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前言

ҁᖱကЬाҞ的ࢂଞჹε΋ᏢғϟಏԖᜢ᏾數論΋٤基ҁ的ж數کᆉ數΢的܄፦, а
բࣁஒٰᏢಞܜຝж數ϐྗഢ. 基ܭ೭ኬ的౛җ, ӧԜךॺஒόϟಏԖᜢܭ᏾數論ϐᐕў
.ᔈҔځаϷࡺڂک ჹ᏾數論ϐᔈҔ (ЀځӧၗૻБय़的ᔈҔ) Ԗᑫ፪的᠐ޣ, ॺ௢ᙚך
Silverman 的ȨA Friendly Introduction to Number Theoryȩ(Prentice Hall, Third Edition
2006). .ᔈёᇸ᚞᎙᠐೭ҁਜࡕऩჹҁᖱကϣ৒Ԗ࣬྽ᇡ᛽ϐߞ࣬
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Chapter 5

二次的 Congruence
Equations

೭΋കύךॺा஑ှܭݙ二次的 congruence equation. ॺӃவှ΋૓的二次ך congru-
ence equation ໒ۈ, ฅࡕᄌᄌϯᙁԋᙁൂ的׎Ԅ, നࡕϟಏ quadratic reciprocity law. ᏾ᡏ
ٰᇥךॺ཮ளډ΋ঁԖਏղձ二次 congruence equation ,ݤցԖှ的Бࢂ ԿܭऩԖှӵՖ
؃ှ൩όӧҁക的૸論ጄൎΑ. .ᏢಞӵՖҗᕷϯᙁ的؁ᡯܭఈૈ๱ख़׆ॺך

5.1. 二次 Congruence Equation 的ϯᙁ

ᒏ二次的܌ congruence equation, ջ๏ۓ m ∈ N, Եቾ ax2 + bx+ c ≡ 0 (mod m), ύځ
a,b,c ∈ Z Ъ m - a ೭ኬ的 equation.

εৎ࣮ډ೭ኬ的БำԄ, २Ӄ཮གྷډҔଛБှٰݤ. ؒᒱ, .ݤाҔଛБࢂॺΨך όၸ
೭္Ԗ΋ᗺा੝ձݙཀ, ൩ךࢂॺ೿ࢂӧ᏾數的௃ݩ, .ݤନډа໪ᗉխҔ܌ ӵεৎाٯ
ှ ax2 +bx+ c = 0 ਔ, ಃ΋ঁགྷډ的ࢂஒ x2 ໨的߯數 a ନѐள x2 +(b/a)x+(c/a) = 0. җ
ॺӧፋךܭ congruence equation, ӭ໨Ԅሡाࣁ؃᏾߯數, ೭ঁБݤ൩Չό೯Α (ନߚ a|b
Ъ a|c). ྽ฅΑ, ྽ a ک m ϕ፦ਔӸӧ e ∈ Z ٬ள ae ≡ 1 (mod m), ॺёаஒךаԜਔ܌
ax2+bx+c ≡ 0 (mod m)ٿᜐ४΢ eԶள x2+bex+ce ≡ 0 (mod m). όၸ೭ঁБݤाज़ڋӧ
gcd(m,a) = 1的௃׎,Զךॺा௖૸的ࢂ΋૓௃܌,ݩаךॺሡགྷᒤݤೀ౛. όᆅ࡛ኬࣁΑᡣ
ӭ໨Ԅࣁ᏾߯數, ,ݤॺόाҔନ的Бך ᏃໆҔ४的. ॺёаᡣךݤΑ٬ҔଛБࣁа܌ x2 ໨

߯數ԋֹࣁӄѳБ, Ψ൩ࢂஒ ax2 +bx+c ≡ 0 (mod m) ᜐ४΢ٿ a Զள (ax)2 +abx+ac ≡ 0

(mod m). ௗ๱ೀ౛ x ໨߯數, җܭόૈҔନ的܌аόૈஒ abx ቪԋ 2(ab/2)x, ՠҔଛБݤ x

໨߯數ሡଽ數, ӢԜӳ的БࢂݤஒচԄٿᜐ४а 2. όၸ೭ኬ΋ٰΞઇᚯΑচӃ x2 ໨߯數ࣁ

ֹӄѳБ的ӳೀ, ॺӆӭ४΋ঁךа܌ 2 ٬ள x2 ໨߯數ϝֹࣁӄѳБ.

Ψ൩ࢂᇥ, ӧှ ax2 + bx + c ≡ 0 (mod m) ਔךॺёаஒٿᜐ४΢ 4a ٬ளচԄԋ

ࣁ 4a2x2 + 4abx + 4ac = (2ax)2 + 2(2ax)b + 4ac ≡ 0 (mod m). ௗΠٰ൩ёҔଛБݤதҔ
؁ᡯஒԄηቪԋ (2ax+ b)2 ≡ b2 − 4ac (mod m). ӢԜךॺஒୢᚒᙁϯԋှ y2 ≡ b2 − 4ac
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58 5. 二次的 Congruence Equations

(mod m). ϞऩؒԖ᏾數 kᅈى k2 ≡ b2−4ac (mod m),ٗሶךॺޕߡচ congruence equation,
ax2+bx+c ≡ 0 (mod m)คှ. ऩёډפ k ∈Zᅈى k2 ≡ b2−4ac (mod m),ٗሶךॺߡё٩
前य़௖૸΋次的 congruence equation的Бှݤ 2ax+b ≡ k (mod m),Զளډ ax2+bx+c ≡ 0

(mod m) 的ှ.

ᕴϐ, ှ二次 congruence equation, ax2 +bx+ c ≡ 0 (mod m) 的ୢᚒ, ёϯᙁԋှ y2 ≡ d

(mod m) ύځ d = b2 − 4ac. ӢԜךॺௗΠٰ໻௖૸ x2 ≡ a (mod m) ೭ኬ的 congruence
equation.

ଷ೛ m = pn1
1 · · · pnr

t ύ೭٤ځ, pi .౦፦數࣬ࣁ җ Corollary ,ޕ4.4.3 x2 ≡ a (mod m)Ԗှ

ऩЪ୤ऩჹ܌Ԗ的 pi, x2 ≡ a (mod pni
i ) Ԗှ. ӢԜךॺΞஒୢᚒϯᙁ؃ࣁ x2 ≡ a (mod pn),

ύځ p ፦數Ъࣁ n ∈ N 的௃׎.

.ηٯॺٰ࣮΋ঁᆕӝа΢่݀的ך

Example 5.1.1. ॺ၂๱ှך 29x2 +15x+1 ≡ 0 (mod 45). २ӃஒԄηٿᜐ४΢ 4×29, ள
(58x)2 +2×58×15x+116 ≡ 0 (mod 45). ௗ๱ճҔଛБݤள (58x+15)2 ≡ 109 (mod 45), ջ
(13x+15)2 ≡ 19 (mod 45) (ձבΑ 58x ≡ 13x (mod 45)).

ௗ๱Ӣࣁ 45 = 32 × 5, ॺёаஒԄηᙯϯԋှך (13x+ 15)2 ≡ 19 (mod 9) Ϸ (13x+

15)2 ≡ 19 (mod 5). Ψ൩ࢂᇥϩձှ (4x+ 6)2 ≡ 1 (mod 9) аϷ (3x)2 ≡ 4 (mod 5). җܭ
y ≡ ±1 (mod 9) ࣁ y2 ≡ 1 (mod 9) ϐှ, ޕࡺ 4x+ 6 ≡ ±1 (mod 9), ှள x ≡ 1,5 (mod 9)

ࣁ (13x+15)2 ≡ 19 (mod 9) ϐှ. ќ΋Бय़ y ≡±2 (mod 5) ࣁ y2 ≡ 4 (mod 5) ϐှ, ளࡺ
3x ≡±2 (mod 5), ှள x ≡ 1,4 (mod 5) ࣁ (13x2 +15)2 ≡ 19 (mod 5) ϐှ.

നࡕाှ 29x2 +15x+1 ≡ 0 (mod 45), җ前ޕ x ሡ಄ӝ:

(1)
{

x ≡ 1 (mod 9)
x ≡ 1 (mod 5)

,(2)
{

x ≡ 1 (mod 9)
x ≡ 4 (mod 5)

,

(3)
{

x ≡ 5 (mod 9)
x ≡ 1 (mod 5)

(4)܈
{

x ≡ 5 (mod 9)
x ≡ 4 (mod 5)

.

ӢԜ؃ள x ≡ 1,14,19,41 (mod 45) ࣁ 29x2 +15x+1 ≡ 0 (mod 45) ϐှ.

ӣךډॺ的Ьᚒ. ॺஒाှ΋૓二次的ך congruence equation ϯှԋှ x2 ≡ a

(mod pn), ύځ p ፦數Ъࣁ n ∈N的௃׎. ॺӃٰ࣮ך a ک p όϕ፦的௃׎. ଷ೛ pn|a ฻ܭ
ှ x2 ≡ 0 (mod pn), Ԝਔ྽ฅԖှ. ऩ a = pia′ ύځ p - a′ Ъ 1 ≤ i ≤ n−1 ࡛ሶᒤ? ౜ଷऩ
i ,數ڻࢂ ॺाᇥܴԜਔך x2 ≡ pia′ (mod pn) คှ. ऩԖှЪ b ࣁ x2 ≡ pia′ (mod pn) ϐ΋

ှ, ॺஒך bቪԋ b = psb′, ύځ p - b′. ԜਔӢଷ೛ b2 ≡ pia′ (mod pn), ёள pn|p2sb′2− pia′.
җܭ 2s ଽ數Զࢂ i ,數ڻࢂ ޕ 2s ̸= i. ӵ݀ 2s > i, ߾ p2sb′2 − pia′ = pi(p2s−ib′2 −a′). ՠҗܭ
p|p2s−i Ъ p - a′, ޕॺך p - p2s−ib′2 −a′. ඤ言ϐ pi+1 - p2sb′2 − pia′. Ԝک pn|p2sb′2 − pia′ Ъ

n ≥ i+1 ࣬ҟ࣯. ӕ౛, ऩ 2s < i, .׎ॺΨёளҟ࣯的௃ך а྽܌ i < n Ъڻࢂ數ਔ x2 ≡ pia′

(mod pn) คှ.

྽ a = pia′ ύځ p - a′, 0 < i < n Ъ i = 2k ,ଽ數ਔࢂ ऩךॺஒ x ቪԋ x = pkt, Ԝਔှ
x2 ≡ a (mod pn) ฻ӕှܭ (pkt)2 ≡ p2ka′ (mod pn), Ψ൩ှࢂ p2kt2 ≡ p2ka′ (mod pn). җܭ
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2k < n, Proposition 4.2.1 ֋ນךॺԜԄ฻ӕှܭ t2 ≡ a′ (mod pn−2k). ॺஒа΢૸論ቪԋך
่論.

Proposition 5.1.2. ๏ۓ΋፦數 p Ϸ n ∈ N. ଷ೛ a = pia′ ύځ p - a′ Ъ 1 ≤ i ≤ n−1.

(1) ऩ i ,數ڻࢂ ߾ x2 ≡ a (mod pn) คှ.

(2) ऩ i ,ଽ數ࢂ ߾ x2 ≡ a (mod pn) ԖှऩЪ୤ऩ x2 ≡ a′ (mod pn−i) Ԗှ.

வа΢的૸論ךॺޕၰाှ΋ঁ二次的 congruence equation ೿ёаᙁϯډ x2 ≡ a

(mod pn), ύځ p - a 的௃ݩ. ܭݙॺ໻஑ךࡕаа܌ x2 ≡ a (mod pn) ύځ p - a 的௃׎.

5.2. ှ x2 ≡ a (mod pn)

ӧ前΋࿯ύךॺޕၰ΋ঁ二次的 congruence equation ёϯᙁԋ x2 ≡ a (mod pn), ύځ
p ,፦數ࣁ n ∈ N Ъ p - a ೭ᅿ׎Ԅ的ୢᚒ. ाݙཀԜਔҗܭ p - a, ऩ x2 ≡ a (mod pn) Ԗှ,
ѸΨᆶှځ߾ p ϕ፦, ց߾཮೷ԋ p|a ϐҟ࣯. ௗ๱ךॺ൩٩ p = 2 ک p ᅿ௃ٿ፦數ڻࣁ

૸論ٰ׎ x2 ≡ a (mod pn) ှϐ௃ݩ.

5.2.1. p = 2 的௃׎. ॺӃԵቾך x2 ≡ a (mod 2n), ύځ 2 - a 的௃׎. җܭ a ,數ڻࢂ а܌
ऩԖှှځѸڻࣁ數. ΋໒ۈ྽ฅࢂԵቾ n = 1 的௃׎, ԜਔӢ a ,數ڻࢂ ள a ≡ 1 (mod 2).
а܌ x2 ≡ a (mod 2), ջࣁ x2 ≡ 1 (mod 2), ࣁѸԖှЪှࡺ x ≡ 1 (mod 2).

྽ n = 2ਔ,Ӣࣁ a ≡ 1,3 (mod ॺ໻ाԵቾך,(4 x2 ≡ 1 (mod 4)аϷ x2 ≡ 3 (mod ٿ(4

ᅿ congruence equations. җှܭѸڻࣁ數ךॺёаଷ೛ 2k+1 .΋ှࣁ ӢԜҗ (2k+1)2 =

4k(k+ 1)+ 1 ≡ 1 (mod 8), ޕॺך x2 ≡ 3 (mod 4) คှ. Զ x2 ≡ 1 (mod 4) ϐှࣁ x ≡ ±1

(mod 4) (ջ܌Ԗڻ數).

җ΢य़૸論ޕ྽ n = 3 ਔ, x2 ≡ 3,5,7 (mod 8) คှ, Զ x2 ≡ 1 (mod 8) ԖှЪှࣁ

x ≡ ±1,±3 (mod 8). n > 3 ਔ, ,ၰόૈӵԜฯբΠѐޕॺך ёаճҔ數ᏢᘜયݤளډаΠ
่݀.

Proposition 5.2.1. ଷ೛ n ≥ 3 Ъ a .數ڻ΋ঁࢂ ߾ x2 ≡ a (mod 2n) ԖှऩЪ୤ऩ a ≡ 1

(mod 8).

Proof. ऩ a ≡ 3,5,7 (mod ޕҗ前߾,(8 x2 ≡ a (mod 8)คှ. Ӣࣁ n ≥ җࡺ,3 Lemma 4.2.3
ޕ x2 ≡ a (mod 2n) คှ. Ӣࣁ a ໻ഭΠࡺ數ڻࣁ a ≡ 1 (mod 8) 的௃׎҂૸論. ॺѝךа܌
ा᛾ܴ a ≡ 1 (mod 8) ਔ x2 ≡ a (mod 2n) Ԗှ.

ςޕ n = 3 ਔԋҥ. ଷ೛ n = k − 1 (k ≥ 4) ਔԋҥ, ջ྽ a ≡ 1 (mod 8) ਔ, x2 ≡ a

(mod 2k−1) Ԗှ. ଷ೛ c ∈ Z ࢂ x2 ≡ a (mod 2k−1) 的΋ঁှ (ջ 2k−1|c2 − a), Ψ൩ࢂᇥ
c2 = a+2k−1b, ύځ b ∈ Z. ॺགྷճҔך c ډפ x2 ≡ a (mod 2k) ϐှ. ऩ c2 = a+2k−1b ύځ

bࣁଽ數,߾Ծฅ 2k|c2−a,ள cࣁ x2 ≡ a (mod 2k)ϐ΋ှ.ऩ bڻࣁ數,߾Եቾ c′ = c+2k−2.
Ԝਔ c′2 = c2 +2k−1c+22k−4 = a+2k−1(b+ c)+22k−4. җܭ b ک c ޕ數ڻࣁࣣ 2|b+ c, ԶЪ
2k−4 = k+ k−4 ≥ k (Ӣ k ≥ 4), ளࡺ c′2 ≡ a (mod 2k). ள᛾ x2 ≡ a (mod 2k) Ԗှ. �



60 5. 二次的 Congruence Equations

ޕॺςך x2 ≡ a (mod 2n) ՖਔԖှՖਔคှ. ऩԖှਔ, ӧځ modulo 2n ϐΠ཮ԖӭϿ

?ګှ .ϐ໔的ᜢٰ߯௖૸ှঁٿॺ٩ฅҔך

Proposition 5.2.2. ଷ೛ n ≥ 3 Ъ a ≡ 1 (mod 8). ऩ x ≡ c (mod 2n) ࢂ x2 ≡ a (mod 2n) 的

΋ঁှ, ߾ x ≡ c,c+2n−1,−c,−c+2n−1 (mod 2n) ࣁ x2 ≡ a (mod 2n) .Ԗ的ှ܌

Proof. ऩ c′ ∈Zҭࣁ΋ှ,߾ 2n|c2−c′2,ջ 2n|(c−c′)(c+c′). ाݙཀӢࣁ cک c′ ,數ڻࣁࣣ
ॺёаԖך c ≡ ±1 (mod 4) ک c′ ≡ ±1 (mod 4), Ѥᅿ௃׎. όၸόᆅࢂব΋ᅿ௃׎ c− c′

ک c+ c′ ϐύѸԖ΋ঁ (Ъ໻Ԗ΋ঁ) όૈ೏ 4 ᏾ନ (ՠϝࣁଽ數). ӵӧٯ c ≡ 1 (mod 4)

Ϸ c′ ≡ −1 (mod 4) 的௃ݩ, ॺԖך c+ c ≡ 0 (mod 4) ՠ c− c′ ≡ 2 (mod 4). ջ 2|c− c′ ՠ

4 - c− c′. ॺӃԵቾך 4 - c+ c′ ೭ᅿ௃׎. Ԝਔ c+ c′ = 2λ , ύځ λ .數ڻࣁ ӢԜҗ前य़ςޕ
2n|(c− c′)(c+ c′), ள 2n|2λ (c− c′), ջ 2n−1|λ (c− c′). ౜җܭ gcd(2,λ ) = 1, җࡺ Proposition
1.2.6(1) ள 2n−1|c− c′. ӕ౛ऩ 4 - c− c′, ޕ߾ 2n−1|c+ c′.

ᕴٰ่ᇥ, ऩ c′ ࢂ x2 ≡ a (mod 2n) ϐ΋ှ, Ӹӧ߾ t ∈ Z ٬ள c′ = c+ t2n−1 ܈ c′ =

−c+t2n−1. ϸϐऩ c′ = c+2n−1,߾ c′2 = c2+2nct+22n−2t2. җܭ 2n−2≥ n+1,ள c′2 ≡ c2 ≡ a

(mod 2n). ޕࡺ c′ ࣁ x2 ≡ a (mod 2n) ϐ΃ှ. ӕ౛ c′ =−c+ t2n−1 ҭࣁ x2 ≡ a (mod 2n) ϐ

΃ှ. ฅԶ྽ t 數ਔڻࢂ c′ = c+ t2n−1 ≡ c+ 2n−1 (mod 2n) Ъ c′ = −c+ t2n−1 ≡ −c+ 2n−1

(mod 2n). Զ྽ t ଽ數ਔࢂ c′ = c+ t2n−1 ≡ c (mod 2n) Ъ c′ =−c+ t2n−1 ≡−c (mod 2n). ࡺ
ளޕӧ modulo 2n ϐΠ x2 ≡ a (mod 2n) ӅԖ x ≡ c,c+2n−1,−c+2n−1,−c (mod 2n) ೭ 4 ঁ

ਥ ཀӢݙ) c ,數ڻࣁ а೭٤數ӧ܌ modulo 2n ϐΠࣣ࣬౦). �

.ηٯॺٰ࣮ঁך

Example 5.2.3. ှ x2 ≡ 17 (mod 32). җܭ 17 ≡ 1 (mod 8),җ Proposition .ѸԖှޕ5.2.1
ॺճҔך Proposition 5.2.1 ᛾ܴύ܌Ҕ的Бפٰݤр΋ঁှ. २Ӄှ x2 ≡ 17 (mod 25−1),
ջ x2 ≡ 1 (mod 16). ёޕ x = 1 ࣁ x2 ≡ 17 (mod 16) ϐ΋ှ. ՠҗܭ 12 −17 = 24 × (−1) Ъ

−1 ,數ڻࢂ ճҔࡺ Proposition 5.2.1 的᛾ܴޕ 1+2(5−2) = 9 ࣁ x2 ≡ 17 (mod 32) ϐ΋ှ.
,ࡕ΋ှډפ നࡕճҔ Proposition 5.2.2 ޕ x ≡ 9,25,7,23 (mod 32) ࣁ x2 ≡ 17 (mod 32) ܌

Ԗ的ှ.

5.2.2. p .׎፦數的௃ڻࣁ ྽ p ,፦數ਔڻࢂ ॺ྽ฅόૈӵך p = 2 的௃׎૸論. όၸҗ
Lemma 4.2.3 ऩޕॺך x2 ≡ a (mod p) คှ, ჹҺཀ߾ n ∈ N, x2 ≡ a (mod pn) ҭคှ. ך
ॺाҔ數Ꮲᘜયݤ᛾ܴऩ x2 ≡ a (mod p) Ԗှ, ჹҺཀ߾ n ∈ N, x2 ≡ a (mod pn) ҭԖှ.

Proposition 5.2.4. ଷ೛ p ፦數Ъڻ΋ࣁ p - a. ߾ x2 ≡ a mod p ԖှऩЪ୤ऩჹҺཀ

n ∈ N, x2 ≡ a (mod pn) Ԗှ.

Proof. ॺ໻ा᛾ܴऩך x2 ≡ a (mod p) Ԗှ߾ x2 ≡ a (mod pn) ҭԖှ.

ऩ c ࣁ x2 ≡ a (mod p) ϐ΋ှ, ջӸӧ λ ∈ Z ٬ள c2 = a+λ p. ౜Եቾ c′ = c+ t p. җ
ܭ c′2 = c2 +2ct p+ t2 p2 = a+(2ct +λ )p+ t2 p2. ऩा c′2 ≡ a (mod p2), ډפሡ߾ t ∈ Z ٬ள
2ct ≡−λ (mod p). ฅԶҗܭ 2c ک p ϕ፦, Theorem 4.3.4 ֋ນךॺ೭ኬ的 t ΋ۓӸӧ. ࡺ
Ԝਔऩз c′ = c+ t p, ߾ x ≡ c′ (mod p2) ࣁ x2 ≡ a (mod p2) ϐ΋ှ.
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౜ճҔ數Ꮲᘜયݤଷ೛ n = k − 1 (k ≥ 2) ਔ x2 ≡ a (mod pk−1) Ԗှ, Ъଷ೛ x ≡ c

(mod pk−1) .΋ှځࣁ ॺགྷճҔך c ډפ x2 ≡ a (mod pk) 的ှ. җܭӸӧ λ ∈ Z ٬ள
c2−a = λ pk−1,ךॺԵቾ c′ = c+t pk−1. Ԝਔ c′2 = c2+2ct pk−1+t2 p2k−2 = a+(2ct+λ )pk−1+

t2 p2k−2. җܭ 2k−2 = k+k−2 ≥ k (Ӣ k ≥ 2) ॺளך c′2 ≡ a+(2ct +λ )pk−1 (mod pk). ΞӢ
ࣁ 2c ک p ϕ፦, Ӹӧࡺ t ′ ∈ Z ٬ள 2ct ′+λ ≡ 0 (mod p). Ԝਔऩз c′ = c+ t ′p, ߾ x ≡ c′

(mod pk) ࣁ x2 ≡ a (mod pk) ϐ΋ှ. �

ӵ݀ x2 ≡ a (mod pn) Ԗှ, ၰӧޕॺ྽ฅԖᑫ፪ך modulo pn ϐΠ, x2 ≡ a (mod pn) ځ

ှ的ঁ數.

Proposition 5.2.5. ଷ೛ p ,፦數ڻ΋ࣁ p - a Ъ n ∈ N. ऩ x2 ≡ a mod pn ԖှЪ x ≡ c

(mod pn) ,΋ှځࣁ ߾ x ≡±c (mod pn) ࣁ x2 ≡ a (mod pn) .Ԗ的ှ܌

Proof. ଷ೛ c′ ࣁ x2 ≡ a (mod pn) ϐќ΋ှ, ޕ pn|c2 − c′2. җܭ c ک c′ ࣣᆶ p ϕ፦,
c+ c′ ک c− c′ ύѸԖ΋ঁᆶޕ p ϕ፦, ց߾җ p|c+ c′ Ϸ p|c− c′ ёள p|2c, ԶΞ p ̸= 2,
ёள p|c ϐҟ࣯. ౜ଷ೛ c+ c′ ᆶ p ϕ፦, Ԝਔ gcd(c+ c′, pn) = 1, җࡺ pn|(c+ c′)(c− c′)

Ϸ Proposition 1.2.6(1), ளޕ pn|c− c′, ջ c′ ≡ c (mod pn). ӕ౛, ऩ c− c′ ᆶ p ϕ፦, ёள
c′ ≡−c (mod pn).

ќ΋Бय़, җ c2 ≡ a (mod pn) ޕ (−c)2 = c2 ≡ a (mod pn), ޕࡺ x ≡ ±c (mod pn) ࣁ

x2 ≡ a (mod pn) .Ԗ的ှ܌ �

.ηٯॺӆٰ࣮ঁך

Example 5.2.6. ှ x2 ≡ 14 (mod 125). җܭ x2 ≡ 14 ≡ 4 (mod 5) Ԗှ (x = 2 ,(΋ှࣁ җ
Proposition 5.2.4 ޕ x2 ≡ 14 (mod 125) ѸԖှ. ॺճҔך Proposition 5.2.4 ᛾ܴύ܌Ҕ的
Бפٰݤр΋ঁှ. २Ӄפр x2 ≡ 14 (mod 25) ϐ΃ঁှ. ճҔ 2 ࣁ x2 ≡ 14 (mod 5) ϐ

΋ှ, Եቾ (2+5t)2 = 4+20t +25t2. ӢԜ (2+5t)2 −14 ≡−10+20t (mod 25). Ψ൩ࢂᇥሡ
ှр t ∈ Z ٬ள 20t ≡ 10 (mod 25), ջှ 4t ≡ 2 (mod 5). ёள t = 3 ,΋ှࣁ ஥Εࡺ 2+5t

ள x = 17 ࣁ x2 ≡ 14 (mod 25) ϐ΋ှ. ౜ӆճҔ 17 ؃ x2 ≡ 14 (mod 125) ϐ΋ှ. Եቾ
(17+25t)2 = 289+850t+625t2. ӢԜ (17+25t)2−14 ≡ 275+850t ≡ 25+100t (mod 125). Ψ
൩ࢂᇥሡှр t ∈ Z ٬ள 100t ≡−25 (mod 125), ջှ 4t ≡−1 (mod 5). ёள t = 1 ,΋ှࣁ
஥Εࡺ 17+25t ள x = 42 ࣁ x2 ≡ 14 (mod 125) ϐ΋ှ. ,ࡕ΋ှډפ നࡕճҔ Proposition
5.2.2 ޕ x ≡±42 (mod 125) ࣁ x2 ≡ 14 (mod 125) .Ԗ的ှ܌

ॺςֹӄΑှך x2 ≡ a (mod 2n) 的ှ的௃ݩ. Զ྽ p ,፦數ਔڻࢂ ჹҺཀ n ∈ N, x2 ≡ a

(mod pn) ύځ) p - a) 的ှ的௃ֹݩӄܭ،ڗ x2 ≡ a (mod p) 的ှ的௃ݩ. ॺ໻ךࡕаа܌
஑ܭݙ x2 ≡ a (mod p) ύځ p ፦數Ъڻࣁ p - a 的௃׎.
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5.3. The Legendre Symbol

΋૓的二次ှעॺς࿶ך congruence equation ΋؁΋؁的ϯᙁှډ x2 ≡ a (mod p), ځ
ύ p ፦數Ъڻࣁ p - a 的௃׎. ೭္ךॺஒ௖૸Ֆਔ x2 ≡ a (mod p) Ԗှ. ԿܭऩԖှӵՖ
,ှפ .ӆೀ౛ࡕݤӭБ׳Π΋കᏢಞࡑॺ੮ך

җךܭॺѝᜢݙ x2 ≡ a (mod p) ՖਔԖှ, Ֆਔคှ, ॺϟಏ΋ঁ಄ဦᆀך (Legendre
symbol) .คှ܈ԖှځҢ߄ٰ

Definition 5.3.1. ๏ڻۓ፦數 p аϷ a ∈ Z ᅈى p - a. ऩ x2 ≡ a (mod p) Ԗှ, ॺᆀך a

΋ঁࢂ quadratic residue modulo p ٠а
(

a
p

)
= 1 .Ңϐ߄ ϸϐ, ऩ x2 ≡ a (mod p) คှ,

ॺᆀך a ΋ঁࢂ quadratic nonresidue modulo p ٠а
(

a
p

)
=−1 .Ңϐ߄

२Ӄाݙཀ的ࢂ Legendre symbol όाکϩ數བష. ӧҁᖱကύ的ϩ數ӵΟϩϐ二的
ѳБךॺ཮Ҕ (

2
3
)2 ܈ (2/3)2 ೭ٿᅿБ߄ݤҢ, .ဦКၨλࡴ Զ Legendre symbol

(
2
3

)
的

.ဦКၨεࡴ ќѦۓ٩က Legendre symbol 的ϩ҆΋ࢂۓ΋ঁڻ፦數Ъϩη΋کۓϩ҆ϕ
፦ (Ԗ的ਜೕۓόӕ, ೭္ࣁΑόᡣӕᏢབషךॺᝄ਱ӵԜೕۓ). ӵӧҁᖱကύٯ

(
5
6

)
)܈

6
3

)
೭ኬ的಄ဦؒࢂཀက的.

ௗΠٰךॺٰ࣮ Legedre symbol .፦܄ளϐ܌ကۓௗ٩ޔ

Lemma 5.3.2. ଷ೛ p ፦數Ъڻ΋ঁࢂ a ∈ Z ᅈى p - a.

(1)
(

a2

p

)
= 1.

(2) ऩ b ∈ Z ᅈى b ≡ a (mod p), ߾
(

a
p

)
=

(
b
p

)
.

Proof. (1) ाղᘐ a2 ࣁցࢂ quadratic residue modulo p, Ψ൩ࢂाղᘐ x2 ≡ a2 (mod p)

.ցԖှࢂ ฅԶࡐ৒ܰޕၰ x = a ࢂ x2 ≡ a2 (mod p) 的ှ, ޕࡺ
(

a2

p

)
= 1.

(2) ाղᘐ b ࣁցࢂ quadratic residue modulo p, Ψ൩ࢂाղᘐ x2 ≡ b (mod p) ցࢂ

Ԗှ. ฅԶ٩ଷ೛ b ≡ a (mod p) ाှࡺ x2 ≡ b (mod p) ൩฻ӕှܭ x2 ≡ a (mod p). )ޕࡺ
b
p

)
=

(
a
p

)
. �

ჴځ x2 ≡ a (mod p) ाόฅԖှाόฅ൩คှ. аऩ໻ஒ܌ Legendre symbol ࣮ԋѝࢂ
΋ঁ಄ဦ߄ҢԖှคှ൩ϼλ࣮ѬΑ. ऩाۓ಄ဦ, ࣁۓॺΨёаஒԖှך 1 คှࣁۓ 0,
,數ঁٿд࣬౦的ځ܈ ࣁۓՖाஒԖှࣁ 1 คှࣁۓ −1 ?ګ ᇥჴ၉ऩ໻གྷҔঁٿ數ӷٰ߄
ҢԖှ܈คှ的௃ݩ, ٗ੿的࡛ࢂሶۓॶ೿ёа, ฅԶӵԜ΋ٰ೭ኬ的಄ဦഗӭ໻ᡣךॺБ
,ݩคှ的௃܈Ԗှၲ߄ߡ ؒԖϙሶϼε的ཀက. Legendre symbol ϐ܌аाஒԖှࣁۓ 1

คှࣁۓ −1, ЬाךࢂॺёаஒѬॺ࣮ԋ᏾數的 1 ک −1 ٰ଺४ݤၮᆉ. Πय़ࢂচӢ൩ځ
೭΋ঁۓ౛.
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Theorem 5.3.3 (Euler’s Criterion). ଷ೛ p ፦數Ъڻ΋ঁࢂ a ∈ Z ᅈى p - a.

(1) ऩ x2 ≡ a (mod p) Ԗှ, ߾ a(p−1)/2 ≡ 1 (mod p).

(2) ऩ x2 ≡ a (mod p) คှ, ߾ a(p−1)/2 ≡−1 (mod p).

Proof. (1) ऩ x2 ≡ a (mod p) ԖှЪ x = c ,΋ှځࣁ ջ c2 ≡ a (mod p). Ԝਔ

a
p−1

2 ≡ (c2)
p−1

2 ≡ cp−1 (mod p).

җܭ a ک p ϕ፦, а܌ x2 ≡ a (mod p) ϐှ c ҭᆶ p ϕ፦. ӢԜճҔ Fermat’s Little
Theorem (3.3.4) ޕ cp−1 ≡ 1 (mod p), ள᛾ࡺ a(p−1)/2 ≡ 1 (mod p).

(2) Եቾ S = {1,2, . . . , p−1} ೭΋ঁ reduced residue system modulo p. ჹҺཀ i ∈ S, җ
ܭ i ک p ϕ፦, җࡺ Theorem 4.3.4 ޕ ix ≡ a (mod p) ӧ modulo p ϐΠԖ୤΋ှ. җܭ a

ک p ϕ፦, ѸΨᆶှځޕࡺ p ϕ፦. ඤѡ၉ᇥ, ๏ۓ i ∈ S ѸӸӧ୤΋的 j ∈ S ᅈى i j ≡ a

(mod p). ाݙཀԜਔ j ̸= i, ց߾཮ளډ i2 ≡ a (mod p), Ψ൩ࢂᇥ x = i ࢂ x2 ≡ a (mod p)

的΋ঁှ, Ԝᆶ x2 ≡ a (mod p) คှ的ଷ೛࣬ҟ࣯. ќ΋Бय़ΨाݙཀӢࣁ jx ≡ a (mod p)

ӧ modulo p ϐΠှځ୤΋Ъςޕ x = i ,΋ှځࣁ ќ΋ঁډפаόёૈ܌ i′ ∈ S ٬ள i′ j ≡ a

(mod p). ӢԜჹܭ S ύ的ϡન, ,ଛჹٿٿॺёаஒϐך Ψ൩ࢂჹҺཀ i ∈ S ஒ i ىᅈک

i j ≡ a (mod p) ୤΋的 j ∈ S ࣬ଛჹ. ӵԜ΋ٰךॺӅԖ (p− 1)/2 ჹ. җ؂ܭ΋ჹ࣬४ӧ
modulo p ϐΠک a congruent, ёளࡺ

(p−1)! = 1 ·2 · · · p−1 ≡ a
p−1

2 (mod p).

όၸ Wilson’s Theorem (3.4.3) ֋ນךॺ (p − 1)! ≡ −1 (mod p), ள᛾ࡺ a(p−1)/2 ≡ −1

(mod p). �

ӵ݀εৎό଼ב的၉, ྽߃ӧ᛾ܴ Wilson’s Theorem ஒࢂॺך S = {1, . . . , p− 1} ύϐ
ϡન٩ i j ≡ 1 (mod p) ٰଛჹ. а܌ Wilson’s Theorem ک Euler’s Criterion 的᛾ܴԖ౦Ԕ
ӕπϐ֮.

྽ p - a ਔ a(p−1)/2 ӧ modulo p ϐΠϐॶόࢂ 1 ൩ࢂ −1. ೭ࢂӢࣁऩз b = a(p−1)/2,
߾ b2 = ap−1 ≡ 1 (mod p), Ψ൩ࢂᇥ x = b ࣁ x2 ≡ 1 (mod p) ϐ΋ਥ. ӢԜҗ Lemma 3.4.2
ޕ b ≡ ±1 (mod p). ӢԜ, ๏ۓ a ∈ Z ᅈى p - a, ॺёаҗך a(p−1)/2 modulo p ࣁ 1 ܈

−1 ٰղᘐ x2 ≡ a (mod p) .ցԖှࢂ ,ӵٯ ऩ a(p−1)/2 ≡ 1 (mod p) ԶΞ
(

a
p

)
=−1, Ӣ߾

x2 ≡ a (mod p) คှҗ Theorem 5.3.3 ޕ a(p−1)/2 ≡−1 (mod p). ೭཮೷ԋ 1 ≡−1 (mod p)

ջ p|2 的ҟ࣯. ӢԜךॺޕ, ऩ a(p−1)/2 ≡ 1 (mod p), ߾
(

a
p

)
= 1. ӕ౛, ऩ a(p−1)/2 ≡ −1

(mod p), ߾
(

a
p

)
= −1. ೭൩ࢂ Legendre symbol ڗ 1 ک −1 .ॶ的౛җࣁ ॺԖаΠϐך

่論.

Corollary 5.3.4. ଷ೛ p ፦數Ъڻ΋ঁࢂ a ∈ Z ᅈى p - a. )߾
a
p

)
≡ a

p−1
2 (mod p).
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ၰޕॺाךࡕаϞ܌ x2 ≡ a (mod p) Ԗှ܈คှ, ѝाѐᆉ a(p−1)/2 ନа p 的Ꭹ數ࢂ 1

܈ p−1. ऩᎩ數ࢂ 1 ,Ԗှ߾ ऩᎩ數ࢂ p−1 .คှ߾ όၸ೭ঁБݤӧჴሞݩރΠϝࡐ຤٣,
Ӣࣁाीᆉ a(p−1)/2 ΋૓ٰᇥ྽ p .ഞྠࡐࡐεਔϝࡐ όၸ೭ঁ criterion ӧ᛾ܴ΋૓ܜຝ
的ۓ౛ਔ൩ࡐᆅҔΑ. ॺԖаΠԖᜢך Legendre symbol 的ख़ा܄፦.

Proposition 5.3.5. ଷ೛ p ፦數Ъڻ΋ঁࢂ a,b ∈ Z ᅈى p - a Ъ p - b. )߾
ab
p

)
=

(
a
p

)(
b
p

)
.

Proof. җ Corollary 5.3.4 )ޕ
ab
p

)
≡ (ab)

p−1
2 = a

p−1
2 b

p−1
2 ≡

(
a
p

)(
b
p

)
(mod p).

җܭ

(
ab
p

)
ک

(
a
p

)(
b
p

)
ϐॶाόࢂ 1 ൩ࢂ −1, адॺӧ܌ modulo p ϐΠӕᎩ߄ҢѸ

࣬฻ (ց߾Ξ཮ள p|2 ϐҟ࣯). ளࡺ
(

ab
p

)
=

(
a
p

)(
b
p

)
. �

Proposition 5.3.5 ёа௢рࡐзΓӞᡋ的่݀. ӵଷ೛ٯ x2 ≡ a (mod a) ک x2 ≡ b

(mod p) ࣣԖှЪ೛ x = c ک x = c′ ϩձځࣁ΋ှ. ٗሶךॺࡐ৒ܰ௢ள x2 ≡ ab (mod p)

ѸԖှ. Ӣࣁ x = cc′ ൩ځࢂύϐ΋ှ. όၸऩ x2 ≡ a (mod a) ک x2 ≡ b (mod p) ύځ

Ԗ΋ঁคှࣣࢂ܈คှ, ٗॺךॺ൩ࡐᜤճҔှБำԄ的Бٰݤೀ౛ x2 ≡ ab (mod p)

.ցԖှΑࢂ όၸऩճҔ Proposition 5.3.5, ऩޕߡ的זࡐॺך x2 ≡ a (mod p) Ԗှՠ

x2 ≡ b (mod p) คှ (ջ
(

a
p

)
= 1,

(
b
p

)
= −1), ߾ x2 ≡ ab (mod p) คှߡ (ӢࣁԜਔ(

ab
p

)
= 1× (−1) = −1). ऩࢂзΓ೗౦的׳ x2 ≡ a (mod p) ک x2 ≡ b (mod p) ࣣคှ, ך

ॺёаޕ x2 ≡ ab (mod p) ѸԖှ (ӢࣁԜਔ
(

ab
p

)
= (−1)× (−1) = 1). ೭ঁ่݀ࡐࢂᜤҔ

Ԗှคှ೭ኬ的ٰࡋفղᘐ的.

Proposition 5.3.5 ќ΋ঁӳೀࢂჹҺཀ᏾數 a ॺёаϩှԋך a = (−1)m2n0qn1
1 · · ·qnr

r , ځ
ύ qi ፦數ڻࣁ (Ъ p ̸= qi Ӣ p - a), m ∈ {0,1}, ni ≥ 0. ӢԜёள(

a
p

)
=

(
−1
p

)m(
2
p

)n0
(

q1

p

)n1

· · ·
(

qr

p

)nr

.

Ψ൩ࢂᇥ๏ۓ΋ڻ፦數 p, ၰޕॺѝाך
(
−1
p

)
,
(

2
p

)
ک

(
q
p

)
(q Һཀᆶࣁ p ࣬౦的ڻ

፦數) ϐॶ, ٗሶჹҺཀᆶ p ϕ፦的᏾數 a, ൩ёаᆉр
(

a
p

)
ϐॶΑ.

ॺவচٰाΑှ΋૓二次的ך congruence equation ှ的௃׎, ΋ၡϯᙁډ౜ӧѝाΑ
ှ x2 ≡ −1 (mod p), x2 ≡ 2 (mod p) ک x2 ≡ q (mod p) ύځ) q ᆶࢂ p ࣬౦的ڻ፦數), ೭
Οᅿᙁൂ׎Ԅ的௃׎. ೭൩ှࢂ،數Ꮲୢᚒதၶډ的җᕷϯᙁ的ၸำ, ॶளεৎಒಒᡏ཮ځ
ύ的ᄽϯ. ќ΋ҹԖ፪的ࢂ Legendre symbol ک Euler’s Criterion ᔅշךॺஒ΋ঁচҁှ
二次 congruence equation 的ୢᚒඤԋќѦ΋ঁှکБำԄֹӄคᜢ的Бٰݤೀ౛. ௗΠٰ
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ाճҔ೭ኬ的БԄٰೀ౛ࢂॺ൩ך

(
−1
p

)
,
(

2
p

)
ک

(
q
p

)
, Զόӆޔௗ௖૸ x2 ≡ −1,2,q

(mod p) Ԗှࢂ܈คှ.

5.4. Quadratic Reciprocity Law

ॺ໻ഭΠा૸論ך

(
−1
p

)
,
(

2
p

)
ک

(
q
p

)
ϐॶ. ӧ೭࿯ύ p ک q ҉ᇻ߄Ң࣬ٿ౦ڻ

፦數, .ॺ൩όќуᇥܴΑך

5.4.1. ؃
(
−1
p

)
. ॺ२Ӄ௖૸ך

(
−1
p

)
的ڗॶ௃׎. ೚εৎ཮ᅪൽ྽܈ a ΋ঁॄ᏾ࢂ

數ਔ, ΋ۓёаډפ΋҅᏾數 b ٬ள a ≡ b (mod p), ӢԜճҔ Lemma 5.3.2(2) )ॺԖך
a
p

)
=

(
b
p

)
, ?ګݩՖᗋाԵቾॄ的௃ࣁ൩ӳΑݩаѝा௖૸҅᏾數的௃܌ ؒᒱ, ΋૓

ٰᇥךॺѝाޕၰ҅᏾數的௃׎൩ى୼Α, όၸԵቾॄ᏾數ΨԖځБ܄ߡ. )ॺा؃ךӵٯ
97
101

)
. Ӣࣁ 97 ≡ −4 = (−1)× 22 (mod 101), ճҔ Lemma 5.3.2 аϷ Proposition 5.3.5

ଭ΢ёள

(
97

101

)
=

(
−1
101

)
. ќ΋Бय़ӧ modulo p ϐΠࢂցԖϡનႽፄ數ύ的 i ΋ኬᅈ

ى i2 =−1 চҁΨ൩ࢂ΋ঁԖ፪的ୢᚒ. аΑှ܌
(
−1
p

)
ϐॶ٣ჴ΢ࢂѸा的.

Euler’s Criterion ᗨฅӧᆉ΋૓的
(

a
p

)
όࡐࢂӳҔ, όၸӧᆉ

(
−1
p

)
൩ࡐӳҔΑ.

Theorem 5.4.1. ଷ೛ p ,፦數ڻࢂ )߾
−1
p

)
=

{
1, ྽ p ≡ 1 (mod 4);
−1, ྽ p ≡−1 (mod 4).

Proof. ճҔ Corollary 5.3.4 )ޕॺך
−1
p

)
≡ (−1)

p−1
2 (mod p).

ऩ p ≡ 1 (mod 4), ҢӸӧ߄ k ∈ N ٬ள p = 4k+ 1, ளࡺ (−1)(p−1)/2 = (−1)2k = 1. ӢԜ

ள᛾

(
−1
p

)
= 1. ऩ p ≡ −1 (mod 4), ҢӸӧ߄ k ∈ N ٬ள p = 4k−1, ளࡺ (−1)(p−1)/2 =

(−1)2k−1 =−1. ӢԜள᛾
(
−1
p

)
=−1. �

ाݙཀҗܭ p ,፦數ڻࢂ ӢԜ p ӧ modulo 4 ϐΠाόฅک 1 ӕᎩाόฅ൩ک −1 ӕᎩ,
а܌ Theorem 5.4.1 ๏Α

(
−1
p

)
ֹ᏾的เਢ. Ϟךࡕॺाޕၰ x2 ≡−1 (mod p) ցԖှࢂ

ਔ, ѝा࣮ p ӧ modulo 4 ϐ௃׎൩ёаޕၰเਢ. ၰޕॺགྷךӵখωٯ x2 ≡ 97 (mod 101)

,ցԖှࢂ җ
(

97
101

)
=

(
−1
101

)
аϷ 101 ≡ 1 (mod 4) ଭ΢ޕၰ x2 ≡ 97 (mod 101) Ԗှࢂ

的.
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5.4.2. ؃
(

2
p

)
. ௗΠٰךॺा௖૸

(
2
p

)
的ڗॶ௃׎. ཮ஒ 2 ፦數ϩ໒૸論ڻ΋૓的ک

的চӢࢂӢࣁ 2 ,୤΋的ଽ፦數ࢂ ,፦數όӕ的ڻکࢂݩރӭࡐ౜ӧ߄ځ ٣ჴ΢ךॺӧ前य़
ς࿶࣮ډ೚ӭӧ 2 的௃کݩ΋૓ڻ፦數Ԗࡐεόӕ的௃ٯ׎ӵ x2 ≡ a (mod 2n) ک x2 ≡ a

(mod pn) ೭ٿᅿ congruence equation .ᄊ൩ֹӄόӕ׎的ှځ

ाҔࢂॺᗋך Euler’s criterion 的ᆒઓٰ؃
(

2
p

)
Զόޔࢂௗ௖૸ x2 ≡ 2 (mod p) Ֆਔ

Ԗှ. ฅԶ Euler’s criterion ٠όૈޔௗ঺Ҕٰ؃
(

2
p

)
, ЬाচӢךࢂॺ೭္的 p ΋૓ࢂ

的ڻ፦數Զόࢂ੝ۓ的ڻ፦數, ՗ीݤаਥҁค܌ 2(p−1)/2 ӧ modulo p ϐΠࣁ 1 ܈ −1. ך
ॺѸ໪௢ᏤрќѦ的Бݤёаᔅշךॺ؃ 2(p−1)/2 ӧ modulo p ϐ௃׎.

Lemma 5.4.2 (Gauss’s Lemma). ଷ೛ p ፦數Ъڻࢂ a ∈ Z ᅈى p - a. Եቾ໣ӝ S =

{a,2a, . . . ,
p−1

2
a}. ऩ S ύӅԖ n ঁϡનځନа p 的Ꭹ數εܭ (p−1)/2, ߾

a
p−1

2 ≡ (−1)n (mod p).

Proof. ॺஒך S ύ的ϡનନа p 的Ꭹ數ϩԋ r1, . . . ,rn Ϸ s1, . . . ,sm ,೽ҽٿ ύځ ri εࢂ

ܭ (p−1)/2 的೽ҽ, Զ s j ܭ฻ܭλ߄ (p−1)/2 的೽ҽ. җܭ S ύ的ϡનࣣᆶ p ϕ፦, ܌
аჹ܌Ԗ的 i ∈ {1, . . . ,n} ک j ∈ {1, . . . ,m} ٩ ri,s j 的ۓကךॺޕӸӧ 1 ≤ ni ≤ (p−1)/2 ٬

ள nia ନа p 的Ꭹ數ࣁ ri Ъ (p+ 1)/2 ≤ ri ≤ p− 1, ќ΋Бय़Ӹӧ 1 ≤ m j ≤ (p− 1)/2 ٬

ள m ja ନа p 的Ꭹ數ࣁ s j Ъ 1 ≤ s j ≤ (p− 1)/2. ाݙཀԜਔ n+m = (p− 1)/2, ౜Եቾ
T = {p− r1, . . . , p− rn,s1, . . . ,sm}, ॺा᛾ܴך T = {1,2, . . . ,(p−1)/2}.

ा᛾ܴ T = {1,2, . . . ,(p− 1)/2}. ॺӃ᛾ܴך T ⊆ {1,2, . . . ,(p− 1)/2}. ฅԶჹҺཀ
的 i ∈ {1, . . . ,n} ॺԖך p− ri ≤ p− (p+ 1)/2 = (p− 1)/2 Ъ p− ri ≥ p− (p− 1) = 1, ޕࡺ
p− ri ∈ {1,2, . . . ,(p−1)/2}. ќ΋Бय़ჹҺཀ j ∈ {1, . . . ,m} ςޕ 1 ≤ s j ≤ (p−1)/2 ள᛾ࡺ

T ⊆ {1,2, . . . ,(p−1)/2}.

ௗΠٰךॺ᛾ܴ p− ri, i ∈ {1, . . . ,n} ک s j, j ∈ {1, . . . ,m} ೭ n+m (ջ (p− 1)/2) ঁ
ϡનࣣ࣬౦, ёள᛾ߡ T = {1,2, . . . ,(p− 1)/2}. ॺा᛾ܴךа܌ (1): 1 ≤ i ̸= i′ ≤ n ਔ,
p− ri ̸= p− ri′ ; (2): 1 ≤ j ̸= j′ ≤ m ਔ, s j ̸= s j′ аϷ (3): ჹҺཀ i ∈ {1, . . . ,n}, j ∈ {1, . . . ,m},
p− ri ̸= s j.

྽ 1 ≤ i ̸= i′ ≤ n ਔ, ऩ p− ri = p− ri′ Ң߄ ri = ri′ , ကջۓ٩ nia ک ni′a ନа p 的Ꭹ數

࣬ӕ, Ψ൩ࢂᇥ nia ≡ ni′a (mod p). ฅԶςଷ೛ a ک p ϕ፦ࡺҗ Corollary 3.2.4 ޕ ni ≡ ni′

(mod p). ՠԜᆶ 1 ≤ ni ̸= ni′ ≤ (p− 1)/2 的ଷ೛ҟ࣯, ள᛾ࡺ p− ri ̸= p− ri′ , ջ (1) ჹࢂ
的. ӕ౛ё᛾ள (2) .ჹ的ࢂ Կܭ (3), ऩ p− ri = s j, Ң߄ ri + s j = p, ёள nia+m ja ≡ 0

(mod p). ӆҗࡺ Corollary 3.2.4 ள ni +m j ≡ 0 (mod p). ฅԶ 1 ≤ ni,m j ≤ (p− 1)/2, ள
2 ≤ ni +m j ≤ p−1, όёૈᅈى p|ni +m j, ள᛾ࡺ p− ri ̸= s j.

ฅࡽ T = {1,2, . . . ,(p−1)/2}, ॺளך

p−1
2

! = (p− r1) · · ·(p− rn) · s1 · · ·sm ≡ (−1)nr1 · · ·rn · s1 · · ·sm (mod p).
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ќ΋Бय़ S = {a,2a, . . . ,
p−1

2
a} ύϡનନа p 的Ꭹ數܌ԋ的໣ӝࣁ {r1, . . . ,rn,s1, . . . ,sm},

ளࡺ

r1 · · ·rn · s1 · · ·sm ≡ a ·2a · · · p−1
2

a =
p−1

2
! ·a

p−1
2 (mod p).

΢Ԅ᏾౛ளک
p−1

2
! ≡ (−1)n p−1

2
! ·a

p−1
2 (mod p).

Ӣࣁ
p−1

2
! ک p ϕ፦, җࡺ Corollary 3.2.4 ޕ

1 ≡ (−1)na
p−1

2 (mod p),

ջ

a
p−1

2 ≡ (−1)n (mod p).

�

ऩ {a,2a, . . . ,
p−1

2
a}ύӅԖ nঁϡનନа p的Ꭹ數εܭ (p−1)/2,߾җ Corollary 5.3.4

аϷ Lemma 5.4.2 ޕ (
a
p

)
≡ a

p−1
2 ≡ (−1)n (mod p).

җࡺ

(
a
p

)
的ڗॶࣁ ±1, ள (

a
p

)
= (−1)n.

Gauss’s Lemma ஒᕷፄ a(p−1)/2 的ीᆉඤԋीᆉ {a,2a, . . . ,
p−1

2
a} ύԖӭϿঁନа p

的Ꭹ數εܭ (p−1)/2, ዴჴஒୢᚒᙁϯΑ. ॺёаճҔѬٰीᆉך
(

2
p

)
.

Theorem 5.4.3. ଷ೛ p ,፦數ڻࢂ )߾
2
p

)
=

{
1, ྽ p ≡±1 (mod 8);
−1, ྽ p ≡±3 (mod 8).

Proof. Եቾ S = {2,2×2, . . . ,
p−1

2
×2}, ॺளך S = {2,4, . . . , p−1}. Ψ൩ࢂᇥ S ύ的ϡ數

ନа p ࣁ࡞ԋ的໣ӝ܌ளᎩ數܌ S, ջλܭ p 的҅ଽ數܌ԋϐ໣ӝ. җܭ p ,數ڻࢂ ॺஒך
ϐϩԋ p ≡±1,±3 (mod 8) Ѥᅿ௃ٰ׎૸論. ࣮࣮ S ύԖӭϿϡનεܭ (p−1)/2.

྽ p = 8k+ 1 (ջ p ≡ 1 (mod 8)) ਔ, (p− 1)/2 = 4k. ӢԜ S ύεܭ (p− 1)/2 的ϡન

ঁ數ջࣁλܭ฻ܭ p− 1 = 8k Ъεܭ 4k 的ଽ數ϐঁ數. ӅԖځޕ (8k− 4k)/2 = 2k. җࡺ
Corollary 5.3.4 аϷ Lemma 5.4.2 )ޕ

2
p

)
= (−1)2k = 1.

྽ p = 8k−1 (ջ p ≡−1 (mod 8)) ਔ, (p−1)/2 = 4k−1. ӢԜ S ύεܭ (p−1)/2 的ϡ

નঁ數ջࣁλܭ฻ܭ p−1 = 8k−2 Ъεܭ 4k−1 的ଽ數ϐঁ數. ӅԖځޕ (8k−2− (4k−
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2))/2 = 2k. җࡺ Corollary 5.3.4 аϷ Lemma 5.4.2 )ޕ
2
p

)
= (−1)2k = 1.

྽ p = 8k+3 (ջ p ≡ 3 (mod 8)) ਔ, (p−1)/2 = 4k+1. ӢԜ S ύεܭ (p−1)/2 的ϡન

ঁ數ջࣁλܭ฻ܭ p−1 = 8k+2 Ъεܭ 4k+1 的ଽ數ϐঁ數. ӅԖځޕ (8k+2−4k)/2 =

2k+1. җࡺ Corollary 5.3.4 аϷ Lemma 5.4.2 )ޕ
2
p

)
= (−1)2k+1 =−1.

྽ p = 8k−3 (ջ p ≡−3 (mod 8)) ਔ, (p−1)/2 = 4k−2. ӢԜ S ύεܭ (p−1)/2 的ϡ

નঁ數ջࣁλܭ฻ܭ p−1 = 8k−4 Ъεܭ 4k−2 的ଽ數ϐঁ數. ӅԖځޕ (8k−4− (4k−
2))/2 = 2k−1. җࡺ Corollary 5.3.4 аϷ Lemma 5.4.2 )ޕ

2
p

)
= (−1)2k−1 =−1.

�

ԖΑ Theorem 5.4.3, ๏ۓ΋ڻ፦數 p, ၰޕ৒ܰࡐॺஒך x2 ≡ 2 (mod p) .ցԖှࢂ ٯ
ӵӢࣁ 101 ≡ 5 ≡−3 (mod ޕࡺ,(8 x2 ≡ 2 (mod 101)คှ. Զ 23 ≡−1 (mod ޕࡺ(8 x2 ≡ 2

(mod 23) Ԗှ. ٣ჴ΢ 52 ≡ 2 (mod 23), ޕࡺ x ≡±5 (mod 23) ࣁ x2 ≡ 2 (mod 23) ϐှ.

5.4.3. ؃
(

q
p

)
. നךࡕॺٰ௖૸ p,q .׎፦數的௃ڻ౦࣬ࣁ ऩ๏ۓΑ p ک q ॺ྽ฅ൩ך

ёаճҔ Gauss’s Lemma ؃
(

q
p

)
, όၸ౜ӧा૸論的ࢂ΋૓的 p ک q, ॺѸ໪Եቾձ的ך

Бݤ.

ӧ Gauss’s Lemma ύךॺሡाᆉр {a,2a, . . . ,
p−1

2
a} ύԖӭϿϡનځନа p 的Ꭹ數ε

ܭ (p−1)/2. ऩঁځ數ࣁ n, ߾
(

a
p

)
= (−1)n. җܭ (−1)n 的ڗॶֹӄܭ،ڗ n ܈數ڻࢂ

ଽ數, ॺ٠όሡᆒዴӦᆉрךа܌ n ,ӭϿࣁ ѝሡዴᇡڻࣁځ數܈ଽ數ջё. аΠךॺஒϟ
ಏ΋ঁղձ n ,ݤଽ的Б܈ڻࣁ όၸҗךܭॺाԵቾ的

(
q
p

)
ύځ q ,፦數ڻࣁ аۭΠ的܌

Бݤύךॺ໻Եቾ a .ݩ數的௃ڻࣁ

.ॺӃϟಏ΋ঁ಄ဦךߡΑБࣁ ๏ۓ΋ჴ數 r, ॺзך [r] ܭ฻ܭҢλ߄ r 的᏾數ύന

ε的᏾數. ӵऩٯ π ,౗ڬ༝߄ ߾ [π] = 3. Ξٯӵ [−5.2] =−6. ाݙཀ྽ m,n ᏾數ਔ҅ࢂ

[m/n] ջࣁ m ନа n 的୘.

Lemma 5.4.4. ๏ۓ΋ڻ፦數 pϷ΋҅ڻ數 aᅈى p - a. ऩз n߄Ң໣ӝ {a,2a, . . . ,
p−1

2
a}

ύନа p Ꭹ數εܭ (p−1)/2 的ϡનঁ數, ߾

n ≡
(p−1)/2

∑
k=1

[
ka
p

]
(mod 2).



5.4. Quadratic Reciprocity Law 69

Proof. ଷ೛ ka ନа p 的Ꭹ數ࣁ r, ॺԖךကۓ٩߾ ka = p[ka/p]+ r. ऩ٩ࡺ Lemma 5.4.2
的᛾ܴךॺஒ {a,2a, · · · , p−1

2
a} ύ的ϡનନа p 的Ꭹ數ϩԋ r1, . . . ,rn Ϸ s1, . . . ,sm ,೽ҽٿ

ύځ ri ܭεࢂ (p−1)/2 的೽ҽ, Զ s j ܭ฻ܭλ߄ (p−1)/2 的೽ҽ, ߾
(p−1)/2

∑
k=1

ka =
(p−1)/2

∑
k=1

p
[

ka
p

]
+

n

∑
i=1

ri +
m

∑
j=1

s j.

җךܭॺ໻ӧЯ܈ڻଽ, аёԵቾ΢Ԅӧ܌ modulo 2 的௃ݩ, ճҔࡺ a ک p 數ڻࣁࣣ (ջ
a ≡ p ≡ 1 (mod 2)) ॺளך

(p−1)/2

∑
k=1

k ≡
(p−1)/2

∑
k=1

[
ka
p

]
+

n

∑
i=1

ri +
m

∑
j=1

s j (mod 2). (5.1)

ќ΋Бय़ӧ Lemma 5.4.2 的᛾ܴύךॺ᛾ள

{p− r1, . . . , p− rn,s1, . . . ,sm}= {1,2, . . . ,(p−1)/2}.

ளࡺ
(p−1)/2

∑
k=1

k =
n

∑
i=1

(p− ri)+
m

∑
j=1

s j = np−
n

∑
i=1

ri +
m

∑
j=1

s j.

ӆճҔ p ≡ 1 (mod 2) ள

(p−1)/2

∑
k=1

k ≡ n−
n

∑
i=1

ri +
m

∑
j=1

s j (mod 2). (5.2)

ӝٳԄη (5.1) ک (5.2) ள᛾

n ≡
(p−1)/2

∑
k=1

[
ka
p

]
+2

n

∑
i=1

ri ≡
(p−1)/2

∑
k=1

[
ka
p

]
(mod 2).

�

ӆ次மፓӧ Lemma 5.4.4 的᛾ܴύךॺҔډ a 數ڻࢂ (ջ a ≡ 1 (mod 2)) 的ଷ೛, а܌

Ԝ่݀໻፾Ҕܭ a ,ݩ數的௃ڻࣁ ί࿤ձҔԜٰݤᆉ
(

2
p

)
.

ճҔ Corollary 5.3.4 аϷ Lemma 5.4.2, Lemma 5.4.4, ፦數ڻ΋ۓ๏ޕॺך p, ाीᆉ
΋ঁ҅ڻ數 a ځ

(
a
p

)
ϐॶ, ॺѝाीᆉך ∑(p−1)/2

k=1 [ka/p] ϐॶջё. ऩځॶࣁ N, )ள߾
a
p

)
=(−1)N ӵा؃ٯ.

(
5

11

)
ॺѝाीᆉך, [5/11]+[10/11]+[15/11]+[20/11]+[25/11].

ᆉрځॶࣁ 4, ޕࡺ
(

5
11

)
= (−1)4 = 1.

ௗ๱ךॺाճҔ Lemma 5.4.4 ٰीᆉ
(

q
p

)
. ৒ܰ౛ှᆉࡐ

(
q
p

)
όЗک p ԖᜢΨک

q Ԗᜢ, ॺा௖૸ךа܌
(

q
p

)
ک

(
p
q

)
的ᜢ߯. җܭ p,q ,፦數ڻࣁࣣ ॺ೿ёаճҔך

Lemma 5.4.4 ٰीᆉ
(

q
p

)
ک

(
p
q

)
. ӢԜךॺा௖૸ ∑(p−1)/2

k=1 [kq/p] ک ∑(q−1)/2
l=1 [l p/q] ϐ໔

的ᜢ߯.
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ӧ௖૸Ԝୢᚒ前, ٰ࣮ࡋفॺӆவќ΋ঁך [r] ೭ঁ᏾數. ྽ r ,的ჴ數ਔ҅ࢂ [r] ϐ

ॶ൩܌ࢂԖᅈى 0 ≤ n ≤ r 的҅᏾數 n 的ঁ數. ӧ֤኱ xy-ѳय़΢, ॺᆀך x-ືϷ y-ື֤
኱ࣣ҅ࣁ᏾數的ᗺࣁ “҅਱ηᗺ”. ٩Ԝ࣮ݤ, ྽ k ,᏾數ਔ҅ࢂ [kq/p] ϐॶ൩ޔࢂጕ x = k

ӧ 0 ≤ y ≤ kq/p ϐ໔的҅਱ηᗺঁ數. Զ྽ l ,᏾數ਔ҅ࢂ [l p/q] ϐॶ൩ޔࢂጕ y = l ӧ

0 ≤ x ≤ l p/q ϐ໔的҅਱ηᗺঁ數. ճҔ೭ᅿᢀᗺ, .ॺԖаΠϐ่݀ך

Lemma 5.4.5. ଷ೛ p ک q .፦數ڻ౦࣬ࣁ ߾
(p−1)/2

∑
k=1

[
kq
p

]
+

(q−1)/2

∑
l=1

[
l p
q

]
=

p−1
2

q−1
2

.

Proof. ӧ xy-ѳय़΢, Եቾа (0,0), (p/2,0), (p/2,q/2) аϷ (0,q/2) Ѥᗺࣁഗᗺ的ߏБ׎

୔ୱ T , ٠аޔጕ L : y = (q/p)x ஒԜ୔ୱϩԋ T1 ک T2 .೽ҽٿ ύځ T1 ጕޔ߄ L ΠБ的೽

ҽ, Զ T2 ጕޔ߄ L ΢Б的೽ҽ, ӵΠკ.

-

6 L : y = (q/p)x

(p/2,0)

(p/2,q/2)(0,q/2)

(k,0)

(0, l)
T1

T2

ӧ T ύ的Һཀ҅਱ηᗺ (m,n), ىကሡᅈۓ٩ m,n ∈ N Ъ 0 ≤ m ≤ p/2 Ϸ 0 ≤ n ≤ q/2.
ӢԜҗ p,q ӧޕ數ڻࣁ T ύ的҅਱ηᗺঁ數ࣁ

p−1
2

q−1
2

.

ќ΋Бय़ӧ T1 ύ的҅਱ηᗺ (k,s),ۓ٩ကሡᅈى k,s ∈NЪ 0 ≤ k ≤ p/2Ϸ 0 ≤ s ≤ kq/p.
Ψ൩ࢂᇥ k ∈ N ሡᅈى 1 ≤ k ≤ (p−1)/2, Ъ๏ۓ k, ߾ 0 ≤ s ≤ kq/p. ඤѡ၉ᇥाीᆉӧ T1

ύ的਱ηᗺ,฻ܭӧीᆉ๏ۓ k ∈NЪ 1 ≤ k ≤ (p−1)/2ਔ཮ԖӭϿ s ∈Nᅈى 0 ≤ s ≤ kq/p,
ӆஒ܌Ԗ k .ᆉளϐ่݀уଆٰ܌ ฅԶჹҺཀ的҅᏾數 k ಄ӝ 0 ≤ s ≤ kq/p 的҅᏾數 s 的

ঁ數ࣁ [kq/p]. аӧ܌ T1 ύ的҅਱ηᗺ數ࣁ ∑(p−1)/2
k=1 [kq/p]. ӕ౛ӧ T2 ύ的҅਱ηᗺ數ࣁ

∑(q−1)/2
l=1 [l p/q].

ӧ T1 ک T2 的Ҭࣚ, ջᅈى y = (q/p)x Ъ 0 ≤ x ≤ p/2 的ጕࢤ΢཮ό཮Ԗ҅਱ηᗺګ?
ऩ (m,n) ,΢ϐ΃҅਱ηᗺځࣁ ॺԖך߾ pn = qm Ъ 1 ≤ m ≤ (p−1)/2. ฅԶҗ pn = qm ё

ள p|qm, ӆӢ p,q җࡺ౦፦數࣬ࣁ Proposition 1.2.6(1) ޕ p|m, Ԝک 1 ≤ m ≤ (p−1)/2 ࣬

ҟ࣯. ӧޕࡺ T1 ک T2 Ҭࣚ的ጕࢤ΢ค҅਱ηᗺ. ӢԜӧ T1 ک T2 ΢的҅਱ηᗺ數ϐࣁ࡞ک
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ӧ T ΢的҅਱ηᗺ數, ள᛾ࡺ
(p−1)/2

∑
k=1

[
kq
p

]
+

(q−1)/2

∑
l=1

[
l p
q

]
=

p−1
2

q−1
2

.

�

྽ p,q ,፦數ڻ౦࣬ࣁ ऩ M = ∑(p−1)/2
k=1 [kq/p] Ъ N = ∑(q−1)/2

l=1 [l p/q] җ Lemma 5.4.4 )ޕ
q
p

)
= (−1)M Ъ

(
p
q

)
= (−1)N . Զ Lemma 5.4.5 ֋ນךॺ M+N = (p−1)(q−1)/4, )ளࡺ

q
p

)(
p
q

)
= (−1)M+N = (−1)

p−1
2

q−1
2 .

ӢԜךॺԖаΠϐ่݀.

Theorem 5.4.6 (Quadratic Reciprocity Law). ଷ೛ p ک q .፦數ڻ౦࣬ࣁ ߾

(
q
p

)
=


−
(

p
q

)
, ऩ p ≡ q ≡−1 (mod 4);(

p
q

)
, .׎д௃ځ

Proof. җܭ p,q ,數ڻࣁࣣ ॺ٩ך p ≡±1 (mod 4) аϷ q ≡±1 (mod 4) Ѥᅿ௃ٰ׎૸論.

ଷ೛ p= 4k−1Ъ q= 4k′−1ځύ k,k′ ∈N (ջ p≡ q≡−1 (mod 4)). ߾ (p−1)/2= 2k−1

Ъ (q−1)/2 = 2k′−1, )ளࡺ
q
p

)(
p
q

)
= (−1)(2k−1)(2k′−1) =−1.

Ψ൩ࢂᇥ

(
q
p

)
=−

(
p
q

)
.

ഭΠ的௃ࣁݩ p ک q ύԿϿԖ΋ঁӧ modulo 4 ϐࡕᎩ 1. όѨ΋૓܄൩ଷ೛ p ≡ 1

(mod 4). Ԝਔ p = 4k+1, ύځ k ∈ N, ளࡺ (p−1)/2 = 2k. Զ (q−1)/2 Ѹࣁ᏾數ޕࡺ(
q
p

)(
p
q

)
= (−1)(2k) q−1

2 = 1
q−1

2 = 1.

Ψ൩ࢂᇥ

(
q
p

)
=

(
p
q

)
. �

ाݙཀ Theorem 5.4.6 ाӧ p,q ,፦數ਔω፾Ҕڻ౦࣬ࣁ ց߾ऩ q όڻࢂ፦數,
(

p
q

)
೭ঁ಄ဦؒࢂԖۓက的. ᗨฅ Theorem 5.4.6 ٠ؒԖܴዴ֋ນךॺ

(
q
p

)
ϐॶࣁՖ, ՠ

ёճҔࢂ

(
p
q

)
ϐॶٰ؃ள

(
q
p

)
. ΋૓ٰᇥஒ

(
q
p

)
的ୢᚒϸᙯԋ

(
p
q

)
的ୢᚒ൩Ⴝ

ᗅᙯ࣬ନݤ΋ኬ, ёаזೲ的ஒୢᚒᙁϯ. ೭ࢂӢࣁ΋૓ٰᇥճҔ Lemma 5.3.2(2), ा

؃

(
q
p

)
ਔ, ёଷ೛ q < p, а΋ϸᙯԋ܌

(
p
q

)
ਔךॺςஒ΋ঁ modulo Кၨε的 p 的

ୢᚒᙁϯԋ΋ঁ modulo Кၨλ的 q 的ୢᚒ. ӵ؃ٯ
(

7
101

)
, җܭ 101 ≡ 1 (mod 4), ࡺ

ள

(
7

101

)
=

(
101
7

)
. аଭ΢ஒ܌ modulo 101 的ୢᚒᙯԋ modulo 7 的ୢᚒ, Ծฅᡂள
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ᙁൂ. ٣ჴ΢
(

101
7

)
=

(
3
7

)
, ёଭ΢ᡍ᛾ޕ

(
3
7

)
= −1 ӆҔ΋次܈) Theorem 5.4.6 ள(

3
7

)
=−

(
7
3

)
=−

(
1
3

)
=−1). ޕаள܌

(
7

101

)
=−1. ᕴԶ言ϐ, ჹܭ΋૓的࣬౦ڻ፦

數 p,q, җݤॺؒԖᒤך p ک q ଭ΢ளޕ
(

q
p

)
ϐॶ. ՠࢂճҔ Theorem 5.4.6, ॺёаך

.ॶځೲ的ஒୢᚒϯᙁԶ؃рזࡐ നךࡕॺٰ࣮΋ঁٯη᏾ӝ೭΋࿯ύᏢډ的Бݤ.

Example 5.4.7. Եቾ二次 congruence equation x2 ≡ 539 (mod 631) .ցԖှࢂ ाݙཀऩ
ाҔ Legendre symbol ೀ౛, २Ӄाᔠࢗ 631 .፦數ࣁցࢂ ݤॺёаճҔᑔך (Proposition
1.4.6) ᔠࢗλܭ

√
631 的፦數ࢂցё᏾ନ 631. җܭλᎩ 25 的፦數ࣣόૈ᏾ନ 631, а܌

Proposition 1.4.6 ֋ນךॺ 631 .፦數ࢂ ӢԜךॺ൩ࢂाीᆉ
(

539
631

)
ϐॶ. җܭ 539 ک

631 ሥ߈, ॺճҔך 539 ≡−92 (mod 631) аϷ Lemma 5.3.2(2) ޕ
(

539
631

)
=

(
−92
631

)
ௗ๱

ஒ 92 բ፦Ӣ數ϩှள 92 = 22 ×23. ճҔࡺ Proposition 5.3.5 )ޕ
539
631

)
=

(
−92
631

)
=

(
−1
631

)(
4

631

)(
23

631

)
.

җܭ 631 ≡ 3 ≡−1 (mod 4), җࡺ Theorem 5.4.1 ޕ
(

−1
631

)
=−1. Զ 4 = 22, җࡺ Lemma

5.3.2(1) ޕ
(

4
631

)
= 1, ӢԜள

(
539
631

)
= −

(
23
631

)
. җܭ 631 ≡ 23 ≡ 3 (mod 4), җࡺ

Theorem 5.4.6 ޕ
(

23
631

)
=−

(
631
23

)
. Ξҗ 631 ≡ 10 (mod 23) ӢԜޕ(

539
631

)
=−

(
23

631

)
=

(
631
23

)
=

(
10
23

)
=

(
2

23

)(
5

23

)
.

Ӣࣁ 23 ≡ 7 ≡ −1 (mod 8), җࡺ Theorem 5.4.3 ޕ
(

2
23

)
= 1. ΞӢ 5 ≡ 1 (mod 4), җࡺ

Theorem 5.4.6 ޕ
(

5
23

)
=

(
23
5

)
. ӢԜள

(
539
631

)
=

(
2

23

)(
5

23

)
=

(
23
5

)
. ӆҗ 23 ≡ 3

(mod 5) аϷ 5 ≡ 1 (mod 4) ޕ
(

23
5

)
=

(
3
5

)
=

(
5
3

)
=

(
2
3

)
. ޕа܌

(
539
631

)
=

(
2
3

)
=

−1. Ψ൩ࢂᇥ x2 ≡ 539 (mod 631) คှ.

྽ฅΑ྽߃ऩ࣮р 539 = 72 ×11, ଭ΢ள߾
(

539
631

)
=

(
72

631

)(
11
631

)
=

(
11

631

)
. ӆӢ

631 ≡ 11 ≡ 3 (mod 4) аϷ 631 ≡ 4 (mod 11) )ޕ
539
631

)
=

(
11

631

)
=−

(
631
11

)
=−

(
4
11

)
=−1.

ѝा๓ҔݤаόᆅҔবᅿ࣮܌ Legendre symbolЪ҅ዴӦ٬Ҕ quadratic reciprocity law (૶
ளѝԖڻ፦數ωૈ࿼ܭ Legendre symbol 的ΠБ), ೲЪ҅ዴ的؃рזૈߡ Legendre symbol
ϐॶ.


