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前言

本ᖱကЬाҞ的ࢂଞჹε΋ᏢғϟಏԖᜢ整數論΋٤基本的ж數کᆉ數΢的性質, а
բࣁஒٰᏢಞܜຝж數ϐྗഢ. 基ܭ೭ኬ的౛җ, ӧԜךॺஒόϟಏԖᜢܭ整數論ϐᐕў
.ᔈҔځаϷࡺڂک ჹ整數論ϐᔈҔ (ЀځӧၗૻБय़的ᔈҔ) Ԗᑫ፪的᠐ޣ, ॺ௢ᙚך
Silverman 的ȨA Friendly Introduction to Number Theoryȩ(Prentice Hall, Third Edition
2006). .ᔈёᇸ᚞᎙᠐೭本ਜࡕऩჹ本ᖱကϣ৒Ԗ࣬྽ᇡ᛽ϐߞ࣬
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Chapter 1

整數的基本性質

ᗨฅԖ٤ӕᏢςჹ整數的性質࣬྽Αှ, ॺགྷճҔ೭ঁεৎၨዕ஼的ܿՋٰϟಏ΋Πך
ӵՖҔКၨ “數Ꮲ” 的Бٰݤೀ౛ୢᚒ. Ԗ٤ᙁൂ的ୢᚒךॺёૈ཮ࡺཀᙅᇻၡٰೀ౛, Ь
ाচӢ׆ࢂఈεৎૈዕ஼ၲ߄數Ꮲ的Б׎کݤԄаϷᡄᒠ௢ᄽ的ၸำ. а೭΋ക཮ᡉள܌
ၨࣁϧߏ. ऩεৎჹ೭٤性質ςࡐዕ஼Ъᇡၲ߄ࣁ數Ꮲ的ૈΚςࡐԋዕ, ёа略ၸԜക, ޔ
ௗ຾ΕΠ΋ക.

1.1. Ӣ數ᆶ७數

२Ӄךॺϟಏ൳ঁ಄ဦ໩ߡፄಞ΋Π໣ӝ的ཷۺ. ाޕၰ಄ဦࢂ數Ꮲ΢ᔅշךॺૈᙁܴ
,ڀ٣௃的Ѹाπၲ߄ εৎᔈ၀ाᏢಞӵՖ፾Ϫ的٬Ҕ಄ဦ.

ӧ本ᖱကύךॺҔ Z .ԋ的໣ӝ܌Ԗ整數܌Ң߄ٰ а܌ 0 ӧ Z ύ, 2 Ψӧ Z ύ, 2007 ک

−365 Ψӧ Z ύ. ೭ኬ΋ٰ྽ךॺाᇥ΋ঁ數 a ,整數ਔࢂ ॺѝाᇥך a ӧ Z ύ൩ӳΑ. ӧ
數Ꮲ΢ךॺाᇥ΋ঁܿՋӧ΋ঁ໣ӝύ൩Ҕ “∈” ೭ঁ಄ဦ, Ψ൩ࢂ “ឦܭ” 的ཀࡘ. аа܌
ၲ߄ॺाךࡕ a ௗᇥޔ΋ঁ整數൩ࢂ a ∈ Z ջё. ,ॺΨதѝԵቾ҅整數ך ӧ本ᖱကύךॺ
Ҕ N .ԋ的໣ӝ܌Ԗ҅整數܌Ң߄ ॺҔךа܌ a ∈ N Ң߄ٰ a .΋ঁ҅整數ࢂ

ჹܭ整數΋໒ࢂۈҗԾฅ數рวǴճҔ數數的БךݤॺۓကΑуݤǴௗ๱ԖΑॄ的ཷۺ

整ঁ整數уݤ的ᡏس൩ࡌҥଆٰΑǶ๏ۓ a ∈ Z, ॺҔך 2a .Ң߄ a+a ΋૓ٰᇥऩ n ∈ N
ॺஒך n ঁ a ࣬у的่݀ࣁ߄ na. ॺΨஒך (−n)a ࣮ԋ n ঁ −a ࣬у܌ளϐॶ. ऩךॺӆ
ஒ 0a ࣁۓ 0, ӵԜ΋ٰჹҺཀ的 m ∈ Z, ma ೿ԖΑۓက. ӵԜۓကрٰ的४کݤуݤϐ໔
,ӵҬඤ౗߾的ၮᆉೕىᅈ܌ ่ӝ౗کϩଛ౗฻Ԝೀ൩όӆᙧॊ. ॺஒёаቪԋך ma ύځ

m ∈ Z 的數ᆀࣁ a 的७數 (multiple). ќ΋Бय़ऩ b ࢂ a 的७數, ॺΨᆀך a ࢂ b 的Ӣ數

(divisor). ಄ဦ૶ࣁ a|b.

ॺஒך a 的७數܌ԋ的໣ӝҔ aZ .Ң߄ٰ Ψ൩ࢂᇥ aZ ύ的ϡન೿ࢂ ma ೭ኬ的׎Ԅ

ύځ m ∈ Z. ೭ኬ的໣ӝёҔ aZ= {ma | m ∈ Z} .Ң߄ٰ ӢԜךॺёаᇥ b ∈ aZ ک b ࢂ a

的७數 ܈) a ࢂ b 的Ӣ數) .ࡘ΋ኬ的ཀࢂ
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2 1. 整數的基本性質

ௗΠٰךॺགྷҔ໣ӝ的ࡋفೀ౛Ӣ數७數的΋٤性質. ाݙཀ೭٤性質εৎଯύਔ೿ς
᛾ၸ, ճҔѬᡣεৎዕ஼ࢂ໻ݤǴϟಏ೭ኬ的ೀ౛Бߡೀ౛٠ؒԖКၨБࡋفॺҔ໣ӝ的ך
΋Π໣ӝ的ᇟ言.

२Ӄݙཀऩ a ∈ Z, aZ ೭΋ঁ໣ӝ٠όൂൂࢂ΋ঁ໣ӝ. җܭ整數ӧуکݤ४ݤϐΠԖ
,ഈ性࠾ᒏ的܌ aZ ΨԖаΠঁٿख़ा的࠾ഈ性.

Proposition 1.1.1. ଷ೛ a ∈ Z Ъ b,c ∈ aZ. .ॺԖаΠϐ性質ך߾

(1) b+ c ∈ aZ.

(2) ჹҺཀ m ∈ Z ࣣԖ mb ∈ aZ.

Proof. Ӣࣁ b,c ∈ aZ Ӹӧޕကۓ٩ n,n′ ∈ Z ٬ள b = na Ъ c = n′a.

(1) җϩଛ౗ޕ b+ c = na+ n′a = (n+ n′)a. Ξҗܭ n,n′ ∈ Z ޕॺך n+ n′ ∈ Z, ளࡺ
b+ c ∈ aZ.

(2) җ่ӝ౗ޕ mb = m(na) = (mn)a. Ξҗܭ m,n ∈ Z ޕॺך mn ∈ Z, ளࡺ mb ∈ aZ. �

่ӝ Proposition 1.1.1 的่݀ךॺԖаΠϐ性質.

Corollary 1.1.2. ଷ೛ a ∈ Z Ъ b,c ∈ aZ. ऩ m,n ∈ Z ߾ mb+nc ∈ aZ. ඤ言ϐ, ऩ a|b Ъ
a|c, ჹҺཀ߾ m,n ∈ Z ࣣԖ a|mb+nc.

Proof. Ӣࣁ b,c ∈ aZ аϷ m,n ∈ Z, җ Proposition 1.1.1(2) ޕ mb,nc ∈ aZ. ӆճҔ Propo-
sition 1.1.1(1) ޕ mb+nc ∈ aZ. Ψ൩ࢂᇥ a|mb+nc. �

ε೽ϩ΋ঁख़ा的性質ךॺ೿཮Ҕ Proposition ٰᆀڥӆ߷΢ጓဦаߡаࡕЇҔ. Զޔ
ௗ঺Ҕ Proposition ॺ೿Ҕךள的性質܌ Corollary ٰᆀڥ.

ௗ๱ךॺٰ࣮໣ӝൂપ的性質. ऩ A,B ໣ӝЪࢂ A ύ的ϡન೿ӧ B ύ, ॺ൩Ҕך߾
A ⊆ B Ң߄ٰ (ᆀ A х֖ܭ B). :৒ܰԖаΠϐ性質ࡐ

(1) ऩ A ⊆ B Ъ B ⊆ A ߾ A = B.

(2) ऩ A ⊆ B Ъ B ⊆C ߾ A ⊆C.

่ӝ೭໣ӝ的性質аϷ前य़ග的࠾ഈ性ךॺԖаΠϐ่݀.

Proposition 1.1.3. ଷ೛ a,b,c ∈ Z. .ॺԖаΠϐ่݀ך

(1) bZ⊆ aZ ऩЪ୤ऩ a|b.

(2) ऩ a|b Ъ b|a ߾ a =±b.

(3) ऩ a|b Ъ b|c ߾ a|c.

Proof. (1) ऩ bZ ⊆ aZ, җܭ b ∈ bZ, ॺளך b ∈ aZ. ޕࡺ a|b. ϸϐ, ऩ a|b, ॺा᛾ܴך
bZ⊆ aZ. ΋૓ٰᇥा᛾ܴ΋ঁ໣ӝ B х֖ܭќ΋ঁ໣ӝ A, ࢂॺा᛾ܴ的ך B ύҺڗ΋ঁ

ϡન೿཮ӧ A ύ. ӢԜԜೀךॺा᛾的ࢂҺڗ bZ ύ的΋ঁϡન mb, ύځ m ∈ Z ೿ёаள
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ډ mb ∈ aZ. ฅԶҗ a|b 的ଷ೛ךॺޕ b ∈ aZ. ௗ๱ךॺ൩ёճҔ Proposition 1.1.1(2) ჹޕ
Һཀ m ∈ Z ࣣԖ mb ∈ aZ. Ψ൩ࢂᇥ bZ 的ϡન೿ӧ aZ ύ. ள᛾ࡺ bZ⊆ aZ.

(2) ऩ a|b Ъ b|a, җ (1) ޕ bZ⊆ aZ Ъ aZ⊆ bZ. ӢԜҗ໣ӝ性質ޕ aZ= bZ. Ψ൩ࢂᇥ
aZ ک bZ .ӕ的໣ӝ࣬ࢂ җԜ, ৒࣮ܰр྽ࡐ a = 0 ਔ b = 0. ϸϐҭฅ. ӢԜךॺѝഭԵቾ
a ̸= 0 Ъ b ̸= 0 的௃ݩ. Ԝਔ aZ ύനλ的҅數 a (྽ a > 0) ܈ −a (྽ a < 0) ཮฻ܭ bZ ύ
നλ的҅數 b ܈ −b. ள᛾ࡺ a =±b.

(3) ऩ a|b Ъ b|c, җ߾ (1) ޕ bZ⊆ aZ Ъ cZ⊆ bZ. ӢԜҗ໣ӝ性質ޕ cZ⊆ aZ. ӆҗࡺ
(1) 的฻ሽᜢ߯ޕ a|c. �

Question 1.1. ଷ೛ a,b ∈ Z ၂᛾ܴ aZ= bZ ऩЪ୤ऩ a =±b.

Remark 1.1.4. ჹܭ整數Ԗ΋ঁࡐख़ा的性質 “well-ordering principle”. ೭΋ঁ principle
൩ࢂᇥ๏ۓ΋ঁޜߚ的整數的η໣ӝ S, ӵ݀ S ԖΠࣚ ( ऩԖ΋數λܭ S ύ܌Ԗ的數, ᆀ߾
S ԖΠࣚ), ߾ S ύѸ֖Ԗ΋ঁനλ的整數 (೯தҔ minS .(Ң߄ٰ ӕ౛ऩ整數的ޜߚη໣ӝ
S Ԗ΢ࣚ (ऩԖ΋數εܭ S ύ܌Ԗ的數, ᆀ߾ S Ԗ΢ࣚ), Ԝ໣ӝύѸ֖Ԗ΋ঁനε的整數߾
(೯தҔ maxS .(Ң߄ٰ ӵখωٯ Proposition 1.1.3(2) 的᛾ܴύךॺԵቾ aZ ύനλ的҅整
數, ྽ a > 0 ਔ a ൩ࢂ aZ ύനλ的҅整數. ೭္Ӣךࣁॺዴჴޕၰ aZ ೭ঁ໣ӝߏϙሶኬ,
ޕௗёޔа٠όሡ೭ঁ性質܌ a ൩ࢂനλ的. аךࡕॺத཮࿘ډ΋ܜ٤ຝ的҅整數η໣ӝ,
ٗਔ൩ள࿶தҔډ整數的೭ঁ性質ٰዴޕԜ໣ӝӸӧ΋ঁനλ的҅數. ќѦाݙཀԜ性質
ӧځд的௃ݩӵԖ౛數൩όჹΑ. ٣ჴ΢҅Ԗ౛數ࢂԖΠࣚ的 (0 λ܌ܭԖ的҅Ԗ౛數), ՠ
٠ؒԖ܌ᒏനλ的҅Ԗ౛數.

ӆ次மፓ΋Π前य़ךॺҔ໣ӝၨܜຝ的Бݤ᛾ܴ整ନ的性質Ьाࢂाεৎಞᄍ໣ӝ的

ᇟ言аϷᏢಞ΋ܜ٤ຝ的論᛾Бݤ. Ѭ٠όࢂϙሶ੝ձ的ӳБݤ. КБᇥεৎዕޕ的 a|b ߾
ma|mb ൩ࡐᜤҔᜪ՟΢य़໣ӝ的Бٰݤೀ౛. ᕴϐ, ाೀ္΋ঁୢᚒ٠ؒԖᇥ΋ۓाҔϙሶ
Бݤ. գѝा٬Ҕ΋ঁգᇡࣁёՉЪ҅ዴ的Бݤೀ౛. ౛的ۓङᇝࢂаᏢಞ數Ꮲ๊όा໻܌
᛾ܴ. ӵՖஒᕷᅥ的᛾ܴ整౛ԋգԾρಞᄍЪૈ౛ှ的ᇟ言ωࢂख़ᗺ. ௗΠٰךॺ൩ӣᘜۓ
ကٰ᛾ܴ前ॊϐ性質.

Lemma 1.1.5. ଷ೛ a,b ∈ Z Ъ a|b, .ॺԖаΠϐ性質ך

(1) ऩ m ∈ Z, ߾ ma|mb.

(2) ऩ d|a Ъ d|b, ߾ (a/d)|(b/d).

Proof. җଷ೛ a|b Ӹӧޕ n ∈ Z ٬ள b = na.

(1) ஒ฻Ԅٿᜐӕ४а m ёள mb = mna = n(ma) ޕࡺ ma|mb.

(2) d|a Ъ d|b ջ߄ҢӸӧ a′,b′ ∈ Z ٬ள a = a′d Ъ b = b′d. җࡺ b = na ள b′d = na′d.
Ӣࣁ d ̸= 0, ᜐӕନаٿ d ёள b′ = na′, ջ a′|b′. Ӣࣁ a/d = a′ Ъ b/d = b′ ள᛾ࡺ

(a/d)|(b/d). �

Lemma 1.1.5 .΋ঁᙁൂ的性質ࢂ Ѭ本٠يόᆉϙሶख़ε的性質, ՠࢂаࡕ૸論೚ӭ性
質ਔ೿ाҔډѬ, Ҕߡॺך Lemma ᆀڥϐаБߡЇҔ.
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ӧ Lemma 1.1.5(2) ύ d|a Ъ d|b 的ଷ೛൩ࢂᇥ d ӕਔࢂ a ک b 的Ӣ數, ࣁॺᙁᆀϐך
a,b 的 common divisor (ϦӢ數). ૸論΋٤整數ϐ໔的ᜢ߯ਔϦӢ數کനεϦӢ數аϷϦ
७數کനλϦ७數ࡐࢂख़ा的πڀ. ௗΠٰךॺ๏ѬॺΠۓက.

Definition 1.1.6. з a1,a2, . . . ,an ∈ Z Ъࣣό฻ܭ 0.

(1) ऩ c ∈ Z, Ъ c|a1, c|a2, . . . , c|an, ᆀ߾ c ࣁ a1,a2, . . . ,an 的 common divisor (ϦӢ數).

(2) ऩ d ∈ N ࢂ a1,a2, . . . ,an 的ϦӢ數ύനε的, ᆀ߾ d ࣁ a1,a2, . . . ,an 的 greatest
common divisor നεϦӢ數, ೯தךॺ཮Ҕ gcd(a1,a2, . . . ,an) .Ңϐ߄ٰ

(3) ऩ m ∈ Z, Ъ a1|m, a2|m, . . . , an|m, ᆀ߾ m ࣁ a1,a2, . . . ,an 的 common multiple (Ϧ
७數).

(4) ऩ l ∈ N ࢂ a1,a2, . . . ,an 的҅的Ϧ७數ύനλ的, ᆀ߾ l ࣁ a1,a2, . . . ,an 的 least
common multiple നλϦ७數, ೯தךॺ཮Ҕ lcm(a1,a2, . . . ,an) .Ңϐ߄ٰ

೯த྽Ԗ΋ঁ಄ဦ܈Ӝຒሡाϟಏਔ, ॺ཮੝ձҔךډפߡΑБࣁ Definition ٰ኱Ңϐ.

྽ाΠ΋ঁۓကਔाݙཀࢂցӝ౛. όा๏的ۓက的ܿՋਥ本όӸӧؒ܈ԖҔ.
Definition 1.1.6 ύ൩ाݙཀനεϦӢ數ϷനλϦ७數ࢂցӸӧ: Ӣࣁ 1 整ନ܌Ԗ的整數,
аऩ܌ a1,a2, . . . ,an ∈ Z .ϦӢ數ѸӸӧځ߾ ΞӢࣁ྽ a ̸= 0 ਔ, a 的ҺཀӢ數ࣣλܭ฻ܭ

|a|, ࡺ a1,a2, . . . ,an 的ϦӢ數܌ԋ的໣ӝԖ΢ࣚ, ޕॺךа܌ a1,a2, . . . ,an 的നεϦӢ數Ѹ

Ӹӧ. όၸ a1,a2, . . . ,an 的നεϦӢ數Ԗёૈࢂ 1. ऩӵԜ (ջ gcd(a1,a2, . . . ,an) = 1), ᆀ߾
a1,a2, . . . ,an ϕ質 (relatively prime). ќ΋Бय़Ӣࣁ a1a2 · · ·an ࢂ a1,a2, . . . ,an 的Ϧ७數, ܌
а፾྽的४΢҅ॄဦёޕ a1,a2, . . . ,an ҅的Ϧ७數ѸӸӧ, ӢԜҗ well-ordering principle ޕ
a1,a2, . . . ,an 的നλϦ७數ѸӸӧ.

ௗΠٰךॺ௖૸ϦӢ數ϷനεϦӢ數的基本性質. җܭ a ک −a 的Ӣ數ࢂ΋ኬ的, а܌
όѨ΋૓性, ӧ૸論Ӣ數ਔךॺ໻૸論҅整數的௃׎. .૸論ۈ໒׎整數的௃҅ঁٿॺ൩வך

Proposition 1.1.7. ଷ೛ a,b ∈ N Ъ d ࢂ a ک b 的ϦӢ數. ऩ d′ ࢂ a/d ک b/d 的ϦӢ

數, ߾ dd′ ࢂ a ک b 的ϦӢ數.

Proof. २Ӄݙཀ, җܭ d ࢂ a,b 的ϦӢ數, Ӹӧࡺ m,n ∈ Z ٬ள a = dm Ъ b = dn. Ψ൩ࢂ
ᇥ a/d = m ک b/d = n .整數ࣁࣣ Ξ d′ ࢂ m,n 的ϦӢ數ࡺӸӧ m′,n′ ∈ Z ٬ள m = d′m′ Ъ

n = d′n′. 整౛ள a = dd′m′ Ъ b = dd′n′ ޕࡺ dd′ ࢂ a ک b 的ϦӢ數. �

ऩ Proposition 1.1.7 ύךॺڗ d = gcd(a,b), ॺёளаΠϐךကۓճҔനεϦӢ數的߾
性質.

Corollary 1.1.8. ଷ೛ a,b ∈ N Ъ d = gcd(a,b). ߾ a/d ک b/d ϕ質.

Proof. ा᛾ܴ a/d ک b/d ϕ質൩ࢂ᛾ gcd(a/d,b/d) = 1. ฅԶाᇥܴ gcd(a/d,b/d) = 1 ൩

ளᇥܴऩ d′ ࢂ a/d ک b/d 的΋ঁ҅的ϦӢ數, ߾ d′ = 1. ٣ჴ΢ऩ d′ ࢂ a/d ک b/d 的΋

ঁ的ϦӢ數, җ߾ Proposition 1.1.7 ޕ dd′ ࢂ a,b 的ϦӢ數. ฅԶςޕ d ࢂ a,b ϦӢ數ύന
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ε的, ޕࡺ d ≥ dd′. Ψ൩ࢂᇥ d′ ≤ 1. ӢԜ่ӝ྽߃ଷ೛ d′ ࢂ a,b 的΋ঁ҅的ϦӢ數 (ջ
d′ ≥ 1) ள᛾ d′ = 1. �

ཀ΋૓ा᛾ܴݙ d = gcd(a,b)ךॺा᛾ܴٿҹ٣. २Ӄा᛾ܴ dࢂ a,b的ϦӢ數,ӆٰ൩
᛾ܴࢂ d ࢂ aک b的ϦӢ數ύനε的. 前य़ Corollary 1.1.8ύךॺा᛾ܴ gcd(a/d,b/d) = 1.
җܭ 1 Ѹࣁ a/d,b/d 的ϦӢ數, аѝा᛾ܴҺཀ܌ a/d ک b/d 的ϦӢ數ࣣλܭ฻ܭ 1 ൩ё.

Proposition 1.1.7 ک Corollary 1.1.8 ೿ёа௢ቶډ΋૓ n ঁ҅整數的௃׎.

Question 1.2. ଷ೛ a1, . . . ,an ∈ N. ၂᛾ܴ

(1) ऩ d ࢂ a1, . . . ,an 的ϦӢ數Ъ d′ ࢂ a1/d, . . . ,an/d 的ϦӢ數, ߾ dd′ ࢂ a1, . . . ,an 的

ϦӢ數.

(2) ऩ d = gcd(a1, . . . ,an). ߾ gcd(a1/d, . . . ,an/d) = 1.

฻Π΋࿯௖૸ନݤচ౛ϐࡕ, .д的性質ځॺӆ຾΋؁談論നεϦӢ數ϷനλϦ७數ך

1.2. ନݤচ౛ᆶനεϦӢ數

整數ύന基本的ۓ౛ᔈ၀൩ࢂ整數的ନݤচ౛ Division Algorithm, ൳Я܌Ԗ整數的基
本性質೿ࢂҗѬ௢Ꮴрٰ.

Theorem 1.2.1 (Division Algorithm). ๏ۓ΋҅整數 n, ჹҺཀ的 m ∈ Z, ࣣӸӧ h,r ∈ Z,
ύځ 0 ≤ r < n, ᅈى m = h ·n+ r.

೭ࢂ΋ঁࡐख़ा的性質, ख़ाךډॺа Theorem ٰᆀڥѬ. ೭ঁۓ౛ךॺಞᄍᆀࣁନݤ
চ౛, ӵԜᆀѬ྽ฅ൩х֖ “ନ” ೭ঁཷۺ. २Ӄᢀჸ, ྽ךॺӧλᏢਔೀ౛ 36 ନа 7 的ୢ

ᚒਔ, ॺ཮Ӄ჋၂ך 36−7, ว౜܌Ꭹεܭ 7, аӆԵቾ܌ 36−2×7. ,ϼεࢂᎩᗋ܌ ӢԜӆ
Եቾ 36−3×7, ೭ኬ΋ޔΠѐډ 36−5×7 ୼λΑ, ۓዴߡॺך 36 ନа 7 的୘ࣁ 5 Ꭹ數ࣁ

1. εৎёа࣮рٰ, ೭္ךॺ٣ჴ΢ࢂԵቾ {36− 7t | t ∈ Z} ೭ঁ໣ӝύനλ的ॄߚ整數,
ࢂ཮ߡ 36 ନа 7 的Ꭹ數Α. ճҔ೭ঁགྷݤ, ёа᛾ܴߡॺך Theorem 1.2.1 Α.

Proof. ๏ۓ n ∈ N Ъ m ∈ Z. २ӃԵቾ W = {m− t ·n | t ∈ Z} ೭΋ঁ໣ӝ. Ψ൩ࢂԏ໣ m,
m−n, m−2n, . . . аϷ m+n, m+2n, . . . ฻ϡન܌ள໣ӝ. Ӣࣁ t ёڗҺՖ整數, ৒ܰ൩࣮ࡐ
р W ΋ۓх֖΋ॄߚ٤的整數. ඤ言ϐ, ऩԵቾ W ′ ࣁ W ύॄߚ的ϡન܌ԋ的໣ӝ, ߾ W ′

.的整數的η໣ӝޜߚ΋ঁࢂ җ整數的ࡺ well-ordering principle ޕ W ′ ύӸӧനλ的整數

r. ջ r ࢂ W ύനλ的ॄߚ的整數. Ӣࣁ r ∈W , җۓကޕӸӧ h ∈ Z ᅈى r = m−h ·n. ॺך
നЬा的Ҟ的൩ࢂा᛾ܴ 0 ≤ r < n.

ଷ೛ r όӝךॺ的చҹ, Ψ൩ࢂᇥ r ≥ n (ձבΑ r .(整數的ଷ೛ॄߚࢂ ऩӵԜ, ॺёך
ஒ r ቪԋ r = n+ r′, ύځ r′ ≥ 0. ӢԜճҔ

m = h ·n+ r = h ·n+(n+ r′) = (h+1) ·n+ r′,

ډॺளך r′ = m− (h+1) ·n ∈W . ՠ 0 ≤ r′ < r, ೭ک r ࢂ W ύനλ的ॄߚ整數࣬ҟ࣯. ࡺ
ள᛾本ۓ౛. �
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ाݙཀ Theorem 1.2.1 的᛾ܴךॺҔډ整數΢ёа௨ׇ的 well-ordering principle, ӢԜ
ᗨฅ᛾ܴࡐᙁൂ, ՠ٠όૈޔௗ঺Ҕځډд的數س.

Division Algorithm ,整數論ύ΋ঁख़ा的性質ࢂ Ѭёаᔅշךॺೀ౛΋ঁ整數ࢂցё
а೏ќ΋ঁ整數整ନ的ୢᚒ. ۭΠךॺ൩ࢂाճҔ Theorem 1.2.1 ஒ Z ύԖব٤η໣ӝё
аቪԋ aZ ೭ኬ的׎Ԅዴᇡрٰ.

ӣ៝΋Π, ӧ΢΋࿯ύךॺޕၰ྽ a ∈ Z, aZ ೭΋ঁ໣ӝԖ܌ᒏ的࠾ഈ性 (Proposition
1.1.1), ջऩ b,c ∈ aZ ჹҺཀ߾ m,n ∈ Z ࣣԖ mb+nc ∈ aZ. ౜ӧךॺाᇥܴ, ϸၸٰΨԋҥ.
Ψ൩ࢂᇥऩ S ࢂ Z 的΋ঁޜߚη໣ЪԖ࠾ഈ性 (ջᅈىऩ b,c ∈ S ჹҺཀ߾ m,n ∈ Z ࣣԖ
mb+nc ∈ S), ॺा᛾ܴӸӧך a ∈ Z ٬ள S = aZ.

२ӃᢀჸӢ S ,ޜߚࣁ ѸӸӧࡺ b ∈ S, ӢԜҗ࠾ഈ性的ଷ೛ޕ b+(−1)b = 0 ∈ S. Ψ൩
ᇥࢂ 0 ΋ۓӧ S ύ. ౜ऩ S = {0}, з߾ a = 0, ॺԾฅԖך S = aZ. ӢԜךॺ໻ഭΠ S ̸= {0}
的௃׎ाԵቾ. ा࡛ኬډפ a ∈ Z ٬ள S = aZ ?ګ ၰऩޕॺך S = aZ, ٗሶ S ύനλ的

҅整數൩ࢂ a ܈ −a. ډפаा܌ a ᅈى S = aZ, ॺԾฅΨ཮Եቾך S ύനλ的҅整數Α.
з S′ ࣁ S ύ的҅整數܌ԋ的໣ӝ, ջ S′ = S∩N. ॺӃᇥܴך S′ όޜࢂ໣ӝ. ೭ࢂӢࣁҗ
S ̸= {0} Ӹӧޕ b ∈ S Ъ b ̸= 0. ऩ b > 0, ޕ߾ b ∈ S′; Զऩ b < 0, җ 0 ∈ S аϷ࠾ഈ性ޕ

0−b =−b ∈ S, ӢԜҗ −b > 0, ளޕ −b ∈ S′. നࡕҗ S′ Ӹӧޕ໣ӝЪԖΠࣚޜߚࣁ a ∈ S′

Ъࢂ S′ ύനλ的ϡન. ॺाᇥܴԜਔך S = aZ. ӣ៝΋Π, ྽ךॺाᇥঁٿ໣ӝ࣬฻ਔ, ߡ
ाᇥܴ೭ঁٿ໣ӝϕ࣬Ԗх֖ᜢ߯. Ӣࣁ a ∈ S, ჹҺཀޕഈ性࠾җࡺ m ∈ Z, ma ∈ S, ӢԜள
᛾ aZ⊆ S. നךࡕॺഭΠा᛾ܴ S ⊆ aZΑ. Ψ൩ࢂा᛾ܴჹҺཀ b ∈ S,ࣣᅈى b ∈ aZ. ඤ言
ϐ, ॺा᛾ܴך S ύ的Һཀϡન b ࣣё೏ a .整ନ܌ ೭൩ךࢂॺाҔډ division algorithm
的ਔᐒΑ. җܭ a ∈ N, җ Theorem 1.2.1 Ӹӧޕ h,r ∈ Z ٬ள b = ha+ r, Ъ 0 ≤ r < a. ा
ཀԜਔݙ r = b− ha, Զ a,b ࣣឦܭ S, ޕഈ性࠾җࡺ r ∈ S. ౜ऩ r ̸= 0, Ң߄ r ∈ N, җࡺ
r ∈ S ள r ∈ S′. ฅԶ r < a, ೭کߡ a ࢂ S′ ύ的നλϡન࣬ҟ࣯Α. ޕࡺ r = 0, ΨӢԜள᛾
b = ha ∈ aZ. .ॺஒ΢य़૸論的่݀整౛ӵΠך

Theorem 1.2.2. ଷ೛ S ⊆ Z ໣ӝЪޜߚࣁ S ᅈىჹܭҺཀ b,c ∈ S аϷ m,n ∈ Z ࣣԖ
mb+nc ∈ S, Ӹӧ߾ a ∈ Z ٬ள S = aZ. ੝ձ的, ྽ S ̸= {0}, з a ࣁ S∩N ύനλ的ϡન,
Ԝਔёள S = aZ.

Question 1.3. Եቾ S = {4x+6y | x,y ∈ Z}. ၂᛾ܴ S ᅈىჹҺཀ b,c ∈ S аϷ m,n ∈ Z ࣣ
Ԗ mb+nc ∈ S. ၂פр a ∈ Z ٬ள S = aZ.

ௗΠٰךॺճҔ Theorem 1.2.2 ٰ௖૸ԖᜢനεϦӢ數ख़ा的性質. ҅ঁٿவࢂॺᗋך
整數的௃ݩ໒ۈ௖૸. ๏ۓ a,b ∈ N, ӵ݀ךॺૈډפ΋ঁ໣ӝ S ᅈى a,b ∈ S ЪڀԖ࠾ഈ

性, җ߾ Theorem 1.2.2 Ӹӧޕёߡ d ∈ Z ٬ள S = dZ. Ԝਔҗܭ a,b ∈ S = dZ, ޕࡺ a,b ࣣ

ࣁ d 的७數, Ψ൩ࢂᇥ d ཮ࢂ a,b 的ϦӢ數. ฅԶ౜ऩԖќ΋໣ӝ S′ ҭᅈى a,b ∈ S′ Ъڀ

Ԗ࠾ഈ性, ӕ౛ޕӸӧ d′ ∈ Z ٬ள S′ = d′Z, Ԝਔ d′ ҭࣁ a,b 的ϦӢ數. ౜ऩΞଷ೛ S ⊆ S′,
ҭջ dZ⊆ d′Z, җ߾ Proposition 1.1.3(1) ޕ d′ | d. வ೭္ךॺёаޕၰ, ྽ךॺפ的 S ຫ

λ,ёளډ a,b的ϦӢ數൩ຫε. ΋ঁനλ的໣ӝډפाࢂߡа౜ӧ的Ҟ኱܌ Sᅈى a,b ∈ S

ЪڀԖ࠾ഈ性.
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࡛ኬ的໣ӝ S ཮ࢂх֖ a,b ЪڀԖ࠾ഈ性的നλ的໣ӝګ? ,ഈ性的ा؃࠾٩ җ a,b ∈ S

ॺளჹҺཀך m,n ∈ Z ࣣሡ ma+nb ∈ S. ӢԜ S 的നλ的ёૈ൩ࢂ S = {ma+nb | m,n ∈ Z}.
р的ۓॺஒ᛾ܴ೭ኬך S ዴჴԖ࠾ഈ性, ΨӢԜளډаΠ的性質.

Proposition 1.2.3. ଷ೛ a,b ∈ N, з d ໣ӝࣁ S = {ma+nb | m,n ∈ Z} ύനλ的҅整數.
߾ gcd(a,b) = d.

Proof. २Ӄݙཀҗܭ೭္ m,n ,Һཀ的整數ࢂ ၰ໣ӝޕॺךа܌ S = {ma+nb | m,n ∈ Z}
ύѸӸӧ҅整數. ӢԜךॺ঺Ҕ well-ordering principle ޕ S ύѸԖനλ的҅整數. Ψ൩ࢂ
ᇥ௶ॊύ的 d ΋ۓӸӧ.

ௗ๱ךॺाӃᇥܴ S ؁ᡯ᛾ܴঁٿ前य़ග的ྣࡪࡕഈ的ฅ࠾ࢂ d ࣁ a,b 的നεϦӢ數.
Һڗ u,v ∈ S, җ S 的ۓကךॺޕӸӧ r,r′,s,s′ ∈ Z ٬ள u = ra+ sb, v = r′a+ s′b. ౜ჹҺཀ
m,n ∈ Z, ॺԖך

mu+nv = m(ra+ sb)+n(r′a+ s′b) = (mr+nr′)a+(ms+ns′)b.

ӢԜҗ mr+nr′,ms+ns′ ∈ Z ள mu+nv ∈ S, ᛾ܴΑ S 的࠾ഈ性. аҗ܌ Theorem 1.2.2 ޕ
S = dZ. ΨӢԜҗ a ∈ S аϷ b ∈ S ள᛾ a ∈ dZ аϷ b ∈ dZ. Ψ൩ࢂᇥ d|a Ъ d|b, ҭջ d

ࢂ a,b 的ϦӢ數.

നךࡕॺा᛾ܴ d ࢂ a,b 的ϦӢ數ύനε的數. Ψ൩ࢂा᛾ܴऩ d′ ࢂ a,b 的ϦӢ數, ߾
d′ ≤ d. Ϟҗܭ d ∈ S, җ S 的ۓကޕӸӧ m,n ∈ Z ٬ள d = ma+ nb. ฅԶ d′|a Ъ d′|b, җ
Corollary 1.1.2 ޕ d′|ma+nb. ջ d′|d, Ψ൩ࢂᇥӸӧ l ∈ Z ٬ள d = d′l. ӢԜҗςޕ d > 0

྽ฅள d′ ≤ d. �

,܁ڻ೚εৎ཮܈ ΋૓ٰᇥפ a,b 的നεϦӢ數ѝाӧ a,b Ԗज़ӭঁϦӢ數ύפനε的

൩ӳΑࣁϙሶाԾ૸धӞӧ {ma+nb | m,n ∈ Z} ೭ঁԖคጁӭঁϡન的໣ӝύפ? ؒԖᒱ,
ӵ݀ a,b .פௗޔϙሶ྽ฅࢂၰޕᡏ的ڀࡐ ฅԶ྽ךॺा૸論΋૓的௃׎, a,b ҺՖёૈࢂ

的整數, όૈҔ൳ঁڀᡏٯηж΋ж൩Α٣. аᗨฅ܌ Proposition 1.2.3 ӧჴሞᏹբਔ٠ό
ჴҔՠाҔډ౛論的௢ᄽਔѬࡐࢂࠅӳҔٰၲ߄നεϦӢ數的πڀ. ௗճҔޔ Proposition
1.2.3 .ॺଭ΢ԖаΠϐ性質ך

Corollary 1.2.4. ଷ೛ a,b ∈ N Ъ d = gcd(a,b) Ӹӧ߾ m,n ∈ Z ٬ள d = ma+nb. ԶЪჹ
Һཀ d′ ∈ Z, d′ ࢂ a,b 的ϦӢ數ऩЪ୤ऩ d′|d.

Proof. җ Proposition 1.2.3 ޕॺך d ӧ໣ӝ S = {ma+ nb | m,n ∈ Z} ύ, ကӸӧۓ٩ࡺ
m,n ∈ Z ٬ள d = ma+nb.

ཀ೭္ݙ “ऩЪ୤ऩ” 的ཀࡘ൩ࢂᇥӵ݀ d′ ࢂ a,b 的ϦӢ數ٗሶ d Ѹ整ନ a,b 的നε

ϦӢ數 d, ϸϐऩ d′ 整ନ a,b 的നεϦӢ數, ٗሶ d′ ΋ࢂۓ a,b 的ϦӢ數. җ Proposition
1.2.3 的᛾ܴךॺޕऩ d′ ࢂ a,b 的ϦӢ數߾ d′|d. ϸϐऩ d′|d, ܭҗ߾ d|a Ъ d|b, ճҔ
Proposition 1.1.3(3) ޕ d′|a Ъ d′|b. ջ d′ ࣁ a,b 的ϦӢ數. �
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΋૓ٰᇥԖ的性質ёаவҘё௢ளΌ, ՠ೭٠ό߄ҢவΌё௢ளҘ. ӵ݀ঁٿ性質ёа
ϕ௢, ॺ൩Ҕך “ऩЪ୤ऩ” .Ңϐ߄ ੝ձाݙཀ Corollary 1.2.4 ٠όࢂᇥऩԖ΋ঁ҅整數
d ёډפ m,n ∈ Z ٬ள d = ma+nb, ߾ d ൩ࢂ a,b 的ϦӢ數. ೭ࢂ΋໒ۈεৎӧᏢಞᡄᒠ௢
論ਔதҍ的ᒱᇤ. ჴځ d ёаቪԋ ma+nb ໻߄Ң d ཮ӧ໣ӝ S = {ma+nb | m,n ∈ Z} ύ,
٠ό߄Ң d ཮ࢂ S ύനλ的҅整數. а྽ฅ܌ d ൩҂Ѹࢂ a,b 的നεϦӢ數. ӢԜ྽ा᛾
ܴ d ࢂ a,b 的നεϦӢ數ਔ, ᗋࢂளࡪ೽൩੤ӵ前य़܌ග的؁ٿᡯ຾Չ, ί࿤όाঁٿډפ
整數 m,n ٬ள d = ma+nb ൩ᇥ d ൩ࢂ a,b 的നεϦӢ數. ྽ฅΑӵ݀գा᛾ܴ a,b ϕ質

(ջ gcd(a,b) = 1) ਔёаճҔډפ m,n ٬ள ma+nb = 1 ٰೀ౛. ೭ࢂӢࣁԜਔ 1 ӧ S ύ,
ࢂ྽ฅࡺ S ύനλ的҅整數Α. ӢԜךॺஒԜ੝ਸ௃ݩӈр.

Corollary 1.2.5. ଷ೛ a,b ∈ N. ߾ gcd(a,b) = 1 ऩЪ୤ऩӸӧ m,n ∈ Z ٬ள ma+nb = 1.

Proof. ӆமፓ΋次, ा᛾ܴऩЪ୤ऩѸሡঁٿБӛ೿᛾ܴ.

ऩ gcd(a,b) = 1, җ Corollary 1.2.4 Ӹӧޕ m,n ∈ Z ٬ள 1 = ma+ nb. ϸϐ, ऩӸ
ӧ m,n ∈ Z ٬ள ma+ nb = 1, ߾ 1 Ѹࣁ໣ӝ {ma+ nb | m,n ∈ Z} ύനλ的҅整數, җࡺ
Proposition 1.2.3 ޕ gcd(a,b) = 1. �

а΢的性質٠ؒԖ֋ນךॺ࡛ሶډפ m,n ٬ள ma+nb = gcd(a,b), ॺஒ཮ӧΠ࿯ϟך
ಏֹᗅᙯ࣬ନࡕݤ๏΋ঁБ؃ٰݤ m,n. ᗨฅҞ前ךॺόޕӵՖ؃ள m,n, όၸவΠ΋ঁ௖
૸ a,b ϕ質ਔ的ख़ा的性質ךॺёа࣮ډ໻໻ޕၰѬॺ的Ӹӧ性ӧ౛論的௢ᄽ൩ࡐᆅҔΑ.

Proposition 1.2.6. ଷ೛ a,b ∈ N Ъ gcd(a,b) = 1. :ॺԖаΠ的性質ך

(1) ऩ k ∈ Z Ъ a|bk, ߾ a|k.

(2) ऩ l ∈ Z Ъ a|l Ϸ b|l, ߾ ab|l.

Proof. Ӣࣁ gcd(a,b) = 1, җ Corollary 1.2.5 Ӹӧޕॺך m,n ∈ Z ٬ள ma+nb = 1.

(1) ஒ ma+nb = 1 ฻Ԅٿᜐ४΢ k ёள mak+nbk = k. ฅԶଷ೛ a|bk ճҔࡺ a|ak аϷ

Corollary 1.1.2 ޕ a|mak+nbk, ջ a|k.

(2)җ a|l аϷ b|l Ӹӧޕ r,s ∈Z٬ள l = ar = bs. Ӣࣁ a|arࡺள a|bs. ӆҗ gcd(a,b) = 1

的ଷ೛ճҔ (1)ёள a|s. ඤ言ϐӸӧ t ∈ Z٬ள s = at. ஒϐ஥ӣ l = bsள l = b(at) = (ab)t,
ள᛾ ab|l. �

ाݙཀ Proposition 1.2.6 的చҹ. ΋૓ٰᇥऩؒԖ a,b ϕ質的ଷ೛ a|bc ٠όૈߥ᛾ a|b
܈ a|c. ൩৾ 12|6×4 ٰᇥփ, ᡉ的ܴࡐ 12 - 6 (೭္ - (ࡘҢό整ନ的ཀ߄ ԶЪ 12 - 4. ӕኬ
的ऩ a,b όϕ質 a|c Ъ b|c Ψόૈߥ᛾ ab|c. ӵٯ 4|12 Ъ 6|12 ՠࢂ 4×6 - 12.

ௗΠٰךॺٰ࣮࣮ a,b 的നλϦ७數. ऩ l ࢂ a,b 的നλϦ७數, ܭҗ߾ gcd(a,b)|l, ך
ॺԾฅޕӸӧ m,n ∈ Z ٬ள l = ma+nb. όၸ೭ঁ߄Ңݤჹ l ൩ؒԖϙሶᔅշΑ. ЬाচӢ
ࢂ l ӧ {ma+nb | m,n ∈ Z} ೭ঁ໣ӝύόႽ gcd(a,b) Ԗӵ Proposition 1.2.3 ॊ΋ኬ੝ਸ܌
的ӦՏ. όၸؒᜢ߯, Π΋ঁۓ౛֋ນךॺ΋૓ٰᇥѝाΑှ a,b 的നεϦӢ數൩ૈඓඝ

a,b 的നλϦ७數.
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ᡣךॺӃٰ࣮࣮ा࡛ኬޕၰ l ࢂ a,b 的നλϦ७數. ൩ӵӕനεϦӢ數的௃׎΋ኬךॺ
ा᛾ܴٿҹ٣. २Ӄ᛾ܴ l ࢂ a,b 的҅的Ϧ७數, ӆٰ൩ࢂ᛾ܴ l ࢂ a ک b 的҅的ϦӢ數ύ

നλ的. ӵԜ΋ٰ൩ૈᏼߥ l ࢂ a,b 的നλϦ७數.

Proposition 1.2.7. ଷ೛ a,b ∈N Ъ gcd(a,b) = d Ϸ lcm(a,b) = l, ߾ l = ab/d. ԶЪ m ∈ Z
ࢂ a,b 的Ϧ७數ऩЪ୤ऩ l|m.

Proof. җଷ೛ d = gcd(a,b)ޕӸӧ a′,b′ ∈N٬ள a = a′d, b = b′d Ъ gcd(a′,b′) = 1 (Propo-
sition 1.1.8). ౜ӧךॺ٩΢ॊ؁ঁٿᡯ᛾ܴ ab/d = a′b = b′a ࢂ a,b 的നλϦ७數.

२Ӄҗ ab/d = b′a ޕ a|(ab/d) ӕ౛ޕ b|(ab/d), Ψ൩ࢂᇥ ab/d ࣁ a ک b 的Ϧ७數. Ξ
Ӣࣁ a,b,d ,數҅ࣁࣣ а܌ ab/d ࣁ a,b ϐ҅的Ϧ७數.

ௗ๱᛾ܴऩ m ࣁ a,b ϐ҅的Ϧ७數, ߾ (ab/d) ≤ m. җଷ೛ޕӸӧ m′,n′ ∈ N ٬ள
m = m′a = n′b. ඤ言ϐ m = m′a′d = n′b′d, ੃௞ࡺ d (Ӣ d ̸= 0) ள m′a′ = n′b′. Ψ൩ࢂᇥ
a′|n′b′. ՠҗܭ gcd(a′,b′) = 1, җࡺ Proposition 1.2.6(1) ޕ a′|n′. Ψ൩ࢂᇥӸӧ h ∈ N ٬ள
n′ = a′h. жӣ m = n′b ள m = ha′b, ޕளࡺ a′b = (ab/d)|m. җܭ ab/d Ϸ m ,數҅ࣁࣣ ள᛾
(ab/d)≤ m. Ψ൩ࢂᇥ ab/d = lcm(a,b) = l.

ฅࡽ ab/d = l җ΢य़的᛾ܴךॺޕऩ m ࣁ a,b 的Ϧ७數, ߾ l = (ab/d)|m. ϸϐ, ऩ l|m,
җ߾ a|l Ъ b|l, ளޕ a|m Ъ b|m, ࡺ m ࣁ a,b ϐϦ७數. �

ाݙཀᗨฅ Proposition 1.2.7 ύଷ೛ a,b ∈ N, ՠځҞ的໻ࢂճҔ҅ࣁځ數Бߡඔॊന
λϦ७數. ऩ a,b ∈ Z ό΋҅ࣁۓਔ, ॺѝा፾྽的у΢ॄဦϝёճҔך Proposition 1.2.7
的ԄηቪΠനλϦ७數. ќѦک Corollary 1.2.4 ύ܌ॊϦӢ數ࣁനεϦӢ數ϐӢ數࣬፵ࢀ
Proposition 1.2.7 ֋ນךॺϦ७數ࣁനλϦ७數ϐ७數.

ௗΠٰᡣךॺٰ࣮࣮Ԗᜢӭঁ (ӭঁٿܭ) 整數的നεϦӢ數性質. ॺ၂๱๱௢ቶ前ך
य़的Бݤ, ࣮࣮前य़的่݀ჹӭঁ整數ࢂց፾Ҕ.

Proposition 1.2.8. ଷ೛ a1, . . . ,an ∈N, з d ໣ӝࣁ S = {m1a1+ · · ·+mnan | m1, . . . ,mn ∈Z}
ύനλ的҅整數. ߾ gcd(a1, . . . ,an) = d.

Proof. ,ӕ࣬׎前य़的௃ک ճҔ well-ordering principle ޕ S ύѸԖനλ的҅整數. Ψ൩
ᇥ௶ॊύ的ࢂ d ΋ۓӸӧ. ௗ๱ک前य़΋ኬ, ޕॺך S ,ഈ的࠾ࢂ җࡺ Theorem 1.2.2 ள
S = dZ. ӢԜёྣࡪ前य़᛾ܴനεϦӢ數的؁ᡯ᛾ܴ d ࣁ a1, . . . ,an 的നεϦӢ數.

२Ӄᔠࢗჹ܌Ԗ i ∈ {1, . . . ,n}, ࣣԖ d|ai. җܭ ai ∈ S = dZ, ޕࡺ d|ai. Ψ൩ࢂᇥ d ࣁ

a1, . . . ,an 的ϦӢ數.

ௗ๱ךॺा᛾ܴ d ࢂ a1, . . . ,an 的ϦӢ數ύനε的數. Ψ൩ࢂा᛾ܴऩ d′ ࢂ a1, . . . ,an

的ϦӢ數, ߾ d′ ≤ d. ,ကۓ٩ Ӹӧ m1, . . . ,mn ∈ Z ٬ள d = m1a1 + · · ·+mnan. Ϟҗܭჹ
Һཀ i ∈ {1, . . . ,n}, ࣣԖ d′|ai ޕࡺ d′|m1a1 + · · ·+mnan. ջ d′|d, ӢԜҗςޕ d > 0 ྽ฅள

d′ ≤ d. �
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ԖΑ Proposition 1.2.8 ,аΠϐ่݀ډ΋ኬளݤ前य़的Бکॺ྽ฅёаך ᛾ܴ൩όӆᙧ
ॊ.

Corollary 1.2.9. ଷ೛ a1, . . . ,an ∈ N Ъ d = gcd(a1, . . . ,an) Ӹӧ߾ m1, . . . ,mn ∈ Z ٬ள
d = m1a1 + · · ·+mnan. ԶЪჹҺཀ d′ ∈ Z, d′ ࢂ a1, . . . ,an 的ϦӢ數ऩЪ୤ऩ d′|d.

ाݙཀ٠ό܌ࢂԖԖᜢঁٿ整數的നεϦӢ數的性質೿ёа௢ቶډӭঁ整數的௃׎.
ӵٯ Proposition 1.2.6(2) ֋ນךॺऩ gcd(a,b) = 1 Ъ a|l Ϸ b|l, ߾ ab|l. Ԝ性質ӧঁٿа
΢整數的௃׎൩ό΋ۓჹ. ЬाচӢ൩٩ࢂӭঁ整數ϕ質的ۓက a1,a2, . . . ,an ϕ質߄ࢂҢ

೭٤數ନΑ ±1 ϐѦؒԖӅӕ的Ӣ數, ՠό߄ҢҺځڗύঁٿ數೿ϕ質. ჴԖёૈҺཀځ
ai,a j ೿όϕ質ՠࢂ a1, . . . ,an ϝϕ質. ӵٯ a1 = 6, a2 = 15 аϷ a3 = 10 的௃׎. ॺԖך
gcd(a1,a2) = 3, gcd(a2,a3) = 5 аϷ gcd(a1,a3) = 2 ՠࢂ gcd(a1,a2,a3) = 1. ׎аԖ٤௃܌
໻ଷ೛ a1, . . . ,an ϕ質ࢂό୼的, ೿ϕ質ঁٿڗҺډॺ໪Ҕך (ջჹҺཀ i, j ∈ {1, . . . ,n} Ъ
i ̸= j, ࣣԖ gcd(ai,a j) = 1) ೭΋ঁၨம的ϕ質性ωՉ. ೭ᅿၨம的ϕ質性ךॺᆀϐࣁ ٿٿ“
ϕ質” (pairwise relatively prime). ྽ฅΑऩ a1, . . . ,an ,ϕ質ٿٿ ߾ a1, . . . ,an Ѹϕ質. εৎ
΋ۓाమཱ೭ٿᅿϕ質性ϐόӕ. Proposition 1.2.6(2), ӧӭঁ整數的௃׎ϐΠऩٿٿࣁׯ
ϕ質൩཮ԋҥ. җܭ೭္౐ੋډҺཀӭঁ整數, .᛾ٰܴݤ數ᏢᘜયډаளҔ܌ 數Ꮲᘜયݤ
的চ౛ךॺଷ೛εৎςΑှ, Ԝೀόӆᙧॊ.

Proposition 1.2.10. ଷ೛ a1, . . . ,an ∈ N Ъ೭٤ ai .ϕ質ٿٿ ऩз M = a1 · · ·an, ॺԖך߾
аΠϐ性質.

(1) ჹҺཀ i ∈ {1, . . . ,n} ࣣԖ gcd(ai,M/ai) = 1.

(2) ऩჹ܌Ԗ i ∈ {1, . . . ,n} ࣣԖ ai|l, ߾ M|l.

Proof. җܭ໻ӧӭܭ΋ঁ整數ਔω談നεϦӢ數, வݤॺ數Ꮲᘜયךа܌ n = 2 ໒ۈ.

(1) Ԝೀҗکܭ a1, . . . ,an 的௨ׇคᜢ, ॺ໻ೀ౛ך i = 1 的௃׎. २Ӄ࣮ n = 2 的௃

.׎ Ԝਔ M = a1a2 җଷ೛ࡺ gcd(a1,a2) = 1 ޕ gcd(a1,M/a1) = 1. ӆٰҗ數Ꮲᘜયݤଷ೛
n = k−1 ਔԋҥ, ջ gcd(a1,a2 · · ·ak−1) = 1. ԜਔӸӧ m′,n′ ∈ Z ٬ள

m′a1 +n′(a2 · · ·ak−1) = 1. (1.1)

౜Եቾ n = k ϐ௃׎, Ԝਔ M = a1a2 · · ·ak. ஒԄη (1.1) ᜐ४аٿ ak ள

m′a1ak +n′(a2 · · ·ak−1ak) = m′aka1 +n′(M/a1) = ak. (1.2)

Ξҗٿٿϕ質的ଷ೛ޕ gcd(a1,ak) = 1, ջӸӧ r,s ∈ Z ٬ள ra1 + sak = 1. аԄη (1.2) ϐ
ak жΕ΢Ԅள

1 = ra1 + s(m′aka1 +n′(M/a1)) = (r+ sm′ak)a1 + sn′(M/a1).

Ӣࣁ r+ sm′ak ∈ Z Ъ sn′ ∈ Z җࡺ Corollary 1.2.5 ޕ gcd(a1,M/a1) = 1.

(2)२ӃԵቾ n = 2的௃׎,Ԝਔ M = a1a2 Ъ gcd(a1,a2) = ࡺ1 Proposition 1.2.6(2)֋ນ
ॺऩך a1|l Ъ a2|l,߾ M|l. ӆٰҗ數Ꮲᘜયݤଷ೛ n = k−1ਔԋҥ,ջऩз M′ = a1 · · ·ak−1,
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߾ M′|l. ౜Եቾ n = k ϐ௃׎, Ԝਔ M = a1 · · ·ak−1ak = M′ak. җ (1) ޕ gcd(ak,M′) =

gcd(ak,M/ak) = 1, җଷ೛ࡺ ak|l Ъ M′|l аϷ Proposition 1.2.6(2) ޕ M′ak = M|l. �

ௗΠٰךॺٰ࣮, ऩךॺ཮ঁٿ؃整數的നεϦӢ數 (ݤΠ΋࿯ϐᗅᙯ࣬ନـୖ) ٗሶ
.Ӧ؃ளӭঁ整數的നεϦӢ數ঁٿঁٿॺ൩ёаך Ψ൩ࢂᇥёаӃ؃ d1 = gcd(a1,a2) ؃

ள d2 = gcd(a1,a2,a3) = gcd(d1,a3), ೭ኬ΋ޔΠѐа؃ள gcd(a1,a2, · · · ,an). ॺ的᛾ܴБך
.຾ՉݤճҔ前ॊ᛾ܴനεϦӢ數Бࢂᗋݤ

Proposition 1.2.11. ऩ a1, . . . ,an ∈ N (n > 2), ߾

gcd(a1, . . . ,an−1,an) = gcd(gcd(a1, . . . ,an−1),an).

Proof. з d = gcd(gcd(a1, . . . ,an−1),an) २Ӄךॺा᛾ܴ d ࢂ a1, . . . ,an 的ϦӢ數. җܭ
d|gcd(a1, . . . ,an−1) җ Corollary 1.2.9 ޕ d ࢂ a1, . . . ,an−1 的ϦӢ數. ӆу΢ d|an, ޕࡺ d ࢂ

a1, . . . ,an−1,an 的ϦӢ數.

౜ଷ೛ d′ ࢂ a1, . . . ,an−1,an 的ϦӢ數. ྽ฅ d′ ࢂ a1, . . . ,an−1 的ϦӢ數, җࡺ Corollary
1.2.9 ޕ d′|gcd(a1, . . . ,an−1). ӆу΢ d′|an, ޕࡺ d′ ࢂ gcd(a1, . . . ,an−1) ک an 的ϦӢ數, ӆࡺ
җ Corollary 1.2.4 ޕ d′|gcd(gcd(a1, . . . ,an−1),an) = d. ள᛾ d ࢂ a1, . . . ,an 的ϦӢ數ύനε

的數, ࣁࡺ a1, . . . ,an 的നεϦӢ數. �

നךࡕॺ࣮࣮ӭঁ整數的നλϦ७數的性質. २Ӄाݙཀ的ࢂ Proposition 1.2.7 ύ
lcm(a,b) = ab/gcd(a,b) ೭ঁ性質ӧӭঁ整數ਔ٠ό΋ۓჹ. ග܌ӵ前य़ٯ a1 = 6, a2 = 15

аϷ a3 = 10 的ٯη, ॺԖך a1a2a3 = 900, gcd(a1,a2,a3) = 1 ՠࢂ lcm(a1,a2,a3) = 30. ᗨฅ
ӵԜ, ,നλϦ७數ϐ७數的性質ࣁॺϝԖϦ७數ך ԶЪ؃ӭঁ整數ϐനλϦ७數Ψёӵന
εϦӢ數΋ኬঁٿঁٿ຾Չ. ۭΠךॺஒճҔ數Ꮲᘜયݤӕਔ᛾ܴ೭ঁٿ性質. ೭ᅿख़ा的
᛾ܴמѯεৎ܈೚ؒԖـၸ, όၸځচ౛ӵӕ΋૓的數Ꮲᘜયݤচ౛, εৎᔈૈ౛ှ.

Proposition 1.2.12. ऩ a1, . . . ,an ∈ N (n > 2), ߾

lcm(a1, . . . ,an−1,an) = lcm(lcm(a1, . . . ,an−1),an).

ԶЪ m ∈ Z ࢂ a1, . . . ,an 的Ϧ७數ऩЪ୤ऩ lcm(a1, . . . ,an)|m.

Proof. ᔈҔ數Ꮲᘜયݤ, ྽ n = 3 ਔз l = lcm(lcm(a1,a2),a3). Ӣࣁ l ࣁ lcm(a1,a2) ک a3

ϐϦ७數, ޕ l ࣁ lcm(a1,a2) ϐ७數, җࡺ Proposition 1.2.7 ளޕ l ࣁ a1,a2 的Ϧ७數. ࡺ
l ࣁ a1,a2,a3 ϐϦ७數. ౜ଷ೛ m ࣁ a1,a2,a3 ϐϦ७數. ྽ฅ m ࢂ a1,a2 ϐϦ७數, җࡺ
Proposition 1.2.7 ޕ lcm(a1,a2)|m. ΞӢ m ࣁ a3 ϐ७數, ޕࡺ m ࣁ lcm(a1,a2) ک a3 ϐϦ

७數. ӢԜӆҗ Proposition 1.2.7 ޕ l = lcm(lcm(a1,a2),a3)|m. ॺ᛾ளΑך l ࢂ a1,a2,a3 的

҅ϦӢ數ύനλ的數, ளࡺ l = lcm(a1,a2,a3). ॺΨӕਔ᛾ளך l 整ନ܌Ԗ a1,a2,a3 的Ϧ७

數. ϸϐ, ऩ l|m, җ߾ a1|l, a2|l аϷ a3|l ޕ m ࣁ a1,a2,a3 的Ϧ७數. ӢԜ n = 3 的௃׎᛾

ֹܴԋ.

౜٩數Ꮲᘜયݤଷ೛ n = k−1 ਔԋҥ: ջ

lcm(a1, . . . ,ak−1) = lcm(lcm(a1, . . . ,ak−2),ak−1)
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Ъ m ∈ Z ࢂ a1, . . . ,ak−1 的Ϧ७數ऩЪ୤ऩ lcm(a1, . . . ,ak−1)|m. ౜Եቾ n = k ϐ௃׎. з
l′ = lcm(a1, . . . ,ak−1) Ъ l = lcm(l′,ak) ॺा᛾ܴך l ࢂ a1, . . . ,ak 的നλϦ७數.

җܭ l = lcm(l′,ak) ࢂ l′ = lcm(a1, . . . ,ak−1) 的७數, ଷ೛ݤҗ數Ꮲᘜયࡺ (n = k− 1 ϐ

௃ݩ) ޕ l ࣁ a1, . . . ,ak−1 的Ϧ७數. ӆу΢ l Ψࢂ ak 的७數, ޕளࡺ l ࢂ a1, . . . ,ak 的Ϧ

७數. ќ΋Бय़ऩ m ࢂ a1, . . . ,ak−1,ak 的Ϧ७數, ྽ฅ m ࢂ a1, . . . ,ak−1 的Ϧ७數. җࡺ
數Ꮲᘜયݤଷ೛ޕ l′ = lcm(a1, . . . ,ak−1)|m. ӆу΢ ak|m, ޕ m ࣁ l′ ک ak ϐϦ७數. җࡺ
Proposition 1.2.7 ޕ l = lcm(l′,ak)|m. ӢԶளޕ l ዴࣁ a1, . . . ,ak 的҅Ϧ७數ύനλޣ, Ψ൩
ᇥࢂ l = lcm(a1, . . . ,ak). ॺΨӕਔ᛾ளऩך m ࣁ a1, . . . ,ak 的Ϧ७數, ߾ l|m. ϸϐऩ l|m, ߾
җჹ܌Ԗ i ∈ {1, . . . ,k} ࣣԖ ai|l, ள᛾ ai|m. Ψ൩ࢂᇥ m ࣁ a1, . . . ,ak 的Ϧ७數. �

1.3. ᗅᙯ࣬ନݤ

ᗅᙯ࣬ନ؃ࢂݤനεϦӢ數ࡐԖਏ౗的Бݤ. २Ӄךॺϟಏᗅᙯ࣬ନݤ的চ౛.

Lemma 1.3.1. ऩ a,b ∈ N Ъ a = bh+ r, ύځ h,r ∈ Z, ߾ gcd(a,b) = gcd(b,r).

Proof. ଷ೛ d1 = gcd(a,b) Ъ d2 = gcd(b,r). ॺ᛾ܴך d1|d2 Ъ d2|d1, ӢԶёճҔ Proposi-
tion 1.1.3(2) аϷ d1,d2 數ள᛾҅ࣁࣣ d1 = d2.

Ӣ d1|aЪ d1|bճҔ Corollary ޕॺך1.1.2 d1|a−bh = r. Ӣࣁ d1|b, d1|rЪ d2 = gcd(b,r)

җࡺ Proposition 1.2.4 ޕ d1|d2. ќ΋Бय़, Ӣࣁ d2|b Ъ d2|r ࡺ d2|bh+ r = a. ӢԜёள
d2|d1. �

Lemma 1.3.1 ֋ນךॺ྽ a > b > 0 ਔ, ा؃ a,b 的നεϦӢ數ךॺёаӃஒ a ନа b

ࣁளᎩ數ऩ܌ r, ߾ a,b 的നεϦӢ數฻ܭ b ک r 的നεϦӢ數. Ӣࣁ 0 ≤ r < b < a, а܌
྽ฅעीᆉᙁϯΑ. ௗ๱ךॺ൩ٰ࣮࣮ᗅᙯ࣬ନݤ. җܭ gcd(a,b) = gcd(−a,b) ॺѝךа܌

ाԵቾ a,b ೿҅ࢂ整數的௃ݩ.

Theorem 1.3.2 (The Euclidean Algorithm). ଷ೛ a,b ∈ N Ъ a > b. җନݤচ౛ךॺޕӸ
ӧ h0,r0 ∈ Z ٬ள

a = bh0 + r0, ύځ 0 ≤ r0 < b.

ऩ r0 > 0, Ӹӧ߾ h1,r1 ∈ Z ٬ள

b = r0h1 + r1, ύځ 0 ≤ r1 < r0.

ऩ r1 > 0, Ӹӧ߾ h2,r2 ∈ Z ٬ள

r0 = r1h2 + r2, ύځ 0 ≤ r2 < r1.

ӵԜᝩុΠѐډޔ rn = 0 .Зࣁ ऩ n = 0 ( ջ r0 = 0), ߾ gcd(a,b) = b. ऩ n ≥ 1, ߾
gcd(a,b) = rn−1.

Proof. २Ӄݙཀऩ r0 ̸= 0, җܭ r0 > r1 > r2 > .. . ,ᝄ਱ሀ෧的ࢂ Ӣࣁ r0 ک 0 ϐ໔നӭ໻

ૈකΕ r0 −1 ঁ҅整數, ཮Ԗۓၰ΋ޕॺךа܌ n ≤ r0 ٬ள rn = 0.
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ऩ r0 = 0, ջ a = bh0, ޕࡺ b ࣁ a ϐӢ數, ள᛾ b ࣁ a,b 的നεϦӢ數. ऩ r0 > 0, җ߾
Lemma 1.3.1 ޕ

gcd(a,b) = gcd(b,r0) = gcd(r0,r1) = · · ·= gcd(rn−1,rn) = gcd(rn−1,0) = rn−1.

�

౜ӧךॺٰ࣮Ҕᗅᙯ࣬ନ؃ݤനεϦӢ數的ٯη.

Example 1.3.3. ॺ؃ך a = 481 ک b = 221 的നεϦӢ數. २Ӄҗନݤচ౛ள 481 =

2 ·221+39, ޕ r0 = 39. ӢԜӆԵቾ b = 221 ନа r0 = 39 ள 221 = 5 ·39+26, ޕ r1 = 26. ӆ
а r0 = 39 ନа r1 = 26 ள 39 = 1 · 26+ 13, ޕ r2 = 13. നࡕӢࣁ r2 = 13 整ନ r1 = 26 ޕ

r3 = 0, җࡺ Theorem 1.3.2 ޕ gcd(481,221) = r2 = 13.

ӧճҔᗅᙯ࣬ନ؃ݤനεϦӢ數ਔ, εৎόѸ੿的ډ؃ rn = 0. ύё࣮рٯӵӧ΢ٯ
r0 = 39 ک r1 = 26 的നεϦӢ數ࢂ 13, ճҔ Lemma 1.3.1 ଭ΢ளޕ gcd(a,b) = 13.

ӧ΢΋࿯ Corollary 1.2.4 ֋ນךॺऩ gcd(a,b) = d, Ӹӧ߾ m,n ∈ Z ٬ள d = ma+ nb.
྽ਔךॺؒԖගډӵՖډפԜ m,n. ౜ӧךॺճҔᗅᙯ࣬ନٰݤϟಏ΋ঁډפ m,n 的Бݤ.
Ҕݮॺך Theorem 1.3.2 的಄ဦ. २Ӄ࣮ r0 = 0 的௃׎, Ԝਔ d = gcd(a,b) = b аऩз܌

m = 0, n = 1, ॺԖך߾ d = b = ma+nb. ྽ r0 ̸= 0 ՠ r1 = 0 ਔ, ޕॺך d = gcd(a,b) = r0.
ճҔࡺ a = bh0 + r0 ,ޕ ऩз m = 1, n =−h0, ߾ d = r0 = ma+nb. ӕ౛ऩ r0 ̸= 0, r1 ̸= 0 ՠ

r2 = 0, ޕ߾ d = gcd(a,b) = r1. ճҔࡺ a = bh0 + r0 аϷ b = r0h1 + r1 ޕ

r1 = b− r0h1 = b− (a−bh0)h1 =−h1a+(1+h0h1)b.

ӢԜऩз m =−h1 Ъ n = 1+h0h1, ߾ d = r1 = ma+nb. ٩ྣԜݤ, ྽ r0,r1 ک r2 ࣣόࣁ 0

ਔ, җܭ d = gcd(a,b) = rn−1 җࡺ rn−3 = rn−2hn−1 + rn−1 ޕ d = rn−3 −hn−1rn−2. ճҔ數Ꮲᘜ
યךݤॺޕӸӧ m1,m2,n1,n2 ∈ Z ٬ள rn−3 = m1a+n1b Ъ rn−2 = m2a+n2b жΕளࡺ

d = (m1a+n1b)−hn−1(m2a+n2b) = (m1 −hn−1m2)a+(n1 −hn−1n2)b.

ӢԜऩз m = m1 −hn−1m2 Ъ n = n1 −hn−1n2, ߾ d = ma+nb.

΢य़的ᇥܴ࣮՟ӳႽ྽ r0 ̸= 0ਔჹ؂΋ঁ i∈{0,1, . . . ,n−2}ाӃஒ riቪԋ ri =mia+nib,
നࡕωёஒ d = rn−1 ቪԋ ma+nb 的׎Ԅ. ,ߡ論᛾ਔ的Бࢂჴ೭ѝځ ӧჴሞᏹբਔךॺځ
ჴࢂஒ؂ঁ ri ቪԋ m′

iri−2 +n′iri−1 的׎Ԅᄌᄌ଍௢ӣ d = ma+nb. ፎ࣮аΠ的ٯη.

Example 1.3.4. ॺ၂๱ճҔך Example 1.3.3 的่݀ډפ m,n ∈ Z ٬ள 13 = 481m+221n.
२ӃךॺԖ 13= r2 = 39−26= r0−r1. Զ r1 = 221−5 ·39= b−5r0,ࡺள 13= r0−(b−5r0) =

6r0 − b. ӆҗ r0 = 481− 2 · 221 = a− 2b, ளޕ 13 = 6(a−2b)− b = 6a−13b. ளࡺ m = 6 Ъ

n =−13 ཮ᅈى 13 = 481m+221n.

ाݙཀ೭္ډפ的 m,n ٠ό཮ࢂ୤΋ᅈى d = ma+ nb 的΋ಔှ. ᗨฅ΢य़的௢ᄽၸ
ำӳႽ཮ѝԖ΋ಔှ, όၸѝૈᇥࢂҔ΢य़的Бݤ཮ளډ΋ಔှ, ٠όૈᏼߥё܌ډפԖ的
ှ. КБᇥऩз m′ = m+b, n′ = n−a, ߾ m′a+n′b = (m+b)a+(n−a)b = ma+nb = d. ܌
а m′,n′ Ψ཮ࢂќ΋ಔှ. ӢԜаࡕ྽ा௖૸୤΋性ਔ, ऩؒԖкϩ的౛җί࿤όૈᇥҗ前
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य़的௢Ꮴၸำ࣮рࢂ୤΋的൩ᘐ言ࢂ୤΋. ΋૓的բࢂݤଷ೛գԖٿಔှ, ӆճҔ೭ٿಔှ
.ϐ໔的ᜢ߯ޣٿډפ的ԄηىӅӕᅈ܌ .ݤॺ࣮࣮аΠ的բך

Proposition 1.3.5. ଷ೛ a,b ∈ N Ъ d = gcd(a,b). ऩ x = m0,y = n0 ࢂ d = ax+by 的΋ಔ

整數ှ, ჹҺཀ߾ t ∈ Z, x = m0 +bt/d,y = n0 −at/d ࣁࣣ d = ax+by 的΋ಔ整數ှ, ԶЪ
d = ax+by 的܌Ԗ整數ှѸࣁ x = m0 +bt/d,y = n0 −at/d ύځ t ∈ Z ೭ኬ的׎Ԅ.

Proof. ଷ೛ x = m,y = n ࢂ d = ax+ by 的΋ಔှ. җܭςଷ೛ x = m0,y = n0 Ψࢂ΋

ಔှ, ளࡺ am+ bn = am0 + bn0. Ψ൩ࢂᇥ a(m−m0) = b(n0 − n). җܭ d = gcd(a,b), ך
ॺёаଷ೛ a = a′d, b = b′d ύځ a′,b′ ∈ Z Ъ gcd(a′,b′) = 1 ـୖ) Corollary 1.1.8). Ӣ
Ԝள a′(m−m0) = b′(n0 − n). ճҔ b′|a′(m−m0), gcd(a′,b′) = 1 аϷ Proposition 1.2.6(1)
ள b′|m−m0. Ψ൩ࢂᇥӸӧ t ∈ Z ٬ள m−m0 = b′t. ޕࡺ m = m0 + b′t = m0 + bt/d. ஒ
m = m0 +bt/d жӣ am+bn = am0 +bn0 ёள n = n0 −at/d, ӢԜள᛾ d = ax+by 的整數ှ

೿ࢂ x = m0 + bt/d,y = n0 − at/d ύځ t ∈ Z ೭ኬ的׎Ԅ. നךࡕॺ໻ाዴᇡჹҺཀ t ∈ Z,
x=m0+bt/d,y= n0−at/dࣣࣁ d = ax+by的΋ಔ整數ှ. ฅԶஒ x=m0+bt/d,y= n0−at/d

жΕ ax+by ள a(m0 +bt/d)+b(n0 −at/d) = am0 +bn0 = d, .౛ۓள᛾本ࡺ �

ճҔ Proposition 1.3.5 ॺ൩ёճҔך Example 1.3.4 ډפ 13 = 481x+221y 的΋ಔ整數

ှ x = 6,y =−13 ளډ x = 6+17t,y =−13−37t ύځ t ∈ Z ࢂ 13 = 481x+221y Ԗ的整數܌

ှ.

1.4. 質數

೭΋࿯ךॺा談整數的ϩှύന基本的ϡન: 質數. εৎ೿ޕၰ΋ঁ質數 p ൩҅ࢂӢ數

ѝԖ 1 .的數ي本ک .ကۓॺϝ๏΋ঁ҅Ԅ的ך

Definition 1.4.1. ऩ p ∈ Z, p > 1 Ъ p 的҅ϦӢ數ѝԖ p ک 1 ᆀ߾ p ΋ঁ質數ࢂ (prime
number). ऩ΋҅整數Ԗځд的҅Ӣ數߾ᆀࣁӝԋ數 (composite number).

ᙁൂٰᇥ質數൩ࢂคݤϩှԋঁٿၨλ的҅整數४ᑈ的數. 質數೭΋ᅿόёϩှ的੝性
ᡣѬԖࡐӭ੝ਸ性質. ΋質數ۓӵ๏ٯ p аϷ΋整數 a ∈ Z, ۓ৒ܰղࡐॺך gcd(a, p) ࣁ

Ֆ. ऩ d = gcd(a, p) Ӣ߾ d|p, ޕ d = 1 ܈ d = p. ฅԶ d = p Ң߄ p|a, ӢԜऩςޕ p - a, ߾
ёள d = 1. аճҔ܌ Proposition 1.2.6(1) .ॺԖаΠϐ่論ך

Lemma 1.4.2 (Euclid). ଷ೛ p ,΋ঁ質數ࢂ Ъ a,b ∈ Z. ऩ p|ab, ߾ p|a ܈ p|b.

Proof. ೭္ךॺा᛾ܴ p|a ܈ p|b. ӵ݀ p|a ྽ฅ൩ёаΑ (όѸᏼЈࢂց p|b); ՠऩ p - a,
ٗሶךॺ൩ள᛾ܴ p|b. όၸҗ前ޕ p - a Ң߄ gcd(p,a) = 1, ճҔࡺ Proposition 1.2.6(1) ள
᛾ p|b. �

Euclid ೭΋ঁ Lemma ֋ນךॺ΋ঁ質數ऩࢂ ab 的Ӣ數ٗѬ΋ࢂۓ a,b ύϐ΃的Ӣځ

數. ٣ჴ΢೭ঁ性質٠όѝ፾Ҕӧঁٿ整數࣬४的௃ݩ, ӭ數࣬४ϐ௃׳৒ܰ௢ቶԿࡐॺך
.ݩ
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Corollary 1.4.3. ଷ೛ p ,΋ঁ質數ࢂ Ъ a1,a2, . . . ,an ∈ Z. ऩ p|a1a2 · · ·an, Ӹӧ߾ i ∈
{1, . . . ,n} ᅈى p|ai.

Proof. .᛾ܴݤॺ٩ฅҔ數Ꮲᘜયך ྽ k = 2 ਔҗ Lemma 1.4.2 ऩޕ p|a1a2, ߾ p|a1 ܈

p|a2. ଷ೛ k = n− 1 ਔԋҥ, ջऩԖ n− 1 ঁ整數 a1, . . . ,an−1 ᅈى p|a1 · · ·an−1, Ӹӧ߾
i ∈ {1, . . . ,n−1} ٬ள p|ai. ౜Եቾ k = n 的௃׎, ऩ a1, . . . ,an ࢂ n ঁ整數ᅈى p|a1 · · ·an, ߾
з a = a1 · · ·an−1, b = an. Ԝਔҗ p|ab Ϸ Lemma 1.4.2 ޕ p|a ܈ p|b. ऩ p|a, җ數Ꮲᘜય߾
Ӹӧޕଷ೛ݤ i ∈ {1, . . . ,n−1} ٬ள p|ai, Զऩ p|b ջ p|an, .౛ۓள᛾本ࡺ �

ऩ΋質數 p ΋整數ࢂ a 的Ӣ數, ॺᆀך߾ p ࢂ a 的΋ঁ質Ӣ數. ྽ฅΑ質數 p 本ي൩

ࢂ p 的質Ӣ數, Զ΋ঁӝԋ數཮ό཮Ԗ質Ӣ數ګ? εৎࡐԾฅ的᝺ள΋ۓԖ, ๏΋ࢂॺᗋך
ঁ҅Ԅ的᛾ܴ.

Lemma 1.4.4. ଷ೛ a ∈ Z Ъ a > 1. ѸӸӧ΋質數߾ p ٬ள p|a.

Proof. .ݤॺҔ數Ꮲᘜયך २Ӄऩ a = 2, ܭҗ߾ 2 ॺளך質數ࢂ p = 2 .؃܌ࣁ ౜ଷ೛
ჹҺཀ b ∈ Z ᅈى 2 ≤ b ≤ n 的數ࣣӸӧ質數 p ٬ள p|b, ॺԵቾך a = n+1 的௃׎. ऩ a

本ࢂي質數ٗ྽ฅ p = a .؃܌ࣁ ϸϐ, ӵ݀ a όࢂ質數ۓ٩ကӸӧ b ∈ Z Ъ 2 ≤ b < a ٬

ள b|a. Ӹӧ΋質數ޕଷ೛ݤҗ數Ꮲᘜયࡺ p ᅈى p|b. ӢԜճҔ Proposition 1.1.3(2) ள᛾
p|a. �

ᗨฅ҅整數ԖคጁӭঁԶ Lemma 1.4.4 ֋ນךॺ؂΋ঁεܭ 1 的҅整數೿Ԗ質Ӣ數, ՠ
೭٠όж߄཮Ԗคጁӭঁ質數. ௗ๱ךॺ൩ࢂा௖૸質數ዴԖคጁӭঁ. ΋૓ٰᇥा᛾ܴ質
數Ԗคጁӭঁ܈೚཮Ԗ的གྷ׆ࢂݤఈճҔ౜Ԗ的質數ബ೷׳ε的質數. όၸ೭ঁགྷࢂݤό
ёՉ的, Ьा的চӢډࢂҞ前ࣁЗךॺؒԖ΋ঁղձ΋ঁ數ࢂցࣁ質數ӳ的Бݤ. ќᜪ的ࡘ
ԵࢂҔϸ᛾ݤ, ଷ೛ѝԖԖज़ঁ質數Զளډҟ࣯. ೭ঁБݤ൩ό཮࿘ډղձ質數的ୢᚒ, ࣬
.的֮Ҕݤϸ᛾ډᡏ཮ૈ׳җԜεৎߞ

Theorem 1.4.5 (Euclid). 質數Ԗคጁӭঁ.

Proof. .ଷ೛ѝԖԖज़ঁ質數ݤॺҔϸ᛾ך ,ॺёаஒϐ΃΋ӈрךฅѝԖԖज़ঁࡽ ൩
ଷ೛ p1, . . . , pn .Ԗ的質數܌ࢂ ౜Եቾ a = p1 · · · pn + 1, җ Lemma 1.4.4 ѸԖ΋質數ޕ pi,
i ∈ {1, . . . ,n} ᅈى pi|a. ฅԶ pi 本ي整ନ p1 · · · pn җࡺ Corollary 1.1.2 ޕ pi|a− p1 · · · pn, Ψ
൩ࢂᇥ pi|1 Զளډҟ࣯. ,όёૈ໻ԖԖज़ӭঁ質數ޕࡺ Զள᛾Ԗคጁӭঁ質數. �

質數ᗨฅԖคጁӭঁόၸдॺ的ϩѲόߚࢂத࿨ஏ的. Һཀε的整數ۓӵ๏ٯ n ॺёך

аډפ n ঁೱុ整數೿όࢂ質數. Եቾࢂݤפॺ的ך

(n+1)!+2,(n+1)!+3, . . . ,(n+1)!+n+1

೭ n ঁೱុ整數. .質數ࢂ৒ཀ࣮рѬॺ೿όࡐ ൩ࢂӢࣁ質數೭ሶό৒ܰр౜, ӆу΢ࡐᜤ
ղձ΋ঁࡐε的數ࢂցࣁ質數, .а質數த೏ᔈҔӧஏዸᏢύ܌ ۭΠךॺϟಏ΋ᅿനᙁൂղ
ᘐ質數的Бݤ.
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Proposition 1.4.6. ଷ೛ n > 1 .΋整數ࢂ ߾ n όࢂ質數ऩЪ୤ऩӸӧ質數 p λܭ฻ܭ
√

n Ъ整ନ n.

Proof. २ӃऩӸӧ p ≤
√

n Ъ p | n. Ӣ 1 < p < n, ள n ନΑ 1 ک n аѦᗋԖځд的҅Ӣ數,
ޕࡺ p όࢂ prime. ќ΋Бय़, ଷ೛ n όࢂ質數, Ӹӧޕကۓ٩ a,b ∈ Z ᅈى 1 < a ≤ b < n

Ъ n = ab. җԜךॺёаዴۓ a ≤
√

n, ց߾ऩ a >
√

n ཮೷ԋ ab > (
√

n)2 = n Զᆶ n = ab ό

ӝ. Զҗ Lemma 1.4.4 Ӹӧ質數ޕ p ٬ள p|a. ฅࡽ p|a ॺளך p ≤ a ≤
√

n Ъ p|n. �

Proposition 1.4.6 ֋ນךॺ的ࢂ΋ঁղձ composite number 的฻ሽᜢ߯, аѬΨ൩֋܌
ນΑךॺղձ prime 的Бݤ. Ψ൩ࢂᇥ n ܭ฻ܭԖλ܌質數ऩЪ୤ऩࢂ

√
n 的質數೿όૈ

整ନ n. ೭ᅿղձ質數Бݤᆀࣁᑔݤ (sieve method). Ѭёаᔅշךॺᑔளব٤數ࢂ質數.
ܭԖλ܌рפӵऩाٯ 100 的質數. ܭॺѝाஒλך

√
100 = 10 的質數 (ջ 2,3,5,7) ,рפ

੮Π 2,3,5,7 ฅࡕஒځᎩ 2,3,5,7 的७數մନ, ࿶ၸ೭ኬᑔᒧࡕ੮Πٰλܭ 100 的數൩೿ࢂ
λܭ 100 的質數. ೭ࢂӢࣁऩ n < 100 Ъόࢂ質數, җ߾ Proposition 1.4.6 ޕ n ѸԖ΋質Ӣ

數λܭ฻ܭ
√

n <
√

100 = 10. ӢԜ೏ךॺ܌մନ 2,3,5,7 的७數൩܌ࢂԖλܭ 100 的ӝԋ
數, ԾฅഭΠ的ߡ೿ࢂ質數Α.

質數ࡽฅԖคጁӭঁ, ௗΠٰךॺёаୢࢂցԖ٤੝׎ۓԄ的質數Ψ཮Ԗคጁӭঁ? ٯ
ӵךॺޕၰଽ數ύѝԖ 2 ,質數ࢂ ӢԜёаஒ܌Ԗڻ數ϩᜪ, ϩԋ 4n+1 ک 4n+3 ೭ٿᜪ

ฅୢࡕব΋ᜪ཮Ԗคጁӭঁ質數. ाݙཀ 4n+1 ೭΋ᜪ的數Ԗ΋ख़ा੝性൩ঁٿࢂ 4n+1

ࢂԄ的數࣬४ϝฅ׎ 4n+1 的׎Ԅ. ӢԜҺཀԖज़ӭঁ 4n+1 ࢂԄ的數࣬४ϝ׎ 4n+1 的

,Ԅ׎ Ψ൩ࢂᇥ೭΋ᜪ的數Ԗ४࠾ݤഈ性. ќ΋Бय़ 4n+3 的׎Ԅ的數൩ؒԖ೭ঁ੝性, ٣
ჴ΢ঁٿ 4n+3 Ԅ的數࣬४཮ᡂԋ׎ 4n+1 的׎Ԅ. ճҔ೭ٿᜪ數的੝性аϷᜪ՟ Lemma
1.4.4 的᛾ܴ, .ॺԖаΠϐ่݀ך

Lemma 1.4.7. ଷ೛ a = 4n + 3 ύځ n ∈ N∪ {0}, ѸӸӧ΋質數߾ p = 4n′ + 3 ύځ

n′ ∈ N∪{0} ᅈى p|a.

Proof. .᛾ܴݤॺճҔ數Ꮲᘜયך २Ӄऩ a = 3, ܭҗ߾ 3 ॺளך質數ࢂ p = 3 .؃܌ࣁ ౜
ଷ೛ჹҺཀ b = 4k+3 ∈ Z ᅈى 0 ≤ k ≤ n−1 的數ࣣӸӧ質數 p = 4k′+3 ٬ள p|b, ॺԵך
ቾ k = n 的௃׎. ऩ a = 4n+3 本ࢂي質數ٗ྽ฅ p = a .؃܌ࣁ ϸϐ, ӵ݀ a όࢂ質數٩

ကӸӧۓ b,c ∈N ύځ b < a Ъ c < a ٬ள a = bc. ཀݙ b, c ύѸԖ΋ঁϡનࢂ 4k+3 ,Ԅ׎
ց߾ b,c ೿ࢂ 4k+1 Ԅ཮೷ԋ׎ bc = a Ψࢂ 4k+1 .Ԅ的ҟ࣯౜ຝ׎ ൩ଷ೛ b = 4k+3 փ!
Ԝਔ 0 ≤ k ≤ n−1 (Ӣ b < a), Ӹӧޕҗᘜયଷ೛ࡺ p = 4k′+3 ٬ள p|b, ӢԶள᛾ p|a. �

ཀݙ 4n+ 1 ԖۓԄ的數٠ό΋׎ 4n+ 1 .Ԅ的質Ӣ數׎ 9 ൩ࢂനᙁ的的ٯη. ᢀჸҗ
Lemma 1.4.4 ௢ள Theorem 1.4.5 的ᜢ߯, ӕኬ的ךॺΨёճҔ Lemma 1.4.7 ௢ள 4n+ 3

.Ԅ的質數Ԗคጁӭঁ׎

Proposition 1.4.8. ໣ӝ S = {4n+3 | n ∈ Z,n ≥ 0} ύԖคጁӭঁ質數.
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Proof. ଷ೛ݤॺ٩ฅҔϸ᛾ך S ύѝԖԖज़ӭঁ質數٠з p0 = 3, p1, . . . , pn ࢂ S ύ܌Ԗ的

࣬౦質數. ౜Եቾ a = 4(p1 · · · pn)+3. җܭ a ∈ S ճҔ Lemma 1.4.7 ѸԖ΋質數ޕ p ∈ S ᅈ

ى p|a, Ӹӧޕҗଷ೛ࡺ i ∈ {0, . . . ,n} ٬ள p = pi, .

ऩ p = p0 = 3, җ߾ 3|a, 3|3 аϷ a−3 = 4(p1 · · · pn) ளޕ 3|4(p1 · · · pn), җࡺ Corollary
1.4.3 ளډ 3|4 ޣ܈ 3|pi, i ∈ {1, . . . ,n} ೭ኬ的ҟ࣯.

ऩ p = pi ύځ i ∈ {1, . . . ,n}, җ߾ pi 本ي整ନ p1 · · · pn ޕ pi|a− 4(p1 · · · pn), Ψ൩ࢂᇥ
pi|3 Զளډҟ࣯. ள᛾ࡺ S ύόёૈ໻ԖԖज़ӭঁ質數. �

Ӣࣁ Lemma 1.4.7 ٠ό፾Ҕܭ 4n+ 1 ,Ԅ的整數׎ а܌ Proposition 1.4.8 的Бݤόૈ
Ҕٰ૸論 4n+1 ,Ԅ的質數׎ όၸ 4n+1 .Ԅ的質數ϝԖคጁӭঁ׎ ٣ჴ΢數論΋ঁࡐख़
ा的ۓ౛ (Dirichlet Theorem) ֋ນךॺჹҺཀϕ質的ٿ整數 a,b ࣣԖคጁӭঁ an+b Ԅ׎

的質數. ೭ঁۓ౛的᛾ܴຬр本ᖱကጄൎ, .ॺ൩όӆӭ談Αך

1.5. ᆉ數基本ۓ౛

ᆉೌ基本ۓ౛ (The fundamental theorem of arithmetic) ջ୤΋ϩှۓ౛, ֋ນךॺ؂
΋ঁεܭ 1 的整數ऩόࢂ質數೿ёаቪԋԖज़ӭঁ質Ӣ數的४ᑈЪ࿶ၸ፾྽௨ׇځቪݤ୤

΋. Ԝۓ౛࣮՟ԾฅЪܴᡉ, ՠϝሡ΋ঁ҅Ԅ的᛾ܴ.

೭္ךॺΞ࿘ډ΋ঁࠠڂ的ԖᜢӸӧ性ᆶ୤΋性的ୢᚒ. ೭္的Ӹӧ性ࡰ的൩ࢂჹ΋ε
ܭ 1 的整數ёаډפԖज़ӭঁ質數ځ٬ёаቪԋ೭٤質數的४ᑈ, Զ୤΋性൩ࡰࢂ的൩ࢂ
ቪݤ୤΋. җ҅ܭ整數ॄک整數的ϩှѝৡ΋ঁॄဦ, .ݩॺѝሡԵቾ҅整數的௃ך

Theorem 1.5.1 (The Fundamental Theorem of Arithmetic). ଷ೛ a ∈ N Ъ a > 1, Ӹӧ߾
p1, . . . , pr, ύځ pi ,౦的質數࣬ࢂ ᅈى

a = pn1
1 · · · pnr

r , ni ∈ N,∀i ∈ {1, . . . ,r}.

ӵ݀ a ёаϩှԋќѦ的׎Ԅ a = qm1
1 · · ·qms

s , ύځ qi ,౦的質數࣬ࢂ ߾ r = s Ъ࿶ၸᡂ

ඤ໩ׇёள pi = qi, ni = mi, ∀ i ∈ {1, . . . ,r}.

Proof. .ॺϩ໒ٰ᛾Ӹӧ性ᆶ୤΋性ך

२Ӄٰ࣮Ӹӧ性: ᙁൂٰᇥӸӧ性൩ࢂा᛾ܴ؂΋ঁεܭ 1 的整數೿ёаቪԋԖज़ӭঁ

(ёа࣬ӕ) 質數的४ᑈ. ӵ݀ a 本ঁࢂي質數, ߾ a = p1 (ջ r = 1, n1 = 1), ள᛾Ӹӧ性. ӵ
݀ a όࢂ質數ګ? җۓကޕӸӧ a1,b1 ∈ N Ъ a1 ̸= 1, b1 ̸= 1 ᅈى a = a1 · b1. ௗΠٰ൩ࢂ
࣮ a1,b1 .質數Αࢂόࢂ ӵ݀ځύԖ΋ঁόࢂ質數, .Зࣁ質數ډளډޔॺ൩ᝩុϩှΠѐך
೭ঁၸำ΋ۓ཮ଶΠٰӢ؂ࣁ次ϩှࡕள的數ຫٰຫλ. ྽ฅനࡕ൩ёаஒ a ቪԋ΋٤質

數的४ᑈΑ. ೭ኬ的᛾ܴБԄ, ,εৎ཮Ԗ΋ᅿᇥόమཱ的ག᝺ߞ࣬ Ҕ數Ꮲᘜࢂॺᗋךа܌
યٰݤ᛾ܴ. ྽ a = 2 ਔҗܭ 2 ,質數ࢂ .ჹ的ࢂӸӧ性ݩаӧ೭௃܌ ௗ๱ଷ೛ჹ܌Ԗவ 2

ډ a−1 的整數Ӹӧ性ࢂჹ的. ӵ݀ a ,質數ࢂ ٗӸӧ性Ծฅԋҥ. ӵ݀ a όࢂ質數, ޕ߾
a = a1 ·b1 ύځ a1,b1 ∈ N Ъ 1 < a1 < a Ϸ 1 < b1 < a. ޕճҔᘜયଷ೛ࡺ a1 ک b1 ೿ёቪԋ

Ԗज़ӭঁ質數的४ᑈ, аள᛾܌ a = a1 ·b1 ΨёаቪԋԖज़ӭঁ質數的४ᑈ.
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,᛾୤΋性ݤॺ٩ฅҔᘜયך ଷ೛

a = pn1
1 · · · pnr

r = qm1
1 · · ·qms

s ,

ύځ p1, . . . , pr ,౦的質數࣬ٿٿࢂ Ъ q1, . . . ,qs Ψ࣬ٿٿࢂ౦的質數. җܭ p1 ,質數ࢂ җࡺ
p1 |a = qm1

1 · · ·qms
s аϷ Corollary 1.4.3 ঁࢌӸӧޕ j ∈ {1, . . . ,s} ᅈى p1 |q j. ᡂඤ΋Π໩ׇ

ॺёаଷ೛ך p1 |q1. җܭ q1 ,質數ࢂ q1 的Ӣ數ѝૈࢂ ±1 ܈ ±q1. җࡺ p1 |q1 ޕ p1 = q1.
౜ӧԵቾ

a
p1

= pn1−1
1 pn2

2 · · · pnr
r = qm1−1

1 qn2
2 · · ·qms

s .

җܭ a/p1 < a, ॺளךଷ೛ݤճҔ୤΋性的ᘜયࡺ r = s Ъ࿶ၸ፾྽௨ׇ p2 = q2, . . . , pr = qr

аϷ n1 = m1, n2 = m2, . . . ,nr = mr, .ள᛾୤΋性ࡺ �

΋૓ٰᇥךॺஒ΋҅整數 a ቪԋ質數ϐ४ᑈ a = pn1
1 · · · pnr

r ਔ, ॺा؃؂ঁךΑ୤΋性ࣁ
質數 pi 的次Б ni ೿҅ࢂ的, Ψ൩ࢂᇥךॺѝࡷр a 的質Ӣ數 p1, . . . , pr. όၸ྽ा૸論҅ٿ
數 a,b ਔࣁΑБߡКၨ, рࡷॺ೯த཮ך a ک b Ԗ的質Ӣ數ӆஒ܌ a,b ቪԋ೭٤質數ϐ४

ᑈ的ኬη. Ψ൩ࢂᇥёቪԋ a = pn1
1 · · · pnr

r аϷ b = pm1
1 · · · pmr

r ܭύჹځ i ∈ {1, . . . ,r}, ni ≥ 0

Ъ mi ≥ 0. ܭཀ೭္җݙ a 的質Ӣ數҂Ѹ൩ࢂ b 的質Ӣ數, ϸϐҭฅ, а܌ ni,mi Ԗёૈࣁ

0. ೭ኬቪݤ的Бߡ性൩ךࢂॺόѸ୔ϩব٤ pi ࢂ a 的質Ӣ數, বࢂ٤ b 的質Ӣ數. ճҔ೭
ኬ的ቪךݤॺࡐ৒ܰஒ a,b 的നεϦӢ數߄Ңрٰ.

Proposition 1.5.2. ଷ೛ a,b ∈ N Ъ a,b > 1. ऩ a = pn1
1 · · · pnr

r Ъ b = pm1
1 · · · pmr

r , ύځ
p1, . . . , pr ౦質數Ъ࣬ࣁ ni,mi ≥ 0, ߾ a,b 的҅ϦӢ數೿ёቪԋ pt1

1 · · · ptr
r 的׎Ԅ, ύځ

0 ≤ ti ≤ min{ni,mi}. ੝ձӦ, ॺԖך

gcd(a,b) = pmin{n1,m1}
1 · · · pmin{nr,mr}

r .

Proof. २Ӄӣ៝΋Π min{x,y}߄Ң x,yύനλϐ數. Ԗ܌ܭჹ,ـଆߡΑБࣁ i∈ {1, . . . ,r},
ॺзך di = min{ni,mi}. ౜ଷ೛ d ࢂ a,b 的҅ϦӢ數, җ߾ d|a ऩޕॺך p ࢂ d 的質Ӣ數,
җ߾ p|d ޕ p|a. җࡺ Corollary 1.4.3 Ӹӧޕ i ∈ {1, . . . ,r} ٬ள p|pi. ӢԜҗ p, pi 質數ࣁࣣ

ள p = pi. Ψ൩ࢂᇥ d 的質Ӣ數Ѹӧ {p1, . . . , pr} ύ, ࡺ d ΋ۓёаቪԋ pt1
1 · · · ptr

r 的׎Ԅ,
ύځ ti ≥ 0. ΞҗܭჹҺཀ i ∈ {1, . . . ,r} ࣣԖ pti

i |d ࡺ pti
i |a, ҭջ pti

i |p
n1
1 · · · pnr

r . җܭऩ i ̸= j

߾ pi ̸= p j, Ԝਔޕ gcd(pti
i , pn j

j ) = 1, җࡺ 1.2.6(1) ள pti
i |p

ni
i . Ԝਔऩ ti > ni, ཮೷ԋ pti−ni | 1

ϐҟ࣯, ӢԜޕ ti ≤ ni. ӕ౛җ d|b ёள ti ≤ mi, ள᛾ࡺ 0 ≤ ti ≤ di.

ௗ๱ךॺ௖૸ gcd(a,b). २Ӄᇥܴ pd1
1 · · · pdr

r ࣁ a,b 的ϦӢ數. ჹܭ i ∈ {1, . . . ,r}, җܭ
di ≤ ni, ޕࡺ pd1

i | pni
i . ӢԜள pdi

i | a. җܭ೭ࢂჹ܌Ԗ i = 1, . . . ,r ࣣԋҥΞӢࣁ pd1
1 , . . . , pdr

r

җࡺϕ質ٿٿ Proposition 1.2.10 (2) ޕ pd1
1 · · · pdr

r | a. ӕ౛ёள pd1
1 · · · pdr

r | b. നࡕჹܭҺཀ
a,b ϐϦӢ數 d. җ΢ޕ d = pt1

1 · · · ptr
r Ъ 0 ≤ ti ≤ di, ޕҗ前य़的૸論ࡺ d | pd1

1 · · · pdr
r . ள᛾

gcd(a,b) = pd1
1 · · · pdr

r . �

ᗨฅ Proposition 1.5.2 Ψࢂ΋ঁ؃ளঁٿ數ϐനεϦӢ數ϐБݤ, όၸӧჴሞ௃ݩ (Ѐ
(ε的數ਔࡐೀ౛ࢂځ җܭϩှ質Ӣ數֚ࡐࢂᜤ的٣௃, ளനεϦӢݤаᗅᙯ࣬ନࢂаϝ܌
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數ၨᆅҔ. Proposition 1.5.2 ख़ाϐೀࢂѬܴࡐዴ的֋ນךॺനεϦӢ數ߏϙሶኬη, ೭ӧ
΋ܜ٤ຝ౛論的௢ᏤࢂԖҔ的.

ௗΠٰךॺёаճҔ Proposition 1.2.7 ஒനλϦ७數ቪΠ.

Corollary 1.5.3. ଷ೛ a,b∈NЪ a,b> 1. ऩ a= pn1
1 · · · pnr

r Ъ b= pm1
1 · · · pmr

r ύځ, p1, . . . , pr

౦質數Ъ࣬ࣁ ni,mi ≥ 0, ߾

lcm(a,b) = pmax{n1,m1}
1 · · · pmax{nr,mr}

r .

Proof. җܭ ab = pn1+m1
1 · · · pnr+mr

r ճҔ Proposition 1.2.7 аϷ Proposition 1.5.2 ޕ

lcm(a,b) =
ab

gcd(a,b)
= pn1+m1−min{n1,m1}

1 · · · pnr+mr−min{nr,mr}
r .

ჹҺཀ二數 x,y, όѨ΋૓性ךॺଷ೛ x ≥ y, ԜਔךॺԖ min{x,y}= y Ъ max{x,y}= x,
ӢԜள x + y = min{x,y}+max{x,y}. аჹҺཀ܌ i ∈ {1, . . . ,r} ॺࣣԖך max{ni,mi} =

ni +mi −min{ni,mi}, ӢԜள᛾本ۓ౛. �

྽ךॺԖӭঁٿܭ的整數ਔ, ॺ൩ёаճҔ質Ӣ數ϩှаϷך Proposition 1.2.11
ک Proposition 1.2.12 ஒдॺ的നεϦӢ數کനλϦ७數ቪΠ. ӵऩٯ a = pn1

1 · · · pnr
r ,

b = pm1
1 · · · pmr

r Ъ c = pt1
1 · · · ptr

r , ύځ p1, . . . , pr ౦質數Ъ࣬ࣁ ni,mi, ti ≥ 0, ߾

gcd(a,b,c) = pmin{n1,m1,t1}
1 · · · pmin{nr,mr,tr}

r ,

lcm(a,b,c) = pmax{n1,m1,t1}
1 · · · pmax{nr,mr,tr}

r .





Chapter 2

Arithmetic Function

྽ךॺा௖૸΋數سਔ, ԵቾۓကӧѬ΢य़的ڄ數೯தࢂ΋ঁख़ा的Бݤ. ӧ數論ύך
ॺ྽ฅ൩ࢂा௖૸ۓကӧ҅整數΢的ڄ數, ࣁॺᆀϐך arithmetic function. ೭΋കύךॺ
ஒ૸論൳ঁதـ的 arithmetic function.

2.1. Multiplicative Arithmetic Functions

٠ό܌ࢂԖ的 arithmetic function ೿ࡐԖ፪, ा௖૸ব٤ۭډ arithmetic function ?ګ
೭ֹӄ،ܭܭۓा௖૸的ࢂԖᜢব٤整數的੝性. ӢࣁӧԜךॺ๱ख़ܭ整數的ϩှ性質, ܌
аךॺ௖૸܌ᒏ的 multiplicative arithmetic function.

Definition 2.1.1. ॺᆀவך N ډ C 的ڄ數ࣁ arithmetic function. ऩ f : N→ C ΋ঁࢂ
arithmetic function ᅈىჹҺཀ a,b ∈ N Ъ gcd(a,b) = 1 ࣣԖ f (ab) = f (a) f (b), ᆀ߾ f ࢂ

΋ঁ multiplicative arithmetic function.

ाݙཀ྽΋ঁ arithmetic function f ࢂ multiplicative ਔ, f (ab) = f (a) f (b) ٠ό΋ۓԋ

ҥ. ೭ࢂाӧ gcd(a,b) = 1 ਔωёаዴࢂۓჹ的. ӵ݀ f 的性質மډჹҺཀ a,b ∈ N ࣣԖ
f (ab) = f (a) f (b),ٗሶךॺᆀ f ࢂ completely multiplicative. җܭ completely multiplicative
arithmetic function 的చҹၨம, Ъ٠คϼӭ೭ᜪԖ፪的ڄ數, ܭݙॺѝ஑ךа೭္܌
multiplicative arithmetic function.

ॺӃٰ࣮΋ঁך multiplicative arithmetic function 的ٯη.

Example 2.1.2. ॺԵቾך Möbius µ-function, ࣁကۓځ

µ(n) =


1, ऩ n = 1;
0, ऩӸӧ質數 p ٬ள p2|n;
(−1)r, ऩ n = p1 · · · pr, ύځ p1, . . . , pr .౦質數࣬ࣁ

ॺٰᡍ᛾ך µ ዴࣁ multiplicative. Եቾ a,b ∈ N Ъ gcd(a,b) = 1. Ϟऩ a = 1 җ߾ µ(a) =
µ(1) = 1 ள µ(ab) = µ(b) = µ(a)µ(b). ӕ౛ऩ b = 1 Ψள µ(ab) = µ(a)µ(b). ॺ໻ךа܌
ाԵቾ a > 1 Ъ b > 1 的௃׎. җᆉ數基本ۓ౛ (Theorem 1.5.1) ॺёаஒך a,b ϩձቪ

21
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ԋ a = pn1
1 · · · pnr

r аϷ b = qm1
1 · · ·qmt

t 的׎Ԅځύ ni,m j ࣣεܭ 0 Ъҗܭ a,b ϕ質܌Ԗ的質

數 pi ک q j ࣣ࣬౦. Ϟऩ ni ܈ m j ύԖ΋ঁεܭ 1, όѨ΋૓性൩ଷ೛ n1 ≥ 2, җ߾ p2
1|a Ъ

p2
1|ab, ޕ µ(a) = 0 Ъ µ(ab) = 0, ளࡺ µ(ab) = µ(a)µ(b). നךࡕॺѝഭΠ n1 = · · ·= nr = 1

Ъ m1 = · · ·= mt = 1 的௃ݩ. Ԝਔҗܭ ab = p1 · · · pr ·q1 · · ·qt Ъ p1, . . . , pr,q1, . . . ,qt ౦質࣬ࣁ

數ள µ(ab) = (−1)r+t . ฅԶ µ(a) = (−1)r Ъ µ(b) = (−1)t , ள᛾ࡺ µ(ab) = µ(a)µ(b). Ψ൩
ᇥࢂ µ ΋ঁࢂ multiplicative arithmetic function.

ाݙཀ µ ߚ٠ completely multiplicative. ॺёаவך a = b = p, ύځ p 質數的ࣁ

௃࣮׎р. Ԝਔ µ(a) = µ(b) = 1 ՠࢂ µ(ab) = 0, ޕࡺ µ(ab) ̸= µ(a)µ(b). ाޕၰգा᛾
΋ঁ arithmetic function f ࢂ multiplicative ਔ, գѸ໪Եቾ܌Ԗ的௃ݩ, ջჹ܌Ԗᅈى
gcd(a,b) = 1 的҅整數 a,b ࣣा಄ӝ f (ab) = f (a) f (b), Զόૈ໻жঁٯηᡍ᛾. ՠ྽գाᇥ
f όࢂ multiplicative ਔ, ѝाډפ΋ಔ a,b ∈N Ъ gcd(a,b) = 1 ཮٬ள f (ab) ̸= f (a) f (b) ջ

ё.

ௗΠٰךॺٰ࣮ multiplicative arithmetic function 的基本性質.

Proposition 2.1.3. ଷ೛ f ߚ΋ঁࢂ 0 的 multiplicative arithmetic function. ߾ f (1) = 1,
ЪऩჹҺཀ的質數 p аϷ t ∈ N, ೿ёޕ f (pt) 的ॶ߾ჹҺཀ n ∈ N, f (n) ϐॶ൩ёаዴۓ.

Proof. Ӣ f ࢂ multiplicative Ъ gcd(1,1) = 1, ޕࡺ f (1) = f (1) f (1) ளޕ f (1) = 1 ܈

f (1) = 0. ऩ f (1) = 0, ჹҺཀ߾ n ∈N, җܭ gcd(n,1) = 1, ёள f (n) = f (n) f (1) = 0. Ψ൩ࢂ
ᇥ f ࢂ 0 ,數ڄ Ԝک f ߚࢂ 0 ֖數ϐଷ೛ҟ࣯, ޕࡺ f (1) = 1.

౜ჹҺཀ n ∈ N, ऩ n = 1, ޕҗ前߾ f (n) = f (1) = 1. ऩ n > 1, ޕ౛ۓҗᆉ數基本߾
n = pn1

1 · · · pnr
r ύځ, pi ౦質數Ъ࣬ࣁ ni ∈N. җࡺ f ࢂ multiplicativeЪ gcd(pn1

1 , pn2
2 · · · pnr

r ) =

1 ޕ f (n) = f (pn1
1 pn2

2 · · · pnr
r ) = f (pn1

1 ) f (pn2
2 · · · pnr

r ). ᝩុΠѐ٬Ҕ數Ꮲᘜયޕݤ f (n) =

f (pn1
1 ) · · · f (pnr

r ). ӢԜӵ݀ςޕ೭٤ f (pni
i ) ϐॶךॺߡёዴۓ f (n) ϐॶ. �

٩ Proposition 2.1.3 ӵ݀ޕॺך f ࢂ multiplicative arithmetic function, ٗሶऩૈඓඝ
Ԗ質數܌ p аϷ t ∈ N ύ f (pt) ϐॶٗሶ൩ёаֹӄΑှ f ೭΋ঁڄ數. όၸ前ᚒࢂा
ዴᇡ f ࣁցࢂ multiplicative. ۭΠךॺ཮๏΋ঁதҔٰዴᇡࢂ multiplicative 的Бݤ. ೭
ঁБݤόѝёаٰ৾ዴᇡ multiplicative arithmetic function ԶЪёаᔅշךॺബ೷೚ӭ
multiplicative arithmetic function. όၸ२Ӄךॺሡा΋ঁံշۓ౛.

Lemma 2.1.4. ଷ೛ a,b ∈ N Ъ gcd(a,b) = 1. ऩ d ࢂ ab 的҅Ӣ數, Ӹӧ୤΋的߾ a 的҅

Ӣ數 d1 аϷ b 的҅Ӣ數 d2 ٬ள d = d1d2.

Proof. ೭Ξࢂ΋ঁӸӧϷ୤΋的ୢᚒ. Ӹӧ൩ࢂा᛾Ӹӧ d1|a Ъ d2|b ٬ள d = d1d2, Զ୤
΋൩ࢂा᛾ᅈى೭చҹ的ቪݤѝԖ΋ᅿ.

२Ӄ᛾ܴӸӧ性. ๏ۓ d|ab, ाӵՖډפ d1|a Ъ d2|b ٬ள d = d1d2 ?ګ җܭा؃
d1d2 = d аϷ d1|a а܌ d1 Ѹ໪ࢂ a ک d 的ϦӢ數. ,Ե΋Πࡘ ڗॺёԵቾך d1 ࣁ a,d 的

നεϦӢ數, ೭ኬ΋ٰ d2 = d/d1 ཮КၨλКၨёૈ整ନ b. ൩ᡣךॺڗ d1 = gcd(a,d) ࣮࣮

.ցёՉࢂ Ԝਔз d2 = d/d1, ॺዴჴԖך d = d1d2 Ъ d1|a. ѝഭΠाᡍ᛾ࢂց d2|b. ฅԶ
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d|ab ޕࡺ (d/d1)|(a/d1)b. Ξҗ d1 = gcd(a,d) ޕ gcd(a/d1,d/d1) = 1 (Corollary 1.1.8), җࡺ
Proposition 1.2.6(1) ޕ d/d1|b, Ψ൩ࢂᇥ d2|b.

ௗΠٰ᛾୤΋性. ๏ۓ d|abଷ೛Ӹӧ d1,d′
1,d2,d′

2 ∈Nϩձᅈى d = d1d2, d1|aЪ d2|bа
Ϸ d = d′

1d′
2, d′

1|a Ъ d′
2|b, ॺा᛾ܴך d1 = d′

1 Ъ d2 = d′
2. җܭ d1d2 = d′

1d′
2, ޕॺך d1|d′

1d′
2.

Ξҗܭ d1|a, d′
2|bаϷ gcd(a,b) = ޕॺך,1 gcd(d1,d′

2) = 1. аӆճҔ܌ Proposition 1.2.6(1)
ளޕ d1|d′

1. ӕ౛ё᛾ d′
1|d1 ӆу΢ d1,d′

1 ∈ N ޕࡺ d1 = d′
1, Ъள d2 = d′

2. �

ӧ Lemma 2.1.4 ԖᜢܭӸӧ性的᛾ܴύךॺว౜٠҂Ҕډ gcd(a,b) = 1 的ଷ೛, Ψ൩ࢂ
ᇥ٠όሡଷ೛ gcd(a,b) = 1, ჹҺཀ ab 的҅Ӣ數೿ёаډפ d1|a, d2|b ٬ள d = d1d2. όၸ
ӧ᛾ܴ୤΋性ਔ, gcd(a,b) = 1 的ଷ೛൩ሡाΑ. КБᇥԵቾ a = 6, b = 4 ک d = 6 的௃׎,
ڗॺёаך d1 = 6,d2 = 1 ک d′

1 = 3,d′
2 = 2 ೿ᅈىा؃, .٠όԋҥݩа୤΋性ӧԜ௃܌ җ

ԜךॺΨӆ次மፓ୤΋性๊όૈҔӢࣁ a ک d 的നεϦӢ數ࢂ୤΋的ޕ d1 ୤΋的Զளࢂ

᛾୤΋性. ೭ࢂӢࣁคவளࣁޕՖ d1 ࢂளߚ a,b 的നεϦӢ數όё. ,аӧ᛾ܴ୤΋性ਔ܌
εৎᗋࢂाࡪ೽൩੤ӦӃଷ೛Ԗٿᅿቪݤӆѐᇥܴ೭ٿᅿቪࢂݤ΋ኬ, ೭ኬ的Бٰݤೀ౛К
ၨό཮рᒱ.

٣ჴ΢ Lemma 2.1.4 ֋ນךॺ྽ gcd(a,b) = 1 ਔ, ऩ d1, . . . ,di, . . . ,dr ک e1, . . . ,e j, . . . ,es

ϩձࢂ a ک b ,Ԗ的࣬౦҅Ӣ數܌ ߾ d1e1, . . . ,die j, . . . ,dres ཮ࢂ ab .Ԗ的࣬౦҅Ӣ數܌ ೭
೭٤ࣁӢࢂ die j ΋ࢂۓ ab 的҅Ӣ數, ӆу΢ Lemma 2.1.4 ֋ນךॺ ab 的҅ϦӢ數΋ۓё

аቪԋ die j 的׎ԄԶЪ೭٤ die j ΋࣬ۓ౦. ௗΠٰךॺ൩ࢂाҔ೭性質ٰճҔ΋ঁςޕ的
multiplicative arithmetic function ளډཥ的 multiplicative arithmetic function.

Theorem 2.1.5. ଷ೛ f : N → C ΋ঁࢂ multiplicative arithmetic function. Եቾڄ數
F : N→ C ჹҺཀࣁကۓځ n ∈ N,

F(n) = ∑
d|n,d>0

f (d),

߾ F ΋ঁࢂ multiplicative arithmetic function.

Proof. २Ӄှញ΋Π F(n) = ∑d|n,d>0 f (d) ೭಄ဦ߄Ңӵ݀ d1, . . . ,dr ࢂ n 的܌Ԗ࣬౦҅Ӣ

數ٗሶ F(n) = f (d1)+ · · ·+ f (dr). ॺा᛾ܴך F ࢂ multiplicative ൩ࢂा᛾ܴ྽ a,b ∈N Ъ
gcd(a,b) = 1 ਔ F(ab) = F(a)F(b).

౜ଷ೛ d1, . . . ,di, . . .dr ک e1, . . . ,e j, . . . ,es ϩձࢂ a ک b .Ԗ的҅Ӣ數܌ ॺԖך F(a) =

f (d1)+ · · ·+ f (di)+ · · ·+ f (dr)аϷ F(b) = f (e1)+ · · ·+ f (e j)+ · · ·+ f (es). ӢԜޕ F(a)F(b) =

f (d1) f (e1)+ · · ·+ f (di) f (e j)+ · · ·+ f (dr) f (es). җܭ gcd(a,b) = 1 Զ di,e j ϩձࢂ a,b 的Ӣ

數, ޕॺך gcd(di,e j) = 1. ӆу΢ f ࢂ multiplicative, Ԗ܌ளჹࡺ di,e j ࣣԖ f (di) f (e j) =

f (die j). ӢԜள F(a)F(b) = f (d1e1)+ · · ·+ f (die j)+ · · ·+ f (dres). ฅԶ Lemma 2.1.4 ֋ນ
ܭॺҗך gcd(a,b) = 1, ೭٤ d1e1, . . . ,die j, . . . ,dres খӳ൩ࢂ ab ,Ԗ的࣬౦҅Ӣ數܌ ள᛾ࡺ
F(ab) = F(a)F(b). �

നךࡕॺٰ࣮࣮ Example 2.1.2ύ的 µ ճҔ Theorem ബ೷рٰ的܌2.1.5 multiplicative
arithmetic function .Ֆࣁ
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Example 2.1.6. з δ : N→ C ΋ঁࢂ arithmetic function ,ࣁကۓځ ჹҺཀ n ∈ N,

δ (n) = ∑
d|n,d>0

µ(d),

ύځ µ ࢂ möbius µ-function. Ӣࣁ µ ࢂ multiplicative, җ Theorem 2.1.5 ޕ δ ࢂ multi-
plicative. ۓ،ाࡺ δ ϐॶҗ Proposition 2.1.3 ѝाӃԵቾޕ δ (pt) ϐॶջё, ύځ p 質ࢂ

數 t ∈ N. ฅԶ pt ࣁԖ的҅Ӣ數܌ 1, p, p2, . . . , pt , ޕကۓҗࡺ

δ (pt) = µ(1)+µ(p)+µ(p2)+ · · ·+µ(pt) = 1−1+0+ · · ·+0 = 0.

ऩࡺ n > 1, җ߾ n = pn1
1 · · · pnr

r ޕ δ (n) = δ (pn1
1 ) · · ·δ (pnr

r ) = 0. ฅԶҗۓက δ (1) = µ(1) = 1,
ॺёளךа܌

δ (n) = ∑
d|n,d>0

µ(d) =
{

1, ྽ n = 1;
0, ྽ n > 1.

2.2. ҅Ӣ數ঁ數Ϸ҅Ӣ數ک

ॺёаҔך multiplicative arithmetic function 的ཷזࡐۺ的؃р΋҅整數҅ځӢ數ϐ
ঁ數Ϸ҅Ӣ數ک.

๏ۓ΋҅整數 n, з v(n) Ң߄ n 的҅Ӣ數ঁ數. ฅჹҺཀࡽ n ∈ N, v(n) ೿Ԗڗॶ, ܌
аךॺёаஒ࣮ځԋࢂ΋ঁڄ數 v : N → N. வڄ數的ٰ࣮ࡋف, v ൩ࢂ΋ঁ arithmetic
function. ๏ۓ n ∈ N ӵՖ؃ v(n) ॶګ? ஒࢂ൩ݤௗ的բޔ n 的҅Ӣ數΋΋ӈрฅࡕ數Ԗ

ӭϿঁ. ӵٯ 6 的҅Ӣ數Ԗ 1,2,3,6, а܌ v(6) = 4. ೭ኬ的ݤ؃ӵՖҔԄη߄Ңګ? ॺёך
а๓Ҕ summation ∑ 的಄ဦ, ஒ v(n) ቪԋ

v(n) = ∑
d|n,d>0

1.

΢Ԅ的ཀࡘ൩؂ࢂ次գ࣮ډ d ᅈى d|n Ъ d > 0 ൩у΋次, ډԾฅளࡐа܌ n 的҅Ӣ數ঁ

數.

Proposition 2.2.1. ჹҺཀ n ∈ N, з v(n) Ң߄ n 的҅Ӣ數ঁ數. ߾ v : N → N ࢂ
΋ঁ multiplicative arithmetic function. ԶЪऩ n = pn1

1 · · · pnr
r , ύځ pi ,౦質數࣬ࣁ ߾

v(n) = (n1 +1) · · ·(nr +1).

Proof. ऩз l : N→N ΋ঁࢂ arithmetic function ᅈىჹҺཀ n ∈N, l(n) = 1, ߾ v(n) ё߄

ࣁ

v(n) = ∑
d|n,d>0

l(d).

җܭჹҺཀ a,b ∈ N, l(ab) = l(a)l(b) = 1, ޕॺך l ࣁ (completely) multiplicative. ӢԜҗ
Theorem 2.1.5 ޕ v ࣁ multiplicative.

ฅࡽ v ࢂ multiplicative, ॺёаճҔך Proposition 2.1.3 ؃ჹҺཀ n ∈ N, v(n) ϐॶ. Ψ
൩ࢂᇥךॺाӃ௖૸ჹҺཀ質數 p аϷ҅整數 t, v(pt) ϐॶ. җܭ pt 的҅Ӣ數൩ࢂ pi, ύځ
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i ∈ {0,1, . . . , t}, ډॺளך v(pt) = t +1. ӢԜჹҺཀ n ∈ N, ऩ n = 1, ޕॺך v(n) = v(1) = 1;
Զऩ n = pn1

1 · · · pnr
r ύځ pi ,౦質數࣬ࣁ җ߾ v ࢂ multiplicative ޕ

v(n) = v(pn1
1 ) · · ·v(pnr

r ) = (n1 +1) · · ·(nr +1).

�

ᖐٰٯᇥ, ॺा؃ך 360 的҅Ӣ數ঁ數, җܭ 360 = 23 · 32 · 5, ճҔ Proposition 2.2.1,
൩ёளזࡐॺך v(360) = (3+ 1)(2+ 1)(1+ 1) = 24. வ೭္εৎᔈૈ׳ᡏ཮ multiplicative
arithmetic function 的ӳೀ. ೚؃܈ v(n) 的ϦԄεৎӧଯύਔᏢ௨ӈಔӝਔ൩Ҕ४ݤচ౛

ளډၸ. ёаҔ४ݤচ౛的চӢځჴ൩ک v ࢂ multiplicative ৲৲࣬ᜢ.

ௗΠٰךॺ௖૸҅Ӣ數ک. ๏ۓ΋҅整數 n, з σ(n) Ң߄ n 的܌Ԗ҅Ӣ數ϐک. ฅჹࡽ
Һཀ n ∈ N, σ(n) ೿Ԗڗॶ, 數ڄ΋ঁࢂԋ࣮ځॺёаஒךа܌ σ : N→ N. வڄ數的ٰࡋف
࣮, σ ൩ࢂ΋ঁ arithmetic function. ๏ۓ n ∈N ӵՖ؃ σ(n) ॶګ? ஒࢂ൩ݤௗ的բޔ n 的

҅Ӣ數΋΋ӈрฅࡕӄ೽уଆٰ. ӵٯ 6的҅Ӣ數Ԗ а܌,1,2,3,6 σ(6) = 1+2+3+6 = 12.
೭ኬ的ݤ؃ӵՖҔԄη߄Ңګ? ॺӆ΋次๓Ҕך summation ∑ 的಄ဦ, ஒ σ(n) ቪԋ

σ(n) = ∑
d|n,d>0

d.

΢Ԅ的ཀࡘ൩؂ࢂ次գ࣮ډ d ᅈى d|n Ъ d > 0 ൩у d, ډԾฅளࡐа܌ n 的҅Ӣ數ک.

Proposition 2.2.2. ჹҺཀ n ∈ N, з σ(n) Ң߄ n 的҅Ӣ數ঁ數. ߾ σ : N→ N ΋ঁࢂ
multiplicative arithmetic function. ԶЪऩ n = pn1

1 · · · pnr
r , ύځ pi ,౦質數࣬ࣁ ߾

σ(n) =
pn1+1

1 −1
p1 −1

· · · pnr+1
r −1
pr −1

.

Proof. ऩз I : N→ N ΋ঁࢂ arithmetic function ᅈىჹҺཀ n ∈ N, I (n) = n, ߾ σ(n)

ёࣁ߄

σ(n) = ∑
d|n,d>0

I (d).

җܭჹҺཀ a,b ∈N, I (ab) = ab =I (a)I (b),ךॺޕ I ࣁ (completely) multiplicative. Ӣ
Ԝҗ Theorem 2.1.5 ޕ σ ࣁ multiplicative.

ฅࡽ σ ࢂ multiplicative, ॺёаճҔך Proposition 2.1.3 ؃ჹҺཀ n ∈ N, σ(n) ϐॶ.
Ψ൩ࢂᇥךॺाӃ௖૸ჹҺཀ質數 p аϷ҅整數 t, σ(pt) ϐॶ. җܭ pt 的҅Ӣ數൩ࢂ pi,
ύځ i ∈ {0,1, . . . , t}, ډॺளך σ(pt) = 1+ p+ · · ·+ pt . җܭ 1, p, . . . , pt ࣁ΋ঁϦКࢂ p 的฻

К數ӈ, ॺளך

σ(pt) =
pt+1 −1

p−1
.

ӢԜჹҺཀ n ∈ N, ऩ n = 1, ޕॺך σ(n) = σ(1) = 1; Զऩ n = pn1
1 · · · pnr

r ύځ pi ౦質࣬ࣁ

數, җ߾ σ ࢂ multiplicative ޕ

σ(n) = σ(pn1
1 ) · · ·σ(pnr

r ) =
pn1+1

1 −1
p1 −1

· · · pnr+1
r −1
pr −1

.

�
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ᖐٰٯᇥ, ॺा؃ך 360 的҅Ӣ數ک, җܭ 360 = 23 ·32 ·5, ճҔ Proposition 2.2.2, ॺך
൩ёளזࡐ

σ(360) =
24 −1
2−1

33 −1
3−1

52 −1
5−1

= 15 ·13 ·6 = 1170.

2.3. The Euler ϕ-function

ॺा௖૸Кך n λЪᆶ n ϕ質的҅整數ঁ數.

Definition 2.3.1. ๏ۓ n ∈ N, ϕ(n) ҢК߄ n λЪᆶ n ϕ質的҅整數ঁ數. ೭ኬۓр的ڄ
數 ϕ : N→ N, ᆀϐࣁ Euler ϕ -function.

ॺा᛾ܴך Euler ϕ -function ࢂ multiplicative, .ॶڗӧҺཀ҅整數ϐځ٠؃ җܭό৒
ᙁൂ的ډפܰ multiplicative arithmetic function f ٬ள ϕ Ңԋӵ߄ Theorem 2.1.5 的׎Ԅ,
ௗ᛾ܴޔॺाךа܌ ϕ ࢂ multiplicative. Ψ൩ࢂᇥჹҺཀ a,b ∈ N ᅈى gcd(a,b) = 1, ॺך
ा᛾ܴ ϕ(ab) = ϕ(a)ϕ(b).

२Ӄךॺ࣮΋ঁ a = 5,b = 4 的ٯη. ॺाᇥܴך ϕ(20) = ϕ(5)ϕ(4). җܭ ϕ(20) ҢК߄

20 λЪᆶ 20 ϕ質的҅整數ঁ數, ܭ฻ܭॺஒλךа܌ 20 的҅整數ӵΠӈр:
1 6 11 16
2 7 12 17
3 8 13 18
4 9 14 19
5 10 15 20

΋ӈࡕ৒࣮ܰрനࡐ 5 10 15 20 ύ؂΋ঁ數೿ࢂ 5 的७數܌аόёૈک 20 ϕ質, ӢԜךॺ
ाմନ೭΋ӈ. ԶځᎩ 4 ӈ؂΋ӈύ的數ନа 5 的Ꭹ數೿࣬ӕЪ೿ό฻ܭ 0 а೭܌ 4 ӈ的
數೿ک 5 ϕ質. ӢԜךॺѝाԵቾ೭ 4 ӈ的數বک٤ 4 .ϕ質的ࢂ вಒᢀჸ೭؂΋ӈύ的
數ନа 4 的Ꭹ數೿࣬౦ӢԜ؂ӈύѝԖᎩ 1 Ꭹک 3 的ঁٿ數ک 4 ϕ質. ᕴٰ่ᇥךॺว౜
ӅԖ ϕ(5) = 4 ӈ的數ک 5 ϕ質, Զ೭ 4 ӈ的數ύ؂ӈࣣԖ ϕ(4) = 2 ঁ數ک 4 ϕ質, ӢԜ 1

ډ 20 ϐύӅԖ ϕ(5)ϕ(4) = 8 ঁ數ک 5 Ъک 4 ϕ質. ೭٤數൩ࢂ 1 ډ 20 ϐύک 20 ϕ質的
數, ޕа܌ ϕ(20) = ϕ(5)ϕ(4).

ௗΠٰךॺ൩ࢂाҔ前य़的Бݤ᛾ܴ΋૓的௃׎. ाݙཀ前य़的Бךݤॺ٠ค੿҅ᗺр
ব٤數ک 20 ϕ質, Ӣךࣁॺѝགྷޕၰঁ數. ӆу΢ךॺ的Бݤ൳Яک a = 5,b = 4 คᜢ܌а

Кჴሞפрব٤數ک 20 ϕ質ૈ׳ၮҔӧ΋૓的ݩރ. २ӃךॺҔکډ 20 ϕ質的數൩کࢂ

5 Ъک 4 ϕ質的數, ೭ঁ性質ӧ΋૓的௃ݩ೿ჹ.

Lemma 2.3.2. ଷ೛ a,b,c ∈ Z. ߾ gcd(ab,c) = 1 ऩЪ୤ऩ gcd(a,c) = 1 Ъ gcd(b,c) = 1.

Proof. ଷ೛ gcd(ab,c) = 1. ऩ d = gcd(a,c), Ң߄ d ࢂ a,c 的ϦӢ數, а܌ d Ψࢂ ab ک c

的ϦӢ數, ளࡺ d = 1. ӕ౛ޕ gcd(b,c) = 1.

ϸϐ, ଷ೛ gcd(a,c) = 1 Ъ gcd(b,c) = 1. ऩ gcd(ab,c) ̸= 1, ҢӸӧ΋質數߄ p ᅈى

p|gcd(ab,c). Ψ൩ࢂᇥ p|ab Ъ p|c. ՠ p ,質數ࢂ җࡺ Lemma 1.4.2 ޕ p|a ܈ p|b. ளޕ p

ࢂ a,c ܈ b,c 的ϦӢ數. Ԝک gcd(a,c) = 1 Ъ gcd(b,c) = 1 ࣬ҟ࣯, ޕࡺ gcd(ab,c) = 1. �
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ӧ前य़؃ᆶ 20 ϕ質的數ύ, ќ΋ঁख़ा؁ᡯࢂҺ΋௨ύ؂΋ঁ數ନа 4 的Ꭹ數೿࣬౦,
೭ӧ΋૓ gcd(a,b) = 1 的௃ݩ೿ࢂჹ的.

Lemma 2.3.3. ଷ೛ a,b, l ∈ Z, b > 1 Ъ gcd(a,b) = 1. ӧ߾ l, l + a, l + 2a, . . . , l +(b− 1)a,
ύ؂΋ঁ數ନа b 的Ꭹ數ࣣ࣬౦. ԶЪځύӅԖ ϕ(b) ঁϡનک b ϕ質.

Proof. ऩ u,v ∈ Z Ъ u,v ନа b 的Ꭹ數࣬ӕ, Ң߄ b|u− v. ӢԜाᇥ l, l +a, . . . , l +(b−1)a

ύ的ϡનନа b 的Ꭹ數ࣣ࣬౦, ൩ࢂᇥҺڗ l + ia, l + ja, ύځ 0 ≤ i < j ≤ b−1, ೿ค٬ݤள
b 整ନ (l + ja)− (l + ia). Ϟଷ೛ b|(l + ja)− (l + ia), Ψ൩ࢂᇥ b|( j− i)a. җܭ gcd(a,b) = 1,
Proposition 1.2.6(1) ֋ນךॺ b| j− i. ՠԜᆶ 0 ≤ i < j ≤ b−1 ࣬ҟ࣯, ޕݤҗϸ᛾ࡺ b ό

整ନ (l + ja)− (l + ia). Ψ൩ࢂᇥҺڗ l + ia, l + ja, ύځ 0 ≤ i < j ≤ b−1, Ѭॺନа߾ b ϐ

Ꭹ數ࣣ࣬౦.

ჹܭ i ∈ {0,1, . . . ,b−1} ऩз ri Ң߄ l + ia ନа b 的Ꭹ數, җܭ 0 ≤ ri ≤ b−1 Ъ೭ b ঁ

ri ࣣ࣬౦, ޕॺך {r0,r1, . . . ,rb−1} ೭΋ঁ໣ӝک {0,1, . . . ,b− 1} .ӕ的࣬ࢂ ฅԶ Lemma
1.3.1 ֋ນךॺ gcd(l + ia,b) = gcd(ri,b), а܌ {l, l + a, . . . , l +(b− 1)a} ύک b ϕ質的數ک

{0,1, . . . ,b−1} ύک b ϕ質的數ϐঁ數࣬ӕ. ޕကۓ٩ {0,1, . . . ,b−1} ύӅԖ ϕ(b) ঁ數ᆶ
b ϕ質, .ள᛾ࡺ �

ௗΠٰךॺ᛾ܴ ϕ ΋ঁࢂ multiplicative arithmetic function.

Proposition 2.3.4. ऩ a,b ∈ N Ъ gcd(a,b) = 1, ߾ ϕ(ab) = ϕ(a)ϕ(b).

Proof. ܭॺஒλך ab 的҅整數٩ΠӈБݤ௨ԋ b ӈ:
1 1+a · · · 1+(b−1)a
2 2+a · · · 2+(b−1)a
...

... . . . ...
a 2a · · · ba

ύಃځ l ӈࣁ l, l+a, . . . , l+(b−1)a. җ Lemma 1.3.1 ک೭္؂΋數ޕ a 的നεϦӢ數ࣣᆶ

l ک a 的നεϦӢ數࣬ӕ. ඤ言ϐ, ऩ l ک a ϕ質߾ಃ l ӈύ؂΋數ࣣک a ϕ質; Զऩ l ک

a όϕ質߾ಃ l ӈύ؂΋數ࣣک a όϕ質. ΞӢࣁ 1 ≤ l ≤ a, ကӅԖۓ٩ࡺ ϕ(a) ঁ l ཮ᆶ a

ϕ質. Զךॺ൩໻Եቾ೭ ϕ(a) ӈ的數 کᎩ的數೿ځ) a όϕ質کࡺ ab όϕ質).

೭ ϕ(a) ӈ的數ᗨ೿ک a ϕ質ՠ٠ό೿ک b ϕ質. ฅԶ؂΋ӈࣣࣁ l, l+a, . . . , l+(b−1)a

的׎Ԅ, җࡺ gcd(a,b) = 1 аϷ Lemma 2.3.3 ؂΋ӈࣣԖޕ ϕ(b) ঁ數ک b ϕ質. ࡺ 1 ډ ab

ύᕴӅԖ ϕ(a)ϕ(b) ঁϡનک a Ъک b ϕ質. җ Lemma 2.3.2 ೭٤數൩کࢂ ab ϕ質的數.
ள᛾ࡺ ϕ(ab) = ϕ(a)ϕ(b). �

ฅࡽ ϕ ࢂ multiplicative, ॺ൩ёаճҔך Proposition 2.1.3 ᆉр ϕ ϐॶ.

Proposition 2.3.5. ऩ n = pn1
1 · · · pnr

r , ύځ pi ,౦質數࣬ࣁ ߾

ϕ(n) = (pn1
1 − pn1−1

1 ) · · ·(pnr
r − pnr−1

r ) = n(1− 1
p1

) · · ·(1− 1
pr
).
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Proof. ॺӃ؃ჹҺཀ質數ך p аϷ҅整數 t, ϕ(pt) ϐॶ. җܭ p ࢂ pt ୤΋的質Ӣ數, u ک

pt όϕ質߄Ң p Ѹࣁ u ϐӢ數. ӢԜाीᆉλܭ pt 的҅整數ύԖӭϿᆶ pt ϕ質, ѝाᆉ
р೭٤數ύԖবࢂ٤ p 的७數ӆԌ௞ջё. ฅԶ 1 ډ pt ύӅԖ pt/p ঁ數ࢂ p 的७數. ࡺ
ளޕ 1 ډ pn ύӅԖ pt − pt−1 ঁ整數ک pt ϕ質.

౜ԵቾҺཀ n ∈ N. ऩ n = 1, ޕॺך ϕ(n) = ϕ(1) = 1; Զऩ n = pn1
1 · · · pnr

r ύځ pi ౦࣬ࣁ

質數, җ߾ ϕ ࢂ multiplicative ޕ

ϕ(n) = ϕ(pn1
1 ) · · ·ϕ(pnr

r ) = (pn1
1 − pn1−1

1 ) · · ·(pnr
r − pnr−1

r ) = n(1− 1
p1

) · · ·(1− 1
pr
).

�

ฅࡽ ϕ ࢂ multiplicative, ॺёаճҔך Theorem 2.1.5 ೷рќ΋ঁ multiplicative
arithmetic function. Եቾ F : N→ N ჹҺཀࣁကۓځ n ∈ N, F(n) = ∑d|n,d>0 ϕ(d). җܭ F

ࢂ multiplicative, ЪჹҺཀ質數 p аϷ t ∈ N, ॺԖך

F(pt) = ϕ(1)+ϕ(p)+ϕ(p2)+ · · ·+ϕ(pt) = 1+(p−1)+(p2 − p)+ · · ·+(pt − pt−1) = pt .

ӢԜךॺԖаΠϐ่݀.

Corollary 2.3.6 (Gauss). ऩ n ∈ N ߾

∑
d|n,d>0

ϕ(d) = n.

Proof. з F(n) = ∑d|n,d>0 ϕ(d), җ前ޕ F όࢂ 0 җࡺ數ڄ F ࢂ multiplicative, ճҔ
proposition 2.1.3 ޕ F(1) = 1. ऩ n ∈ N Ъ n > 1 ਔ, ஒ n ቪԋ n = pn1

1 · · · pnr
r , ύځ pi ࣬ࣁ

౦質數, ӆҗ΢य़ F(pt) = pt 的่݀Ϸ Proposition 2.1.3 ޕ

F(n) = F(pn1
1 ) · · ·F(pnr

r ) = pn1
1 · · · pnr

r = n,

ள᛾本ۓ౛. �

2.4. Convolution

ॺёаճҔך convolution ကрཥ的ۓ multiplicative arithmetic function, ќѦ convo-
lution ΨගٮΑ΋ঁၨᙁܴ的Бٰݤ᛾ܴΠ΋࿯ा௖૸的 Möbius inversion formula. ᗨฅ
本࿯ϷΠ΋࿯的ϣ৒ӧ本ᖱကύаࡕό཮Ҕډ, ՠ׆ఈճҔԜϟಏᡣεৎޕၰԖਔ፾྽ۓက
΋٤ၮᆉჹှ،ୢᚒԖࡐε的ᔅշ.

Definition 2.4.1. ๏ٿۓ arithmetic functions f ,g ځॺ૶ך convolution ࣁ f ∗g, ကۓځ
ჹҺཀࣁ n ∈ N,

f ∗g(n) = ∑
d|n,d>0

f (d)g(n/d).

٩ྣ convolution 的ۓက, ा؃ f ∗ g(n) ϐॶ, २Ӄפр n 的܌Ԗ҅Ӣ數, ฅࡕჹ؂ܭ
΋ঁ n 的҅Ӣ數 d, ॺ؃ך f (d)g(n/d) ϐॶ, ӆஒ೭٤ॶуଆٰ. ऩ d ࢂ n 的҅Ӣ數, з
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e = n/d, ॺԾฅԖך de = n. ϸϐ, ऩ d,e ى整數ᅈ҅ࢂ de = n, ॺԾฅԖך߾ d|n. ӢԜך
ॺΨёаҔӵΠ的߄Ң߄ݤҢ f ∗g. ջ,

f ∗g(n) = ∑
de=n
d,e∈N

f (d)g(e).

೭ኬ的߄Ңݤᗨฅٰ࣮Ⴝঁٿᡂ數, ՠჴ質΢ऩ๏ۓ d, ߾ e Ծฅዴۓ. Ң߄ॺᒧҔ೭ঁך
Πा௢ᏤۭࣁӢࢂݤ convolution 的性質ਔҔ೭ᅿݤ߄ၨᙁܴ.

җܭ f ک g ࢂ arithmetic function, а܌ f ∗g ӧҺཀ҅整數ࣣԖڗॶ, ӢԜ f ∗g ϝࣁ

arithmetic function. ඤ言ϐ convolution ёа࣮ԋࢂ΋ঁ arithmetic function ϐ໔的ၮᆉ
(գёаஒѬ࣮ԋঁٿࢂ arithmetic function ϐ໔的४ݤ). ௗΠٰךॺ൩ࢂा௖૸೭ᅿၮᆉ
的基本性質.

Proposition 2.4.2. ೛ f ,g,h ࣁࣣ arithmetic function. з δ : N→ N ࣁကۓ

δ (n) =
{

1, n = 1;
0, n > 1.

ᜢܭ convolution .ॺԖаΠϐ性質ך

(1) f ∗δ = δ ∗ f = f .

(2) f ∗g = g∗ f .

(3) ( f ∗g)∗h = f ∗ (g∗h).

Proof. ကჹҺཀۓ٩(1) n ∈N, f ∗δ (n) = ∑d|n,d>0 f (d)δ (n/d).җܭ྽ n/d > 1ਔ δ (n/d) =

0. ӢԜӧ ∑ ϣ, ѝԖ d = n ೭΋໨੮Π, ளࡺ f ∗δ (n) = f (n)δ (1) = f (n). ඤ言ϐ, f ک f ∗δ
ӧҺཀ n ∈ N 的ڗॶࣣ࣬ӕ. ,數的ᢀᗺٰ࣮ڄவࡺ Ѭॺ࣬ࢂӕ的ڄ數. ӕ౛ё᛾ δ ∗ f = f .

(2) җܭჹҺཀ n ∈ N,

f ∗g(n) = ∑
de=n
d,e∈N

f (d)g(e) = ∑
de=n
d,e∈N

g(e) f (d) = ∑
de=n
d,e∈N

g(d) f (e) = g∗ f (n).

ॺள᛾ך f ∗g = g∗ f .

(3) ,ကۓ٩ ჹҺཀ n ∈ N,

( f ∗g)∗h(n) = ∑
de=n
d,e∈N

( f ∗g)(d)h(e)

= ∑
de=n
d,e∈N

(
∑

rs=d
r,s∈N

f (r)g(s)
)

h(e)

= ∑
rse=n

r,s,e∈N

f (r)g(s)h(e).

ӕ౛ךॺԖ

f ∗ (g∗h)(n) = ∑
duv=n

d,u,v∈N

f (d)g(u)h(v).

ӢԜள᛾ ( f ∗g)∗h = f ∗ (g∗h). �
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Proposition 2.4.2 ֋ນךॺ, ऩஒ ∗ ࣮ԋࢂ arithmetic function ϐ໔的ၮᆉ, ߾ δ ೭΋
ঁ arithmetic function ൩ӵӕ४ݤၮᆉ的 1 (೭ኬ的ϡન, ࣁॺᆀϐך identity). ԶЪ ∗ ೭
ঁၮᆉᅈىҬඤ౗аϷ่ӝ౗. ∗ ೭ঁၮᆉځჴჹܭ multiplicative arithmetic function Ψ
.ഈ性࠾Ԗڀ Ψ൩ࢂᇥךॺԖаΠϐ性質.

Theorem 2.4.3. ଷ೛ f ,gࣣࣁ multiplicative arithmetic function, ߾ f ∗gΨࢂ multiplica-
tive arithmetic function.

Proof. ଷ೛ a,b ∈ N Ъ gcd(a,b) = 1, ॺा᛾ܴך f ∗ g(ab) = ( f ∗ g(a))( f ∗ g(b)). ჹҺཀ
d,e ∈N ᅈى de = ab, ॺࣣԖך d|ab Ъ e|ab. ٩ Lemma 2.1.4 ϩձӸӧ୤΋的΋ಔޕ d1,d2

аϷ e1,e2 ᅈى d = d1d2 Ϸ e = e1e2 ύځ d1, e1 ࣁ a的҅Ӣ數Ъ d2, e2 ࣁ b的҅Ӣ數. ΞӢ
gcd(a,b) = 1, ࡺ gcd(d1,d2) = 1 Ъ gcd(e1,e2) = 1. аҗ܌ f ,g ࢂ multiplicative аϷۓကޕ

f ∗g(ab) = ∑
de=ab
d,e∈N

f (d)g(e) = ∑
d1d2e1e2=ab

d1|a,d2|b,e1|a,e2|b
d1,d2,e1,e2∈N

f (d1) f (d2)g(e1)g(e2).

౜ჹҺཀ d1,d2,e1,e2 ∈ N ᅈى d1d2e1e2 = ab Ъ d1,e1 ک d2,e2 ϩձࢂ a ک b 的Ӣ

數. Ӣࣁ d1e1|ab, ΞӢ gcd(a,b) = 1 Ъ d1,e1 ࢂ a 的Ӣ數, ޕ gcd(d1e1,b) = 1. ӢԜҗ
Proposition 1.2.6(1) ޕ d1e1|a. ќ΋Бय़ a|d1e1d2e2, ӆҗ gcd(a,b) = 1 аϷ d2,e2 ࣁ b ϐ

Ӣ數, ள gcd(a,d2e2) = 1. ӢԜޕ a|d1e1. аள᛾܌ a = d1e1, ӕ౛ள᛾ b = d2e2. ϸϐ, ऩ
d1,d2,e1,e2 ∈ N ᅈى a = d1e1 Ъ b = d2e2, ॺԖך߾ d1d2e1e2 = ab Ъ d1,e1 ک d2,e2 ϩձࢂ

a ک b 的Ӣ數. ӢԜךॺԖ

∑
d1d2e1e2=ab

d1|a,d2|b,e1|a,e2|b
d1,d2,e1,e2∈N

f (d1) f (d2)g(e1)g(e2) = ∑
d1e1=a,d2e2=b
d1,d2,e1,e2∈N

f (d1) f (d2)g(e1)g(e2).

ќ΋Бय़

( f ∗g(a))( f ∗g(b)) = ∑
d1e1=a
d1,e1∈N

f (d1)g(e1) ∑
d2e2=b
d2,e2∈N

f (d2)g(e2).

ճҔϩଛ౗ޕ

∑
d1e1=a
d1,e1∈N

f (d1)g(e1) ∑
d2e2=b
d2,e2∈N

f (d2)g(e2) = ∑
d1e1=a,d2e2=b
d1,d2,e1,e2∈N

f (d1) f (d2)g(e1)g(e2).

ӢԜள᛾本ۓ౛. �

ऩз l : N → N ΋ঁࢂ arithmetic function ᅈىჹҺཀ n ∈ N, l(n) = 1, ჹҺཀ的߾
arithmetic function f , ࣣԖ྽ n ∈ N ਔ,

f ∗ l(n) = ∑
de=n
d,e∈N

f (d)l(e) = ∑
d|n,d>0

f (d).

Ӣࣁ l ΋ঁࢂ multiplicative arithmetic function, வ೭ঁ࣮ࡋف Theorem 2.1.5 ѝࢂ Theo-
rem 2.4.3 的΋ঁ੝ਸ௃ݩ.



2.5. The Möbius Inversion Formula 31

Example 2.4.4. ॺёаճҔך Theorem 2.4.3 ٰ؃ჹҺཀ n ∈ N,

∑
d|n,d>0

µ(d)
n
d

ϐॶ, ύځ µ ࣁ Möbius µ-function ـୖ) Example 2.1.2).

з I : N→ N ΋ঁࢂ arithmetic function ᅈىჹҺཀ n ∈ N, I (n) = n. Եቾ F : N→ N
΋ঁࢂ arithmetic function ᅈىჹҺཀ n ∈ N,

F(n) = ∑
d|n,d>0

µ(d)
n
d
= ∑

d|n,d>0
µ(d)I (

n
d
).

ޕॺךကۓ٩ F = µ ∗I . ฅԶ µ ک I ࣁࣣ multiplicative, ճҔࡺ Theorem 2.4.3 ޕ F

Ψࢂ multiplicative. ӢԜךॺѝाᔠຎჹҺཀ質數 p аϷ t ∈ N, F(pt) ϐॶࣁՖ. ကۓ٩
µ(1) = 1, µ(p) =−1 Ъ྽ i > 1 ਔ µ(pi) = 0, ளࡺ

F(pt) = µ(1)I (pt)+µ(p)I (pt−1) = pt − pt−1.

کཀԜݙ ϕ(pt) 的ॶ࣬ӕ ـୖ) Proposition 2.3.5), ճҔࡺ F ک ϕ ࣁࣣ multiplicative аϷ
Proposition 2.1.3 ޕ F = ϕ . Ψ൩ࢂᇥჹҺཀ n ∈ N ࣣԖ

∑
d|n,d>0

µ(d)
n
d
= ϕ(n).

2.5. The Möbius Inversion Formula

前य़ӧϟಏ Euler’s ϕ -function ਔ, ډפॺමගϷό৒ܰך arithmetic function f ஒ

ϕ -function ԋ߄ ϕ(n) = ∑d|n,d>0 f (d) ೭ኬ的׎Ԅ. ٣ჴ΢ Möbius inversion formula ёаᔅ
շךॺډפ೭ኬ的 f .

Theorem 2.5.1 (Möbius Inversion Formula). ଷ೛ F, f ࣁࣣ arithmetic function, µ ࣁ
möbius µ-function. ჹҺཀ߾ n ∈ N, F, f ᅈى

F(n) = ∑
d|n,d>0

f (d),

ऩЪ୤ऩჹҺཀ n ∈ N, F, f ᅈى

f (n) = ∑
d|n,d>0

F(d)µ(
n
d
).

Proof. з l : N→N ΋ঁࢂ arithmetic function ᅈىჹҺཀ n ∈N, l(n) = 1. ٩ convolution
的ۓကךॺा᛾ܴ F = f ∗ l ऩЪ୤ऩ f = F ∗µ.

ऩ F = f ∗ l, ߾ F ∗µ = ( f ∗ l)∗µ. ճҔ Proposition 2.4.2(3) ޕ F ∗µ = f ∗ (l∗µ). ฅԶ
ჹҺཀ n ∈ N, l∗ µ(n) = µ ∗ l(n) = ∑d|n,d>0 µ(d), җ Example 2.1.6 ޕ l∗ µ = µ ∗ l = δ , ύځ
δ : N→ N ࣁကۓ

δ (n) =
{

1, n = 1;
0, n > 1.

ඤ言ϐ, ॺԖך F ∗µ = f ∗ (l∗µ) = f ∗δ . ӢԶճҔ Proposition 2.4.2(1) ள᛾ F ∗µ = f .
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ϸϐ,ऩ f = F ∗µ,߾ f ∗ l = (F ∗µ)∗ l = F ∗(µ ∗ l).ࡺӆճҔ µ ∗ l = δ ளޕ f ∗ l = F ∗δ =

F . �

ཀݙ Möbius inversion formula ሡाჹҺཀ n ∈ N ჹωૈ٬Ҕ. Ψ൩ࢂᇥգόૈ࣮ډ

F(6) = f (1)+ f (2)+ f (3)+ f (6)

൩Π่論ᇥ

f (6) = F(1)µ(6)+F(2)µ(3)+F(3)µ(2)+F(6)µ(1) = F(1)−F(2)−F(3)+F(6).

ሡाᔠᡍ܌Ԗ n ∈ N ೿ჹωёΠԜ่論 (ԿϿӧԜٯύᗋाӭᔠࢗ F(1) = f (1) , F(2) =

f (1)+ f (2) аϷ F(3) = f (1)+ f (3)).

Example 2.5.2. ౜ӧךॺٰ࣮࣮ӵՖճҔ Möbius inversion formula, ډפ f ٬ள ϕ(n) =
∑d|n,d>0 f (d).җMöbius inversion formulaޕԜਔ f = µ ∗ϕ . җܭ µ ک ϕ ,multiplicativeࣁࣣ
җ Theorem 2.4.3 ޕ f ҭࣁ multiplicative. ӢԜךॺӃᢀჸჹҺཀ質數 p аϷ t ∈N, f (pt)

ϐॶ. ฅԶ

f (pt) = ∑
d|pt ,d>0

µ(d)ϕ(
pt

d
) = µ(1)ϕ(pt)+µ(p)ϕ(pt−1) = ϕ(pt)−ϕ(pt−1).

ӢԜޕ f (p) = p−1−1 = p−2 Ъ྽ t ≥ 2 ਔ f (pt) = pt − pt−1 − (pt−1 − pt−2) = pt−2(p−1)2.

ӢԜऩ n = pn1
1 · · · pnr

r , ύځ pi ,౦質數࣬ࣁ ёаள f (n) = f (pn1
1 ) · · · f (pnr

r ). ՠࢂௗΠٰࡐᜤ
ஒ f ቪԋࡐӳ的׎Ԅ ঁࢌཀा୔ϩԖݙ) ni = 1 的௃׎). ٣ჴ΢ऩؒԖ Möbius inversion
formula, ᜤ᛾р೭ঁࡐॺΨך f ዴჴᅈى µ(n) = ∑d|n,d>0 f (d). ӧ᛾ܴ߃а྽܌ ϕ ࢂ
multiplicative ਔ, ॺ٠ؒԖճҔך Theorem 2.1.5 ᛾ள.

٣ჴ΢ճҔ Example 2.5.2 的Бךݤॺёа᛾рҺՖ的 arithmetic function F ࣣёډפ

୤΋的 arithmetic function f ٬ளჹҺཀ n ∈ N, ࣣԖ F(n) = ∑d|n,d>0 f (d). ྽ךॺډפ的 f

ࢂ multiplicative ਔ, Theorem 2.1.5 ֋ນךॺ F Ψࢂ multiplicative. ϸϐ, аΠ Corollary
֋ນךॺऩςޕ F ࢂ multiplicative, р的פ߾ f ΋ۓΨࢂ multiplicative.

Corollary 2.5.3. ଷ೛ F, f ࣁࣣ arithmetic function. ऩჹҺཀ n ∈ N, ࣣԖ

F(n) = ∑
d|n,d>0

f (d)

Ъςޕ F ΋ঁࢂ multiplicative arithmetic function, ߾ f ҭࣁ΋ঁ multiplicative arithmetic
function.

Proof. җ Theorem 2.5.1 ޕ f = µ ∗F , җࡺ µ ࢂ multiplicative аϷ F ࢂ multiplicative
的ଷ೛, ճҔ Theorem 2.4.3 ޕ f = µ ∗F ҭࣁ multiplicative. �

Example 2.5.4. 前य़൳࿯ύךॺමճҔ multiplicative arithmetic function ளډ΋٤Ԗ፪
的฻Ԅ, ௗΠٰ的ٯηךॺஒճҔ Möbius inversion formula ள׳ډӭ฻Ԅ.
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(1) з v(n) Ң߄ n 的҅Ӣ數ঁ數. ςޕჹҺཀ n ∈ N, ࣣԖ

v(n) = ∑
d|n,d>0

1 = ∑
d|n,d>0

l(d),

Ԗ܌ύჹځ n ∈ N, l(n) = 1. ճҔࡺ Möbius inversion formula ჹҺཀޕ n ∈ N,

1 = l(n) = ∑
d|n,d>0

µ(d)v(
n
d
) = ∑

d|n,d>0
v(d)µ(

n
d
).

(2) з σ(n) Ң߄ n 的܌Ԗ҅Ӣ數ϐک. ςޕჹҺཀ n ∈ N ࣣԖ

σ(n) = ∑
d|n,d>0

d = ∑
d|n,d>0

I (d),

Ԗ܌ύჹځ n ∈ N, I (n) = n. ճҔࡺ Möbius inversion formula ჹҺཀޕ n ∈ N,

n = I (n) = ∑
d|n,d>0

µ(d)σ(
n
d
) = ∑

d|n,d>0
σ(d)µ(

n
d
).

(3) җ Corollary 2.3.6 ჹҺཀޕ n ∈ N ࣣԖ

n = I (n) = ∑
d|n,d>0

ϕ(d).

ճҔࡺ Möbius inversion formula ჹҺཀޕ n ∈ N, ࣣԖ

ϕ(n) = ∑
d|n,d>0

µ(d)I (
n
d
) = ∑

d|n,d>0
µ(d)

n
d
.

Example 2.5.4(3) 的฻Ԅӧ前΋࿯ Example 2.4.4 ύךॺමҔ multiplicative 的性質
ளډ. ٣ჴ΢ Example 2.5.4 ύ的฻Ԅ೿ёаҔ multiplicative 的性質ளډ. όၸाݙཀ
的ࢂ Möbius inversion formula ٠ό߳ज़ܭ multiplicative 的௃׎, Ѭჹ΋૓的 arithmetic
function ࣣ፾Ҕ.





Chapter 3

Congruences

ӕᎩ (congruence) 的ཷۺ൩ࢂஒ整數፾྽的ϩԋԖज़ӭᜪ, 整數΋ኬ的ၮکϝૈځ٬
ᆉ, வԶளډ΋٤整數的ख़ा性質. 本ക൩ࢂ௖૸ congruence 的ۓကаϷளډ΋٤Ԗᜢ
congruence 的ख़ाԄη.

3.1. ӕᎩ的ϩᜪ

Congruence relation ΋ঁࢂ equivalent relation. २Ӄךॺ௖૸ equivalent relation 的基
本ཷۺ.

΋૓ٰᇥाஒ΋ঁ໣ӝϩᜪѸ໪಄ӝаΠΟঁाન. ಃ΋ঁ൩ࢂ, ԾρکԾρࢂӕᜪ的;
ќ΋ाનࢂऩҘکΌࢂӕᜪ的߾ΌΨѸ໪کҘࢂӕᜪ的; നࡕ΋ঁाનࢂӵ݀ҘکΌӕ
ᜪЪΌکЧӕᜪ, .ЧӕᜪکҘѸ໪߾ ࣁၰ೭ኬ的ϩᜪӕᜪ໔的ᜢ߯ᆀϐޕӭӕᏢᔈ၀ࡐ
equivalence relation. ๏ݤҔ數Ꮲ的Бࢂॺᗋך equivalence relation ҅Ԅ的ۓက.

Definition 3.1.1. ऩ΋໣ӝ S ύךॺҔ a ∼ b Ң߄ a ک b ,ӕᜪ的ࢂ ೭ኬ的ϩᜪऩ಄ӝ߾
аΠ性質ךॺᆀϐࣁ equivalence relation:

(equiv1): ჹ܌Ԗ a ∈ S, ॺ೿Ԗך a ∼ a (reflexivity).

(equiv2): ऩ a ∼ b, ߾ b ∼ a (symmetry).

(equiv3): ऩ a ∼ b Ъ b ∼ c, ߾ a ∼ c (transitivity).

ॺதҔ的ך “=” ൩ࢂ΋ঁࠠڂ的 equivalent relation.

Ԗ٤ӕᏢёૈ཮᝺ளࡽ܁ڻฅ (equiv2) ᇥ: ऩ a ∼ b ߾ b ∼ a. ٗሶӆճҔ (equiv3) ך
ॺёள a ∼ a. ϙሶᗋाமፓࣁ (equiv1) ?ګ ЬाচӢࢂ (equiv1) மፓࢂ S ύ的Һ΋ϡન

a ೿໪಄ӝ a ∼ a. ӵ݀ךॺѝा؃ (equiv2) ک (equiv3), ٗሶӵ݀ S ύԖ΋ϡન a ӧ S ύ

ҺՖ的ϡનډόפ b ٬ள a ∼ b, ٗሶ a ൩ό΋ۓᅈى a ∼ a Α. ӢԜ཮೷ԋԖ的ϡનԖё
ૈؒԖ೏ϩᜪډ. Զ಄ӝ equivalence relation 的ϩᜪ൩ዴ؂ߥ΋ঁϡન೿཮೏ϩࢌډ΋ᜪ
(όၸԖёૈࢌ΋ᜪύѝԖ΋ঁϡન).
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Ҕۭډ equivalence relation ϩᜪԖϙሶӳೀګ? २Ӄ྽ฅࢂӵ前܌ᇥҗ (equiv1) ёள
؂΋ঁϡન೿཮೏ϩࢌډ΋ᜪ. ќѦҗ (equiv2) ک (equiv3) όӕᜪ的໣ӝό཮ԖҬঁٿޕ
໣; ೭ࢂӢࣁӵ݀ b ӧ A ᜪЪӧ B ᜪύ, ӧ߾ A ᜪύ的Һ΋ϡન a Ӣک b ࡺӕᜪ的ࢂ a ∼ b

Զ B ᜪύ的Һ΋ϡન c ӢΨک b ӕᜪࡺ b ∼ c. җࡺ (equiv2) ک (equiv3) ޕ a ∼ c. Ψ൩ࢂ
ᇥ A ύ的܌Ԗϡનک B ύ的܌Ԗϡન೿ӕᜪ. ೭ک A ᆶ B .όӕᜪ的ଷ೛࣬ҟ࣯ࢂ ᕴԶ言
ϐճҔ΋ঁ equivalent relation .ϕό࣬Ҭ的ᜪձٿٿॺёаஒ΋໣ӝϩപԋך

ௗΠٰךॺ൩ٰ௖૸ӕᎩ的ϩᜪݤ.

Definition 3.1.2. ๏ۓ΋҅整數 m, ӵ݀ a,b ∈ Zӧନа mϐΠځᎩ數࣬ӕ, ॺᆀך a,bӧ

ନа m ϐΠࢂӕᎩ的 (a is congruent to b modulo m), ЪҔ಄ဦ a ≡ b (mod m) .Ң߄ٰ ऩ
a ک b ӧନа m ϐΠόӕᎩ (a is incongruent to b modulo m), Ҕ߾ a ̸≡ b (mod m) .Ң߄ٰ

ाݙཀӧ談ӕᎩਔ΋ۓाӃۓڰ΋ঁ m ωૈᇥ. ؒԖ a ک b ,ݤӕᎩ的ᇥࢂ գѸ໪ֹ整
的ᇥр a ک b ӧନаϙሶϐΠࢂӕᎩ的ωჹ.

ᗨฅᔠࢗ a,b ӧନа m ϐΠࢂցӕᎩ, ࢗကाᔠۓ٩ a ک b ନа m ϐᎩ數ࢂց࣬ӕ,
ՠ٣ჴ΢ѝाᔠࢗ m ց整ନࢂ a−b.

Lemma 3.1.3. ๏ۓ΋҅整數 m, Ъ a,b ∈ Z, ߾ a ≡ b (mod m) ऩЪ୤ऩ m|a−b.

Proof. ကऩۓ٩ a ≡ b (mod m) ကӸӧۓ٩߾ h1,h2 ∈ Z ٬ள a = mh1 + r Ϸ b = mh2 + r

ύځ 0 ≤ r < m. ளࡺ a−b = m(h1 −h2) Ψ൩ࢂᇥ m|a−b.

ϸϐଷ೛ a,b ନа m ϐᎩ數ϩձࣁ r1 Ϸ r2, ջϩձӸӧ h1,h2 ∈ Z ٬ள a = mh1 + r1

Ϸ b = mh2 + r2, ύځ 0 ≤ r1,r2 < m, ޕ߾ a−b = m(h1 −h2)+(r1 − r2). җଷ೛ࡺ m|a−b ள

m|r1 − r2. ΞӢ 0 ≤ r1,r2 < m, ޕ −m < r1 − r2 < m, җࡺ m|r1 − r2 ள r1 = r2. �

ॺёаճҔך Lemma 3.1.3 ډ的ளזࡐ congruent relation ΋ঁࢂ equivalent relation.

Proposition 3.1.4. ๏ۓ΋҅整數 m, 整數ӧନа߾ m ӕᎩ的ϩᜪϐΠࢂ΋ঁ equivalent
relation. Ψ൩ࢂᇥ಄ӝаΠΟঁ性質.

(1) ऩ a ∈ Z ߾ a ≡ a (mod m).

(2) ऩ a ≡ b (mod m) ߾ b ≡ a (mod m).

(3) ऩ a ≡ b (mod m) Ъ b ≡ c (mod m), ߾ a ≡ c (mod m).

Proof. (1) ऩ a ∈ Z, Ӣ a−a = 0, ள m|a−a. җࡺ Lemma 3.1.3 ޕ a ≡ a (mod m).

(2) ऩ a ≡ b (mod m) җ Lemma 3.1.3 ޕ m|a−b, җࡺ m|b−a ள᛾ b ≡ a (mod m).

(3)ऩ a ≡ b (mod m)Ъ b ≡ a (mod m),ޕ߾ m|a−bЪ m|b−c. ޕࡺ m|(a−b)+(b−c),
ջ m|a− c. Ψ൩ࢂᇥ a ≡ c (mod m). �

җܭӕᎩ的ཷۺҔϩᜪ的࣮ࡐࢂݤӳ的ϩᜪЪ೭ኬ的࣮ݤ談論΋٤性質ࡐБߡ, Ϟךࡕ
ॺ࿶த཮Ҕ “a ک b ӧ modulo m ϐΠࢂӕᜪ” 的ᇥၲ߄ٰݤ: a ک b ନа m ϐᎩ數࣬ӕ.
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,ёஒ整數ϩᜪۺฅҔӕᎩ的ཷࡽ ۓॺԾฅ཮ୢ๏ך m ∈N, ӧ modulo m ϐΠёаϩԋ

൳ᜪګ? Ԗ整數ӧନа܌ m ϐΠ的Ꭹ數ᕴӅёૈࣁ 0,1, . . . ,m−1, ӅԖޕаள܌ m ᜪ. ϩ
ᜪӳࡕӧ؂΋ᜪύךॺёаࡷ΋ঁж߄ϡનٰж߄೭΋ᜪ, Ъ؂ᜪύ໻ࡷр΋ঁж߄Զόख़
ፄ, ೭ኬࡷ܌р的жך߄ॺ๏Ѭ΋ঁ੝ձӜᆀ.

Definition 3.1.5. ๏ۓ΋҅整數 m, ऩ໣ӝ S Ԗ m ঁϡન, ύϡનӧځ modulo m ϐΠٿ

,όӕᜪٿ ᆀ߾ S ΋ঁࢂ complete residue system modulo m.

ऩ S ΋ঁࢂ complete residue system modulo m, Ӣ整數ӧ߾ modulo m ϐΠࢂ΋ঁ

equivalent relation, а܌ S ύ的ϡન೿཮೏ϩࢌډ΋ᜪ, ԶЪΞςޕ S ύ的ϡનٿٿόӕ

ᜪ, ӆу΢ςޕ Z ӧ modulo m ϐΠӅૈ೏ϩԋ m ᜪ, аҗ܌ S 的ϡનঁ數ࣁ m ,ޕ ؂΋
ᜪύ೿ёӧ S ύډפ୤΋的ϡનж߄Ԝᜪ. ඤ言ϐ, S ύ的ϡનىаж߄ Z ӧ modulo m ϐ

Πϐϩᜪ. ӵٯ {0,1, . . . ,m−1} ൩ࢂ΋ঁதҔ的 complete residue system modulo m. όၸ
Ԗਔךॺ཮Ӣୢᚒ的ሡाᒧ᏷ձᅿ complete residue system modulo m.

Question 3.1. ๏ۓ m ∈ N.

(1) ଷ೛ S ⊆ Z Ъ S 的ϡનঁ數ࣁ m. ऩςޕჹҺཀ a ∈ Z ࣣӸӧ s ∈ S ᅈى a ≡ s

(mod m). ၂᛾ܴ S ࣁ complete residue system modulo m.

(2) ଷ೛ S ⊆ Z ၂᛾ܴ S ࣁ complete residue system modulo m ऩЪ୤ऩჹҺཀ a ∈ Z
ࣣӸӧ୤΋的 s ∈ S ᅈى a ≡ s (mod m).

ճҔӕᎩϩᜪନΑࢂ΋ঁ equivalent relation ϐѦ, ᗋԖ೚ӭࡐӳ的性質. ӵӧΠ΋ٯ
࿯ךॺ཮ϟಏёаӧӚᜪϐ໔ۓကၮᆉ. ќѦӧ modulo m ϐΠ, ჴӕᜪ的ϡનځॺว౜ך
ک m ϐനεϦӢ數ځჴ࣬ࢂӕ的.

Lemma 3.1.6. ๏ۓ΋҅整數 m, ऩ a ≡ b (mod m), ߾ gcd(a,m) = gcd(b,m).

Proof. ऩ a ≡ b (mod m), җۓကޕ a ک b ӧନа m ϐΠϐᎩ數࣬ӕ, ೛ࣁځ r. җࡺ
Lemma 1.3.1 ޕ gcd(a,m) = gcd(r,m) = gcd(b,m). �

੝ձ的ऩ a ک m ,ϕ質的ࢂ ӧ߾ modulo m ϐΠک a ӕᜪ的ϡન೿ک m ϕ質. Ψ൩ࢂ
ᇥऩ S ΋ঁࢂ complete residue system modulo m, ѝाפр S ύԖব٤ϡનک m ϕ質, ٗ
ሶ೭٤ϡન܌ж߄的ϩᜪ္؂ঁϡન೿ک m ϕ質. ӧ modulo m ϐΠۭډԖ൳ᜪ的ϡન཮

ک m ϕ質ګ? ॺ൩Եቾך S = {0,1, . . . ,m−1} ೭ঁ complete residue system modulo m փ!
S ύک m ϕ質的ϡનঁ數٩ Euler ϕ -function 的ۓက൩ࢂ ϕ(m) ঁ, 整數ӧޕࡺ modulo m

ϐΠӅԖ ϕ(m) ᜪ的ϡનک m .ϕ質的ࢂ Ԗਔӧೀ౛ୢᚒਔךॺሡाஒ೭ ϕ(m) ᜪ的ж߄ϡ

નӈр, .ॺΨ๏Ѭ΋ঁ੝ձӜᆀךа܌

Definition 3.1.7. ๏ۓ΋҅整數 m, ऩ໣ӝ S Ԗ ϕ(m) ঁϡન, ύ的ϡનࣣᆶځ m ϕ質Ъ

ӧ modulo m ϐΠٿٿόӕᜪ, ᆀ߾ S ΋ঁࢂ reduced residue system modulo m.

྽ m ΋質數ࢂ p ਔ, {1, . . . , p−1} ൩ࢂനதҔ的 reduced residue system modulo p.
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Question 3.2. ๏ۓ m ∈ N.

(1) ଷ೛ S ⊆ Z Ъ S 的ϡનঁ數ࣁ ϕ(m). ऩςޕჹҺཀᅈى gcd(a,m) = 1 的整數 a,
ࣣӸӧ s ∈ S ᅈى a ≡ s (mod m). ၂᛾ܴ S ࣁ reduced residue system modulo m.

(2) ଷ೛ S ⊆ Z ၂᛾ܴ S ࣁ reduced residue system modulo m ऩЪ୤ऩ S ύ的ϡનࣣ

ᆶ m ϕ質ЪჹҺཀᅈى gcd(a,m) = 1 的整數 a, ࣣӸӧ୤΋的 s ∈ S ᅈى a ≡ s

(mod m).

3.2. ӕᎩ的ၮᆉ

ӕᎩϩᜪനख़ा的性質൩ࢂ, Ӛᜪϐ໔ёаӵ整數΋૓բуݤаϷ४ݤ的ၮᆉ (ӧԖ٤
௃ࣗݩԿёаբନݤ).

๏ۓ m ∈ N, ӧ modulo m ϐΠךॺஒӕ΋ᜪ的ϡન࣮ԋࢂӕኬ的ܿՋ (Ψ൩ࢂஒ΋整
ᜪ的ϡન࣮ԋࢂ΋ঁϡન), གྷ࣮࣮Ӛᜪϐ໔ाӵՖ࣬у࣬४ګ? ӧा࣬уࢂݤԾฅ的གྷࡐ
的ٿᜪύӚࡷ΋ঁж߄ϡન, ฅ࣬ࡕу࣬४࣮࣮ပܭব΋ᜪ. όၸ೭཮࿘ډ΋ঁୢᚒ൩؂ࢂ
΋ᜪύεৎࡷ的ж߄ϡનऩόӕ཮ό཮࣬у࣬४܌ࡕள่݀όӕګ? ӵӧٯ modulo 5 ϐ

Π, ॺाஒନаך 5 Ꭹ數ࣁ 2 的೭΋ᜪکᎩ數ࣁ 3 的೭΋ᜪ࣬у࣬܈४. ऩᎩ數ࣁ 2 ک 3

的೭ٿᜪךॺϩձࡷ 2 ک 3 ٰж߄, ٗሶҗ 2+3 = 5 Ϸ 2×3 = 6 ள࣬ډу࣬४ࡕ཮ϩձပ

ӧᎩ 0 Ꭹک 1 的೭ٿᜪύ. ӵ݀ࡷόӕ的ж߄ϡનګ? КБᇥᎩ 2 Ꭹک 3 的೭ٿᜪךॺϩ

ձࡷ 7 ک −12 ྽ж߄, ่݀ 7+(−12) =−5 Ϸ 7× (−12) =−84, ନܭပࡕу࣬ډॺϝளך
а 5 Ꭹ 0 ೭΋ᜪ, Զ࣬४ࡕပܭନа 5 Ꭹ 1 ೭΋ᜪ, .前य़่݀΋ठک ηٯॺόૈҗ೭ঁך
൩ᇡࣁ೭΋ۓჹ, ሡाགྷঁБٰݤᇥܴ೭٣ࢂჴԶόࢂѯӝ.

Lemma 3.2.1. ๏ۓ m ∈ N, ऩ a,b ∈ Z ᅈى a ≡ b (mod m), ჹҺཀ߾ c ∈ Z ࣣԖ

a+ c ≡ b+ c (mod m) and ac ≡ bc (mod m).

Proof. җଷ೛ a ≡ b (mod m) ޕ m|a− b. ளࡺ m|(a+ c)− (b+ c), Ψ൩ࢂᇥ a+ c ≡ b+ c

(mod m). ќ΋Бय़җܭ m|(a−b)c ޕࡺ m|ac−bc, ள᛾ ac ≡ bc (mod m).. �

Lemma 3.2.1 ֋ນךॺঁٿӕᜪ的數ϩձу΢ӕ΋ঁ數܌ࡕளϐ數Ψ཮ӕᜪ. ӕᜪ的數
ӕ४΋ঁ數܌ࡕளϐ數Ψӕᜪ. ٩Ԝךॺ൩ёаளঁٿډӕᜪ的數ϩձу΢ (४΢܈) ќٿ
ঁӕᜪ的數่݀ځϝ཮ӕᜪ.

Proposition 3.2.2. ๏ۓ m ∈N, ऩ a,b,c,d ∈ Z ᅈى a ≡ b (mod m) Ъ c ≡ d (mod m), ߾

a+ c ≡ b+d (mod m) and ac ≡ bd (mod m).

Proof. Ӣ a ≡ b (mod m), җ Lemma 3.2.1 ޕ a + c ≡ b + c (mod m). ӕ౛ΞӢ c ≡ d

(mod m) ޕ b + c ≡ b + d (mod m), ࢂճҔӕᎩࡺ equivalent relation (ջ Proposition
3.1.4(3)) ޕ a+ c ≡ b+d (mod m).

ӕኬ的,җ a≡ b (mod m)Ϸ c≡ d (mod m)ϩձள ac≡ bc (mod m)Ϸ bc≡ bd (mod m),
ޕࡺ ac ≡ bd (mod m). �
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җԜۓ౛, ाीᆉࡕॺаך 1752 ४а 388 ନа 5 ϐᎩ數, ӆ࣮ࡕॺόѸஒѬॺ४໒ך
ନаځ 5 ϐᎩ數ࣁՖ. ॺёаճҔך 1752 ≡ 2 (mod 5) аϷ 388 ≡ 3 (mod 5) ډ的ளזࡐ

1752×388 ≡ 6 ≡ 1 (mod 5).

Proposition 3.1.4 (ջ congruence relationࢂ equivalent relation)֋ນךॺ྽ۓڰ m ∈N
ਔ “≡” Ԗک฻ဦ࣬ӕ的߾ݤ. ќ΋Бय़ӧ Lemma 3.2.1 ύऩз c =−1, ྽߾ a ≡ b (mod m)

ਔךॺԖ −a ≡ −b (mod m). а঺Ҕ܌ Proposition 3.2.2 ॺёаஒךޕ ≡ “࣮ԋ” ฻ဦࢂ
(ջஒӕᎩ的ϡન࣮ԋ࣬ࢂӕ) ԶஒӕᎩᜪ的ၮᆉӵ΋૓整數բу, ෧, ४的ၮᆉ. ӵӧीٯ
ᆉ 5742ନа 11的Ꭹ數ਔ, ॺёаቪԋך 5742 = 5×103+7×102+4×10+2. җܭ 10 ≡−1

(mod 11) ளࡺ 5742 ≡ 5× (−1)3 +7× (−1)2 +4× (−1)+2 ≡−5+7−4+2 ≡ 0 (mod 11). Ψ

൩ࢂᇥ 5742 ёа೏ 11 整ନ, ೭ךکॺύᏢਔж܌Ꮲղձ 11 的७數࣬߾ݤӕ. ӕ౛ղձ 9

的७數߾ݤΨёҗ 10 ≡ 1 (mod 9) Զள. գΨёаճҔ 10 ≡ 3 (mod 7) 整౛р΋঺ղձ 7

的७數ϐ߾ݤ (྽ฅ཮ፄᚇӭΑ).

೭္Ԗٿᗺा੝ձݙཀ: २Ӄ, ӧ modulo όӕ的數ϐΠ܌ள的ϩᜪݤόӕ, аό܌
ૈஒ ≡ షҔ. ӵऩٯ a = 3, ॺёаᇥך a ≡ 3 (mod 5) Ъ a ≡ 3 (mod 7), ՠգόૈӢࣁ
a2 ≡ 32 ≡ 4 (mod 5) Զᇥ a2 ≡ 4 (mod 7). ќѦाݙཀ的൩ࢂӧ΋૓฻Ԅύ的ନ (ऊ) ӧ
congruence ٠ό΋ۓ፾Ҕ. Ψ൩ࢂᇥऩ a ̸= 0 Ъ ab = ac, ޕॺך b = c; ՠ೭ӧ congruence
的௃ݩԖёૈрୢᚒ. ӵ྽ٯ a = 2,b = 2,c = 5 ӧ modulo 6 ϐΠךॺԖ a ̸≡ 0 (mod 6) Ъ

ab ≡ ac (mod 6), ՠܴࡐᡉ的 b ̸≡ c (mod 6). аӧೀ౛܌ congruence 的ୢᚒਔाҔନݤ੃
ѐ΋ঁ數ਔा੝ձݙཀ. аΠۓ౛֋ນךॺՖਔё੃, Ֆਔόё੃.

Proposition 3.2.3. ๏ۓ m ∈N Ъଷ೛ a,b,c ∈ Z. з d = gcd(m,a) ߾ ab ≡ ac (mod m) ऩ

Ъ୤ऩ b ≡ c (mod m/d).

Proof. Ӣ d = gcd(m,a), ॺзך m = m′d Ъ a = a′d, җ Corollary 1.1.8 ޕ gcd(m′,a′) = 1.

౜ଷ೛ ab ≡ ac (mod m),ջ m|ab−ac. ӢԜҗ Lemma ޕ(2)1.1.5 (m/d)|(a/d)(b−c),ջ
m′|a′(b−c). Ӣࡺ gcd(m′,a′) = 1ճҔ Proposition 1.2.6(1)ள᛾ m′|b−c,ջ b≡ c (mod m/d).

ϸϐ, ऩ b ≡ c (mod m/d), ջ m′|b− c. ӢԜҗ Lemma 1.1.5(1) ள dm′|d(b− c), ջ
m|d(b− c). Ψ൩ࢂᇥ db ≡ dc (mod m). җࡺ Lemma 3.2.1 ޕ a′db ≡ a′dc (mod m), ள᛾
ab ≡ ac (mod m). �

,ηٯӵϐ前的ٯ Ӣࣁ m = 6 Ъ a = 2, ள gcd(m,a) = 2. җࡺ ab ≡ ac (mod 6) ள b ≡ c

(mod 3). ٣ჴ΢, ΢ٯύ b = 2,c = 5, ॺዴჴԖך 2 ≡ 5 (mod 3).

עӧՖਔωૈۭډ a੃௞Ъ࡭ߥচٰ modulo m的 congruenceګ? җ Proposition 3.2.3
ѝԖӧޕॺך gcd(m,a) = 1, ջ m ک a ϕ質ਔωёߥ᛾ჹ. .ॺஒ೭ঁख़ा的性質ቪΠך

Corollary 3.2.4. ๏ۓ m ∈N Ъଷ೛ a,b,c ∈ Z. ऩ m ک a ϕ質, ߾ ab ≡ ac (mod m) ऩЪ

୤ऩ b ≡ c (mod m).

,ӧ整數ਔڋჴऩज़ځ ऩ a ̸= 0 Ъ ab = ac ёஒ a ੃ѐ௢ள b = c, ҅ዴٰᇥόૈҔ “ନ”
的ཷٰۺᇥ, ԶࢂҔ整數 a ̸= 0 Ъ b ̸= 0 ߾ ab ̸= 0 的性質ளډ. ೭ঁཷۺӧ congruence 的
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௃ݩ൩ό΋ۓჹ, ӵٯ 2 ̸≡ 0 (mod 6) Ъ 3 ̸≡ 0 (mod 6) ՠࢂ 2×3 ≡ 0 (mod 6). ೭Ψࢂ΋૓
ٰᇥӧ congruence όૈҔऊ的Бݤ੃ѐ的ЬाচӢ. ฅԶӧԵቾԖ౛數ਔ, ऩ a ̸= 0, Ӣࣁ
ѸӸӧќ΋Ԗ౛數 a−1 ٬ள a ·a−1 = 1, аऩ܌ ab = bc, ᜐӕ४ٿ߾ a−1, ёள b = c. ೭൩
ݤҔନࢂ “ ऊ” 的ཷۺ੃ѐ a. җܭԖ౛數ύჹҺཀߚ 0 ϡન a, ϸϡનݤ४ځ (ջ a−1) Ѹ
Ӹӧ, ٬ளךॺӧှԖ౛數的БำԄਔ׳৒ܰှډפ. ӧ΋૓整數ਔᗨฅ໻Ԗ ±1 ϸݤ४ځ

ϡનࣁ整數, ՠӧ૸論 congruence ਔԖ׳ӭϡનځ४ݤϸϡન཮Ӹӧ.

Proposition 3.2.5. ๏ۓ m ∈ N, ଷ೛ a ∈ Z, Ӹӧ߾ b ∈ Z ᅈى ab ≡ 1 (mod m) ऩЪ୤ऩ

a ک m ϕ質.

Proof. ଷ೛ b ∈ Z ᅈى ab ≡ 1 (mod m), ջ m|ab−1. з d = gcd(m,a), ёள d|m Ъ d|ab.
ճҔࡺ m|ab−1 Ϸ d|m ёள d|ab−1, ӆճҔ d|ab ள d|1. Ψ൩ࢂᇥ a ک m ϕ質.

ϸϐ, ऩ a ک m ϕ質, ջ gcd(m,a) = 1, җ߾ Corollary 1.2.4 Ӹӧޕ r,s ∈ Z ٬ள
mr+as = 1. зࡺ b = s, ॺԖך m|ab−1, ҭջ ab ≡ 1 (mod m). �

നࡕाமፓ, ྽ a ک m ϕ質ਔᗨฅԖคጁӭ的整數 b ཮ᅈى ab ≡ 1 (mod m), ՠࢂ
೭ኬ的 b ӧ modulo m ϐΠࢂ୤΋的. Ψ൩ࢂᇥऩ c ∈ Z ҭᅈى ac ≡ 1 (mod m), ܭҗ߾
ab ≡ 1 ≡ ac (mod m) аϷ gcd(m,a) = 1, ঺Ҕ Corollary 3.2.4 ޕॺளך b ≡ c (mod m). Ԗ
Ԝ୤΋性, ॺ੝ձᆀך b ࣁ a ӧ modulo m ϐΠ的४ݤϸϡન.

3.3. Euler’s Theorem

΋૓ӧှБำԄਔ,ךॺ࿶தሡा४ݤϸϡનٰᔅԆ. а྽܌ m∈N, a∈ZЪ gcd(a,m) =

1 ਔ, ऩૈዴჴޕၰব٤ b ∈ Z ཮ᅈى ab ≡ 1 (mod m) ஒࡐࢂԖҔ的. җ Proposition 3.2.5
的᛾ܴύךॺޕёаճҔᗅᙯ࣬ନှݤ mx+ay = 1 的整數ှٰளډ b, ՠ೭ाӧ m ک a ࣣ

.ᡏ的數ਔωૈᏹբڀࢂ ॺஒճҔך Euler’s Theorem ჹ΋૓的 m,a ೿ૈஒ b ዴჴډפ.

๏ۓ m ∈ N, ऩ a,b ∈ Z ᅈى ab ≡ 1 (mod m), җ߾ Proposition 3.2.5 ޕ a ک b ࣣᆶ m

ϕ質. ඤ言ϐ, کॺѝाԵቾך m ϕ質的數ջё, ॺԾฅԵቾךа܌ reduced residue system
modulo m.

Lemma 3.3.1. ๏ۓ m ∈N, Եቾ a ∈Zᅈى gcd(m,a) = 1. ऩ {r1, . . . ,rϕ(m)}ࢂ΋ঁ reduced
residue system modulo m, ߾ {ar1, . . . ,arϕ(m)} Ψࢂ΋ঁ reduced residue system modulo m.

Proof. ፄಞ΋Π, {r1, . . . ,rϕ(m)}ࢂ΋ঁ reduced residue system modulo m߄Ң gcd(m,ri)= 1

ЪჹҺཀ i ̸= j,ࣣԖ ri ̸≡ r j (mod m). ౜ा᛾ܴ {ar1, . . . ,arϕ(m)}Ψࢂ reduced residue system
modulo m, ॺሡा᛾ܴך gcd(m,ari) = 1 ЪჹҺཀ i ̸= j ࣣԖ ari ̸≡ ar j (mod m).

౜ଷ೛ gcd(m,ari) ̸= 1, ջӸӧ΋質數 p ᅈى p|m Ъ p|ari. Ӣ p ,質數ࢂ җࡺ Lemma
1.4.2 ள p|a ܈ p|ri. ඤ言ϐ, p ࣁ m,a 的ϦӢ數ࢂ܈ m,ri 的ϦӢ數. Ԝک gcd(m,a) = 1 Ъ

gcd(m,ri) = 1 ࣬ҟ࣯, ள᛾ࡺ gcd(m,ari) = 1.

ќ΋Бय़, ऩ i ̸= j Ъ ari ≡ ar j (mod m), җ߾ gcd(m,a) = 1, ճҔ Corollary 3.2.4 ள
ri ≡ r j (mod m). Ԝک ri ̸≡ r j (mod m) ҟ࣯, ள᛾ࡺ ari ̸≡ ar j (mod m). �
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前य़ගၸ, ๏ۓ m ∈ N, ճҔନа m ӕᎩ的ϩᜪ, ॺёаஒᆶך m ϕ質的數ϩԋ ϕ(m)

ᜪ. Զஒ؂΋ᜪύࡷр΋ж߄ϡન܌ԋϐ໣ӝ൩ࢂ΋ঁ reduced residue system modulo m.
Ϟଷऩ S = {a1, . . . ,aϕ(m)} ک T = {b1, . . . ,bϕ(m)} ࣁࣣ reduced residue system modulo m, Һ
ڗ ai ∈ S, җܭѬж߄ᆶ m ϕ質的ࢌ΋ӕᎩᜪ, Զ T ύΨԖ΋ϡનࢂӧک ai ӕᜪ的ϡન

ύࡷр. ඤ言ϐ, Ӹӧ b j ∈ T ᅈى ai ≡ b j (mod m). Ξҗܭ೭٤ b j ,όӕᜪࣣٿٿ а܌
S ک T ύϡનӧ modulo m ϐΠԖ΋ჹ΋的ჹᔈᜢ߯. Ψ൩ࢂᇥ࿶ၸ፾྽的௨ׇ, ॺך
Ԗ ai ≡ bi (mod m). ӢԜள a1 · · ·aϕ(m) ≡ b1 · · ·bϕ(m) (mod m). ճҔ೭ঁ่݀ךॺёаள᛾
Euler’s Theorem.

Theorem 3.3.2 (Euler’s Theorem). ๏ۓ m ∈ N, ऩ a ∈ Z ᅈى gcd(m,a) = 1, ߾

aϕ(m) ≡ 1 (mod m).

Proof. ڗ S = {r1, . . . .rϕ(m)} ΋ঁࣁ reduced residue system modulo m. २Ӄךॺ᛾ܴ
gcd(m,r1 · · ·rϕ(m)) = 1. ऩ gcd(m,r1 · · ·rϕ(m)) ̸= 1, ջӸӧ΋質數 p ٬ள p|m Ъ p|r1 · · ·rϕ(m).
ճҔ Corollary 1.4.3 Ӹӧޕ ri ∈ S ٬ள p|ri, Ψ൩ࢂᇥ gcd(m,ri) ̸= 1. Ԝک S ࢂ reduced
residue system modulo m Ъ ri ∈ S ࣬ҟ࣯, ள᛾ࡺ gcd(m,r1 · · ·rϕ(m)) = 1.

౜җܭ gcd(m,a) = 1, ճҔࡺ Lemma ޕ3.3.1 {ar1, . . . ,arϕ(m)}Ψࢂ΋ঁ reduced residue
system modulo m, ӢԜள

r1 · · ·rϕ(m) ≡ (ar1) · · ·(arϕ(m))≡ aϕ(m)(r1 · · ·rϕ(m)) (mod m).

ӆӢࣁ gcd(m,r1 · · ·rϕ(m)) = 1, ճҔࡺ Corollary 3.2.4 ள᛾ aϕ(m) ≡ 1 (mod m). �

๏ۓ m ∈N Ϸ a ∈ Z ᅈى gcd(m,a) = 1, ऩз b = aϕ(m)−1, ճҔ߾ Euler’s Theorem ளޕ
ab ≡ aϕ(m) ≡ 1 (mod m). ӢԜךॺډפΑ a ӧ modulo m ϐΠ的४ݤϸϡન.

Corollary 3.3.3. ๏ۓ m ∈ N, ऩ a ∈ Z ᅈى gcd(m,a) = 1, з߾ b = aϕ(m)−1, ཮ᅈى
ab ≡ ba ≡ 1 (mod m).

੝ձӦ, ྽ m ΋ঁ質數ࢂ p ਔ, Euler’s Theorem ൩܌ࢂᒏ的 Fermat’s Little Theorem.
.ॺ੝ձஒѬቪΠٰך

Theorem 3.3.4 (Fermat’s Little Theorem). ๏ۓ΋質數 p, ऩ a ∈ Z ᅈى p - a, ߾

ap−1 ≡ 1 (mod p).

੝ձӦ, ऩз b = ap−2, ߾ ab ≡ ba ≡ 1 (mod p).

Proof. Ӣ p ,΋質數ࢂ җ p - a ϐଷ೛ޕ gcd(p,a) = 1. ΞԜਔ ϕ(p) = p− 1, ௗ঺Ҕޔࡺ
Theorem 3.3.2 ள᛾ ap−1 ≡ 1 (mod p). �

྽ p|aਔ Ferma’s Little Theorem٠όჹ,ӢࣁԜਔ a≡ 0 (mod p),ࡺ ap−1 ≡ 0 (mod p).
όၸךॺёа௢ᏤрΠ΋ঁჹҺཀ整數 a ࣣԋҥ的Ԅη.
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Corollary 3.3.5. ๏ۓ΋質數 p, ჹҺཀ整數߾ a ࣣᅈى

ap ≡ a (mod p).

Proof. Ӣࣁ p аჹҺཀ܌質數ࢂ a ∈ Z, ॺёаϩԋך p|a ک p - a ϐ௃ݩೀ౛. ྽ p|a
ਔ, җܭ a ≡ 0 (mod p), ளࡺ ap ≡ 0 ≡ a (mod p). ྽ p - a ਔ, җ Theorem 3.3.4 ޕ ap−1 ≡ 1

(mod p), ᜐ४΢ٿࡺ a ёள ap ≡ a (mod p). �

3.4. Wilson’s Theorem

྽ p ,΋ঁ質數ਔࢂ ऩ p - a, ߾ Fermat’s Little Theorem ֋ນךॺ ap−2 ӧ modulo p ϐ

Πࢂ a 的४ݤϸϡન. ᗨฅ a 的४ݤϸϡનӧ modulo p ϐΠࢂ୤΋的, Wilson’s Theorem
๏Αךॺӧ modulo p ϐΠ a 的४ݤϸϡન的ќ΋ᅿݤ߄.

๏ۓ m ∈ N, ჹܭҺཀک m ϕ質的整數 a, җ Proposition 3.2.5 ک΋ঁډפ೿ёаޕ m

ϕ質的整數 b ٬ள ab ≡ 1 (mod m), ॺΨගϷᗨฅ೭ኬ的ך b ٠ό୤΋, ՠӧ modulo m 的

ϩᜪϐΠѬ཮ࢂ୤΋的. Ψ൩ࢂᇥѝԖӧନа m ϐΠک b ӕᎩ的整數ω཮಄ӝ. ೭ᅿӧ
modulo m ϐΠ४ݤϸϡન的Ӹӧ୤΋性Ҕ modulo m ϐΠ的 reduced residue system ന৒
.ၲ߄ܰ

Lemma 3.4.1. ๏ۓ m ∈ N, ଷ೛ S = {r1, . . . ,rϕ(m)} ΋ঁࢂ reduced residue system modulo
m. Һཀܭჹ߾ ri ∈ S ࣣӸӧ୤΋的 r j ∈ S ٬ள rir j ≡ 1 (mod m).

Proof. Ӣࣁ S ΋ঁࢂ reduced residue system modulo m, ؂΋ঁ S ύ的ϡન si کࣣ m ϕ

質, ճҔࡺ Proposition 3.2.5 Ӹӧޕ b ∈ Z ٬ள rib ≡ 1 (mod m). җܭ b ک m Ψࢂϕ質的,
җࡺ S ΋ঁࢂ reduced residue system modulo m ϐۓကޕѸӸӧ r j ∈ S ک b ӧ modulo m

ϐΠࢂӕᜪ的, Ψ൩ࢂᇥ b ≡ r j (mod m). ӢԜҗ Lemma 3.1.3 ,ޕ rir j ≡ rib ≡ 1 (mod m).
᛾ளӸӧ性.

ჹܭ୤΋性, ॺӃଷ೛ך r j,rk ∈ S ࣣᅈى rir j ≡ 1 (mod m) аϷ rirk ≡ 1 (mod m). ӢԜ
ள rir j ≡ rirk (mod m). ՠҗܭ gcd(m,ri) = 1, ճҔ Corollary 3.2.4 ள r j ≡ rk (mod m). ՠ S

ࢂ reduced residue system modulo m Ң߄ S ύ࣬౦的ϡનӧ modulo m ϐΠᔈࢂόӕᜪ的,
җࡺ r j ≡ rk (mod m) ޕ r j = rk. ள᛾୤΋性. �

ӵٯ S = {1,2,3,4,5,6,7,8,9,10} ΋ঁࢂ reduced residue system modulo 11, ӧ modulo
11 ϐΠךॺԖ

1×1 ≡ 2×6 ≡ 3×4 ≡ 5×9 ≡ 7×8 ≡ 10×10 ≡ 1 (mod 11).

ӧ೭ঁٯη, S ύନΑ 1 ک 10 аѦځд的ϡનࣣሡᆶќѦ的ϡન࣬४, ೭ӧ modulo ΋૓的
質數೿ࢂჹ的.

Lemma 3.4.2. ๏ۓ΋質數 p. ߾ a ∈ Z ᅈى a2 ≡ 1 (mod p) ऩЪ୤ऩ a ≡±1 (mod p).

Proof. २Ӄऩ a ≡±1 (mod p), ߾ a2 ≡ (±1)2 (mod p). ள᛾ a2 ≡ 1 (mod p).
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ϸϐ, ऩ a2 ≡ 1 (mod p), Ң߄ p|a2 −1, Ψ൩ࢂᇥ p|(a−1)(a+1), Ӣࡺ p ,質數ࢂ ճҔ
Lemma 1.4.2 ள p|a−1 ܈ p|a+1. Ψ൩ࢂᇥ a ≡ 1 (mod p) ܈ a ≡−1 (mod p). �

ाݙཀ Lemma 3.4.2 ӧ modulo ΋૓的ߚ質數ϐΠ൩ό΋ۓჹΑ, ӵӧٯ modulo 15 ϐ

ΠନΑ 1 ک 14 Ѧ, ᗋԖ 4 ཮ᅈى 42 ≡ 1 (mod 15), ԶЪࡐᡉฅ的 4 ̸≡ ±1 mod 15. аा܌

ճҔ Lemma 3.4.2, ,׎ӧ質數的௃ۓॺѸ໪ज़ך Ԝਔךॺёаளډ Wilson’s Theorem.

Theorem 3.4.3 (Wilson’s Theorem). ๏ۓ΋質數 p. ೛ {r1, . . . ,rp−1} ΋ࣁ reduced residue
system modulo p. ߾

r1 · · ·rp−1 ≡−1 (mod p).

੝ձӦ, ॺԖך

(p−1)! ≡−1 (mod p).

Proof. ऩ p = ߾,2 modulo 2ϐΠ的 reduced residue systemࣁ {r1}΋ঁϡન,ځύ r1 ≡ 1

(mod 2). ՠӧ modulo 2 ϐΠךॺԖ 1 ≡−1 (mod 2), ள᛾ࡺ r1 ≡−1 (mod 2).

౜Եቾ p > 2 的௃׎, з S = {r1, . . . ,rp−1} җܭ gcd(p,1) = gcd(p,−1) = 1 Ъ 1 ̸≡ −1

(mod p) (ց߾ p|2), ϩձӸӧࡺ ri,r j ∈ S ύځ ri ̸= r j ᅈى ri ≡ 1 (mod p) Ъ r j ≡ −1

(mod p). ӢԜόѨ΃૓性, ॺёଷ೛ך r1 ≡ 1 (mod p) Ъ r2 ≡ −1 (mod p). ౜Եቾ ri ∈ S,
ύځ 3 ≤ i ≤ p−1. ٩ Lemma Ӹӧ୤΋的ޕ3.4.1 r j ∈ S٬ள rir j ≡ 1 (mod p). Ӣࣁ ri ̸≡ ±1

(mod p),ޕࡺ r j ̸≡ ±1 (mod p),Ψ൩ࢂᇥ 3 ≤ j ≤ p−1. Ξऩ ri = r j,཮Ꮴठ r2
i ≡ 1 (mod p),

೭ᆶ Lemma 3.4.2 ࣬ҟ࣯, ޕࡺ i ̸= j. Ψ൩ࢂᇥӧ T = {r3, . . . ,rp−1} ύҺڗ΋ϡન ri Ѹё

୤΋的ќ΋ϡનډפ r j ∈ T ٬ள rir j ≡ 1 (mod p). ӢԜךॺёаჹ T ύ೭ p−3 ঁϡનٿ

ଛჹٿ ཀݙ) p ,(數ڻࢂ ٬ள؂΋ჹύϡન࣬४ࡕନа p ཮Ꭹ 1. Ψ൩ࢂᇥ r3 · · ·rp−1 ≡ 1

(mod p). ӢԜךॺள᛾

r1r2r3 · · ·rp−1 ≡ r1r2 ≡−1 (mod p).

നࡕҗܭ {1,2, . . . , p−1} ΋ঁࢂ modulo p 的 reduced residue system, ޕࡺ

1×2×·· ·× (p−1) = (p−1)! ≡−1 (mod p).

�

ऩ pࢂ΋質數Ъ aکࢂ pϕ質的整數,ךॺёаճҔWilson’s Theoremډפӧ modulo
p ϐΠ, a 的४ݤϸϡન. җܭ྽ a ≡ ±1 (mod p) ਔ a2 ≡ 1 (mod p), Ψ൩ࢂᇥ a 本يӧ

modulo p ϐΠࢂԾρ的४ݤϸϡન, ॺ໻૸論ךа܌ a ̸≡ ±1 (mod p) 的௃ݩ.

Corollary 3.4.4. ๏ۓ΋質數 p Ϸ a ∈Z ᅈى p - a. ଷ೛ a ≡ i (mod p), ύځ 2 ≤ i ≤ p−2.
ऩз

b =
(p−2)!

i
߾ ab ≡ 1 (mod p).
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Proof. җܭ 2 ≤ i ≤ p−2, ޕॺך b .΋ঁ整數ࢂ Ԝਔ

ab ≡ i
(p−2)!

i
≡ (p−2)! (mod p)

Ξҗܭ (p−1)! = (p−1) · (p−2)! Ъ p−1 ≡−1 (mod p), ள᛾ࡺ

ab ≡ (p−2)! ≡−((p−1)!)≡ 1 (mod p).

�

ॺϝाமፓ΋Πᗨฅך Lemma 3.4.1 ӧ΋૓的 m ∈ N ೿ԋҥ, ՠ Lemma 3.4.2 ሡज़ڋ
ӧ質數ਔωԋҥ, а܌ Wilson’s Theorem ӧ modulo ΋૓的 m ٠ό΋ۓԋҥ. Ψ൩ࢂᇥऩ
{r1, . . . ,rϕ(m)} ΋ঁࢂ reduced residue system modulo m, ٠ό΋ۓёаள r1 · · ·rϕ(m) ≡ −1

(mod m). ӵӧٯ modulo 15 ϐΠךॺϐᗋԖ 4 ک −4 ᅈى 42 ≡ (−4)2 ≡ 1 (mod 15), ܌
аճҔ Theorem 3.4.3 的᛾ܴБݤ (ௗीᆉޔ܈) ,ॺёளך ऩ {r1, . . . ,r8} ΋ঁࢂ reduced
residue system modulo 15, ߾ r1 · · ·r8 ≡ 1 (mod 15). ᗨฅճҔ Theorem 3.4.3 的Бךݤॺ
ёаஒ Wilson’s Theorem ௢ቶډ΋૓ m 的௃׎, όၸԜਔჹ΋ঁ modulo m 的 reduced
residue system {r1, . . . ,rϕ(m)} ᅈى r2

i ≡ 1 (mod m) 的 ri ཮Ԗࡐӭᅿ௃׎, ૸論ଆٰၨፄᚇ,
ӧ೭္ךॺ൩όӭ௖૸Α.



Chapter 4

Congruence Equations

ฅӧࡽ modulo m ϐΠ “≡” ёаӵ “=” ΋ኬၮᆉ, ॺӕኬ的ёа௖૸ှБำԄך
的ୢᚒ. ೭ኬ的БำԄ൩ᆀࣁ congruence equation. 本ᖱကύ, ॺѝ૸論ှൂᡂ數的ך
congruence equation. ೭΋കύ, ॺஒ௖૸ှך congruence equation 的΋૓চ߾, ٠૸論ύ
୯ഭᎩۓ౛аϷှ΋次的 congruence equation.

4.1. ှ Congruence Equation 的চ߾

๏ۓ΋整߯數ӭ໨Ԅ f (x) (ջ f (x) = cnxn + · · ·+ c1x+ c0, ύځ ci ∈ Z), җܭ f (x) 的߯

數ࢂ整數, ஒ x жҺ΋整數 a ਔ, f (a) ϝࣁ整數. ӢԜऩ๏ۓ m ∈ N, ॺёаୢ࡛ኬ的整ך
數 a ཮٬ள f (a)≡ 0 (mod m) (ջ m| f (a)). ᒏ的ှ܌ࢂԖ的整數ှ൩܌೭ኬפ congruence
equation.

๏ۓ f (x) = cnxn + · · ·+ c1x+ c0, ύځ ci ∈ Z. ऩςޕჹܭ m ∈ N, a ∈ Z ࢂ f (x) ≡ 0

(mod m) 的΋ঁှ, ջ f (a) ≡ 0 (mod m). ଷ೛ b ≡ a (mod m), җ Proposition 3.2.2 ,ޕ
ჹҺཀ i ∈ N ࣣԖ bi ≡ ai (mod m). ӆҗӕ΋ Proposition ޕ cibi ≡ ciai (mod m), ຾Զள
f (b) ≡ f (a) (mod m). Ψ൩ࢂᇥ, ऩ x = a ࢂ f (x) ≡ 0 (mod m) 的΋ঁ整數ှ, ჹҺཀ߾
b ∈ Z ᅈى b ≡ a (mod m), x = b ҭࣁ f (x)≡ 0 (mod m) 的΋ঁှ. аऩ܌ x = a ࢂ f (x)≡ 0

(mod m) 的΋ঁ整數ှ, ॺ೯த཮ᇥך x ≡ a (mod m) ࢂ f (x) ≡ 0 (mod m) 的΋ঁှ. ྽
ฅᗋԖёૈԖځдӧ modulo m ϐΠک a όӕᎩ的整數཮ࢂ f (x)≡ 0 (mod m) 的ှ. ॺך
Ѹ໪ע೭٤ှҔ modulo m 的ӕᎩᜪ的БԄӄ೽ቪΠ, ೭ኬ的ၲ߄Бݤωૈஒ܌Ԗ的整數
ှቪΠ. ॺӧ談ךа܌ f (x)≡ 0 (mod m) 的ှਔ, 談的ࢂ modulo m 的ӕᎩᜪ, ӢԜ྽ךॺ
ᇥ f (x) ≡ 0 (mod m) 的ှ的ঁ數ਔ, 談的ࢂӧ modulo m ϐΠԖӭϿ的࣬౦ӕᎩᜪ཮ᅈى

f (x)≡ 0 (mod m), Զόࢂ談ԖӭϿঁ整數ှ.

வ೭ঁٰ࣮ࡋف, ॺѝाӈр΋ঁך modulo m 的 complete residue system S, ฅࡕஒ S

的ϡન΋΋஥Ε f (x) ύ, ࣮࣮ব΋٤཮٬ள f (x) ≡ 0 (mod m), ٗሶ൩ёа܌ډפԖ的ှ
Α. όၸ೭Бݤӧ m .εਔ൩ᡉளόϪჴሞΑࡐ ӢԜךॺ׆ఈૈว৖΋঺౛論, ԿϿૈ౛ှ
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΋٤ၨ੝ਸ的 congruence equation .的੝性ှځ όၸόᆅ࡛ኬ, ၰ΋ঁޕॺך congruence
equation ӧ modulo m ϐΠှځ的ঁ數Կӭ൩ࢂ m.

,ჴ΢ځ ΋٤ှډॺϐ前൩ςௗ᝻ך congruence equation 的ୢᚒΑ. ӧ modulo m ϐΠ

פ a ∈Z的४ݤϸϡન的ୢᚒ٣ჴ΢൩ࢂӧှ ax ≡ 1 (mod m) (ջ ax−1 ≡ 0 (mod m))೭΋
ঁ congruence equation. җ Proposition ྽ޕ3.2.5 aک mόϕ質ਔ,Ԝ congruence equation
คှ. ќѦу΢ Proposition 3.2.3, ၰ྽ޕॺך a ک m ϕ質ਔԜ congruence equation ӧ
modulo m ϐΠԖ୤΋ှ.

ӆӵ Lemma 3.4.2 ૸論྽ࢂ p 質數ਔࢂ x2 ≡ 1 (mod p) 的ှ. Ԝਔҗ Lemma 3.4.2 ך
ॺޕ྽ p ,ှঁٿ質數ਔԖڻࢂ ϩձࢂ x ≡ 1 (mod p) ک x ≡−1 (mod p). ॺගၸ྽ך m ό

,質數ਔࢂ ᗨฅ x ≡ ±1 (mod m) ϝࣁ x2 ≡ 1 (mod m) ೭΋ঁ congruence equation 的ঁٿ
ှ, ՠԜ congruence equation ԖёૈԖӭှঁٿܭ. ӵٯ x2 ≡ 1 (mod 15) 的ှ൩ࢂ x ≡±1

(mod 15) ک x ≡±4 (mod 15) ೭ 4 ঁှ. ೭ךکॺ΋૓ዕޕ΋ঁ n 次ӭ໨ԄԿӭԖ n ঁှ

όӕ, ᔈ੝ձݙཀ.

΋ঁ n 次的ჴ߯數ӭ໨ԄԿӭԖ n ঁှ的চӢࢂӢࣁჴ߯數ӭ໨Ԅϐ໔ΨԖ܌ᒏ的ନ

,চ౛ݤ ೭ঁচ౛٠όૈ঺Ҕӧ整߯數ӭ໨Ԅύ. όၸ྽ନԄࢂ΋ঁനଯ次໨߯數ࣁ 1 的整

߯數ӭ໨Ԅਔ, ϝё঺Ҕନݤচ౛. җךܭॺ٠όሡा΋૓的性質, ೭္ךॺ໻௖૸ନԄࢂ
΋次ӭ໨Ԅ的௃ݩ.

Lemma 4.1.1. ଷ೛ f (x) ΋ঁࢂ n 次 (n ≥ 1) 的整߯數ӭ໨ԄЪ a ∈ Z. Ӹӧ΋ঁ߾ n−1

次的整߯數ӭ໨Ԅ h(x) аϷ r ∈ Z ᅈى

f (x) = (x−a)h(x)+ r.

Proof. ჹ f (x) 的次數 n ଺數Ꮲᘜયݤ. ଷ೛ f (x) ࢂ 1 次ӭ໨Ԅ, ջ f (x) = c1x+ c0, з߾
h(x) = c1 Ъ r = ac1 + c0, ॺளך (x−a)h(x)+ r = f (x).

ᔈҔ數Ꮲᘜયݤ, ଷ೛ჹ次數 n < k 的整߯數ӭ໨Ԅ g(x), ࣣӸӧ n−1 次的整߯數ӭ໨

Ԅ h0(x) аϷ r0 ∈ Z ٬ள g(x) = (x−a)h0(x)+ r0. ౜Եቾ f (x) 的次數 n = k 的௃׎, Ψ൩ࢂ
ᇥ f (x) = ckxk +ck−1xk−1+ · · ·+c1x+c0, ύځ ci ∈ Z Ъ ck ̸= 0. з g(x) = f (x)− (x−a)ckxk−1,
߾ g(x) = (ck−1 + cka)xk−1 + · · ·c1x+ c0 ܭ΋ঁ次數λࢂ k 的整߯數ӭ໨Ԅ. ঺Ҕᘜયଷ೛ࡺ
ܭӸӧ΋次數λޕ k−1 的整߯數ӭ໨Ԅ h0(x) аϷ r0 ∈ Z ٬ள g(x) = (x−a)h0(x)+ r0. Ψ
൩ࢂᇥ f (x) = (x−a)ckxk−1 +(x−a)h0(x)+ r0. зࡺ h(x) = ckxk−1 +h0(x) аϷ r = r0, ॺך
Ԗ h(x) ࣁ΋ঁ次數ࢂ k−1 的整߯數ӭ໨ԄЪ r ∈ Z ᅈى f (x) = (x−a)h(x)+ r. �

঺Ҕ Lemma 4.1.1, ॺёа᛾ள྽ך p ΋質數ਔӧࢂ modulo p ϐΠ΋ঁ n 次的

congruence equation നӭԖ n ঁှ. όၸ२Ӄךॺሡჹ΋ঁ congruence equation 的次數Π
.ကۓঁ

Definition 4.1.2. ଷ೛ f (x) = cnxn + · · ·+ c1x+ c0 ,΋ঁ整߯數ӭ໨Ԅࢂ ๏ۓ m ∈ N.

(1) ऩ m - cn, ॺᆀך߾ f (x) ӧ modulo m ϐΠࢂ΋ঁ次數 (degree) ࣁ n 的ӭ໨Ԅ.
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(2) ऩ m - cr ՠ m|ci, for r < i ≤ n, ॺᆀך߾ f (x) ӧ modulo m ϐΠࢂ΋ঁ次數ࣁ r 的

ӭ໨Ԅ.

ӵ݀΋ঁ整߯數ӭ໨Ԅ g(x)ځӧ modulo mϐΠϐ次數ࣁ n,ך߾ॺᆀ g(x)≡ 0 (mod m)

΋ঁࢂ n 次的 congruence equation.

җԜۓကךॺޕၰऩ f (x) ΋ঁӧࢂ modulo m ϐΠ次數ࣁ n 的整߯數ӭ໨Ԅ, Ԗёૈ
f (x) 本ي的次數ࢂεܭ n 的. όၸךॺёаډפ΋ঁ次數ࣁ n 的整߯數ӭ໨Ԅ g(x) ٯ)
ӵմѐ f (x) ύёа೏ m 整ନ的໨) ٬ளჹҺ΋整數 a, ࣣԖ f (a) ≡ g(a) (mod m). а܌
f (x) ≡ 0 (mod m) 的ှ཮ک g(x) ≡ 0 (mod m) ࣬ӕ. җךܭॺѝᜢЈ congruence equation
的ှ, ྽૸論΋ঁࡕаϞ܌ n 次的 congruence equation f (x)≡ 0 (mod m) ਔ, όѨ΃૓性,
ௗଷ೛ޔॺ൩ך f (x) 的次數ࣁ n.

Theorem 4.1.3 (Lagrange). ๏ۓ΋質數 p аϷ΋整߯數ӭ໨Ԅ f (x). ӵ݀ӧ modulo p

ϐΠ f (x)≡ 0 (mod p) ࣁ΋ঁ次數ࢂ n 的ӭ໨Ԅ, ߾ f (x)≡ 0 (mod p) ӧ modulo p ϐΠԿ

ӭԖ n ঁှ.

Proof. όѨ΋૓性, ॺଷ೛ך f (x) = cnxn + · · ·+ c1x+ c0, ύځ p - cn. ॺჹך n ଺ᘜયݤ.
२Ӄ྽ f (x) = c1x+ c0 ,΋次整߯數ӭ໨Ԅਔࢂ ଷ೛ x ≡ a (mod p) ࢂ f (x) ≡ 0 (mod p)

的΋ঁှ. ౜ќଷ೛ x ≡ b (mod p) Ψࢂ΋ঁှ, ҭջ c1a+ c0 ≡ c1b+ c0 (mod p). Ӣࣁ
gcd(p,c1) = 1, җ Lemma 3.2.4 ёள a ≡ b (mod p). Ψ൩ࢂᇥ n = 1 ਔԿӭԖ΋ঁှ.

Ҕᘜયଷ೛྽ n < k ਔ΋ঁ n 次的 congruence equation ԿӭԖ n ঁှ. ౜Եቾ n = k 的

௃׎. ऩ x ≡ a (mod p) ࢂ f (x)≡ 0 (mod p) 的΋ঁှ, ճҔ Lemma 4.1.1 Ӹӧ΋ঁ次數ޕ
ࣁ k−1 的整߯數ӭ໨Ԅ h(x) аϷ r ∈ Z ٬ள f (x) = (x−a)h(x)+ r. ٩ଷ೛ x ≡ a (mod p)

ࢂ f (x)≡ 0 (mod p) 的΋ঁှ, ջ f (a)≡ 0 (mod p), ஒ a жΕள f (a) = r ≡ 0 (mod p). ౜
ќଷ೛ x ≡ b (mod p)Ψࢂ΋ঁှ,߾җ f (b) = (b−a)h(b)+rޕ (b−a)h(b)≡ 0 (mod p). ඤ
言ϐ,ऩ b ̸≡ a (mod p),ջ p - (b−a),߾җ Lemma ,ޕ1.4.2 p|h(b),Ψ൩ࢂᇥ x ≡ b (mod p)

ࢂ h(x) ≡ 0 (mod p) 的΋ঁှ. ӢԜךॺޕၰ k 次 congruence equation f (x) ≡ 0 (mod p)

的ှࣁ x ≡ a (mod p) ܈ h(x)≡ 0 (mod p) 的ှ. ฅԶ h(x)≡ 0 (mod p) ܭ΋ঁ次數λࢂ k

的 congruence equation, ԿӭԖځଷ೛ݤ٩ᘜયࡺ k−1 ঁှ, ள᛾ࡺ f (x)≡ 0 (mod p) Կ

ӭԖ k ঁှ. �

നךࡕॺӆ次ගᒬ, ाှ congruence equation f (x) ≡ 0 (mod m) ሡஒှ的܌Ԗ௃ݩቪ

Πٰ, ΋૓཮ஒှа x ≡ a (mod m) ೭ኬ的׎ԄቪΠٰ. όၸԖਔࣁΑБךߡॺ཮ஒှа
modulo ձ的數的БԄቪΠ. ӵှٯ x2 ≡ 1 (mod 8), ,ى數೿ᅈڻԖ的܌ॺว౜ך Αࣁа܌
Бךߡॺёаஒှа x ≡ 1 (mod 2) ቪΠ. όၸाݙཀ೭ᅿ׎ԄቪΠࡕ྽ךॺගϷှ的ঁ
數ਔሡගϷӧ modulo ϙሶϐΠ的ှ的ঁ數. ॺёаᇥךύٯӵӧԜٯ x2 ≡ 1 (mod 8) ӧ

modulo 8 ϐΠԖ x ≡ 1,3,5,7 (mod 8), 4 ঁှ, Ψёаᇥӧ modulo 2 ϐΠԖ΋ঁှ.
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4.2. ݤதҔ的Бঁٿ

的ۓஒ΋ঁ๏ݤᅿதҔ的Бٿॺϟಏך congruence equation ϯԋᙁൂ΋ᗺ的׎Ԅ, ӆ
ٰ؃ှ.

ӧ೭΋࿯ύךॺ೿ଷ೛ f (x) = anxn + · · ·+a1x+a0, ύځ ai ∈ Z, Զ m ∈ N 的҅ۓ΋๏ࢂ
整數. ॺा談論ך f (x)≡ 0 (mod m) ೭΋ঁ congruence equation.

ಃ΋ᅿ௃ࢂ׎೭ኬ的: ӵ݀ d ࢂ an, . . . ,a1,a0 аϷ m 的҅ϦӢ數. Ψ൩ࢂᇥךॺёа
ஒ ai Ϸ m ቪԋ an = a′nd, . . . ,a1 = a′1d,a0 = a′0d аϷ m = m′d, ύ೭٤ځ a′i ∈ Z Ъ m′ ∈ N.
з g(x) = a′nxn + · · ·a′1x+ a′0, ॺٰ௖૸ך f (x) ≡ 0 (mod m) Ϸ g(x) ≡ 0 (mod m′) ೭ঁٿ

congruence equation ϐ໔的ᜢ߯.

Proposition 4.2.1. ๏ۓ m ∈ N Ϸ f (x) = anxn + · · ·+ a1x + a0, ύځ ai ∈ Z. ଷ೛ d

ࢂ an, . . . ,a1,a0 Ϸ m 的҅ϦӢ數Ъ an = a′nd, . . . ,a1 = a′1d,a0 = a′0d аϷ m = m′d. з
g(x) = a′nxn + · · ·+a′1x+a′0.

ऩ x ≡ c (mod m′) ࢂ g(x)≡ 0 (mod m′) 的΋ঁှ, ჹҺཀ߾ t ∈ Z, x ≡ c+m′t (mod m)

ࣁ f (x) ≡ 0 (mod m) 的ှ. ќ΋Бय़, ऩ g(x)≡ 0 (mod m′) คှ, ߾ f (x)≡ 0 (mod m) ค

ှ.

Proof. x ≡ c (mod m′) ࣁ g(x) ≡ 0 (mod m′) 的΋ঁှ, Ң߄ m′|a′ncn + · · ·+ a′1c+ a′0. ӢԜ
ёள m′d|a′ndcn + · · ·+ a′1dc+ a′0d, Ψ൩ࢂᇥ m|ancn + · · ·a1c+ a0. ӢԜ x ≡ c (mod m) ࢂ

f (x)≡ 0 (mod m) 的΋ঁှ.

౜ჹҺཀ t ∈ Z Եቾ c′ = c+m′t. җܭ c ≡ c′ (mod m′), ޕ x ≡ c′ (mod m′) Ψࢂ g(x)≡ 0

(mod m′)的΋ঁှ. ܭ঺Ҕ΢य़的૸論ࡺ c′ = c+m′t 的௃ך,׎ॺޕ x ≡ c+m′t (mod m)ࢂ

f (x)≡ 0 (mod m) 的΋ঁှ. ӢԜ᛾ܴΑჹҺཀ t ∈ Z, x ≡ c+m′t (mod m) Ψ཮ࢂ f (x)≡ 0

(mod m) 的΋ঁှ.

ќ΋Бय़, ऩ x ≡ c (mod m) ࣁ f (x) ≡ 0 (mod m) 的΋ঁှ, ջ m|ancn + · · ·+ a1c+ a0,
߾ m′|a′ncn + · · ·+a′1c+a′0. Ψ൩ࢂᇥ x ≡ c (mod m′) ࣁ g(x)≡ 0 (mod m′) 的΋ঁှ. ӢԜऩ
g(x)≡ 0 (mod m′) คှ, ߾ f (x)≡ 0 (mod m) ҭคှ. �

Proposition 4.2.1 ֋ນךॺ, ӵ݀ x ≡ c (mod m′) ࢂ g(x) ≡ 0 (mod m′) 的΋ঁှ, ჹ߾
Һཀ t ∈ Z, x ≡ c+m′t (mod m) ࢂ཮ߡ f (x) ≡ 0 (mod m) 的΋ঁှ. όၸ೭္җךܭॺा
Եቾӧ modulo m 的௃ݩ, .ख़ፄ的ࢂӭှࡐ ٣ჴ΢ऩ t ≡ t ′ (mod d), җ߾ d|t − t ′, ёள
dm′|m′(t − t ′). Ψ൩ࢂᇥ c+m′t ≡ c+m′t ′ (mod m). ӢԜךॺѝाԵቾ x ≡ c+m′t (mod m)

ύځ 0 ≤ t ≤ d−1, ൩ёаΑ. Ψ൩ࢂᇥ, ӧ modulo m′ ϐΠ g(x)≡ 0 (mod m′) 的΋ঁှ, ߡ
཮ჹᔈډ f (x)≡ 0 (mod m) ӧ modulo m ϐΠ d ঁှ. ฅԶ؂ঁ f (x)≡ 0 (mod m) 的ှ೿

཮ࢂ g(x)≡ 0 (mod m′) 的ှ, ӢԜԖаΠ的่݀.

Corollary 4.2.2. ๏ۓ m ∈ N Ϸ f (x) = anxn + · · ·+ a1x + a0, ύځ ai ∈ Z. ଷ೛ d ࢂ

an, . . . ,a1,a0 Ϸ m 的҅ϦӢ數Ъ an = a′nd, . . . ,a1 = a′1d,a0 = a′0d аϷ m = m′d. з g(x) =
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a′nxn + · · ·+ a′1x+ a′0. ऩ g(x) ≡ 0 (mod m′) ӧ modulo m′ ϐΠԖ k ঁှ, ߾ congruence
equation f (x)≡ 0 (mod m) ӧ modulo m ϐΠ཮Ԗ kd ঁှ.

Proposition 4.2.1 ஒ΋ঁ modulo m 的 congruence equation ϯԋ΋ঁ modulo Кၨλ的
m′ 的 congruence equation. ೭ኬ΋ٰҗܭӧ modulo m′ ϐΠाԵቾ的數ၨϿ, ᔈ၀ஒচٰ
的ୢᚒᙁϯΑ. ฅԶऩ an, . . . ,a1,a0 ک m ,ϕ質的ࢂ ॺϝฅёаԵቾך modulo ၨλ的ॶ࣮
࣮ԖؒԖှ. ٣ჴ΢, .ॺԖаΠϐ่݀ך

Lemma 4.2.3. ๏ۓ m ∈ N Ϸ΋整߯數ӭ໨Ԅ f (x). ऩ m′|m Ъ f (x) ≡ 0 (mod m′) คှ,
߾ f (x)≡ 0 (mod m) ҭคှ.

Proof. ଷ೛ f (x)≡ 0 (mod m)ԖှЪ x ≡ c (mod m)ځࣁύ΋ှ,ջ m| f (c). җܭ m′|m,ޕ
m′| f (c),Ψ൩ࢂᇥ x ≡ c (mod m′)ࣁ f (x)≡ 0 (mod m′)ϐ΋ှ. Ԝᆶଷ೛ f (x)≡ 0 (mod m′)

คှҟ࣯, ள᛾ࡺ f (x)≡ 0 (mod m) คှ. �

Lemma 4.2.3 ک Proposition 4.2.1 όӕϐೀӧܭ Proposition 4.2.1 ஒচӭ໨ԄӚ߯數
ନаϦӢ數ࡕԵቾ modulo m′ ϐှ, ԶЪёճҔှځளډচӭ໨Ԅӧ modulo m ϐှ, Զ
Lemma 4.2.3 ٠ؒԖׯᡂӭ໨Ԅ, Ъ໻ޕচӭ໨Ԅӧ modulo Кၨλ的 m′ ϐΠคှё௢ள

চӭ໨Ԅӧ modulo m ϐΠคှ. ՠคவղᘐӧ modulo m′ ϐΠԖှࢂցёளӧ modulo m

ϐΠԖှ, ԶЪΨคவ௢ளှϐ׎Ԅ. όၸऩךॺӭԵቾ൳ঁ m 的Ӣ數܌ள的 congruence
equations, ዴჴёаᔅךॺளှޕϐ௃׎. ೭൩ךࢂॺा௖૸的ಃ二ᅿБݤ.

೭΋ᅿதҔ的Бݤ൩ࢂӃஒ m ቪԋ質Ӣ數的ϩှ, ջ m = pn1
1 · · · pnr

r , ύ೭٤ځ pi ࣬ࣁ

౦質數. ௗ๱໻ा௖૸ჹ܌Ԗ i = 1, . . . ,r, f (x) ≡ 0 (mod pni
i ) ϐှ的௃׎൩ё, ӢךࣁॺԖ

аΠϐ่݀.

Proposition 4.2.4. ଷ೛ m = pn1
1 · · · pnr

r , ύ೭٤ځ pi ౦質數Ъ࣬ࣁ f (x) ΋整߯數ӭࣁ

໨Ԅ. ऩӸӧ i ∈ {1, . . . ,r}, ٬ள f (x) ≡ 0 (mod pni
i ) คှ, ߾ f (x) ≡ 0 (mod m) คှ. ќ

΋Бय़, x ≡ c (mod m) ࣁ f (x) ≡ 0 (mod m) ϐ΃ঁှऩЪ୤ऩჹҺཀ i ∈ {1, . . . ,r}, x ≡ c

(mod pni
i ) ࣁࣣ f (x)≡ 0 (mod pni

i ) 的ှ.

Proof. २Ӄ,җܭ pni
i |m,ӢԜ঺Ҕ Lemma ऩ,ޕ4.2.3 f (x)≡ 0 (mod pni

i )คှ,߾ f (x)≡ 0

(mod m) คှ.

౜ଷ೛ x ≡ c (mod m) ࣁ f (x) ≡ 0 (mod m) 的΋ঁှ, Ψ൩ࢂᇥ m| f (c), җܭჹҺཀ
i ∈ {1, . . . ,r} ࣣԖ pni

i |m, ޕ pni
i | f (c). ӢԜޕჹ܌Ԗ的 i ∈ {1, . . . ,r}, x ≡ c (mod pni

i ) ࣁ

f (x)≡ 0 (mod pni
i ) 的ှ.

ϸϐ, ऩჹ܌Ԗ i ∈ {1, . . . ,r}, x ≡ c (mod pni
i ) ࣁࣣ f (x)≡ 0 (mod pni

i ) 的ှ. ջ pni
i | f (c).

೭٤ܭҗ߾ pni
i ,ϕ質的ٿٿࢂ ճҔ Proposition 1.2.6(2) ޕ pn1

1 · · · pnr
r | f (c), ҭջ m| f (c). ࡺ

ள᛾ x ≡ c (mod m) ࣁ f (x)≡ 0 (mod m) 的΋ঁှ. �

Proposition 4.2.4 ֋ນךॺ, ऩԖ΋ঁ pi ٬ள f (x) ≡ 0 (mod pni
i ) คှ, ٗሶ f (x) ≡ 0

(mod m) ൩คှ. ՠࢂӵ݀ჹ܌Ԗ的 pi, f (x) ≡ 0 (mod pni
i ) ࣣԖှ, Ң߄ցࢂ f (x) ≡ 0
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(mod m) Ԗှګ? เਢۓޭࢂ的. ೭ࢂӢࣁᗨฅჹҺཀ的 pi ှள的ှ҂Ѹ࣬ӕ, ՠճҔа
ى΋整數ӕਔᅈډפ౛ёۓ཮௖૸的ύ୯ഭᎩࡕ modulo pni

i Π؂ঁှ的׎Ԅ, ӢԜёҗ
Proposition 4.2.4 ளޕ f (x)≡ 0 (mod m) Ԗှ. ᜢܭԜ೽ҽаࡕӧ௖૸ύ୯ഭᎩۓ౛ਔךॺ
཮ӆᇥܴ.

4.3. ΋次的 Congruence Equations

ॺ௖૸നᙁൂ的΋ᅿך congruence equation, Ψ൩ࢂ΋次的 congruence equation. ॺך
ஒ཮ޕၰှځ的ঁ數Ϸှ的׎Ԅ.

๏ۓ m ∈ N ᒏ܌ modulo m 的΋次 congruence equation ջ ax ≡ b (mod m) ೭ኬ׎

Ԅ的 congruence equation, ύځ a,b ∈ Z Ъ m - a. २Ӄךॺٰ࣮࣮ӵՖղձ΋ঁ΋次的
congruence equation .ցԖှࢂ

Proposition 4.3.1. ๏ۓ m ∈ N. Եቾ΋次的 congruence equation ax ≡ b (mod m), ύځ
m - a. ଷ೛ d = gcd(m,a). ߾ d|b ऩЪ୤ऩ ax ≡ b (mod m) Ԗှ.

Proof. ٩ଷ೛ d = gcd(m,a), ࡺ d | m, ॺёаԵቾך congruence equation ax ≡ b (mod d).
ΞҗךܭॺԖ d | a,ӢԜӧ modulo d ϐΠள ax≡ 0x (mod d). ౜ऩ d - b,ҭջ b ̸≡0 (mod d),
ள congruence equation ax ≡ b (mod d) (ջ 0x ≡ b (mod d)) คှ. җࡺ Lemma 4.2.3 ޕ
ax ≡ b (mod m) คှ.

ϸϐ, ऩ d|b, ёள߾ d = gcd(d,b) = gcd(gcd(m,a),b). з a = a′d,b = b′d,m = m′d.
җ Proposition 4.2.1 ޕ ax ≡ b (mod m) ԖှऩЪ୤ऩ a′x ≡ b′ (mod m′) Ԗှ. ౜җܭ
gcd(a,m) = dךॺԖ gcd(a′,m′) = 1,٩ Proposition Ӹӧޕ3.2.5 e∈Z٬ள a′e≡ 1 (mod m′).
ஒࡺ a′x ≡ b′ (mod m′) ϐٿᜐ४΢ e ள

x ≡ a′ex ≡ b′e (mod m′).

ӢԜёள x ≡ b′e (mod m′) ࣁ a′x ≡ b′ (mod m′) 的΋ঁှ, ӢԶҗ Proposition 4.2.1 ளޕ
x ≡ b′e (mod m) ҭࣁ ax ≡ b (mod m) 的΋ঁှ. �

ӧ Proposition 4.3.1 的᛾ܴύ, ډפॺך a′x ≡ b′ (mod m′) ӧ modulo m′ ϐΠ的΋ಔ

ှ. ٣ჴ΢, җܭ gcd(a′,m′) = 1, a′x ≡ b′ (mod m′) ӧ modulo m′ ϐΠ的ှ٣ჴ΢ࢂ୤΋的.

Lemma 4.3.2. ๏ۓ m ∈ N. Եቾ΋次的 congruence equation ax ≡ b (mod m). ऩ

gcd(a,m) = 1, ߾ ax ≡ b (mod m) ӧ modulo m ϐΠှځ୤΋.

Proof. ଷ೛ x ≡ c (mod m) ک x ≡ c′ (mod m) ࣁࣣ ax ≡ b (mod m) 的΋ঁှ, җ߾ ac ≡
b ≡ ac′ (mod m) ள m | a(c− c′). ӆҗ gcd(m,a) = 1, ள m | c− c′ (Proposition 1.2.6), ҭջ
c ≡ c′ (mod m). �

ճҔ Lemma 4.3.2 ၰऩޕॺଭ΢ёаך congruence equation ax ≡ b (mod m) Ԗှ, ߾
ӧځ modulo m ϐΠှ的ঁ數.
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Proposition 4.3.3. ๏ۓ m ∈ N. Եቾ΋次的 congruence equation ax ≡ b (mod m). ऩ
d = gcd(m,a) Ъ d | b, ߾ ax ≡ b (mod m) ӧ modulo m ϐΠӅԖ d ঁှ. ٣ჴ΢, ऩ x ≡ c

(mod m/d) ࢂ (a/d)x ≡ (b/d) (mod m/d) 的΋ঁှ, ߾ ax ≡ b (mod m) ӧ modulo m ϐΠ

ࣁԖ的ှ܌

x = c+ t
m
d
, t = 0,1, . . . ,d −1.

Proof. ऩ d|b, ёள߾ d = gcd(d,b) = gcd(gcd(m,a),b). з a = a′d,b = b′d,m = m′d. җܭ
gcd(a′,m′) = 1, ٩ Lemma 4.3.2 ޕॺך a′x ≡ b′ (mod m′) ӧ modulo m′ ϐΠှځ୤΋. ౜
ऩ x ≡ c (mod m′) ,ှځࢂ җ߾ Proposition 4.2.1 ޕ ax ≡ b (mod m) 的ှࣣࣁ x = c+ tm′

ύځ t ∈ Z. ӆҗ Corollary 4.2.2 ளޕӧ modulo m ϐΠ ax ≡ b (mod m) ӅԖ d ঁှ, ջ
x = c+ t(m/d), t = 0,1, . . . ,d −1. �

,ߡΑБࣁ ॺ੝ձஒך Proposition 4.3.1 ک Proposition 4.3.3 ᆕӝԋаΠ的ۓ౛.

Theorem 4.3.4. ๏ۓ m ∈ N, a,b ∈ Z Եቾ΋次的 congruence equation ax ≡ b (mod m).
з d = gcd(m,a).

(1) ऩ d - b, ߾ ax ≡ b (mod m) คှ.

(2) ऩ d - b, ߾ ax ≡ b (mod m), ӧ modulo m ϐΠԖ d ঁှ. Ъऩςޕ x ≡ c (mod m)

,΋ှࣁ ߾

x ≡ c+
m
d

t, t = 0,1, . . . ,d −1

ࣁ ax ≡ b (mod m) ӧ modulo m ϐΠ܌Ԗ的ှ.

੝ձӦ, ྽ a ک m ϕ質ਔ, ჹ܌ܭԖ b ∈ Z, ax ≡ b (mod m) ࣣԖှ, Ъှځӧ modulo m ϐ

Πࢂ୤΋的.

Example 4.3.5. ॺाှך 16x ≡ 8 (mod 52). Ӣ gcd(52,16) = 4 Ъ 4|8, Ԝޕࡺ congruence
equation ѸԖှ, Ъӧ modulo 28 ϐΠӅԖ 4 ঁှ.

२ӃךॺӃှ 4x ≡ 2 (mod 13). җܭ 4× 10 ≡ 1 (mod 13), ޕॺளך x ≡ 2× 10 ≡ 7

(mod 13) ࣁ 4x ≡ 2 (mod 13) 的΋ঁှ. ӢԶள x ≡ 7 (mod 52) ࣁ 16x ≡ 8 (mod 52) 的΋

ঁှ (ջ 16×7 = 112 = 52×2+8).

Կځܭд的ှ, җܭ 52/4 = ٩ࡺ13 Theorem ӧޕ4.3.4 modulo 52ϐΠ x ≡ 7,20,33,46

(mod 52) ࣁ 16x ≡ 8 (mod 52) 的܌Ԗှ.

നךࡕॺाံкᇥܴ, җ Theorem 4.3.4 ډפၰѝाޕ ax ≡ b (mod m) 的΋ঁှ, ൩ё
аځډפӧ modulo m ϐΠ܌Ԗ的ှ. җܭԜਔ d = gcd(a,m) | b. ॺΨёаճҔᗅᙯ࣬ନך
Ӄ؃рݤ ax+my = b 的΋ಔ整數ှ x = r,y = s. Ԝਔҗܭ ar ≡ b (mod m) җԜёள x ≡ r

(mod m) ࣁ ax ≡ b (mod m) 的΋ঁှ.
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4.4. Chinese Remainder Theorem

ଷ೛ m = pn1
1 · · · pnr

r ύځ pi ౦質數Ъ࣬ࣁ f (x) .΋ঁ整߯數ӭ໨Ԅࢂ Proposition 4.2.4
֋ນךॺऩჹ܌Ԗ i ∈ {1, . . . ,r}, f (x)≡ 0 (mod pni

i )ࣣԖှЪԖӅӕှ,߾ f (x)≡ 0 (mod m)

.Ԗှߡ ӵՖډפӅӕှګ? ύ୯ഭᎩۓ౛ (Chinese Remainder Theorem) ֋ນךॺѝा
ঁձӦஒ f (x)≡ 0 (mod pni

i ) 的ှډפ, ൩ёளډӅӕှ.

Theorem 4.4.1 (Chinese Remainder Theorem). ๏ۓ΋ಔ m1, . . . ,mr ∈ N ύ೭٤ځ mi ࣣ

ϕ質ٿٿ ( ջ྽ i ̸= j ਔ, gcd(mi,m j) = 1). ჹҺཀ的΋ಔ߾ c1, . . . ,cr ∈ Z ࣣёډפ΋整數
c ٬ள

c ≡ ci (mod mi), ∀ i ∈ {1, . . . ,r}.

Proof. ,ߡΑБࣁ ॺзך M = m1 · · ·mr ЪჹҺཀ i ∈ {1, . . . ,r}, з Mi = M/mi.

ाݙཀ೭္ M j ک mi ԖаΠ的ᜢ߯: (1) ऩ i ̸= j, ߾ mi|M j. (2) gcd(Mi,mi) = 1. ೭္
(1) җ M j 的ۓက࣬ߞεৎࡐ৒ܰளޕ, Կܭ (2) όѨ΋૓性 (ᡂඤ΋Π mi 的໩ׇ), ॺ໻ך
ሡ᛾ܴ gcd(M1,m1) = 1. ଷ೛ M1,m1 όϕ質, ջӸӧ΋質數 p ٬ள p|M1 Ъ p|m1. ฅԶۓ٩
က M1 = m2 · · ·mr, җࡺ Corollary 1.4.3 Ӹӧޕ i ∈ {2, . . . ,r} ٬ள p|mi. ՠࢂ i ̸= 1, ٩ଷ೛
gcd(m1,mi) = 1, ࡺ p|m1 Ъ p|mi ک m1,mi ϕ質࣬ҟ࣯, ள᛾ࡺ gcd(M1,m1) = 1.

ௗΠٰךॺགྷाډפ΋ಔ t1, . . . , tr ∈ Z ٬ளჹ܌Ԗ的 i ∈ {1, . . . ,r},

t = c1M1t1 + · · ·+ crMrtr

ࣣᅈى t ≡ ci (mod mi). ฅԶჹҺՖ的΋ಔ t1, . . . , tr ∈ Z аϷ΋๏ۓ的 i ∈ {1, . . . ,r}, җ (1)
(ջ mi|M j for i ̸= j) ॺࣣԖך t ≡ ciMiti (mod mi). ډפॺ໻ሡךࡺ ti ∈ Z ٬ள ciMiti ≡ ci

(mod mi) ջё. ฅԶҗ (2) (ջ gcd(Mi,mi) = 1) аϷ Proposition 3.2.5 Ӹӧޕ ei ∈ Z
٬ள Miei ≡ 1 (mod mi), ऩзࡺ ti = ei, ள߾ t ≡ ciMiei ≡ ci (mod mi). ӢԜჹ܌Ԗ i ∈
{1, . . . ,r}, ډפॺӃך ei ٬ள Miei ≡ 1 (mod mi), ӆз c = c1M1e1 + · · ·+ crMrer, ёள߾

c ≡ ci (mod mi), ∀ i ∈ {1, . . . ,r}. �

ाݙཀ! ྽೭٤ mi όٿٿࢂϕ質ਔ, ๏ۓҺཀ的 c1, . . . ,cr όـளёډפ΋ঁ整數 c ٬

ள c ≡ ci (mod mi) ჹ܌Ԗ的 i ∈ {1, . . . ,r} ೿ԋҥ. ӵ྽ٯ m1 = 4, m2 = 6 ਔऩԵቾ c1 = 1,
c2 = 2, ΋整數ډפόёૈ߾ c ӕਔᅈى c ≡ 1 (mod 4) Ъ c ≡ 2 (mod 6). ೭ࢂӢࣁऩ c ≡ 1

(mod 4) Ң߄ c ࣁ 4k+1 的׎Ԅ, .數ڻࣁѸࡺ ฅԶऩ c ≡ 2 (mod 6), ߾ c ࣁ 6k+2 ϐ׎Ԅ,
Ѹࣁଽ數. ӢԜ྽ฅόёૈډפ΋整數ڻࢂ數Ξࢂଽ數.

΋૓ٰᇥךॺёаஒύ୯ഭᎩۓ౛࣮ԋှࢂӵ
x ≡ c1 (mod m1)
x ≡ c2 (mod m2)

...
...

x ≡ cr (mod mr)
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೭ኬ的ᖄҥБำԄ. ΋૓ٰᇥᖄҥБำԄࢂाډפ΋ঁӅӕှӕਔ಄ӝ೭ r ঁԄηག᝺ଆ

ٰၨᜤ. Զӧ Theorem 4.4.1 的᛾ܴύ, εৎёа࣮рୖ數 t1, . . . tr 的೛ۓ, ൩ࢂाע೭ r ঁ

ᖄҥ的Ԅηϯԋ r ঁᐱҥ的Ԅηঁձှр ti ٰ, Ծฅ൩ᡂᙁൂΑ. .ηٯॺٰ࣮࣮аΠ的ך

Example 4.4.2. ๏ۓ m1 = 3, m2 = 4, m3 = 5 аϷ c1 = 2, c2 = 1, c3 = 3 ΋ډפఈ׆ॺך

整數 c ٬ள c ≡ ci (mod mi), ∀ i ∈ {1,2,3}. Ψ൩ࢂᇥډפ c ӕਔᅈى


c ≡ 2 (mod 3)
c ≡ 1 (mod 4)
c ≡ 3 (mod 5)

٩ྣ Theorem 4.4.1 的಄ဦुךݤॺԖ M1 = 20, M2 = 15 аϷ M3 = 12. २Ӄךॺډפ
e1 ∈ Z ٬ள M1e1 ≡ 1 (mod m1), ջ 20e1 ≡ 1 (mod 3), Ψ൩ࢂᇥᅈى 2e1 ≡ 1 (mod 3). җ
Ԝډפ e1 = 2. ӕ౛ךॺाډפ e2,e3 ϩձᅈى 15e2 ≡ 1 (mod 4) (ջ 3e2 ≡ 1 (mod 4))
аϷ 12e3 ≡ 1 (mod 5) (ջ 2e3 ≡ 1 (mod 5)). ёள e2 = 3 ک e3 = 3 ϩձᅈى΢Ԅ. зࡺ
c = 2× 20× 2+ 1× 15× 3+ 3× 12× 3 = 233 ᅈى 233 ≡ 2 (mod 3), 233 ≡ 1 (mod 4) аϷ

233 ≡ 3 (mod 5).

前य़ගၸ, ๏ۓ m ∈ N, ଷ೛ m = pn1
1 · · · pnr

r , ύځ pi .౦質數࣬ࣁ ӵ݀ f (x) ΋ঁ整߯ࢂ

數ӭ໨Ԅ, ाှ f (x)≡ 0 (mod m), ॺёаӃჹ؂ঁך pi Եቾှ f (x)≡ 0 (mod pni
i ). ӵ݀Ԗ

΋ঁ pi วғ f (x)≡ 0 (mod pni
i ) คှ的௃ݩ, ٗሶ٩ Proposition 4.2.4 ޕ f (x)≡ 0 (mod m)

คှ. ӵ݀؂΋ঁ pi ࣣ཮٬ள f (x) ≡ 0 (mod pni
i ), ٩߾ Proposition 4.2.4 ,ޕ ሡှᖄҥБ

ำԄ 
f (x)≡ 0 (mod pn1

1 )
f (x)≡ 0 (mod pn2

2 )
...

...
f (x)≡ 0 (mod pnr

r )

Ԗ΋Ӆӕှωёள f (x)≡ 0 (mod m) 的ှ. ှᖄҥБำ֚ࢂᜤ的, Զύ୯ഭᎩۓ౛֋ນךॺ
ёаόѸԵቾှᖄҥԄη, Ӄঁձஒှ؃рߡёளډӅӕ的ှ.

Corollary 4.4.3. ଷ೛ m = pn1
1 · · · pnr

r , ύ೭٤ځ pi ౦質數Ъ࣬ࣁ f (x) .΋整߯數ӭ໨Ԅࣁ
ჹҺཀ߾ i ∈ {1, . . . ,r}, f (x)≡ 0 (mod pni

i ) ࣣԖှऩЪ୤ऩ f (x)≡ 0 (mod m) Ԗှ.

Proof. ٩ Proposition ӵ݀,ޕ4.2.4 f (x)≡ 0 (mod m)Ԗှ,߾ჹҺཀ i∈{1, . . . ,r}, f (x)≡ 0

(mod pni
i ) ࣣԖှ.

౜ଷ೛ჹҺཀ i ∈ {1, . . . ,r}, f (x)≡ 0 (mod pni
i ) ࣣԖှЪ x ≡ ci (mod pni

i ) .΋ှځࣁ җ
೭٤ܭ pni

i ٩ࡺϕ質的ٿٿࢂ Theorem 4.4.1 ,ޕ Ӹӧ c ∈ Z ᅈىჹҺཀ i ∈ {1, . . . ,r} ࣣԖ
c ≡ ci (mod pni

i ). Ψ൩ࢂᇥҺཀ i ∈ {1, . . . ,r}, x ≡ c (mod pni
i ) ࣁ f (x)≡ 0 (mod pni

i ) ϐ΋ှ.
ӆճҔࡺ Proposition 4.2.4 ளޕ x ≡ c (mod m) ࣁ f (x)≡ 0 (mod m) ϐ΋ှ. �

.ηٯॺ൩ٰ࣮΋ঁ೭Бय़的ᙁൂך ᗨฅۭΠ的ٯηёаޔௗж數ӷளှډเ, ՠךࢂ
ॺѝ׆ࢂఈճҔԜٰٯᖱှ೭္܌Ҕ的ཷۺ, Ꮲ的Б܌ӵՖᔈҔܭఈεৎΑှᔈ๱ख़׆а܌
.ՖࣁเှܭԶόӧݤ
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Example 4.4.4. ॺٰှך x2 ≡ 1 (mod 15). ٩前य़่݀ךޕॺёаϩձԵቾ x2 ≡ 1

(mod 3) Ϸ x2 ≡ 1 (mod 5) 的ှ. Ӣࣁ 3 ک 5 ,質數ࣁࣣ ٩ Lemma 3.4.2 ޕ x ≡±1 (mod 3)

ک x ≡±1 (mod 5) ϩձࣁ x2 ≡ 1 (mod 3) ک x2 ≡ 1 (mod 5) ϐှ. ӢԜךॺाډפаΠ的
Ѥঁᖄҥ的 congruence equation:

(1)
{

x ≡ 1 (mod 3)
x ≡ 1 (mod 5)

, (2)
{

x ≡−1 (mod 3)
x ≡−1 (mod 5)

,

(3)
{

x ≡−1 (mod 3)
x ≡ 1 (mod 5)

, (4)
{

x ≡ 1 (mod 3)
x ≡−1 (mod 5)

.

(1) ک (2) 整數ڗ৒࣮ܰрϩձࡐॺך 1 ک −1 ൩ёϩձᅈى (1) ک (2). Զ 11 ёаᅈى

(3), 4 ёаᅈى (4). аҗ܌ Proposition 4.2.4 ޕॺך x ≡ 1,−1,11,4 (mod 15) ೿ࣁ x2 ≡ 1

(mod 15) 的ှ. ډפॺך x2 ≡ 1 (mod 15) ӧ modulo 15 ϐΠ的 4 ঁှ, ٠ό߄Ң൩ѝԖ೭
4 ঁှ. όၸεৎёаԾՉᡍ᛾΋Πӧ modulo 15 ϐΠዴჴ໻Ԗ೭ 4 ঁှ.

ӧ΢ঁٯηύךॺှр x2 ≡ 1 (mod 15) ӧ modulo 15 ϐΠ的 4 ঁှՠόඪዴࢂۓց໻

Ԗ೭ 4 ,౛ਔۓӧճҔύ୯ഭᎩޕॺόךࣁӢࢂှ .д的ှځցᗋԖࢂ Ψ൩ࢂᇥ Theorem
4.4.1 ѝ֋ນךॺှ的Ӹӧ性, ٠҂֋ນךॺࢂցԖځдှ. ྽ฅךॺ೿ޕၰ཮Ԗคጁӭှ,
ՠځࢂд的ှӵՖளګޕ? ,ݤॺӆ঺Ҕ΋次தҔ的ԴБך ,Ֆࣁϐ໔的ᜢ߯ှঁٿ࣮࣮ Ծ
ฅ൩ёஒ܌Ԗ的ှቪΠΑ.

Theorem 4.4.5. ๏ۓ΋ಔ m1, . . . ,mr ∈N ύ೭٤ځ mi .ϕ質ٿٿࣣ з M = m1 · · ·mr, ჹ߾
Һཀ的΋ಔ c1, . . . ,cr ∈ Z аΠᖄҥ的 congruence equation

x ≡ c1 (mod m1)
x ≡ c2 (mod m2)

...
...

x ≡ cr (mod mr)

ӧ modulo M ϐΠӸӧ୤΋的΋ঁှ. ٣ჴ΢ऩ c ∈ Z ᅈىԜᖄҥ congruence equation, ߾
ჹҺཀ c′ ∈ Z ᅈى c′ ≡ c (mod M) ࣣ཮ᅈىԜᖄҥ congruence equation.

Proof. Theorem 4.4.1 ς᛾ளӸӧ性, ॺा᛾ܴӧך modulo m1 · · ·mr ϐΠှځ୤΋.

ଷ೛ c,c′ ∈ Z ࣣᅈىа΢ᖄҥ的 congruence equation. Ψ൩ࢂᇥჹҺཀ i ∈ {1, . . . ,r} ך
ॺࣣԖ c ≡ ci (mod mi) Ъ c′ ≡ ci (mod mi). ӢԜϐჹҺཀ i ∈ {1, . . . ,r} ࣣԖ mi|c− c′. ฅԶ
೭٤ mi ,ϕ質ٿٿ ճҔࡺ Proposition 1.2.10(2), ॺளך m1 · · ·mr|c− c′, ջ c ≡ c′ (mod M).

Ψ൩ࢂᇥӧ modulo M ϐΠှځ୤΋.

ќ΋Бय़, ऩ c ᅈىᖄҥ congruence equation Ъ c′ ∈ Z ᅈى c′ ≡ c (mod M), җ߾
ჹҺཀܭ i ∈ {1, . . . ,r}, mi|M, ޕࡺ c′ ≡ c ≡ ci (mod mi). ҭջ c′ ᅈىԜᖄҥ congruence
equation. �

ӵӧٯ Example 4.4.2 ύ, ၰޕॺך x = 233 ᅈى
x ≡ 2 (mod 3)
x ≡ 1 (mod 4)
x ≡ 3 (mod 5)
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೭΋ಔᖄҥ的 congruence equation,܌аҗ Theorem Һཀ的整數ޕ4.4.5 cᅈى c≡ 233≡ 53

(mod 60) ೿ёаᅈى೭΋ಔᖄҥ congruence equation. ྽ฅΑΨ໻Ԗᅈى c ≡ 53 (mod 60)

的整數཮ᅈىԜᖄҥ congruence equation.

Theorem 4.4.5 К Theorem 4.4.1 ֹ整. Ӣࣁӧ Theorem 4.4.1 ύךॺ໻ගϷှ的Ӹӧ
性, Զ Theorem 4.4.5 ගϷှӧ modulo m1 · · ·mr ϐΠࢂӸӧЪ୤΋的, ԶЪӢԶёҗ΋ှ
.Ԗ的ှ܌ډפ Ԗ的ਜό཮ஒۓٿ౛ϩ໒ٰ談, Զޔௗ談論ၨֹ整的 Theorem 4.4.5 ٠ᆀϐ
ࣁ Chinese remainder theorem. ౛ှ的ۓགྷӃமፓύ୯ഭᎩࣁӢࢂ౛ϩ໒Ьाۓٿॺஒך
Ӹӧ性ϷӵՖډפ΋ှ.





Chapter 5

二次的 Congruence
Equations

೭΋കύךॺा஑ှܭݙ二次的 congruence equation. ॺӃவှ΋૓的二次ך congru-
ence equation ໒ۈ, ฅࡕᄌᄌϯᙁԋᙁൂ的׎Ԅ, നࡕϟಏ quadratic reciprocity law. 整ᡏ
ٰᇥךॺ཮ளډ΋ঁԖਏղձ二次 congruence equation ,ݤցԖှ的Бࢂ ԿܭऩԖှӵՖ
؃ှ൩όӧ本ക的૸論ጄൎΑ. .ᏢಞӵՖҗᕷϯᙁ的؁ᡯܭఈૈ๱ख़׆ॺך

5.1. 二次 Congruence Equation 的ϯᙁ

ᒏ二次的܌ congruence equation, ջ๏ۓ m ∈ N, Եቾ ax2 + bx+ c ≡ 0 (mod m), ύځ
a,b,c ∈ Z Ъ m - a ೭ኬ的 equation.

εৎ࣮ډ೭ኬ的БำԄ, २Ӄ཮གྷډҔଛБှٰݤ. ؒᒱ, .ݤाҔଛБࢂॺΨך όၸ
೭္Ԗ΋ᗺा੝ձݙཀ, ൩ךࢂॺ೿ࢂӧ整數的௃ݩ, .ݤନډа໪ᗉխҔ܌ ӵεৎाٯ
ှ ax2 +bx+ c = 0 ਔ, ಃ΋ঁགྷډ的ࢂஒ x2 ໨的߯數 a ନѐள x2 +(b/a)x+(c/a) = 0. җ
ॺӧ談ךܭ congruence equation, ӭ໨Ԅሡाࣁ؃整߯數, ೭ঁБݤ൩Չό೯Α (ନߚ a|b
Ъ a|c). ྽ฅΑ, ྽ a ک m ϕ質ਔӸӧ e ∈ Z ٬ள ae ≡ 1 (mod m), ॺёаஒךаԜਔ܌
ax2+bx+c ≡ 0 (mod m)ٿᜐ४΢ eԶள x2+bex+ce ≡ 0 (mod m). όၸ೭ঁБݤाज़ڋӧ
gcd(m,a) = 1的௃׎,Զךॺा௖૸的ࢂ΋૓௃܌,ݩаךॺሡགྷᒤݤೀ౛. όᆅ࡛ኬࣁΑᡣ
ӭ໨Ԅࣁ整߯數, ,ݤॺόाҔନ的Бך ᏃໆҔ४的. ॺёаᡣךݤΑ٬ҔଛБࣁа܌ x2 ໨

߯數ԋֹࣁӄѳБ, Ψ൩ࢂஒ ax2 +bx+c ≡ 0 (mod m) ᜐ४΢ٿ a Զள (ax)2 +abx+ac ≡ 0

(mod m). ௗ๱ೀ౛ x ໨߯數, җܭόૈҔନ的܌аόૈஒ abx ቪԋ 2(ab/2)x, ՠҔଛБݤ x

໨߯數ሡଽ數, ӢԜӳ的БࢂݤஒচԄٿᜐ४а 2. όၸ೭ኬ΋ٰΞઇᚯΑচӃ x2 ໨߯數ࣁ

ֹӄѳБ的ӳೀ, ॺӆӭ४΋ঁךа܌ 2 ٬ள x2 ໨߯數ϝֹࣁӄѳБ.

Ψ൩ࢂᇥ, ӧှ ax2 + bx + c ≡ 0 (mod m) ਔךॺёаஒٿᜐ४΢ 4a ٬ளচԄԋ

ࣁ 4a2x2 + 4abx + 4ac = (2ax)2 + 2(2ax)b + 4ac ≡ 0 (mod m). ௗΠٰ൩ёҔଛБݤதҔ
؁ᡯஒԄηቪԋ (2ax+ b)2 ≡ b2 − 4ac (mod m). ӢԜךॺஒୢᚒᙁϯԋှ y2 ≡ b2 − 4ac

57
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(mod m). ϞऩؒԖ整數 kᅈى k2 ≡ b2−4ac (mod m),ٗሶךॺޕߡচ congruence equation,
ax2+bx+c ≡ 0 (mod m)คှ. ऩёډפ k ∈Zᅈى k2 ≡ b2−4ac (mod m),ٗሶךॺߡё٩
前य़௖૸΋次的 congruence equation的Бှݤ 2ax+b ≡ k (mod m),Զளډ ax2+bx+c ≡ 0

(mod m) 的ှ.

ᕴϐ, ှ二次 congruence equation, ax2 +bx+ c ≡ 0 (mod m) 的ୢᚒ, ёϯᙁԋှ y2 ≡ d

(mod m) ύځ d = b2 − 4ac. ӢԜךॺௗΠٰ໻௖૸ x2 ≡ a (mod m) ೭ኬ的 congruence
equation.

ଷ೛ m = pn1
1 · · · pnr

t ύ೭٤ځ, pi .౦質數࣬ࣁ җ Corollary ,ޕ4.4.3 x2 ≡ a (mod m)Ԗှ

ऩЪ୤ऩჹ܌Ԗ的 pi, x2 ≡ a (mod pni
i ) Ԗှ. ӢԜךॺΞஒୢᚒϯᙁ؃ࣁ x2 ≡ a (mod pn),

ύځ p 質數Ъࣁ n ∈ N 的௃׎.

.ηٯॺٰ࣮΋ঁᆕӝа΢่݀的ך

Example 5.1.1. ॺ၂๱ှך 29x2 +15x+1 ≡ 0 (mod 45). २ӃஒԄηٿᜐ४΢ 4×29, ள
(58x)2 +2×58×15x+116 ≡ 0 (mod 45). ௗ๱ճҔଛБݤள (58x+15)2 ≡ 109 (mod 45), ջ
(13x+15)2 ≡ 19 (mod 45) (ձבΑ 58x ≡ 13x (mod 45)).

ௗ๱Ӣࣁ 45 = 32 × 5, ॺёаஒԄηᙯϯԋှך (13x+ 15)2 ≡ 19 (mod 9) Ϸ (13x+

15)2 ≡ 19 (mod 5). Ψ൩ࢂᇥϩձှ (4x+ 6)2 ≡ 1 (mod 9) аϷ (3x)2 ≡ 4 (mod 5). җܭ
y ≡ ±1 (mod 9) ࣁ y2 ≡ 1 (mod 9) ϐှ, ޕࡺ 4x+ 6 ≡ ±1 (mod 9), ှள x ≡ 1,5 (mod 9)

ࣁ (13x+15)2 ≡ 19 (mod 9) ϐှ. ќ΋Бय़ y ≡±2 (mod 5) ࣁ y2 ≡ 4 (mod 5) ϐှ, ளࡺ
3x ≡±2 (mod 5), ှள x ≡ 1,4 (mod 5) ࣁ (13x2 +15)2 ≡ 19 (mod 5) ϐှ.

നࡕाှ 29x2 +15x+1 ≡ 0 (mod 45), җ前ޕ x ሡ಄ӝ:

(1)
{

x ≡ 1 (mod 9)
x ≡ 1 (mod 5)

,(2)
{

x ≡ 1 (mod 9)
x ≡ 4 (mod 5)

,

(3)
{

x ≡ 5 (mod 9)
x ≡ 1 (mod 5)

(4)܈
{

x ≡ 5 (mod 9)
x ≡ 4 (mod 5)

.

ӢԜ؃ள x ≡ 1,14,19,41 (mod 45) ࣁ 29x2 +15x+1 ≡ 0 (mod 45) ϐှ.

ӣךډॺ的Ьᚒ. ॺஒाှ΋૓二次的ך congruence equation ϯှԋှ x2 ≡ a

(mod pn), ύځ p 質數Ъࣁ n ∈N的௃׎. ॺӃٰ࣮ך a ک p όϕ質的௃׎. ଷ೛ pn|a ฻ܭ
ှ x2 ≡ 0 (mod pn), Ԝਔ྽ฅԖှ. ऩ a = pia′ ύځ p - a′ Ъ 1 ≤ i ≤ n−1 ࡛ሶᒤ? ౜ଷऩ
i ,數ڻࢂ ॺाᇥܴԜਔך x2 ≡ pia′ (mod pn) คှ. ऩԖှЪ b ࣁ x2 ≡ pia′ (mod pn) ϐ΋

ှ, ॺஒך bቪԋ b = psb′, ύځ p - b′. ԜਔӢଷ೛ b2 ≡ pia′ (mod pn), ёள pn|p2sb′2− pia′.
җܭ 2s ଽ數Զࢂ i ,數ڻࢂ ޕ 2s ̸= i. ӵ݀ 2s > i, ߾ p2sb′2 − pia′ = pi(p2s−ib′2 −a′). ՠҗܭ
p|p2s−i Ъ p - a′, ޕॺך p - p2s−ib′2 −a′. ඤ言ϐ pi+1 - p2sb′2 − pia′. Ԝک pn|p2sb′2 − pia′ Ъ

n ≥ i+1 ࣬ҟ࣯. ӕ౛, ऩ 2s < i, .׎ॺΨёளҟ࣯的௃ך а྽܌ i < n Ъڻࢂ數ਔ x2 ≡ pia′

(mod pn) คှ.

྽ a = pia′ ύځ p - a′, 0 < i < n Ъ i = 2k ,ଽ數ਔࢂ ऩךॺஒ x ቪԋ x = pkt, Ԝਔှ
x2 ≡ a (mod pn) ฻ӕှܭ (pkt)2 ≡ p2ka′ (mod pn), Ψ൩ှࢂ p2kt2 ≡ p2ka′ (mod pn). җܭ
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2k < n, Proposition 4.2.1 ֋ນךॺԜԄ฻ӕှܭ t2 ≡ a′ (mod pn−2k). ॺஒа΢૸論ቪԋך
่論.

Proposition 5.1.2. ๏ۓ΋質數 p Ϸ n ∈ N. ଷ೛ a = pia′ ύځ p - a′ Ъ 1 ≤ i ≤ n−1.

(1) ऩ i ,數ڻࢂ ߾ x2 ≡ a (mod pn) คှ.

(2) ऩ i ,ଽ數ࢂ ߾ x2 ≡ a (mod pn) ԖှऩЪ୤ऩ x2 ≡ a′ (mod pn−i) Ԗှ.

வа΢的૸論ךॺޕၰाှ΋ঁ二次的 congruence equation ೿ёаᙁϯډ x2 ≡ a

(mod pn), ύځ p - a 的௃ݩ. ܭݙॺ໻஑ךࡕаа܌ x2 ≡ a (mod pn) ύځ p - a 的௃׎.

5.2. ှ x2 ≡ a (mod pn)

ӧ前΋࿯ύךॺޕၰ΋ঁ二次的 congruence equation ёϯᙁԋ x2 ≡ a (mod pn), ύځ
p ,質數ࣁ n ∈ N Ъ p - a ೭ᅿ׎Ԅ的ୢᚒ. ाݙཀԜਔҗܭ p - a, ऩ x2 ≡ a (mod pn) Ԗှ,
ѸΨᆶှځ߾ p ϕ質, ց߾཮೷ԋ p|a ϐҟ࣯. ௗ๱ךॺ൩٩ p = 2 ک p ᅿ௃ٿ質數ڻࣁ

૸論ٰ׎ x2 ≡ a (mod pn) ှϐ௃ݩ.

5.2.1. p = 2 的௃׎. ॺӃԵቾך x2 ≡ a (mod 2n), ύځ 2 - a 的௃׎. җܭ a ,數ڻࢂ а܌
ऩԖှှځѸڻࣁ數. ΋໒ۈ྽ฅࢂԵቾ n = 1 的௃׎, ԜਔӢ a ,數ڻࢂ ள a ≡ 1 (mod 2).
а܌ x2 ≡ a (mod 2), ջࣁ x2 ≡ 1 (mod 2), ࣁѸԖှЪှࡺ x ≡ 1 (mod 2).

྽ n = 2ਔ,Ӣࣁ a ≡ 1,3 (mod ॺ໻ाԵቾך,(4 x2 ≡ 1 (mod 4)аϷ x2 ≡ 3 (mod ٿ(4

ᅿ congruence equations. җှܭѸڻࣁ數ךॺёаଷ೛ 2k+1 .΋ှࣁ ӢԜҗ (2k+1)2 =

4k(k+ 1)+ 1 ≡ 1 (mod 8), ޕॺך x2 ≡ 3 (mod 4) คှ. Զ x2 ≡ 1 (mod 4) ϐှࣁ x ≡ ±1

(mod 4) (ջ܌Ԗڻ數).

җ΢य़૸論ޕ྽ n = 3 ਔ, x2 ≡ 3,5,7 (mod 8) คှ, Զ x2 ≡ 1 (mod 8) ԖှЪှࣁ

x ≡ ±1,±3 (mod 8). n > 3 ਔ, ,ၰόૈӵԜฯբΠѐޕॺך ёаճҔ數ᏢᘜયݤளډаΠ
่݀.

Proposition 5.2.1. ଷ೛ n ≥ 3 Ъ a .數ڻ΋ঁࢂ ߾ x2 ≡ a (mod 2n) ԖှऩЪ୤ऩ a ≡ 1

(mod 8).

Proof. ऩ a ≡ 3,5,7 (mod ޕҗ前߾,(8 x2 ≡ a (mod 8)คှ. Ӣࣁ n ≥ җࡺ,3 Lemma 4.2.3
ޕ x2 ≡ a (mod 2n) คှ. Ӣࣁ a ໻ഭΠࡺ數ڻࣁ a ≡ 1 (mod 8) 的௃׎҂૸論. ॺѝךа܌
ा᛾ܴ a ≡ 1 (mod 8) ਔ x2 ≡ a (mod 2n) Ԗှ.

ςޕ n = 3 ਔԋҥ. ଷ೛ n = k − 1 (k ≥ 4) ਔԋҥ, ջ྽ a ≡ 1 (mod 8) ਔ, x2 ≡ a

(mod 2k−1) Ԗှ. ଷ೛ c ∈ Z ࢂ x2 ≡ a (mod 2k−1) 的΋ঁှ (ջ 2k−1|c2 − a), Ψ൩ࢂᇥ
c2 = a+2k−1b, ύځ b ∈ Z. ॺགྷճҔך c ډפ x2 ≡ a (mod 2k) ϐှ. ऩ c2 = a+2k−1b ύځ

bࣁଽ數,߾Ծฅ 2k|c2−a,ள cࣁ x2 ≡ a (mod 2k)ϐ΋ှ.ऩ bڻࣁ數,߾Եቾ c′ = c+2k−2.
Ԝਔ c′2 = c2 +2k−1c+22k−4 = a+2k−1(b+ c)+22k−4. җܭ b ک c ޕ數ڻࣁࣣ 2|b+ c, ԶЪ
2k−4 = k+ k−4 ≥ k (Ӣ k ≥ 4), ளࡺ c′2 ≡ a (mod 2k). ள᛾ x2 ≡ a (mod 2k) Ԗှ. �
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ޕॺςך x2 ≡ a (mod 2n) ՖਔԖှՖਔคှ. ऩԖှਔ, ӧځ modulo 2n ϐΠ཮ԖӭϿ

?ګှ .ϐ໔的ᜢٰ߯௖૸ှঁٿॺ٩ฅҔך

Proposition 5.2.2. ଷ೛ n ≥ 3 Ъ a ≡ 1 (mod 8). ऩ x ≡ c (mod 2n) ࢂ x2 ≡ a (mod 2n) 的

΋ঁှ, ߾ x ≡ c,c+2n−1,−c,−c+2n−1 (mod 2n) ࣁ x2 ≡ a (mod 2n) .Ԗ的ှ܌

Proof. ऩ c′ ∈Zҭࣁ΋ှ,߾ 2n|c2−c′2,ջ 2n|(c−c′)(c+c′). ाݙཀӢࣁ cک c′ ,數ڻࣁࣣ
ॺёаԖך c ≡ ±1 (mod 4) ک c′ ≡ ±1 (mod 4), Ѥᅿ௃׎. όၸόᆅࢂব΋ᅿ௃׎ c− c′

ک c+ c′ ϐύѸԖ΋ঁ (Ъ໻Ԗ΋ঁ) όૈ೏ 4 整ନ (ՠϝࣁଽ數). ӵӧٯ c ≡ 1 (mod 4)

Ϸ c′ ≡ −1 (mod 4) 的௃ݩ, ॺԖך c+ c ≡ 0 (mod 4) ՠ c− c′ ≡ 2 (mod 4). ջ 2|c− c′ ՠ

4 - c− c′. ॺӃԵቾך 4 - c+ c′ ೭ᅿ௃׎. Ԝਔ c+ c′ = 2λ , ύځ λ .數ڻࣁ ӢԜҗ前य़ςޕ
2n|(c− c′)(c+ c′), ள 2n|2λ (c− c′), ջ 2n−1|λ (c− c′). ౜җܭ gcd(2,λ ) = 1, җࡺ Proposition
1.2.6(1) ள 2n−1|c− c′. ӕ౛ऩ 4 - c− c′, ޕ߾ 2n−1|c+ c′.

ᕴٰ่ᇥ, ऩ c′ ࢂ x2 ≡ a (mod 2n) ϐ΋ှ, Ӹӧ߾ t ∈ Z ٬ள c′ = c+ t2n−1 ܈ c′ =

−c+t2n−1. ϸϐऩ c′ = c+2n−1,߾ c′2 = c2+2nct+22n−2t2. җܭ 2n−2≥ n+1,ள c′2 ≡ c2 ≡ a

(mod 2n). ޕࡺ c′ ࣁ x2 ≡ a (mod 2n) ϐ΃ှ. ӕ౛ c′ =−c+ t2n−1 ҭࣁ x2 ≡ a (mod 2n) ϐ

΃ှ. ฅԶ྽ t 數ਔڻࢂ c′ = c+ t2n−1 ≡ c+ 2n−1 (mod 2n) Ъ c′ = −c+ t2n−1 ≡ −c+ 2n−1

(mod 2n). Զ྽ t ଽ數ਔࢂ c′ = c+ t2n−1 ≡ c (mod 2n) Ъ c′ =−c+ t2n−1 ≡−c (mod 2n). ࡺ
ளޕӧ modulo 2n ϐΠ x2 ≡ a (mod 2n) ӅԖ x ≡ c,c+2n−1,−c+2n−1,−c (mod 2n) ೭ 4 ঁ

ਥ ཀӢݙ) c ,數ڻࣁ а೭٤數ӧ܌ modulo 2n ϐΠࣣ࣬౦). �

.ηٯॺٰ࣮ঁך

Example 5.2.3. ှ x2 ≡ 17 (mod 32). җܭ 17 ≡ 1 (mod 8),җ Proposition .ѸԖှޕ5.2.1
ॺճҔך Proposition 5.2.1 ᛾ܴύ܌Ҕ的Бפٰݤр΋ঁှ. २Ӄှ x2 ≡ 17 (mod 25−1),
ջ x2 ≡ 1 (mod 16). ёޕ x = 1 ࣁ x2 ≡ 17 (mod 16) ϐ΋ှ. ՠҗܭ 12 −17 = 24 × (−1) Ъ

−1 ,數ڻࢂ ճҔࡺ Proposition 5.2.1 的᛾ܴޕ 1+2(5−2) = 9 ࣁ x2 ≡ 17 (mod 32) ϐ΋ှ.
,ࡕ΋ှډפ നࡕճҔ Proposition 5.2.2 ޕ x ≡ 9,25,7,23 (mod 32) ࣁ x2 ≡ 17 (mod 32) ܌

Ԗ的ှ.

5.2.2. p .׎質數的௃ڻࣁ ྽ p ,質數ਔڻࢂ ॺ྽ฅόૈӵך p = 2 的௃׎૸論. όၸҗ
Lemma 4.2.3 ऩޕॺך x2 ≡ a (mod p) คှ, ჹҺཀ߾ n ∈ N, x2 ≡ a (mod pn) ҭคှ. ך
ॺाҔ數Ꮲᘜયݤ᛾ܴऩ x2 ≡ a (mod p) Ԗှ, ჹҺཀ߾ n ∈ N, x2 ≡ a (mod pn) ҭԖှ.

Proposition 5.2.4. ଷ೛ p 質數Ъڻ΋ࣁ p - a. ߾ x2 ≡ a mod p ԖှऩЪ୤ऩჹҺཀ

n ∈ N, x2 ≡ a (mod pn) Ԗှ.

Proof. ॺ໻ा᛾ܴऩך x2 ≡ a (mod p) Ԗှ߾ x2 ≡ a (mod pn) ҭԖှ.

ऩ c ࣁ x2 ≡ a (mod p) ϐ΋ှ, ջӸӧ λ ∈ Z ٬ள c2 = a+λ p. ౜Եቾ c′ = c+ t p. җ
ܭ c′2 = c2 +2ct p+ t2 p2 = a+(2ct +λ )p+ t2 p2. ऩा c′2 ≡ a (mod p2), ډפሡ߾ t ∈ Z ٬ள
2ct ≡−λ (mod p). ฅԶҗܭ 2c ک p ϕ質, Theorem 4.3.4 ֋ນךॺ೭ኬ的 t ΋ۓӸӧ. ࡺ
Ԝਔऩз c′ = c+ t p, ߾ x ≡ c′ (mod p2) ࣁ x2 ≡ a (mod p2) ϐ΋ှ.
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౜ճҔ數Ꮲᘜયݤଷ೛ n = k − 1 (k ≥ 2) ਔ x2 ≡ a (mod pk−1) Ԗှ, Ъଷ೛ x ≡ c

(mod pk−1) .΋ှځࣁ ॺགྷճҔך c ډפ x2 ≡ a (mod pk) 的ှ. җܭӸӧ λ ∈ Z ٬ள
c2−a = λ pk−1,ךॺԵቾ c′ = c+t pk−1. Ԝਔ c′2 = c2+2ct pk−1+t2 p2k−2 = a+(2ct+λ )pk−1+

t2 p2k−2. җܭ 2k−2 = k+k−2 ≥ k (Ӣ k ≥ 2) ॺளך c′2 ≡ a+(2ct +λ )pk−1 (mod pk). ΞӢ
ࣁ 2c ک p ϕ質, Ӹӧࡺ t ′ ∈ Z ٬ள 2ct ′+λ ≡ 0 (mod p). Ԝਔऩз c′ = c+ t ′p, ߾ x ≡ c′

(mod pk) ࣁ x2 ≡ a (mod pk) ϐ΋ှ. �

ӵ݀ x2 ≡ a (mod pn) Ԗှ, ၰӧޕॺ྽ฅԖᑫ፪ך modulo pn ϐΠ, x2 ≡ a (mod pn) ځ

ှ的ঁ數.

Proposition 5.2.5. ଷ೛ p ,質數ڻ΋ࣁ p - a Ъ n ∈ N. ऩ x2 ≡ a mod pn ԖှЪ x ≡ c

(mod pn) ,΋ှځࣁ ߾ x ≡±c (mod pn) ࣁ x2 ≡ a (mod pn) .Ԗ的ှ܌

Proof. ଷ೛ c′ ࣁ x2 ≡ a (mod pn) ϐќ΋ှ, ޕ pn|c2 − c′2. җܭ c ک c′ ࣣᆶ p ϕ質,
c+ c′ ک c− c′ ύѸԖ΋ঁᆶޕ p ϕ質, ց߾җ p|c+ c′ Ϸ p|c− c′ ёள p|2c, ԶΞ p ̸= 2,
ёள p|c ϐҟ࣯. ౜ଷ೛ c+ c′ ᆶ p ϕ質, Ԝਔ gcd(c+ c′, pn) = 1, җࡺ pn|(c+ c′)(c− c′)

Ϸ Proposition 1.2.6(1), ளޕ pn|c− c′, ջ c′ ≡ c (mod pn). ӕ౛, ऩ c− c′ ᆶ p ϕ質, ёள
c′ ≡−c (mod pn).

ќ΋Бय़, җ c2 ≡ a (mod pn) ޕ (−c)2 = c2 ≡ a (mod pn), ޕࡺ x ≡ ±c (mod pn) ࣁ

x2 ≡ a (mod pn) .Ԗ的ှ܌ �

.ηٯॺӆٰ࣮ঁך

Example 5.2.6. ှ x2 ≡ 14 (mod 125). җܭ x2 ≡ 14 ≡ 4 (mod 5) Ԗှ (x = 2 ,(΋ှࣁ җ
Proposition 5.2.4 ޕ x2 ≡ 14 (mod 125) ѸԖှ. ॺճҔך Proposition 5.2.4 ᛾ܴύ܌Ҕ的
Бפٰݤр΋ঁှ. २Ӄפр x2 ≡ 14 (mod 25) ϐ΃ঁှ. ճҔ 2 ࣁ x2 ≡ 14 (mod 5) ϐ

΋ှ, Եቾ (2+5t)2 = 4+20t +25t2. ӢԜ (2+5t)2 −14 ≡−10+20t (mod 25). Ψ൩ࢂᇥሡ
ှр t ∈ Z ٬ள 20t ≡ 10 (mod 25), ջှ 4t ≡ 2 (mod 5). ёள t = 3 ,΋ှࣁ ஥Εࡺ 2+5t

ள x = 17 ࣁ x2 ≡ 14 (mod 25) ϐ΋ှ. ౜ӆճҔ 17 ؃ x2 ≡ 14 (mod 125) ϐ΋ှ. Եቾ
(17+25t)2 = 289+850t+625t2. ӢԜ (17+25t)2−14 ≡ 275+850t ≡ 25+100t (mod 125). Ψ
൩ࢂᇥሡှр t ∈ Z ٬ள 100t ≡−25 (mod 125), ջှ 4t ≡−1 (mod 5). ёள t = 1 ,΋ှࣁ
஥Εࡺ 17+25t ள x = 42 ࣁ x2 ≡ 14 (mod 125) ϐ΋ှ. ,ࡕ΋ှډפ നࡕճҔ Proposition
5.2.2 ޕ x ≡±42 (mod 125) ࣁ x2 ≡ 14 (mod 125) .Ԗ的ှ܌

ॺςֹӄΑှך x2 ≡ a (mod 2n) 的ှ的௃ݩ. Զ྽ p ,質數ਔڻࢂ ჹҺཀ n ∈ N, x2 ≡ a

(mod pn) ύځ) p - a) 的ှ的௃ֹݩӄܭ،ڗ x2 ≡ a (mod p) 的ှ的௃ݩ. ॺ໻ךࡕаа܌
஑ܭݙ x2 ≡ a (mod p) ύځ p 質數Ъڻࣁ p - a 的௃׎.
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5.3. The Legendre Symbol

΋૓的二次ှעॺς࿶ך congruence equation ΋؁΋؁的ϯᙁှډ x2 ≡ a (mod p), ځ
ύ p 質數Ъڻࣁ p - a 的௃׎. ೭္ךॺஒ௖૸Ֆਔ x2 ≡ a (mod p) Ԗှ. ԿܭऩԖှӵՖ
,ှפ .ӆೀ౛ࡕݤӭБ׳Π΋കᏢಞࡑॺ੮ך

җךܭॺѝᜢݙ x2 ≡ a (mod p) ՖਔԖှ, Ֆਔคှ, ॺϟಏ΋ঁ಄ဦᆀך (Legendre
symbol) .คှ܈ԖှځҢ߄ٰ

Definition 5.3.1. ๏ڻۓ質數 p аϷ a ∈ Z ᅈى p - a. ऩ x2 ≡ a (mod p) Ԗှ, ॺᆀך a

΋ঁࢂ quadratic residue modulo p ٠а
(

a
p

)
= 1 .Ңϐ߄ ϸϐ, ऩ x2 ≡ a (mod p) คှ,

ॺᆀך a ΋ঁࢂ quadratic nonresidue modulo p ٠а
(

a
p

)
=−1 .Ңϐ߄

२Ӄाݙཀ的ࢂ Legendre symbol όाکϩ數བష. ӧ本ᖱကύ的ϩ數ӵΟϩϐ二的
ѳБךॺ཮Ҕ (

2
3
)2 ܈ (2/3)2 ೭ٿᅿБ߄ݤҢ, .ဦКၨλࡴ Զ Legendre symbol

(
2
3

)
的

.ဦКၨεࡴ ќѦۓ٩က Legendre symbol 的ϩ҆΋ࢂۓ΋ঁڻ質數Ъϩη΋کۓϩ҆ϕ
質 (Ԗ的ਜೕۓόӕ, ೭္ࣁΑόᡣӕᏢབషךॺᝄ਱ӵԜೕۓ). ӵӧ本ᖱကύٯ

(
5
6

)
)܈

6
3

)
೭ኬ的಄ဦؒࢂཀက的.

ௗΠٰךॺٰ࣮ Legedre symbol .ளϐ性質܌ကۓௗ٩ޔ

Lemma 5.3.2. ଷ೛ p 質數Ъڻ΋ঁࢂ a ∈ Z ᅈى p - a.

(1)
(

a2

p

)
= 1.

(2) ऩ b ∈ Z ᅈى b ≡ a (mod p), ߾
(

a
p

)
=

(
b
p

)
.

Proof. (1) ाղᘐ a2 ࣁցࢂ quadratic residue modulo p, Ψ൩ࢂाղᘐ x2 ≡ a2 (mod p)

.ցԖှࢂ ฅԶࡐ৒ܰޕၰ x = a ࢂ x2 ≡ a2 (mod p) 的ှ, ޕࡺ
(

a2

p

)
= 1.

(2) ाղᘐ b ࣁցࢂ quadratic residue modulo p, Ψ൩ࢂाղᘐ x2 ≡ b (mod p) ցࢂ

Ԗှ. ฅԶ٩ଷ೛ b ≡ a (mod p) ाှࡺ x2 ≡ b (mod p) ൩฻ӕှܭ x2 ≡ a (mod p). )ޕࡺ
b
p

)
=

(
a
p

)
. �

ჴځ x2 ≡ a (mod p) ाόฅԖှाόฅ൩คှ. аऩ໻ஒ܌ Legendre symbol ࣮ԋѝࢂ
΋ঁ಄ဦ߄ҢԖှคှ൩ϼλ࣮ѬΑ. ऩाۓ಄ဦ, ࣁۓॺΨёаஒԖှך 1 คှࣁۓ 0,
,數ঁٿд࣬౦的ځ܈ ࣁۓՖाஒԖှࣁ 1 คှࣁۓ −1 ?ګ ᇥჴ၉ऩ໻གྷҔঁٿ數ӷٰ߄
ҢԖှ܈คှ的௃ݩ, ٗ੿的࡛ࢂሶۓॶ೿ёа, ฅԶӵԜ΋ٰ೭ኬ的಄ဦഗӭ໻ᡣךॺБ
,ݩคှ的௃܈Ԗှၲ߄ߡ ؒԖϙሶϼε的ཀက. Legendre symbol ϐ܌аाஒԖှࣁۓ 1

คှࣁۓ −1, ЬाךࢂॺёаஒѬॺ࣮ԋ整數的 1 ک −1 ٰ଺४ݤၮᆉ. Πय़ࢂচӢ൩ځ
೭΋ঁۓ౛.
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Theorem 5.3.3 (Euler’s Criterion). ଷ೛ p 質數Ъڻ΋ঁࢂ a ∈ Z ᅈى p - a.

(1) ऩ x2 ≡ a (mod p) Ԗှ, ߾ a(p−1)/2 ≡ 1 (mod p).

(2) ऩ x2 ≡ a (mod p) คှ, ߾ a(p−1)/2 ≡−1 (mod p).

Proof. (1) ऩ x2 ≡ a (mod p) ԖှЪ x = c ,΋ှځࣁ ջ c2 ≡ a (mod p). Ԝਔ

a
p−1

2 ≡ (c2)
p−1

2 ≡ cp−1 (mod p).

җܭ a ک p ϕ質, а܌ x2 ≡ a (mod p) ϐှ c ҭᆶ p ϕ質. ӢԜճҔ Fermat’s Little
Theorem (3.3.4) ޕ cp−1 ≡ 1 (mod p), ள᛾ࡺ a(p−1)/2 ≡ 1 (mod p).

(2) Եቾ S = {1,2, . . . , p−1} ೭΋ঁ reduced residue system modulo p. ჹҺཀ i ∈ S, җ
ܭ i ک p ϕ質, җࡺ Theorem 4.3.4 ޕ ix ≡ a (mod p) ӧ modulo p ϐΠԖ୤΋ှ. җܭ a

ک p ϕ質, ѸΨᆶှځޕࡺ p ϕ質. ඤѡ၉ᇥ, ๏ۓ i ∈ S ѸӸӧ୤΋的 j ∈ S ᅈى i j ≡ a

(mod p). ाݙཀԜਔ j ̸= i, ց߾཮ளډ i2 ≡ a (mod p), Ψ൩ࢂᇥ x = i ࢂ x2 ≡ a (mod p)

的΋ঁှ, Ԝᆶ x2 ≡ a (mod p) คှ的ଷ೛࣬ҟ࣯. ќ΋Бय़ΨाݙཀӢࣁ jx ≡ a (mod p)

ӧ modulo p ϐΠှځ୤΋Ъςޕ x = i ,΋ှځࣁ ќ΋ঁډפаόёૈ܌ i′ ∈ S ٬ள i′ j ≡ a

(mod p). ӢԜჹܭ S ύ的ϡન, ,ଛჹٿٿॺёаஒϐך Ψ൩ࢂჹҺཀ i ∈ S ஒ i ىᅈک

i j ≡ a (mod p) ୤΋的 j ∈ S ࣬ଛჹ. ӵԜ΋ٰךॺӅԖ (p− 1)/2 ჹ. җ؂ܭ΋ჹ࣬४ӧ
modulo p ϐΠک a congruent, ёளࡺ

(p−1)! = 1 ·2 · · · p−1 ≡ a
p−1

2 (mod p).

όၸ Wilson’s Theorem (3.4.3) ֋ນךॺ (p − 1)! ≡ −1 (mod p), ள᛾ࡺ a(p−1)/2 ≡ −1

(mod p). �

ӵ݀εৎό଼ב的၉, ྽߃ӧ᛾ܴ Wilson’s Theorem ஒࢂॺך S = {1, . . . , p− 1} ύϐ
ϡન٩ i j ≡ 1 (mod p) ٰଛჹ. а܌ Wilson’s Theorem ک Euler’s Criterion 的᛾ܴԖ౦Ԕ
ӕπϐ֮.

྽ p - a ਔ a(p−1)/2 ӧ modulo p ϐΠϐॶόࢂ 1 ൩ࢂ −1. ೭ࢂӢࣁऩз b = a(p−1)/2,
߾ b2 = ap−1 ≡ 1 (mod p), Ψ൩ࢂᇥ x = b ࣁ x2 ≡ 1 (mod p) ϐ΋ਥ. ӢԜҗ Lemma 3.4.2
ޕ b ≡ ±1 (mod p). ӢԜ, ๏ۓ a ∈ Z ᅈى p - a, ॺёаҗך a(p−1)/2 modulo p ࣁ 1 ܈

−1 ٰղᘐ x2 ≡ a (mod p) .ցԖှࢂ ,ӵٯ ऩ a(p−1)/2 ≡ 1 (mod p) ԶΞ
(

a
p

)
=−1, Ӣ߾

x2 ≡ a (mod p) คှҗ Theorem 5.3.3 ޕ a(p−1)/2 ≡−1 (mod p). ೭཮೷ԋ 1 ≡−1 (mod p)

ջ p|2 的ҟ࣯. ӢԜךॺޕ, ऩ a(p−1)/2 ≡ 1 (mod p), ߾
(

a
p

)
= 1. ӕ౛, ऩ a(p−1)/2 ≡ −1

(mod p), ߾
(

a
p

)
= −1. ೭൩ࢂ Legendre symbol ڗ 1 ک −1 .ॶ的౛җࣁ ॺԖаΠϐך

่論.

Corollary 5.3.4. ଷ೛ p 質數Ъڻ΋ঁࢂ a ∈ Z ᅈى p - a. )߾
a
p

)
≡ a

p−1
2 (mod p).
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ၰޕॺाךࡕаϞ܌ x2 ≡ a (mod p) Ԗှ܈คှ, ѝाѐᆉ a(p−1)/2 ନа p 的Ꭹ數ࢂ 1

܈ p−1. ऩᎩ數ࢂ 1 ,Ԗှ߾ ऩᎩ數ࢂ p−1 .คှ߾ όၸ೭ঁБݤӧჴሞݩރΠϝࡐ຤٣,
Ӣࣁाीᆉ a(p−1)/2 ΋૓ٰᇥ྽ p .ഞྠࡐࡐεਔϝࡐ όၸ೭ঁ criterion ӧ᛾ܴ΋૓ܜຝ
的ۓ౛ਔ൩ࡐᆅҔΑ. ॺԖаΠԖᜢך Legendre symbol 的ख़ा性質.

Proposition 5.3.5. ଷ೛ p 質數Ъڻ΋ঁࢂ a,b ∈ Z ᅈى p - a Ъ p - b. )߾
ab
p

)
=

(
a
p

)(
b
p

)
.

Proof. җ Corollary 5.3.4 )ޕ
ab
p

)
≡ (ab)

p−1
2 = a

p−1
2 b

p−1
2 ≡

(
a
p

)(
b
p

)
(mod p).

җܭ

(
ab
p

)
ک

(
a
p

)(
b
p

)
ϐॶाόࢂ 1 ൩ࢂ −1, адॺӧ܌ modulo p ϐΠӕᎩ߄ҢѸ

࣬฻ (ց߾Ξ཮ள p|2 ϐҟ࣯). ளࡺ
(

ab
p

)
=

(
a
p

)(
b
p

)
. �

Proposition 5.3.5 ёа௢рࡐзΓӞᡋ的่݀. ӵଷ೛ٯ x2 ≡ a (mod a) ک x2 ≡ b

(mod p) ࣣԖှЪ೛ x = c ک x = c′ ϩձځࣁ΋ှ. ٗሶךॺࡐ৒ܰ௢ள x2 ≡ ab (mod p)

ѸԖှ. Ӣࣁ x = cc′ ൩ځࢂύϐ΋ှ. όၸऩ x2 ≡ a (mod a) ک x2 ≡ b (mod p) ύځ

Ԗ΋ঁคှࣣࢂ܈คှ, ٗॺךॺ൩ࡐᜤճҔှБำԄ的Бٰݤೀ౛ x2 ≡ ab (mod p)

.ցԖှΑࢂ όၸऩճҔ Proposition 5.3.5, ऩޕߡ的זࡐॺך x2 ≡ a (mod p) Ԗှՠ

x2 ≡ b (mod p) คှ (ջ
(

a
p

)
= 1,

(
b
p

)
= −1), ߾ x2 ≡ ab (mod p) คှߡ (ӢࣁԜਔ(

ab
p

)
= 1× (−1) = −1). ऩࢂзΓ೗౦的׳ x2 ≡ a (mod p) ک x2 ≡ b (mod p) ࣣคှ, ך

ॺёаޕ x2 ≡ ab (mod p) ѸԖှ (ӢࣁԜਔ
(

ab
p

)
= (−1)× (−1) = 1). ೭ঁ่݀ࡐࢂᜤҔ

Ԗှคှ೭ኬ的ٰࡋفղᘐ的.

Proposition 5.3.5 ќ΋ঁӳೀࢂჹҺཀ整數 a ॺёаϩှԋך a = (−1)m2n0qn1
1 · · ·qnr

r , ځ
ύ qi 質數ڻࣁ (Ъ p ̸= qi Ӣ p - a), m ∈ {0,1}, ni ≥ 0. ӢԜёள(

a
p

)
=

(
−1
p

)m(
2
p

)n0
(

q1

p

)n1

· · ·
(

qr

p

)nr

.

Ψ൩ࢂᇥ๏ۓ΋ڻ質數 p, ၰޕॺѝाך
(
−1
p

)
,
(

2
p

)
ک

(
q
p

)
(q Һཀᆶࣁ p ࣬౦的ڻ

質數) ϐॶ, ٗሶჹҺཀᆶ p ϕ質的整數 a, ൩ёаᆉр
(

a
p

)
ϐॶΑ.

ॺவচٰाΑှ΋૓二次的ך congruence equation ှ的௃׎, ΋ၡϯᙁډ౜ӧѝाΑ
ှ x2 ≡ −1 (mod p), x2 ≡ 2 (mod p) ک x2 ≡ q (mod p) ύځ) q ᆶࢂ p ࣬౦的ڻ質數), ೭
Οᅿᙁൂ׎Ԅ的௃׎. ೭൩ှࢂ،數Ꮲୢᚒதၶډ的җᕷϯᙁ的ၸำ, ॶளεৎಒಒᡏ཮ځ
ύ的ᄽϯ. ќ΋ҹԖ፪的ࢂ Legendre symbol ک Euler’s Criterion ᔅշךॺஒ΋ঁচ本ှ
二次 congruence equation 的ୢᚒඤԋќѦ΋ঁှکБำԄֹӄคᜢ的Бٰݤೀ౛. ௗΠٰ
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ाճҔ೭ኬ的БԄٰೀ౛ࢂॺ൩ך

(
−1
p

)
,
(

2
p

)
ک

(
q
p

)
, Զόӆޔௗ௖૸ x2 ≡ −1,2,q

(mod p) Ԗှࢂ܈คှ.

5.4. Quadratic Reciprocity Law

ॺ໻ഭΠा૸論ך

(
−1
p

)
,
(

2
p

)
ک

(
q
p

)
ϐॶ. ӧ೭࿯ύ p ک q ҉ᇻ߄Ң࣬ٿ౦ڻ

質數, .ॺ൩όќуᇥܴΑך

5.4.1. ؃
(
−1
p

)
. ॺ२Ӄ௖૸ך

(
−1
p

)
的ڗॶ௃׎. ೚εৎ཮ᅪൽ྽܈ a ΋ঁॄ整ࢂ

數ਔ, ΋ۓёаډפ΋҅整數 b ٬ள a ≡ b (mod p), ӢԜճҔ Lemma 5.3.2(2) )ॺԖך
a
p

)
=

(
b
p

)
, ?ګݩՖᗋाԵቾॄ的௃ࣁ൩ӳΑݩаѝा௖૸҅整數的௃܌ ؒᒱ, ΋૓

ٰᇥךॺѝाޕၰ҅整數的௃׎൩ى୼Α, όၸԵቾॄ整數ΨԖځБߡ性. )ॺा؃ךӵٯ
97
101

)
. Ӣࣁ 97 ≡ −4 = (−1)× 22 (mod 101), ճҔ Lemma 5.3.2 аϷ Proposition 5.3.5

ଭ΢ёள

(
97

101

)
=

(
−1
101

)
. ќ΋Бय़ӧ modulo p ϐΠࢂցԖϡનႽፄ數ύ的 i ΋ኬᅈ

ى i2 =−1 চ本Ψ൩ࢂ΋ঁԖ፪的ୢᚒ. аΑှ܌
(
−1
p

)
ϐॶ٣ჴ΢ࢂѸा的.

Euler’s Criterion ᗨฅӧᆉ΋૓的
(

a
p

)
όࡐࢂӳҔ, όၸӧᆉ

(
−1
p

)
൩ࡐӳҔΑ.

Theorem 5.4.1. ଷ೛ p ,質數ڻࢂ )߾
−1
p

)
=

{
1, ྽ p ≡ 1 (mod 4);
−1, ྽ p ≡−1 (mod 4).

Proof. ճҔ Corollary 5.3.4 )ޕॺך
−1
p

)
≡ (−1)

p−1
2 (mod p).

ऩ p ≡ 1 (mod 4), ҢӸӧ߄ k ∈ N ٬ள p = 4k+ 1, ளࡺ (−1)(p−1)/2 = (−1)2k = 1. ӢԜ

ள᛾

(
−1
p

)
= 1. ऩ p ≡ −1 (mod 4), ҢӸӧ߄ k ∈ N ٬ள p = 4k−1, ளࡺ (−1)(p−1)/2 =

(−1)2k−1 =−1. ӢԜள᛾
(
−1
p

)
=−1. �

ाݙཀҗܭ p ,質數ڻࢂ ӢԜ p ӧ modulo 4 ϐΠाόฅک 1 ӕᎩाόฅ൩ک −1 ӕᎩ,
а܌ Theorem 5.4.1 ๏Α

(
−1
p

)
ֹ整的เਢ. Ϟךࡕॺाޕၰ x2 ≡−1 (mod p) ցԖှࢂ

ਔ, ѝा࣮ p ӧ modulo 4 ϐ௃׎൩ёаޕၰเਢ. ၰޕॺགྷךӵখωٯ x2 ≡ 97 (mod 101)

,ցԖှࢂ җ
(

97
101

)
=

(
−1
101

)
аϷ 101 ≡ 1 (mod 4) ଭ΢ޕၰ x2 ≡ 97 (mod 101) Ԗှࢂ

的.
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5.4.2. ؃
(

2
p

)
. ௗΠٰךॺा௖૸

(
2
p

)
的ڗॶ௃׎. ཮ஒ 2 質數ϩ໒૸論ڻ΋૓的ک

的চӢࢂӢࣁ 2 ,୤΋的ଽ質數ࢂ ,質數όӕ的ڻکࢂݩރӭࡐ౜ӧ߄ځ ٣ჴ΢ךॺӧ前य़
ς࿶࣮ډ೚ӭӧ 2 的௃کݩ΋૓ڻ質數Ԗࡐεόӕ的௃ٯ׎ӵ x2 ≡ a (mod 2n) ک x2 ≡ a

(mod pn) ೭ٿᅿ congruence equation .ᄊ൩ֹӄόӕ׎的ှځ

ाҔࢂॺᗋך Euler’s criterion 的ᆒઓٰ؃
(

2
p

)
Զόޔࢂௗ௖૸ x2 ≡ 2 (mod p) Ֆਔ

Ԗှ. ฅԶ Euler’s criterion ٠όૈޔௗ঺Ҕٰ؃
(

2
p

)
, ЬाচӢךࢂॺ೭္的 p ΋૓ࢂ

的ڻ質數Զόࢂ੝ۓ的ڻ質數, ՗ीݤаਥ本ค܌ 2(p−1)/2 ӧ modulo p ϐΠࣁ 1 ܈ −1. ך
ॺѸ໪௢ᏤрќѦ的Бݤёаᔅշךॺ؃ 2(p−1)/2 ӧ modulo p ϐ௃׎.

Lemma 5.4.2 (Gauss’s Lemma). ଷ೛ p 質數Ъڻࢂ a ∈ Z ᅈى p - a. Եቾ໣ӝ S =

{a,2a, . . . ,
p−1

2
a}. ऩ S ύӅԖ n ঁϡનځନа p 的Ꭹ數εܭ (p−1)/2, ߾

a
p−1

2 ≡ (−1)n (mod p).

Proof. ॺஒך S ύ的ϡનନа p 的Ꭹ數ϩԋ r1, . . . ,rn Ϸ s1, . . . ,sm ,೽ҽٿ ύځ ri εࢂ

ܭ (p−1)/2 的೽ҽ, Զ s j ܭ฻ܭλ߄ (p−1)/2 的೽ҽ. җܭ S ύ的ϡનࣣᆶ p ϕ質, ܌
аჹ܌Ԗ的 i ∈ {1, . . . ,n} ک j ∈ {1, . . . ,m} ٩ ri,s j 的ۓကךॺޕӸӧ 1 ≤ ni ≤ (p−1)/2 ٬

ள nia ନа p 的Ꭹ數ࣁ ri Ъ (p+ 1)/2 ≤ ri ≤ p− 1, ќ΋Бय़Ӹӧ 1 ≤ m j ≤ (p− 1)/2 ٬

ள m ja ନа p 的Ꭹ數ࣁ s j Ъ 1 ≤ s j ≤ (p− 1)/2. ाݙཀԜਔ n+m = (p− 1)/2, ౜Եቾ
T = {p− r1, . . . , p− rn,s1, . . . ,sm}, ॺा᛾ܴך T = {1,2, . . . ,(p−1)/2}.

ा᛾ܴ T = {1,2, . . . ,(p− 1)/2}. ॺӃ᛾ܴך T ⊆ {1,2, . . . ,(p− 1)/2}. ฅԶჹҺཀ
的 i ∈ {1, . . . ,n} ॺԖך p− ri ≤ p− (p+ 1)/2 = (p− 1)/2 Ъ p− ri ≥ p− (p− 1) = 1, ޕࡺ
p− ri ∈ {1,2, . . . ,(p−1)/2}. ќ΋Бय़ჹҺཀ j ∈ {1, . . . ,m} ςޕ 1 ≤ s j ≤ (p−1)/2 ள᛾ࡺ

T ⊆ {1,2, . . . ,(p−1)/2}.

ௗΠٰךॺ᛾ܴ p− ri, i ∈ {1, . . . ,n} ک s j, j ∈ {1, . . . ,m} ೭ n+m (ջ (p− 1)/2) ঁ
ϡનࣣ࣬౦, ёள᛾ߡ T = {1,2, . . . ,(p− 1)/2}. ॺा᛾ܴךа܌ (1): 1 ≤ i ̸= i′ ≤ n ਔ,
p− ri ̸= p− ri′ ; (2): 1 ≤ j ̸= j′ ≤ m ਔ, s j ̸= s j′ аϷ (3): ჹҺཀ i ∈ {1, . . . ,n}, j ∈ {1, . . . ,m},
p− ri ̸= s j.

྽ 1 ≤ i ̸= i′ ≤ n ਔ, ऩ p− ri = p− ri′ Ң߄ ri = ri′ , ကջۓ٩ nia ک ni′a ନа p 的Ꭹ數

࣬ӕ, Ψ൩ࢂᇥ nia ≡ ni′a (mod p). ฅԶςଷ೛ a ک p ϕ質ࡺҗ Corollary 3.2.4 ޕ ni ≡ ni′

(mod p). ՠԜᆶ 1 ≤ ni ̸= ni′ ≤ (p− 1)/2 的ଷ೛ҟ࣯, ள᛾ࡺ p− ri ̸= p− ri′ , ջ (1) ჹࢂ
的. ӕ౛ё᛾ள (2) .ჹ的ࢂ Կܭ (3), ऩ p− ri = s j, Ң߄ ri + s j = p, ёள nia+m ja ≡ 0

(mod p). ӆҗࡺ Corollary 3.2.4 ள ni +m j ≡ 0 (mod p). ฅԶ 1 ≤ ni,m j ≤ (p− 1)/2, ள
2 ≤ ni +m j ≤ p−1, όёૈᅈى p|ni +m j, ள᛾ࡺ p− ri ̸= s j.

ฅࡽ T = {1,2, . . . ,(p−1)/2}, ॺளך

p−1
2

! = (p− r1) · · ·(p− rn) · s1 · · ·sm ≡ (−1)nr1 · · ·rn · s1 · · ·sm (mod p).
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ќ΋Бय़ S = {a,2a, . . . ,
p−1

2
a} ύϡનନа p 的Ꭹ數܌ԋ的໣ӝࣁ {r1, . . . ,rn,s1, . . . ,sm},

ளࡺ

r1 · · ·rn · s1 · · ·sm ≡ a ·2a · · · p−1
2

a =
p−1

2
! ·a

p−1
2 (mod p).

΢Ԅ整౛ளک
p−1

2
! ≡ (−1)n p−1

2
! ·a

p−1
2 (mod p).

Ӣࣁ
p−1

2
! ک p ϕ質, җࡺ Corollary 3.2.4 ޕ

1 ≡ (−1)na
p−1

2 (mod p),

ջ

a
p−1

2 ≡ (−1)n (mod p).

�

ऩ {a,2a, . . . ,
p−1

2
a}ύӅԖ nঁϡનନа p的Ꭹ數εܭ (p−1)/2,߾җ Corollary 5.3.4

аϷ Lemma 5.4.2 ޕ (
a
p

)
≡ a

p−1
2 ≡ (−1)n (mod p).

җࡺ

(
a
p

)
的ڗॶࣁ ±1, ள (

a
p

)
= (−1)n.

Gauss’s Lemma ஒᕷፄ a(p−1)/2 的ीᆉඤԋीᆉ {a,2a, . . . ,
p−1

2
a} ύԖӭϿঁନа p

的Ꭹ數εܭ (p−1)/2, ዴჴஒୢᚒᙁϯΑ. ॺёаճҔѬٰीᆉך
(

2
p

)
.

Theorem 5.4.3. ଷ೛ p ,質數ڻࢂ )߾
2
p

)
=

{
1, ྽ p ≡±1 (mod 8);
−1, ྽ p ≡±3 (mod 8).

Proof. Եቾ S = {2,2×2, . . . ,
p−1

2
×2}, ॺளך S = {2,4, . . . , p−1}. Ψ൩ࢂᇥ S ύ的ϡ數

ନа p ࣁ࡞ԋ的໣ӝ܌ளᎩ數܌ S, ջλܭ p 的҅ଽ數܌ԋϐ໣ӝ. җܭ p ,數ڻࢂ ॺஒך
ϐϩԋ p ≡±1,±3 (mod 8) Ѥᅿ௃ٰ׎૸論. ࣮࣮ S ύԖӭϿϡનεܭ (p−1)/2.

྽ p = 8k+ 1 (ջ p ≡ 1 (mod 8)) ਔ, (p− 1)/2 = 4k. ӢԜ S ύεܭ (p− 1)/2 的ϡન

ঁ數ջࣁλܭ฻ܭ p− 1 = 8k Ъεܭ 4k 的ଽ數ϐঁ數. ӅԖځޕ (8k− 4k)/2 = 2k. җࡺ
Corollary 5.3.4 аϷ Lemma 5.4.2 )ޕ

2
p

)
= (−1)2k = 1.

྽ p = 8k−1 (ջ p ≡−1 (mod 8)) ਔ, (p−1)/2 = 4k−1. ӢԜ S ύεܭ (p−1)/2 的ϡ

નঁ數ջࣁλܭ฻ܭ p−1 = 8k−2 Ъεܭ 4k−1 的ଽ數ϐঁ數. ӅԖځޕ (8k−2− (4k−
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2))/2 = 2k. җࡺ Corollary 5.3.4 аϷ Lemma 5.4.2 )ޕ
2
p

)
= (−1)2k = 1.

྽ p = 8k+3 (ջ p ≡ 3 (mod 8)) ਔ, (p−1)/2 = 4k+1. ӢԜ S ύεܭ (p−1)/2 的ϡન

ঁ數ջࣁλܭ฻ܭ p−1 = 8k+2 Ъεܭ 4k+1 的ଽ數ϐঁ數. ӅԖځޕ (8k+2−4k)/2 =

2k+1. җࡺ Corollary 5.3.4 аϷ Lemma 5.4.2 )ޕ
2
p

)
= (−1)2k+1 =−1.

྽ p = 8k−3 (ջ p ≡−3 (mod 8)) ਔ, (p−1)/2 = 4k−2. ӢԜ S ύεܭ (p−1)/2 的ϡ

નঁ數ջࣁλܭ฻ܭ p−1 = 8k−4 Ъεܭ 4k−2 的ଽ數ϐঁ數. ӅԖځޕ (8k−4− (4k−
2))/2 = 2k−1. җࡺ Corollary 5.3.4 аϷ Lemma 5.4.2 )ޕ

2
p

)
= (−1)2k−1 =−1.

�

ԖΑ Theorem 5.4.3, ๏ۓ΋ڻ質數 p, ၰޕ৒ܰࡐॺஒך x2 ≡ 2 (mod p) .ցԖှࢂ ٯ
ӵӢࣁ 101 ≡ 5 ≡−3 (mod ޕࡺ,(8 x2 ≡ 2 (mod 101)คှ. Զ 23 ≡−1 (mod ޕࡺ(8 x2 ≡ 2

(mod 23) Ԗှ. ٣ჴ΢ 52 ≡ 2 (mod 23), ޕࡺ x ≡±5 (mod 23) ࣁ x2 ≡ 2 (mod 23) ϐှ.

5.4.3. ؃
(

q
p

)
. നךࡕॺٰ௖૸ p,q .׎質數的௃ڻ౦࣬ࣁ ऩ๏ۓΑ p ک q ॺ྽ฅ൩ך

ёаճҔ Gauss’s Lemma ؃
(

q
p

)
, όၸ౜ӧा૸論的ࢂ΋૓的 p ک q, ॺѸ໪Եቾձ的ך

Бݤ.

ӧ Gauss’s Lemma ύךॺሡाᆉр {a,2a, . . . ,
p−1

2
a} ύԖӭϿϡનځନа p 的Ꭹ數ε

ܭ (p−1)/2. ऩঁځ數ࣁ n, ߾
(

a
p

)
= (−1)n. җܭ (−1)n 的ڗॶֹӄܭ،ڗ n ܈數ڻࢂ

ଽ數, ॺ٠όሡᆒዴӦᆉрךа܌ n ,ӭϿࣁ ѝሡዴᇡڻࣁځ數܈ଽ數ջё. аΠךॺஒϟ
ಏ΋ঁղձ n ,ݤଽ的Б܈ڻࣁ όၸҗךܭॺाԵቾ的

(
q
p

)
ύځ q ,質數ڻࣁ аۭΠ的܌

Бݤύךॺ໻Եቾ a .ݩ數的௃ڻࣁ

.ॺӃϟಏ΋ঁ಄ဦךߡΑБࣁ ๏ۓ΋ჴ數 r, ॺзך [r] ܭ฻ܭҢλ߄ r 的整數ύന

ε的整數. ӵऩٯ π ,౗ڬ༝߄ ߾ [π] = 3. Ξٯӵ [−5.2] =−6. ाݙཀ྽ m,n 整數ਔ҅ࢂ

[m/n] ջࣁ m ନа n 的୘.

Lemma 5.4.4. ๏ۓ΋ڻ質數 pϷ΋҅ڻ數 aᅈى p - a. ऩз n߄Ң໣ӝ {a,2a, . . . ,
p−1

2
a}

ύନа p Ꭹ數εܭ (p−1)/2 的ϡનঁ數, ߾

n ≡
(p−1)/2

∑
k=1

[
ka
p

]
(mod 2).
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Proof. ଷ೛ ka ନа p 的Ꭹ數ࣁ r, ॺԖךကۓ٩߾ ka = p[ka/p]+ r. ऩ٩ࡺ Lemma 5.4.2
的᛾ܴךॺஒ {a,2a, · · · , p−1

2
a} ύ的ϡનନа p 的Ꭹ數ϩԋ r1, . . . ,rn Ϸ s1, . . . ,sm ,೽ҽٿ

ύځ ri ܭεࢂ (p−1)/2 的೽ҽ, Զ s j ܭ฻ܭλ߄ (p−1)/2 的೽ҽ, ߾
(p−1)/2

∑
k=1

ka =
(p−1)/2

∑
k=1

p
[

ka
p

]
+

n

∑
i=1

ri +
m

∑
j=1

s j.

җךܭॺ໻ӧЯ܈ڻଽ, аёԵቾ΢Ԅӧ܌ modulo 2 的௃ݩ, ճҔࡺ a ک p 數ڻࣁࣣ (ջ
a ≡ p ≡ 1 (mod 2)) ॺளך

(p−1)/2

∑
k=1

k ≡
(p−1)/2

∑
k=1

[
ka
p

]
+

n

∑
i=1

ri +
m

∑
j=1

s j (mod 2). (5.1)

ќ΋Бय़ӧ Lemma 5.4.2 的᛾ܴύךॺ᛾ள

{p− r1, . . . , p− rn,s1, . . . ,sm}= {1,2, . . . ,(p−1)/2}.

ளࡺ
(p−1)/2

∑
k=1

k =
n

∑
i=1

(p− ri)+
m

∑
j=1

s j = np−
n

∑
i=1

ri +
m

∑
j=1

s j.

ӆճҔ p ≡ 1 (mod 2) ள

(p−1)/2

∑
k=1

k ≡ n−
n

∑
i=1

ri +
m

∑
j=1

s j (mod 2). (5.2)

ӝٳԄη (5.1) ک (5.2) ள᛾

n ≡
(p−1)/2

∑
k=1

[
ka
p

]
+2

n

∑
i=1

ri ≡
(p−1)/2

∑
k=1

[
ka
p

]
(mod 2).

�

ӆ次மፓӧ Lemma 5.4.4 的᛾ܴύךॺҔډ a 數ڻࢂ (ջ a ≡ 1 (mod 2)) 的ଷ೛, а܌

Ԝ่݀໻፾Ҕܭ a ,ݩ數的௃ڻࣁ ί࿤ձҔԜٰݤᆉ
(

2
p

)
.

ճҔ Corollary 5.3.4 аϷ Lemma 5.4.2, Lemma 5.4.4, 質數ڻ΋ۓ๏ޕॺך p, ाीᆉ
΋ঁ҅ڻ數 a ځ

(
a
p

)
ϐॶ, ॺѝाीᆉך ∑(p−1)/2

k=1 [ka/p] ϐॶջё. ऩځॶࣁ N, )ள߾
a
p

)
=(−1)N ӵा؃ٯ.

(
5

11

)
ॺѝाीᆉך, [5/11]+[10/11]+[15/11]+[20/11]+[25/11].

ᆉрځॶࣁ 4, ޕࡺ
(

5
11

)
= (−1)4 = 1.

ௗ๱ךॺाճҔ Lemma 5.4.4 ٰीᆉ
(

q
p

)
. ৒ܰ౛ှᆉࡐ

(
q
p

)
όЗک p ԖᜢΨک

q Ԗᜢ, ॺा௖૸ךа܌
(

q
p

)
ک

(
p
q

)
的ᜢ߯. җܭ p,q ,質數ڻࣁࣣ ॺ೿ёаճҔך

Lemma 5.4.4 ٰीᆉ
(

q
p

)
ک

(
p
q

)
. ӢԜךॺा௖૸ ∑(p−1)/2

k=1 [kq/p] ک ∑(q−1)/2
l=1 [l p/q] ϐ໔

的ᜢ߯.
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ӧ௖૸Ԝୢᚒ前, ٰ࣮ࡋفॺӆவќ΋ঁך [r] ೭ঁ整數. ྽ r ,的ჴ數ਔ҅ࢂ [r] ϐ

ॶ൩܌ࢂԖᅈى 0 ≤ n ≤ r 的҅整數 n 的ঁ數. ӧ֤኱ xy-ѳय़΢, ॺᆀך x-ືϷ y-ື֤
኱ࣣ҅ࣁ整數的ᗺࣁ “҅਱ηᗺ”. ٩Ԝ࣮ݤ, ྽ k ,整數ਔ҅ࢂ [kq/p] ϐॶ൩ޔࢂጕ x = k

ӧ 0 ≤ y ≤ kq/p ϐ໔的҅਱ηᗺঁ數. Զ྽ l ,整數ਔ҅ࢂ [l p/q] ϐॶ൩ޔࢂጕ y = l ӧ

0 ≤ x ≤ l p/q ϐ໔的҅਱ηᗺঁ數. ճҔ೭ᅿᢀᗺ, .ॺԖаΠϐ่݀ך

Lemma 5.4.5. ଷ೛ p ک q .質數ڻ౦࣬ࣁ ߾
(p−1)/2

∑
k=1

[
kq
p

]
+

(q−1)/2

∑
l=1

[
l p
q

]
=

p−1
2

q−1
2

.

Proof. ӧ xy-ѳय़΢, Եቾа (0,0), (p/2,0), (p/2,q/2) аϷ (0,q/2) Ѥᗺࣁഗᗺ的ߏБ׎

୔ୱ T , ٠аޔጕ L : y = (q/p)x ஒԜ୔ୱϩԋ T1 ک T2 .೽ҽٿ ύځ T1 ጕޔ߄ L ΠБ的೽

ҽ, Զ T2 ጕޔ߄ L ΢Б的೽ҽ, ӵΠკ.

-

6 L : y = (q/p)x

(p/2,0)

(p/2,q/2)(0,q/2)

(k,0)

(0, l)
T1

T2

ӧ T ύ的Һཀ҅਱ηᗺ (m,n), ىကሡᅈۓ٩ m,n ∈ N Ъ 0 ≤ m ≤ p/2 Ϸ 0 ≤ n ≤ q/2.
ӢԜҗ p,q ӧޕ數ڻࣁ T ύ的҅਱ηᗺঁ數ࣁ

p−1
2

q−1
2

.

ќ΋Бय़ӧ T1 ύ的҅਱ηᗺ (k,s),ۓ٩ကሡᅈى k,s ∈NЪ 0 ≤ k ≤ p/2Ϸ 0 ≤ s ≤ kq/p.
Ψ൩ࢂᇥ k ∈ N ሡᅈى 1 ≤ k ≤ (p−1)/2, Ъ๏ۓ k, ߾ 0 ≤ s ≤ kq/p. ඤѡ၉ᇥाीᆉӧ T1

ύ的਱ηᗺ,฻ܭӧीᆉ๏ۓ k ∈NЪ 1 ≤ k ≤ (p−1)/2ਔ཮ԖӭϿ s ∈Nᅈى 0 ≤ s ≤ kq/p,
ӆஒ܌Ԗ k .ᆉளϐ่݀уଆٰ܌ ฅԶჹҺཀ的҅整數 k ಄ӝ 0 ≤ s ≤ kq/p 的҅整數 s 的

ঁ數ࣁ [kq/p]. аӧ܌ T1 ύ的҅਱ηᗺ數ࣁ ∑(p−1)/2
k=1 [kq/p]. ӕ౛ӧ T2 ύ的҅਱ηᗺ數ࣁ

∑(q−1)/2
l=1 [l p/q].

ӧ T1 ک T2 的Ҭࣚ, ջᅈى y = (q/p)x Ъ 0 ≤ x ≤ p/2 的ጕࢤ΢཮ό཮Ԗ҅਱ηᗺګ?
ऩ (m,n) ,΢ϐ΃҅਱ηᗺځࣁ ॺԖך߾ pn = qm Ъ 1 ≤ m ≤ (p−1)/2. ฅԶҗ pn = qm ё

ள p|qm, ӆӢ p,q җࡺ౦質數࣬ࣁ Proposition 1.2.6(1) ޕ p|m, Ԝک 1 ≤ m ≤ (p−1)/2 ࣬

ҟ࣯. ӧޕࡺ T1 ک T2 Ҭࣚ的ጕࢤ΢ค҅਱ηᗺ. ӢԜӧ T1 ک T2 ΢的҅਱ηᗺ數ϐࣁ࡞ک
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ӧ T ΢的҅਱ηᗺ數, ள᛾ࡺ
(p−1)/2

∑
k=1

[
kq
p

]
+

(q−1)/2

∑
l=1

[
l p
q

]
=

p−1
2

q−1
2

.

�

྽ p,q ,質數ڻ౦࣬ࣁ ऩ M = ∑(p−1)/2
k=1 [kq/p] Ъ N = ∑(q−1)/2

l=1 [l p/q] җ Lemma 5.4.4 )ޕ
q
p

)
= (−1)M Ъ

(
p
q

)
= (−1)N . Զ Lemma 5.4.5 ֋ນךॺ M+N = (p−1)(q−1)/4, )ளࡺ

q
p

)(
p
q

)
= (−1)M+N = (−1)

p−1
2

q−1
2 .

ӢԜךॺԖаΠϐ่݀.

Theorem 5.4.6 (Quadratic Reciprocity Law). ଷ೛ p ک q .質數ڻ౦࣬ࣁ ߾

(
q
p

)
=


−
(

p
q

)
, ऩ p ≡ q ≡−1 (mod 4);(

p
q

)
, .׎д௃ځ

Proof. җܭ p,q ,數ڻࣁࣣ ॺ٩ך p ≡±1 (mod 4) аϷ q ≡±1 (mod 4) Ѥᅿ௃ٰ׎૸論.

ଷ೛ p= 4k−1Ъ q= 4k′−1ځύ k,k′ ∈N (ջ p≡ q≡−1 (mod 4)). ߾ (p−1)/2= 2k−1

Ъ (q−1)/2 = 2k′−1, )ளࡺ
q
p

)(
p
q

)
= (−1)(2k−1)(2k′−1) =−1.

Ψ൩ࢂᇥ

(
q
p

)
=−

(
p
q

)
.

ഭΠ的௃ࣁݩ p ک q ύԿϿԖ΋ঁӧ modulo 4 ϐࡕᎩ 1. όѨ΋૓性൩ଷ೛ p ≡ 1

(mod 4). Ԝਔ p = 4k+1, ύځ k ∈ N, ளࡺ (p−1)/2 = 2k. Զ (q−1)/2 Ѹࣁ整數ޕࡺ(
q
p

)(
p
q

)
= (−1)(2k) q−1

2 = 1
q−1

2 = 1.

Ψ൩ࢂᇥ

(
q
p

)
=

(
p
q

)
. �

ाݙཀ Theorem 5.4.6 ाӧ p,q ,質數ਔω፾Ҕڻ౦࣬ࣁ ց߾ऩ q όڻࢂ質數,
(

p
q

)
೭ঁ಄ဦؒࢂԖۓက的. ᗨฅ Theorem 5.4.6 ٠ؒԖܴዴ֋ນךॺ

(
q
p

)
ϐॶࣁՖ, ՠ

ёճҔࢂ

(
p
q

)
ϐॶٰ؃ள

(
q
p

)
. ΋૓ٰᇥஒ

(
q
p

)
的ୢᚒϸᙯԋ

(
p
q

)
的ୢᚒ൩Ⴝ

ᗅᙯ࣬ନݤ΋ኬ, ёаזೲ的ஒୢᚒᙁϯ. ೭ࢂӢࣁ΋૓ٰᇥճҔ Lemma 5.3.2(2), ा

؃

(
q
p

)
ਔ, ёଷ೛ q < p, а΋ϸᙯԋ܌

(
p
q

)
ਔךॺςஒ΋ঁ modulo Кၨε的 p 的

ୢᚒᙁϯԋ΋ঁ modulo Кၨλ的 q 的ୢᚒ. ӵ؃ٯ
(

7
101

)
, җܭ 101 ≡ 1 (mod 4), ࡺ

ள

(
7

101

)
=

(
101
7

)
. аଭ΢ஒ܌ modulo 101 的ୢᚒᙯԋ modulo 7 的ୢᚒ, Ծฅᡂள
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ᙁൂ. ٣ჴ΢
(

101
7

)
=

(
3
7

)
, ёଭ΢ᡍ᛾ޕ

(
3
7

)
= −1 ӆҔ΋次܈) Theorem 5.4.6 ள(

3
7

)
=−

(
7
3

)
=−

(
1
3

)
=−1). ޕаள܌

(
7

101

)
=−1. ᕴԶ言ϐ, ჹܭ΋૓的࣬౦ڻ質

數 p,q, җݤॺؒԖᒤך p ک q ଭ΢ளޕ
(

q
p

)
ϐॶ. ՠࢂճҔ Theorem 5.4.6, ॺёаך

.ॶځೲ的ஒୢᚒϯᙁԶ؃рזࡐ നךࡕॺٰ࣮΋ঁٯη整ӝ೭΋࿯ύᏢډ的Бݤ.

Example 5.4.7. Եቾ二次 congruence equation x2 ≡ 539 (mod 631) .ցԖှࢂ ाݙཀऩ
ाҔ Legendre symbol ೀ౛, २Ӄाᔠࢗ 631 .質數ࣁցࢂ ݤॺёаճҔᑔך (Proposition
1.4.6) ᔠࢗλܭ

√
631 的質數ࢂցё整ନ 631. җܭλᎩ 25 的質數ࣣόૈ整ନ 631, а܌

Proposition 1.4.6 ֋ນךॺ 631 .質數ࢂ ӢԜךॺ൩ࢂाीᆉ
(

539
631

)
ϐॶ. җܭ 539 ک

631 ሥ߈, ॺճҔך 539 ≡−92 (mod 631) аϷ Lemma 5.3.2(2) ޕ
(

539
631

)
=

(
−92
631

)
ௗ๱

ஒ 92 բ質Ӣ數ϩှள 92 = 22 ×23. ճҔࡺ Proposition 5.3.5 )ޕ
539
631

)
=

(
−92
631

)
=

(
−1
631

)(
4

631

)(
23

631

)
.

җܭ 631 ≡ 3 ≡−1 (mod 4), җࡺ Theorem 5.4.1 ޕ
(

−1
631

)
=−1. Զ 4 = 22, җࡺ Lemma

5.3.2(1) ޕ
(

4
631

)
= 1, ӢԜள

(
539
631

)
= −

(
23
631

)
. җܭ 631 ≡ 23 ≡ 3 (mod 4), җࡺ

Theorem 5.4.6 ޕ
(

23
631

)
=−

(
631
23

)
. Ξҗ 631 ≡ 10 (mod 23) ӢԜޕ(

539
631

)
=−

(
23

631

)
=

(
631
23

)
=

(
10
23

)
=

(
2

23

)(
5

23

)
.

Ӣࣁ 23 ≡ 7 ≡ −1 (mod 8), җࡺ Theorem 5.4.3 ޕ
(

2
23

)
= 1. ΞӢ 5 ≡ 1 (mod 4), җࡺ

Theorem 5.4.6 ޕ
(

5
23

)
=

(
23
5

)
. ӢԜள

(
539
631

)
=

(
2

23

)(
5

23

)
=

(
23
5

)
. ӆҗ 23 ≡ 3

(mod 5) аϷ 5 ≡ 1 (mod 4) ޕ
(

23
5

)
=

(
3
5

)
=

(
5
3

)
=

(
2
3

)
. ޕа܌

(
539
631

)
=

(
2
3

)
=

−1. Ψ൩ࢂᇥ x2 ≡ 539 (mod 631) คှ.

྽ฅΑ྽߃ऩ࣮р 539 = 72 ×11, ଭ΢ள߾
(

539
631

)
=

(
72

631

)(
11
631

)
=

(
11

631

)
. ӆӢ

631 ≡ 11 ≡ 3 (mod 4) аϷ 631 ≡ 4 (mod 11) )ޕ
539
631

)
=

(
11

631

)
=−

(
631
11

)
=−

(
4
11

)
=−1.

ѝा๓ҔݤаόᆅҔবᅿ࣮܌ Legendre symbolЪ҅ዴӦ٬Ҕ quadratic reciprocity law (૶
ளѝԖڻ質數ωૈ࿼ܭ Legendre symbol 的ΠБ), ೲЪ҅ዴ的؃рזૈߡ Legendre symbol
ϐॶ.



Chapter 6

Primitive Roots

๏ۓ m∈N,ऩӸӧ a∈Z٬ள {a,a2, . . . ,aϕ(m)}ԋࣁ΋ঁ reduced residue system modulo
m, ᆀ߾ a ࢂ modulo m ϐΠ的 primitive root. Primitive roots 的ཷۺёаᔅշךॺှଯ次
的 congruence equation. ӧ本കύךॺஒ௖૸ Primitive Root Theorem, ջΑှ࡛ኬ的҅整
數 m ཮٬ளӧ modulo m ϐΠԖ primitive root. ٠٩Ԝٰှଯ次的 congruence equation.

6.1. Order ᆶ Primitive Roots

๏ۓ m ∈ N аϷ a ∈ Z, ӵՖղձޕॺςך x2 ≡ a (mod m) Ԗှ܈คှ, Զ primitive
root 的ཷۺёаᔅշךॺှډפ.

Եቾ x2 ≡ 5 (mod 11). ճҔ quadratic reciprocity lawךॺޕ
(

5
11

)
=

(
11
5

)
=

(
1
5

)
=

1, ޕࡺ x2 ≡ 5 (mod 11) Ԗှ. ฅԶှࣁՖګ? ॺёаճҔך 2 ӧ modulo 11 ϐΠ੝Ԗ的性

質ᔅշךॺှפ. Πࣁ߄ 2n ӧ modulo 11 的௃׎.

n 1 2 3 4 5 6 7 8 9 10
2n (mod 11) 2 4 8 5 10 9 7 3 6 1

ॺว౜ಃ二Չך (ջ an ٗ΋Չ) ύ೭ 10 (= ϕ(11)) ঁ數ӧ modulo 11 ϐΠࣣ࣬౦, ԶЪӢ 2

ک 11 ϕ質܌аԾฅ 2n ک 11 ϕ質, ӢԜҗ reduced residue system 的ۓကޕ {2,22, . . . ,210}
΋ঁࢂ reduced residue system modulo 11. ೭ж߄的ཀကک؂ঁࢂ 11 ϕ質的數 a, ೿ёа
ډפ 1 ≤ n ≤ 10 ٬ள a ≡ 2n (mod 11). ќ΋Бय़ךॺ໻ஒ n ӈډ 10 的চӢࢂӢࣁ 210 ≡ 1

(mod 11), ӵ݀ m = 10k+ i ύځ 0 ≤ i ≤ 9, ߾ 2m ≡ 2i (mod 11). Ψ൩؂ࢂ 10 次Б΋ൻᕉ,
аӈр܌ 10 次൩୼Α. Ξҗܭςޕ྽ 1 ≤ i ̸= j ≤ 10 ਔ, 2i ̸≡ 2 j (mod 11), ޕॺך 2i ≡ 2 j

(mod 11) ऩЪ୤ऩ i ≡ j (mod 10). ่ӝ೭٤่݀ёаᔅշךॺှ x2 ≡ 5 (mod 11). চӢ
ӵΠ: ଷ೛ x = c ,΋ှࢂ җܭ 5 ک 11 ϕ質, ޕࡺ c ک 11 ϕ質. ӢԜޕӸӧ t ∈ N ٬ள
c ≡ 2t (mod 11). ฅԶ 5 ≡ 24 (mod 11), җࡺ 22t ≡ c2 ≡ 5 ≡ 24 (mod 11)ள 2t ≡ 4 (mod 10).
ѯ֮的ஒှ二次的ࡐॺך x2 ≡ 5 (mod 11) ᙯϯԋှ΋次的 2t ≡ 4 (mod 10) ཀݙ) modulo
όӕ的數). ճҔࡺ Proposition 4.2.1 ှள t ≡ 2 (mod 5), Ψ൩ࢂᇥ t = 2,7, . . . ࣁ 2t ≡ 4

73
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(mod 10) ϐှ. ஒϐжӣ c = 2t , ள c ≡ 4,7 (mod 11). ޕࡺ x ≡ ±4 (mod 11) ࣁ x2 ≡ 5

(mod 11) ϐှ.

ё٩Ԝှݤ二次 congruence equation ᘜфܭӧ modulo 11 ϐΠ {2,22, . . . ,211} ࢂ
reduced residue system. ाݙཀ٠όࢂ 2 ҉ᇻԖԜ੝性. ӵٯ 23 ≡ 1 (mod 7), а܌
{2,22, . . . ,26} ӧ modulo 7 ϐΠ٠όࢂ reduced residue system. ॺஒԖԜ੝性的ϡન๏ך
ঁ੝ۓ的Ӝη.

Definition 6.1.1. ๏ۓ m ∈ N, ऩ a ∈ Z Ъᆶ m ϕ質ᅈى {a,a2, . . . ,aϕ(m)} ΋ঁࢂ reduced
residue system modulo m, ᆀ߾ a ࣁ modulo m ϐΠ的΋ঁ primitive root.

ाݙཀ٠όࢂჹ܌Ԗ的 m ࣣԖ primitive root. ӵӧٯ modulo 15 ϐΠ, کԖ܌ 15 ϕ質

的數 a ࣣԖ a4 ≡ 1 (mod 15), аΞӢ܌ aϕ(15) = a8 ≡ 1 (mod 15) ޕ {a,a2,a3,a4, . . . ,a8} ό
ёૈ׎ԋ reduced residue system modulo 15. Ψ൩ࢂᇥӧ modulo 15 ϐΠ٠ค primitive
root. ा௖૸ব٤ࢂॺനЬा的Ҟ的൩ך m ∈ N ӧ modulo m ϐΠ཮Ԗ primitive root.

२ӃךॺѸ໪Αှ࡛ኬ的 a ӧ modulo m ϐΠ཮ࢂ primitive root. җܭ

S = {a,a2, . . . ,aϕ(m)}

ࢂ reduced residue system modulo m, аऩ܌ 1 ≤ i ̸= j ≤ ϕ(m), ߾ ai ̸≡ a j (mod m). ց߾ S

ӧ modulo m ϐΠ཮ԖϿܭ ϕ(m) ঁӕᎩᜪ, ค׎ݤԋ reduced residue system modulo m.
ฅԶ a ک m ϕ質, Euler’s Theorem (3.3.2) ֋ນךॺ aϕ(m) ≡ 1 (mod m), а܌ a ӧ modulo
m ϐΠࢂ primitive root 的Ӄ،చҹࢂऩ 1 ≤ i ≤ ϕ(m)−1, ߾ ai ̸≡ 1 (mod m) (ց߾཮೷ԋ
1 ≤ i < ϕ(m) Ъ ai ≡ aϕ(m) (mod m) 的ҟ࣯). Ψ൩ࢂᇥᅈى an ≡ 1 (mod m) 的നλ҅整數 n

ࣁ n = ϕ(m). ӢԜ๏ۓ a ∈ Z Ъ gcd(a,m) = 1, നλ的҅整數 n ᅈى an ≡ 1 (mod m) ,Ֆࣁ
ղᘐࢂ a ӧ modulo m ϐΠࢂցࣁ primitive root 的ख़ा٩Ᏽ. .ကۓॺԾฅԖаΠϐך

Definition 6.1.2. ๏ۓ m ∈ N аϷ a ∈ Z ᅈى gcd(a,m) = 1. ऩ n ∈ N നλ的҅整數ᅈࢂ
ى an ≡ 1 (mod m), ᆀ߾ n ࣁ a ӧ modulo m ϐΠ的 order, ٠а ordm(a) = n .ϐ߄

ाݙཀҗܭ gcd(a,m) = 1, Euler’s Theorem ֋ນךॺ aϕ(m) ≡ 1 (mod m), а܌ ordm(a)

ѸӸӧЪۓ٩ကޕ ordm(a)≤ ϕ(m). २Ӄךॺٰ࣮ۓ٩ကଭ΢ёளϐ性質.

Lemma 6.1.3. ๏ۓ m ∈ N аϷ a ∈ Z ᅈى gcd(a,m) = 1.

(1) ऩ a ≡ b (mod m) ߾ ordm(a) = ordm(b).

(2) ordm(a) = 1 ऩЪ୤ऩ a ≡ 1 (mod m).

Proof. (1) ऩ a ≡ b (mod m), ჹҺཀޕ i ∈ N ࣣԖ ai ≡ bi (mod m), ऩࡺ n നλ的ࢂ

҅整數٬ள an ≡ 1 (mod m), ߾ n Ψ཮ࢂനλ的҅整數٬ள bn ≡ 1 (mod m). ӢԜޕ
ordm(a) = ordm(b).

(2) ऩ ordm(a) = 1, Ң߄ a1 ≡ 1 (mod m), ளࡺ a ≡ 1 (mod m). ϸϐ, ऩ a ≡ 1 (mod m),
྽ฅ n = 1 നλ的҅整數٬ளࢂ an ≡ 1 (mod m), ޕࡺ ordm(a) = 1. �
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ჴځ order 的ۓကکനεϦӢ數的ۓကᜪ՟, ॺाᇥך ordm(a) = n ฻ܭाᇥٿҹ٣:

(1) an ≡ 1 (mod m).

(2) ऩ 1 ≤ i ≤ n−1, ߾ ai ̸≡ 1 (mod m).

ा૶Ր೭ٿҹ٣લ΋όёωૈߥ᛾ ordm(a) = n. ௗΠٰךॺ൩ٰ࣮٩Ԝٿᗺё௢ள ordm(a)

的性質.

Proposition 6.1.4. ๏ۓ m ∈NаϷ a ∈Zᅈى gcd(a,m) = 1. ଷ೛ ordm(a) = n. ߾ ak ≡ 1

(mod m) ऩЪ୤ऩ n|k.

Proof. ଷ೛ ak ≡ 1 (mod m). ճҔ Division Algorithm (Theorem 1.2.1) Ӹӧޕ h,r ∈ Z ᅈ
ى k = nh+ r, ύځ 0 ≤ r ≤ n−1. җ an ≡ 1 (mod m) ޕ ak = anh+r = (an)har ≡ ar (mod m).
౜ଷ೛ r ̸= 0 (ջ 1 ≤ r ≤ n−1), җ߾ ak ≡ 1 (mod m) ϐଷ೛ޕ ar ≡ 1 (mod m). Ԝک n ࢂ

നλ的҅整數ᅈى an ≡ 1 (mod m) ࣬ၴङ, ޕࡺ r = 0, ջ n|k.

ϸϐऩ n|k, ջӸӧ h ∈ Z ᅈى k = nh, ளࡺ ak = anh = (an)h ≡ 1 (mod m). �

ऩ a ک m ϕ質, Euler’s Theorem ֋ນךॺ aϕ(m) ≡ 1 (mod 1), җࡺ Proposition 6.1.4
ޕ ordm(a)|ϕ(m), ೭Кךॺ前य़ۓ٩ကޕ ordm(a)≤ ϕ(m) ӳӭΑ. ӕኬ的, ճҔ Proposition
6.1.4, ۓӳ的БԄٰղ׳ॺёаԖך ordm(a) ϐॶ.

Corollary 6.1.5. ๏ۓ m ∈ N аϷ a ∈ Z ᅈى gcd(a,m) = 1. ߾ ordm(a) = n ऩЪ୤ऩ n

ᅈىаΠٿచҹ:

(1) an ≡ 1 (mod m).

(2) ऩ ak ≡ 1 (mod m), ߾ n|k.

Proof. ऩ ordm(a) = n, ԾฅԖ߾ an ≡ 1 (mod m), ӆճҔ Proposition 6.1.4 ,ޕ ऩ ak ≡ 1

(mod m), ߾ n|k.

ϸϐऩ n ᅈى (1),(2) ,໨ٿ ॺा᛾ܴך ordm(a) = n. җܭ (1) ςޕ an ≡ 1 (mod m), ࡺ
໻ഭा᛾ܴऩ 1 ≤ i ≤ n−1, ߾ ai ̸≡ 1 (mod m). ,ݤॺҔϸ᛾ך ଷ೛ ai ≡ 1 (mod m), җ߾
(2) ޕ n|i. Ԝک 1 ≤ i ≤ n−1 ࣬ҟ࣯, ޕࡺ ai ̸≡ 1 (mod m). Ψ൩ࢂᇥ ordm(a) = n. �

Corollary 6.1.5 的 (2) ஒ ordm(a) = n চ本߄നλ的҅整數ᅈى an ≡ 1 (mod m) 的性質

ᙯඤԋ࣮՟׳ம的性質 (൩ӵӕ྽߃চ本നεϦӢ數ࢂനε的ϦӢ數ёᙯඤԋ܌ࣁԖ的Ϧ
Ӣ數的७數೭ኬ的性質) ӧаࡕԖᜢ order 的౛論௢ᏤύԖࡐε的ᔅշ.

ीᆉ order 的ќ΋ঁख़ा的চӢךࢂॺёаޕၰ ai ӧ modulo m ϐΠ的ຼය.

Proposition 6.1.6. ๏ۓ m ∈NаϷ a ∈Zᅈى gcd(a,m) = 1. ଷ೛ ordm(a) = nЪ i, j ∈N.
߾ ai ≡ a j (mod m) ऩЪ୤ऩ i ≡ j (mod n).

Proof. ଷ೛ ai ≡ a j (mod m), όѨ΋૓性ךॺΨଷ೛ i ≥ j, Ԝਔ ai −a j = a j(ai− j −1). ճ
Ҕ m|ai −a j аϷ m ک a j ϕ質 (Ӣ m ک a ϕ質), Proposition 1.2.6 ֋ນךॺ m|ai− j −1, ջ
ai− j ≡ 1 (mod m). ճҔࡺ ordm(a) = n аϷ Proposition 6.1.4 ޕ n|i− j, ҭջ i ≡ j (mod n).
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ϸϐ, ऩ i ≡ j (mod n), όѨ΋૓性ךॺଷ೛ i ≥ j, Ԗ߾ n|i− j. ӆճҔࡺ Proposition
6.1.4 ޕ ai− j ≡ 1 (mod m). ᜐ४΢ٿ a j ӢԜԖ ai = a jai− j ≡ a j (mod m). �

ऩ ordm(a) = n, Proposition 6.1.6 όѝ֋ນךॺ a,a2, . . . ,ai, . . . ӧ modulo m ϐΠ的ຼ

යࣁ n (ջ؂႖ n ঁ i, ai ཮׎ԋ΋ൻᕉ) ԶЪ֋ນךॺ, a,a2, . . . ,an ӧ modulo m ϐΠࣣ࣬

౦. ց߾ऩӸӧ 1 ≤ j < i ≤ n ٬ள ai ≡ a j (mod m), ёள n|i− j Զᆶ 0 < i− j < n− 1 ࣬

ҟ࣯. ٩ԜךॺёаዴۓёаҔ ordm(a) ϐॶٰղۓ a ӧ modulo m ϐΠࢂցࣁ primitive
root.

Corollary 6.1.7. ๏ۓ m ∈ N аϷ a ∈ Z ᅈى gcd(a,m) = 1. ߾ ordm(a) = ϕ(m) ऩЪ୤ऩ

a ӧ modulo m ϐΠࢂ΋ঁ primitive root.

Proof. ଷ೛ a ࢂ modulo m ϐΠ的΋ঁ primitive root. җܭ a,a2, . . . ,aϕ(m) ӧ modulo m

ϐΠࣣόӕᎩ, ऩޕࡺ 1 ≤ i ≤ ϕ(m), ߾ ai ̸≡ aϕ(m) (mod m). Ξҗܭ Euler’s Theorem ޕ
aϕ(m) ≡ 1 (mod m), ޕࡺ ordm(a) = ϕ(m).

ϸϐ, ଷ೛ ordm(a) = ϕ(m), җ Proposition ऩޕ6.1.6 ai ≡ a j (mod m), ߾ ϕ(m)|i− j. Ӣ
Ԝ a,a2, . . . ,aϕ(m) ӧ modulo m ϐΠࣣόӕᎩ. Ξҗܭ a ک m ϕ質, ޕ ai ࣣᆶ m ϕ質, ࡺ
{a,a2, . . . ,aϕ(m)} ΋ঁࢂ reduced residue system modulo m, Ψ൩ࢂᇥ a ӧ modulo m ϐΠ

΋ঁࢂ primitive root. �

ऩςޕ a ӧ modulo m 的 order, ჹҺཀ߾ i ∈ N, ճҔ Corollary 6.1.5 ॺ೿ёᆉрך ai

ӧ modulo m ϐΠ的 order.

Proposition 6.1.8. ๏ۓ m ∈ N аϷ a ∈ Z ᅈى gcd(a,m) = 1. ऩ ordm(a) = n, Һܭჹ߾
ཀ的҅整數 i,

ordm(ai) =
n

gcd(i,n)
.

Proof. ,ߡΑБࣁ ॺзך d = gcd(i,n). ట᛾ܴ ordm(ai) = n/d, २Ӄள᛾ܴ (ai)n/d ≡ 1

(mod m). ٣ჴ΢Ӣࣁ d ࢂ i 的Ӣ數, i/d .整數ঁࢂ ӆу΢җଷ೛ ordm(a) = n, ࡺ an ≡ 1

(mod m). аёள܌

(ai)n/d = (an)i/d ≡ 1 (mod m).

ௗΠٰךॺ໪᛾ܴ, ऩ (ai)k ≡ 1 (mod m) ߾ (n/d) |k ـୖ) Corollary 6.1.5(2)). ऩ
(ai)k ≡ 1 (mod m), ջ aki ≡ 1 (mod m). җࡺ Proposition 6.1.4, ॺёளך n |ki. ՠӢ d ࢂ n

ک i 的നεϦӢ數. ॺԖך n/d ک i/d .整數Ъϕ質ࣁࣣ җࡺ n |ki ёள (n/d) |k(i/d). ӆҗ
n/d ک i/d ϕ質, ள (n/d) |k. �

җ Proposition 6.1.8, ޕॺך ordm(ai) 整ନ ordm(a) ԶЪ ordm(ai) = ordm(a) ऩЪ୤ऩ

gcd(i,ordm(a)) = 1. ӢԜӧ modulo m ϐΠ primitive root ऩӸӧ, ӧޕॺё௢ך߾ modulo
m ϐΠ཮ԖӭϿঁ primitive roots.
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Corollary 6.1.9. ๏ۓ m∈NаϷ a∈Zᅈى gcd(a,m)= 1. ऩ ordm(a)= n,߾ {a,a2, . . . ,an}
ύӅԖ ϕ(n)ঁϡનځӧ modulo mϐΠ的 orderࣁ n. ੝ձӦ,ऩӧ modulo mϐΠ primitive
root ,Ӹӧ的ࢂ ӧ߾ modulo m ϐΠӅԖ ϕ(ϕ(m)) ঁ primitive roots.

Proof. ςޕ ordm(a) = n, җ Proposition 6.1.8 ޕ ordm(ai) = n ऩЪ୤ऩ gcd(n, i) = 1. Ξҗ
ܭ a,a2, . . . ,an ӧ modulo m ϐΠࣣ࣬౦, ࡺ {a,a2, . . . ,an} ύӧ modulo m ϐΠ order ࣁ n

的ϡનঁ數฻کܭ n ϕ質Ъλܭ n 的҅整數的ঁ數, ࣁԜ數ޕကۓ٩ ϕ(n).

౜ଷ೛ӧ modulo m ϐΠԖ primitive root Ъ a ΋ঁࣁ primitive root. ޕࡺ ordm(a) =

ϕ(m) Ъ܌Ԗک m ϕ質的整數ӧ modulo m ϐΠࣣک S = {a,a2, . . . ,aϕ(m)} ύঁࢌϡનӕ
Ꭹ. аӧ܌ modulo m ϐΠ܌Ԗ的 primitive root ࣣёӧ S ύډפ. ฅԶҗ前ޕ S ύӅ

Ԗ ϕ(ϕ(m)) ঁϡનځӧ modulo m ϐΠ的 order ࣁ ϕ(m), Ъ Corollary 6.1.7 ֋ນךॺӧ
modulo m ϐΠѝԖ೭٤ϡનࣁ primitive root. ӧޕࡺ modulo m ϐΠӅԖ ϕ(ϕ(m)) ঁ

primitive roots. �

6.2. ؒԖ Primitive Root 的௃ݩ

ॺஒ௖૸Ԗব٤ך m ӧ modulo m ϐΠؒԖ primitive root.

ॺϝฅவ୤΋的ଽ質數ך 2 рว. ӧ modulo 2 ϐΠ ϕ(2) = 1, ԶҺՖ的ڻ數ӧ modulo
2 ϐΠࣣᎩ 1, ࣁ數ࣣڻԖ的܌ࡺ primitive root. ӧ modulo 4 ਔ, {1,3} ΋ঁࢂ reduced
residue system modulo 4, Զ 31 ̸≡ 1 (mod 4) Ъ 32 ≡ 1 (mod 4) ளࡺ ord4(3) = 2 = ϕ(4), ࡺ
ޕ 3ӧ modulo 4ϐΠࢂ primitive root. ٣ჴ΢ऩ a ∈Zᅈى a ≡ 3 (mod ߾(4 aӧ modulo
4 ϐΠࣁ primitive root.

ௗ๱ךॺٰ࣮ 8 ௃׎, җܭ {1,3,5,7} ΋ঁࢂ reduced residue system modulo 8, ך
ॺٰ࣮࣮Ѭॺӧ modulo 8 ϐΠϐ order .Ֆࣁ ᡉ的ܴࡐ ord8(1) = 1 ЪӢࣁ 7 ≡ −1

(mod 8), ޕࡺ ord8(7) = 2. ќѦ 31 ≡ 3 (mod 8) Ъ 32 ≡ 1 (mod 8), ޕࡺ ord8(3) = 2. ӕ౛
ள ord8(5) = 2. җ܌ܭԖک 8 ϕ質的數ӧ modulo 8 ϐΠѸک 1,3,5,7 ύࢌ΋數ӕᎩ, ӢԜ
җ Lemma 6.1.3(1) کԖ΋ঁؒޕ 8 ϕ質的數ځӧ modulo 8 ϐΠ的 order ࣁ ϕ(8) = 4. ࡺ
ӧޕ modulo 8 ϐΠؒԖ primitive root.

ډ೚εৎ࣮܈ modulo 8 ϐΠؒԖ primitive root ሶӧٗࣁԾฅ཮ᇡࡐ modulo 16 ϐ

ΠΨؒԖ primitive root. ٣ჴ΢೭ҹ٣٠όૈޔௗҔ order 的ۓကளډ. Ψ൩ࢂᇥऩςޕ
ord8(a) = n ٠όૈޔௗҔ order 的性質௢р ord16(a) ϐॶ. ഗӭךॺޕၰऩ ord16(a) = n′,
җ߾ an′ ≡ 1 (mod 16) ёޕ an′ ≡ 1 (mod 8), ճҔࡺ Proposition 6.1.4 ள n|n′. ՠךॺ٠ό
ૈҗԜаϷ n < ϕ(8) ௢р n′ < ϕ(16). аा௢рӧ܌ modulo 16 Կࣗ܈ modulo 2n, n > 3

ਔؒԖ primitive root, .ሡाӭΠфϻ的ࢂ ӧ前य़ךॺςᆉрჹҺཀڻ數 a, ࣣᅈى a2 ≡ 1

(mod 23). .௢раΠ่݀ݤॺाҔᘜયך

Lemma 6.2.1. ଷ೛ a ,數ڻ΋ࣁ ჹҺཀ߾ n ∈ N ࣣԖ a2n ≡ 1 (mod 2n+2).
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Proof. ྽ޕॺςך n = 1 ਔ೭ࢂჹ的. ଷ೛྽ n = k ਔࣣԖ a2k ≡ 1 (mod 2k+2), ॺा᛾ך
ܴ྽ n = k+1 ਔҭԋҥ. ٩ଷ೛ךॺޕӸӧ b ∈ Z ٬ள a2k

= 1+2k+2b. ࡺ

a2k+1
= (a2k

)2 = (1+2k+2b)2 = 1+2(2k+2b)+(2k+2b)2.

җܭ 2(k+ 2) = k+(k+ 4) > k+ 3, ॺளך a2k+1 ≡ 1 (mod 2k+3). Ψ൩ࢂᇥ྽ n = k+ 1 ਔ

a2n ≡ 1 (mod 2n+2) ҭԋҥ, .౛ۓள᛾本ݤҗ數Ꮲᘜયࡺ �

٩ order 的ۓကךॺଭ΢җ Lemma 6.2.1 ྽ޕ a 數Ъڻࣁ n ∈ N ਔ,

ord2n+2(a)≤ 2n < 2n+1 = ϕ(2n+2),

.ள᛾аΠख़ा的่݀ࡺ

Proposition 6.2.2. ྽ n ∈ N Ъ n ≥ 3 ਔ, ӧ modulo 2n ϐΠؒԖ primitive root.

ௗΠٰךॺा௖૸ќ΋ᅿؒԖ primitive root 的௃ݩ, २Ӄךॺٰ࣮ќ΋ঁԖᜢ order
ᙁൂ的性質.

Lemma 6.2.3. ๏ۓϕ質的҅ٿ整數 m,n аϷ a ∈ Z ᅈى gcd(a,mn) = 1. ߾

ordmn(a)≤
ϕ(mn)

gcd(ϕ(m),ϕ(n))
.

Proof. з d = gcd(ϕ(m),ϕ(n)). җܭ gcd(a,mn) = 1, ޕॺך gcd(a,m) = gcd(a,n) = 1. Ӣ
Ԝҗ Euler’s Theorem ॺԖך aϕ(m) ≡ 1 (mod m) аϷ aϕ(n) ≡ 1 (mod n). ӢԜҗ ϕ(mn) =

ϕ(m)ϕ(n) (Ӣ gcd(m,n) = 1) аϷ ϕ(n)/d ∈ N ёள

a
ϕ(mn)

d = (aϕ(m))
ϕ(n)

d ≡ 1 (mod m).

ӕ౛ёள aϕ(mn)/d ≡ 1 (mod n). Ψ൩ࢂᇥ m|aϕ(mn)/d−1Ъ n|aϕ(mn)/d−1,ࡺӆӢ gcd(m,n)= 1

ճҔ Proposition 1.2.6(2) ёள mn|aϕ(mn)/d −1, ջ aϕ(mn)/d ≡ 1 (mod mn). ٩ࡺ order ϐۓ
ကள ordmn(a)≤ ϕ(mn)/d. �

੝ձӦ,ଷ೛ mࢂ΋ঁεܭ 2的整數. ऩ mؒԖڻ的質Ӣ數,ջ m = 2k ύځ k ≥ 2. Ԝਔ
ϕ(m) = ϕ(2k) = 2k−1, ளࡺ 2|ϕ(m). ऩ m Ԗڻ的質Ӣ數, ջӸӧ΋ڻ質數 p ٬ள m = plm′,
ύځ l ∈ N Ъ p - m′. Ԝਔ ϕ(m) = ϕ(pl)ϕ(m′) = (p−1)pl−1ϕ(m′), ӕኬёள 2|ϕ(m). ӢԜё
྽ޕ m,n > 2 ਔ gcd(ϕ(m),ϕ(n))≥ 2. ճҔԜ΋่݀, .ॺଭ΢ёளќ΋ঁख़ा่論ך

Proposition 6.2.4. ྽ m> 2Ъ n> ϕ質的整數ਔ,ӧٿࣁ2 modulo mnϐΠؒԖ primitive
root.

Proof. Ӣ m,n ࣣεܭ 2 ޕॺך 2|ϕ(m) Ъ 2|ϕ(n) ளࡺ gcd(ϕ(m),ϕ(n))≥ 2. ќ΋Бय़ m ک

n ,ϕ質的ࢂ ჹҺ΋ᆶࡺ mn ϕ質的整數 a, җ Lemma 6.2.3 ޕ

ordmn(a)≤
ϕ(mn)

gcd(ϕ(m),ϕ(n))
≤ ϕ(mn)

2
< ϕ(mn).

ӧޕࡺ modulo mn ϐΠค primitive root. �



6.3. The Primitive Root Theorem 79

྽ m > 1 ЪؒԖڻ的質Ӣ數ਔ, ၰ྽ޕॺך m = 2,4 ਔӧ modulo m ϐΠԖ primitive
root, Զӧځдݩރ (ջ m = 2n Ъ n ≥ 3) Proposition 6.2.2 ֋ນךॺӧ modulo m ϐΠؒ

Ԗ primitive root. ྽ m Ԗڻ的質Ӣ數ਔ, Proposition 6.2.4 ֋ນךॺऩ m Ԗঁٿ܈ঁٿа

΢ڻ的質Ӣ數ਔ, ӧ modulo m ϐΠؒԖ primitive root. Զ྽ m ѝԖ΋ঁڻ的質Ӣ數ਔ,
Proposition 6.2.4 Ψ֋ນךॺऩ 4|m, ӧ modulo m ϐΠؒԖ primitive root. ॺ໻ഭךа܌
Π m ໻Ԗ΋ঁڻ的質Ӣ數Ъ 4 - m 的௃׎҂૸論, ջ m = pn ܈ m = 2pn, ύځ p 質數的ڻࣁ

௃׎.

6.3. The Primitive Root Theorem

ॺ໻ഭΠך m = pn ܈ m = 2pn, ύځ p .҂௖૸ۘ׎質數的௃ڻࣁ ٣ჴ΢ӧ೭ഭΠ的௃
,ύݩ primitive root ࣣӸӧ. ӧ೭࿯ύךॺஒӃளډ྽ p ,質數ਔڻ΋ঁࢂ ӧ modulo p ϐ

Πёډפ primitive root. ӆճҔ modulo p ள的܌ primitive root ளډӧ modulo p2 ϐΠ

的 primitive root. നࡕճҔ modulo p2 ள的܌ primitive root ளډ modulo pn аϷ modulo
2pn 的 primitive root. ӧ本࿯ύ p ҉ᇻ߄Ңڻࣁ質數, .ॺ൩όӆӭᇥܴך

6.3.1. Modulo p 的 Primitive Root. ॺाᇥܴ྽ך p 質數ਔӧڻ΋ঁࢂ modulo p ϐ

Πёаډפ primitive root. ,ॺම࿶ගϷा᛾ܴӸӧ性ך ΋૓ٰᇥԖٿᅿБݤ: ಃ΋ᅿ൩ࢂ
ගٮ΋ঁёаܿډפՋ的Бݤ; ќ΋ᅿ൩ࢂճҔᡄᒠ௢ᄽ的БԄٰ௢ᏤрܿՋ΋ۓӸӧ ٯ)
ӵҔϸ᛾ݤ᛾ܴऩפόډ཮Ꮴठҟ࣯). ಃ΋ᅿБݤ的ӳೀࢂѬගٮΑܿډפՋ的Б܌ݤа
όѝ֋ນգܿՋӸӧЪ֋ນգӵՖډפ. όၸ೭ӧ΋૓ܜຝ౛論的௢Ꮴύόࢂ৒ܰ的, ӵٯ
前΋കගၸפ二次 congruence equation 的ှ٠ό৒ܰ, ՠךॺёว৖΋঺౛論ٰዴᇡՖਔ
Ԗှ. ӕኬӦ, ӧ᛾ܴ primitive root Ӹӧ的ୢᚒ΢, ջ٬ςޕӸӧډҞ前ࣁЗϝؒԖ΋঺ֹ
๓的Бݤёаޔௗډפ primitive root, .Ҕᡄᒠ௢ᄽ的БԄٰ᛾ܴӸӧ性ࢂॺϝךа܌

ӧ modulo pਔ,Ԗ΋ҹࡐࢂ٣੝ਸ的ջ Theorem 4.1.3֋ນךॺ΋ঁ n次的整߯數ӭ໨

Ԅӧ modulo p ϐΠനӭԖ n ঁှ. ฅԶऩ p - a Ъ ordp(a) = n, ςޕ a,a2, . . . ,an ӧ modulo
pϐΠࣣ࣬౦,Ъҗܭ an ≡ 1 (mod p),ࡺ (ai)n ≡ 1 (mod p). җԜёޕ a,a2, . . . ,an ೭ nঁӧ

modulo p ϐΠࣣόӕᎩ的數ࣣࣁ xn ≡ 1 (mod p) 的΋ঁှ, ՠҗܭԜԄӧ modulo p ϐΠ

ԿӭԖ n ঁှ, ࢂаѬॺ൩܌ xn ≡ 1 (mod p) .Ԗ的ှ܌ ќ΋Бय़, ऩ p - b Ъ ordp(b) = n,
ܭҗ߾ b ࢂ xn ≡ 1 (mod p) ϐ΋ှ, Ӹӧޕҗ前ࡺ i ∈ {1, . . . ,n} ٬ள b ≡ ai (mod p). ඤ言
ϐ, Ԗӧ܌ modulo p ϐΠ order ࣁ n 的ϡન, ӧ modulo p ϐΠѸک {a,a2, . . . ,an} ύঁࢌ
ϡનӕᎩ, ճҔࡺ Corollary 6.1.9 ӧޕ modulo p ϐΠ໻Ԗ ϕ(n) ঁϡનځ order ࣁ n. ॺך
ஒԜ่݀ᕴ่ӵΠ.

Lemma 6.3.1. ଷ೛ p 質數Ъӧࣁ modulo p ϐΠԖ΋ϡનځ order ࣁ n, ӧ߾ modulo p

ϐΠӅԖ ϕ(n) ঁϡનځ order ࣁ n.

ӆ次மፓ, Ԝ่݀ӧ質數ਔωჹ. ӵӧٯ modulo 15 ਔ, ӅԖ 4,11 ک 14 Οঁϡનӧ

modulo 15 ϐΠ的 order ࣁ 2, Զόࢂ ϕ(2) = 1 ঁ.
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ॺाᇥӧך modulo p ϐΠԖ primitive root Ьा的Бࢂߡݤஒ modulo p ϐΠ的ϡન

ځ٩ order ϩᜪ. നࡕᇥܴ order ࣁ ϕ(p) = p−1 ٗ΋ᜪϡન܌ԋ的໣ӝόࢂ /0 .(໣ӝޜ)
Πय़൩٩ࢂ೭ኬϩᜪ܌ளϐ่݀.

Lemma 6.3.2. ଷ೛ p 質數Ъзࢂ S = {1,2, . . . , p−1}. ౜ჹܭ d ∈N ᅈى d|p−1, ॺԵך
ቾ Sd = {i ∈ S | ordp(i) = d}.

(1) ऩ d ̸= d′, ߾ Sd ∩Sd′ = /0.

(2) ∪
d|p−1,d>0

Sd = S.

(3) ऩ Sd ̸= /0, ߾ Sd ӅԖ ϕ(d) ঁϡન.

Proof. (1) ऩ a ∈ Sd ∩Sd′ , ջ߄Ң ordp(a) = d Ъ ordp(a) = d′. ՠ٩ order 的ۓက؂΋ঁک
pϕ質的數ӧ modulo pϐΠځ orderࢂ୤΋的,Ԝᆶ d ̸= d′ ϐଷ೛࣬ҟ࣯,ޕࡺ Sd ∩Sd′ = /0.

(2) ∪
d|p−1,d>0

Sd ೭ঁ಄ဦ的ཀࢂࡘஒ܌Ԗ Sd ύځ d ∈ N Ъ d|p−1 ᖄ໣ଆٰ. җܭჹ܌

Ԗ d|p−1ࣣԖ Sd ⊆ S,܌а ∪
d|p−1,d>0

Sd ⊆ S.ќ΋Бय़ऩ i ∈ S,җܭ p - i,ࡺҗ Theorem 3.3.4

ޕ ip−1 ≡ 1 (mod p). ӢԜҗ Proposition 6.1.4 ޕ ordp(i)|p− 1. ඤѡ၉ᇥ, ऩ ordp(i) = d,
߾ d|p−1, Ӹӧޕࡺ d|p−1 ٬ள i ∈ Sd . ள᛾ S ⊆

∪
d|p−1,d>0

Sd , ӢԜޕ ∪
d|p−1,d>0

Sd = S.

(3) ऩ Sd ̸= /0, ҢӸӧ߄ a ∈ Sd . Ԝਔ p - a Ъ ordp(a) = d, ճҔࡺ Lemma 6.3.1 ӧޕ
modulo p ϐΠӅԖ ϕ(d) ঁϡનځ order ࣁ d. җܭ S ࢂ reduced residue system modulo
p, ೭ ϕ(d) ঁϡનӧ modulo p ϐΠѸک S ύ ϕ(d) ঁϡનӕᎩ. ӢԜ S ύ೭ ϕ(d) ঁϡન
খӳಔԋ Sd, ޕࡺ Sd ӅԖ ϕ(d) ঁϡન. �

Lemma 6.3.2(1,2) ֋ນךॺ S = {1,2, . . . , p−1} ύ的؂΋ঁϡનѸ཮ပӧঁࢌЪ࡞Ԗ΋
ঁ Sd ύ, ύځ d ∈ N Ъ d|p−1. ӢԜऩीᆉ؂ঁ Sd ύ的ϡનঁ數ӆуᕴଆٰځॶᔈࣁ S

ύ的ϡનঁ數 p−1. ٩ԜךॺёаளډаΠख़ा的่݀.

Theorem 6.3.3. ଷ೛ p ΋ঁ質數Ъࢂ d ∈ N ᅈى d|p−1. ӧ߾ modulo p ϐΠӅԖ ϕ(d)
ঁϡનځ order ࣁ d. ੝ձӦ, ӧ modulo p ϐΠ primitive root ѸӸӧ.

Proof. Ҕݮॺך Lemma 6.3.2 ύ܌Ҕ的಄ဦ, ٠з #(Sd) Ң߄ Sd = {i ∈ S | ordp(i) = d} ύ
ϡન的ঁ數, ջ #(Sd) ӧࣁ modulo p ϐΠ order ࣁ d 的ϡનঁ數.

җ Lemma 6.3.2(1,2) ޕॺך ∑
d|p−1,d>0

#(Sd) = p − 1 ԶЪ Lemma 6.3.2(3) ֋ນךॺ

#(Sd) = 0 ܈ #(Sd) = ϕ(d). ќ΋Бय़ճҔ Corollary 2.3.6 ޕॺך ∑
d|p−1,d>0

ϕ(d) = p−1, Кࡺ

ၨ

p−1 = ∑
d|p−1,d>0

#(Sd)≤ ∑
d|p−1,d>0

ϕ(d) = p−1,

ёளჹ܌Ԗ的 d ∈ N ᅈى d|p−1 ࣣԖ #(Sd) = ϕ(d).

੝ձӦ #(Sp−1) = ϕ(p−1)߄Ңӧ modulo pϐΠԖ ϕ(p−1) ̸= 0ঁϡનځ orderࣁ p−1,
Ψ൩ࢂᇥ೭٤ϡનࣣࣁ primitive root. ӧޕࡺ modulo p ϐΠ primitive root Ӹӧ. �
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ॺ᛾ܴΑӧך modulo p ϐΠ primitive root .Ӹӧ的ࢂ ೭ঁ᛾ܴБԄܴࡐᡉ的٠ؒԖ
֋ນךॺӵՖډפ primitive root. ٣ჴ΢ךॺ܌Ҕ的᛾ܴБԄԖᗺႽϸ᛾ݤ, Ψ൩ࢂᇥӵ
݀ؒԖ primitive root, ٗሶӧीᆉ΢य़ٗ٤ϡનঁ數ਔ཮วғ數Ҟେόᚺ的௃׎Զ೷ԋҟ
࣯.

6.3.2. Modulo p2 的 primitive root. ৒ܰѐ౒ෳऩӧࡐ modulo p2 ϐΠԖ primitive
root, ٗሶ೭ঁ primitive root ᔈٰԾܭ modulo p ϐΠ的 primitive root. ӢԜךॺஒճҔ
modulo p 的 primitive root ډפٰ modulo p2 的 primitive root. ೭္的Ӹӧ性的᛾ܴ൩К
ၨڀᡏ, Ψ൩ࢂᇥӵ݀ૈډפ modulo p 的 primitive root, ٗॺךॺ的᛾ܴૈ๏рڀᡏ的Б
ډפٰݤ modulo p2 的 primitive root.

२Ӄךॺٰ࣮ӵՖղձ΋ঁ modulo p 的 primitive root ӧ modulo p2 ϐΠࢂցࣁ

primitive root.

Lemma 6.3.4. ଷ೛ a∈Zࢂ΋ঁ primitive root modulo p. ߾ ordp2(a)= p−1܈ ordp2(a)=

p(p−1). ੝ձӦ, ap−1 ̸≡ 1 (mod p2) ऩЪ୤ऩ a ӧ modulo p2 ϐΠࢂ΋ঁ primitive root.

Proof. ٩ଷ೛ aӧmodulo pϐΠࢂ primitive root߄Ң ordp(a) = p−1. ౜ଷ೛ ordp2(a) =

n, ߾ an ≡ 1 (mod p2), ӢԜޕ an ≡ 1 (mod p). ٩ࡺ ordp(a) = p−1 Ϸ Proposition 6.1.4 ޕ
p−1|n. ΞӢࣁ a ᆶ p ϕ質, ࡺ a ᆶ p2 ϕ質, җࡺ Euler’s Theorem ޕ aϕ(p2) ≡ 1 (mod p2),
ӢԜӧ modulo p2 的௃ݩӆճҔ Proposition 6.1.4 ޕ n|ϕ(p2). җܭ ϕ(p2) = p(p−1), ॺך
ள p−1|n Ъ n|p(p−1). Ψ൩ࢂ n = λ (p−1) ЪΞ λ (p−1)|p(p−1), ޕࡺ λ |p. ӢԜҗ p ࢂ

質數ޕ λ = 1 ܈ λ = p. ள᛾ࡺ ordp2(a) = p−1 ܈ ordp2(a) = p(p−1).

౜ऩ ap−1 ̸≡ 1 (mod p2),ޕ aӧmodulo p2ϐΠځ order΋ۓόࢂ p−1,ࡺள ordp2(a) =

p(p− 1) = ϕ(p2). җ Corollary 6.1.7 ள᛾ a ӧ modulo p2 ϐΠࢂ΋ঁ primitive root. ϸ
ϐऩ a ӧ modulo p2 ϐΠࢂ primitive root, ջ ordp2(a) = p(p− 1), җࡺ order 的ۓကޕ
ap−1 ̸≡ 1 (mod p2). �

ၰӵՖղձޕ modulo p 的 primitive root ӧ modulo p2 ҭࢂ primitive root ,ࡕ ௗΠ
ব٤ډפॺ൩ाךٰ modulo p 的 primitive root ӧ modulo p2 ϐΠϝࣁ primitive root.
౜ଷ೛ a ӧ modulo p ϐΠࢂ primitive root, ٗሶٗ٤ӧ modulo p ϐΠک a ӕᎩ的數ӧ

modulo p ϐΠΨ೿ࢂ primitive root, ՠ೭٤數ӧ modulo p2 ϐΠёૈόӕᎩ, ॺ൩ஒѬך
ॺ΋΋ӈр. Ψ൩ࢂᇥ, a,a+ p, . . . ,a+(p−1)p, ӅԖ೭ p ঁ數ࢂӧ modulo p ϐΠӕᎩՠ

ӧ modulo p2 ϐΠόӕᎩ.

Proposition 6.3.5. ଷ೛ p ΋ঁ質數Ъࢂ a ∈ Z ΋ঁӧࣁ modulo p ϐΠ的 primitive root.
з S = {a,a+ p,a+ 2p+ · · · ,a+(p− 1)p}, ӧ߾ S ύ໻Ԗ΋ঁϡનӧ modulo p ϐΠόࢂ

primitive root, Ꭹځ p−1 ঁϡનӧ modulo p ϐΠࢂ primitive root.

Proof. ςޕ a ӧ modulo p ϐΠࢂ primitive root Ъ S ύ的ϡનӧ modulo p ϐΠࣣᆶ a

ӕᎩ, ޕࡺ S ύ的ϡનӧ modulo p ϐΠࣣࣁ primitive root. ॺёаճҔךа܌ Lemma
6.3.4 ᔠࢗ S ύব٤ϡન a+ t p ཮٬ள (a+ t p)p−1 ≡ 1 (mod p2).
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җܭ ap−1 ≡ 1 (mod p), Ӹӧࡺ λ ∈ Z ٬ள ap−1 = 1+λ p. ӢԜ

(a+ t p)p−1 = ap−1 +(p−1)ap−2(t p)+
(p−1)(p−2)

2
ap−3(t p)2 + · · ·

җܭ Cp−1
2 ap−3(t p)2 ೭΋໨аϷځϐ؂ࡕ΋໨ Cp−1

k ap−1−k(t p)k, k ≥ 3 ӧ modulo p2 ϐΠࣣ

ࣁ 0, ॺளךа܌

(a+ t p)p−1 ≡ ap−1 −ap−2t p ≡ 1+(λ −ap−2t)p (mod p2).

ӢԜाډפ t ٬ள (a+ t p)p−1 ≡ 1 (mod p2) ऩЪ୤ऩ p|λ − ap−2t. Ψ൩ࢂᇥךॺाډפ
t ∈ {0,1,2, . . . , p−1} ٬ள ap−2t ≡ λ (mod p). ฅԶ ap−1 ≡ 1 (mod p), ᜐ४΢ٿ΢Ԅࡺ a ள

t ≡ aλ (mod p). Ψ൩ࢂᇥ྽ 0 ≤ t ≤ p−1, ໻ӧ t ≡ aλ (mod p) ਔ, ཮٬ள (a+ t p)p−1 ≡ 1

(mod p2), Ԝਔ a+ t p ӧ modulo p2 ϐΠόࢂ primitive root. Ꭹځ S ύ的ϡન a+ rp җܭ

ࣣ཮٬ள (a+ rp)p−1 ̸≡ 1 (mod p2), җࡺ Lemma 6.3.4 ࣁࣣޕ modulo p2 ϐΠ的 primitive
root. �

வ Theorem 6.3.3 аϷ Proposition 6.3.5 ܭၰҗޕॺך modulo p 的 primitive root Ӹ
ӧ, а܌ modulo p2 的 primitive root ΨӸӧ. ٣ჴ΢ऩ a ࢂ modulo p 的 primitive root,
ցࢂॺ໻ाᔠᡍך ap−1 ≡ 1 (mod p2). ाࢂ ap−1 ̸≡ 1 (mod p2), ٗሶҗ Lemma 6.3.4, ॺך
ޕ a ӧ modulo p2 ϐΠࢂ primitive root. ाࢂ ap−1 ≡ 1 (mod p2), ٗሶ a ӧ modulo p2

ϐΠόࢂ primitive root, җࡺ Proposition 6.3.5 ޕ a+ p ӧ modulo p2 ϐΠѸࣁ primitive
root.

6.3.3. Modulo pn 的 Primitive Root. җܭ modulo p 的 primitive root Ӹӧ, ճҔ
Corollary ӧޕ6.1.9 modulo pϐΠӅԖ ϕ(ϕ(p)) = ϕ(p−1)ঁ primitive roots. Proposition
6.3.5֋ນךॺ؂΋ঁ modulo p的 primitive rootӧ modulo p2 ϐΠёள p−1ঁ primitive
roots, аӧ܌ modulo p2 ϐΠךॺӅډפΑ (p − 1)ϕ(p − 1) ঁ primitive roots. ฅԶ
җܭ modulo p2 的 primitive root Ӹӧ, Corollary 6.1.9 ֋ນךॺӧ modulo p2 ϐΠӅ

Ԗ ϕ(ϕ(p2)) = ϕ(p(p− 1)) ঁ primitive roots. җܭ p ک p− 1 ϕ質, ॺԖך ϕ(ϕ(p2)) =

ϕ(p)ϕ(p−1) = (p−1)ϕ(p−1). Ԝॶ࡞ᆶ前य़җ modulo p 的 primitive root ள܌ modulo
p2 的 primitive roots 的ঁ數࣬֍ӝ. Ψ൩ࢂᇥ؂΋ঁ modulo p2 的 primitive root 的ዴ
ٰԾঁࢌܭ modulo p 的 primitive root. ,՗ᆉΠѐޔॺёаӵԜ΋ך ऩ modulo p3 的

primitive root Ӹӧ, җ߾ Corollary 6.1.9 ӧޕ modulo p3 ϐΠӅԖ

ϕ(ϕ(p3)) = ϕ(p2(p−1)) = ϕ(p2)ϕ(p−1) = p(p−1)ϕ(p−1)

ঁ primitive roots. ԶΞςޕӧ modulo p2 ϐΠӅԖ (p− 1)ϕ(p− 1) ঁ primitive roots.
؂΋ঁ modulo p2 的 primitive root, ӧ modulo p3 ϐΠӅёౢғ p ঁόӕᎩᜪ, а೭܌
(p−1)ϕ(p−1)ঁ modulo p2 的 primitive rootsӧ modulo p3 ϐΠӅౢғΑ p(p−1)ϕ(p−1)

ঁόӕᎩᜪ. ೭ঁ數ӷ࡞ᆶ前य़܌ගऩ modulo p3 的 primitive rootӸӧ߾ӧ modulo p3 ϐ

ΠӅԖ p(p−1)ϕ(p−1)ঁ primitive roots࣬֍ӝ. Ψ൩ࢂᇥ؂΋ঁ modulo p2 的 primitive
root, ӧ modulo p3 ϐΠౢғ的 p ঁόӕᎩᜪ “ᔈ၀” ӧ modulo p3 ϝࣁ primitive root.
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ௗΠٰךॺ൩ࢂाҔ數Ꮲᘜયٰݤᡍ᛾Ԝ٣, ॺा᛾ܴ྽ך n ≥ 3 ਔҺՖ數ѝाӧ

modulo p2 ࢂ primitive root, ӧ߾ modulo pn ѸΨࢂ primitive root. २Ӄךॺٰ࣮ӵՖղ
ձ΋ঁ modulo pn 的 primitive root ӧ modulo pn+1 ϐΠࢂցࣁ primitive root.

Lemma 6.3.6. ଷ೛ a ∈ Z ΋ঁࢂ primitive root modulo pn. ߾ ordpn+1(a) = pn−1(p−1) ܈

ordpn+1(a) = pn(p−1). ੝ձӦ, apn−1(p−1) ̸≡ 1 (mod pn+1) ऩЪ୤ऩ a ӧ modulo pn+1 ϐΠ

΋ঁࢂ primitive root.

Proof. ٩ଷ೛ a ӧ modulo pn ϐΠࢂ primitive root Ң߄ ordpn(a) = ϕ(pn) = pn−1(p−1).
౜ଷ೛ ordpn+1(a) = k, ߾ ak ≡ 1 (mod pn+1), ӢԜޕ ak ≡ 1 (mod pn). ٩ࡺ ordpn(a) =

pn−1(p− 1) Ϸ Proposition 6.1.4 ޕ pn−1(p− 1)|k. ΞӢࣁ a ᆶ p ϕ質, ࡺ a ᆶ pn+1 ϕ

質, җࡺ Euler’s Theorem ޕ aϕ(pn+1) ≡ 1 (mod pn+1), ӢԜӧ modulo pn+1 的௃ݩӆճҔ

Proposition ޕ6.1.4 k|ϕ(pn+1). җܭ ϕ(pn+1)= pn(p−1),ךॺள pn−1(p−1)|kЪ k|pn(p−1).
Ψ൩ࢂ k = λ pn−1(p−1) ЪΞ λ pn−1(p−1)|pn(p−1), ޕࡺ λ |p. ӢԜҗ p ޕ質數ࢂ λ = 1

܈ λ = p. ள᛾ࡺ ordpn+1(a) = pn−1(p−1) ܈ ordpn+1(a) = pn(p−1).

౜ऩ apn−1(p−1) ̸≡ 1 (mod pn+1),ޕ aӧ modulo pn+1 ϐΠځ order΋ۓόࢂ pn−1(p−1),
ளࡺ ordpn+1(a) = pn(p−1) = ϕ(pn+1). җ Corollary 6.1.7 ள᛾ a ӧ modulo pn+1 ϐΠࢂ΋

ঁ primitive root. ϸϐऩ aӧ modulo pn+1 ϐΠࢂ primitive root,ջ ordpn+1(a) = pn(p−1),
җࡺ order 的ۓကޕ apn−1(p−1) ̸≡ 1 (mod pn+1). �

౜ऩךॺډפ a ӧ modulo p2 ϐΠࢂ primitive root, ाᔠࢗ a ӧ modulo p3 ϐΠࢂց

ࣁ primitive root, ٩ Lemma 6.3.6, ࢗॺाᔠך ap(p−1) ӧ modulo p3 ϐΠࢂցᆶ 1 ӕᎩ.
ฅԶςޕ ap−1 ≡ 1 (mod p) (Fermat’s Little Theorem) ॺёзך ap−1 = 1+λ p. Ԝਔҗܭ a

ӧ modulo p2 ϐΠࢂ primitive root җࡺ Lemma 6.3.4 ޕ ap−1 ̸≡ 1 (mod p2), ջ p - λ . ٩
Ԝёள

ap(p−1) = (ap−1)p = (1+λ p)p = 1+ p(λ p)+
p(p−1)

2
(λ p)2 + · · · .

೭္җܭ p а܌數ڻࢂ p|p(p−1)/2 ՖԜ่݀ӧࣁࢂཀ೭൩ݙ) p = 2 ਔόԋҥ的চӢ), ӆ
у΢ϐ؂ࡕ΋໨ Cp

k (λ p)k, k ≥ 3 ӧ modulo p3 ϐΠࣣࣁ 0, ॺளךа܌

ap(p−1) ≡ 1+λ p2 (mod p3).

җࡺ p - λ ள᛾ ap(p−1) ̸≡ 1 (mod p3), а٩܌ Lemma 6.3.6 ޕ a ӧ modulo p3 ϐΠҭࣁ

primitive root. ӵԜ΋ޔΠѐ, ॺё᛾ள྽ך n ≥ 3 ਔ, a ӧ modulo pn ϐΠࣣࣁ primitive
root.

Proposition 6.3.7. ଷ೛ a ӧ modulo p2 ϐΠࢂ΋ঁ primitive root. ჹҺཀ߾ n ≥ 3, a ӧ

modulo pn ϐΠΨࢂ primitive root.

Proof. 前य़ךॺς᛾ள a ӧ modulo p3 ϐΠࢂ primitive root. ౜ӧ٩ᘜયݤ, ॺଷ೛ך a

ӧ modulo pn (n ≥ 3) ϐΠࢂ primitive root, ा᛾ܴ a ӧ modulo pn+1 ϐΠϝࣁ primitive
root.
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җܭ a ᆶ p ϕ質, ٩ Euler’s Theorem ޕ aϕ(pn−1) = apn−2(p−1) ≡ 1 (mod pn−1). ౜ଷ೛

apn−2(p−1) = 1+ λ pn−1. җܭ a ӧ modulo pn ϐΠࢂ primitive root, ٩ Lemma 6.3.6 ޕ
apn−2(p−1) ̸≡ 1 (mod pn), ޕࡺ p - λ . ౜Եቾ

apn−1(p−1) = (apn−2(p−1))p = (1+λ pn−1)p = 1+ p(λ pn−1)+
p(p−1)

2
(λ pn−1)2 + · · · .

ӧ p(λ pn−1) ϐ؂ࡕ΋໨ Cp
k (λ pn−1)k, k ≥ 2 ύҗܭ k(n−1) ≥ 2(n−1) = n+(n−2) ≥ n+1

(Ӣࣁ n ≥ 3), а྽܌ k ≥ 2 ਔӧ modulo pn+1 ϐΠ Cp
k (λ pn−1)k ࣁࣣ 0, ॺளךа܌

apn−1(p−1) ≡ 1+λ pn (mod pn+1).

җࡺ p - λ ள᛾ apn−1(p−1) ̸≡ 1 (mod pn+1), а٩܌ Lemma 6.3.6 ޕ a ӧ modulo pn+1 ϐΠ

ҭࣁ primitive root. �

வ Theorem 6.3.3 аϷ Proposition 6.3.5 ၰޕॺך modulo p2 的 primitive root Ӹӧ,
аӆҗ܌ Proposition 6.3.7 ளޕ྽ n ≥ 3 ਔ modulo pn 的 primitive root ΨӸӧ. ӆ次மፓ
җܭவ modulo p2 的 primitive root ௢ள modulo p3 的 primitive root ϐၸำሡҔډ p ࢂ

а྽܌數ڻ n ≥ 3 ਔ modulo pn 的 primitive root Ӹӧሡӧ p .質數ωԋҥڻࢂ ٣ჴ΢ϐ前
ӧޕॺςך modulo 23 = 8 ਔ primitive root .όӸӧ的ࢂ

6.3.4. Modulo 2pn 的 Primitive Root. ӧޕॺςך modulo pn ϐΠࣣԖ primitive root.
౜ӧךॺஒҗ modulo pn 的 primitive root рפ modulo 2pn 的 primitive. २Ӄךॺٰ࣮྽
m 數ਔڻࢂ modulo m 的 order ک modulo 2m 的 order ໔ϐᜢ߯.

Lemma 6.3.8. ๏ۓ΋ڻ數 m, Ъ a ∈ Z ک΋ঁࢂ m ϕ質的ڻ數. ऩ ordm(a) = n, ߾
ord2m(a) = n.

Proof. җܭ a 數Ъᆶڻࢂ m ϕ質, ޕࡺ gcd(a,2m) = 1. ӢԜ a ӧ modulo 2m ϐΠ的

order ,က的ۓԖࢂ ൩ଷ೛ ord2m(a) = k. җ ak ≡ 1 (mod 2m) ёள ak ≡ 1 (mod m). ࡺ
җ ordm(a) = n аϷ Proposition 6.1.4 ޕ n|k. ќ΋Бय़җܭ an ≡ 1 (mod m) Ъ a ڻࣁ

數ޕ an ≡ 1 (mod 2), ޕࡺ m|an − 1 Ъ 2|an − 1. Ξҗܭ m ޕ數ڻࢂ gcd(2,m) = 1, җࡺ
Proposition 1.2.6(2) ޕ 2m|an −1, Ψ൩ࢂᇥ an ≡ 1 (mod 2m). Ӣଷ೛ ord2m(a) = k, ӆճࡺ
Ҕ Proposition 6.1.4 ள k|n. ӢԜள᛾ k = n Ψ൩ࢂᇥ ord2m(a) = n. �

ଷ೛ a ࣁ modulo pn 的 primitive root, ջ ordpn(a) = ϕ(pn). ऩ a Ξڻࢂ數߾җ Lemma
6.3.8 ޕ ord2pn(a) = ϕ(pn). ՠҗܭ p 質數ᆶڻࢂ 2 ϕ質, ޕࡺ ϕ(2pn) = ϕ(2)ϕ(pn) = ϕ(pn).
Ψ൩ࢂᇥ ord2pn(a) = ϕ(2pn). җࡺ Corollary 6.1.7 ޕ a ӧ modulo 2pn ϐΠҭࣁ primitive
root. ճҔԜ่݀ךॺёډפ modulo 2pn 的 primitive root.

Proposition 6.3.9. ๏ۓ p ,質數ڻ΋ঁࢂ 數ڻ΋ډפёۓ΋߾ a ӧځ٬ modulo p2 ϐ

Πࢂ΋ঁ primitive root. ੝ձӦ, ԜਔჹҺཀ n ∈ N, a ӧ modulo 2pn ϐΠҭࣁ primitive
root.
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Proof. ྽ p = 3 ਔ, җܭ ord3(5) = ord3(2) = 2 ޕࡺ 5 ӧ modulo 3 ϐΠࢂ΋ঁ primitive
root. Ξҗܭ 53−1 = 25 ̸≡ 1 (mod 9), җࡺ Lemma 6.3.4 ޕ 5 ӧ modulo 32 ϐΠࢂ΋ঁ

primitive root.

྽ p ≥ 5 ,質數ਔڻ΋ঁࢂ Theorem 6.3.3 ֋ນךॺӧ modulo p ϐΠ的 primitive
root Ӹӧ. ౜ଷ೛ α ΋ঁࢂ modulo p ϐΠ的 primitive root. ճҔ Proposition 6.3.5 ޕ
{α,α + p, . . . ,α +(p−1)p} ύ໻Ԗ΋ঁӧ modulo p2 ϐΠόࢂ primitive root. җܭ p ≥ 5,
ள p−1 ≥ 4, ޕࡺ {α,α + p,α +2p,α +3p} ύԿӭԖ΋ঁӧ modulo p2 ϐΠόࢂ primitive
root. ӢԜऩ α ,數ڻࢂ ள߾ α, α + 2p ೭ڻঁٿ數ύѸԖ΋ঁӧ modulo p2 ϐΠࢂ

primitive root. ऩ α ,ଽ數ࢂ ள߾ α + p, α +3p ೭ڻঁٿ數ύѸԖ΋ঁӧ modulo p2 ϐΠ

ࢂ primitive root. 數ӧڻॺள᛾ѸӸӧ΋ך modulo p2 ϐΠࢂ primitive root.

౜ଷ೛ a 數Ъӧڻ΋ࢂ modulo p2 ϐΠࢂ primitive root. җ Proposition 6.3.7 ޕ a ӧ

modulo pn ϐΠҭࣁ primitive root. җࡺ Lemma 6.3.8 ޕ ord2pn(a) = ordpn(a) = ϕ(pn) =

ϕ(2pn), ள᛾ࡺ a ӧ modulo 2pn ϐΠҭࣁ primitive root. �

٣ჴ΢ाډפ΋ڻ數ځ٬ӧ modulo p2 ϐΠࢂ primitive root ٠όሡӵ Proposition
6.3.9 的᛾ܴύٗሶፄᚇ. ऩ a ଽ數Ъӧࢂ modulo p2 ϐΠࢂ primitive root, ٗሶ a+ p2

Ѹڻࣁ數Ъҗܭ a+ p2 ≡ a (mod p2) а܌ a+ p2 ྽ฅΨࢂӧ modulo p2 ϐΠ的 primitive
root. όၸҗܭԵቾ a+ p2 數ॶၨε, ၨλ的פॺऩाך primitive root, ᛾ܴύനεѝाԵ
ቾډ a+3p, ೭ঁ數྽ p εਔ྽ฅКࡐ a+ p2 ाλளӭ.

࿯ٿॺᕴ่೭ך Proposition 6.2.2, Proposition 6.2.4, Theorem 6.3.3, Proposition 6.3.5,
Proposition 6.3.7 аϷ Proposition 6.3.9 ϐ่݀ளډаΠ܌ᒏ的 primitive root Theorem.

Theorem 6.3.10 (Primitive Root Theorem). ѝԖ྽ m = 2,4, pn,2pn ਔ, ύځ p 質數ڻࣁ

Ъ n ∈ N, ӧ modulo m ϐΠ཮Ԗ primitive root.

6.4. ଯ次的 Congruence Equation

ᒏଯ次的܌ congruence equation ܭ次數εࢂ的ࡰ 2 的 congruence equation. ॺ೭္ך
ाೀ౛的྽ฅόࢂ΋૓的 congruence equation. ॺགྷճҔך primitive root ٰᔅךॺှӵ
xn ≡ a (mod m) ύځ gcd(a,m) = 1 ೭ኬ的 congruence equation.

२Ӄךॺஒ m ቪԋ質Ӣ數的४ᑈ, ջ m = 2n0 pn1
1 · · · pnr

r , ύ೭٤ځ pi 質數Զڻ౦࣬ࣁ

n0 ≥ 0. ճҔ Corollary 4.4.3, ၰޕॺך xn ≡ a (mod m) ԖှऩЪ୤ऩ xn ≡ a (mod 2n0) аϷ

Ԗ的܌ i ∈ {1 . . . ,r}, xn ≡ a (mod pni
i ) ࣣԖှ. ॺѝा௖૸ךа܌ xn ≡ a (mod 2n0) Ϸ xn ≡ a

(mod pni
i ) ှ的௃ݩ. ྽ n0 ≥ 3 ਔ, җܭӧ modulo 2n0 ؒԖ primitive root, ૸論ှ的௃׎ၨ

ፄᚇ, ೭္ךॺόӭ଺૸論. ॺ໻૸論྽ך n0 ≤ 2 的௃׎, Ψ൩ࢂᇥԜೀךॺ௖૸ှ xn ≡ a

(mod m) 的Бݤ໻፾Ҕܭ 8 - m 的௃ݩ. ӧԜ௃ݩϐΠךॺѝाှ xn ≡ a (mod 2n0), ύځ
n0 ≤ 2, аϷှ xn ≡ a (mod pni

i ). ೭ٿᅿ௃ݩ (ջ modulo 2n0 ک modulo pni
i ), җܭ primitive

root ࣣӸӧ, .ցӸӧࢂှځ൩ёղձݤॺճҔΠय़的Бך
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Theorem 6.4.1. ๏ۓ m ∈ N, ଷ೛ӧ modulo m ϐΠ primitive root Ӹӧ. Եቾ xn ≡ a

(mod m), ύځ n ∈ N Ъ gcd(a,m) = 1. з d = gcd(n,ϕ(m)). ߾ xn ≡ a (mod m) ԖှऩЪ୤

ऩ

aϕ(m)/d ≡ 1 (mod m).

Proof. २Ӄଷ೛ xn ≡ a (mod m)Ԗှ,ջӸӧ c ∈Zᅈى cn ≡ a (mod m). Ӣࣁ gcd(a,m) =

1, а܌ gcd(c,m) = 1, җࡺ Euler’s Theorem (3.3.2) ޕ cϕ(m) ≡ 1 (mod m). Ԝਔҗܭ d|ϕ(m)

Ъ d|n, ளࡺ
aϕ(m)/d ≡ (cn)ϕ(m)/d = (cϕ(m))n/d ≡ 1 (mod m).

όሡࢂཀԜ೽ϩ的᛾ܴݙ) modulo m 的 primitive root Ӹӧϐଷ೛.)

ϸϐ, ଷ೛ γ ࣁ modulo m ϐΠ的΋ঁ primitive root. ကۓ٩ {γ,γ2, . . . ,γϕ(m)} ΋ঁࢂ
reduced residue system modulo m, Ψ൩ࢂᇥҺՖک m ϕ質的數 b, ࣣӸӧ i ∈N ٬ள γ i ≡ b

(mod m). ӢԜӸӧ r ∈ N ٬ள a ≡ γr (mod m). ќ΋Бय़ऩ c ࢂ xn ≡ a (mod m) 的΋ঁှ,
ܭҗ߾ gcd(c,m) = 1, ΋ۓΨӸӧ t ∈ N ٬ள c ≡ γ t (mod m). ӢԜाှ xn ≡ a (mod m) ൩

฻ӕܭाډפ t ∈ N ٬ள

(γ t)n = γnt ≡ γr (mod m).

җܭ γ ࢂ modulo m 的 primitive root, ॺԖך ordm(γ) = ϕ(m), ճҔࡺ Proposition 6.1.6,
ޕ γnt ≡ γr (mod m) ऩЪ୤ऩ nt ≡ r (mod ϕ(m)), Ψ൩ࢂᇥךॺाډפ t ∈ N ᅈى

nt ≡ r (mod ϕ(m)).

ќ΋Бय़٩ଷ೛ aϕ(m)/d ≡ 1 (mod m), ջ γrϕ(m)/d ≡ 1 (mod m), җࡺ Proposition 6.1.4 ޕ
ϕ(m)|rϕ(m)/d. ೭߄Ң ϕ(m)r/d Ѹ໪ࢂ ϕ(m) 的७數, ҭջ r/d ∈ Z, Ψ൩ࢂᇥ d|r. ฅԶ
Proposition 4.3.1 ֋ນךॺ๏ۓ n,r, ΋次的 congruence equation, nt ≡ r (mod ϕ(m)) Ԗှ

ऩЪ୤ऩ d = gcd(n,ϕ(m))|r. ॺҗךа܌ aϕ(m)/d ≡ 1 (mod m) ϐଷ೛ޕ nt ≡ r (mod ϕ(m))

ѸԖှ. ऩ t0 ,΋ှځࣁ з c = γ t0 , ள߾

cn = γnt0 ≡ γr ≡ a (mod m).

ޕࡺ c ࣁ xn ≡ a (mod m) 的΋ঁှ. �

྽ m = p ΋質數ࣁ (Ԝਔ modulo p ྽ฅԖ primitive root) Ъ n = 2 ਔ, Theorem 6.4.1
൩ࢂ Euler’s criterion (Theorem 5.3.3). а܌ Theorem 6.4.1 ёаᇥࢂ Theorem 5.3.3 的௢
ቶ.

ௗΠٰךॺाޕၰ xn ≡ a (mod m) ाࢂԖှ, ٗሶӧ modulo m ϐΠ཮ԖӭϿှ. ۳ک
த΋ኬ, ,ϐ໔的ᜢ߯ှঁٿௗ௖૸ޔࢂݤҔ的Б܌ॺך ӵԜ΋ٰόѝёаᆒዴӦᆉрှ的
ঁ數, ԶЪёаזࡐ的ճҔ΋ঁςှޕஒځд的ှ؃р.

Proposition 6.4.2. ๏ۓ m ∈ N, ଷ೛ӧ modulo m ϐΠ primitive root Ӹӧ. Եቾ xn ≡ a

(mod m), ύځ n ∈ N Ъ gcd(a,m) = 1. з d = gcd(n,ϕ(m)). ऩ xn ≡ a (mod m) Ԗှ, ӧ߾
modulo m ϐΠӅԖ d ঁှ.
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٣ჴ΢, ऩ x ≡ c (mod m) ࢂ xn ≡ a (mod m) 的΋ঁှЪ γ ࢂ modulo m ϐΠ的΋ঁ

primitive root, ӧ߾ modulo m ϐΠ x ≡ cγ tϕ(m)/d (mod m), ύځ t ∈ {0,1, . . . ,d−1} ࢂ xn ≡ a

(mod m) .Ԗ的ှ܌

Proof. җܭ a ک m ϕ質, xn ≡ a (mod m) 的ှࣣᆶ m ϕ質. Ξҗܭ γ ࢂ modulo m ϐΠ的

΋ঁ primitive root, ܭаჹ܌ xn ≡ a (mod m) 的Һှঁٿ, ࣁϩձځॺёଷ೛ך γr ک γs,
ύځ r,s ∈ N. Ψ൩ࢂᇥ

γrn = (γr)n ≡ a ≡ (γs)n ≡ γsn (mod m).

ӢԜճҔ ordm(γ) = ϕ(m) аϷ Proposition 6.1.6 ள rn ≡ sn (mod ϕ(m)). ӢԜҗܭ d =

gcd(n,ϕ(m)) ٩ Proposition 3.2.3 ޕ r ≡ s (mod ϕ(m)/d). Ψ൩ࢂᇥӸӧ λ ∈ Z ٬ள s =

r+λϕ(m)/d. ϸϐ, ऩ γr ࢂ xn ≡ a (mod m) 的΋ঁှЪ s = r+λϕ(m)/d, ߾

(γs)n = (γrγλϕ(m)/d)n = γrnγλϕ(m)n/d ≡ a(γϕ(m))λn/d ≡ a (mod m).

ӢԜ γs Ψࢂ xn ≡ a (mod m) 的΋ঁှ.

ॺ᛾ளΑऩך x ≡ c ≡ γr (mod m), ࢂ xn ≡ a (mod m) 的΋ঁှ, ߾ x ≡ cγλϕ(m)/d

(mod m), ύځ λ ∈ Z, ࢂ xn ≡ a (mod m) .Ԗ的ှ܌ όၸ೭٤ှӧ modulo m ϐΠԖ೚

ӭ࣬ࢂӕ的, .рפॺѸ໪ஒԖব٤࣬౦ှך ฅԶ c ک m ϕ質, җࡺ Corollary ޕ3.2.4
cγλϕ(m)/d ≡ cγλ ′ϕ(m)/d (mod m) ऩЪ୤ऩ γλϕ(m)/d ≡ γλ ′ϕ(m)/d (mod m). ӆճҔ ordm(γ) =
ϕ(m)аϷ Proposition ޕ6.1.6 γλϕ(m)/d ≡ γλ ′ϕ(m)/d (mod m)ऩЪ୤ऩ λϕ(m)/d ≡ λ ′ϕ(m)/d

(mod ϕ(m)) Ψ൩ࢂᇥ ϕ(m)|(λ −λ ′)ϕ(m)/d ҭջ d|λ −λ ′. ӢԜ྽ 0 ≤ t ≤ d−1 ਔ, cγ tϕ(m)/d

ӧ modulo m ϐΠࣣ࣬౦. ќ΋Бय़ჹҺཀ λ ∈ Z ࣣӸӧ h, t ∈ Z ٬ள λ = hd + t, ځ
ύ 0 ≤ t ≤ d − 1. а܌ cγλϕ(m)/d ӧ modulo m ϐΠ೿཮ᆶঁࢌ cγ tϕ(m)/d ӕᎩ, ύځ
t ∈ {0,1, . . . ,d − 1}. ӢԜךॺள᛾ xn ≡ a (mod m) ऩԖ x ≡ c (mod m) ೭΋ঁှ߾ӧ

modulo m ϐΠ xn ≡ a (mod m) ӅԖ x ≡ c,cγϕ(m)/d ,cγ2ϕ(m)/d , . . . ,cγ(d−1)ϕ(m)/d ೭ d ঁှ. �

ௗΠٰךॺճҔ΋ঁჴሞ的ٯηှញ Proposition 6.4.1 ک Proposition 6.4.2 ளϐ่܌
݀.

Example 6.4.3. ॺٰ௖૸ך x12 ≡ 10 (mod 27) ک x12 ≡ 11 (mod 27) ှ的௃׎.

җܭ 27 = 33 аӧ܌ modulo 27 ϐΠ primitive root .Ӹӧ的ࢂ Ξ ϕ(27) = 18 Ъ

gcd(12,ϕ(27)) = gcd(12,18) = 6 ճҔ Proposition 6.4.1 ॺёϩձҗך 10ϕ(27)/6 = 103 ک 113

ӧ modulo 27 ࣁցࢂ 1 ٰղۓ x12 ≡ 10 (mod 27) ک x12 ≡ 11 (mod 27) .ցԖှࢂ ٣ჴ΢
103 ≡ 1 (mod 27)Ъ 113 ≡ 8 ̸≡ 1 (mod а܌,(27 x12 ≡ 10 (mod 27)ԖှԶ x12 ≡ 11 (mod 27)

คှ.

ाפр x12 ≡ 10 (mod 27) 的ှ, २ӃሡӃډפ modulo 27 的΋ঁ primitive root. җܭ 2

ࢂ modulo 3 的 primitive root Ъ 22 ≡ 4 ̸≡ 1 (mod 9), аҗ܌ Lemma 6.3.4 ޕ 2 ӧ modulo
9 ࢂ primitive root. ӢԶҗ Proposition 6.3.7 ޕ 2 ӧ modulo 27 ϐΠ٩ฅࢂ primitive
root. ฅࡽ 2 ࢂ modulo 27 的΋ঁ primitive root ࿶ीᆉךॺޕ 26 ≡ 10 (mod 27) Ъёаஒ



88 6. Primitive Roots

x12 ≡ 10 (mod 27) 的΋ှቪԋ x ≡ 2t (mod 27) 的׎Ԅ. Ψ൩ࢂᇥךॺाှ

(2t)12 ≡ 26 (mod 27).

ӢԜҗ ord27(2) = ϕ(27) = 18 аϷ Proposition 6.1.6 ှܭԜ฻ሽޕ

12t ≡ 6 (mod 18).

җࡺ gcd(18,12) = 6 ள 2t ≡ 1 (mod 3), ջ t ≡ 2 (mod 3). ှр x ≡ 22 ≡ 4 (mod 27) ࣁ

x12 ≡ 10 (mod 27) 的΋ঁှ. ӆҗ ϕ(27)/6 = 3 аϷ Proposition 6.4.2 ޕ x ≡ 4,4× 23,4×
26,4× 29,4× 212,4× 215 (mod 27), ջ x ≡ 4,5,13,23,22,14 (mod 27) ࣁ x12 ≡ 10 (mod 27)

.Ԗ的ှ܌ ٣ჴ΢ךॺΨёаҗ 12t ≡ 6 (mod 18) ډפ t ≡ 2,5,8,11,14,17 (mod 18) ܌ځࣁ

Ԗ的ှ, Զள x ≡ 22,25,28,211,214,217 (mod 27) ࣁ x12 ≡ 10 (mod 27) .Ԗ的ှ܌



Chapter 7

略談 Diophantine
Equations

ॺճҔ௖૸ך Diophantine equations 的ୢᚒٰբࣁ本ᖱကϐᕴ่. ΋૓Զ言ऩ
f (x1, . . . ,xn) ,΋ঁӭᡂ數的整߯數ӭ໨Ԅࢂ ؃ f (x1, . . . ,xn) = 0 的܌Ԗ整數ှ൩ࢂ Dio-
phantine equation 的ୢᚒ. җ؃ࢂܭ整數ှԖคज़ӭᅿёૈ, аှ܌ Diophantine equations
的ୢᚒКଆှԖज़ୢᚒ的 congruence equations .ᜤ೚ӭ֚ࢂ ٣ჴ΢ךॺҞ前Ꮲ的౛論໻
ૈ論Ϸ΋٤ᙁൂ的 Diophantine equations. ӧ೭္ךॺ໻׆ఈճҔ前൳ക܌Ꮲ的่݀ᡣε
ৎΑှӵՖҔѬॺٰှ،ୢᚒ, ԶόགྷుΕ的談論 Diophantine equations.

7.1. ೀ౛ঁٿ Diophantine Equations 的Бݤ

ᅿೀ౛ٿॺᙁൂ的ϟಏך Diophantine equations 的Бݤ. ೭ٿᅿБݤ೿ࢂҔٰೀ౛
Diophantine equations คှ的௃ݩ.

ಃ΋ᅿБࢂݤҔ congruence 的Бݤೀ౛. Ψ൩ࢂᇥӵ݀΋ঁ Diophantine equation
f (x1, . . . ,xn) = 0 Ԗ整數ှ, ჹҺཀ的߾ m ∈ N ӧ modulo m ϐΠ f (x1, . . . ,xn) ≡ 0 (mod m)

྽ฅԖှ. ӢԜऩૈډפ΋ঁ m ٬ள f (x1, . . . ,xn) ≡ 0 (mod m) คှ, ٗሶচ Diophantine
equation f (x1, . . . ,xn) = 0 ൩คှ.

Proposition 7.1.1. ଷ೛ f (x1, . . . ,xn) ΋ঁࢂ n ঁᡂ數的整߯數ӭ໨Ԅ. ऩӸӧ m ∈ N ٬
ள f (x1, . . . ,xn)≡ 0 (mod m) คှ, ߾ f (x1, . . . ,xn) = 0 ค整數ှ.

Proof. ճҔϸ᛾ݤଷ೛ x1 = c1, . . . ,xn = cn ࢂ f (x1, . . . ,xn) = 0 的΋ಔ整數ှ. җܭ
f (c1, . . . ,cn) = 0, ԾฅԖ f (c1, . . . ,cn) ≡ 0 (mod m), Ψ൩ࢂᇥ x1 ≡ c1 (mod m), . . . ,xn ≡ cn

(mod m) ཮ࢂ f (x1, . . . ,xn)≡ 0 (mod m) 的΋ಔှ. Ԝک f (x1, . . . ,xn)≡ 0 (mod m) คှ的ଷ

೛࣬ҟ࣯ޕࡺ f (x1, . . . ,xn) = 0 ค整數ှ. �
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ाݙཀ Proposition 7.1.1 ᇥ的ࢂऩૈډפ΋ঁ m ∈ N ٬ள f (x1, . . . ,xn)≡ 0 (mod m) ค

ှ, ߾ f (x1, . . . ,xn) = 0 ค整數ှ. ٠όࢂᇥऩૈډפ m ∈ N ٬ள f (x1, . . . ,xn) ≡ 0 (mod m)

Ԗှ, ߾ f (x1, . . . ,xn) = 0 Ԗ整數ှ. ί࿤ձབᒱΑ, .ηٯॺٰ࣮ঁך

Example 7.1.2. Եቾ Diophantine equation 11x2 − 7y2 = 2. ӧ modulo 11 ϐΠ, ॺाך
ှ −7y2 ≡ 2 (mod 11). җܭ −7× 3 ≡ 1 (mod 11), −7y2 ≡ 2 (mod 11) ᜐ४΢ٿ 3 ёள

y2 ≡ 6 (mod 11). Եቾ Legendre symbol
(

6
11

)
=

(
2

11

)(
3

11

)
. җܭ 11 ≡ 3 (mod 8) җࡺ

Theorem 5.4.3 ޕ
(

2
11

)
=−1 Ъҗ Theorem 5.4.6 ޕ

(
3

11

)
=−

(
11
3

)
=−

(
2
3

)
= 1. Ӣ

Ԝள

(
6
11

)
=−1, Ψ൩ࢂᇥ y2 ≡ 6 (mod 11) คှ. ඤ言ϐ, 11x2 −7y2 −2 ≡ 0 (mod 11) ค

ှ, ӢԶҗ Proposition 7.1.1 ޕ 11x2 −7y2 = 2 ค整數ှ.

ཀऩஒݙ 11x2 − 7y2 = 2 Եቾӧ modulo 7 的௃׎, Ψ൩ှࢂ 11x2 ≡ 2 (mod 7). җܭ
11×2 ≡ 1 (mod 7), 11x2 ≡ 2 (mod 7) ᜐ४΢ٿ 2 ள x2 ≡ 4 (mod 7). ᡉ的ԜԄԖܴࡐ x ≡ 2

(mod 7) ,ှځࣁ ՠҗ前ςޕ 11x2 − 7y2 = 2 ٠ค整數ှ. ,ޕёٯаҗԜ܌ ٠όૈӢډפ
m ∈ N ٬ள f (x1, . . . ,xn)≡ 0 (mod m) Ԗှ, ᘐ言ߡ f (x1, . . . ,xn) = 0 Ԗှ.

,ڻ೚εৎ཮ӳ܈ ऩჹܭҺཀ的҅整數 m, f (x1, . . . ,xn)≡ 0 (mod m) ࣣԖှ, ց൩ૈளࢂ
f (x1, . . . ,xn) = 0 Ԗ整數ှګ? җΠय़的ٯηךॺёаޕၰ, ೭ϝࢂό΋ۓჹ的.

Example 7.1.3. з f (x) = (x2−17)(x2−19)(x2−323)Եቾ Diophantine equation f (x) = 0.
ᡉ的೭ঁܴࡐ Diophantine equation ٠ค整數ှ. ՠךࢂॺஒᇥܴ, ჹҺཀ m ∈ N, f (x)≡ 0

(mod m) ࣣԖှ.

җ Corollary 4.4.3 ၰा᛾ܴჹҺཀޕॺך m ∈N, f (x)≡ 0 (mod m) ࣣԖှ, ฻ӕܭा᛾
ܴჹҺཀ質數 p аϷ n ∈ N, f (x)≡ 0 (mod pn) ࣣԖှ.

྽ p = 2,n = 1 ਔ, f (x)≡ (x2 −1)3 (mod 2), ࡺ f (x)≡ 0 (mod 2) Ԗှ. Զ྽ p = 2,n = 2

ਔ, f (x) ≡ (x2 − 1)(x2 − 3)2 (mod 4), а܌ f (x) ≡ 0 (mod 4) ҭԖှ. ྽ p = 2,n ≥ 3 ਔ,
җܭ 17 ≡ 1 (mod 8), Proposition 5.2.1 ֋ນךॺ x2 ≡ 17 (mod 2n) ѸԖှ, а܌ f (x) =

(x2 −17)(x2 −19)(x2 −323)≡ 0 (mod 2n) ྽ฅԖှ.

྽ p = 17 ਔҗܭ 17 ≡ 1 (mod 8), җࡺ Theorem 5.4.3 ޕ x2 ≡ 19 ≡ 2 (mod 17) Ԗှ.
ӢԜҗ Proposition 5.2.4 ჹҺཀޕ n ∈ N, x2 ≡ 19 (mod 17n) ࣣԖှ. ӢԜޕ f (x) ≡ 0

(mod 17n) Ԗှ. Զ྽ p = 19 ਔ, җܭ 17 ≡ 1 (mod 8) ளࡺ
(

17
19

)
=

(
19
17

)
=

(
2

17

)
= 1,

Ψ൩ࢂᇥ x2 ≡ 17 (mod 19)Ԗှ. ӆҗ Proposition ჹҺཀޕ5.2.4 n ∈N, x2 ≡ 17 (mod 19n)

ࣣԖှ. ӢԜޕ f (x)≡ 0 (mod 19n) Ԗှ.

྽ p 質數Ъڻࢂ p ̸= 17,19 ਔ, ऩ x2 ≡ 17 (mod p) Ԗှ, ߾ Proposition 5.2.4 ֋ນ
ॺჹҺཀך n ∈ N, x2 ≡ 17 (mod pn) ҭԖှ. аԜਔ܌ f (x) ≡ 0 (mod pn) Ԗှ. ӕ౛ऩ
x2 ≡ 19 (mod p) Ԗှ, ёளჹҺཀ n ∈ N, f (x)≡ 0 (mod pn) ҭԖှ. Զऩ x2 ≡ 17 (mod p)

ک x2 ≡ 19 (mod p) ࣣคှ, ջ
(

17
p

)
=

(
19
p

)
= −1, җ߾

(
232

p

)
=

(
17
p

)(
19
p

)
= 1 ޕ
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x2 ≡ 232 (mod p) Ԗှ, ӢԜளჹҺཀ n ∈ N, x2 ≡ 232 (mod pn) ࣣԖှ. ॺϝளך f (x)≡ 0

(mod pn) Ԗှ.

ᆕӝа΢่݀ךॺޕ, ჹҺཀ質數 p аϷ n ∈ N, f (x)≡ 0 (mod pn) ࣣԖှ. аჹҺཀ܌
m ∈ N, f (x)≡ 0 (mod m) ࣣԖှ. ՠ٣ࢂჴ΢ f (x) = 0 ٠ؒԖ整數ှ.

ӆ次மፓ΋次, ॺϟಏ的ך congruence Бݤ໻ૈٰ৾᛾ܴ Diophantine equation คှ.
аऩԖ΋ঁ܌ Diophantine equation գᇡࣁѬ٠ค整數ှ, ٗգёаԵቾҔ congruence 的
Бݤѐ᛾ܴѬคှ. Ψ൩ࢂᇥ၂๱ډפ΋ঁ m ∈ N ӧځ٬ modulo m ϐΠคှ, ٗሶ൩
᛾ளԜ Diophantine equation ค整數ှ. ऩգᇡࣁ΋ঁ Diophantine equation Ԗှ, ٗሶ
congruence 的Бݤഗӭёаගٮգှځ的ёૈ׎Ԅ, ٠คݤ֋ນգচ Diophantine equation
Ԗှ.

ќ΋ᅿதҔ的Бݤᆀࣁ descent 的Бݤ. ѬΨٰ৾ࢂ᛾ܴ΋ঁ Diophantine equation ؒ
Ԗ҅整數ှ. 整數的҅ډҔࢂ的চ౛ࡕङځ well-ordering principle. БݤϝฅࢂҔϸ᛾ݤ:
ଷ೛ Diophantine equation f (x1, . . . ,xn) = 0 Ԗ҅整數ှЪ x1 = c1, . . . ,xi = ci, . . . ,xn = cn ࣁ

.΋ಔှځ ऩךॺૈճҔ x1 = c1, . . . ,xi = ci, . . . ,xn = cn ೭΋ಔ҅整數ှډפќ΋ಔ҅整數ှ

x1 = c′1, . . . ,xi = c′i, . . . ,xn = c′n,ځύჹঁࢌ੝ۓ i∈{1, . . . ,n}཮Ԗ c′i < ci,߾ௗΠٰёճҔ x1 =

c′1, . . . ,xi = c′i, . . . ,xn = c′n ೭΋ಔ҅整數ှډפќ΋ಔ҅整數ှ x1 = c′′1, . . . ,xi = c′′i , . . . ,xn = c′′n
ᅈى c′′i < c′i. ӵԜ΋ޔΠѐךॺёள΋ঁᝄ਱ሀ෧的คጁ҅整數數ӈ ci > c′i > c′′i > · · · Ԝک
҅整數的 well-ordering principle ࣬ၴङ, ள᛾ࡺ f (x1, . . . ,xn) = 0 ؒԖ整數ှ.

аךࡕॺ཮ճҔ descent 的Бݤ᛾ܴঁࢌԖӜ的 Diophantine equation ค҅整數ှ. ۭ
ΠךॺӃᖐ΋ঁᙁൂ的ٯηᡣεৎΑှ descent 的Бݤ.

Example 7.1.4. εৎ೿ޕၰ
√

2 ,ค౛數ࢂ ޕॺёךа܌ x2 − 2y2 = 0 ೭ঁ diophantine
equation ค҅整數ှ. ॺճҔך descent 的Бှٰݤញ x2 −2y2 = 0 ค҅整數ှ.

ଷ೛ x = c1,y = d1 ࢂ x2 −2y2 = 0 的΋ಔ҅整數ှ. ܭҗ߾ c2
1 = 2d2

1 , ޕॺך c1 Ѹ҅ࣁ

ଽ數, Ψ൩ࢂᇥӸӧ c2 ∈ N ٬ள c1 = 2c2. ӢԜள 4c2
2 = 2d2

1 , ջ 2c2
2 = d2

1 . җԜΞள d1 ҅ࢂ

ଽ數, Ӹӧࡺ d2 ∈ N ٬ள d1 = 2d2. ӢԜள 2c2
2 = 4d2

2 , ջ c2
2 = 2d2

2 . Ψ൩ࢂᇥ x = c2,y = d2

ࣁ x2 −2y2 = 0 的΋ಔ҅整數ှ. ॺճҔך x = c1,y = d1 ೭΋ಔ҅整數ှளډ x = c2,y = d2

೭΋ಔ҅整數ှЪᅈى c1 = 2c2 > c2, ճҔࡺ descent 的Бޕݤ x2 −2y2 = 0 ค҅整數ှ.

೭္Ԗ΋ঁᡄᒠ΢的ୢᚒሡݙཀ. ᒏ܌ descent 的Бࡰࢂݤ΋ঁ Diophantine equation
ऩૈ᛾ܴȨҺ๏΋ಔȩ҅整數ှ೿ૈౢғќ΋ಔ “ၨλ” 的҅整數ှ, ၀߾ Diophantine
equation ค҅整數ှ. ໻җȨ੝ۓ的΋ಔȩ҅整數ှёаளډќ΋ಔ “ၨλ” 的҅整數ှ٠
คݤ௢ளҟ࣯的่論. ӵٯ x = 8,y = 6,z = 10 ࢂ x2 +y2 = z2 的΋ಔ҅整數ှ, ஒ x,y,z ࣣନ

а 2 ள x = 4,y = 3,z = 5 Ψࢂ x2 + y2 = z2 的΋ಔ҅整數ှ, ՠԜಔှ٠όૈӆ٩Ԝ௢ள׳
λ的΋ಔှ, .௢ளҟ࣯的่論ݤаค܌ ٣ჴ΢ x2 + y2 = z2 ྽ฅࢂԖ҅整數ှ, ೭٠ؒԖک
descent 的Бၴ࣬ݤङ.
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7.2. Pythagorean Triple ک Fermat’s Last Theorem

.ᜐ的ѳБ௹ܭ฻کѳБިٿ的׎فΟفޔၰޕॺ೿ך ऩ΋ঁفޔΟځ׎فΟᜐߏ
΋ಔࢂࣁԜΟঁ҅整數൩ᆀ߾整數҅ࣁࣣ Pythagorean triple. ඤ言ϐ, ᅈى Diophantine
equation x2+y2 = z2的΋ಔ҅整數ှ൩ࢂ Pythagorean triple. Ԗ܌ډפॺஒך Pythagorean
triples 的׎ԄЪճҔٰځ௖૸ک Fermat’s Last Theorem Ԗᜢ的ୢᚒ.

7.2.1. Pythagorean Triples. Ԗ的܌ډפఈૈ׆ॺך Pythagorean triples. όၸऩؒԖ
ज़ڋచҹा܌ډפԖ的ှჴӧԖᗺ֚ᜤ, Ԗ٤ݩՖ׳ Pythagorean triple ٤ࢌவࢂჴځ
Pythagorean triple ᇸܰளډ的. ӢԜךॺ׆ఈפ的 Pythagorean triples ᗨฅԖज़ڋచҹՠ
ఈ೿ૈҗ೭٤׆ Pythagorean triples ள܌ډԖёૈ的 Pythagorean triples. ၀ӭуব٤ज़
?ګ೭ঁҞ的ډၲૈڋ ॺёа໻Եቾךӵٯ x2 + y2 = z2 的҅整數ှ. ೭ࢂӢࣁ΋ٰऩ x = 0

܈ y = 0 ٗሶ x2 = z2 ܈ y2 = z2 ೭ኬ的 Diophantine equation ਥ本ؒԖཀࡘ; ӆٰځд的ॄ
整數ှ೿ёаᇸ᚞Ӧҗ҅整數ှளډ, .Ԗ的ှ܌ၲ߄аىа໻Եቾ҅整數ှ൩܌

ᜪ՟的ࡘԵБӛ, ᇸܰ的வࡐॺΨёך x2 + y2 = z2 的΋ಔ҅整數ှளډคጁӭಔ҅整

數ှ. ӵٯ x = 3,y = 4,z = 5 ,΋ಔ҅整數ှࢂ ӢԜёளჹҺཀ λ ∈ N, x = 3λ ,y = 4λ ,z =
5λ Ψࢂ΋ಔ҅整數ှ. Ԗคጁӭಔޕॺךа܌ Pythagorean triples. όၸ೭ኬ܌ள的
Pythagorean triple ჹךॺٰᇥؒࢂӭεᑫ፪的. ΋ಔࢂॺКၨԖᑫ፪的ך Pythagorean
triple “চۈ” Ծবঁٰࢂ Pythagorean triple. Ψ൩ךࢂॺԖᑫ፪٤ٗܭനεϦӢ數ࣁ 1

的 Pythagorean triple. ٣ჴ΢Һ΋ಔ Pythagorean triple ೿ٰࢂԾࢌܭ΋ಔനεϦӢ數
ࣁ 1 的 Pythagorean triple. ೭ࢂӢࣁऩ x = a,y = b,z = c ΋ಔࢂ Pythagorean triple Ъ
gcd(a,b,c) = d, Ӹӧ߾ a′,b′,c′ ∈ N ٬ள a = da′,b = db′,c = dc′ Ъ gcd(a′,b′,c′) = 1. ќ΋Б
य़җܭ a2 +b2 = c2 ёள a′2 +b′2 = c′2, а܌ x = a′,y = b′,z = c′ ൩ࢂ΋ಔനεϦӢ數ࣁ 1 的

Pythagorean triple. ӢԜךॺѝा஑ܭݙനεϦӢ數ࣁ 1 的 Pythagorean triple ջё.

നךࡕॺว౜ऩ x = a,y = b,z = c ࣁ΋ಔനεϦӢ數ࢂ 1 的 Pythagorean triple, ྽ฅ
x = b,y = a,z = c Ψࢂ΋ಔനεϦӢ數ࣁ 1 的 Pythagorean triple, Ψ൩ࢂᇥᙖҗҬඤ x,y 的

໩ׇ܌ள的ှΨؒӭεཀࡘ. ໻Եቾ΋ಔݤ΋ঁБפॺགྷךа܌ x,y 的໩ׇջё. ךӵٯ
ॺё໻Եቾ x > y 的௃׎. όၸ೭ኬ的ज़ڋჹךॺؒှפԖӭε的ᔅշ. ॺёаԵቾќך
΋ᅿज़ڋ. २ӃݙཀനεϦӢ數的ज़٬ڋளךॺ的 Pythagorean triple ځ x,y 的ॶόૈӕ

,ଽ數ࣁ ց߾җ z2 = x2 + y2 ޕ z Ѹࣁଽ數, ೷ԋ x,y,z 的നεϦӢ數཮εܭ฻ܭ 2. ќ΋Б
य़ x,y 的ॶΨόૈӕڻࣁ數. ೭ࢂӢࣁऩ x,y ,數ڻࣁࣣ ߾ x2 ≡ y2 ≡ 1 (mod 4). ӢԜ཮೷
ԋ x2 + y2 ≡ 2 (mod 4), ฅԶ x2 + y2 ,ଽ數ࢂ җࡺ z2 = x2 + y2 ள z .ଽ數ࣁ Ψ൩ࢂᇥ z2 ≡ 0

(mod 4). ೭཮೷ԋ 0 ≡ z2 ≡ x2 + y2 ≡ 2 (mod 4) 的ҟ࣯. ӢԜऩךॺा؃的 Pythagorean
tripleځനεϦӢ數ࢂ ߾,1 xک yѸ΋ڻ΋ଽ. ॺ的ךڋॺёаԵቾज़ךа܌ Pythagorean
triple ځ x ॶڻࣁ數Զ y ॶࣁଽ數. 的ڋॺ๏Ԗ೭٤ज़ך Pythagorean triples ΋ঁ੝ձ的
Ӝӷ.

Definition 7.2.1. ଷ೛ a,b,c ∈N ᅈى a2 +b2 = c2 Ъ gcd(a,b,c) = 1 Ξ a 數Զڻࣁ b ଽࣁ

數, ᆀ߾ a,b,c ΋ঁࣁ primitive Pythagorean triple.



7.2. Pythagorean Triple ک Fermat’s Last Theorem 93

Ԗ的܌ډפఈૈ׆ॺך primitive Pythagorean triples. ٣ჴ΢ primitive Pythagorean
triples ཮Ԗคጁӭঁ, Ԗ的܌ஒࢂ٠όډפ的ࡰа೭္܌ primitive Pythagorean triples ೿
ӈр, Ԗ的܌ஒݤ΋ঁБډפाࢂॺך primitive Pythagorean triples .Ңрٰ߄

Theorem 7.2.2. ๏ۓҺ΋ಔ primitive Pythagorean triple x,y,z ࣣӸӧ΋ಔ m,n ∈ N ύځ
m > n, gcd(m,n) = 1 Ъ m,n ύԖ΋ঁڻࢂ數΋ঁࢂଽ數٬ள

x = m2 −n2, y = 2mn, z = m2 +n2.

ϸϐჹҺཀ΋ಔ m,n ∈N ᅈى m > n, gcd(m,n) = 1 Ъ m,n ύԖ΋ঁڻࢂ數΋ঁࢂଽ數,
ऩз x = m2 −n2, y = 2mn Ъ z = m2 +n2, ߾ x,y,z ΋ಔࣁ primitive Pythagorean triple.

Proof. ଷ೛ x,y,z ΋ಔࢂ primitive Pythagorean triple. җܭ x2 + y2 = z2, ॺளך y2 =

(z+ x)(z− x). ကۓ٩ y ଽ數Զࢂ x,z ,數ڻࢂ а܌ y/2,(z+ x)/2 ک (z− x)/2 整數Ъ҅ࣁࣣ

(y/2)2 = ((z+x)/2)((z−x)/2). ཀԜਔݙ (z+x)/2 ک (z−x)/2 ϕ質. ाόฅ཮Ԗ΋質數 p ࣁ

(z+x)/2ک (z−x)/2的ϦӢ數,ӢԶள pࣁ (z+x)/2+(z−x)/2= zک (z+x)/2−(z−x)/2= x

的ϦӢ數. ӵԜ཮೷ԋ p|y2 = z2 − x2, ջ p|y, ӢԶᆶ gcd(x,y,z) = 1 ࣬ҟ࣯.

ฅࡽ (z+ x)/2 ک (z− x)/2 ϕ質, җࡺ (y/2)2 = ((z+ x)/2)((z− x)/2) ёள (z+ x)/2 ک

(z− x)/2 ,整數ϐѳБঁࢌࣁࣣ ҭջӸӧ m,n ∈ N ٬ள m2 = (z+ x)/2 Ϸ n2 = (z− x)/2. Ԝ
ਔךॺள

x = m2 −n2, y = 2mn, z = m2 +n2.

Կܭ m ک n, җܭ x > 0, ջ m2 −n2 > 0, ޕࡺ m > n. ΞӢࣁ (z+ x)/2 ک (z− x)/2 ϕ質, ջ
gcd(m2,n2) = 1, ॺளך gcd(m,n) = 1. നۓ٩ࡕက x = m2 −n2 ,數ڻࢂ ޕࡺ m ک n ύԖ΋

.ଽ數ࢂ數΋ঁڻࢂঁ

ϸϐჹҺཀ΋ಔ m,n ∈ N ᅈى m > n, gcd(m,n) = 1 Ъ m,n ύԖ΋ঁڻࢂ數΋ঁࢂଽ數,
ऩз x = m2 −n2, y = 2mn Ъ z = m2 +n2, ޕԾฅ߾ x,y,z ∈ N Ъ x2 + y2 = z2, Ψ൩ࢂᇥ x,y,z

΋ಔࢂ Pythagorean triple. ӢԜךॺ໻ഭΠाᇥܴѬॺࢂ primitive, ջ gcd(x,y,z) = 1, x ࣁ

數Ъڻ y .ଽ數ࣁ ကۓ٩ y = 2mn а܌ y ྽ฅࢂଽ數, Զ m,n ύ΋ঁڻࢂ數΋ঁࢂଽ數܌а

x = m2 −n2 ྽ฅڻࢂ數. Կܭ gcd(x,y,z) = 1 ӵ݀ࣁӢࢂ gcd(x,y,z)> 1, ߾ gcd(x,y,z) Ѹࣁ

數ڻ (Ӣࣁςޕ x (數ڻࢂ 質數ڻаӸӧ΋܌ p ࣁ x,y,z 的ϦӢ數. Ӣࣁ p 整ନ z+ x = 2m2

Ъ p 整ନ z− x = 2n2 ΞӢࣁ p ,質數ڻࣁ ॺளך p|m Ъ p|n. Ԝᆶ m,n ϕ質的ଷ೛࣬ҟ࣯,
ޕࡺ gcd(x,y,z) = 1. �

Theorem 7.2.2 ֋ນךॺ؂΋ঁ primitive Pythagorean triple ೿ёҗ΋ಔ΋ڻ΋ଽЪϕ
質的҅整數 m,nளډ,ԶЪ؂๏΋ಔ೭ኬ的҅整數൩ёள΋ಔ primitive Pythagorean triple.
ᗨฅךॺёаᇸܰ的ډפคጁӭಔ೭ኬ的 m,n ՠ೭٠ό߄Ңёаౢғคጁӭಔ primitive
Pythagorean triples, ନךߚॺޕၰόӕ的΋ಔ m,n ёౢғόӕ的 Pythagorean triple. ٣ჴ
΢ऩ m,n ک m′,n′ ύځ΋ଽЪϕ質的҅整數ڻಔ΋ٿࢂ m > n Ъ m′ > n′, ଷ೛ m,n ک m′,n′

ౢғ΋ኬ的 primitive Pythagorean triple. ҭջ m2 −n2 = m′2 −n′2 Ъ m2 +n2 = m′2 +n′2. ஒ
Ԅ࣬уёளٿ 2m2 = 2m′2, җࡺ m,m′ 整數ள҅ࣁࣣ m = m′. ӕ౛ள n = n′. ӢԜךॺԖа
Πϐ่݀.
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Corollary 7.2.3. Ӹӧคጁӭಔ primitive Pythagorean triple. ٣ჴ΢ჹҺཀ的΋ಔ
primitive Pythagorean triple ࣣӸӧ୤΋的΋ಔ m,n ∈ N ύځ m > n, gcd(m,n) = 1 Ъ m,n

ύԖ΋ঁڻࢂ數΋ঁࢂଽ數٬ள x = m2 −n2, y = 2mn, z = m2 +n2.

7.2.2. Fermat’s Last Theorem. Ԗ܌ډפॺςך x2 + y2 = z2 的҅整數ှ, Ծฅ的཮ࡐ
ୢ x3 + y3 = z3 的҅整數ှ, ࣗԿୢჹҺཀεܭ฻ܭ 3 的҅整數 n, xn + yn = zn 的҅整數ှ.
Fermat ᇡࣁ྽ n ≥ 3 ਔ xn + yn = zn ٠ค҅整數ှ. д໻ᙁอ的ᇥԖ΋ঁࡐᖃܴ的Бݤ᛾ܴ
Ԝ٣ՠ٠ؒԖගр᛾ܴ, ࣁॺᆀԜ่݀ךа܌ Fermat’s Last Theorem.

٣ჴ΢྽ਔᔈᆀ Fermat’s Last Theorem ΋ঁࣁ conjecture (౒གྷ) Ӣ٠ؒࣁԖΓ๏р
ֹ整的᛾ܴ. Οԭӭԃٰ೚೚ӭӭ的數Ꮲৎགྷा᛾рԜۓ౛, ՠ΋ډޔ 1995 ԃω೏ֹ整
的᛾ܴ. όၸ܌Ҕ的Бݤ౐ੋډ೚ӭፄᚇᖑు的數Ꮲ౛論, ྽ฅό཮ࢂ Fermat ྽ࡰ܌߃
的Бݤ. җԜךॺёаޕၰ Diophantine equation ᗨฅ໻ࢂ૸論整數ှ的ୢᚒ, όၸԖ的
Diophantine equation ዴჴ౐ੋࡐډు的數Ꮲୢᚒ.

ჴှځ Fermat’s Last Theorem όѸԵቾ܌Ԗεܭ฻ܭ 3 的҅整數. ऩ n Ԗڻ的質Ӣ數

p, Ԝਔ n = pm, ऩࡺ x = a,y = b,z = c ࢂ xn+yn = zn 的΋ಔ҅整數ှ, Ӣ߾ apm+bpm = cpm

ޕ x = am,y = bm,z = cm ࢂ xp + yp = zp 的΋ಔ҅整數ှ. ඤ言ϐऩૈ᛾ள xp + yp = zp ค҅

整數ှ, ჹҺཀ߾ n = pm, xn + yn = zn Ψค҅整數ှ. ӕ౛ऩ n คڻ的質Ӣ數, ջ n = 2r, Ԝ
ਔӢ r ≥ ޕ2 4|n,܌аऩૈ᛾ள x4+y4 = z4 ค҅整數ှ,߾ჹҺཀ n = 2r > 2, xn+yn = zn ค

҅整數ှ. ӢԜा᛾ܴ Fermat’s Last Theorem, 質數ڻॺѝा᛾ܴჹҺཀך p, xp + yp = zp

ค҅整數ှ, аϷ x4 + y4 = z4 ค҅整數ှջё. Ҟ前ךॺคݤೀ౛ڻ質數的௃׎, ௗΠٰך
ॺஒճҔ descent 的Бݤ᛾ܴ x4 + y4 = z4 ค҅整數ှ.

ॺӃೀ౛΋ঁКך x4 + y4 = z4 ΋૓的׳ Diophantine equation.

Proposition 7.2.4. x4 + y4 = z2 ค҅整數ှ.

Proof. ॺճҔך descent 的Бݤ᛾ܴ x4 + y4 = z2 ค҅整數ှ. ଷ೛ x = a1,y = b1,z = c1 ࢂ

x4 + y4 = z2 的΋ಔ҅整數ှ, ќ΋ಔ҅整數ှډॺஒճҔѬॺளך x = a2,y = b2,z = c2 Ъ

c1 > c2. ӵԜ΋ޔΠѐ཮҅ک整數的 well-ordering principle ࣬ၴङ, .চԄค҅整數ှޕࡺ

౜ଷ೛ x = a1,y = b1,z = c1 ࢂ x4 +y4 = z2 的΋ಔ҅整數ှ. ӵ݀ gcd(a1,b1) = d > 1, җ
ܭ d|a1 Ъ d|b1 ޕ d4|a4

1+b4
1 = c2

ளࡺ,1 d2|c1. ӢԜ x = a1/d,y= b1/d,z= c1/d2 ࢂ x4+y4 = z2

的΋ಔ҅整數ှЪ c1/d2 < c1.

ऩ x = a1,y = b1,z = c1 ࢂ x4 + y4 = z2 的΋ಔ҅整數ှЪ gcd(a1,b1) = 1. Ԝਔҗܭ
gcd(a2

1,b
2
1,c1) = 1 (Ӣ gcd(a2

1,b
2
1) = 1) Ъ x = a2

1,y = b2
1,z = c1 ᅈى x2 + y2 = z2. ճҔ前य़૸

論 primitive Pythagorean triple 的่݀, όѨ΋૓性ךॺଷ೛ a2
1 數Զڻࢂ b2

1 ,ଽ數ࢂ ҭ
ջ x = a2

1,y = b2
1,z = c1 ΋ಔࢂ primitive Pythagorean triple. ճҔࡺ Theorem 7.2.2 Ӹӧޕ

m,n ∈ N ᅈى m > n Ъ gcd(m,n) = 1 ٬ள

a2
1 = m2 −n2, b2

1 = 2mn, c1 = m2 +n2.
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Ξҗܭ gcd(a1,m,n) = 1 (Ӣ gcd(m,n) = 1), Ъ x = a1,y = n,z = m ᅈى x2 + y2 = z2, җࡺ a1

數ϐଷ೛аϷ前य़૸論ڻࢂ primitive Pythagorean triple ϐ性質ޕ n Ѹࣁଽ數 (Ъ m ࣁ

,(數ڻ Ψ൩ࢂᇥ x = a1,y = n,z = m Ξࢂ΋ಔ primitive Pythagorean triple. ӢԜӆҔ΋次
Theorem 7.2.2 Ӹӧޕ u,v ∈ N ᅈى u > v Ъ gcd(u,v) = 1 ٬ள

a1 = u2 − v2, n = 2uv, m = u2 + v2.

೭္ाݙཀ, җܭ b1 ک n ,ଽ數ࣁࣣ ॺёଷ೛ך b1 = 2b′1 Ъ n = 2n′. Ԝਔҗ b2
1 = 2mn ޕ

b′21 = mn′. Ξҗܭ gcd(m,n′) = 1 ޕॺך m ک n′ ,整數ϐѳБঁࢌࣁࣣ ҭջӸӧ c2,e ∈ N ٬
ள m= c2

2 Ъ n′ = e2. Ξҗܭ 2e′2 = 2n′ = n= 2uvаϷ gcd(u,v) = ॺளך,1 uک vࣣঁࢌࣁ整

數ϐѳБ,ҭջӸӧ a2,b2 ∈N٬ள u = a2
2 Ъ v = b2

2. ӢԜҗ m = u2+v2 ջ c2
2 = (a2

2)
2+(b2

2)
2

ޕ x = a2,y = b2,z = c2 ࢂ x4 + y4 = z2 的΋ಔ҅整數ှ. ԜਔӢ c1 = m2 +n2 > m2 = c4
2, ޕ

x = a2,y = b2,z = c2 ዴჴࢂќ΋ಔ x4 + y4 = z2 的҅整數ှЪᅈى c2 < c1. ճҔࡺ descent
的Бݤள᛾本ۓ౛. �

Proposition 7.2.4 ֋ນךॺ x4 + y4 = z2 ค҅整數ှ, ॺёаᇸ᚞的ճҔ೭ঁ่݀᛾ܴך
x4 + y4 = z4 ค҅整數ှ. ೭ࢂӢࣁऩ x = a,y = b,z = c ࢂ x4 + y4 = z4 的΋ಔ҅整數ှ, ߾
x = a,y = b,z = c2 ൩཮ࢂ x4 +y4 = z2 的΋ಔ҅整數ှ. Ԝک Proposition 7.2.4 ࣬ҟ࣯, Ԗࡺ
аΠϐ่論.

Corollary 7.2.5. x4 + y4 = z4 ค҅整數ှ.

7.3. ѳБୢکᚒ

ӧԜനࡕ΋࿯ύךॺा௖૸整數論ќ΋ঁԖ፪的ୢᚒ, ൩ࢂஒ҅整數ቪԋ΋٤整數的ѳ
Бୢکᚒ. ,ک整數的ѳБঁٿॺஒֹ整的ӣเব٤҅整數ёаቪԋך ԶЪ᛾ܴ܌Ԗ的҅整
數೿ёаቪԋѤঁ整數的ѳБک.

7.3.1. Sum of Two Squares. ྽΋ঁ҅整數όঁࢌࢂ整數的ѳБਔ, ၰѬޕॺԖᑫ፪ך
.ک整數的ѳБঁٿցёቪԋࢂ ऩ n 本ঁࢌࢂي整數的ѳБ, ջӸӧ m ∈ N ٬ள n = m2, ྽
ฅךॺёаஒ n ቪԋ n = m2 +02. ѳБࣁ的數ຎک整數的ѳБঁٿॺёаஒёቪԋךа܌
數的௢ቶ.

२Ӄךॺٰ࣮΋ঁԖ፪的฻Ԅ:

(a2 +b2)(c2 +d2) = (ac+bd)2 +(ad −bc)2. (7.1)

೭ঁ฻Ԅёаޔௗஒ฻ဦٿᜐ৖໒ٰ؃᛾, ΨёаҔεৎዕ஼的ፄ數ၮᆉٰᇥܴ. ଷ೛
z1 = a+bi,z2 = d+ci ∈C (೭္ C߄Ңፄ數܌ԋϐ໣ӝ,Զ i ∈Cᅈى i2 =−1). ޕॺך z1,z1

的Ӆ೫ፄ數ϩձࣁ z1 = a−bi,z2 = d−ci Ъ |z1|2 = z1z1 = a2 +b2 Ϸ |z2|2 = z2z2 = c2 +d2. Ӣ
Ԝ

(a2 +b2)(c2 +d2) = z1z1z2z2 = z1z2z1z2 = |(ad −bc)+(ac+bd)i|2 = (ac+bd)2 +(ad −bc)2.

ճҔԄη (7.1) .ॺଭ΢ԖаΠϐ่݀ך
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Lemma 7.3.1. ऩ m,n ∈ N ࣣёаቪԋঁٿ整數的ѳБک, ߾ mn ҭёаቪԋঁٿ整數的

ѳБک.

Proof. ऩ m = a2 + b2 Ъ n = c2 + d2, ύځ a,b,c,d ∈ Z, ճҔԄη߾ (7.1) ޕ mn = (ac+

bd)2 +(ad −bc)2. Ӣ ac+bd,ad −bc ∈ Z ޕࡺ mn ҭёаቪԋঁٿ整數的ѳБک. �

ཀݙ Lemma 7.3.1 ໻֋ນךॺ྽ m,n ࣣёаቪԋঁٿ整數的ѳБکਔ, mn Ψёаቪԋ

;ک整數的ѳБঁٿ Ѭ٠ؒԖ֋ນךॺऩ m,n ύԖ΋ঁόૈቪԋঁٿ整數的ѳБکਔ, mn

.ک整數的ѳБঁٿցёаቪԋࢂ

җ؂ঁܭεܭ 1 的整數೿ёаቪԋ質Ӣ數的४ᑈ, аҗ܌ Lemma 7.3.1 Ծฅ的ाࡐॺך
௖૸ব٤質數ёаቪԋঁٿ整數的ѳБکব٤質數όૈ. җܭ 2 = 12 +12, ջ 2 ёаቪԋٿ

ঁ整數的ѳБک, ӢԜаΠךॺ໻Եቾڻ質數的௃׎. ճҔ Lemma 7.3.1 ΋ঁډॺёаளך
ղձ΋ঁ質數ࢂցёаቪԋঁٿ整數的ѳБک的Бݤ.

Lemma 7.3.2. ଷ೛ p .΋ঁ質數ࢂ ऩӸӧ a,b ∈ Z ٬ள a2 +b2 = λ p, ύځ λ ∈ N ᅈى
λ < p, ߾ p ёаቪԋঁٿ整數的ѳБک.

Proof. Եቾ໣ӝ S = {s ∈ N | Ӹӧ u,v ∈ Z ٬ள u2 + v2 = sp}. ٩ྣ S 的ۓက, ा᛾ܴ p ё

аቪԋঁٿ整數的ѳБک൩฻ӕܭा᛾ܴ 1 ∈ S. ाӵՖޕ 1 ∈ S ?ګ ٩ଷ೛ޕ S ໣ޜߚࣁ

ӝ (Ӣ λ ∈ S) Ъ S 的ϡનࣣ҅ࣁ整數, а܌ 1 ∈ S ऩЪ୤ऩ S ύനλ的ϡન൩ࢂ 1 ཀ٩ݙ)
҅整數的 well-ordering principle, җܭ S όޜࢂ໣ӝ܌а S ύѸӸӧനλ的ϡન). з m ∈ S

ࢂ S ύനλ的ϡન, ॺा᛾ܴך m = 1.

ճҔϸ᛾ݤ, ଷ೛ m ̸= 1. җࡺ λ ∈ S Ъ λ < p ޕ 1 < m < p. ఈӧ׆ॺך S ύډפК m

.ҟ࣯ډλ的數Զள׳ җܭ m ∈ S, Ӹӧࡺ u,v ∈ Z ٬ள u2 + v2 = mp, ॺϩԋך m ଽ數Ϸࢂ

m .૸論ݩᅿ௃ٿ數ڻࢂ

(I) m :ଽ數ࢂ Ԝਔҗܭ u2 + v2 = mp ,ଽ數ࢂ ޕॺך u,v Ѹӕڻӕଽ (ց߾ u2 + v2 ό཮

,(ଽ數ࢂ ջ u+ v ک u− v .ଽ數ࣁࣣ Ԝਔ (u+ v)/2 ک (u− v)/2 整數Ъࣁࣣ

(
u+ v

2
)2 +(

u− v
2

)2 =
u2

2
+

v2

2
=

m
2

p.

ޕࡺ m/2 ∈ S Ъ m/2 < m, Ԝᆶ m ࢂ S ύനλ的ϡન࣬ҟ࣯.

(II) m :數ڻࢂ Ӣࣁ྽ m 數ਔڻࢂ

{−m+1
2

,
−m+1

2
+1, . . . ,0,1, . . . ,

m−1
2

−1,
m−1

2
}

΋ঁࢂ complete residue system modulo m. ډפॺёך c,d ∈ Z ᅈى c ≡ u (mod m) Ъ

d ≡ v (mod m), ύځ −(m− 1)/2 ≤ c,d ≤ (m− 1)/2. ཀ೭္ݙ c ک d όૈӕਔ฻ܭ 0, ೭
ӵ݀ࣁӢࢂ c = d = 0 Ң߄ u ≡ v ≡ 0 (mod m), ջ m|u Ъ m|v. ӢԜ m2|u2 + v2 = mp, ջ
m|p. ӵԜ཮ک 1 < m < p ࣬ҟ࣯, ޕࡺ c ک d όӕਔࣁ 0. Ӣࣁ c2 +d2 ≡ u2 + v2 (mod m)

аϷ u2 + v2 = mp, ॺளך c2 + d2 ≡ 0 (mod m). ҭջӸӧ k ∈ Z ٬ள c2 + d2 = km. ݙ
ཀӢ c ک d όӕਔࣁ 0, ࡺ k ̸= 0. ќ΋Бय़Ӣࣁ −(m− 1)/2 ≤ c,d ≤ (m− 1)/2, а܌



7.3. ѳБୢکᚒ 97

c2 + d2 ≤ (m− 1)2/4+(m− 1)2/4 = (m− 1)2/2 < m2, ளࡺ 0 < k < m. Ψ൩ࢂᇥ k ∈ N Ъ
k < m. ౜ӧךॺԖঁٿ฻Ԅ: u2 + v2 = mp аϷ c2 +d2 = km. ճҔԄη (7.1) ள

(uc+ vd)2 +(ud − vc)2 = m2kp.

ΞӢࣁ u ≡ c (mod m) Ъ v ≡ d (mod m), ॺளך

uc+ vd ≡ u2 + v2 ≡ 0 (mod m) and ud − vc ≡ uv−uv ≡ 0 (mod m).

Ψ൩ࢂᇥ (uc+ vd)/m ∈ Z Ъ (ud − vc)/m ∈ Z. ӢԜޕ

(
uc+ vd

m
)2 +(

ud − vc
m

)2 = kp,

Ψ൩ࢂᇥ kp ёаቪԋঁٿ整數的ѳБک, Ξҗࡺ k ∈N ޕ k ∈ S. ฅԶךॺΞޕ k < m, Ԝᆶ
m ࢂ S ύനλ的ϡન࣬ҟ࣯.

ॺ᛾ளऩך m ̸= 1 ཮೷ԋ m όࢂଽ數Ъόڻࢂ數೭ኬ的ҟ࣯. চଷ೛ޕݤҗϸ᛾ࡺ
m ̸= 1 όԋҥ, Ψ൩ࢂᇥ m = 1. ӢԜள᛾ p ёаቪԋঁٿ整數的ѳБک. �

Lemma 7.3.2 的᛾ܴБځݤჴࢂᜪ՟ܭ descent 的Бݤ೿ࢂҗ΋ঁှள׳ډλ的ှԶ௢
ளҟ࣯. ,ݤՖӕኬ的௢論Бࣁ೚εৎ཮ᅪൽ܈ ΋ঁ཮ளډคှ; ќ΋ঁࠅ௢ளԖှ. ೭ࢂ
Ӣࣁӧ descent 的Бݤ௢論ύؒࢂԖҺՖచҹ的, 的௢ளคڋ཮ؒԖज़߾аऩԖ҅整數ှ܌
ጁӭঁ׳λ的҅整數ှԶ೷ԋҟ࣯, ӢԜ཮ளډคှ的่論. Զ೭္܌Ҕ的Бݤύ཮ளډК
m ,Ԗచҹ的ࢂλ的҅整數׳ Ψ൩ࢂᇥѸ໪ӧ m > 1 的௃׎ωёа. ӢԜӕኬ௢ளҟ࣯, ՠ
Ԝਔҟ࣯཮ᡣךॺ௢ள m = 1, .аԖှ܌ ,ᡄᒠ΢的ৡ౦ޣٿఈ೭׆ εৎ೿ૈΑှ. ќѦ
Lemma 7.3.2 ᛾ளӸӧ的Б߄ݤय़΢ӳႽѝࢂᡄᒠ௢ᄽ, ٠ؒԖ֋ນךॺӵՖှډפ. ٣ჴ
΢ݤှځၸำύх֖Αှډפ的Бݤ. .ηٯᡏ的ڀॺٰ࣮΋ঁך

Example 7.3.3. Եቾ p = 89. җܭ 89 ≡ 1 (mod 4), Ӹӧޕॺך a ∈ Z ٬ள a2 ≡ −1

(mod 89). ٣ჴ΢྽ a = 34 ਔ, a2 = 1156 ≡−1 (mod 89), ॺԖך (34)2 +1 = 13×89. Ӣࣁ
13 < 89 җࡺ Lemma 7.3.2 ޕ 89 ёаቪԋঁٿ整數的ѳБک. ॺाճҔך Lemma 7.3.2 的
᛾ܴБݤஒ 89 ቪԋঁٿ整數的ѳБک.

ჹᔈډ Lemma 7.3.2 的᛾ܴ, ޕॺך 13 ∈ S. Ӣ 13 ̸= 1, ॺाճҔך 13, ӧ S ύ׳ډפ

λ的ϡન. ډפॺाך c,d ᅈى 34 ≡ c (mod 13), 1 ≡ d (mod 13) аϷ −6 ≤ c,d ≤ 6. ৒ࡐ
ܰளޕ c =−5 Ъ d = 1. ௗ๱ךॺԵቾ c2 +d2 = 25+1 = 26 = 2×13. җԄηࡺ (7.1) ள

(34× (−5)+1)2 +(34− (−5))2 = 1692 +392 = 2×132 ×89.

җܭ 169 = 13×13 Ъ 39 = 3×13, ॺளך 132 +32 = 2×89, Ψ൩ࢂᇥ 2 ∈ S. ॺςךډཀݙ
ஒ 13 ∈ S फ़ډ 2 ∈ S. ӆճҔೀ౛ଽ數௃ݩ的Бݤ, ஒ 2 ᕭλ. ջள

(
13+3

2
)2 +(

13−3
2

)2 = 82 +52 = 89.

ӧ Example 7.3.3 ύךॺճҔ 89 ≡ 1 (mod 4) ډפаёа܌ a ∈ Z ᅈى a2 ≡ −1

(mod 89). ӆ፾྽的ᒧڗ a (ջᒧڗ a ୼λ) ٬ள a1 + 1 = λ p, ύځ 0 < λ < p, аߡ঺
Ҕ Lemma 7.3.2. ӧ΋૓的௃׎, ྽ p ى΋質數ᅈࢂ p ≡ 1 (mod 4) ਔ, .ॺ೿ёаӵԜբך
.ॺԖаΠϐ่݀ךа܌
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Proposition 7.3.4. ऩ p ΋質數Ъࢂ p ≡ 1 (mod 4), ߾ p ёаቪԋঁٿ整數的ѳБک.

Proof. җܭ p ≡ 1 (mod 4), Theorem 5.4.1 ֋ນךॺ x2 ≡ −1 (mod p) Ԗှ. ҭջӸӧ
a ∈ N ٬ள a2 ≡−1 (mod p). җܭ {1,2, . . . , p−1} ΋ঁࢂ reduced residue system modulo
p, ڗॺёаᒧךа܌ 1 ≤ a ≤ p− 1 ٬ள a2 ≡ −1 (mod p) (٣ჴ΢ёᒧڗ 1 < a < p/2).
ӢԜӸӧ λ ∈ N ٬ள a2 + 1 = λ p. ΞӢࣁ a ≤ p− 1, ॺԖך λ p = a2 + 1 ≤ (p− 1)2 + 1 =

p2 −2(p−1)< p2. Ψ൩ࢂᇥ λ < p, ճҔࡺ Lemma 7.3.2 ள᛾ p ёаቪԋঁٿ整數的ѳБ

.ک �

ௗΠٰךॺ࣮࡛ኬ的質數όૈቪԋঁٿ整數的ѳБک. ྽ p ≡ 1 (mod 4) ਔ, ӧ
Proposition 7.3.4 ճҔԜਔࢂॺך x2 ≡ −1 (mod p) Ԗှ᛾ள p ёаቪԋঁٿ整數的ѳБ

.ک ॺΨёаճҔ྽ך p ≡ 3 (mod 4) ਔ, x2 ≡ −1 (mod p) คှ᛾ள p όёаቪԋঁٿ整

數的ѳБک.

Lemma 7.3.5. ଷ೛ p ى΋ঁ質數ᅈࢂ p ≡ 3 (mod 4) Ъ n ∈N ᅈى p|n. ऩ a,b ∈ Z ٬ள
a2 +b2 = n, ߾ p|a Ъ p|b.

Proof. .౛ۓ᛾ܴԜݤॺाҔϸ᛾ך όѨ΋૓性, ॺଷ೛ך p - a. Ԝਔҗ a2 +b2 = n Ъ p|n
ޕ p - b, ց߾җ a2 = n−b2 ள p|a2 ཮೷ԋᆶ p - a 的ଷ೛࣬ҟ࣯. ฅࡽ a2 +b2 = n Ъ p|n,
ॺளך a2 ≡−b2 (mod p). ܭཀҗݙ a,b ࣣᆶ p ϕ質, ॺёаҔך Legendre symbol ೀ౛ୢ
ᚒ. ճҔ Legendre symbol 的性質 (Lemma 5.3.2) ޕ

1 =

(
a2

p

)
=

(
−b2

p

)
=

(
−1
p

)(
b2

p

)
=

(
−1
p

)
.

ฅԶҗ p ≡ 3 (mod 4) аϷ Theorem 5.4.1 ޕॺך
(
−1
p

)
= −1. җԜҟ࣯ޕ p|a, ٠җ

b2 = n−a2 ள p|b. �

Lemma 7.3.5 ᛾ܴ的གྷݤᜪ՟ܭ Proposition 7.1.1 ,ݤග的Б܌ ջճҔ௖૸ x2 + y2 = n

೭ঁ Diophantine equation ӧ modulo p 的௃ٰ׎௢ளԜ Diophantine equation คှ. ճҔ
Lemma 7.3.5 .аΠϐ่݀ډॺଭ΢ளך

Proposition 7.3.6. ऩ p ΋質數Ъࢂ p ≡ 3 (mod 4), ߾ p όૈቪԋঁٿ整數的ѳБک.

Proof. .ݤॺҔϸ᛾ך ଷ೛Ӹӧ a,b ∈ Z ٬ள a2 +b2 = p. җܭ p ,質數ࢂ ޕॺך a,b ࣣό

฻ܭ 0. ڗёޕࡺ a,b ∈ N ᅈى 1 ≤ a ≤ p−1 Ъ 1 ≤ b ≤ p−1. Ԝਔ a,b ࣣᆶ p ϕ質ࡺᆶ

Lemma 7.3.5 的่݀࣬ҟ࣯. җԜҟ࣯ޕ p όૈቪԋঁٿ整數的ѳБک. �

,ک整數的ѳБঁٿၰΑব٤質數ёаቪԋޕ ব٤質數όёаቪԋঁٿ整數的ѳБک.
ௗΠٰךॺ൩ٰ௖૸ব٤҅整數ёаቪԋঁٿ整數的ѳБک. ๏ۓ΋҅整數 n. ऩ n = 1 ྽

ฅёቪԋঁٿ整數的ѳБک. ऩ n ≥ 2, २Ӄךॺஒ n բ質Ӣ數的ϩှ. ॺёаஒך 2 ନک

а 4 Ꭹ 1 的質Ӣ數۹略, ӢࣁѬॺёаቪԋঁٿ整數的ѳБک. Զऩ n Ԗନа 4 Ꭹ 3 的質
Ӣ數, ,ॺΞёаஒԖѳБ的೽ҽ۹略ך ӢࣁѬॺΨёаቪԋঁٿ整數的ѳБک. җԜ࣮р
質Ӣ數ϩှࡕ的次數ࢂख़ा的, :ကۓॺ੝ձҔаΠӜຒ的ך ऩ n = pn1

1 · · · pnr
r , ύ೭٤ځ pi
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.౦質數࣬ࢂ ॺᆀך pi ࢂ n 的質Ӣ數Ъ ni ࢂ pi 的次數. ӵٯ 2250 = 2×32 ×53, ॺᆀך
2250 Ԗ 2 次 3 的質Ӣ數ЪԖ 3 次 5 的質Ӣ數. ٩ԜۓကךॺԖаΠϐ่݀.

Theorem 7.3.7. ଷ೛ n ∈ N. ߾ n ёаቪԋঁٿ整數的ѳБکऩЪ୤ऩ n ؒԖҺՖ的ନ

а 4 Ꭹ 3 的質Ӣ數ځ次數ڻࢂ數.

Proof. ଷ೛ n ؒԖҺՖ的ନа 4 Ꭹ 3 的質Ӣ數ځ次數ڻࢂ數. ॺ໻ሡԵቾך n ≥ 2 的௃

.׎ Ԝਔёஒ n 質Ӣ數ϩှԋ

n = 2n0qn1
1 · · ·qnr

r · p2m1
1 · · · p2ms

s ,

ύځ qi, p j 質數Ъڻ౦的࣬ࣁࣣ qi ≡ 1 (mod 4) Ϸ p j ≡ 3 (mod 4). җךܭॺёஒ n ቪԋ

n = 2n0qn1
1 · · ·qnr

r · (pm1
1 · · · pms

s )2,

Զ 2 ёаቪԋঁٿ整數的ѳБک, q1, . . . ,qr ёаቪԋঁٿ整數的ѳБک (Proposition 7.3.4)
аϷ (pm1

1 · · · pms
s )2 ёаቪԋঁٿ整數的ѳБک (Ӣࢂࣁ΋ঁѳБ數), җࡺ Lemma 7.3.1 ޕ

n ёаቪԋঁٿ整數的ѳБک.

ϸϐ, ऩ p ≡ 3 (mod 4) ࢂ n 的΋ঁ質Ӣ數Ъځ次數ࣁ 2k+1, ջ n = p2k+1n′, ύځ p - n′.
᛾ܴݤॺҔϸ᛾ך n όёаቪԋঁٿ整數的ѳБک. ଷ೛Ӹӧ a,b ∈ Z ٬ள a2 +b2 = n. ߾
җ Lemma 7.3.5 ޕ p|a Ъ p|b. з a = prc Ъ b = psd, ύځ c,d ࣣᆶ p ϕ質Ъ r,s ∈N. όѨ
΋૓性ךॺଷ೛ 2r ≤ 2s,ךॺा᛾ܴ 2k+1 > 2r. ଷ೛ 2k+1 < 2r,җ p2rc2+ p2sd2 = p2k+1n′

ޕ n′ = p2r−2k−1c2 + p2s−2k−1d2. ΞӢࣁ 2s−2k−1 ≥ 2r−2k−1 > 0 ޕ p|n′. Ԝᆶ p - n′ ࣬ҟ

࣯, ޕࡺ 2k+1 > 2r. ӆҗ p2rc2 + p2sd2 = p2k+1n′ ޕ

c2 + p2s−2rd2 = c2 +(ps−rd)2 = p2k+1−2rn′,

ջ p2k+1−2rn′ ёаቪԋ c ک ps−rd 的ѳБک. җܭ p ≡ 3 (mod 4), p|p2k+1−2rn′ Ъ p - c, Ԝᆶ
Lemma 7.3.5 的่݀࣬ҟ࣯, ޕࡺ n όёаቪԋঁٿ整數的ѳБک. �

ӵٯ 2250 = 2×32 ×53 ύ୤΋的ନа 4 Ꭹ 3 的質Ӣ數ࢂ 3, Ъ 3 的次數ࣁ 2 ,ଽ數ࢂ ܌
а 2250 ёаቪԋঁٿ整數的ѳБک. ٣ჴ΢ 2250 = 452 +152. ќѦ 6174 = 2×32 ×73 ύନ

а 4 Ꭹ 3 的質Ӣ數ࢂ 3 ک 7, ύځ 7 的次數ࣁ 3 ,數ڻࢂ а܌ 6174 คݤቪԋঁٿ整數的ѳ
Бک.

7.3.2. Sum of Four Squares. 整數的ѳБঁٿԖ的҅整數೿ёаቪԋ܌ࢂ٠όޕॺςך
,ک .کԖ的҅整數೿ёаቪԋΟঁ整數的ѳБ܌ցࢂԾฅ཮ୢࡐа܌ ೭ځჴϝόჹ, ӵٯ
7 ൩όૈቪԋΟঁ整數的ѳБک. ٣ჴ΢ךॺёа᛾ள΋ঁ҅整數όૈቪԋΟঁ整數的ѳБ
ԋ߄ऩЪ୤ऩԜ҅整數ёک 4m(8n+3) ೭ኬ的׎Ԅ. όၸ೭္ӢࣁΟঁ整數的ѳБؒکԖ
ӵ Lemma 7.3.1 的性質, .ፄᚇ的ӭک整數的ѳБঁٿаԜ٣ჴϐ᛾ܴ཮Кೀ౛܌ җܭӧԜ
,௢ቶݤ的БޕᡣεৎᏢಞӵՖஒςܭॺ๱ख़ך ,的ୢᚒکॺஒᗉ談Οঁ整數ѳБך Զޔௗ
談論Ѥঁ整數的ѳБୢکᚒ.

.ᚒୢکೀ౛Ѥঁ整數的ѳБٰݤ的Бک整數的ѳБঁٿॺा௢ቶೀ౛ך २ӃךॺԖ΋
Ԅηکঁ (7.1) ࣬ჹᔈ的Ԅη.
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(a2 +b2 + c2 +d2)(e2 + f 2 +g2 +h2) = (ae+b f + cg+dh)2 +(a f −be+ ch−dg)2

+(ag−bh− ce+d f )2 +(ah+bg− c f −de)2.

(7.2)

೭ঁ฻Ԅёаޔௗஒ฻ဦٿᜐ৖໒ٰ؃᛾. ,的ډӵՖளࢂ೭ঁ฻Ԅڻ೚εৎ཮ӳ܈ ٣ჴ΢
೭ঁ฻ԄёаճҔፄ數的௢ቶջ܌ᒏ的 quaternion algebra ٰᇥܴ. όၸҗܭ quaternion
algebra ςୃᚆךॺ的Ьᚒϼᇻ, .ॺ൩όӆӭᇥܴΑך

ճҔԄη (7.2) .ॺଭ΢ԖаΠϐ่݀ך

Lemma 7.3.8. ऩ m,n ∈ N ࣣёаቪԋѤঁ整數的ѳБک, ߾ mn ҭёаቪԋѤঁ整數的

ѳБک.

җ؂ঁܭεܭ 1 的整數೿ёаቪԋ質Ӣ數的४ᑈ, аҗ܌ Lemma 7.3.8 Ծฅ的ाࡐॺך
௖૸ব٤質數ёаቪԋѤঁ整數的ѳБک. җܭ 2 ନаک 4 Ꭹ 1 的質數ࣣёቪԋঁٿ整數
的ѳБک, کаѬॺࣣёቪԋѤঁ整數的ѳБ܌ (ӭᎩ的ံঁٿ 0), ӢԜךॺ໻ഭΠा૸論
ନа 4 Ꭹ 3 的質數. ॺёа௢ቶך Lemma 7.3.2 的Бݤளډ΋ঁղձ΋ঁ質數ࢂցёаቪ
ԋѤঁ整數的ѳБک的Бݤ.

Lemma 7.3.9. ଷ೛ p .΋ঁ質數ࢂ ऩӸӧ a,b,c,d ∈ Z ٬ள a2 +b2 + c2 +d2 = λ p, ύځ
λ ∈ N ᅈى λ < p, ߾ p ёаቪԋѤঁ整數的ѳБک.

Proof. Եቾ໣ӝ S = {s ∈ N | Ӹӧ t,u,v,w ∈ Z ٬ள t2 +u2 + v2 +w2 = sp}. ٩ྣ S 的ۓက,
ा᛾ܴ p ёаቪԋѤঁ整數的ѳБک൩฻ӕܭा᛾ܴ 1 ∈ S. ाӵՖޕ 1 ∈ S ?ګ ٩ଷ೛ޕ
S ໣ӝޜߚࣁ (Ӣ λ ∈ S) Ъ S 的ϡનࣣ҅ࣁ整數, а܌ 1 ∈ S ऩЪ୤ऩ S ύനλ的ϡન൩ࢂ

1. з m ∈ S ࢂ S ύനλ的ϡન, ॺा᛾ܴך m = 1.

ճҔϸ᛾ݤ, ଷ೛ m ̸= 1. җࡺ λ ∈ S Ъ λ < p ޕ 1 < m < p. ఈӧ׆ॺך S ύډפК m

.ҟ࣯ډλ的數Զள׳ җܭ m ∈ S, Ӹӧࡺ t,u,v,w ∈ Z ٬ள t2 +u2 + v2 +w2 = mp, ॺϩԋך
m ଽ數Ϸࢂ m .૸論ݩᅿ௃ٿ數ڻࢂ

(I) m :ଽ數ࢂ Ԝਔҗܭ t2 +u2 +v2 +w2 = mp ,ଽ數ࢂ ޕॺך t,u,v,w Ѹࣣڻࣁ數; ࣁࣣ
ଽ數ଽ; .ଽ數ࢂঁٿ數ڻࢂঁٿύځࢂ܈ ӧ܌Ԗ的௃ݩϐΠךॺ೿ёаஒ t,u,v,w ϩԋӕ

.ჹٿӕଽ的ڻ όѨ΋૓性, ॺଷ೛ך t,u ӕڻӕଽЪ v,w ӕڻӕଽ, ջ t +u, t −u, v+w ک

v−w .ଽ數ࣁࣣ Ԝਔ (t +u)/2, (t −u)/2, (v+w)/2 ک (v−w)/2 整數Ъࣁࣣ

(
t +u

2
)2 +(

t −u
2

)2 +(
v+w

2
)2 +(

v−w
2

)2 =
m
2

p.

ޕࡺ m/2 ∈ S Ъ m/2 < m, Ԝᆶ m ࢂ S ύനλ的ϡન࣬ҟ࣯.

(II) m :數ڻࢂ Ӣࣁ྽ m 數ਔڻࢂ

{−m+1
2

,
−m+1

2
+1, . . . ,0,1, . . . ,

m−1
2

−1,
m−1

2
}

΋ঁࢂ complete residue system modulo m. ډפॺёך e, f ,g,h∈Zᅈى e≡ t (mod m), f ≡
u (mod m), g≡ v (mod m)Ъ h≡w (mod m),ځύ −(m−1)/2≤ e, f ,g,h≤ (m−1)/2. ཀ೭ݙ
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္ e, f , gک hόૈӕਔ฻ܭ 0,ց߾཮ள m|pԶک 1<m< p࣬ҟ࣯. Ӣࣁ e2+ f 2+g2+h2 ≡
t2 +u2 + v2 +w2 (mod m) аϷ t2 +u2 + v2 +w2 = mp, ॺளך e2 + f 2 +g2 +h2 ≡ 0 (mod m).
ҭջӸӧ k ∈Z٬ள e2+ f 2+g2+h2 = km. ཀӢݙ e, f , gک hόӕਔࣁ ࡺ,0 k ̸= 0. ќ΋Б
य़Ӣࣁ −(m−1)/2 ≤ e, f ,g,h ≤ (m−1)/2, а܌ e2 + f 2 +g2 +h2 ≤ (m−1)2 = (m−1)2 < m2,
ளࡺ 0 < k < m. Ψ൩ࢂᇥ k ∈ N Ъ k < m. ౜ӧךॺԖঁٿ฻Ԅ: t2 +u2 + v2 +w2 = mp а

Ϸ e2 + f 2 +g2 +h2 = km. ճҔԄη (7.2) ள

(te+u f +vg+wh)2 +(t f −ue+vh−wg)2 +(tg−uh−ve+w f )2 +(th+ug−v f −we)2 = m2kp.

ΞӢࣁ e ≡ t (mod m), f ≡ u (mod m), g ≡ v (mod m) Ъ h ≡ w (mod m), ॺளך

te+u f + vg+wh ≡ t f −ue+ vh−wg ≡ tg−uh− ve+w f ≡ th+ug− v f −we ≡ 0 (mod m).

Ψ൩ࢂᇥऩз

T =
te+u f + vg+wh

m
,U =

t f −ue+ vh−wg
m

,

V =
tg−uh− ve+w f

m
and W =

th+ug− v f −we
m

,

߾ T,U,V,W ∈ Z Ъ

T 2 +U2 +V 2 +W 2 = kp.

Ψ൩ࢂᇥ kp ёаቪԋѤঁ整數的ѳБک, Ξҗࡺ k ∈N ޕ k ∈ S. ฅԶךॺΞޕ k < m, Ԝᆶ
m ࢂ S ύനλ的ϡન࣬ҟ࣯.

ॺ᛾ளऩך m ̸= 1 ཮೷ԋ m όࢂଽ數Ъόڻࢂ數的ҟ࣯. চଷ೛ޕݤҗϸ᛾ࡺ m ̸= 1

όԋҥ, Ψ൩ࢂᇥ m = 1. ள᛾ࡺ p ёаቪԋѤঁ整數的ѳБک. �

ௗΠٰךॺஒճҔ Lemma 7.3.9 ٰ᛾ܴ܌Ԗ的҅整數ࣣёቪԋѤঁ整數的ѳБک.
ॺ໻ഭΠाᇥܴନаך 4 Ꭹ 3 的質數ёаቪԋѤঁ整數的ѳБک. җܭԜਔ x2 ≡ −1

(mod p) คှ, р΋ঁפॺाճҔԜ੝性ך α ∈ N ٬ள x2 ≡ −α (mod p) Ԗှ. җܭԜਔ(
−α

p

)
=

(
−1
p

)(
α
p

)
=−

(
α
p

)
, ள

(
−α

p

)
= 1 ऩЪ୤ऩ

(
α
p

)
=−1. ډפॺѸ໪ךа܌

α ∈ N ٬ள x2 ≡ α (mod p) คှ. ೭ࢂёаᒤډ的, Ӣࣁ S = {1,2, . . . , p−1} ࢂ modulo p

的 reduced residue system, ऩ p - a, ߾ x2 ≡ a (mod p) 的ှѸک S ύ的ঁࢌϡનӧ modulo
p ϐΠӕᎩ. Ψ൩ࢂᇥ x2 ≡ a (mod p) ԖှऩЪ୤ऩӸӧ c ∈ S ٬ள c2 ≡ a (mod p). а܌
ॺѝाஒך S ύ的؂΋ঁϡનѳБ, ऩ a 數ӧঁࢌ的ࡕѳБک modulo p ϐΠӕᎩ߾ x2 ≡ a

(mod p) Ԗှ; ϸϐ, ऩ a ؂ঁ數ӧࡕѳБک modulo p ϐΠࣣόӕᎩ߾ x2 ≡ a (mod p) ค

ှ. ฅԶऩ c ∈ S ߾ p− c ∈ S Ъ (p− c)2 ≡ (−c)2 ≡ c (mod p), ΞӢࣁ p ,質數ڻࢂ а܌
c ̸≡ p− c (mod p). Ψ൩ࢂᇥ S ύ的ϡનѳБࡕӧ modulo p ϐΠ໻Ԗ (p−1)/2 ঁόӕᎩ

ᜪ. ӢԜךॺޕၰ S ύӅԖ (p−1)/2 ঁϡન a ཮٬ள x2 ≡ a (mod p) Ԗှ, ЪԖ (p−1)/2

ঁϡન a ཮٬ள x2 ≡ a (mod p) คှ.

Theorem 7.3.10. ऩ p ΋質數Ъࢂ p ≡ 3 (mod 4), ߾ p ёаቪԋѤঁ整數的ѳБک. ੝
ձӦ, .کԖ的҅整數ࣣёаቪԋѤঁ整數的ѳБ܌
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Proof. ଷ೛ p ΋質數Ъࢂ p ≡ 3 (mod 4). ډפॺाך a,b,c,d ∈ Z ٬ள a2 +b2 +c2 +d2 =

λ p, ύځ λ ∈ N Ъ λ < p, ӆճҔ Lemma 7.3.9 ᛾ள p ёаቪԋѤঁ整數的ѳБک.

౜Եቾ S = {1,2, . . . , p−1} ೭΋ঁ modulo p 的 reduced residue system. з α ∈ S ࢂ S

ύനλ的數٬ள x2 ≡ α (mod p)คှ,Ψ൩ࢂᇥ
(

α
p

)
=−1. җܭ

(
1
p

)
= ޕॺך,1 α > 1,

ӢԜ α −1 ∈ S, Ъ x2 ≡ α −1 (mod p) Ԗှ (Ӣ α ࢂ S ύനλ的數٬ள x2 ≡ α (mod p) ค

ှ). ќ΋Бय़ p ≡ 3 (mod а܌,(4
(
−1
p

)
ளࡺ,1−=

(
−α

p

)
=

(
−1
p

)(
α
p

)
= 1,Ψ൩ࢂᇥ

x2 ≡−α (mod p) Ԗှ. ౜з a ∈ S ࢂ x2 ≡ α −1 ϐ΃ှ, ॺёᒧך a ٬ள 1 ≤ a ≤ (p−1)/2.
೭ࢂӢࣁऩ (p+1)/2 ≤ a ≤ p−1, Եቾ߾ p−a, Ԝਔ (p−a)2 ≡ (−a)2 ≡ α −1 (mod p) ϝ

ࣁ x2 ≡ α −1 (mod p) ϐ΃ှЪ 1 ≤ p−a < (p−1)/2. ӕ౛ךॺΨёډפ b ∈ S ࢂ x2 ≡−α
(mod p) ϐ΃ှЪ 1 ≤ b ≤ (p−1)/2. ౜җܭ

a2 +b2 +1 ≡ α −1+(−α)+1 ≡ 0 (mod p),

Ӹӧࡺ λ ∈ N ٬ள a2 +b2 +1 = λ p. Ξҗܭ

λ p = a2 +b2 +1 ≤ (
p−1

2
)2 +(

p−1
2

)2 +1 <
p2

2
+1 < p2,

ॺԖךа܌ λ < p. ճҔࡺ Lemma 7.3.9 ள᛾ p ёаቪԋѤঁ整數的ѳБک.

౜Һڗ n ∈ N. ऩ n = 1, ߾ n ྽ฅቪԋѤঁ整數的ѳБک. ऩ n > 1, ёஒ߾ n ቪԋ質Ӣ

數ϐ४ᑈ n = pn1
1 · · · pnr

r . ऩ pi = 2 ܈ pi ≡ 1 (mod 4) ߾ pi ёаቪԋঁٿ整數的ѳБک, ёࡺ
аቪԋѤঁ整數的ѳБک. ऩ pi ≡ 3 (mod 4), ޕҗ前߾ pi ΨёаቪԋѤঁ整數的ѳБک.
ճҔࡺ Lemma 7.3.8 ޕ n = pn1

1 · · · pnr
r ёаቪԋѤঁ整數的ѳБک. �

,᛽ޕॺςϟಏΑ΋٤基礎數論ᔈԖ的基本ך 本ᖱက൩Ԝ่״.


