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Chapter 6

Primitive Roots

๏ۓ m∈N,ऩӸӧ a∈Z٬ள {a,a2, . . . ,aϕ(m)}ԋࣁঁ reduced residue system modulo
m, ᆀ߾ a ࢂ modulo m ϐΠޑ primitive root. Primitive roots ॺှଯԛךёаᔅշۺཷޑ
ޑ congruence equation. ӧҁകύךॺஒ Primitive Root Theorem, ջΑှ࡛ኬ҅ޑ
數 m ٬ளӧ modulo m ϐΠԖ primitive root. ٠٩Ԝٰှଯԛޑ congruence equation.

6.1. Order ᆶ Primitive Roots

๏ۓ m ∈ N аϷ a ∈ Z, ӵՖղձޕॺςך x2 ≡ a (mod m) Ԗှ܈คှ, Զ primitive
root .ှډפॺךёаᔅշۺཷޑ

Եቾ x2 ≡ 5 (mod 11). ճҔ quadratic reciprocity lawךॺޕ
(

5
11

)
=

(
11
5

)
=

(
1
5

)
=

1, ޕࡺ x2 ≡ 5 (mod 11) Ԗှ. ฅԶှࣁՖګ? ॺёаճҔך 2 ӧ modulo 11 ϐΠԖ܄ޑ

፦ᔅշךॺှפ. Πࣁ߄ 2n ӧ modulo 11 .ޑ

n 1 2 3 4 5 6 7 8 9 10
2n (mod 11) 2 4 8 5 10 9 7 3 6 1

ॺวಃΒՉך (ջ an ٗՉ) ύ೭ 10 (= ϕ(11)) ঁ數ӧ modulo 11 ϐΠࣣ࣬౦, ԶЪӢ 2

ک 11 ϕ፦܌аԾฅ 2n ک 11 ϕ፦, ӢԜҗ reduced residue system ޕကۓޑ {2,22, . . . ,210}
ঁࢂ reduced residue system modulo 11. ೭жޑ߄ཀကکঁࢂ 11 ϕ፦ޑ數 a, ёа
ډפ 1 ≤ n ≤ 10 ٬ள a ≡ 2n (mod 11). ќБय़ךॺஒ n ӈډ 10 ࣁӢࢂচӢޑ 210 ≡ 1

(mod 11), ӵ݀ m = 10k+ i ύځ 0 ≤ i ≤ 9, ߾ 2m ≡ 2i (mod 11). Ψ൩ࢂ 10 ԛБൻᕉ,
аӈр܌ 10 ԛ൩Α. Ξҗܭςޕ 1 ≤ i ̸= j ≤ 10 ਔ, 2i ̸≡ 2 j (mod 11), ޕॺך 2i ≡ 2 j

(mod 11) ऩЪऩ i ≡ j (mod 10). ่ӝ೭٤่݀ёаᔅշךॺှ x2 ≡ 5 (mod 11). চӢ
ӵΠ: ଷ x = c ,ှࢂ җܭ 5 ک 11 ϕ፦, ޕࡺ c ک 11 ϕ፦. ӢԜޕӸӧ t ∈ N ٬ள
c ≡ 2t (mod 11). ฅԶ 5 ≡ 24 (mod 11), җࡺ 22t ≡ c2 ≡ 5 ≡ 24 (mod 11)ள 2t ≡ 4 (mod 10).
ޑஒှΒԛޑѯ֮ࡐॺך x2 ≡ 5 (mod 11) ᙯϯԋှԛޑ 2t ≡ 4 (mod 10) ཀݙ) modulo
όӕޑ數). ճҔࡺ Proposition 4.2.1 ှள t ≡ 2 (mod 5), Ψ൩ࢂᇥ t = 2,7, . . . ࣁ 2t ≡ 4
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74 6. Primitive Roots

(mod 10) ϐှ. ஒϐжӣ c = 2t , ள c ≡ 4,7 (mod 11). ޕࡺ x ≡ ±4 (mod 11) ࣁ x2 ≡ 5

(mod 11) ϐှ.

ё٩ԜှݤΒԛ congruence equation ᘜфܭӧ modulo 11 ϐΠ {2,22, . . . ,211} ࢂ
reduced residue system. ाݙཀ٠όࢂ 2 ҉ᇻԖԜ܄. ӵٯ 23 ≡ 1 (mod 7), а܌
{2,22, . . . ,26} ӧ modulo 7 ϐΠ٠όࢂ reduced residue system. ϡન๏ޑ܄ॺஒԖԜך
ঁޑۓӜη.

Definition 6.1.1. ๏ۓ m ∈ N, ऩ a ∈ Z Ъᆶ m ϕ፦ᅈى {a,a2, . . . ,aϕ(m)} ঁࢂ reduced
residue system modulo m, ᆀ߾ a ࣁ modulo m ϐΠޑঁ primitive root.

ाݙཀ٠όࢂჹ܌Ԗޑ m ࣣԖ primitive root. ӵӧٯ modulo 15 ϐΠ, کԖ܌ 15 ϕ፦

數ޑ a ࣣԖ a4 ≡ 1 (mod 15), аΞӢ܌ aϕ(15) = a8 ≡ 1 (mod 15) ޕ {a,a2,a3,a4, . . . ,a8} ό
ёૈԋ reduced residue system modulo 15. Ψ൩ࢂᇥӧ modulo 15 ϐΠ٠ค primitive
root. ाব٤ࢂ൩ޑҞޑॺനЬाך m ∈ N ӧ modulo m ϐΠԖ primitive root.

२ӃךॺѸΑှ࡛ኬޑ a ӧ modulo m ϐΠࢂ primitive root. җܭ

S = {a,a2, . . . ,aϕ(m)}

ࢂ reduced residue system modulo m, аऩ܌ 1 ≤ i ̸= j ≤ ϕ(m), ߾ ai ̸≡ a j (mod m). ց߾ S

ӧ modulo m ϐΠԖϿܭ ϕ(m) ঁӕᎩᜪ, คݤԋ reduced residue system modulo m.
ฅԶ a ک m ϕ፦, Euler’s Theorem (3.3.2) ນךॺ aϕ(m) ≡ 1 (mod m), а܌ a ӧ modulo
m ϐΠࢂ primitive root ऩࢂӃ،చҹޑ 1 ≤ i ≤ ϕ(m)−1, ߾ ai ̸≡ 1 (mod m) (ց߾ԋ
1 ≤ i < ϕ(m) Ъ ai ≡ aϕ(m) (mod m) .(ҟ࣯ޑ Ψ൩ࢂᇥᅈى an ≡ 1 (mod m) നλ҅數ޑ n

ࣁ n = ϕ(m). ӢԜ๏ۓ a ∈ Z Ъ gcd(a,m) = 1, നλ҅ޑ數 n ᅈى an ≡ 1 (mod m) ,Ֆࣁ
ղᘐࢂ a ӧ modulo m ϐΠࢂցࣁ primitive root .ख़ा٩Ᏽޑ .ကۓॺԾฅԖаΠϐך

Definition 6.1.2. ๏ۓ m ∈ N аϷ a ∈ Z ᅈى gcd(a,m) = 1. ऩ n ∈ N 數ᅈ҅ޑനλࢂ
ى an ≡ 1 (mod m), ᆀ߾ n ࣁ a ӧ modulo m ϐΠޑ order, ٠а ordm(a) = n .ϐ߄

ाݙཀҗܭ gcd(a,m) = 1, Euler’s Theorem ນךॺ aϕ(m) ≡ 1 (mod m), а܌ ordm(a)

ѸӸӧЪۓ٩ကޕ ordm(a)≤ ϕ(m). २Ӄךॺٰ࣮ۓ٩ကଭёளϐ܄፦.

Lemma 6.1.3. ๏ۓ m ∈ N аϷ a ∈ Z ᅈى gcd(a,m) = 1.

(1) ऩ a ≡ b (mod m) ߾ ordm(a) = ordm(b).

(2) ordm(a) = 1 ऩЪऩ a ≡ 1 (mod m).

Proof. (1) ऩ a ≡ b (mod m), ჹҺཀޕ i ∈ N ࣣԖ ai ≡ bi (mod m), ऩࡺ n ޑനλࢂ

҅數٬ள an ≡ 1 (mod m), ߾ n Ψࢂനλ҅ޑ數٬ள bn ≡ 1 (mod m). ӢԜޕ
ordm(a) = ordm(b).

(2) ऩ ordm(a) = 1, Ң߄ a1 ≡ 1 (mod m), ளࡺ a ≡ 1 (mod m). ϸϐ, ऩ a ≡ 1 (mod m),
ฅ n = 1 數٬ள҅ޑനλࢂ an ≡ 1 (mod m), ޕࡺ ordm(a) = 1. �
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ჴځ order ,ကᜪ՟ۓޑനεϦӢ數کကۓޑ ॺाᇥך ordm(a) = n ܭाᇥٿҹ٣:

(1) an ≡ 1 (mod m).

(2) ऩ 1 ≤ i ≤ n−1, ߾ ai ̸≡ 1 (mod m).

ाՐ೭ٿҹ٣લόёωૈߥ ordm(a) = n. ௗΠٰךॺ൩ٰ࣮٩Ԝٿᗺёள ordm(a)

.፦܄ޑ

Proposition 6.1.4. ๏ۓ m ∈NаϷ a ∈Zᅈى gcd(a,m) = 1. ଷ ordm(a) = n. ߾ ak ≡ 1

(mod m) ऩЪऩ n|k.

Proof. ଷ ak ≡ 1 (mod m). ճҔ Division Algorithm (Theorem 1.2.1) Ӹӧޕ h,r ∈ Z ᅈ
ى k = nh+ r, ύځ 0 ≤ r ≤ n−1. җ an ≡ 1 (mod m) ޕ ak = anh+r = (an)har ≡ ar (mod m).
ଷ r ̸= 0 (ջ 1 ≤ r ≤ n−1), җ߾ ak ≡ 1 (mod m) ϐଷޕ ar ≡ 1 (mod m). Ԝک n ࢂ

നλ҅ޑ數ᅈى an ≡ 1 (mod m) ࣬ၴङ, ޕࡺ r = 0, ջ n|k.

ϸϐऩ n|k, ջӸӧ h ∈ Z ᅈى k = nh, ளࡺ ak = anh = (an)h ≡ 1 (mod m). �

ऩ a ک m ϕ፦, Euler’s Theorem ນךॺ aϕ(m) ≡ 1 (mod 1), җࡺ Proposition 6.1.4
ޕ ordm(a)|ϕ(m), ೭Кךॺ前य़ۓ٩ကޕ ordm(a)≤ ϕ(m) ӳӭΑ. ӕኬޑ, ճҔ Proposition
6.1.4, ۓБԄٰղޑӳ׳ॺёаԖך ordm(a) ϐॶ.

Corollary 6.1.5. ๏ۓ m ∈ N аϷ a ∈ Z ᅈى gcd(a,m) = 1. ߾ ordm(a) = n ऩЪऩ n

ᅈىаΠٿచҹ:

(1) an ≡ 1 (mod m).

(2) ऩ ak ≡ 1 (mod m), ߾ n|k.

Proof. ऩ ordm(a) = n, ԾฅԖ߾ an ≡ 1 (mod m), ӆճҔ Proposition 6.1.4 ,ޕ ऩ ak ≡ 1

(mod m), ߾ n|k.

ϸϐऩ n ᅈى (1),(2) ,ٿ ॺाܴך ordm(a) = n. җܭ (1) ςޕ an ≡ 1 (mod m), ࡺ
ഭाܴऩ 1 ≤ i ≤ n−1, ߾ ai ̸≡ 1 (mod m). ,ݤॺҔϸך ଷ ai ≡ 1 (mod m), җ߾
(2) ޕ n|i. Ԝک 1 ≤ i ≤ n−1 ࣬ҟ࣯, ޕࡺ ai ̸≡ 1 (mod m). Ψ൩ࢂᇥ ordm(a) = n. �

Corollary 6.1.5 ޑ (2) ஒ ordm(a) = n চҁ߄നλ҅ޑ數ᅈى an ≡ 1 (mod m) ፦܄ޑ

ᙯඤԋ࣮՟׳ம܄ޑ፦ (൩ӵӕ߃চҁനεϦӢ數ࢂനεޑϦӢ數ёᙯඤԋ܌ࣁԖޑϦ
Ӣ數ޑ७數೭ኬ܄ޑ፦) ӧаࡕԖᜢ order .ᔅշޑεࡐ論ᏤύԖޑ

ीᆉ order ၰޕॺёаךࢂচӢޑќঁख़ाޑ ai ӧ modulo m ϐΠຼޑය.

Proposition 6.1.6. ๏ۓ m ∈NаϷ a ∈Zᅈى gcd(a,m) = 1. ଷ ordm(a) = nЪ i, j ∈N.
߾ ai ≡ a j (mod m) ऩЪऩ i ≡ j (mod n).

Proof. ଷ ai ≡ a j (mod m), όѨך܄ॺΨଷ i ≥ j, Ԝਔ ai −a j = a j(ai− j −1). ճ
Ҕ m|ai −a j аϷ m ک a j ϕ፦ (Ӣ m ک a ϕ፦), Proposition 1.2.6 ນךॺ m|ai− j −1, ջ
ai− j ≡ 1 (mod m). ճҔࡺ ordm(a) = n аϷ Proposition 6.1.4 ޕ n|i− j, ҭջ i ≡ j (mod n).
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ϸϐ, ऩ i ≡ j (mod n), όѨך܄ॺଷ i ≥ j, Ԗ߾ n|i− j. ӆճҔࡺ Proposition
6.1.4 ޕ ai− j ≡ 1 (mod m). ᜐ४ٿ a j ӢԜԖ ai = a jai− j ≡ a j (mod m). �

ऩ ordm(a) = n, Proposition 6.1.6 όѝນךॺ a,a2, . . . ,ai, . . . ӧ modulo m ϐΠຼޑ

යࣁ n (ջ႖ n ঁ i, ai ԋൻᕉ) ԶЪນךॺ, a,a2, . . . ,an ӧ modulo m ϐΠࣣ࣬

౦. ց߾ऩӸӧ 1 ≤ j < i ≤ n ٬ள ai ≡ a j (mod m), ёள n|i− j Զᆶ 0 < i− j < n− 1 ࣬

ҟ࣯. ٩ԜךॺёаዴۓёаҔ ordm(a) ϐॶٰղۓ a ӧ modulo m ϐΠࢂցࣁ primitive
root.

Corollary 6.1.7. ๏ۓ m ∈ N аϷ a ∈ Z ᅈى gcd(a,m) = 1. ߾ ordm(a) = ϕ(m) ऩЪऩ

a ӧ modulo m ϐΠࢂঁ primitive root.

Proof. ଷ a ࢂ modulo m ϐΠޑঁ primitive root. җܭ a,a2, . . . ,aϕ(m) ӧ modulo m

ϐΠࣣόӕᎩ, ऩޕࡺ 1 ≤ i ≤ ϕ(m), ߾ ai ̸≡ aϕ(m) (mod m). Ξҗܭ Euler’s Theorem ޕ
aϕ(m) ≡ 1 (mod m), ޕࡺ ordm(a) = ϕ(m).

ϸϐ, ଷ ordm(a) = ϕ(m), җ Proposition ऩޕ6.1.6 ai ≡ a j (mod m), ߾ ϕ(m)|i− j. Ӣ
Ԝ a,a2, . . . ,aϕ(m) ӧ modulo m ϐΠࣣόӕᎩ. Ξҗܭ a ک m ϕ፦, ޕ ai ࣣᆶ m ϕ፦, ࡺ
{a,a2, . . . ,aϕ(m)} ঁࢂ reduced residue system modulo m, Ψ൩ࢂᇥ a ӧ modulo m ϐΠ

ঁࢂ primitive root. �

ऩςޕ a ӧ modulo m ޑ order, ჹҺཀ߾ i ∈ N, ճҔ Corollary 6.1.5 ॺёᆉрך ai

ӧ modulo m ϐΠޑ order.

Proposition 6.1.8. ๏ۓ m ∈ N аϷ a ∈ Z ᅈى gcd(a,m) = 1. ऩ ordm(a) = n, Һܭჹ߾
ཀ҅ޑ數 i,

ordm(ai) =
n

gcd(i,n)
.

Proof. ,ߡΑБࣁ ॺзך d = gcd(i,n). టܴ ordm(ai) = n/d, २Ӄளܴ (ai)n/d ≡ 1

(mod m). ٣ჴӢࣁ d ࢂ i ,Ӣ數ޑ i/d .數ঁࢂ ӆуҗଷ ordm(a) = n, ࡺ an ≡ 1

(mod m). аёள܌

(ai)n/d = (an)i/d ≡ 1 (mod m).

ௗΠٰךॺܴ, ऩ (ai)k ≡ 1 (mod m) ߾ (n/d) |k ـୖ) Corollary 6.1.5(2)). ऩ
(ai)k ≡ 1 (mod m), ջ aki ≡ 1 (mod m). җࡺ Proposition 6.1.4, ॺёளך n |ki. ՠӢ d ࢂ n

ک i .നεϦӢ數ޑ ॺԖך n/d ک i/d .數Ъϕ፦ࣁࣣ җࡺ n |ki ёள (n/d) |k(i/d). ӆҗ
n/d ک i/d ϕ፦, ள (n/d) |k. �

җ Proposition 6.1.8, ޕॺך ordm(ai) ନ ordm(a) ԶЪ ordm(ai) = ordm(a) ऩЪऩ

gcd(i,ordm(a)) = 1. ӢԜӧ modulo m ϐΠ primitive root ऩӸӧ, ӧޕॺёך߾ modulo
m ϐΠԖӭϿঁ primitive roots.
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Corollary 6.1.9. ๏ۓ m∈NаϷ a∈Zᅈى gcd(a,m)= 1. ऩ ordm(a)= n,߾ {a,a2, . . . ,an}
ύӅԖ ϕ(n)ঁϡનځӧ modulo mϐΠޑ orderࣁ n. ձӦ,ऩӧ modulo mϐΠ primitive
root ,ޑӸӧࢂ ӧ߾ modulo m ϐΠӅԖ ϕ(ϕ(m)) ঁ primitive roots.

Proof. ςޕ ordm(a) = n, җ Proposition 6.1.8 ޕ ordm(ai) = n ऩЪऩ gcd(n, i) = 1. Ξҗ
ܭ a,a2, . . . ,an ӧ modulo m ϐΠࣣ࣬౦, ࡺ {a,a2, . . . ,an} ύӧ modulo m ϐΠ order ࣁ n

کܭϡનঁ數ޑ n ϕ፦Ъλܭ n ,數ঁޑ數҅ޑ ࣁԜ數ޕကۓ٩ ϕ(n).

ଷӧ modulo m ϐΠԖ primitive root Ъ a ঁࣁ primitive root. ޕࡺ ordm(a) =

ϕ(m) Ъ܌Ԗک m ϕ፦ޑ數ӧ modulo m ϐΠࣣک S = {a,a2, . . . ,aϕ(m)} ύঁࢌϡનӕ
Ꭹ. аӧ܌ modulo m ϐΠ܌Ԗޑ primitive root ࣣёӧ S ύډפ. ฅԶҗ前ޕ S ύӅ

Ԗ ϕ(ϕ(m)) ঁϡનځӧ modulo m ϐΠޑ order ࣁ ϕ(m), Ъ Corollary 6.1.7 ນךॺӧ
modulo m ϐΠѝԖ೭٤ϡનࣁ primitive root. ӧޕࡺ modulo m ϐΠӅԖ ϕ(ϕ(m)) ঁ

primitive roots. �

6.2. ؒԖ Primitive Root ݩޑ

ॺஒԖব٤ך m ӧ modulo m ϐΠؒԖ primitive root.

ଽ፦數ޑॺϝฅவך 2 рว. ӧ modulo 2 ϐΠ ϕ(2) = 1, ԶҺՖڻޑ數ӧ modulo
2 ϐΠࣣᎩ 1, ࣁ數ࣣڻޑԖ܌ࡺ primitive root. ӧ modulo 4 ਔ, {1,3} ঁࢂ reduced
residue system modulo 4, Զ 31 ̸≡ 1 (mod 4) Ъ 32 ≡ 1 (mod 4) ளࡺ ord4(3) = 2 = ϕ(4), ࡺ
ޕ 3ӧ modulo 4ϐΠࢂ primitive root. ٣ჴऩ a ∈Zᅈى a ≡ 3 (mod ߾(4 aӧ modulo
4 ϐΠࣁ primitive root.

ௗךॺٰ࣮ 8 , җܭ {1,3,5,7} ঁࢂ reduced residue system modulo 8, ך
ॺٰ࣮࣮Ѭॺӧ modulo 8 ϐΠϐ order .Ֆࣁ ޑᡉܴࡐ ord8(1) = 1 ЪӢࣁ 7 ≡ −1

(mod 8), ޕࡺ ord8(7) = 2. ќѦ 31 ≡ 3 (mod 8) Ъ 32 ≡ 1 (mod 8), ޕࡺ ord8(3) = 2. ӕ
ள ord8(5) = 2. җ܌ܭԖک 8 ϕ፦ޑ數ӧ modulo 8 ϐΠѸک 1,3,5,7 ύࢌ數ӕᎩ, ӢԜ
җ Lemma 6.1.3(1) کԖঁؒޕ 8 ϕ፦ޑ數ځӧ modulo 8 ϐΠޑ order ࣁ ϕ(8) = 4. ࡺ
ӧޕ modulo 8 ϐΠؒԖ primitive root.

ډεৎ࣮܈ modulo 8 ϐΠؒԖ primitive root ሶӧٗࣁԾฅᇡࡐ modulo 16 ϐ

ΠΨؒԖ primitive root. ٣ჴ೭ҹ٣٠όૈޔௗҔ order .ډကளۓޑ Ψ൩ࢂᇥऩςޕ
ord8(a) = n ٠όૈޔௗҔ order ፦р܄ޑ ord16(a) ϐॶ. ഗӭךॺޕၰऩ ord16(a) = n′,
җ߾ an′ ≡ 1 (mod 16) ёޕ an′ ≡ 1 (mod 8), ճҔࡺ Proposition 6.1.4 ள n|n′. ՠךॺ٠ό
ૈҗԜаϷ n < ϕ(8) р n′ < ϕ(16). аाрӧ܌ modulo 16 Կࣗ܈ modulo 2n, n > 3

ਔؒԖ primitive root, .ޑሡाӭΠфϻࢂ ӧ前य़ךॺςᆉрჹҺཀڻ數 a, ࣣᅈى a2 ≡ 1

(mod 23). .раΠ่݀ݤॺाҔᘜયך

Lemma 6.2.1. ଷ a ,數ڻࣁ ჹҺཀ߾ n ∈ N ࣣԖ a2n ≡ 1 (mod 2n+2).
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Proof. ޕॺςך n = 1 ਔ೭ࢂჹޑ. ଷ n = k ਔࣣԖ a2k ≡ 1 (mod 2k+2), ॺाך
ܴ n = k+1 ਔҭԋҥ. ٩ଷךॺޕӸӧ b ∈ Z ٬ள a2k

= 1+2k+2b. ࡺ

a2k+1
= (a2k

)2 = (1+2k+2b)2 = 1+2(2k+2b)+(2k+2b)2.

җܭ 2(k+ 2) = k+(k+ 4) > k+ 3, ॺளך a2k+1 ≡ 1 (mod 2k+3). Ψ൩ࢂᇥ n = k+ 1 ਔ

a2n ≡ 1 (mod 2n+2) ҭԋҥ, .ۓளҁݤҗ數Ꮲᘜયࡺ �

٩ order ॺଭҗךကۓޑ Lemma 6.2.1 ޕ a 數Ъڻࣁ n ∈ N ਔ,

ord2n+2(a)≤ 2n < 2n+1 = ϕ(2n+2),

.่݀ޑளаΠख़ाࡺ

Proposition 6.2.2.  n ∈ N Ъ n ≥ 3 ਔ, ӧ modulo 2n ϐΠؒԖ primitive root.

ௗΠٰךॺाќᅿؒԖ primitive root ,ݩޑ २Ӄךॺٰ࣮ќঁԖᜢ order
ᙁൂ܄ޑ፦.

Lemma 6.2.3. ๏ۓϕ፦҅ٿޑ數 m,n аϷ a ∈ Z ᅈى gcd(a,mn) = 1. ߾

ordmn(a)≤
ϕ(mn)

gcd(ϕ(m),ϕ(n))
.

Proof. з d = gcd(ϕ(m),ϕ(n)). җܭ gcd(a,mn) = 1, ޕॺך gcd(a,m) = gcd(a,n) = 1. Ӣ
Ԝҗ Euler’s Theorem ॺԖך aϕ(m) ≡ 1 (mod m) аϷ aϕ(n) ≡ 1 (mod n). ӢԜҗ ϕ(mn) =

ϕ(m)ϕ(n) (Ӣ gcd(m,n) = 1) аϷ ϕ(n)/d ∈ N ёள

a
ϕ(mn)

d = (aϕ(m))
ϕ(n)

d ≡ 1 (mod m).

ӕёள aϕ(mn)/d ≡ 1 (mod n). Ψ൩ࢂᇥ m|aϕ(mn)/d−1Ъ n|aϕ(mn)/d−1,ࡺӆӢ gcd(m,n)= 1

ճҔ Proposition 1.2.6(2) ёள mn|aϕ(mn)/d −1, ջ aϕ(mn)/d ≡ 1 (mod mn). ٩ࡺ order ϐۓ
ကள ordmn(a)≤ ϕ(mn)/d. �

ձӦ,ଷ mࢂঁεܭ .數ޑ2 ऩ mؒԖޑڻ፦Ӣ數,ջ m = 2k ύځ k ≥ 2. Ԝਔ
ϕ(m) = ϕ(2k) = 2k−1, ளࡺ 2|ϕ(m). ऩ m Ԗޑڻ፦Ӣ數, ջӸӧڻ፦數 p ٬ள m = plm′,
ύځ l ∈ N Ъ p - m′. Ԝਔ ϕ(m) = ϕ(pl)ϕ(m′) = (p−1)pl−1ϕ(m′), ӕኬёள 2|ϕ(m). ӢԜё
ޕ m,n > 2 ਔ gcd(ϕ(m),ϕ(n))≥ 2. ճҔԜ่݀, .ॺଭёளќঁख़ा่論ך

Proposition 6.2.4.  m> 2Ъ n> 數ਔ,ӧޑϕ፦ٿࣁ2 modulo mnϐΠؒԖ primitive
root.

Proof. Ӣ m,n ࣣεܭ 2 ޕॺך 2|ϕ(m) Ъ 2|ϕ(n) ளࡺ gcd(ϕ(m),ϕ(n))≥ 2. ќБय़ m ک

n ,ޑϕ፦ࢂ ჹҺᆶࡺ mn ϕ፦ޑ數 a, җ Lemma 6.2.3 ޕ

ordmn(a)≤
ϕ(mn)

gcd(ϕ(m),ϕ(n))
≤ ϕ(mn)

2
< ϕ(mn).

ӧޕࡺ modulo mn ϐΠค primitive root. �
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 m > 1 ЪؒԖޑڻ፦Ӣ數ਔ, ၰޕॺך m = 2,4 ਔӧ modulo m ϐΠԖ primitive
root, Զӧځдݩރ (ջ m = 2n Ъ n ≥ 3) Proposition 6.2.2 ນךॺӧ modulo m ϐΠؒ

Ԗ primitive root.  m Ԗޑڻ፦Ӣ數ਔ, Proposition 6.2.4 ນךॺऩ m Ԗঁٿ܈ঁٿа

ޑڻ፦Ӣ數ਔ, ӧ modulo m ϐΠؒԖ primitive root. Զ m ѝԖঁޑڻ፦Ӣ數ਔ,
Proposition 6.2.4 Ψນךॺऩ 4|m, ӧ modulo m ϐΠؒԖ primitive root. ॺഭךа܌
Π m Ԗঁޑڻ፦Ӣ數Ъ 4 - m ,҂論ޑ ջ m = pn ܈ m = 2pn, ύځ p ޑ፦數ڻࣁ

.

6.3. The Primitive Root Theorem

ॺഭΠך m = pn ܈ m = 2pn, ύځ p .҂ۘޑ፦數ڻࣁ ٣ჴӧ೭ഭΠޑ
,ύݩ primitive root ࣣӸӧ. ӧ೭ύךॺஒӃளډ p ,፦數ਔڻঁࢂ ӧ modulo p ϐ

Πёډפ primitive root. ӆճҔ modulo p ޑள܌ primitive root ளډӧ modulo p2 ϐΠ

ޑ primitive root. നࡕճҔ modulo p2 ޑள܌ primitive root ளډ modulo pn аϷ modulo
2pn ޑ primitive root. ӧҁύ p ҉ᇻ߄Ңڻࣁ፦數, .ॺ൩όӆӭᇥܴך

6.3.1. Modulo p ޑ Primitive Root. ॺाᇥܴך p ፦數ਔӧڻঁࢂ modulo p ϐ

Πёаډפ primitive root. ,܄ॺමගϷाܴӸӧך ٰᇥԖٿᅿБݤ: ಃᅿ൩ࢂ
ගٮঁёаܿډפՋޑБݤ; ќᅿ൩ࢂճҔᡄᒠᄽޑБԄٰᏤрܿՋۓӸӧ ٯ)
ӵҔϸݤܴऩפόډᏤठҟ࣯). ಃᅿБޑݤӳೀࢂѬගٮΑܿډפՋޑБ܌ݤа
όѝນգܿՋӸӧЪນգӵՖډפ. όၸ೭ӧܜຝ論ޑᏤύόࢂܰޑ, ӵٯ
前കගၸפΒԛ congruence equation ,٠όܰှޑ ՠךॺёว論ٰዴᇡՖਔ
Ԗှ. ӕኬӦ, ӧܴ primitive root Ӹӧୢޑᚒ, ջ٬ςޕӸӧډҞ前ࣁЗϝؒԖֹ
๓ޑБݤёаޔௗډפ primitive root, .܄БԄٰܴӸӧޑҔᡄᒠᄽࢂॺϝךа܌

ӧ modulo pਔ,Ԗҹࡐࢂ٣ਸޑջ Theorem 4.1.3ນךॺঁ nԛޑ߯數ӭ

Ԅӧ modulo p ϐΠനӭԖ n ঁှ. ฅԶऩ p - a Ъ ordp(a) = n, ςޕ a,a2, . . . ,an ӧ modulo
pϐΠࣣ࣬౦,Ъҗܭ an ≡ 1 (mod p),ࡺ (ai)n ≡ 1 (mod p). җԜёޕ a,a2, . . . ,an ೭ nঁӧ

modulo p ϐΠࣣόӕᎩޑ數ࣣࣁ xn ≡ 1 (mod p) ,ঁှޑ ՠҗܭԜԄӧ modulo p ϐΠ

ԿӭԖ n ঁှ, ࢂаѬॺ൩܌ xn ≡ 1 (mod p) .ှޑԖ܌ ќБय़, ऩ p - b Ъ ordp(b) = n,
ܭҗ߾ b ࢂ xn ≡ 1 (mod p) ϐှ, Ӹӧޕҗ前ࡺ i ∈ {1, . . . ,n} ٬ள b ≡ ai (mod p). ඤ言
ϐ, Ԗӧ܌ modulo p ϐΠ order ࣁ n ,ϡનޑ ӧ modulo p ϐΠѸک {a,a2, . . . ,an} ύঁࢌ
ϡનӕᎩ, ճҔࡺ Corollary 6.1.9 ӧޕ modulo p ϐΠԖ ϕ(n) ঁϡનځ order ࣁ n. ॺך
ஒԜ่݀ᕴ่ӵΠ.

Lemma 6.3.1. ଷ p ፦數Ъӧࣁ modulo p ϐΠԖϡનځ order ࣁ n, ӧ߾ modulo p

ϐΠӅԖ ϕ(n) ঁϡનځ order ࣁ n.

ӆԛமፓ, Ԝ่݀ӧ፦數ਔωჹ. ӵӧٯ modulo 15 ਔ, ӅԖ 4,11 ک 14 Οঁϡનӧ

modulo 15 ϐΠޑ order ࣁ 2, Զόࢂ ϕ(2) = 1 ঁ.
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ॺाᇥӧך modulo p ϐΠԖ primitive root ЬाޑБࢂߡݤஒ modulo p ϐΠޑϡન

ځ٩ order ϩᜪ. നࡕᇥܴ order ࣁ ϕ(p) = p−1 ٗᜪϡન܌ԋޑӝόࢂ /0 .(ӝޜ)
Πय़൩٩ࢂ೭ኬϩᜪ܌ளϐ่݀.

Lemma 6.3.2. ଷ p ፦數Ъзࢂ S = {1,2, . . . , p−1}. ჹܭ d ∈N ᅈى d|p−1, ॺԵך
ቾ Sd = {i ∈ S | ordp(i) = d}.

(1) ऩ d ̸= d′, ߾ Sd ∩Sd′ = /0.

(2) ∪
d|p−1,d>0

Sd = S.

(3) ऩ Sd ̸= /0, ߾ Sd ӅԖ ϕ(d) ঁϡન.

Proof. (1) ऩ a ∈ Sd ∩Sd′ , ջ߄Ң ordp(a) = d Ъ ordp(a) = d′. ՠ٩ order کကঁۓޑ
pϕ፦ޑ數ӧ modulo pϐΠځ orderࢂޑ,Ԝᆶ d ̸= d′ ϐଷ࣬ҟ࣯,ޕࡺ Sd ∩Sd′ = /0.

(2) ∪
d|p−1,d>0

Sd ೭ঁ಄ဦޑཀࢂࡘஒ܌Ԗ Sd ύځ d ∈ N Ъ d|p−1 ᖄଆٰ. җܭჹ܌

Ԗ d|p−1ࣣԖ Sd ⊆ S,܌а ∪
d|p−1,d>0

Sd ⊆ S.ќБय़ऩ i ∈ S,җܭ p - i,ࡺҗ Theorem 3.3.4

ޕ ip−1 ≡ 1 (mod p). ӢԜҗ Proposition 6.1.4 ޕ ordp(i)|p− 1. ඤѡ၉ᇥ, ऩ ordp(i) = d,
߾ d|p−1, Ӹӧޕࡺ d|p−1 ٬ள i ∈ Sd . ள S ⊆

∪
d|p−1,d>0

Sd , ӢԜޕ ∪
d|p−1,d>0

Sd = S.

(3) ऩ Sd ̸= /0, ҢӸӧ߄ a ∈ Sd . Ԝਔ p - a Ъ ordp(a) = d, ճҔࡺ Lemma 6.3.1 ӧޕ
modulo p ϐΠӅԖ ϕ(d) ঁϡનځ order ࣁ d. җܭ S ࢂ reduced residue system modulo
p, ೭ ϕ(d) ঁϡનӧ modulo p ϐΠѸک S ύ ϕ(d) ঁϡનӕᎩ. ӢԜ S ύ೭ ϕ(d) ঁϡન
খӳಔԋ Sd, ޕࡺ Sd ӅԖ ϕ(d) ঁϡન. �

Lemma 6.3.2(1,2) ນךॺ S = {1,2, . . . , p−1} ύޑঁϡનѸပӧঁࢌЪ࡞Ԗ
ঁ Sd ύ, ύځ d ∈ N Ъ d|p−1. ӢԜऩीᆉঁ Sd ύޑϡનঁ數ӆуᕴଆٰځॶᔈࣁ S

ύޑϡનঁ數 p−1. ٩ԜךॺёаளډаΠख़ा่݀ޑ.

Theorem 6.3.3. ଷ p ঁ፦數Ъࢂ d ∈ N ᅈى d|p−1. ӧ߾ modulo p ϐΠӅԖ ϕ(d)
ঁϡનځ order ࣁ d. ձӦ, ӧ modulo p ϐΠ primitive root ѸӸӧ.

Proof. Ҕݮॺך Lemma 6.3.2 ύ܌Ҕޑ಄ဦ, ٠з #(Sd) Ң߄ Sd = {i ∈ S | ordp(i) = d} ύ
ϡનঁޑ數, ջ #(Sd) ӧࣁ modulo p ϐΠ order ࣁ d .ϡનঁ數ޑ

җ Lemma 6.3.2(1,2) ޕॺך ∑
d|p−1,d>0

#(Sd) = p − 1 ԶЪ Lemma 6.3.2(3) ນךॺ

#(Sd) = 0 ܈ #(Sd) = ϕ(d). ќБय़ճҔ Corollary 2.3.6 ޕॺך ∑
d|p−1,d>0

ϕ(d) = p−1, Кࡺ

ၨ

p−1 = ∑
d|p−1,d>0

#(Sd)≤ ∑
d|p−1,d>0

ϕ(d) = p−1,

ёளჹ܌Ԗޑ d ∈ N ᅈى d|p−1 ࣣԖ #(Sd) = ϕ(d).

ձӦ #(Sp−1) = ϕ(p−1)߄Ңӧ modulo pϐΠԖ ϕ(p−1) ̸= 0ঁϡનځ orderࣁ p−1,
Ψ൩ࢂᇥ೭٤ϡનࣣࣁ primitive root. ӧޕࡺ modulo p ϐΠ primitive root Ӹӧ. �
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ॺܴΑӧך modulo p ϐΠ primitive root .ޑӸӧࢂ ೭ঁܴБԄܴࡐᡉ٠ؒޑԖ
ນךॺӵՖډפ primitive root. ٣ჴךॺ܌ҔޑܴБԄԖᗺႽϸݤ, Ψ൩ࢂᇥӵ
݀ؒԖ primitive root, ٗሶӧीᆉय़ٗ٤ϡનঁ數ਔวғ數ҞେόᚺޑԶԋҟ
࣯.

6.3.2. Modulo p2 ޑ primitive root. ܰѐෳऩӧࡐ modulo p2 ϐΠԖ primitive
root, ٗሶ೭ঁ primitive root ᔈٰԾܭ modulo p ϐΠޑ primitive root. ӢԜךॺஒճҔ
modulo p ޑ primitive root ډפٰ modulo p2 ޑ primitive root. ೭္ޑӸӧޑ܄ܴ൩К
ၨڀᡏ, Ψ൩ࢂᇥӵ݀ૈډפ modulo p ޑ primitive root, ٗॺךॺޑܴૈ๏рڀᡏޑБ
ډפٰݤ modulo p2 ޑ primitive root.

२Ӄךॺٰ࣮ӵՖղձঁ modulo p ޑ primitive root ӧ modulo p2 ϐΠࢂցࣁ

primitive root.

Lemma 6.3.4. ଷ a∈Zࢂঁ primitive root modulo p. ߾ ordp2(a)= p−1܈ ordp2(a)=

p(p−1). ձӦ, ap−1 ̸≡ 1 (mod p2) ऩЪऩ a ӧ modulo p2 ϐΠࢂঁ primitive root.

Proof. ٩ଷ aӧmodulo pϐΠࢂ primitive root߄Ң ordp(a) = p−1. ଷ ordp2(a) =

n, ߾ an ≡ 1 (mod p2), ӢԜޕ an ≡ 1 (mod p). ٩ࡺ ordp(a) = p−1 Ϸ Proposition 6.1.4 ޕ
p−1|n. ΞӢࣁ a ᆶ p ϕ፦, ࡺ a ᆶ p2 ϕ፦, җࡺ Euler’s Theorem ޕ aϕ(p2) ≡ 1 (mod p2),
ӢԜӧ modulo p2 ӆճҔݩޑ Proposition 6.1.4 ޕ n|ϕ(p2). җܭ ϕ(p2) = p(p−1), ॺך
ள p−1|n Ъ n|p(p−1). Ψ൩ࢂ n = λ (p−1) ЪΞ λ (p−1)|p(p−1), ޕࡺ λ |p. ӢԜҗ p ࢂ

፦數ޕ λ = 1 ܈ λ = p. ளࡺ ordp2(a) = p−1 ܈ ordp2(a) = p(p−1).

ऩ ap−1 ̸≡ 1 (mod p2),ޕ aӧmodulo p2ϐΠځ orderۓόࢂ p−1,ࡺள ordp2(a) =

p(p− 1) = ϕ(p2). җ Corollary 6.1.7 ள a ӧ modulo p2 ϐΠࢂঁ primitive root. ϸ
ϐऩ a ӧ modulo p2 ϐΠࢂ primitive root, ջ ordp2(a) = p(p− 1), җࡺ order ޕကۓޑ
ap−1 ̸≡ 1 (mod p2). �

ၰӵՖղձޕ modulo p ޑ primitive root ӧ modulo p2 ҭࢂ primitive root ,ࡕ ௗΠ
ব٤ډפॺ൩ाךٰ modulo p ޑ primitive root ӧ modulo p2 ϐΠϝࣁ primitive root.
ଷ a ӧ modulo p ϐΠࢂ primitive root, ٗሶٗ٤ӧ modulo p ϐΠک a ӕᎩޑ數ӧ

modulo p ϐΠΨࢂ primitive root, ՠ೭٤數ӧ modulo p2 ϐΠёૈόӕᎩ, ॺ൩ஒѬך
ॺӈр. Ψ൩ࢂᇥ, a,a+ p, . . . ,a+(p−1)p, ӅԖ೭ p ঁ數ࢂӧ modulo p ϐΠӕᎩՠ

ӧ modulo p2 ϐΠόӕᎩ.

Proposition 6.3.5. ଷ p ঁ፦數Ъࢂ a ∈ Z ঁӧࣁ modulo p ϐΠޑ primitive root.
з S = {a,a+ p,a+ 2p+ · · · ,a+(p− 1)p}, ӧ߾ S ύԖঁϡનӧ modulo p ϐΠόࢂ

primitive root, Ꭹځ p−1 ঁϡનӧ modulo p ϐΠࢂ primitive root.

Proof. ςޕ a ӧ modulo p ϐΠࢂ primitive root Ъ S ύޑϡનӧ modulo p ϐΠࣣᆶ a

ӕᎩ, ޕࡺ S ύޑϡનӧ modulo p ϐΠࣣࣁ primitive root. ॺёаճҔךа܌ Lemma
6.3.4 ᔠ S ύব٤ϡન a+ t p ٬ள (a+ t p)p−1 ≡ 1 (mod p2).
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җܭ ap−1 ≡ 1 (mod p), Ӹӧࡺ λ ∈ Z ٬ள ap−1 = 1+λ p. ӢԜ

(a+ t p)p−1 = ap−1 +(p−1)ap−2(t p)+
(p−1)(p−2)

2
ap−3(t p)2 + · · ·

җܭ Cp−1
2 ap−3(t p)2 ೭аϷځϐࡕ Cp−1

k ap−1−k(t p)k, k ≥ 3 ӧ modulo p2 ϐΠࣣ

ࣁ 0, ॺளךа܌

(a+ t p)p−1 ≡ ap−1 −ap−2t p ≡ 1+(λ −ap−2t)p (mod p2).

ӢԜाډפ t ٬ள (a+ t p)p−1 ≡ 1 (mod p2) ऩЪऩ p|λ − ap−2t. Ψ൩ࢂᇥךॺाډפ
t ∈ {0,1,2, . . . , p−1} ٬ள ap−2t ≡ λ (mod p). ฅԶ ap−1 ≡ 1 (mod p), ᜐ४ٿԄࡺ a ள

t ≡ aλ (mod p). Ψ൩ࢂᇥ 0 ≤ t ≤ p−1, ӧ t ≡ aλ (mod p) ਔ, ٬ள (a+ t p)p−1 ≡ 1

(mod p2), Ԝਔ a+ t p ӧ modulo p2 ϐΠόࢂ primitive root. Ꭹځ S ύޑϡન a+ rp җܭ

ࣣ٬ள (a+ rp)p−1 ̸≡ 1 (mod p2), җࡺ Lemma 6.3.4 ࣁࣣޕ modulo p2 ϐΠޑ primitive
root. �

வ Theorem 6.3.3 аϷ Proposition 6.3.5 ܭၰҗޕॺך modulo p ޑ primitive root Ӹ
ӧ, а܌ modulo p2 ޑ primitive root ΨӸӧ. ٣ჴऩ a ࢂ modulo p ޑ primitive root,
ցࢂॺाᔠᡍך ap−1 ≡ 1 (mod p2). ाࢂ ap−1 ̸≡ 1 (mod p2), ٗሶҗ Lemma 6.3.4, ॺך
ޕ a ӧ modulo p2 ϐΠࢂ primitive root. ाࢂ ap−1 ≡ 1 (mod p2), ٗሶ a ӧ modulo p2

ϐΠόࢂ primitive root, җࡺ Proposition 6.3.5 ޕ a+ p ӧ modulo p2 ϐΠѸࣁ primitive
root.

6.3.3. Modulo pn ޑ Primitive Root. җܭ modulo p ޑ primitive root Ӹӧ, ճҔ
Corollary ӧޕ6.1.9 modulo pϐΠӅԖ ϕ(ϕ(p)) = ϕ(p−1)ঁ primitive roots. Proposition
6.3.5ນךॺঁ modulo pޑ primitive rootӧ modulo p2 ϐΠёள p−1ঁ primitive
roots, аӧ܌ modulo p2 ϐΠךॺӅډפΑ (p − 1)ϕ(p − 1) ঁ primitive roots. ฅԶ
җܭ modulo p2 ޑ primitive root Ӹӧ, Corollary 6.1.9 ນךॺӧ modulo p2 ϐΠӅ

Ԗ ϕ(ϕ(p2)) = ϕ(p(p− 1)) ঁ primitive roots. җܭ p ک p− 1 ϕ፦, ॺԖך ϕ(ϕ(p2)) =

ϕ(p)ϕ(p−1) = (p−1)ϕ(p−1). Ԝॶ࡞ᆶ前य़җ modulo p ޑ primitive root ள܌ modulo
p2 ޑ primitive roots .數࣬֍ӝঁޑ Ψ൩ࢂᇥঁ modulo p2 ޑ primitive root ዴޑ
ٰԾঁࢌܭ modulo p ޑ primitive root. ,ᆉΠѐޔॺёаӵԜך ऩ modulo p3 ޑ

primitive root Ӹӧ, җ߾ Corollary 6.1.9 ӧޕ modulo p3 ϐΠӅԖ

ϕ(ϕ(p3)) = ϕ(p2(p−1)) = ϕ(p2)ϕ(p−1) = p(p−1)ϕ(p−1)

ঁ primitive roots. ԶΞςޕӧ modulo p2 ϐΠӅԖ (p− 1)ϕ(p− 1) ঁ primitive roots.
ঁ modulo p2 ޑ primitive root, ӧ modulo p3 ϐΠӅёౢғ p ঁόӕᎩᜪ, а೭܌
(p−1)ϕ(p−1)ঁ modulo p2 ޑ primitive rootsӧ modulo p3 ϐΠӅౢғΑ p(p−1)ϕ(p−1)

ঁόӕᎩᜪ. ೭ঁ數ӷ࡞ᆶ前य़܌ගऩ modulo p3 ޑ primitive rootӸӧ߾ӧ modulo p3 ϐ

ΠӅԖ p(p−1)ϕ(p−1)ঁ primitive roots࣬֍ӝ. Ψ൩ࢂᇥঁ modulo p2 ޑ primitive
root, ӧ modulo p3 ϐΠౢғޑ p ঁόӕᎩᜪ “ᔈ၀” ӧ modulo p3 ϝࣁ primitive root.
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ௗΠٰךॺ൩ࢂाҔ數ᏢᘜયٰݤᡍԜ٣, ॺाܴך n ≥ 3 ਔҺՖ數ѝाӧ

modulo p2 ࢂ primitive root, ӧ߾ modulo pn ѸΨࢂ primitive root. २Ӄךॺٰ࣮ӵՖղ
ձঁ modulo pn ޑ primitive root ӧ modulo pn+1 ϐΠࢂցࣁ primitive root.

Lemma 6.3.6. ଷ a ∈ Z ঁࢂ primitive root modulo pn. ߾ ordpn+1(a) = pn−1(p−1) ܈

ordpn+1(a) = pn(p−1). ձӦ, apn−1(p−1) ̸≡ 1 (mod pn+1) ऩЪऩ a ӧ modulo pn+1 ϐΠ

ঁࢂ primitive root.

Proof. ٩ଷ a ӧ modulo pn ϐΠࢂ primitive root Ң߄ ordpn(a) = ϕ(pn) = pn−1(p−1).
ଷ ordpn+1(a) = k, ߾ ak ≡ 1 (mod pn+1), ӢԜޕ ak ≡ 1 (mod pn). ٩ࡺ ordpn(a) =

pn−1(p− 1) Ϸ Proposition 6.1.4 ޕ pn−1(p− 1)|k. ΞӢࣁ a ᆶ p ϕ፦, ࡺ a ᆶ pn+1 ϕ

፦, җࡺ Euler’s Theorem ޕ aϕ(pn+1) ≡ 1 (mod pn+1), ӢԜӧ modulo pn+1 ӆճҔݩޑ

Proposition ޕ6.1.4 k|ϕ(pn+1). җܭ ϕ(pn+1)= pn(p−1),ךॺள pn−1(p−1)|kЪ k|pn(p−1).
Ψ൩ࢂ k = λ pn−1(p−1) ЪΞ λ pn−1(p−1)|pn(p−1), ޕࡺ λ |p. ӢԜҗ p ޕ፦數ࢂ λ = 1

܈ λ = p. ளࡺ ordpn+1(a) = pn−1(p−1) ܈ ordpn+1(a) = pn(p−1).

ऩ apn−1(p−1) ̸≡ 1 (mod pn+1),ޕ aӧ modulo pn+1 ϐΠځ orderۓόࢂ pn−1(p−1),
ளࡺ ordpn+1(a) = pn(p−1) = ϕ(pn+1). җ Corollary 6.1.7 ள a ӧ modulo pn+1 ϐΠࢂ

ঁ primitive root. ϸϐऩ aӧ modulo pn+1 ϐΠࢂ primitive root,ջ ordpn+1(a) = pn(p−1),
җࡺ order ޕကۓޑ apn−1(p−1) ̸≡ 1 (mod pn+1). �

ऩךॺډפ a ӧ modulo p2 ϐΠࢂ primitive root, ाᔠ a ӧ modulo p3 ϐΠࢂց

ࣁ primitive root, ٩ Lemma 6.3.6, ॺाᔠך ap(p−1) ӧ modulo p3 ϐΠࢂցᆶ 1 ӕᎩ.
ฅԶςޕ ap−1 ≡ 1 (mod p) (Fermat’s Little Theorem) ॺёзך ap−1 = 1+λ p. Ԝਔҗܭ a

ӧ modulo p2 ϐΠࢂ primitive root җࡺ Lemma 6.3.4 ޕ ap−1 ̸≡ 1 (mod p2), ջ p - λ . ٩
Ԝёள

ap(p−1) = (ap−1)p = (1+λ p)p = 1+ p(λ p)+
p(p−1)

2
(λ p)2 + · · · .

೭္җܭ p а܌數ڻࢂ p|p(p−1)/2 ՖԜ่݀ӧࣁࢂཀ೭൩ݙ) p = 2 ਔόԋҥޑচӢ), ӆ
уϐࡕ Cp

k (λ p)k, k ≥ 3 ӧ modulo p3 ϐΠࣣࣁ 0, ॺளךа܌

ap(p−1) ≡ 1+λ p2 (mod p3).

җࡺ p - λ ள ap(p−1) ̸≡ 1 (mod p3), а٩܌ Lemma 6.3.6 ޕ a ӧ modulo p3 ϐΠҭࣁ

primitive root. ӵԜޔΠѐ, ॺёளך n ≥ 3 ਔ, a ӧ modulo pn ϐΠࣣࣁ primitive
root.

Proposition 6.3.7. ଷ a ӧ modulo p2 ϐΠࢂঁ primitive root. ჹҺཀ߾ n ≥ 3, a ӧ

modulo pn ϐΠΨࢂ primitive root.

Proof. 前य़ךॺςள a ӧ modulo p3 ϐΠࢂ primitive root. ӧ٩ᘜયݤ, ॺଷך a

ӧ modulo pn (n ≥ 3) ϐΠࢂ primitive root, ाܴ a ӧ modulo pn+1 ϐΠϝࣁ primitive
root.
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җܭ a ᆶ p ϕ፦, ٩ Euler’s Theorem ޕ aϕ(pn−1) = apn−2(p−1) ≡ 1 (mod pn−1). ଷ

apn−2(p−1) = 1+ λ pn−1. җܭ a ӧ modulo pn ϐΠࢂ primitive root, ٩ Lemma 6.3.6 ޕ
apn−2(p−1) ̸≡ 1 (mod pn), ޕࡺ p - λ . Եቾ

apn−1(p−1) = (apn−2(p−1))p = (1+λ pn−1)p = 1+ p(λ pn−1)+
p(p−1)

2
(λ pn−1)2 + · · · .

ӧ p(λ pn−1) ϐࡕ Cp
k (λ pn−1)k, k ≥ 2 ύҗܭ k(n−1) ≥ 2(n−1) = n+(n−2) ≥ n+1

(Ӣࣁ n ≥ 3), а܌ k ≥ 2 ਔӧ modulo pn+1 ϐΠ Cp
k (λ pn−1)k ࣁࣣ 0, ॺளךа܌

apn−1(p−1) ≡ 1+λ pn (mod pn+1).

җࡺ p - λ ள apn−1(p−1) ̸≡ 1 (mod pn+1), а٩܌ Lemma 6.3.6 ޕ a ӧ modulo pn+1 ϐΠ

ҭࣁ primitive root. �

வ Theorem 6.3.3 аϷ Proposition 6.3.5 ၰޕॺך modulo p2 ޑ primitive root Ӹӧ,
аӆҗ܌ Proposition 6.3.7 ளޕ n ≥ 3 ਔ modulo pn ޑ primitive root ΨӸӧ. ӆԛமፓ
җܭவ modulo p2 ޑ primitive root ள modulo p3 ޑ primitive root ϐၸำሡҔډ p ࢂ

а܌數ڻ n ≥ 3 ਔ modulo pn ޑ primitive root Ӹӧሡӧ p .፦數ωԋҥڻࢂ ٣ჴϐ前
ӧޕॺςך modulo 23 = 8 ਔ primitive root .ޑόӸӧࢂ

6.3.4. Modulo 2pn ޑ Primitive Root. ӧޕॺςך modulo pn ϐΠࣣԖ primitive root.
ӧךॺஒҗ modulo pn ޑ primitive root рפ modulo 2pn ޑ primitive. २Ӄךॺٰ࣮
m 數ਔڻࢂ modulo m ޑ order ک modulo 2m ޑ order ໔ϐᜢ߯.

Lemma 6.3.8. ๏ۓڻ數 m, Ъ a ∈ Z کঁࢂ m ϕ፦ڻޑ數. ऩ ordm(a) = n, ߾
ord2m(a) = n.

Proof. җܭ a 數Ъᆶڻࢂ m ϕ፦, ޕࡺ gcd(a,2m) = 1. ӢԜ a ӧ modulo 2m ϐΠޑ

order ,ޑကۓԖࢂ ൩ଷ ord2m(a) = k. җ ak ≡ 1 (mod 2m) ёள ak ≡ 1 (mod m). ࡺ
җ ordm(a) = n аϷ Proposition 6.1.4 ޕ n|k. ќБय़җܭ an ≡ 1 (mod m) Ъ a ڻࣁ

數ޕ an ≡ 1 (mod 2), ޕࡺ m|an − 1 Ъ 2|an − 1. Ξҗܭ m ޕ數ڻࢂ gcd(2,m) = 1, җࡺ
Proposition 1.2.6(2) ޕ 2m|an −1, Ψ൩ࢂᇥ an ≡ 1 (mod 2m). Ӣଷ ord2m(a) = k, ӆճࡺ
Ҕ Proposition 6.1.4 ள k|n. ӢԜள k = n Ψ൩ࢂᇥ ord2m(a) = n. �

ଷ a ࣁ modulo pn ޑ primitive root, ջ ordpn(a) = ϕ(pn). ऩ a Ξڻࢂ數߾җ Lemma
6.3.8 ޕ ord2pn(a) = ϕ(pn). ՠҗܭ p ፦數ᆶڻࢂ 2 ϕ፦, ޕࡺ ϕ(2pn) = ϕ(2)ϕ(pn) = ϕ(pn).
Ψ൩ࢂᇥ ord2pn(a) = ϕ(2pn). җࡺ Corollary 6.1.7 ޕ a ӧ modulo 2pn ϐΠҭࣁ primitive
root. ճҔԜ่݀ךॺёډפ modulo 2pn ޑ primitive root.

Proposition 6.3.9. ๏ۓ p ,፦數ڻঁࢂ 數ڻډפёۓ߾ a ӧځ٬ modulo p2 ϐ

Πࢂঁ primitive root. ձӦ, ԜਔჹҺཀ n ∈ N, a ӧ modulo 2pn ϐΠҭࣁ primitive
root.
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Proof.  p = 3 ਔ, җܭ ord3(5) = ord3(2) = 2 ޕࡺ 5 ӧ modulo 3 ϐΠࢂঁ primitive
root. Ξҗܭ 53−1 = 25 ̸≡ 1 (mod 9), җࡺ Lemma 6.3.4 ޕ 5 ӧ modulo 32 ϐΠࢂঁ

primitive root.

 p ≥ 5 ,፦數ਔڻঁࢂ Theorem 6.3.3 ນךॺӧ modulo p ϐΠޑ primitive
root Ӹӧ. ଷ α ঁࢂ modulo p ϐΠޑ primitive root. ճҔ Proposition 6.3.5 ޕ
{α,α + p, . . . ,α +(p−1)p} ύԖঁӧ modulo p2 ϐΠόࢂ primitive root. җܭ p ≥ 5,
ள p−1 ≥ 4, ޕࡺ {α,α + p,α +2p,α +3p} ύԿӭԖঁӧ modulo p2 ϐΠόࢂ primitive
root. ӢԜऩ α ,數ڻࢂ ள߾ α, α + 2p ೭ڻঁٿ數ύѸԖঁӧ modulo p2 ϐΠࢂ

primitive root. ऩ α ,ଽ數ࢂ ள߾ α + p, α +3p ೭ڻঁٿ數ύѸԖঁӧ modulo p2 ϐΠ

ࢂ primitive root. 數ӧڻॺளѸӸӧך modulo p2 ϐΠࢂ primitive root.

ଷ a 數Ъӧڻࢂ modulo p2 ϐΠࢂ primitive root. җ Proposition 6.3.7 ޕ a ӧ

modulo pn ϐΠҭࣁ primitive root. җࡺ Lemma 6.3.8 ޕ ord2pn(a) = ordpn(a) = ϕ(pn) =

ϕ(2pn), ளࡺ a ӧ modulo 2pn ϐΠҭࣁ primitive root. �

٣ჴाډפڻ數ځ٬ӧ modulo p2 ϐΠࢂ primitive root ٠όሡӵ Proposition
6.3.9 .ܴύٗሶፄᚇޑ ऩ a ଽ數Ъӧࢂ modulo p2 ϐΠࢂ primitive root, ٗሶ a+ p2

Ѹڻࣁ數Ъҗܭ a+ p2 ≡ a (mod p2) а܌ a+ p2 ฅΨࢂӧ modulo p2 ϐΠޑ primitive
root. όၸҗܭԵቾ a+ p2 數ॶၨε, ޑၨλפॺऩाך primitive root, ܴύനεѝाԵ
ቾډ a+3p, ೭ঁ數 p εਔฅКࡐ a+ p2 ाλளӭ.

ٿॺᕴ่೭ך Proposition 6.2.2, Proposition 6.2.4, Theorem 6.3.3, Proposition 6.3.5,
Proposition 6.3.7 аϷ Proposition 6.3.9 ϐ่݀ளډаΠ܌ᒏޑ primitive root Theorem.

Theorem 6.3.10 (Primitive Root Theorem). ѝԖ m = 2,4, pn,2pn ਔ, ύځ p ፦數ڻࣁ

Ъ n ∈ N, ӧ modulo m ϐΠԖ primitive root.

6.4. ଯԛޑ Congruence Equation

ޑᒏଯԛ܌ congruence equation ܭԛ數εࢂޑࡰ 2 ޑ congruence equation. ॺ೭္ך
ाೀޑฅόࢂޑ congruence equation. ॺགྷճҔך primitive root ٰᔅךॺှӵ
xn ≡ a (mod m) ύځ gcd(a,m) = 1 ೭ኬޑ congruence equation.

२Ӄךॺஒ m ቪԋ፦Ӣ數ޑ४ᑈ, ջ m = 2n0 pn1
1 · · · pnr

r , ύ೭٤ځ pi ፦數Զڻ౦࣬ࣁ

n0 ≥ 0. ճҔ Corollary 4.4.3, ၰޕॺך xn ≡ a (mod m) ԖှऩЪऩ xn ≡ a (mod 2n0) аϷ

ޑԖ܌ i ∈ {1 . . . ,r}, xn ≡ a (mod pni
i ) ࣣԖှ. ॺѝाךа܌ xn ≡ a (mod 2n0) Ϸ xn ≡ a

(mod pni
i ) .ݩޑှ  n0 ≥ 3 ਔ, җܭӧ modulo 2n0 ؒԖ primitive root, 論ှޑၨ

ፄᚇ, ೭္ךॺόӭ論. ॺ論ך n0 ≤ 2 ,ޑ Ψ൩ࢂᇥԜೀךॺှ xn ≡ a

(mod m) ܭҔݤБޑ 8 - m .ݩޑ ӧԜݩϐΠךॺѝाှ xn ≡ a (mod 2n0), ύځ
n0 ≤ 2, аϷှ xn ≡ a (mod pni

i ). ೭ٿᅿݩ (ջ modulo 2n0 ک modulo pni
i ), җܭ primitive

root ࣣӸӧ, .ցӸӧࢂှځ൩ёղձݤБޑॺճҔΠय़ך
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Theorem 6.4.1. ๏ۓ m ∈ N, ଷӧ modulo m ϐΠ primitive root Ӹӧ. Եቾ xn ≡ a

(mod m), ύځ n ∈ N Ъ gcd(a,m) = 1. з d = gcd(n,ϕ(m)). ߾ xn ≡ a (mod m) ԖှऩЪ

ऩ

aϕ(m)/d ≡ 1 (mod m).

Proof. २Ӄଷ xn ≡ a (mod m)Ԗှ,ջӸӧ c ∈Zᅈى cn ≡ a (mod m). Ӣࣁ gcd(a,m) =

1, а܌ gcd(c,m) = 1, җࡺ Euler’s Theorem (3.3.2) ޕ cϕ(m) ≡ 1 (mod m). Ԝਔҗܭ d|ϕ(m)

Ъ d|n, ளࡺ
aϕ(m)/d ≡ (cn)ϕ(m)/d = (cϕ(m))n/d ≡ 1 (mod m).

όሡࢂܴޑཀԜϩݙ) modulo m ޑ primitive root Ӹӧϐଷ.)

ϸϐ, ଷ γ ࣁ modulo m ϐΠޑঁ primitive root. ကۓ٩ {γ,γ2, . . . ,γϕ(m)} ঁࢂ
reduced residue system modulo m, Ψ൩ࢂᇥҺՖک m ϕ፦ޑ數 b, ࣣӸӧ i ∈N ٬ள γ i ≡ b

(mod m). ӢԜӸӧ r ∈ N ٬ள a ≡ γr (mod m). ќБय़ऩ c ࢂ xn ≡ a (mod m) ,ঁှޑ
ܭҗ߾ gcd(c,m) = 1, ۓΨӸӧ t ∈ N ٬ள c ≡ γ t (mod m). ӢԜाှ xn ≡ a (mod m) ൩

ӕܭाډפ t ∈ N ٬ள

(γ t)n = γnt ≡ γr (mod m).

җܭ γ ࢂ modulo m ޑ primitive root, ॺԖך ordm(γ) = ϕ(m), ճҔࡺ Proposition 6.1.6,
ޕ γnt ≡ γr (mod m) ऩЪऩ nt ≡ r (mod ϕ(m)), Ψ൩ࢂᇥךॺाډפ t ∈ N ᅈى

nt ≡ r (mod ϕ(m)).

ќБय़٩ଷ aϕ(m)/d ≡ 1 (mod m), ջ γrϕ(m)/d ≡ 1 (mod m), җࡺ Proposition 6.1.4 ޕ
ϕ(m)|rϕ(m)/d. ೭߄Ң ϕ(m)r/d Ѹࢂ ϕ(m) ,७數ޑ ҭջ r/d ∈ Z, Ψ൩ࢂᇥ d|r. ฅԶ
Proposition 4.3.1 ນךॺ๏ۓ n,r, ԛޑ congruence equation, nt ≡ r (mod ϕ(m)) Ԗှ

ऩЪऩ d = gcd(n,ϕ(m))|r. ॺҗךа܌ aϕ(m)/d ≡ 1 (mod m) ϐଷޕ nt ≡ r (mod ϕ(m))

ѸԖှ. ऩ t0 ,ှځࣁ з c = γ t0 , ள߾

cn = γnt0 ≡ γr ≡ a (mod m).

ޕࡺ c ࣁ xn ≡ a (mod m) .ঁှޑ �

 m = p ፦數ࣁ (Ԝਔ modulo p ฅԖ primitive root) Ъ n = 2 ਔ, Theorem 6.4.1
൩ࢂ Euler’s criterion (Theorem 5.3.3). а܌ Theorem 6.4.1 ёаᇥࢂ Theorem 5.3.3 ޑ
ቶ.

ௗΠٰךॺाޕၰ xn ≡ a (mod m) ाࢂԖှ, ٗሶӧ modulo m ϐΠԖӭϿှ. ۳ک
தኬ, ,ᜢ߯ޑϐ໔ှঁٿௗޔࢂݤБޑҔ܌ॺך ӵԜٰόѝёаᆒዴӦᆉрှޑ
ঁ數, ԶЪёаޑזࡐճҔঁςှޕஒځдှޑр.

Proposition 6.4.2. ๏ۓ m ∈ N, ଷӧ modulo m ϐΠ primitive root Ӹӧ. Եቾ xn ≡ a

(mod m), ύځ n ∈ N Ъ gcd(a,m) = 1. з d = gcd(n,ϕ(m)). ऩ xn ≡ a (mod m) Ԗှ, ӧ߾
modulo m ϐΠӅԖ d ঁှ.
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٣ჴ, ऩ x ≡ c (mod m) ࢂ xn ≡ a (mod m) ঁှЪޑ γ ࢂ modulo m ϐΠޑঁ

primitive root, ӧ߾ modulo m ϐΠ x ≡ cγ tϕ(m)/d (mod m), ύځ t ∈ {0,1, . . . ,d−1} ࢂ xn ≡ a

(mod m) .ှޑԖ܌

Proof. җܭ a ک m ϕ፦, xn ≡ a (mod m) ᆶࣣှޑ m ϕ፦. Ξҗܭ γ ࢂ modulo m ϐΠޑ

ঁ primitive root, ܭаჹ܌ xn ≡ a (mod m) ,ှঁٿҺޑ ࣁϩձځॺёଷך γr ک γs,
ύځ r,s ∈ N. Ψ൩ࢂᇥ

γrn = (γr)n ≡ a ≡ (γs)n ≡ γsn (mod m).

ӢԜճҔ ordm(γ) = ϕ(m) аϷ Proposition 6.1.6 ள rn ≡ sn (mod ϕ(m)). ӢԜҗܭ d =

gcd(n,ϕ(m)) ٩ Proposition 3.2.3 ޕ r ≡ s (mod ϕ(m)/d). Ψ൩ࢂᇥӸӧ λ ∈ Z ٬ள s =

r+λϕ(m)/d. ϸϐ, ऩ γr ࢂ xn ≡ a (mod m) ঁှЪޑ s = r+λϕ(m)/d, ߾

(γs)n = (γrγλϕ(m)/d)n = γrnγλϕ(m)n/d ≡ a(γϕ(m))λn/d ≡ a (mod m).

ӢԜ γs Ψࢂ xn ≡ a (mod m) .ঁှޑ

ॺளΑऩך x ≡ c ≡ γr (mod m), ࢂ xn ≡ a (mod m) ,ঁှޑ ߾ x ≡ cγλϕ(m)/d

(mod m), ύځ λ ∈ Z, ࢂ xn ≡ a (mod m) .ှޑԖ܌ όၸ೭٤ှӧ modulo m ϐΠԖ

ӭ࣬ࢂӕޑ, .рפॺѸஒԖব٤࣬౦ှך ฅԶ c ک m ϕ፦, җࡺ Corollary ޕ3.2.4
cγλϕ(m)/d ≡ cγλ ′ϕ(m)/d (mod m) ऩЪऩ γλϕ(m)/d ≡ γλ ′ϕ(m)/d (mod m). ӆճҔ ordm(γ) =
ϕ(m)аϷ Proposition ޕ6.1.6 γλϕ(m)/d ≡ γλ ′ϕ(m)/d (mod m)ऩЪऩ λϕ(m)/d ≡ λ ′ϕ(m)/d

(mod ϕ(m)) Ψ൩ࢂᇥ ϕ(m)|(λ −λ ′)ϕ(m)/d ҭջ d|λ −λ ′. ӢԜ 0 ≤ t ≤ d−1 ਔ, cγ tϕ(m)/d

ӧ modulo m ϐΠࣣ࣬౦. ќБय़ჹҺཀ λ ∈ Z ࣣӸӧ h, t ∈ Z ٬ள λ = hd + t, ځ
ύ 0 ≤ t ≤ d − 1. а܌ cγλϕ(m)/d ӧ modulo m ϐΠᆶঁࢌ cγ tϕ(m)/d ӕᎩ, ύځ
t ∈ {0,1, . . . ,d − 1}. ӢԜךॺள xn ≡ a (mod m) ऩԖ x ≡ c (mod m) ೭ঁှ߾ӧ

modulo m ϐΠ xn ≡ a (mod m) ӅԖ x ≡ c,cγϕ(m)/d ,cγ2ϕ(m)/d , . . . ,cγ(d−1)ϕ(m)/d ೭ d ঁှ. �

ௗΠٰךॺճҔঁჴሞٯޑηှញ Proposition 6.4.1 ک Proposition 6.4.2 ளϐ่܌
݀.

Example 6.4.3. ॺٰך x12 ≡ 10 (mod 27) ک x12 ≡ 11 (mod 27) .ޑှ

җܭ 27 = 33 аӧ܌ modulo 27 ϐΠ primitive root .ޑӸӧࢂ Ξ ϕ(27) = 18 Ъ

gcd(12,ϕ(27)) = gcd(12,18) = 6 ճҔ Proposition 6.4.1 ॺёϩձҗך 10ϕ(27)/6 = 103 ک 113

ӧ modulo 27 ࣁցࢂ 1 ٰղۓ x12 ≡ 10 (mod 27) ک x12 ≡ 11 (mod 27) .ցԖှࢂ ٣ჴ
103 ≡ 1 (mod 27)Ъ 113 ≡ 8 ̸≡ 1 (mod а܌,(27 x12 ≡ 10 (mod 27)ԖှԶ x12 ≡ 11 (mod 27)

คှ.

ाפр x12 ≡ 10 (mod 27) ,ှޑ २ӃሡӃډפ modulo 27 ঁޑ primitive root. җܭ 2

ࢂ modulo 3 ޑ primitive root Ъ 22 ≡ 4 ̸≡ 1 (mod 9), аҗ܌ Lemma 6.3.4 ޕ 2 ӧ modulo
9 ࢂ primitive root. ӢԶҗ Proposition 6.3.7 ޕ 2 ӧ modulo 27 ϐΠ٩ฅࢂ primitive
root. ฅࡽ 2 ࢂ modulo 27 ঁޑ primitive root ीᆉךॺޕ 26 ≡ 10 (mod 27) Ъёаஒ
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x12 ≡ 10 (mod 27) ှቪԋޑ x ≡ 2t (mod 27) .Ԅޑ Ψ൩ࢂᇥךॺाှ

(2t)12 ≡ 26 (mod 27).

ӢԜҗ ord27(2) = ϕ(27) = 18 аϷ Proposition 6.1.6 ှܭԜሽޕ

12t ≡ 6 (mod 18).

җࡺ gcd(18,12) = 6 ள 2t ≡ 1 (mod 3), ջ t ≡ 2 (mod 3). ှр x ≡ 22 ≡ 4 (mod 27) ࣁ

x12 ≡ 10 (mod 27) .ঁှޑ ӆҗ ϕ(27)/6 = 3 аϷ Proposition 6.4.2 ޕ x ≡ 4,4× 23,4×
26,4× 29,4× 212,4× 215 (mod 27), ջ x ≡ 4,5,13,23,22,14 (mod 27) ࣁ x12 ≡ 10 (mod 27)

.ှޑԖ܌ ٣ჴךॺΨёаҗ 12t ≡ 6 (mod 18) ډפ t ≡ 2,5,8,11,14,17 (mod 18) ܌ځࣁ

Ԗှޑ, Զள x ≡ 22,25,28,211,214,217 (mod 27) ࣁ x12 ≡ 10 (mod 27) .ှޑԖ܌


