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Chapter 4

Congruence Equations

ฅӧࡽ modulo m ϐΠ “≡” ёаӵ “=” ኬၮᆉ, ёаှБำԄޑॺӕኬך
.ᚒୢޑ ೭ኬޑБำԄ൩ᆀࣁ congruence equation. ҁᖱကύ, ޑॺѝ論ှൂᡂ數ך
congruence equation. ೭കύ, ॺஒှך congruence equation ,߾চޑ ٠論ύ
୯ഭᎩۓаϷှԛޑ congruence equation.

4.1. ှ Congruence Equation ߾চޑ

๏ۓ߯數ӭԄ f (x) (ջ f (x) = cnxn + · · ·+ c1x+ c0, ύځ ci ∈ Z), җܭ f (x) ߯ޑ

數ࢂ數, ஒ x жҺ數 a ਔ, f (a) ϝࣁ數. ӢԜऩ๏ۓ m ∈ N, ޑॺёаୢ࡛ኬך
數 a ٬ள f (a)≡ 0 (mod m) (ջ m| f (a)). ှޑᒏ܌ࢂ數ှ൩ޑԖ܌೭ኬפ congruence
equation.

๏ۓ f (x) = cnxn + · · ·+ c1x+ c0, ύځ ci ∈ Z. ऩςޕჹܭ m ∈ N, a ∈ Z ࢂ f (x) ≡ 0

(mod m) ,ঁှޑ ջ f (a) ≡ 0 (mod m). ଷ b ≡ a (mod m), җ Proposition 3.2.2 ,ޕ
ჹҺཀ i ∈ N ࣣԖ bi ≡ ai (mod m). ӆҗӕ Proposition ޕ cibi ≡ ciai (mod m), Զள
f (b) ≡ f (a) (mod m). Ψ൩ࢂᇥ, ऩ x = a ࢂ f (x) ≡ 0 (mod m) ,ঁ數ှޑ ჹҺཀ߾
b ∈ Z ᅈى b ≡ a (mod m), x = b ҭࣁ f (x)≡ 0 (mod m) .ঁှޑ аऩ܌ x = a ࢂ f (x)≡ 0

(mod m) ,ঁ數ှޑ ॺ೯தᇥך x ≡ a (mod m) ࢂ f (x) ≡ 0 (mod m) .ঁှޑ 
ฅᗋԖёૈԖځдӧ modulo m ϐΠک a όӕᎩޑ數ࢂ f (x)≡ 0 (mod m) .ှޑ ॺך
Ѹע೭٤ှҔ modulo m ,БԄӄቪΠޑӕᎩᜪޑ ೭ኬၲ߄ޑБݤωૈஒ܌Ԗޑ數
ှቪΠ. ॺӧፋךа܌ f (x)≡ 0 (mod m) ,ਔှޑ ፋࢂޑ modulo m ,ӕᎩᜪޑ ӢԜךॺ
ᇥ f (x) ≡ 0 (mod m) ,數ਔঁޑှޑ ፋࢂޑӧ modulo m ϐΠԖӭϿ࣬ޑ౦ӕᎩᜪᅈى

f (x)≡ 0 (mod m), ԶόࢂፋԖӭϿঁ數ှ.

வ೭ঁٰ࣮ࡋف, ॺѝाӈрঁך modulo m ޑ complete residue system S, ฅࡕஒ S

ϡનΕޑ f (x) ύ, ࣮࣮ব٤٬ள f (x) ≡ 0 (mod m), ٗሶ൩ёа܌ډפԖှޑ
Α. όၸ೭Бݤӧ m .εਔ൩ᡉளόϪჴሞΑࡐ ӢԜךॺ׆ఈૈว論, ԿϿૈှ
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46 4. Congruence Equations

٤ၨਸޑ congruence equation .܄ޑှځ όၸόᆅ࡛ኬ, ၰঁޕॺך congruence
equation ӧ modulo m ϐΠঁޑှځ數Կӭ൩ࢂ m.

,ჴځ ٤ှډॺϐ前൩ςௗך congruence equation .ᚒΑୢޑ ӧ modulo m ϐΠ

פ a ∈Zޑ४ݤϸϡનୢޑᚒ٣ჴ൩ࢂӧှ ax ≡ 1 (mod m) (ջ ax−1 ≡ 0 (mod m))೭
ঁ congruence equation. җ Proposition ޕ3.2.5 aک mόϕ፦ਔ,Ԝ congruence equation
คှ. ќѦу Proposition 3.2.3, ၰޕॺך a ک m ϕ፦ਔԜ congruence equation ӧ
modulo m ϐΠԖှ.

ӆӵ Lemma 3.4.2 論ࢂ p ፦數ਔࢂ x2 ≡ 1 (mod p) .ှޑ Ԝਔҗ Lemma 3.4.2 ך
ॺޕ p ,ှঁٿ፦數ਔԖڻࢂ ϩձࢂ x ≡ 1 (mod p) ک x ≡−1 (mod p). ॺගၸך m ό

,፦數ਔࢂ ᗨฅ x ≡ ±1 (mod m) ϝࣁ x2 ≡ 1 (mod m) ೭ঁ congruence equation ঁٿޑ
ှ, ՠԜ congruence equation ԖёૈԖӭှঁٿܭ. ӵٯ x2 ≡ 1 (mod 15) ࢂ൩ှޑ x ≡±1

(mod 15) ک x ≡±4 (mod 15) ೭ 4 ঁှ. ೭ךکॺዕޕঁ n ԛӭԄԿӭԖ n ঁှ

όӕ, ᔈձݙཀ.

ঁ n ԛޑჴ߯數ӭԄԿӭԖ n ନޑᒏ܌ჴ߯數ӭԄϐ໔ΨԖࣁӢࢂচӢޑှঁ

,চݤ ೭ঁচ٠όૈҔӧ߯數ӭԄύ. όၸନԄࢂঁനଯԛ߯數ࣁ 1 ޑ

߯數ӭԄਔ, ϝёҔନݤচ. җךܭॺ٠όሡा܄ޑ፦, ೭္ךॺନԄࢂ
ԛӭԄޑݩ.

Lemma 4.1.1. ଷ f (x) ঁࢂ n ԛ (n ≥ 1) ߯數ӭԄЪޑ a ∈ Z. Ӹӧঁ߾ n−1

ԛޑ߯數ӭԄ h(x) аϷ r ∈ Z ᅈى

f (x) = (x−a)h(x)+ r.

Proof. ჹ f (x) ԛ數ޑ n 數Ꮲᘜયݤ. ଷ f (x) ࢂ 1 ԛӭԄ, ջ f (x) = c1x+ c0, з߾
h(x) = c1 Ъ r = ac1 + c0, ॺளך (x−a)h(x)+ r = f (x).

ᔈҔ數Ꮲᘜયݤ, ଷჹԛ數 n < k ߯數ӭԄޑ g(x), ࣣӸӧ n−1 ԛޑ߯數ӭ

Ԅ h0(x) аϷ r0 ∈ Z ٬ள g(x) = (x−a)h0(x)+ r0. Եቾ f (x) ԛ數ޑ n = k ,ޑ Ψ൩ࢂ
ᇥ f (x) = ckxk +ck−1xk−1+ · · ·+c1x+c0, ύځ ci ∈ Z Ъ ck ̸= 0. з g(x) = f (x)− (x−a)ckxk−1,
߾ g(x) = (ck−1 + cka)xk−1 + · · ·c1x+ c0 ܭঁԛ數λࢂ k .߯數ӭԄޑ Ҕᘜયଷࡺ
ܭӸӧԛ數λޕ k−1 ߯數ӭԄޑ h0(x) аϷ r0 ∈ Z ٬ள g(x) = (x−a)h0(x)+ r0. Ψ
൩ࢂᇥ f (x) = (x−a)ckxk−1 +(x−a)h0(x)+ r0. зࡺ h(x) = ckxk−1 +h0(x) аϷ r = r0, ॺך
Ԗ h(x) ࣁঁԛ數ࢂ k−1 ߯數ӭԄЪޑ r ∈ Z ᅈى f (x) = (x−a)h(x)+ r. �

Ҕ Lemma 4.1.1, ॺёаளך p ፦數ਔӧࢂ modulo p ϐΠঁ n ԛޑ

congruence equation നӭԖ n ঁှ. όၸ२Ӄךॺሡჹঁ congruence equation ԛ數Πޑ
.ကۓঁ

Definition 4.1.2. ଷ f (x) = cnxn + · · ·+ c1x+ c0 ,ঁ߯數ӭԄࢂ ๏ۓ m ∈ N.

(1) ऩ m - cn, ॺᆀך߾ f (x) ӧ modulo m ϐΠࢂঁԛ數 (degree) ࣁ n .ӭԄޑ
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(2) ऩ m - cr ՠ m|ci, for r < i ≤ n, ॺᆀך߾ f (x) ӧ modulo m ϐΠࢂঁԛ數ࣁ r ޑ

ӭԄ.

ӵ݀ঁ߯數ӭԄ g(x)ځӧ modulo mϐΠϐԛ數ࣁ n,ך߾ॺᆀ g(x)≡ 0 (mod m)

ঁࢂ n ԛޑ congruence equation.

җԜۓကךॺޕၰऩ f (x) ঁӧࢂ modulo m ϐΠԛ數ࣁ n ,߯數ӭԄޑ Ԗёૈ
f (x) ҁޑيԛ數ࢂεܭ n .ޑ όၸךॺёаډפঁԛ數ࣁ n ߯數ӭԄޑ g(x) ٯ)
ӵմѐ f (x) ύёа m ନޑ) ٬ளჹҺ數 a, ࣣԖ f (a) ≡ g(a) (mod m). а܌
f (x) ≡ 0 (mod m) کှޑ g(x) ≡ 0 (mod m) ࣬ӕ. җךܭॺѝᜢЈ congruence equation
,ှޑ 論ঁࡕаϞ܌ n ԛޑ congruence equation f (x)≡ 0 (mod m) ਔ, όѨ܄,
ௗଷޔॺ൩ך f (x) ࣁԛ數ޑ n.

Theorem 4.1.3 (Lagrange). ๏ۓ፦數 p аϷ߯數ӭԄ f (x). ӵ݀ӧ modulo p

ϐΠ f (x)≡ 0 (mod p) ࣁঁԛ數ࢂ n ,ӭԄޑ ߾ f (x)≡ 0 (mod p) ӧ modulo p ϐΠԿ

ӭԖ n ঁှ.

Proof. όѨ܄, ॺଷך f (x) = cnxn + · · ·+ c1x+ c0, ύځ p - cn. ॺჹך n ᘜયݤ.
२Ӄ f (x) = c1x+ c0 ,ԛ߯數ӭԄਔࢂ ଷ x ≡ a (mod p) ࢂ f (x) ≡ 0 (mod p)

.ঁှޑ ќଷ x ≡ b (mod p) Ψࢂঁှ, ҭջ c1a+ c0 ≡ c1b+ c0 (mod p). Ӣࣁ
gcd(p,c1) = 1, җ Lemma 3.2.4 ёள a ≡ b (mod p). Ψ൩ࢂᇥ n = 1 ਔԿӭԖঁှ.

Ҕᘜયଷ n < k ਔঁ n ԛޑ congruence equation ԿӭԖ n ঁှ. Եቾ n = k ޑ

. ऩ x ≡ a (mod p) ࢂ f (x)≡ 0 (mod p) ,ঁှޑ ճҔ Lemma 4.1.1 Ӹӧঁԛ數ޕ
ࣁ k−1 ߯數ӭԄޑ h(x) аϷ r ∈ Z ٬ள f (x) = (x−a)h(x)+ r. ٩ଷ x ≡ a (mod p)

ࢂ f (x)≡ 0 (mod p) ,ঁှޑ ջ f (a)≡ 0 (mod p), ஒ a жΕள f (a) = r ≡ 0 (mod p). 
ќଷ x ≡ b (mod p)Ψࢂঁှ,߾җ f (b) = (b−a)h(b)+rޕ (b−a)h(b)≡ 0 (mod p). ඤ
言ϐ,ऩ b ̸≡ a (mod p),ջ p - (b−a),߾җ Lemma ,ޕ1.4.2 p|h(b),Ψ൩ࢂᇥ x ≡ b (mod p)

ࢂ h(x) ≡ 0 (mod p) .ঁှޑ ӢԜךॺޕၰ k ԛ congruence equation f (x) ≡ 0 (mod p)

ࣁှޑ x ≡ a (mod p) ܈ h(x)≡ 0 (mod p) .ှޑ ฅԶ h(x)≡ 0 (mod p) ܭঁԛ數λࢂ k

ޑ congruence equation, ԿӭԖځଷݤ٩ᘜયࡺ k−1 ঁှ, ளࡺ f (x)≡ 0 (mod p) Կ

ӭԖ k ঁှ. �

നךࡕॺӆԛගᒬ, ाှ congruence equation f (x) ≡ 0 (mod m) ሡஒှ܌ޑԖݩቪ

Πٰ, ஒှа x ≡ a (mod m) ೭ኬޑԄቪΠٰ. όၸԖਔࣁΑБךߡॺஒှа
modulo ձޑ數ޑБԄቪΠ. ӵှٯ x2 ≡ 1 (mod 8), ,ى數ᅈڻޑԖ܌ॺวך Αࣁа܌
Бךߡॺёаஒှа x ≡ 1 (mod 2) ቪΠ. όၸाݙཀ೭ᅿԄቪΠࡕךॺගϷှঁޑ
數ਔሡගϷӧ modulo ϙሶϐΠঁޑှޑ數. ॺёаᇥךύٯӵӧԜٯ x2 ≡ 1 (mod 8) ӧ

modulo 8 ϐΠԖ x ≡ 1,3,5,7 (mod 8), 4 ঁှ, Ψёаᇥӧ modulo 2 ϐΠԖঁှ.
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4.2. ݤБޑதҔঁٿ

ޑۓஒঁ๏ݤБޑᅿதҔٿॺϟಏך congruence equation ϯԋᙁൂᗺޑԄ, ӆ
ٰှ.

ӧ೭ύךॺଷ f (x) = anxn + · · ·+a1x+a0, ύځ ai ∈ Z, Զ m ∈ N ҅ޑۓ๏ࢂ
數. ॺाፋ論ך f (x)≡ 0 (mod m) ೭ঁ congruence equation.

ಃᅿࢂ೭ኬޑ: ӵ݀ d ࢂ an, . . . ,a1,a0 аϷ m .ϦӢ數҅ޑ Ψ൩ࢂᇥךॺёа
ஒ ai Ϸ m ቪԋ an = a′nd, . . . ,a1 = a′1d,a0 = a′0d аϷ m = m′d, ύ೭٤ځ a′i ∈ Z Ъ m′ ∈ N.
з g(x) = a′nxn + · · ·a′1x+ a′0, ॺٰך f (x) ≡ 0 (mod m) Ϸ g(x) ≡ 0 (mod m′) ೭ঁٿ

congruence equation ϐ໔ޑᜢ߯.

Proposition 4.2.1. ๏ۓ m ∈ N Ϸ f (x) = anxn + · · ·+ a1x + a0, ύځ ai ∈ Z. ଷ d

ࢂ an, . . . ,a1,a0 Ϸ m ϦӢ數Ъ҅ޑ an = a′nd, . . . ,a1 = a′1d,a0 = a′0d аϷ m = m′d. з
g(x) = a′nxn + · · ·+a′1x+a′0.

ऩ x ≡ c (mod m′) ࢂ g(x)≡ 0 (mod m′) ,ঁှޑ ჹҺཀ߾ t ∈ Z, x ≡ c+m′t (mod m)

ࣁ f (x) ≡ 0 (mod m) .ှޑ ќБय़, ऩ g(x)≡ 0 (mod m′) คှ, ߾ f (x)≡ 0 (mod m) ค

ှ.

Proof. x ≡ c (mod m′) ࣁ g(x) ≡ 0 (mod m′) ,ঁှޑ Ң߄ m′|a′ncn + · · ·+ a′1c+ a′0. ӢԜ
ёள m′d|a′ndcn + · · ·+ a′1dc+ a′0d, Ψ൩ࢂᇥ m|ancn + · · ·a1c+ a0. ӢԜ x ≡ c (mod m) ࢂ

f (x)≡ 0 (mod m) .ঁှޑ

ჹҺཀ t ∈ Z Եቾ c′ = c+m′t. җܭ c ≡ c′ (mod m′), ޕ x ≡ c′ (mod m′) Ψࢂ g(x)≡ 0

(mod m′)ޑঁှ. ܭ論ޑҔय़ࡺ c′ = c+m′t ޕॺך,ޑ x ≡ c+m′t (mod m)ࢂ

f (x)≡ 0 (mod m) .ঁှޑ ӢԜܴΑჹҺཀ t ∈ Z, x ≡ c+m′t (mod m) Ψࢂ f (x)≡ 0

(mod m) .ঁှޑ

ќБय़, ऩ x ≡ c (mod m) ࣁ f (x) ≡ 0 (mod m) ,ঁှޑ ջ m|ancn + · · ·+ a1c+ a0,
߾ m′|a′ncn + · · ·+a′1c+a′0. Ψ൩ࢂᇥ x ≡ c (mod m′) ࣁ g(x)≡ 0 (mod m′) .ঁှޑ ӢԜऩ
g(x)≡ 0 (mod m′) คှ, ߾ f (x)≡ 0 (mod m) ҭคှ. �

Proposition 4.2.1 ນךॺ, ӵ݀ x ≡ c (mod m′) ࢂ g(x) ≡ 0 (mod m′) ,ঁှޑ ჹ߾
Һཀ t ∈ Z, x ≡ c+m′t (mod m) ࢂߡ f (x) ≡ 0 (mod m) .ঁှޑ όၸ೭္җךܭॺा
Եቾӧ modulo m ,ݩޑ .ޑख़ፄࢂӭှࡐ ٣ჴऩ t ≡ t ′ (mod d), җ߾ d|t − t ′, ёள
dm′|m′(t − t ′). Ψ൩ࢂᇥ c+m′t ≡ c+m′t ′ (mod m). ӢԜךॺѝाԵቾ x ≡ c+m′t (mod m)

ύځ 0 ≤ t ≤ d−1, ൩ёаΑ. Ψ൩ࢂᇥ, ӧ modulo m′ ϐΠ g(x)≡ 0 (mod m′) ,ঁှޑ ߡ
ჹᔈډ f (x)≡ 0 (mod m) ӧ modulo m ϐΠ d ঁှ. ฅԶঁ f (x)≡ 0 (mod m) ှޑ

ࢂ g(x)≡ 0 (mod m′) ,ှޑ ӢԜԖаΠ่݀ޑ.

Corollary 4.2.2. ๏ۓ m ∈ N Ϸ f (x) = anxn + · · ·+ a1x + a0, ύځ ai ∈ Z. ଷ d ࢂ

an, . . . ,a1,a0 Ϸ m ϦӢ數Ъ҅ޑ an = a′nd, . . . ,a1 = a′1d,a0 = a′0d аϷ m = m′d. з g(x) =
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a′nxn + · · ·+ a′1x+ a′0. ऩ g(x) ≡ 0 (mod m′) ӧ modulo m′ ϐΠԖ k ঁှ, ߾ congruence
equation f (x)≡ 0 (mod m) ӧ modulo m ϐΠԖ kd ঁှ.

Proposition 4.2.1 ஒঁ modulo m ޑ congruence equation ϯԋঁ modulo Кၨλޑ
m′ ޑ congruence equation. ೭ኬٰҗܭӧ modulo m′ ϐΠाԵቾޑ數ၨϿ, ᔈ၀ஒচٰ
.ᚒᙁϯΑୢޑ ฅԶऩ an, . . . ,a1,a0 ک m ,ޑϕ፦ࢂ ॺϝฅёаԵቾך modulo ၨλޑॶ࣮
࣮ԖؒԖှ. ٣ჴ, .ॺԖаΠϐ่݀ך

Lemma 4.2.3. ๏ۓ m ∈ N Ϸ߯數ӭԄ f (x). ऩ m′|m Ъ f (x) ≡ 0 (mod m′) คှ,
߾ f (x)≡ 0 (mod m) ҭคှ.

Proof. ଷ f (x)≡ 0 (mod m)ԖှЪ x ≡ c (mod m)ځࣁύှ,ջ m| f (c). җܭ m′|m,ޕ
m′| f (c),Ψ൩ࢂᇥ x ≡ c (mod m′)ࣁ f (x)≡ 0 (mod m′)ϐှ. Ԝᆶଷ f (x)≡ 0 (mod m′)

คှҟ࣯, ளࡺ f (x)≡ 0 (mod m) คှ. �

Lemma 4.2.3 ک Proposition 4.2.1 όӕϐೀӧܭ Proposition 4.2.1 ஒচӭԄӚ߯數
ନаϦӢ數ࡕԵቾ modulo m′ ϐှ, ԶЪёճҔှځளډচӭԄӧ modulo m ϐှ, Զ
Lemma 4.2.3 ٠ؒԖׯᡂӭԄ, ЪޕচӭԄӧ modulo Кၨλޑ m′ ϐΠคှёள

চӭԄӧ modulo m ϐΠคှ. ՠคவղᘐӧ modulo m′ ϐΠԖှࢂցёளӧ modulo m

ϐΠԖှ, ԶЪΨคவளှϐԄ. όၸऩךॺӭԵቾ൳ঁ m ޑள܌Ӣ數ޑ congruence
equations, ዴჴёаᔅךॺளှޕϐ. ೭൩ךࢂॺाޑಃΒᅿБݤ.

೭ᅿதҔޑБݤ൩ࢂӃஒ m ቪԋ፦Ӣ數ޑϩှ, ջ m = pn1
1 · · · pnr

r , ύ೭٤ځ pi ࣬ࣁ

౦፦數. ௗाჹ܌Ԗ i = 1, . . . ,r, f (x) ≡ 0 (mod pni
i ) ϐှޑ൩ё, ӢךࣁॺԖ

аΠϐ่݀.

Proposition 4.2.4. ଷ m = pn1
1 · · · pnr

r , ύ೭٤ځ pi ౦፦數Ъ࣬ࣁ f (x) ߯數ӭࣁ

Ԅ. ऩӸӧ i ∈ {1, . . . ,r}, ٬ள f (x) ≡ 0 (mod pni
i ) คှ, ߾ f (x) ≡ 0 (mod m) คှ. ќ

Бय़, x ≡ c (mod m) ࣁ f (x) ≡ 0 (mod m) ϐঁှऩЪऩჹҺཀ i ∈ {1, . . . ,r}, x ≡ c

(mod pni
i ) ࣁࣣ f (x)≡ 0 (mod pni

i ) .ှޑ

Proof. २Ӄ,җܭ pni
i |m,ӢԜҔ Lemma ऩ,ޕ4.2.3 f (x)≡ 0 (mod pni

i )คှ,߾ f (x)≡ 0

(mod m) คှ.

ଷ x ≡ c (mod m) ࣁ f (x) ≡ 0 (mod m) ,ঁှޑ Ψ൩ࢂᇥ m| f (c), җܭჹҺཀ
i ∈ {1, . . . ,r} ࣣԖ pni

i |m, ޕ pni
i | f (c). ӢԜޕჹ܌Ԗޑ i ∈ {1, . . . ,r}, x ≡ c (mod pni

i ) ࣁ

f (x)≡ 0 (mod pni
i ) .ှޑ

ϸϐ, ऩჹ܌Ԗ i ∈ {1, . . . ,r}, x ≡ c (mod pni
i ) ࣁࣣ f (x)≡ 0 (mod pni

i ) .ှޑ ջ pni
i | f (c).

೭٤ܭҗ߾ pni
i ,ޑϕ፦ٿٿࢂ ճҔ Proposition 1.2.6(2) ޕ pn1

1 · · · pnr
r | f (c), ҭջ m| f (c). ࡺ

ள x ≡ c (mod m) ࣁ f (x)≡ 0 (mod m) .ঁှޑ �

Proposition 4.2.4 ນךॺ, ऩԖঁ pi ٬ள f (x) ≡ 0 (mod pni
i ) คှ, ٗሶ f (x) ≡ 0

(mod m) ൩คှ. ՠࢂӵ݀ჹ܌Ԗޑ pi, f (x) ≡ 0 (mod pni
i ) ࣣԖှ, Ң߄ցࢂ f (x) ≡ 0
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(mod m) Ԗှګ? เਢޑۓޭࢂ. ೭ࢂӢࣁᗨฅჹҺཀޑ pi ှளှޑ҂Ѹ࣬ӕ, ՠճҔа
ى數ӕਔᅈډפёۓύ୯ഭᎩޑࡕ modulo pni

i ΠޑঁှԄ, ӢԜёҗ
Proposition 4.2.4 ளޕ f (x)≡ 0 (mod m) Ԗှ. ᜢܭԜҽаࡕӧύ୯ഭᎩۓਔךॺ
ӆᇥܴ.

4.3. ԛޑ Congruence Equations

ᅿޑॺനᙁൂך congruence equation, Ψ൩ࢂԛޑ congruence equation. ॺך
ஒޕၰঁޑှځ數ϷှޑԄ.

๏ۓ m ∈ N ᒏ܌ modulo m ԛޑ congruence equation ջ ax ≡ b (mod m) ೭ኬ

Ԅޑ congruence equation, ύځ a,b ∈ Z Ъ m - a. २Ӄךॺٰ࣮࣮ӵՖղձঁԛޑ
congruence equation .ցԖှࢂ

Proposition 4.3.1. ๏ۓ m ∈ N. Եቾԛޑ congruence equation ax ≡ b (mod m), ύځ
m - a. ଷ d = gcd(m,a). ߾ d|b ऩЪऩ ax ≡ b (mod m) Ԗှ.

Proof. ٩ଷ d = gcd(m,a), ࡺ d | m, ॺёаԵቾך congruence equation ax ≡ b (mod d).
ΞҗךܭॺԖ d | a,ӢԜӧ modulo d ϐΠள ax≡ 0x (mod d). ऩ d - b,ҭջ b ̸≡0 (mod d),
ள congruence equation ax ≡ b (mod d) (ջ 0x ≡ b (mod d)) คှ. җࡺ Lemma 4.2.3 ޕ
ax ≡ b (mod m) คှ.

ϸϐ, ऩ d|b, ёள߾ d = gcd(d,b) = gcd(gcd(m,a),b). з a = a′d,b = b′d,m = m′d.
җ Proposition 4.2.1 ޕ ax ≡ b (mod m) ԖှऩЪऩ a′x ≡ b′ (mod m′) Ԗှ. җܭ
gcd(a,m) = dךॺԖ gcd(a′,m′) = 1,٩ Proposition Ӹӧޕ3.2.5 e∈Z٬ள a′e≡ 1 (mod m′).
ஒࡺ a′x ≡ b′ (mod m′) ϐٿᜐ४ e ள

x ≡ a′ex ≡ b′e (mod m′).

ӢԜёள x ≡ b′e (mod m′) ࣁ a′x ≡ b′ (mod m′) ,ঁှޑ ӢԶҗ Proposition 4.2.1 ளޕ
x ≡ b′e (mod m) ҭࣁ ax ≡ b (mod m) .ঁှޑ �

ӧ Proposition 4.3.1 ,ܴύޑ ډפॺך a′x ≡ b′ (mod m′) ӧ modulo m′ ϐΠޑಔ

ှ. ٣ჴ, җܭ gcd(a′,m′) = 1, a′x ≡ b′ (mod m′) ӧ modulo m′ ϐΠ٣ှޑჴࢂޑ.

Lemma 4.3.2. ๏ۓ m ∈ N. Եቾԛޑ congruence equation ax ≡ b (mod m). ऩ

gcd(a,m) = 1, ߾ ax ≡ b (mod m) ӧ modulo m ϐΠှځ.

Proof. ଷ x ≡ c (mod m) ک x ≡ c′ (mod m) ࣁࣣ ax ≡ b (mod m) ,ঁှޑ җ߾ ac ≡
b ≡ ac′ (mod m) ள m | a(c− c′). ӆҗ gcd(m,a) = 1, ள m | c− c′ (Proposition 1.2.6), ҭջ
c ≡ c′ (mod m). �

ճҔ Lemma 4.3.2 ၰऩޕॺଭёаך congruence equation ax ≡ b (mod m) Ԗှ, ߾
ӧځ modulo m ϐΠှঁޑ數.
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Proposition 4.3.3. ๏ۓ m ∈ N. Եቾԛޑ congruence equation ax ≡ b (mod m). ऩ
d = gcd(m,a) Ъ d | b, ߾ ax ≡ b (mod m) ӧ modulo m ϐΠӅԖ d ঁှ. ٣ჴ, ऩ x ≡ c

(mod m/d) ࢂ (a/d)x ≡ (b/d) (mod m/d) ,ঁှޑ ߾ ax ≡ b (mod m) ӧ modulo m ϐΠ

ࣁှޑԖ܌

x = c+ t
m
d
, t = 0,1, . . . ,d −1.

Proof. ऩ d|b, ёள߾ d = gcd(d,b) = gcd(gcd(m,a),b). з a = a′d,b = b′d,m = m′d. җܭ
gcd(a′,m′) = 1, ٩ Lemma 4.3.2 ޕॺך a′x ≡ b′ (mod m′) ӧ modulo m′ ϐΠှځ. 
ऩ x ≡ c (mod m′) ,ှځࢂ җ߾ Proposition 4.2.1 ޕ ax ≡ b (mod m) ࣁࣣှޑ x = c+ tm′

ύځ t ∈ Z. ӆҗ Corollary 4.2.2 ளޕӧ modulo m ϐΠ ax ≡ b (mod m) ӅԖ d ঁှ, ջ
x = c+ t(m/d), t = 0,1, . . . ,d −1. �

,ߡΑБࣁ ॺձஒך Proposition 4.3.1 ک Proposition 4.3.3 ᆕӝԋаΠۓޑ.

Theorem 4.3.4. ๏ۓ m ∈ N, a,b ∈ Z Եቾԛޑ congruence equation ax ≡ b (mod m).
з d = gcd(m,a).

(1) ऩ d - b, ߾ ax ≡ b (mod m) คှ.

(2) ऩ d - b, ߾ ax ≡ b (mod m), ӧ modulo m ϐΠԖ d ঁှ. Ъऩςޕ x ≡ c (mod m)

,ှࣁ ߾

x ≡ c+
m
d

t, t = 0,1, . . . ,d −1

ࣁ ax ≡ b (mod m) ӧ modulo m ϐΠ܌Ԗှޑ.

ձӦ,  a ک m ϕ፦ਔ, ჹ܌ܭԖ b ∈ Z, ax ≡ b (mod m) ࣣԖှ, Ъှځӧ modulo m ϐ

Πࢂޑ.

Example 4.3.5. ॺाှך 16x ≡ 8 (mod 52). Ӣ gcd(52,16) = 4 Ъ 4|8, Ԝޕࡺ congruence
equation ѸԖှ, Ъӧ modulo 28 ϐΠӅԖ 4 ঁှ.

२ӃךॺӃှ 4x ≡ 2 (mod 13). җܭ 4× 10 ≡ 1 (mod 13), ޕॺளך x ≡ 2× 10 ≡ 7

(mod 13) ࣁ 4x ≡ 2 (mod 13) .ঁှޑ ӢԶள x ≡ 7 (mod 52) ࣁ 16x ≡ 8 (mod 52) ޑ

ঁှ (ջ 16×7 = 112 = 52×2+8).

Կځܭдှޑ, җܭ 52/4 = ٩ࡺ13 Theorem ӧޕ4.3.4 modulo 52ϐΠ x ≡ 7,20,33,46

(mod 52) ࣁ 16x ≡ 8 (mod 52) .Ԗှ܌ޑ

നךࡕॺाံкᇥܴ, җ Theorem 4.3.4 ډפၰѝाޕ ax ≡ b (mod m) ,ঁှޑ ൩ё
аځډפӧ modulo m ϐΠ܌Ԗှޑ. җܭԜਔ d = gcd(a,m) | b. ॺΨёаճҔᗅᙯ࣬ନך
Ӄрݤ ax+my = b ಔ數ှޑ x = r,y = s. Ԝਔҗܭ ar ≡ b (mod m) җԜёள x ≡ r

(mod m) ࣁ ax ≡ b (mod m) .ঁှޑ
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4.4. Chinese Remainder Theorem

ଷ m = pn1
1 · · · pnr

r ύځ pi ౦፦數Ъ࣬ࣁ f (x) .ঁ߯數ӭԄࢂ Proposition 4.2.4
ນךॺऩჹ܌Ԗ i ∈ {1, . . . ,r}, f (x)≡ 0 (mod pni

i )ࣣԖှЪԖӅӕှ,߾ f (x)≡ 0 (mod m)

.Ԗှߡ ӵՖډפӅӕှګ? ύ୯ഭᎩۓ (Chinese Remainder Theorem) ນךॺѝा
ঁձӦஒ f (x)≡ 0 (mod pni

i ) ,ډפှޑ ൩ёளډӅӕှ.

Theorem 4.4.1 (Chinese Remainder Theorem). ๏ۓಔ m1, . . . ,mr ∈ N ύ೭٤ځ mi ࣣ

ϕ፦ٿٿ ( ջ i ̸= j ਔ, gcd(mi,m j) = 1). ಔޑჹҺཀ߾ c1, . . . ,cr ∈ Z ࣣёډפ數
c ٬ள

c ≡ ci (mod mi), ∀ i ∈ {1, . . . ,r}.

Proof. ,ߡΑБࣁ ॺзך M = m1 · · ·mr ЪჹҺཀ i ∈ {1, . . . ,r}, з Mi = M/mi.

ाݙཀ೭္ M j ک mi ԖаΠޑᜢ߯: (1) ऩ i ̸= j, ߾ mi|M j. (2) gcd(Mi,mi) = 1. ೭္
(1) җ M j ,ޕܰளࡐεৎߞက࣬ۓޑ Կܭ (2) όѨ܄ (ᡂඤΠ mi ,(ׇޑ ॺך
ሡܴ gcd(M1,m1) = 1. ଷ M1,m1 όϕ፦, ջӸӧ፦數 p ٬ள p|M1 Ъ p|m1. ฅԶۓ٩
က M1 = m2 · · ·mr, җࡺ Corollary 1.4.3 Ӹӧޕ i ∈ {2, . . . ,r} ٬ள p|mi. ՠࢂ i ̸= 1, ٩ଷ
gcd(m1,mi) = 1, ࡺ p|m1 Ъ p|mi ک m1,mi ϕ፦࣬ҟ࣯, ளࡺ gcd(M1,m1) = 1.

ௗΠٰךॺགྷाډפಔ t1, . . . , tr ∈ Z ٬ளჹ܌Ԗޑ i ∈ {1, . . . ,r},

t = c1M1t1 + · · ·+ crMrtr

ࣣᅈى t ≡ ci (mod mi). ฅԶჹҺՖޑಔ t1, . . . , tr ∈ Z аϷ๏ޑۓ i ∈ {1, . . . ,r}, җ (1)
(ջ mi|M j for i ̸= j) ॺࣣԖך t ≡ ciMiti (mod mi). ډפॺሡךࡺ ti ∈ Z ٬ள ciMiti ≡ ci

(mod mi) ջё. ฅԶҗ (2) (ջ gcd(Mi,mi) = 1) аϷ Proposition 3.2.5 Ӹӧޕ ei ∈ Z
٬ள Miei ≡ 1 (mod mi), ऩзࡺ ti = ei, ள߾ t ≡ ciMiei ≡ ci (mod mi). ӢԜჹ܌Ԗ i ∈
{1, . . . ,r}, ډפॺӃך ei ٬ள Miei ≡ 1 (mod mi), ӆз c = c1M1e1 + · · ·+ crMrer, ёள߾

c ≡ ci (mod mi), ∀ i ∈ {1, . . . ,r}. �

ाݙཀ! ೭٤ mi όٿٿࢂϕ፦ਔ, ๏ۓҺཀޑ c1, . . . ,cr όـளёډפঁ數 c ٬

ள c ≡ ci (mod mi) ჹ܌Ԗޑ i ∈ {1, . . . ,r} ԋҥ. ӵٯ m1 = 4, m2 = 6 ਔऩԵቾ c1 = 1,
c2 = 2, 數ډפόёૈ߾ c ӕਔᅈى c ≡ 1 (mod 4) Ъ c ≡ 2 (mod 6). ೭ࢂӢࣁऩ c ≡ 1

(mod 4) Ң߄ c ࣁ 4k+1 ,Ԅޑ .數ڻࣁѸࡺ ฅԶऩ c ≡ 2 (mod 6), ߾ c ࣁ 6k+2 ϐԄ,
Ѹࣁଽ數. ӢԜฅόёૈډפ數ڻࢂ數Ξࢂଽ數.

ٰᇥךॺёаஒύ୯ഭᎩۓ࣮ԋှࢂӵ
x ≡ c1 (mod m1)
x ≡ c2 (mod m2)

...
...

x ≡ cr (mod mr)
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೭ኬޑᖄҥБำԄ. ٰᇥᖄҥБำԄࢂाډפঁӅӕှӕਔ಄ӝ೭ r ঁԄηགଆ

ٰၨᜤ. Զӧ Theorem 4.4.1 ,ܴύޑ εৎёа࣮рୖ數 t1, . . . tr ,ۓޑ ൩ࢂाע೭ r ঁ

ᖄҥޑԄηϯԋ r ঁᐱҥޑԄηঁձှр ti ٰ, Ծฅ൩ᡂᙁൂΑ. .ηٯޑॺٰ࣮࣮аΠך

Example 4.4.2. ๏ۓ m1 = 3, m2 = 4, m3 = 5 аϷ c1 = 2, c2 = 1, c3 = 3 ډפఈ׆ॺך

數 c ٬ள c ≡ ci (mod mi), ∀ i ∈ {1,2,3}. Ψ൩ࢂᇥډפ c ӕਔᅈى


c ≡ 2 (mod 3)
c ≡ 1 (mod 4)
c ≡ 3 (mod 5)

٩ྣ Theorem 4.4.1 ॺԖךݤ಄ဦुޑ M1 = 20, M2 = 15 аϷ M3 = 12. २Ӄךॺډפ
e1 ∈ Z ٬ள M1e1 ≡ 1 (mod m1), ջ 20e1 ≡ 1 (mod 3), Ψ൩ࢂᇥᅈى 2e1 ≡ 1 (mod 3). җ
Ԝډפ e1 = 2. ӕךॺाډפ e2,e3 ϩձᅈى 15e2 ≡ 1 (mod 4) (ջ 3e2 ≡ 1 (mod 4))
аϷ 12e3 ≡ 1 (mod 5) (ջ 2e3 ≡ 1 (mod 5)). ёள e2 = 3 ک e3 = 3 ϩձᅈىԄ. зࡺ
c = 2× 20× 2+ 1× 15× 3+ 3× 12× 3 = 233 ᅈى 233 ≡ 2 (mod 3), 233 ≡ 1 (mod 4) аϷ

233 ≡ 3 (mod 5).

前य़ගၸ, ๏ۓ m ∈ N, ଷ m = pn1
1 · · · pnr

r , ύځ pi .౦፦數࣬ࣁ ӵ݀ f (x) ঁ߯ࢂ

數ӭԄ, ाှ f (x)≡ 0 (mod m), ॺёаӃჹঁך pi Եቾှ f (x)≡ 0 (mod pni
i ). ӵ݀Ԗ

ঁ pi วғ f (x)≡ 0 (mod pni
i ) คှޑݩ, ٗሶ٩ Proposition 4.2.4 ޕ f (x)≡ 0 (mod m)

คှ. ӵ݀ঁ pi ࣣ٬ள f (x) ≡ 0 (mod pni
i ), ٩߾ Proposition 4.2.4 ,ޕ ሡှᖄҥБ

ำԄ 
f (x)≡ 0 (mod pn1

1 )
f (x)≡ 0 (mod pn2

2 )
...

...
f (x)≡ 0 (mod pnr

r )

ԖӅӕှωёள f (x)≡ 0 (mod m) .ှޑ ှᖄҥБำ֚ࢂᜤޑ, Զύ୯ഭᎩۓນךॺ
ёаόѸԵቾှᖄҥԄη, ӃঁձஒှрߡёளډӅӕှޑ.

Corollary 4.4.3. ଷ m = pn1
1 · · · pnr

r , ύ೭٤ځ pi ౦፦數Ъ࣬ࣁ f (x) .߯數ӭԄࣁ
ჹҺཀ߾ i ∈ {1, . . . ,r}, f (x)≡ 0 (mod pni

i ) ࣣԖှऩЪऩ f (x)≡ 0 (mod m) Ԗှ.

Proof. ٩ Proposition ӵ݀,ޕ4.2.4 f (x)≡ 0 (mod m)Ԗှ,߾ჹҺཀ i∈{1, . . . ,r}, f (x)≡ 0

(mod pni
i ) ࣣԖှ.

ଷჹҺཀ i ∈ {1, . . . ,r}, f (x)≡ 0 (mod pni
i ) ࣣԖှЪ x ≡ ci (mod pni

i ) .ှځࣁ җ
೭٤ܭ pni

i ٩ࡺޑϕ፦ٿٿࢂ Theorem 4.4.1 ,ޕ Ӹӧ c ∈ Z ᅈىჹҺཀ i ∈ {1, . . . ,r} ࣣԖ
c ≡ ci (mod pni

i ). Ψ൩ࢂᇥҺཀ i ∈ {1, . . . ,r}, x ≡ c (mod pni
i ) ࣁ f (x)≡ 0 (mod pni

i ) ϐှ.
ӆճҔࡺ Proposition 4.2.4 ளޕ x ≡ c (mod m) ࣁ f (x)≡ 0 (mod m) ϐှ. �

.ηٯᙁൂޑॺ൩ٰ࣮ঁ೭Бय़ך ᗨฅۭΠٯޑηёаޔௗж數ӷளှډเ, ՠךࢂ
ॺѝ׆ࢂఈճҔԜٰٯᖱှ೭္܌Ҕۺཷޑ, БޑᏢ܌ӵՖᔈҔܭఈεৎΑှᔈख़׆а܌
.ՖࣁเှܭԶόӧݤ
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Example 4.4.4. ॺٰှך x2 ≡ 1 (mod 15). ٩前य़่݀ךޕॺёаϩձԵቾ x2 ≡ 1

(mod 3) Ϸ x2 ≡ 1 (mod 5) .ှޑ Ӣࣁ 3 ک 5 ,፦數ࣁࣣ ٩ Lemma 3.4.2 ޕ x ≡±1 (mod 3)

ک x ≡±1 (mod 5) ϩձࣁ x2 ≡ 1 (mod 3) ک x2 ≡ 1 (mod 5) ϐှ. ӢԜךॺाډפаΠޑ
Ѥঁᖄҥޑ congruence equation:

(1)
{

x ≡ 1 (mod 3)
x ≡ 1 (mod 5)

, (2)
{

x ≡−1 (mod 3)
x ≡−1 (mod 5)

,

(3)
{

x ≡−1 (mod 3)
x ≡ 1 (mod 5)

, (4)
{

x ≡ 1 (mod 3)
x ≡−1 (mod 5)

.

(1) ک (2) 數ڗ࣮ܰрϩձࡐॺך 1 ک −1 ൩ёϩձᅈى (1) ک (2). Զ 11 ёаᅈى

(3), 4 ёаᅈى (4). аҗ܌ Proposition 4.2.4 ޕॺך x ≡ 1,−1,11,4 (mod 15) ࣁ x2 ≡ 1

(mod 15) .ှޑ ډפॺך x2 ≡ 1 (mod 15) ӧ modulo 15 ϐΠޑ 4 ঁှ, ٠ό߄Ң൩ѝԖ೭
4 ঁှ. όၸεৎёаԾՉᡍΠӧ modulo 15 ϐΠዴჴԖ೭ 4 ঁှ.

ӧঁٯηύךॺှр x2 ≡ 1 (mod 15) ӧ modulo 15 ϐΠޑ 4 ঁှՠόඪዴࢂۓց

Ԗ೭ 4 ,ਔۓӧճҔύ୯ഭᎩޕॺόךࣁӢࢂှ .ှޑдځցᗋԖࢂ Ψ൩ࢂᇥ Theorem
4.4.1 ѝນךॺှޑӸӧ܄, ٠҂ນךॺࢂցԖځдှ. ฅךॺޕၰԖคጁӭှ,
ՠځࢂдှޑӵՖளګޕ? ,ݤԴБޑॺӆҔԛதҔך ,Ֆࣁᜢ߯ޑϐ໔ှঁٿ࣮࣮ Ծ
ฅ൩ёஒ܌ԖှޑቪΠΑ.

Theorem 4.4.5. ๏ۓಔ m1, . . . ,mr ∈N ύ೭٤ځ mi .ϕ፦ٿٿࣣ з M = m1 · · ·mr, ჹ߾
Һཀޑಔ c1, . . . ,cr ∈ Z аΠᖄҥޑ congruence equation

x ≡ c1 (mod m1)
x ≡ c2 (mod m2)

...
...

x ≡ cr (mod mr)

ӧ modulo M ϐΠӸӧޑঁှ. ٣ჴऩ c ∈ Z ᅈىԜᖄҥ congruence equation, ߾
ჹҺཀ c′ ∈ Z ᅈى c′ ≡ c (mod M) ࣣᅈىԜᖄҥ congruence equation.

Proof. Theorem 4.4.1 ςளӸӧ܄, ॺाܴӧך modulo m1 · · ·mr ϐΠှځ.

ଷ c,c′ ∈ Z ࣣᅈىаᖄҥޑ congruence equation. Ψ൩ࢂᇥჹҺཀ i ∈ {1, . . . ,r} ך
ॺࣣԖ c ≡ ci (mod mi) Ъ c′ ≡ ci (mod mi). ӢԜϐჹҺཀ i ∈ {1, . . . ,r} ࣣԖ mi|c− c′. ฅԶ
೭٤ mi ,ϕ፦ٿٿ ճҔࡺ Proposition 1.2.10(2), ॺளך m1 · · ·mr|c− c′, ջ c ≡ c′ (mod M).

Ψ൩ࢂᇥӧ modulo M ϐΠှځ.

ќБय़, ऩ c ᅈىᖄҥ congruence equation Ъ c′ ∈ Z ᅈى c′ ≡ c (mod M), җ߾
ჹҺཀܭ i ∈ {1, . . . ,r}, mi|M, ޕࡺ c′ ≡ c ≡ ci (mod mi). ҭջ c′ ᅈىԜᖄҥ congruence
equation. �

ӵӧٯ Example 4.4.2 ύ, ၰޕॺך x = 233 ᅈى
x ≡ 2 (mod 3)
x ≡ 1 (mod 4)
x ≡ 3 (mod 5)
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೭ಔᖄҥޑ congruence equation,܌аҗ Theorem 數ޑҺཀޕ4.4.5 cᅈى c≡ 233≡ 53

(mod 60) ёаᅈى೭ಔᖄҥ congruence equation. ฅΑΨԖᅈى c ≡ 53 (mod 60)

Ԝᖄҥى數ᅈޑ congruence equation.

Theorem 4.4.5 К Theorem 4.4.1 ֹ. Ӣࣁӧ Theorem 4.4.1 ύךॺගϷှޑӸӧ
,܄ Զ Theorem 4.4.5 ගϷှӧ modulo m1 · · ·mr ϐΠࢂӸӧЪޑ, ԶЪӢԶёҗှ
.ှޑԖ܌ډפ Ԗޑਜόஒۓٿϩ໒ٰፋ, Զޔௗፋ論ၨֹޑ Theorem 4.4.5 ٠ᆀϐ
ࣁ Chinese remainder theorem. ޑှۓགྷӃமፓύ୯ഭᎩࣁӢࢂϩ໒Ьाۓٿॺஒך
Ӹӧ܄ϷӵՖډפှ.


