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前言

本ᖱကЬाҞ的ࢂଞჹεᏢғϟಏԖᜢ整數論٤基本的ж數کᆉ數的性質, а
բࣁஒٰᏢಞܜຝж數ϐྗഢ. 基ܭ೭ኬ的җ, ӧԜךॺஒόϟಏԖᜢܭ整數論ϐᐕў
.ᔈҔځаϷࡺڂک ჹ整數論ϐᔈҔ (ЀځӧၗૻБय़的ᔈҔ) Ԗᑫ፪的᠐ޣ, ॺᙚך
Silverman 的ȨA Friendly Introduction to Number Theoryȩ(Prentice Hall, Third Edition
2006). .ᔈёᇸ᎙᠐೭本ਜࡕऩჹ本ᖱကϣԖ࣬ᇡϐߞ࣬
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Chapter 1

整數的基本性質

ᗨฅԖ٤ӕᏢςჹ整數的性質࣬Αှ, ॺགྷճҔ೭ঁεৎၨዕ的ܿՋٰϟಏΠך
ӵՖҔКၨ “數Ꮲ” 的Бٰݤೀୢᚒ. Ԗ٤ᙁൂ的ୢᚒךॺёૈࡺཀᙅᇻၡٰೀ, Ь
ाচӢ׆ࢂఈεৎૈዕၲ߄數Ꮲ的БکݤԄаϷᡄᒠᄽ的ၸำ. а೭കᡉள܌
ၨࣁϧߏ. ऩεৎჹ೭٤性質ςࡐዕЪᇡၲ߄ࣁ數Ꮲ的ૈΚςࡐԋዕ, ёа略ၸԜക, ޔ
ௗΕΠക.

1.1. Ӣ數ᆶ७數

२Ӄךॺϟಏ൳ঁ಄ဦߡፄಞΠӝ的ཷۺ. ाޕၰ಄ဦࢂ數Ꮲᔅշךॺૈᙁܴ
,ڀ٣的Ѹाπၲ߄ εৎᔈ၀ाᏢಞӵՖϪ的٬Ҕ಄ဦ.

ӧ本ᖱကύךॺҔ Z .ԋ的ӝ܌Ԗ整數܌Ң߄ٰ а܌ 0 ӧ Z ύ, 2 Ψӧ Z ύ, 2007 ک

−365 Ψӧ Z ύ. ೭ኬٰךॺाᇥঁ數 a ,整數ਔࢂ ॺѝाᇥך a ӧ Z ύ൩ӳΑ. ӧ
數ᏢךॺाᇥঁܿՋӧঁӝύ൩Ҕ “∈” ೭ঁ಄ဦ, Ψ൩ࢂ “ឦܭ” 的ཀࡘ. аа܌
ၲ߄ॺाךࡕ a ௗᇥޔঁ整數൩ࢂ a ∈ Z ջё. ,ॺΨதѝԵቾ҅整數ך ӧ本ᖱကύךॺ
Ҕ N .ԋ的ӝ܌Ԗ҅整數܌Ң߄ ॺҔךа܌ a ∈ N Ң߄ٰ a .ঁ҅整數ࢂ

ჹܭ整數໒ࢂۈҗԾฅ數рวǴճҔ數數的БךݤॺۓကΑуݤǴௗԖΑॄ的ཷۺ

整ঁ整數уݤ的ᡏس൩ࡌҥଆٰΑǶ๏ۓ a ∈ Z, ॺҔך 2a .Ң߄ a+a ٰᇥऩ n ∈ N
ॺஒך n ঁ a ࣬у的่݀ࣁ߄ na. ॺΨஒך (−n)a ࣮ԋ n ঁ −a ࣬у܌ளϐॶ. ऩךॺӆ
ஒ 0a ࣁۓ 0, ӵԜٰჹҺཀ的 m ∈ Z, ma ԖΑۓက. ӵԜۓကрٰ的४کݤуݤϐ໔
,ӵҬඤ߾的ၮᆉೕىᅈ܌ ่ӝکϩଛԜೀ൩όӆᙧॊ. ॺஒёаቪԋך ma ύځ

m ∈ Z 的數ᆀࣁ a 的७數 (multiple). ќБय़ऩ b ࢂ a 的७數, ॺΨᆀך a ࢂ b 的Ӣ數

(divisor). ಄ဦࣁ a|b.

ॺஒך a 的७數܌ԋ的ӝҔ aZ .Ң߄ٰ Ψ൩ࢂᇥ aZ ύ的ϡનࢂ ma ೭ኬ的Ԅ

ύځ m ∈ Z. ೭ኬ的ӝёҔ aZ= {ma | m ∈ Z} .Ң߄ٰ ӢԜךॺёаᇥ b ∈ aZ ک b ࢂ a

的७數 ܈) a ࢂ b 的Ӣ數) .ࡘኬ的ཀࢂ
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2 1. 整數的基本性質

ௗΠٰךॺགྷҔӝ的ࡋفೀӢ數७數的٤性質. ाݙཀ೭٤性質εৎଯύਔς
ၸ, ճҔѬᡣεৎዕࢂݤǴϟಏ೭ኬ的ೀБߡೀ٠ؒԖКၨБࡋفॺҔӝ的ך
Πӝ的ᇟ言.

२Ӄݙཀऩ a ∈ Z, aZ ೭ঁӝ٠όൂൂࢂঁӝ. җܭ整數ӧуکݤ४ݤϐΠԖ
,ഈ性࠾ᒏ的܌ aZ ΨԖаΠঁٿख़ा的࠾ഈ性.

Proposition 1.1.1. ଷ a ∈ Z Ъ b,c ∈ aZ. .ॺԖаΠϐ性質ך߾

(1) b+ c ∈ aZ.

(2) ჹҺཀ m ∈ Z ࣣԖ mb ∈ aZ.

Proof. Ӣࣁ b,c ∈ aZ Ӹӧޕကۓ٩ n,n′ ∈ Z ٬ள b = na Ъ c = n′a.

(1) җϩଛޕ b+ c = na+ n′a = (n+ n′)a. Ξҗܭ n,n′ ∈ Z ޕॺך n+ n′ ∈ Z, ளࡺ
b+ c ∈ aZ.

(2) җ่ӝޕ mb = m(na) = (mn)a. Ξҗܭ m,n ∈ Z ޕॺך mn ∈ Z, ளࡺ mb ∈ aZ. �

่ӝ Proposition 1.1.1 的่݀ךॺԖаΠϐ性質.

Corollary 1.1.2. ଷ a ∈ Z Ъ b,c ∈ aZ. ऩ m,n ∈ Z ߾ mb+nc ∈ aZ. ඤ言ϐ, ऩ a|b Ъ
a|c, ჹҺཀ߾ m,n ∈ Z ࣣԖ a|mb+nc.

Proof. Ӣࣁ b,c ∈ aZ аϷ m,n ∈ Z, җ Proposition 1.1.1(2) ޕ mb,nc ∈ aZ. ӆճҔ Propo-
sition 1.1.1(1) ޕ mb+nc ∈ aZ. Ψ൩ࢂᇥ a|mb+nc. �

εϩঁख़ा的性質ךॺҔ Proposition ٰᆀڥӆ߷ጓဦаߡаࡕЇҔ. Զޔ
ௗҔ Proposition ॺҔךள的性質܌ Corollary ٰᆀڥ.

ௗךॺٰ࣮ӝൂપ的性質. ऩ A,B ӝЪࢂ A ύ的ϡનӧ B ύ, ॺ൩Ҕך߾
A ⊆ B Ң߄ٰ (ᆀ A х֖ܭ B). :ܰԖаΠϐ性質ࡐ

(1) ऩ A ⊆ B Ъ B ⊆ A ߾ A = B.

(2) ऩ A ⊆ B Ъ B ⊆C ߾ A ⊆C.

่ӝ೭ӝ的性質аϷ前य़ග的࠾ഈ性ךॺԖаΠϐ่݀.

Proposition 1.1.3. ଷ a,b,c ∈ Z. .ॺԖаΠϐ่݀ך

(1) bZ⊆ aZ ऩЪऩ a|b.

(2) ऩ a|b Ъ b|a ߾ a =±b.

(3) ऩ a|b Ъ b|c ߾ a|c.

Proof. (1) ऩ bZ ⊆ aZ, җܭ b ∈ bZ, ॺளך b ∈ aZ. ޕࡺ a|b. ϸϐ, ऩ a|b, ॺाܴך
bZ⊆ aZ. ٰᇥाܴঁӝ B х֖ܭќঁӝ A, ࢂॺाܴ的ך B ύҺڗঁ

ϡનӧ A ύ. ӢԜԜೀךॺा的ࢂҺڗ bZ ύ的ঁϡન mb, ύځ m ∈ Z ёаள
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ډ mb ∈ aZ. ฅԶҗ a|b 的ଷךॺޕ b ∈ aZ. ௗךॺ൩ёճҔ Proposition 1.1.1(2) ჹޕ
Һཀ m ∈ Z ࣣԖ mb ∈ aZ. Ψ൩ࢂᇥ bZ 的ϡનӧ aZ ύ. ளࡺ bZ⊆ aZ.

(2) ऩ a|b Ъ b|a, җ (1) ޕ bZ⊆ aZ Ъ aZ⊆ bZ. ӢԜҗӝ性質ޕ aZ= bZ. Ψ൩ࢂᇥ
aZ ک bZ .ӕ的ӝ࣬ࢂ җԜ, ࣮ܰрࡐ a = 0 ਔ b = 0. ϸϐҭฅ. ӢԜךॺѝഭԵቾ
a ̸= 0 Ъ b ̸= 0 的ݩ. Ԝਔ aZ ύനλ的҅數 a ( a > 0) ܈ −a ( a < 0) ܭ bZ ύ
നλ的҅數 b ܈ −b. ளࡺ a =±b.

(3) ऩ a|b Ъ b|c, җ߾ (1) ޕ bZ⊆ aZ Ъ cZ⊆ bZ. ӢԜҗӝ性質ޕ cZ⊆ aZ. ӆҗࡺ
(1) 的ሽᜢ߯ޕ a|c. �

Question 1.1. ଷ a,b ∈ Z ၂ܴ aZ= bZ ऩЪऩ a =±b.

Remark 1.1.4. ჹܭ整數Ԗঁࡐख़ा的性質 “well-ordering principle”. ೭ঁ principle
൩ࢂᇥ๏ۓঁޜߚ的整數的ηӝ S, ӵ݀ S ԖΠࣚ ( ऩԖ數λܭ S ύ܌Ԗ的數, ᆀ߾
S ԖΠࣚ), ߾ S ύѸ֖Ԗঁനλ的整數 (೯தҔ minS .(Ң߄ٰ ӕऩ整數的ޜߚηӝ
S Ԗࣚ (ऩԖ數εܭ S ύ܌Ԗ的數, ᆀ߾ S Ԗࣚ), ԜӝύѸ֖Ԗঁനε的整數߾
(೯தҔ maxS .(Ң߄ٰ ӵখωٯ Proposition 1.1.3(2) 的ܴύךॺԵቾ aZ ύനλ的҅整
數,  a > 0 ਔ a ൩ࢂ aZ ύനλ的҅整數. ೭္Ӣךࣁॺዴჴޕၰ aZ ೭ঁӝߏϙሶኬ,
ޕௗёޔа٠όሡ೭ঁ性質܌ a ൩ࢂനλ的. аךࡕॺத࿘ډܜ٤ຝ的҅整數ηӝ,
ٗਔ൩ளதҔډ整數的೭ঁ性質ٰዴޕԜӝӸӧঁനλ的҅數. ќѦाݙཀԜ性質
ӧځд的ݩӵԖ數൩όჹΑ. ٣ჴ҅Ԗ數ࢂԖΠࣚ的 (0 λ܌ܭԖ的҅Ԗ數), ՠ
٠ؒԖ܌ᒏനλ的҅Ԗ數.

ӆ次மፓΠ前य़ךॺҔӝၨܜຝ的Бݤܴ整ନ的性質Ьाࢂाεৎಞᄍӝ的

ᇟ言аϷᏢಞܜ٤ຝ的論Бݤ. Ѭ٠όࢂϙሶձ的ӳБݤ. КБᇥεৎዕޕ的 a|b ߾
ma|mb ൩ࡐᜤҔᜪ՟य़ӝ的Бٰݤೀ. ᕴϐ, ाೀ္ঁୢᚒ٠ؒԖᇥۓाҔϙሶ
Бݤ. գѝा٬ҔঁգᇡࣁёՉЪ҅ዴ的Бݤೀ. 的ۓङᇝࢂаᏢಞ數Ꮲ๊όा܌
ܴ. ӵՖஒᕷᅥ的ܴ整ԋգԾρಞᄍЪૈှ的ᇟ言ωࢂख़ᗺ. ௗΠٰךॺ൩ӣᘜۓ
ကٰܴ前ॊϐ性質.

Lemma 1.1.5. ଷ a,b ∈ Z Ъ a|b, .ॺԖаΠϐ性質ך

(1) ऩ m ∈ Z, ߾ ma|mb.

(2) ऩ d|a Ъ d|b, ߾ (a/d)|(b/d).

Proof. җଷ a|b Ӹӧޕ n ∈ Z ٬ள b = na.

(1) ஒԄٿᜐӕ४а m ёள mb = mna = n(ma) ޕࡺ ma|mb.

(2) d|a Ъ d|b ջ߄ҢӸӧ a′,b′ ∈ Z ٬ள a = a′d Ъ b = b′d. җࡺ b = na ள b′d = na′d.
Ӣࣁ d ̸= 0, ᜐӕନаٿ d ёள b′ = na′, ջ a′|b′. Ӣࣁ a/d = a′ Ъ b/d = b′ ளࡺ

(a/d)|(b/d). �

Lemma 1.1.5 .ঁᙁൂ的性質ࢂ Ѭ本٠يόᆉϙሶख़ε的性質, ՠࢂаࡕ論ӭ性
質ਔाҔډѬ, Ҕߡॺך Lemma ᆀڥϐаБߡЇҔ.
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ӧ Lemma 1.1.5(2) ύ d|a Ъ d|b 的ଷ൩ࢂᇥ d ӕਔࢂ a ک b 的Ӣ數, ࣁॺᙁᆀϐך
a,b 的 common divisor (ϦӢ數). 論٤整數ϐ໔的ᜢ߯ਔϦӢ數کനεϦӢ數аϷϦ
७數کനλϦ७數ࡐࢂख़ा的πڀ. ௗΠٰךॺ๏ѬॺΠۓက.

Definition 1.1.6. з a1,a2, . . . ,an ∈ Z Ъࣣόܭ 0.

(1) ऩ c ∈ Z, Ъ c|a1, c|a2, . . . , c|an, ᆀ߾ c ࣁ a1,a2, . . . ,an 的 common divisor (ϦӢ數).

(2) ऩ d ∈ N ࢂ a1,a2, . . . ,an 的ϦӢ數ύനε的, ᆀ߾ d ࣁ a1,a2, . . . ,an 的 greatest
common divisor നεϦӢ數, ೯தךॺҔ gcd(a1,a2, . . . ,an) .Ңϐ߄ٰ

(3) ऩ m ∈ Z, Ъ a1|m, a2|m, . . . , an|m, ᆀ߾ m ࣁ a1,a2, . . . ,an 的 common multiple (Ϧ
७數).

(4) ऩ l ∈ N ࢂ a1,a2, . . . ,an 的҅的Ϧ७數ύനλ的, ᆀ߾ l ࣁ a1,a2, . . . ,an 的 least
common multiple നλϦ७數, ೯தךॺҔ lcm(a1,a2, . . . ,an) .Ңϐ߄ٰ

೯தԖঁ಄ဦ܈Ӝຒሡाϟಏਔ, ॺձҔךډפߡΑБࣁ Definition ٰҢϐ.

ाΠঁۓကਔाݙཀࢂցӝ. όा๏的ۓက的ܿՋਥ本όӸӧؒ܈ԖҔ.
Definition 1.1.6 ύ൩ाݙཀനεϦӢ數ϷനλϦ७數ࢂցӸӧ: Ӣࣁ 1 整ନ܌Ԗ的整數,
аऩ܌ a1,a2, . . . ,an ∈ Z .ϦӢ數ѸӸӧځ߾ ΞӢࣁ a ̸= 0 ਔ, a 的ҺཀӢ數ࣣλܭܭ

|a|, ࡺ a1,a2, . . . ,an 的ϦӢ數܌ԋ的ӝԖࣚ, ޕॺךа܌ a1,a2, . . . ,an 的നεϦӢ數Ѹ

Ӹӧ. όၸ a1,a2, . . . ,an 的നεϦӢ數Ԗёૈࢂ 1. ऩӵԜ (ջ gcd(a1,a2, . . . ,an) = 1), ᆀ߾
a1,a2, . . . ,an ϕ質 (relatively prime). ќБय़Ӣࣁ a1a2 · · ·an ࢂ a1,a2, . . . ,an 的Ϧ७數, ܌
а的४҅ॄဦёޕ a1,a2, . . . ,an ҅的Ϧ७數ѸӸӧ, ӢԜҗ well-ordering principle ޕ
a1,a2, . . . ,an 的നλϦ७數ѸӸӧ.

ௗΠٰךॺϦӢ數ϷനεϦӢ數的基本性質. җܭ a ک −a 的Ӣ數ࢂኬ的, а܌
όѨ性, ӧ論Ӣ數ਔךॺ論҅整數的. .論ۈ໒整數的҅ঁٿॺ൩வך

Proposition 1.1.7. ଷ a,b ∈ N Ъ d ࢂ a ک b 的ϦӢ數. ऩ d′ ࢂ a/d ک b/d 的ϦӢ

數, ߾ dd′ ࢂ a ک b 的ϦӢ數.

Proof. २Ӄݙཀ, җܭ d ࢂ a,b 的ϦӢ數, Ӹӧࡺ m,n ∈ Z ٬ள a = dm Ъ b = dn. Ψ൩ࢂ
ᇥ a/d = m ک b/d = n .整數ࣁࣣ Ξ d′ ࢂ m,n 的ϦӢ數ࡺӸӧ m′,n′ ∈ Z ٬ள m = d′m′ Ъ

n = d′n′. 整ள a = dd′m′ Ъ b = dd′n′ ޕࡺ dd′ ࢂ a ک b 的ϦӢ數. �

ऩ Proposition 1.1.7 ύךॺڗ d = gcd(a,b), ॺёளаΠϐךကۓճҔനεϦӢ數的߾
性質.

Corollary 1.1.8. ଷ a,b ∈ N Ъ d = gcd(a,b). ߾ a/d ک b/d ϕ質.

Proof. ाܴ a/d ک b/d ϕ質൩ࢂ gcd(a/d,b/d) = 1. ฅԶाᇥܴ gcd(a/d,b/d) = 1 ൩

ளᇥܴऩ d′ ࢂ a/d ک b/d 的ঁ҅的ϦӢ數, ߾ d′ = 1. ٣ჴऩ d′ ࢂ a/d ک b/d 的

ঁ的ϦӢ數, җ߾ Proposition 1.1.7 ޕ dd′ ࢂ a,b 的ϦӢ數. ฅԶςޕ d ࢂ a,b ϦӢ數ύന
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ε的, ޕࡺ d ≥ dd′. Ψ൩ࢂᇥ d′ ≤ 1. ӢԜ่ӝ߃ଷ d′ ࢂ a,b 的ঁ҅的ϦӢ數 (ջ
d′ ≥ 1) ள d′ = 1. �

ཀाܴݙ d = gcd(a,b)ךॺाܴٿҹ٣. २Ӄाܴ dࢂ a,b的ϦӢ數,ӆٰ൩
ܴࢂ d ࢂ aک b的ϦӢ數ύനε的. 前य़ Corollary 1.1.8ύךॺाܴ gcd(a/d,b/d) = 1.
җܭ 1 Ѹࣁ a/d,b/d 的ϦӢ數, аѝाܴҺཀ܌ a/d ک b/d 的ϦӢ數ࣣλܭܭ 1 ൩ё.

Proposition 1.1.7 ک Corollary 1.1.8 ёаቶډ n ঁ҅整數的.

Question 1.2. ଷ a1, . . . ,an ∈ N. ၂ܴ

(1) ऩ d ࢂ a1, . . . ,an 的ϦӢ數Ъ d′ ࢂ a1/d, . . . ,an/d 的ϦӢ數, ߾ dd′ ࢂ a1, . . . ,an 的

ϦӢ數.

(2) ऩ d = gcd(a1, . . . ,an). ߾ gcd(a1/d, . . . ,an/d) = 1.

Πନݤচϐࡕ, .д的性質ځॺӆ談論നεϦӢ數ϷനλϦ७數ך

1.2. ନݤচᆶനεϦӢ數

整數ύന基本的ۓᔈ၀൩ࢂ整數的ନݤচ Division Algorithm, ൳Я܌Ԗ整數的基
本性質ࢂҗѬᏤрٰ.

Theorem 1.2.1 (Division Algorithm). ๏ۓ҅整數 n, ჹҺཀ的 m ∈ Z, ࣣӸӧ h,r ∈ Z,
ύځ 0 ≤ r < n, ᅈى m = h ·n+ r.

೭ࢂঁࡐख़ा的性質, ख़ाךډॺа Theorem ٰᆀڥѬ. ೭ঁۓךॺಞᄍᆀࣁନݤ
চ, ӵԜᆀѬฅ൩х֖ “ନ” ೭ঁཷۺ. २Ӄᢀჸ, ךॺӧλᏢਔೀ 36 ନа 7 的ୢ

ᚒਔ, ॺӃ၂ך 36−7, ว܌Ꭹεܭ 7, аӆԵቾ܌ 36−2×7. ,ϼεࢂᎩᗋ܌ ӢԜӆ
Եቾ 36−3×7, ೭ኬޔΠѐډ 36−5×7 λΑ, ۓዴߡॺך 36 ନа 7 的ࣁ 5 Ꭹ數ࣁ

1. εৎёа࣮рٰ, ೭္ךॺ٣ჴࢂԵቾ {36− 7t | t ∈ Z} ೭ঁӝύനλ的ॄߚ整數,
ࢂߡ 36 ନа 7 的Ꭹ數Α. ճҔ೭ঁགྷݤ, ёаܴߡॺך Theorem 1.2.1 Α.

Proof. ๏ۓ n ∈ N Ъ m ∈ Z. २ӃԵቾ W = {m− t ·n | t ∈ Z} ೭ঁӝ. Ψ൩ࢂԏ m,
m−n, m−2n, . . . аϷ m+n, m+2n, . . . ϡન܌ளӝ. Ӣࣁ t ёڗҺՖ整數, ܰ൩࣮ࡐ
р W ۓх֖ॄߚ٤的整數. ඤ言ϐ, ऩԵቾ W ′ ࣁ W ύॄߚ的ϡન܌ԋ的ӝ, ߾ W ′

.的整數的ηӝޜߚঁࢂ җ整數的ࡺ well-ordering principle ޕ W ′ ύӸӧനλ的整數

r. ջ r ࢂ W ύനλ的ॄߚ的整數. Ӣࣁ r ∈W , җۓကޕӸӧ h ∈ Z ᅈى r = m−h ·n. ॺך
നЬा的Ҟ的൩ࢂाܴ 0 ≤ r < n.

ଷ r όӝךॺ的చҹ, Ψ൩ࢂᇥ r ≥ n (ձבΑ r .(整數的ଷॄߚࢂ ऩӵԜ, ॺёך
ஒ r ቪԋ r = n+ r′, ύځ r′ ≥ 0. ӢԜճҔ

m = h ·n+ r = h ·n+(n+ r′) = (h+1) ·n+ r′,

ډॺளך r′ = m− (h+1) ·n ∈W . ՠ 0 ≤ r′ < r, ೭ک r ࢂ W ύനλ的ॄߚ整數࣬ҟ࣯. ࡺ
ள本ۓ. �



6 1. 整數的基本性質

ाݙཀ Theorem 1.2.1 的ܴךॺҔډ整數ёа௨ׇ的 well-ordering principle, ӢԜ
ᗨฅܴࡐᙁൂ, ՠ٠όૈޔௗҔځډд的數س.

Division Algorithm ,整數論ύঁख़ा的性質ࢂ Ѭёаᔅշךॺೀঁ整數ࢂցё
аќঁ整數整ନ的ୢᚒ. ۭΠךॺ൩ࢂाճҔ Theorem 1.2.1 ஒ Z ύԖব٤ηӝё
аቪԋ aZ ೭ኬ的Ԅዴᇡрٰ.

ӣ៝Π, ӧύךॺޕၰ a ∈ Z, aZ ೭ঁӝԖ܌ᒏ的࠾ഈ性 (Proposition
1.1.1), ջऩ b,c ∈ aZ ჹҺཀ߾ m,n ∈ Z ࣣԖ mb+nc ∈ aZ. ӧךॺाᇥܴ, ϸၸٰΨԋҥ.
Ψ൩ࢂᇥऩ S ࢂ Z 的ঁޜߚηЪԖ࠾ഈ性 (ջᅈىऩ b,c ∈ S ჹҺཀ߾ m,n ∈ Z ࣣԖ
mb+nc ∈ S), ॺाܴӸӧך a ∈ Z ٬ள S = aZ.

२ӃᢀჸӢ S ,ޜߚࣁ ѸӸӧࡺ b ∈ S, ӢԜҗ࠾ഈ性的ଷޕ b+(−1)b = 0 ∈ S. Ψ൩
ᇥࢂ 0 ۓӧ S ύ. ऩ S = {0}, з߾ a = 0, ॺԾฅԖך S = aZ. ӢԜךॺഭΠ S ̸= {0}
的ाԵቾ. ा࡛ኬډפ a ∈ Z ٬ள S = aZ ?ګ ၰऩޕॺך S = aZ, ٗሶ S ύനλ的

҅整數൩ࢂ a ܈ −a. ډפаा܌ a ᅈى S = aZ, ॺԾฅΨԵቾך S ύനλ的҅整數Α.
з S′ ࣁ S ύ的҅整數܌ԋ的ӝ, ջ S′ = S∩N. ॺӃᇥܴך S′ όޜࢂӝ. ೭ࢂӢࣁҗ
S ̸= {0} Ӹӧޕ b ∈ S Ъ b ̸= 0. ऩ b > 0, ޕ߾ b ∈ S′; Զऩ b < 0, җ 0 ∈ S аϷ࠾ഈ性ޕ

0−b =−b ∈ S, ӢԜҗ −b > 0, ளޕ −b ∈ S′. നࡕҗ S′ ӸӧޕӝЪԖΠࣚޜߚࣁ a ∈ S′

Ъࢂ S′ ύനλ的ϡન. ॺाᇥܴԜਔך S = aZ. ӣ៝Π, ךॺाᇥঁٿӝ࣬ਔ, ߡ
ाᇥܴ೭ঁٿӝϕ࣬Ԗх֖ᜢ߯. Ӣࣁ a ∈ S, ჹҺཀޕഈ性࠾җࡺ m ∈ Z, ma ∈ S, ӢԜள
 aZ⊆ S. നךࡕॺഭΠाܴ S ⊆ aZΑ. Ψ൩ࢂाܴჹҺཀ b ∈ S,ࣣᅈى b ∈ aZ. ඤ言
ϐ, ॺाܴך S ύ的Һཀϡન b ࣣё a .整ନ܌ ೭൩ךࢂॺाҔډ division algorithm
的ਔᐒΑ. җܭ a ∈ N, җ Theorem 1.2.1 Ӹӧޕ h,r ∈ Z ٬ள b = ha+ r, Ъ 0 ≤ r < a. ा
ཀԜਔݙ r = b− ha, Զ a,b ࣣឦܭ S, ޕഈ性࠾җࡺ r ∈ S. ऩ r ̸= 0, Ң߄ r ∈ N, җࡺ
r ∈ S ள r ∈ S′. ฅԶ r < a, ೭کߡ a ࢂ S′ ύ的നλϡન࣬ҟ࣯Α. ޕࡺ r = 0, ΨӢԜள
b = ha ∈ aZ. .ॺஒय़論的่݀整ӵΠך

Theorem 1.2.2. ଷ S ⊆ Z ӝЪޜߚࣁ S ᅈىჹܭҺཀ b,c ∈ S аϷ m,n ∈ Z ࣣԖ
mb+nc ∈ S, Ӹӧ߾ a ∈ Z ٬ள S = aZ. ձ的,  S ̸= {0}, з a ࣁ S∩N ύനλ的ϡન,
Ԝਔёள S = aZ.

Question 1.3. Եቾ S = {4x+6y | x,y ∈ Z}. ၂ܴ S ᅈىჹҺཀ b,c ∈ S аϷ m,n ∈ Z ࣣ
Ԗ mb+nc ∈ S. ၂פр a ∈ Z ٬ள S = aZ.

ௗΠٰךॺճҔ Theorem 1.2.2 ٰԖᜢനεϦӢ數ख़ा的性質. ҅ঁٿவࢂॺᗋך
整數的ݩ໒ۈ. ๏ۓ a,b ∈ N, ӵ݀ךॺૈډפঁӝ S ᅈى a,b ∈ S ЪڀԖ࠾ഈ

性, җ߾ Theorem 1.2.2 Ӹӧޕёߡ d ∈ Z ٬ள S = dZ. Ԝਔҗܭ a,b ∈ S = dZ, ޕࡺ a,b ࣣ

ࣁ d 的७數, Ψ൩ࢂᇥ d ࢂ a,b 的ϦӢ數. ฅԶऩԖќӝ S′ ҭᅈى a,b ∈ S′ Ъڀ

Ԗ࠾ഈ性, ӕޕӸӧ d′ ∈ Z ٬ள S′ = d′Z, Ԝਔ d′ ҭࣁ a,b 的ϦӢ數. ऩΞଷ S ⊆ S′,
ҭջ dZ⊆ d′Z, җ߾ Proposition 1.1.3(1) ޕ d′ | d. வ೭္ךॺёаޕၰ, ךॺפ的 S ຫ

λ,ёளډ a,b的ϦӢ數൩ຫε. ঁനλ的ӝډפाࢂߡаӧ的Ҟ܌ Sᅈى a,b ∈ S

ЪڀԖ࠾ഈ性.
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࡛ኬ的ӝ S ࢂх֖ a,b ЪڀԖ࠾ഈ性的നλ的ӝګ? ,ഈ性的ा࠾٩ җ a,b ∈ S

ॺளჹҺཀך m,n ∈ Z ࣣሡ ma+nb ∈ S. ӢԜ S 的നλ的ёૈ൩ࢂ S = {ma+nb | m,n ∈ Z}.
р的ۓॺஒܴ೭ኬך S ዴჴԖ࠾ഈ性, ΨӢԜளډаΠ的性質.

Proposition 1.2.3. ଷ a,b ∈ N, з d ӝࣁ S = {ma+nb | m,n ∈ Z} ύനλ的҅整數.
߾ gcd(a,b) = d.

Proof. २Ӄݙཀҗܭ೭္ m,n ,Һཀ的整數ࢂ ၰӝޕॺךа܌ S = {ma+nb | m,n ∈ Z}
ύѸӸӧ҅整數. ӢԜךॺҔ well-ordering principle ޕ S ύѸԖനλ的҅整數. Ψ൩ࢂ
ᇥ௶ॊύ的 d ۓӸӧ.

ௗךॺाӃᇥܴ S ᡯܴঁٿ前य़ග的ྣࡪࡕഈ的ฅ࠾ࢂ d ࣁ a,b 的നεϦӢ數.
Һڗ u,v ∈ S, җ S 的ۓကךॺޕӸӧ r,r′,s,s′ ∈ Z ٬ள u = ra+ sb, v = r′a+ s′b. ჹҺཀ
m,n ∈ Z, ॺԖך

mu+nv = m(ra+ sb)+n(r′a+ s′b) = (mr+nr′)a+(ms+ns′)b.

ӢԜҗ mr+nr′,ms+ns′ ∈ Z ள mu+nv ∈ S, ܴΑ S 的࠾ഈ性. аҗ܌ Theorem 1.2.2 ޕ
S = dZ. ΨӢԜҗ a ∈ S аϷ b ∈ S ள a ∈ dZ аϷ b ∈ dZ. Ψ൩ࢂᇥ d|a Ъ d|b, ҭջ d

ࢂ a,b 的ϦӢ數.

നךࡕॺाܴ d ࢂ a,b 的ϦӢ數ύനε的數. Ψ൩ࢂाܴऩ d′ ࢂ a,b 的ϦӢ數, ߾
d′ ≤ d. Ϟҗܭ d ∈ S, җ S 的ۓကޕӸӧ m,n ∈ Z ٬ள d = ma+ nb. ฅԶ d′|a Ъ d′|b, җ
Corollary 1.1.2 ޕ d′|ma+nb. ջ d′|d, Ψ൩ࢂᇥӸӧ l ∈ Z ٬ள d = d′l. ӢԜҗςޕ d > 0

ฅள d′ ≤ d. �

,܁ڻεৎ܈ ٰᇥפ a,b 的നεϦӢ數ѝाӧ a,b Ԗज़ӭঁϦӢ數ύפനε的

൩ӳΑࣁϙሶाԾधӞӧ {ma+nb | m,n ∈ Z} ೭ঁԖคጁӭঁϡન的ӝύפ? ؒԖᒱ,
ӵ݀ a,b .פௗޔϙሶฅࢂၰޕᡏ的ڀࡐ ฅԶךॺा論的, a,b ҺՖёૈࢂ

的整數, όૈҔ൳ঁڀᡏٯηжж൩Α٣. аᗨฅ܌ Proposition 1.2.3 ӧჴሞᏹբਔ٠ό
ჴҔՠाҔډ論的ᄽਔѬࡐࢂࠅӳҔٰၲ߄നεϦӢ數的πڀ. ௗճҔޔ Proposition
1.2.3 .ॺଭԖаΠϐ性質ך

Corollary 1.2.4. ଷ a,b ∈ N Ъ d = gcd(a,b) Ӹӧ߾ m,n ∈ Z ٬ள d = ma+nb. ԶЪჹ
Һཀ d′ ∈ Z, d′ ࢂ a,b 的ϦӢ數ऩЪऩ d′|d.

Proof. җ Proposition 1.2.3 ޕॺך d ӧӝ S = {ma+ nb | m,n ∈ Z} ύ, ကӸӧۓ٩ࡺ
m,n ∈ Z ٬ள d = ma+nb.

ཀ೭္ݙ “ऩЪऩ” 的ཀࡘ൩ࢂᇥӵ݀ d′ ࢂ a,b 的ϦӢ數ٗሶ d Ѹ整ନ a,b 的നε

ϦӢ數 d, ϸϐऩ d′ 整ନ a,b 的നεϦӢ數, ٗሶ d′ ࢂۓ a,b 的ϦӢ數. җ Proposition
1.2.3 的ܴךॺޕऩ d′ ࢂ a,b 的ϦӢ數߾ d′|d. ϸϐऩ d′|d, ܭҗ߾ d|a Ъ d|b, ճҔ
Proposition 1.1.3(3) ޕ d′|a Ъ d′|b. ջ d′ ࣁ a,b 的ϦӢ數. �
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ٰᇥԖ的性質ёаவҘёளΌ, ՠ೭٠ό߄ҢவΌёளҘ. ӵ݀ঁٿ性質ёа
ϕ, ॺ൩Ҕך “ऩЪऩ” .Ңϐ߄ ձाݙཀ Corollary 1.2.4 ٠όࢂᇥऩԖঁ҅整數
d ёډפ m,n ∈ Z ٬ள d = ma+nb, ߾ d ൩ࢂ a,b 的ϦӢ數. ೭ࢂ໒ۈεৎӧᏢಞᡄᒠ
論ਔதҍ的ᒱᇤ. ჴځ d ёаቪԋ ma+nb ߄Ң d ӧӝ S = {ma+nb | m,n ∈ Z} ύ,
٠ό߄Ң d ࢂ S ύനλ的҅整數. аฅ܌ d ൩҂Ѹࢂ a,b 的നεϦӢ數. ӢԜा
ܴ d ࢂ a,b 的നεϦӢ數ਔ, ᗋࢂளࡪ൩ӵ前य़܌ග的ٿᡯՉ, ίόाঁٿډפ
整數 m,n ٬ள d = ma+nb ൩ᇥ d ൩ࢂ a,b 的നεϦӢ數. ฅΑӵ݀գाܴ a,b ϕ質

(ջ gcd(a,b) = 1) ਔёаճҔډפ m,n ٬ள ma+nb = 1 ٰೀ. ೭ࢂӢࣁԜਔ 1 ӧ S ύ,
ࢂฅࡺ S ύനλ的҅整數Α. ӢԜךॺஒԜਸݩӈр.

Corollary 1.2.5. ଷ a,b ∈ N. ߾ gcd(a,b) = 1 ऩЪऩӸӧ m,n ∈ Z ٬ள ma+nb = 1.

Proof. ӆமፓ次, ाܴऩЪऩѸሡঁٿБӛܴ.

ऩ gcd(a,b) = 1, җ Corollary 1.2.4 Ӹӧޕ m,n ∈ Z ٬ள 1 = ma+ nb. ϸϐ, ऩӸ
ӧ m,n ∈ Z ٬ள ma+ nb = 1, ߾ 1 Ѹࣁӝ {ma+ nb | m,n ∈ Z} ύനλ的҅整數, җࡺ
Proposition 1.2.3 ޕ gcd(a,b) = 1. �

а的性質٠ؒԖນךॺ࡛ሶډפ m,n ٬ள ma+nb = gcd(a,b), ॺஒӧΠϟך
ಏֹᗅᙯ࣬ନࡕݤ๏ঁБٰݤ m,n. ᗨฅҞ前ךॺόޕӵՖள m,n, όၸவΠঁ
 a,b ϕ質ਔ的ख़ा的性質ךॺёа࣮ډޕၰѬॺ的Ӹӧ性ӧ論的ᄽ൩ࡐᆅҔΑ.

Proposition 1.2.6. ଷ a,b ∈ N Ъ gcd(a,b) = 1. :ॺԖаΠ的性質ך

(1) ऩ k ∈ Z Ъ a|bk, ߾ a|k.

(2) ऩ l ∈ Z Ъ a|l Ϸ b|l, ߾ ab|l.

Proof. Ӣࣁ gcd(a,b) = 1, җ Corollary 1.2.5 Ӹӧޕॺך m,n ∈ Z ٬ள ma+nb = 1.

(1) ஒ ma+nb = 1 Ԅٿᜐ४ k ёள mak+nbk = k. ฅԶଷ a|bk ճҔࡺ a|ak аϷ

Corollary 1.1.2 ޕ a|mak+nbk, ջ a|k.

(2)җ a|l аϷ b|l Ӹӧޕ r,s ∈Z٬ள l = ar = bs. Ӣࣁ a|arࡺள a|bs. ӆҗ gcd(a,b) = 1

的ଷճҔ (1)ёள a|s. ඤ言ϐӸӧ t ∈ Z٬ள s = at. ஒϐӣ l = bsள l = b(at) = (ab)t,
ள ab|l. �

ाݙཀ Proposition 1.2.6 的చҹ. ٰᇥऩؒԖ a,b ϕ質的ଷ a|bc ٠όૈߥ a|b
܈ a|c. ൩৾ 12|6×4 ٰᇥփ, ᡉ的ܴࡐ 12 - 6 (೭္ - (ࡘҢό整ନ的ཀ߄ ԶЪ 12 - 4. ӕኬ
的ऩ a,b όϕ質 a|c Ъ b|c Ψόૈߥ ab|c. ӵٯ 4|12 Ъ 6|12 ՠࢂ 4×6 - 12.

ௗΠٰךॺٰ࣮࣮ a,b 的നλϦ७數. ऩ l ࢂ a,b 的നλϦ७數, ܭҗ߾ gcd(a,b)|l, ך
ॺԾฅޕӸӧ m,n ∈ Z ٬ள l = ma+nb. όၸ೭ঁ߄Ңݤჹ l ൩ؒԖϙሶᔅշΑ. ЬाচӢ
ࢂ l ӧ {ma+nb | m,n ∈ Z} ೭ঁӝύόႽ gcd(a,b) Ԗӵ Proposition 1.2.3 ॊኬਸ܌
的ӦՏ. όၸؒᜢ߯, ΠঁۓນךॺٰᇥѝाΑှ a,b 的നεϦӢ數൩ૈඓඝ

a,b 的നλϦ७數.
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ᡣךॺӃٰ࣮࣮ा࡛ኬޕၰ l ࢂ a,b 的നλϦ७數. ൩ӵӕനεϦӢ數的ኬךॺ
ाܴٿҹ٣. २Ӄܴ l ࢂ a,b 的҅的Ϧ७數, ӆٰ൩ࢂܴ l ࢂ a ک b 的҅的ϦӢ數ύ

നλ的. ӵԜٰ൩ૈᏼߥ l ࢂ a,b 的നλϦ७數.

Proposition 1.2.7. ଷ a,b ∈N Ъ gcd(a,b) = d Ϸ lcm(a,b) = l, ߾ l = ab/d. ԶЪ m ∈ Z
ࢂ a,b 的Ϧ७數ऩЪऩ l|m.

Proof. җଷ d = gcd(a,b)ޕӸӧ a′,b′ ∈N٬ள a = a′d, b = b′d Ъ gcd(a′,b′) = 1 (Propo-
sition 1.1.8). ӧךॺ٩ॊঁٿᡯܴ ab/d = a′b = b′a ࢂ a,b 的നλϦ७數.

२Ӄҗ ab/d = b′a ޕ a|(ab/d) ӕޕ b|(ab/d), Ψ൩ࢂᇥ ab/d ࣁ a ک b 的Ϧ७數. Ξ
Ӣࣁ a,b,d ,數҅ࣁࣣ а܌ ab/d ࣁ a,b ϐ҅的Ϧ७數.

ௗܴऩ m ࣁ a,b ϐ҅的Ϧ७數, ߾ (ab/d) ≤ m. җଷޕӸӧ m′,n′ ∈ N ٬ள
m = m′a = n′b. ඤ言ϐ m = m′a′d = n′b′d, ࡺ d (Ӣ d ̸= 0) ள m′a′ = n′b′. Ψ൩ࢂᇥ
a′|n′b′. ՠҗܭ gcd(a′,b′) = 1, җࡺ Proposition 1.2.6(1) ޕ a′|n′. Ψ൩ࢂᇥӸӧ h ∈ N ٬ள
n′ = a′h. жӣ m = n′b ள m = ha′b, ޕளࡺ a′b = (ab/d)|m. җܭ ab/d Ϸ m ,數҅ࣁࣣ ள
(ab/d)≤ m. Ψ൩ࢂᇥ ab/d = lcm(a,b) = l.

ฅࡽ ab/d = l җय़的ܴךॺޕऩ m ࣁ a,b 的Ϧ७數, ߾ l = (ab/d)|m. ϸϐ, ऩ l|m,
җ߾ a|l Ъ b|l, ளޕ a|m Ъ b|m, ࡺ m ࣁ a,b ϐϦ७數. �

ाݙཀᗨฅ Proposition 1.2.7 ύଷ a,b ∈ N, ՠځҞ的ࢂճҔ҅ࣁځ數Бߡඔॊന
λϦ७數. ऩ a,b ∈ Z ό҅ࣁۓਔ, ॺѝा的уॄဦϝёճҔך Proposition 1.2.7
的ԄηቪΠനλϦ७數. ќѦک Corollary 1.2.4 ύ܌ॊϦӢ數ࣁനεϦӢ數ϐӢ數࣬፵ࢀ
Proposition 1.2.7 ນךॺϦ७數ࣁനλϦ७數ϐ७數.

ௗΠٰᡣךॺٰ࣮࣮Ԗᜢӭঁ (ӭঁٿܭ) 整數的നεϦӢ數性質. ॺ၂ቶ前ך
य़的Бݤ, ࣮࣮前य़的่݀ჹӭঁ整數ࢂցҔ.

Proposition 1.2.8. ଷ a1, . . . ,an ∈N, з d ӝࣁ S = {m1a1+ · · ·+mnan | m1, . . . ,mn ∈Z}
ύനλ的҅整數. ߾ gcd(a1, . . . ,an) = d.

Proof. ,ӕ࣬前य़的ک ճҔ well-ordering principle ޕ S ύѸԖനλ的҅整數. Ψ൩
ᇥ௶ॊύ的ࢂ d ۓӸӧ. ௗک前य़ኬ, ޕॺך S ,ഈ的࠾ࢂ җࡺ Theorem 1.2.2 ள
S = dZ. ӢԜёྣࡪ前य़ܴനεϦӢ數的ᡯܴ d ࣁ a1, . . . ,an 的നεϦӢ數.

२Ӄᔠჹ܌Ԗ i ∈ {1, . . . ,n}, ࣣԖ d|ai. җܭ ai ∈ S = dZ, ޕࡺ d|ai. Ψ൩ࢂᇥ d ࣁ

a1, . . . ,an 的ϦӢ數.

ௗךॺाܴ d ࢂ a1, . . . ,an 的ϦӢ數ύനε的數. Ψ൩ࢂाܴऩ d′ ࢂ a1, . . . ,an

的ϦӢ數, ߾ d′ ≤ d. ,ကۓ٩ Ӹӧ m1, . . . ,mn ∈ Z ٬ள d = m1a1 + · · ·+mnan. Ϟҗܭჹ
Һཀ i ∈ {1, . . . ,n}, ࣣԖ d′|ai ޕࡺ d′|m1a1 + · · ·+mnan. ջ d′|d, ӢԜҗςޕ d > 0 ฅள

d′ ≤ d. �
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ԖΑ Proposition 1.2.8 ,аΠϐ่݀ډኬளݤ前य़的Бکॺฅёаך ܴ൩όӆᙧ
ॊ.

Corollary 1.2.9. ଷ a1, . . . ,an ∈ N Ъ d = gcd(a1, . . . ,an) Ӹӧ߾ m1, . . . ,mn ∈ Z ٬ள
d = m1a1 + · · ·+mnan. ԶЪჹҺཀ d′ ∈ Z, d′ ࢂ a1, . . . ,an 的ϦӢ數ऩЪऩ d′|d.

ाݙཀ٠ό܌ࢂԖԖᜢঁٿ整數的നεϦӢ數的性質ёаቶډӭঁ整數的.
ӵٯ Proposition 1.2.6(2) ນךॺऩ gcd(a,b) = 1 Ъ a|l Ϸ b|l, ߾ ab|l. Ԝ性質ӧঁٿа
整數的൩όۓჹ. ЬाচӢ൩٩ࢂӭঁ整數ϕ質的ۓက a1,a2, . . . ,an ϕ質߄ࢂҢ

೭٤數ନΑ ±1 ϐѦؒԖӅӕ的Ӣ數, ՠό߄ҢҺځڗύঁٿ數ϕ質. ჴԖёૈҺཀځ
ai,a j όϕ質ՠࢂ a1, . . . ,an ϝϕ質. ӵٯ a1 = 6, a2 = 15 аϷ a3 = 10 的. ॺԖך
gcd(a1,a2) = 3, gcd(a2,a3) = 5 аϷ gcd(a1,a3) = 2 ՠࢂ gcd(a1,a2,a3) = 1. аԖ٤܌
ଷ a1, . . . ,an ϕ質ࢂό的, ϕ質ঁٿڗҺډॺҔך (ջჹҺཀ i, j ∈ {1, . . . ,n} Ъ
i ̸= j, ࣣԖ gcd(ai,a j) = 1) ೭ঁၨம的ϕ質性ωՉ. ೭ᅿၨம的ϕ質性ךॺᆀϐࣁ ٿٿ“
ϕ質” (pairwise relatively prime). ฅΑऩ a1, . . . ,an ,ϕ質ٿٿ ߾ a1, . . . ,an Ѹϕ質. εৎ
ۓाమཱ೭ٿᅿϕ質性ϐόӕ. Proposition 1.2.6(2), ӧӭঁ整數的ϐΠऩٿٿࣁׯ
ϕ質൩ԋҥ. җܭ೭္ੋډҺཀӭঁ整數, .ٰܴݤ數ᏢᘜયډаளҔ܌ 數Ꮲᘜયݤ
的চךॺଷεৎςΑှ, Ԝೀόӆᙧॊ.

Proposition 1.2.10. ଷ a1, . . . ,an ∈ N Ъ೭٤ ai .ϕ質ٿٿ ऩз M = a1 · · ·an, ॺԖך߾
аΠϐ性質.

(1) ჹҺཀ i ∈ {1, . . . ,n} ࣣԖ gcd(ai,M/ai) = 1.

(2) ऩჹ܌Ԗ i ∈ {1, . . . ,n} ࣣԖ ai|l, ߾ M|l.

Proof. җܭӧӭܭঁ整數ਔω談നεϦӢ數, வݤॺ數Ꮲᘜયךа܌ n = 2 ໒ۈ.

(1) Ԝೀҗکܭ a1, . . . ,an 的௨ׇคᜢ, ॺೀך i = 1 的. २Ӄ࣮ n = 2 的

. Ԝਔ M = a1a2 җଷࡺ gcd(a1,a2) = 1 ޕ gcd(a1,M/a1) = 1. ӆٰҗ數Ꮲᘜયݤଷ
n = k−1 ਔԋҥ, ջ gcd(a1,a2 · · ·ak−1) = 1. ԜਔӸӧ m′,n′ ∈ Z ٬ள

m′a1 +n′(a2 · · ·ak−1) = 1. (1.1)

Եቾ n = k ϐ, Ԝਔ M = a1a2 · · ·ak. ஒԄη (1.1) ᜐ४аٿ ak ள

m′a1ak +n′(a2 · · ·ak−1ak) = m′aka1 +n′(M/a1) = ak. (1.2)

Ξҗٿٿϕ質的ଷޕ gcd(a1,ak) = 1, ջӸӧ r,s ∈ Z ٬ள ra1 + sak = 1. аԄη (1.2) ϐ
ak жΕԄள

1 = ra1 + s(m′aka1 +n′(M/a1)) = (r+ sm′ak)a1 + sn′(M/a1).

Ӣࣁ r+ sm′ak ∈ Z Ъ sn′ ∈ Z җࡺ Corollary 1.2.5 ޕ gcd(a1,M/a1) = 1.

(2)२ӃԵቾ n = 2的,Ԝਔ M = a1a2 Ъ gcd(a1,a2) = ࡺ1 Proposition 1.2.6(2)ນ
ॺऩך a1|l Ъ a2|l,߾ M|l. ӆٰҗ數Ꮲᘜયݤଷ n = k−1ਔԋҥ,ջऩз M′ = a1 · · ·ak−1,
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߾ M′|l. Եቾ n = k ϐ, Ԝਔ M = a1 · · ·ak−1ak = M′ak. җ (1) ޕ gcd(ak,M′) =

gcd(ak,M/ak) = 1, җଷࡺ ak|l Ъ M′|l аϷ Proposition 1.2.6(2) ޕ M′ak = M|l. �

ௗΠٰךॺٰ࣮, ऩךॺঁٿ整數的നεϦӢ數 (ݤΠϐᗅᙯ࣬ନـୖ) ٗሶ
.Ӧளӭঁ整數的നεϦӢ數ঁٿঁٿॺ൩ёаך Ψ൩ࢂᇥёаӃ d1 = gcd(a1,a2) 

ள d2 = gcd(a1,a2,a3) = gcd(d1,a3), ೭ኬޔΠѐаள gcd(a1,a2, · · · ,an). ॺ的ܴБך
.ՉݤճҔ前ॊܴനεϦӢ數Бࢂᗋݤ

Proposition 1.2.11. ऩ a1, . . . ,an ∈ N (n > 2), ߾

gcd(a1, . . . ,an−1,an) = gcd(gcd(a1, . . . ,an−1),an).

Proof. з d = gcd(gcd(a1, . . . ,an−1),an) २Ӄךॺाܴ d ࢂ a1, . . . ,an 的ϦӢ數. җܭ
d|gcd(a1, . . . ,an−1) җ Corollary 1.2.9 ޕ d ࢂ a1, . . . ,an−1 的ϦӢ數. ӆу d|an, ޕࡺ d ࢂ

a1, . . . ,an−1,an 的ϦӢ數.

ଷ d′ ࢂ a1, . . . ,an−1,an 的ϦӢ數. ฅ d′ ࢂ a1, . . . ,an−1 的ϦӢ數, җࡺ Corollary
1.2.9 ޕ d′|gcd(a1, . . . ,an−1). ӆу d′|an, ޕࡺ d′ ࢂ gcd(a1, . . . ,an−1) ک an 的ϦӢ數, ӆࡺ
җ Corollary 1.2.4 ޕ d′|gcd(gcd(a1, . . . ,an−1),an) = d. ள d ࢂ a1, . . . ,an 的ϦӢ數ύനε

的數, ࣁࡺ a1, . . . ,an 的നεϦӢ數. �

നךࡕॺ࣮࣮ӭঁ整數的നλϦ७數的性質. २Ӄाݙཀ的ࢂ Proposition 1.2.7 ύ
lcm(a,b) = ab/gcd(a,b) ೭ঁ性質ӧӭঁ整數ਔ٠όۓჹ. ග܌ӵ前य़ٯ a1 = 6, a2 = 15

аϷ a3 = 10 的ٯη, ॺԖך a1a2a3 = 900, gcd(a1,a2,a3) = 1 ՠࢂ lcm(a1,a2,a3) = 30. ᗨฅ
ӵԜ, ,നλϦ७數ϐ७數的性質ࣁॺϝԖϦ७數ך ԶЪӭঁ整數ϐനλϦ७數Ψёӵന
εϦӢ數ኬঁٿঁٿՉ. ۭΠךॺஒճҔ數Ꮲᘜયݤӕਔܴ೭ঁٿ性質. ೭ᅿख़ा的
ܴמѯεৎ܈ؒԖـၸ, όၸځচӵӕ的數Ꮲᘜયݤচ, εৎᔈૈှ.

Proposition 1.2.12. ऩ a1, . . . ,an ∈ N (n > 2), ߾

lcm(a1, . . . ,an−1,an) = lcm(lcm(a1, . . . ,an−1),an).

ԶЪ m ∈ Z ࢂ a1, . . . ,an 的Ϧ७數ऩЪऩ lcm(a1, . . . ,an)|m.

Proof. ᔈҔ數Ꮲᘜયݤ,  n = 3 ਔз l = lcm(lcm(a1,a2),a3). Ӣࣁ l ࣁ lcm(a1,a2) ک a3

ϐϦ७數, ޕ l ࣁ lcm(a1,a2) ϐ७數, җࡺ Proposition 1.2.7 ளޕ l ࣁ a1,a2 的Ϧ७數. ࡺ
l ࣁ a1,a2,a3 ϐϦ७數. ଷ m ࣁ a1,a2,a3 ϐϦ७數. ฅ m ࢂ a1,a2 ϐϦ७數, җࡺ
Proposition 1.2.7 ޕ lcm(a1,a2)|m. ΞӢ m ࣁ a3 ϐ७數, ޕࡺ m ࣁ lcm(a1,a2) ک a3 ϐϦ

७數. ӢԜӆҗ Proposition 1.2.7 ޕ l = lcm(lcm(a1,a2),a3)|m. ॺளΑך l ࢂ a1,a2,a3 的

҅ϦӢ數ύനλ的數, ளࡺ l = lcm(a1,a2,a3). ॺΨӕਔளך l 整ନ܌Ԗ a1,a2,a3 的Ϧ७

數. ϸϐ, ऩ l|m, җ߾ a1|l, a2|l аϷ a3|l ޕ m ࣁ a1,a2,a3 的Ϧ७數. ӢԜ n = 3 的

ֹܴԋ.

٩數Ꮲᘜયݤଷ n = k−1 ਔԋҥ: ջ

lcm(a1, . . . ,ak−1) = lcm(lcm(a1, . . . ,ak−2),ak−1)
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Ъ m ∈ Z ࢂ a1, . . . ,ak−1 的Ϧ७數ऩЪऩ lcm(a1, . . . ,ak−1)|m. Եቾ n = k ϐ. з
l′ = lcm(a1, . . . ,ak−1) Ъ l = lcm(l′,ak) ॺाܴך l ࢂ a1, . . . ,ak 的നλϦ७數.

җܭ l = lcm(l′,ak) ࢂ l′ = lcm(a1, . . . ,ak−1) 的७數, ଷݤҗ數Ꮲᘜયࡺ (n = k− 1 ϐ

ݩ) ޕ l ࣁ a1, . . . ,ak−1 的Ϧ७數. ӆу l Ψࢂ ak 的७數, ޕளࡺ l ࢂ a1, . . . ,ak 的Ϧ

७數. ќБय़ऩ m ࢂ a1, . . . ,ak−1,ak 的Ϧ७數, ฅ m ࢂ a1, . . . ,ak−1 的Ϧ७數. җࡺ
數Ꮲᘜયݤଷޕ l′ = lcm(a1, . . . ,ak−1)|m. ӆу ak|m, ޕ m ࣁ l′ ک ak ϐϦ७數. җࡺ
Proposition 1.2.7 ޕ l = lcm(l′,ak)|m. ӢԶளޕ l ዴࣁ a1, . . . ,ak 的҅Ϧ७數ύനλޣ, Ψ൩
ᇥࢂ l = lcm(a1, . . . ,ak). ॺΨӕਔளऩך m ࣁ a1, . . . ,ak 的Ϧ७數, ߾ l|m. ϸϐऩ l|m, ߾
җჹ܌Ԗ i ∈ {1, . . . ,k} ࣣԖ ai|l, ள ai|m. Ψ൩ࢂᇥ m ࣁ a1, . . . ,ak 的Ϧ७數. �

1.3. ᗅᙯ࣬ନݤ

ᗅᙯ࣬ନࢂݤനεϦӢ數ࡐԖਏ的Бݤ. २Ӄךॺϟಏᗅᙯ࣬ନݤ的চ.

Lemma 1.3.1. ऩ a,b ∈ N Ъ a = bh+ r, ύځ h,r ∈ Z, ߾ gcd(a,b) = gcd(b,r).

Proof. ଷ d1 = gcd(a,b) Ъ d2 = gcd(b,r). ॺܴך d1|d2 Ъ d2|d1, ӢԶёճҔ Proposi-
tion 1.1.3(2) аϷ d1,d2 數ள҅ࣁࣣ d1 = d2.

Ӣ d1|aЪ d1|bճҔ Corollary ޕॺך1.1.2 d1|a−bh = r. Ӣࣁ d1|b, d1|rЪ d2 = gcd(b,r)

җࡺ Proposition 1.2.4 ޕ d1|d2. ќБय़, Ӣࣁ d2|b Ъ d2|r ࡺ d2|bh+ r = a. ӢԜёள
d2|d1. �

Lemma 1.3.1 ນךॺ a > b > 0 ਔ, ा a,b 的നεϦӢ數ךॺёаӃஒ a ନа b

ࣁளᎩ數ऩ܌ r, ߾ a,b 的നεϦӢ數ܭ b ک r 的നεϦӢ數. Ӣࣁ 0 ≤ r < b < a, а܌
ฅעीᆉᙁϯΑ. ௗךॺ൩ٰ࣮࣮ᗅᙯ࣬ନݤ. җܭ gcd(a,b) = gcd(−a,b) ॺѝךа܌

ाԵቾ a,b ҅ࢂ整數的ݩ.

Theorem 1.3.2 (The Euclidean Algorithm). ଷ a,b ∈ N Ъ a > b. җନݤচךॺޕӸ
ӧ h0,r0 ∈ Z ٬ள

a = bh0 + r0, ύځ 0 ≤ r0 < b.

ऩ r0 > 0, Ӹӧ߾ h1,r1 ∈ Z ٬ள

b = r0h1 + r1, ύځ 0 ≤ r1 < r0.

ऩ r1 > 0, Ӹӧ߾ h2,r2 ∈ Z ٬ள

r0 = r1h2 + r2, ύځ 0 ≤ r2 < r1.

ӵԜᝩុΠѐډޔ rn = 0 .Зࣁ ऩ n = 0 ( ջ r0 = 0), ߾ gcd(a,b) = b. ऩ n ≥ 1, ߾
gcd(a,b) = rn−1.

Proof. २Ӄݙཀऩ r0 ̸= 0, җܭ r0 > r1 > r2 > .. . ,ᝄሀ෧的ࢂ Ӣࣁ r0 ک 0 ϐ໔നӭ

ૈකΕ r0 −1 ঁ҅整數, Ԗۓၰޕॺךа܌ n ≤ r0 ٬ள rn = 0.
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ऩ r0 = 0, ջ a = bh0, ޕࡺ b ࣁ a ϐӢ數, ள b ࣁ a,b 的നεϦӢ數. ऩ r0 > 0, җ߾
Lemma 1.3.1 ޕ

gcd(a,b) = gcd(b,r0) = gcd(r0,r1) = · · ·= gcd(rn−1,rn) = gcd(rn−1,0) = rn−1.

�

ӧךॺٰ࣮Ҕᗅᙯ࣬ନݤനεϦӢ數的ٯη.

Example 1.3.3. ॺך a = 481 ک b = 221 的നεϦӢ數. २Ӄҗନݤচள 481 =

2 ·221+39, ޕ r0 = 39. ӢԜӆԵቾ b = 221 ନа r0 = 39 ள 221 = 5 ·39+26, ޕ r1 = 26. ӆ
а r0 = 39 ନа r1 = 26 ள 39 = 1 · 26+ 13, ޕ r2 = 13. നࡕӢࣁ r2 = 13 整ନ r1 = 26 ޕ

r3 = 0, җࡺ Theorem 1.3.2 ޕ gcd(481,221) = r2 = 13.

ӧճҔᗅᙯ࣬ନݤനεϦӢ數ਔ, εৎόѸ的ډ rn = 0. ύё࣮рٯӵӧٯ
r0 = 39 ک r1 = 26 的നεϦӢ數ࢂ 13, ճҔ Lemma 1.3.1 ଭளޕ gcd(a,b) = 13.

ӧ Corollary 1.2.4 ນךॺऩ gcd(a,b) = d, Ӹӧ߾ m,n ∈ Z ٬ள d = ma+ nb.
ਔךॺؒԖගډӵՖډפԜ m,n. ӧךॺճҔᗅᙯ࣬ନٰݤϟಏঁډפ m,n 的Бݤ.
Ҕݮॺך Theorem 1.3.2 的಄ဦ. २Ӄ࣮ r0 = 0 的, Ԝਔ d = gcd(a,b) = b аऩз܌

m = 0, n = 1, ॺԖך߾ d = b = ma+nb.  r0 ̸= 0 ՠ r1 = 0 ਔ, ޕॺך d = gcd(a,b) = r0.
ճҔࡺ a = bh0 + r0 ,ޕ ऩз m = 1, n =−h0, ߾ d = r0 = ma+nb. ӕऩ r0 ̸= 0, r1 ̸= 0 ՠ

r2 = 0, ޕ߾ d = gcd(a,b) = r1. ճҔࡺ a = bh0 + r0 аϷ b = r0h1 + r1 ޕ

r1 = b− r0h1 = b− (a−bh0)h1 =−h1a+(1+h0h1)b.

ӢԜऩз m =−h1 Ъ n = 1+h0h1, ߾ d = r1 = ma+nb. ٩ྣԜݤ,  r0,r1 ک r2 ࣣόࣁ 0

ਔ, җܭ d = gcd(a,b) = rn−1 җࡺ rn−3 = rn−2hn−1 + rn−1 ޕ d = rn−3 −hn−1rn−2. ճҔ數Ꮲᘜ
યךݤॺޕӸӧ m1,m2,n1,n2 ∈ Z ٬ள rn−3 = m1a+n1b Ъ rn−2 = m2a+n2b жΕளࡺ

d = (m1a+n1b)−hn−1(m2a+n2b) = (m1 −hn−1m2)a+(n1 −hn−1n2)b.

ӢԜऩз m = m1 −hn−1m2 Ъ n = n1 −hn−1n2, ߾ d = ma+nb.

य़的ᇥܴ࣮՟ӳႽ r0 ̸= 0ਔჹঁ i∈{0,1, . . . ,n−2}ाӃஒ riቪԋ ri =mia+nib,
നࡕωёஒ d = rn−1 ቪԋ ma+nb 的Ԅ. ,ߡ論ਔ的Бࢂჴ೭ѝځ ӧჴሞᏹբਔךॺځ
ჴࢂஒঁ ri ቪԋ m′

iri−2 +n′iri−1 的Ԅᄌᄌӣ d = ma+nb. ፎ࣮аΠ的ٯη.

Example 1.3.4. ॺ၂ճҔך Example 1.3.3 的่݀ډפ m,n ∈ Z ٬ள 13 = 481m+221n.
२ӃךॺԖ 13= r2 = 39−26= r0−r1. Զ r1 = 221−5 ·39= b−5r0,ࡺள 13= r0−(b−5r0) =

6r0 − b. ӆҗ r0 = 481− 2 · 221 = a− 2b, ளޕ 13 = 6(a−2b)− b = 6a−13b. ளࡺ m = 6 Ъ

n =−13 ᅈى 13 = 481m+221n.

ाݙཀ೭္ډפ的 m,n ٠όࢂᅈى d = ma+ nb 的ಔှ. ᗨฅय़的ᄽၸ
ำӳႽѝԖಔှ, όၸѝૈᇥࢂҔय़的Бݤளډಔှ, ٠όૈᏼߥё܌ډפԖ的
ှ. КБᇥऩз m′ = m+b, n′ = n−a, ߾ m′a+n′b = (m+b)a+(n−a)b = ma+nb = d. ܌
а m′,n′ Ψࢂќಔှ. ӢԜаࡕा性ਔ, ऩؒԖкϩ的җίόૈᇥҗ前
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य़的Ꮴၸำ࣮рࢂ的൩ᘐ言ࢂ. 的բࢂݤଷգԖٿಔှ, ӆճҔ೭ٿಔှ
.ϐ໔的ᜢ߯ޣٿډפ的ԄηىӅӕᅈ܌ .ݤॺ࣮࣮аΠ的բך

Proposition 1.3.5. ଷ a,b ∈ N Ъ d = gcd(a,b). ऩ x = m0,y = n0 ࢂ d = ax+by 的ಔ

整數ှ, ჹҺཀ߾ t ∈ Z, x = m0 +bt/d,y = n0 −at/d ࣁࣣ d = ax+by 的ಔ整數ှ, ԶЪ
d = ax+by 的܌Ԗ整數ှѸࣁ x = m0 +bt/d,y = n0 −at/d ύځ t ∈ Z ೭ኬ的Ԅ.

Proof. ଷ x = m,y = n ࢂ d = ax+ by 的ಔှ. җܭςଷ x = m0,y = n0 Ψࢂ

ಔှ, ளࡺ am+ bn = am0 + bn0. Ψ൩ࢂᇥ a(m−m0) = b(n0 − n). җܭ d = gcd(a,b), ך
ॺёаଷ a = a′d, b = b′d ύځ a′,b′ ∈ Z Ъ gcd(a′,b′) = 1 ـୖ) Corollary 1.1.8). Ӣ
Ԝள a′(m−m0) = b′(n0 − n). ճҔ b′|a′(m−m0), gcd(a′,b′) = 1 аϷ Proposition 1.2.6(1)
ள b′|m−m0. Ψ൩ࢂᇥӸӧ t ∈ Z ٬ள m−m0 = b′t. ޕࡺ m = m0 + b′t = m0 + bt/d. ஒ
m = m0 +bt/d жӣ am+bn = am0 +bn0 ёள n = n0 −at/d, ӢԜள d = ax+by 的整數ှ

ࢂ x = m0 + bt/d,y = n0 − at/d ύځ t ∈ Z ೭ኬ的Ԅ. നךࡕॺाዴᇡჹҺཀ t ∈ Z,
x=m0+bt/d,y= n0−at/dࣣࣁ d = ax+by的ಔ整數ှ. ฅԶஒ x=m0+bt/d,y= n0−at/d

жΕ ax+by ள a(m0 +bt/d)+b(n0 −at/d) = am0 +bn0 = d, .ۓள本ࡺ �

ճҔ Proposition 1.3.5 ॺ൩ёճҔך Example 1.3.4 ډפ 13 = 481x+221y 的ಔ整數

ှ x = 6,y =−13 ளډ x = 6+17t,y =−13−37t ύځ t ∈ Z ࢂ 13 = 481x+221y Ԗ的整數܌

ှ.

1.4. 質數

೭ךॺा談整數的ϩှύന基本的ϡન: 質數. εৎޕၰঁ質數 p ൩҅ࢂӢ數

ѝԖ 1 .的數ي本ک .ကۓॺϝ๏ঁ҅Ԅ的ך

Definition 1.4.1. ऩ p ∈ Z, p > 1 Ъ p 的҅ϦӢ數ѝԖ p ک 1 ᆀ߾ p ঁ質數ࢂ (prime
number). ऩ҅整數Ԗځд的҅Ӣ數߾ᆀࣁӝԋ數 (composite number).

ᙁൂٰᇥ質數൩ࢂคݤϩှԋঁٿၨλ的҅整數४ᑈ的數. 質數೭ᅿόёϩှ的性
ᡣѬԖࡐӭਸ性質. 質數ۓӵ๏ٯ p аϷ整數 a ∈ Z, ۓܰղࡐॺך gcd(a, p) ࣁ

Ֆ. ऩ d = gcd(a, p) Ӣ߾ d|p, ޕ d = 1 ܈ d = p. ฅԶ d = p Ң߄ p|a, ӢԜऩςޕ p - a, ߾
ёள d = 1. аճҔ܌ Proposition 1.2.6(1) .ॺԖаΠϐ่論ך

Lemma 1.4.2 (Euclid). ଷ p ,ঁ質數ࢂ Ъ a,b ∈ Z. ऩ p|ab, ߾ p|a ܈ p|b.

Proof. ೭္ךॺाܴ p|a ܈ p|b. ӵ݀ p|a ฅ൩ёаΑ (όѸᏼЈࢂց p|b); ՠऩ p - a,
ٗሶךॺ൩ளܴ p|b. όၸҗ前ޕ p - a Ң߄ gcd(p,a) = 1, ճҔࡺ Proposition 1.2.6(1) ள
 p|b. �

Euclid ೭ঁ Lemma ນךॺঁ質數ऩࢂ ab 的Ӣ數ٗѬࢂۓ a,b ύϐ的Ӣځ

數. ٣ჴ೭ঁ性質٠όѝҔӧঁٿ整數࣬४的ݩ, ӭ數࣬४ϐ׳ܰቶԿࡐॺך
.ݩ
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Corollary 1.4.3. ଷ p ,ঁ質數ࢂ Ъ a1,a2, . . . ,an ∈ Z. ऩ p|a1a2 · · ·an, Ӹӧ߾ i ∈
{1, . . . ,n} ᅈى p|ai.

Proof. .ܴݤॺ٩ฅҔ數Ꮲᘜયך  k = 2 ਔҗ Lemma 1.4.2 ऩޕ p|a1a2, ߾ p|a1 ܈

p|a2. ଷ k = n− 1 ਔԋҥ, ջऩԖ n− 1 ঁ整數 a1, . . . ,an−1 ᅈى p|a1 · · ·an−1, Ӹӧ߾
i ∈ {1, . . . ,n−1} ٬ள p|ai. Եቾ k = n 的, ऩ a1, . . . ,an ࢂ n ঁ整數ᅈى p|a1 · · ·an, ߾
з a = a1 · · ·an−1, b = an. Ԝਔҗ p|ab Ϸ Lemma 1.4.2 ޕ p|a ܈ p|b. ऩ p|a, җ數Ꮲᘜય߾
Ӹӧޕଷݤ i ∈ {1, . . . ,n−1} ٬ள p|ai, Զऩ p|b ջ p|an, .ۓள本ࡺ �

ऩ質數 p 整數ࢂ a 的Ӣ數, ॺᆀך߾ p ࢂ a 的ঁ質Ӣ數. ฅΑ質數 p 本ي൩

ࢂ p 的質Ӣ數, Զঁӝԋ數όԖ質Ӣ數ګ? εৎࡐԾฅ的ளۓԖ, ๏ࢂॺᗋך
ঁ҅Ԅ的ܴ.

Lemma 1.4.4. ଷ a ∈ Z Ъ a > 1. ѸӸӧ質數߾ p ٬ள p|a.

Proof. .ݤॺҔ數Ꮲᘜયך २Ӄऩ a = 2, ܭҗ߾ 2 ॺளך質數ࢂ p = 2 .܌ࣁ ଷ
ჹҺཀ b ∈ Z ᅈى 2 ≤ b ≤ n 的數ࣣӸӧ質數 p ٬ள p|b, ॺԵቾך a = n+1 的. ऩ a

本ࢂي質數ٗฅ p = a .܌ࣁ ϸϐ, ӵ݀ a όࢂ質數ۓ٩ကӸӧ b ∈ Z Ъ 2 ≤ b < a ٬

ள b|a. Ӹӧ質數ޕଷݤҗ數Ꮲᘜયࡺ p ᅈى p|b. ӢԜճҔ Proposition 1.1.3(2) ள
p|a. �

ᗨฅ҅整數ԖคጁӭঁԶ Lemma 1.4.4 ນךॺঁεܭ 1 的҅整數Ԗ質Ӣ數, ՠ
೭٠όж߄Ԗคጁӭঁ質數. ௗךॺ൩ࢂा質數ዴԖคጁӭঁ. ٰᇥाܴ質
數Ԗคጁӭঁ܈Ԗ的གྷ׆ࢂݤఈճҔԖ的質數ബ׳ε的質數. όၸ೭ঁགྷࢂݤό
ёՉ的, Ьा的চӢډࢂҞ前ࣁЗךॺؒԖঁղձঁ數ࢂցࣁ質數ӳ的Бݤ. ќᜪ的ࡘ
ԵࢂҔϸݤ, ଷѝԖԖज़ঁ質數Զளډҟ࣯. ೭ঁБݤ൩ό࿘ډղձ質數的ୢᚒ, ࣬
.的֮Ҕݤϸډᡏૈ׳җԜεৎߞ

Theorem 1.4.5 (Euclid). 質數Ԗคጁӭঁ.

Proof. .ଷѝԖԖज़ঁ質數ݤॺҔϸך ,ॺёаஒϐӈрךฅѝԖԖज़ঁࡽ ൩
ଷ p1, . . . , pn .Ԗ的質數܌ࢂ Եቾ a = p1 · · · pn + 1, җ Lemma 1.4.4 ѸԖ質數ޕ pi,
i ∈ {1, . . . ,n} ᅈى pi|a. ฅԶ pi 本ي整ନ p1 · · · pn җࡺ Corollary 1.1.2 ޕ pi|a− p1 · · · pn, Ψ
൩ࢂᇥ pi|1 Զளډҟ࣯. ,όёૈԖԖज़ӭঁ質數ޕࡺ ԶளԖคጁӭঁ質數. �

質數ᗨฅԖคጁӭঁόၸдॺ的ϩѲόߚࢂதஏ的. Һཀε的整數ۓӵ๏ٯ n ॺёך

аډפ n ঁೱុ整數όࢂ質數. Եቾࢂݤפॺ的ך

(n+1)!+2,(n+1)!+3, . . . ,(n+1)!+n+1

೭ n ঁೱុ整數. .質數ࢂཀ࣮рѬॺόࡐ ൩ࢂӢࣁ質數೭ሶόܰр, ӆуࡐᜤ
ղձঁࡐε的數ࢂցࣁ質數, .а質數தᔈҔӧஏዸᏢύ܌ ۭΠךॺϟಏᅿനᙁൂղ
ᘐ質數的Бݤ.
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Proposition 1.4.6. ଷ n > 1 .整數ࢂ ߾ n όࢂ質數ऩЪऩӸӧ質數 p λܭܭ
√

n Ъ整ନ n.

Proof. २ӃऩӸӧ p ≤
√

n Ъ p | n. Ӣ 1 < p < n, ள n ନΑ 1 ک n аѦᗋԖځд的҅Ӣ數,
ޕࡺ p όࢂ prime. ќБय़, ଷ n όࢂ質數, Ӹӧޕကۓ٩ a,b ∈ Z ᅈى 1 < a ≤ b < n

Ъ n = ab. җԜךॺёаዴۓ a ≤
√

n, ց߾ऩ a >
√

n ԋ ab > (
√

n)2 = n Զᆶ n = ab ό

ӝ. Զҗ Lemma 1.4.4 Ӹӧ質數ޕ p ٬ள p|a. ฅࡽ p|a ॺளך p ≤ a ≤
√

n Ъ p|n. �

Proposition 1.4.6 ນךॺ的ࢂঁղձ composite number 的ሽᜢ߯, аѬΨ൩܌
ນΑךॺղձ prime 的Бݤ. Ψ൩ࢂᇥ n ܭܭԖλ܌質數ऩЪऩࢂ

√
n 的質數όૈ

整ନ n. ೭ᅿղձ質數Бݤᆀࣁᑔݤ (sieve method). Ѭёаᔅշךॺᑔளব٤數ࢂ質數.
ܭԖλ܌рפӵऩाٯ 100 的質數. ܭॺѝाஒλך

√
100 = 10 的質數 (ջ 2,3,5,7) ,рפ

੮Π 2,3,5,7 ฅࡕஒځᎩ 2,3,5,7 的७數մନ, ၸ೭ኬᑔᒧࡕ੮Πٰλܭ 100 的數൩ࢂ
λܭ 100 的質數. ೭ࢂӢࣁऩ n < 100 Ъόࢂ質數, җ߾ Proposition 1.4.6 ޕ n ѸԖ質Ӣ

數λܭܭ
√

n <
√

100 = 10. ӢԜךॺ܌մନ 2,3,5,7 的७數൩܌ࢂԖλܭ 100 的ӝԋ
數, ԾฅഭΠ的ߡࢂ質數Α.

質數ࡽฅԖคጁӭঁ, ௗΠٰךॺёаୢࢂցԖ٤ۓԄ的質數ΨԖคጁӭঁ? ٯ
ӵךॺޕၰଽ數ύѝԖ 2 ,質數ࢂ ӢԜёаஒ܌Ԗڻ數ϩᜪ, ϩԋ 4n+1 ک 4n+3 ೭ٿᜪ

ฅୢࡕবᜪԖคጁӭঁ質數. ाݙཀ 4n+1 ೭ᜪ的數Ԗख़ा性൩ঁٿࢂ 4n+1

ࢂԄ的數࣬४ϝฅ 4n+1 的Ԅ. ӢԜҺཀԖज़ӭঁ 4n+1 ࢂԄ的數࣬४ϝ 4n+1 的

,Ԅ Ψ൩ࢂᇥ೭ᜪ的數Ԗ४࠾ݤഈ性. ќБय़ 4n+3 的Ԅ的數൩ؒԖ೭ঁ性, ٣
ჴঁٿ 4n+3 Ԅ的數࣬४ᡂԋ 4n+1 的Ԅ. ճҔ೭ٿᜪ數的性аϷᜪ՟ Lemma
1.4.4 的ܴ, .ॺԖаΠϐ่݀ך

Lemma 1.4.7. ଷ a = 4n + 3 ύځ n ∈ N∪ {0}, ѸӸӧ質數߾ p = 4n′ + 3 ύځ

n′ ∈ N∪{0} ᅈى p|a.

Proof. .ܴݤॺճҔ數Ꮲᘜયך २Ӄऩ a = 3, ܭҗ߾ 3 ॺளך質數ࢂ p = 3 .܌ࣁ 
ଷჹҺཀ b = 4k+3 ∈ Z ᅈى 0 ≤ k ≤ n−1 的數ࣣӸӧ質數 p = 4k′+3 ٬ள p|b, ॺԵך
ቾ k = n 的. ऩ a = 4n+3 本ࢂي質數ٗฅ p = a .܌ࣁ ϸϐ, ӵ݀ a όࢂ質數٩

ကӸӧۓ b,c ∈N ύځ b < a Ъ c < a ٬ள a = bc. ཀݙ b, c ύѸԖঁϡનࢂ 4k+3 ,Ԅ
ց߾ b,c ࢂ 4k+1 Ԅԋ bc = a Ψࢂ 4k+1 .Ԅ的ҟ࣯ຝ ൩ଷ b = 4k+3 փ!
Ԝਔ 0 ≤ k ≤ n−1 (Ӣ b < a), Ӹӧޕҗᘜયଷࡺ p = 4k′+3 ٬ள p|b, ӢԶள p|a. �

ཀݙ 4n+ 1 ԖۓԄ的數٠ό 4n+ 1 .Ԅ的質Ӣ數 9 ൩ࢂനᙁ的的ٯη. ᢀჸҗ
Lemma 1.4.4 ள Theorem 1.4.5 的ᜢ߯, ӕኬ的ךॺΨёճҔ Lemma 1.4.7 ள 4n+ 3

.Ԅ的質數Ԗคጁӭঁ

Proposition 1.4.8. ӝ S = {4n+3 | n ∈ Z,n ≥ 0} ύԖคጁӭঁ質數.
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Proof. ଷݤॺ٩ฅҔϸך S ύѝԖԖज़ӭঁ質數٠з p0 = 3, p1, . . . , pn ࢂ S ύ܌Ԗ的

࣬౦質數. Եቾ a = 4(p1 · · · pn)+3. җܭ a ∈ S ճҔ Lemma 1.4.7 ѸԖ質數ޕ p ∈ S ᅈ

ى p|a, Ӹӧޕҗଷࡺ i ∈ {0, . . . ,n} ٬ள p = pi, .

ऩ p = p0 = 3, җ߾ 3|a, 3|3 аϷ a−3 = 4(p1 · · · pn) ளޕ 3|4(p1 · · · pn), җࡺ Corollary
1.4.3 ளډ 3|4 ޣ܈ 3|pi, i ∈ {1, . . . ,n} ೭ኬ的ҟ࣯.

ऩ p = pi ύځ i ∈ {1, . . . ,n}, җ߾ pi 本ي整ନ p1 · · · pn ޕ pi|a− 4(p1 · · · pn), Ψ൩ࢂᇥ
pi|3 Զளډҟ࣯. ளࡺ S ύόёૈԖԖज़ӭঁ質數. �

Ӣࣁ Lemma 1.4.7 ٠όҔܭ 4n+ 1 ,Ԅ的整數 а܌ Proposition 1.4.8 的Бݤόૈ
Ҕٰ論 4n+1 ,Ԅ的質數 όၸ 4n+1 .Ԅ的質數ϝԖคጁӭঁ ٣ჴ數論ঁࡐख़
ा的ۓ (Dirichlet Theorem) ນךॺჹҺཀϕ質的ٿ整數 a,b ࣣԖคጁӭঁ an+b Ԅ

的質數. ೭ঁۓ的ܴຬр本ᖱကጄൎ, .ॺ൩όӆӭ談Αך

1.5. ᆉ數基本ۓ

ᆉೌ基本ۓ (The fundamental theorem of arithmetic) ջϩှۓ, ນךॺ
ঁεܭ 1 的整數ऩόࢂ質數ёаቪԋԖज़ӭঁ質Ӣ數的४ᑈЪၸ௨ׇځቪݤ

. Ԝۓ࣮՟ԾฅЪܴᡉ, ՠϝሡঁ҅Ԅ的ܴ.

೭္ךॺΞ࿘ډঁࠠڂ的ԖᜢӸӧ性ᆶ性的ୢᚒ. ೭္的Ӹӧ性ࡰ的൩ࢂჹε
ܭ 1 的整數ёаډפԖज़ӭঁ質數ځ٬ёаቪԋ೭٤質數的४ᑈ, Զ性൩ࡰࢂ的൩ࢂ
ቪݤ. җ҅ܭ整數ॄک整數的ϩှѝৡঁॄဦ, .ݩॺѝሡԵቾ҅整數的ך

Theorem 1.5.1 (The Fundamental Theorem of Arithmetic). ଷ a ∈ N Ъ a > 1, Ӹӧ߾
p1, . . . , pr, ύځ pi ,౦的質數࣬ࢂ ᅈى

a = pn1
1 · · · pnr

r , ni ∈ N,∀i ∈ {1, . . . ,r}.

ӵ݀ a ёаϩှԋќѦ的Ԅ a = qm1
1 · · ·qms

s , ύځ qi ,౦的質數࣬ࢂ ߾ r = s Ъၸᡂ

ඤׇёள pi = qi, ni = mi, ∀ i ∈ {1, . . . ,r}.

Proof. .ॺϩ໒ٰӸӧ性ᆶ性ך

२Ӄٰ࣮Ӹӧ性: ᙁൂٰᇥӸӧ性൩ࢂाܴঁεܭ 1 的整數ёаቪԋԖज़ӭঁ

(ёа࣬ӕ) 質數的४ᑈ. ӵ݀ a 本ঁࢂي質數, ߾ a = p1 (ջ r = 1, n1 = 1), ளӸӧ性. ӵ
݀ a όࢂ質數ګ? җۓကޕӸӧ a1,b1 ∈ N Ъ a1 ̸= 1, b1 ̸= 1 ᅈى a = a1 · b1. ௗΠٰ൩ࢂ
࣮ a1,b1 .質數Αࢂόࢂ ӵ݀ځύԖঁόࢂ質數, .Зࣁ質數ډளډޔॺ൩ᝩុϩှΠѐך
೭ঁၸำۓଶΠٰӢࣁ次ϩှࡕள的數ຫٰຫλ. ฅനࡕ൩ёаஒ a ቪԋ٤質

數的४ᑈΑ. ೭ኬ的ܴБԄ, ,εৎԖᅿᇥόమཱ的གߞ࣬ Ҕ數Ꮲᘜࢂॺᗋךа܌
યٰݤܴ.  a = 2 ਔҗܭ 2 ,質數ࢂ .ჹ的ࢂӸӧ性ݩаӧ೭܌ ௗଷჹ܌Ԗவ 2

ډ a−1 的整數Ӹӧ性ࢂჹ的. ӵ݀ a ,質數ࢂ ٗӸӧ性Ծฅԋҥ. ӵ݀ a όࢂ質數, ޕ߾
a = a1 ·b1 ύځ a1,b1 ∈ N Ъ 1 < a1 < a Ϸ 1 < b1 < a. ޕճҔᘜયଷࡺ a1 ک b1 ёቪԋ

Ԗज़ӭঁ質數的४ᑈ, аள܌ a = a1 ·b1 ΨёаቪԋԖज़ӭঁ質數的४ᑈ.
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,性ݤॺ٩ฅҔᘜયך ଷ

a = pn1
1 · · · pnr

r = qm1
1 · · ·qms

s ,

ύځ p1, . . . , pr ,౦的質數࣬ٿٿࢂ Ъ q1, . . . ,qs Ψ࣬ٿٿࢂ౦的質數. җܭ p1 ,質數ࢂ җࡺ
p1 |a = qm1

1 · · ·qms
s аϷ Corollary 1.4.3 ঁࢌӸӧޕ j ∈ {1, . . . ,s} ᅈى p1 |q j. ᡂඤΠׇ

ॺёаଷך p1 |q1. җܭ q1 ,質數ࢂ q1 的Ӣ數ѝૈࢂ ±1 ܈ ±q1. җࡺ p1 |q1 ޕ p1 = q1.
ӧԵቾ

a
p1

= pn1−1
1 pn2

2 · · · pnr
r = qm1−1

1 qn2
2 · · ·qms

s .

җܭ a/p1 < a, ॺளךଷݤճҔ性的ᘜયࡺ r = s Ъၸ௨ׇ p2 = q2, . . . , pr = qr

аϷ n1 = m1, n2 = m2, . . . ,nr = mr, .ள性ࡺ �

ٰᇥךॺஒ҅整數 a ቪԋ質數ϐ४ᑈ a = pn1
1 · · · pnr

r ਔ, ॺाঁךΑ性ࣁ
質數 pi 的次Б ni ҅ࢂ的, Ψ൩ࢂᇥךॺѝࡷр a 的質Ӣ數 p1, . . . , pr. όၸा論҅ٿ
數 a,b ਔࣁΑБߡКၨ, рࡷॺ೯தך a ک b Ԗ的質Ӣ數ӆஒ܌ a,b ቪԋ೭٤質數ϐ४

ᑈ的ኬη. Ψ൩ࢂᇥёቪԋ a = pn1
1 · · · pnr

r аϷ b = pm1
1 · · · pmr

r ܭύჹځ i ∈ {1, . . . ,r}, ni ≥ 0

Ъ mi ≥ 0. ܭཀ೭္җݙ a 的質Ӣ數҂Ѹ൩ࢂ b 的質Ӣ數, ϸϐҭฅ, а܌ ni,mi Ԗёૈࣁ

0. ೭ኬቪݤ的Бߡ性൩ךࢂॺόѸϩব٤ pi ࢂ a 的質Ӣ數, বࢂ٤ b 的質Ӣ數. ճҔ೭
ኬ的ቪךݤॺࡐܰஒ a,b 的നεϦӢ數߄Ңрٰ.

Proposition 1.5.2. ଷ a,b ∈ N Ъ a,b > 1. ऩ a = pn1
1 · · · pnr

r Ъ b = pm1
1 · · · pmr

r , ύځ
p1, . . . , pr ౦質數Ъ࣬ࣁ ni,mi ≥ 0, ߾ a,b 的҅ϦӢ數ёቪԋ pt1

1 · · · ptr
r 的Ԅ, ύځ

0 ≤ ti ≤ min{ni,mi}. ձӦ, ॺԖך

gcd(a,b) = pmin{n1,m1}
1 · · · pmin{nr,mr}

r .

Proof. २Ӄӣ៝Π min{x,y}߄Ң x,yύനλϐ數. Ԗ܌ܭჹ,ـଆߡΑБࣁ i∈ {1, . . . ,r},
ॺзך di = min{ni,mi}. ଷ d ࢂ a,b 的҅ϦӢ數, җ߾ d|a ऩޕॺך p ࢂ d 的質Ӣ數,
җ߾ p|d ޕ p|a. җࡺ Corollary 1.4.3 Ӹӧޕ i ∈ {1, . . . ,r} ٬ள p|pi. ӢԜҗ p, pi 質數ࣁࣣ

ள p = pi. Ψ൩ࢂᇥ d 的質Ӣ數Ѹӧ {p1, . . . , pr} ύ, ࡺ d ۓёаቪԋ pt1
1 · · · ptr

r 的Ԅ,
ύځ ti ≥ 0. ΞҗܭჹҺཀ i ∈ {1, . . . ,r} ࣣԖ pti

i |d ࡺ pti
i |a, ҭջ pti

i |p
n1
1 · · · pnr

r . җܭऩ i ̸= j

߾ pi ̸= p j, Ԝਔޕ gcd(pti
i , pn j

j ) = 1, җࡺ 1.2.6(1) ள pti
i |p

ni
i . Ԝਔऩ ti > ni, ԋ pti−ni | 1

ϐҟ࣯, ӢԜޕ ti ≤ ni. ӕҗ d|b ёள ti ≤ mi, ளࡺ 0 ≤ ti ≤ di.

ௗךॺ gcd(a,b). २Ӄᇥܴ pd1
1 · · · pdr

r ࣁ a,b 的ϦӢ數. ჹܭ i ∈ {1, . . . ,r}, җܭ
di ≤ ni, ޕࡺ pd1

i | pni
i . ӢԜள pdi

i | a. җܭ೭ࢂჹ܌Ԗ i = 1, . . . ,r ࣣԋҥΞӢࣁ pd1
1 , . . . , pdr

r

җࡺϕ質ٿٿ Proposition 1.2.10 (2) ޕ pd1
1 · · · pdr

r | a. ӕёள pd1
1 · · · pdr

r | b. നࡕჹܭҺཀ
a,b ϐϦӢ數 d. җޕ d = pt1

1 · · · ptr
r Ъ 0 ≤ ti ≤ di, ޕҗ前य़的論ࡺ d | pd1

1 · · · pdr
r . ள

gcd(a,b) = pd1
1 · · · pdr

r . �

ᗨฅ Proposition 1.5.2 Ψࢂঁளঁٿ數ϐനεϦӢ數ϐБݤ, όၸӧჴሞݩ (Ѐ
(ε的數ਔࡐೀࢂځ җܭϩှ質Ӣ數֚ࡐࢂᜤ的٣, ளനεϦӢݤаᗅᙯ࣬ନࢂаϝ܌
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數ၨᆅҔ. Proposition 1.5.2 ख़ाϐೀࢂѬܴࡐዴ的ນךॺനεϦӢ數ߏϙሶኬη, ೭ӧ
ܜ٤ຝ論的ᏤࢂԖҔ的.

ௗΠٰךॺёаճҔ Proposition 1.2.7 ஒനλϦ७數ቪΠ.

Corollary 1.5.3. ଷ a,b∈NЪ a,b> 1. ऩ a= pn1
1 · · · pnr

r Ъ b= pm1
1 · · · pmr

r ύځ, p1, . . . , pr

౦質數Ъ࣬ࣁ ni,mi ≥ 0, ߾

lcm(a,b) = pmax{n1,m1}
1 · · · pmax{nr,mr}

r .

Proof. җܭ ab = pn1+m1
1 · · · pnr+mr

r ճҔ Proposition 1.2.7 аϷ Proposition 1.5.2 ޕ

lcm(a,b) =
ab

gcd(a,b)
= pn1+m1−min{n1,m1}

1 · · · pnr+mr−min{nr,mr}
r .

ჹҺཀ二數 x,y, όѨ性ךॺଷ x ≥ y, ԜਔךॺԖ min{x,y}= y Ъ max{x,y}= x,
ӢԜள x + y = min{x,y}+max{x,y}. аჹҺཀ܌ i ∈ {1, . . . ,r} ॺࣣԖך max{ni,mi} =

ni +mi −min{ni,mi}, ӢԜள本ۓ. �

ךॺԖӭঁٿܭ的整數ਔ, ॺ൩ёаճҔ質Ӣ數ϩှаϷך Proposition 1.2.11
ک Proposition 1.2.12 ஒдॺ的നεϦӢ數کനλϦ७數ቪΠ. ӵऩٯ a = pn1

1 · · · pnr
r ,

b = pm1
1 · · · pmr

r Ъ c = pt1
1 · · · ptr

r , ύځ p1, . . . , pr ౦質數Ъ࣬ࣁ ni,mi, ti ≥ 0, ߾

gcd(a,b,c) = pmin{n1,m1,t1}
1 · · · pmin{nr,mr,tr}

r ,

lcm(a,b,c) = pmax{n1,m1,t1}
1 · · · pmax{nr,mr,tr}

r .





Chapter 2

Arithmetic Function

ךॺा數سਔ, ԵቾۓကӧѬय़的ڄ數೯தࢂঁख़ा的Бݤ. ӧ數論ύך
ॺฅ൩ࢂाۓကӧ҅整數的ڄ數, ࣁॺᆀϐך arithmetic function. ೭കύךॺ
ஒ論൳ঁதـ的 arithmetic function.

2.1. Multiplicative Arithmetic Functions

٠ό܌ࢂԖ的 arithmetic function ࡐԖ፪, ाব٤ۭډ arithmetic function ?ګ
೭ֹӄ،ܭܭۓा的ࢂԖᜢব٤整數的性. ӢࣁӧԜךॺख़ܭ整數的ϩှ性質, ܌
аךॺ܌ᒏ的 multiplicative arithmetic function.

Definition 2.1.1. ॺᆀவך N ډ C 的ڄ數ࣁ arithmetic function. ऩ f : N→ C ঁࢂ
arithmetic function ᅈىჹҺཀ a,b ∈ N Ъ gcd(a,b) = 1 ࣣԖ f (ab) = f (a) f (b), ᆀ߾ f ࢂ

ঁ multiplicative arithmetic function.

ाݙཀঁ arithmetic function f ࢂ multiplicative ਔ, f (ab) = f (a) f (b) ٠όۓԋ

ҥ. ೭ࢂाӧ gcd(a,b) = 1 ਔωёаዴࢂۓჹ的. ӵ݀ f 的性質மډჹҺཀ a,b ∈ N ࣣԖ
f (ab) = f (a) f (b),ٗሶךॺᆀ f ࢂ completely multiplicative. җܭ completely multiplicative
arithmetic function 的చҹၨம, Ъ٠คϼӭ೭ᜪԖ፪的ڄ數, ܭݙॺѝךа೭္܌
multiplicative arithmetic function.

ॺӃٰ࣮ঁך multiplicative arithmetic function 的ٯη.

Example 2.1.2. ॺԵቾך Möbius µ-function, ࣁကۓځ

µ(n) =


1, ऩ n = 1;
0, ऩӸӧ質數 p ٬ள p2|n;
(−1)r, ऩ n = p1 · · · pr, ύځ p1, . . . , pr .౦質數࣬ࣁ

ॺٰᡍך µ ዴࣁ multiplicative. Եቾ a,b ∈ N Ъ gcd(a,b) = 1. Ϟऩ a = 1 җ߾ µ(a) =
µ(1) = 1 ள µ(ab) = µ(b) = µ(a)µ(b). ӕऩ b = 1 Ψள µ(ab) = µ(a)µ(b). ॺךа܌
ाԵቾ a > 1 Ъ b > 1 的. җᆉ數基本ۓ (Theorem 1.5.1) ॺёаஒך a,b ϩձቪ

21
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ԋ a = pn1
1 · · · pnr

r аϷ b = qm1
1 · · ·qmt

t 的Ԅځύ ni,m j ࣣεܭ 0 Ъҗܭ a,b ϕ質܌Ԗ的質

數 pi ک q j ࣣ࣬౦. Ϟऩ ni ܈ m j ύԖঁεܭ 1, όѨ性൩ଷ n1 ≥ 2, җ߾ p2
1|a Ъ

p2
1|ab, ޕ µ(a) = 0 Ъ µ(ab) = 0, ளࡺ µ(ab) = µ(a)µ(b). നךࡕॺѝഭΠ n1 = · · ·= nr = 1

Ъ m1 = · · ·= mt = 1 的ݩ. Ԝਔҗܭ ab = p1 · · · pr ·q1 · · ·qt Ъ p1, . . . , pr,q1, . . . ,qt ౦質࣬ࣁ

數ள µ(ab) = (−1)r+t . ฅԶ µ(a) = (−1)r Ъ µ(b) = (−1)t , ளࡺ µ(ab) = µ(a)µ(b). Ψ൩
ᇥࢂ µ ঁࢂ multiplicative arithmetic function.

ाݙཀ µ ߚ٠ completely multiplicative. ॺёаவך a = b = p, ύځ p 質數的ࣁ

࣮р. Ԝਔ µ(a) = µ(b) = 1 ՠࢂ µ(ab) = 0, ޕࡺ µ(ab) ̸= µ(a)µ(b). ाޕၰգा
ঁ arithmetic function f ࢂ multiplicative ਔ, գѸԵቾ܌Ԗ的ݩ, ջჹ܌Ԗᅈى
gcd(a,b) = 1 的҅整數 a,b ࣣा಄ӝ f (ab) = f (a) f (b), Զόૈжঁٯηᡍ. ՠգाᇥ
f όࢂ multiplicative ਔ, ѝाډפಔ a,b ∈N Ъ gcd(a,b) = 1 ٬ள f (ab) ̸= f (a) f (b) ջ

ё.

ௗΠٰךॺٰ࣮ multiplicative arithmetic function 的基本性質.

Proposition 2.1.3. ଷ f ߚঁࢂ 0 的 multiplicative arithmetic function. ߾ f (1) = 1,
ЪऩჹҺཀ的質數 p аϷ t ∈ N, ёޕ f (pt) 的ॶ߾ჹҺཀ n ∈ N, f (n) ϐॶ൩ёаዴۓ.

Proof. Ӣ f ࢂ multiplicative Ъ gcd(1,1) = 1, ޕࡺ f (1) = f (1) f (1) ளޕ f (1) = 1 ܈

f (1) = 0. ऩ f (1) = 0, ჹҺཀ߾ n ∈N, җܭ gcd(n,1) = 1, ёள f (n) = f (n) f (1) = 0. Ψ൩ࢂ
ᇥ f ࢂ 0 ,數ڄ Ԝک f ߚࢂ 0 ֖數ϐଷҟ࣯, ޕࡺ f (1) = 1.

ჹҺཀ n ∈ N, ऩ n = 1, ޕҗ前߾ f (n) = f (1) = 1. ऩ n > 1, ޕۓҗᆉ數基本߾
n = pn1

1 · · · pnr
r ύځ, pi ౦質數Ъ࣬ࣁ ni ∈N. җࡺ f ࢂ multiplicativeЪ gcd(pn1

1 , pn2
2 · · · pnr

r ) =

1 ޕ f (n) = f (pn1
1 pn2

2 · · · pnr
r ) = f (pn1

1 ) f (pn2
2 · · · pnr

r ). ᝩុΠѐ٬Ҕ數Ꮲᘜયޕݤ f (n) =

f (pn1
1 ) · · · f (pnr

r ). ӢԜӵ݀ςޕ೭٤ f (pni
i ) ϐॶךॺߡёዴۓ f (n) ϐॶ. �

٩ Proposition 2.1.3 ӵ݀ޕॺך f ࢂ multiplicative arithmetic function, ٗሶऩૈඓඝ
Ԗ質數܌ p аϷ t ∈ N ύ f (pt) ϐॶٗሶ൩ёаֹӄΑှ f ೭ঁڄ數. όၸ前ᚒࢂा
ዴᇡ f ࣁցࢂ multiplicative. ۭΠךॺ๏ঁதҔٰዴᇡࢂ multiplicative 的Бݤ. ೭
ঁБݤόѝёаٰ৾ዴᇡ multiplicative arithmetic function ԶЪёаᔅշךॺബӭ
multiplicative arithmetic function. όၸ२Ӄךॺሡाঁံշۓ.

Lemma 2.1.4. ଷ a,b ∈ N Ъ gcd(a,b) = 1. ऩ d ࢂ ab 的҅Ӣ數, Ӹӧ的߾ a 的҅

Ӣ數 d1 аϷ b 的҅Ӣ數 d2 ٬ள d = d1d2.

Proof. ೭ΞࢂঁӸӧϷ的ୢᚒ. Ӹӧ൩ࢂाӸӧ d1|a Ъ d2|b ٬ள d = d1d2, Զ
൩ࢂाᅈى೭చҹ的ቪݤѝԖᅿ.

२ӃܴӸӧ性. ๏ۓ d|ab, ाӵՖډפ d1|a Ъ d2|b ٬ள d = d1d2 ?ګ җܭा
d1d2 = d аϷ d1|a а܌ d1 Ѹࢂ a ک d 的ϦӢ數. ,ԵΠࡘ ڗॺёԵቾך d1 ࣁ a,d 的

നεϦӢ數, ೭ኬٰ d2 = d/d1 КၨλКၨёૈ整ନ b. ൩ᡣךॺڗ d1 = gcd(a,d) ࣮࣮

.ցёՉࢂ Ԝਔз d2 = d/d1, ॺዴჴԖך d = d1d2 Ъ d1|a. ѝഭΠाᡍࢂց d2|b. ฅԶ
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d|ab ޕࡺ (d/d1)|(a/d1)b. Ξҗ d1 = gcd(a,d) ޕ gcd(a/d1,d/d1) = 1 (Corollary 1.1.8), җࡺ
Proposition 1.2.6(1) ޕ d/d1|b, Ψ൩ࢂᇥ d2|b.

ௗΠٰ性. ๏ۓ d|abଷӸӧ d1,d′
1,d2,d′

2 ∈Nϩձᅈى d = d1d2, d1|aЪ d2|bа
Ϸ d = d′

1d′
2, d′

1|a Ъ d′
2|b, ॺाܴך d1 = d′

1 Ъ d2 = d′
2. җܭ d1d2 = d′

1d′
2, ޕॺך d1|d′

1d′
2.

Ξҗܭ d1|a, d′
2|bаϷ gcd(a,b) = ޕॺך,1 gcd(d1,d′

2) = 1. аӆճҔ܌ Proposition 1.2.6(1)
ளޕ d1|d′

1. ӕё d′
1|d1 ӆу d1,d′

1 ∈ N ޕࡺ d1 = d′
1, Ъள d2 = d′

2. �

ӧ Lemma 2.1.4 ԖᜢܭӸӧ性的ܴύךॺว٠҂Ҕډ gcd(a,b) = 1 的ଷ, Ψ൩ࢂ
ᇥ٠όሡଷ gcd(a,b) = 1, ჹҺཀ ab 的҅Ӣ數ёаډפ d1|a, d2|b ٬ள d = d1d2. όၸ
ӧܴ性ਔ, gcd(a,b) = 1 的ଷ൩ሡाΑ. КБᇥԵቾ a = 6, b = 4 ک d = 6 的,
ڗॺёаך d1 = 6,d2 = 1 ک d′

1 = 3,d′
2 = 2 ᅈىा, .٠όԋҥݩа性ӧԜ܌ җ

ԜךॺΨӆ次மፓ性๊όૈҔӢࣁ a ک d 的നεϦӢ數ࢂ的ޕ d1 的Զளࢂ

性. ೭ࢂӢࣁคவளࣁޕՖ d1 ࢂளߚ a,b 的നεϦӢ數όё. ,аӧܴ性ਔ܌
εৎᗋࢂाࡪ൩ӦӃଷԖٿᅿቪݤӆѐᇥܴ೭ٿᅿቪࢂݤኬ, ೭ኬ的БٰݤೀК
ၨόрᒱ.

٣ჴ Lemma 2.1.4 ນךॺ gcd(a,b) = 1 ਔ, ऩ d1, . . . ,di, . . . ,dr ک e1, . . . ,e j, . . . ,es

ϩձࢂ a ک b ,Ԗ的࣬౦҅Ӣ數܌ ߾ d1e1, . . . ,die j, . . . ,dres ࢂ ab .Ԗ的࣬౦҅Ӣ數܌ ೭
೭٤ࣁӢࢂ die j ࢂۓ ab 的҅Ӣ數, ӆу Lemma 2.1.4 ນךॺ ab 的҅ϦӢ數ۓё

аቪԋ die j 的ԄԶЪ೭٤ die j ࣬ۓ౦. ௗΠٰךॺ൩ࢂाҔ೭性質ٰճҔঁςޕ的
multiplicative arithmetic function ளډཥ的 multiplicative arithmetic function.

Theorem 2.1.5. ଷ f : N → C ঁࢂ multiplicative arithmetic function. Եቾڄ數
F : N→ C ჹҺཀࣁကۓځ n ∈ N,

F(n) = ∑
d|n,d>0

f (d),

߾ F ঁࢂ multiplicative arithmetic function.

Proof. २ӃှញΠ F(n) = ∑d|n,d>0 f (d) ೭಄ဦ߄Ңӵ݀ d1, . . . ,dr ࢂ n 的܌Ԗ࣬౦҅Ӣ

數ٗሶ F(n) = f (d1)+ · · ·+ f (dr). ॺाܴך F ࢂ multiplicative ൩ࢂाܴ a,b ∈N Ъ
gcd(a,b) = 1 ਔ F(ab) = F(a)F(b).

ଷ d1, . . . ,di, . . .dr ک e1, . . . ,e j, . . . ,es ϩձࢂ a ک b .Ԗ的҅Ӣ數܌ ॺԖך F(a) =

f (d1)+ · · ·+ f (di)+ · · ·+ f (dr)аϷ F(b) = f (e1)+ · · ·+ f (e j)+ · · ·+ f (es). ӢԜޕ F(a)F(b) =

f (d1) f (e1)+ · · ·+ f (di) f (e j)+ · · ·+ f (dr) f (es). җܭ gcd(a,b) = 1 Զ di,e j ϩձࢂ a,b 的Ӣ

數, ޕॺך gcd(di,e j) = 1. ӆу f ࢂ multiplicative, Ԗ܌ளჹࡺ di,e j ࣣԖ f (di) f (e j) =

f (die j). ӢԜள F(a)F(b) = f (d1e1)+ · · ·+ f (die j)+ · · ·+ f (dres). ฅԶ Lemma 2.1.4 ນ
ܭॺҗך gcd(a,b) = 1, ೭٤ d1e1, . . . ,die j, . . . ,dres খӳ൩ࢂ ab ,Ԗ的࣬౦҅Ӣ數܌ ளࡺ
F(ab) = F(a)F(b). �

നךࡕॺٰ࣮࣮ Example 2.1.2ύ的 µ ճҔ Theorem ബрٰ的܌2.1.5 multiplicative
arithmetic function .Ֆࣁ
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Example 2.1.6. з δ : N→ C ঁࢂ arithmetic function ,ࣁကۓځ ჹҺཀ n ∈ N,

δ (n) = ∑
d|n,d>0

µ(d),

ύځ µ ࢂ möbius µ-function. Ӣࣁ µ ࢂ multiplicative, җ Theorem 2.1.5 ޕ δ ࢂ multi-
plicative. ۓ،ाࡺ δ ϐॶҗ Proposition 2.1.3 ѝाӃԵቾޕ δ (pt) ϐॶջё, ύځ p 質ࢂ

數 t ∈ N. ฅԶ pt ࣁԖ的҅Ӣ數܌ 1, p, p2, . . . , pt , ޕကۓҗࡺ

δ (pt) = µ(1)+µ(p)+µ(p2)+ · · ·+µ(pt) = 1−1+0+ · · ·+0 = 0.

ऩࡺ n > 1, җ߾ n = pn1
1 · · · pnr

r ޕ δ (n) = δ (pn1
1 ) · · ·δ (pnr

r ) = 0. ฅԶҗۓက δ (1) = µ(1) = 1,
ॺёளךа܌

δ (n) = ∑
d|n,d>0

µ(d) =
{

1,  n = 1;
0,  n > 1.

2.2. ҅Ӣ數ঁ數Ϸ҅Ӣ數ک

ॺёаҔך multiplicative arithmetic function 的ཷזࡐۺ的р҅整數҅ځӢ數ϐ
ঁ數Ϸ҅Ӣ數ک.

๏ۓ҅整數 n, з v(n) Ң߄ n 的҅Ӣ數ঁ數. ฅჹҺཀࡽ n ∈ N, v(n) Ԗڗॶ, ܌
аךॺёаஒ࣮ځԋࢂঁڄ數 v : N → N. வڄ數的ٰ࣮ࡋف, v ൩ࢂঁ arithmetic
function. ๏ۓ n ∈ N ӵՖ v(n) ॶګ? ஒࢂ൩ݤௗ的բޔ n 的҅Ӣ數ӈрฅࡕ數Ԗ

ӭϿঁ. ӵٯ 6 的҅Ӣ數Ԗ 1,2,3,6, а܌ v(6) = 4. ೭ኬ的ݤӵՖҔԄη߄Ңګ? ॺёך
а๓Ҕ summation ∑ 的಄ဦ, ஒ v(n) ቪԋ

v(n) = ∑
d|n,d>0

1.

Ԅ的ཀࡘ൩ࢂ次գ࣮ډ d ᅈى d|n Ъ d > 0 ൩у次, ډԾฅளࡐа܌ n 的҅Ӣ數ঁ

數.

Proposition 2.2.1. ჹҺཀ n ∈ N, з v(n) Ң߄ n 的҅Ӣ數ঁ數. ߾ v : N → N ࢂ
ঁ multiplicative arithmetic function. ԶЪऩ n = pn1

1 · · · pnr
r , ύځ pi ,౦質數࣬ࣁ ߾

v(n) = (n1 +1) · · ·(nr +1).

Proof. ऩз l : N→N ঁࢂ arithmetic function ᅈىჹҺཀ n ∈N, l(n) = 1, ߾ v(n) ё߄

ࣁ

v(n) = ∑
d|n,d>0

l(d).

җܭჹҺཀ a,b ∈ N, l(ab) = l(a)l(b) = 1, ޕॺך l ࣁ (completely) multiplicative. ӢԜҗ
Theorem 2.1.5 ޕ v ࣁ multiplicative.

ฅࡽ v ࢂ multiplicative, ॺёаճҔך Proposition 2.1.3 ჹҺཀ n ∈ N, v(n) ϐॶ. Ψ
൩ࢂᇥךॺाӃჹҺཀ質數 p аϷ҅整數 t, v(pt) ϐॶ. җܭ pt 的҅Ӣ數൩ࢂ pi, ύځ
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i ∈ {0,1, . . . , t}, ډॺளך v(pt) = t +1. ӢԜჹҺཀ n ∈ N, ऩ n = 1, ޕॺך v(n) = v(1) = 1;
Զऩ n = pn1

1 · · · pnr
r ύځ pi ,౦質數࣬ࣁ җ߾ v ࢂ multiplicative ޕ

v(n) = v(pn1
1 ) · · ·v(pnr

r ) = (n1 +1) · · ·(nr +1).

�

ᖐٰٯᇥ, ॺाך 360 的҅Ӣ數ঁ數, җܭ 360 = 23 · 32 · 5, ճҔ Proposition 2.2.1,
൩ёளזࡐॺך v(360) = (3+ 1)(2+ 1)(1+ 1) = 24. வ೭္εৎᔈૈ׳ᡏ multiplicative
arithmetic function 的ӳೀ. ܈ v(n) 的ϦԄεৎӧଯύਔᏢ௨ӈಔӝਔ൩Ҕ४ݤচ

ளډၸ. ёаҔ४ݤচ的চӢځჴ൩ک v ࢂ multiplicative ৲৲࣬ᜢ.

ௗΠٰךॺ҅Ӣ數ک. ๏ۓ҅整數 n, з σ(n) Ң߄ n 的܌Ԗ҅Ӣ數ϐک. ฅჹࡽ
Һཀ n ∈ N, σ(n) Ԗڗॶ, 數ڄঁࢂԋ࣮ځॺёаஒךа܌ σ : N→ N. வڄ數的ٰࡋف
࣮, σ ൩ࢂঁ arithmetic function. ๏ۓ n ∈N ӵՖ σ(n) ॶګ? ஒࢂ൩ݤௗ的բޔ n 的

҅Ӣ數ӈрฅࡕӄуଆٰ. ӵٯ 6的҅Ӣ數Ԗ а܌,1,2,3,6 σ(6) = 1+2+3+6 = 12.
೭ኬ的ݤӵՖҔԄη߄Ңګ? ॺӆ次๓Ҕך summation ∑ 的಄ဦ, ஒ σ(n) ቪԋ

σ(n) = ∑
d|n,d>0

d.

Ԅ的ཀࡘ൩ࢂ次գ࣮ډ d ᅈى d|n Ъ d > 0 ൩у d, ډԾฅளࡐа܌ n 的҅Ӣ數ک.

Proposition 2.2.2. ჹҺཀ n ∈ N, з σ(n) Ң߄ n 的҅Ӣ數ঁ數. ߾ σ : N→ N ঁࢂ
multiplicative arithmetic function. ԶЪऩ n = pn1

1 · · · pnr
r , ύځ pi ,౦質數࣬ࣁ ߾

σ(n) =
pn1+1

1 −1
p1 −1

· · · pnr+1
r −1
pr −1

.

Proof. ऩз I : N→ N ঁࢂ arithmetic function ᅈىჹҺཀ n ∈ N, I (n) = n, ߾ σ(n)

ёࣁ߄

σ(n) = ∑
d|n,d>0

I (d).

җܭჹҺཀ a,b ∈N, I (ab) = ab =I (a)I (b),ךॺޕ I ࣁ (completely) multiplicative. Ӣ
Ԝҗ Theorem 2.1.5 ޕ σ ࣁ multiplicative.

ฅࡽ σ ࢂ multiplicative, ॺёаճҔך Proposition 2.1.3 ჹҺཀ n ∈ N, σ(n) ϐॶ.
Ψ൩ࢂᇥךॺाӃჹҺཀ質數 p аϷ҅整數 t, σ(pt) ϐॶ. җܭ pt 的҅Ӣ數൩ࢂ pi,
ύځ i ∈ {0,1, . . . , t}, ډॺளך σ(pt) = 1+ p+ · · ·+ pt . җܭ 1, p, . . . , pt ࣁঁϦКࢂ p 的

К數ӈ, ॺளך

σ(pt) =
pt+1 −1

p−1
.

ӢԜჹҺཀ n ∈ N, ऩ n = 1, ޕॺך σ(n) = σ(1) = 1; Զऩ n = pn1
1 · · · pnr

r ύځ pi ౦質࣬ࣁ

數, җ߾ σ ࢂ multiplicative ޕ

σ(n) = σ(pn1
1 ) · · ·σ(pnr

r ) =
pn1+1

1 −1
p1 −1

· · · pnr+1
r −1
pr −1

.

�
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ᖐٰٯᇥ, ॺाך 360 的҅Ӣ數ک, җܭ 360 = 23 ·32 ·5, ճҔ Proposition 2.2.2, ॺך
൩ёளזࡐ

σ(360) =
24 −1
2−1

33 −1
3−1

52 −1
5−1

= 15 ·13 ·6 = 1170.

2.3. The Euler ϕ-function

ॺाКך n λЪᆶ n ϕ質的҅整數ঁ數.

Definition 2.3.1. ๏ۓ n ∈ N, ϕ(n) ҢК߄ n λЪᆶ n ϕ質的҅整數ঁ數. ೭ኬۓр的ڄ
數 ϕ : N→ N, ᆀϐࣁ Euler ϕ -function.

ॺाܴך Euler ϕ -function ࢂ multiplicative, .ॶڗӧҺཀ҅整數ϐځ٠ җܭό
ᙁൂ的ډפܰ multiplicative arithmetic function f ٬ள ϕ Ңԋӵ߄ Theorem 2.1.5 的Ԅ,
ௗܴޔॺाךа܌ ϕ ࢂ multiplicative. Ψ൩ࢂᇥჹҺཀ a,b ∈ N ᅈى gcd(a,b) = 1, ॺך
ाܴ ϕ(ab) = ϕ(a)ϕ(b).

२Ӄךॺ࣮ঁ a = 5,b = 4 的ٯη. ॺाᇥܴך ϕ(20) = ϕ(5)ϕ(4). җܭ ϕ(20) ҢК߄

20 λЪᆶ 20 ϕ質的҅整數ঁ數, ܭܭॺஒλךа܌ 20 的҅整數ӵΠӈр:
1 6 11 16
2 7 12 17
3 8 13 18
4 9 14 19
5 10 15 20

ӈࡕ࣮ܰрനࡐ 5 10 15 20 ύঁ數ࢂ 5 的७數܌аόёૈک 20 ϕ質, ӢԜךॺ
ाմନ೭ӈ. ԶځᎩ 4 ӈӈύ的數ନа 5 的Ꭹ數࣬ӕЪόܭ 0 а೭܌ 4 ӈ的
數ک 5 ϕ質. ӢԜךॺѝाԵቾ೭ 4 ӈ的數বک٤ 4 .ϕ質的ࢂ вಒᢀჸ೭ӈύ的
數ନа 4 的Ꭹ數࣬౦ӢԜӈύѝԖᎩ 1 Ꭹک 3 的ঁٿ數ک 4 ϕ質. ᕴٰ่ᇥךॺว
ӅԖ ϕ(5) = 4 ӈ的數ک 5 ϕ質, Զ೭ 4 ӈ的數ύӈࣣԖ ϕ(4) = 2 ঁ數ک 4 ϕ質, ӢԜ 1

ډ 20 ϐύӅԖ ϕ(5)ϕ(4) = 8 ঁ數ک 5 Ъک 4 ϕ質. ೭٤數൩ࢂ 1 ډ 20 ϐύک 20 ϕ質的
數, ޕа܌ ϕ(20) = ϕ(5)ϕ(4).

ௗΠٰךॺ൩ࢂाҔ前य़的Бݤܴ的. ाݙཀ前य़的Бךݤॺ٠ค҅ᗺр
ব٤數ک 20 ϕ質, Ӣךࣁॺѝགྷޕၰঁ數. ӆуךॺ的Бݤ൳Яک a = 5,b = 4 คᜢ܌а

Кჴሞפрব٤數ک 20 ϕ質ૈ׳ၮҔӧ的ݩރ. २ӃךॺҔکډ 20 ϕ質的數൩کࢂ

5 Ъک 4 ϕ質的數, ೭ঁ性質ӧ的ݩჹ.

Lemma 2.3.2. ଷ a,b,c ∈ Z. ߾ gcd(ab,c) = 1 ऩЪऩ gcd(a,c) = 1 Ъ gcd(b,c) = 1.

Proof. ଷ gcd(ab,c) = 1. ऩ d = gcd(a,c), Ң߄ d ࢂ a,c 的ϦӢ數, а܌ d Ψࢂ ab ک c

的ϦӢ數, ளࡺ d = 1. ӕޕ gcd(b,c) = 1.

ϸϐ, ଷ gcd(a,c) = 1 Ъ gcd(b,c) = 1. ऩ gcd(ab,c) ̸= 1, ҢӸӧ質數߄ p ᅈى

p|gcd(ab,c). Ψ൩ࢂᇥ p|ab Ъ p|c. ՠ p ,質數ࢂ җࡺ Lemma 1.4.2 ޕ p|a ܈ p|b. ளޕ p

ࢂ a,c ܈ b,c 的ϦӢ數. Ԝک gcd(a,c) = 1 Ъ gcd(b,c) = 1 ࣬ҟ࣯, ޕࡺ gcd(ab,c) = 1. �
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ӧ前य़ᆶ 20 ϕ質的數ύ, ќঁख़ाᡯࢂҺ௨ύঁ數ନа 4 的Ꭹ數࣬౦,
೭ӧ gcd(a,b) = 1 的ݩࢂჹ的.

Lemma 2.3.3. ଷ a,b, l ∈ Z, b > 1 Ъ gcd(a,b) = 1. ӧ߾ l, l + a, l + 2a, . . . , l +(b− 1)a,
ύঁ數ନа b 的Ꭹ數ࣣ࣬౦. ԶЪځύӅԖ ϕ(b) ঁϡનک b ϕ質.

Proof. ऩ u,v ∈ Z Ъ u,v ନа b 的Ꭹ數࣬ӕ, Ң߄ b|u− v. ӢԜाᇥ l, l +a, . . . , l +(b−1)a

ύ的ϡનନа b 的Ꭹ數ࣣ࣬౦, ൩ࢂᇥҺڗ l + ia, l + ja, ύځ 0 ≤ i < j ≤ b−1, ค٬ݤள
b 整ନ (l + ja)− (l + ia). Ϟଷ b|(l + ja)− (l + ia), Ψ൩ࢂᇥ b|( j− i)a. җܭ gcd(a,b) = 1,
Proposition 1.2.6(1) ນךॺ b| j− i. ՠԜᆶ 0 ≤ i < j ≤ b−1 ࣬ҟ࣯, ޕݤҗϸࡺ b ό

整ନ (l + ja)− (l + ia). Ψ൩ࢂᇥҺڗ l + ia, l + ja, ύځ 0 ≤ i < j ≤ b−1, Ѭॺନа߾ b ϐ

Ꭹ數ࣣ࣬౦.

ჹܭ i ∈ {0,1, . . . ,b−1} ऩз ri Ң߄ l + ia ନа b 的Ꭹ數, җܭ 0 ≤ ri ≤ b−1 Ъ೭ b ঁ

ri ࣣ࣬౦, ޕॺך {r0,r1, . . . ,rb−1} ೭ঁӝک {0,1, . . . ,b− 1} .ӕ的࣬ࢂ ฅԶ Lemma
1.3.1 ນךॺ gcd(l + ia,b) = gcd(ri,b), а܌ {l, l + a, . . . , l +(b− 1)a} ύک b ϕ質的數ک

{0,1, . . . ,b−1} ύک b ϕ質的數ϐঁ數࣬ӕ. ޕကۓ٩ {0,1, . . . ,b−1} ύӅԖ ϕ(b) ঁ數ᆶ
b ϕ質, .ளࡺ �

ௗΠٰךॺܴ ϕ ঁࢂ multiplicative arithmetic function.

Proposition 2.3.4. ऩ a,b ∈ N Ъ gcd(a,b) = 1, ߾ ϕ(ab) = ϕ(a)ϕ(b).

Proof. ܭॺஒλך ab 的҅整數٩ΠӈБݤ௨ԋ b ӈ:
1 1+a · · · 1+(b−1)a
2 2+a · · · 2+(b−1)a
...

... . . . ...
a 2a · · · ba

ύಃځ l ӈࣁ l, l+a, . . . , l+(b−1)a. җ Lemma 1.3.1 ک೭္數ޕ a 的നεϦӢ數ࣣᆶ

l ک a 的നεϦӢ數࣬ӕ. ඤ言ϐ, ऩ l ک a ϕ質߾ಃ l ӈύ數ࣣک a ϕ質; Զऩ l ک

a όϕ質߾ಃ l ӈύ數ࣣک a όϕ質. ΞӢࣁ 1 ≤ l ≤ a, ကӅԖۓ٩ࡺ ϕ(a) ঁ l ᆶ a

ϕ質. Զךॺ൩Եቾ೭ ϕ(a) ӈ的數 کᎩ的數ځ) a όϕ質کࡺ ab όϕ質).

೭ ϕ(a) ӈ的數ᗨک a ϕ質ՠ٠όک b ϕ質. ฅԶӈࣣࣁ l, l+a, . . . , l+(b−1)a

的Ԅ, җࡺ gcd(a,b) = 1 аϷ Lemma 2.3.3 ӈࣣԖޕ ϕ(b) ঁ數ک b ϕ質. ࡺ 1 ډ ab

ύᕴӅԖ ϕ(a)ϕ(b) ঁϡનک a Ъک b ϕ質. җ Lemma 2.3.2 ೭٤數൩کࢂ ab ϕ質的數.
ளࡺ ϕ(ab) = ϕ(a)ϕ(b). �

ฅࡽ ϕ ࢂ multiplicative, ॺ൩ёаճҔך Proposition 2.1.3 ᆉр ϕ ϐॶ.

Proposition 2.3.5. ऩ n = pn1
1 · · · pnr

r , ύځ pi ,౦質數࣬ࣁ ߾

ϕ(n) = (pn1
1 − pn1−1

1 ) · · ·(pnr
r − pnr−1

r ) = n(1− 1
p1

) · · ·(1− 1
pr
).
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Proof. ॺӃჹҺཀ質數ך p аϷ҅整數 t, ϕ(pt) ϐॶ. җܭ p ࢂ pt 的質Ӣ數, u ک

pt όϕ質߄Ң p Ѹࣁ u ϐӢ數. ӢԜाीᆉλܭ pt 的҅整數ύԖӭϿᆶ pt ϕ質, ѝाᆉ
р೭٤數ύԖবࢂ٤ p 的७數ӆԌջё. ฅԶ 1 ډ pt ύӅԖ pt/p ঁ數ࢂ p 的७數. ࡺ
ளޕ 1 ډ pn ύӅԖ pt − pt−1 ঁ整數ک pt ϕ質.

ԵቾҺཀ n ∈ N. ऩ n = 1, ޕॺך ϕ(n) = ϕ(1) = 1; Զऩ n = pn1
1 · · · pnr

r ύځ pi ౦࣬ࣁ

質數, җ߾ ϕ ࢂ multiplicative ޕ

ϕ(n) = ϕ(pn1
1 ) · · ·ϕ(pnr

r ) = (pn1
1 − pn1−1

1 ) · · ·(pnr
r − pnr−1

r ) = n(1− 1
p1

) · · ·(1− 1
pr
).

�

ฅࡽ ϕ ࢂ multiplicative, ॺёаճҔך Theorem 2.1.5 рќঁ multiplicative
arithmetic function. Եቾ F : N→ N ჹҺཀࣁကۓځ n ∈ N, F(n) = ∑d|n,d>0 ϕ(d). җܭ F

ࢂ multiplicative, ЪჹҺཀ質數 p аϷ t ∈ N, ॺԖך

F(pt) = ϕ(1)+ϕ(p)+ϕ(p2)+ · · ·+ϕ(pt) = 1+(p−1)+(p2 − p)+ · · ·+(pt − pt−1) = pt .

ӢԜךॺԖаΠϐ่݀.

Corollary 2.3.6 (Gauss). ऩ n ∈ N ߾

∑
d|n,d>0

ϕ(d) = n.

Proof. з F(n) = ∑d|n,d>0 ϕ(d), җ前ޕ F όࢂ 0 җࡺ數ڄ F ࢂ multiplicative, ճҔ
proposition 2.1.3 ޕ F(1) = 1. ऩ n ∈ N Ъ n > 1 ਔ, ஒ n ቪԋ n = pn1

1 · · · pnr
r , ύځ pi ࣬ࣁ

౦質數, ӆҗय़ F(pt) = pt 的่݀Ϸ Proposition 2.1.3 ޕ

F(n) = F(pn1
1 ) · · ·F(pnr

r ) = pn1
1 · · · pnr

r = n,

ள本ۓ. �

2.4. Convolution

ॺёаճҔך convolution ကрཥ的ۓ multiplicative arithmetic function, ќѦ convo-
lution ΨගٮΑঁၨᙁܴ的БٰݤܴΠा的 Möbius inversion formula. ᗨฅ
本ϷΠ的ϣӧ本ᖱကύаࡕόҔډ, ՠ׆ఈճҔԜϟಏᡣεৎޕၰԖਔۓက
٤ၮᆉჹှ،ୢᚒԖࡐε的ᔅշ.

Definition 2.4.1. ๏ٿۓ arithmetic functions f ,g ځॺך convolution ࣁ f ∗g, ကۓځ
ჹҺཀࣁ n ∈ N,

f ∗g(n) = ∑
d|n,d>0

f (d)g(n/d).

٩ྣ convolution 的ۓက, ा f ∗ g(n) ϐॶ, २Ӄפр n 的܌Ԗ҅Ӣ數, ฅࡕჹܭ
ঁ n 的҅Ӣ數 d, ॺך f (d)g(n/d) ϐॶ, ӆஒ೭٤ॶуଆٰ. ऩ d ࢂ n 的҅Ӣ數, з
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e = n/d, ॺԾฅԖך de = n. ϸϐ, ऩ d,e ى整數ᅈ҅ࢂ de = n, ॺԾฅԖך߾ d|n. ӢԜך
ॺΨёаҔӵΠ的߄Ң߄ݤҢ f ∗g. ջ,

f ∗g(n) = ∑
de=n
d,e∈N

f (d)g(e).

೭ኬ的߄Ңݤᗨฅٰ࣮Ⴝঁٿᡂ數, ՠჴ質ऩ๏ۓ d, ߾ e Ծฅዴۓ. Ң߄ॺᒧҔ೭ঁך
ΠाᏤۭࣁӢࢂݤ convolution 的性質ਔҔ೭ᅿݤ߄ၨᙁܴ.

җܭ f ک g ࢂ arithmetic function, а܌ f ∗g ӧҺཀ҅整數ࣣԖڗॶ, ӢԜ f ∗g ϝࣁ

arithmetic function. ඤ言ϐ convolution ёа࣮ԋࢂঁ arithmetic function ϐ໔的ၮᆉ
(գёаஒѬ࣮ԋঁٿࢂ arithmetic function ϐ໔的४ݤ). ௗΠٰךॺ൩ࢂा೭ᅿၮᆉ
的基本性質.

Proposition 2.4.2.  f ,g,h ࣁࣣ arithmetic function. з δ : N→ N ࣁကۓ

δ (n) =
{

1, n = 1;
0, n > 1.

ᜢܭ convolution .ॺԖаΠϐ性質ך

(1) f ∗δ = δ ∗ f = f .

(2) f ∗g = g∗ f .

(3) ( f ∗g)∗h = f ∗ (g∗h).

Proof. ကჹҺཀۓ٩(1) n ∈N, f ∗δ (n) = ∑d|n,d>0 f (d)δ (n/d).җܭ n/d > 1ਔ δ (n/d) =

0. ӢԜӧ ∑ ϣ, ѝԖ d = n ೭੮Π, ளࡺ f ∗δ (n) = f (n)δ (1) = f (n). ඤ言ϐ, f ک f ∗δ
ӧҺཀ n ∈ N 的ڗॶࣣ࣬ӕ. ,數的ᢀᗺٰ࣮ڄவࡺ Ѭॺ࣬ࢂӕ的ڄ數. ӕё δ ∗ f = f .

(2) җܭჹҺཀ n ∈ N,

f ∗g(n) = ∑
de=n
d,e∈N

f (d)g(e) = ∑
de=n
d,e∈N

g(e) f (d) = ∑
de=n
d,e∈N

g(d) f (e) = g∗ f (n).

ॺளך f ∗g = g∗ f .

(3) ,ကۓ٩ ჹҺཀ n ∈ N,

( f ∗g)∗h(n) = ∑
de=n
d,e∈N

( f ∗g)(d)h(e)

= ∑
de=n
d,e∈N

(
∑

rs=d
r,s∈N

f (r)g(s)
)

h(e)

= ∑
rse=n

r,s,e∈N

f (r)g(s)h(e).

ӕךॺԖ

f ∗ (g∗h)(n) = ∑
duv=n

d,u,v∈N

f (d)g(u)h(v).

ӢԜள ( f ∗g)∗h = f ∗ (g∗h). �
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Proposition 2.4.2 ນךॺ, ऩஒ ∗ ࣮ԋࢂ arithmetic function ϐ໔的ၮᆉ, ߾ δ ೭
ঁ arithmetic function ൩ӵӕ४ݤၮᆉ的 1 (೭ኬ的ϡન, ࣁॺᆀϐך identity). ԶЪ ∗ ೭
ঁၮᆉᅈىҬඤаϷ่ӝ. ∗ ೭ঁၮᆉځჴჹܭ multiplicative arithmetic function Ψ
.ഈ性࠾Ԗڀ Ψ൩ࢂᇥךॺԖаΠϐ性質.

Theorem 2.4.3. ଷ f ,gࣣࣁ multiplicative arithmetic function, ߾ f ∗gΨࢂ multiplica-
tive arithmetic function.

Proof. ଷ a,b ∈ N Ъ gcd(a,b) = 1, ॺाܴך f ∗ g(ab) = ( f ∗ g(a))( f ∗ g(b)). ჹҺཀ
d,e ∈N ᅈى de = ab, ॺࣣԖך d|ab Ъ e|ab. ٩ Lemma 2.1.4 ϩձӸӧ的ಔޕ d1,d2

аϷ e1,e2 ᅈى d = d1d2 Ϸ e = e1e2 ύځ d1, e1 ࣁ a的҅Ӣ數Ъ d2, e2 ࣁ b的҅Ӣ數. ΞӢ
gcd(a,b) = 1, ࡺ gcd(d1,d2) = 1 Ъ gcd(e1,e2) = 1. аҗ܌ f ,g ࢂ multiplicative аϷۓကޕ

f ∗g(ab) = ∑
de=ab
d,e∈N

f (d)g(e) = ∑
d1d2e1e2=ab

d1|a,d2|b,e1|a,e2|b
d1,d2,e1,e2∈N

f (d1) f (d2)g(e1)g(e2).

ჹҺཀ d1,d2,e1,e2 ∈ N ᅈى d1d2e1e2 = ab Ъ d1,e1 ک d2,e2 ϩձࢂ a ک b 的Ӣ

數. Ӣࣁ d1e1|ab, ΞӢ gcd(a,b) = 1 Ъ d1,e1 ࢂ a 的Ӣ數, ޕ gcd(d1e1,b) = 1. ӢԜҗ
Proposition 1.2.6(1) ޕ d1e1|a. ќБय़ a|d1e1d2e2, ӆҗ gcd(a,b) = 1 аϷ d2,e2 ࣁ b ϐ

Ӣ數, ள gcd(a,d2e2) = 1. ӢԜޕ a|d1e1. аள܌ a = d1e1, ӕள b = d2e2. ϸϐ, ऩ
d1,d2,e1,e2 ∈ N ᅈى a = d1e1 Ъ b = d2e2, ॺԖך߾ d1d2e1e2 = ab Ъ d1,e1 ک d2,e2 ϩձࢂ

a ک b 的Ӣ數. ӢԜךॺԖ

∑
d1d2e1e2=ab

d1|a,d2|b,e1|a,e2|b
d1,d2,e1,e2∈N

f (d1) f (d2)g(e1)g(e2) = ∑
d1e1=a,d2e2=b
d1,d2,e1,e2∈N

f (d1) f (d2)g(e1)g(e2).

ќБय़

( f ∗g(a))( f ∗g(b)) = ∑
d1e1=a
d1,e1∈N

f (d1)g(e1) ∑
d2e2=b
d2,e2∈N

f (d2)g(e2).

ճҔϩଛޕ

∑
d1e1=a
d1,e1∈N

f (d1)g(e1) ∑
d2e2=b
d2,e2∈N

f (d2)g(e2) = ∑
d1e1=a,d2e2=b
d1,d2,e1,e2∈N

f (d1) f (d2)g(e1)g(e2).

ӢԜள本ۓ. �

ऩз l : N → N ঁࢂ arithmetic function ᅈىჹҺཀ n ∈ N, l(n) = 1, ჹҺཀ的߾
arithmetic function f , ࣣԖ n ∈ N ਔ,

f ∗ l(n) = ∑
de=n
d,e∈N

f (d)l(e) = ∑
d|n,d>0

f (d).

Ӣࣁ l ঁࢂ multiplicative arithmetic function, வ೭ঁ࣮ࡋف Theorem 2.1.5 ѝࢂ Theo-
rem 2.4.3 的ঁਸݩ.
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Example 2.4.4. ॺёаճҔך Theorem 2.4.3 ٰჹҺཀ n ∈ N,

∑
d|n,d>0

µ(d)
n
d

ϐॶ, ύځ µ ࣁ Möbius µ-function ـୖ) Example 2.1.2).

з I : N→ N ঁࢂ arithmetic function ᅈىჹҺཀ n ∈ N, I (n) = n. Եቾ F : N→ N
ঁࢂ arithmetic function ᅈىჹҺཀ n ∈ N,

F(n) = ∑
d|n,d>0

µ(d)
n
d
= ∑

d|n,d>0
µ(d)I (

n
d
).

ޕॺךကۓ٩ F = µ ∗I . ฅԶ µ ک I ࣁࣣ multiplicative, ճҔࡺ Theorem 2.4.3 ޕ F

Ψࢂ multiplicative. ӢԜךॺѝाᔠຎჹҺཀ質數 p аϷ t ∈ N, F(pt) ϐॶࣁՖ. ကۓ٩
µ(1) = 1, µ(p) =−1 Ъ i > 1 ਔ µ(pi) = 0, ளࡺ

F(pt) = µ(1)I (pt)+µ(p)I (pt−1) = pt − pt−1.

کཀԜݙ ϕ(pt) 的ॶ࣬ӕ ـୖ) Proposition 2.3.5), ճҔࡺ F ک ϕ ࣁࣣ multiplicative аϷ
Proposition 2.1.3 ޕ F = ϕ . Ψ൩ࢂᇥჹҺཀ n ∈ N ࣣԖ

∑
d|n,d>0

µ(d)
n
d
= ϕ(n).

2.5. The Möbius Inversion Formula

前य़ӧϟಏ Euler’s ϕ -function ਔ, ډפॺමගϷόܰך arithmetic function f ஒ

ϕ -function ԋ߄ ϕ(n) = ∑d|n,d>0 f (d) ೭ኬ的Ԅ. ٣ჴ Möbius inversion formula ёаᔅ
շךॺډפ೭ኬ的 f .

Theorem 2.5.1 (Möbius Inversion Formula). ଷ F, f ࣁࣣ arithmetic function, µ ࣁ
möbius µ-function. ჹҺཀ߾ n ∈ N, F, f ᅈى

F(n) = ∑
d|n,d>0

f (d),

ऩЪऩჹҺཀ n ∈ N, F, f ᅈى

f (n) = ∑
d|n,d>0

F(d)µ(
n
d
).

Proof. з l : N→N ঁࢂ arithmetic function ᅈىჹҺཀ n ∈N, l(n) = 1. ٩ convolution
的ۓကךॺाܴ F = f ∗ l ऩЪऩ f = F ∗µ.

ऩ F = f ∗ l, ߾ F ∗µ = ( f ∗ l)∗µ. ճҔ Proposition 2.4.2(3) ޕ F ∗µ = f ∗ (l∗µ). ฅԶ
ჹҺཀ n ∈ N, l∗ µ(n) = µ ∗ l(n) = ∑d|n,d>0 µ(d), җ Example 2.1.6 ޕ l∗ µ = µ ∗ l = δ , ύځ
δ : N→ N ࣁကۓ

δ (n) =
{

1, n = 1;
0, n > 1.

ඤ言ϐ, ॺԖך F ∗µ = f ∗ (l∗µ) = f ∗δ . ӢԶճҔ Proposition 2.4.2(1) ள F ∗µ = f .
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ϸϐ,ऩ f = F ∗µ,߾ f ∗ l = (F ∗µ)∗ l = F ∗(µ ∗ l).ࡺӆճҔ µ ∗ l = δ ளޕ f ∗ l = F ∗δ =

F . �

ཀݙ Möbius inversion formula ሡाჹҺཀ n ∈ N ჹωૈ٬Ҕ. Ψ൩ࢂᇥգόૈ࣮ډ

F(6) = f (1)+ f (2)+ f (3)+ f (6)

൩Π่論ᇥ

f (6) = F(1)µ(6)+F(2)µ(3)+F(3)µ(2)+F(6)µ(1) = F(1)−F(2)−F(3)+F(6).

ሡाᔠᡍ܌Ԗ n ∈ N ჹωёΠԜ่論 (ԿϿӧԜٯύᗋाӭᔠ F(1) = f (1) , F(2) =

f (1)+ f (2) аϷ F(3) = f (1)+ f (3)).

Example 2.5.2. ӧךॺٰ࣮࣮ӵՖճҔ Möbius inversion formula, ډפ f ٬ள ϕ(n) =
∑d|n,d>0 f (d).җMöbius inversion formulaޕԜਔ f = µ ∗ϕ . җܭ µ ک ϕ ,multiplicativeࣁࣣ
җ Theorem 2.4.3 ޕ f ҭࣁ multiplicative. ӢԜךॺӃᢀჸჹҺཀ質數 p аϷ t ∈N, f (pt)

ϐॶ. ฅԶ

f (pt) = ∑
d|pt ,d>0

µ(d)ϕ(
pt

d
) = µ(1)ϕ(pt)+µ(p)ϕ(pt−1) = ϕ(pt)−ϕ(pt−1).

ӢԜޕ f (p) = p−1−1 = p−2 Ъ t ≥ 2 ਔ f (pt) = pt − pt−1 − (pt−1 − pt−2) = pt−2(p−1)2.

ӢԜऩ n = pn1
1 · · · pnr

r , ύځ pi ,౦質數࣬ࣁ ёаள f (n) = f (pn1
1 ) · · · f (pnr

r ). ՠࢂௗΠٰࡐᜤ
ஒ f ቪԋࡐӳ的Ԅ ঁࢌཀाϩԖݙ) ni = 1 的). ٣ჴऩؒԖ Möbius inversion
formula, ᜤр೭ঁࡐॺΨך f ዴჴᅈى µ(n) = ∑d|n,d>0 f (d). ӧܴ߃а܌ ϕ ࢂ
multiplicative ਔ, ॺ٠ؒԖճҔך Theorem 2.1.5 ள.

٣ჴճҔ Example 2.5.2 的БךݤॺёарҺՖ的 arithmetic function F ࣣёډפ

的 arithmetic function f ٬ளჹҺཀ n ∈ N, ࣣԖ F(n) = ∑d|n,d>0 f (d). ךॺډפ的 f

ࢂ multiplicative ਔ, Theorem 2.1.5 ນךॺ F Ψࢂ multiplicative. ϸϐ, аΠ Corollary
ນךॺऩςޕ F ࢂ multiplicative, р的פ߾ f ۓΨࢂ multiplicative.

Corollary 2.5.3. ଷ F, f ࣁࣣ arithmetic function. ऩჹҺཀ n ∈ N, ࣣԖ

F(n) = ∑
d|n,d>0

f (d)

Ъςޕ F ঁࢂ multiplicative arithmetic function, ߾ f ҭࣁঁ multiplicative arithmetic
function.

Proof. җ Theorem 2.5.1 ޕ f = µ ∗F , җࡺ µ ࢂ multiplicative аϷ F ࢂ multiplicative
的ଷ, ճҔ Theorem 2.4.3 ޕ f = µ ∗F ҭࣁ multiplicative. �

Example 2.5.4. 前य़൳ύךॺමճҔ multiplicative arithmetic function ளډ٤Ԗ፪
的Ԅ, ௗΠٰ的ٯηךॺஒճҔ Möbius inversion formula ள׳ډӭԄ.
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(1) з v(n) Ң߄ n 的҅Ӣ數ঁ數. ςޕჹҺཀ n ∈ N, ࣣԖ

v(n) = ∑
d|n,d>0

1 = ∑
d|n,d>0

l(d),

Ԗ܌ύჹځ n ∈ N, l(n) = 1. ճҔࡺ Möbius inversion formula ჹҺཀޕ n ∈ N,

1 = l(n) = ∑
d|n,d>0

µ(d)v(
n
d
) = ∑

d|n,d>0
v(d)µ(

n
d
).

(2) з σ(n) Ң߄ n 的܌Ԗ҅Ӣ數ϐک. ςޕჹҺཀ n ∈ N ࣣԖ

σ(n) = ∑
d|n,d>0

d = ∑
d|n,d>0

I (d),

Ԗ܌ύჹځ n ∈ N, I (n) = n. ճҔࡺ Möbius inversion formula ჹҺཀޕ n ∈ N,

n = I (n) = ∑
d|n,d>0

µ(d)σ(
n
d
) = ∑

d|n,d>0
σ(d)µ(

n
d
).

(3) җ Corollary 2.3.6 ჹҺཀޕ n ∈ N ࣣԖ

n = I (n) = ∑
d|n,d>0

ϕ(d).

ճҔࡺ Möbius inversion formula ჹҺཀޕ n ∈ N, ࣣԖ

ϕ(n) = ∑
d|n,d>0

µ(d)I (
n
d
) = ∑

d|n,d>0
µ(d)

n
d
.

Example 2.5.4(3) 的Ԅӧ前 Example 2.4.4 ύךॺමҔ multiplicative 的性質
ளډ. ٣ჴ Example 2.5.4 ύ的ԄёаҔ multiplicative 的性質ளډ. όၸाݙཀ
的ࢂ Möbius inversion formula ٠ό߳ज़ܭ multiplicative 的, Ѭჹ的 arithmetic
function ࣣҔ.





Chapter 3

Congruences

ӕᎩ (congruence) 的ཷۺ൩ࢂஒ整數的ϩԋԖज़ӭᜪ, 整數ኬ的ၮکϝૈځ٬
ᆉ, வԶளډ٤整數的ख़ा性質. 本ക൩ࢂ congruence 的ۓကаϷளډ٤Ԗᜢ
congruence 的ख़ाԄη.

3.1. ӕᎩ的ϩᜪ

Congruence relation ঁࢂ equivalent relation. २Ӄךॺ equivalent relation 的基
本ཷۺ.

ٰᇥाஒঁӝϩᜪѸ಄ӝаΠΟঁाન. ಃঁ൩ࢂ, ԾρکԾρࢂӕᜪ的;
ќाનࢂऩҘکΌࢂӕᜪ的߾ΌΨѸکҘࢂӕᜪ的; നࡕঁाનࢂӵ݀ҘکΌӕ
ᜪЪΌکЧӕᜪ, .ЧӕᜪکҘѸ߾ ࣁၰ೭ኬ的ϩᜪӕᜪ໔的ᜢ߯ᆀϐޕӭӕᏢᔈ၀ࡐ
equivalence relation. ๏ݤҔ數Ꮲ的Бࢂॺᗋך equivalence relation ҅Ԅ的ۓက.

Definition 3.1.1. ऩӝ S ύךॺҔ a ∼ b Ң߄ a ک b ,ӕᜪ的ࢂ ೭ኬ的ϩᜪऩ಄ӝ߾
аΠ性質ךॺᆀϐࣁ equivalence relation:

(equiv1): ჹ܌Ԗ a ∈ S, ॺԖך a ∼ a (reflexivity).

(equiv2): ऩ a ∼ b, ߾ b ∼ a (symmetry).

(equiv3): ऩ a ∼ b Ъ b ∼ c, ߾ a ∼ c (transitivity).

ॺதҔ的ך “=” ൩ࢂঁࠠڂ的 equivalent relation.

Ԗ٤ӕᏢёૈளࡽ܁ڻฅ (equiv2) ᇥ: ऩ a ∼ b ߾ b ∼ a. ٗሶӆճҔ (equiv3) ך
ॺёள a ∼ a. ϙሶᗋाமፓࣁ (equiv1) ?ګ ЬाচӢࢂ (equiv1) மፓࢂ S ύ的Һϡન

a ಄ӝ a ∼ a. ӵ݀ךॺѝा (equiv2) ک (equiv3), ٗሶӵ݀ S ύԖϡન a ӧ S ύ

ҺՖ的ϡનډόפ b ٬ள a ∼ b, ٗሶ a ൩όۓᅈى a ∼ a Α. ӢԜԋԖ的ϡનԖё
ૈؒԖϩᜪډ. Զ಄ӝ equivalence relation 的ϩᜪ൩ዴߥঁϡનϩࢌډᜪ
(όၸԖёૈࢌᜪύѝԖঁϡન).

35
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Ҕۭډ equivalence relation ϩᜪԖϙሶӳೀګ? २Ӄฅࢂӵ前܌ᇥҗ (equiv1) ёள
ঁϡનϩࢌډᜪ. ќѦҗ (equiv2) ک (equiv3) όӕᜪ的ӝόԖҬঁٿޕ
; ೭ࢂӢࣁӵ݀ b ӧ A ᜪЪӧ B ᜪύ, ӧ߾ A ᜪύ的Һϡન a Ӣک b ࡺӕᜪ的ࢂ a ∼ b

Զ B ᜪύ的Һϡન c ӢΨک b ӕᜪࡺ b ∼ c. җࡺ (equiv2) ک (equiv3) ޕ a ∼ c. Ψ൩ࢂ
ᇥ A ύ的܌Ԗϡનک B ύ的܌Ԗϡનӕᜪ. ೭ک A ᆶ B .όӕᜪ的ଷ࣬ҟ࣯ࢂ ᕴԶ言
ϐճҔঁ equivalent relation .ϕό࣬Ҭ的ᜪձٿٿॺёаஒӝϩപԋך

ௗΠٰךॺ൩ٰӕᎩ的ϩᜪݤ.

Definition 3.1.2. ๏ۓ҅整數 m, ӵ݀ a,b ∈ Zӧନа mϐΠځᎩ數࣬ӕ, ॺᆀך a,bӧ

ନа m ϐΠࢂӕᎩ的 (a is congruent to b modulo m), ЪҔ಄ဦ a ≡ b (mod m) .Ң߄ٰ ऩ
a ک b ӧନа m ϐΠόӕᎩ (a is incongruent to b modulo m), Ҕ߾ a ̸≡ b (mod m) .Ң߄ٰ

ाݙཀӧ談ӕᎩਔۓाӃۓڰঁ m ωૈᇥ. ؒԖ a ک b ,ݤӕᎩ的ᇥࢂ գѸֹ整
的ᇥр a ک b ӧନаϙሶϐΠࢂӕᎩ的ωჹ.

ᗨฅᔠ a,b ӧନа m ϐΠࢂցӕᎩ, ကाᔠۓ٩ a ک b ନа m ϐᎩ數ࢂց࣬ӕ,
ՠ٣ჴѝाᔠ m ց整ନࢂ a−b.

Lemma 3.1.3. ๏ۓ҅整數 m, Ъ a,b ∈ Z, ߾ a ≡ b (mod m) ऩЪऩ m|a−b.

Proof. ကऩۓ٩ a ≡ b (mod m) ကӸӧۓ٩߾ h1,h2 ∈ Z ٬ள a = mh1 + r Ϸ b = mh2 + r

ύځ 0 ≤ r < m. ளࡺ a−b = m(h1 −h2) Ψ൩ࢂᇥ m|a−b.

ϸϐଷ a,b ନа m ϐᎩ數ϩձࣁ r1 Ϸ r2, ջϩձӸӧ h1,h2 ∈ Z ٬ள a = mh1 + r1

Ϸ b = mh2 + r2, ύځ 0 ≤ r1,r2 < m, ޕ߾ a−b = m(h1 −h2)+(r1 − r2). җଷࡺ m|a−b ள

m|r1 − r2. ΞӢ 0 ≤ r1,r2 < m, ޕ −m < r1 − r2 < m, җࡺ m|r1 − r2 ள r1 = r2. �

ॺёаճҔך Lemma 3.1.3 ډ的ளזࡐ congruent relation ঁࢂ equivalent relation.

Proposition 3.1.4. ๏ۓ҅整數 m, 整數ӧନа߾ m ӕᎩ的ϩᜪϐΠࢂঁ equivalent
relation. Ψ൩ࢂᇥ಄ӝаΠΟঁ性質.

(1) ऩ a ∈ Z ߾ a ≡ a (mod m).

(2) ऩ a ≡ b (mod m) ߾ b ≡ a (mod m).

(3) ऩ a ≡ b (mod m) Ъ b ≡ c (mod m), ߾ a ≡ c (mod m).

Proof. (1) ऩ a ∈ Z, Ӣ a−a = 0, ள m|a−a. җࡺ Lemma 3.1.3 ޕ a ≡ a (mod m).

(2) ऩ a ≡ b (mod m) җ Lemma 3.1.3 ޕ m|a−b, җࡺ m|b−a ள b ≡ a (mod m).

(3)ऩ a ≡ b (mod m)Ъ b ≡ a (mod m),ޕ߾ m|a−bЪ m|b−c. ޕࡺ m|(a−b)+(b−c),
ջ m|a− c. Ψ൩ࢂᇥ a ≡ c (mod m). �

җܭӕᎩ的ཷۺҔϩᜪ的࣮ࡐࢂݤӳ的ϩᜪЪ೭ኬ的࣮ݤ談論٤性質ࡐБߡ, Ϟךࡕ
ॺதҔ “a ک b ӧ modulo m ϐΠࢂӕᜪ” 的ᇥၲ߄ٰݤ: a ک b ନа m ϐᎩ數࣬ӕ.
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,ёஒ整數ϩᜪۺฅҔӕᎩ的ཷࡽ ۓॺԾฅୢ๏ך m ∈N, ӧ modulo m ϐΠёаϩԋ

൳ᜪګ? Ԗ整數ӧନа܌ m ϐΠ的Ꭹ數ᕴӅёૈࣁ 0,1, . . . ,m−1, ӅԖޕаள܌ m ᜪ. ϩ
ᜪӳࡕӧᜪύךॺёаࡷঁж߄ϡનٰж߄೭ᜪ, Ъᜪύࡷрঁж߄Զόख़
ፄ, ೭ኬࡷ܌р的жך߄ॺ๏ѬঁձӜᆀ.

Definition 3.1.5. ๏ۓ҅整數 m, ऩӝ S Ԗ m ঁϡન, ύϡનӧځ modulo m ϐΠٿ

,όӕᜪٿ ᆀ߾ S ঁࢂ complete residue system modulo m.

ऩ S ঁࢂ complete residue system modulo m, Ӣ整數ӧ߾ modulo m ϐΠࢂঁ

equivalent relation, а܌ S ύ的ϡનϩࢌډᜪ, ԶЪΞςޕ S ύ的ϡનٿٿόӕ

ᜪ, ӆуςޕ Z ӧ modulo m ϐΠӅૈϩԋ m ᜪ, аҗ܌ S 的ϡનঁ數ࣁ m ,ޕ 
ᜪύёӧ S ύډפ的ϡનж߄Ԝᜪ. ඤ言ϐ, S ύ的ϡનىаж߄ Z ӧ modulo m ϐ

Πϐϩᜪ. ӵٯ {0,1, . . . ,m−1} ൩ࢂঁதҔ的 complete residue system modulo m. όၸ
ԖਔךॺӢୢᚒ的ሡाᒧձᅿ complete residue system modulo m.

Question 3.1. ๏ۓ m ∈ N.

(1) ଷ S ⊆ Z Ъ S 的ϡનঁ數ࣁ m. ऩςޕჹҺཀ a ∈ Z ࣣӸӧ s ∈ S ᅈى a ≡ s

(mod m). ၂ܴ S ࣁ complete residue system modulo m.

(2) ଷ S ⊆ Z ၂ܴ S ࣁ complete residue system modulo m ऩЪऩჹҺཀ a ∈ Z
ࣣӸӧ的 s ∈ S ᅈى a ≡ s (mod m).

ճҔӕᎩϩᜪନΑࢂঁ equivalent relation ϐѦ, ᗋԖӭࡐӳ的性質. ӵӧΠٯ
ךॺϟಏёаӧӚᜪϐ໔ۓကၮᆉ. ќѦӧ modulo m ϐΠ, ჴӕᜪ的ϡનځॺวך
ک m ϐനεϦӢ數ځჴ࣬ࢂӕ的.

Lemma 3.1.6. ๏ۓ҅整數 m, ऩ a ≡ b (mod m), ߾ gcd(a,m) = gcd(b,m).

Proof. ऩ a ≡ b (mod m), җۓကޕ a ک b ӧନа m ϐΠϐᎩ數࣬ӕ, ࣁځ r. җࡺ
Lemma 1.3.1 ޕ gcd(a,m) = gcd(r,m) = gcd(b,m). �

ձ的ऩ a ک m ,ϕ質的ࢂ ӧ߾ modulo m ϐΠک a ӕᜪ的ϡનک m ϕ質. Ψ൩ࢂ
ᇥऩ S ঁࢂ complete residue system modulo m, ѝाפр S ύԖব٤ϡનک m ϕ質, ٗ
ሶ೭٤ϡન܌ж߄的ϩᜪ္ঁϡનک m ϕ質. ӧ modulo m ϐΠۭډԖ൳ᜪ的ϡન

ک m ϕ質ګ? ॺ൩Եቾך S = {0,1, . . . ,m−1} ೭ঁ complete residue system modulo m փ!
S ύک m ϕ質的ϡનঁ數٩ Euler ϕ -function 的ۓက൩ࢂ ϕ(m) ঁ, 整數ӧޕࡺ modulo m

ϐΠӅԖ ϕ(m) ᜪ的ϡનک m .ϕ質的ࢂ Ԗਔӧೀୢᚒਔךॺሡाஒ೭ ϕ(m) ᜪ的ж߄ϡ

નӈр, .ॺΨ๏ѬঁձӜᆀךа܌

Definition 3.1.7. ๏ۓ҅整數 m, ऩӝ S Ԗ ϕ(m) ঁϡન, ύ的ϡનࣣᆶځ m ϕ質Ъ

ӧ modulo m ϐΠٿٿόӕᜪ, ᆀ߾ S ঁࢂ reduced residue system modulo m.

 m 質數ࢂ p ਔ, {1, . . . , p−1} ൩ࢂനதҔ的 reduced residue system modulo p.
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Question 3.2. ๏ۓ m ∈ N.

(1) ଷ S ⊆ Z Ъ S 的ϡનঁ數ࣁ ϕ(m). ऩςޕჹҺཀᅈى gcd(a,m) = 1 的整數 a,
ࣣӸӧ s ∈ S ᅈى a ≡ s (mod m). ၂ܴ S ࣁ reduced residue system modulo m.

(2) ଷ S ⊆ Z ၂ܴ S ࣁ reduced residue system modulo m ऩЪऩ S ύ的ϡનࣣ

ᆶ m ϕ質ЪჹҺཀᅈى gcd(a,m) = 1 的整數 a, ࣣӸӧ的 s ∈ S ᅈى a ≡ s

(mod m).

3.2. ӕᎩ的ၮᆉ

ӕᎩϩᜪനख़ा的性質൩ࢂ, Ӛᜪϐ໔ёаӵ整數բуݤаϷ४ݤ的ၮᆉ (ӧԖ٤
ࣗݩԿёаբନݤ).

๏ۓ m ∈ N, ӧ modulo m ϐΠךॺஒӕᜪ的ϡન࣮ԋࢂӕኬ的ܿՋ (Ψ൩ࢂஒ整
ᜪ的ϡન࣮ԋࢂঁϡન), གྷ࣮࣮Ӛᜪϐ໔ाӵՖ࣬у࣬४ګ? ӧा࣬уࢂݤԾฅ的གྷࡐ
的ٿᜪύӚࡷঁж߄ϡન, ฅ࣬ࡕу࣬४࣮࣮ပܭবᜪ. όၸ೭࿘ډঁୢᚒ൩ࢂ
ᜪύεৎࡷ的ж߄ϡનऩόӕό࣬у࣬४܌ࡕள่݀όӕګ? ӵӧٯ modulo 5 ϐ

Π, ॺाஒନаך 5 Ꭹ數ࣁ 2 的೭ᜪکᎩ數ࣁ 3 的೭ᜪ࣬у࣬܈४. ऩᎩ數ࣁ 2 ک 3

的೭ٿᜪךॺϩձࡷ 2 ک 3 ٰж߄, ٗሶҗ 2+3 = 5 Ϸ 2×3 = 6 ள࣬ډу࣬४ࡕϩձပ

ӧᎩ 0 Ꭹک 1 的೭ٿᜪύ. ӵ݀ࡷόӕ的ж߄ϡનګ? КБᇥᎩ 2 Ꭹک 3 的೭ٿᜪךॺϩ

ձࡷ 7 ک −12 ж߄, ่݀ 7+(−12) =−5 Ϸ 7× (−12) =−84, ନܭပࡕу࣬ډॺϝளך
а 5 Ꭹ 0 ೭ᜪ, Զ࣬४ࡕပܭନа 5 Ꭹ 1 ೭ᜪ, .前य़่݀ठک ηٯॺόૈҗ೭ঁך
൩ᇡࣁ೭ۓჹ, ሡाགྷঁБٰݤᇥܴ೭٣ࢂჴԶόࢂѯӝ.

Lemma 3.2.1. ๏ۓ m ∈ N, ऩ a,b ∈ Z ᅈى a ≡ b (mod m), ჹҺཀ߾ c ∈ Z ࣣԖ

a+ c ≡ b+ c (mod m) and ac ≡ bc (mod m).

Proof. җଷ a ≡ b (mod m) ޕ m|a− b. ளࡺ m|(a+ c)− (b+ c), Ψ൩ࢂᇥ a+ c ≡ b+ c

(mod m). ќБय़җܭ m|(a−b)c ޕࡺ m|ac−bc, ள ac ≡ bc (mod m).. �

Lemma 3.2.1 ນךॺঁٿӕᜪ的數ϩձуӕঁ數܌ࡕளϐ數Ψӕᜪ. ӕᜪ的數
ӕ४ঁ數܌ࡕளϐ數Ψӕᜪ. ٩Ԝךॺ൩ёаளঁٿډӕᜪ的數ϩձу (४܈) ќٿ
ঁӕᜪ的數่݀ځϝӕᜪ.

Proposition 3.2.2. ๏ۓ m ∈N, ऩ a,b,c,d ∈ Z ᅈى a ≡ b (mod m) Ъ c ≡ d (mod m), ߾

a+ c ≡ b+d (mod m) and ac ≡ bd (mod m).

Proof. Ӣ a ≡ b (mod m), җ Lemma 3.2.1 ޕ a + c ≡ b + c (mod m). ӕΞӢ c ≡ d

(mod m) ޕ b + c ≡ b + d (mod m), ࢂճҔӕᎩࡺ equivalent relation (ջ Proposition
3.1.4(3)) ޕ a+ c ≡ b+d (mod m).

ӕኬ的,җ a≡ b (mod m)Ϸ c≡ d (mod m)ϩձள ac≡ bc (mod m)Ϸ bc≡ bd (mod m),
ޕࡺ ac ≡ bd (mod m). �
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җԜۓ, ाीᆉࡕॺаך 1752 ४а 388 ନа 5 ϐᎩ數, ӆ࣮ࡕॺόѸஒѬॺ४໒ך
ନаځ 5 ϐᎩ數ࣁՖ. ॺёаճҔך 1752 ≡ 2 (mod 5) аϷ 388 ≡ 3 (mod 5) ډ的ளזࡐ

1752×388 ≡ 6 ≡ 1 (mod 5).

Proposition 3.1.4 (ջ congruence relationࢂ equivalent relation)ນךॺۓڰ m ∈N
ਔ “≡” Ԗکဦ࣬ӕ的߾ݤ. ќБय़ӧ Lemma 3.2.1 ύऩз c =−1, ߾ a ≡ b (mod m)

ਔךॺԖ −a ≡ −b (mod m). аҔ܌ Proposition 3.2.2 ॺёаஒךޕ ≡ “࣮ԋ” ဦࢂ
(ջஒӕᎩ的ϡન࣮ԋ࣬ࢂӕ) ԶஒӕᎩᜪ的ၮᆉӵ整數բу, ෧, ४的ၮᆉ. ӵӧीٯ
ᆉ 5742ନа 11的Ꭹ數ਔ, ॺёаቪԋך 5742 = 5×103+7×102+4×10+2. җܭ 10 ≡−1

(mod 11) ளࡺ 5742 ≡ 5× (−1)3 +7× (−1)2 +4× (−1)+2 ≡−5+7−4+2 ≡ 0 (mod 11). Ψ

൩ࢂᇥ 5742 ёа 11 整ନ, ೭ךکॺύᏢਔж܌Ꮲղձ 11 的७數࣬߾ݤӕ. ӕղձ 9

的७數߾ݤΨёҗ 10 ≡ 1 (mod 9) Զள. գΨёаճҔ 10 ≡ 3 (mod 7) 整рղձ 7

的७數ϐ߾ݤ (ฅፄᚇӭΑ).

೭္Ԗٿᗺाձݙཀ: २Ӄ, ӧ modulo όӕ的數ϐΠ܌ள的ϩᜪݤόӕ, аό܌
ૈஒ ≡ షҔ. ӵऩٯ a = 3, ॺёаᇥך a ≡ 3 (mod 5) Ъ a ≡ 3 (mod 7), ՠգόૈӢࣁ
a2 ≡ 32 ≡ 4 (mod 5) Զᇥ a2 ≡ 4 (mod 7). ќѦाݙཀ的൩ࢂӧԄύ的ନ (ऊ) ӧ
congruence ٠όۓҔ. Ψ൩ࢂᇥऩ a ̸= 0 Ъ ab = ac, ޕॺך b = c; ՠ೭ӧ congruence
的ݩԖёૈрୢᚒ. ӵٯ a = 2,b = 2,c = 5 ӧ modulo 6 ϐΠךॺԖ a ̸≡ 0 (mod 6) Ъ

ab ≡ ac (mod 6), ՠܴࡐᡉ的 b ̸≡ c (mod 6). аӧೀ܌ congruence 的ୢᚒਔाҔନݤ
ѐঁ數ਔाձݙཀ. аΠۓນךॺՖਔё, Ֆਔόё.

Proposition 3.2.3. ๏ۓ m ∈N Ъଷ a,b,c ∈ Z. з d = gcd(m,a) ߾ ab ≡ ac (mod m) ऩ

Ъऩ b ≡ c (mod m/d).

Proof. Ӣ d = gcd(m,a), ॺзך m = m′d Ъ a = a′d, җ Corollary 1.1.8 ޕ gcd(m′,a′) = 1.

ଷ ab ≡ ac (mod m),ջ m|ab−ac. ӢԜҗ Lemma ޕ(2)1.1.5 (m/d)|(a/d)(b−c),ջ
m′|a′(b−c). Ӣࡺ gcd(m′,a′) = 1ճҔ Proposition 1.2.6(1)ள m′|b−c,ջ b≡ c (mod m/d).

ϸϐ, ऩ b ≡ c (mod m/d), ջ m′|b− c. ӢԜҗ Lemma 1.1.5(1) ள dm′|d(b− c), ջ
m|d(b− c). Ψ൩ࢂᇥ db ≡ dc (mod m). җࡺ Lemma 3.2.1 ޕ a′db ≡ a′dc (mod m), ள
ab ≡ ac (mod m). �

,ηٯӵϐ前的ٯ Ӣࣁ m = 6 Ъ a = 2, ள gcd(m,a) = 2. җࡺ ab ≡ ac (mod 6) ள b ≡ c

(mod 3). ٣ჴ, ٯύ b = 2,c = 5, ॺዴჴԖך 2 ≡ 5 (mod 3).

עӧՖਔωૈۭډ aЪߥচٰ modulo m的 congruenceګ? җ Proposition 3.2.3
ѝԖӧޕॺך gcd(m,a) = 1, ջ m ک a ϕ質ਔωёߥჹ. .ॺஒ೭ঁख़ा的性質ቪΠך

Corollary 3.2.4. ๏ۓ m ∈N Ъଷ a,b,c ∈ Z. ऩ m ک a ϕ質, ߾ ab ≡ ac (mod m) ऩЪ

ऩ b ≡ c (mod m).

,ӧ整數ਔڋჴऩज़ځ ऩ a ̸= 0 Ъ ab = ac ёஒ a ѐள b = c, ҅ዴٰᇥόૈҔ “ନ”
的ཷٰۺᇥ, ԶࢂҔ整數 a ̸= 0 Ъ b ̸= 0 ߾ ab ̸= 0 的性質ளډ. ೭ঁཷۺӧ congruence 的
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ݩ൩όۓჹ, ӵٯ 2 ̸≡ 0 (mod 6) Ъ 3 ̸≡ 0 (mod 6) ՠࢂ 2×3 ≡ 0 (mod 6). ೭Ψࢂ
ٰᇥӧ congruence όૈҔऊ的Бݤѐ的ЬाচӢ. ฅԶӧԵቾԖ數ਔ, ऩ a ̸= 0, Ӣࣁ
ѸӸӧќԖ數 a−1 ٬ள a ·a−1 = 1, аऩ܌ ab = bc, ᜐӕ४ٿ߾ a−1, ёள b = c. ೭൩
ݤҔନࢂ “ ऊ” 的ཷۺѐ a. җܭԖ數ύჹҺཀߚ 0 ϡન a, ϸϡનݤ४ځ (ջ a−1) Ѹ
Ӹӧ, ٬ளךॺӧှԖ數的БำԄਔ׳ܰှډפ. ӧ整數ਔᗨฅԖ ±1 ϸݤ४ځ

ϡનࣁ整數, ՠӧ論 congruence ਔԖ׳ӭϡનځ४ݤϸϡનӸӧ.

Proposition 3.2.5. ๏ۓ m ∈ N, ଷ a ∈ Z, Ӹӧ߾ b ∈ Z ᅈى ab ≡ 1 (mod m) ऩЪऩ

a ک m ϕ質.

Proof. ଷ b ∈ Z ᅈى ab ≡ 1 (mod m), ջ m|ab−1. з d = gcd(m,a), ёள d|m Ъ d|ab.
ճҔࡺ m|ab−1 Ϸ d|m ёள d|ab−1, ӆճҔ d|ab ள d|1. Ψ൩ࢂᇥ a ک m ϕ質.

ϸϐ, ऩ a ک m ϕ質, ջ gcd(m,a) = 1, җ߾ Corollary 1.2.4 Ӹӧޕ r,s ∈ Z ٬ள
mr+as = 1. зࡺ b = s, ॺԖך m|ab−1, ҭջ ab ≡ 1 (mod m). �

നࡕाமፓ,  a ک m ϕ質ਔᗨฅԖคጁӭ的整數 b ᅈى ab ≡ 1 (mod m), ՠࢂ
೭ኬ的 b ӧ modulo m ϐΠࢂ的. Ψ൩ࢂᇥऩ c ∈ Z ҭᅈى ac ≡ 1 (mod m), ܭҗ߾
ab ≡ 1 ≡ ac (mod m) аϷ gcd(m,a) = 1, Ҕ Corollary 3.2.4 ޕॺளך b ≡ c (mod m). Ԗ
Ԝ性, ॺձᆀך b ࣁ a ӧ modulo m ϐΠ的४ݤϸϡન.

3.3. Euler’s Theorem

ӧှБำԄਔ,ךॺதሡा४ݤϸϡનٰᔅԆ. а܌ m∈N, a∈ZЪ gcd(a,m) =

1 ਔ, ऩૈዴჴޕၰব٤ b ∈ Z ᅈى ab ≡ 1 (mod m) ஒࡐࢂԖҔ的. җ Proposition 3.2.5
的ܴύךॺޕёаճҔᗅᙯ࣬ନှݤ mx+ay = 1 的整數ှٰளډ b, ՠ೭ाӧ m ک a ࣣ

.ᡏ的數ਔωૈᏹբڀࢂ ॺஒճҔך Euler’s Theorem ჹ的 m,a ૈஒ b ዴჴډפ.

๏ۓ m ∈ N, ऩ a,b ∈ Z ᅈى ab ≡ 1 (mod m), җ߾ Proposition 3.2.5 ޕ a ک b ࣣᆶ m

ϕ質. ඤ言ϐ, کॺѝाԵቾך m ϕ質的數ջё, ॺԾฅԵቾךа܌ reduced residue system
modulo m.

Lemma 3.3.1. ๏ۓ m ∈N, Եቾ a ∈Zᅈى gcd(m,a) = 1. ऩ {r1, . . . ,rϕ(m)}ࢂঁ reduced
residue system modulo m, ߾ {ar1, . . . ,arϕ(m)} Ψࢂঁ reduced residue system modulo m.

Proof. ፄಞΠ, {r1, . . . ,rϕ(m)}ࢂঁ reduced residue system modulo m߄Ң gcd(m,ri)= 1

ЪჹҺཀ i ̸= j,ࣣԖ ri ̸≡ r j (mod m). ाܴ {ar1, . . . ,arϕ(m)}Ψࢂ reduced residue system
modulo m, ॺሡाܴך gcd(m,ari) = 1 ЪჹҺཀ i ̸= j ࣣԖ ari ̸≡ ar j (mod m).

ଷ gcd(m,ari) ̸= 1, ջӸӧ質數 p ᅈى p|m Ъ p|ari. Ӣ p ,質數ࢂ җࡺ Lemma
1.4.2 ள p|a ܈ p|ri. ඤ言ϐ, p ࣁ m,a 的ϦӢ數ࢂ܈ m,ri 的ϦӢ數. Ԝک gcd(m,a) = 1 Ъ

gcd(m,ri) = 1 ࣬ҟ࣯, ளࡺ gcd(m,ari) = 1.

ќБय़, ऩ i ̸= j Ъ ari ≡ ar j (mod m), җ߾ gcd(m,a) = 1, ճҔ Corollary 3.2.4 ள
ri ≡ r j (mod m). Ԝک ri ̸≡ r j (mod m) ҟ࣯, ளࡺ ari ̸≡ ar j (mod m). �
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前य़ගၸ, ๏ۓ m ∈ N, ճҔନа m ӕᎩ的ϩᜪ, ॺёаஒᆶך m ϕ質的數ϩԋ ϕ(m)

ᜪ. Զஒᜪύࡷрж߄ϡન܌ԋϐӝ൩ࢂঁ reduced residue system modulo m.
Ϟଷऩ S = {a1, . . . ,aϕ(m)} ک T = {b1, . . . ,bϕ(m)} ࣁࣣ reduced residue system modulo m, Һ
ڗ ai ∈ S, җܭѬж߄ᆶ m ϕ質的ࢌӕᎩᜪ, Զ T ύΨԖϡનࢂӧک ai ӕᜪ的ϡન

ύࡷр. ඤ言ϐ, Ӹӧ b j ∈ T ᅈى ai ≡ b j (mod m). Ξҗܭ೭٤ b j ,όӕᜪࣣٿٿ а܌
S ک T ύϡનӧ modulo m ϐΠԖჹ的ჹᔈᜢ߯. Ψ൩ࢂᇥၸ的௨ׇ, ॺך
Ԗ ai ≡ bi (mod m). ӢԜள a1 · · ·aϕ(m) ≡ b1 · · ·bϕ(m) (mod m). ճҔ೭ঁ่݀ךॺёаள
Euler’s Theorem.

Theorem 3.3.2 (Euler’s Theorem). ๏ۓ m ∈ N, ऩ a ∈ Z ᅈى gcd(m,a) = 1, ߾

aϕ(m) ≡ 1 (mod m).

Proof. ڗ S = {r1, . . . .rϕ(m)} ঁࣁ reduced residue system modulo m. २Ӄךॺܴ
gcd(m,r1 · · ·rϕ(m)) = 1. ऩ gcd(m,r1 · · ·rϕ(m)) ̸= 1, ջӸӧ質數 p ٬ள p|m Ъ p|r1 · · ·rϕ(m).
ճҔ Corollary 1.4.3 Ӹӧޕ ri ∈ S ٬ள p|ri, Ψ൩ࢂᇥ gcd(m,ri) ̸= 1. Ԝک S ࢂ reduced
residue system modulo m Ъ ri ∈ S ࣬ҟ࣯, ளࡺ gcd(m,r1 · · ·rϕ(m)) = 1.

җܭ gcd(m,a) = 1, ճҔࡺ Lemma ޕ3.3.1 {ar1, . . . ,arϕ(m)}Ψࢂঁ reduced residue
system modulo m, ӢԜள

r1 · · ·rϕ(m) ≡ (ar1) · · ·(arϕ(m))≡ aϕ(m)(r1 · · ·rϕ(m)) (mod m).

ӆӢࣁ gcd(m,r1 · · ·rϕ(m)) = 1, ճҔࡺ Corollary 3.2.4 ள aϕ(m) ≡ 1 (mod m). �

๏ۓ m ∈N Ϸ a ∈ Z ᅈى gcd(m,a) = 1, ऩз b = aϕ(m)−1, ճҔ߾ Euler’s Theorem ளޕ
ab ≡ aϕ(m) ≡ 1 (mod m). ӢԜךॺډפΑ a ӧ modulo m ϐΠ的४ݤϸϡન.

Corollary 3.3.3. ๏ۓ m ∈ N, ऩ a ∈ Z ᅈى gcd(m,a) = 1, з߾ b = aϕ(m)−1, ᅈى
ab ≡ ba ≡ 1 (mod m).

ձӦ,  m ঁ質數ࢂ p ਔ, Euler’s Theorem ൩܌ࢂᒏ的 Fermat’s Little Theorem.
.ॺձஒѬቪΠٰך

Theorem 3.3.4 (Fermat’s Little Theorem). ๏ۓ質數 p, ऩ a ∈ Z ᅈى p - a, ߾

ap−1 ≡ 1 (mod p).

ձӦ, ऩз b = ap−2, ߾ ab ≡ ba ≡ 1 (mod p).

Proof. Ӣ p ,質數ࢂ җ p - a ϐଷޕ gcd(p,a) = 1. ΞԜਔ ϕ(p) = p− 1, ௗҔޔࡺ
Theorem 3.3.2 ள ap−1 ≡ 1 (mod p). �

 p|aਔ Ferma’s Little Theorem٠όჹ,ӢࣁԜਔ a≡ 0 (mod p),ࡺ ap−1 ≡ 0 (mod p).
όၸךॺёаᏤрΠঁჹҺཀ整數 a ࣣԋҥ的Ԅη.
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Corollary 3.3.5. ๏ۓ質數 p, ჹҺཀ整數߾ a ࣣᅈى

ap ≡ a (mod p).

Proof. Ӣࣁ p аჹҺཀ܌質數ࢂ a ∈ Z, ॺёаϩԋך p|a ک p - a ϐݩೀ.  p|a
ਔ, җܭ a ≡ 0 (mod p), ளࡺ ap ≡ 0 ≡ a (mod p).  p - a ਔ, җ Theorem 3.3.4 ޕ ap−1 ≡ 1

(mod p), ᜐ४ٿࡺ a ёள ap ≡ a (mod p). �

3.4. Wilson’s Theorem

 p ,ঁ質數ਔࢂ ऩ p - a, ߾ Fermat’s Little Theorem ນךॺ ap−2 ӧ modulo p ϐ

Πࢂ a 的४ݤϸϡન. ᗨฅ a 的४ݤϸϡનӧ modulo p ϐΠࢂ的, Wilson’s Theorem
๏Αךॺӧ modulo p ϐΠ a 的४ݤϸϡન的ќᅿݤ߄.

๏ۓ m ∈ N, ჹܭҺཀک m ϕ質的整數 a, җ Proposition 3.2.5 کঁډפёаޕ m

ϕ質的整數 b ٬ள ab ≡ 1 (mod m), ॺΨගϷᗨฅ೭ኬ的ך b ٠ό, ՠӧ modulo m 的

ϩᜪϐΠѬࢂ的. Ψ൩ࢂᇥѝԖӧନа m ϐΠک b ӕᎩ的整數ω಄ӝ. ೭ᅿӧ
modulo m ϐΠ४ݤϸϡન的Ӹӧ性Ҕ modulo m ϐΠ的 reduced residue system ന
.ၲ߄ܰ

Lemma 3.4.1. ๏ۓ m ∈ N, ଷ S = {r1, . . . ,rϕ(m)} ঁࢂ reduced residue system modulo
m. Һཀܭჹ߾ ri ∈ S ࣣӸӧ的 r j ∈ S ٬ள rir j ≡ 1 (mod m).

Proof. Ӣࣁ S ঁࢂ reduced residue system modulo m, ঁ S ύ的ϡન si کࣣ m ϕ

質, ճҔࡺ Proposition 3.2.5 Ӹӧޕ b ∈ Z ٬ள rib ≡ 1 (mod m). җܭ b ک m Ψࢂϕ質的,
җࡺ S ঁࢂ reduced residue system modulo m ϐۓကޕѸӸӧ r j ∈ S ک b ӧ modulo m

ϐΠࢂӕᜪ的, Ψ൩ࢂᇥ b ≡ r j (mod m). ӢԜҗ Lemma 3.1.3 ,ޕ rir j ≡ rib ≡ 1 (mod m).
ளӸӧ性.

ჹܭ性, ॺӃଷך r j,rk ∈ S ࣣᅈى rir j ≡ 1 (mod m) аϷ rirk ≡ 1 (mod m). ӢԜ
ள rir j ≡ rirk (mod m). ՠҗܭ gcd(m,ri) = 1, ճҔ Corollary 3.2.4 ள r j ≡ rk (mod m). ՠ S

ࢂ reduced residue system modulo m Ң߄ S ύ࣬౦的ϡનӧ modulo m ϐΠᔈࢂόӕᜪ的,
җࡺ r j ≡ rk (mod m) ޕ r j = rk. ள性. �

ӵٯ S = {1,2,3,4,5,6,7,8,9,10} ঁࢂ reduced residue system modulo 11, ӧ modulo
11 ϐΠךॺԖ

1×1 ≡ 2×6 ≡ 3×4 ≡ 5×9 ≡ 7×8 ≡ 10×10 ≡ 1 (mod 11).

ӧ೭ঁٯη, S ύନΑ 1 ک 10 аѦځд的ϡનࣣሡᆶќѦ的ϡન࣬४, ೭ӧ modulo 的
質數ࢂჹ的.

Lemma 3.4.2. ๏ۓ質數 p. ߾ a ∈ Z ᅈى a2 ≡ 1 (mod p) ऩЪऩ a ≡±1 (mod p).

Proof. २Ӄऩ a ≡±1 (mod p), ߾ a2 ≡ (±1)2 (mod p). ள a2 ≡ 1 (mod p).
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ϸϐ, ऩ a2 ≡ 1 (mod p), Ң߄ p|a2 −1, Ψ൩ࢂᇥ p|(a−1)(a+1), Ӣࡺ p ,質數ࢂ ճҔ
Lemma 1.4.2 ள p|a−1 ܈ p|a+1. Ψ൩ࢂᇥ a ≡ 1 (mod p) ܈ a ≡−1 (mod p). �

ाݙཀ Lemma 3.4.2 ӧ modulo 的ߚ質數ϐΠ൩όۓჹΑ, ӵӧٯ modulo 15 ϐ

ΠନΑ 1 ک 14 Ѧ, ᗋԖ 4 ᅈى 42 ≡ 1 (mod 15), ԶЪࡐᡉฅ的 4 ̸≡ ±1 mod 15. аा܌

ճҔ Lemma 3.4.2, ,ӧ質數的ۓॺѸज़ך Ԝਔךॺёаளډ Wilson’s Theorem.

Theorem 3.4.3 (Wilson’s Theorem). ๏ۓ質數 p.  {r1, . . . ,rp−1} ࣁ reduced residue
system modulo p. ߾

r1 · · ·rp−1 ≡−1 (mod p).

ձӦ, ॺԖך

(p−1)! ≡−1 (mod p).

Proof. ऩ p = ߾,2 modulo 2ϐΠ的 reduced residue systemࣁ {r1}ঁϡન,ځύ r1 ≡ 1

(mod 2). ՠӧ modulo 2 ϐΠךॺԖ 1 ≡−1 (mod 2), ளࡺ r1 ≡−1 (mod 2).

Եቾ p > 2 的, з S = {r1, . . . ,rp−1} җܭ gcd(p,1) = gcd(p,−1) = 1 Ъ 1 ̸≡ −1

(mod p) (ց߾ p|2), ϩձӸӧࡺ ri,r j ∈ S ύځ ri ̸= r j ᅈى ri ≡ 1 (mod p) Ъ r j ≡ −1

(mod p). ӢԜόѨ性, ॺёଷך r1 ≡ 1 (mod p) Ъ r2 ≡ −1 (mod p). Եቾ ri ∈ S,
ύځ 3 ≤ i ≤ p−1. ٩ Lemma Ӹӧ的ޕ3.4.1 r j ∈ S٬ள rir j ≡ 1 (mod p). Ӣࣁ ri ̸≡ ±1

(mod p),ޕࡺ r j ̸≡ ±1 (mod p),Ψ൩ࢂᇥ 3 ≤ j ≤ p−1. Ξऩ ri = r j,Ꮴठ r2
i ≡ 1 (mod p),

೭ᆶ Lemma 3.4.2 ࣬ҟ࣯, ޕࡺ i ̸= j. Ψ൩ࢂᇥӧ T = {r3, . . . ,rp−1} ύҺڗϡન ri Ѹё

的ќϡનډפ r j ∈ T ٬ள rir j ≡ 1 (mod p). ӢԜךॺёаჹ T ύ೭ p−3 ঁϡનٿ

ଛჹٿ ཀݙ) p ,(數ڻࢂ ٬ளჹύϡન࣬४ࡕନа p Ꭹ 1. Ψ൩ࢂᇥ r3 · · ·rp−1 ≡ 1

(mod p). ӢԜךॺள

r1r2r3 · · ·rp−1 ≡ r1r2 ≡−1 (mod p).

നࡕҗܭ {1,2, . . . , p−1} ঁࢂ modulo p 的 reduced residue system, ޕࡺ

1×2×·· ·× (p−1) = (p−1)! ≡−1 (mod p).

�

ऩ pࢂ質數Ъ aکࢂ pϕ質的整數,ךॺёаճҔWilson’s Theoremډפӧ modulo
p ϐΠ, a 的४ݤϸϡન. җܭ a ≡ ±1 (mod p) ਔ a2 ≡ 1 (mod p), Ψ൩ࢂᇥ a 本يӧ

modulo p ϐΠࢂԾρ的४ݤϸϡન, ॺ論ךа܌ a ̸≡ ±1 (mod p) 的ݩ.

Corollary 3.4.4. ๏ۓ質數 p Ϸ a ∈Z ᅈى p - a. ଷ a ≡ i (mod p), ύځ 2 ≤ i ≤ p−2.
ऩз

b =
(p−2)!

i
߾ ab ≡ 1 (mod p).
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Proof. җܭ 2 ≤ i ≤ p−2, ޕॺך b .ঁ整數ࢂ Ԝਔ

ab ≡ i
(p−2)!

i
≡ (p−2)! (mod p)

Ξҗܭ (p−1)! = (p−1) · (p−2)! Ъ p−1 ≡−1 (mod p), ளࡺ

ab ≡ (p−2)! ≡−((p−1)!)≡ 1 (mod p).

�

ॺϝाமፓΠᗨฅך Lemma 3.4.1 ӧ的 m ∈ N ԋҥ, ՠ Lemma 3.4.2 ሡज़ڋ
ӧ質數ਔωԋҥ, а܌ Wilson’s Theorem ӧ modulo 的 m ٠όۓԋҥ. Ψ൩ࢂᇥऩ
{r1, . . . ,rϕ(m)} ঁࢂ reduced residue system modulo m, ٠όۓёаள r1 · · ·rϕ(m) ≡ −1

(mod m). ӵӧٯ modulo 15 ϐΠךॺϐᗋԖ 4 ک −4 ᅈى 42 ≡ (−4)2 ≡ 1 (mod 15), ܌
аճҔ Theorem 3.4.3 的ܴБݤ (ௗीᆉޔ܈) ,ॺёளך ऩ {r1, . . . ,r8} ঁࢂ reduced
residue system modulo 15, ߾ r1 · · ·r8 ≡ 1 (mod 15). ᗨฅճҔ Theorem 3.4.3 的Бךݤॺ
ёаஒ Wilson’s Theorem ቶډ m 的, όၸԜਔჹঁ modulo m 的 reduced
residue system {r1, . . . ,rϕ(m)} ᅈى r2

i ≡ 1 (mod m) 的 ri Ԗࡐӭᅿ, 論ଆٰၨፄᚇ,
ӧ೭္ךॺ൩όӭΑ.



Chapter 4

Congruence Equations

ฅӧࡽ modulo m ϐΠ “≡” ёаӵ “=” ኬၮᆉ, ॺӕኬ的ёаှБำԄך
的ୢᚒ. ೭ኬ的БำԄ൩ᆀࣁ congruence equation. 本ᖱကύ, ॺѝ論ှൂᡂ數的ך
congruence equation. ೭കύ, ॺஒှך congruence equation 的চ߾, ٠論ύ
୯ഭᎩۓаϷှ次的 congruence equation.

4.1. ှ Congruence Equation 的চ߾

๏ۓ整߯數ӭԄ f (x) (ջ f (x) = cnxn + · · ·+ c1x+ c0, ύځ ci ∈ Z), җܭ f (x) 的߯

數ࢂ整數, ஒ x жҺ整數 a ਔ, f (a) ϝࣁ整數. ӢԜऩ๏ۓ m ∈ N, ॺёаୢ࡛ኬ的整ך
數 a ٬ள f (a)≡ 0 (mod m) (ջ m| f (a)). ᒏ的ှ܌ࢂԖ的整數ှ൩܌೭ኬפ congruence
equation.

๏ۓ f (x) = cnxn + · · ·+ c1x+ c0, ύځ ci ∈ Z. ऩςޕჹܭ m ∈ N, a ∈ Z ࢂ f (x) ≡ 0

(mod m) 的ঁှ, ջ f (a) ≡ 0 (mod m). ଷ b ≡ a (mod m), җ Proposition 3.2.2 ,ޕ
ჹҺཀ i ∈ N ࣣԖ bi ≡ ai (mod m). ӆҗӕ Proposition ޕ cibi ≡ ciai (mod m), Զள
f (b) ≡ f (a) (mod m). Ψ൩ࢂᇥ, ऩ x = a ࢂ f (x) ≡ 0 (mod m) 的ঁ整數ှ, ჹҺཀ߾
b ∈ Z ᅈى b ≡ a (mod m), x = b ҭࣁ f (x)≡ 0 (mod m) 的ঁှ. аऩ܌ x = a ࢂ f (x)≡ 0

(mod m) 的ঁ整數ှ, ॺ೯தᇥך x ≡ a (mod m) ࢂ f (x) ≡ 0 (mod m) 的ঁှ. 
ฅᗋԖёૈԖځдӧ modulo m ϐΠک a όӕᎩ的整數ࢂ f (x)≡ 0 (mod m) 的ှ. ॺך
Ѹע೭٤ှҔ modulo m 的ӕᎩᜪ的БԄӄቪΠ, ೭ኬ的ၲ߄Бݤωૈஒ܌Ԗ的整數
ှቪΠ. ॺӧ談ךа܌ f (x)≡ 0 (mod m) 的ှਔ, 談的ࢂ modulo m 的ӕᎩᜪ, ӢԜךॺ
ᇥ f (x) ≡ 0 (mod m) 的ှ的ঁ數ਔ, 談的ࢂӧ modulo m ϐΠԖӭϿ的࣬౦ӕᎩᜪᅈى

f (x)≡ 0 (mod m), Զόࢂ談ԖӭϿঁ整數ှ.

வ೭ঁٰ࣮ࡋف, ॺѝाӈрঁך modulo m 的 complete residue system S, ฅࡕஒ S

的ϡનΕ f (x) ύ, ࣮࣮ব٤٬ள f (x) ≡ 0 (mod m), ٗሶ൩ёа܌ډפԖ的ှ
Α. όၸ೭Бݤӧ m .εਔ൩ᡉளόϪჴሞΑࡐ ӢԜךॺ׆ఈૈว論, ԿϿૈှ

45
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٤ၨਸ的 congruence equation .的性ှځ όၸόᆅ࡛ኬ, ၰঁޕॺך congruence
equation ӧ modulo m ϐΠှځ的ঁ數Կӭ൩ࢂ m.

,ჴځ ٤ှډॺϐ前൩ςௗך congruence equation 的ୢᚒΑ. ӧ modulo m ϐΠ

פ a ∈Z的४ݤϸϡન的ୢᚒ٣ჴ൩ࢂӧှ ax ≡ 1 (mod m) (ջ ax−1 ≡ 0 (mod m))೭
ঁ congruence equation. җ Proposition ޕ3.2.5 aک mόϕ質ਔ,Ԝ congruence equation
คှ. ќѦу Proposition 3.2.3, ၰޕॺך a ک m ϕ質ਔԜ congruence equation ӧ
modulo m ϐΠԖှ.

ӆӵ Lemma 3.4.2 論ࢂ p 質數ਔࢂ x2 ≡ 1 (mod p) 的ှ. Ԝਔҗ Lemma 3.4.2 ך
ॺޕ p ,ှঁٿ質數ਔԖڻࢂ ϩձࢂ x ≡ 1 (mod p) ک x ≡−1 (mod p). ॺගၸך m ό

,質數ਔࢂ ᗨฅ x ≡ ±1 (mod m) ϝࣁ x2 ≡ 1 (mod m) ೭ঁ congruence equation 的ঁٿ
ှ, ՠԜ congruence equation ԖёૈԖӭှঁٿܭ. ӵٯ x2 ≡ 1 (mod 15) 的ှ൩ࢂ x ≡±1

(mod 15) ک x ≡±4 (mod 15) ೭ 4 ঁှ. ೭ךکॺዕޕঁ n 次ӭԄԿӭԖ n ঁှ

όӕ, ᔈձݙཀ.

ঁ n 次的ჴ߯數ӭԄԿӭԖ n ঁှ的চӢࢂӢࣁჴ߯數ӭԄϐ໔ΨԖ܌ᒏ的ନ

,চݤ ೭ঁচ٠όૈҔӧ整߯數ӭԄύ. όၸନԄࢂঁനଯ次߯數ࣁ 1 的整

߯數ӭԄਔ, ϝёҔନݤচ. җךܭॺ٠όሡा的性質, ೭္ךॺନԄࢂ
次ӭԄ的ݩ.

Lemma 4.1.1. ଷ f (x) ঁࢂ n 次 (n ≥ 1) 的整߯數ӭԄЪ a ∈ Z. Ӹӧঁ߾ n−1

次的整߯數ӭԄ h(x) аϷ r ∈ Z ᅈى

f (x) = (x−a)h(x)+ r.

Proof. ჹ f (x) 的次數 n 數Ꮲᘜયݤ. ଷ f (x) ࢂ 1 次ӭԄ, ջ f (x) = c1x+ c0, з߾
h(x) = c1 Ъ r = ac1 + c0, ॺளך (x−a)h(x)+ r = f (x).

ᔈҔ數Ꮲᘜયݤ, ଷჹ次數 n < k 的整߯數ӭԄ g(x), ࣣӸӧ n−1 次的整߯數ӭ

Ԅ h0(x) аϷ r0 ∈ Z ٬ள g(x) = (x−a)h0(x)+ r0. Եቾ f (x) 的次數 n = k 的, Ψ൩ࢂ
ᇥ f (x) = ckxk +ck−1xk−1+ · · ·+c1x+c0, ύځ ci ∈ Z Ъ ck ̸= 0. з g(x) = f (x)− (x−a)ckxk−1,
߾ g(x) = (ck−1 + cka)xk−1 + · · ·c1x+ c0 ܭঁ次數λࢂ k 的整߯數ӭԄ. Ҕᘜયଷࡺ
ܭӸӧ次數λޕ k−1 的整߯數ӭԄ h0(x) аϷ r0 ∈ Z ٬ள g(x) = (x−a)h0(x)+ r0. Ψ
൩ࢂᇥ f (x) = (x−a)ckxk−1 +(x−a)h0(x)+ r0. зࡺ h(x) = ckxk−1 +h0(x) аϷ r = r0, ॺך
Ԗ h(x) ࣁঁ次數ࢂ k−1 的整߯數ӭԄЪ r ∈ Z ᅈى f (x) = (x−a)h(x)+ r. �

Ҕ Lemma 4.1.1, ॺёаளך p 質數ਔӧࢂ modulo p ϐΠঁ n 次的

congruence equation നӭԖ n ঁှ. όၸ२Ӄךॺሡჹঁ congruence equation 的次數Π
.ကۓঁ

Definition 4.1.2. ଷ f (x) = cnxn + · · ·+ c1x+ c0 ,ঁ整߯數ӭԄࢂ ๏ۓ m ∈ N.

(1) ऩ m - cn, ॺᆀך߾ f (x) ӧ modulo m ϐΠࢂঁ次數 (degree) ࣁ n 的ӭԄ.
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(2) ऩ m - cr ՠ m|ci, for r < i ≤ n, ॺᆀך߾ f (x) ӧ modulo m ϐΠࢂঁ次數ࣁ r 的

ӭԄ.

ӵ݀ঁ整߯數ӭԄ g(x)ځӧ modulo mϐΠϐ次數ࣁ n,ך߾ॺᆀ g(x)≡ 0 (mod m)

ঁࢂ n 次的 congruence equation.

җԜۓကךॺޕၰऩ f (x) ঁӧࢂ modulo m ϐΠ次數ࣁ n 的整߯數ӭԄ, Ԗёૈ
f (x) 本ي的次數ࢂεܭ n 的. όၸךॺёаډפঁ次數ࣁ n 的整߯數ӭԄ g(x) ٯ)
ӵմѐ f (x) ύёа m 整ନ的) ٬ளჹҺ整數 a, ࣣԖ f (a) ≡ g(a) (mod m). а܌
f (x) ≡ 0 (mod m) 的ှک g(x) ≡ 0 (mod m) ࣬ӕ. җךܭॺѝᜢЈ congruence equation
的ှ, 論ঁࡕаϞ܌ n 次的 congruence equation f (x)≡ 0 (mod m) ਔ, όѨ性,
ௗଷޔॺ൩ך f (x) 的次數ࣁ n.

Theorem 4.1.3 (Lagrange). ๏ۓ質數 p аϷ整߯數ӭԄ f (x). ӵ݀ӧ modulo p

ϐΠ f (x)≡ 0 (mod p) ࣁঁ次數ࢂ n 的ӭԄ, ߾ f (x)≡ 0 (mod p) ӧ modulo p ϐΠԿ

ӭԖ n ঁှ.

Proof. όѨ性, ॺଷך f (x) = cnxn + · · ·+ c1x+ c0, ύځ p - cn. ॺჹך n ᘜયݤ.
२Ӄ f (x) = c1x+ c0 ,次整߯數ӭԄਔࢂ ଷ x ≡ a (mod p) ࢂ f (x) ≡ 0 (mod p)

的ঁှ. ќଷ x ≡ b (mod p) Ψࢂঁှ, ҭջ c1a+ c0 ≡ c1b+ c0 (mod p). Ӣࣁ
gcd(p,c1) = 1, җ Lemma 3.2.4 ёள a ≡ b (mod p). Ψ൩ࢂᇥ n = 1 ਔԿӭԖঁှ.

Ҕᘜયଷ n < k ਔঁ n 次的 congruence equation ԿӭԖ n ঁှ. Եቾ n = k 的

. ऩ x ≡ a (mod p) ࢂ f (x)≡ 0 (mod p) 的ঁှ, ճҔ Lemma 4.1.1 Ӹӧঁ次數ޕ
ࣁ k−1 的整߯數ӭԄ h(x) аϷ r ∈ Z ٬ள f (x) = (x−a)h(x)+ r. ٩ଷ x ≡ a (mod p)

ࢂ f (x)≡ 0 (mod p) 的ঁှ, ջ f (a)≡ 0 (mod p), ஒ a жΕள f (a) = r ≡ 0 (mod p). 
ќଷ x ≡ b (mod p)Ψࢂঁှ,߾җ f (b) = (b−a)h(b)+rޕ (b−a)h(b)≡ 0 (mod p). ඤ
言ϐ,ऩ b ̸≡ a (mod p),ջ p - (b−a),߾җ Lemma ,ޕ1.4.2 p|h(b),Ψ൩ࢂᇥ x ≡ b (mod p)

ࢂ h(x) ≡ 0 (mod p) 的ঁှ. ӢԜךॺޕၰ k 次 congruence equation f (x) ≡ 0 (mod p)

的ှࣁ x ≡ a (mod p) ܈ h(x)≡ 0 (mod p) 的ှ. ฅԶ h(x)≡ 0 (mod p) ܭঁ次數λࢂ k

的 congruence equation, ԿӭԖځଷݤ٩ᘜયࡺ k−1 ঁှ, ளࡺ f (x)≡ 0 (mod p) Կ

ӭԖ k ঁှ. �

നךࡕॺӆ次ගᒬ, ाှ congruence equation f (x) ≡ 0 (mod m) ሡஒှ的܌Ԗݩቪ

Πٰ, ஒှа x ≡ a (mod m) ೭ኬ的ԄቪΠٰ. όၸԖਔࣁΑБךߡॺஒှа
modulo ձ的數的БԄቪΠ. ӵှٯ x2 ≡ 1 (mod 8), ,ى數ᅈڻԖ的܌ॺวך Αࣁа܌
Бךߡॺёаஒှа x ≡ 1 (mod 2) ቪΠ. όၸाݙཀ೭ᅿԄቪΠࡕךॺගϷှ的ঁ
數ਔሡගϷӧ modulo ϙሶϐΠ的ှ的ঁ數. ॺёаᇥךύٯӵӧԜٯ x2 ≡ 1 (mod 8) ӧ

modulo 8 ϐΠԖ x ≡ 1,3,5,7 (mod 8), 4 ঁှ, Ψёаᇥӧ modulo 2 ϐΠԖঁှ.
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4.2. ݤதҔ的Бঁٿ

的ۓஒঁ๏ݤᅿதҔ的Бٿॺϟಏך congruence equation ϯԋᙁൂᗺ的Ԅ, ӆ
ٰှ.

ӧ೭ύךॺଷ f (x) = anxn + · · ·+a1x+a0, ύځ ai ∈ Z, Զ m ∈ N 的҅ۓ๏ࢂ
整數. ॺा談論ך f (x)≡ 0 (mod m) ೭ঁ congruence equation.

ಃᅿࢂ೭ኬ的: ӵ݀ d ࢂ an, . . . ,a1,a0 аϷ m 的҅ϦӢ數. Ψ൩ࢂᇥךॺёа
ஒ ai Ϸ m ቪԋ an = a′nd, . . . ,a1 = a′1d,a0 = a′0d аϷ m = m′d, ύ೭٤ځ a′i ∈ Z Ъ m′ ∈ N.
з g(x) = a′nxn + · · ·a′1x+ a′0, ॺٰך f (x) ≡ 0 (mod m) Ϸ g(x) ≡ 0 (mod m′) ೭ঁٿ

congruence equation ϐ໔的ᜢ߯.

Proposition 4.2.1. ๏ۓ m ∈ N Ϸ f (x) = anxn + · · ·+ a1x + a0, ύځ ai ∈ Z. ଷ d

ࢂ an, . . . ,a1,a0 Ϸ m 的҅ϦӢ數Ъ an = a′nd, . . . ,a1 = a′1d,a0 = a′0d аϷ m = m′d. з
g(x) = a′nxn + · · ·+a′1x+a′0.

ऩ x ≡ c (mod m′) ࢂ g(x)≡ 0 (mod m′) 的ঁှ, ჹҺཀ߾ t ∈ Z, x ≡ c+m′t (mod m)

ࣁ f (x) ≡ 0 (mod m) 的ှ. ќБय़, ऩ g(x)≡ 0 (mod m′) คှ, ߾ f (x)≡ 0 (mod m) ค

ှ.

Proof. x ≡ c (mod m′) ࣁ g(x) ≡ 0 (mod m′) 的ঁှ, Ң߄ m′|a′ncn + · · ·+ a′1c+ a′0. ӢԜ
ёள m′d|a′ndcn + · · ·+ a′1dc+ a′0d, Ψ൩ࢂᇥ m|ancn + · · ·a1c+ a0. ӢԜ x ≡ c (mod m) ࢂ

f (x)≡ 0 (mod m) 的ঁှ.

ჹҺཀ t ∈ Z Եቾ c′ = c+m′t. җܭ c ≡ c′ (mod m′), ޕ x ≡ c′ (mod m′) Ψࢂ g(x)≡ 0

(mod m′)的ঁှ. ܭҔय़的論ࡺ c′ = c+m′t 的ך,ॺޕ x ≡ c+m′t (mod m)ࢂ

f (x)≡ 0 (mod m) 的ঁှ. ӢԜܴΑჹҺཀ t ∈ Z, x ≡ c+m′t (mod m) Ψࢂ f (x)≡ 0

(mod m) 的ঁှ.

ќБय़, ऩ x ≡ c (mod m) ࣁ f (x) ≡ 0 (mod m) 的ঁှ, ջ m|ancn + · · ·+ a1c+ a0,
߾ m′|a′ncn + · · ·+a′1c+a′0. Ψ൩ࢂᇥ x ≡ c (mod m′) ࣁ g(x)≡ 0 (mod m′) 的ঁှ. ӢԜऩ
g(x)≡ 0 (mod m′) คှ, ߾ f (x)≡ 0 (mod m) ҭคှ. �

Proposition 4.2.1 ນךॺ, ӵ݀ x ≡ c (mod m′) ࢂ g(x) ≡ 0 (mod m′) 的ঁှ, ჹ߾
Һཀ t ∈ Z, x ≡ c+m′t (mod m) ࢂߡ f (x) ≡ 0 (mod m) 的ঁှ. όၸ೭္җךܭॺा
Եቾӧ modulo m 的ݩ, .ख़ፄ的ࢂӭှࡐ ٣ჴऩ t ≡ t ′ (mod d), җ߾ d|t − t ′, ёள
dm′|m′(t − t ′). Ψ൩ࢂᇥ c+m′t ≡ c+m′t ′ (mod m). ӢԜךॺѝाԵቾ x ≡ c+m′t (mod m)

ύځ 0 ≤ t ≤ d−1, ൩ёаΑ. Ψ൩ࢂᇥ, ӧ modulo m′ ϐΠ g(x)≡ 0 (mod m′) 的ঁှ, ߡ
ჹᔈډ f (x)≡ 0 (mod m) ӧ modulo m ϐΠ d ঁှ. ฅԶঁ f (x)≡ 0 (mod m) 的ှ

ࢂ g(x)≡ 0 (mod m′) 的ှ, ӢԜԖаΠ的่݀.

Corollary 4.2.2. ๏ۓ m ∈ N Ϸ f (x) = anxn + · · ·+ a1x + a0, ύځ ai ∈ Z. ଷ d ࢂ

an, . . . ,a1,a0 Ϸ m 的҅ϦӢ數Ъ an = a′nd, . . . ,a1 = a′1d,a0 = a′0d аϷ m = m′d. з g(x) =
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a′nxn + · · ·+ a′1x+ a′0. ऩ g(x) ≡ 0 (mod m′) ӧ modulo m′ ϐΠԖ k ঁှ, ߾ congruence
equation f (x)≡ 0 (mod m) ӧ modulo m ϐΠԖ kd ঁှ.

Proposition 4.2.1 ஒঁ modulo m 的 congruence equation ϯԋঁ modulo Кၨλ的
m′ 的 congruence equation. ೭ኬٰҗܭӧ modulo m′ ϐΠाԵቾ的數ၨϿ, ᔈ၀ஒচٰ
的ୢᚒᙁϯΑ. ฅԶऩ an, . . . ,a1,a0 ک m ,ϕ質的ࢂ ॺϝฅёаԵቾך modulo ၨλ的ॶ࣮
࣮ԖؒԖှ. ٣ჴ, .ॺԖаΠϐ่݀ך

Lemma 4.2.3. ๏ۓ m ∈ N Ϸ整߯數ӭԄ f (x). ऩ m′|m Ъ f (x) ≡ 0 (mod m′) คှ,
߾ f (x)≡ 0 (mod m) ҭคှ.

Proof. ଷ f (x)≡ 0 (mod m)ԖှЪ x ≡ c (mod m)ځࣁύှ,ջ m| f (c). җܭ m′|m,ޕ
m′| f (c),Ψ൩ࢂᇥ x ≡ c (mod m′)ࣁ f (x)≡ 0 (mod m′)ϐှ. Ԝᆶଷ f (x)≡ 0 (mod m′)

คှҟ࣯, ளࡺ f (x)≡ 0 (mod m) คှ. �

Lemma 4.2.3 ک Proposition 4.2.1 όӕϐೀӧܭ Proposition 4.2.1 ஒচӭԄӚ߯數
ନаϦӢ數ࡕԵቾ modulo m′ ϐှ, ԶЪёճҔှځளډচӭԄӧ modulo m ϐှ, Զ
Lemma 4.2.3 ٠ؒԖׯᡂӭԄ, ЪޕচӭԄӧ modulo Кၨλ的 m′ ϐΠคှёள

চӭԄӧ modulo m ϐΠคှ. ՠคவղᘐӧ modulo m′ ϐΠԖှࢂցёளӧ modulo m

ϐΠԖှ, ԶЪΨคவளှϐԄ. όၸऩךॺӭԵቾ൳ঁ m 的Ӣ數܌ள的 congruence
equations, ዴჴёаᔅךॺளှޕϐ. ೭൩ךࢂॺा的ಃ二ᅿБݤ.

೭ᅿதҔ的Бݤ൩ࢂӃஒ m ቪԋ質Ӣ數的ϩှ, ջ m = pn1
1 · · · pnr

r , ύ೭٤ځ pi ࣬ࣁ

౦質數. ௗाჹ܌Ԗ i = 1, . . . ,r, f (x) ≡ 0 (mod pni
i ) ϐှ的൩ё, ӢךࣁॺԖ

аΠϐ่݀.

Proposition 4.2.4. ଷ m = pn1
1 · · · pnr

r , ύ೭٤ځ pi ౦質數Ъ࣬ࣁ f (x) 整߯數ӭࣁ

Ԅ. ऩӸӧ i ∈ {1, . . . ,r}, ٬ள f (x) ≡ 0 (mod pni
i ) คှ, ߾ f (x) ≡ 0 (mod m) คှ. ќ

Бय़, x ≡ c (mod m) ࣁ f (x) ≡ 0 (mod m) ϐঁှऩЪऩჹҺཀ i ∈ {1, . . . ,r}, x ≡ c

(mod pni
i ) ࣁࣣ f (x)≡ 0 (mod pni

i ) 的ှ.

Proof. २Ӄ,җܭ pni
i |m,ӢԜҔ Lemma ऩ,ޕ4.2.3 f (x)≡ 0 (mod pni

i )คှ,߾ f (x)≡ 0

(mod m) คှ.

ଷ x ≡ c (mod m) ࣁ f (x) ≡ 0 (mod m) 的ঁှ, Ψ൩ࢂᇥ m| f (c), җܭჹҺཀ
i ∈ {1, . . . ,r} ࣣԖ pni

i |m, ޕ pni
i | f (c). ӢԜޕჹ܌Ԗ的 i ∈ {1, . . . ,r}, x ≡ c (mod pni

i ) ࣁ

f (x)≡ 0 (mod pni
i ) 的ှ.

ϸϐ, ऩჹ܌Ԗ i ∈ {1, . . . ,r}, x ≡ c (mod pni
i ) ࣁࣣ f (x)≡ 0 (mod pni

i ) 的ှ. ջ pni
i | f (c).

೭٤ܭҗ߾ pni
i ,ϕ質的ٿٿࢂ ճҔ Proposition 1.2.6(2) ޕ pn1

1 · · · pnr
r | f (c), ҭջ m| f (c). ࡺ

ள x ≡ c (mod m) ࣁ f (x)≡ 0 (mod m) 的ঁှ. �

Proposition 4.2.4 ນךॺ, ऩԖঁ pi ٬ள f (x) ≡ 0 (mod pni
i ) คှ, ٗሶ f (x) ≡ 0

(mod m) ൩คှ. ՠࢂӵ݀ჹ܌Ԗ的 pi, f (x) ≡ 0 (mod pni
i ) ࣣԖှ, Ң߄ցࢂ f (x) ≡ 0
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(mod m) Ԗှګ? เਢۓޭࢂ的. ೭ࢂӢࣁᗨฅჹҺཀ的 pi ှள的ှ҂Ѹ࣬ӕ, ՠճҔа
ى整數ӕਔᅈډפёۓ的ύ୯ഭᎩࡕ modulo pni

i Πঁှ的Ԅ, ӢԜёҗ
Proposition 4.2.4 ளޕ f (x)≡ 0 (mod m) Ԗှ. ᜢܭԜҽаࡕӧύ୯ഭᎩۓਔךॺ
ӆᇥܴ.

4.3. 次的 Congruence Equations

ॺനᙁൂ的ᅿך congruence equation, Ψ൩ࢂ次的 congruence equation. ॺך
ஒޕၰှځ的ঁ數Ϸှ的Ԅ.

๏ۓ m ∈ N ᒏ܌ modulo m 的次 congruence equation ջ ax ≡ b (mod m) ೭ኬ

Ԅ的 congruence equation, ύځ a,b ∈ Z Ъ m - a. २Ӄךॺٰ࣮࣮ӵՖղձঁ次的
congruence equation .ցԖှࢂ

Proposition 4.3.1. ๏ۓ m ∈ N. Եቾ次的 congruence equation ax ≡ b (mod m), ύځ
m - a. ଷ d = gcd(m,a). ߾ d|b ऩЪऩ ax ≡ b (mod m) Ԗှ.

Proof. ٩ଷ d = gcd(m,a), ࡺ d | m, ॺёаԵቾך congruence equation ax ≡ b (mod d).
ΞҗךܭॺԖ d | a,ӢԜӧ modulo d ϐΠள ax≡ 0x (mod d). ऩ d - b,ҭջ b ̸≡0 (mod d),
ள congruence equation ax ≡ b (mod d) (ջ 0x ≡ b (mod d)) คှ. җࡺ Lemma 4.2.3 ޕ
ax ≡ b (mod m) คှ.

ϸϐ, ऩ d|b, ёள߾ d = gcd(d,b) = gcd(gcd(m,a),b). з a = a′d,b = b′d,m = m′d.
җ Proposition 4.2.1 ޕ ax ≡ b (mod m) ԖှऩЪऩ a′x ≡ b′ (mod m′) Ԗှ. җܭ
gcd(a,m) = dךॺԖ gcd(a′,m′) = 1,٩ Proposition Ӹӧޕ3.2.5 e∈Z٬ள a′e≡ 1 (mod m′).
ஒࡺ a′x ≡ b′ (mod m′) ϐٿᜐ४ e ள

x ≡ a′ex ≡ b′e (mod m′).

ӢԜёள x ≡ b′e (mod m′) ࣁ a′x ≡ b′ (mod m′) 的ঁှ, ӢԶҗ Proposition 4.2.1 ளޕ
x ≡ b′e (mod m) ҭࣁ ax ≡ b (mod m) 的ঁှ. �

ӧ Proposition 4.3.1 的ܴύ, ډפॺך a′x ≡ b′ (mod m′) ӧ modulo m′ ϐΠ的ಔ

ှ. ٣ჴ, җܭ gcd(a′,m′) = 1, a′x ≡ b′ (mod m′) ӧ modulo m′ ϐΠ的ှ٣ჴࢂ的.

Lemma 4.3.2. ๏ۓ m ∈ N. Եቾ次的 congruence equation ax ≡ b (mod m). ऩ

gcd(a,m) = 1, ߾ ax ≡ b (mod m) ӧ modulo m ϐΠှځ.

Proof. ଷ x ≡ c (mod m) ک x ≡ c′ (mod m) ࣁࣣ ax ≡ b (mod m) 的ঁှ, җ߾ ac ≡
b ≡ ac′ (mod m) ள m | a(c− c′). ӆҗ gcd(m,a) = 1, ள m | c− c′ (Proposition 1.2.6), ҭջ
c ≡ c′ (mod m). �

ճҔ Lemma 4.3.2 ၰऩޕॺଭёаך congruence equation ax ≡ b (mod m) Ԗှ, ߾
ӧځ modulo m ϐΠှ的ঁ數.
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Proposition 4.3.3. ๏ۓ m ∈ N. Եቾ次的 congruence equation ax ≡ b (mod m). ऩ
d = gcd(m,a) Ъ d | b, ߾ ax ≡ b (mod m) ӧ modulo m ϐΠӅԖ d ঁှ. ٣ჴ, ऩ x ≡ c

(mod m/d) ࢂ (a/d)x ≡ (b/d) (mod m/d) 的ঁှ, ߾ ax ≡ b (mod m) ӧ modulo m ϐΠ

ࣁԖ的ှ܌

x = c+ t
m
d
, t = 0,1, . . . ,d −1.

Proof. ऩ d|b, ёள߾ d = gcd(d,b) = gcd(gcd(m,a),b). з a = a′d,b = b′d,m = m′d. җܭ
gcd(a′,m′) = 1, ٩ Lemma 4.3.2 ޕॺך a′x ≡ b′ (mod m′) ӧ modulo m′ ϐΠှځ. 
ऩ x ≡ c (mod m′) ,ှځࢂ җ߾ Proposition 4.2.1 ޕ ax ≡ b (mod m) 的ှࣣࣁ x = c+ tm′

ύځ t ∈ Z. ӆҗ Corollary 4.2.2 ளޕӧ modulo m ϐΠ ax ≡ b (mod m) ӅԖ d ঁှ, ջ
x = c+ t(m/d), t = 0,1, . . . ,d −1. �

,ߡΑБࣁ ॺձஒך Proposition 4.3.1 ک Proposition 4.3.3 ᆕӝԋаΠ的ۓ.

Theorem 4.3.4. ๏ۓ m ∈ N, a,b ∈ Z Եቾ次的 congruence equation ax ≡ b (mod m).
з d = gcd(m,a).

(1) ऩ d - b, ߾ ax ≡ b (mod m) คှ.

(2) ऩ d - b, ߾ ax ≡ b (mod m), ӧ modulo m ϐΠԖ d ঁှ. Ъऩςޕ x ≡ c (mod m)

,ှࣁ ߾

x ≡ c+
m
d

t, t = 0,1, . . . ,d −1

ࣁ ax ≡ b (mod m) ӧ modulo m ϐΠ܌Ԗ的ှ.

ձӦ,  a ک m ϕ質ਔ, ჹ܌ܭԖ b ∈ Z, ax ≡ b (mod m) ࣣԖှ, Ъှځӧ modulo m ϐ

Πࢂ的.

Example 4.3.5. ॺाှך 16x ≡ 8 (mod 52). Ӣ gcd(52,16) = 4 Ъ 4|8, Ԝޕࡺ congruence
equation ѸԖှ, Ъӧ modulo 28 ϐΠӅԖ 4 ঁှ.

२ӃךॺӃှ 4x ≡ 2 (mod 13). җܭ 4× 10 ≡ 1 (mod 13), ޕॺளך x ≡ 2× 10 ≡ 7

(mod 13) ࣁ 4x ≡ 2 (mod 13) 的ঁှ. ӢԶள x ≡ 7 (mod 52) ࣁ 16x ≡ 8 (mod 52) 的

ঁှ (ջ 16×7 = 112 = 52×2+8).

Կځܭд的ှ, җܭ 52/4 = ٩ࡺ13 Theorem ӧޕ4.3.4 modulo 52ϐΠ x ≡ 7,20,33,46

(mod 52) ࣁ 16x ≡ 8 (mod 52) 的܌Ԗှ.

നךࡕॺाံкᇥܴ, җ Theorem 4.3.4 ډפၰѝाޕ ax ≡ b (mod m) 的ঁှ, ൩ё
аځډפӧ modulo m ϐΠ܌Ԗ的ှ. җܭԜਔ d = gcd(a,m) | b. ॺΨёаճҔᗅᙯ࣬ନך
Ӄрݤ ax+my = b 的ಔ整數ှ x = r,y = s. Ԝਔҗܭ ar ≡ b (mod m) җԜёள x ≡ r

(mod m) ࣁ ax ≡ b (mod m) 的ঁှ.
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4.4. Chinese Remainder Theorem

ଷ m = pn1
1 · · · pnr

r ύځ pi ౦質數Ъ࣬ࣁ f (x) .ঁ整߯數ӭԄࢂ Proposition 4.2.4
ນךॺऩჹ܌Ԗ i ∈ {1, . . . ,r}, f (x)≡ 0 (mod pni

i )ࣣԖှЪԖӅӕှ,߾ f (x)≡ 0 (mod m)

.Ԗှߡ ӵՖډפӅӕှګ? ύ୯ഭᎩۓ (Chinese Remainder Theorem) ນךॺѝा
ঁձӦஒ f (x)≡ 0 (mod pni

i ) 的ှډפ, ൩ёளډӅӕှ.

Theorem 4.4.1 (Chinese Remainder Theorem). ๏ۓಔ m1, . . . ,mr ∈ N ύ೭٤ځ mi ࣣ

ϕ質ٿٿ ( ջ i ̸= j ਔ, gcd(mi,m j) = 1). ჹҺཀ的ಔ߾ c1, . . . ,cr ∈ Z ࣣёډפ整數
c ٬ள

c ≡ ci (mod mi), ∀ i ∈ {1, . . . ,r}.

Proof. ,ߡΑБࣁ ॺзך M = m1 · · ·mr ЪჹҺཀ i ∈ {1, . . . ,r}, з Mi = M/mi.

ाݙཀ೭္ M j ک mi ԖаΠ的ᜢ߯: (1) ऩ i ̸= j, ߾ mi|M j. (2) gcd(Mi,mi) = 1. ೭္
(1) җ M j 的ۓက࣬ߞεৎࡐܰளޕ, Կܭ (2) όѨ性 (ᡂඤΠ mi 的ׇ), ॺך
ሡܴ gcd(M1,m1) = 1. ଷ M1,m1 όϕ質, ջӸӧ質數 p ٬ள p|M1 Ъ p|m1. ฅԶۓ٩
က M1 = m2 · · ·mr, җࡺ Corollary 1.4.3 Ӹӧޕ i ∈ {2, . . . ,r} ٬ள p|mi. ՠࢂ i ̸= 1, ٩ଷ
gcd(m1,mi) = 1, ࡺ p|m1 Ъ p|mi ک m1,mi ϕ質࣬ҟ࣯, ளࡺ gcd(M1,m1) = 1.

ௗΠٰךॺགྷाډפಔ t1, . . . , tr ∈ Z ٬ளჹ܌Ԗ的 i ∈ {1, . . . ,r},

t = c1M1t1 + · · ·+ crMrtr

ࣣᅈى t ≡ ci (mod mi). ฅԶჹҺՖ的ಔ t1, . . . , tr ∈ Z аϷ๏ۓ的 i ∈ {1, . . . ,r}, җ (1)
(ջ mi|M j for i ̸= j) ॺࣣԖך t ≡ ciMiti (mod mi). ډפॺሡךࡺ ti ∈ Z ٬ள ciMiti ≡ ci

(mod mi) ջё. ฅԶҗ (2) (ջ gcd(Mi,mi) = 1) аϷ Proposition 3.2.5 Ӹӧޕ ei ∈ Z
٬ள Miei ≡ 1 (mod mi), ऩзࡺ ti = ei, ள߾ t ≡ ciMiei ≡ ci (mod mi). ӢԜჹ܌Ԗ i ∈
{1, . . . ,r}, ډפॺӃך ei ٬ள Miei ≡ 1 (mod mi), ӆз c = c1M1e1 + · · ·+ crMrer, ёள߾

c ≡ ci (mod mi), ∀ i ∈ {1, . . . ,r}. �

ाݙཀ! ೭٤ mi όٿٿࢂϕ質ਔ, ๏ۓҺཀ的 c1, . . . ,cr όـளёډפঁ整數 c ٬

ள c ≡ ci (mod mi) ჹ܌Ԗ的 i ∈ {1, . . . ,r} ԋҥ. ӵٯ m1 = 4, m2 = 6 ਔऩԵቾ c1 = 1,
c2 = 2, 整數ډפόёૈ߾ c ӕਔᅈى c ≡ 1 (mod 4) Ъ c ≡ 2 (mod 6). ೭ࢂӢࣁऩ c ≡ 1

(mod 4) Ң߄ c ࣁ 4k+1 的Ԅ, .數ڻࣁѸࡺ ฅԶऩ c ≡ 2 (mod 6), ߾ c ࣁ 6k+2 ϐԄ,
Ѹࣁଽ數. ӢԜฅόёૈډפ整數ڻࢂ數Ξࢂଽ數.

ٰᇥךॺёаஒύ୯ഭᎩۓ࣮ԋှࢂӵ
x ≡ c1 (mod m1)
x ≡ c2 (mod m2)

...
...

x ≡ cr (mod mr)
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೭ኬ的ᖄҥБำԄ. ٰᇥᖄҥБำԄࢂाډפঁӅӕှӕਔ಄ӝ೭ r ঁԄηགଆ

ٰၨᜤ. Զӧ Theorem 4.4.1 的ܴύ, εৎёа࣮рୖ數 t1, . . . tr 的ۓ, ൩ࢂाע೭ r ঁ

ᖄҥ的Ԅηϯԋ r ঁᐱҥ的Ԅηঁձှр ti ٰ, Ծฅ൩ᡂᙁൂΑ. .ηٯॺٰ࣮࣮аΠ的ך

Example 4.4.2. ๏ۓ m1 = 3, m2 = 4, m3 = 5 аϷ c1 = 2, c2 = 1, c3 = 3 ډפఈ׆ॺך

整數 c ٬ள c ≡ ci (mod mi), ∀ i ∈ {1,2,3}. Ψ൩ࢂᇥډפ c ӕਔᅈى


c ≡ 2 (mod 3)
c ≡ 1 (mod 4)
c ≡ 3 (mod 5)

٩ྣ Theorem 4.4.1 的಄ဦुךݤॺԖ M1 = 20, M2 = 15 аϷ M3 = 12. २Ӄךॺډפ
e1 ∈ Z ٬ள M1e1 ≡ 1 (mod m1), ջ 20e1 ≡ 1 (mod 3), Ψ൩ࢂᇥᅈى 2e1 ≡ 1 (mod 3). җ
Ԝډפ e1 = 2. ӕךॺाډפ e2,e3 ϩձᅈى 15e2 ≡ 1 (mod 4) (ջ 3e2 ≡ 1 (mod 4))
аϷ 12e3 ≡ 1 (mod 5) (ջ 2e3 ≡ 1 (mod 5)). ёள e2 = 3 ک e3 = 3 ϩձᅈىԄ. зࡺ
c = 2× 20× 2+ 1× 15× 3+ 3× 12× 3 = 233 ᅈى 233 ≡ 2 (mod 3), 233 ≡ 1 (mod 4) аϷ

233 ≡ 3 (mod 5).

前य़ගၸ, ๏ۓ m ∈ N, ଷ m = pn1
1 · · · pnr

r , ύځ pi .౦質數࣬ࣁ ӵ݀ f (x) ঁ整߯ࢂ

數ӭԄ, ाှ f (x)≡ 0 (mod m), ॺёаӃჹঁך pi Եቾှ f (x)≡ 0 (mod pni
i ). ӵ݀Ԗ

ঁ pi วғ f (x)≡ 0 (mod pni
i ) คှ的ݩ, ٗሶ٩ Proposition 4.2.4 ޕ f (x)≡ 0 (mod m)

คှ. ӵ݀ঁ pi ࣣ٬ள f (x) ≡ 0 (mod pni
i ), ٩߾ Proposition 4.2.4 ,ޕ ሡှᖄҥБ

ำԄ 
f (x)≡ 0 (mod pn1

1 )
f (x)≡ 0 (mod pn2

2 )
...

...
f (x)≡ 0 (mod pnr

r )

ԖӅӕှωёள f (x)≡ 0 (mod m) 的ှ. ှᖄҥБำ֚ࢂᜤ的, Զύ୯ഭᎩۓນךॺ
ёаόѸԵቾှᖄҥԄη, ӃঁձஒှрߡёளډӅӕ的ှ.

Corollary 4.4.3. ଷ m = pn1
1 · · · pnr

r , ύ೭٤ځ pi ౦質數Ъ࣬ࣁ f (x) .整߯數ӭԄࣁ
ჹҺཀ߾ i ∈ {1, . . . ,r}, f (x)≡ 0 (mod pni

i ) ࣣԖှऩЪऩ f (x)≡ 0 (mod m) Ԗှ.

Proof. ٩ Proposition ӵ݀,ޕ4.2.4 f (x)≡ 0 (mod m)Ԗှ,߾ჹҺཀ i∈{1, . . . ,r}, f (x)≡ 0

(mod pni
i ) ࣣԖှ.

ଷჹҺཀ i ∈ {1, . . . ,r}, f (x)≡ 0 (mod pni
i ) ࣣԖှЪ x ≡ ci (mod pni

i ) .ှځࣁ җ
೭٤ܭ pni

i ٩ࡺϕ質的ٿٿࢂ Theorem 4.4.1 ,ޕ Ӹӧ c ∈ Z ᅈىჹҺཀ i ∈ {1, . . . ,r} ࣣԖ
c ≡ ci (mod pni

i ). Ψ൩ࢂᇥҺཀ i ∈ {1, . . . ,r}, x ≡ c (mod pni
i ) ࣁ f (x)≡ 0 (mod pni

i ) ϐှ.
ӆճҔࡺ Proposition 4.2.4 ளޕ x ≡ c (mod m) ࣁ f (x)≡ 0 (mod m) ϐှ. �

.ηٯॺ൩ٰ࣮ঁ೭Бय़的ᙁൂך ᗨฅۭΠ的ٯηёаޔௗж數ӷளှډเ, ՠךࢂ
ॺѝ׆ࢂఈճҔԜٰٯᖱှ೭္܌Ҕ的ཷۺ, Ꮲ的Б܌ӵՖᔈҔܭఈεৎΑှᔈख़׆а܌
.ՖࣁเှܭԶόӧݤ
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Example 4.4.4. ॺٰှך x2 ≡ 1 (mod 15). ٩前य़่݀ךޕॺёаϩձԵቾ x2 ≡ 1

(mod 3) Ϸ x2 ≡ 1 (mod 5) 的ှ. Ӣࣁ 3 ک 5 ,質數ࣁࣣ ٩ Lemma 3.4.2 ޕ x ≡±1 (mod 3)

ک x ≡±1 (mod 5) ϩձࣁ x2 ≡ 1 (mod 3) ک x2 ≡ 1 (mod 5) ϐှ. ӢԜךॺाډפаΠ的
Ѥঁᖄҥ的 congruence equation:

(1)
{

x ≡ 1 (mod 3)
x ≡ 1 (mod 5)

, (2)
{

x ≡−1 (mod 3)
x ≡−1 (mod 5)

,

(3)
{

x ≡−1 (mod 3)
x ≡ 1 (mod 5)

, (4)
{

x ≡ 1 (mod 3)
x ≡−1 (mod 5)

.

(1) ک (2) 整數ڗ࣮ܰрϩձࡐॺך 1 ک −1 ൩ёϩձᅈى (1) ک (2). Զ 11 ёаᅈى

(3), 4 ёаᅈى (4). аҗ܌ Proposition 4.2.4 ޕॺך x ≡ 1,−1,11,4 (mod 15) ࣁ x2 ≡ 1

(mod 15) 的ှ. ډפॺך x2 ≡ 1 (mod 15) ӧ modulo 15 ϐΠ的 4 ঁှ, ٠ό߄Ң൩ѝԖ೭
4 ঁှ. όၸεৎёаԾՉᡍΠӧ modulo 15 ϐΠዴჴԖ೭ 4 ঁှ.

ӧঁٯηύךॺှр x2 ≡ 1 (mod 15) ӧ modulo 15 ϐΠ的 4 ঁှՠόඪዴࢂۓց

Ԗ೭ 4 ,ਔۓӧճҔύ୯ഭᎩޕॺόךࣁӢࢂှ .д的ှځցᗋԖࢂ Ψ൩ࢂᇥ Theorem
4.4.1 ѝນךॺှ的Ӹӧ性, ٠҂ນךॺࢂցԖځдှ. ฅךॺޕၰԖคጁӭှ,
ՠځࢂд的ှӵՖளګޕ? ,ݤॺӆҔ次தҔ的ԴБך ,Ֆࣁϐ໔的ᜢ߯ှঁٿ࣮࣮ Ծ
ฅ൩ёஒ܌Ԗ的ှቪΠΑ.

Theorem 4.4.5. ๏ۓಔ m1, . . . ,mr ∈N ύ೭٤ځ mi .ϕ質ٿٿࣣ з M = m1 · · ·mr, ჹ߾
Һཀ的ಔ c1, . . . ,cr ∈ Z аΠᖄҥ的 congruence equation

x ≡ c1 (mod m1)
x ≡ c2 (mod m2)

...
...

x ≡ cr (mod mr)

ӧ modulo M ϐΠӸӧ的ঁှ. ٣ჴऩ c ∈ Z ᅈىԜᖄҥ congruence equation, ߾
ჹҺཀ c′ ∈ Z ᅈى c′ ≡ c (mod M) ࣣᅈىԜᖄҥ congruence equation.

Proof. Theorem 4.4.1 ςளӸӧ性, ॺाܴӧך modulo m1 · · ·mr ϐΠှځ.

ଷ c,c′ ∈ Z ࣣᅈىаᖄҥ的 congruence equation. Ψ൩ࢂᇥჹҺཀ i ∈ {1, . . . ,r} ך
ॺࣣԖ c ≡ ci (mod mi) Ъ c′ ≡ ci (mod mi). ӢԜϐჹҺཀ i ∈ {1, . . . ,r} ࣣԖ mi|c− c′. ฅԶ
೭٤ mi ,ϕ質ٿٿ ճҔࡺ Proposition 1.2.10(2), ॺளך m1 · · ·mr|c− c′, ջ c ≡ c′ (mod M).

Ψ൩ࢂᇥӧ modulo M ϐΠှځ.

ќБय़, ऩ c ᅈىᖄҥ congruence equation Ъ c′ ∈ Z ᅈى c′ ≡ c (mod M), җ߾
ჹҺཀܭ i ∈ {1, . . . ,r}, mi|M, ޕࡺ c′ ≡ c ≡ ci (mod mi). ҭջ c′ ᅈىԜᖄҥ congruence
equation. �

ӵӧٯ Example 4.4.2 ύ, ၰޕॺך x = 233 ᅈى
x ≡ 2 (mod 3)
x ≡ 1 (mod 4)
x ≡ 3 (mod 5)
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೭ಔᖄҥ的 congruence equation,܌аҗ Theorem Һཀ的整數ޕ4.4.5 cᅈى c≡ 233≡ 53

(mod 60) ёаᅈى೭ಔᖄҥ congruence equation. ฅΑΨԖᅈى c ≡ 53 (mod 60)

的整數ᅈىԜᖄҥ congruence equation.

Theorem 4.4.5 К Theorem 4.4.1 ֹ整. Ӣࣁӧ Theorem 4.4.1 ύךॺගϷှ的Ӹӧ
性, Զ Theorem 4.4.5 ගϷှӧ modulo m1 · · ·mr ϐΠࢂӸӧЪ的, ԶЪӢԶёҗှ
.Ԗ的ှ܌ډפ Ԗ的ਜόஒۓٿϩ໒ٰ談, Զޔௗ談論ၨֹ整的 Theorem 4.4.5 ٠ᆀϐ
ࣁ Chinese remainder theorem. ှ的ۓགྷӃமፓύ୯ഭᎩࣁӢࢂϩ໒Ьाۓٿॺஒך
Ӹӧ性ϷӵՖډפှ.





Chapter 5

二次的 Congruence
Equations

೭കύךॺाှܭݙ二次的 congruence equation. ॺӃவှ的二次ך congru-
ence equation ໒ۈ, ฅࡕᄌᄌϯᙁԋᙁൂ的Ԅ, നࡕϟಏ quadratic reciprocity law. 整ᡏ
ٰᇥךॺளډঁԖਏղձ二次 congruence equation ,ݤցԖှ的Бࢂ ԿܭऩԖှӵՖ
ှ൩όӧ本ക的論ጄൎΑ. .ᏢಞӵՖҗᕷϯᙁ的ᡯܭఈૈख़׆ॺך

5.1. 二次 Congruence Equation 的ϯᙁ

ᒏ二次的܌ congruence equation, ջ๏ۓ m ∈ N, Եቾ ax2 + bx+ c ≡ 0 (mod m), ύځ
a,b,c ∈ Z Ъ m - a ೭ኬ的 equation.

εৎ࣮ډ೭ኬ的БำԄ, २ӃགྷډҔଛБှٰݤ. ؒᒱ, .ݤाҔଛБࢂॺΨך όၸ
೭္Ԗᗺाձݙཀ, ൩ךࢂॺࢂӧ整數的ݩ, .ݤନډаᗉխҔ܌ ӵεৎाٯ
ှ ax2 +bx+ c = 0 ਔ, ಃঁགྷډ的ࢂஒ x2 的߯數 a ନѐள x2 +(b/a)x+(c/a) = 0. җ
ॺӧ談ךܭ congruence equation, ӭԄሡाࣁ整߯數, ೭ঁБݤ൩Չό೯Α (ନߚ a|b
Ъ a|c). ฅΑ,  a ک m ϕ質ਔӸӧ e ∈ Z ٬ள ae ≡ 1 (mod m), ॺёаஒךаԜਔ܌
ax2+bx+c ≡ 0 (mod m)ٿᜐ४ eԶள x2+bex+ce ≡ 0 (mod m). όၸ೭ঁБݤाज़ڋӧ
gcd(m,a) = 1的,Զךॺा的ࢂ܌,ݩаךॺሡགྷᒤݤೀ. όᆅ࡛ኬࣁΑᡣ
ӭԄࣁ整߯數, ,ݤॺόाҔନ的Бך ᏃໆҔ४的. ॺёаᡣךݤΑ٬ҔଛБࣁа܌ x2 

߯數ԋֹࣁӄѳБ, Ψ൩ࢂஒ ax2 +bx+c ≡ 0 (mod m) ᜐ४ٿ a Զள (ax)2 +abx+ac ≡ 0

(mod m). ௗೀ x ߯數, җܭόૈҔନ的܌аόૈஒ abx ቪԋ 2(ab/2)x, ՠҔଛБݤ x

߯數ሡଽ數, ӢԜӳ的БࢂݤஒচԄٿᜐ४а 2. όၸ೭ኬٰΞઇᚯΑচӃ x2 ߯數ࣁ

ֹӄѳБ的ӳೀ, ॺӆӭ४ঁךа܌ 2 ٬ள x2 ߯數ϝֹࣁӄѳБ.

Ψ൩ࢂᇥ, ӧှ ax2 + bx + c ≡ 0 (mod m) ਔךॺёаஒٿᜐ४ 4a ٬ளচԄԋ

ࣁ 4a2x2 + 4abx + 4ac = (2ax)2 + 2(2ax)b + 4ac ≡ 0 (mod m). ௗΠٰ൩ёҔଛБݤதҔ
ᡯஒԄηቪԋ (2ax+ b)2 ≡ b2 − 4ac (mod m). ӢԜךॺஒୢᚒᙁϯԋှ y2 ≡ b2 − 4ac

57



58 5. 二次的 Congruence Equations

(mod m). ϞऩؒԖ整數 kᅈى k2 ≡ b2−4ac (mod m),ٗሶךॺޕߡচ congruence equation,
ax2+bx+c ≡ 0 (mod m)คှ. ऩёډפ k ∈Zᅈى k2 ≡ b2−4ac (mod m),ٗሶךॺߡё٩
前य़次的 congruence equation的Бှݤ 2ax+b ≡ k (mod m),Զளډ ax2+bx+c ≡ 0

(mod m) 的ှ.

ᕴϐ, ှ二次 congruence equation, ax2 +bx+ c ≡ 0 (mod m) 的ୢᚒ, ёϯᙁԋှ y2 ≡ d

(mod m) ύځ d = b2 − 4ac. ӢԜךॺௗΠٰ x2 ≡ a (mod m) ೭ኬ的 congruence
equation.

ଷ m = pn1
1 · · · pnr

t ύ೭٤ځ, pi .౦質數࣬ࣁ җ Corollary ,ޕ4.4.3 x2 ≡ a (mod m)Ԗှ

ऩЪऩჹ܌Ԗ的 pi, x2 ≡ a (mod pni
i ) Ԗှ. ӢԜךॺΞஒୢᚒϯᙁࣁ x2 ≡ a (mod pn),

ύځ p 質數Ъࣁ n ∈ N 的.

.ηٯॺٰ࣮ঁᆕӝа่݀的ך

Example 5.1.1. ॺ၂ှך 29x2 +15x+1 ≡ 0 (mod 45). २ӃஒԄηٿᜐ४ 4×29, ள
(58x)2 +2×58×15x+116 ≡ 0 (mod 45). ௗճҔଛБݤள (58x+15)2 ≡ 109 (mod 45), ջ
(13x+15)2 ≡ 19 (mod 45) (ձבΑ 58x ≡ 13x (mod 45)).

ௗӢࣁ 45 = 32 × 5, ॺёаஒԄηᙯϯԋှך (13x+ 15)2 ≡ 19 (mod 9) Ϸ (13x+

15)2 ≡ 19 (mod 5). Ψ൩ࢂᇥϩձှ (4x+ 6)2 ≡ 1 (mod 9) аϷ (3x)2 ≡ 4 (mod 5). җܭ
y ≡ ±1 (mod 9) ࣁ y2 ≡ 1 (mod 9) ϐှ, ޕࡺ 4x+ 6 ≡ ±1 (mod 9), ှள x ≡ 1,5 (mod 9)

ࣁ (13x+15)2 ≡ 19 (mod 9) ϐှ. ќБय़ y ≡±2 (mod 5) ࣁ y2 ≡ 4 (mod 5) ϐှ, ளࡺ
3x ≡±2 (mod 5), ှள x ≡ 1,4 (mod 5) ࣁ (13x2 +15)2 ≡ 19 (mod 5) ϐှ.

നࡕाှ 29x2 +15x+1 ≡ 0 (mod 45), җ前ޕ x ሡ಄ӝ:

(1)
{

x ≡ 1 (mod 9)
x ≡ 1 (mod 5)

,(2)
{

x ≡ 1 (mod 9)
x ≡ 4 (mod 5)

,

(3)
{

x ≡ 5 (mod 9)
x ≡ 1 (mod 5)

(4)܈
{

x ≡ 5 (mod 9)
x ≡ 4 (mod 5)

.

ӢԜள x ≡ 1,14,19,41 (mod 45) ࣁ 29x2 +15x+1 ≡ 0 (mod 45) ϐှ.

ӣךډॺ的Ьᚒ. ॺஒाှ二次的ך congruence equation ϯှԋှ x2 ≡ a

(mod pn), ύځ p 質數Ъࣁ n ∈N的. ॺӃٰ࣮ך a ک p όϕ質的. ଷ pn|a ܭ
ှ x2 ≡ 0 (mod pn), ԜਔฅԖှ. ऩ a = pia′ ύځ p - a′ Ъ 1 ≤ i ≤ n−1 ࡛ሶᒤ? ଷऩ
i ,數ڻࢂ ॺाᇥܴԜਔך x2 ≡ pia′ (mod pn) คှ. ऩԖှЪ b ࣁ x2 ≡ pia′ (mod pn) ϐ

ှ, ॺஒך bቪԋ b = psb′, ύځ p - b′. ԜਔӢଷ b2 ≡ pia′ (mod pn), ёள pn|p2sb′2− pia′.
җܭ 2s ଽ數Զࢂ i ,數ڻࢂ ޕ 2s ̸= i. ӵ݀ 2s > i, ߾ p2sb′2 − pia′ = pi(p2s−ib′2 −a′). ՠҗܭ
p|p2s−i Ъ p - a′, ޕॺך p - p2s−ib′2 −a′. ඤ言ϐ pi+1 - p2sb′2 − pia′. Ԝک pn|p2sb′2 − pia′ Ъ

n ≥ i+1 ࣬ҟ࣯. ӕ, ऩ 2s < i, .ॺΨёளҟ࣯的ך а܌ i < n Ъڻࢂ數ਔ x2 ≡ pia′

(mod pn) คှ.

 a = pia′ ύځ p - a′, 0 < i < n Ъ i = 2k ,ଽ數ਔࢂ ऩךॺஒ x ቪԋ x = pkt, Ԝਔှ
x2 ≡ a (mod pn) ӕှܭ (pkt)2 ≡ p2ka′ (mod pn), Ψ൩ှࢂ p2kt2 ≡ p2ka′ (mod pn). җܭ
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2k < n, Proposition 4.2.1 ນךॺԜԄӕှܭ t2 ≡ a′ (mod pn−2k). ॺஒа論ቪԋך
่論.

Proposition 5.1.2. ๏ۓ質數 p Ϸ n ∈ N. ଷ a = pia′ ύځ p - a′ Ъ 1 ≤ i ≤ n−1.

(1) ऩ i ,數ڻࢂ ߾ x2 ≡ a (mod pn) คှ.

(2) ऩ i ,ଽ數ࢂ ߾ x2 ≡ a (mod pn) ԖှऩЪऩ x2 ≡ a′ (mod pn−i) Ԗှ.

வа的論ךॺޕၰाှঁ二次的 congruence equation ёаᙁϯډ x2 ≡ a

(mod pn), ύځ p - a 的ݩ. ܭݙॺךࡕаа܌ x2 ≡ a (mod pn) ύځ p - a 的.

5.2. ှ x2 ≡ a (mod pn)

ӧ前ύךॺޕၰঁ二次的 congruence equation ёϯᙁԋ x2 ≡ a (mod pn), ύځ
p ,質數ࣁ n ∈ N Ъ p - a ೭ᅿԄ的ୢᚒ. ाݙཀԜਔҗܭ p - a, ऩ x2 ≡ a (mod pn) Ԗှ,
ѸΨᆶှځ߾ p ϕ質, ց߾ԋ p|a ϐҟ࣯. ௗךॺ൩٩ p = 2 ک p ᅿٿ質數ڻࣁ

論ٰ x2 ≡ a (mod pn) ှϐݩ.

5.2.1. p = 2 的. ॺӃԵቾך x2 ≡ a (mod 2n), ύځ 2 - a 的. җܭ a ,數ڻࢂ а܌
ऩԖှှځѸڻࣁ數. ໒ۈฅࢂԵቾ n = 1 的, ԜਔӢ a ,數ڻࢂ ள a ≡ 1 (mod 2).
а܌ x2 ≡ a (mod 2), ջࣁ x2 ≡ 1 (mod 2), ࣁѸԖှЪှࡺ x ≡ 1 (mod 2).

 n = 2ਔ,Ӣࣁ a ≡ 1,3 (mod ॺाԵቾך,(4 x2 ≡ 1 (mod 4)аϷ x2 ≡ 3 (mod ٿ(4

ᅿ congruence equations. җှܭѸڻࣁ數ךॺёаଷ 2k+1 .ှࣁ ӢԜҗ (2k+1)2 =

4k(k+ 1)+ 1 ≡ 1 (mod 8), ޕॺך x2 ≡ 3 (mod 4) คှ. Զ x2 ≡ 1 (mod 4) ϐှࣁ x ≡ ±1

(mod 4) (ջ܌Ԗڻ數).

җय़論ޕ n = 3 ਔ, x2 ≡ 3,5,7 (mod 8) คှ, Զ x2 ≡ 1 (mod 8) ԖှЪှࣁ

x ≡ ±1,±3 (mod 8). n > 3 ਔ, ,ၰόૈӵԜฯբΠѐޕॺך ёаճҔ數ᏢᘜયݤளډаΠ
่݀.

Proposition 5.2.1. ଷ n ≥ 3 Ъ a .數ڻঁࢂ ߾ x2 ≡ a (mod 2n) ԖှऩЪऩ a ≡ 1

(mod 8).

Proof. ऩ a ≡ 3,5,7 (mod ޕҗ前߾,(8 x2 ≡ a (mod 8)คှ. Ӣࣁ n ≥ җࡺ,3 Lemma 4.2.3
ޕ x2 ≡ a (mod 2n) คှ. Ӣࣁ a ഭΠࡺ數ڻࣁ a ≡ 1 (mod 8) 的҂論. ॺѝךа܌
ाܴ a ≡ 1 (mod 8) ਔ x2 ≡ a (mod 2n) Ԗှ.

ςޕ n = 3 ਔԋҥ. ଷ n = k − 1 (k ≥ 4) ਔԋҥ, ջ a ≡ 1 (mod 8) ਔ, x2 ≡ a

(mod 2k−1) Ԗှ. ଷ c ∈ Z ࢂ x2 ≡ a (mod 2k−1) 的ঁှ (ջ 2k−1|c2 − a), Ψ൩ࢂᇥ
c2 = a+2k−1b, ύځ b ∈ Z. ॺགྷճҔך c ډפ x2 ≡ a (mod 2k) ϐှ. ऩ c2 = a+2k−1b ύځ

bࣁଽ數,߾Ծฅ 2k|c2−a,ள cࣁ x2 ≡ a (mod 2k)ϐှ.ऩ bڻࣁ數,߾Եቾ c′ = c+2k−2.
Ԝਔ c′2 = c2 +2k−1c+22k−4 = a+2k−1(b+ c)+22k−4. җܭ b ک c ޕ數ڻࣁࣣ 2|b+ c, ԶЪ
2k−4 = k+ k−4 ≥ k (Ӣ k ≥ 4), ளࡺ c′2 ≡ a (mod 2k). ள x2 ≡ a (mod 2k) Ԗှ. �
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ޕॺςך x2 ≡ a (mod 2n) ՖਔԖှՖਔคှ. ऩԖှਔ, ӧځ modulo 2n ϐΠԖӭϿ

?ګှ .ϐ໔的ᜢٰ߯ှঁٿॺ٩ฅҔך

Proposition 5.2.2. ଷ n ≥ 3 Ъ a ≡ 1 (mod 8). ऩ x ≡ c (mod 2n) ࢂ x2 ≡ a (mod 2n) 的

ঁှ, ߾ x ≡ c,c+2n−1,−c,−c+2n−1 (mod 2n) ࣁ x2 ≡ a (mod 2n) .Ԗ的ှ܌

Proof. ऩ c′ ∈Zҭࣁှ,߾ 2n|c2−c′2,ջ 2n|(c−c′)(c+c′). ाݙཀӢࣁ cک c′ ,數ڻࣁࣣ
ॺёаԖך c ≡ ±1 (mod 4) ک c′ ≡ ±1 (mod 4), Ѥᅿ. όၸόᆅࢂবᅿ c− c′

ک c+ c′ ϐύѸԖঁ (ЪԖঁ) όૈ 4 整ନ (ՠϝࣁଽ數). ӵӧٯ c ≡ 1 (mod 4)

Ϸ c′ ≡ −1 (mod 4) 的ݩ, ॺԖך c+ c ≡ 0 (mod 4) ՠ c− c′ ≡ 2 (mod 4). ջ 2|c− c′ ՠ

4 - c− c′. ॺӃԵቾך 4 - c+ c′ ೭ᅿ. Ԝਔ c+ c′ = 2λ , ύځ λ .數ڻࣁ ӢԜҗ前य़ςޕ
2n|(c− c′)(c+ c′), ள 2n|2λ (c− c′), ջ 2n−1|λ (c− c′). җܭ gcd(2,λ ) = 1, җࡺ Proposition
1.2.6(1) ள 2n−1|c− c′. ӕऩ 4 - c− c′, ޕ߾ 2n−1|c+ c′.

ᕴٰ่ᇥ, ऩ c′ ࢂ x2 ≡ a (mod 2n) ϐှ, Ӹӧ߾ t ∈ Z ٬ள c′ = c+ t2n−1 ܈ c′ =

−c+t2n−1. ϸϐऩ c′ = c+2n−1,߾ c′2 = c2+2nct+22n−2t2. җܭ 2n−2≥ n+1,ள c′2 ≡ c2 ≡ a

(mod 2n). ޕࡺ c′ ࣁ x2 ≡ a (mod 2n) ϐှ. ӕ c′ =−c+ t2n−1 ҭࣁ x2 ≡ a (mod 2n) ϐ

ှ. ฅԶ t 數ਔڻࢂ c′ = c+ t2n−1 ≡ c+ 2n−1 (mod 2n) Ъ c′ = −c+ t2n−1 ≡ −c+ 2n−1

(mod 2n). Զ t ଽ數ਔࢂ c′ = c+ t2n−1 ≡ c (mod 2n) Ъ c′ =−c+ t2n−1 ≡−c (mod 2n). ࡺ
ளޕӧ modulo 2n ϐΠ x2 ≡ a (mod 2n) ӅԖ x ≡ c,c+2n−1,−c+2n−1,−c (mod 2n) ೭ 4 ঁ

ਥ ཀӢݙ) c ,數ڻࣁ а೭٤數ӧ܌ modulo 2n ϐΠࣣ࣬౦). �

.ηٯॺٰ࣮ঁך

Example 5.2.3. ှ x2 ≡ 17 (mod 32). җܭ 17 ≡ 1 (mod 8),җ Proposition .ѸԖှޕ5.2.1
ॺճҔך Proposition 5.2.1 ܴύ܌Ҕ的Бפٰݤрঁှ. २Ӄှ x2 ≡ 17 (mod 25−1),
ջ x2 ≡ 1 (mod 16). ёޕ x = 1 ࣁ x2 ≡ 17 (mod 16) ϐှ. ՠҗܭ 12 −17 = 24 × (−1) Ъ

−1 ,數ڻࢂ ճҔࡺ Proposition 5.2.1 的ܴޕ 1+2(5−2) = 9 ࣁ x2 ≡ 17 (mod 32) ϐှ.
,ࡕှډפ നࡕճҔ Proposition 5.2.2 ޕ x ≡ 9,25,7,23 (mod 32) ࣁ x2 ≡ 17 (mod 32) ܌

Ԗ的ှ.

5.2.2. p .質數的ڻࣁ  p ,質數ਔڻࢂ ॺฅόૈӵך p = 2 的論. όၸҗ
Lemma 4.2.3 ऩޕॺך x2 ≡ a (mod p) คှ, ჹҺཀ߾ n ∈ N, x2 ≡ a (mod pn) ҭคှ. ך
ॺाҔ數Ꮲᘜયݤܴऩ x2 ≡ a (mod p) Ԗှ, ჹҺཀ߾ n ∈ N, x2 ≡ a (mod pn) ҭԖှ.

Proposition 5.2.4. ଷ p 質數Ъڻࣁ p - a. ߾ x2 ≡ a mod p ԖှऩЪऩჹҺཀ

n ∈ N, x2 ≡ a (mod pn) Ԗှ.

Proof. ॺाܴऩך x2 ≡ a (mod p) Ԗှ߾ x2 ≡ a (mod pn) ҭԖှ.

ऩ c ࣁ x2 ≡ a (mod p) ϐှ, ջӸӧ λ ∈ Z ٬ள c2 = a+λ p. Եቾ c′ = c+ t p. җ
ܭ c′2 = c2 +2ct p+ t2 p2 = a+(2ct +λ )p+ t2 p2. ऩा c′2 ≡ a (mod p2), ډפሡ߾ t ∈ Z ٬ள
2ct ≡−λ (mod p). ฅԶҗܭ 2c ک p ϕ質, Theorem 4.3.4 ນךॺ೭ኬ的 t ۓӸӧ. ࡺ
Ԝਔऩз c′ = c+ t p, ߾ x ≡ c′ (mod p2) ࣁ x2 ≡ a (mod p2) ϐှ.
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ճҔ數Ꮲᘜયݤଷ n = k − 1 (k ≥ 2) ਔ x2 ≡ a (mod pk−1) Ԗှ, Ъଷ x ≡ c

(mod pk−1) .ှځࣁ ॺགྷճҔך c ډפ x2 ≡ a (mod pk) 的ှ. җܭӸӧ λ ∈ Z ٬ள
c2−a = λ pk−1,ךॺԵቾ c′ = c+t pk−1. Ԝਔ c′2 = c2+2ct pk−1+t2 p2k−2 = a+(2ct+λ )pk−1+

t2 p2k−2. җܭ 2k−2 = k+k−2 ≥ k (Ӣ k ≥ 2) ॺளך c′2 ≡ a+(2ct +λ )pk−1 (mod pk). ΞӢ
ࣁ 2c ک p ϕ質, Ӹӧࡺ t ′ ∈ Z ٬ள 2ct ′+λ ≡ 0 (mod p). Ԝਔऩз c′ = c+ t ′p, ߾ x ≡ c′

(mod pk) ࣁ x2 ≡ a (mod pk) ϐှ. �

ӵ݀ x2 ≡ a (mod pn) Ԗှ, ၰӧޕॺฅԖᑫ፪ך modulo pn ϐΠ, x2 ≡ a (mod pn) ځ

ှ的ঁ數.

Proposition 5.2.5. ଷ p ,質數ڻࣁ p - a Ъ n ∈ N. ऩ x2 ≡ a mod pn ԖှЪ x ≡ c

(mod pn) ,ှځࣁ ߾ x ≡±c (mod pn) ࣁ x2 ≡ a (mod pn) .Ԗ的ှ܌

Proof. ଷ c′ ࣁ x2 ≡ a (mod pn) ϐќှ, ޕ pn|c2 − c′2. җܭ c ک c′ ࣣᆶ p ϕ質,
c+ c′ ک c− c′ ύѸԖঁᆶޕ p ϕ質, ց߾җ p|c+ c′ Ϸ p|c− c′ ёள p|2c, ԶΞ p ̸= 2,
ёள p|c ϐҟ࣯. ଷ c+ c′ ᆶ p ϕ質, Ԝਔ gcd(c+ c′, pn) = 1, җࡺ pn|(c+ c′)(c− c′)

Ϸ Proposition 1.2.6(1), ளޕ pn|c− c′, ջ c′ ≡ c (mod pn). ӕ, ऩ c− c′ ᆶ p ϕ質, ёள
c′ ≡−c (mod pn).

ќБय़, җ c2 ≡ a (mod pn) ޕ (−c)2 = c2 ≡ a (mod pn), ޕࡺ x ≡ ±c (mod pn) ࣁ

x2 ≡ a (mod pn) .Ԗ的ှ܌ �

.ηٯॺӆٰ࣮ঁך

Example 5.2.6. ှ x2 ≡ 14 (mod 125). җܭ x2 ≡ 14 ≡ 4 (mod 5) Ԗှ (x = 2 ,(ှࣁ җ
Proposition 5.2.4 ޕ x2 ≡ 14 (mod 125) ѸԖှ. ॺճҔך Proposition 5.2.4 ܴύ܌Ҕ的
Бפٰݤрঁှ. २Ӄפр x2 ≡ 14 (mod 25) ϐঁှ. ճҔ 2 ࣁ x2 ≡ 14 (mod 5) ϐ

ှ, Եቾ (2+5t)2 = 4+20t +25t2. ӢԜ (2+5t)2 −14 ≡−10+20t (mod 25). Ψ൩ࢂᇥሡ
ှр t ∈ Z ٬ள 20t ≡ 10 (mod 25), ջှ 4t ≡ 2 (mod 5). ёள t = 3 ,ှࣁ Εࡺ 2+5t

ள x = 17 ࣁ x2 ≡ 14 (mod 25) ϐှ. ӆճҔ 17  x2 ≡ 14 (mod 125) ϐှ. Եቾ
(17+25t)2 = 289+850t+625t2. ӢԜ (17+25t)2−14 ≡ 275+850t ≡ 25+100t (mod 125). Ψ
൩ࢂᇥሡှр t ∈ Z ٬ள 100t ≡−25 (mod 125), ջှ 4t ≡−1 (mod 5). ёள t = 1 ,ှࣁ
Εࡺ 17+25t ள x = 42 ࣁ x2 ≡ 14 (mod 125) ϐှ. ,ࡕှډפ നࡕճҔ Proposition
5.2.2 ޕ x ≡±42 (mod 125) ࣁ x2 ≡ 14 (mod 125) .Ԗ的ှ܌

ॺςֹӄΑှך x2 ≡ a (mod 2n) 的ှ的ݩ. Զ p ,質數ਔڻࢂ ჹҺཀ n ∈ N, x2 ≡ a

(mod pn) ύځ) p - a) 的ှ的ֹݩӄܭ،ڗ x2 ≡ a (mod p) 的ှ的ݩ. ॺךࡕаа܌
ܭݙ x2 ≡ a (mod p) ύځ p 質數Ъڻࣁ p - a 的.
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5.3. The Legendre Symbol

的二次ှעॺςך congruence equation 的ϯᙁှډ x2 ≡ a (mod p), ځ
ύ p 質數Ъڻࣁ p - a 的. ೭္ךॺஒՖਔ x2 ≡ a (mod p) Ԗှ. ԿܭऩԖှӵՖ
,ှפ .ӆೀࡕݤӭБ׳ΠകᏢಞࡑॺ੮ך

җךܭॺѝᜢݙ x2 ≡ a (mod p) ՖਔԖှ, Ֆਔคှ, ॺϟಏঁ಄ဦᆀך (Legendre
symbol) .คှ܈ԖှځҢ߄ٰ

Definition 5.3.1. ๏ڻۓ質數 p аϷ a ∈ Z ᅈى p - a. ऩ x2 ≡ a (mod p) Ԗှ, ॺᆀך a

ঁࢂ quadratic residue modulo p ٠а
(

a
p

)
= 1 .Ңϐ߄ ϸϐ, ऩ x2 ≡ a (mod p) คှ,

ॺᆀך a ঁࢂ quadratic nonresidue modulo p ٠а
(

a
p

)
=−1 .Ңϐ߄

२Ӄाݙཀ的ࢂ Legendre symbol όाکϩ數བష. ӧ本ᖱကύ的ϩ數ӵΟϩϐ二的
ѳБךॺҔ (

2
3
)2 ܈ (2/3)2 ೭ٿᅿБ߄ݤҢ, .ဦКၨλࡴ Զ Legendre symbol

(
2
3

)
的

.ဦКၨεࡴ ќѦۓ٩က Legendre symbol 的ϩ҆ࢂۓঁڻ質數Ъϩηکۓϩ҆ϕ
質 (Ԗ的ਜೕۓόӕ, ೭္ࣁΑόᡣӕᏢབషךॺᝄӵԜೕۓ). ӵӧ本ᖱကύٯ

(
5
6

)
)܈

6
3

)
೭ኬ的಄ဦؒࢂཀက的.

ௗΠٰךॺٰ࣮ Legedre symbol .ளϐ性質܌ကۓௗ٩ޔ

Lemma 5.3.2. ଷ p 質數Ъڻঁࢂ a ∈ Z ᅈى p - a.

(1)
(

a2

p

)
= 1.

(2) ऩ b ∈ Z ᅈى b ≡ a (mod p), ߾
(

a
p

)
=

(
b
p

)
.

Proof. (1) ाղᘐ a2 ࣁցࢂ quadratic residue modulo p, Ψ൩ࢂाղᘐ x2 ≡ a2 (mod p)

.ցԖှࢂ ฅԶࡐܰޕၰ x = a ࢂ x2 ≡ a2 (mod p) 的ှ, ޕࡺ
(

a2

p

)
= 1.

(2) ाղᘐ b ࣁցࢂ quadratic residue modulo p, Ψ൩ࢂाղᘐ x2 ≡ b (mod p) ցࢂ

Ԗှ. ฅԶ٩ଷ b ≡ a (mod p) ाှࡺ x2 ≡ b (mod p) ൩ӕှܭ x2 ≡ a (mod p). )ޕࡺ
b
p

)
=

(
a
p

)
. �

ჴځ x2 ≡ a (mod p) ाόฅԖှाόฅ൩คှ. аऩஒ܌ Legendre symbol ࣮ԋѝࢂ
ঁ಄ဦ߄ҢԖှคှ൩ϼλ࣮ѬΑ. ऩाۓ಄ဦ, ࣁۓॺΨёаஒԖှך 1 คှࣁۓ 0,
,數ঁٿд࣬౦的ځ܈ ࣁۓՖाஒԖှࣁ 1 คှࣁۓ −1 ?ګ ᇥჴ၉ऩགྷҔঁٿ數ӷٰ߄
ҢԖှ܈คှ的ݩ, ٗ的࡛ࢂሶۓॶёа, ฅԶӵԜٰ೭ኬ的಄ဦഗӭᡣךॺБ
,ݩคှ的܈Ԗှၲ߄ߡ ؒԖϙሶϼε的ཀက. Legendre symbol ϐ܌аाஒԖှࣁۓ 1

คှࣁۓ −1, ЬाךࢂॺёаஒѬॺ࣮ԋ整數的 1 ک −1 ٰ४ݤၮᆉ. Πय़ࢂচӢ൩ځ
೭ঁۓ.
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Theorem 5.3.3 (Euler’s Criterion). ଷ p 質數Ъڻঁࢂ a ∈ Z ᅈى p - a.

(1) ऩ x2 ≡ a (mod p) Ԗှ, ߾ a(p−1)/2 ≡ 1 (mod p).

(2) ऩ x2 ≡ a (mod p) คှ, ߾ a(p−1)/2 ≡−1 (mod p).

Proof. (1) ऩ x2 ≡ a (mod p) ԖှЪ x = c ,ှځࣁ ջ c2 ≡ a (mod p). Ԝਔ

a
p−1

2 ≡ (c2)
p−1

2 ≡ cp−1 (mod p).

җܭ a ک p ϕ質, а܌ x2 ≡ a (mod p) ϐှ c ҭᆶ p ϕ質. ӢԜճҔ Fermat’s Little
Theorem (3.3.4) ޕ cp−1 ≡ 1 (mod p), ளࡺ a(p−1)/2 ≡ 1 (mod p).

(2) Եቾ S = {1,2, . . . , p−1} ೭ঁ reduced residue system modulo p. ჹҺཀ i ∈ S, җ
ܭ i ک p ϕ質, җࡺ Theorem 4.3.4 ޕ ix ≡ a (mod p) ӧ modulo p ϐΠԖှ. җܭ a

ک p ϕ質, ѸΨᆶှځޕࡺ p ϕ質. ඤѡ၉ᇥ, ๏ۓ i ∈ S ѸӸӧ的 j ∈ S ᅈى i j ≡ a

(mod p). ाݙཀԜਔ j ̸= i, ց߾ளډ i2 ≡ a (mod p), Ψ൩ࢂᇥ x = i ࢂ x2 ≡ a (mod p)

的ঁှ, Ԝᆶ x2 ≡ a (mod p) คှ的ଷ࣬ҟ࣯. ќБय़ΨाݙཀӢࣁ jx ≡ a (mod p)

ӧ modulo p ϐΠှځЪςޕ x = i ,ှځࣁ ќঁډפаόёૈ܌ i′ ∈ S ٬ள i′ j ≡ a

(mod p). ӢԜჹܭ S ύ的ϡન, ,ଛჹٿٿॺёаஒϐך Ψ൩ࢂჹҺཀ i ∈ S ஒ i ىᅈک

i j ≡ a (mod p) 的 j ∈ S ࣬ଛჹ. ӵԜٰךॺӅԖ (p− 1)/2 ჹ. җܭჹ࣬४ӧ
modulo p ϐΠک a congruent, ёளࡺ

(p−1)! = 1 ·2 · · · p−1 ≡ a
p−1

2 (mod p).

όၸ Wilson’s Theorem (3.4.3) ນךॺ (p − 1)! ≡ −1 (mod p), ளࡺ a(p−1)/2 ≡ −1

(mod p). �

ӵ݀εৎό଼ב的၉, ߃ӧܴ Wilson’s Theorem ஒࢂॺך S = {1, . . . , p− 1} ύϐ
ϡન٩ i j ≡ 1 (mod p) ٰଛჹ. а܌ Wilson’s Theorem ک Euler’s Criterion 的ܴԖ౦Ԕ
ӕπϐ֮.

 p - a ਔ a(p−1)/2 ӧ modulo p ϐΠϐॶόࢂ 1 ൩ࢂ −1. ೭ࢂӢࣁऩз b = a(p−1)/2,
߾ b2 = ap−1 ≡ 1 (mod p), Ψ൩ࢂᇥ x = b ࣁ x2 ≡ 1 (mod p) ϐਥ. ӢԜҗ Lemma 3.4.2
ޕ b ≡ ±1 (mod p). ӢԜ, ๏ۓ a ∈ Z ᅈى p - a, ॺёаҗך a(p−1)/2 modulo p ࣁ 1 ܈

−1 ٰղᘐ x2 ≡ a (mod p) .ցԖှࢂ ,ӵٯ ऩ a(p−1)/2 ≡ 1 (mod p) ԶΞ
(

a
p

)
=−1, Ӣ߾

x2 ≡ a (mod p) คှҗ Theorem 5.3.3 ޕ a(p−1)/2 ≡−1 (mod p). ೭ԋ 1 ≡−1 (mod p)

ջ p|2 的ҟ࣯. ӢԜךॺޕ, ऩ a(p−1)/2 ≡ 1 (mod p), ߾
(

a
p

)
= 1. ӕ, ऩ a(p−1)/2 ≡ −1

(mod p), ߾
(

a
p

)
= −1. ೭൩ࢂ Legendre symbol ڗ 1 ک −1 .ॶ的җࣁ ॺԖаΠϐך

่論.

Corollary 5.3.4. ଷ p 質數Ъڻঁࢂ a ∈ Z ᅈى p - a. )߾
a
p

)
≡ a

p−1
2 (mod p).
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ၰޕॺाךࡕаϞ܌ x2 ≡ a (mod p) Ԗှ܈คှ, ѝाѐᆉ a(p−1)/2 ନа p 的Ꭹ數ࢂ 1

܈ p−1. ऩᎩ數ࢂ 1 ,Ԗှ߾ ऩᎩ數ࢂ p−1 .คှ߾ όၸ೭ঁБݤӧჴሞݩރΠϝࡐ٣,
Ӣࣁाीᆉ a(p−1)/2 ٰᇥ p .ഞྠࡐࡐεਔϝࡐ όၸ೭ঁ criterion ӧܴܜຝ
的ۓਔ൩ࡐᆅҔΑ. ॺԖаΠԖᜢך Legendre symbol 的ख़ा性質.

Proposition 5.3.5. ଷ p 質數Ъڻঁࢂ a,b ∈ Z ᅈى p - a Ъ p - b. )߾
ab
p

)
=

(
a
p

)(
b
p

)
.

Proof. җ Corollary 5.3.4 )ޕ
ab
p

)
≡ (ab)

p−1
2 = a

p−1
2 b

p−1
2 ≡

(
a
p

)(
b
p

)
(mod p).

җܭ

(
ab
p

)
ک

(
a
p

)(
b
p

)
ϐॶाόࢂ 1 ൩ࢂ −1, адॺӧ܌ modulo p ϐΠӕᎩ߄ҢѸ

࣬ (ց߾Ξள p|2 ϐҟ࣯). ளࡺ
(

ab
p

)
=

(
a
p

)(
b
p

)
. �

Proposition 5.3.5 ёарࡐзΓӞᡋ的่݀. ӵଷٯ x2 ≡ a (mod a) ک x2 ≡ b

(mod p) ࣣԖှЪ x = c ک x = c′ ϩձځࣁှ. ٗሶךॺࡐܰள x2 ≡ ab (mod p)

ѸԖှ. Ӣࣁ x = cc′ ൩ځࢂύϐှ. όၸऩ x2 ≡ a (mod a) ک x2 ≡ b (mod p) ύځ

Ԗঁคှࣣࢂ܈คှ, ٗॺךॺ൩ࡐᜤճҔှБำԄ的Бٰݤೀ x2 ≡ ab (mod p)

.ցԖှΑࢂ όၸऩճҔ Proposition 5.3.5, ऩޕߡ的זࡐॺך x2 ≡ a (mod p) Ԗှՠ

x2 ≡ b (mod p) คှ (ջ
(

a
p

)
= 1,

(
b
p

)
= −1), ߾ x2 ≡ ab (mod p) คှߡ (ӢࣁԜਔ(

ab
p

)
= 1× (−1) = −1). ऩࢂзΓ౦的׳ x2 ≡ a (mod p) ک x2 ≡ b (mod p) ࣣคှ, ך

ॺёаޕ x2 ≡ ab (mod p) ѸԖှ (ӢࣁԜਔ
(

ab
p

)
= (−1)× (−1) = 1). ೭ঁ่݀ࡐࢂᜤҔ

Ԗှคှ೭ኬ的ٰࡋفղᘐ的.

Proposition 5.3.5 ќঁӳೀࢂჹҺཀ整數 a ॺёаϩှԋך a = (−1)m2n0qn1
1 · · ·qnr

r , ځ
ύ qi 質數ڻࣁ (Ъ p ̸= qi Ӣ p - a), m ∈ {0,1}, ni ≥ 0. ӢԜёள(

a
p

)
=

(
−1
p

)m(
2
p

)n0
(

q1

p

)n1

· · ·
(

qr

p

)nr

.

Ψ൩ࢂᇥ๏ۓڻ質數 p, ၰޕॺѝाך
(
−1
p

)
,
(

2
p

)
ک

(
q
p

)
(q Һཀᆶࣁ p ࣬౦的ڻ

質數) ϐॶ, ٗሶჹҺཀᆶ p ϕ質的整數 a, ൩ёаᆉр
(

a
p

)
ϐॶΑ.

ॺவচٰाΑှ二次的ך congruence equation ှ的, ၡϯᙁډӧѝाΑ
ှ x2 ≡ −1 (mod p), x2 ≡ 2 (mod p) ک x2 ≡ q (mod p) ύځ) q ᆶࢂ p ࣬౦的ڻ質數), ೭
ΟᅿᙁൂԄ的. ೭൩ှࢂ،數Ꮲୢᚒதၶډ的җᕷϯᙁ的ၸำ, ॶளεৎಒಒᡏځ
ύ的ᄽϯ. ќҹԖ፪的ࢂ Legendre symbol ک Euler’s Criterion ᔅշךॺஒঁচ本ှ
二次 congruence equation 的ୢᚒඤԋќѦঁှکБำԄֹӄคᜢ的Бٰݤೀ. ௗΠٰ
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ाճҔ೭ኬ的БԄٰೀࢂॺ൩ך

(
−1
p

)
,
(

2
p

)
ک

(
q
p

)
, Զόӆޔௗ x2 ≡ −1,2,q

(mod p) Ԗှࢂ܈คှ.

5.4. Quadratic Reciprocity Law

ॺഭΠा論ך

(
−1
p

)
,
(

2
p

)
ک

(
q
p

)
ϐॶ. ӧ೭ύ p ک q ҉ᇻ߄Ң࣬ٿ౦ڻ

質數, .ॺ൩όќуᇥܴΑך

5.4.1. 
(
−1
p

)
. ॺ२Ӄך

(
−1
p

)
的ڗॶ. εৎᅪൽ܈ a ঁॄ整ࢂ

數ਔ, ۓёаډפ҅整數 b ٬ள a ≡ b (mod p), ӢԜճҔ Lemma 5.3.2(2) )ॺԖך
a
p

)
=

(
b
p

)
, ?ګݩՖᗋाԵቾॄ的ࣁ൩ӳΑݩаѝा҅整數的܌ ؒᒱ, 

ٰᇥךॺѝाޕၰ҅整數的൩ىΑ, όၸԵቾॄ整數ΨԖځБߡ性. )ॺाךӵٯ
97
101

)
. Ӣࣁ 97 ≡ −4 = (−1)× 22 (mod 101), ճҔ Lemma 5.3.2 аϷ Proposition 5.3.5

ଭёள

(
97

101

)
=

(
−1
101

)
. ќБय़ӧ modulo p ϐΠࢂցԖϡનႽፄ數ύ的 i ኬᅈ

ى i2 =−1 চ本Ψ൩ࢂঁԖ፪的ୢᚒ. аΑှ܌
(
−1
p

)
ϐॶ٣ჴࢂѸा的.

Euler’s Criterion ᗨฅӧᆉ的
(

a
p

)
όࡐࢂӳҔ, όၸӧᆉ

(
−1
p

)
൩ࡐӳҔΑ.

Theorem 5.4.1. ଷ p ,質數ڻࢂ )߾
−1
p

)
=

{
1,  p ≡ 1 (mod 4);
−1,  p ≡−1 (mod 4).

Proof. ճҔ Corollary 5.3.4 )ޕॺך
−1
p

)
≡ (−1)

p−1
2 (mod p).

ऩ p ≡ 1 (mod 4), ҢӸӧ߄ k ∈ N ٬ள p = 4k+ 1, ளࡺ (−1)(p−1)/2 = (−1)2k = 1. ӢԜ

ள

(
−1
p

)
= 1. ऩ p ≡ −1 (mod 4), ҢӸӧ߄ k ∈ N ٬ள p = 4k−1, ளࡺ (−1)(p−1)/2 =

(−1)2k−1 =−1. ӢԜள
(
−1
p

)
=−1. �

ाݙཀҗܭ p ,質數ڻࢂ ӢԜ p ӧ modulo 4 ϐΠाόฅک 1 ӕᎩाόฅ൩ک −1 ӕᎩ,
а܌ Theorem 5.4.1 ๏Α

(
−1
p

)
ֹ整的เਢ. Ϟךࡕॺाޕၰ x2 ≡−1 (mod p) ցԖှࢂ

ਔ, ѝा࣮ p ӧ modulo 4 ϐ൩ёаޕၰเਢ. ၰޕॺགྷךӵখωٯ x2 ≡ 97 (mod 101)

,ցԖှࢂ җ
(

97
101

)
=

(
−1
101

)
аϷ 101 ≡ 1 (mod 4) ଭޕၰ x2 ≡ 97 (mod 101) Ԗှࢂ

的.
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5.4.2. 
(

2
p

)
. ௗΠٰךॺा

(
2
p

)
的ڗॶ. ஒ 2 質數ϩ໒論ڻ的ک

的চӢࢂӢࣁ 2 ,的ଽ質數ࢂ ,質數όӕ的ڻکࢂݩރӭࡐӧ߄ځ ٣ჴךॺӧ前य़
ς࣮ډӭӧ 2 的کݩڻ質數Ԗࡐεόӕ的ٯӵ x2 ≡ a (mod 2n) ک x2 ≡ a

(mod pn) ೭ٿᅿ congruence equation .ᄊ൩ֹӄόӕ的ှځ

ाҔࢂॺᗋך Euler’s criterion 的ᆒઓٰ
(

2
p

)
Զόޔࢂௗ x2 ≡ 2 (mod p) Ֆਔ

Ԗှ. ฅԶ Euler’s criterion ٠όૈޔௗҔٰ
(

2
p

)
, ЬाচӢךࢂॺ೭္的 p ࢂ

的ڻ質數Զόࢂۓ的ڻ質數, ीݤаਥ本ค܌ 2(p−1)/2 ӧ modulo p ϐΠࣁ 1 ܈ −1. ך
ॺѸᏤрќѦ的Бݤёаᔅշךॺ 2(p−1)/2 ӧ modulo p ϐ.

Lemma 5.4.2 (Gauss’s Lemma). ଷ p 質數Ъڻࢂ a ∈ Z ᅈى p - a. Եቾӝ S =

{a,2a, . . . ,
p−1

2
a}. ऩ S ύӅԖ n ঁϡનځନа p 的Ꭹ數εܭ (p−1)/2, ߾

a
p−1

2 ≡ (−1)n (mod p).

Proof. ॺஒך S ύ的ϡનନа p 的Ꭹ數ϩԋ r1, . . . ,rn Ϸ s1, . . . ,sm ,ҽٿ ύځ ri εࢂ

ܭ (p−1)/2 的ҽ, Զ s j ܭܭλ߄ (p−1)/2 的ҽ. җܭ S ύ的ϡનࣣᆶ p ϕ質, ܌
аჹ܌Ԗ的 i ∈ {1, . . . ,n} ک j ∈ {1, . . . ,m} ٩ ri,s j 的ۓကךॺޕӸӧ 1 ≤ ni ≤ (p−1)/2 ٬

ள nia ନа p 的Ꭹ數ࣁ ri Ъ (p+ 1)/2 ≤ ri ≤ p− 1, ќБय़Ӹӧ 1 ≤ m j ≤ (p− 1)/2 ٬

ள m ja ନа p 的Ꭹ數ࣁ s j Ъ 1 ≤ s j ≤ (p− 1)/2. ाݙཀԜਔ n+m = (p− 1)/2, Եቾ
T = {p− r1, . . . , p− rn,s1, . . . ,sm}, ॺाܴך T = {1,2, . . . ,(p−1)/2}.

ाܴ T = {1,2, . . . ,(p− 1)/2}. ॺӃܴך T ⊆ {1,2, . . . ,(p− 1)/2}. ฅԶჹҺཀ
的 i ∈ {1, . . . ,n} ॺԖך p− ri ≤ p− (p+ 1)/2 = (p− 1)/2 Ъ p− ri ≥ p− (p− 1) = 1, ޕࡺ
p− ri ∈ {1,2, . . . ,(p−1)/2}. ќБय़ჹҺཀ j ∈ {1, . . . ,m} ςޕ 1 ≤ s j ≤ (p−1)/2 ளࡺ

T ⊆ {1,2, . . . ,(p−1)/2}.

ௗΠٰךॺܴ p− ri, i ∈ {1, . . . ,n} ک s j, j ∈ {1, . . . ,m} ೭ n+m (ջ (p− 1)/2) ঁ
ϡનࣣ࣬౦, ёளߡ T = {1,2, . . . ,(p− 1)/2}. ॺाܴךа܌ (1): 1 ≤ i ̸= i′ ≤ n ਔ,
p− ri ̸= p− ri′ ; (2): 1 ≤ j ̸= j′ ≤ m ਔ, s j ̸= s j′ аϷ (3): ჹҺཀ i ∈ {1, . . . ,n}, j ∈ {1, . . . ,m},
p− ri ̸= s j.

 1 ≤ i ̸= i′ ≤ n ਔ, ऩ p− ri = p− ri′ Ң߄ ri = ri′ , ကջۓ٩ nia ک ni′a ନа p 的Ꭹ數

࣬ӕ, Ψ൩ࢂᇥ nia ≡ ni′a (mod p). ฅԶςଷ a ک p ϕ質ࡺҗ Corollary 3.2.4 ޕ ni ≡ ni′

(mod p). ՠԜᆶ 1 ≤ ni ̸= ni′ ≤ (p− 1)/2 的ଷҟ࣯, ளࡺ p− ri ̸= p− ri′ , ջ (1) ჹࢂ
的. ӕёள (2) .ჹ的ࢂ Կܭ (3), ऩ p− ri = s j, Ң߄ ri + s j = p, ёள nia+m ja ≡ 0

(mod p). ӆҗࡺ Corollary 3.2.4 ள ni +m j ≡ 0 (mod p). ฅԶ 1 ≤ ni,m j ≤ (p− 1)/2, ள
2 ≤ ni +m j ≤ p−1, όёૈᅈى p|ni +m j, ளࡺ p− ri ̸= s j.

ฅࡽ T = {1,2, . . . ,(p−1)/2}, ॺளך

p−1
2

! = (p− r1) · · ·(p− rn) · s1 · · ·sm ≡ (−1)nr1 · · ·rn · s1 · · ·sm (mod p).
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ќБय़ S = {a,2a, . . . ,
p−1

2
a} ύϡનନа p 的Ꭹ數܌ԋ的ӝࣁ {r1, . . . ,rn,s1, . . . ,sm},

ளࡺ

r1 · · ·rn · s1 · · ·sm ≡ a ·2a · · · p−1
2

a =
p−1

2
! ·a

p−1
2 (mod p).

Ԅ整ளک
p−1

2
! ≡ (−1)n p−1

2
! ·a

p−1
2 (mod p).

Ӣࣁ
p−1

2
! ک p ϕ質, җࡺ Corollary 3.2.4 ޕ

1 ≡ (−1)na
p−1

2 (mod p),

ջ

a
p−1

2 ≡ (−1)n (mod p).

�

ऩ {a,2a, . . . ,
p−1

2
a}ύӅԖ nঁϡનନа p的Ꭹ數εܭ (p−1)/2,߾җ Corollary 5.3.4

аϷ Lemma 5.4.2 ޕ (
a
p

)
≡ a

p−1
2 ≡ (−1)n (mod p).

җࡺ

(
a
p

)
的ڗॶࣁ ±1, ள (

a
p

)
= (−1)n.

Gauss’s Lemma ஒᕷፄ a(p−1)/2 的ीᆉඤԋीᆉ {a,2a, . . . ,
p−1

2
a} ύԖӭϿঁନа p

的Ꭹ數εܭ (p−1)/2, ዴჴஒୢᚒᙁϯΑ. ॺёаճҔѬٰीᆉך
(

2
p

)
.

Theorem 5.4.3. ଷ p ,質數ڻࢂ )߾
2
p

)
=

{
1,  p ≡±1 (mod 8);
−1,  p ≡±3 (mod 8).

Proof. Եቾ S = {2,2×2, . . . ,
p−1

2
×2}, ॺளך S = {2,4, . . . , p−1}. Ψ൩ࢂᇥ S ύ的ϡ數

ନа p ࣁ࡞ԋ的ӝ܌ளᎩ數܌ S, ջλܭ p 的҅ଽ數܌ԋϐӝ. җܭ p ,數ڻࢂ ॺஒך
ϐϩԋ p ≡±1,±3 (mod 8) Ѥᅿٰ論. ࣮࣮ S ύԖӭϿϡનεܭ (p−1)/2.

 p = 8k+ 1 (ջ p ≡ 1 (mod 8)) ਔ, (p− 1)/2 = 4k. ӢԜ S ύεܭ (p− 1)/2 的ϡન

ঁ數ջࣁλܭܭ p− 1 = 8k Ъεܭ 4k 的ଽ數ϐঁ數. ӅԖځޕ (8k− 4k)/2 = 2k. җࡺ
Corollary 5.3.4 аϷ Lemma 5.4.2 )ޕ

2
p

)
= (−1)2k = 1.

 p = 8k−1 (ջ p ≡−1 (mod 8)) ਔ, (p−1)/2 = 4k−1. ӢԜ S ύεܭ (p−1)/2 的ϡ

નঁ數ջࣁλܭܭ p−1 = 8k−2 Ъεܭ 4k−1 的ଽ數ϐঁ數. ӅԖځޕ (8k−2− (4k−
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2))/2 = 2k. җࡺ Corollary 5.3.4 аϷ Lemma 5.4.2 )ޕ
2
p

)
= (−1)2k = 1.

 p = 8k+3 (ջ p ≡ 3 (mod 8)) ਔ, (p−1)/2 = 4k+1. ӢԜ S ύεܭ (p−1)/2 的ϡન

ঁ數ջࣁλܭܭ p−1 = 8k+2 Ъεܭ 4k+1 的ଽ數ϐঁ數. ӅԖځޕ (8k+2−4k)/2 =

2k+1. җࡺ Corollary 5.3.4 аϷ Lemma 5.4.2 )ޕ
2
p

)
= (−1)2k+1 =−1.

 p = 8k−3 (ջ p ≡−3 (mod 8)) ਔ, (p−1)/2 = 4k−2. ӢԜ S ύεܭ (p−1)/2 的ϡ

નঁ數ջࣁλܭܭ p−1 = 8k−4 Ъεܭ 4k−2 的ଽ數ϐঁ數. ӅԖځޕ (8k−4− (4k−
2))/2 = 2k−1. җࡺ Corollary 5.3.4 аϷ Lemma 5.4.2 )ޕ

2
p

)
= (−1)2k−1 =−1.

�

ԖΑ Theorem 5.4.3, ๏ۓڻ質數 p, ၰޕܰࡐॺஒך x2 ≡ 2 (mod p) .ցԖှࢂ ٯ
ӵӢࣁ 101 ≡ 5 ≡−3 (mod ޕࡺ,(8 x2 ≡ 2 (mod 101)คှ. Զ 23 ≡−1 (mod ޕࡺ(8 x2 ≡ 2

(mod 23) Ԗှ. ٣ჴ 52 ≡ 2 (mod 23), ޕࡺ x ≡±5 (mod 23) ࣁ x2 ≡ 2 (mod 23) ϐှ.

5.4.3. 
(

q
p

)
. നךࡕॺٰ p,q .質數的ڻ౦࣬ࣁ ऩ๏ۓΑ p ک q ॺฅ൩ך

ёаճҔ Gauss’s Lemma 
(

q
p

)
, όၸӧा論的ࢂ的 p ک q, ॺѸԵቾձ的ך

Бݤ.

ӧ Gauss’s Lemma ύךॺሡाᆉр {a,2a, . . . ,
p−1

2
a} ύԖӭϿϡનځନа p 的Ꭹ數ε

ܭ (p−1)/2. ऩঁځ數ࣁ n, ߾
(

a
p

)
= (−1)n. җܭ (−1)n 的ڗॶֹӄܭ،ڗ n ܈數ڻࢂ

ଽ數, ॺ٠όሡᆒዴӦᆉрךа܌ n ,ӭϿࣁ ѝሡዴᇡڻࣁځ數܈ଽ數ջё. аΠךॺஒϟ
ಏঁղձ n ,ݤଽ的Б܈ڻࣁ όၸҗךܭॺाԵቾ的

(
q
p

)
ύځ q ,質數ڻࣁ аۭΠ的܌

БݤύךॺԵቾ a .ݩ數的ڻࣁ

.ॺӃϟಏঁ಄ဦךߡΑБࣁ ๏ۓჴ數 r, ॺзך [r] ܭܭҢλ߄ r 的整數ύന

ε的整數. ӵऩٯ π ,ڬ༝߄ ߾ [π] = 3. Ξٯӵ [−5.2] =−6. ाݙཀ m,n 整數ਔ҅ࢂ

[m/n] ջࣁ m ନа n 的.

Lemma 5.4.4. ๏ۓڻ質數 pϷ҅ڻ數 aᅈى p - a. ऩз n߄Ңӝ {a,2a, . . . ,
p−1

2
a}

ύନа p Ꭹ數εܭ (p−1)/2 的ϡનঁ數, ߾

n ≡
(p−1)/2

∑
k=1

[
ka
p

]
(mod 2).
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Proof. ଷ ka ନа p 的Ꭹ數ࣁ r, ॺԖךကۓ٩߾ ka = p[ka/p]+ r. ऩ٩ࡺ Lemma 5.4.2
的ܴךॺஒ {a,2a, · · · , p−1

2
a} ύ的ϡનନа p 的Ꭹ數ϩԋ r1, . . . ,rn Ϸ s1, . . . ,sm ,ҽٿ

ύځ ri ܭεࢂ (p−1)/2 的ҽ, Զ s j ܭܭλ߄ (p−1)/2 的ҽ, ߾
(p−1)/2

∑
k=1

ka =
(p−1)/2

∑
k=1

p
[

ka
p

]
+

n

∑
i=1

ri +
m

∑
j=1

s j.

җךܭॺӧЯ܈ڻଽ, аёԵቾԄӧ܌ modulo 2 的ݩ, ճҔࡺ a ک p 數ڻࣁࣣ (ջ
a ≡ p ≡ 1 (mod 2)) ॺளך

(p−1)/2

∑
k=1

k ≡
(p−1)/2

∑
k=1

[
ka
p

]
+

n

∑
i=1

ri +
m

∑
j=1

s j (mod 2). (5.1)

ќБय़ӧ Lemma 5.4.2 的ܴύךॺள

{p− r1, . . . , p− rn,s1, . . . ,sm}= {1,2, . . . ,(p−1)/2}.

ளࡺ
(p−1)/2

∑
k=1

k =
n

∑
i=1

(p− ri)+
m

∑
j=1

s j = np−
n

∑
i=1

ri +
m

∑
j=1

s j.

ӆճҔ p ≡ 1 (mod 2) ள

(p−1)/2

∑
k=1

k ≡ n−
n

∑
i=1

ri +
m

∑
j=1

s j (mod 2). (5.2)

ӝٳԄη (5.1) ک (5.2) ள

n ≡
(p−1)/2

∑
k=1

[
ka
p

]
+2

n

∑
i=1

ri ≡
(p−1)/2

∑
k=1

[
ka
p

]
(mod 2).

�

ӆ次மፓӧ Lemma 5.4.4 的ܴύךॺҔډ a 數ڻࢂ (ջ a ≡ 1 (mod 2)) 的ଷ, а܌

Ԝ่݀Ҕܭ a ,ݩ數的ڻࣁ ίձҔԜٰݤᆉ
(

2
p

)
.

ճҔ Corollary 5.3.4 аϷ Lemma 5.4.2, Lemma 5.4.4, 質數ڻۓ๏ޕॺך p, ाीᆉ
ঁ҅ڻ數 a ځ

(
a
p

)
ϐॶ, ॺѝाीᆉך ∑(p−1)/2

k=1 [ka/p] ϐॶջё. ऩځॶࣁ N, )ள߾
a
p

)
=(−1)N ӵाٯ.

(
5

11

)
ॺѝाीᆉך, [5/11]+[10/11]+[15/11]+[20/11]+[25/11].

ᆉрځॶࣁ 4, ޕࡺ
(

5
11

)
= (−1)4 = 1.

ௗךॺाճҔ Lemma 5.4.4 ٰीᆉ
(

q
p

)
. ܰှᆉࡐ

(
q
p

)
όЗک p ԖᜢΨک

q Ԗᜢ, ॺाךа܌
(

q
p

)
ک

(
p
q

)
的ᜢ߯. җܭ p,q ,質數ڻࣁࣣ ॺёаճҔך

Lemma 5.4.4 ٰीᆉ
(

q
p

)
ک

(
p
q

)
. ӢԜךॺा ∑(p−1)/2

k=1 [kq/p] ک ∑(q−1)/2
l=1 [l p/q] ϐ໔

的ᜢ߯.
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ӧԜୢᚒ前, ٰ࣮ࡋفॺӆவќঁך [r] ೭ঁ整數.  r ,的ჴ數ਔ҅ࢂ [r] ϐ

ॶ൩܌ࢂԖᅈى 0 ≤ n ≤ r 的҅整數 n 的ঁ數. ӧ֤ xy-ѳय़, ॺᆀך x-ືϷ y-ື֤
ࣣ҅ࣁ整數的ᗺࣁ “҅ηᗺ”. ٩Ԝ࣮ݤ,  k ,整數ਔ҅ࢂ [kq/p] ϐॶ൩ޔࢂጕ x = k

ӧ 0 ≤ y ≤ kq/p ϐ໔的҅ηᗺঁ數. Զ l ,整數ਔ҅ࢂ [l p/q] ϐॶ൩ޔࢂጕ y = l ӧ

0 ≤ x ≤ l p/q ϐ໔的҅ηᗺঁ數. ճҔ೭ᅿᢀᗺ, .ॺԖаΠϐ่݀ך

Lemma 5.4.5. ଷ p ک q .質數ڻ౦࣬ࣁ ߾
(p−1)/2

∑
k=1

[
kq
p

]
+

(q−1)/2

∑
l=1

[
l p
q

]
=

p−1
2

q−1
2

.

Proof. ӧ xy-ѳय़, Եቾа (0,0), (p/2,0), (p/2,q/2) аϷ (0,q/2) Ѥᗺࣁഗᗺ的ߏБ

ୱ T , ٠аޔጕ L : y = (q/p)x ஒԜୱϩԋ T1 ک T2 .ҽٿ ύځ T1 ጕޔ߄ L ΠБ的

ҽ, Զ T2 ጕޔ߄ L Б的ҽ, ӵΠკ.

-

6 L : y = (q/p)x

(p/2,0)

(p/2,q/2)(0,q/2)

(k,0)

(0, l)
T1

T2

ӧ T ύ的Һཀ҅ηᗺ (m,n), ىကሡᅈۓ٩ m,n ∈ N Ъ 0 ≤ m ≤ p/2 Ϸ 0 ≤ n ≤ q/2.
ӢԜҗ p,q ӧޕ數ڻࣁ T ύ的҅ηᗺঁ數ࣁ

p−1
2

q−1
2

.

ќБय़ӧ T1 ύ的҅ηᗺ (k,s),ۓ٩ကሡᅈى k,s ∈NЪ 0 ≤ k ≤ p/2Ϸ 0 ≤ s ≤ kq/p.
Ψ൩ࢂᇥ k ∈ N ሡᅈى 1 ≤ k ≤ (p−1)/2, Ъ๏ۓ k, ߾ 0 ≤ s ≤ kq/p. ඤѡ၉ᇥाीᆉӧ T1

ύ的ηᗺ,ܭӧीᆉ๏ۓ k ∈NЪ 1 ≤ k ≤ (p−1)/2ਔԖӭϿ s ∈Nᅈى 0 ≤ s ≤ kq/p,
ӆஒ܌Ԗ k .ᆉளϐ่݀уଆٰ܌ ฅԶჹҺཀ的҅整數 k ಄ӝ 0 ≤ s ≤ kq/p 的҅整數 s 的

ঁ數ࣁ [kq/p]. аӧ܌ T1 ύ的҅ηᗺ數ࣁ ∑(p−1)/2
k=1 [kq/p]. ӕӧ T2 ύ的҅ηᗺ數ࣁ

∑(q−1)/2
l=1 [l p/q].

ӧ T1 ک T2 的Ҭࣚ, ջᅈى y = (q/p)x Ъ 0 ≤ x ≤ p/2 的ጕࢤόԖ҅ηᗺګ?
ऩ (m,n) ,ϐ҅ηᗺځࣁ ॺԖך߾ pn = qm Ъ 1 ≤ m ≤ (p−1)/2. ฅԶҗ pn = qm ё

ள p|qm, ӆӢ p,q җࡺ౦質數࣬ࣁ Proposition 1.2.6(1) ޕ p|m, Ԝک 1 ≤ m ≤ (p−1)/2 ࣬

ҟ࣯. ӧޕࡺ T1 ک T2 Ҭࣚ的ጕࢤค҅ηᗺ. ӢԜӧ T1 ک T2 的҅ηᗺ數ϐࣁ࡞ک
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ӧ T 的҅ηᗺ數, ளࡺ
(p−1)/2

∑
k=1

[
kq
p

]
+

(q−1)/2

∑
l=1

[
l p
q

]
=

p−1
2

q−1
2

.

�

 p,q ,質數ڻ౦࣬ࣁ ऩ M = ∑(p−1)/2
k=1 [kq/p] Ъ N = ∑(q−1)/2

l=1 [l p/q] җ Lemma 5.4.4 )ޕ
q
p

)
= (−1)M Ъ

(
p
q

)
= (−1)N . Զ Lemma 5.4.5 ນךॺ M+N = (p−1)(q−1)/4, )ளࡺ

q
p

)(
p
q

)
= (−1)M+N = (−1)

p−1
2

q−1
2 .

ӢԜךॺԖаΠϐ่݀.

Theorem 5.4.6 (Quadratic Reciprocity Law). ଷ p ک q .質數ڻ౦࣬ࣁ ߾

(
q
p

)
=


−
(

p
q

)
, ऩ p ≡ q ≡−1 (mod 4);(

p
q

)
, .дځ

Proof. җܭ p,q ,數ڻࣁࣣ ॺ٩ך p ≡±1 (mod 4) аϷ q ≡±1 (mod 4) Ѥᅿٰ論.

ଷ p= 4k−1Ъ q= 4k′−1ځύ k,k′ ∈N (ջ p≡ q≡−1 (mod 4)). ߾ (p−1)/2= 2k−1

Ъ (q−1)/2 = 2k′−1, )ளࡺ
q
p

)(
p
q

)
= (−1)(2k−1)(2k′−1) =−1.

Ψ൩ࢂᇥ

(
q
p

)
=−

(
p
q

)
.

ഭΠ的ࣁݩ p ک q ύԿϿԖঁӧ modulo 4 ϐࡕᎩ 1. όѨ性൩ଷ p ≡ 1

(mod 4). Ԝਔ p = 4k+1, ύځ k ∈ N, ளࡺ (p−1)/2 = 2k. Զ (q−1)/2 Ѹࣁ整數ޕࡺ(
q
p

)(
p
q

)
= (−1)(2k) q−1

2 = 1
q−1

2 = 1.

Ψ൩ࢂᇥ

(
q
p

)
=

(
p
q

)
. �

ाݙཀ Theorem 5.4.6 ाӧ p,q ,質數ਔωҔڻ౦࣬ࣁ ց߾ऩ q όڻࢂ質數,
(

p
q

)
೭ঁ಄ဦؒࢂԖۓက的. ᗨฅ Theorem 5.4.6 ٠ؒԖܴዴນךॺ

(
q
p

)
ϐॶࣁՖ, ՠ

ёճҔࢂ

(
p
q

)
ϐॶٰள

(
q
p

)
. ٰᇥஒ

(
q
p

)
的ୢᚒϸᙯԋ

(
p
q

)
的ୢᚒ൩Ⴝ

ᗅᙯ࣬ନݤኬ, ёаזೲ的ஒୢᚒᙁϯ. ೭ࢂӢࣁٰᇥճҔ Lemma 5.3.2(2), ा



(
q
p

)
ਔ, ёଷ q < p, аϸᙯԋ܌

(
p
q

)
ਔךॺςஒঁ modulo Кၨε的 p 的

ୢᚒᙁϯԋঁ modulo Кၨλ的 q 的ୢᚒ. ӵٯ
(

7
101

)
, җܭ 101 ≡ 1 (mod 4), ࡺ

ள

(
7

101

)
=

(
101
7

)
. аଭஒ܌ modulo 101 的ୢᚒᙯԋ modulo 7 的ୢᚒ, Ծฅᡂள
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ᙁൂ. ٣ჴ
(

101
7

)
=

(
3
7

)
, ёଭᡍޕ

(
3
7

)
= −1 ӆҔ次܈) Theorem 5.4.6 ள(

3
7

)
=−

(
7
3

)
=−

(
1
3

)
=−1). ޕаள܌

(
7

101

)
=−1. ᕴԶ言ϐ, ჹܭ的࣬౦ڻ質

數 p,q, җݤॺؒԖᒤך p ک q ଭளޕ
(

q
p

)
ϐॶ. ՠࢂճҔ Theorem 5.4.6, ॺёаך

.ॶځೲ的ஒୢᚒϯᙁԶрזࡐ നךࡕॺٰ࣮ঁٯη整ӝ೭ύᏢډ的Бݤ.

Example 5.4.7. Եቾ二次 congruence equation x2 ≡ 539 (mod 631) .ցԖှࢂ ाݙཀऩ
ाҔ Legendre symbol ೀ, २Ӄाᔠ 631 .質數ࣁցࢂ ݤॺёаճҔᑔך (Proposition
1.4.6) ᔠλܭ

√
631 的質數ࢂցё整ନ 631. җܭλᎩ 25 的質數ࣣόૈ整ନ 631, а܌

Proposition 1.4.6 ນךॺ 631 .質數ࢂ ӢԜךॺ൩ࢂाीᆉ
(

539
631

)
ϐॶ. җܭ 539 ک

631 ሥ߈, ॺճҔך 539 ≡−92 (mod 631) аϷ Lemma 5.3.2(2) ޕ
(

539
631

)
=

(
−92
631

)
ௗ

ஒ 92 բ質Ӣ數ϩှள 92 = 22 ×23. ճҔࡺ Proposition 5.3.5 )ޕ
539
631

)
=

(
−92
631

)
=

(
−1
631

)(
4

631

)(
23

631

)
.

җܭ 631 ≡ 3 ≡−1 (mod 4), җࡺ Theorem 5.4.1 ޕ
(

−1
631

)
=−1. Զ 4 = 22, җࡺ Lemma

5.3.2(1) ޕ
(

4
631

)
= 1, ӢԜள

(
539
631

)
= −

(
23
631

)
. җܭ 631 ≡ 23 ≡ 3 (mod 4), җࡺ

Theorem 5.4.6 ޕ
(

23
631

)
=−

(
631
23

)
. Ξҗ 631 ≡ 10 (mod 23) ӢԜޕ(

539
631

)
=−

(
23

631

)
=

(
631
23

)
=

(
10
23

)
=

(
2

23

)(
5

23

)
.

Ӣࣁ 23 ≡ 7 ≡ −1 (mod 8), җࡺ Theorem 5.4.3 ޕ
(

2
23

)
= 1. ΞӢ 5 ≡ 1 (mod 4), җࡺ

Theorem 5.4.6 ޕ
(

5
23

)
=

(
23
5

)
. ӢԜள

(
539
631

)
=

(
2

23

)(
5

23

)
=

(
23
5

)
. ӆҗ 23 ≡ 3

(mod 5) аϷ 5 ≡ 1 (mod 4) ޕ
(

23
5

)
=

(
3
5

)
=

(
5
3

)
=

(
2
3

)
. ޕа܌

(
539
631

)
=

(
2
3

)
=

−1. Ψ൩ࢂᇥ x2 ≡ 539 (mod 631) คှ.

ฅΑ߃ऩ࣮р 539 = 72 ×11, ଭள߾
(

539
631

)
=

(
72

631

)(
11
631

)
=

(
11

631

)
. ӆӢ

631 ≡ 11 ≡ 3 (mod 4) аϷ 631 ≡ 4 (mod 11) )ޕ
539
631

)
=

(
11

631

)
=−

(
631
11

)
=−

(
4
11

)
=−1.

ѝा๓ҔݤаόᆅҔবᅿ࣮܌ Legendre symbolЪ҅ዴӦ٬Ҕ quadratic reciprocity law (
ளѝԖڻ質數ωૈܭ Legendre symbol 的ΠБ), ೲЪ҅ዴ的рזૈߡ Legendre symbol
ϐॶ.



Chapter 6

Primitive Roots

๏ۓ m∈N,ऩӸӧ a∈Z٬ள {a,a2, . . . ,aϕ(m)}ԋࣁঁ reduced residue system modulo
m, ᆀ߾ a ࢂ modulo m ϐΠ的 primitive root. Primitive roots 的ཷۺёаᔅշךॺှଯ次
的 congruence equation. ӧ本കύךॺஒ Primitive Root Theorem, ջΑှ࡛ኬ的҅整
數 m ٬ளӧ modulo m ϐΠԖ primitive root. ٠٩Ԝٰှଯ次的 congruence equation.

6.1. Order ᆶ Primitive Roots

๏ۓ m ∈ N аϷ a ∈ Z, ӵՖղձޕॺςך x2 ≡ a (mod m) Ԗှ܈คှ, Զ primitive
root 的ཷۺёаᔅշךॺှډפ.

Եቾ x2 ≡ 5 (mod 11). ճҔ quadratic reciprocity lawךॺޕ
(

5
11

)
=

(
11
5

)
=

(
1
5

)
=

1, ޕࡺ x2 ≡ 5 (mod 11) Ԗှ. ฅԶှࣁՖګ? ॺёаճҔך 2 ӧ modulo 11 ϐΠԖ的性

質ᔅշךॺှפ. Πࣁ߄ 2n ӧ modulo 11 的.

n 1 2 3 4 5 6 7 8 9 10
2n (mod 11) 2 4 8 5 10 9 7 3 6 1

ॺวಃ二Չך (ջ an ٗՉ) ύ೭ 10 (= ϕ(11)) ঁ數ӧ modulo 11 ϐΠࣣ࣬౦, ԶЪӢ 2

ک 11 ϕ質܌аԾฅ 2n ک 11 ϕ質, ӢԜҗ reduced residue system 的ۓကޕ {2,22, . . . ,210}
ঁࢂ reduced residue system modulo 11. ೭ж߄的ཀကکঁࢂ 11 ϕ質的數 a, ёа
ډפ 1 ≤ n ≤ 10 ٬ள a ≡ 2n (mod 11). ќБय़ךॺஒ n ӈډ 10 的চӢࢂӢࣁ 210 ≡ 1

(mod 11), ӵ݀ m = 10k+ i ύځ 0 ≤ i ≤ 9, ߾ 2m ≡ 2i (mod 11). Ψ൩ࢂ 10 次Бൻᕉ,
аӈр܌ 10 次൩Α. Ξҗܭςޕ 1 ≤ i ̸= j ≤ 10 ਔ, 2i ̸≡ 2 j (mod 11), ޕॺך 2i ≡ 2 j

(mod 11) ऩЪऩ i ≡ j (mod 10). ่ӝ೭٤่݀ёаᔅշךॺှ x2 ≡ 5 (mod 11). চӢ
ӵΠ: ଷ x = c ,ှࢂ җܭ 5 ک 11 ϕ質, ޕࡺ c ک 11 ϕ質. ӢԜޕӸӧ t ∈ N ٬ள
c ≡ 2t (mod 11). ฅԶ 5 ≡ 24 (mod 11), җࡺ 22t ≡ c2 ≡ 5 ≡ 24 (mod 11)ள 2t ≡ 4 (mod 10).
ѯ֮的ஒှ二次的ࡐॺך x2 ≡ 5 (mod 11) ᙯϯԋှ次的 2t ≡ 4 (mod 10) ཀݙ) modulo
όӕ的數). ճҔࡺ Proposition 4.2.1 ှள t ≡ 2 (mod 5), Ψ൩ࢂᇥ t = 2,7, . . . ࣁ 2t ≡ 4

73



74 6. Primitive Roots

(mod 10) ϐှ. ஒϐжӣ c = 2t , ள c ≡ 4,7 (mod 11). ޕࡺ x ≡ ±4 (mod 11) ࣁ x2 ≡ 5

(mod 11) ϐှ.

ё٩Ԝှݤ二次 congruence equation ᘜфܭӧ modulo 11 ϐΠ {2,22, . . . ,211} ࢂ
reduced residue system. ाݙཀ٠όࢂ 2 ҉ᇻԖԜ性. ӵٯ 23 ≡ 1 (mod 7), а܌
{2,22, . . . ,26} ӧ modulo 7 ϐΠ٠όࢂ reduced residue system. ॺஒԖԜ性的ϡન๏ך
ঁۓ的Ӝη.

Definition 6.1.1. ๏ۓ m ∈ N, ऩ a ∈ Z Ъᆶ m ϕ質ᅈى {a,a2, . . . ,aϕ(m)} ঁࢂ reduced
residue system modulo m, ᆀ߾ a ࣁ modulo m ϐΠ的ঁ primitive root.

ाݙཀ٠όࢂჹ܌Ԗ的 m ࣣԖ primitive root. ӵӧٯ modulo 15 ϐΠ, کԖ܌ 15 ϕ質

的數 a ࣣԖ a4 ≡ 1 (mod 15), аΞӢ܌ aϕ(15) = a8 ≡ 1 (mod 15) ޕ {a,a2,a3,a4, . . . ,a8} ό
ёૈԋ reduced residue system modulo 15. Ψ൩ࢂᇥӧ modulo 15 ϐΠ٠ค primitive
root. ाব٤ࢂॺനЬा的Ҟ的൩ך m ∈ N ӧ modulo m ϐΠԖ primitive root.

२ӃךॺѸΑှ࡛ኬ的 a ӧ modulo m ϐΠࢂ primitive root. җܭ

S = {a,a2, . . . ,aϕ(m)}

ࢂ reduced residue system modulo m, аऩ܌ 1 ≤ i ̸= j ≤ ϕ(m), ߾ ai ̸≡ a j (mod m). ց߾ S

ӧ modulo m ϐΠԖϿܭ ϕ(m) ঁӕᎩᜪ, คݤԋ reduced residue system modulo m.
ฅԶ a ک m ϕ質, Euler’s Theorem (3.3.2) ນךॺ aϕ(m) ≡ 1 (mod m), а܌ a ӧ modulo
m ϐΠࢂ primitive root 的Ӄ،చҹࢂऩ 1 ≤ i ≤ ϕ(m)−1, ߾ ai ̸≡ 1 (mod m) (ց߾ԋ
1 ≤ i < ϕ(m) Ъ ai ≡ aϕ(m) (mod m) 的ҟ࣯). Ψ൩ࢂᇥᅈى an ≡ 1 (mod m) 的നλ҅整數 n

ࣁ n = ϕ(m). ӢԜ๏ۓ a ∈ Z Ъ gcd(a,m) = 1, നλ的҅整數 n ᅈى an ≡ 1 (mod m) ,Ֆࣁ
ղᘐࢂ a ӧ modulo m ϐΠࢂցࣁ primitive root 的ख़ा٩Ᏽ. .ကۓॺԾฅԖаΠϐך

Definition 6.1.2. ๏ۓ m ∈ N аϷ a ∈ Z ᅈى gcd(a,m) = 1. ऩ n ∈ N നλ的҅整數ᅈࢂ
ى an ≡ 1 (mod m), ᆀ߾ n ࣁ a ӧ modulo m ϐΠ的 order, ٠а ordm(a) = n .ϐ߄

ाݙཀҗܭ gcd(a,m) = 1, Euler’s Theorem ນךॺ aϕ(m) ≡ 1 (mod m), а܌ ordm(a)

ѸӸӧЪۓ٩ကޕ ordm(a)≤ ϕ(m). २Ӄךॺٰ࣮ۓ٩ကଭёளϐ性質.

Lemma 6.1.3. ๏ۓ m ∈ N аϷ a ∈ Z ᅈى gcd(a,m) = 1.

(1) ऩ a ≡ b (mod m) ߾ ordm(a) = ordm(b).

(2) ordm(a) = 1 ऩЪऩ a ≡ 1 (mod m).

Proof. (1) ऩ a ≡ b (mod m), ჹҺཀޕ i ∈ N ࣣԖ ai ≡ bi (mod m), ऩࡺ n നλ的ࢂ

҅整數٬ள an ≡ 1 (mod m), ߾ n Ψࢂനλ的҅整數٬ள bn ≡ 1 (mod m). ӢԜޕ
ordm(a) = ordm(b).

(2) ऩ ordm(a) = 1, Ң߄ a1 ≡ 1 (mod m), ளࡺ a ≡ 1 (mod m). ϸϐ, ऩ a ≡ 1 (mod m),
ฅ n = 1 നλ的҅整數٬ளࢂ an ≡ 1 (mod m), ޕࡺ ordm(a) = 1. �
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ჴځ order 的ۓကکനεϦӢ數的ۓကᜪ՟, ॺाᇥך ordm(a) = n ܭाᇥٿҹ٣:

(1) an ≡ 1 (mod m).

(2) ऩ 1 ≤ i ≤ n−1, ߾ ai ̸≡ 1 (mod m).

ाՐ೭ٿҹ٣લόёωૈߥ ordm(a) = n. ௗΠٰךॺ൩ٰ࣮٩Ԝٿᗺёள ordm(a)

的性質.

Proposition 6.1.4. ๏ۓ m ∈NаϷ a ∈Zᅈى gcd(a,m) = 1. ଷ ordm(a) = n. ߾ ak ≡ 1

(mod m) ऩЪऩ n|k.

Proof. ଷ ak ≡ 1 (mod m). ճҔ Division Algorithm (Theorem 1.2.1) Ӹӧޕ h,r ∈ Z ᅈ
ى k = nh+ r, ύځ 0 ≤ r ≤ n−1. җ an ≡ 1 (mod m) ޕ ak = anh+r = (an)har ≡ ar (mod m).
ଷ r ̸= 0 (ջ 1 ≤ r ≤ n−1), җ߾ ak ≡ 1 (mod m) ϐଷޕ ar ≡ 1 (mod m). Ԝک n ࢂ

നλ的҅整數ᅈى an ≡ 1 (mod m) ࣬ၴङ, ޕࡺ r = 0, ջ n|k.

ϸϐऩ n|k, ջӸӧ h ∈ Z ᅈى k = nh, ளࡺ ak = anh = (an)h ≡ 1 (mod m). �

ऩ a ک m ϕ質, Euler’s Theorem ນךॺ aϕ(m) ≡ 1 (mod 1), җࡺ Proposition 6.1.4
ޕ ordm(a)|ϕ(m), ೭Кךॺ前य़ۓ٩ကޕ ordm(a)≤ ϕ(m) ӳӭΑ. ӕኬ的, ճҔ Proposition
6.1.4, ۓӳ的БԄٰղ׳ॺёаԖך ordm(a) ϐॶ.

Corollary 6.1.5. ๏ۓ m ∈ N аϷ a ∈ Z ᅈى gcd(a,m) = 1. ߾ ordm(a) = n ऩЪऩ n

ᅈىаΠٿచҹ:

(1) an ≡ 1 (mod m).

(2) ऩ ak ≡ 1 (mod m), ߾ n|k.

Proof. ऩ ordm(a) = n, ԾฅԖ߾ an ≡ 1 (mod m), ӆճҔ Proposition 6.1.4 ,ޕ ऩ ak ≡ 1

(mod m), ߾ n|k.

ϸϐऩ n ᅈى (1),(2) ,ٿ ॺाܴך ordm(a) = n. җܭ (1) ςޕ an ≡ 1 (mod m), ࡺ
ഭाܴऩ 1 ≤ i ≤ n−1, ߾ ai ̸≡ 1 (mod m). ,ݤॺҔϸך ଷ ai ≡ 1 (mod m), җ߾
(2) ޕ n|i. Ԝک 1 ≤ i ≤ n−1 ࣬ҟ࣯, ޕࡺ ai ̸≡ 1 (mod m). Ψ൩ࢂᇥ ordm(a) = n. �

Corollary 6.1.5 的 (2) ஒ ordm(a) = n চ本߄നλ的҅整數ᅈى an ≡ 1 (mod m) 的性質

ᙯඤԋ࣮՟׳ம的性質 (൩ӵӕ߃চ本നεϦӢ數ࢂനε的ϦӢ數ёᙯඤԋ܌ࣁԖ的Ϧ
Ӣ數的७數೭ኬ的性質) ӧаࡕԖᜢ order 的論ᏤύԖࡐε的ᔅշ.

ीᆉ order 的ќঁख़ा的চӢךࢂॺёаޕၰ ai ӧ modulo m ϐΠ的ຼය.

Proposition 6.1.6. ๏ۓ m ∈NаϷ a ∈Zᅈى gcd(a,m) = 1. ଷ ordm(a) = nЪ i, j ∈N.
߾ ai ≡ a j (mod m) ऩЪऩ i ≡ j (mod n).

Proof. ଷ ai ≡ a j (mod m), όѨ性ךॺΨଷ i ≥ j, Ԝਔ ai −a j = a j(ai− j −1). ճ
Ҕ m|ai −a j аϷ m ک a j ϕ質 (Ӣ m ک a ϕ質), Proposition 1.2.6 ນךॺ m|ai− j −1, ջ
ai− j ≡ 1 (mod m). ճҔࡺ ordm(a) = n аϷ Proposition 6.1.4 ޕ n|i− j, ҭջ i ≡ j (mod n).
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ϸϐ, ऩ i ≡ j (mod n), όѨ性ךॺଷ i ≥ j, Ԗ߾ n|i− j. ӆճҔࡺ Proposition
6.1.4 ޕ ai− j ≡ 1 (mod m). ᜐ४ٿ a j ӢԜԖ ai = a jai− j ≡ a j (mod m). �

ऩ ordm(a) = n, Proposition 6.1.6 όѝນךॺ a,a2, . . . ,ai, . . . ӧ modulo m ϐΠ的ຼ

යࣁ n (ջ႖ n ঁ i, ai ԋൻᕉ) ԶЪນךॺ, a,a2, . . . ,an ӧ modulo m ϐΠࣣ࣬

౦. ց߾ऩӸӧ 1 ≤ j < i ≤ n ٬ள ai ≡ a j (mod m), ёள n|i− j Զᆶ 0 < i− j < n− 1 ࣬

ҟ࣯. ٩ԜךॺёаዴۓёаҔ ordm(a) ϐॶٰղۓ a ӧ modulo m ϐΠࢂցࣁ primitive
root.

Corollary 6.1.7. ๏ۓ m ∈ N аϷ a ∈ Z ᅈى gcd(a,m) = 1. ߾ ordm(a) = ϕ(m) ऩЪऩ

a ӧ modulo m ϐΠࢂঁ primitive root.

Proof. ଷ a ࢂ modulo m ϐΠ的ঁ primitive root. җܭ a,a2, . . . ,aϕ(m) ӧ modulo m

ϐΠࣣόӕᎩ, ऩޕࡺ 1 ≤ i ≤ ϕ(m), ߾ ai ̸≡ aϕ(m) (mod m). Ξҗܭ Euler’s Theorem ޕ
aϕ(m) ≡ 1 (mod m), ޕࡺ ordm(a) = ϕ(m).

ϸϐ, ଷ ordm(a) = ϕ(m), җ Proposition ऩޕ6.1.6 ai ≡ a j (mod m), ߾ ϕ(m)|i− j. Ӣ
Ԝ a,a2, . . . ,aϕ(m) ӧ modulo m ϐΠࣣόӕᎩ. Ξҗܭ a ک m ϕ質, ޕ ai ࣣᆶ m ϕ質, ࡺ
{a,a2, . . . ,aϕ(m)} ঁࢂ reduced residue system modulo m, Ψ൩ࢂᇥ a ӧ modulo m ϐΠ

ঁࢂ primitive root. �

ऩςޕ a ӧ modulo m 的 order, ჹҺཀ߾ i ∈ N, ճҔ Corollary 6.1.5 ॺёᆉрך ai

ӧ modulo m ϐΠ的 order.

Proposition 6.1.8. ๏ۓ m ∈ N аϷ a ∈ Z ᅈى gcd(a,m) = 1. ऩ ordm(a) = n, Һܭჹ߾
ཀ的҅整數 i,

ordm(ai) =
n

gcd(i,n)
.

Proof. ,ߡΑБࣁ ॺзך d = gcd(i,n). టܴ ordm(ai) = n/d, २Ӄளܴ (ai)n/d ≡ 1

(mod m). ٣ჴӢࣁ d ࢂ i 的Ӣ數, i/d .整數ঁࢂ ӆуҗଷ ordm(a) = n, ࡺ an ≡ 1

(mod m). аёள܌

(ai)n/d = (an)i/d ≡ 1 (mod m).

ௗΠٰךॺܴ, ऩ (ai)k ≡ 1 (mod m) ߾ (n/d) |k ـୖ) Corollary 6.1.5(2)). ऩ
(ai)k ≡ 1 (mod m), ջ aki ≡ 1 (mod m). җࡺ Proposition 6.1.4, ॺёளך n |ki. ՠӢ d ࢂ n

ک i 的നεϦӢ數. ॺԖך n/d ک i/d .整數Ъϕ質ࣁࣣ җࡺ n |ki ёள (n/d) |k(i/d). ӆҗ
n/d ک i/d ϕ質, ள (n/d) |k. �

җ Proposition 6.1.8, ޕॺך ordm(ai) 整ନ ordm(a) ԶЪ ordm(ai) = ordm(a) ऩЪऩ

gcd(i,ordm(a)) = 1. ӢԜӧ modulo m ϐΠ primitive root ऩӸӧ, ӧޕॺёך߾ modulo
m ϐΠԖӭϿঁ primitive roots.



6.2. ؒԖ Primitive Root 的ݩ 77

Corollary 6.1.9. ๏ۓ m∈NаϷ a∈Zᅈى gcd(a,m)= 1. ऩ ordm(a)= n,߾ {a,a2, . . . ,an}
ύӅԖ ϕ(n)ঁϡનځӧ modulo mϐΠ的 orderࣁ n. ձӦ,ऩӧ modulo mϐΠ primitive
root ,Ӹӧ的ࢂ ӧ߾ modulo m ϐΠӅԖ ϕ(ϕ(m)) ঁ primitive roots.

Proof. ςޕ ordm(a) = n, җ Proposition 6.1.8 ޕ ordm(ai) = n ऩЪऩ gcd(n, i) = 1. Ξҗ
ܭ a,a2, . . . ,an ӧ modulo m ϐΠࣣ࣬౦, ࡺ {a,a2, . . . ,an} ύӧ modulo m ϐΠ order ࣁ n

的ϡનঁ數کܭ n ϕ質Ъλܭ n 的҅整數的ঁ數, ࣁԜ數ޕကۓ٩ ϕ(n).

ଷӧ modulo m ϐΠԖ primitive root Ъ a ঁࣁ primitive root. ޕࡺ ordm(a) =

ϕ(m) Ъ܌Ԗک m ϕ質的整數ӧ modulo m ϐΠࣣک S = {a,a2, . . . ,aϕ(m)} ύঁࢌϡનӕ
Ꭹ. аӧ܌ modulo m ϐΠ܌Ԗ的 primitive root ࣣёӧ S ύډפ. ฅԶҗ前ޕ S ύӅ

Ԗ ϕ(ϕ(m)) ঁϡનځӧ modulo m ϐΠ的 order ࣁ ϕ(m), Ъ Corollary 6.1.7 ນךॺӧ
modulo m ϐΠѝԖ೭٤ϡનࣁ primitive root. ӧޕࡺ modulo m ϐΠӅԖ ϕ(ϕ(m)) ঁ

primitive roots. �

6.2. ؒԖ Primitive Root 的ݩ

ॺஒԖব٤ך m ӧ modulo m ϐΠؒԖ primitive root.

ॺϝฅவ的ଽ質數ך 2 рว. ӧ modulo 2 ϐΠ ϕ(2) = 1, ԶҺՖ的ڻ數ӧ modulo
2 ϐΠࣣᎩ 1, ࣁ數ࣣڻԖ的܌ࡺ primitive root. ӧ modulo 4 ਔ, {1,3} ঁࢂ reduced
residue system modulo 4, Զ 31 ̸≡ 1 (mod 4) Ъ 32 ≡ 1 (mod 4) ளࡺ ord4(3) = 2 = ϕ(4), ࡺ
ޕ 3ӧ modulo 4ϐΠࢂ primitive root. ٣ჴऩ a ∈Zᅈى a ≡ 3 (mod ߾(4 aӧ modulo
4 ϐΠࣁ primitive root.

ௗךॺٰ࣮ 8 , җܭ {1,3,5,7} ঁࢂ reduced residue system modulo 8, ך
ॺٰ࣮࣮Ѭॺӧ modulo 8 ϐΠϐ order .Ֆࣁ ᡉ的ܴࡐ ord8(1) = 1 ЪӢࣁ 7 ≡ −1

(mod 8), ޕࡺ ord8(7) = 2. ќѦ 31 ≡ 3 (mod 8) Ъ 32 ≡ 1 (mod 8), ޕࡺ ord8(3) = 2. ӕ
ள ord8(5) = 2. җ܌ܭԖک 8 ϕ質的數ӧ modulo 8 ϐΠѸک 1,3,5,7 ύࢌ數ӕᎩ, ӢԜ
җ Lemma 6.1.3(1) کԖঁؒޕ 8 ϕ質的數ځӧ modulo 8 ϐΠ的 order ࣁ ϕ(8) = 4. ࡺ
ӧޕ modulo 8 ϐΠؒԖ primitive root.

ډεৎ࣮܈ modulo 8 ϐΠؒԖ primitive root ሶӧٗࣁԾฅᇡࡐ modulo 16 ϐ

ΠΨؒԖ primitive root. ٣ჴ೭ҹ٣٠όૈޔௗҔ order 的ۓကளډ. Ψ൩ࢂᇥऩςޕ
ord8(a) = n ٠όૈޔௗҔ order 的性質р ord16(a) ϐॶ. ഗӭךॺޕၰऩ ord16(a) = n′,
җ߾ an′ ≡ 1 (mod 16) ёޕ an′ ≡ 1 (mod 8), ճҔࡺ Proposition 6.1.4 ள n|n′. ՠךॺ٠ό
ૈҗԜаϷ n < ϕ(8) р n′ < ϕ(16). аाрӧ܌ modulo 16 Կࣗ܈ modulo 2n, n > 3

ਔؒԖ primitive root, .ሡाӭΠфϻ的ࢂ ӧ前य़ךॺςᆉрჹҺཀڻ數 a, ࣣᅈى a2 ≡ 1

(mod 23). .раΠ่݀ݤॺाҔᘜયך

Lemma 6.2.1. ଷ a ,數ڻࣁ ჹҺཀ߾ n ∈ N ࣣԖ a2n ≡ 1 (mod 2n+2).
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Proof. ޕॺςך n = 1 ਔ೭ࢂჹ的. ଷ n = k ਔࣣԖ a2k ≡ 1 (mod 2k+2), ॺाך
ܴ n = k+1 ਔҭԋҥ. ٩ଷךॺޕӸӧ b ∈ Z ٬ள a2k

= 1+2k+2b. ࡺ

a2k+1
= (a2k

)2 = (1+2k+2b)2 = 1+2(2k+2b)+(2k+2b)2.

җܭ 2(k+ 2) = k+(k+ 4) > k+ 3, ॺளך a2k+1 ≡ 1 (mod 2k+3). Ψ൩ࢂᇥ n = k+ 1 ਔ

a2n ≡ 1 (mod 2n+2) ҭԋҥ, .ۓள本ݤҗ數Ꮲᘜયࡺ �

٩ order 的ۓကךॺଭҗ Lemma 6.2.1 ޕ a 數Ъڻࣁ n ∈ N ਔ,

ord2n+2(a)≤ 2n < 2n+1 = ϕ(2n+2),

.ளаΠख़ा的่݀ࡺ

Proposition 6.2.2.  n ∈ N Ъ n ≥ 3 ਔ, ӧ modulo 2n ϐΠؒԖ primitive root.

ௗΠٰךॺाќᅿؒԖ primitive root 的ݩ, २Ӄךॺٰ࣮ќঁԖᜢ order
ᙁൂ的性質.

Lemma 6.2.3. ๏ۓϕ質的҅ٿ整數 m,n аϷ a ∈ Z ᅈى gcd(a,mn) = 1. ߾

ordmn(a)≤
ϕ(mn)

gcd(ϕ(m),ϕ(n))
.

Proof. з d = gcd(ϕ(m),ϕ(n)). җܭ gcd(a,mn) = 1, ޕॺך gcd(a,m) = gcd(a,n) = 1. Ӣ
Ԝҗ Euler’s Theorem ॺԖך aϕ(m) ≡ 1 (mod m) аϷ aϕ(n) ≡ 1 (mod n). ӢԜҗ ϕ(mn) =

ϕ(m)ϕ(n) (Ӣ gcd(m,n) = 1) аϷ ϕ(n)/d ∈ N ёள

a
ϕ(mn)

d = (aϕ(m))
ϕ(n)

d ≡ 1 (mod m).

ӕёள aϕ(mn)/d ≡ 1 (mod n). Ψ൩ࢂᇥ m|aϕ(mn)/d−1Ъ n|aϕ(mn)/d−1,ࡺӆӢ gcd(m,n)= 1

ճҔ Proposition 1.2.6(2) ёள mn|aϕ(mn)/d −1, ջ aϕ(mn)/d ≡ 1 (mod mn). ٩ࡺ order ϐۓ
ကள ordmn(a)≤ ϕ(mn)/d. �

ձӦ,ଷ mࢂঁεܭ 2的整數. ऩ mؒԖڻ的質Ӣ數,ջ m = 2k ύځ k ≥ 2. Ԝਔ
ϕ(m) = ϕ(2k) = 2k−1, ளࡺ 2|ϕ(m). ऩ m Ԗڻ的質Ӣ數, ջӸӧڻ質數 p ٬ள m = plm′,
ύځ l ∈ N Ъ p - m′. Ԝਔ ϕ(m) = ϕ(pl)ϕ(m′) = (p−1)pl−1ϕ(m′), ӕኬёள 2|ϕ(m). ӢԜё
ޕ m,n > 2 ਔ gcd(ϕ(m),ϕ(n))≥ 2. ճҔԜ่݀, .ॺଭёளќঁख़ा่論ך

Proposition 6.2.4.  m> 2Ъ n> ϕ質的整數ਔ,ӧٿࣁ2 modulo mnϐΠؒԖ primitive
root.

Proof. Ӣ m,n ࣣεܭ 2 ޕॺך 2|ϕ(m) Ъ 2|ϕ(n) ளࡺ gcd(ϕ(m),ϕ(n))≥ 2. ќБय़ m ک

n ,ϕ質的ࢂ ჹҺᆶࡺ mn ϕ質的整數 a, җ Lemma 6.2.3 ޕ

ordmn(a)≤
ϕ(mn)

gcd(ϕ(m),ϕ(n))
≤ ϕ(mn)

2
< ϕ(mn).

ӧޕࡺ modulo mn ϐΠค primitive root. �
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 m > 1 ЪؒԖڻ的質Ӣ數ਔ, ၰޕॺך m = 2,4 ਔӧ modulo m ϐΠԖ primitive
root, Զӧځдݩރ (ջ m = 2n Ъ n ≥ 3) Proposition 6.2.2 ນךॺӧ modulo m ϐΠؒ

Ԗ primitive root.  m Ԗڻ的質Ӣ數ਔ, Proposition 6.2.4 ນךॺऩ m Ԗঁٿ܈ঁٿа

ڻ的質Ӣ數ਔ, ӧ modulo m ϐΠؒԖ primitive root. Զ m ѝԖঁڻ的質Ӣ數ਔ,
Proposition 6.2.4 Ψນךॺऩ 4|m, ӧ modulo m ϐΠؒԖ primitive root. ॺഭךа܌
Π m Ԗঁڻ的質Ӣ數Ъ 4 - m 的҂論, ջ m = pn ܈ m = 2pn, ύځ p 質數的ڻࣁ

.

6.3. The Primitive Root Theorem

ॺഭΠך m = pn ܈ m = 2pn, ύځ p .҂ۘ質數的ڻࣁ ٣ჴӧ೭ഭΠ的
,ύݩ primitive root ࣣӸӧ. ӧ೭ύךॺஒӃளډ p ,質數ਔڻঁࢂ ӧ modulo p ϐ

Πёډפ primitive root. ӆճҔ modulo p ள的܌ primitive root ளډӧ modulo p2 ϐΠ

的 primitive root. നࡕճҔ modulo p2 ள的܌ primitive root ளډ modulo pn аϷ modulo
2pn 的 primitive root. ӧ本ύ p ҉ᇻ߄Ңڻࣁ質數, .ॺ൩όӆӭᇥܴך

6.3.1. Modulo p 的 Primitive Root. ॺाᇥܴך p 質數ਔӧڻঁࢂ modulo p ϐ

Πёаډפ primitive root. ,ॺමගϷाܴӸӧ性ך ٰᇥԖٿᅿБݤ: ಃᅿ൩ࢂ
ගٮঁёаܿډפՋ的Бݤ; ќᅿ൩ࢂճҔᡄᒠᄽ的БԄٰᏤрܿՋۓӸӧ ٯ)
ӵҔϸݤܴऩפόډᏤठҟ࣯). ಃᅿБݤ的ӳೀࢂѬගٮΑܿډפՋ的Б܌ݤа
όѝນգܿՋӸӧЪນգӵՖډפ. όၸ೭ӧܜຝ論的Ꮴύόࢂܰ的, ӵٯ
前കගၸפ二次 congruence equation 的ှ٠όܰ, ՠךॺёว論ٰዴᇡՖਔ
Ԗှ. ӕኬӦ, ӧܴ primitive root Ӹӧ的ୢᚒ, ջ٬ςޕӸӧډҞ前ࣁЗϝؒԖֹ
๓的Бݤёаޔௗډפ primitive root, .Ҕᡄᒠᄽ的БԄٰܴӸӧ性ࢂॺϝךа܌

ӧ modulo pਔ,Ԗҹࡐࢂ٣ਸ的ջ Theorem 4.1.3ນךॺঁ n次的整߯數ӭ

Ԅӧ modulo p ϐΠനӭԖ n ঁှ. ฅԶऩ p - a Ъ ordp(a) = n, ςޕ a,a2, . . . ,an ӧ modulo
pϐΠࣣ࣬౦,Ъҗܭ an ≡ 1 (mod p),ࡺ (ai)n ≡ 1 (mod p). җԜёޕ a,a2, . . . ,an ೭ nঁӧ

modulo p ϐΠࣣόӕᎩ的數ࣣࣁ xn ≡ 1 (mod p) 的ঁှ, ՠҗܭԜԄӧ modulo p ϐΠ

ԿӭԖ n ঁှ, ࢂаѬॺ൩܌ xn ≡ 1 (mod p) .Ԗ的ှ܌ ќБय़, ऩ p - b Ъ ordp(b) = n,
ܭҗ߾ b ࢂ xn ≡ 1 (mod p) ϐှ, Ӹӧޕҗ前ࡺ i ∈ {1, . . . ,n} ٬ள b ≡ ai (mod p). ඤ言
ϐ, Ԗӧ܌ modulo p ϐΠ order ࣁ n 的ϡન, ӧ modulo p ϐΠѸک {a,a2, . . . ,an} ύঁࢌ
ϡનӕᎩ, ճҔࡺ Corollary 6.1.9 ӧޕ modulo p ϐΠԖ ϕ(n) ঁϡનځ order ࣁ n. ॺך
ஒԜ่݀ᕴ่ӵΠ.

Lemma 6.3.1. ଷ p 質數Ъӧࣁ modulo p ϐΠԖϡનځ order ࣁ n, ӧ߾ modulo p

ϐΠӅԖ ϕ(n) ঁϡનځ order ࣁ n.

ӆ次மፓ, Ԝ่݀ӧ質數ਔωჹ. ӵӧٯ modulo 15 ਔ, ӅԖ 4,11 ک 14 Οঁϡનӧ

modulo 15 ϐΠ的 order ࣁ 2, Զόࢂ ϕ(2) = 1 ঁ.
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ॺाᇥӧך modulo p ϐΠԖ primitive root Ьा的Бࢂߡݤஒ modulo p ϐΠ的ϡન

ځ٩ order ϩᜪ. നࡕᇥܴ order ࣁ ϕ(p) = p−1 ٗᜪϡન܌ԋ的ӝόࢂ /0 .(ӝޜ)
Πय़൩٩ࢂ೭ኬϩᜪ܌ளϐ่݀.

Lemma 6.3.2. ଷ p 質數Ъзࢂ S = {1,2, . . . , p−1}. ჹܭ d ∈N ᅈى d|p−1, ॺԵך
ቾ Sd = {i ∈ S | ordp(i) = d}.

(1) ऩ d ̸= d′, ߾ Sd ∩Sd′ = /0.

(2) ∪
d|p−1,d>0

Sd = S.

(3) ऩ Sd ̸= /0, ߾ Sd ӅԖ ϕ(d) ঁϡન.

Proof. (1) ऩ a ∈ Sd ∩Sd′ , ջ߄Ң ordp(a) = d Ъ ordp(a) = d′. ՠ٩ order 的ۓကঁک
pϕ質的數ӧ modulo pϐΠځ orderࢂ的,Ԝᆶ d ̸= d′ ϐଷ࣬ҟ࣯,ޕࡺ Sd ∩Sd′ = /0.

(2) ∪
d|p−1,d>0

Sd ೭ঁ಄ဦ的ཀࢂࡘஒ܌Ԗ Sd ύځ d ∈ N Ъ d|p−1 ᖄଆٰ. җܭჹ܌

Ԗ d|p−1ࣣԖ Sd ⊆ S,܌а ∪
d|p−1,d>0

Sd ⊆ S.ќБय़ऩ i ∈ S,җܭ p - i,ࡺҗ Theorem 3.3.4

ޕ ip−1 ≡ 1 (mod p). ӢԜҗ Proposition 6.1.4 ޕ ordp(i)|p− 1. ඤѡ၉ᇥ, ऩ ordp(i) = d,
߾ d|p−1, Ӹӧޕࡺ d|p−1 ٬ள i ∈ Sd . ள S ⊆

∪
d|p−1,d>0

Sd , ӢԜޕ ∪
d|p−1,d>0

Sd = S.

(3) ऩ Sd ̸= /0, ҢӸӧ߄ a ∈ Sd . Ԝਔ p - a Ъ ordp(a) = d, ճҔࡺ Lemma 6.3.1 ӧޕ
modulo p ϐΠӅԖ ϕ(d) ঁϡનځ order ࣁ d. җܭ S ࢂ reduced residue system modulo
p, ೭ ϕ(d) ঁϡનӧ modulo p ϐΠѸک S ύ ϕ(d) ঁϡનӕᎩ. ӢԜ S ύ೭ ϕ(d) ঁϡન
খӳಔԋ Sd, ޕࡺ Sd ӅԖ ϕ(d) ঁϡન. �

Lemma 6.3.2(1,2) ນךॺ S = {1,2, . . . , p−1} ύ的ঁϡનѸပӧঁࢌЪ࡞Ԗ
ঁ Sd ύ, ύځ d ∈ N Ъ d|p−1. ӢԜऩीᆉঁ Sd ύ的ϡનঁ數ӆуᕴଆٰځॶᔈࣁ S

ύ的ϡનঁ數 p−1. ٩ԜךॺёаளډаΠख़ा的่݀.

Theorem 6.3.3. ଷ p ঁ質數Ъࢂ d ∈ N ᅈى d|p−1. ӧ߾ modulo p ϐΠӅԖ ϕ(d)
ঁϡનځ order ࣁ d. ձӦ, ӧ modulo p ϐΠ primitive root ѸӸӧ.

Proof. Ҕݮॺך Lemma 6.3.2 ύ܌Ҕ的಄ဦ, ٠з #(Sd) Ң߄ Sd = {i ∈ S | ordp(i) = d} ύ
ϡન的ঁ數, ջ #(Sd) ӧࣁ modulo p ϐΠ order ࣁ d 的ϡનঁ數.

җ Lemma 6.3.2(1,2) ޕॺך ∑
d|p−1,d>0

#(Sd) = p − 1 ԶЪ Lemma 6.3.2(3) ນךॺ

#(Sd) = 0 ܈ #(Sd) = ϕ(d). ќБय़ճҔ Corollary 2.3.6 ޕॺך ∑
d|p−1,d>0

ϕ(d) = p−1, Кࡺ

ၨ

p−1 = ∑
d|p−1,d>0

#(Sd)≤ ∑
d|p−1,d>0

ϕ(d) = p−1,

ёளჹ܌Ԗ的 d ∈ N ᅈى d|p−1 ࣣԖ #(Sd) = ϕ(d).

ձӦ #(Sp−1) = ϕ(p−1)߄Ңӧ modulo pϐΠԖ ϕ(p−1) ̸= 0ঁϡનځ orderࣁ p−1,
Ψ൩ࢂᇥ೭٤ϡનࣣࣁ primitive root. ӧޕࡺ modulo p ϐΠ primitive root Ӹӧ. �
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ॺܴΑӧך modulo p ϐΠ primitive root .Ӹӧ的ࢂ ೭ঁܴБԄܴࡐᡉ的٠ؒԖ
ນךॺӵՖډפ primitive root. ٣ჴךॺ܌Ҕ的ܴБԄԖᗺႽϸݤ, Ψ൩ࢂᇥӵ
݀ؒԖ primitive root, ٗሶӧीᆉय़ٗ٤ϡનঁ數ਔวғ數Ҟେόᚺ的Զԋҟ
࣯.

6.3.2. Modulo p2 的 primitive root. ܰѐෳऩӧࡐ modulo p2 ϐΠԖ primitive
root, ٗሶ೭ঁ primitive root ᔈٰԾܭ modulo p ϐΠ的 primitive root. ӢԜךॺஒճҔ
modulo p 的 primitive root ډפٰ modulo p2 的 primitive root. ೭္的Ӹӧ性的ܴ൩К
ၨڀᡏ, Ψ൩ࢂᇥӵ݀ૈډפ modulo p 的 primitive root, ٗॺךॺ的ܴૈ๏рڀᡏ的Б
ډפٰݤ modulo p2 的 primitive root.

२Ӄךॺٰ࣮ӵՖղձঁ modulo p 的 primitive root ӧ modulo p2 ϐΠࢂցࣁ

primitive root.

Lemma 6.3.4. ଷ a∈Zࢂঁ primitive root modulo p. ߾ ordp2(a)= p−1܈ ordp2(a)=

p(p−1). ձӦ, ap−1 ̸≡ 1 (mod p2) ऩЪऩ a ӧ modulo p2 ϐΠࢂঁ primitive root.

Proof. ٩ଷ aӧmodulo pϐΠࢂ primitive root߄Ң ordp(a) = p−1. ଷ ordp2(a) =

n, ߾ an ≡ 1 (mod p2), ӢԜޕ an ≡ 1 (mod p). ٩ࡺ ordp(a) = p−1 Ϸ Proposition 6.1.4 ޕ
p−1|n. ΞӢࣁ a ᆶ p ϕ質, ࡺ a ᆶ p2 ϕ質, җࡺ Euler’s Theorem ޕ aϕ(p2) ≡ 1 (mod p2),
ӢԜӧ modulo p2 的ݩӆճҔ Proposition 6.1.4 ޕ n|ϕ(p2). җܭ ϕ(p2) = p(p−1), ॺך
ள p−1|n Ъ n|p(p−1). Ψ൩ࢂ n = λ (p−1) ЪΞ λ (p−1)|p(p−1), ޕࡺ λ |p. ӢԜҗ p ࢂ

質數ޕ λ = 1 ܈ λ = p. ளࡺ ordp2(a) = p−1 ܈ ordp2(a) = p(p−1).

ऩ ap−1 ̸≡ 1 (mod p2),ޕ aӧmodulo p2ϐΠځ orderۓόࢂ p−1,ࡺள ordp2(a) =

p(p− 1) = ϕ(p2). җ Corollary 6.1.7 ள a ӧ modulo p2 ϐΠࢂঁ primitive root. ϸ
ϐऩ a ӧ modulo p2 ϐΠࢂ primitive root, ջ ordp2(a) = p(p− 1), җࡺ order 的ۓကޕ
ap−1 ̸≡ 1 (mod p2). �

ၰӵՖղձޕ modulo p 的 primitive root ӧ modulo p2 ҭࢂ primitive root ,ࡕ ௗΠ
ব٤ډפॺ൩ाךٰ modulo p 的 primitive root ӧ modulo p2 ϐΠϝࣁ primitive root.
ଷ a ӧ modulo p ϐΠࢂ primitive root, ٗሶٗ٤ӧ modulo p ϐΠک a ӕᎩ的數ӧ

modulo p ϐΠΨࢂ primitive root, ՠ೭٤數ӧ modulo p2 ϐΠёૈόӕᎩ, ॺ൩ஒѬך
ॺӈр. Ψ൩ࢂᇥ, a,a+ p, . . . ,a+(p−1)p, ӅԖ೭ p ঁ數ࢂӧ modulo p ϐΠӕᎩՠ

ӧ modulo p2 ϐΠόӕᎩ.

Proposition 6.3.5. ଷ p ঁ質數Ъࢂ a ∈ Z ঁӧࣁ modulo p ϐΠ的 primitive root.
з S = {a,a+ p,a+ 2p+ · · · ,a+(p− 1)p}, ӧ߾ S ύԖঁϡનӧ modulo p ϐΠόࢂ

primitive root, Ꭹځ p−1 ঁϡનӧ modulo p ϐΠࢂ primitive root.

Proof. ςޕ a ӧ modulo p ϐΠࢂ primitive root Ъ S ύ的ϡનӧ modulo p ϐΠࣣᆶ a

ӕᎩ, ޕࡺ S ύ的ϡનӧ modulo p ϐΠࣣࣁ primitive root. ॺёаճҔךа܌ Lemma
6.3.4 ᔠ S ύব٤ϡન a+ t p ٬ள (a+ t p)p−1 ≡ 1 (mod p2).
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җܭ ap−1 ≡ 1 (mod p), Ӹӧࡺ λ ∈ Z ٬ள ap−1 = 1+λ p. ӢԜ

(a+ t p)p−1 = ap−1 +(p−1)ap−2(t p)+
(p−1)(p−2)

2
ap−3(t p)2 + · · ·

җܭ Cp−1
2 ap−3(t p)2 ೭аϷځϐࡕ Cp−1

k ap−1−k(t p)k, k ≥ 3 ӧ modulo p2 ϐΠࣣ

ࣁ 0, ॺளךа܌

(a+ t p)p−1 ≡ ap−1 −ap−2t p ≡ 1+(λ −ap−2t)p (mod p2).

ӢԜाډפ t ٬ள (a+ t p)p−1 ≡ 1 (mod p2) ऩЪऩ p|λ − ap−2t. Ψ൩ࢂᇥךॺाډפ
t ∈ {0,1,2, . . . , p−1} ٬ள ap−2t ≡ λ (mod p). ฅԶ ap−1 ≡ 1 (mod p), ᜐ४ٿԄࡺ a ள

t ≡ aλ (mod p). Ψ൩ࢂᇥ 0 ≤ t ≤ p−1, ӧ t ≡ aλ (mod p) ਔ, ٬ள (a+ t p)p−1 ≡ 1

(mod p2), Ԝਔ a+ t p ӧ modulo p2 ϐΠόࢂ primitive root. Ꭹځ S ύ的ϡન a+ rp җܭ

ࣣ٬ள (a+ rp)p−1 ̸≡ 1 (mod p2), җࡺ Lemma 6.3.4 ࣁࣣޕ modulo p2 ϐΠ的 primitive
root. �

வ Theorem 6.3.3 аϷ Proposition 6.3.5 ܭၰҗޕॺך modulo p 的 primitive root Ӹ
ӧ, а܌ modulo p2 的 primitive root ΨӸӧ. ٣ჴऩ a ࢂ modulo p 的 primitive root,
ցࢂॺाᔠᡍך ap−1 ≡ 1 (mod p2). ाࢂ ap−1 ̸≡ 1 (mod p2), ٗሶҗ Lemma 6.3.4, ॺך
ޕ a ӧ modulo p2 ϐΠࢂ primitive root. ाࢂ ap−1 ≡ 1 (mod p2), ٗሶ a ӧ modulo p2

ϐΠόࢂ primitive root, җࡺ Proposition 6.3.5 ޕ a+ p ӧ modulo p2 ϐΠѸࣁ primitive
root.

6.3.3. Modulo pn 的 Primitive Root. җܭ modulo p 的 primitive root Ӹӧ, ճҔ
Corollary ӧޕ6.1.9 modulo pϐΠӅԖ ϕ(ϕ(p)) = ϕ(p−1)ঁ primitive roots. Proposition
6.3.5ນךॺঁ modulo p的 primitive rootӧ modulo p2 ϐΠёள p−1ঁ primitive
roots, аӧ܌ modulo p2 ϐΠךॺӅډפΑ (p − 1)ϕ(p − 1) ঁ primitive roots. ฅԶ
җܭ modulo p2 的 primitive root Ӹӧ, Corollary 6.1.9 ນךॺӧ modulo p2 ϐΠӅ

Ԗ ϕ(ϕ(p2)) = ϕ(p(p− 1)) ঁ primitive roots. җܭ p ک p− 1 ϕ質, ॺԖך ϕ(ϕ(p2)) =

ϕ(p)ϕ(p−1) = (p−1)ϕ(p−1). Ԝॶ࡞ᆶ前य़җ modulo p 的 primitive root ள܌ modulo
p2 的 primitive roots 的ঁ數࣬֍ӝ. Ψ൩ࢂᇥঁ modulo p2 的 primitive root 的ዴ
ٰԾঁࢌܭ modulo p 的 primitive root. ,ᆉΠѐޔॺёаӵԜך ऩ modulo p3 的

primitive root Ӹӧ, җ߾ Corollary 6.1.9 ӧޕ modulo p3 ϐΠӅԖ

ϕ(ϕ(p3)) = ϕ(p2(p−1)) = ϕ(p2)ϕ(p−1) = p(p−1)ϕ(p−1)

ঁ primitive roots. ԶΞςޕӧ modulo p2 ϐΠӅԖ (p− 1)ϕ(p− 1) ঁ primitive roots.
ঁ modulo p2 的 primitive root, ӧ modulo p3 ϐΠӅёౢғ p ঁόӕᎩᜪ, а೭܌
(p−1)ϕ(p−1)ঁ modulo p2 的 primitive rootsӧ modulo p3 ϐΠӅౢғΑ p(p−1)ϕ(p−1)

ঁόӕᎩᜪ. ೭ঁ數ӷ࡞ᆶ前य़܌ගऩ modulo p3 的 primitive rootӸӧ߾ӧ modulo p3 ϐ

ΠӅԖ p(p−1)ϕ(p−1)ঁ primitive roots࣬֍ӝ. Ψ൩ࢂᇥঁ modulo p2 的 primitive
root, ӧ modulo p3 ϐΠౢғ的 p ঁόӕᎩᜪ “ᔈ၀” ӧ modulo p3 ϝࣁ primitive root.
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ௗΠٰךॺ൩ࢂाҔ數ᏢᘜયٰݤᡍԜ٣, ॺाܴך n ≥ 3 ਔҺՖ數ѝाӧ

modulo p2 ࢂ primitive root, ӧ߾ modulo pn ѸΨࢂ primitive root. २Ӄךॺٰ࣮ӵՖղ
ձঁ modulo pn 的 primitive root ӧ modulo pn+1 ϐΠࢂցࣁ primitive root.

Lemma 6.3.6. ଷ a ∈ Z ঁࢂ primitive root modulo pn. ߾ ordpn+1(a) = pn−1(p−1) ܈

ordpn+1(a) = pn(p−1). ձӦ, apn−1(p−1) ̸≡ 1 (mod pn+1) ऩЪऩ a ӧ modulo pn+1 ϐΠ

ঁࢂ primitive root.

Proof. ٩ଷ a ӧ modulo pn ϐΠࢂ primitive root Ң߄ ordpn(a) = ϕ(pn) = pn−1(p−1).
ଷ ordpn+1(a) = k, ߾ ak ≡ 1 (mod pn+1), ӢԜޕ ak ≡ 1 (mod pn). ٩ࡺ ordpn(a) =

pn−1(p− 1) Ϸ Proposition 6.1.4 ޕ pn−1(p− 1)|k. ΞӢࣁ a ᆶ p ϕ質, ࡺ a ᆶ pn+1 ϕ

質, җࡺ Euler’s Theorem ޕ aϕ(pn+1) ≡ 1 (mod pn+1), ӢԜӧ modulo pn+1 的ݩӆճҔ

Proposition ޕ6.1.4 k|ϕ(pn+1). җܭ ϕ(pn+1)= pn(p−1),ךॺள pn−1(p−1)|kЪ k|pn(p−1).
Ψ൩ࢂ k = λ pn−1(p−1) ЪΞ λ pn−1(p−1)|pn(p−1), ޕࡺ λ |p. ӢԜҗ p ޕ質數ࢂ λ = 1

܈ λ = p. ளࡺ ordpn+1(a) = pn−1(p−1) ܈ ordpn+1(a) = pn(p−1).

ऩ apn−1(p−1) ̸≡ 1 (mod pn+1),ޕ aӧ modulo pn+1 ϐΠځ orderۓόࢂ pn−1(p−1),
ளࡺ ordpn+1(a) = pn(p−1) = ϕ(pn+1). җ Corollary 6.1.7 ள a ӧ modulo pn+1 ϐΠࢂ

ঁ primitive root. ϸϐऩ aӧ modulo pn+1 ϐΠࢂ primitive root,ջ ordpn+1(a) = pn(p−1),
җࡺ order 的ۓကޕ apn−1(p−1) ̸≡ 1 (mod pn+1). �

ऩךॺډפ a ӧ modulo p2 ϐΠࢂ primitive root, ाᔠ a ӧ modulo p3 ϐΠࢂց

ࣁ primitive root, ٩ Lemma 6.3.6, ॺाᔠך ap(p−1) ӧ modulo p3 ϐΠࢂցᆶ 1 ӕᎩ.
ฅԶςޕ ap−1 ≡ 1 (mod p) (Fermat’s Little Theorem) ॺёзך ap−1 = 1+λ p. Ԝਔҗܭ a

ӧ modulo p2 ϐΠࢂ primitive root җࡺ Lemma 6.3.4 ޕ ap−1 ̸≡ 1 (mod p2), ջ p - λ . ٩
Ԝёள

ap(p−1) = (ap−1)p = (1+λ p)p = 1+ p(λ p)+
p(p−1)

2
(λ p)2 + · · · .

೭္җܭ p а܌數ڻࢂ p|p(p−1)/2 ՖԜ่݀ӧࣁࢂཀ೭൩ݙ) p = 2 ਔόԋҥ的চӢ), ӆ
уϐࡕ Cp

k (λ p)k, k ≥ 3 ӧ modulo p3 ϐΠࣣࣁ 0, ॺளךа܌

ap(p−1) ≡ 1+λ p2 (mod p3).

җࡺ p - λ ள ap(p−1) ̸≡ 1 (mod p3), а٩܌ Lemma 6.3.6 ޕ a ӧ modulo p3 ϐΠҭࣁ

primitive root. ӵԜޔΠѐ, ॺёளך n ≥ 3 ਔ, a ӧ modulo pn ϐΠࣣࣁ primitive
root.

Proposition 6.3.7. ଷ a ӧ modulo p2 ϐΠࢂঁ primitive root. ჹҺཀ߾ n ≥ 3, a ӧ

modulo pn ϐΠΨࢂ primitive root.

Proof. 前य़ךॺςள a ӧ modulo p3 ϐΠࢂ primitive root. ӧ٩ᘜયݤ, ॺଷך a

ӧ modulo pn (n ≥ 3) ϐΠࢂ primitive root, ाܴ a ӧ modulo pn+1 ϐΠϝࣁ primitive
root.
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җܭ a ᆶ p ϕ質, ٩ Euler’s Theorem ޕ aϕ(pn−1) = apn−2(p−1) ≡ 1 (mod pn−1). ଷ

apn−2(p−1) = 1+ λ pn−1. җܭ a ӧ modulo pn ϐΠࢂ primitive root, ٩ Lemma 6.3.6 ޕ
apn−2(p−1) ̸≡ 1 (mod pn), ޕࡺ p - λ . Եቾ

apn−1(p−1) = (apn−2(p−1))p = (1+λ pn−1)p = 1+ p(λ pn−1)+
p(p−1)

2
(λ pn−1)2 + · · · .

ӧ p(λ pn−1) ϐࡕ Cp
k (λ pn−1)k, k ≥ 2 ύҗܭ k(n−1) ≥ 2(n−1) = n+(n−2) ≥ n+1

(Ӣࣁ n ≥ 3), а܌ k ≥ 2 ਔӧ modulo pn+1 ϐΠ Cp
k (λ pn−1)k ࣁࣣ 0, ॺளךа܌

apn−1(p−1) ≡ 1+λ pn (mod pn+1).

җࡺ p - λ ள apn−1(p−1) ̸≡ 1 (mod pn+1), а٩܌ Lemma 6.3.6 ޕ a ӧ modulo pn+1 ϐΠ

ҭࣁ primitive root. �

வ Theorem 6.3.3 аϷ Proposition 6.3.5 ၰޕॺך modulo p2 的 primitive root Ӹӧ,
аӆҗ܌ Proposition 6.3.7 ளޕ n ≥ 3 ਔ modulo pn 的 primitive root ΨӸӧ. ӆ次மፓ
җܭவ modulo p2 的 primitive root ள modulo p3 的 primitive root ϐၸำሡҔډ p ࢂ

а܌數ڻ n ≥ 3 ਔ modulo pn 的 primitive root Ӹӧሡӧ p .質數ωԋҥڻࢂ ٣ჴϐ前
ӧޕॺςך modulo 23 = 8 ਔ primitive root .όӸӧ的ࢂ

6.3.4. Modulo 2pn 的 Primitive Root. ӧޕॺςך modulo pn ϐΠࣣԖ primitive root.
ӧךॺஒҗ modulo pn 的 primitive root рפ modulo 2pn 的 primitive. २Ӄךॺٰ࣮
m 數ਔڻࢂ modulo m 的 order ک modulo 2m 的 order ໔ϐᜢ߯.

Lemma 6.3.8. ๏ۓڻ數 m, Ъ a ∈ Z کঁࢂ m ϕ質的ڻ數. ऩ ordm(a) = n, ߾
ord2m(a) = n.

Proof. җܭ a 數Ъᆶڻࢂ m ϕ質, ޕࡺ gcd(a,2m) = 1. ӢԜ a ӧ modulo 2m ϐΠ的

order ,က的ۓԖࢂ ൩ଷ ord2m(a) = k. җ ak ≡ 1 (mod 2m) ёள ak ≡ 1 (mod m). ࡺ
җ ordm(a) = n аϷ Proposition 6.1.4 ޕ n|k. ќБय़җܭ an ≡ 1 (mod m) Ъ a ڻࣁ

數ޕ an ≡ 1 (mod 2), ޕࡺ m|an − 1 Ъ 2|an − 1. Ξҗܭ m ޕ數ڻࢂ gcd(2,m) = 1, җࡺ
Proposition 1.2.6(2) ޕ 2m|an −1, Ψ൩ࢂᇥ an ≡ 1 (mod 2m). Ӣଷ ord2m(a) = k, ӆճࡺ
Ҕ Proposition 6.1.4 ள k|n. ӢԜள k = n Ψ൩ࢂᇥ ord2m(a) = n. �

ଷ a ࣁ modulo pn 的 primitive root, ջ ordpn(a) = ϕ(pn). ऩ a Ξڻࢂ數߾җ Lemma
6.3.8 ޕ ord2pn(a) = ϕ(pn). ՠҗܭ p 質數ᆶڻࢂ 2 ϕ質, ޕࡺ ϕ(2pn) = ϕ(2)ϕ(pn) = ϕ(pn).
Ψ൩ࢂᇥ ord2pn(a) = ϕ(2pn). җࡺ Corollary 6.1.7 ޕ a ӧ modulo 2pn ϐΠҭࣁ primitive
root. ճҔԜ่݀ךॺёډפ modulo 2pn 的 primitive root.

Proposition 6.3.9. ๏ۓ p ,質數ڻঁࢂ 數ڻډפёۓ߾ a ӧځ٬ modulo p2 ϐ

Πࢂঁ primitive root. ձӦ, ԜਔჹҺཀ n ∈ N, a ӧ modulo 2pn ϐΠҭࣁ primitive
root.
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Proof.  p = 3 ਔ, җܭ ord3(5) = ord3(2) = 2 ޕࡺ 5 ӧ modulo 3 ϐΠࢂঁ primitive
root. Ξҗܭ 53−1 = 25 ̸≡ 1 (mod 9), җࡺ Lemma 6.3.4 ޕ 5 ӧ modulo 32 ϐΠࢂঁ

primitive root.

 p ≥ 5 ,質數ਔڻঁࢂ Theorem 6.3.3 ນךॺӧ modulo p ϐΠ的 primitive
root Ӹӧ. ଷ α ঁࢂ modulo p ϐΠ的 primitive root. ճҔ Proposition 6.3.5 ޕ
{α,α + p, . . . ,α +(p−1)p} ύԖঁӧ modulo p2 ϐΠόࢂ primitive root. җܭ p ≥ 5,
ள p−1 ≥ 4, ޕࡺ {α,α + p,α +2p,α +3p} ύԿӭԖঁӧ modulo p2 ϐΠόࢂ primitive
root. ӢԜऩ α ,數ڻࢂ ள߾ α, α + 2p ೭ڻঁٿ數ύѸԖঁӧ modulo p2 ϐΠࢂ

primitive root. ऩ α ,ଽ數ࢂ ள߾ α + p, α +3p ೭ڻঁٿ數ύѸԖঁӧ modulo p2 ϐΠ

ࢂ primitive root. 數ӧڻॺளѸӸӧך modulo p2 ϐΠࢂ primitive root.

ଷ a 數Ъӧڻࢂ modulo p2 ϐΠࢂ primitive root. җ Proposition 6.3.7 ޕ a ӧ

modulo pn ϐΠҭࣁ primitive root. җࡺ Lemma 6.3.8 ޕ ord2pn(a) = ordpn(a) = ϕ(pn) =

ϕ(2pn), ளࡺ a ӧ modulo 2pn ϐΠҭࣁ primitive root. �

٣ჴाډפڻ數ځ٬ӧ modulo p2 ϐΠࢂ primitive root ٠όሡӵ Proposition
6.3.9 的ܴύٗሶፄᚇ. ऩ a ଽ數Ъӧࢂ modulo p2 ϐΠࢂ primitive root, ٗሶ a+ p2

Ѹڻࣁ數Ъҗܭ a+ p2 ≡ a (mod p2) а܌ a+ p2 ฅΨࢂӧ modulo p2 ϐΠ的 primitive
root. όၸҗܭԵቾ a+ p2 數ॶၨε, ၨλ的פॺऩाך primitive root, ܴύനεѝाԵ
ቾډ a+3p, ೭ঁ數 p εਔฅКࡐ a+ p2 ाλளӭ.

ٿॺᕴ่೭ך Proposition 6.2.2, Proposition 6.2.4, Theorem 6.3.3, Proposition 6.3.5,
Proposition 6.3.7 аϷ Proposition 6.3.9 ϐ่݀ளډаΠ܌ᒏ的 primitive root Theorem.

Theorem 6.3.10 (Primitive Root Theorem). ѝԖ m = 2,4, pn,2pn ਔ, ύځ p 質數ڻࣁ

Ъ n ∈ N, ӧ modulo m ϐΠԖ primitive root.

6.4. ଯ次的 Congruence Equation

ᒏଯ次的܌ congruence equation ܭ次數εࢂ的ࡰ 2 的 congruence equation. ॺ೭္ך
ाೀ的ฅόࢂ的 congruence equation. ॺགྷճҔך primitive root ٰᔅךॺှӵ
xn ≡ a (mod m) ύځ gcd(a,m) = 1 ೭ኬ的 congruence equation.

२Ӄךॺஒ m ቪԋ質Ӣ數的४ᑈ, ջ m = 2n0 pn1
1 · · · pnr

r , ύ೭٤ځ pi 質數Զڻ౦࣬ࣁ

n0 ≥ 0. ճҔ Corollary 4.4.3, ၰޕॺך xn ≡ a (mod m) ԖှऩЪऩ xn ≡ a (mod 2n0) аϷ

Ԗ的܌ i ∈ {1 . . . ,r}, xn ≡ a (mod pni
i ) ࣣԖှ. ॺѝाךа܌ xn ≡ a (mod 2n0) Ϸ xn ≡ a

(mod pni
i ) ှ的ݩ.  n0 ≥ 3 ਔ, җܭӧ modulo 2n0 ؒԖ primitive root, 論ှ的ၨ

ፄᚇ, ೭္ךॺόӭ論. ॺ論ך n0 ≤ 2 的, Ψ൩ࢂᇥԜೀךॺှ xn ≡ a

(mod m) 的БݤҔܭ 8 - m 的ݩ. ӧԜݩϐΠךॺѝाှ xn ≡ a (mod 2n0), ύځ
n0 ≤ 2, аϷှ xn ≡ a (mod pni

i ). ೭ٿᅿݩ (ջ modulo 2n0 ک modulo pni
i ), җܭ primitive

root ࣣӸӧ, .ցӸӧࢂှځ൩ёղձݤॺճҔΠय़的Бך
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Theorem 6.4.1. ๏ۓ m ∈ N, ଷӧ modulo m ϐΠ primitive root Ӹӧ. Եቾ xn ≡ a

(mod m), ύځ n ∈ N Ъ gcd(a,m) = 1. з d = gcd(n,ϕ(m)). ߾ xn ≡ a (mod m) ԖှऩЪ

ऩ

aϕ(m)/d ≡ 1 (mod m).

Proof. २Ӄଷ xn ≡ a (mod m)Ԗှ,ջӸӧ c ∈Zᅈى cn ≡ a (mod m). Ӣࣁ gcd(a,m) =

1, а܌ gcd(c,m) = 1, җࡺ Euler’s Theorem (3.3.2) ޕ cϕ(m) ≡ 1 (mod m). Ԝਔҗܭ d|ϕ(m)

Ъ d|n, ளࡺ
aϕ(m)/d ≡ (cn)ϕ(m)/d = (cϕ(m))n/d ≡ 1 (mod m).

όሡࢂཀԜϩ的ܴݙ) modulo m 的 primitive root Ӹӧϐଷ.)

ϸϐ, ଷ γ ࣁ modulo m ϐΠ的ঁ primitive root. ကۓ٩ {γ,γ2, . . . ,γϕ(m)} ঁࢂ
reduced residue system modulo m, Ψ൩ࢂᇥҺՖک m ϕ質的數 b, ࣣӸӧ i ∈N ٬ள γ i ≡ b

(mod m). ӢԜӸӧ r ∈ N ٬ள a ≡ γr (mod m). ќБय़ऩ c ࢂ xn ≡ a (mod m) 的ঁှ,
ܭҗ߾ gcd(c,m) = 1, ۓΨӸӧ t ∈ N ٬ள c ≡ γ t (mod m). ӢԜाှ xn ≡ a (mod m) ൩

ӕܭाډפ t ∈ N ٬ள

(γ t)n = γnt ≡ γr (mod m).

җܭ γ ࢂ modulo m 的 primitive root, ॺԖך ordm(γ) = ϕ(m), ճҔࡺ Proposition 6.1.6,
ޕ γnt ≡ γr (mod m) ऩЪऩ nt ≡ r (mod ϕ(m)), Ψ൩ࢂᇥךॺाډפ t ∈ N ᅈى

nt ≡ r (mod ϕ(m)).

ќБय़٩ଷ aϕ(m)/d ≡ 1 (mod m), ջ γrϕ(m)/d ≡ 1 (mod m), җࡺ Proposition 6.1.4 ޕ
ϕ(m)|rϕ(m)/d. ೭߄Ң ϕ(m)r/d Ѹࢂ ϕ(m) 的७數, ҭջ r/d ∈ Z, Ψ൩ࢂᇥ d|r. ฅԶ
Proposition 4.3.1 ນךॺ๏ۓ n,r, 次的 congruence equation, nt ≡ r (mod ϕ(m)) Ԗှ

ऩЪऩ d = gcd(n,ϕ(m))|r. ॺҗךа܌ aϕ(m)/d ≡ 1 (mod m) ϐଷޕ nt ≡ r (mod ϕ(m))

ѸԖှ. ऩ t0 ,ှځࣁ з c = γ t0 , ள߾

cn = γnt0 ≡ γr ≡ a (mod m).

ޕࡺ c ࣁ xn ≡ a (mod m) 的ঁှ. �

 m = p 質數ࣁ (Ԝਔ modulo p ฅԖ primitive root) Ъ n = 2 ਔ, Theorem 6.4.1
൩ࢂ Euler’s criterion (Theorem 5.3.3). а܌ Theorem 6.4.1 ёаᇥࢂ Theorem 5.3.3 的
ቶ.

ௗΠٰךॺाޕၰ xn ≡ a (mod m) ाࢂԖှ, ٗሶӧ modulo m ϐΠԖӭϿှ. ۳ک
தኬ, ,ϐ໔的ᜢ߯ှঁٿௗޔࢂݤҔ的Б܌ॺך ӵԜٰόѝёаᆒዴӦᆉрှ的
ঁ數, ԶЪёаזࡐ的ճҔঁςှޕஒځд的ှр.

Proposition 6.4.2. ๏ۓ m ∈ N, ଷӧ modulo m ϐΠ primitive root Ӹӧ. Եቾ xn ≡ a

(mod m), ύځ n ∈ N Ъ gcd(a,m) = 1. з d = gcd(n,ϕ(m)). ऩ xn ≡ a (mod m) Ԗှ, ӧ߾
modulo m ϐΠӅԖ d ঁှ.
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٣ჴ, ऩ x ≡ c (mod m) ࢂ xn ≡ a (mod m) 的ঁှЪ γ ࢂ modulo m ϐΠ的ঁ

primitive root, ӧ߾ modulo m ϐΠ x ≡ cγ tϕ(m)/d (mod m), ύځ t ∈ {0,1, . . . ,d−1} ࢂ xn ≡ a

(mod m) .Ԗ的ှ܌

Proof. җܭ a ک m ϕ質, xn ≡ a (mod m) 的ှࣣᆶ m ϕ質. Ξҗܭ γ ࢂ modulo m ϐΠ的

ঁ primitive root, ܭаჹ܌ xn ≡ a (mod m) 的Һှঁٿ, ࣁϩձځॺёଷך γr ک γs,
ύځ r,s ∈ N. Ψ൩ࢂᇥ

γrn = (γr)n ≡ a ≡ (γs)n ≡ γsn (mod m).

ӢԜճҔ ordm(γ) = ϕ(m) аϷ Proposition 6.1.6 ள rn ≡ sn (mod ϕ(m)). ӢԜҗܭ d =

gcd(n,ϕ(m)) ٩ Proposition 3.2.3 ޕ r ≡ s (mod ϕ(m)/d). Ψ൩ࢂᇥӸӧ λ ∈ Z ٬ள s =

r+λϕ(m)/d. ϸϐ, ऩ γr ࢂ xn ≡ a (mod m) 的ঁှЪ s = r+λϕ(m)/d, ߾

(γs)n = (γrγλϕ(m)/d)n = γrnγλϕ(m)n/d ≡ a(γϕ(m))λn/d ≡ a (mod m).

ӢԜ γs Ψࢂ xn ≡ a (mod m) 的ঁှ.

ॺளΑऩך x ≡ c ≡ γr (mod m), ࢂ xn ≡ a (mod m) 的ঁှ, ߾ x ≡ cγλϕ(m)/d

(mod m), ύځ λ ∈ Z, ࢂ xn ≡ a (mod m) .Ԗ的ှ܌ όၸ೭٤ှӧ modulo m ϐΠԖ

ӭ࣬ࢂӕ的, .рפॺѸஒԖব٤࣬౦ှך ฅԶ c ک m ϕ質, җࡺ Corollary ޕ3.2.4
cγλϕ(m)/d ≡ cγλ ′ϕ(m)/d (mod m) ऩЪऩ γλϕ(m)/d ≡ γλ ′ϕ(m)/d (mod m). ӆճҔ ordm(γ) =
ϕ(m)аϷ Proposition ޕ6.1.6 γλϕ(m)/d ≡ γλ ′ϕ(m)/d (mod m)ऩЪऩ λϕ(m)/d ≡ λ ′ϕ(m)/d

(mod ϕ(m)) Ψ൩ࢂᇥ ϕ(m)|(λ −λ ′)ϕ(m)/d ҭջ d|λ −λ ′. ӢԜ 0 ≤ t ≤ d−1 ਔ, cγ tϕ(m)/d

ӧ modulo m ϐΠࣣ࣬౦. ќБय़ჹҺཀ λ ∈ Z ࣣӸӧ h, t ∈ Z ٬ள λ = hd + t, ځ
ύ 0 ≤ t ≤ d − 1. а܌ cγλϕ(m)/d ӧ modulo m ϐΠᆶঁࢌ cγ tϕ(m)/d ӕᎩ, ύځ
t ∈ {0,1, . . . ,d − 1}. ӢԜךॺள xn ≡ a (mod m) ऩԖ x ≡ c (mod m) ೭ঁှ߾ӧ

modulo m ϐΠ xn ≡ a (mod m) ӅԖ x ≡ c,cγϕ(m)/d ,cγ2ϕ(m)/d , . . . ,cγ(d−1)ϕ(m)/d ೭ d ঁှ. �

ௗΠٰךॺճҔঁჴሞ的ٯηှញ Proposition 6.4.1 ک Proposition 6.4.2 ளϐ่܌
݀.

Example 6.4.3. ॺٰך x12 ≡ 10 (mod 27) ک x12 ≡ 11 (mod 27) ှ的.

җܭ 27 = 33 аӧ܌ modulo 27 ϐΠ primitive root .Ӹӧ的ࢂ Ξ ϕ(27) = 18 Ъ

gcd(12,ϕ(27)) = gcd(12,18) = 6 ճҔ Proposition 6.4.1 ॺёϩձҗך 10ϕ(27)/6 = 103 ک 113

ӧ modulo 27 ࣁցࢂ 1 ٰղۓ x12 ≡ 10 (mod 27) ک x12 ≡ 11 (mod 27) .ցԖှࢂ ٣ჴ
103 ≡ 1 (mod 27)Ъ 113 ≡ 8 ̸≡ 1 (mod а܌,(27 x12 ≡ 10 (mod 27)ԖှԶ x12 ≡ 11 (mod 27)

คှ.

ाפр x12 ≡ 10 (mod 27) 的ှ, २ӃሡӃډפ modulo 27 的ঁ primitive root. җܭ 2

ࢂ modulo 3 的 primitive root Ъ 22 ≡ 4 ̸≡ 1 (mod 9), аҗ܌ Lemma 6.3.4 ޕ 2 ӧ modulo
9 ࢂ primitive root. ӢԶҗ Proposition 6.3.7 ޕ 2 ӧ modulo 27 ϐΠ٩ฅࢂ primitive
root. ฅࡽ 2 ࢂ modulo 27 的ঁ primitive root ीᆉךॺޕ 26 ≡ 10 (mod 27) Ъёаஒ
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x12 ≡ 10 (mod 27) 的ှቪԋ x ≡ 2t (mod 27) 的Ԅ. Ψ൩ࢂᇥךॺाှ

(2t)12 ≡ 26 (mod 27).

ӢԜҗ ord27(2) = ϕ(27) = 18 аϷ Proposition 6.1.6 ှܭԜሽޕ

12t ≡ 6 (mod 18).

җࡺ gcd(18,12) = 6 ள 2t ≡ 1 (mod 3), ջ t ≡ 2 (mod 3). ှр x ≡ 22 ≡ 4 (mod 27) ࣁ

x12 ≡ 10 (mod 27) 的ঁှ. ӆҗ ϕ(27)/6 = 3 аϷ Proposition 6.4.2 ޕ x ≡ 4,4× 23,4×
26,4× 29,4× 212,4× 215 (mod 27), ջ x ≡ 4,5,13,23,22,14 (mod 27) ࣁ x12 ≡ 10 (mod 27)

.Ԗ的ှ܌ ٣ჴךॺΨёаҗ 12t ≡ 6 (mod 18) ډפ t ≡ 2,5,8,11,14,17 (mod 18) ܌ځࣁ

Ԗ的ှ, Զள x ≡ 22,25,28,211,214,217 (mod 27) ࣁ x12 ≡ 10 (mod 27) .Ԗ的ှ܌



Chapter 7

略談 Diophantine
Equations

ॺճҔך Diophantine equations 的ୢᚒٰբࣁ本ᖱကϐᕴ่. Զ言ऩ
f (x1, . . . ,xn) ,ঁӭᡂ數的整߯數ӭԄࢂ  f (x1, . . . ,xn) = 0 的܌Ԗ整數ှ൩ࢂ Dio-
phantine equation 的ୢᚒ. җࢂܭ整數ှԖคज़ӭᅿёૈ, аှ܌ Diophantine equations
的ୢᚒКଆှԖज़ୢᚒ的 congruence equations .ᜤӭ֚ࢂ ٣ჴךॺҞ前Ꮲ的論
ૈ論Ϸ٤ᙁൂ的 Diophantine equations. ӧ೭္ךॺ׆ఈճҔ前൳ക܌Ꮲ的่݀ᡣε
ৎΑှӵՖҔѬॺٰှ،ୢᚒ, ԶόགྷుΕ的談論 Diophantine equations.

7.1. ೀঁٿ Diophantine Equations 的Бݤ

ᅿೀٿॺᙁൂ的ϟಏך Diophantine equations 的Бݤ. ೭ٿᅿБݤࢂҔٰೀ
Diophantine equations คှ的ݩ.

ಃᅿБࢂݤҔ congruence 的Бݤೀ. Ψ൩ࢂᇥӵ݀ঁ Diophantine equation
f (x1, . . . ,xn) = 0 Ԗ整數ှ, ჹҺཀ的߾ m ∈ N ӧ modulo m ϐΠ f (x1, . . . ,xn) ≡ 0 (mod m)

ฅԖှ. ӢԜऩૈډפঁ m ٬ள f (x1, . . . ,xn) ≡ 0 (mod m) คှ, ٗሶচ Diophantine
equation f (x1, . . . ,xn) = 0 ൩คှ.

Proposition 7.1.1. ଷ f (x1, . . . ,xn) ঁࢂ n ঁᡂ數的整߯數ӭԄ. ऩӸӧ m ∈ N ٬
ள f (x1, . . . ,xn)≡ 0 (mod m) คှ, ߾ f (x1, . . . ,xn) = 0 ค整數ှ.

Proof. ճҔϸݤଷ x1 = c1, . . . ,xn = cn ࢂ f (x1, . . . ,xn) = 0 的ಔ整數ှ. җܭ
f (c1, . . . ,cn) = 0, ԾฅԖ f (c1, . . . ,cn) ≡ 0 (mod m), Ψ൩ࢂᇥ x1 ≡ c1 (mod m), . . . ,xn ≡ cn

(mod m) ࢂ f (x1, . . . ,xn)≡ 0 (mod m) 的ಔှ. Ԝک f (x1, . . . ,xn)≡ 0 (mod m) คှ的ଷ

࣬ҟ࣯ޕࡺ f (x1, . . . ,xn) = 0 ค整數ှ. �

89
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ाݙཀ Proposition 7.1.1 ᇥ的ࢂऩૈډפঁ m ∈ N ٬ள f (x1, . . . ,xn)≡ 0 (mod m) ค

ှ, ߾ f (x1, . . . ,xn) = 0 ค整數ှ. ٠όࢂᇥऩૈډפ m ∈ N ٬ள f (x1, . . . ,xn) ≡ 0 (mod m)

Ԗှ, ߾ f (x1, . . . ,xn) = 0 Ԗ整數ှ. ίձབᒱΑ, .ηٯॺٰ࣮ঁך

Example 7.1.2. Եቾ Diophantine equation 11x2 − 7y2 = 2. ӧ modulo 11 ϐΠ, ॺाך
ှ −7y2 ≡ 2 (mod 11). җܭ −7× 3 ≡ 1 (mod 11), −7y2 ≡ 2 (mod 11) ᜐ४ٿ 3 ёள

y2 ≡ 6 (mod 11). Եቾ Legendre symbol
(

6
11

)
=

(
2

11

)(
3

11

)
. җܭ 11 ≡ 3 (mod 8) җࡺ

Theorem 5.4.3 ޕ
(

2
11

)
=−1 Ъҗ Theorem 5.4.6 ޕ

(
3

11

)
=−

(
11
3

)
=−

(
2
3

)
= 1. Ӣ

Ԝள

(
6
11

)
=−1, Ψ൩ࢂᇥ y2 ≡ 6 (mod 11) คှ. ඤ言ϐ, 11x2 −7y2 −2 ≡ 0 (mod 11) ค

ှ, ӢԶҗ Proposition 7.1.1 ޕ 11x2 −7y2 = 2 ค整數ှ.

ཀऩஒݙ 11x2 − 7y2 = 2 Եቾӧ modulo 7 的, Ψ൩ှࢂ 11x2 ≡ 2 (mod 7). җܭ
11×2 ≡ 1 (mod 7), 11x2 ≡ 2 (mod 7) ᜐ४ٿ 2 ள x2 ≡ 4 (mod 7). ᡉ的ԜԄԖܴࡐ x ≡ 2

(mod 7) ,ှځࣁ ՠҗ前ςޕ 11x2 − 7y2 = 2 ٠ค整數ှ. ,ޕёٯаҗԜ܌ ٠όૈӢډפ
m ∈ N ٬ள f (x1, . . . ,xn)≡ 0 (mod m) Ԗှ, ᘐ言ߡ f (x1, . . . ,xn) = 0 Ԗှ.

,ڻεৎӳ܈ ऩჹܭҺཀ的҅整數 m, f (x1, . . . ,xn)≡ 0 (mod m) ࣣԖှ, ց൩ૈளࢂ
f (x1, . . . ,xn) = 0 Ԗ整數ှګ? җΠय़的ٯηךॺёаޕၰ, ೭ϝࢂόۓჹ的.

Example 7.1.3. з f (x) = (x2−17)(x2−19)(x2−323)Եቾ Diophantine equation f (x) = 0.
ᡉ的೭ঁܴࡐ Diophantine equation ٠ค整數ှ. ՠךࢂॺஒᇥܴ, ჹҺཀ m ∈ N, f (x)≡ 0

(mod m) ࣣԖှ.

җ Corollary 4.4.3 ၰाܴჹҺཀޕॺך m ∈N, f (x)≡ 0 (mod m) ࣣԖှ, ӕܭा
ܴჹҺཀ質數 p аϷ n ∈ N, f (x)≡ 0 (mod pn) ࣣԖှ.

 p = 2,n = 1 ਔ, f (x)≡ (x2 −1)3 (mod 2), ࡺ f (x)≡ 0 (mod 2) Ԗှ. Զ p = 2,n = 2

ਔ, f (x) ≡ (x2 − 1)(x2 − 3)2 (mod 4), а܌ f (x) ≡ 0 (mod 4) ҭԖှ.  p = 2,n ≥ 3 ਔ,
җܭ 17 ≡ 1 (mod 8), Proposition 5.2.1 ນךॺ x2 ≡ 17 (mod 2n) ѸԖှ, а܌ f (x) =

(x2 −17)(x2 −19)(x2 −323)≡ 0 (mod 2n) ฅԖှ.

 p = 17 ਔҗܭ 17 ≡ 1 (mod 8), җࡺ Theorem 5.4.3 ޕ x2 ≡ 19 ≡ 2 (mod 17) Ԗှ.
ӢԜҗ Proposition 5.2.4 ჹҺཀޕ n ∈ N, x2 ≡ 19 (mod 17n) ࣣԖှ. ӢԜޕ f (x) ≡ 0

(mod 17n) Ԗှ. Զ p = 19 ਔ, җܭ 17 ≡ 1 (mod 8) ளࡺ
(

17
19

)
=

(
19
17

)
=

(
2

17

)
= 1,

Ψ൩ࢂᇥ x2 ≡ 17 (mod 19)Ԗှ. ӆҗ Proposition ჹҺཀޕ5.2.4 n ∈N, x2 ≡ 17 (mod 19n)

ࣣԖှ. ӢԜޕ f (x)≡ 0 (mod 19n) Ԗှ.

 p 質數Ъڻࢂ p ̸= 17,19 ਔ, ऩ x2 ≡ 17 (mod p) Ԗှ, ߾ Proposition 5.2.4 ນ
ॺჹҺཀך n ∈ N, x2 ≡ 17 (mod pn) ҭԖှ. аԜਔ܌ f (x) ≡ 0 (mod pn) Ԗှ. ӕऩ
x2 ≡ 19 (mod p) Ԗှ, ёளჹҺཀ n ∈ N, f (x)≡ 0 (mod pn) ҭԖှ. Զऩ x2 ≡ 17 (mod p)

ک x2 ≡ 19 (mod p) ࣣคှ, ջ
(

17
p

)
=

(
19
p

)
= −1, җ߾

(
232

p

)
=

(
17
p

)(
19
p

)
= 1 ޕ
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x2 ≡ 232 (mod p) Ԗှ, ӢԜளჹҺཀ n ∈ N, x2 ≡ 232 (mod pn) ࣣԖှ. ॺϝளך f (x)≡ 0

(mod pn) Ԗှ.

ᆕӝа่݀ךॺޕ, ჹҺཀ質數 p аϷ n ∈ N, f (x)≡ 0 (mod pn) ࣣԖှ. аჹҺཀ܌
m ∈ N, f (x)≡ 0 (mod m) ࣣԖှ. ՠ٣ࢂჴ f (x) = 0 ٠ؒԖ整數ှ.

ӆ次மፓ次, ॺϟಏ的ך congruence Бݤૈٰܴ৾ Diophantine equation คှ.
аऩԖঁ܌ Diophantine equation գᇡࣁѬ٠ค整數ှ, ٗգёаԵቾҔ congruence 的
БݤѐܴѬคှ. Ψ൩ࢂᇥ၂ډפঁ m ∈ N ӧځ٬ modulo m ϐΠคှ, ٗሶ൩
ளԜ Diophantine equation ค整數ှ. ऩգᇡࣁঁ Diophantine equation Ԗှ, ٗሶ
congruence 的Бݤഗӭёаගٮգှځ的ёૈԄ, ٠คݤນգচ Diophantine equation
Ԗှ.

ќᅿதҔ的Бݤᆀࣁ descent 的Бݤ. ѬΨٰ৾ࢂܴঁ Diophantine equation ؒ
Ԗ҅整數ှ. 整數的҅ډҔࢂ的চࡕङځ well-ordering principle. БݤϝฅࢂҔϸݤ:
ଷ Diophantine equation f (x1, . . . ,xn) = 0 Ԗ҅整數ှЪ x1 = c1, . . . ,xi = ci, . . . ,xn = cn ࣁ

.ಔှځ ऩךॺૈճҔ x1 = c1, . . . ,xi = ci, . . . ,xn = cn ೭ಔ҅整數ှډפќಔ҅整數ှ

x1 = c′1, . . . ,xi = c′i, . . . ,xn = c′n,ځύჹঁࢌۓ i∈{1, . . . ,n}Ԗ c′i < ci,߾ௗΠٰёճҔ x1 =

c′1, . . . ,xi = c′i, . . . ,xn = c′n ೭ಔ҅整數ှډפќಔ҅整數ှ x1 = c′′1, . . . ,xi = c′′i , . . . ,xn = c′′n
ᅈى c′′i < c′i. ӵԜޔΠѐךॺёளঁᝄሀ෧的คጁ҅整數數ӈ ci > c′i > c′′i > · · · Ԝک
҅整數的 well-ordering principle ࣬ၴङ, ளࡺ f (x1, . . . ,xn) = 0 ؒԖ整數ှ.

аךࡕॺճҔ descent 的БݤܴঁࢌԖӜ的 Diophantine equation ค҅整數ှ. ۭ
ΠךॺӃᖐঁᙁൂ的ٯηᡣεৎΑှ descent 的Бݤ.

Example 7.1.4. εৎޕၰ
√

2 ,ค數ࢂ ޕॺёךа܌ x2 − 2y2 = 0 ೭ঁ diophantine
equation ค҅整數ှ. ॺճҔך descent 的Бှٰݤញ x2 −2y2 = 0 ค҅整數ှ.

ଷ x = c1,y = d1 ࢂ x2 −2y2 = 0 的ಔ҅整數ှ. ܭҗ߾ c2
1 = 2d2

1 , ޕॺך c1 Ѹ҅ࣁ

ଽ數, Ψ൩ࢂᇥӸӧ c2 ∈ N ٬ள c1 = 2c2. ӢԜள 4c2
2 = 2d2

1 , ջ 2c2
2 = d2

1 . җԜΞள d1 ҅ࢂ

ଽ數, Ӹӧࡺ d2 ∈ N ٬ள d1 = 2d2. ӢԜள 2c2
2 = 4d2

2 , ջ c2
2 = 2d2

2 . Ψ൩ࢂᇥ x = c2,y = d2

ࣁ x2 −2y2 = 0 的ಔ҅整數ှ. ॺճҔך x = c1,y = d1 ೭ಔ҅整數ှளډ x = c2,y = d2

೭ಔ҅整數ှЪᅈى c1 = 2c2 > c2, ճҔࡺ descent 的Бޕݤ x2 −2y2 = 0 ค҅整數ှ.

೭္Ԗঁᡄᒠ的ୢᚒሡݙཀ. ᒏ܌ descent 的Бࡰࢂݤঁ Diophantine equation
ऩૈܴȨҺ๏ಔȩ҅整數ှૈౢғќಔ “ၨλ” 的҅整數ှ, ၀߾ Diophantine
equation ค҅整數ှ. җȨۓ的ಔȩ҅整數ှёаளډќಔ “ၨλ” 的҅整數ှ٠
คݤளҟ࣯的่論. ӵٯ x = 8,y = 6,z = 10 ࢂ x2 +y2 = z2 的ಔ҅整數ှ, ஒ x,y,z ࣣନ

а 2 ள x = 4,y = 3,z = 5 Ψࢂ x2 + y2 = z2 的ಔ҅整數ှ, ՠԜಔှ٠όૈӆ٩Ԝள׳
λ的ಔှ, .ளҟ࣯的่論ݤаค܌ ٣ჴ x2 + y2 = z2 ฅࢂԖ҅整數ှ, ೭٠ؒԖک
descent 的Бၴ࣬ݤङ.



92 7. 略談 Diophantine Equations

7.2. Pythagorean Triple ک Fermat’s Last Theorem

.ᜐ的ѳБ௹ܭکѳБިٿ的فΟفޔၰޕॺך ऩঁفޔΟځفΟᜐߏ
ಔࢂࣁԜΟঁ҅整數൩ᆀ߾整數҅ࣁࣣ Pythagorean triple. ඤ言ϐ, ᅈى Diophantine
equation x2+y2 = z2的ಔ҅整數ှ൩ࢂ Pythagorean triple. Ԗ܌ډפॺஒך Pythagorean
triples 的ԄЪճҔٰځک Fermat’s Last Theorem Ԗᜢ的ୢᚒ.

7.2.1. Pythagorean Triples. Ԗ的܌ډפఈૈ׆ॺך Pythagorean triples. όၸऩؒԖ
ज़ڋచҹा܌ډפԖ的ှჴӧԖᗺ֚ᜤ, Ԗ٤ݩՖ׳ Pythagorean triple ٤ࢌவࢂჴځ
Pythagorean triple ᇸܰளډ的. ӢԜךॺ׆ఈפ的 Pythagorean triples ᗨฅԖज़ڋచҹՠ
ఈૈҗ೭٤׆ Pythagorean triples ள܌ډԖёૈ的 Pythagorean triples. ၀ӭуব٤ज़
?ګ೭ঁҞ的ډၲૈڋ ॺёаԵቾךӵٯ x2 + y2 = z2 的҅整數ှ. ೭ࢂӢࣁٰऩ x = 0

܈ y = 0 ٗሶ x2 = z2 ܈ y2 = z2 ೭ኬ的 Diophantine equation ਥ本ؒԖཀࡘ; ӆٰځд的ॄ
整數ှёаᇸӦҗ҅整數ှளډ, .Ԗ的ှ܌ၲ߄аىаԵቾ҅整數ှ൩܌

ᜪ՟的ࡘԵБӛ, ᇸܰ的வࡐॺΨёך x2 + y2 = z2 的ಔ҅整數ှளډคጁӭಔ҅整

數ှ. ӵٯ x = 3,y = 4,z = 5 ,ಔ҅整數ှࢂ ӢԜёளჹҺཀ λ ∈ N, x = 3λ ,y = 4λ ,z =
5λ Ψࢂಔ҅整數ှ. Ԗคጁӭಔޕॺךа܌ Pythagorean triples. όၸ೭ኬ܌ள的
Pythagorean triple ჹךॺٰᇥؒࢂӭεᑫ፪的. ಔࢂॺКၨԖᑫ፪的ך Pythagorean
triple “চۈ” Ծবঁٰࢂ Pythagorean triple. Ψ൩ךࢂॺԖᑫ፪٤ٗܭനεϦӢ數ࣁ 1

的 Pythagorean triple. ٣ჴҺಔ Pythagorean triple ٰࢂԾࢌܭಔനεϦӢ數
ࣁ 1 的 Pythagorean triple. ೭ࢂӢࣁऩ x = a,y = b,z = c ಔࢂ Pythagorean triple Ъ
gcd(a,b,c) = d, Ӹӧ߾ a′,b′,c′ ∈ N ٬ள a = da′,b = db′,c = dc′ Ъ gcd(a′,b′,c′) = 1. ќБ
य़җܭ a2 +b2 = c2 ёள a′2 +b′2 = c′2, а܌ x = a′,y = b′,z = c′ ൩ࢂಔനεϦӢ數ࣁ 1 的

Pythagorean triple. ӢԜךॺѝाܭݙനεϦӢ數ࣁ 1 的 Pythagorean triple ջё.

നךࡕॺวऩ x = a,y = b,z = c ࣁಔനεϦӢ數ࢂ 1 的 Pythagorean triple, ฅ
x = b,y = a,z = c ΨࢂಔനεϦӢ數ࣁ 1 的 Pythagorean triple, Ψ൩ࢂᇥᙖҗҬඤ x,y 的

ׇ܌ள的ှΨؒӭεཀࡘ. ԵቾಔݤঁБפॺགྷךа܌ x,y 的ׇջё. ךӵٯ
ॺёԵቾ x > y 的. όၸ೭ኬ的ज़ڋჹךॺؒှפԖӭε的ᔅշ. ॺёаԵቾќך
ᅿज़ڋ. २ӃݙཀനεϦӢ數的ज़٬ڋளךॺ的 Pythagorean triple ځ x,y 的ॶόૈӕ

,ଽ數ࣁ ց߾җ z2 = x2 + y2 ޕ z Ѹࣁଽ數, ԋ x,y,z 的നεϦӢ數εܭܭ 2. ќБ
य़ x,y 的ॶΨόૈӕڻࣁ數. ೭ࢂӢࣁऩ x,y ,數ڻࣁࣣ ߾ x2 ≡ y2 ≡ 1 (mod 4). ӢԜ
ԋ x2 + y2 ≡ 2 (mod 4), ฅԶ x2 + y2 ,ଽ數ࢂ җࡺ z2 = x2 + y2 ள z .ଽ數ࣁ Ψ൩ࢂᇥ z2 ≡ 0

(mod 4). ೭ԋ 0 ≡ z2 ≡ x2 + y2 ≡ 2 (mod 4) 的ҟ࣯. ӢԜऩךॺा的 Pythagorean
tripleځനεϦӢ數ࢂ ߾,1 xک yѸڻଽ. ॺ的ךڋॺёаԵቾज़ךа܌ Pythagorean
triple ځ x ॶڻࣁ數Զ y ॶࣁଽ數. 的ڋॺ๏Ԗ೭٤ज़ך Pythagorean triples ঁձ的
Ӝӷ.

Definition 7.2.1. ଷ a,b,c ∈N ᅈى a2 +b2 = c2 Ъ gcd(a,b,c) = 1 Ξ a 數Զڻࣁ b ଽࣁ

數, ᆀ߾ a,b,c ঁࣁ primitive Pythagorean triple.
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Ԗ的܌ډפఈૈ׆ॺך primitive Pythagorean triples. ٣ჴ primitive Pythagorean
triples Ԗคጁӭঁ, Ԗ的܌ஒࢂ٠όډפ的ࡰа೭္܌ primitive Pythagorean triples 
ӈр, Ԗ的܌ஒݤঁБډפाࢂॺך primitive Pythagorean triples .Ңрٰ߄

Theorem 7.2.2. ๏ۓҺಔ primitive Pythagorean triple x,y,z ࣣӸӧಔ m,n ∈ N ύځ
m > n, gcd(m,n) = 1 Ъ m,n ύԖঁڻࢂ數ঁࢂଽ數٬ள

x = m2 −n2, y = 2mn, z = m2 +n2.

ϸϐჹҺཀಔ m,n ∈N ᅈى m > n, gcd(m,n) = 1 Ъ m,n ύԖঁڻࢂ數ঁࢂଽ數,
ऩз x = m2 −n2, y = 2mn Ъ z = m2 +n2, ߾ x,y,z ಔࣁ primitive Pythagorean triple.

Proof. ଷ x,y,z ಔࢂ primitive Pythagorean triple. җܭ x2 + y2 = z2, ॺளך y2 =

(z+ x)(z− x). ကۓ٩ y ଽ數Զࢂ x,z ,數ڻࢂ а܌ y/2,(z+ x)/2 ک (z− x)/2 整數Ъ҅ࣁࣣ

(y/2)2 = ((z+x)/2)((z−x)/2). ཀԜਔݙ (z+x)/2 ک (z−x)/2 ϕ質. ाόฅԖ質數 p ࣁ

(z+x)/2ک (z−x)/2的ϦӢ數,ӢԶள pࣁ (z+x)/2+(z−x)/2= zک (z+x)/2−(z−x)/2= x

的ϦӢ數. ӵԜԋ p|y2 = z2 − x2, ջ p|y, ӢԶᆶ gcd(x,y,z) = 1 ࣬ҟ࣯.

ฅࡽ (z+ x)/2 ک (z− x)/2 ϕ質, җࡺ (y/2)2 = ((z+ x)/2)((z− x)/2) ёள (z+ x)/2 ک

(z− x)/2 ,整數ϐѳБঁࢌࣁࣣ ҭջӸӧ m,n ∈ N ٬ள m2 = (z+ x)/2 Ϸ n2 = (z− x)/2. Ԝ
ਔךॺள

x = m2 −n2, y = 2mn, z = m2 +n2.

Կܭ m ک n, җܭ x > 0, ջ m2 −n2 > 0, ޕࡺ m > n. ΞӢࣁ (z+ x)/2 ک (z− x)/2 ϕ質, ջ
gcd(m2,n2) = 1, ॺளך gcd(m,n) = 1. നۓ٩ࡕက x = m2 −n2 ,數ڻࢂ ޕࡺ m ک n ύԖ

.ଽ數ࢂ數ঁڻࢂঁ

ϸϐჹҺཀಔ m,n ∈ N ᅈى m > n, gcd(m,n) = 1 Ъ m,n ύԖঁڻࢂ數ঁࢂଽ數,
ऩз x = m2 −n2, y = 2mn Ъ z = m2 +n2, ޕԾฅ߾ x,y,z ∈ N Ъ x2 + y2 = z2, Ψ൩ࢂᇥ x,y,z

ಔࢂ Pythagorean triple. ӢԜךॺഭΠाᇥܴѬॺࢂ primitive, ջ gcd(x,y,z) = 1, x ࣁ

數Ъڻ y .ଽ數ࣁ ကۓ٩ y = 2mn а܌ y ฅࢂଽ數, Զ m,n ύঁڻࢂ數ঁࢂଽ數܌а

x = m2 −n2 ฅڻࢂ數. Կܭ gcd(x,y,z) = 1 ӵ݀ࣁӢࢂ gcd(x,y,z)> 1, ߾ gcd(x,y,z) Ѹࣁ

數ڻ (Ӣࣁςޕ x (數ڻࢂ 質數ڻаӸӧ܌ p ࣁ x,y,z 的ϦӢ數. Ӣࣁ p 整ନ z+ x = 2m2

Ъ p 整ନ z− x = 2n2 ΞӢࣁ p ,質數ڻࣁ ॺளך p|m Ъ p|n. Ԝᆶ m,n ϕ質的ଷ࣬ҟ࣯,
ޕࡺ gcd(x,y,z) = 1. �

Theorem 7.2.2 ນךॺঁ primitive Pythagorean triple ёҗಔڻଽЪϕ
質的҅整數 m,nளډ,ԶЪ๏ಔ೭ኬ的҅整數൩ёளಔ primitive Pythagorean triple.
ᗨฅךॺёаᇸܰ的ډפคጁӭಔ೭ኬ的 m,n ՠ೭٠ό߄Ңёаౢғคጁӭಔ primitive
Pythagorean triples, ନךߚॺޕၰόӕ的ಔ m,n ёౢғόӕ的 Pythagorean triple. ٣ჴ
ऩ m,n ک m′,n′ ύځଽЪϕ質的҅整數ڻಔٿࢂ m > n Ъ m′ > n′, ଷ m,n ک m′,n′

ౢғኬ的 primitive Pythagorean triple. ҭջ m2 −n2 = m′2 −n′2 Ъ m2 +n2 = m′2 +n′2. ஒ
Ԅ࣬уёளٿ 2m2 = 2m′2, җࡺ m,m′ 整數ள҅ࣁࣣ m = m′. ӕள n = n′. ӢԜךॺԖа
Πϐ่݀.
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Corollary 7.2.3. Ӹӧคጁӭಔ primitive Pythagorean triple. ٣ჴჹҺཀ的ಔ
primitive Pythagorean triple ࣣӸӧ的ಔ m,n ∈ N ύځ m > n, gcd(m,n) = 1 Ъ m,n

ύԖঁڻࢂ數ঁࢂଽ數٬ள x = m2 −n2, y = 2mn, z = m2 +n2.

7.2.2. Fermat’s Last Theorem. Ԗ܌ډפॺςך x2 + y2 = z2 的҅整數ှ, Ծฅ的ࡐ
ୢ x3 + y3 = z3 的҅整數ှ, ࣗԿୢჹҺཀεܭܭ 3 的҅整數 n, xn + yn = zn 的҅整數ှ.
Fermat ᇡࣁ n ≥ 3 ਔ xn + yn = zn ٠ค҅整數ှ. дᙁอ的ᇥԖঁࡐᖃܴ的Бݤܴ
Ԝ٣ՠ٠ؒԖගрܴ, ࣁॺᆀԜ่݀ךа܌ Fermat’s Last Theorem.

٣ჴਔᔈᆀ Fermat’s Last Theorem ঁࣁ conjecture (གྷ) Ӣ٠ؒࣁԖΓ๏р
ֹ整的ܴ. Οԭӭԃٰӭӭ的數ᏢৎགྷाрԜۓ, ՠډޔ 1995 ԃωֹ整
的ܴ. όၸ܌Ҕ的Бݤੋډӭፄᚇᖑు的數Ꮲ論, ฅόࢂ Fermat ࡰ܌߃
的Бݤ. җԜךॺёаޕၰ Diophantine equation ᗨฅࢂ論整數ှ的ୢᚒ, όၸԖ的
Diophantine equation ዴჴੋࡐډు的數Ꮲୢᚒ.

ჴှځ Fermat’s Last Theorem όѸԵቾ܌Ԗεܭܭ 3 的҅整數. ऩ n Ԗڻ的質Ӣ數

p, Ԝਔ n = pm, ऩࡺ x = a,y = b,z = c ࢂ xn+yn = zn 的ಔ҅整數ှ, Ӣ߾ apm+bpm = cpm

ޕ x = am,y = bm,z = cm ࢂ xp + yp = zp 的ಔ҅整數ှ. ඤ言ϐऩૈள xp + yp = zp ค҅

整數ှ, ჹҺཀ߾ n = pm, xn + yn = zn Ψค҅整數ှ. ӕऩ n คڻ的質Ӣ數, ջ n = 2r, Ԝ
ਔӢ r ≥ ޕ2 4|n,܌аऩૈள x4+y4 = z4 ค҅整數ှ,߾ჹҺཀ n = 2r > 2, xn+yn = zn ค

҅整數ှ. ӢԜाܴ Fermat’s Last Theorem, 質數ڻॺѝाܴჹҺཀך p, xp + yp = zp

ค҅整數ှ, аϷ x4 + y4 = z4 ค҅整數ှջё. Ҟ前ךॺคݤೀڻ質數的, ௗΠٰך
ॺஒճҔ descent 的Бݤܴ x4 + y4 = z4 ค҅整數ှ.

ॺӃೀঁКך x4 + y4 = z4 的׳ Diophantine equation.

Proposition 7.2.4. x4 + y4 = z2 ค҅整數ှ.

Proof. ॺճҔך descent 的Бݤܴ x4 + y4 = z2 ค҅整數ှ. ଷ x = a1,y = b1,z = c1 ࢂ

x4 + y4 = z2 的ಔ҅整數ှ, ќಔ҅整數ှډॺஒճҔѬॺளך x = a2,y = b2,z = c2 Ъ

c1 > c2. ӵԜޔΠѐ҅ک整數的 well-ordering principle ࣬ၴङ, .চԄค҅整數ှޕࡺ

ଷ x = a1,y = b1,z = c1 ࢂ x4 +y4 = z2 的ಔ҅整數ှ. ӵ݀ gcd(a1,b1) = d > 1, җ
ܭ d|a1 Ъ d|b1 ޕ d4|a4

1+b4
1 = c2

ளࡺ,1 d2|c1. ӢԜ x = a1/d,y= b1/d,z= c1/d2 ࢂ x4+y4 = z2

的ಔ҅整數ှЪ c1/d2 < c1.

ऩ x = a1,y = b1,z = c1 ࢂ x4 + y4 = z2 的ಔ҅整數ှЪ gcd(a1,b1) = 1. Ԝਔҗܭ
gcd(a2

1,b
2
1,c1) = 1 (Ӣ gcd(a2

1,b
2
1) = 1) Ъ x = a2

1,y = b2
1,z = c1 ᅈى x2 + y2 = z2. ճҔ前य़

論 primitive Pythagorean triple 的่݀, όѨ性ךॺଷ a2
1 數Զڻࢂ b2

1 ,ଽ數ࢂ ҭ
ջ x = a2

1,y = b2
1,z = c1 ಔࢂ primitive Pythagorean triple. ճҔࡺ Theorem 7.2.2 Ӹӧޕ

m,n ∈ N ᅈى m > n Ъ gcd(m,n) = 1 ٬ள

a2
1 = m2 −n2, b2

1 = 2mn, c1 = m2 +n2.
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Ξҗܭ gcd(a1,m,n) = 1 (Ӣ gcd(m,n) = 1), Ъ x = a1,y = n,z = m ᅈى x2 + y2 = z2, җࡺ a1

數ϐଷаϷ前य़論ڻࢂ primitive Pythagorean triple ϐ性質ޕ n Ѹࣁଽ數 (Ъ m ࣁ

,(數ڻ Ψ൩ࢂᇥ x = a1,y = n,z = m Ξࢂಔ primitive Pythagorean triple. ӢԜӆҔ次
Theorem 7.2.2 Ӹӧޕ u,v ∈ N ᅈى u > v Ъ gcd(u,v) = 1 ٬ள

a1 = u2 − v2, n = 2uv, m = u2 + v2.

೭္ाݙཀ, җܭ b1 ک n ,ଽ數ࣁࣣ ॺёଷך b1 = 2b′1 Ъ n = 2n′. Ԝਔҗ b2
1 = 2mn ޕ

b′21 = mn′. Ξҗܭ gcd(m,n′) = 1 ޕॺך m ک n′ ,整數ϐѳБঁࢌࣁࣣ ҭջӸӧ c2,e ∈ N ٬
ள m= c2

2 Ъ n′ = e2. Ξҗܭ 2e′2 = 2n′ = n= 2uvаϷ gcd(u,v) = ॺளך,1 uک vࣣঁࢌࣁ整

數ϐѳБ,ҭջӸӧ a2,b2 ∈N٬ள u = a2
2 Ъ v = b2

2. ӢԜҗ m = u2+v2 ջ c2
2 = (a2

2)
2+(b2

2)
2

ޕ x = a2,y = b2,z = c2 ࢂ x4 + y4 = z2 的ಔ҅整數ှ. ԜਔӢ c1 = m2 +n2 > m2 = c4
2, ޕ

x = a2,y = b2,z = c2 ዴჴࢂќಔ x4 + y4 = z2 的҅整數ှЪᅈى c2 < c1. ճҔࡺ descent
的Бݤள本ۓ. �

Proposition 7.2.4 ນךॺ x4 + y4 = z2 ค҅整數ှ, ॺёаᇸ的ճҔ೭ঁ่ܴ݀ך
x4 + y4 = z4 ค҅整數ှ. ೭ࢂӢࣁऩ x = a,y = b,z = c ࢂ x4 + y4 = z4 的ಔ҅整數ှ, ߾
x = a,y = b,z = c2 ൩ࢂ x4 +y4 = z2 的ಔ҅整數ှ. Ԝک Proposition 7.2.4 ࣬ҟ࣯, Ԗࡺ
аΠϐ่論.

Corollary 7.2.5. x4 + y4 = z4 ค҅整數ှ.

7.3. ѳБୢکᚒ

ӧԜനࡕύךॺा整數論ќঁԖ፪的ୢᚒ, ൩ࢂஒ҅整數ቪԋ٤整數的ѳ
Бୢکᚒ. ,ک整數的ѳБঁٿॺஒֹ整的ӣเব٤҅整數ёаቪԋך ԶЪܴ܌Ԗ的҅整
數ёаቪԋѤঁ整數的ѳБک.

7.3.1. Sum of Two Squares. ঁ҅整數όঁࢌࢂ整數的ѳБਔ, ၰѬޕॺԖᑫ፪ך
.ک整數的ѳБঁٿցёቪԋࢂ ऩ n 本ঁࢌࢂي整數的ѳБ, ջӸӧ m ∈ N ٬ள n = m2, 
ฅךॺёаஒ n ቪԋ n = m2 +02. ѳБࣁ的數ຎک整數的ѳБঁٿॺёаஒёቪԋךа܌
數的ቶ.

२Ӄךॺٰ࣮ঁԖ፪的Ԅ:

(a2 +b2)(c2 +d2) = (ac+bd)2 +(ad −bc)2. (7.1)

೭ঁԄёаޔௗஒဦٿᜐ໒ٰ, ΨёаҔεৎዕ的ፄ數ၮᆉٰᇥܴ. ଷ
z1 = a+bi,z2 = d+ci ∈C (೭္ C߄Ңፄ數܌ԋϐӝ,Զ i ∈Cᅈى i2 =−1). ޕॺך z1,z1

的Ӆ೫ፄ數ϩձࣁ z1 = a−bi,z2 = d−ci Ъ |z1|2 = z1z1 = a2 +b2 Ϸ |z2|2 = z2z2 = c2 +d2. Ӣ
Ԝ

(a2 +b2)(c2 +d2) = z1z1z2z2 = z1z2z1z2 = |(ad −bc)+(ac+bd)i|2 = (ac+bd)2 +(ad −bc)2.

ճҔԄη (7.1) .ॺଭԖаΠϐ่݀ך
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Lemma 7.3.1. ऩ m,n ∈ N ࣣёаቪԋঁٿ整數的ѳБک, ߾ mn ҭёаቪԋঁٿ整數的

ѳБک.

Proof. ऩ m = a2 + b2 Ъ n = c2 + d2, ύځ a,b,c,d ∈ Z, ճҔԄη߾ (7.1) ޕ mn = (ac+

bd)2 +(ad −bc)2. Ӣ ac+bd,ad −bc ∈ Z ޕࡺ mn ҭёаቪԋঁٿ整數的ѳБک. �

ཀݙ Lemma 7.3.1 ນךॺ m,n ࣣёаቪԋঁٿ整數的ѳБکਔ, mn Ψёаቪԋ

;ک整數的ѳБঁٿ Ѭ٠ؒԖນךॺऩ m,n ύԖঁόૈቪԋঁٿ整數的ѳБکਔ, mn

.ک整數的ѳБঁٿցёаቪԋࢂ

җঁܭεܭ 1 的整數ёаቪԋ質Ӣ數的४ᑈ, аҗ܌ Lemma 7.3.1 Ծฅ的ाࡐॺך
ব٤質數ёаቪԋঁٿ整數的ѳБکব٤質數όૈ. җܭ 2 = 12 +12, ջ 2 ёаቪԋٿ

ঁ整數的ѳБک, ӢԜаΠךॺԵቾڻ質數的. ճҔ Lemma 7.3.1 ঁډॺёаளך
ղձঁ質數ࢂցёаቪԋঁٿ整數的ѳБک的Бݤ.

Lemma 7.3.2. ଷ p .ঁ質數ࢂ ऩӸӧ a,b ∈ Z ٬ள a2 +b2 = λ p, ύځ λ ∈ N ᅈى
λ < p, ߾ p ёаቪԋঁٿ整數的ѳБک.

Proof. Եቾӝ S = {s ∈ N | Ӹӧ u,v ∈ Z ٬ள u2 + v2 = sp}. ٩ྣ S 的ۓက, ाܴ p ё

аቪԋঁٿ整數的ѳБک൩ӕܭाܴ 1 ∈ S. ाӵՖޕ 1 ∈ S ?ګ ٩ଷޕ S ޜߚࣁ

ӝ (Ӣ λ ∈ S) Ъ S 的ϡનࣣ҅ࣁ整數, а܌ 1 ∈ S ऩЪऩ S ύനλ的ϡન൩ࢂ 1 ཀ٩ݙ)
҅整數的 well-ordering principle, җܭ S όޜࢂӝ܌а S ύѸӸӧനλ的ϡન). з m ∈ S

ࢂ S ύനλ的ϡન, ॺाܴך m = 1.

ճҔϸݤ, ଷ m ̸= 1. җࡺ λ ∈ S Ъ λ < p ޕ 1 < m < p. ఈӧ׆ॺך S ύډפК m

.ҟ࣯ډλ的數Զள׳ җܭ m ∈ S, Ӹӧࡺ u,v ∈ Z ٬ள u2 + v2 = mp, ॺϩԋך m ଽ數Ϸࢂ

m .論ݩᅿٿ數ڻࢂ

(I) m :ଽ數ࢂ Ԝਔҗܭ u2 + v2 = mp ,ଽ數ࢂ ޕॺך u,v Ѹӕڻӕଽ (ց߾ u2 + v2 ό

,(ଽ數ࢂ ջ u+ v ک u− v .ଽ數ࣁࣣ Ԝਔ (u+ v)/2 ک (u− v)/2 整數Ъࣁࣣ

(
u+ v

2
)2 +(

u− v
2

)2 =
u2

2
+

v2

2
=

m
2

p.

ޕࡺ m/2 ∈ S Ъ m/2 < m, Ԝᆶ m ࢂ S ύനλ的ϡન࣬ҟ࣯.

(II) m :數ڻࢂ Ӣࣁ m 數ਔڻࢂ

{−m+1
2

,
−m+1

2
+1, . . . ,0,1, . . . ,

m−1
2

−1,
m−1

2
}

ঁࢂ complete residue system modulo m. ډפॺёך c,d ∈ Z ᅈى c ≡ u (mod m) Ъ

d ≡ v (mod m), ύځ −(m− 1)/2 ≤ c,d ≤ (m− 1)/2. ཀ೭္ݙ c ک d όૈӕਔܭ 0, ೭
ӵ݀ࣁӢࢂ c = d = 0 Ң߄ u ≡ v ≡ 0 (mod m), ջ m|u Ъ m|v. ӢԜ m2|u2 + v2 = mp, ջ
m|p. ӵԜک 1 < m < p ࣬ҟ࣯, ޕࡺ c ک d όӕਔࣁ 0. Ӣࣁ c2 +d2 ≡ u2 + v2 (mod m)

аϷ u2 + v2 = mp, ॺளך c2 + d2 ≡ 0 (mod m). ҭջӸӧ k ∈ Z ٬ள c2 + d2 = km. ݙ
ཀӢ c ک d όӕਔࣁ 0, ࡺ k ̸= 0. ќБय़Ӣࣁ −(m− 1)/2 ≤ c,d ≤ (m− 1)/2, а܌
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c2 + d2 ≤ (m− 1)2/4+(m− 1)2/4 = (m− 1)2/2 < m2, ளࡺ 0 < k < m. Ψ൩ࢂᇥ k ∈ N Ъ
k < m. ӧךॺԖঁٿԄ: u2 + v2 = mp аϷ c2 +d2 = km. ճҔԄη (7.1) ள

(uc+ vd)2 +(ud − vc)2 = m2kp.

ΞӢࣁ u ≡ c (mod m) Ъ v ≡ d (mod m), ॺளך

uc+ vd ≡ u2 + v2 ≡ 0 (mod m) and ud − vc ≡ uv−uv ≡ 0 (mod m).

Ψ൩ࢂᇥ (uc+ vd)/m ∈ Z Ъ (ud − vc)/m ∈ Z. ӢԜޕ

(
uc+ vd

m
)2 +(

ud − vc
m

)2 = kp,

Ψ൩ࢂᇥ kp ёаቪԋঁٿ整數的ѳБک, Ξҗࡺ k ∈N ޕ k ∈ S. ฅԶךॺΞޕ k < m, Ԝᆶ
m ࢂ S ύനλ的ϡન࣬ҟ࣯.

ॺளऩך m ̸= 1 ԋ m όࢂଽ數Ъόڻࢂ數೭ኬ的ҟ࣯. চଷޕݤҗϸࡺ
m ̸= 1 όԋҥ, Ψ൩ࢂᇥ m = 1. ӢԜள p ёаቪԋঁٿ整數的ѳБک. �

Lemma 7.3.2 的ܴБځݤჴࢂᜪ՟ܭ descent 的Бݤࢂҗঁှள׳ډλ的ှԶ
ளҟ࣯. ,ݤՖӕኬ的論Бࣁεৎᅪൽ܈ ঁளډคှ; ќঁࠅளԖှ. ೭ࢂ
Ӣࣁӧ descent 的Бݤ論ύؒࢂԖҺՖచҹ的, 的ளคڋؒԖज़߾аऩԖ҅整數ှ܌
ጁӭঁ׳λ的҅整數ှԶԋҟ࣯, ӢԜளډคှ的่論. Զ೭္܌Ҕ的БݤύளډК
m ,Ԗచҹ的ࢂλ的҅整數׳ Ψ൩ࢂᇥѸӧ m > 1 的ωёа. ӢԜӕኬளҟ࣯, ՠ
Ԝਔҟ࣯ᡣךॺள m = 1, .аԖှ܌ ,ᡄᒠ的ৡ౦ޣٿఈ೭׆ εৎૈΑှ. ќѦ
Lemma 7.3.2 ளӸӧ的Б߄ݤय़ӳႽѝࢂᡄᒠᄽ, ٠ؒԖນךॺӵՖှډפ. ٣ჴ
ݤှځၸำύх֖Αှډפ的Бݤ. .ηٯᡏ的ڀॺٰ࣮ঁך

Example 7.3.3. Եቾ p = 89. җܭ 89 ≡ 1 (mod 4), Ӹӧޕॺך a ∈ Z ٬ள a2 ≡ −1

(mod 89). ٣ჴ a = 34 ਔ, a2 = 1156 ≡−1 (mod 89), ॺԖך (34)2 +1 = 13×89. Ӣࣁ
13 < 89 җࡺ Lemma 7.3.2 ޕ 89 ёаቪԋঁٿ整數的ѳБک. ॺाճҔך Lemma 7.3.2 的
ܴБݤஒ 89 ቪԋঁٿ整數的ѳБک.

ჹᔈډ Lemma 7.3.2 的ܴ, ޕॺך 13 ∈ S. Ӣ 13 ̸= 1, ॺाճҔך 13, ӧ S ύ׳ډפ

λ的ϡન. ډפॺाך c,d ᅈى 34 ≡ c (mod 13), 1 ≡ d (mod 13) аϷ −6 ≤ c,d ≤ 6. ࡐ
ܰளޕ c =−5 Ъ d = 1. ௗךॺԵቾ c2 +d2 = 25+1 = 26 = 2×13. җԄηࡺ (7.1) ள

(34× (−5)+1)2 +(34− (−5))2 = 1692 +392 = 2×132 ×89.

җܭ 169 = 13×13 Ъ 39 = 3×13, ॺளך 132 +32 = 2×89, Ψ൩ࢂᇥ 2 ∈ S. ॺςךډཀݙ
ஒ 13 ∈ S फ़ډ 2 ∈ S. ӆճҔೀଽ數ݩ的Бݤ, ஒ 2 ᕭλ. ջள

(
13+3

2
)2 +(

13−3
2

)2 = 82 +52 = 89.

ӧ Example 7.3.3 ύךॺճҔ 89 ≡ 1 (mod 4) ډפаёа܌ a ∈ Z ᅈى a2 ≡ −1

(mod 89). ӆ的ᒧڗ a (ջᒧڗ a λ) ٬ள a1 + 1 = λ p, ύځ 0 < λ < p, аߡ
Ҕ Lemma 7.3.2. ӧ的,  p ى質數ᅈࢂ p ≡ 1 (mod 4) ਔ, .ॺёаӵԜբך
.ॺԖаΠϐ่݀ךа܌
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Proposition 7.3.4. ऩ p 質數Ъࢂ p ≡ 1 (mod 4), ߾ p ёаቪԋঁٿ整數的ѳБک.

Proof. җܭ p ≡ 1 (mod 4), Theorem 5.4.1 ນךॺ x2 ≡ −1 (mod p) Ԗှ. ҭջӸӧ
a ∈ N ٬ள a2 ≡−1 (mod p). җܭ {1,2, . . . , p−1} ঁࢂ reduced residue system modulo
p, ڗॺёаᒧךа܌ 1 ≤ a ≤ p− 1 ٬ள a2 ≡ −1 (mod p) (٣ჴёᒧڗ 1 < a < p/2).
ӢԜӸӧ λ ∈ N ٬ள a2 + 1 = λ p. ΞӢࣁ a ≤ p− 1, ॺԖך λ p = a2 + 1 ≤ (p− 1)2 + 1 =

p2 −2(p−1)< p2. Ψ൩ࢂᇥ λ < p, ճҔࡺ Lemma 7.3.2 ள p ёаቪԋঁٿ整數的ѳБ

.ک �

ௗΠٰךॺ࣮࡛ኬ的質數όૈቪԋঁٿ整數的ѳБک.  p ≡ 1 (mod 4) ਔ, ӧ
Proposition 7.3.4 ճҔԜਔࢂॺך x2 ≡ −1 (mod p) Ԗှள p ёаቪԋঁٿ整數的ѳБ

.ک ॺΨёаճҔך p ≡ 3 (mod 4) ਔ, x2 ≡ −1 (mod p) คှள p όёаቪԋঁٿ整

數的ѳБک.

Lemma 7.3.5. ଷ p ىঁ質數ᅈࢂ p ≡ 3 (mod 4) Ъ n ∈N ᅈى p|n. ऩ a,b ∈ Z ٬ள
a2 +b2 = n, ߾ p|a Ъ p|b.

Proof. .ۓܴԜݤॺाҔϸך όѨ性, ॺଷך p - a. Ԝਔҗ a2 +b2 = n Ъ p|n
ޕ p - b, ց߾җ a2 = n−b2 ள p|a2 ԋᆶ p - a 的ଷ࣬ҟ࣯. ฅࡽ a2 +b2 = n Ъ p|n,
ॺளך a2 ≡−b2 (mod p). ܭཀҗݙ a,b ࣣᆶ p ϕ質, ॺёаҔך Legendre symbol ೀୢ
ᚒ. ճҔ Legendre symbol 的性質 (Lemma 5.3.2) ޕ

1 =

(
a2

p

)
=

(
−b2

p

)
=

(
−1
p

)(
b2

p

)
=

(
−1
p

)
.

ฅԶҗ p ≡ 3 (mod 4) аϷ Theorem 5.4.1 ޕॺך
(
−1
p

)
= −1. җԜҟ࣯ޕ p|a, ٠җ

b2 = n−a2 ள p|b. �

Lemma 7.3.5 ܴ的གྷݤᜪ՟ܭ Proposition 7.1.1 ,ݤග的Б܌ ջճҔ x2 + y2 = n

೭ঁ Diophantine equation ӧ modulo p 的ٰளԜ Diophantine equation คှ. ճҔ
Lemma 7.3.5 .аΠϐ่݀ډॺଭளך

Proposition 7.3.6. ऩ p 質數Ъࢂ p ≡ 3 (mod 4), ߾ p όૈቪԋঁٿ整數的ѳБک.

Proof. .ݤॺҔϸך ଷӸӧ a,b ∈ Z ٬ள a2 +b2 = p. җܭ p ,質數ࢂ ޕॺך a,b ࣣό

ܭ 0. ڗёޕࡺ a,b ∈ N ᅈى 1 ≤ a ≤ p−1 Ъ 1 ≤ b ≤ p−1. Ԝਔ a,b ࣣᆶ p ϕ質ࡺᆶ

Lemma 7.3.5 的่݀࣬ҟ࣯. җԜҟ࣯ޕ p όૈቪԋঁٿ整數的ѳБک. �

,ک整數的ѳБঁٿၰΑব٤質數ёаቪԋޕ ব٤質數όёаቪԋঁٿ整數的ѳБک.
ௗΠٰךॺ൩ٰব٤҅整數ёаቪԋঁٿ整數的ѳБک. ๏ۓ҅整數 n. ऩ n = 1 

ฅёቪԋঁٿ整數的ѳБک. ऩ n ≥ 2, २Ӄךॺஒ n բ質Ӣ數的ϩှ. ॺёаஒך 2 ନک

а 4 Ꭹ 1 的質Ӣ數۹略, ӢࣁѬॺёаቪԋঁٿ整數的ѳБک. Զऩ n Ԗନа 4 Ꭹ 3 的質
Ӣ數, ,ॺΞёаஒԖѳБ的ҽ۹略ך ӢࣁѬॺΨёаቪԋঁٿ整數的ѳБک. җԜ࣮р
質Ӣ數ϩှࡕ的次數ࢂख़ा的, :ကۓॺձҔаΠӜຒ的ך ऩ n = pn1

1 · · · pnr
r , ύ೭٤ځ pi
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.౦質數࣬ࢂ ॺᆀך pi ࢂ n 的質Ӣ數Ъ ni ࢂ pi 的次數. ӵٯ 2250 = 2×32 ×53, ॺᆀך
2250 Ԗ 2 次 3 的質Ӣ數ЪԖ 3 次 5 的質Ӣ數. ٩ԜۓကךॺԖаΠϐ่݀.

Theorem 7.3.7. ଷ n ∈ N. ߾ n ёаቪԋঁٿ整數的ѳБکऩЪऩ n ؒԖҺՖ的ନ

а 4 Ꭹ 3 的質Ӣ數ځ次數ڻࢂ數.

Proof. ଷ n ؒԖҺՖ的ନа 4 Ꭹ 3 的質Ӣ數ځ次數ڻࢂ數. ॺሡԵቾך n ≥ 2 的

. Ԝਔёஒ n 質Ӣ數ϩှԋ

n = 2n0qn1
1 · · ·qnr

r · p2m1
1 · · · p2ms

s ,

ύځ qi, p j 質數Ъڻ౦的࣬ࣁࣣ qi ≡ 1 (mod 4) Ϸ p j ≡ 3 (mod 4). җךܭॺёஒ n ቪԋ

n = 2n0qn1
1 · · ·qnr

r · (pm1
1 · · · pms

s )2,

Զ 2 ёаቪԋঁٿ整數的ѳБک, q1, . . . ,qr ёаቪԋঁٿ整數的ѳБک (Proposition 7.3.4)
аϷ (pm1

1 · · · pms
s )2 ёаቪԋঁٿ整數的ѳБک (ӢࢂࣁঁѳБ數), җࡺ Lemma 7.3.1 ޕ

n ёаቪԋঁٿ整數的ѳБک.

ϸϐ, ऩ p ≡ 3 (mod 4) ࢂ n 的ঁ質Ӣ數Ъځ次數ࣁ 2k+1, ջ n = p2k+1n′, ύځ p - n′.
ܴݤॺҔϸך n όёаቪԋঁٿ整數的ѳБک. ଷӸӧ a,b ∈ Z ٬ள a2 +b2 = n. ߾
җ Lemma 7.3.5 ޕ p|a Ъ p|b. з a = prc Ъ b = psd, ύځ c,d ࣣᆶ p ϕ質Ъ r,s ∈N. όѨ
性ךॺଷ 2r ≤ 2s,ךॺाܴ 2k+1 > 2r. ଷ 2k+1 < 2r,җ p2rc2+ p2sd2 = p2k+1n′

ޕ n′ = p2r−2k−1c2 + p2s−2k−1d2. ΞӢࣁ 2s−2k−1 ≥ 2r−2k−1 > 0 ޕ p|n′. Ԝᆶ p - n′ ࣬ҟ

࣯, ޕࡺ 2k+1 > 2r. ӆҗ p2rc2 + p2sd2 = p2k+1n′ ޕ

c2 + p2s−2rd2 = c2 +(ps−rd)2 = p2k+1−2rn′,

ջ p2k+1−2rn′ ёаቪԋ c ک ps−rd 的ѳБک. җܭ p ≡ 3 (mod 4), p|p2k+1−2rn′ Ъ p - c, Ԝᆶ
Lemma 7.3.5 的่݀࣬ҟ࣯, ޕࡺ n όёаቪԋঁٿ整數的ѳБک. �

ӵٯ 2250 = 2×32 ×53 ύ的ନа 4 Ꭹ 3 的質Ӣ數ࢂ 3, Ъ 3 的次數ࣁ 2 ,ଽ數ࢂ ܌
а 2250 ёаቪԋঁٿ整數的ѳБک. ٣ჴ 2250 = 452 +152. ќѦ 6174 = 2×32 ×73 ύନ

а 4 Ꭹ 3 的質Ӣ數ࢂ 3 ک 7, ύځ 7 的次數ࣁ 3 ,數ڻࢂ а܌ 6174 คݤቪԋঁٿ整數的ѳ
Бک.

7.3.2. Sum of Four Squares. 整數的ѳБঁٿԖ的҅整數ёаቪԋ܌ࢂ٠όޕॺςך
,ک .کԖ的҅整數ёаቪԋΟঁ整數的ѳБ܌ցࢂԾฅୢࡐа܌ ೭ځჴϝόჹ, ӵٯ
7 ൩όૈቪԋΟঁ整數的ѳБک. ٣ჴךॺёаளঁ҅整數όૈቪԋΟঁ整數的ѳБ
ԋ߄ऩЪऩԜ҅整數ёک 4m(8n+3) ೭ኬ的Ԅ. όၸ೭္ӢࣁΟঁ整數的ѳБؒکԖ
ӵ Lemma 7.3.1 的性質, .ፄᚇ的ӭک整數的ѳБঁٿаԜ٣ჴϐܴКೀ܌ җܭӧԜ
,ቶݤ的БޕᡣεৎᏢಞӵՖஒςܭॺख़ך ,的ୢᚒکॺஒᗉ談Οঁ整數ѳБך Զޔௗ
談論Ѥঁ整數的ѳБୢکᚒ.

.ᚒୢکೀѤঁ整數的ѳБٰݤ的Бک整數的ѳБঁٿॺाቶೀך २ӃךॺԖ
Ԅηکঁ (7.1) ࣬ჹᔈ的Ԅη.
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(a2 +b2 + c2 +d2)(e2 + f 2 +g2 +h2) = (ae+b f + cg+dh)2 +(a f −be+ ch−dg)2

+(ag−bh− ce+d f )2 +(ah+bg− c f −de)2.

(7.2)

೭ঁԄёаޔௗஒဦٿᜐ໒ٰ. ,的ډӵՖளࢂ೭ঁԄڻεৎӳ܈ ٣ჴ
೭ঁԄёаճҔፄ數的ቶջ܌ᒏ的 quaternion algebra ٰᇥܴ. όၸҗܭ quaternion
algebra ςୃᚆךॺ的Ьᚒϼᇻ, .ॺ൩όӆӭᇥܴΑך

ճҔԄη (7.2) .ॺଭԖаΠϐ่݀ך

Lemma 7.3.8. ऩ m,n ∈ N ࣣёаቪԋѤঁ整數的ѳБک, ߾ mn ҭёаቪԋѤঁ整數的

ѳБک.

җঁܭεܭ 1 的整數ёаቪԋ質Ӣ數的४ᑈ, аҗ܌ Lemma 7.3.8 Ծฅ的ाࡐॺך
ব٤質數ёаቪԋѤঁ整數的ѳБک. җܭ 2 ନаک 4 Ꭹ 1 的質數ࣣёቪԋঁٿ整數
的ѳБک, کаѬॺࣣёቪԋѤঁ整數的ѳБ܌ (ӭᎩ的ံঁٿ 0), ӢԜךॺഭΠा論
ନа 4 Ꭹ 3 的質數. ॺёаቶך Lemma 7.3.2 的Бݤளډঁղձঁ質數ࢂցёаቪ
ԋѤঁ整數的ѳБک的Бݤ.

Lemma 7.3.9. ଷ p .ঁ質數ࢂ ऩӸӧ a,b,c,d ∈ Z ٬ள a2 +b2 + c2 +d2 = λ p, ύځ
λ ∈ N ᅈى λ < p, ߾ p ёаቪԋѤঁ整數的ѳБک.

Proof. Եቾӝ S = {s ∈ N | Ӹӧ t,u,v,w ∈ Z ٬ள t2 +u2 + v2 +w2 = sp}. ٩ྣ S 的ۓက,
ाܴ p ёаቪԋѤঁ整數的ѳБک൩ӕܭाܴ 1 ∈ S. ाӵՖޕ 1 ∈ S ?ګ ٩ଷޕ
S ӝޜߚࣁ (Ӣ λ ∈ S) Ъ S 的ϡનࣣ҅ࣁ整數, а܌ 1 ∈ S ऩЪऩ S ύനλ的ϡન൩ࢂ

1. з m ∈ S ࢂ S ύനλ的ϡન, ॺाܴך m = 1.

ճҔϸݤ, ଷ m ̸= 1. җࡺ λ ∈ S Ъ λ < p ޕ 1 < m < p. ఈӧ׆ॺך S ύډפК m

.ҟ࣯ډλ的數Զள׳ җܭ m ∈ S, Ӹӧࡺ t,u,v,w ∈ Z ٬ள t2 +u2 + v2 +w2 = mp, ॺϩԋך
m ଽ數Ϸࢂ m .論ݩᅿٿ數ڻࢂ

(I) m :ଽ數ࢂ Ԝਔҗܭ t2 +u2 +v2 +w2 = mp ,ଽ數ࢂ ޕॺך t,u,v,w Ѹࣣڻࣁ數; ࣁࣣ
ଽ數ଽ; .ଽ數ࢂঁٿ數ڻࢂঁٿύځࢂ܈ ӧ܌Ԗ的ݩϐΠךॺёаஒ t,u,v,w ϩԋӕ

.ჹٿӕଽ的ڻ όѨ性, ॺଷך t,u ӕڻӕଽЪ v,w ӕڻӕଽ, ջ t +u, t −u, v+w ک

v−w .ଽ數ࣁࣣ Ԝਔ (t +u)/2, (t −u)/2, (v+w)/2 ک (v−w)/2 整數Ъࣁࣣ

(
t +u

2
)2 +(

t −u
2

)2 +(
v+w

2
)2 +(

v−w
2

)2 =
m
2

p.

ޕࡺ m/2 ∈ S Ъ m/2 < m, Ԝᆶ m ࢂ S ύനλ的ϡન࣬ҟ࣯.

(II) m :數ڻࢂ Ӣࣁ m 數ਔڻࢂ

{−m+1
2

,
−m+1

2
+1, . . . ,0,1, . . . ,

m−1
2

−1,
m−1

2
}

ঁࢂ complete residue system modulo m. ډפॺёך e, f ,g,h∈Zᅈى e≡ t (mod m), f ≡
u (mod m), g≡ v (mod m)Ъ h≡w (mod m),ځύ −(m−1)/2≤ e, f ,g,h≤ (m−1)/2. ཀ೭ݙ
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္ e, f , gک hόૈӕਔܭ 0,ց߾ள m|pԶک 1<m< p࣬ҟ࣯. Ӣࣁ e2+ f 2+g2+h2 ≡
t2 +u2 + v2 +w2 (mod m) аϷ t2 +u2 + v2 +w2 = mp, ॺளך e2 + f 2 +g2 +h2 ≡ 0 (mod m).
ҭջӸӧ k ∈Z٬ள e2+ f 2+g2+h2 = km. ཀӢݙ e, f , gک hόӕਔࣁ ࡺ,0 k ̸= 0. ќБ
य़Ӣࣁ −(m−1)/2 ≤ e, f ,g,h ≤ (m−1)/2, а܌ e2 + f 2 +g2 +h2 ≤ (m−1)2 = (m−1)2 < m2,
ளࡺ 0 < k < m. Ψ൩ࢂᇥ k ∈ N Ъ k < m. ӧךॺԖঁٿԄ: t2 +u2 + v2 +w2 = mp а

Ϸ e2 + f 2 +g2 +h2 = km. ճҔԄη (7.2) ள

(te+u f +vg+wh)2 +(t f −ue+vh−wg)2 +(tg−uh−ve+w f )2 +(th+ug−v f −we)2 = m2kp.

ΞӢࣁ e ≡ t (mod m), f ≡ u (mod m), g ≡ v (mod m) Ъ h ≡ w (mod m), ॺளך

te+u f + vg+wh ≡ t f −ue+ vh−wg ≡ tg−uh− ve+w f ≡ th+ug− v f −we ≡ 0 (mod m).

Ψ൩ࢂᇥऩз

T =
te+u f + vg+wh

m
,U =

t f −ue+ vh−wg
m

,

V =
tg−uh− ve+w f

m
and W =

th+ug− v f −we
m

,

߾ T,U,V,W ∈ Z Ъ

T 2 +U2 +V 2 +W 2 = kp.

Ψ൩ࢂᇥ kp ёаቪԋѤঁ整數的ѳБک, Ξҗࡺ k ∈N ޕ k ∈ S. ฅԶךॺΞޕ k < m, Ԝᆶ
m ࢂ S ύനλ的ϡન࣬ҟ࣯.

ॺளऩך m ̸= 1 ԋ m όࢂଽ數Ъόڻࢂ數的ҟ࣯. চଷޕݤҗϸࡺ m ̸= 1

όԋҥ, Ψ൩ࢂᇥ m = 1. ளࡺ p ёаቪԋѤঁ整數的ѳБک. �

ௗΠٰךॺஒճҔ Lemma 7.3.9 ٰܴ܌Ԗ的҅整數ࣣёቪԋѤঁ整數的ѳБک.
ॺഭΠाᇥܴନаך 4 Ꭹ 3 的質數ёаቪԋѤঁ整數的ѳБک. җܭԜਔ x2 ≡ −1

(mod p) คှ, рঁפॺाճҔԜ性ך α ∈ N ٬ள x2 ≡ −α (mod p) Ԗှ. җܭԜਔ(
−α

p

)
=

(
−1
p

)(
α
p

)
=−

(
α
p

)
, ள

(
−α

p

)
= 1 ऩЪऩ

(
α
p

)
=−1. ډפॺѸךа܌

α ∈ N ٬ள x2 ≡ α (mod p) คှ. ೭ࢂёаᒤډ的, Ӣࣁ S = {1,2, . . . , p−1} ࢂ modulo p

的 reduced residue system, ऩ p - a, ߾ x2 ≡ a (mod p) 的ှѸک S ύ的ঁࢌϡનӧ modulo
p ϐΠӕᎩ. Ψ൩ࢂᇥ x2 ≡ a (mod p) ԖှऩЪऩӸӧ c ∈ S ٬ள c2 ≡ a (mod p). а܌
ॺѝाஒך S ύ的ঁϡનѳБ, ऩ a 數ӧঁࢌ的ࡕѳБک modulo p ϐΠӕᎩ߾ x2 ≡ a

(mod p) Ԗှ; ϸϐ, ऩ a ঁ數ӧࡕѳБک modulo p ϐΠࣣόӕᎩ߾ x2 ≡ a (mod p) ค

ှ. ฅԶऩ c ∈ S ߾ p− c ∈ S Ъ (p− c)2 ≡ (−c)2 ≡ c (mod p), ΞӢࣁ p ,質數ڻࢂ а܌
c ̸≡ p− c (mod p). Ψ൩ࢂᇥ S ύ的ϡનѳБࡕӧ modulo p ϐΠԖ (p−1)/2 ঁόӕᎩ

ᜪ. ӢԜךॺޕၰ S ύӅԖ (p−1)/2 ঁϡન a ٬ள x2 ≡ a (mod p) Ԗှ, ЪԖ (p−1)/2

ঁϡન a ٬ள x2 ≡ a (mod p) คှ.

Theorem 7.3.10. ऩ p 質數Ъࢂ p ≡ 3 (mod 4), ߾ p ёаቪԋѤঁ整數的ѳБک. 
ձӦ, .کԖ的҅整數ࣣёаቪԋѤঁ整數的ѳБ܌



102 7. 略談 Diophantine Equations

Proof. ଷ p 質數Ъࢂ p ≡ 3 (mod 4). ډפॺाך a,b,c,d ∈ Z ٬ள a2 +b2 +c2 +d2 =

λ p, ύځ λ ∈ N Ъ λ < p, ӆճҔ Lemma 7.3.9 ள p ёаቪԋѤঁ整數的ѳБک.

Եቾ S = {1,2, . . . , p−1} ೭ঁ modulo p 的 reduced residue system. з α ∈ S ࢂ S

ύനλ的數٬ள x2 ≡ α (mod p)คှ,Ψ൩ࢂᇥ
(

α
p

)
=−1. җܭ

(
1
p

)
= ޕॺך,1 α > 1,

ӢԜ α −1 ∈ S, Ъ x2 ≡ α −1 (mod p) Ԗှ (Ӣ α ࢂ S ύനλ的數٬ள x2 ≡ α (mod p) ค

ှ). ќБय़ p ≡ 3 (mod а܌,(4
(
−1
p

)
ளࡺ,1−=

(
−α

p

)
=

(
−1
p

)(
α
p

)
= 1,Ψ൩ࢂᇥ

x2 ≡−α (mod p) Ԗှ. з a ∈ S ࢂ x2 ≡ α −1 ϐှ, ॺёᒧך a ٬ள 1 ≤ a ≤ (p−1)/2.
೭ࢂӢࣁऩ (p+1)/2 ≤ a ≤ p−1, Եቾ߾ p−a, Ԝਔ (p−a)2 ≡ (−a)2 ≡ α −1 (mod p) ϝ

ࣁ x2 ≡ α −1 (mod p) ϐှЪ 1 ≤ p−a < (p−1)/2. ӕךॺΨёډפ b ∈ S ࢂ x2 ≡−α
(mod p) ϐှЪ 1 ≤ b ≤ (p−1)/2. җܭ

a2 +b2 +1 ≡ α −1+(−α)+1 ≡ 0 (mod p),

Ӹӧࡺ λ ∈ N ٬ள a2 +b2 +1 = λ p. Ξҗܭ

λ p = a2 +b2 +1 ≤ (
p−1

2
)2 +(

p−1
2

)2 +1 <
p2

2
+1 < p2,

ॺԖךа܌ λ < p. ճҔࡺ Lemma 7.3.9 ள p ёаቪԋѤঁ整數的ѳБک.

Һڗ n ∈ N. ऩ n = 1, ߾ n ฅቪԋѤঁ整數的ѳБک. ऩ n > 1, ёஒ߾ n ቪԋ質Ӣ

數ϐ४ᑈ n = pn1
1 · · · pnr

r . ऩ pi = 2 ܈ pi ≡ 1 (mod 4) ߾ pi ёаቪԋঁٿ整數的ѳБک, ёࡺ
аቪԋѤঁ整數的ѳБک. ऩ pi ≡ 3 (mod 4), ޕҗ前߾ pi ΨёаቪԋѤঁ整數的ѳБک.
ճҔࡺ Lemma 7.3.8 ޕ n = pn1

1 · · · pnr
r ёаቪԋѤঁ整數的ѳБک. �

,ޕॺςϟಏΑ٤基礎數論ᔈԖ的基本ך 本ᖱက൩Ԝ่״.


