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前言

ҁᖱကЬाҞࢂޑଞჹε΋ᏢғϟಏԖᜢ᏾數論΋٤基ҁޑж數کᆉ數΢܄ޑ፦, а
բࣁஒٰᏢಞܜຝж數ϐྗഢ. 基ܭ೭ኬޑ౛җ, ӧԜךॺஒόϟಏԖᜢܭ᏾數論ϐᐕў
.ᔈҔځаϷࡺڂک ჹ᏾數論ϐᔈҔ (ЀځӧၗૻБय़ޑᔈҔ) Ԗᑫ፪ޑ᠐ޣ, ॺ௢ᙚך
Silverman ȨAޑ Friendly Introduction to Number Theoryȩ(Prentice Hall, Third Edition
2006). .ᔈёᇸ᚞᎙᠐೭ҁਜࡕऩჹҁᖱကϣ৒Ԗ࣬྽ᇡ᛽ϐߞ࣬
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Chapter 3

Congruences

ӕᎩ (congruence) ,ϩԋԖज़ӭᜪޑஒ᏾數፾྽ࢂ൩ۺཷޑ ၮޑ᏾數΋ኬکϝૈځ٬
ᆉ, வԶளډ΋٤᏾數ޑख़ा܄፦. ҁക൩ࢂ௖૸ congruence ΋٤ԖᜢډကаϷளۓޑ
congruence .ख़ाԄηޑ

3.1. ӕᎩޑϩᜪ

Congruence relation ΋ঁࢂ equivalent relation. २Ӄךॺ௖૸ equivalent relation 基ޑ
ҁཷۺ.

΋૓ٰᇥाஒ΋ঁ໣ӝϩᜪѸ໪಄ӝаΠΟঁाન. ಃ΋ঁ൩ࢂ, ԾρکԾρࢂӕᜪޑ;
ќ΋ाનࢂऩҘکΌࢂӕᜪ߾ޑΌΨѸ໪کҘࢂӕᜪޑ; നࡕ΋ঁाનࢂӵ݀ҘکΌӕ
ᜪЪΌکЧӕᜪ, .ЧӕᜪکҘѸ໪߾ ࣁᜢ߯ᆀϐޑϩᜪӕᜪ໔ޑၰ೭ኬޕӭӕᏢᔈ၀ࡐ
equivalence relation. ๏ݤБޑҔ數Ꮲࢂॺᗋך equivalence relation ҅Ԅۓޑက.

Definition 3.1.1. ऩ΋໣ӝ S ύךॺҔ a ∼ b Ң߄ a ک b ,ޑӕᜪࢂ ϩᜪऩ಄ӝޑ೭ኬ߾
аΠ܄፦ךॺᆀϐࣁ equivalence relation:

(equiv1): ჹ܌Ԗ a ∈ S, ॺ೿Ԗך a ∼ a (reflexivity).

(equiv2): ऩ a ∼ b, ߾ b ∼ a (symmetry).

(equiv3): ऩ a ∼ b Ъ b ∼ c, ߾ a ∼ c (transitivity).

ޑॺதҔך “=” ൩ࢂ΋ঁޑࠠڂ equivalent relation.

Ԗ٤ӕᏢёૈ཮᝺ளࡽ܁ڻฅ (equiv2) ᇥ: ऩ a ∼ b ߾ b ∼ a. ٗሶӆճҔ (equiv3) ך
ॺёள a ∼ a. ϙሶᗋाமፓࣁ (equiv1) ?ګ ЬाচӢࢂ (equiv1) மፓࢂ S ύޑҺ΋ϡન

a ೿໪಄ӝ a ∼ a. ӵ݀ךॺѝा؃ (equiv2) ک (equiv3), ٗሶӵ݀ S ύԖ΋ϡન a ӧ S ύ

ϡનޑҺՖډόפ b ٬ள a ∼ b, ٗሶ a ൩ό΋ۓᅈى a ∼ a Α. ӢԜ཮೷ԋԖޑϡનԖё
ૈؒԖ೏ϩᜪډ. Զ಄ӝ equivalence relation ΋ᜪࢌډ؂΋ঁϡન೿཮೏ϩߥϩᜪ൩ዴޑ
(όၸԖёૈࢌ΋ᜪύѝԖ΋ঁϡન).
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36 3. Congruences

Ҕۭډ equivalence relation ϩᜪԖϙሶӳೀګ? २Ӄ྽ฅࢂӵ前܌ᇥҗ (equiv1) ёள
؂΋ঁϡન೿཮೏ϩࢌډ΋ᜪ. ќѦҗ (equiv2) ک (equiv3) ໣ӝό཮ԖҬޑόӕᜪঁٿޕ
໣; ೭ࢂӢࣁӵ݀ b ӧ A ᜪЪӧ B ᜪύ, ӧ߾ A ᜪύޑҺ΋ϡન a Ӣک b ࡺޑӕᜪࢂ a ∼ b

Զ B ᜪύޑҺ΋ϡન c ӢΨک b ӕᜪࡺ b ∼ c. җࡺ (equiv2) ک (equiv3) ޕ a ∼ c. Ψ൩ࢂ
ᇥ A ύ܌ޑԖϡનک B ύ܌ޑԖϡન೿ӕᜪ. ೭ک A ᆶ B .ଷ೛࣬ҟ࣯ޑόӕᜪࢂ ᕴԶ言
ϐճҔ΋ঁ equivalent relation .ᜪձޑϕό࣬Ҭٿٿॺёаஒ΋໣ӝϩപԋך

ௗΠٰךॺ൩ٰ௖૸ӕᎩޑϩᜪݤ.

Definition 3.1.2. ๏ۓ΋҅᏾數 m, ӵ݀ a,b ∈ Zӧନа mϐΠځᎩ數࣬ӕ, ॺᆀך a,bӧ

ନа m ϐΠࢂӕᎩޑ (a is congruent to b modulo m), ЪҔ಄ဦ a ≡ b (mod m) .Ң߄ٰ ऩ
a ک b ӧନа m ϐΠόӕᎩ (a is incongruent to b modulo m), Ҕ߾ a ̸≡ b (mod m) .Ң߄ٰ

ाݙཀӧፋӕᎩਔ΋ۓाӃۓڰ΋ঁ m ωૈᇥ. ؒԖ a ک b ,ݤᇥޑӕᎩࢂ գѸ໪ֹ᏾
ᇥрޑ a ک b ӧନаϙሶϐΠࢂӕᎩޑωჹ.

ᗨฅᔠࢗ a,b ӧନа m ϐΠࢂցӕᎩ, ࢗကाᔠۓ٩ a ک b ନа m ϐᎩ數ࢂց࣬ӕ,
ՠ٣ჴ΢ѝाᔠࢗ m ց᏾ନࢂ a−b.

Lemma 3.1.3. ๏ۓ΋҅᏾數 m, Ъ a,b ∈ Z, ߾ a ≡ b (mod m) ऩЪ୤ऩ m|a−b.

Proof. ကऩۓ٩ a ≡ b (mod m) ကӸӧۓ٩߾ h1,h2 ∈ Z ٬ள a = mh1 + r Ϸ b = mh2 + r

ύځ 0 ≤ r < m. ளࡺ a−b = m(h1 −h2) Ψ൩ࢂᇥ m|a−b.

ϸϐଷ೛ a,b ନа m ϐᎩ數ϩձࣁ r1 Ϸ r2, ջϩձӸӧ h1,h2 ∈ Z ٬ள a = mh1 + r1

Ϸ b = mh2 + r2, ύځ 0 ≤ r1,r2 < m, ޕ߾ a−b = m(h1 −h2)+(r1 − r2). җଷ೛ࡺ m|a−b ள

m|r1 − r2. ΞӢ 0 ≤ r1,r2 < m, ޕ −m < r1 − r2 < m, җࡺ m|r1 − r2 ள r1 = r2. �

ॺёаճҔך Lemma 3.1.3 ډளޑזࡐ congruent relation ΋ঁࢂ equivalent relation.

Proposition 3.1.4. ๏ۓ΋҅᏾數 m, ᏾數ӧନа߾ m ӕᎩޑϩᜪϐΠࢂ΋ঁ equivalent
relation. Ψ൩ࢂᇥ಄ӝаΠΟঁ܄፦.

(1) ऩ a ∈ Z ߾ a ≡ a (mod m).

(2) ऩ a ≡ b (mod m) ߾ b ≡ a (mod m).

(3) ऩ a ≡ b (mod m) Ъ b ≡ c (mod m), ߾ a ≡ c (mod m).

Proof. (1) ऩ a ∈ Z, Ӣ a−a = 0, ள m|a−a. җࡺ Lemma 3.1.3 ޕ a ≡ a (mod m).

(2) ऩ a ≡ b (mod m) җ Lemma 3.1.3 ޕ m|a−b, җࡺ m|b−a ள᛾ b ≡ a (mod m).

(3)ऩ a ≡ b (mod m)Ъ b ≡ a (mod m),ޕ߾ m|a−bЪ m|b−c. ޕࡺ m|(a−b)+(b−c),
ջ m|a− c. Ψ൩ࢂᇥ a ≡ c (mod m). �

җܭӕᎩۺཷޑҔϩᜪࡐࢂݤ࣮ޑӳޑϩᜪЪ೭ኬݤ࣮ޑፋ論΋܄٤፦ࡐБߡ, Ϟךࡕ
ॺ࿶த཮Ҕ “a ک b ӧ modulo m ϐΠࢂӕᜪ” :ၲ߄ٰݤᇥޑ a ک b ନа m ϐᎩ數࣬ӕ.
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,ёஒ᏾數ϩᜪۺཷޑฅҔӕᎩࡽ ۓॺԾฅ཮ୢ๏ך m ∈N, ӧ modulo m ϐΠёаϩԋ

൳ᜪګ? Ԗ᏾數ӧନа܌ m ϐΠޑᎩ數ᕴӅёૈࣁ 0,1, . . . ,m−1, ӅԖޕаள܌ m ᜪ. ϩ
ᜪӳࡕӧ؂΋ᜪύךॺёаࡷ΋ঁж߄ϡનٰж߄೭΋ᜪ, Ъ؂ᜪύ໻ࡷр΋ঁж߄Զόख़
ፄ, ೭ኬࡷ܌рޑжך߄ॺ๏Ѭ΋ঁ੝ձӜᆀ.

Definition 3.1.5. ๏ۓ΋҅᏾數 m, ऩ໣ӝ S Ԗ m ঁϡન, ύϡનӧځ modulo m ϐΠٿ

,όӕᜪٿ ᆀ߾ S ΋ঁࢂ complete residue system modulo m.

ऩ S ΋ঁࢂ complete residue system modulo m, Ӣ᏾數ӧ߾ modulo m ϐΠࢂ΋ঁ

equivalent relation, а܌ S ύޑϡન೿཮೏ϩࢌډ΋ᜪ, ԶЪΞςޕ S ύޑϡનٿٿόӕ

ᜪ, ӆу΢ςޕ Z ӧ modulo m ϐΠӅૈ೏ϩԋ m ᜪ, аҗ܌ S ࣁϡનঁ數ޑ m ,ޕ ؂΋
ᜪύ೿ёӧ S ύډפ୤΋ޑϡનж߄Ԝᜪ. ඤ言ϐ, S ύޑϡનىаж߄ Z ӧ modulo m ϐ

Πϐϩᜪ. ӵٯ {0,1, . . . ,m−1} ൩ࢂ΋ঁதҔޑ complete residue system modulo m. όၸ
Ԗਔךॺ཮Ӣୢᚒޑሡाᒧ᏷ձᅿ complete residue system modulo m.

Question 3.1. ๏ۓ m ∈ N.

(1) ଷ೛ S ⊆ Z Ъ S ࣁϡનঁ數ޑ m. ऩςޕჹҺཀ a ∈ Z ࣣӸӧ s ∈ S ᅈى a ≡ s

(mod m). ၂᛾ܴ S ࣁ complete residue system modulo m.

(2) ଷ೛ S ⊆ Z ၂᛾ܴ S ࣁ complete residue system modulo m ऩЪ୤ऩჹҺཀ a ∈ Z
ࣣӸӧ୤΋ޑ s ∈ S ᅈى a ≡ s (mod m).

ճҔӕᎩϩᜪନΑࢂ΋ঁ equivalent relation ϐѦ, ᗋԖ೚ӭࡐӳ܄ޑ፦. ӵӧΠ΋ٯ
࿯ךॺ཮ϟಏёаӧӚᜪϐ໔ۓကၮᆉ. ќѦӧ modulo m ϐΠ, ϡનޑჴӕᜪځॺว౜ך
ک m ϐനεϦӢ數ځჴ࣬ࢂӕޑ.

Lemma 3.1.6. ๏ۓ΋҅᏾數 m, ऩ a ≡ b (mod m), ߾ gcd(a,m) = gcd(b,m).

Proof. ऩ a ≡ b (mod m), җۓကޕ a ک b ӧନа m ϐΠϐᎩ數࣬ӕ, ೛ࣁځ r. җࡺ
Lemma 1.3.1 ޕ gcd(a,m) = gcd(r,m) = gcd(b,m). �

੝ձޑऩ a ک m ,ޑϕ፦ࢂ ӧ߾ modulo m ϐΠک a ӕᜪޑϡન೿ک m ϕ፦. Ψ൩ࢂ
ᇥऩ S ΋ঁࢂ complete residue system modulo m, ѝाפр S ύԖব٤ϡનک m ϕ፦, ٗ
ሶ೭٤ϡન܌жޑ߄ϩᜪ္؂ঁϡન೿ک m ϕ፦. ӧ modulo m ϐΠۭډԖ൳ᜪޑϡન཮

ک m ϕ፦ګ? ॺ൩Եቾך S = {0,1, . . . ,m−1} ೭ঁ complete residue system modulo m փ!
S ύک m ϕ፦ޑϡનঁ數٩ Euler ϕ -function ࢂက൩ۓޑ ϕ(m) ঁ, ᏾數ӧޕࡺ modulo m

ϐΠӅԖ ϕ(m) ᜪޑϡનک m .ޑϕ፦ࢂ Ԗਔӧೀ౛ୢᚒਔךॺሡाஒ೭ ϕ(m) ᜪޑж߄ϡ

નӈр, .ॺΨ๏Ѭ΋ঁ੝ձӜᆀךа܌

Definition 3.1.7. ๏ۓ΋҅᏾數 m, ऩ໣ӝ S Ԗ ϕ(m) ঁϡન, ϡનࣣᆶޑύځ m ϕ፦Ъ

ӧ modulo m ϐΠٿٿόӕᜪ, ᆀ߾ S ΋ঁࢂ reduced residue system modulo m.

྽ m ΋፦數ࢂ p ਔ, {1, . . . , p−1} ൩ࢂനதҔޑ reduced residue system modulo p.
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Question 3.2. ๏ۓ m ∈ N.

(1) ଷ೛ S ⊆ Z Ъ S ࣁϡનঁ數ޑ ϕ(m). ऩςޕჹҺཀᅈى gcd(a,m) = 1 ᏾數ޑ a,
ࣣӸӧ s ∈ S ᅈى a ≡ s (mod m). ၂᛾ܴ S ࣁ reduced residue system modulo m.

(2) ଷ೛ S ⊆ Z ၂᛾ܴ S ࣁ reduced residue system modulo m ऩЪ୤ऩ S ύޑϡનࣣ

ᆶ m ϕ፦ЪჹҺཀᅈى gcd(a,m) = 1 ᏾數ޑ a, ࣣӸӧ୤΋ޑ s ∈ S ᅈى a ≡ s

(mod m).

3.2. ӕᎩޑၮᆉ

ӕᎩϩᜪനख़ा܄ޑ፦൩ࢂ, Ӛᜪϐ໔ёаӵ᏾數΋૓բуݤаϷ४ޑݤၮᆉ (ӧԖ٤
௃ࣗݩԿёаբନݤ).

๏ۓ m ∈ N, ӧ modulo m ϐΠךॺஒӕ΋ᜪޑϡન࣮ԋࢂӕኬܿޑՋ (Ψ൩ࢂஒ΋᏾
ᜪޑϡન࣮ԋࢂ΋ঁϡન), གྷ࣮࣮Ӛᜪϐ໔ाӵՖ࣬у࣬४ګ? ӧा࣬уࢂݤགྷޑԾฅࡐ
,ϡન߄΋ঁжࡷᜪύӚٿޑ ฅ࣬ࡕу࣬४࣮࣮ပܭব΋ᜪ. όၸ೭཮࿘ډ΋ঁୢᚒ൩؂ࢂ
΋ᜪύεৎޑࡷж߄ϡનऩόӕ཮ό཮࣬у࣬४܌ࡕள่݀όӕګ? ӵӧٯ modulo 5 ϐ

Π, ॺाஒନаך 5 Ꭹ數ࣁ 2 ࣁᎩ數ک೭΋ᜪޑ 3 .४࣬܈೭΋ᜪ࣬уޑ ऩᎩ數ࣁ 2 ک 3

ࡷॺϩձךᜪٿ೭ޑ 2 ک 3 ٰж߄, ٗሶҗ 2+3 = 5 Ϸ 2×3 = 6 ள࣬ډу࣬४ࡕ཮ϩձပ

ӧᎩ 0 Ꭹک 1 .ᜪύٿ೭ޑ ӵ݀ࡷόӕޑж߄ϡનګ? КБᇥᎩ 2 Ꭹک 3 ॺϩךᜪٿ೭ޑ

ձࡷ 7 ک −12 ྽ж߄, ่݀ 7+(−12) =−5 Ϸ 7× (−12) =−84, ନܭပࡕу࣬ډॺϝளך
а 5 Ꭹ 0 ೭΋ᜪ, Զ࣬४ࡕပܭନа 5 Ꭹ 1 ೭΋ᜪ, .前य़่݀΋ठک ηٯॺόૈҗ೭ঁך
൩ᇡࣁ೭΋ۓჹ, ሡाགྷঁБٰݤᇥܴ೭٣ࢂჴԶόࢂѯӝ.

Lemma 3.2.1. ๏ۓ m ∈ N, ऩ a,b ∈ Z ᅈى a ≡ b (mod m), ჹҺཀ߾ c ∈ Z ࣣԖ

a+ c ≡ b+ c (mod m) and ac ≡ bc (mod m).

Proof. җଷ೛ a ≡ b (mod m) ޕ m|a− b. ளࡺ m|(a+ c)− (b+ c), Ψ൩ࢂᇥ a+ c ≡ b+ c

(mod m). ќ΋Бय़җܭ m|(a−b)c ޕࡺ m|ac−bc, ள᛾ ac ≡ bc (mod m).. �

Lemma 3.2.1 ֋ນךॺঁٿӕᜪޑ數ϩձу΢ӕ΋ঁ數܌ࡕளϐ數Ψ཮ӕᜪ. ӕᜪޑ數
ӕ४΋ঁ數܌ࡕளϐ數Ψӕᜪ. ٩Ԝךॺ൩ёаளঁٿډӕᜪޑ數ϩձу΢ (४΢܈) ќٿ
ঁӕᜪޑ數่݀ځϝ཮ӕᜪ.

Proposition 3.2.2. ๏ۓ m ∈N, ऩ a,b,c,d ∈ Z ᅈى a ≡ b (mod m) Ъ c ≡ d (mod m), ߾

a+ c ≡ b+d (mod m) and ac ≡ bd (mod m).

Proof. Ӣ a ≡ b (mod m), җ Lemma 3.2.1 ޕ a + c ≡ b + c (mod m). ӕ౛ΞӢ c ≡ d

(mod m) ޕ b + c ≡ b + d (mod m), ࢂճҔӕᎩࡺ equivalent relation (ջ Proposition
3.1.4(3)) ޕ a+ c ≡ b+d (mod m).

ӕኬޑ,җ a≡ b (mod m)Ϸ c≡ d (mod m)ϩձள ac≡ bc (mod m)Ϸ bc≡ bd (mod m),
ޕࡺ ac ≡ bd (mod m). �
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җԜۓ౛, ाीᆉࡕॺаך 1752 ४а 388 ନа 5 ϐᎩ數, ӆ࣮ࡕॺόѸஒѬॺ४໒ך
ନаځ 5 ϐᎩ數ࣁՖ. ॺёаճҔך 1752 ≡ 2 (mod 5) аϷ 388 ≡ 3 (mod 5) ډளޑזࡐ

1752×388 ≡ 6 ≡ 1 (mod 5).

Proposition 3.1.4 (ջ congruence relationࢂ equivalent relation)֋ນךॺ྽ۓڰ m ∈N
ਔ “≡” Ԗک฻ဦ࣬ӕ߾ݤޑ. ќ΋Бय़ӧ Lemma 3.2.1 ύऩз c =−1, ྽߾ a ≡ b (mod m)

ਔךॺԖ −a ≡ −b (mod m). а঺Ҕ܌ Proposition 3.2.2 ॺёаஒךޕ ≡ “࣮ԋ” ฻ဦࢂ
(ջஒӕᎩޑϡન࣮ԋ࣬ࢂӕ) ԶஒӕᎩᜪޑၮᆉӵ΋૓᏾數բу, ෧, ४ޑၮᆉ. ӵӧीٯ
ᆉ 5742ନа ,Ꭹ數ਔޑ11 ॺёаቪԋך 5742 = 5×103+7×102+4×10+2. җܭ 10 ≡−1

(mod 11) ளࡺ 5742 ≡ 5× (−1)3 +7× (−1)2 +4× (−1)+2 ≡−5+7−4+2 ≡ 0 (mod 11). Ψ

൩ࢂᇥ 5742 ёа೏ 11 ᏾ନ, ೭ךکॺύᏢਔж܌Ꮲղձ 11 .ӕ࣬߾ݤ७數ޑ ӕ౛ղձ 9

Ψёҗ߾ݤ७數ޑ 10 ≡ 1 (mod 9) Զள. գΨёаճҔ 10 ≡ 3 (mod 7) ᏾౛р΋঺ղձ 7

߾ݤ७數ϐޑ (྽ฅ཮ፄᚇӭΑ).

೭္Ԗٿᗺा੝ձݙཀ: २Ӄ, ӧ modulo όӕޑ數ϐΠ܌ளޑϩᜪݤόӕ, аό܌
ૈஒ ≡ షҔ. ӵऩٯ a = 3, ॺёаᇥך a ≡ 3 (mod 5) Ъ a ≡ 3 (mod 7), ՠգόૈӢࣁ
a2 ≡ 32 ≡ 4 (mod 5) Զᇥ a2 ≡ 4 (mod 7). ќѦाݙཀޑ൩ࢂӧ΋૓฻Ԅύޑନ (ऊ) ӧ
congruence ٠ό΋ۓ፾Ҕ. Ψ൩ࢂᇥऩ a ̸= 0 Ъ ab = ac, ޕॺך b = c; ՠ೭ӧ congruence
.Ԗёૈрୢᚒݩ௃ޑ ӵ྽ٯ a = 2,b = 2,c = 5 ӧ modulo 6 ϐΠךॺԖ a ̸≡ 0 (mod 6) Ъ

ab ≡ ac (mod 6), ՠܴࡐᡉޑ b ̸≡ c (mod 6). аӧೀ౛܌ congruence ੃ݤᚒਔाҔନୢޑ
ѐ΋ঁ數ਔा੝ձݙཀ. аΠۓ౛֋ນךॺՖਔё੃, Ֆਔόё੃.

Proposition 3.2.3. ๏ۓ m ∈N Ъଷ೛ a,b,c ∈ Z. з d = gcd(m,a) ߾ ab ≡ ac (mod m) ऩ

Ъ୤ऩ b ≡ c (mod m/d).

Proof. Ӣ d = gcd(m,a), ॺзך m = m′d Ъ a = a′d, җ Corollary 1.1.8 ޕ gcd(m′,a′) = 1.

౜ଷ೛ ab ≡ ac (mod m),ջ m|ab−ac. ӢԜҗ Lemma ޕ(2)1.1.5 (m/d)|(a/d)(b−c),ջ
m′|a′(b−c). Ӣࡺ gcd(m′,a′) = 1ճҔ Proposition 1.2.6(1)ள᛾ m′|b−c,ջ b≡ c (mod m/d).

ϸϐ, ऩ b ≡ c (mod m/d), ջ m′|b− c. ӢԜҗ Lemma 1.1.5(1) ள dm′|d(b− c), ջ
m|d(b− c). Ψ൩ࢂᇥ db ≡ dc (mod m). җࡺ Lemma 3.2.1 ޕ a′db ≡ a′dc (mod m), ள᛾
ab ≡ ac (mod m). �

,ηٯޑӵϐ前ٯ Ӣࣁ m = 6 Ъ a = 2, ள gcd(m,a) = 2. җࡺ ab ≡ ac (mod 6) ள b ≡ c

(mod 3). ٣ჴ΢, ΢ٯύ b = 2,c = 5, ॺዴჴԖך 2 ≡ 5 (mod 3).

עӧՖਔωૈۭډ a੃௞Ъ࡭ߥচٰ modulo mޑ congruenceګ? җ Proposition 3.2.3
ѝԖӧޕॺך gcd(m,a) = 1, ջ m ک a ϕ፦ਔωёߥ᛾ჹ. .፦ቪΠ܄ޑॺஒ೭ঁख़ाך

Corollary 3.2.4. ๏ۓ m ∈N Ъଷ೛ a,b,c ∈ Z. ऩ m ک a ϕ፦, ߾ ab ≡ ac (mod m) ऩЪ

୤ऩ b ≡ c (mod m).

,ӧ᏾數ਔڋჴऩज़ځ ऩ a ̸= 0 Ъ ab = ac ёஒ a ੃ѐ௢ள b = c, ҅ዴٰᇥόૈҔ “ନ”
,ᇥٰۺཷޑ ԶࢂҔ᏾數 a ̸= 0 Ъ b ̸= 0 ߾ ab ̸= 0 .ډ፦ள܄ޑ ೭ঁཷۺӧ congruence ޑ
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௃ݩ൩ό΋ۓჹ, ӵٯ 2 ̸≡ 0 (mod 6) Ъ 3 ̸≡ 0 (mod 6) ՠࢂ 2×3 ≡ 0 (mod 6). ೭Ψࢂ΋૓
ٰᇥӧ congruence όૈҔऊޑБݤ੃ѐޑЬाচӢ. ฅԶӧԵቾԖ౛數ਔ, ऩ a ̸= 0, Ӣࣁ
ѸӸӧќ΋Ԗ౛數 a−1 ٬ள a ·a−1 = 1, аऩ܌ ab = bc, ᜐӕ४ٿ߾ a−1, ёள b = c. ೭൩
ݤҔନࢂ “ ऊ” ੃ѐۺཷޑ a. җܭԖ౛數ύჹҺཀߚ 0 ϡન a, ϸϡનݤ४ځ (ջ a−1) Ѹ
Ӹӧ, ٬ளךॺӧှԖ౛數ޑБำԄਔ׳৒ܰှډפ. ӧ΋૓᏾數ਔᗨฅ໻Ԗ ±1 ϸݤ४ځ

ϡનࣁ᏾數, ՠӧ૸論 congruence ਔԖ׳ӭϡનځ४ݤϸϡન཮Ӹӧ.

Proposition 3.2.5. ๏ۓ m ∈ N, ଷ೛ a ∈ Z, Ӹӧ߾ b ∈ Z ᅈى ab ≡ 1 (mod m) ऩЪ୤ऩ

a ک m ϕ፦.

Proof. ଷ೛ b ∈ Z ᅈى ab ≡ 1 (mod m), ջ m|ab−1. з d = gcd(m,a), ёள d|m Ъ d|ab.
ճҔࡺ m|ab−1 Ϸ d|m ёள d|ab−1, ӆճҔ d|ab ள d|1. Ψ൩ࢂᇥ a ک m ϕ፦.

ϸϐ, ऩ a ک m ϕ፦, ջ gcd(m,a) = 1, җ߾ Corollary 1.2.4 Ӹӧޕ r,s ∈ Z ٬ள
mr+as = 1. зࡺ b = s, ॺԖך m|ab−1, ҭջ ab ≡ 1 (mod m). �

നࡕाமፓ, ྽ a ک m ϕ፦ਔᗨฅԖคጁӭޑ᏾數 b ཮ᅈى ab ≡ 1 (mod m), ՠࢂ
೭ኬޑ b ӧ modulo m ϐΠࢂ୤΋ޑ. Ψ൩ࢂᇥऩ c ∈ Z ҭᅈى ac ≡ 1 (mod m), ܭҗ߾
ab ≡ 1 ≡ ac (mod m) аϷ gcd(m,a) = 1, ঺Ҕ Corollary 3.2.4 ޕॺளך b ≡ c (mod m). Ԗ
Ԝ୤΋܄, ॺ੝ձᆀך b ࣁ a ӧ modulo m ϐΠޑ४ݤϸϡન.

3.3. Euler’s Theorem

΋૓ӧှБำԄਔ,ךॺ࿶தሡा४ݤϸϡનٰᔅԆ. а྽܌ m∈N, a∈ZЪ gcd(a,m) =

1 ਔ, ऩૈዴჴޕၰব٤ b ∈ Z ཮ᅈى ab ≡ 1 (mod m) ஒࡐࢂԖҔޑ. җ Proposition 3.2.5
ှݤёаճҔᗅᙯ࣬ନޕॺך᛾ܴύޑ mx+ay = 1 ډ᏾數ှٰளޑ b, ՠ೭ाӧ m ک a ࣣ

.數ਔωૈᏹբޑᡏڀࢂ ॺஒճҔך Euler’s Theorem ჹ΋૓ޑ m,a ೿ૈஒ b ዴჴډפ.

๏ۓ m ∈ N, ऩ a,b ∈ Z ᅈى ab ≡ 1 (mod m), җ߾ Proposition 3.2.5 ޕ a ک b ࣣᆶ m

ϕ፦. ඤ言ϐ, کॺѝाԵቾך m ϕ፦ޑ數ջё, ॺԾฅԵቾךа܌ reduced residue system
modulo m.

Lemma 3.3.1. ๏ۓ m ∈N, Եቾ a ∈Zᅈى gcd(m,a) = 1. ऩ {r1, . . . ,rϕ(m)}ࢂ΋ঁ reduced
residue system modulo m, ߾ {ar1, . . . ,arϕ(m)} Ψࢂ΋ঁ reduced residue system modulo m.

Proof. ፄಞ΋Π, {r1, . . . ,rϕ(m)}ࢂ΋ঁ reduced residue system modulo m߄Ң gcd(m,ri)= 1

ЪჹҺཀ i ̸= j,ࣣԖ ri ̸≡ r j (mod m). ౜ा᛾ܴ {ar1, . . . ,arϕ(m)}Ψࢂ reduced residue system
modulo m, ॺሡा᛾ܴך gcd(m,ari) = 1 ЪჹҺཀ i ̸= j ࣣԖ ari ̸≡ ar j (mod m).

౜ଷ೛ gcd(m,ari) ̸= 1, ջӸӧ΋፦數 p ᅈى p|m Ъ p|ari. Ӣ p ,፦數ࢂ җࡺ Lemma
1.4.2 ள p|a ܈ p|ri. ඤ言ϐ, p ࣁ m,a ࢂ܈ϦӢ數ޑ m,ri .ϦӢ數ޑ Ԝک gcd(m,a) = 1 Ъ

gcd(m,ri) = 1 ࣬ҟ࣯, ள᛾ࡺ gcd(m,ari) = 1.

ќ΋Бय़, ऩ i ̸= j Ъ ari ≡ ar j (mod m), җ߾ gcd(m,a) = 1, ճҔ Corollary 3.2.4 ள
ri ≡ r j (mod m). Ԝک ri ̸≡ r j (mod m) ҟ࣯, ள᛾ࡺ ari ̸≡ ar j (mod m). �
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前य़ගၸ, ๏ۓ m ∈ N, ճҔନа m ӕᎩޑϩᜪ, ॺёаஒᆶך m ϕ፦ޑ數ϩԋ ϕ(m)

ᜪ. Զஒ؂΋ᜪύࡷр΋ж߄ϡન܌ԋϐ໣ӝ൩ࢂ΋ঁ reduced residue system modulo m.
Ϟଷऩ S = {a1, . . . ,aϕ(m)} ک T = {b1, . . . ,bϕ(m)} ࣁࣣ reduced residue system modulo m, Һ
ڗ ai ∈ S, җܭѬж߄ᆶ m ϕ፦ࢌޑ΋ӕᎩᜪ, Զ T ύΨԖ΋ϡનࢂӧک ai ӕᜪޑϡન

ύࡷр. ඤ言ϐ, Ӹӧ b j ∈ T ᅈى ai ≡ b j (mod m). Ξҗܭ೭٤ b j ,όӕᜪࣣٿٿ а܌
S ک T ύϡનӧ modulo m ϐΠԖ΋ჹ΋ޑჹᔈᜢ߯. Ψ൩ࢂᇥ࿶ၸ፾྽ޑ௨ׇ, ॺך
Ԗ ai ≡ bi (mod m). ӢԜள a1 · · ·aϕ(m) ≡ b1 · · ·bϕ(m) (mod m). ճҔ೭ঁ่݀ךॺёаள᛾
Euler’s Theorem.

Theorem 3.3.2 (Euler’s Theorem). ๏ۓ m ∈ N, ऩ a ∈ Z ᅈى gcd(m,a) = 1, ߾

aϕ(m) ≡ 1 (mod m).

Proof. ڗ S = {r1, . . . .rϕ(m)} ΋ঁࣁ reduced residue system modulo m. २Ӄךॺ᛾ܴ
gcd(m,r1 · · ·rϕ(m)) = 1. ऩ gcd(m,r1 · · ·rϕ(m)) ̸= 1, ջӸӧ΋፦數 p ٬ள p|m Ъ p|r1 · · ·rϕ(m).
ճҔ Corollary 1.4.3 Ӹӧޕ ri ∈ S ٬ள p|ri, Ψ൩ࢂᇥ gcd(m,ri) ̸= 1. Ԝک S ࢂ reduced
residue system modulo m Ъ ri ∈ S ࣬ҟ࣯, ள᛾ࡺ gcd(m,r1 · · ·rϕ(m)) = 1.

౜җܭ gcd(m,a) = 1, ճҔࡺ Lemma ޕ3.3.1 {ar1, . . . ,arϕ(m)}Ψࢂ΋ঁ reduced residue
system modulo m, ӢԜள

r1 · · ·rϕ(m) ≡ (ar1) · · ·(arϕ(m))≡ aϕ(m)(r1 · · ·rϕ(m)) (mod m).

ӆӢࣁ gcd(m,r1 · · ·rϕ(m)) = 1, ճҔࡺ Corollary 3.2.4 ள᛾ aϕ(m) ≡ 1 (mod m). �

๏ۓ m ∈N Ϸ a ∈ Z ᅈى gcd(m,a) = 1, ऩз b = aϕ(m)−1, ճҔ߾ Euler’s Theorem ளޕ
ab ≡ aϕ(m) ≡ 1 (mod m). ӢԜךॺډפΑ a ӧ modulo m ϐΠޑ४ݤϸϡન.

Corollary 3.3.3. ๏ۓ m ∈ N, ऩ a ∈ Z ᅈى gcd(m,a) = 1, з߾ b = aϕ(m)−1, ཮ᅈى
ab ≡ ba ≡ 1 (mod m).

੝ձӦ, ྽ m ΋ঁ፦數ࢂ p ਔ, Euler’s Theorem ൩܌ࢂᒏޑ Fermat’s Little Theorem.
.ॺ੝ձஒѬቪΠٰך

Theorem 3.3.4 (Fermat’s Little Theorem). ๏ۓ΋፦數 p, ऩ a ∈ Z ᅈى p - a, ߾

ap−1 ≡ 1 (mod p).

੝ձӦ, ऩз b = ap−2, ߾ ab ≡ ba ≡ 1 (mod p).

Proof. Ӣ p ,΋፦數ࢂ җ p - a ϐଷ೛ޕ gcd(p,a) = 1. ΞԜਔ ϕ(p) = p− 1, ௗ঺Ҕޔࡺ
Theorem 3.3.2 ள᛾ ap−1 ≡ 1 (mod p). �

྽ p|aਔ Ferma’s Little Theorem٠όჹ,ӢࣁԜਔ a≡ 0 (mod p),ࡺ ap−1 ≡ 0 (mod p).
όၸךॺёа௢ᏤрΠ΋ঁჹҺཀ᏾數 a ࣣԋҥޑԄη.
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Corollary 3.3.5. ๏ۓ΋፦數 p, ჹҺཀ᏾數߾ a ࣣᅈى

ap ≡ a (mod p).

Proof. Ӣࣁ p аჹҺཀ܌፦數ࢂ a ∈ Z, ॺёаϩԋך p|a ک p - a ϐ௃ݩೀ౛. ྽ p|a
ਔ, җܭ a ≡ 0 (mod p), ளࡺ ap ≡ 0 ≡ a (mod p). ྽ p - a ਔ, җ Theorem 3.3.4 ޕ ap−1 ≡ 1

(mod p), ᜐ४΢ٿࡺ a ёள ap ≡ a (mod p). �

3.4. Wilson’s Theorem

྽ p ,΋ঁ፦數ਔࢂ ऩ p - a, ߾ Fermat’s Little Theorem ֋ນךॺ ap−2 ӧ modulo p ϐ

Πࢂ a .ϸϡનݤ४ޑ ᗨฅ a ϸϡનӧݤ४ޑ modulo p ϐΠࢂ୤΋ޑ, Wilson’s Theorem
๏Αךॺӧ modulo p ϐΠ a .ݤ߄ќ΋ᅿޑϸϡનݤ४ޑ

๏ۓ m ∈ N, ჹܭҺཀک m ϕ፦ޑ᏾數 a, җ Proposition 3.2.5 ک΋ঁډפ೿ёаޕ m

ϕ፦ޑ᏾數 b ٬ள ab ≡ 1 (mod m), ޑॺΨගϷᗨฅ೭ኬך b ٠ό୤΋, ՠӧ modulo m ޑ

ϩᜪϐΠѬ཮ࢂ୤΋ޑ. Ψ൩ࢂᇥѝԖӧନа m ϐΠک b ӕᎩޑ᏾數ω཮಄ӝ. ೭ᅿӧ
modulo m ϐΠ४ݤϸϡનޑӸӧ୤΋܄Ҕ modulo m ϐΠޑ reduced residue system ന৒
.ၲ߄ܰ

Lemma 3.4.1. ๏ۓ m ∈ N, ଷ೛ S = {r1, . . . ,rϕ(m)} ΋ঁࢂ reduced residue system modulo
m. Һཀܭჹ߾ ri ∈ S ࣣӸӧ୤΋ޑ r j ∈ S ٬ள rir j ≡ 1 (mod m).

Proof. Ӣࣁ S ΋ঁࢂ reduced residue system modulo m, ؂΋ঁ S ύޑϡન si کࣣ m ϕ

፦, ճҔࡺ Proposition 3.2.5 Ӹӧޕ b ∈ Z ٬ள rib ≡ 1 (mod m). җܭ b ک m Ψࢂϕ፦ޑ,
җࡺ S ΋ঁࢂ reduced residue system modulo m ϐۓကޕѸӸӧ r j ∈ S ک b ӧ modulo m

ϐΠࢂӕᜪޑ, Ψ൩ࢂᇥ b ≡ r j (mod m). ӢԜҗ Lemma 3.1.3 ,ޕ rir j ≡ rib ≡ 1 (mod m).
᛾ளӸӧ܄.

ჹܭ୤΋܄, ॺӃଷ೛ך r j,rk ∈ S ࣣᅈى rir j ≡ 1 (mod m) аϷ rirk ≡ 1 (mod m). ӢԜ
ள rir j ≡ rirk (mod m). ՠҗܭ gcd(m,ri) = 1, ճҔ Corollary 3.2.4 ள r j ≡ rk (mod m). ՠ S

ࢂ reduced residue system modulo m Ң߄ S ύ࣬౦ޑϡનӧ modulo m ϐΠᔈࢂόӕᜪޑ,
җࡺ r j ≡ rk (mod m) ޕ r j = rk. ள᛾୤΋܄. �

ӵٯ S = {1,2,3,4,5,6,7,8,9,10} ΋ঁࢂ reduced residue system modulo 11, ӧ modulo
11 ϐΠךॺԖ

1×1 ≡ 2×6 ≡ 3×4 ≡ 5×9 ≡ 7×8 ≡ 10×10 ≡ 1 (mod 11).

ӧ೭ঁٯη, S ύନΑ 1 ک 10 аѦځдޑϡનࣣሡᆶќѦޑϡન࣬४, ೭ӧ modulo ΋૓ޑ
፦數೿ࢂჹޑ.

Lemma 3.4.2. ๏ۓ΋፦數 p. ߾ a ∈ Z ᅈى a2 ≡ 1 (mod p) ऩЪ୤ऩ a ≡±1 (mod p).

Proof. २Ӄऩ a ≡±1 (mod p), ߾ a2 ≡ (±1)2 (mod p). ள᛾ a2 ≡ 1 (mod p).
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ϸϐ, ऩ a2 ≡ 1 (mod p), Ң߄ p|a2 −1, Ψ൩ࢂᇥ p|(a−1)(a+1), Ӣࡺ p ,፦數ࢂ ճҔ
Lemma 1.4.2 ள p|a−1 ܈ p|a+1. Ψ൩ࢂᇥ a ≡ 1 (mod p) ܈ a ≡−1 (mod p). �

ाݙཀ Lemma 3.4.2 ӧ modulo ΋૓ߚޑ፦數ϐΠ൩ό΋ۓჹΑ, ӵӧٯ modulo 15 ϐ

ΠନΑ 1 ک 14 Ѧ, ᗋԖ 4 ཮ᅈى 42 ≡ 1 (mod 15), ԶЪࡐᡉฅޑ 4 ̸≡ ±1 mod 15. аा܌

ճҔ Lemma 3.4.2, ,׎௃ޑӧ፦數ۓॺѸ໪ज़ך Ԝਔךॺёаளډ Wilson’s Theorem.

Theorem 3.4.3 (Wilson’s Theorem). ๏ۓ΋፦數 p. ೛ {r1, . . . ,rp−1} ΋ࣁ reduced residue
system modulo p. ߾

r1 · · ·rp−1 ≡−1 (mod p).

੝ձӦ, ॺԖך

(p−1)! ≡−1 (mod p).

Proof. ऩ p = ߾,2 modulo 2ϐΠޑ reduced residue systemࣁ {r1}΋ঁϡન,ځύ r1 ≡ 1

(mod 2). ՠӧ modulo 2 ϐΠךॺԖ 1 ≡−1 (mod 2), ள᛾ࡺ r1 ≡−1 (mod 2).

౜Եቾ p > 2 ,׎௃ޑ з S = {r1, . . . ,rp−1} җܭ gcd(p,1) = gcd(p,−1) = 1 Ъ 1 ̸≡ −1

(mod p) (ց߾ p|2), ϩձӸӧࡺ ri,r j ∈ S ύځ ri ̸= r j ᅈى ri ≡ 1 (mod p) Ъ r j ≡ −1

(mod p). ӢԜόѨ΃૓܄, ॺёଷ೛ך r1 ≡ 1 (mod p) Ъ r2 ≡ −1 (mod p). ౜Եቾ ri ∈ S,
ύځ 3 ≤ i ≤ p−1. ٩ Lemma ޑӸӧ୤΋ޕ3.4.1 r j ∈ S٬ள rir j ≡ 1 (mod p). Ӣࣁ ri ̸≡ ±1

(mod p),ޕࡺ r j ̸≡ ±1 (mod p),Ψ൩ࢂᇥ 3 ≤ j ≤ p−1. Ξऩ ri = r j,཮Ꮴठ r2
i ≡ 1 (mod p),

೭ᆶ Lemma 3.4.2 ࣬ҟ࣯, ޕࡺ i ̸= j. Ψ൩ࢂᇥӧ T = {r3, . . . ,rp−1} ύҺڗ΋ϡન ri Ѹё

ќ΋ϡનޑ୤΋ډפ r j ∈ T ٬ள rir j ≡ 1 (mod p). ӢԜךॺёаჹ T ύ೭ p−3 ঁϡનٿ

ଛჹٿ ཀݙ) p ,(數ڻࢂ ٬ள؂΋ჹύϡન࣬४ࡕନа p ཮Ꭹ 1. Ψ൩ࢂᇥ r3 · · ·rp−1 ≡ 1

(mod p). ӢԜךॺள᛾

r1r2r3 · · ·rp−1 ≡ r1r2 ≡−1 (mod p).

നࡕҗܭ {1,2, . . . , p−1} ΋ঁࢂ modulo p ޑ reduced residue system, ޕࡺ

1×2×·· ·× (p−1) = (p−1)! ≡−1 (mod p).

�

ऩ pࢂ΋፦數Ъ aکࢂ pϕ፦ޑ᏾數,ךॺёаճҔWilson’s Theoremډפӧ modulo
p ϐΠ, a .ϸϡનݤ४ޑ җܭ྽ a ≡ ±1 (mod p) ਔ a2 ≡ 1 (mod p), Ψ൩ࢂᇥ a ҁيӧ

modulo p ϐΠࢂԾρޑ४ݤϸϡન, ॺ໻૸論ךа܌ a ̸≡ ±1 (mod p) .ݩ௃ޑ

Corollary 3.4.4. ๏ۓ΋፦數 p Ϸ a ∈Z ᅈى p - a. ଷ೛ a ≡ i (mod p), ύځ 2 ≤ i ≤ p−2.
ऩз

b =
(p−2)!

i
߾ ab ≡ 1 (mod p).
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Proof. җܭ 2 ≤ i ≤ p−2, ޕॺך b .΋ঁ᏾數ࢂ Ԝਔ

ab ≡ i
(p−2)!

i
≡ (p−2)! (mod p)

Ξҗܭ (p−1)! = (p−1) · (p−2)! Ъ p−1 ≡−1 (mod p), ள᛾ࡺ

ab ≡ (p−2)! ≡−((p−1)!)≡ 1 (mod p).

�

ॺϝाமፓ΋Πᗨฅך Lemma 3.4.1 ӧ΋૓ޑ m ∈ N ೿ԋҥ, ՠ Lemma 3.4.2 ሡज़ڋ
ӧ፦數ਔωԋҥ, а܌ Wilson’s Theorem ӧ modulo ΋૓ޑ m ٠ό΋ۓԋҥ. Ψ൩ࢂᇥऩ
{r1, . . . ,rϕ(m)} ΋ঁࢂ reduced residue system modulo m, ٠ό΋ۓёаள r1 · · ·rϕ(m) ≡ −1

(mod m). ӵӧٯ modulo 15 ϐΠךॺϐᗋԖ 4 ک −4 ᅈى 42 ≡ (−4)2 ≡ 1 (mod 15), ܌
аճҔ Theorem 3.4.3 ݤ᛾ܴБޑ (ௗीᆉޔ܈) ,ॺёளך ऩ {r1, . . . ,r8} ΋ঁࢂ reduced
residue system modulo 15, ߾ r1 · · ·r8 ≡ 1 (mod 15). ᗨฅճҔ Theorem 3.4.3 ॺךݤБޑ
ёаஒ Wilson’s Theorem ௢ቶډ΋૓ m ,׎௃ޑ όၸԜਔჹ΋ঁ modulo m ޑ reduced
residue system {r1, . . . ,rϕ(m)} ᅈى r2

i ≡ 1 (mod m) ޑ ri ཮Ԗࡐӭᅿ௃׎, ૸論ଆٰၨፄᚇ,
ӧ೭္ךॺ൩όӭ௖૸Α.


