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Chapter 7

略談 Diophantine
Equations

ॺճҔך Diophantine equations .ҁᖱကϐᕴ่ࣁᚒٰբୢޑ Զ言ऩ
f (x1, . . . ,xn) ,߯數ӭԄޑঁӭᡂ數ࢂ  f (x1, . . . ,xn) = 0 ࢂԖ數ှ൩܌ޑ Dio-
phantine equation .ᚒୢޑ җࢂܭ數ှԖคज़ӭᅿёૈ, аှ܌ Diophantine equations
ޑᚒКଆှԖज़ୢᚒୢޑ congruence equations .ᜤӭ֚ࢂ ٣ჴךॺҞ前Ꮲޑ論
ૈ論Ϸ٤ᙁൂޑ Diophantine equations. ӧ೭္ךॺ׆ఈճҔ前൳ക܌Ꮲ่݀ޑᡣε
ৎΑှӵՖҔѬॺٰှ،ୢᚒ, ԶόགྷుΕޑ談論 Diophantine equations.

7.1. ೀঁٿ Diophantine Equations ݤБޑ

ᅿೀٿϟಏޑॺᙁൂך Diophantine equations .ݤБޑ ೭ٿᅿБݤࢂҔٰೀ
Diophantine equations คှޑݩ.

ಃᅿБࢂݤҔ congruence .ೀݤБޑ Ψ൩ࢂᇥӵ݀ঁ Diophantine equation
f (x1, . . . ,xn) = 0 Ԗ數ှ, ޑჹҺཀ߾ m ∈ N ӧ modulo m ϐΠ f (x1, . . . ,xn) ≡ 0 (mod m)

ฅԖှ. ӢԜऩૈډפঁ m ٬ள f (x1, . . . ,xn) ≡ 0 (mod m) คှ, ٗሶচ Diophantine
equation f (x1, . . . ,xn) = 0 ൩คှ.

Proposition 7.1.1. ଷ f (x1, . . . ,xn) ঁࢂ n ঁᡂ數ޑ߯數ӭԄ. ऩӸӧ m ∈ N ٬
ள f (x1, . . . ,xn)≡ 0 (mod m) คှ, ߾ f (x1, . . . ,xn) = 0 ค數ှ.

Proof. ճҔϸݤଷ x1 = c1, . . . ,xn = cn ࢂ f (x1, . . . ,xn) = 0 .ಔ數ှޑ җܭ
f (c1, . . . ,cn) = 0, ԾฅԖ f (c1, . . . ,cn) ≡ 0 (mod m), Ψ൩ࢂᇥ x1 ≡ c1 (mod m), . . . ,xn ≡ cn

(mod m) ࢂ f (x1, . . . ,xn)≡ 0 (mod m) .ಔှޑ Ԝک f (x1, . . . ,xn)≡ 0 (mod m) คှޑଷ

࣬ҟ࣯ޕࡺ f (x1, . . . ,xn) = 0 ค數ှ. �
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90 7. 略談 Diophantine Equations

ाݙཀ Proposition 7.1.1 ᇥࢂޑऩૈډפঁ m ∈ N ٬ள f (x1, . . . ,xn)≡ 0 (mod m) ค

ှ, ߾ f (x1, . . . ,xn) = 0 ค數ှ. ٠όࢂᇥऩૈډפ m ∈ N ٬ள f (x1, . . . ,xn) ≡ 0 (mod m)

Ԗှ, ߾ f (x1, . . . ,xn) = 0 Ԗ數ှ. ίձབᒱΑ, .ηٯॺٰ࣮ঁך

Example 7.1.2. Եቾ Diophantine equation 11x2 − 7y2 = 2. ӧ modulo 11 ϐΠ, ॺाך
ှ −7y2 ≡ 2 (mod 11). җܭ −7× 3 ≡ 1 (mod 11), −7y2 ≡ 2 (mod 11) ᜐ४ٿ 3 ёள

y2 ≡ 6 (mod 11). Եቾ Legendre symbol
(

6
11

)
=

(
2

11

)(
3

11

)
. җܭ 11 ≡ 3 (mod 8) җࡺ

Theorem 5.4.3 ޕ
(

2
11

)
=−1 Ъҗ Theorem 5.4.6 ޕ

(
3

11

)
=−

(
11
3

)
=−

(
2
3

)
= 1. Ӣ

Ԝள

(
6
11

)
=−1, Ψ൩ࢂᇥ y2 ≡ 6 (mod 11) คှ. ඤ言ϐ, 11x2 −7y2 −2 ≡ 0 (mod 11) ค

ှ, ӢԶҗ Proposition 7.1.1 ޕ 11x2 −7y2 = 2 ค數ှ.

ཀऩஒݙ 11x2 − 7y2 = 2 Եቾӧ modulo 7 ,ޑ Ψ൩ှࢂ 11x2 ≡ 2 (mod 7). җܭ
11×2 ≡ 1 (mod 7), 11x2 ≡ 2 (mod 7) ᜐ४ٿ 2 ள x2 ≡ 4 (mod 7). ԜԄԖޑᡉܴࡐ x ≡ 2

(mod 7) ,ှځࣁ ՠҗ前ςޕ 11x2 − 7y2 = 2 ٠ค數ှ. ,ޕёٯаҗԜ܌ ٠όૈӢډפ
m ∈ N ٬ள f (x1, . . . ,xn)≡ 0 (mod m) Ԗှ, ᘐ言ߡ f (x1, . . . ,xn) = 0 Ԗှ.

,ڻεৎӳ܈ ऩჹܭҺཀ҅ޑ數 m, f (x1, . . . ,xn)≡ 0 (mod m) ࣣԖှ, ց൩ૈளࢂ
f (x1, . . . ,xn) = 0 Ԗ數ှګ? җΠय़ٯޑηךॺёаޕၰ, ೭ϝࢂόۓჹޑ.

Example 7.1.3. з f (x) = (x2−17)(x2−19)(x2−323)Եቾ Diophantine equation f (x) = 0.
೭ঁޑᡉܴࡐ Diophantine equation ٠ค數ှ. ՠךࢂॺஒᇥܴ, ჹҺཀ m ∈ N, f (x)≡ 0

(mod m) ࣣԖှ.

җ Corollary 4.4.3 ၰाܴჹҺཀޕॺך m ∈N, f (x)≡ 0 (mod m) ࣣԖှ, ӕܭा
ܴჹҺཀ፦數 p аϷ n ∈ N, f (x)≡ 0 (mod pn) ࣣԖှ.

 p = 2,n = 1 ਔ, f (x)≡ (x2 −1)3 (mod 2), ࡺ f (x)≡ 0 (mod 2) Ԗှ. Զ p = 2,n = 2

ਔ, f (x) ≡ (x2 − 1)(x2 − 3)2 (mod 4), а܌ f (x) ≡ 0 (mod 4) ҭԖှ.  p = 2,n ≥ 3 ਔ,
җܭ 17 ≡ 1 (mod 8), Proposition 5.2.1 ນךॺ x2 ≡ 17 (mod 2n) ѸԖှ, а܌ f (x) =

(x2 −17)(x2 −19)(x2 −323)≡ 0 (mod 2n) ฅԖှ.

 p = 17 ਔҗܭ 17 ≡ 1 (mod 8), җࡺ Theorem 5.4.3 ޕ x2 ≡ 19 ≡ 2 (mod 17) Ԗှ.
ӢԜҗ Proposition 5.2.4 ჹҺཀޕ n ∈ N, x2 ≡ 19 (mod 17n) ࣣԖှ. ӢԜޕ f (x) ≡ 0

(mod 17n) Ԗှ. Զ p = 19 ਔ, җܭ 17 ≡ 1 (mod 8) ளࡺ
(

17
19

)
=

(
19
17

)
=

(
2

17

)
= 1,

Ψ൩ࢂᇥ x2 ≡ 17 (mod 19)Ԗှ. ӆҗ Proposition ჹҺཀޕ5.2.4 n ∈N, x2 ≡ 17 (mod 19n)

ࣣԖှ. ӢԜޕ f (x)≡ 0 (mod 19n) Ԗှ.

 p ፦數Ъڻࢂ p ̸= 17,19 ਔ, ऩ x2 ≡ 17 (mod p) Ԗှ, ߾ Proposition 5.2.4 ນ
ॺჹҺཀך n ∈ N, x2 ≡ 17 (mod pn) ҭԖှ. аԜਔ܌ f (x) ≡ 0 (mod pn) Ԗှ. ӕऩ
x2 ≡ 19 (mod p) Ԗှ, ёளჹҺཀ n ∈ N, f (x)≡ 0 (mod pn) ҭԖှ. Զऩ x2 ≡ 17 (mod p)

ک x2 ≡ 19 (mod p) ࣣคှ, ջ
(

17
p

)
=

(
19
p

)
= −1, җ߾

(
232

p

)
=

(
17
p

)(
19
p

)
= 1 ޕ
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x2 ≡ 232 (mod p) Ԗှ, ӢԜளჹҺཀ n ∈ N, x2 ≡ 232 (mod pn) ࣣԖှ. ॺϝளך f (x)≡ 0

(mod pn) Ԗှ.

ᆕӝа่݀ךॺޕ, ჹҺཀ፦數 p аϷ n ∈ N, f (x)≡ 0 (mod pn) ࣣԖှ. аჹҺཀ܌
m ∈ N, f (x)≡ 0 (mod m) ࣣԖှ. ՠ٣ࢂჴ f (x) = 0 ٠ؒԖ數ှ.

ӆԛமፓԛ, ޑॺϟಏך congruence Бݤૈٰܴ৾ Diophantine equation คှ.
аऩԖঁ܌ Diophantine equation գᇡࣁѬ٠ค數ှ, ٗգёаԵቾҔ congruence ޑ
БݤѐܴѬคှ. Ψ൩ࢂᇥ၂ډפঁ m ∈ N ӧځ٬ modulo m ϐΠคှ, ٗሶ൩
ளԜ Diophantine equation ค數ှ. ऩգᇡࣁঁ Diophantine equation Ԗှ, ٗሶ
congruence ,ԄёૈޑှځգٮഗӭёаගݤБޑ ٠คݤນգচ Diophantine equation
Ԗှ.

ќᅿதҔޑБݤᆀࣁ descent .ݤБޑ ѬΨٰ৾ࢂܴঁ Diophantine equation ؒ
Ԗ҅數ှ. ޑ數҅ډҔࢂচޑࡕङځ well-ordering principle. БݤϝฅࢂҔϸݤ:
ଷ Diophantine equation f (x1, . . . ,xn) = 0 Ԗ҅數ှЪ x1 = c1, . . . ,xi = ci, . . . ,xn = cn ࣁ

.ಔှځ ऩךॺૈճҔ x1 = c1, . . . ,xi = ci, . . . ,xn = cn ೭ಔ҅數ှډפќಔ҅數ှ

x1 = c′1, . . . ,xi = c′i, . . . ,xn = c′n,ځύჹঁࢌۓ i∈{1, . . . ,n}Ԗ c′i < ci,߾ௗΠٰёճҔ x1 =

c′1, . . . ,xi = c′i, . . . ,xn = c′n ೭ಔ҅數ှډפќಔ҅數ှ x1 = c′′1, . . . ,xi = c′′i , . . . ,xn = c′′n
ᅈى c′′i < c′i. ӵԜޔΠѐךॺёளঁᝄሀ෧ޑคጁ҅數數ӈ ci > c′i > c′′i > · · · Ԝک
҅數ޑ well-ordering principle ࣬ၴङ, ளࡺ f (x1, . . . ,xn) = 0 ؒԖ數ှ.

аךࡕॺճҔ descent ޑԖӜঁࢌܴݤБޑ Diophantine equation ค҅數ှ. ۭ
ΠךॺӃᖐঁᙁൂٯޑηᡣεৎΑှ descent .ݤБޑ

Example 7.1.4. εৎޕၰ
√

2 ,ค數ࢂ ޕॺёךа܌ x2 − 2y2 = 0 ೭ঁ diophantine
equation ค҅數ှ. ॺճҔך descent ញှٰݤБޑ x2 −2y2 = 0 ค҅數ှ.

ଷ x = c1,y = d1 ࢂ x2 −2y2 = 0 .ಔ҅數ှޑ ܭҗ߾ c2
1 = 2d2

1 , ޕॺך c1 Ѹ҅ࣁ

ଽ數, Ψ൩ࢂᇥӸӧ c2 ∈ N ٬ள c1 = 2c2. ӢԜள 4c2
2 = 2d2

1 , ջ 2c2
2 = d2

1 . җԜΞள d1 ҅ࢂ

ଽ數, Ӹӧࡺ d2 ∈ N ٬ள d1 = 2d2. ӢԜள 2c2
2 = 4d2

2 , ջ c2
2 = 2d2

2 . Ψ൩ࢂᇥ x = c2,y = d2

ࣁ x2 −2y2 = 0 .ಔ҅數ှޑ ॺճҔך x = c1,y = d1 ೭ಔ҅數ှளډ x = c2,y = d2

೭ಔ҅數ှЪᅈى c1 = 2c2 > c2, ճҔࡺ descent ޕݤБޑ x2 −2y2 = 0 ค҅數ှ.

೭္Ԗঁᡄᒠୢޑᚒሡݙཀ. ᒏ܌ descent ঁࡰࢂݤБޑ Diophantine equation
ऩૈܴȨҺ๏ಔȩ҅數ှૈౢғќಔ “ၨλ” ,數ှ҅ޑ ၀߾ Diophantine
equation ค҅數ှ. җȨޑۓಔȩ҅數ှёаளډќಔ “ၨλ” 數ှ٠҅ޑ
คݤளҟ่࣯ޑ論. ӵٯ x = 8,y = 6,z = 10 ࢂ x2 +y2 = z2 ,ಔ҅數ှޑ ஒ x,y,z ࣣନ

а 2 ள x = 4,y = 3,z = 5 Ψࢂ x2 + y2 = z2 ,ಔ҅數ှޑ ՠԜಔှ٠όૈӆ٩Ԝள׳
λޑಔှ, .論่ޑளҟ࣯ݤаค܌ ٣ჴ x2 + y2 = z2 ฅࢂԖ҅數ှ, ೭٠ؒԖک
descent .ङၴ࣬ݤБޑ
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7.2. Pythagorean Triple ک Fermat’s Last Theorem

.ѳБޑᜐ௹ܭکѳБިٿޑفΟفޔၰޕॺך ऩঁفޔΟځفΟᜐߏ
ಔࢂࣁԜΟঁ҅數൩ᆀ߾數҅ࣁࣣ Pythagorean triple. ඤ言ϐ, ᅈى Diophantine
equation x2+y2 = z2ޑಔ҅數ှ൩ࢂ Pythagorean triple. Ԗ܌ډפॺஒך Pythagorean
triples کٰځԄЪճҔޑ Fermat’s Last Theorem Ԗᜢୢޑᚒ.

7.2.1. Pythagorean Triples. ޑԖ܌ډפఈૈ׆ॺך Pythagorean triples. όၸऩؒԖ
ज़ڋచҹा܌ډפԖှޑჴӧԖᗺ֚ᜤ, Ԗ٤ݩՖ׳ Pythagorean triple ٤ࢌவࢂჴځ
Pythagorean triple ᇸܰளޑډ. ӢԜךॺ׆ఈޑפ Pythagorean triples ᗨฅԖज़ڋచҹՠ
ఈૈҗ೭٤׆ Pythagorean triples ள܌ډԖёૈޑ Pythagorean triples. ၀ӭуব٤ज़
?ګޑ೭ঁҞډၲૈڋ ॺёаԵቾךӵٯ x2 + y2 = z2 .數ှ҅ޑ ೭ࢂӢࣁٰऩ x = 0

܈ y = 0 ٗሶ x2 = z2 ܈ y2 = z2 ೭ኬޑ Diophantine equation ਥҁؒԖཀࡘ; ӆٰځдॄޑ
數ှёаᇸӦҗ҅數ှளډ, .ှޑԖ܌ၲ߄аىаԵቾ҅數ှ൩܌

ᜪ՟ࡘޑԵБӛ, வޑᇸܰࡐॺΨёך x2 + y2 = z2 คጁӭಔ҅ډಔ҅數ှளޑ

數ှ. ӵٯ x = 3,y = 4,z = 5 ,ಔ҅數ှࢂ ӢԜёளჹҺཀ λ ∈ N, x = 3λ ,y = 4λ ,z =
5λ Ψࢂಔ҅數ှ. Ԗคጁӭಔޕॺךа܌ Pythagorean triples. όၸ೭ኬ܌ளޑ
Pythagorean triple ჹךॺٰᇥؒࢂӭεᑫ፪ޑ. ಔࢂޑॺКၨԖᑫ፪ך Pythagorean
triple “চۈ” Ծবঁٰࢂ Pythagorean triple. Ψ൩ךࢂॺԖᑫ፪٤ٗܭനεϦӢ數ࣁ 1

ޑ Pythagorean triple. ٣ჴҺಔ Pythagorean triple ٰࢂԾࢌܭಔനεϦӢ數
ࣁ 1 ޑ Pythagorean triple. ೭ࢂӢࣁऩ x = a,y = b,z = c ಔࢂ Pythagorean triple Ъ
gcd(a,b,c) = d, Ӹӧ߾ a′,b′,c′ ∈ N ٬ள a = da′,b = db′,c = dc′ Ъ gcd(a′,b′,c′) = 1. ќБ
य़җܭ a2 +b2 = c2 ёள a′2 +b′2 = c′2, а܌ x = a′,y = b′,z = c′ ൩ࢂಔനεϦӢ數ࣁ 1 ޑ

Pythagorean triple. ӢԜךॺѝाܭݙനεϦӢ數ࣁ 1 ޑ Pythagorean triple ջё.

നךࡕॺวऩ x = a,y = b,z = c ࣁಔനεϦӢ數ࢂ 1 ޑ Pythagorean triple, ฅ
x = b,y = a,z = c ΨࢂಔനεϦӢ數ࣁ 1 ޑ Pythagorean triple, Ψ൩ࢂᇥᙖҗҬඤ x,y ޑ

ׇ܌ளှޑΨؒӭεཀࡘ. ԵቾಔݤঁБפॺགྷךа܌ x,y .ׇջёޑ ךӵٯ
ॺёԵቾ x > y .ޑ όၸ೭ኬޑज़ڋჹךॺؒှפԖӭεޑᔅշ. ॺёаԵቾќך
ᅿज़ڋ. २ӃݙཀനεϦӢ數ޑज़٬ڋளךॺޑ Pythagorean triple ځ x,y ॶόૈӕޑ

,ଽ數ࣁ ց߾җ z2 = x2 + y2 ޕ z Ѹࣁଽ數, ԋ x,y,z ܭܭനεϦӢ數εޑ 2. ќБ
य़ x,y .數ڻࣁॶΨόૈӕޑ ೭ࢂӢࣁऩ x,y ,數ڻࣁࣣ ߾ x2 ≡ y2 ≡ 1 (mod 4). ӢԜ
ԋ x2 + y2 ≡ 2 (mod 4), ฅԶ x2 + y2 ,ଽ數ࢂ җࡺ z2 = x2 + y2 ள z .ଽ數ࣁ Ψ൩ࢂᇥ z2 ≡ 0

(mod 4). ೭ԋ 0 ≡ z2 ≡ x2 + y2 ≡ 2 (mod 4) .ҟ࣯ޑ ӢԜऩךॺाޑ Pythagorean
tripleځനεϦӢ數ࢂ ߾,1 xک yѸڻଽ. ޑॺךڋॺёаԵቾज़ךа܌ Pythagorean
triple ځ x ॶڻࣁ數Զ y ॶࣁଽ數. ޑڋॺ๏Ԗ೭٤ज़ך Pythagorean triples ঁձޑ
Ӝӷ.

Definition 7.2.1. ଷ a,b,c ∈N ᅈى a2 +b2 = c2 Ъ gcd(a,b,c) = 1 Ξ a 數Զڻࣁ b ଽࣁ

數, ᆀ߾ a,b,c ঁࣁ primitive Pythagorean triple.
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ޑԖ܌ډפఈૈ׆ॺך primitive Pythagorean triples. ٣ჴ primitive Pythagorean
triples Ԗคጁӭঁ, ޑԖ܌ஒࢂ٠όډפޑࡰа೭္܌ primitive Pythagorean triples 
ӈр, ޑԖ܌ஒݤঁБډפाࢂॺך primitive Pythagorean triples .Ңрٰ߄

Theorem 7.2.2. ๏ۓҺಔ primitive Pythagorean triple x,y,z ࣣӸӧಔ m,n ∈ N ύځ
m > n, gcd(m,n) = 1 Ъ m,n ύԖঁڻࢂ數ঁࢂଽ數٬ள

x = m2 −n2, y = 2mn, z = m2 +n2.

ϸϐჹҺཀಔ m,n ∈N ᅈى m > n, gcd(m,n) = 1 Ъ m,n ύԖঁڻࢂ數ঁࢂଽ數,
ऩз x = m2 −n2, y = 2mn Ъ z = m2 +n2, ߾ x,y,z ಔࣁ primitive Pythagorean triple.

Proof. ଷ x,y,z ಔࢂ primitive Pythagorean triple. җܭ x2 + y2 = z2, ॺளך y2 =

(z+ x)(z− x). ကۓ٩ y ଽ數Զࢂ x,z ,數ڻࢂ а܌ y/2,(z+ x)/2 ک (z− x)/2 數Ъ҅ࣁࣣ

(y/2)2 = ((z+x)/2)((z−x)/2). ཀԜਔݙ (z+x)/2 ک (z−x)/2 ϕ፦. ाόฅԖ፦數 p ࣁ

(z+x)/2ک (z−x)/2ޑϦӢ數,ӢԶள pࣁ (z+x)/2+(z−x)/2= zک (z+x)/2−(z−x)/2= x

.ϦӢ數ޑ ӵԜԋ p|y2 = z2 − x2, ջ p|y, ӢԶᆶ gcd(x,y,z) = 1 ࣬ҟ࣯.

ฅࡽ (z+ x)/2 ک (z− x)/2 ϕ፦, җࡺ (y/2)2 = ((z+ x)/2)((z− x)/2) ёள (z+ x)/2 ک

(z− x)/2 ,數ϐѳБঁࢌࣁࣣ ҭջӸӧ m,n ∈ N ٬ள m2 = (z+ x)/2 Ϸ n2 = (z− x)/2. Ԝ
ਔךॺள

x = m2 −n2, y = 2mn, z = m2 +n2.

Կܭ m ک n, җܭ x > 0, ջ m2 −n2 > 0, ޕࡺ m > n. ΞӢࣁ (z+ x)/2 ک (z− x)/2 ϕ፦, ջ
gcd(m2,n2) = 1, ॺளך gcd(m,n) = 1. നۓ٩ࡕက x = m2 −n2 ,數ڻࢂ ޕࡺ m ک n ύԖ

.ଽ數ࢂ數ঁڻࢂঁ

ϸϐჹҺཀಔ m,n ∈ N ᅈى m > n, gcd(m,n) = 1 Ъ m,n ύԖঁڻࢂ數ঁࢂଽ數,
ऩз x = m2 −n2, y = 2mn Ъ z = m2 +n2, ޕԾฅ߾ x,y,z ∈ N Ъ x2 + y2 = z2, Ψ൩ࢂᇥ x,y,z

ಔࢂ Pythagorean triple. ӢԜךॺഭΠाᇥܴѬॺࢂ primitive, ջ gcd(x,y,z) = 1, x ࣁ

數Ъڻ y .ଽ數ࣁ ကۓ٩ y = 2mn а܌ y ฅࢂଽ數, Զ m,n ύঁڻࢂ數ঁࢂଽ數܌а

x = m2 −n2 ฅڻࢂ數. Կܭ gcd(x,y,z) = 1 ӵ݀ࣁӢࢂ gcd(x,y,z)> 1, ߾ gcd(x,y,z) Ѹࣁ

數ڻ (Ӣࣁςޕ x (數ڻࢂ ፦數ڻаӸӧ܌ p ࣁ x,y,z .ϦӢ數ޑ Ӣࣁ p ନ z+ x = 2m2

Ъ p ନ z− x = 2n2 ΞӢࣁ p ,፦數ڻࣁ ॺளך p|m Ъ p|n. Ԝᆶ m,n ϕ፦ޑଷ࣬ҟ࣯,
ޕࡺ gcd(x,y,z) = 1. �

Theorem 7.2.2 ນךॺঁ primitive Pythagorean triple ёҗಔڻଽЪϕ
፦҅ޑ數 m,nளډ,ԶЪ๏ಔ೭ኬ҅ޑ數൩ёளಔ primitive Pythagorean triple.
ᗨฅךॺёаᇸܰډפޑคጁӭಔ೭ኬޑ m,n ՠ೭٠ό߄Ңёаౢғคጁӭಔ primitive
Pythagorean triples, ନךߚॺޕၰόӕޑಔ m,n ёౢғόӕޑ Pythagorean triple. ٣ჴ
ऩ m,n ک m′,n′ ύځ數҅ޑଽЪϕ፦ڻಔٿࢂ m > n Ъ m′ > n′, ଷ m,n ک m′,n′

ౢғኬޑ primitive Pythagorean triple. ҭջ m2 −n2 = m′2 −n′2 Ъ m2 +n2 = m′2 +n′2. ஒ
Ԅ࣬уёளٿ 2m2 = 2m′2, җࡺ m,m′ 數ள҅ࣁࣣ m = m′. ӕள n = n′. ӢԜךॺԖа
Πϐ่݀.



94 7. 略談 Diophantine Equations

Corollary 7.2.3. Ӹӧคጁӭಔ primitive Pythagorean triple. ٣ჴჹҺཀޑಔ
primitive Pythagorean triple ࣣӸӧޑಔ m,n ∈ N ύځ m > n, gcd(m,n) = 1 Ъ m,n

ύԖঁڻࢂ數ঁࢂଽ數٬ள x = m2 −n2, y = 2mn, z = m2 +n2.

7.2.2. Fermat’s Last Theorem. Ԗ܌ډפॺςך x2 + y2 = z2 ,數ှ҅ޑ ޑԾฅࡐ
ୢ x3 + y3 = z3 ,數ှ҅ޑ ࣗԿୢჹҺཀεܭܭ 3 數҅ޑ n, xn + yn = zn .數ှ҅ޑ
Fermat ᇡࣁ n ≥ 3 ਔ xn + yn = zn ٠ค҅數ှ. дᙁอޑᇥԖঁࡐᖃܴޑБݤܴ
Ԝ٣ՠ٠ؒԖගрܴ, ࣁॺᆀԜ่݀ךа܌ Fermat’s Last Theorem.

٣ჴਔᔈᆀ Fermat’s Last Theorem ঁࣁ conjecture (གྷ) Ӣ٠ؒࣁԖΓ๏р
ֹޑܴ. Οԭӭԃٰӭӭޑ數ᏢৎགྷाрԜۓ, ՠډޔ 1995 ԃωֹ
.ܴޑ όၸ܌ҔޑБݤੋډӭፄᚇᖑుޑ數Ꮲ論, ฅόࢂ Fermat ࡰ܌߃
.ݤБޑ җԜךॺёаޕၰ Diophantine equation ᗨฅࢂ論數ှୢޑᚒ, όၸԖޑ
Diophantine equation ዴჴੋࡐډుޑ數Ꮲୢᚒ.

ჴှځ Fermat’s Last Theorem όѸԵቾ܌Ԗεܭܭ 3 .數҅ޑ ऩ n Ԗޑڻ፦Ӣ數

p, Ԝਔ n = pm, ऩࡺ x = a,y = b,z = c ࢂ xn+yn = zn ,ಔ҅數ှޑ Ӣ߾ apm+bpm = cpm

ޕ x = am,y = bm,z = cm ࢂ xp + yp = zp .ಔ҅數ှޑ ඤ言ϐऩૈள xp + yp = zp ค҅

數ှ, ჹҺཀ߾ n = pm, xn + yn = zn Ψค҅數ှ. ӕऩ n คޑڻ፦Ӣ數, ջ n = 2r, Ԝ
ਔӢ r ≥ ޕ2 4|n,܌аऩૈள x4+y4 = z4 ค҅數ှ,߾ჹҺཀ n = 2r > 2, xn+yn = zn ค

҅數ှ. ӢԜाܴ Fermat’s Last Theorem, ፦數ڻॺѝाܴჹҺཀך p, xp + yp = zp

ค҅數ှ, аϷ x4 + y4 = z4 ค҅數ှջё. Ҟ前ךॺคݤೀڻ፦數ޑ, ௗΠٰך
ॺஒճҔ descent ܴݤБޑ x4 + y4 = z4 ค҅數ှ.

ॺӃೀঁКך x4 + y4 = z4 ޑ׳ Diophantine equation.

Proposition 7.2.4. x4 + y4 = z2 ค҅數ှ.

Proof. ॺճҔך descent ܴݤБޑ x4 + y4 = z2 ค҅數ှ. ଷ x = a1,y = b1,z = c1 ࢂ

x4 + y4 = z2 ,ಔ҅數ှޑ ќಔ҅數ှډॺஒճҔѬॺளך x = a2,y = b2,z = c2 Ъ

c1 > c2. ӵԜޔΠѐ҅ک數ޑ well-ordering principle ࣬ၴङ, .চԄค҅數ှޕࡺ

ଷ x = a1,y = b1,z = c1 ࢂ x4 +y4 = z2 .ಔ҅數ှޑ ӵ݀ gcd(a1,b1) = d > 1, җ
ܭ d|a1 Ъ d|b1 ޕ d4|a4

1+b4
1 = c2

ளࡺ,1 d2|c1. ӢԜ x = a1/d,y= b1/d,z= c1/d2 ࢂ x4+y4 = z2

ಔ҅數ှЪޑ c1/d2 < c1.

ऩ x = a1,y = b1,z = c1 ࢂ x4 + y4 = z2 ಔ҅數ှЪޑ gcd(a1,b1) = 1. Ԝਔҗܭ
gcd(a2

1,b
2
1,c1) = 1 (Ӣ gcd(a2

1,b
2
1) = 1) Ъ x = a2

1,y = b2
1,z = c1 ᅈى x2 + y2 = z2. ճҔ前य़

論 primitive Pythagorean triple ,่݀ޑ όѨך܄ॺଷ a2
1 數Զڻࢂ b2

1 ,ଽ數ࢂ ҭ
ջ x = a2

1,y = b2
1,z = c1 ಔࢂ primitive Pythagorean triple. ճҔࡺ Theorem 7.2.2 Ӹӧޕ

m,n ∈ N ᅈى m > n Ъ gcd(m,n) = 1 ٬ள

a2
1 = m2 −n2, b2

1 = 2mn, c1 = m2 +n2.
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Ξҗܭ gcd(a1,m,n) = 1 (Ӣ gcd(m,n) = 1), Ъ x = a1,y = n,z = m ᅈى x2 + y2 = z2, җࡺ a1

數ϐଷаϷ前य़論ڻࢂ primitive Pythagorean triple ϐ܄፦ޕ n Ѹࣁଽ數 (Ъ m ࣁ

,(數ڻ Ψ൩ࢂᇥ x = a1,y = n,z = m Ξࢂಔ primitive Pythagorean triple. ӢԜӆҔԛ
Theorem 7.2.2 Ӹӧޕ u,v ∈ N ᅈى u > v Ъ gcd(u,v) = 1 ٬ள

a1 = u2 − v2, n = 2uv, m = u2 + v2.

೭္ाݙཀ, җܭ b1 ک n ,ଽ數ࣁࣣ ॺёଷך b1 = 2b′1 Ъ n = 2n′. Ԝਔҗ b2
1 = 2mn ޕ

b′21 = mn′. Ξҗܭ gcd(m,n′) = 1 ޕॺך m ک n′ ,數ϐѳБঁࢌࣁࣣ ҭջӸӧ c2,e ∈ N ٬
ள m= c2

2 Ъ n′ = e2. Ξҗܭ 2e′2 = 2n′ = n= 2uvаϷ gcd(u,v) = ॺளך,1 uک vࣣঁࢌࣁ

數ϐѳБ,ҭջӸӧ a2,b2 ∈N٬ள u = a2
2 Ъ v = b2

2. ӢԜҗ m = u2+v2 ջ c2
2 = (a2

2)
2+(b2

2)
2

ޕ x = a2,y = b2,z = c2 ࢂ x4 + y4 = z2 .ಔ҅數ှޑ ԜਔӢ c1 = m2 +n2 > m2 = c4
2, ޕ

x = a2,y = b2,z = c2 ዴჴࢂќಔ x4 + y4 = z2 ى數ှЪᅈ҅ޑ c2 < c1. ճҔࡺ descent
.ۓளҁݤБޑ �

Proposition 7.2.4 ນךॺ x4 + y4 = z2 ค҅數ှ, ճҔ೭ঁ่ܴ݀ޑॺёаᇸך
x4 + y4 = z4 ค҅數ှ. ೭ࢂӢࣁऩ x = a,y = b,z = c ࢂ x4 + y4 = z4 ,ಔ҅數ှޑ ߾
x = a,y = b,z = c2 ൩ࢂ x4 +y4 = z2 .ಔ҅數ှޑ Ԝک Proposition 7.2.4 ࣬ҟ࣯, Ԗࡺ
аΠϐ่論.

Corollary 7.2.5. x4 + y4 = z4 ค҅數ှ.

7.3. ѳБୢکᚒ

ӧԜനࡕύךॺा數論ќঁԖ፪ୢޑᚒ, ൩ࢂஒ҅數ቪԋ٤數ޑѳ
Бୢکᚒ. ,کѳБޑ數ঁٿӣเব٤҅數ёаቪԋޑॺஒֹך ԶЪܴ܌Ԗ҅ޑ
數ёаቪԋѤঁ數ޑѳБک.

7.3.1. Sum of Two Squares. ঁ҅數όঁࢌࢂ數ޑѳБਔ, ၰѬޕॺԖᑫ፪ך
.کѳБޑ數ঁٿցёቪԋࢂ ऩ n ҁঁࢌࢂي數ޑѳБ, ջӸӧ m ∈ N ٬ள n = m2, 
ฅךॺёаஒ n ቪԋ n = m2 +02. ѳБࣁ數ຎޑکѳБޑ數ঁٿॺёаஒёቪԋךа܌
數ޑቶ.

२Ӄךॺٰ࣮ঁԖ፪ޑԄ:

(a2 +b2)(c2 +d2) = (ac+bd)2 +(ad −bc)2. (7.1)

೭ঁԄёаޔௗஒဦٿᜐ໒ٰ, ΨёаҔεৎዕޑፄ數ၮᆉٰᇥܴ. ଷ
z1 = a+bi,z2 = d+ci ∈C (೭္ C߄Ңፄ數܌ԋϐӝ,Զ i ∈Cᅈى i2 =−1). ޕॺך z1,z1

ࣁӅ೫ፄ數ϩձޑ z1 = a−bi,z2 = d−ci Ъ |z1|2 = z1z1 = a2 +b2 Ϸ |z2|2 = z2z2 = c2 +d2. Ӣ
Ԝ

(a2 +b2)(c2 +d2) = z1z1z2z2 = z1z2z1z2 = |(ad −bc)+(ac+bd)i|2 = (ac+bd)2 +(ad −bc)2.

ճҔԄη (7.1) .ॺଭԖаΠϐ่݀ך
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Lemma 7.3.1. ऩ m,n ∈ N ࣣёаቪԋঁٿ數ޑѳБک, ߾ mn ҭёаቪԋঁٿ數ޑ

ѳБک.

Proof. ऩ m = a2 + b2 Ъ n = c2 + d2, ύځ a,b,c,d ∈ Z, ճҔԄη߾ (7.1) ޕ mn = (ac+

bd)2 +(ad −bc)2. Ӣ ac+bd,ad −bc ∈ Z ޕࡺ mn ҭёаቪԋঁٿ數ޑѳБک. �

ཀݙ Lemma 7.3.1 ນךॺ m,n ࣣёаቪԋঁٿ數ޑѳБکਔ, mn Ψёаቪԋ

;کѳБޑ數ঁٿ Ѭ٠ؒԖນךॺऩ m,n ύԖঁόૈቪԋঁٿ數ޑѳБکਔ, mn

.کѳБޑ數ঁٿցёаቪԋࢂ

җঁܭεܭ 1 ,४ᑈޑ數ёаቪԋ፦Ӣ數ޑ аҗ܌ Lemma 7.3.1 ाޑԾฅࡐॺך
ব٤፦數ёаቪԋঁٿ數ޑѳБکব٤፦數όૈ. җܭ 2 = 12 +12, ջ 2 ёаቪԋٿ

ঁ數ޑѳБک, ӢԜаΠךॺԵቾڻ፦數ޑ. ճҔ Lemma 7.3.1 ঁډॺёаளך
ղձঁ፦數ࢂցёаቪԋঁٿ數ޑѳБޑکБݤ.

Lemma 7.3.2. ଷ p .ঁ፦數ࢂ ऩӸӧ a,b ∈ Z ٬ள a2 +b2 = λ p, ύځ λ ∈ N ᅈى
λ < p, ߾ p ёаቪԋঁٿ數ޑѳБک.

Proof. Եቾӝ S = {s ∈ N | Ӹӧ u,v ∈ Z ٬ள u2 + v2 = sp}. ٩ྣ S ,ကۓޑ ाܴ p ё

аቪԋঁٿ數ޑѳБک൩ӕܭाܴ 1 ∈ S. ाӵՖޕ 1 ∈ S ?ګ ٩ଷޕ S ޜߚࣁ

ӝ (Ӣ λ ∈ S) Ъ S ,數҅ࣁϡનࣣޑ а܌ 1 ∈ S ऩЪऩ S ύനλޑϡન൩ࢂ 1 ཀ٩ݙ)
҅數ޑ well-ordering principle, җܭ S όޜࢂӝ܌а S ύѸӸӧനλޑϡન). з m ∈ S

ࢂ S ύനλޑϡન, ॺाܴך m = 1.

ճҔϸݤ, ଷ m ̸= 1. җࡺ λ ∈ S Ъ λ < p ޕ 1 < m < p. ఈӧ׆ॺך S ύډפК m

.ҟ࣯ډ數Զளޑλ׳ җܭ m ∈ S, Ӹӧࡺ u,v ∈ Z ٬ள u2 + v2 = mp, ॺϩԋך m ଽ數Ϸࢂ

m .論ݩᅿٿ數ڻࢂ

(I) m :ଽ數ࢂ Ԝਔҗܭ u2 + v2 = mp ,ଽ數ࢂ ޕॺך u,v Ѹӕڻӕଽ (ց߾ u2 + v2 ό

,(ଽ數ࢂ ջ u+ v ک u− v .ଽ數ࣁࣣ Ԝਔ (u+ v)/2 ک (u− v)/2 數Ъࣁࣣ

(
u+ v

2
)2 +(

u− v
2

)2 =
u2

2
+

v2

2
=

m
2

p.

ޕࡺ m/2 ∈ S Ъ m/2 < m, Ԝᆶ m ࢂ S ύനλޑϡન࣬ҟ࣯.

(II) m :數ڻࢂ Ӣࣁ m 數ਔڻࢂ

{−m+1
2

,
−m+1

2
+1, . . . ,0,1, . . . ,

m−1
2

−1,
m−1

2
}

ঁࢂ complete residue system modulo m. ډפॺёך c,d ∈ Z ᅈى c ≡ u (mod m) Ъ

d ≡ v (mod m), ύځ −(m− 1)/2 ≤ c,d ≤ (m− 1)/2. ཀ೭္ݙ c ک d όૈӕਔܭ 0, ೭
ӵ݀ࣁӢࢂ c = d = 0 Ң߄ u ≡ v ≡ 0 (mod m), ջ m|u Ъ m|v. ӢԜ m2|u2 + v2 = mp, ջ
m|p. ӵԜک 1 < m < p ࣬ҟ࣯, ޕࡺ c ک d όӕਔࣁ 0. Ӣࣁ c2 +d2 ≡ u2 + v2 (mod m)

аϷ u2 + v2 = mp, ॺளך c2 + d2 ≡ 0 (mod m). ҭջӸӧ k ∈ Z ٬ள c2 + d2 = km. ݙ
ཀӢ c ک d όӕਔࣁ 0, ࡺ k ̸= 0. ќБय़Ӣࣁ −(m− 1)/2 ≤ c,d ≤ (m− 1)/2, а܌
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c2 + d2 ≤ (m− 1)2/4+(m− 1)2/4 = (m− 1)2/2 < m2, ளࡺ 0 < k < m. Ψ൩ࢂᇥ k ∈ N Ъ
k < m. ӧךॺԖঁٿԄ: u2 + v2 = mp аϷ c2 +d2 = km. ճҔԄη (7.1) ள

(uc+ vd)2 +(ud − vc)2 = m2kp.

ΞӢࣁ u ≡ c (mod m) Ъ v ≡ d (mod m), ॺளך

uc+ vd ≡ u2 + v2 ≡ 0 (mod m) and ud − vc ≡ uv−uv ≡ 0 (mod m).

Ψ൩ࢂᇥ (uc+ vd)/m ∈ Z Ъ (ud − vc)/m ∈ Z. ӢԜޕ

(
uc+ vd

m
)2 +(

ud − vc
m

)2 = kp,

Ψ൩ࢂᇥ kp ёаቪԋঁٿ數ޑѳБک, Ξҗࡺ k ∈N ޕ k ∈ S. ฅԶךॺΞޕ k < m, Ԝᆶ
m ࢂ S ύനλޑϡન࣬ҟ࣯.

ॺளऩך m ̸= 1 ԋ m όࢂଽ數Ъόڻࢂ數೭ኬޑҟ࣯. চଷޕݤҗϸࡺ
m ̸= 1 όԋҥ, Ψ൩ࢂᇥ m = 1. ӢԜள p ёаቪԋঁٿ數ޑѳБک. �

Lemma 7.3.2 ܭᜪ՟ࢂჴځݤܴБޑ descent Զှޑλ׳ډҗঁှளࢂݤБޑ
ளҟ࣯. ,ݤ論БޑՖӕኬࣁεৎᅪൽ܈ ঁளډคှ; ќঁࠅளԖှ. ೭ࢂ
Ӣࣁӧ descent ,ޑԖҺՖచҹؒࢂ論ύݤБޑ ளคޑڋؒԖज़߾аऩԖ҅數ှ܌
ጁӭঁ׳λ҅ޑ數ှԶԋҟ࣯, ӢԜளډคှ่ޑ論. Զ೭္܌ҔޑБݤύளډК
m ,ޑԖచҹࢂ數҅ޑλ׳ Ψ൩ࢂᇥѸӧ m > 1 .ωёаޑ ӢԜӕኬளҟ࣯, ՠ
Ԝਔҟ࣯ᡣךॺள m = 1, .аԖှ܌ ,ৡ౦ޑᡄᒠޣٿఈ೭׆ εৎૈΑှ. ќѦ
Lemma 7.3.2 ளӸӧޑБ߄ݤय़ӳႽѝࢂᡄᒠᄽ, ٠ؒԖນךॺӵՖှډפ. ٣ჴ
ݤှځၸำύх֖ΑޑှډפБݤ. .ηٯޑᡏڀॺٰ࣮ঁך

Example 7.3.3. Եቾ p = 89. җܭ 89 ≡ 1 (mod 4), Ӹӧޕॺך a ∈ Z ٬ள a2 ≡ −1

(mod 89). ٣ჴ a = 34 ਔ, a2 = 1156 ≡−1 (mod 89), ॺԖך (34)2 +1 = 13×89. Ӣࣁ
13 < 89 җࡺ Lemma 7.3.2 ޕ 89 ёаቪԋঁٿ數ޑѳБک. ॺाճҔך Lemma 7.3.2 ޑ
ܴБݤஒ 89 ቪԋঁٿ數ޑѳБک.

ჹᔈډ Lemma 7.3.2 ,ܴޑ ޕॺך 13 ∈ S. Ӣ 13 ̸= 1, ॺाճҔך 13, ӧ S ύ׳ډפ

λޑϡન. ډפॺाך c,d ᅈى 34 ≡ c (mod 13), 1 ≡ d (mod 13) аϷ −6 ≤ c,d ≤ 6. ࡐ
ܰளޕ c =−5 Ъ d = 1. ௗךॺԵቾ c2 +d2 = 25+1 = 26 = 2×13. җԄηࡺ (7.1) ள

(34× (−5)+1)2 +(34− (−5))2 = 1692 +392 = 2×132 ×89.

җܭ 169 = 13×13 Ъ 39 = 3×13, ॺளך 132 +32 = 2×89, Ψ൩ࢂᇥ 2 ∈ S. ॺςךډཀݙ
ஒ 13 ∈ S फ़ډ 2 ∈ S. ӆճҔೀଽ數ޑݩБݤ, ஒ 2 ᕭλ. ջள

(
13+3

2
)2 +(

13−3
2

)2 = 82 +52 = 89.

ӧ Example 7.3.3 ύךॺճҔ 89 ≡ 1 (mod 4) ډפаёа܌ a ∈ Z ᅈى a2 ≡ −1

(mod 89). ӆޑᒧڗ a (ջᒧڗ a λ) ٬ள a1 + 1 = λ p, ύځ 0 < λ < p, аߡ
Ҕ Lemma 7.3.2. ӧޑ,  p ى፦數ᅈࢂ p ≡ 1 (mod 4) ਔ, .ॺёаӵԜբך
.ॺԖаΠϐ่݀ךа܌
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Proposition 7.3.4. ऩ p ፦數Ъࢂ p ≡ 1 (mod 4), ߾ p ёаቪԋঁٿ數ޑѳБک.

Proof. җܭ p ≡ 1 (mod 4), Theorem 5.4.1 ນךॺ x2 ≡ −1 (mod p) Ԗှ. ҭջӸӧ
a ∈ N ٬ள a2 ≡−1 (mod p). җܭ {1,2, . . . , p−1} ঁࢂ reduced residue system modulo
p, ڗॺёаᒧךа܌ 1 ≤ a ≤ p− 1 ٬ள a2 ≡ −1 (mod p) (٣ჴёᒧڗ 1 < a < p/2).
ӢԜӸӧ λ ∈ N ٬ள a2 + 1 = λ p. ΞӢࣁ a ≤ p− 1, ॺԖך λ p = a2 + 1 ≤ (p− 1)2 + 1 =

p2 −2(p−1)< p2. Ψ൩ࢂᇥ λ < p, ճҔࡺ Lemma 7.3.2 ள p ёаቪԋঁٿ數ޑѳБ

.ک �

ௗΠٰךॺ࣮࡛ኬޑ፦數όૈቪԋঁٿ數ޑѳБک.  p ≡ 1 (mod 4) ਔ, ӧ
Proposition 7.3.4 ճҔԜਔࢂॺך x2 ≡ −1 (mod p) Ԗှள p ёаቪԋঁٿ數ޑѳБ

.ک ॺΨёаճҔך p ≡ 3 (mod 4) ਔ, x2 ≡ −1 (mod p) คှள p όёаቪԋঁٿ

數ޑѳБک.

Lemma 7.3.5. ଷ p ىঁ፦數ᅈࢂ p ≡ 3 (mod 4) Ъ n ∈N ᅈى p|n. ऩ a,b ∈ Z ٬ள
a2 +b2 = n, ߾ p|a Ъ p|b.

Proof. .ۓܴԜݤॺाҔϸך όѨ܄, ॺଷך p - a. Ԝਔҗ a2 +b2 = n Ъ p|n
ޕ p - b, ց߾җ a2 = n−b2 ள p|a2 ԋᆶ p - a .ଷ࣬ҟ࣯ޑ ฅࡽ a2 +b2 = n Ъ p|n,
ॺளך a2 ≡−b2 (mod p). ܭཀҗݙ a,b ࣣᆶ p ϕ፦, ॺёаҔך Legendre symbol ೀୢ
ᚒ. ճҔ Legendre symbol ፦܄ޑ (Lemma 5.3.2) ޕ

1 =

(
a2

p

)
=

(
−b2

p

)
=

(
−1
p

)(
b2

p

)
=

(
−1
p

)
.

ฅԶҗ p ≡ 3 (mod 4) аϷ Theorem 5.4.1 ޕॺך
(
−1
p

)
= −1. җԜҟ࣯ޕ p|a, ٠җ

b2 = n−a2 ள p|b. �

Lemma 7.3.5 ܴޑགྷݤᜪ՟ܭ Proposition 7.1.1 ,ݤБޑග܌ ջճҔ x2 + y2 = n

೭ঁ Diophantine equation ӧ modulo p ளԜٰޑ Diophantine equation คှ. ճҔ
Lemma 7.3.5 .аΠϐ่݀ډॺଭளך

Proposition 7.3.6. ऩ p ፦數Ъࢂ p ≡ 3 (mod 4), ߾ p όૈቪԋঁٿ數ޑѳБک.

Proof. .ݤॺҔϸך ଷӸӧ a,b ∈ Z ٬ள a2 +b2 = p. җܭ p ,፦數ࢂ ޕॺך a,b ࣣό

ܭ 0. ڗёޕࡺ a,b ∈ N ᅈى 1 ≤ a ≤ p−1 Ъ 1 ≤ b ≤ p−1. Ԝਔ a,b ࣣᆶ p ϕ፦ࡺᆶ

Lemma 7.3.5 .ҟ่࣯࣬݀ޑ җԜҟ࣯ޕ p όૈቪԋঁٿ數ޑѳБک. �

,کѳБޑ數ঁٿၰΑব٤፦數ёаቪԋޕ ব٤፦數όёаቪԋঁٿ數ޑѳБک.
ௗΠٰךॺ൩ٰব٤҅數ёаቪԋঁٿ數ޑѳБک. ๏ۓ҅數 n. ऩ n = 1 

ฅёቪԋঁٿ數ޑѳБک. ऩ n ≥ 2, २Ӄךॺஒ n բ፦Ӣ數ޑϩှ. ॺёаஒך 2 ନک

а 4 Ꭹ 1 ,፦Ӣ數۹略ޑ ӢࣁѬॺёаቪԋঁٿ數ޑѳБک. Զऩ n Ԗନа 4 Ꭹ 3 ፦ޑ
Ӣ數, ,ҽ۹略ޑॺΞёаஒԖѳБך ӢࣁѬॺΨёаቪԋঁٿ數ޑѳБک. җԜ࣮р
፦Ӣ數ϩှޑࡕԛ數ࢂख़ाޑ, :ကۓޑॺձҔаΠӜຒך ऩ n = pn1

1 · · · pnr
r , ύ೭٤ځ pi
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.౦፦數࣬ࢂ ॺᆀך pi ࢂ n ፦Ӣ數Ъޑ ni ࢂ pi .ԛ數ޑ ӵٯ 2250 = 2×32 ×53, ॺᆀך
2250 Ԗ 2 ԛ 3 ፦Ӣ數ЪԖޑ 3 ԛ 5 .፦Ӣ數ޑ ٩ԜۓကךॺԖаΠϐ่݀.

Theorem 7.3.7. ଷ n ∈ N. ߾ n ёаቪԋঁٿ數ޑѳБکऩЪऩ n ؒԖҺՖޑନ

а 4 Ꭹ 3 .數ڻࢂԛ數ځ፦Ӣ數ޑ

Proof. ଷ n ؒԖҺՖޑନа 4 Ꭹ 3 .數ڻࢂԛ數ځ፦Ӣ數ޑ ॺሡԵቾך n ≥ 2 ޑ

. Ԝਔёஒ n ፦Ӣ數ϩှԋ

n = 2n0qn1
1 · · ·qnr

r · p2m1
1 · · · p2ms

s ,

ύځ qi, p j ፦數Ъڻޑ౦࣬ࣁࣣ qi ≡ 1 (mod 4) Ϸ p j ≡ 3 (mod 4). җךܭॺёஒ n ቪԋ

n = 2n0qn1
1 · · ·qnr

r · (pm1
1 · · · pms

s )2,

Զ 2 ёаቪԋঁٿ數ޑѳБک, q1, . . . ,qr ёаቪԋঁٿ數ޑѳБک (Proposition 7.3.4)
аϷ (pm1

1 · · · pms
s )2 ёаቪԋঁٿ數ޑѳБک (ӢࢂࣁঁѳБ數), җࡺ Lemma 7.3.1 ޕ

n ёаቪԋঁٿ數ޑѳБک.

ϸϐ, ऩ p ≡ 3 (mod 4) ࢂ n ࣁԛ數ځঁ፦Ӣ數Ъޑ 2k+1, ջ n = p2k+1n′, ύځ p - n′.
ܴݤॺҔϸך n όёаቪԋঁٿ數ޑѳБک. ଷӸӧ a,b ∈ Z ٬ள a2 +b2 = n. ߾
җ Lemma 7.3.5 ޕ p|a Ъ p|b. з a = prc Ъ b = psd, ύځ c,d ࣣᆶ p ϕ፦Ъ r,s ∈N. όѨ
ך܄ॺଷ 2r ≤ 2s,ךॺाܴ 2k+1 > 2r. ଷ 2k+1 < 2r,җ p2rc2+ p2sd2 = p2k+1n′

ޕ n′ = p2r−2k−1c2 + p2s−2k−1d2. ΞӢࣁ 2s−2k−1 ≥ 2r−2k−1 > 0 ޕ p|n′. Ԝᆶ p - n′ ࣬ҟ

࣯, ޕࡺ 2k+1 > 2r. ӆҗ p2rc2 + p2sd2 = p2k+1n′ ޕ

c2 + p2s−2rd2 = c2 +(ps−rd)2 = p2k+1−2rn′,

ջ p2k+1−2rn′ ёаቪԋ c ک ps−rd .کѳБޑ җܭ p ≡ 3 (mod 4), p|p2k+1−2rn′ Ъ p - c, Ԝᆶ
Lemma 7.3.5 ,ҟ่࣯࣬݀ޑ ޕࡺ n όёаቪԋঁٿ數ޑѳБک. �

ӵٯ 2250 = 2×32 ×53 ύޑନа 4 Ꭹ 3 ࢂ፦Ӣ數ޑ 3, Ъ 3 ࣁԛ數ޑ 2 ,ଽ數ࢂ ܌
а 2250 ёаቪԋঁٿ數ޑѳБک. ٣ჴ 2250 = 452 +152. ќѦ 6174 = 2×32 ×73 ύନ

а 4 Ꭹ 3 ࢂ፦Ӣ數ޑ 3 ک 7, ύځ 7 ࣁԛ數ޑ 3 ,數ڻࢂ а܌ 6174 คݤቪԋঁٿ數ޑѳ
Бک.

7.3.2. Sum of Four Squares. ѳБޑ數ঁٿ數ёаቪԋ҅ޑԖ܌ࢂ٠όޕॺςך
,ک .کѳБޑ數ёаቪԋΟঁ數҅ޑԖ܌ցࢂԾฅୢࡐа܌ ೭ځჴϝόჹ, ӵٯ
7 ൩όૈቪԋΟঁ數ޑѳБک. ٣ჴךॺёаளঁ҅數όૈቪԋΟঁ數ޑѳБ
ԋ߄ऩЪऩԜ҅數ёک 4m(8n+3) ೭ኬޑԄ. όၸ೭္ӢࣁΟঁ數ޑѳБؒکԖ
ӵ Lemma 7.3.1 ,፦܄ޑ .ӭޑፄᚇکѳБޑ數ঁٿаԜ٣ჴϐܴКೀ܌ җܭӧԜ
,ቶݤБޑޕᡣεৎᏢಞӵՖஒςܭॺख़ך ,ᚒୢޑکॺஒᗉ談Οঁ數ѳБך Զޔௗ
談論Ѥঁ數ޑѳБୢکᚒ.

.ᚒୢکѳБޑೀѤঁ數ٰݤБޑکѳБޑ數ঁٿॺाቶೀך २ӃךॺԖ
Ԅηکঁ (7.1) ࣬ჹᔈޑԄη.
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(a2 +b2 + c2 +d2)(e2 + f 2 +g2 +h2) = (ae+b f + cg+dh)2 +(a f −be+ ch−dg)2

+(ag−bh− ce+d f )2 +(ah+bg− c f −de)2.

(7.2)

೭ঁԄёаޔௗஒဦٿᜐ໒ٰ. ,ޑډӵՖளࢂ೭ঁԄڻεৎӳ܈ ٣ჴ
೭ঁԄёаճҔፄ數ޑቶջ܌ᒏޑ quaternion algebra ٰᇥܴ. όၸҗܭ quaternion
algebra ςୃᚆךॺޑЬᚒϼᇻ, .ॺ൩όӆӭᇥܴΑך

ճҔԄη (7.2) .ॺଭԖаΠϐ่݀ך

Lemma 7.3.8. ऩ m,n ∈ N ࣣёаቪԋѤঁ數ޑѳБک, ߾ mn ҭёаቪԋѤঁ數ޑ

ѳБک.

җঁܭεܭ 1 ,४ᑈޑ數ёаቪԋ፦Ӣ數ޑ аҗ܌ Lemma 7.3.8 ाޑԾฅࡐॺך
ব٤፦數ёаቪԋѤঁ數ޑѳБک. җܭ 2 ନаک 4 Ꭹ 1 數ঁٿ፦數ࣣёቪԋޑ
,کѳБޑ کѳБޑаѬॺࣣёቪԋѤঁ數܌ (ӭᎩံঁٿޑ 0), ӢԜךॺഭΠा論
ନа 4 Ꭹ 3 .፦數ޑ ॺёаቶך Lemma 7.3.2 ցёаቪࢂঁղձঁ፦數ډளݤБޑ
ԋѤঁ數ޑѳБޑکБݤ.

Lemma 7.3.9. ଷ p .ঁ፦數ࢂ ऩӸӧ a,b,c,d ∈ Z ٬ள a2 +b2 + c2 +d2 = λ p, ύځ
λ ∈ N ᅈى λ < p, ߾ p ёаቪԋѤঁ數ޑѳБک.

Proof. Եቾӝ S = {s ∈ N | Ӹӧ t,u,v,w ∈ Z ٬ள t2 +u2 + v2 +w2 = sp}. ٩ྣ S ,ကۓޑ
ाܴ p ёаቪԋѤঁ數ޑѳБک൩ӕܭाܴ 1 ∈ S. ाӵՖޕ 1 ∈ S ?ګ ٩ଷޕ
S ӝޜߚࣁ (Ӣ λ ∈ S) Ъ S ,數҅ࣁϡનࣣޑ а܌ 1 ∈ S ऩЪऩ S ύനλޑϡન൩ࢂ

1. з m ∈ S ࢂ S ύനλޑϡન, ॺाܴך m = 1.

ճҔϸݤ, ଷ m ̸= 1. җࡺ λ ∈ S Ъ λ < p ޕ 1 < m < p. ఈӧ׆ॺך S ύډפК m

.ҟ࣯ډ數Զளޑλ׳ җܭ m ∈ S, Ӹӧࡺ t,u,v,w ∈ Z ٬ள t2 +u2 + v2 +w2 = mp, ॺϩԋך
m ଽ數Ϸࢂ m .論ݩᅿٿ數ڻࢂ

(I) m :ଽ數ࢂ Ԝਔҗܭ t2 +u2 +v2 +w2 = mp ,ଽ數ࢂ ޕॺך t,u,v,w Ѹࣣڻࣁ數; ࣁࣣ
ଽ數ଽ; .ଽ數ࢂঁٿ數ڻࢂঁٿύځࢂ܈ ӧ܌ԖޑݩϐΠךॺёаஒ t,u,v,w ϩԋӕ

.ჹٿޑӕଽڻ όѨ܄, ॺଷך t,u ӕڻӕଽЪ v,w ӕڻӕଽ, ջ t +u, t −u, v+w ک

v−w .ଽ數ࣁࣣ Ԝਔ (t +u)/2, (t −u)/2, (v+w)/2 ک (v−w)/2 數Ъࣁࣣ

(
t +u

2
)2 +(

t −u
2

)2 +(
v+w

2
)2 +(

v−w
2

)2 =
m
2

p.

ޕࡺ m/2 ∈ S Ъ m/2 < m, Ԝᆶ m ࢂ S ύനλޑϡન࣬ҟ࣯.

(II) m :數ڻࢂ Ӣࣁ m 數ਔڻࢂ

{−m+1
2

,
−m+1

2
+1, . . . ,0,1, . . . ,

m−1
2

−1,
m−1

2
}

ঁࢂ complete residue system modulo m. ډפॺёך e, f ,g,h∈Zᅈى e≡ t (mod m), f ≡
u (mod m), g≡ v (mod m)Ъ h≡w (mod m),ځύ −(m−1)/2≤ e, f ,g,h≤ (m−1)/2. ཀ೭ݙ
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္ e, f , gک hόૈӕਔܭ 0,ց߾ள m|pԶک 1<m< p࣬ҟ࣯. Ӣࣁ e2+ f 2+g2+h2 ≡
t2 +u2 + v2 +w2 (mod m) аϷ t2 +u2 + v2 +w2 = mp, ॺளך e2 + f 2 +g2 +h2 ≡ 0 (mod m).
ҭջӸӧ k ∈Z٬ள e2+ f 2+g2+h2 = km. ཀӢݙ e, f , gک hόӕਔࣁ ࡺ,0 k ̸= 0. ќБ
य़Ӣࣁ −(m−1)/2 ≤ e, f ,g,h ≤ (m−1)/2, а܌ e2 + f 2 +g2 +h2 ≤ (m−1)2 = (m−1)2 < m2,
ளࡺ 0 < k < m. Ψ൩ࢂᇥ k ∈ N Ъ k < m. ӧךॺԖঁٿԄ: t2 +u2 + v2 +w2 = mp а

Ϸ e2 + f 2 +g2 +h2 = km. ճҔԄη (7.2) ள

(te+u f +vg+wh)2 +(t f −ue+vh−wg)2 +(tg−uh−ve+w f )2 +(th+ug−v f −we)2 = m2kp.

ΞӢࣁ e ≡ t (mod m), f ≡ u (mod m), g ≡ v (mod m) Ъ h ≡ w (mod m), ॺளך

te+u f + vg+wh ≡ t f −ue+ vh−wg ≡ tg−uh− ve+w f ≡ th+ug− v f −we ≡ 0 (mod m).

Ψ൩ࢂᇥऩз

T =
te+u f + vg+wh

m
,U =

t f −ue+ vh−wg
m

,

V =
tg−uh− ve+w f

m
and W =

th+ug− v f −we
m

,

߾ T,U,V,W ∈ Z Ъ

T 2 +U2 +V 2 +W 2 = kp.

Ψ൩ࢂᇥ kp ёаቪԋѤঁ數ޑѳБک, Ξҗࡺ k ∈N ޕ k ∈ S. ฅԶךॺΞޕ k < m, Ԝᆶ
m ࢂ S ύനλޑϡન࣬ҟ࣯.

ॺளऩך m ̸= 1 ԋ m όࢂଽ數Ъόڻࢂ數ޑҟ࣯. চଷޕݤҗϸࡺ m ̸= 1

όԋҥ, Ψ൩ࢂᇥ m = 1. ளࡺ p ёаቪԋѤঁ數ޑѳБک. �

ௗΠٰךॺஒճҔ Lemma 7.3.9 ٰܴ܌Ԗ҅ޑ數ࣣёቪԋѤঁ數ޑѳБک.
ॺഭΠाᇥܴନаך 4 Ꭹ 3 .کѳБޑ፦數ёаቪԋѤঁ數ޑ җܭԜਔ x2 ≡ −1

(mod p) คှ, рঁפ܄ॺाճҔԜך α ∈ N ٬ள x2 ≡ −α (mod p) Ԗှ. җܭԜਔ(
−α

p

)
=

(
−1
p

)(
α
p

)
=−

(
α
p

)
, ள

(
−α

p

)
= 1 ऩЪऩ

(
α
p

)
=−1. ډפॺѸךа܌

α ∈ N ٬ள x2 ≡ α (mod p) คှ. ೭ࢂёаᒤޑډ, Ӣࣁ S = {1,2, . . . , p−1} ࢂ modulo p

ޑ reduced residue system, ऩ p - a, ߾ x2 ≡ a (mod p) کѸှޑ S ύঁࢌޑϡનӧ modulo
p ϐΠӕᎩ. Ψ൩ࢂᇥ x2 ≡ a (mod p) ԖှऩЪऩӸӧ c ∈ S ٬ள c2 ≡ a (mod p). а܌
ॺѝाஒך S ύޑঁϡનѳБ, ऩ a 數ӧঁࢌޑࡕѳБک modulo p ϐΠӕᎩ߾ x2 ≡ a

(mod p) Ԗှ; ϸϐ, ऩ a ঁ數ӧࡕѳБک modulo p ϐΠࣣόӕᎩ߾ x2 ≡ a (mod p) ค

ှ. ฅԶऩ c ∈ S ߾ p− c ∈ S Ъ (p− c)2 ≡ (−c)2 ≡ c (mod p), ΞӢࣁ p ,፦數ڻࢂ а܌
c ̸≡ p− c (mod p). Ψ൩ࢂᇥ S ύޑϡનѳБࡕӧ modulo p ϐΠԖ (p−1)/2 ঁόӕᎩ

ᜪ. ӢԜךॺޕၰ S ύӅԖ (p−1)/2 ঁϡન a ٬ள x2 ≡ a (mod p) Ԗှ, ЪԖ (p−1)/2

ঁϡન a ٬ள x2 ≡ a (mod p) คှ.

Theorem 7.3.10. ऩ p ፦數Ъࢂ p ≡ 3 (mod 4), ߾ p ёаቪԋѤঁ數ޑѳБک. 
ձӦ, .کѳБޑ數ࣣёаቪԋѤঁ數҅ޑԖ܌
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Proof. ଷ p ፦數Ъࢂ p ≡ 3 (mod 4). ډפॺाך a,b,c,d ∈ Z ٬ள a2 +b2 +c2 +d2 =

λ p, ύځ λ ∈ N Ъ λ < p, ӆճҔ Lemma 7.3.9 ள p ёаቪԋѤঁ數ޑѳБک.

Եቾ S = {1,2, . . . , p−1} ೭ঁ modulo p ޑ reduced residue system. з α ∈ S ࢂ S

ύനλޑ數٬ள x2 ≡ α (mod p)คှ,Ψ൩ࢂᇥ
(

α
p

)
=−1. җܭ

(
1
p

)
= ޕॺך,1 α > 1,

ӢԜ α −1 ∈ S, Ъ x2 ≡ α −1 (mod p) Ԗှ (Ӣ α ࢂ S ύനλޑ數٬ள x2 ≡ α (mod p) ค

ှ). ќБय़ p ≡ 3 (mod а܌,(4
(
−1
p

)
ளࡺ,1−=

(
−α

p

)
=

(
−1
p

)(
α
p

)
= 1,Ψ൩ࢂᇥ

x2 ≡−α (mod p) Ԗှ. з a ∈ S ࢂ x2 ≡ α −1 ϐှ, ॺёᒧך a ٬ள 1 ≤ a ≤ (p−1)/2.
೭ࢂӢࣁऩ (p+1)/2 ≤ a ≤ p−1, Եቾ߾ p−a, Ԝਔ (p−a)2 ≡ (−a)2 ≡ α −1 (mod p) ϝ

ࣁ x2 ≡ α −1 (mod p) ϐှЪ 1 ≤ p−a < (p−1)/2. ӕךॺΨёډפ b ∈ S ࢂ x2 ≡−α
(mod p) ϐှЪ 1 ≤ b ≤ (p−1)/2. җܭ

a2 +b2 +1 ≡ α −1+(−α)+1 ≡ 0 (mod p),

Ӹӧࡺ λ ∈ N ٬ள a2 +b2 +1 = λ p. Ξҗܭ

λ p = a2 +b2 +1 ≤ (
p−1

2
)2 +(

p−1
2

)2 +1 <
p2

2
+1 < p2,

ॺԖךа܌ λ < p. ճҔࡺ Lemma 7.3.9 ள p ёаቪԋѤঁ數ޑѳБک.

Һڗ n ∈ N. ऩ n = 1, ߾ n ฅቪԋѤঁ數ޑѳБک. ऩ n > 1, ёஒ߾ n ቪԋ፦Ӣ

數ϐ४ᑈ n = pn1
1 · · · pnr

r . ऩ pi = 2 ܈ pi ≡ 1 (mod 4) ߾ pi ёаቪԋঁٿ數ޑѳБک, ёࡺ
аቪԋѤঁ數ޑѳБک. ऩ pi ≡ 3 (mod 4), ޕҗ前߾ pi ΨёаቪԋѤঁ數ޑѳБک.
ճҔࡺ Lemma 7.3.8 ޕ n = pn1

1 · · · pnr
r ёаቪԋѤঁ數ޑѳБک. �

,ޕ基ҁޑॺςϟಏΑ٤基礎數論ᔈԖך ҁᖱက൩Ԝ่״.


