n ,Ԗ҅Ӣ數܌ޑ ฅࡕჹ؂ܭ
΋ঁ n Ӣ數҅ޑ d, ॺ؃ך f (d)g(n/d) ϐॶ, ӆஒ೭٤ॶуଆٰ. ऩ d ࢂ n ,Ӣ數҅ޑ з
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e = n/d, ॺԾฅԖך de = n. ϸϐ, ऩ d,e ى᏾數ᅈ҅ࢂ de = n, ॺԾฅԖך߾ d|n. ӢԜך
ॺΨёаҔӵΠ߄ޑҢ߄ݤҢ f ∗g. ջ,

f ∗g(n) = ∑
de=n
d,e∈N

f (d)g(e).

೭ኬ߄ޑҢݤᗨฅٰ࣮Ⴝঁٿᡂ數, ՠჴ፦΢ऩ๏ۓ d, ߾ e Ծฅዴۓ. Ң߄ॺᒧҔ೭ঁך
Πा௢ᏤۭࣁӢࢂݤ convolution .ၨᙁܴݤ߄፦ਔҔ೭ᅿ܄ޑ

җܭ f ک g ࢂ arithmetic function, а܌ f ∗g ӧҺཀ҅᏾數ࣣԖڗॶ, ӢԜ f ∗g ϝࣁ

arithmetic function. ඤ言ϐ convolution ёа࣮ԋࢂ΋ঁ arithmetic function ϐ໔ޑၮᆉ
(գёаஒѬ࣮ԋঁٿࢂ arithmetic function ϐ໔ޑ४ݤ). ௗΠٰךॺ൩ࢂा௖૸೭ᅿၮᆉ
.፦܄基ҁޑ

Proposition 2.4.2. ೛ f ,g,h ࣁࣣ arithmetic function. з δ : N→ N ࣁကۓ

δ (n) =
{

1, n = 1;
0, n > 1.

ᜢܭ convolution .፦܄ॺԖаΠϐך

(1) f ∗δ = δ ∗ f = f .

(2) f ∗g = g∗ f .

(3) ( f ∗g)∗h = f ∗ (g∗h).

Proof. ကჹҺཀۓ٩(1) n ∈N, f ∗δ (n) = ∑d|n,d>0 f (d)δ (n/d).җܭ྽ n/d > 1ਔ δ (n/d) =

0. ӢԜӧ ∑ ϣ, ѝԖ d = n ೭΋໨੮Π, ளࡺ f ∗δ (n) = f (n)δ (1) = f (n). ඤ言ϐ, f ک f ∗δ
ӧҺཀ n ∈ N .ॶࣣ࣬ӕڗޑ ,ᢀᗺٰ࣮ޑ數ڄவࡺ Ѭॺ࣬ࢂӕڄޑ數. ӕ౛ё᛾ δ ∗ f = f .

(2) җܭჹҺཀ n ∈ N,

f ∗g(n) = ∑
de=n
d,e∈N

f (d)g(e) = ∑
de=n
d,e∈N

g(e) f (d) = ∑
de=n
d,e∈N

g(d) f (e) = g∗ f (n).

ॺள᛾ך f ∗g = g∗ f .

(3) ,ကۓ٩ ჹҺཀ n ∈ N,

( f ∗g)∗h(n) = ∑
de=n
d,e∈N

( f ∗g)(d)h(e)

= ∑
de=n
d,e∈N

(
∑

rs=d
r,s∈N

f (r)g(s)
)

h(e)

= ∑
rse=n

r,s,e∈N

f (r)g(s)h(e).

ӕ౛ךॺԖ

f ∗ (g∗h)(n) = ∑
duv=n

d,u,v∈N

f (d)g(u)h(v).

ӢԜள᛾ ( f ∗g)∗h = f ∗ (g∗h). �
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Proposition 2.4.2 ֋ນךॺ, ऩஒ ∗ ࣮ԋࢂ arithmetic function ϐ໔ޑၮᆉ, ߾ δ ೭΋
ঁ arithmetic function ൩ӵӕ४ݤၮᆉޑ 1 (೭ኬޑϡન, ࣁॺᆀϐך identity). ԶЪ ∗ ೭
ঁၮᆉᅈىҬඤ౗аϷ่ӝ౗. ∗ ೭ঁၮᆉځჴჹܭ multiplicative arithmetic function Ψ
.܄ഈ࠾Ԗڀ Ψ൩ࢂᇥךॺԖаΠϐ܄፦.

Theorem 2.4.3. ଷ೛ f ,gࣣࣁ multiplicative arithmetic function, ߾ f ∗gΨࢂ multiplica-
tive arithmetic function.

Proof. ଷ೛ a,b ∈ N Ъ gcd(a,b) = 1, ॺा᛾ܴך f ∗ g(ab) = ( f ∗ g(a))( f ∗ g(b)). ჹҺཀ
d,e ∈N ᅈى de = ab, ॺࣣԖך d|ab Ъ e|ab. ٩ Lemma 2.1.4 ΋ಔޑϩձӸӧ୤΋ޕ d1,d2

аϷ e1,e2 ᅈى d = d1d2 Ϸ e = e1e2 ύځ d1, e1 ࣁ a҅ޑӢ數Ъ d2, e2 ࣁ b҅ޑӢ數. ΞӢ
gcd(a,b) = 1, ࡺ gcd(d1,d2) = 1 Ъ gcd(e1,e2) = 1. аҗ܌ f ,g ࢂ multiplicative аϷۓကޕ

f ∗g(ab) = ∑
de=ab
d,e∈N

f (d)g(e) = ∑
d1d2e1e2=ab

d1|a,d2|b,e1|a,e2|b
d1,d2,e1,e2∈N

f (d1) f (d2)g(e1)g(e2).

౜ჹҺཀ d1,d2,e1,e2 ∈ N ᅈى d1d2e1e2 = ab Ъ d1,e1 ک d2,e2 ϩձࢂ a ک b Ӣޑ

數. Ӣࣁ d1e1|ab, ΞӢ gcd(a,b) = 1 Ъ d1,e1 ࢂ a ,Ӣ數ޑ ޕ gcd(d1e1,b) = 1. ӢԜҗ
Proposition 1.2.6(1) ޕ d1e1|a. ќ΋Бय़ a|d1e1d2e2, ӆҗ gcd(a,b) = 1 аϷ d2,e2 ࣁ b ϐ

Ӣ數, ள gcd(a,d2e2) = 1. ӢԜޕ a|d1e1. аள᛾܌ a = d1e1, ӕ౛ள᛾ b = d2e2. ϸϐ, ऩ
d1,d2,e1,e2 ∈ N ᅈى a = d1e1 Ъ b = d2e2, ॺԖך߾ d1d2e1e2 = ab Ъ d1,e1 ک d2,e2 ϩձࢂ

a ک b .Ӣ數ޑ ӢԜךॺԖ

∑
d1d2e1e2=ab

d1|a,d2|b,e1|a,e2|b
d1,d2,e1,e2∈N

f (d1) f (d2)g(e1)g(e2) = ∑
d1e1=a,d2e2=b
d1,d2,e1,e2∈N

f (d1) f (d2)g(e1)g(e2).

ќ΋Бय़

( f ∗g(a))( f ∗g(b)) = ∑
d1e1=a
d1,e1∈N

f (d1)g(e1) ∑
d2e2=b
d2,e2∈N

f (d2)g(e2).

ճҔϩଛ౗ޕ

∑
d1e1=a
d1,e1∈N

f (d1)g(e1) ∑
d2e2=b
d2,e2∈N

f (d2)g(e2) = ∑
d1e1=a,d2e2=b
d1,d2,e1,e2∈N

f (d1) f (d2)g(e1)g(e2).

ӢԜள᛾ҁۓ౛. �

ऩз l : N → N ΋ঁࢂ arithmetic function ᅈىჹҺཀ n ∈ N, l(n) = 1, ޑჹҺཀ߾
arithmetic function f , ࣣԖ྽ n ∈ N ਔ,

f ∗ l(n) = ∑
de=n
d,e∈N

f (d)l(e) = ∑
d|n,d>0

f (d).

Ӣࣁ l ΋ঁࢂ multiplicative arithmetic function, வ೭ঁ࣮ࡋف Theorem 2.1.5 ѝࢂ Theo-
rem 2.4.3 .ݩ΋ঁ੝ਸ௃ޑ
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Example 2.4.4. ॺёаճҔך Theorem 2.4.3 ٰ؃ჹҺཀ n ∈ N,

∑
d|n,d>0

µ(d)
n
d

ϐॶ, ύځ µ ࣁ Möbius µ-function ـୖ) Example 2.1.2).

з I : N→ N ΋ঁࢂ arithmetic function ᅈىჹҺཀ n ∈ N, I (n) = n. Եቾ F : N→ N
΋ঁࢂ arithmetic function ᅈىჹҺཀ n ∈ N,

F(n) = ∑
d|n,d>0

µ(d)
n
d
= ∑

d|n,d>0
µ(d)I (

n
d
).

ޕॺךကۓ٩ F = µ ∗I . ฅԶ µ ک I ࣁࣣ multiplicative, ճҔࡺ Theorem 2.4.3 ޕ F

Ψࢂ multiplicative. ӢԜךॺѝाᔠຎჹҺཀ፦數 p аϷ t ∈ N, F(pt) ϐॶࣁՖ. ကۓ٩
µ(1) = 1, µ(p) =−1 Ъ྽ i > 1 ਔ µ(pi) = 0, ளࡺ

F(pt) = µ(1)I (pt)+µ(p)I (pt−1) = pt − pt−1.

کཀԜݙ ϕ(pt) ॶ࣬ӕޑ ـୖ) Proposition 2.3.5), ճҔࡺ F ک ϕ ࣁࣣ multiplicative аϷ
Proposition 2.1.3 ޕ F = ϕ . Ψ൩ࢂᇥჹҺཀ n ∈ N ࣣԖ

∑
d|n,d>0

µ(d)
n
d
= ϕ(n).

2.5. The Möbius Inversion Formula

前य़ӧϟಏ Euler’s ϕ -function ਔ, ډפॺමගϷό৒ܰך arithmetic function f ஒ

ϕ -function ԋ߄ ϕ(n) = ∑d|n,d>0 f (d) ೭ኬ׎ޑԄ. ٣ჴ΢ Möbius inversion formula ёаᔅ
շךॺډפ೭ኬޑ f .

Theorem 2.5.1 (Möbius Inversion Formula). ଷ೛ F, f ࣁࣣ arithmetic function, µ ࣁ
möbius µ-function. ჹҺཀ߾ n ∈ N, F, f ᅈى

F(n) = ∑
d|n,d>0

f (d),

ऩЪ୤ऩჹҺཀ n ∈ N, F, f ᅈى

f (n) = ∑
d|n,d>0

F(d)µ(
n
d
).

Proof. з l : N→N ΋ঁࢂ arithmetic function ᅈىჹҺཀ n ∈N, l(n) = 1. ٩ convolution
ॺा᛾ܴךကۓޑ F = f ∗ l ऩЪ୤ऩ f = F ∗µ.

ऩ F = f ∗ l, ߾ F ∗µ = ( f ∗ l)∗µ. ճҔ Proposition 2.4.2(3) ޕ F ∗µ = f ∗ (l∗µ). ฅԶ
ჹҺཀ n ∈ N, l∗ µ(n) = µ ∗ l(n) = ∑d|n,d>0 µ(d), җ Example 2.1.6 ޕ l∗ µ = µ ∗ l = δ , ύځ
δ : N→ N ࣁကۓ

δ (n) =
{

1, n = 1;
0, n > 1.

ඤ言ϐ, ॺԖך F ∗µ = f ∗ (l∗µ) = f ∗δ . ӢԶճҔ Proposition 2.4.2(1) ள᛾ F ∗µ = f .
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ϸϐ,ऩ f = F ∗µ,߾ f ∗ l = (F ∗µ)∗ l = F ∗(µ ∗ l).ࡺӆճҔ µ ∗ l = δ ளޕ f ∗ l = F ∗δ =

F . �

ཀݙ Möbius inversion formula ሡाჹҺཀ n ∈ N ჹωૈ٬Ҕ. Ψ൩ࢂᇥգόૈ࣮ډ

F(6) = f (1)+ f (2)+ f (3)+ f (6)

൩Π่論ᇥ

f (6) = F(1)µ(6)+F(2)µ(3)+F(3)µ(2)+F(6)µ(1) = F(1)−F(2)−F(3)+F(6).

ሡाᔠᡍ܌Ԗ n ∈ N ೿ჹωёΠԜ่論 (ԿϿӧԜٯύᗋाӭᔠࢗ F(1) = f (1) , F(2) =

f (1)+ f (2) аϷ F(3) = f (1)+ f (3)).

Example 2.5.2. ౜ӧךॺٰ࣮࣮ӵՖճҔ Möbius inversion formula, ډפ f ٬ள ϕ(n) =
∑d|n,d>0 f (d).җMöbius inversion formulaޕԜਔ f = µ ∗ϕ . җܭ µ ک ϕ ,multiplicativeࣁࣣ
җ Theorem 2.4.3 ޕ f ҭࣁ multiplicative. ӢԜךॺӃᢀჸჹҺཀ፦數 p аϷ t ∈N, f (pt)

ϐॶ. ฅԶ

f (pt) = ∑
d|pt ,d>0

µ(d)ϕ(
pt

d
) = µ(1)ϕ(pt)+µ(p)ϕ(pt−1) = ϕ(pt)−ϕ(pt−1).

ӢԜޕ f (p) = p−1−1 = p−2 Ъ྽ t ≥ 2 ਔ f (pt) = pt − pt−1 − (pt−1 − pt−2) = pt−2(p−1)2.

ӢԜऩ n = pn1
1 · · · pnr

r , ύځ pi ,౦፦數࣬ࣁ ёаள f (n) = f (pn1
1 ) · · · f (pnr

r ). ՠࢂௗΠٰࡐᜤ
ஒ f ቪԋࡐӳ׎ޑԄ ঁࢌཀा୔ϩԖݙ) ni = 1 .(׎௃ޑ ٣ჴ΢ऩؒԖ Möbius inversion
formula, ᜤ᛾р೭ঁࡐॺΨך f ዴჴᅈى µ(n) = ∑d|n,d>0 f (d). ӧ᛾ܴ߃а྽܌ ϕ ࢂ
multiplicative ਔ, ॺ٠ؒԖճҔך Theorem 2.1.5 ᛾ள.

٣ჴ΢ճҔ Example 2.5.2 ޑॺёа᛾рҺՖךݤБޑ arithmetic function F ࣣёډפ

୤΋ޑ arithmetic function f ٬ளჹҺཀ n ∈ N, ࣣԖ F(n) = ∑d|n,d>0 f (d). ྽ךॺޑډפ f

ࢂ multiplicative ਔ, Theorem 2.1.5 ֋ນךॺ F Ψࢂ multiplicative. ϸϐ, аΠ Corollary
֋ນךॺऩςޕ F ࢂ multiplicative, ޑрפ߾ f ΋ۓΨࢂ multiplicative.

Corollary 2.5.3. ଷ೛ F, f ࣁࣣ arithmetic function. ऩჹҺཀ n ∈ N, ࣣԖ

F(n) = ∑
d|n,d>0

f (d)

Ъςޕ F ΋ঁࢂ multiplicative arithmetic function, ߾ f ҭࣁ΋ঁ multiplicative arithmetic
function.

Proof. җ Theorem 2.5.1 ޕ f = µ ∗F , җࡺ µ ࢂ multiplicative аϷ F ࢂ multiplicative
,ଷ೛ޑ ճҔ Theorem 2.4.3 ޕ f = µ ∗F ҭࣁ multiplicative. �

Example 2.5.4. 前य़൳࿯ύךॺමճҔ multiplicative arithmetic function ளډ΋٤Ԗ፪
,฻Ԅޑ ௗΠٰٯޑηךॺஒճҔ Möbius inversion formula ள׳ډӭ฻Ԅ.
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(1) з v(n) Ң߄ n .Ӣ數ঁ數҅ޑ ςޕჹҺཀ n ∈ N, ࣣԖ

v(n) = ∑
d|n,d>0

1 = ∑
d|n,d>0

l(d),

Ԗ܌ύჹځ n ∈ N, l(n) = 1. ճҔࡺ Möbius inversion formula ჹҺཀޕ n ∈ N,

1 = l(n) = ∑
d|n,d>0

µ(d)v(
n
d
) = ∑

d|n,d>0
v(d)µ(

n
d
).

(2) з σ(n) Ң߄ n .کԖ҅Ӣ數ϐ܌ޑ ςޕჹҺཀ n ∈ N ࣣԖ

σ(n) = ∑
d|n,d>0

d = ∑
d|n,d>0

I (d),

Ԗ܌ύჹځ n ∈ N, I (n) = n. ճҔࡺ Möbius inversion formula ჹҺཀޕ n ∈ N,

n = I (n) = ∑
d|n,d>0

µ(d)σ(
n
d
) = ∑

d|n,d>0
σ(d)µ(

n
d
).

(3) җ Corollary 2.3.6 ჹҺཀޕ n ∈ N ࣣԖ

n = I (n) = ∑
d|n,d>0

ϕ(d).

ճҔࡺ Möbius inversion formula ჹҺཀޕ n ∈ N, ࣣԖ

ϕ(n) = ∑
d|n,d>0

µ(d)I (
n
d
) = ∑

d|n,d>0
µ(d)

n
d
.

Example 2.5.4(3) ฻Ԅӧ前΋࿯ޑ Example 2.4.4 ύךॺමҔ multiplicative ፦܄ޑ
ளډ. ٣ჴ΢ Example 2.5.4 ύޑ฻Ԅ೿ёаҔ multiplicative .ډ፦ள܄ޑ όၸाݙཀ
ࢂޑ Möbius inversion formula ٠ό߳ज़ܭ multiplicative ,׎௃ޑ Ѭჹ΋૓ޑ arithmetic
function ࣣ፾Ҕ.


