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1.1. Flieh Bk

FAAPALSBRETTAHY - T F & Pims, B B oL g Jloopa e
F2EFTFIOREIE X RBEZEE Y Iomifr i ¥ 25

LAEEY AP L kA r ot BEA B L. U0 ALY, 24 AT P, 2007 v
L3654 B Z P, iEf- kEAPENR- BHca gg;fg;p%, APR R a B L RET. b
BE I APRE- BAT Ao BRESRT ST EBRR, R RN ML,
(EENNILE SR v[ﬁfﬁ:)]*_a_#%;s;aez TE L AL F R Rl A, AR AP
* N LTy E R R E A AP geN k&7 a - B FE

- B poARBDE o I Bl 2R R e 0 RF G T L A
FE B B R E el X i*ufﬁf_ﬁii”l oM a€cl, P 20 k7. ata - Jé;tii?‘;ﬁl%"nEN
ANk B oafpieins s 45 na AL ¥ (—n)a —F:] *n B —afpie?rif2 8. FAPLE
#0a T3 0,4t - kTR P meZ, ma F‘K TORE. ot A D ke E fode it 2 7
e K eE B ARP e S B E F ol g E P rl.ﬁ?fﬁ NPT LB A g B P
m e Z i oa 0% B (multiple). ¥ - 3 6 % b a DR H, AP fa A b HTFHE
(divisor). #%53E % alb.

AP Rg RS NE LY aZ KA. 4 ﬁk{;’m aZ # ﬁﬂ;u;%’ﬁ'?{ma ey = ek L
HY meZ hng 7% aZ={ma|meZ} k%7. FIr A P¥ U becaZ v b A_a
ik (& a £ b hFk) - ROE L.
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P I Bl A

ETORAPRY B LN RASE MR B LR B R GE B RGP Eane
HE, AP L DL RGIET GRS 0 AR RRIES F ELJ v TRHE
- TREAET.

FAALF acZ al o BREXLIRE - BB E. o WAL hFEfrREL T}
R AP, AL 4§ TS BER P

Proposition 1.1.1. BEX a€Z & b,ccaZ. RV 5 11T 2 [LF.

(1) b+ceal.
(2) #=& meZ %3 mbecdal.

Proof. Fl% b,ccaZ ¥ &3 tnn €Z 8 b=na ® c=rna
(1) d #feF i btc=na+na=n+n)a. *d 3 npn e€Z AP nt+n €Z, #&i®
b+c € al.

(2)d F& Fwmb=m(na)=(mn)a. * d ** mneZ NP mnecl, &% mbecaZ. O
%% & Proposition 1.1.1 e % 24 iy 10T 2 (25

Corollary 1.1.2. B& a€Z * b,c€al. & mn€Z Pl mb+nce€al. ¥ % 2., % alb *

ale, M= mneZ ¥ 3 almb+nc.

Proof. %1% b,c€aZ 1% mn€Z, d Proposition 1.1.1(2) %= mb,nc € aZ. £ $1* Propo-
sition 1.1.1(1) = mb+nc € aZ. » i*u{;fu a|lmb + nc. O

S FRA - B E & e R A " ¢ * Proposition kfrt L F F HELrL iS5 % . @ B
#Z% * Proposition #7{# chjd F 34 i 7‘5'3’4* Corollary & .
BEAPRGReESDRT. FABLEEL AP AR A B Y, AR
ACB %47 (A ¢ 3 B). %333 NT 275
(1) £ ACB* BCAR| A=B.
(2) #ACB® BCCR ACC.
MEGR LB IR H e RAHPEAPF T %
Proposition 1.1.3. B3k a,b,c€Z. NP5 M T 2 g%,
(1) DZ CaZ % ® *&% alb.
(2) # alb ® bla P a==+b.
(3) % alb = blc P alc.
Proof. (1) % bZ CaZ, d * bebZ, AP @ beal. i alb. ¥ 2, % alb, AP & 2P

PZLCaZ. - % kBB - BREB & V- BRELA APREP L BY 55— B
RAE B AT TSN PR RNE T DL Y - BAE mb, B P meZ 45v 1 @



1.1. FlH2 2 3

Bl mb€al. #ad alb hipR A b€ al. Fe¥ AT 1% Proposition 1.1.1(2) vt
EL mel'sF mbeal. » :T“u{;'fubz ﬁﬂ;u%?f%é_az v &% DL Cal.

@)%ﬂbfmmﬂ(nﬁﬁﬂCaZFaZCwiﬂ&dﬁbﬁﬁthzwliﬁiﬁ
aZ fv bZ A Apke g & d b f&g%"“"é a=0PpFb=0. F 277K FIPAPEFT R
a#0 2 bA0 ehfim. ppFraZ ¥ bt dca (§ a>0) & —a (¥ a<0) € £ bZ ¥
Bt kb & —b. #E% a=+b.

(3) % alb & blc, Bld (1) & bZ CaZ £ cZ CDZ. Flptd k&P F cZCal. #id
(1) en% § B 025 alc. O

Question 1.1. BX a,b€Z #F#EM aZ =b7 % * *&% a= +b.

Remark 1.1.4. $t* F#cy - BixE€ & a2 “well-ordering principle”. iz - i# principle
,T}U—E’-\;ms/‘fi— Bz FEF R E S ek S TR (FF - #]nS Py ahdk, P
SHFTR),BS? g F - BhpER (EF*Y mnS K&7) FPEEFFEROZET S LS

ST IR (FF -3 S 95 ol RIS 7 R), R ‘L%L‘“'%é"‘— B~
(3 ¥ * maxS k % ). bl4ok]4 Proposition 1.1.3(2) e3P » A% g aZ ¥ B 0t B
B, § a>0F a ,T.*L{aZ PoEoen Bl 2T A PREY vy aZ 2B R SR P AR,
AT R R ERT ra i*uf?\fxl ZIANRE LN A IR s B U R ? SRR R
mg%,}a@ SF I F RGBT Rt B AT A BE ) hr . YRR %“r
A R A T2 &fﬂﬁ CERLEFEEEG T RS0 J%wﬁmLﬁ i),
EUSES IS - s s LR S

FABRA-T RGP L ERP GO RENFFORLFTILIL AR RGP
FT U BV - B R R aARS E. v B O RBu G 2 A F R v alb Bl
mef“ﬁ*ﬁ”‘mﬁkm*miaﬂ wwﬁﬁﬂ“@ﬂﬁTmFi“i£¥#@
R REERY - BRINEV A DA F IR U E Y RSS2 R E I AE 22
FR L e R g anEp A inp e YIEE Bgz‘_ﬂ_,‘a’*ﬁqﬁ;; 4 2 Fe BT kA ,fﬂi&,gﬁﬁﬁﬁ;
BN AR IR RS 1
Lemma 1.1.5. B3X a,b€Z ® alb, 5 1T 2 {25,

(1) & meZ, Bl malmb.

(2) % dla & d|b, B (a/d)|(b/d).

Proof. d X alb &vi3 e neZ # 8 b=na.

(1) #2253 # kgt m ¥ EF mb=mna=n(ma) ¥ ma|mb.

(2)dla® dbFiTstdbeZ 8 a=dd>* b=>bd #d b=na ¥ b'd=ndd.
15 d#£0, rﬁi§l’ﬁ‘,ﬁi."4 dv#®8 bV=nd, *db. Riald=d * b/d=V 8%
(a/d)|(b/d). O

Lemma 1.1.5 £ - BHHEOEF. v AL L7 F AL X adb e £ 00 8345%3F 12
FF‘*‘FKQ *EIT, AP * Lemma fLedz 103 g5
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% Lemma 1.1.5(2) # dla ® d|b i ‘J:T%—k Hod kPR _aqe b FH, AP AL S
a,b it common divisor (= Fl#c). i — £ F#c2 B ehBf GpF o Fllicfodk o Flic 2 o
Ri#cfrd | 2B A REE DI E. BT AAPLY PT A

Definition 1.1.6. £ aj,a»,...,a, €7Z ® % % %> 0.

(1) % c€Z, ¥ clai,clag,...,clay, RIFE ¢ & ar,an,...,a, 5 common divisor (2> F1#).

(2) # deN & _aj,az,...,a, 02 Flic? &~ o, BIFE d 5 ay,a,...,a, P greatest
common divisor #x ~ = '"]ﬁi: HF AP e ged(ar,an,...,a,) KE T2

(3) #F meZ, 2 ailm,az|m,...,a,\m, RIFE m % ay,a,...,a, 57 common multiple (=
%),

(4) # leN H_aj,a,...,a, O i G & D QIF L 5 ar,a,...,a, 7 least
common multiple F-] 2 & e, i F 3 € * lem(ar,an,...,a,) R %7 2.

HFFF - BRESEPFIRALER, L7 2 43P €455 Definition %7 2.

PERT-BITAFLILAT S %Jﬁy‘ﬁ?i%:ﬁ?iﬁﬁjxlﬁ’&_é,’ﬁ*.
Deﬁn1t10n116“i&ﬁé,_,g)§,\<;> Hc >R E G i IE:;T ’ﬁmffﬁit,
TILE an,a,. ., aneZ PIE 2 Fh. X Flid at0 P, ahiEg FlEcy |5
la|, % ai,az,....ay 2> TR g LG PR, AN P AT a0, nm&«?ﬂ%
7 R Ziﬁal,a%...,an gt 2 Fdet Va1 Faet (T ged(an,ap, ..., a,) = 1), BIE

ai,ay,....a, 3 (relatively prime). ¥ — > & ¥ 5 ajay---a, E_ai,as,...,a, 02 & #, T
VAR R P f LY A ag,ay,. .. ,a, TP B0 3 e, F]ptd well-ordering principle v
ai,as,...,a, k) S B HEL G A

2T RN PRI O TR R '}‘]g:ﬁvikj\.]v} ﬁFT’r d 3t g ’ff —a hF|HE — o, o
A - Apdd B od o FECRE A P o b B AL AL ;T*%Lﬁ EIP-F e Rl CE k]

Proposition 1.1.7. & a,beN * d &_afr b ch2>Fldk. % d E_a/d 4w b/d = F)
B, Bl dd' §_a fc b G2 Fik.

Proof. 5 X1 &, d * d H ab 2 Fllk, sx3emncZ & #® a=dm 2 b=dn. Jw)I*a-\
Wald=mAeb/d=n ¢ 5 Kk ~ d Lmn h2>Fstem neZ @8 m=dm *
n=dn'. 128 a=dd'm' * b=dd'n' & dd §_a b = Fik O

% Proposition 1.1.7 # 2 /B d = ged(a,b), PIF]* B x 2 Flnz HAPF F LT 2
Corollary 1.1.8. &% a,b€N ¥ d=gcd(a,b). R a/d f= b/d 3 % .
Proof. & #M a/d { b/d 3 fit m;ié gcd (a/d.bfd)=1. &7 & 5p ged(a/d,b/d) =1 j

@wmE d 4_a/dfe b/d fh- B2 > Fli, B d = 1. 1? ’—Ed’ 2_a/d 4= b/d -
B eno Fl#k, Bld Proposition 1.1.7 v dd’ £_a,b w2 Fl#k. Xa ¢ v d E_a,b > Fl#k7? &



1.2 %% R 4 2 Fik 5

< ih ki d>dd. - ’I; A d <1. FIprg s g4 BR d L ab - B Fie (T
d>1)#8#%d=1. O

AR - BEREP d=ged(a,b) AP REP S L. FALER d Ha, b Fli, £ ii}
A#P d L afe b Flige? B+ a5 Corollary 1.1.8 # A & P ged(a/d,b/d) = 1.
d 3 1 &% a/dbfd ch> Flie, “TM R REP T E a/d v b/d o FlEy o AT EST ] ;j}u?.

Proposition 1.1.7 f= Corollary 1.1.8 35+ AR T - 4 on B B e,

Question 1.2. BX& ay,...,a, € N. gFEP

(1) #d & ay,...,ap H2>F8? d & _ai/d,...,a,/d 502> F¥, Bl dd' 2_a,...,a,
o Fl .
(2) # d=gcd(ay,...,a,). Bl ged(ar/d,... a,/d)=1.

BT - RS R R, AP R AR 2 TS Bo] 2 R
1.2. 'ﬁ%;‘é&gﬁiﬂ’ X Flik

P A miﬂ)@;ifk{gﬁim’f %} 32 Division Algorithm, -5 %73 ¥k
AR TR K

Theorem 1.2.1 (Division Algorithm). %% - & B n, $EZZ T meZ, ¥ 5k hrel,
B 0<r<n, ®Em=h-n+r.

A - BRAREEDEE, £ &3P Theorem KFErE v . & 2 ILAP Y fﬁ_;“ff pES
“%%V’é’*\#w PR RBRRE. HARE, § AT ] F PRI 36 75 T R
Juﬁ ﬂnr“gﬁaﬂé 367, FIATHARAN T MR F R 36-2xT. AR E L A Fp R
TR 36-3x7, etk T 36-5xT Sl 7, APTAII6 G T SR LS5 ARG
SR U AR, GRAAPEF AT {36-Tt[reZ) wBEEY ﬁw»ﬁﬂ?bé %,

i §A36 500 T chikdicn . I% iR 82, AP 3R Theorem 1.2.1 7

Proof. ¥ neNZX meZ FA4L g W={m—t-n[tcl}ic- BE&. ~ ff»{»}’z% m,
m—n,m—2n,... 1% m+n, m+2n,... <% HE ELL‘ Flht VBT R (R %,T*w}%
MW - e g R #T2, FY R W Wi g il s AW
- B2tz f"ﬁfrﬁtf‘ﬁ; &, #&d ¥ well-ordering principle &= W/ ¢ % fd | G i
r.wr E WP Bl a2bf g FlE reW,d ARG RAEL B r=m—h-n. 0P
NN )] mT}K‘Q 20 0<r<n.

Bk r 2 E APt . /?u‘g\?’u r>n (W0 r B2RE FBCNIBRL). FAvt, AP
Ber B r=n+r, 2P />0 T

m=h-n+r=h-n+m+r)=(h+1)n+7r,

ApEER F=m—(h+1)neW. 20/ <r, igfer LW ¢ S| 2L § Eicipi
f—ipp_jkﬁgw

O
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& 73 & Theorem 1.2.1 g 24 i #* 3| fE e v # 10 R 9 well-ordering principle, ¥
BEARGEP A E, B XA EREY IE G ol k.

Division Algorithm & ##iczh® - BE£ & b Jr, v v i res TF“)?@I“—’— BEHRILEF
TIAE Y - lﬁﬁfﬁ(fgfmf’p%\ )’rg'fiknr“r—kﬂ*} |* Theorem 1.2.1 #-Z ¢ 3 v%it 3 £ &+

LB aZ BN R k.

TR- T, bt - &Y AP E G acZ, al - B EEF T3} 03t F |2 (Proposition
1.1.1), & bcEaZ PRI ERL mneZ ¥ F mb+nce€al. e NP EEP, F ks & 2.
% ,T*u{ﬁu—g SEZ - B2z +E2 3 HPE (TREFE bceSRHHEIL mnel ¥ 3
mb+nccS), N PLREP FhacZ #F S=al.

FARBAS 5205, e G hbes, T d HF OB T b+ (~1)h=0€S. 4 j
“?mo— LS. mES={0}, BlL a=0, AP pKE S=aZ. FpAPEHT SA{0)
SR Y R, R ERD I acZ #F® S=al w7 ApavigE S=aZ, A S ¢ ko) i
i fgﬂti&{a Bo—a TR a R S=aZ, AP p RS 4R S ¢ Bl B
£ 8 LSl FEire s TS =SNN. Apkiup § 2878 L FE
S#A{0} wH e beS 2 b#0. Fb>0, Rlwbes; axr b<0,d 0€8 W2 HPF P
0—b=—-beS, Futd —b>0, ..ﬁ:rr—besf. Bisd S AATELY I TR hacs
PRSP E AR APREP N S=aZ VYE- T, F N PRESBRELAPER
ERPies BRELEIMG 2 Z MG Fli acs, wd ﬁﬁg'f“*ﬂ'ﬂ"}%fi & mEZL, macs, F ¥
FHaLCS. BiSAPFTREDN SCaZ 7. 4 ,T.%{Q I ER beS, ¥R beal. #3
Z A PREP S NI A b VM a t’“r’}’f"f L@,T}LKE\ i & * 3| division algorithm
pEH . d 3t aeN, d Theorem 1.2.1 w3 2 hyreZ #%® b=ha+r, * 0<r<a. %
ARLPFEr=b—ha, @ ab ¢ H¥ S, &wd HPEwreS RE r#0, 27 reN, &
reS#Eres. Ba r<a e fra S P b AFpT F . A r=0, 5 FEHE
b=hacal. 3 P&} 6 3wl % F24oT .

Theorem 1.2.2. B SCZ 7227 F &2 SHBEHEYEIRX byceS N2 mnel ¥ F
mb+nc€e€S, Pl5tacZ 1% S=aZ. 9w, § S£{0}, £ a 5 SON ? $| 3
L EET E S =aZ.

Question 1.3. ¥ g S={4x+6y|x,y€Z}. FHMP S HEHZIE bceESMNE mnel ¥
3 mb+nceS. FH M acZ #EF S=al.

#£7 kAP * Theorem 1.2.2 %3F3FF M 2 FE & h i APRIHS B
FHhiRB 4t ST abeN &k AP - BRESHELabeS 2 LG HF
#, B4 Theorem 1.2.2 § ¥ o3 b d€Z ¢ 8 S=dZ. }*d 3> abcS=dZ, & a,b ¥
“od i e, 4 ijt‘ﬂ—\‘:ﬁad gq\abm)r—lﬁt RmREF ¥ -FL 8 "R E abes P E
FHPE PR AdcZ 28 85 = B G ab h Flie, EX BR SCY,
7 d7 Cd'Z, P4 Proposition 1.1.3(1 ) ood | d KRR Y f?lE F AP S AR
o, A ab ﬁw}fﬂﬁqf‘uﬂl&«’. AL ) Il B H D - BB s SH X abeS
R ke



1.2. % RIL& $ % 2 Fli 7

EReNEL S E€E e ab R HFEDE | PDEER? BHFHEDE R J qgbeS
APEREI mnel a-+nb€S. WLSmﬁxjm?éEﬂ*{S {ma+nb|mneZ}.

i a
b?ﬁm
ANPRER R LN S T G P, L TR E R T R

Proposition 1.2.3. B¥& a,beN, £ d 5 & S={ma+nb|mnecZ} ® $ | i Kk
Pl ged(a,b) =d.

BFAPLLRP S EHPORUERRD G DS BHBEP d 5 ab it 2 Fik
EPuveS, d ST s Py, €Z #% u=ra+shb,v=ra+sb. B¥ETI
m,n €L, 73

mu+nv =m(ra+sb)+n(ra+s'b) = (mr+nr')a+ (ms+ns')b.

Flptd mr+nr’,ms+ns' €Z 18 mut+nveS, FP TS 3P . #1120 d Theorem 1.2.2 4+
S=dZ. » Flptd acS % beSEF acdl "3 bedl. » )J*-}-.,é’\?ﬁa dla ® dlb, 7= d
2 ab s

Bfs N PREP d E_ab o Fli? B il » #K—% HPE A E_ab T, R
d<d 44> deS d S iiosrhn mn€Z1§:5'd ma-+nb. #a da® dlb, d
Corollary 1.1.2 = d'|ma+nb. 7 d'|d, » )T"u—«k hleZ #8 d=d1 Fltd e wd>0
T RE 4 <d. O

RS RE AR, - BRES ab PE A 2 F BT & g b F USRS T :}5&"‘ 2]
Pkt L PR b {matnb|mncZ} 2B BB BAADE LY BT G &
dodk oab RER oA PR AEFREED. Ra g APRNH- KO, ab AR R
mﬁgﬁx Faet B BERGF - AT‘L P E. 9712 E2 2R Proposition 1.2.3 4 F "k (FpF T A

TR DIEGHEFRET AP R A A S FEka1 . F &A% Proposition
123288 b5 T 2 MR

Corollary 1.2.4. B#* a,beN * d=gcd(a,b) Pl mne€Z # 1% d=ma+nb. @ ¥ %
ER delZ, d A _ab > FiFEE iy dld.

Proof. 4 Proposition 1.2.3 s d & & S={ma+nb|mnecZ} *, ik T &% &
m,n€Z & & d=ma+nb.

AR CE P rEED ¢ &MY{@%%dﬂiabméﬂ&Nﬁdmﬁﬁ a,b ik =
ST #kcd, F2ZE d Fff a,b ek x o F#, PRA-d - T H_a,b o> Fl#k. 4 Proposition
123 éhgEp A pag d 4 ab 2 FEp| d|d. F 2% d|d, Bld 3 dla 2 d|b, ] *
Proposition 1.1.3(3) “= d'|a ® d'|b. ¥ d' % a,b &= Flik. O
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— R AEFT T T aEe, X 2 AL THRET . Aok S BREFE
I 4g, TF“BJ"#LQ’ “EprErvEE” Ao, FWEAE Corollary 1.2.4 ¥ 72 3 F 5 - B ik
d7 5 mnEZ @ d=matnb, Pl d 8 ab 2 e, R B4 Fbg | B
HEFPOgE AR d T RS matnb W4 d § b & S={matnb|mnel} ¥,
£ R d GRS o]l il STUE R d A R ab ot 2 T rﬂlh%@%%ﬂ
P d & a,b ks 2 TP, iR {rgﬁ-?’ﬁj"fwm“m AR H BT, SR RIS
e mn 1% d=ma+nb ﬁ}u;rud,j*aab gkt O FHe, B R Ak REFEP b 3 %‘r
(7 ged(a,b)=1) T 241 * 55 mon @1 ma+nb=1 K2, T FE0EF 1 AS P,
FCEARELS ¢ B Pl BB FR A PR R R

Corollary 1.2.5. & a,beN. B] ged(a,b)=1 FEreEx 5 mnecZ &% ma+nb=1.
Proof. £ % - =, R@EP FIEEFLF A B 0 SEM.
% ged(a,b) =1, 4 Corollary 1.2.4 #

e
bmneZ % ma+nb=1, B 1 % 5 & & {ma+nb|mmnecZ} ¥ 5| cni K, wd
Proposition 1.2.3 #r ged(a,b) = 1. O

B

Ml R AP LRSS E] mn @ 8 ma+nb=ged(a,b), &P H-§ BT E 4
BRIEMAR L2 (- B R Fomn. B8RP W AP dodote R4 mon, 3BT - B
Hoab 3 FROE R DA T 0 5 Y A I R R

Proposition 1.2.6. 3% a,beN * ged(a,b) =1. 5 0T b 5

(1) % keZ = albk, Pl alk.
(2) £1€Z * all 2 b|l, B ab|l.

Proof. #]% ged(a,b) =1, d Corollary 1.2.5 P53 - mn €Z # ¥ ma+nb = 1.

(1) #%ma+nb=1 %3 Bk k7 mak+nbk =k. Ra BK albk &4 * alak 11 2
Corollary 1.1.2 %= a|mak + nbk, % alk.

(2)d all 12 b|l w3z trs€Z 8 l=ar=bs. F|5 alar #& ¥ albs. £ 4 gcd(a,b) =1
PEXRNY (1) V@ als. 72 G hteZ @@ s=ar. %22F % [=bs (¥ | =b(at) = (ab)t,
@ abll. 0

% ;3 & Proposition 1.2.6 «hig i, - LK FRXF a,b 3 FHEK albe T3 i i alb
& oale 3 g 12064 ke, (P B 1206 (S AT A EROLL) A0 1214 F
% a,b 3 3 F alc B oblc » * i W3 able. bl4e 4]12 F 6]12 eq_4x6112.

BTAAP R g ab bl 2 B8k £ 1 L ab i) 2B, Pld 3 ged(a,b)|],
IF“B Rzt mneZ #® % | =ma+nb. 7r§~ellﬁz\'mzfrl§h74 HERE T AR R T

& {ma+nb|mnecZ} =B % & ¢ 7 i§ ged(a,b) F 4= Proposition 1.2.3 #7if — R 4F7A
i L A BB, T BRILAFAP - KRBT R R ab kD rﬂﬁxfjmz ¥ ¥
a,b k] 2B #k.



1.2 %% R 4 2 Fik 9

EED fF“#:ii & EHRTE [ L ab ko] 2Bk q}“kf'ljf'ﬁ»" O FlfeenfF A, - AP
LHEMPA EE. §FAEP [ a bl lﬁﬁf: 7 iﬁiiﬁr_ﬂ? Il #_a e b ehi o Fliice
B e Aot - j\fwb:}#lg-l f_a,b | o Bk

Proposition 1.2.7. 3% a,beN ¥ ged(a,b)=d % lem(a,b)=1, Bl l=ab/d. @ * meZ
T_a,b > BEFE T EE |m.

Proof. ¥ & d=gcd(a,b) =5 d b eN @& #® a=dd b=>bd > gcd(d, b’) 1 (Propo-
sition 1.1.8). AN P ik it IB%BE?FE_F” ab/d =d'b="b'a E_a,b k] > % #.

B Ad ab/d="b'a & al(ab/d) I 24 b|(ab/d), 1}1}\‘:5« ab/d % a v b > B~
1% a,b,d ¥ 5 ¥, #7120 ab/d H oa,b 2o & e Bk

BFHEP E m b ab 2t P (ab/d)<m. d BExRwFem neN @##F
m=ma=nb. ¥ % 2 m=mdd=nbd, &=y H d (F1d+#0) & md =nb 1}’*‘?&
dln'b. ied * ged(d,b') =1, #+d Proposition 1.2.6(1) = d'|n/. ~ i"—fx'—\;fu’? theN i #
W=dh % m=n'b#® m=hdb, &® % db=(ab/d)|m. d 3% ab/d 3 m ¥ 5 & #x, B
(ab/d) <m. % TL—E‘;L ab/d =lem(a,b) = 1.

FAk ab/d =114 b 5 SR AP m b oab B8 B 1= (ab/d)|m. F 2, % lm,

Ald all ® bll, @+ alm ® blm, &= m 5 a,b 2. 2> % #. O

&1 882X Proposition 1.2.7 » &K a,be N, w2 p eni@ & f[#* B 5 & #e™ I 45 3
NEEAREE %’abeZ * - FT_i I P /‘W]"‘T—Qiﬁi%mﬁ F E"?kﬁ?‘f | #* Proposition127
383 BT o] 2 Bk ¥ ¢he Corollary 1.2.4 ¢ #7if o Fldic 5 B~ 2 Flic2 Floip $hp

Proposition 1.2.7 ?E”w\ (RN S SN =& 3
T R E A '.c'é”ﬁ”ﬁ 1’&» B(5203 B) Flebos 2P AR F A
RPN PR RIS SN 32 S hE AN

Proposition 1.2.8. &¥X ai,...,a, €N, £ d 5 % & S={miai+---+mpa, |m1,....,m, € Z}
¢ o) i Kk Bl ged(ar,. .. ,a,) = d.

Proof. o & chi-A54p I, 1 * well-ordering principle %+ § ¢ & 5 & | i £ » ila
At ? id - 25 BFfwe - ik, AP S 4P o, fxd Theorem 1.2.2 7
S=dZ. F T REBH G EM I 2 F BB BED d 5 ar,...,a, P4 2 T
AW AEG ie{l,...,n}, ¥F dla. ¥ aqeS=d7, ¥ dla;. + ifa{gﬁd &
ai,...,a, 2 Flik
BEAPLEN d Lar,..a, 02 FHY Bt il S pLE @R FE d La..a,
2Fd, Bl d <d R ER, GRm,...m €L #F d=mar+--+mua,. 54
iz 3 le{l,.._,n}7 w3 dla w5 dmar+ - +mpa,. T d|d, Flptd ¢ e d>0 5 AE
d <d. 0
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3 7 Proposition 1.2.8 22§ AT ufewm g h7 F - RED T 2 5% EHP ,T%Z £
i

Corollary 1.2.9. B*% ay,...,a, €N * d=gcd(ay,...,a,) B % e my,....m, €72 & 17
d=mja;+---+mua,. @ }JIIIT% del,d i _ay,...,a, 5= FF*rag d|d.

TAREA I A BFEDER S 2 F e RT3 R B 5B i),
&4 Proposition 1.2.6(2) £ 3 # 7 % ged(a,b) =1 ¥ a|l 2 b|l, B] ab|l. 125 s 12

£ g%?ﬁ'%qﬁﬁﬁ - T¥H. A&k 'ﬂﬁ»“u{fﬁ S BEEI TOTA a,az,...,a00 3 FE LT
TLESET £l 2 MRG AT 2 AT E A A BRI %* ﬂ?’ﬁ o ER
ai,aj F¥F 3 F e ay,...,ap P33R Bldeay =6, ap=15 1% a3 =10 ¥, A

ged(ar,ax) =3, ged(az,a3) =5 1 % ged(ar,az) =2 & & ged(ar,az,a3) = 1. #7100 F & F3)
THER a0, 3 FAF Jgen, APREH D EPA BRI F (THREY je{l,...,n} 2
i#j, %3 ged(aja))=1) &- BREHIT Fi1 7. SARB DI FHAPHL L 53
3 B (pairwise relatively prime). % X7 F ai,...,a, S 3 F, Bl ay,...,a, %3 F. S R
- TR GFEES A3 Fl2 3 . Proposition 1.2.6(2), & % ® ij‘?ﬁtm'iﬂ 2T E LA S
3 Frjﬁg S R HIIER S B TR DR RGEP . RE R
SR TLA R A RS T, SR B
Proposition 1.2.10. B3& aj,...,a, €N ¥ g ¢; a3 3 F. F4 M=ay---a,, R3F3
_l'j’fi,}'i—_%ﬁ'.

(1) =g ie{l,....n} ¥ F ged(a;,M/a;)=1.

(2) #9935 ie{l,....n} *7F all, Bl M|l
Proof. d ¢ 50— B e 4 3 d & 2 B, i 2 PR F I n =2 B4

(1) 2 et *ofe ar,... a, 3 F R M, AP AL (=1 hiFa). § L5 n=2 hif

A M =ajay vd K ng(al,az) =1 4 ged(ar,M/ar) = 1. £ % d BF fF i Bx
n=k—1p=x2 % gedlay,ay-ar—1)=1. *FFm ncZ i

may+n'(ay--ar_1) = 1. (1.1)
Y n=k 23, B M=aaa. #3353 (1.1) 3 :F k12 q 7

maya+n'(ay- - ar_1ar) = m'aga; +n' (M /ay) = ay. (1.2)
*d A a 3 FoER A ged(a,a) =1, T r e rns€Z T rayFsap=1. 1138+ (1.2) 2
ap & b
1 =ra;+s(m'ara; +n'(M/ay)) = (r+sm'ay)ay +sn'(M/ay).
Fli r+smay€Z ® sn' €Z %4 Corollary 1.2.5 4v ged(ay,M/ay) = 1.

(2) p AL g n=22), 2 PF M=ajar * ged(a,az) =1 # Proposition 1.2.6(2) % 37
ApEall 2 all, B ML R kD B R E B =k BE s, L M =y,
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PlLMI|L Y g n=k 287, B M=a aqg ag=Mag. 4 (1) = ged(a,M') =
ged(ag,M/ay) =1, #d B3K a|l = M'|l r2 % Proposition 1.2.6(2) = M'a, = M|I.

|

BT AAP L, AP E RS BERDER S 2 FHK (£ - éﬁiﬁﬁﬁ%%) 7R P

RPRET LA A B R A 5 B 2 e 4 REGET R dy = ged(ar,00)

## dy = ged(ay,az,a3) = ged(dy,a3), i&t— 27 2 0 F£4F ged(ay,an,- - ,a,). N PaEp 2
EREA DR A 2T EERT.

Proposition 1.2.11. ¥ ay,...,a, €N (n>2), B
ged(ay, ... ap—1,a,) = ged(ged(ay, ... an—1),a).

Proof. 4 d=ged(ged(ar,...,an—1),an) F XA PR EP d & ay,...,a, T2 Flk d 3
d|ged(ay,...,ay—1) @ Corollary 1.2.9 &= d €_ay,...,ay,—1 0= Fl¥e. £ 4} dla,, &=+ d 4
ai,...,dp_1,0, 52 FlHk.

BBk d Eay,....a, 1,0, > F# F R d L ay,...,a, T2 Fl#k, &d Corollary
1.2.9 = d'|ged(ay, ... an—1). £ 4t dlay,, & d {gcd(al,...,an,l) e a, o Flik,
d Corollary 1.2.4 v d'| ged(ged(ay, ... an—1),ay) =d. B& d E_ay,...,a, = Flfc? &=
¥, 2R ay,...,a, B 2 FE O

BRGNP R F BEEROER ] 2 BEOEFT. 7 A& LE P Proposition 1.2.7 ¢
lem(a,b) = ab/ ged(a, ) BT S BERMT D - T bldew @ 8 a1 =6,a0=15
™A a3:10 g+, AP araaz =900, ged(ay,az,a3) =1 ® 4 _lem(ar,az,a3) =30. 827X
B T U S G D R
AT - HAS BA BEE. KT AP @:éﬁﬁﬁ.;p\;é FREEMEA BT, AL & o
WP RS LG LB, 7 B R Aol - AL R RO, 4 R A,

Proposition 1.2.12. ¥ ay,...,a, €N (n>2), P
lem(ay,...,ay—1,a,) =lem(lem(ay,...,a,—1),a,).

mE mel E_ay,...,a, O B¥EErEE lem(ay,...,a,)|m.

Proof. & * ﬁ}:%‘féﬁf,ﬁép 2, % n=3 4 I=lem(lem(ay,az),a3). F15 1 5 lem(ag,az) v a3
2.2 B#k, vl o lem(ag,ay) 22 B #), wxd Proposition 1.2.7 # 4 [ 3 aj,ap 0= B #He &
I % ar,ap,a3 22 2> B ¥ BERX m 3 aj,az,a3 22 2B ¥ § B m A a,a 2 2 Bk, &
Proposition 1.2.7 ¥ lem(ay,az)|jm. * Flm 5 a3 2 B ¥, v m 5 lem(a,ap) fv a3 2 =
& #. F]p £ d Proposition 1.2.7 &+ [ =lem(lem(ay,az),a3)|m. %8 1 | € aj,ap,a3 7
oo Flde? B andie, =i [ =lem(ay,az,a3). s B REEE ] ﬁ-’“ﬁ% ”Lr”ﬁ ay,ax,az N3
¥ F i, F llm, Bld ai|l, ap|l 71 % a3]l = m 5 ay,ax,a3 2 B FP o n=3 A%
MR

m@&ﬁﬁ@;aan:k_1%$i:%

lcm(al, cen ,ak_l) = lcm(lcrn(al, cen ,ak_z),ak_l)
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P mel A _ay,...,qp > BEEDEE lem(ay,...,q-1)m. Y g n=k 23, £
I'=lem(ay,...,a;1) 2 I=lem(l',ay) A P REP | E_ay,...,q ] 23 ¥k

gt I=lem(l,a) 1" =lem(ay,...,ax—1) G ¥, wod HFFH2HER h=k-12
TiR) vl G oar,.. e OB Rt 12 g PRk &F ]l a2

BE. Y- F mEa,...q a0 G A m L a,.. aklm"gtr'td
&?&ﬁ?p\é B& A ' =lem(ay,...,ag—1)|m. £ 450t am, &= m 5 I v ap 22 2 B Fd
J

Proposition 1.2.7 &= [ =lem(/',a;)|m. %@ %5'31" lFE 5 ay,...,qp i = B P & > e
{;/YL‘ l:lcm(al, ) A iPe » P":'EB:FE-"'? m s ap,...,dg RS :a”’: l|m k2 l|m’ EIJ
d 97 ie{l, . } 3 aill, & alm. ~ fapmm B oay,...,q Ok 0

1.3. ﬁiﬂp'fié

PERG AR 2 LA & 2 FHE ] 2R e 2 K R G B AERA S i R L
Lemma 1.3.1. & a,beN ® a=bh+r, 8¢ hreZ, B| gcd(a,b) = ged(b,r).
Proof. 3% dy =gecd(a,b) & dy=ged(b,r). 2 PEP di|dy £ daldy, F17 7 F1* Proposi-
tion 1.1.3(2) ME didy ¥ R BEWE d =db.

¥l dla 2 di|b F1* Corollary 1.1.2 & 5 di|la—bh=r. %15 di|b,di|r £ dr=gcd(b,r)

#=d Proposition 1.2.4 4v di|d,. ¥ - > &, Fli dolb ¥ do|r #& dolbh+r=a. Flpt 7 #
do|dy.

O

Lemma 1.3.1 23F AP % a>b>0 pF, & F a,b chd* 2 FIAPF UL q "% b
AriBeptcE Gor, Bl ab ke 2T EE b for k< 2 FdHe. F1L 0<r<b<a, M
FRPEFEF . BRFA lF“ﬁ*»i'g | VEH 4P Rk d ot ged(a,b) = ged(—a,b) #rri @ R
24 % ab ‘,&"3{_11 i
Theorem 1.3.2 (The Euclidean Algorithm). H#* a,peN ¥ a>b. d "f F R ILA e
B hy,rocZ % ¥®

a=bhy+ry, E*? 0<ry<bh.
Erg>0, Ml h,neZ #1¥
b=rohi+r, 27 0<r <r.
Frn>0 3 hhneZ #i®
r0:r1h2+r2, He 0<r<r.
ot E T3 =052+, Fn=0( T rn=0), B ged(a,p)=b. ¥ n>1, B
gcd(a,b) =ry—y.

Proof. § LA L% nn#0, 4 no>r>n>... EEREFD, 515G nfr0 2 Fi?
dE s rg—1 B FE, T APE - 2 €F n<lr €% r,=0.



1.3. AR % i 13

F1r0=0, F a=bhy, txiv b 5 a 2 Fl#k, FF D % a,b i+ 2 FHk F rp>0, d

Lemma 1.3.1

ged(a,b) = ged(b,rg) = ged(ro,r1) = -+ = ged(rp—1,rs) = ged(ry—1,0) = rp_1.

B R R T PR AR 2 S 2 Bl S

Example 1.3.3. 2 i & a =481 f b =221 i + = Fl. 7 L d “ﬁ‘? = RILE 481 =
2201439, frg=39. FItE F fh b=221 % 14 ry=39 @ 221 =5-39+26, fv r; =26. &
™ org =39 ’,ﬁ%.“l ri=261%39=1-26+13, v rn=13. &5 %5 rn=13 ?;_f“f r =26 4
r3 =0, #td Theorem 1.3.2 4 gcd(481,221) =ry = 13.

Al ® PR R Ah % 2 R, 4 R % L kT 5 =0, Bldrht b)Y T
ro=239 fv r; =26 i+ 2 Flicd_13, §1* Lemma 1.3.1 § } 1 4 ged(a,b) = 13.

&t — & Corollary 1.2.4 £ 32 % ged(a,b) =d, Pl 3 & mncZ # 8 d = ma+nb.

% E‘**\ L R IR SR o BB PN REARE 2 KA G- BT mon 07k

A s Theorem 1.3.2 eh# 3L, F L4 ro =0 hiia), 2 pF d =ged(a,b) =b *T1F %

m=0,n=1, AAPF d=b=ma+nb. § ro#0 iz r| =0 pF, 35 d=ged(a,b) = ro.

A1 * a=bhy+ry v, 4 m=1,n=—hy, Bl d=ro =ma+nb. FILE rg#0, 1 #0 it
r =0, Pl4v d = ged(a,b) =ri. #f1* a=Dbhy+ry % b=roh +r 4
ri =b—rohy = b— (a—bhg)h) = —hya+ (1+ hohy )b.

FIWE L m=—h 2 n=1+hohi, Pl d=ri=ma+nb. R E, ¥ ror frrn ¥ F 50
P, od 2t d=ged(a,b) =1yt 7ed 13 =t ohn o1 ST d =13 —hyareo. FIF HEFGF
PENPIG A m,m,n,n €L #E rp3=ma+nb E r,o=ma+nb i »E
d = (mja+nib) — hy_1(maa+ nyb) = (my — hy_yma)a+ (ny — hy—1n2)b.

FIrEL m=my—h,_ymy ® n=n1—h,_1ny, Bl d =ma+nb.

BOATRE f 00 ro A0 PEHE - B 16{0,1, on—=2} B LM B =ma+nb,
Bigd v ¥d=r,1 B> matnb )58 BF e A mER S {, af FRirpaApd

FAME B oy ,L,s\ miri_p+nlri_y #0355 ]ﬁrﬁi.ﬁw d=ma+nb. 35 1T |+

I~

Example 1.3.4. 42 ¥ 4] % Example 1.3.3 cn$ %53 mneZ @& 17 13 =481m+221n.
FARNPGF 13=r,=39-260=rg—r;. ™ r| =221-5-39=b—"5r), 7 13=ry—(b—>5r)) =
6ro—b. £d ry=481-2-221=a—2b, {8+ 13=6(a—2b) —b=6a—13b. +x¥¥ m=6 =
n=—13 ¢ % & 13 =481m+221n.

LA eI mn 3 ¢ ArE- R d=ma+nb iH- ®fE BER
%iﬁ?ng»\g Fpo- EfR AR AR A g 2 g [CEA RN S G
fg. w2 EE L m=m+b,n =n—a, Bl Ma+n'b=(m+bla+(n—a)b=ma+nb=d. #7
omin' e g B - e iR NS g R AR E - PR F G oA hIRd £ R R d W
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woehfs fiEAe g A ifu%’f\; R - T2 LR G 3 wfz, £ 1% &5 ez

%*kﬁim$+ﬁﬂﬁﬂxﬁwﬁﬂ g T i

Proposition 1.3.5. Xk a,beN ¥ d=gcd(a,b). F x=mp,y=ny 4_d=ax+by ch- &
i, PIHER t€Z, x=my+bt/dyy=ny—at/d ¥ 5 d=ax+by - e FE#fE @ ¥
d=ax+by 75 F#cfEe 5 x=mo+bt/d,y=no—at/d B ¥ t €L zthej3%,

Proof. % x=my=n #_d=ax+by eh- 2fz d ¢ BEX x=my,y=nyg » & -
e fz, w® am+bn =amy+bny. ~ ,Th{;n. a(m—mgy) = b(ng—n). 4 * d =ged(a,b),
PP NEK a=dd, b=bd 27 dbVeZ ¥ gedd,b)=1 (%2 Corollary 1.1.8). %
28 d(m—mp) =b(ng—n). F1* b|d(m—my), ged(a',b') =1 r2 %2 Proposition 1.2.6(1)
® b |lm—my. = ,T*u{;“fwat p}_tGZ @1 m—my=">bt. & m=my+bt=my+bt/d. *-
m=my+bt/d *¥ am+bn=amy+bny ¥ ¥ n=nyg—at/d, F}* FF&E d =ax+by ¥ #fz
WL x=mo+bt/dyy=no—at/d £ 7 t€Z iefhen)". BEAPERRFER 1 €Z,
x=mo+bt/d,;y=ny—at/d ¥ 5 d=ax+by ch— e FEHfE. Ka B-x=my+bt/d,y=ny—at/d

& x ax+by 1 a(my+bt/d)+b(ng—at/d) =amo+bng=d, =B FE + T2, O

f1* Proposition 1.3.5 3% TF“,T.*-L’F’ f1* Example 1.3.4 45 3| 13 =481x+221y - 2 FF ik
fEx=0,y=—13 F3 x=6+17t,y=—13-37t B2 ¢ rcZ & _13=481x+221y #73 Tk #k
f%.

1.4, Fi&

B E A PR RS 3 S R g . < Rgheed - B p L Pl
Rl ek bl AP S BE S HTE.

Definition 1.4.1. % p€Z,p>1 2 p et 2F &7 F pfo 1 BIF p - B F# (prime
number). F - & FHc 2 s o FHPHE G & = B (composite number).

i i;mﬁ;frgcrjh{ﬁ o fRa A Bl it Fik ol Fikie- A7 7 A R
BTG RS FoAREF. bldcdb T - Flp W2 - FlacZ NPERF 5 Lgcd(a,p) Z
. % d=ged(a,p) PIFld|p, vd=1& d=p. Ra d=p %57 pla, FI* F 2 = pta, R
i d=1 #4]* Proposition 1.2.6(1) 245 11T 2 %%,

Lemma 1.4.2 (Euclid). &% p - B 5 #, * a,bcZ. ¥ plab, ?] pla & p|b.

Proof. i@\ P & P pla & plb. 4-% p|a 3 ’*)]*u? (B yESETE plb); BFE pla,
7R - 3 'Fe)r'bl" ZM plb. # i#Ed m i pta %7 ged(p,a) =1, #&Ff1* Proposition 1.2.6(1) ¥
¥ plb. U

Euclid i&- # Lemma % 373V i — B 7 #cp 4 ab HF|HIV - T H_a,b B ¥ 2. — 17
B FROEBHFIA NG A5 BERPROTR, A PR IR I L SR

.
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Corollary 1.4.3. X p - B F#, ¥ a,a2,...,a, €Z. ¥ plaraz---a,, A% i€
{1,...,n} & & pla;.

Proof. 2% i ik 25 * #ic & ET?}?\ 2#HM. § k=2 pd Lemma 1.4.2 &v% plajay, B pla; &
plaz. B&K k=n—1pF=2, *EF5 n—1 BEH a,....ap_1 & X play---ap_1, Bl 5 &
ie{l,....n—1} # % pla;. ¥ Jg k=n D3}, F ay,...,a, _n B EH® X pla)---ay, B
£ a=ay---ay_1,b=a,. »*Pd plab 32 Lemma 1.4.2 & p\a & plb. ¥ pla, Bld BE iy
Bt ic{l,...n—1} # @ pla, @ % plb T plan, t@E K T, 0

w o Flep - Flica ST R EH p La - BT § R0 THp Mg
Lp P, a- B e g g FAES? < Rap R P - g, APRLS-

I aER.
Lemma 1.4.4. B3k a€Z * a>1. B35 - Tl p & # pla

Proof. # "% #f jFipiz. §FLF a=2, Pld 2 LFHAPE p=2 3R RER
%ﬁibe%ﬁi&<b<n*&?%&?ﬁqﬁﬁ§|bﬂwﬁﬁa=n+1ﬁﬁm-%a
AEEFHRINE R p=a iTR F 2 4ok a P A EEIEZGFLDCL Y 2<b<ait
# bla. v BT GFN2EK G - [T p s & plb. F]t{1* Proposition 1.1.3(2) ¥
pla. O

B B &5 B A Lemma 144 23730 & - 130 1 hi Ry fgfr'ﬂﬁ{ e

- '[ﬁ%ﬁ'ﬂi #%%‘f\lfaq}k—tffpf?ﬁﬁpﬁgg 5. —ﬁ;j\‘&;b_g %ﬁ—
i Eu;';g»t g AF 24 R mﬁﬁ?ﬁ’:ﬁwi”‘m’?g{ ERCEERER G
P s ARG - B2 BEALTE S f;*g;;&m» *. ¥ L
“.‘;{3\’9 F lrz’xa{?" LR LRI ;g@’%/éﬁ!—uz § A T 2] B] F ekt AL, 4p
gt R A TR Rk s

3&\
=
A
¥
B
A
fo
A

Theorem 1.4.5 (Euclid). F#cj &% % .

Proof. % ;g2 Bk 75 3 VB . HRT G 3 NBEAPF 082 —— 710, i}b
B3 pr..opn RATF . R B a=proopat+ 1, d Lemma 144 fo § - Fik p,
ie{l,...,n} X pila. %@ p; AL EEE proopy #d Corollary 1.1.2 “"Pila—Pl"'Pm

,T*{Fmpl\l mERGE. RAA TR G B, TR RS S BT O
FHEIERGT AL B2 ECPFDLFTALLETRT D Gl TER S DR NPT

UEVEIRN R & B-3 SAR S SN FEE S

(n+D!'4+2,(n+1)143,....(n+ 1) +n+1

En BRFEER RFLa AT PR LTk AT G Tl 52 R, e g
M- ok T S T, T TR ARG ARBEY . RT AP AL - fik i) H
BT Beh

e
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Proposition 1.4.6. B3k n>1 & - F#c. Pln 2 L F8r P var s 8k p |35
yn ® %_”-"‘,‘T’ n.

Proof. g AF 3 & p<yn 2 p|n F1<p<n, otz lfen 2B 3 2l Flik,
e p 3 E_prime. ¥ - 24, BX on 3 A, RITETFrabeZ BE 1<a<b<n
P on=ab. 4 AP UET a< 0, FRFE a>n §E S ab> (V) =n a2 n=ab 7
&.md Lemma 1.44 &3 & F 8 p @ F pla. R pla 2 PE p<a<yn? pn O

Proposition 1.4.6 4 3 3% i & _— 1 | %] composite number % § B %, “72 v 4 ,T*u—;l
AP 9] prime g7 E L 4 fI‘a%L;R n A HCE P EE AT L EN /n r’v”l%‘rﬂx”ﬁ% it
f“f n. iBfE AW 5;’*@:" L% &% (sieve method). v ¥ 12z §l B4 2 i i (7 Rt ﬂ:i?&

Bl4cE & 45 D9 F 13 100 Sl AP R & #] et V100 = 10 Sl (7 2,3,5,7) 45 1,
7 2,357 Kk %ﬁf&z 3,5,7 i b %, 5B GE ¥ T k3 100 mﬁz%ﬁﬂ{
#2100 hE . A F 5 F n<100 F 2 E_F#c, Bld Proposition 1.4.6 & n %5 - F F]
ol %0 < V100 = 10, P ALA P TR 2,3,5,7 i3 e LA o 100 g 4
B, pRPIT TR

FEIRF AR, BT RAPTUR LT LBFTN 0Tl €7 28 7 B7 5
SEAN RIS TN ‘-’t’ﬁ 21?& r*']tb‘v"l/.:l-.%——LrF e fg, 2 4dn+1 fo dn+3 &3 5
RENYVI- €3 R85 5Bk LAE 4ntl &- A»Fmﬁtp - E‘Jﬁ«’%ﬁ)juaﬁ B 4n+1
A Ak AR E_dn4 1 550 Fpt iE E,’}s LI B An+1 258 cnlicipk WA _4dn+1 0

A53%, T‘i&t«?‘ fperdey fEHPE VY- 26 4n43 m”/»\ mﬁﬂ’j@ﬂﬁ =R S e S
TR B An43 28 ofAp R § B dn+1 050 I ieR FFEceh Y 2 4 17 Lemma
1.4.4 e | 2P d T 2 B

Lemma 1.4.7. X a=4n+3 # ¢ neNU{0}, Rl< 5 - Tk p=4n+3 £ ¢
n' e NU{0} & &_pla.

Proof. 2\ i 4] # gpg‘fﬁfﬁ-%p\;;gﬁm BFAE a=3pd 3 EFHEAPFE p=3 2R R
BRHEL b=dk+3€Z B L 0<k<n—1 el & Al p=4kK+3 & @ plb, AP
Bok=n 3, Fa=4n+3 if/a%’fﬁ}:?"i@,‘;’*\ p=a %% F 2 dc%k a ? A Bk
TEGFrebceNEY b<a® c<a®® a=bc. iA{ b,c® %3 - B~k A 4k+3 755,
200 bye WA Ak+1 75 i be—a 4 {4k—|—1 253 I R b=4k+3
PE0<k<n-—1(% b<a) el JF B s e p=4K'+3 @ ¥ plb, 1A ¥ pla. O

4n—|—1’1/)\m§3:1"7~—£y 4n+1’1/)\m5{”’];§§; 9#K§x&?mmm E_‘
Lemma 1.4.4 3& ¥ Theorem 1.4.5 hff %, B e s ¥ | * Lemma 1.4.7 48 1F 4n+3
R SR
Proposition 1.4.8. # & S={4n+3|ne€Zn>0} * 7 £ % B F#

I
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Proof. 2V iz * F g2 B S ¢ 73 3 U5 BEET L po=3,p1,...,pn 2§ ¥ #7F
MR B a=4(p1---pa)+3. 9 % aeS % Lemma 147 &5 - T peS i
ip|a r-td lfzsr/{ff"—i’— lE{O,...,n} e ® p=Dpi -

2 p=po=3, Bld 3la,3]3 12 a—3=4(p1---pn) T 34(p1---pn), ¥cd Corollary

1.4.3 #3] 3|4 & 3|p,, ice{l,...,n} &3 7.
%p:pwﬁﬁleﬂww@,ﬂﬂpiibﬁ%zm~mi?mw—4m~pwwﬁﬁiﬁ
pil3 @ B3 5. K@@ S AT 5B O

F] % Lemma 1.4.7 I 7 i * 3t 4n+ 1 3555 enfE e, #1712 Proposition 1.4.8 172 2 % it
R An+1 ANl 2B dn 1 TG BB B i*F&%—%ﬁé
& %32 (Dirichlet Theorem) 4 372\ P4z & 3 Fmﬁ ?ﬁﬁt a,b v F £8 % B an+b 73"
B T ROLARER AL D AR R, 3"?“;]*7rﬁ

1.5. Bdch*am

3 & 32 (The fundamental theorem of arithmetic) e — & f2 232 2 370 &
¢@1%1mﬁ&$%aﬁﬁ%pua$4m B EERORA Y SERyH AR R
- MRIEF WA RI P, L BD R
%@Ar*wﬁ—%iﬂ&ﬁﬁ*ﬁﬁﬁﬁ—ﬁﬁyﬁfﬁﬂﬁﬁiﬁ%ﬁ%{%—k
1T I S R TR T LR S S e A, 5 oa - B i
Bidv— . d 0D e f B s R R L - B R, AP R i

ppuu|

1~?

Theorem 1.5.1 (The Fundamental Theorem of Arithmetic). & a€N ¥ a>1, Bl 5 &
Ply---sPr, = H e Di TAp R m?ﬁg’:, s A

a=p'---pl, meNVie{l,.. . r}

Yo% oa VUL fRAS Y ¢henAg st a:qun g, B og; Kﬁﬂﬂm%‘rﬁﬁ: Plr=s * £ %
g R ¥ 8 pi=qi, ni=m, ViE{l,...,r}.

Proof. 2\ i 2 B kg5 et drei— |4

PARkg AN HE KRG E'I?_,Tﬁﬂm@’”ﬂgﬂ— Bx2d 1 Bt T LB g PSR
(Fple) Flcendkff. 4o a 2 P A B o, Mla=p (Tr=1Lnm=1), &5 it 4
%a%{F&ﬁ?ﬁiéﬁﬁimﬁﬁNwcn¢1m#1ﬁia:mb1ﬁw%#{
7 oanby 23 A FE . ek B G- B L ‘\'F“T‘Jﬁ“ﬁﬁ T3EFER G .
T RHEAE- T g T;"%'“ji'ﬂ;%i:'f”’\f"*w el kA% ] éf’*ﬁxw,j}u?u:t&a,m -
B fh 0. S RORER 2 N R S R P - AR R, T A PR R
B RER . § a=2 2 2 LT A e R R A B B 2
Pla—1 s 2 8a ok o L7 8, 703 &0 RS2 ok a 2 L8 B
a=a;-by 2% a;,b)eNZT 1<a;<a? 1<b <a. #F| ’*ﬁfﬁ MK T oa; fr by 3"3'1,&,1*
7S B FEORAE, TR a=a1-by 2 T LB G S BT ERORA.
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R G B R
a=py'-pr=qy g,
He pip EAARBNTHE, T q,...,q 4 55 AR P d 2 p Lk, o
pila=q\" ¢ 12 Corollary 1.4.3 &v5 &5 B je{l,....s} B pi|g;. F#¥- TR

AT LK pr|gr. d T g AF K g OFEE A £ & g =d pr|qr T pr=qi.
IR A

a n—1_n N m—1 n s

—=pi Py =4y 4y

P1
d 3 a/py <a, &I - BARFREBERAPE r=5 Y SEBRFEE p=q,.. 0 =4
ME pp=my, np=my,...,n, =m,, RFEHE- |4, O

- AR P T a B TR a=pYopl PS T EAPE A B
e pi e ny FRALL 0, 4 G R BN @ DR prpr B R B 2
Boab LTSI ER, AP F EP N afob it T F L B ab B S g T
Fek .+ i‘u{;ru? B a=p'--plrnz p=p"-ptr Be gt ie{l,...r}, n; >0
2 om; >0, AEEHEd 3 a ﬁv?fﬂﬁx%@:ﬁ&{b VT F e, B2 TR ER AT mmy BV R B
0. ik Bz g »f&_fj!r;{f«\ 732 F AT p B a e Fd, Rt B b i Flde. 17 i
BB AR b B b oL 2 FcE o k.

Proposition 1.5.2. #% a,beN ¥ ab>1. ¥ a=p}'---p¥ = b=p"-..pfr, H?*
Plyeospr A ARE T HE nm >0, B ab B 2 FEIWT B A plophodAj5, Y
0 <t; <min{n;,m;}. $FH|¥, NiE5
gcd(a,b) = prlnin{nl,ml} .. prin{nm)

Proof. 7 A % fg— T min{x,y} %7 x,y ¥ & 2 8. 57 3 AL, #3005 ie{l,...,r},
A 4 dy =min{n;,m;}. BBEK d E_a,b Hi > Fik, Bd dla APaE p Ed F Tk,
Ald pld ¥ pla. #&d Corollary 1.4.3 &vix i {l,...,r} @ 7 p|lp;. F1e*d p,p; ¥ % ¥ #
Bp=pi s d P AR L {p,.op ) P d - AT RS Pl plr enAs 5%
BY >0 ~d W gEg ie{l,... r} TP p?’d é:tpﬂa, el p?|p71”~-p;". daE £
Bl pi # pj, Fout B ged(pl,pi) =1, #d 1.2.6(1) # pilp’. »BEF 6>m, g% piri|l
g, Fl v <n. BIZd db TR G <my, wBE0<<d,.

BFAPHES ged(a,b). F ARP Pl p A oah s Fle v ie {1, ), d 3
di <nj, Fde pf | pho Fp @ plija d i ESeF i= 1, e A 2R FE ph pd
%@ 3 frkd Proposition 1.2.10 (2) v p@ - p® |a. k37 @ php® | b Beis i E R
ab 2 2FHed d Fied=p)-pr P 0<5<d;, #d TG anthied|ploph. @@
ged(a,b) = p{' - pif. O

(w.
oy

B2 7% Proposition 1.5.2 = & - B £E 5 B#cz d+ O Fliez 3% 2B F BHR (£
R T AR SORRS 3§t S SRR DR



1.5 3 #cfk » 332 o

g * . Proposition 1.5.2 € & 2 e v (AP A RN P AR S O Fliick HART, 4
R LA AT R e
FT RAPF 4% Proposition 1.2.7 #-%] S BB T

Corollary 1.5.3. 3% a,beN ¥ a,b>1. Fa=p|' ---pir 2 b=p/"---pl", 2% pi,....p,

lem(a,b) = prlnax{""ml} .. pmaxlnrme}

Proof. 4 *% ab=p|'*™ ... pirtm % Proposition 1.2.7 11 % Proposition 1.5.2 4=
ab n1+mi —min{ny,m; } ny+m,—min{n,,m,}
lcm b — — 1 1 LMy rr r rvr'
(Cl ) gcd(a,b) p] p
HER - fkxy 24 - HPEAPER x>y, FEAPT min{x,y} =y * max{x,y} =x,
Flp 1 x4y =min{x,y} + max{x,y}. T L ie{l,...,r} AP ¥ F max{n,m}=
n; +m; — min{n;,m; }, F|} 7HF A 232, O

BAG SN A B depE, A LA SR L ’?ﬁfﬂﬁtk\ 2 11 2 Proposition 1.2.11
fo Proposition 1.2.12 #-i i chde + 2 Flficfod ] 2 B & B T, bl4oF a=pl'--py,
b=pl"-pi 2 c=plpr, B¢ pr,py B4R FHED niym,t; >0, R

ng(a,b, C) _ min{n17m17t1} . .p'rmn{”rv’"mfr}

9

max{"ly’"lJl} . pmax{nr,m”[r}
r .

lem(a,b,c) = p,






Chapter 2

Arithmetic Function

FAPEFH-BAF Y RTAAT P 6 ha Bl ¥ E- BER 2 E Al A
[ jk’}j’}‘“a’“"»'g Fit L& el ?}_’fﬁzj gy ﬁi, AP f2 L arithmetic function. i&- ¢ 34

#-24# A B ¥ A e arithmetic function.

2.1. Multiplicative Arithmetic Functions

¥ % H_#7F 0 arithmetic function ‘}‘5'3 a3 4B, I K & #7338 arithmetic function ¥ ?
TR DAL DA G MR FondE . TG At AP F LY R R, AT

P ER S #73) 0 multiplicative arithmetic function.

Definition 2.1.1. & P N 3| C cha#ic i arithmetic function. % f:N—=C & - &
arithmetic function % & E & a,b €N ¥ ged(a,b) =1 % F f(ab) = f(a)f(b), PIF f &

- B multiplicative arithmetic function.

A& 4% - B arithmetic function f & multiplicative %, f(ab) = f(a)f(b) & * - E_=
. {ﬁ; toged(a,b) =1 4 ¥ e A 5ten ok f P TRIHERL a,beN ¥}
fab) = f(a)f(b), 7R3 4 f 2 completely multiplicative. d % completely multiplicative
arithmetic function e7if i* #sg, ¥ ¥ & > 5 283 B fie, “TUEARAN PR &30

multiplicative arithmetic function.

# ik %k - B multiplicative arithmetic function %]+

Example 2.1.2. 2 4 & Mobius u-function, # % % 2
p(n)=4q 0, Fa i p @ pn
(=1)", Fn=pi-p, &% pi,....p, 510 B ik
Ak u FE 5 multiplicative. 4 g a,b €N ¥ ged(a,b)=1. 5% a=1 Rld ufa)=
u(l)=1@® p(ab) = u(b) = u(a)u(b). F=E b=1+ @& p(ab) = p(a)u(b). “Fri s i
EX¥ma>12F b>1 a5, d Bk 23 (Theorem 1.5.1) AP ¥ 2 #-a b & % 8

21
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= a:p’f‘--~p’}' R b:q'l'”-‘-q, AV H P ni,m; A 02 d 3 ab 3 %"raﬁre}; mﬁﬁ’r
Bpifog #ARE. FFEm & mp P G- BAL A MI“*)}-*MF»& n>2, 04 pia 2
pilab, = p(a)=0 2 p(ab) =0, & @ pab) = p(a)u(d). B2 FEF™ = =n=1
Tmp=-o=my=1 R, 2 S ab=prpreqieoqr 2 opryePnqly g » AR R R
B pab) = (1) #5 (@)= (<17 2 p(b) = (1), & @i plab) = p(@n(d). <

H3# u ¥ - B multiplicative arithmetic function.

%2 & p ¥ 2t completely multiplicative. 2P ¥ M a=b=p, 27 p 3 Fiicd
. 2P p(a) = ub) =1 e & u(ab) =0, wiv p(ab) # u(a)u(b). & i in & F
- B arithmetic function f & multiplicative P, % & JF 4 Jg #7 F i im, TH 275 % L
ged(a,b) =1 enit Hlica b ¢ & 2 & f(ab):f( Vf(b), @ H s W B o+ %E. LF RER
f # &_multiplicative F¥, ¥ &35 3]- 2 a,beN * ged(a,b) =1 ¢ & 7 f(ab) 7éf( )f(b) =

BT kAP L —F:] multiplicative arithmetic function gk # | 5.

Proposition 2.1.3. Bx f - B2 0 7 multiplicative arithmetic function. B f(l) = 1,
v %‘}f,{im?& p % teN, ‘%’K? T f(p) ERIHER neN, f(n) 2 & /‘I}L"? TR

Proof. #] f #_multiplicative ¥ gcd(1,1) =1, & f(1) = f(1)f(1) &= f(1)=1 &
f(l):O. Ff)=0,R¥EEL neN, d > ged(n, 1) =1, 7 & f(n ):f(n)f(l):O. - fj*w”k
B A0 e, e f 280 2 B R, s f(1) =1
B¥Eg neN Fna=1 Rd 3w fn)=Ff1)=1. Fn>1, Pld &+ 752w
n=p'--pir, B9 p AR R F#E neN w&d famultlphcatwe_“ ged(p', py? - plr) =
13w f(n) = f(pY'py - pY) = f(PY)f(Py - pir). #FT 3w ﬁz%ﬁr ox e f(n) =
FPy) - f(p)r). Bl dede & dviglt f(pf) 2 AP AT AL f(n) 28 O

i Proposition 2.1.3 % {* sr4r% f §_multiplicative arithmetic function, 7% & % it ¥ ¥
1 FHcp nE reN¢ f(p) 2 ,'am}»?hi};? MEITEfE- Balk 2Ew3EL 8
e f A% % multiplicative. KT A ¢ - B ¥ * kpgiuA_ multiplicative 973 2. &
B2 7 2 ¥ 12 £ ki multiplicative arithmetic function @ 2 # 12 B4 2% i £33 27 4

multiplicative arithmetic function. % #& ¢ AN TR - BATEL I,

Lemma 2.1.4. 3% a,beN ¥ gcd(a,b)=1. % d &_ab it Flic, |75 v e q et
Flcdy ME b et Fliicd, #EF d=dd;.

Proof. i&x - B3 iz vi— 0l 4. % ;i_)]* L B s dia? do|b 1 d=didy, 7 ¥E
- ,j}g\-g FE_/% i_\gl‘a- i+ m"é‘% PES F'—’ﬁ - %ﬁ

FI AEP G A ﬁ{.—\»3‘;6”6119, L B d]’a =z d2|b @18 d=did, 27 d & L
didy=d 1% dila 2 dy % FR afed H>FHe L - T APTEEEd 5 oadih
Box o T, iBt- Rk dy=d/d, gl"‘ﬁi ]t R nhf{f b. T"’Ei\ i B~ d; = ged(a, d) 'Fli
AFFE. ML dy=d/d, ARG d=ddy P dila. FHT REFEILTE do|b. ?
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dlab & (d/d))|(a/d))b. ~ 4 dy = ged(a,d) #v ged(a/dy,d/di) =1 (Corollary 1.1.8), #xd
Proposition 1.2.6(1) % d/d,|b, + i*u{;fu dz|b.

2 ke f2 4% dlab B H L dy,d)doydh €N A B L d=dids, dila ® dalb
2 d=dd, d|a® db, APERP d=d * dy=d}. ¢ didy=d|d;, * P dy|dd).
A d 3t dyla, db|b 1 % ged(a,b) =1, 3 i & ged(d),db) = 1. #7124 £ 41* Proposition 1.2.6(1)

8 e d1|di. frI2 ¥ 2E d/|d1 £ A b dl,di eN & d) = di, » iR dz—dz ]
& Lemma 2.1.4 F M3 afb@p ¥ AP gy A% 3] ged(a,b) = 1 iRk ,T*{

WA FEXK ged(a,b) =1, T E ab i1t T]ﬁs:‘?;fi"’ 35 E] di|a, da|b # F d= d1d2 * i
P - {2 0%, ged(a,b) =1 REPEFE T 3R R a=06b=4 - d=6 Dl

BT B dy=6,dy =1 e d] =3,d) =2 3% LR K, i B RE G S o
PR R R EAE- B E A A F S oafod ket N FEcEsE- chie d) BrE- cha @
H- M. T E FliaE s P d 228 E a,b ikt 2 F|EH T AT AP rE- [P,
R{ ;}5;_*&1;;:% LBEXFTABREL AP A AR -, TS E kA

¥ 9% 1 Lemma 2.1.4 £ 37 P § ged(a,b) =1, % di,....d;,....d, fre1,...,ej,... e
AW E_a e b 3 oaip R Tk, B diey,.. . diej,...,dres € E_ab 73 oip R & FlEc i@
£ F) 5 28 die; - TE _ab hit Flfi, £ 4+ Lemma 2.1.4 £ 374 b ¢hi 2 Flik- 27
B diej (PN gl die; - TAPR . BT RS ir“ﬁ&{at g R R - B e drn

multiplicative arithmetic function ¥ ¥|#747 multiplicative arithmetic function.

Theorem 2.1.5. H3X f:N— C #_- B multiplicative arithmetic function. =% Jg 3 ¥
F:N->CHzasH=EZd neN,
Fin)= Y f(d),
d|n,d>0

Pl F 2 - B multiplicative arithmetic function.

Proof. 7 Lj#f - T F(n) = Yapa>0f(d) B 5 & T4k di,....d L n 975 4p & 1 7
BIRPE F(n)=f(d1)+--+f(d,). A PEEP F {multlphcatlve,faiﬁ FP ¥ abeN ¥
gcd(a,b) =1 p% F(ab) = F(a)F (b).

RIBK di,...,d;,...dr froer,....ej,....es ~ B E _a fr b #7F i Flik. A5G F(a) =
Fld) et f )+t fldy) L5 F(B) = fler)to ot fleg) o+ fley). et 4w F(a)F(b) =
fld)f(er)+---+f(di)f(ej)+---+ f(d,)fles). & ** ged(a,b) =1 @ djej » B E_a,b 5
B, AP A ged(di,e;) =1, £ 4t f E_ multiplicative, = #® ¥475 die; ¥ F f(di)f(ej) =
f(diej). F1* 18 F(a)F(b) = f(die1) +---+ f(diej) + -+ f(dres). X m Lemma 2.1.4 4 37
A d 2 ged(a,b) =1, i diey,...,diej,...,des b ﬁa\ﬁ*n\ab g oajp B Fldk, & FE
F(ab) =F(a)F(b). O

B fs Ak —’F% —F,: Example 2.1.2 ¥ & pu 4% Theorem 2.1.5 #7£]i¢ 4! % e multiplicative

arithmetic function % #®.
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Example 2.1.6. £ 6:N— C ¥_- B arithmetic function 2 T & 5, ¥z & neN,

d|n,d>0
H ¢ u #_mobius pu-function. ¥ 53 u E_multiplicative, ¢ Theorem 2.1.5 4 § &_ multi-
plicative. # & 4% 6§ 2 &4 Proposition 2.1.3 w2 & L4 g §(p') 2 @ *¥, H ¥ p L
#reN. R porg hi ks 1p,p’...,p, td THE A

8(p') = (V) +u(p)+u(p?) + - +pu(p)=1-1+0++0=0.

SE > R = pitepl e 8(n) = 8(p}) - 8(p) = 0. A % 8(1)=p(1) =1,

L SRIEN A

2.2, it FlicBikz  Fif

A w2 % multiplicative arithmetic function G2 4 foP-ended) - & e H & FlHc2
B #c2 & Flicoe.

BT L FHn £ ovn) A7 on hk FlikcBi ARFEL neN, v(n) FF BE, AT
[V U R | ﬁ > F - BI#yv: NN SR j\ﬁ, v i.};{— i# arithmetic
function. % Z_neN 4oie R v(n) BR? B fHenit2 ,T*u{%— n et Flfic- - AN RS KT
50 R Blde 6 hl FlEcy 1,2,3,6, #102 v(6) =4, sefRkihfEdele ¥ S AR T NPT
r2 &% summation Y e B #-v(n) B =

v(n) = Z 1.
dln,d>0
F g, ‘q}u‘i’ ZhpildsEdn2 d>0 i‘““‘ =, PPIL{Rp ARIE P noent FlEcR

H.

Proposition 2.2.1. # 2 g& neN, £ v(n) 7 on Or FlEBE., B v: NN &
n

=+
T~
- & multiplicative arithmetic function. @ * & n=p'---plr, 29 p; 5 4p B {ik, B

v(n)=(n+1)---(n,+1).

Proof. #4 1:N— N ¥ - & arithmetic function ;% &%= & neN, 1(n) =1, B| v(n) ¥ £

d|n.d>0
d 3 iE R a,beN, l(ab) =1(a)l(b) =1, 21 5 (completely) multiplicative. %]yt d

Theorem 2.1.5 ©= v 3 multiplicative.

P 1

F 2% v &_multiplicative, 24 i# ¥ 12 4] * Proposition 2.1.3 £ & neN, v(n) 2 &. »
JeApht i & LFEHHE L T p M2 T, v(p') 2 B o 3 pl i ﬂﬁxffu{pf, #e
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i€{0,1,...t}, APEI v(p)=t+1. FAPEFEL neN, Fn=1, 2P vn) =v(l)=1;
mE n=p'-pir B¢ p; L Ap R Fdk, B4 v E_ multiplicative 4

v(n) =v(pY") - v(py) = (m+1) - (n+1).

Bk, AR R 360 i Flic B i, 4 360 =23-32.5, §1* Proposition 2.2.1,
EAN e )I} #v(360)=B+1)2+1)(1+1)=24. &z~ 7J& { & ¥ ¢ multiplicative
arithmetic function #HF e S F R v(n) N < A F P FER| 2 L Fﬁi‘u’* EQEW
ERiE. Y ki RIp ) HF ij-‘krfr' v ¥_multiplicative & 4 4p .

BT ORAPEFLD Flfe. BE- 2 F#en, £ o(n) 27 on v & Fliicz fo. TR
3% neN, o) ,Fr;q); Pofg, TR T LR g AR - Badkc o N N S fieehd & %
7,0 )I*n—\— B arithmetic function. 6 neN 4rie f o(n) BEri? B itz ,Tk{:l&—n e
I Flfic- - RS 230 Aede KL Blde 6 chl Fl#icd 1,2,3,6, #711 0(6) =1+24+34+6=12.
R doe * N3 A ? AP R - XL % summation Y hR 5L #-o(n) B =

o(n)= Z d.
d|nd>0

Jﬁﬁ%&ﬁ{ﬁﬁﬁﬁ?hﬁ%iﬂnfd>0ﬁﬁdﬁ%ﬂ?pﬁ£ﬂnﬁﬁﬂ&ﬁ.

Proposition 2.2.2. =& neN, £ o(n) %7 n e FliBGH. Pl o: NN I - B
multiplicative arithmetic function. m ¥ & n= p'fl cepir, BYopp SAR R F K, P

p’ill"rl _1 . p;lr—‘r] 1

o(n)= P . o

Proof. #4 /:N—N £ - # arithmetic function % £ =& neN, Z(n)=n, P o(n)

-

v

% &

Y Jd)

d|n,d>0
d W {ER a,beN, I(ab)=ab= I (a)F(b), # 4 Z 5 (completely) multiplicative. F]
4 Theorem 2.1.5 v ¢ 5 multiplicative.
# 28 o &_multiplicative, #* i ¥ 2 4] * Proposition 2.1.3 £ E & neN, o(n) 2 .
- j’“i’?’ﬁm PEAFHHEL Flcp M2 2 o(p) 2E. d 3 pan ﬂ%f{p,
B ic{0,1,...t}, 2 PFEI o(p)=1+p+---+p. 4% Lp,....pp - B2 5 pnk

p—1
FlttiE L neN, Fn=1 Arwomn)=c(l)=1a%n=p'pyr A p 48R
¥, P|d o 4_multiplicative &+

ni+1 n,+1
P —1 prr —1
o =0 m Yo} i = .-
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B o)k, AR R 360 hi Flicfo, d *F 360 =2%-.32.5, §1* Proposition 2.2.2, #¢ i

24— 133-152—1
c(360) = T3 15T =15-13-6 =1170.

2.3. The Euler ¢-function
AR IFA n o] 2B op 3OO BB g

Definition 2.3.1. %% neN, ¢(n) 7 n | 2 & p 3 Fend FicBl ok am
# ¢ :N—= N, fiz & Euler ¢-function.

AP &P Euler ¢g-function £_multiplicative, ¥ 2 #4 i 3 & Ffz P~@E. d 3t 73 3
% 35 7] §3 8 H multiplicative arithmetic function f # # ¢ % 7= = 4o Theorem 2.1.5 935 3%
AR B FREP ¢ A multiplicative. » i‘u{;mﬁ X a,beN &% ged(a,b) =1, 340
AL ¢(db) =0(a)9(b).

FAAR Ta - B a=5b=4 Dbl APEEP §(20) =9(5)9(4). d * $(20) &7

20 -] & 7 20 3 Frendt BB B, AT SN IR A B 20 ol B liche T F)
1 6 11 16
2 7 12 17
3 8 13 18
4 9 14 19
5 10 15 20

F B AN EE- 715101520 ¢ F - BHEHLS R EATLA T a0 20 3 @* F] gt 2 i
Eflpe- 2l @ B4 55 - 70 mﬁ;:“,fu 5 AREEAR I ¥ AR E T 0 4L 4 D
ﬁ{?;fi’fr'5 IF.FMAPRELR Y Bie 4 |l fo 4 £33 e Fapgies - 70 6
Bl L4 s dgnap & FltE A Y R AR ] fosk 3 s Blcfr 4 3. BB REAPER
£3 ¢(5)=47cdicfr 5 3 B,om i 4 Flenge? 7% 5 ¢94)=2 Blcfrd 3 L P
F120 27 53 §(5)9(4)=8 BHfrS 2 frd T . Lo L1 20 27 020 3 F;ﬁm
He, “7r1 e 9(20) = 9(5)0(4).

=T kA 'FB»TLTL‘Q Ak T R - B RAZ G 3 FAPT g B R
VR fcfe 20 3 F, i A PR tfrlg Bl L4t AP S8 fra=5b=4 ml’sé“ru
WORORAS R g 20 3 LA f- Rt RSP B4 20 3 el Lr
58404 3 ool BT A Jé;.'riﬂ'r%iﬁl’,a"“ia‘.

Lemma 2.3.2. &% a,b,c € Z. ®] ged(ab,c) =1 % 2 *&% ged(a,c) =1 F ged(b,c) =1.
Proof. ®3#% ged(ab,c) =1. & d =gcd(a,c), %7 d €_a,c sh= Fli, #7100 d » £_ab fr ¢
I Fl¥e, ¥ d=1. 25 ged(b,c) = 1.

F 2, B3k ged(a,c) =1 F ged(b,c) =1. ¥ ged(ab,e) # 1, 7 5 te— T p s L

plged(ab,c). # Ak plab £ ple. & p X #, &d Lemma 1.4.2 &= pla & plb. # 4 p
#_a,c & b,c 2 Fc. e ged(a,c) =1 2 ged(b,c)=14p4 7, <+ ged(ab,c)=1. O
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it G g 203 Felcd T BERHRLiE- Y E - BRI 4 PRESAE,
- 4 ged(a,b) = 1 anfiiRgn £ gt en.

Lemma 2.3.3. &% a,b,l€Z, b>1 ¥ ged(a,b)=1. Bl & I,l+a,l+2a,...,l4+ (b—1)a,
c‘i—i@;@;%ﬂbfﬂfﬁﬁi fApR. AT A Eg o) BAEfeb 3.

Proof. Z u,veZ *® u,v ’,ﬁ% b ek BcAp 7 blu—v. FIME R [l+a,... [+ (b—1)a
¢ ffv;u%v;rtu b it p B, ,Tfu{éﬁ;iiﬁ’» I+ia,l+ja, £¢ 0<i<j<b-—1, i@zt
b % (I+ja) = (I+ia). 7 B3k b|(I+ ja) = (I+ia), ,T*q\gu b|(j—i)a. d ** ged(a,b) =
Proposition 1.2.6(1) % 378 b|j—i. 22 0<i<j<b—14p3 F, txd F#Fi24r b 7
% (I+ja)—(I+ia). T‘{;’mﬁ%l-ﬁ-ml—i—]cl Ao O<l<]<b—1 I A RERES
iy p R

#00€ {01, b1} F4 5 &7 I+ia ol b bl d 3t 0<r<b—1 2 b B

ri g AR, AP A {rg, . 1) 2 BEESC{0,1,...0b—1} A ApF . R A Lemma
1.3.1 & 32 ged(l+ia,b) = ged(ry,b), #7110 {l,l+a,...,I+(b—1)a} * v b 3 F chficfe
{0,1,...,b—1} # fo b 3 Fendez BlcAp . & T &w {0,1,...,b—1} # £3 ¢(b) Bk

3R, & E =

=T KA PEM ¢ - B multiplicative arithmetic function.
Proposition 2.3.4. & a,b €N * gcd(a,b) =1, B| ¢(ab) = ¢(a)d(D).

Proof. 2\ iR 3t ab cn Bk T 7|3 2R b 5

1 I+a - 1+(b-1)a
2 24a -+ 24(b—1)a
a 2a - ba

He %175 Lil+4a,...,+(b—1)a. ¥ Lemma 1.3.1 Fvigf2 % - $icfr g s+ 2 Flic 'y &
[fra b s 2Fple. #3732, FlfraI FRIF (7P F - fra I Fae i
a?IFRF I E -y frar I F. 2 Fi 1<I<a w&ETHETF ¢a) Bl L2 a
3. AN irﬁ,i&@':éj J& i ¢(a) 7|k (ﬁfﬁ?ﬁﬂﬁic‘ﬁg’fra 3 ffrab * 3 F).

& §(a) PlegBedigea T F XD 3o b T F. KA F - 5% 5 Ll4a,...l+(b—1)a
e753%, #xd ged(a,b) =1 1 % Lemma 2.3.3 & - 7% 5 ¢(b) B#cfo b 3 %‘r #= 13 ab
LS ¢(a)p(b) BAEfra 2fcb 3 F. 4 Lemma 2.3.2 Elﬁﬁtﬁk{’ff ab 3 ek
@3 0(ab) = (@) () 0

IR ¢ &_multiplicative, 2% TF“%%? 4% Proposition 2.1.3 & 41 ¢ 2 i&.

Proposition 2.3.5. & n=p|"---plr, 2 ¢ p; Z4p % Tk, B
1 1

o(n)=(py' =P (pf’—Pi”_l)Zn(l—;l) (1—5)
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Proof. # i £ 4 & Flie p 712 L HHer, (p) 2. 4 3% p L pl vi- P Fdie, u e
prAaifds piouz Flik W“Qﬁawﬁvfﬁﬁﬁﬁﬂﬁihﬁ;f ¥, rE8
P R p B E e HTT . KA 15 p ¢ £ P p BEE p Rk &
@l E pt 5y p-p! B P IR

RAREL neN Fa=12pwon)=9(1)=Laxn=py'-pr i ptpld
i, B4 ¢ A multiplicative v

o) =o(p7) o) =P —p) )P =P ) =n(1- =) (1——).

F—L
t

R

F X ¢ & multiplicative, #% i ¥ »2 §] * Theorem 2.1.5 i 11 ¥ — # multiplicative
arithmetic function. 4 jg F: NN H 2 £ HEZ 8 neN, F(n) = Yana-09(d). & 3 F
#_multiplicative, ¥ #Z X Flicp M2 teN, iy

F(p)=0()+0(p)+90(p>)+--+0(p")=1+(p—1)+(p*—p)+---+ (' —p ) ="

Flpt vy T2 g%

Corollary 2.3.6 (Gauss). # n€N B
Z o(d) =n.

d|n,d>0
Proof. £ F(n) = Yauas0¢(d), & %4 F 2 & 0 Sk d F E multiplicative, f]*
proposition 2.1.3 4= F(1)=1. # neN ® n>1 P, % n G+ n=p'---pir, 8¢ p; 5 4p
R FE,Ed Y e F(p')=p %% % Proposition 2.1.3 4

F(n)=F(p\")---F(p)=p}"---py =n,

2.4. Convolution

A 124 *  convolution ¥_s ) #7¢0 multiplicative arithmetic function, ¥ ¢t convo-
lution » # &7 — BHEGP > 2 KFEP T - & & §£ 40 Mobius inversion formula. B2 78
AEZT - Feap FAAERT UEF I, EEZAY AL REEF FEY AR
- BIE B HRAR AL S fles

Definition 2.4.1. % %3 arithmetic functions f,g #* e 2 convolution 3 fxg, H T &
»¥HEL neN,
fxgn)="Y f(d)g(n/d).
d\nd>0
i P& convolution HE &, & & fxrgn) 2 &, g A I n oG & Fli, R s
- B n el Flicd APk f(d)gn/d) 2. &, L #Ge Eiede k., £ d £ n o Flik, 4
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e=n/d, AP p ARG de=n. F 2, % de L1 FEHH L de=n, RIAP A ARG dn. Fp 2
e ¥ e it T2 AT fxg. 7,

fxg(n Z f(d
deeN
RN A TERARG KRGS B R, LR FLLd Me p R APEYERAT

EZETFILATE istéﬁ; convolution m]?‘_?-‘rff% *ipf A EREPP.

d ** f fe ¢ &_arithmetic function, *7 fxg E L T FHcy 3 BB, Flt fxg 73
arithmetic function. # % 2 convolution ¥ 144 5 & — i arithmetic function 2 & ¢7i& &
(57 r13-v 5 & &3 § arithmetic function 2. F’E’ gkiE). BT ORA tF“ﬂ* TR SRy LRGN
ek AR

v

Proposition 2.4.2. % f,g,h ¥ % arithmetic function. 4 6 :N—-N & 3

5(n):{ (1) n=1,

n>1.
B convolution 2% i 5 141 7F 2 |2 E.
(1) fx6=00xf=f.
(2) fxg=gxf.
(3) (f*g)xh=fx*(gxh).
Proof. (1) i fi%ii’*ﬁ‘i neN, fx8(n) =Yyna-0f(d)8(n/d). ¢ **§ n/d>1p §(n/d) =
Ft Y p, N d=nie- BT, &E fx0(n)=f(n)8(1)=f(n). #% 2, f i~ [0
bird neN g A b, G HPREE R F, ¢ L e IR 5 f = f.
(2) d ¥ ZE neN,

fxg(n Zf gle)="Y gle)f( Zg =g f(n).
=

d eeN d,eeN d eeN

~—

NEE frg=gxf.
(3) T &, HiERL neN,
(fxg)xh(n) = Y (fxg)(d)h(e)

de=n
d,eeN

= ¥ (X £0)s))rle)

d 7eEN r,sEN

= ). f(rg(s)hle)

rse=n
r,s,e€N

frlgxh)(m) ="} fld)g(w)h(v).
d‘ft:ne”N

T @ (frg)xh=fx(g*h). O
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>

Proposition 2.4.2 £ 3738 i, £ % % F’ = ¥_arithmetic function 2. FF Fu& &, B] 6 i&-
B arithmetic function )I.‘%zrl% KiEFEH a1 (BthehrZ, A0 2 & identity). @ * x i&
BEE BRI FHEIFUE L F « ZHFE HF > multiplicative arithmetic function »

2 HP R 4 LA ,milrf_%ﬁ

Theorem 2.4.3. B3k f,g v & multiplicative arithmetic function, B] fxg » H_multiplica-

tive arithmetic function.

Proof. B#% a,b €N * ged(a,b)=1, AP EFEP fxrglab) = (f+g(a))(f*g(b)). iR
die €N % E de=ab, 31 % F dlab ¥ e|ab. % Lemma 2.1.4 54 ]3¢ tri— th- 2 di,d,
TE eper R d=didy 3 e=ejer 27 di,e; 3 a i Fl#c® dy, e i b Ol Flik. x T
ged(a,b) =1, # ged(dy,dy) =1 & ged(ey,ep) = 1. #512d f, g & multiplicative 17 2 % _& v

frglab)="Y f(d Y f(di)f(d2)g(er)g(e2).
de=ab dydre1ep=ab
d,eeN dila,d>|b.ei|a,ex|b
dy,dy,e1,e2€N

¥ TR d,dyer,er €N B X didreiey =ab * diye) v dy,en ~ B E_a v b 07
B, F i diejlab, *~ F] ged(a,b) =1 F dye; 4A_a F¥k, 7 ged(die),b) = 1. F]d
Proposition 1.2.6(1) # djejla. ¥ - * & al|djeidrer, £ 4 ged(a,b) =1 113 dyjer 5 b 2
Fl¥c, ¥ ged(a,drer) = 1. FlP 5w aldie. 70 8% a=die, FREHE b=dye,. ¥ 2., F
di,dr,e1,e €N B & a=die; ' b=dyey, I F didrerer=ab ¥ di,e; fv dy,ep » %]
afo b F g FP AR

fld)f(da)glen)glea) = Y, fldi)f(da)g(er)g(er).

dydreey=ab diey=a,drer=b
dila,d;|b,ey|a,ez|b dy,dy,e1,e2€N
dy,dy,e1,e2€N
¥->m
(fxgla)(f+g®) =Y fldi)gler) Y, flda)g
die1=a drer=b
dy,e;€N dy,er€N

FI* & fe 4o
Y, fld)gler) ) fld)g Y fld)f(dr)gler)g(er).

diej=a dyer=b diey=a,drer=b
d] ,EIGN dz,ezEN d] ,dz,e‘],eZEN
FpEE S I [l

%4 1:N—> N & - B arithmetic function & X =Z & neN, I(n) =1, R = E
arithmetic function f, % 3 % neN p¥,

fxl(n Zf = Y fld

d|n d>0
d EEN

#]% 1 £ - & multiplicative arithmetic function, 7z # & & 5 Theorem 2.1.5 ¥ &_Theo-
rem 2.4.3 th— BAFFRFR.
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Example 2.4.4. 3 ¥ 124 % Theorem 2.4.3 k £ x & neN,
djn, d>0u<d>d
z_ @, #¥ pu i Mobius u-function (% 2L Example 2.1.2).
£ 7 :N—-N ¥ - B arithmetic function /% ¥ ¥ ZE & neN, S(n)=n. ¥ g F: N> N
# - i arithmetic function /% ¥ = & neN,
Fy= ¥ uds= Y pds(3)
d|n,d>0 d|n,d>0

R ENPAF=uxs. KRa u e S % 5 multiplicative, #z 4] * Theorem 2.4.3 &= F

» &_multiplicative. FJp* NP R R BAARFEX T p M2 teN F(p') 2 B v, ikT&
p()=1,pu(p)=—12% i>1pF p(p)=0, &@®

F(p)y=u)2 () +up) s ) =p -p"
ARt o(p) iEARE (2 Pr0p081t10n 2.3.5), &1 * F 4 ¢ ¥ 5 multiplicative 14 2
Proposition 2.1.3 == F = ¢. = ,T‘ua;:ru;d' Zx neN ¥

Y, uld)==9(n)

d|n,d>0

2.5. The Mobius Inversion Formula

7 % 7 /i % Euler's ¢-function P, 2 7 % $% 2 % % % 35 §| arithmetic function f #-
¢-function # = ¢(n) = Zd\n,d>0f( ) &8 9+ Mobius inversion formula ¥ 12§
B AP Flis ke f

Theorem 2.5.1 (Mobius Inversion Formula). B3 F,f % 5 arithmetic function, U %
mobius W-function. RI¥EE neN, F,f & &
Y, fl)
dln,d>0
FEEEHEIR neN, F f & &

Y Fldu(s

d|n,d>0

Proof. 4 1:N— N ¥ - & arithmetic function % ¥ % & n€ N, 1(n) =1. % convolution
I ENPEEP F=fxlF2vag f=FxU.

F F=fx1, Bl Fxpu=(f«)xu. §1* Proposition 2.4.2(3) 7= Fxu = f*(1xpu). X
#HiEd neN, xu(n) =puxl(n) =Yyna-ol(d), ¥ Example 2.1.6 v lxu=pxl=4, 8¢
0:N—N zZ& 3

1, n=1;
s ={ g o

¥32, APF Fxu=fx(Ixp)=f*05. Fa |* Proposition 2.4.2(1) #z& Fxu=f.
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F2 % f=Fxu, B fxl=(Fxp)xl=Fx(ux*l). & 1% uxl=0 @4 f+xl=F*0=
F. ]

2% Mobius inversion formula § & ¥z neN 4 it & * . » i‘u{ﬁu [ T |

F(6)=f(1)+f(2)+f(3)+/(6)

FRBHKT neNFHAT TR G (20 A BR SR A F(1)=f(1), F2) =
F)+£(2) 2 F(3)=f(1)+£(3)).

Example 2.5.2. &5 " k4 5 4cfe ] * Mobius inversion formula, 45 3| f #& & ¢(n) =
Ydjna>0f(d). # Mébius inversion formula 5w P& f=px¢. d >t p{r ¢ ¥ 5 multiplicative,
d Theorem 2.4.3 4v f 7* % multiplicative. F]p* AP LB R2HE L T p © 2 reN, f(p)
2 fE. R
= Y =u()e(P)+u(p)e(p ") = o) —o(r' ).
d|pt d>0

Fude f(p)=p—1-1=p=-22F 1220 f(p)=p' —p" ' = (' =p ) =p"2(p—1)*
g n=p'--plr, B¢ pi ZARE FH, ¥l f(n)=f(p7")--f(prr). T EET kR
BfBRRE (LAREFATF ERB =193, £F F F2F Mobius inversion
formula, #% 7> EFE LB f AT B L U0) = Lonasof(d). #THF 4 FEP ¢ A
multiplicative p¥, # ¥ ;2 5 f1* Theorem 2.1.5 # 7.

7 1% Example 2.5.2 ¢07 2 AP w g iz e g0 arithmetic function F ¢ 7 45 7
v F F(n)=Yanasof(d). § 2 PH R f
#_multiplicative F¥, Theorem 2.1.5 4 3 i F = {multiplicative. k 2., 117" Corollary
42 g e s F £ multiplicative, BI4% 41 ¢h f — %+ §_multiplicative.

v& — 0 arithmetic function f # #$ T neN,

Corollary 2.5.3. & F,f & 5 arithmetic function. F¥=Z & neN, ¥ 3
Y, f(d)
d|n,d>0

® e e F - B multiplicative arithmetic function, B] f 7~ 5 — B multiplicative arithmetic

function.

Proof. ¢ Theorem 2.5.1 &= f=ux*F, #d p &_multiplicative 2 2 F &_multiplicative
i3k, F1* Theorem 2.4.3 &+ f=pu«F 7& 5 multiplicative. 0

Example 2.5.4. w5 & & ¢ 2§ 8 41 * multiplicative arithmetic function ¥ 3| - & 3 4&

%V BT K ahk] 3 A4 * Mobius inversion formula 73 { § & 5%,
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(1) 2 v(n) 27 n et FicBi ¢ Tz neN, ¥ 3
vim)= ), 1= ) 1),
dnd>0  djnd>0
#9735 neN, I(n) =1. %&41* Mobius inversion formula “w# iz & ne N,
n n
== ¥ adp()= T vidu(l)
d|nd>0 d|n,d>0
(2) £ o(n) % n i3 & FlEcz e, @ o EE neN ¥ 3
on)=Y d= ) J(d),
dnd>0  dln,d>0
AP o3 neN, S(n)=n. #&FJ1* Mobius inversion formula ¥ Z & ne N,
n n
n=Sm= 3 wpdo(=)= Y odp()
d|nd>0 d|n,d>0
(3) @ Corollary 2.3.6 sv¥tiZ & neN ¥ 3
n=sw= Y 9
d|n,d>0
#= 4| * Mobius inversion formula F¥Z & neN, ¥}

o= Y u@s)= Y wd?.

d|n,d>0 d|n,d>0

N

QU

Example 2.5.4(3) 7% ;% &m - & Example 2.4.4 ¢ 24§ * multiplicative % F
#3. £F + Example 2.5.4 ¢ % X ¥ 2% multiplicative S FE D 2 BRI R
t1§_ Mobius inversion formula # % % *3%t multiplicative &35, T ¥ — £ ¢ arithmetic

function ¥ i§ * .






Chapter 8

Congruences

e 4 (congruence) P4 fr‘u{ﬁfrﬁﬁﬁtlﬁ FoonA S SRR, R E e o - fRhiE
PR E - kR E R A 'Efﬂ} L 4% 31 congruence enE_& M43 (B3] - kG B

congruence g & ;43

3.1. &l g
Congruence relation # - # equivalent relation. F % 834 equivalent relation
APLA

- BRRR - BREAWLAPE T REE. N BRL A C fop o Lk,
i R —fr’b LR dgenfle 4 & Ffe? S b his- BEE Lok " fre F

oo doi kA, BT 2 ;iﬁrﬁ Pag. R PE R RDAERER DM GHL 5
equivalence relation. 3% i & #7032 4 equivalence relation I ;N e E_E .

Definition 3.1.1. $- & S?P A P* a~ob 457 afe b AR, Pliethadh e 48
MTE M ETAE R 2 S equivalence relation:
(equivl): $+#75 a €S, A3 a~a (reflexivity).

(equiv2): % a~b, Bl b~ a (symmetry).

(equiv3): & a~b ¥ b~c, Bl a~ c (transitivity).

A * e 4= iﬁ{— # 2 4] &0 equivalent relation.
CRET R R EERRR (equiv2) Wi Fa~b B ba 78AEL 1P (equivd)
e a~a 5 HAERERD (equivl) 2?7 1 & B FE (equivl) BAELS P hiz- ~F

\

At

aFERE ar~a ek AR &R (equiv?) fr (equivd), 7RAE4E S ¥ f - ~F a &S
BryEeaiit bt a~b, 7"@&617&‘4— LhE a~va i, Fpr i it v
fo X FARAFEF]. @ 2 & equivalence relation 4 ﬂ} FEiRAE - B %’Kgﬁﬁ»/’a\ Eil] IR <]
(783 7 k-#7 75 - BAF)
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| & * equivalence relation 4 %3 © Ji-4F fere 7 'ﬁ £ F R dew ormd (equivl) 7 #F
- BARFEBA IR - i‘é;T ¥ ehd (equiv2) fr (equiv3) Fvd B4 R ELE A €3 2
B ATl % b A A BHY  MAAF? hiz- A4k a T b AR feican~b
m B¢ hix- k¢ Fle ’frb i br~c. wd (equiv2) fr (equivd) 4v a~c. » T*u{
WAP T A F e B P it ;L,—%-*K}\,:-i:;‘-‘ Bfr A ¥ B ETZ RRaEKAPA "ﬁ. KN TS
2_4]* - B equivalent relation s ¥ 12— & £ A B XA 3 3 A 4P e N

ETORA fr“fr% R IF 3t AR S

Definition 3.1.2. %% - & E¥#cm, 4% a,beZ & ﬁ? om 2. B ARG e, S ﬁp— a,b
“,f om 2. §_f AR (ais congruent to b modulo m), * * @8, a=b (mod m) k %
afeb é.“f om 2. % e AR (ais incongruent to b modulo m), Bl * aZb (mod m) k % 7% .

1i‘
ar
B =

BALAHFARE - LRAAL Bom A RR R afob Lk bpami, e
Al afe b pip R T LR o

Bkt ab efom 2T AT A RERERRE afr b F T om 2 B BT AR,
LEFERE m LT EF a—b.

***55

Lemma 3.1.3. %%~ &t #¥#m, * a,beZ, Pl a=b (mod m) ¥ * *&% m|a—b.

Proof. % %% a=b (modm) Pl 2 &G hymeZ #%F a=mhi+r 2 b=mhy+r
AP 0<r<m. #® a—b:m(hl—hz) . fI‘L%L;L ml|a—b.

F 2 B& a,b %J‘l m2 RSN A R o TAEUEFAENBLEZ #F a=mh+n
2 b=mhy+r, 27 0<r,rn<m, EJ«F\?a—b:m(hl— hy)+(rp—ry). #=d BX mla—b ¥

mlri—ry. * F1O<ri,rp<m, & —m<ri—r,<m,td mlri—ry ¥ rj=nr. O

A E 1% Lemma 3.1.3 {%P-e0% 3| congruent relation & — i equivalent relation.

Proposition 3.1.4. %3 - & i m, P&k BIE L m e AR B2 A - B equivalent
relation. = i}u{;ﬁu fFEMT Z BIEE.

(1) # a€Z B a=a (mod m).
(2) % a=b (mod m) Rl b=a (mod m).
(3) # a=b (mod m) ¥ b=c (mod m), B| a=c (mod m).
Proof. (1) # ac€Z, Fla—a=0, # mla—a. #+d Lemma 3.1.3 ¥r a =a (mod m).

(2) # a=b (mod m) ¢ Lemma 3.1.3 == mla—b, tcd m|b—a % b=a (mod m).
(3) #a=b (mod m) ¥ b=a (mod m), Rl5=mla—b * m|b—c. #5 m|(a—b)+(b—c),
T mla—c. ~ ,Tkli‘é”ri.azc (mod m). O

I\
Z

O AR L Y A Mgk LR A S R eh R k- BT R W, S 1
PEF € “afeb modulom 2T A e sg” iz ki afrb ,ﬁ%.‘l m 24 e
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TR PR LT BFBAS, AP AREFET meN, o modulom 27 ¥ 124 =

Mg ? 75 ﬁ’fﬁzﬂ*f om 2T R ERE T R R 0,1, m—1, AT E ARG om g A

AT -y AP v - BrA A hALE-8, P F2HY AP Bria
A, BRI R A AP LT - BaEe L

H

Definition 3.1.5. %2 -+t F#m, FH & S 7 m B %, 27 ~% & modulom 27
B % e ag, PIF S - B complete residue system modulo m.

% S 4 - B complete residue system modulo m, P #]| & # % modulo m 2. = 4 - &
equivalent relation, #7141 § ¢ HA FHMERL D F -8, @ I x e o § ¥ hFa a2l

f, L4 tedrZ dmodulom 22T R Gk A = m g, rud Sk Blc: m Ao, & -
F'F’ ‘]f;"i’” A S P FrE- a2 R AN T2, S E XU E Z A modulom 2
T2 A8 Bl4e {0,1,...,m—1} T‘u{— B % * ¢ complete residue system modulo m. % i
F R ¢ FIR 3L E & E % WA complete residue system modulo m.

Question 3.1. 2 7_meN.
(1) B3k SCZ * Seh~ 2 Bici m $° oHER a€eZ FHrhseSE a=s
(mod m). #F#EM S 5 complete residue system modulo m.
(2) B3k SCZ #F#EM S 5 complete residue system modulom &2 *EF ¥ T F acZ

3 arE- diseS R E a=s (modm).

FI* e A s 5 f 7 H - 1 equivalent relation 2 ¢t iFF 3F 5 (AFPEF. Gl BT -
GAPEANET U AELF2ZEFTREYL. Vi modulom 227, APFRER RO F
fom 225~ 2 Flicd 7 240 e .

Lemma 3.1.6. %%~ & E#cm, & a=b (mod m), B| ged(a,m) = ged(b,m).

Proof. # a=b (mod m), d &+ a v b ér_’,f om 2T 2 AR, RH G o &
Lemma 1.3.1 4v ged(a,m) = ged(r,m) = ged(b, m). O

Pim 3L
#E S ¥ - B complete residue system modulo m, ¥ -%#5 A p TR Z fom 3R, 7R
Fragl A E TR A s fEEE B *%“’K‘frm‘i’%‘r modulom 2 T IR F B~ F €
feom 3 Fre? A ,raj_};é; & S=1{0,1,...,m—1} i&® complete residue system modulo m #* !
S ¥ fem 3 Fih~ % B #ciz Euler ¢-function m?;%:,?u{(p m) B, & #K & modulo m
LT E g G(m) A e m AT e § B G RAEE A P F R R () B 4 A
Z 7 A, APy ST - B r.;ff_

FHhE afom L3 b Bl & modulom"fﬂfra}%@ rr:;u«,%

Definition 3.1.7. X2 - 2 F#m, FH £ SF o(m) B, B v F i m I e
% modulom 2. A % 2 &, RIF S £ B reduced residue system modulo m.

s omA- FHgpE {l,....p—1} ij*u{ﬁx’#? * e reduced residue system modulo p.
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Question 3.2. % %_meN.
(1) Bk SCZ > Seh~2 BHcs: ¢(m). F° T L% & ged(a,m) =1 e ¥k a,
TERhseES®E a=s (mod m). F#EM S i reduced residue system modulo m.
(2) B3k SCZ #F#EM S 5 reduced residue system modulo m & 2 v&% S ¢ ch~ % ¥
Bom 3 FrHEHELR L gedlam) =1 i fica, ¥ FhrE- DseS B a=s

(mod m).

3.2. BApenER

-

7o

F_k

A i E R PR, L BT e e T R ik i B (
Fmdivn IF‘T ).

“ ¥ meN, & modulo m 2. T 2 i - — é\ﬁm;vj%—p‘ iRl d (& frh{:iz-— )3
,.'rﬁ‘%—g - B~%), ,té—,g LA B R AR AP AP R RY p Rep 2 L AR Aph
% Y- BREAAGE, REAA PR R ENV- M P B g AT - %FFE%’T‘%{;’*
- FP R RPN & m'?—{zﬂ g gaptetph 2T 5% %3 Fri? Gl4e e modulo 5 2
TR 3'5-“%.'1 54 2 dhip- fobhlics 3 ahin- sApAe R Ap R, BAEE 2403
HUEA BEA P A BP 2 e 3 kA, PRAd 243=53 2x3=6 @FApcnis g A uE
LA O frdr 1 Gied P dok PR i A R F LT L3 HAR 2 fokk 3 g AP A

BT e —12 F A B T4 (—12)=—5 % Tx(—12)=—84, AP ,MIJWH;;M?K?
S A0 E- H, A AR BRI S - , frP R - KA R B
Tjt‘éiu.i - ¥, ZREB 2 REPEEEF A £,

Lemma 3.2.1. 2. meN, F a,bcZ s & a=b (modm), RIHEZR c€Z ¥}

a+c=b+c (modm) and ac=bc (mod m).

Proof. ¢ X a=b (mod m) & mla—b. #&# ml|(a+c)—(b+c), » i*u =b+c
(mod m). ¥ — = o d 3% m|(a—b)c #c+ m|ac —bc, ¥ ac =bc (mod m).. O

Lemma 3.2.1 4 3754 % & i o 4 endic A Wl 4o 1 - B Hcis #1182 Bl § AT I AT eni
Fak— B#Hcis T8 2 Bies Fap. RN ir“%}.;? AT e Al WA b (R ) ¥
Bl spenficd 2% ¢ b ag
Proposition 3.2.2. 42 meN, ¥ a,b,c,d€Z % _a=b (mod m) ¥ c¢=d (mod m), R

a+c=b+d (modm) and ac=bd (mod m).

Proof. #] a=5b (mod m), 4 Lemma 3.2.1 &= a+c=b+c (modm). FIZr ¥ c=d
(mod m) &= b+c=b+d (mod m), # | * F 4 &_ equivalent relation (¥ Proposition
3.1.4(3)) v a+c=b+d (mod m).

e, d a=b (mod m) 2 c=d (mod m) » % # ac=bc (mod m) 2 bc=bd (mod m),
# 7 ac = bd (mod m). O
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d gt AP iE &R 1752 o 388 ‘f'i 52 4l AP BT PLFLL G
2 ﬁi'l b2 A o, APEw uql* 1752=2 (mod 5) ™ % 388=3 (mod 5) fxF- 'rﬁ%f?il
1752 x388=6=1 (mod 5).

Proposition 3.1.4 (¥ congruence relation #_equivalent relation) % 7 7 § HlZmeN
A= 3 e B4R a2 Rl ¥ - 2 % & Lemma 321 ¢ 4 c=—1, Bl¥ a=b (mod m)
AP G —a=—b (mod m). #7112 E * Proposition 3.2.2 Fra\ i ¥ - = “g A7 H ¥ 5L
(TR F g S AR ) B Ko AR i B do— AEECTT e B PR bl B3t
B 5742 01 1] chkRdepr, AT LR 5742 =5x1034+7x 102 +4x 10+2. ¢ % 10= —
(mod 11) # 8 5742 =5x (=13 +7x (—1)>+4 x (—1)+2E—5+7—4+250 (mod 11). +
)’I*u{?h 5742 ¥ Ak 11 ﬁ’“f, o Floar g a6 11 8 Pk, BIZA%N 9
iz Ry Fd 10=1 (mod9) @ F. s ¥ % 10=3 (mod 7) BRI - £ 2w 7
S 2R (FREAERT ).

TG A BL NI F A, & modulo F Fihdc T AT AU A B, AT A
=R bldeE a=3, APFT UHE a=3 (mod5) F a=3 (mod 7), & i H i Fl A
a>=3>=4 (mod5) @ # a’>=4 (mod 7). ¥ ¢t BiR ﬁ?iﬁl{’&_— S g (9) &
congruence I % — T_if * . ,T*u{;fu%’ a#0 X ab=ac, } 4 b=c; i & congruence
R T AL ded a=2,b=2,c=5 2 modulo6 2 T AP F a#0 (mod6) ¥
ab =ac (mod 6), & {xP ke b c (mod 6). 711 A iJL congruence f JEPFF & * FiE W
3 - BEPFEFUIL. NTREAFAPRET Y, PEL T

Proposition 3.2.3. 4% meN * & a,b,cc€Z. £ d=gced(m,a) Bl ab=ac (mod m) &
rrEE b=c (mod m/d).

Proof. %] d =gcd(m,a), 3+ %4 m=m'd ¥ a=dd, 4 Corollary 1.1.8 & ged(m',d’) = 1.
RIBEK ab=ac (mod m), ¥ mlab—ac. Flp*d Lemma 1.1.5(2) %= (m/d)|(a/d)(b—c), =
m'ld' (b—c). # % ged(m’,d’) =141 * Proposition 1.2.6(1) ¥z m'|b—c, I b=c (mod m/d).
F 2, % b=c (mod m/d), & m'|b—c. Fl#d4 Lemma 1.1.5(1) #& dm'|d(b—c),
m|d(b—c). ~ ,Tk{;»b db=dc (mod m). #+d Lemma 3.2.1 & d'db =d'dc (mod m), ¥ #
ab = ac (mod m). O

bldeze @ b3 F1E m=6 ¢ a=2, ¥ ged(m,a) =2. #&d ab=ac (mod 6) ¥ b=c
(mod3). £F 1+, }H® b=2,c=5 #FmFF 2=5 (mod 3).

IR AP P a2 %3 R K modulo m ¢ congruence ¥t ? ¢ Proposition 3.2.3
Aprier  dgedima)=1, P mira I FRFA7FEH A PRI PETRET

Corollary 3.2.4. %2 meN ® BX a,b,c€Z. ¥ mFca 3 F, B ab=ac (mod m) % *
*e % b=c (mod m)

HFE U B8P, £ a£0F ab=ac V¥ a2 38T b=c, TFERF®H it * Y
A R, A A FlHcaA02 b#0 R ab#0 P F D] & B A & congruence £
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'r%'--;\%,j* T4, B4 2#£0 (mod 6) ¥ 3#0 (mod 6) 2§ 2x3=0 (mod 6). &+ I - 4&
% # & congruence # iy * . ]m”ﬁz/ﬁimllﬁﬁ'q A ey B F Iﬂﬁiﬂ* Fa#0, Fli

eV - 3 Rica ! R aal=1,%T10%F ab=bc, |3 FF %k 7 b=c. ¢)T‘L
{w“fzé CHYEENZ a d G EE? HEZEL0~F g 2 @Fw F’“‘? (Fral) e
TR, BEAP ARG g ﬁ_;,\gﬁgﬁ;,ﬁmﬁ* fe- EFHRPFRAT G £1 HfEF
% & B dk, ® &34 congruence FFF { HfZ2Fradegnn

Proposition 3.2.5. X2 meN, X a€Z, M5 beZ B _ab=1 (mod m) % ¥ *E%
afem 3.

Proof. % beZ & X _ab=1 (mod m), & mlab—1. £ d=gcd(m,a), ¥ % d|lm ¥ d|ab.

A * mlab—1 % dlm ¥ # dlab—1, £ §1* dlab 7 d|1. % ,Tﬁ{ia’frm 3R
F2,% afm3 ¥, ¥ gedima) =1, Rl d Corollary 1.24 v 5 & rse€Z & ¥

mr+as=1. &% b=s, 373 mlab—1, ¥ ab=1 (mod m). O

B R%D, ¥ afom I FRERRG AR FFEKD §5% L ab=1 (mod m), & i
e b & modulo m 2 E - . 4 )j}u{;ru%‘ ce€Z 7% ac=1 (mod m), Rl d 3
ab=1=ac (mod m) 1 % gcd(m,a)=1, & * Corollary 3.2.4 ¥ % b=c (mod m). 3}
pre— P AERIE D G oa & modulom 2 T ehkiEF A E.

3.3. Euler’s Theorem

—ﬁ;t"ﬁ’ RN APEYZIREREE A AFPE. T E meN aeZ ® ged(a,m) =
1 E@* FARFER VR beZ € % X ab=1 (mod m) #-F_{*F * . d Proposition 3.2.5
I P AP w0 R AR fzzﬁ* mx+ay=1FERHKEFEREN b, 228 bmira ¥

£ %gmﬁizﬂf‘d A 7. AP 4] BEuler’s Theorem ¥ - 457 m,a ?Eaéﬁ-bﬁ? 15 3.
“ExmeN, # abeZ % ¥ ab=1 (mod m), |4 Proposition 3.2.5 sva fv b ¥ & m
IR HT2,APREL gfom 3 FadeTE e AR p A Y g reduced residue system

modulo m.

Lemma 3.3.1. T meN, ¥ g acZ % L ged(m,a)=1. F {r,....rom)} &— B reduced

residue system modulo m, P {ary,...,arymm} = & — B reduced residue system modulo m.
Proof. 4F % = ™, {r1,...,7s(m)} £~ 1 reduced residue system modulom % 7 ged(m,r;) =1
DHERiA), TF riEr; (mod m). REFEP {ar,...,arymy)} + A reduced residue system

modulo m, AP F & #P ged(m,ar)) =12 HZ L i#j ¢ F ar;#arj (mod m).

WK ged(m,ar;) #1, 73 - T8 p % L plm 2 plar;. % p £ 5 #, #d Lemma
1.4.2 7 pla & plri. ¥ % 2, p 5 mya 2 Fle &_m,r; 2 Fle, e ged(m,a) =1 2
ged(m,r)) =1 484 5, & ¥ ged(m,ar;) = 1.

¥-2%,% i#jf ary=ar; (mod m), #ld gecd(m,a) =1, §1* Corollary 3.2.4 &

ri=rj (mod m). $*4c r;Zr; (mod m) 4 %, &% ar; #ar; (mod m). O
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6B, SR mEN, 1T L m A g, AT L 3 s F ¢(m)
#iE - ?AFT" Pedi- A A Fra2 B4 T}biﬁ % reduced residue system modulo m.
s BE S={a,.. m} o T ={b1,...,by(m} & % reduced residue system modulo m, i=
Beq; €8, d v l*%\-,— m3IFoR -, A TP 5 - 2FE e PEao~d
PR T2, b eT BRE gi=bj (modm). * d i by A A ¥ R, AT
ST ? % & modulom 227 F - ¥- ¥ M % ,T*u{?’uﬁ-@lﬁé EEEE I AN
¥ ai=b; (mod m). F2 & aj---agemy = b1 bypny (modm). f1* zB R ENPT LERE

Euler’s Theorem.

!
=1

Theorem 3.3.2 (Euler’s Theorem). 4% meN, & a€Z #% & ged(m,a) =1, B

a®™ =1 (mod m).

Proof. B~ § = {ri,....rs(m)} = — B reduced residue system modulo m. 7 2 2 i g @
ged(m,ry - rom) = 1. F ged(m,ry - romy) # 1, T3 - FHpE pm?E plr--- To(m)-
f1* Corollary 1.4.3 &v3 & r, €S © & plry, » ﬁ‘}u{;ru ged(m,r;)) #1. ¢t 4e S 4 reduced
residue system modulom ¥ r; €S 404 7, #=#& ged(m,r ~~r¢(m)) =1.

Fd *t ged(m,a) =1, #&41* Lemma 3.3.1 #v {ary,...,ars(m} » £ - B reduced residue

system modulo m, F]- %

r:: r¢(m) = (arl) cee (ar¢(m)) = a‘p(m)(rl o r¢(m)) (mod m)

£ F5 ged(m,ry - rypm) =1, #FI* Corollary 3.2.4 {#3 a®™ =1 (mod m). O
22ZmeN 2 acZ %% gedima) =1, 4 b=a’™-1 pl4]* Euler’s Theorem ¥ 4v

ab = a®m =1 (mod m). FIP AP 37 a h modulom 2. Tk F &

Corollary 3.3.3. 2% meN, £ ac€Z % & ged(ma) =1, Bl 4 b=a®™"1, € s '
ab=ba=1 (mod m).

FulE, § m A - B F# p pF, Euler’s Theorem E‘I‘u{“r;ﬁ &1 Fermat’s Little Theorem.
AT 8T ok,

Theorem 3.3.4 (Fermat’s Little Theorem). % % - F#c p, # acZ % L pta, Bl
@ '=1 (mod p).

Uy E4L b=a"? plab=ba=1 (mod p).

Proof. %] p & - ¥, 4 pfa 2 B4 ged(p,a)=1. = 2 BF ¢(p)=p—1, mEHE*
Theorem 3.3.2 #% a’P~!' =1 (mod p). O

% pla P Ferma’s Little Theorem ¥ % %t F] 5 $* ¥ a=0 (mod p), #x a’ ' =0 (mod p).
FEAPT I RE DT - BT S S
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Corollary 3.3.5. %%~ Tl p, RIHEZ L Flca 5 &

a’ =a (mod p).

Proof. M5 p LF = HEL acZ APT 1A d plafe pla 2 Bmdd ¥ pla
P, d 3t a=0 (mod p), %® a? =0=a (mod p). § pta P, ¢ Theorem 3.3.4 sr a1 =1
(mod p), &% #Fk+t a ¥ # a’ =a (mod p). 0

3.4. Wilson’s Theorem

% p & B F#PF, F pfa, P| Fermat’s Little Theorem % 3% # * a”~2 % modulo p 2
TH aiEF Ak, 8% g hki2 F ~ % & modulo p 2. T £ri— 1, Wilson’s Theorem
By AP dmodulop 27T ahikiE F A F ¥ - fE &2

ST meN, ¥ E R frm 3 Fehk#ca, ¢ Proposition 3.2.5 ﬁfr’?a""v’ MR- Bem
3D 17 ab=1 (mod m), 3P 4% 2 B RGHRD D T A vE- | & & modulo m
BEL T G R 4 AR B m LT e b R AR § P . BfEn
modulo m 2. 7 3k F ~% % - £% modulo m 2. T ¢ reduced residue system B %
54

Lemma 3.4.1. £ T meN, B3k S={r,...,rs(m} £~ B reduced residue system modulo

m. RI3E L eSS ¥ s bri-ar;eS &% rr;=1 (mod m).

Proof. #]1% S &~ % reduced residue system modulom, # - # S ? v % 5; ¥ fom 3
B, #f1* Proposition 3.2.5 v & beZ # 7 r,b_l (modm) d 3 bfom s B3 F
#d § & - B reduced residue system modulo m 2. T_3& & 33 A wr;eSdgr b % modulo m
22T A R, - i*u{;ru b=r; (mod m). F]y*d Lemma 3.1.3 %, r;rj=rb=1 (mod m).
ECACIER

HaveE— M, AP LBR rneS ¥R =1 (mod m) M A rirg=1 (mod m). F]t
# rirj=rire (mod m). e d ** ged(m, rl-) =1, f1* Corollary 3.2.4 ¥ r;=r; (mod m). & §
&_reduced residue system modulom %57 S ¥ 4p £ 7+ % & modulom 2. F B E_ 7 F #

txd ri=r, (mod m) v rj=rp. FHEE- L O

b4e § ={1,2,3,4,5,6,7,8,9,10} & - B reduced residue system modulo 11, #% modulo

11 2.7 3 5

Ix1=2x6=3x4=5x9=7x8=10x10=1 (mod 11).

i@+, S ¢ “ﬁi’) 110 et B @ e d ¥ F & ¥ theha % 4p %k, & & modulo — #&ehn
Tt A5,
Lemma 3.4.2. %%~ Fi#p. Al ac€Z % a®>=1 (mod p) ¥ *&% a==+1 (mod p).

Proof. % % a==1 (mod p), B| a®> = (£1)* (mod p). ## a*> =1 (mod p).



3.4. Wilson’s Theorem 43

Fz2,% a=1 (mod p), 7 pla*—1, 4 ik{;’m plla—1)(a+1), =75 p L F ik, fI*
Lemma 1.4.2 ¥ pla—1 & pla+1. = i}“{":’“ a=1 (mod p) & a=—1 (mod p). O

%1% Lemma 3.4.2 & modulo — #k ezt F ez if‘u% - ¥, b4 A modulo 15 2
TR Lo 14 B 4 R =1 (mod 15), & T RHA SN AZE L] mod 15, 411 &
F1* Lemma 3.4.2, 2% 7 & 7 "2 _f FF el 2, ot g2 ¥ 2 18 3] Wilson’s Theorem.

Theorem 3.4.3 (Wilson’s Theorem). % %~ H# p. & {r,...,rp—1} % — reduced residue
system modulo p. R

ri-rp-1=—1 (mod p).
Frojp iy

(p—1)!'=—-1 (mod p).

Proof. & p=2, Bl modulo 2 2. T & reduced residue system * {ri} - B~%, 2*¢ r =1
(mod 2). & & modulo2 22 T A5 1=—1 (mod2), & ®# rj =—1 (mod 2).

WA p>2 i), & S={r,...,rp—1} ¥ 3 ged(p,1) =ged(p,—1)=1 2 1#£ -1
(mod p) (% R p2), A w5 €S AP ri#r; & r,=1(modp) ¥ rj=-1
(mod p). Flp* 2 & — i APEFEE rp=1 (mod p) ¥ n=-1 (mod p). ¥ g r, €S,
H¥Y 3<i<p—1. ik Lemma3.4.1 75 - chir; €S & % rir;=1 (mod p). F15 ri# +£1
(mod p), #4v rj#£1 (mod p), ,T*{Fn.3<]<p—1 X Er=r;, ¢ % r’=1 (mod p),
e Lemma 3.42 403 §, & i# j. ~ i}num e T={r,...,rp_1} ¥ EB- 2 F 5, &F
PBrra- ¥ - 2F ;€T % rir;=1 (mod p). FIL NPT UHET ¢ g p-3 Frids
AP (Ll p LHE), @ FF - HY AAMREF L p £ L L Ly, =]
(mod p). F]yt i B

rirry--rpo 1 =rirp=—1 (mod p).
Bfsd 2 {1,2,...,p—1} &~ B modulo p ¢ reduced residue system, ¢+
Ix2x--x(p=1)=(p—1)!=-1 (mod p).
O
FpE-F#® affop 3 g, 2w 4% Wilson’s Theorem 45 ¥] % modulo

p2TF.ahfiEF A%, 43 %F a==+1 (mod p) B a®>=1 (mod p), ﬂ}n-\,;ua ~E A
modulo p 22 T H g2 enkiEF A, ArUAPE NG aZ +1 (mod p) iR

Corollary 3.4.4. %~ F#cp % acZ %X pfa. BK a=i (mod p), B¢ 2<i<p-2.
F 4

Bl ab=1 (mod p).
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Proof. d »* 2<i<p-2, A fpic b - B # . pF
abzi(p_iz)!z(p—Z)! (mod p)
Ad (p—1)=(p-1)-(p—=2)! 2 p—1=—1 (mod p), &=F&#
ab=(p-2)!=—((p—1)1)=1 (mod p).

O

A& 5 - TR Lemma 3.4.1 - &ehmeN f84 2 {2 Lemma 3.4.2 F 4]

BB #cpE 4 = 2 112 Wilson’s Theorem % modulo - #éim T 7 - 2= = ﬂ} K3 %’
To(m

{ri,...;rs(my} &~ ® reduced residue system modulo m, & % - T+ 12 {8 r- )=
mwmlwr1m®bw TAPLR 440 —4 aaﬂzpwzlwww%#
124 * Theorem 3.4.3 chzEf = 2 (8 &3 8) A v &, % {r,...,rs} - B reduced
residue system modulo 15, B rj---rg =1 (mod 15). 82 X 4] * Theorem 3.4.3 1> & A i@
¥ 11 #- Wilson’s Theorem & & 3| - 45 m #F35, 7 i ¢ PF¥t— B modulo m 7 reduced
residue system {ri,....ropm} ® L r7 =1 (mod m) e r; § F 1% % faH), 3334 kg fe,
&é@ﬂW$1iﬁﬁﬂ.
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Congruence Equations

F A modulo m 2. T =" F e “=7 - RE R, NP R R OT U IE RS 20
R RE. ip ke A2l ,T‘wffi— % congruence equation. A £ ¢ AP R HHZE REc
congruence equation. iz— F ¥ | 2 R4F 24 f# congruence equation - £ K R, 4@ P

R F| 4+ € IL 12 3 fE— =X 9 congruence equation.

4.1. 2 Congruence Equation R B

X - FRESIES f(x) (F fx)=cX"+--Feax+tcey, B ¢ €Z), 43 flx) ik
BoE il Hox I - FHca P fa) PR EE B FE T mEN, AP T IR L OE
#a €itF fla)=0 (mod m) (¥ m|f(a)). 45 ST} mf&fﬁtﬁii‘u{”ﬂﬁ #7f% congruence
equation.

L f(x)=cpX"+ - axtc, B €L FL @t meN acZ I f(x) =
(mod m) - B f, ¥ f(a) =0 (mod m). ®BFX b=a (modm), 4 Proposition 3.2.2 &,
#$iEzR ieN %3 b=d (modm). £+ k- Proposition v ¢;b' = c;a' (mod m), & @ @
f(b) = f(a) (mod m). # 3%, ¥ x=a L f(x) =0 (mod m) th— B f#fi#, Iz L,
beZ wE b=a (modm),x=>b 75 f(x)=0 (mod m) ch— BfE. “7T11% x=a Z_ f(x)=0
(mod m) - B FficfE, A PE Y g3 x=a (mod m) & f(x) = (mod m) - B R
AREFFaed BB modulom 2T fra * FAAGERE L f(x) =0 (mod m) hfE. i
&R s iR 2% modulo m fne ARSE N N 2INB T gk end E 2 2 A BT Sk
fER T AT A A f(x) =0 (mod m) nfEpE, 3 8 _modulo m e AREE, F g A
# f(x) =0 (mod m) ehf# P BepF, 34 0 & modulom 22T F % > g R Pﬁffsfi\ﬁg s B
f(x)=0 (mod m), @ * X F % > B K #fz.

Ko AR kg, 2R & 79 - B modulo m £ complete residue system S, #X {8 #- S
- - f) 7, gRvi- 2 g E f(x)=0 (mod m), 3’&}%%};? PE RO BT
L AR E eom (R FEAI" BMEZRET . FIUAPFEL R E- 2%, 10 IRfE

45
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- & 7R e congruence equation H fEendF{d. 2 2§ E R, AP AviE - B congruence
equation # modulom 2. T H f2ehB 3 ¥ ,T}u{ m.

HF+, Aipzw f]}bh FEf 1 - & 2 congruence equation e 47 . A modulo m 2. F
PacZekizr A ESRBEEF S ﬁ"’-‘»{é_ﬁéi ax=1 (mod m) (* ax—1=0 (mod m)) i&-
¥ congruence equation. d Proposition 3.2.5 &v§ afrm % 3 ' PF Y congruence equation
£ f# ¥ ¢t 4 b Proposition 3.2.3, 24 § a from I B P congruence equation -

modulo m 2. T j *E— fZ,

£ 4 Lemma 3.4.2 €314 % p ¥ #pF x> =1 (mod p) «j. #* pFd Lemma 3.4.2 3
Paey p EH FEPFEF S B A5 E x=1 (mod p) frx=—1 (mod p). X P iEF m 7
L FHepF, 822X x==+1 (modm) 3 x>*=1 (mod m) i&— # congruence equation 17 i
f&, 2 #* congruence equation § ¥ it F %3 B fE. b4 x2 =1 (mod 15) hjz )I* L d_x==+1

(mod 15) fr x =44 (mod 15) i& 4 B2, TfriP- BR - B n=x 7851 55 n Bz
P, BEFEAR.

- B IR GEIAND TG o0 BEORFILFILR BRI ESNLF G ) g
ZERIL, T BRILT G E fl"f%tﬁiﬁ v 7@%‘;"‘%5‘{“ B® XA dcn 1 Pk
GBS M pE, DV R R R

- =t 518N m']‘%“; .

Lemma 4.1.1. BX& f(x) ¥- B n=x (n>1) FEGHEKIENE acZ PlEo- B -1
KA GHE SIS h(x) ME reZ HE

Proof. ¥ f(x) eh=t & n Wi Eﬁ?p HLER f) L1 X 5AENL, T f(x) =cixteo, Pl
h(x)=c1 ® r=ac)+co, P E (x—a)h(x)+r=f(x).

et WEF 2, BRH T <k DFEREIAN gx), ¥ r -1 TN RES R
3 ho(x) 11E g €Z R 1 g(x) = (x—a)ho(x) +ro. RA R f(x) ke n =k A, 4 R
o f) =axr+ao b o boxte, P GEZ T o #£0. £ g(x) = f(x)— (x—a)exr !,
Pl g(x) = (comy + )™ 4 meixteg Bm B k SR RS T & E R RR
i - B Y k=1 RS IR ho(x) MR rg€Z #F g(x) = (x—a)ho(x)+ro.
e T3 f(x) = (x— @)+ (x— a)ho(x) +ro. 22 h(x) = cxd L+ ho(x) 2 E r=rg, 2
4 h(x) B- Bl k—1 EEAES TR reZ % f(x) = (x—a)h(x)+ o

£ % Lemma 4.1.1, & P ¥ 2 EFF p - F#m i modulo p 2 7 - B n = e
congruence equation # % 3 n Bf%. % g L3N P F H- B congruence equation =t HF
BT

Definition 4.1.2. X f(x)=cx"+ - +cix+co §- BEGEK I AN LemelN.

(1) & mfc,, PV FH f(x) & modulom 2.7 &~ = # (degree) 5 n 5 7 5%,
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(2) # mfc, & mlc;, for r <i<n, PIZAPH f(x) & modulom 2.7 & - BxHiZ r
5785

dod - B GBS I g(x) 2 A omodulom 2. T 2 S Hici on, B PH g(x) =0 (mod m)

¥ - B n = #1 congruence equation.

dpt g R APAEE f(x) - B modulom 22 T S d#ci: on EF BB SEN, 5V R
fx) 2P A3 ph 2 EAPFTUBI- BBcs on D GE S BN g(x) (B
el f(x) ¢ F AR m ErReR) R W E- Flca, $F fla) =g(a) (mod m). #f 12
f(x) =0 (mod m) 1f% € fr g(x) =0 (mod m) 4p fe. o *+ 3¢ lF“ ¥ B & congruence equation
fE, Pl 518 F - B n = eh congruence equation f(x) =0 (mod m) BF, 7 % —dR

sipged BiER f() P

Theorem 4.1.3 (Lagrange). % % - F#cp M & - FG#E S B f(x). 4o% & modulo p
2.7 f(x)=0 (mod p) - i@‘/kg{p ne 33N B f(x) =0 (mod p) % modulo p 2. %
53 n Bz

Proof. # % - & AP EXK f(x)=cxX"+--+cix+co, B¥ pley. P ¥ n xpLﬁTT?pwé
BAEE f()=cixtco - FFEGESANPF, KX x=a (mod p) & f(x) =0 (mod p)
- BfE. LY BX x=Db (mod p) » 4 - BfE, 7 clatco=cib+co (mod p). Fli
gcd(p,c;) =1, ¢ Lemma 3.2.4 ¥ ¥ a=b (mod p). ﬁ"n—‘,,ru n=1pm3% %3 - Bz
*RFABRLF n<k FF- @ n = congruence equation I 5§ n i % IFL“V & n=k
H35. % x=a (mod p) &_f(x) =0 (mod p) e BfF, fI* Lemma41 1A - B dikc
Pk—1 ek BmN h(x) M2 reZ #® f(x)=(x—a)h(x)+r. #EX x=a (mod p)
4_f(x)=0 (mod p) - BfE, T f(a)=0 (mod p), #-a & » & f(a)=r=0 (mod p). R
FTF)"»?R x=b (mod p) » - Bfz, pld f(b)=(b—a)h(b)+r * (b—a)h(b) =0 (mod p).
% 2,% b#a (mod p), ¥ pt(b—a), Pld Lemma 1.4.2 &=, p|h(b) T"n\pﬁ.x_ (mod p)
A_h(x)=0 (mod p) - i fE. F|pt AP &g k =0 congruence equatlon f(x)=0 (mod p)
G2 5 x=a (mod p) & h(x) =0 (mod p) hfz. X h(x)=0 (mod p) & - B> k
£ congruence equation, ¥ i §f i i BXRHEI 3 k—1 B2 &F# f(x) =0 (mod p) 2
54 kB a. O

B S A R X R R, & f# congruence equation f(x) =0 (mod m) % #-f# 973 Fin B
Tk,—&g%ﬁux:ammMﬂéﬁﬁ%ﬁﬁT%.Z@ﬁ%éT%Qﬁ$g%ﬁu
modulo %] thfceh 8B T Gldefz x> =1 (mod 8), g HATF Ehd Etfs""}% X, 4T a 0
FAPT UEEYLx=]1 (mod2) BT, AEEALERANNB T APRE FOB
#PEFTHZE & modulo F A2 T Rl Hldcit H]¢ APET uE 2 =1 (mod8) A

]

modulo 8 2 73 x=1,3,5,7 (mod 8), 4 &%, ~ & modulo 2 22 F - B fE.
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4.2. 3 BF T h 3

AP AL AY r ah E #— B T congruence equation = i B~ BRenAj i L

fid- e RN TF“%’KfF)‘l’é{ fx)=axX"+--+ax+ap, 2? a;€Z, 7 meN { - ¥z
i, AP E A f(x) =0 (mod m) i&— B congruence equation.

- AR EeRar ok d 2_ay,...,a1,a0 1 E om0l o Flie s %{;&5\ (R
#a; 2 m B X a,=dyd,...,ay =d\d,ay=ayd 1 * m=m'd, £ ° izt d,cZ ¥ m eN.
L oglx)=ax"+ - -dix+ay, AP REFEH f(x) =0 (modm) 2 g(x) =0 (mod m') &7 B

congruence equation 2. fF eriff %,

Proposition 4.2.1. ¥ T meN 2 f(x)=axX"+---+ax+ay, 2 ° a €Z. #H& d
A ay,...,ar,a0 2 m 0 > F¥? a,=dd,...,a=dda =ayd ME m=md %
gx)=ax"+-- +ajx+a.

¢ (mod m') #_g(x)=0 (mod m') eh—- B2, PIFEZ R r€Z, x=c+m't (mod m)
3 f(x)=0 (mod m) enfz. ¥ - > &, % g(x)=0 (mod m') &%, P| f(x) =0 (mod m) &

7

Proof. x=c¢ (mod m') % g(x) =0 (mod m') eh— B2, &7 m'|a,c"+ - +djc+a; FI*
v & md|ddc" + -+ djdc+ayd, ~ IT}D{'}L;L mla,c" +---ajc+ap. FH x=c (mod m) &
f(x)=0 (mod m) - 1B f%.

BHER€ZF K =c+mt. 4> c=c (modm'), v x=c (mod m') » &_g(x)=0
(mod m') eh— BfE. 2 * o a3t I =c+mt 5, Ao x=c+m't (mod m) &
f(x)=0 (mod m) eh— Bz, Fp#EP 1 HER r€Z, x=c+m't (modm) » € & f(x)=0

(mod m) - B f#.

¥-2%,% x=c (modm) 5 f(x)=0 (mod m) - Bf% ¥ m|a,c" +---+ajc+ay,
Bl m'|a,c"+- -+ d\c+ap. ~ iﬁ{;ﬁ;xzc (mod m') 5 g(x) =0 (mod m') eh— BfE. FlptF
g(x) =0 (mod m') &%, B f(x) =0 (mod m) 7= & fZ. O

Proposition 4.2.1 £ %34 i de%k x=c (mod m') #_g(x) =0 (mod m') e B f2, B4
EZR 1€l x=c+m't (modm) i{ § 4 f(x) =0 (mod m) eh— BfE. 7 iHigsLd >t PE
% J & modulo m i, P53 BELL M FF L F (=1 (modd), WA di—r, 7@
dm'|m'(t —t"). » i*u{;fu chmt=ctmt (modm). Fp A5 &4 E x=ctm't (mod m)
AP O0<r<d—1 gpw o . & AR, & modulo s’ 2.7 () =0 (mod m) & i i,
§ ¥ f(x)=0 (mod m) & modulom 2.7 d B fE a5 B f(x)=0 (mod m) Fjiz 3%
§ L g(x) =0 (mod m') s, FJpt§ 11T gk,

Corollary 4.2.2. 4z meN 2 f(x)=axX"+---+ax+ayg, £ ° a,€Z. #HBK d A

Ap,...,a1,a0 2 m i 2> F#? a,=da,d,...,a =d\d,ap=apd % m=m'd. £ g(x)=
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ax'+---+dx+a, ¥ gx) =0 (modm') & modulo m" 2.7 5 k B fE, Bl congruence
equation f(x) =0 (mod m) & modulom 2.~ € 3 kd T f%.

Proposition 4.2.1 #- i modulo m 7 congruence equation i* = — & modulo " & -] e
m' ¢ congruence equation. & — kd 3t A& modulo m’ 2. T & ¥ B endcil b R K
RGO RAE .. a,a0 foom B3 F A0, A T 00 4 g modulo $-] hiE g

—JFI:“‘ KRR R, NP T

Lemma 4.2.3. ¥ meN 2 - g i A f(x). F m'|m 2 f(x)=0 (mod m') & f%,
Bl f(x) =0 (mod m) 7 & f%.

Proof. B3& f(x)=0 (mod m) 3 f2F x=c (mod m) 5 & ¥ - &, T m|f(c). d 3t m'|m, &
m'|f(c), » i&{éﬁxzc (mod m') 5 f(x)=0 (mod m') 2 - fZ. s & EX f(x)=0 (mod m')
£f%73 5, = ## f(x) =0 (mod m) & j%. O

Lemma 4.2.3 v Proposition 4.2.1 % F 2_ g ? >t Proposition 4.2.1 #-k& % 38 3¢ & féfﬁi
“f o Feis ¥ g modulom’ 2 fEF, A P F Al H2E 0 R 438N & modulo m 2 fE,
Lemma 4.2.3 2% % 55558, ¥ @4k § 5858 & modulo v | ehm' 227 g f@v 4418
B% 3538 A modulo m 2. T & fE. 2o K 9T é_ modulo m’ 2.7 3 34 % ¥ # & modulo m
22T F iR, m E S mEARE R AN 2R
equations, F£F ¥ © F A ofR 2 5. “Ei} AAPEFH T A .

- B e (;ﬁ}._,g’_\,ati%-m B Pl f&, T om=p)'-pir, B P ipl p S 4p
BB BFERFHHEAT =1 r, f(x) =0 (mod p) 2 fRentEa T, FL A

VI
IPRLEER -8

\h

%% RSB m T #AF o congruence

Proposition 4.2.4. Bk m=pll - plr, ¥ B8 p i B FEE f() 5 8 A
BN Frhie{l,...r}, 8# f(x) =0 (mod pi") &%, Bl f(x) =0 (mod m) & f&. ¥
c

-

——%\:N,

(mod m) % f(x)=0 (modm) 22 —BfEErrarzg g ic{l,....;r}, x=c¢

X
) % 5 f(x) =0 (mod pi') enfz.

(mod p;
Proof. & &£, d 3t plilm, ¥3* 2 * Lemma 4.2.3 5, % f(x) =0 (mod p}") & f%, 7] f(x)=0
(mod m) # f%.

REBEE x=c (mod m) 5 f(x)=0 (mod m) eh— & ,T*u{?m m|f(c), d =
ie{l,...r} %3 pflm, = pi'lfc). Fletdwsefy hie{l,...,r}, x=c (mod pi') %
f(x) =0 (mod p") ez,

F2o mEers oied{l,.. r} x=c (mod p!") ¥ % f(x)=0 (mod p}") enfz.  pli|f(c).
g plt AA @ 3 en, 1% Proposition 1.2.6(2) v pit---pir|f(c), 7= T m|f(c). &
U

ol d
#x=c (modm) 5 f(x)=0 (mod m) - B fE.

,
m

Proposition 4.2.4 £ 33, 3 - B p; @ # f(x) =0 (mod p}") &%, 78 f(x)=0
(mod m) e fa. i Aok 4953 0 p;, f(x) =0 (mod pi) * 3 %, £F 427 f(x)=0
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(modm) § fave? ¥ (&4 ¥ @A FZRAHEL T p BREDEALPR, & ?' K
s €T en? R4 TILT 3 I - Flick PP & modulo pl' T & e 8 F
Proposition 4.2.4 # 4 f(x) =0 (mod m) F f&. B>t 300 02 18 G dF 33 @ RF14R TIZpEA P
g & Hp.

4.3. - = #h Congruence Equations

A dE A f§ B 99— f& congruence equation, # iIA{— =X &7 congruence equation. #\ ¢
#-g i HfReDB 2 fRe0A550

& T meN *r3] modulo m - =t congruence equatlon T ax =b (mod m) i
7* £0 congruence equation, 2 ¥ a,b€Z 2 mfa. FANP kg gAoP AN - B - X

congruence equation £ % j f%.

Proposition 4.3.1. %% meN. ¥ g - = e congruence equation ax =b (mod m), & ¥
mta. BK d=ged(m,a). Bl d|b &2 % ax=>b (mod m) F f%.

Proof. i & d=gcd(m,a), # d |m, #* ¥ 12 % J§ congruence equation ax =b (mod d).
Ad AP d|a, F]¥ - modulod 22 T # ax=0x (mod d). E dtb, 7 b#£0 (mod d),
## congruence equation ax =b (mod d) (¥ Ox =b (mod d)) # f%. #d Lemma 4.2.3 +
ax=b (mod m) & f%.

F 2., % db, Bl¥ 7 d=gcd(d,b) = ged(ged(m,a),b). 4 a=dd,b=>bdm=md.
d Proposition 4.2.1 %= ax=5b (modm) F f&2% * *&% dx=b (mod m') F f&. M d >
ged(a,m) =d 35 ged(d,m') =1, i& Proposition 3.2.5 =3 tre € Z & 18 d'e=1 (mod m').
te#-adx=b (modm') 2.5 #Fk+ e (¥

x=dex=b'e (modm').
F 7 x=be (modm') 5 dx=b" (mod m') eh— B f% %)@ d Proposition 4.2.1 17 v

x=b'e (mod m) 7 5 ax=>b (mod m) - B fZ. O

% Proposition 4.3.1 &g M ¢ A3 1] d/x =50 (mod m') % modulo m’ 2. T - ‘e

f2. 29 1, d 2 ged(d,m') =1, abe’ (mod m') % modulo m’ 2. T éfE % F + e

Lemma 4.3.2. % 2 me N.
ax

¥ J& — =% 0 congruence equation ax =b (mod m). &
=b (mod m) & m

ged(a,m) =1, Bl a odulom 2.7 H fae— |

Proof. 3%k x=c¢ (mod m) v x=¢' (mod m) ¥ 5 ax=0>b (mod m) - B f&, Pld ac=
b=ac (modm) ¥ m|a(c—c'). £ 4 ged(ma)=1, ¥ m|c—c (Proposition 1.2.6), 7=
c=c (mod m). O

f1* Lemma 4.3.2 24§ + ¥ 11 4rif ¥ congruence equation ax =b (mod m) 3 f%, B

H % modulo m 2. [ 1B k.
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a

Proposition 4.3.3. 4@ meN. % Jg— = 1 congruence equation ax =b (mod m). %
d=gcd(m,a) ® d|b, Bl ax=>b (mod m) & modulom 2.7 %5 d Bfz2. ¥+, % x=c
(mod m/d) ®_(a/d)x = (b/d) (mod m/d) - B f%, Bl ax=>b (mod m) % modulo m 2.
i) £

m
=c+t—, t=0,1,...,d—1.
X c+ d7 )Ly )

Proof. # d|b, B|¥ ¥ d = gcd(d,b) = ged(ged(m,a),b). £ a=dd,b=bdm=m'd. 4 >
ged(d',m') =1, & Lemma 4.3.2 &t i 4w d'x =b' (mod m') % modulo m’' 2. & H fgrr - .

EIJ_;I_?:

% x=c (mod m') A4 Proposition 4.2.1 &= ax=5b (mod m) efz2 % 5 x=c+tm'

HY reZ. {4 Corollary 42.2 #4rf modulom 27 ax=>b (modm) £ F d %,
x=c+t(m/d),t=0,1,...,d—1. O

57 3, # P 4F ) % Proposition 4.3.1 4+ Proposition 4.3.3 % & = 11 T chg 2,
Theorem 4.3.4. 42 meN, a,beZ ¥ Jg— = 1 congruence equation ax =b (mod m).
£ d=gcd(m,a).

(1) & d1b, Pl ax=b (mod m) & jz.
(2) % d1b, Bl ax=>b (mod m), & modulom 2. 5 d Bf%. ¥ %2 4 x=c (mod m)
w = fE, Rl
m
= —t, t=0,1,....d—1
X C+d’ ...,

v

% ax=b (mod m) % modulo m 2. #7% efi%.

Fulyp, § afom I TR, 8095 beZ, ax=b (mod m) ¥

T A rE - e,

f&, ® Hf2 % modulom 2

~=b

Example 4.3.5. 2 & 2 16x=8 (mod 52). F] ged(52,16) =4 ¥ 4|8, wx+* congruence
equation & F f#, ¥ & modulo 28 2. T £ F 4 B fZ.

BANP AR 4x=2 (mod 13). 4 % 4x10=1 (mod 13), 3 P &+ x=2x10=7
(mod 13) 3 4x=2 (mod 13) #h- BfE. Flm ¥ x=7 (mod 52) % 16x=8 (mod 52) #-
BfE (T 16x7=112=52x2+8).

I H B enf2 d 3t 52/4 =13 ik Theorem 4.3.4 % # modulo 52 2. F x=7,20,33,46
(mod 52) % 16x=8 (mod 52) 77 f&.

fg A& A LW pP, d Theorem 4.3.4 #if ¥ £ 45 7] ax=b (mod m) - B %, iﬁ?
"1:}*} F|H & modulom 2. T #75 hfE. d A pE d =ged(a,m) | b. s ¥ oA EE AR "f
AR ax+my=>b - BEEEx=ry=s }Fd N ar=b (modm) d ¥ 8 x=r

(mod m) % ax=>b (mod m) - 1 fZ.
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4.4. Chinese Remainder Theorem

B m=p'---pir B¢ p; AR F#® f(x) - B ¥ ? 38 ;5. Proposition 4.2.4
AP E T ze{l,...,r},f( )=0 (mod p}') % F f2% 5 = F &, B f(x) =0 (mod m)
T F R AcP I & 2R ? ¢ W4 TIL (Chinese Remainder Theorem) # 37 3% i 5 &
B w3 % f(x) =0 (mod p') enf5 5 ;Ihv EI X PR,

Theorem 4.4.1 (Chinese Remainder Theorem). % % - %2 my,...,m, e N 2 ¢ izt m; ¥
B 3 (g i# ], ged(mi,mj) =1). RI¥E ,Em ooy, €L ¥VHII- Fik

c it ¥

c=c¢; (mod m;),Vie{l,...,r}.

Proof. 51>, M4 M=m---m 2 HZR ic{l,....,r}, £ Mi=M/m,.

LA M fem 0T o G (1) F i#J, B miM;. (2) ged(Mi,m;) = 1. 42
(1) d M; cha & 4pts % FIxB 3 750, 230 (2) % 2 - 4id (B3 - T my cER), AP
FHEM gedMy,m)=1. BK My,my 2 3 F, F3 - Flcp @8 pMy & plmy. Ra ik
& My =my---m,, #d Corollary 1.4.3 o33 e i € {2 Lry @1 plm. e E_i# 1, R EXK
ged(my,m;) =1, #& plm; = plm; v my,m; = %‘%B , w73 ged(My,m) = 1.

2T R A PRES - ey, ET @ f«i‘i’r“rp drie{l,...r},

t=ciMty+- + Mty

TmE t=c¢ (modmy). RafEwa- w2, cZ ME-YEaic{l,...,r},d (1)
(% m;|M; for i # j) 3% i ’“”ﬁ t=ciMit; (mod m;). F=APEZHI ,€Z # 8 oiMit; = ¢
(mod m;) F+. #%ad (2) (¥ ged(M;,m;) =1) 12 %2 Proposition 3.2.5 &% % ¢ € Z
# # Me; =1 (mod m;), &% 4 ti=e¢;, B t =cMie; =c; (mod m;). F| ¥ 573 i€
{1,...r}, 2P LB T ¢ @ EF Me, =1 (modm;), £ £ c=ciMyey+---+cMee,, PI¥ {8
c=c¢; (mod m;),Vie{l,...,r}. O

BAR! F@E m 2 EAS ST TR LT EL T, P AETHI - BEHECR
( m

® c=c¢; (mod m;) ¥t#73 hie{l,...,r} ’Ka\f'. L’vlézré m =4 m=6F%% |G c =1,
=2, Bl ’P"u:b“ Bk c FF’FW%&C—I (mod 4) ¥ ¢=2 (mod 6). i&XF5 % c=1

(mod 4) %77 ¢ 5 4k+1 0558 fa i F ¥k Aa % c=2 (mod 6), Bl ¢ 5 6k+2 2.755%,
&G Bl T E RV AP D B e 1k
—_B/L';j\‘zy,_,}\.lfﬁ""ljﬂz—a Et:]f Eki-’—ﬂ S\lt}\ﬁﬁk'lﬁ”

X=c (mod my)
X=c (mod my)

X=c, (mod m,)
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BRI RN, - R RN ER N - BEFBERFES LG BT REA
kgidp. @ & Theorem 4.4.1 ggp ¢ | < 5F g & Sl .. 95K T, )I*uqdﬂ B

fr e F iRy BRI BREN L K, B f*;jk%ygﬁi TR kg g T b

Example 4.4.2. £ 32 _m =3, my=4, m3=5"1% ¢c;=2,c0=1,¢c3=3 AP % ZH 3 -
B c % c=c¢ (mod m;),Vie{1,2,3}. ~ ﬁ&{?y&:})}f'l c fp R &

a a0
I ne

i BB Theorem 4.4.1 e gLim2 3P 5 M, =20, M, =15 73 M3 =12. "ﬁifﬁ[’“:}%i']
ey €Z i# 8 Mie; =1 (mod my), ¥ 20e; =1 (mod 3), ~ T’ua;ﬁw%i%l =1 (mod 3). ¢
I e =2 FREAPEPI eres ~ %% A 15 =1 (mod 4) (7 3¢, =1 (mod 4))
% 12e3=1 (mod 5) (7 2e3=1 (mod 5)). ¥ ex =3 fre3 =3 & 5% & F . &4
c=2x20x2+1x15x3+3x12x3=233 % & 233=2 (mod 3), 233 =1 (mod 4) 1 %
233=3 (mod 5).

o HkE, ST meN, BER m=pl'-plr, B p AR T H 0% f(x) £- BEG
BT, £ f(0) =0 (mod m), % 1 L¥E B py 4 £(0) =0 (mod pl). 4ok §
- B pi# 2 f(x)=0 (mod pl") & fi# i, 7R A& Proposition 4.2.4 4 f(x) =0 (mod m)

EfR k& - B p ¥ g RE f(x) =0 (mod pi'), Bl & Proposition 4.2.4 Fv, F &8+ =
ey
f(x)=0  (mod py')
=0

(mod p5?)

fx)=0  (mod py)
FoxFEATE f(x)=0 (mod m) ijz. ﬁ”ﬁiﬁ S e R FEL, A ¢ FFIR TIL L A

GRS 4 W 32 R AR AR 3 S L Bl S R T
Corollary 4.4.3. & m=p'---plr, £ ¢ & p; Sip & FHE fx) 5 - F s A0
PIEtEL ie{l,...r}, f()=0 (mod pf") % fa% 2 v&% f(x) =0 (mod m) § f&,

Proof. i Proposition4.2.4 %=, 4r% f(x)=0 (mod m) F f#, Pl =& ie{l,...,r}, f(x)=0
(mod p}") ¥ 7 f%.

REXRHEL ie{l,....r}, f(x) =0 (mod p") *F f&22 x=¢; (mod p") % H - fZ. o
ripd plt B8 A 3 Fihgkik Theorem 4.4.1 v, 5 ceZ B EHE R ie{l,....;r} %7
c=c¢; (mod pi") T}K‘}MI ZLie{l,...,r},x=c (mod pi") 5 f(x)=0 (mod p/") 2 - f&.
L Pr0p031t10n424 @ x=c (mod m) 3 f(x)=0 (mod m) 2. - f#. O

AR - B S Ol H RS BRART 6 T S RN F R, & LA
R R I E %g&ﬁ;’g@}ﬁr* GWEA TR A R fRBE E e it TS ch

e o 2 v
A A fRE
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Example 4.4.4. & % jz2 x> = (mod 15). &% 6 BExwNPw 0L wd R x2=1
(mod 3) 2 x*=1 (mod 5) =hj3. F15 3 4r 5 % 5 ¥k, & Lemma 3.4.2 5 x==%1 (mod 3)
fex=41 (mod 5) # % 5 x¥*=1 (mod 3) fr x> =1 (mod 5) 2 f&. FJt A& F 5|12 T b
» i B% = 1 congruence equation:

x=1 (mod 3) x=-1 (mod 3)
(1){ x=1 (mod 5) ’(2){ x=-1 (mod 5)

x=-1 mod 3 x=1 mod 3
(3){ x=1 Emod 5; ’(4){ x=-1 Emod 5;
(1) 40 (2) 3 g B f A PR L e 1 57 A RS (1) 7 (2). 5 117 18 &
(3), 4 ¥ r4i% &_(4). #7r4d Proposition 4.2.4 2 P 4r x=1,—-1,11,4 (mod 15) 3% & =1
(mod 15) hfz. 2P H 3] x> =1 (mod 15) % modulo 15 2. F e 4 iz, ¥ 7 %\:r,?u""*ﬁ &
4 BfE. 2 E~ FF M P FE%FE- T modulo 15 2 TFER W F i 4 BfE

Bt Bo)F ¢ Apfad x2=1 (mod 15) % modulo 15 2. F ¢h 4 B a3 Firm T E &
FE4BRELALAPD LY d WSO, L7385 # 8 S 4 A58 Theorem
441 R A FAPfROG A, T AL FAPILTE G H B R %J’*\ﬂffa”"'ﬁiﬁg’ﬁﬁ???ﬁ
e qH @ fgiom Faon? APEEY - X FF ¥ S 'g" 3 PR Bl iz P, p
"“)j}b? BT fEB T

Theorem 4.4.5. %2 - %2 my,....m,eN B¢ gl m ¥ 33 F. & M=my---m,, P|$

ER - 2 cp,...,c, €EZ YT B2 60 congruence equation
X=c (mod my)
X=c (mod my)
X=cr (mod m,)

& modulo M 2.7 33 favi— G- BfE. EF L E c€Z HE S congruence equation, P
HiEzd J€eZ BE I =c (mod M) ¥ € /% &S+ congruence equation.

Proof. Theorem 4.4.1 & #F 5 f, A P& FP & modulom;---m, 2. H jiZeE— .

B c,c €7 ‘¥ % B4} B> a0 congruence equation. ih{;suﬁ&"é ie{l,....r} &
Pe3 c=c¢ (modm) ¥ '=c¢; (modmy). Flpt 2 iz ie{l,...,r} ¥F mjc—c. %
B m I3, #41* Proposition 1.2.10(2), # ## my---mylc—c/, T ¢=¢ (mod M).
J~' 7*5'\ & modulo M 2. T B fZr— |

¥ - 2 &, % c & X congruence equation * ¢ €Z % %X ¢ =c (mod M), B¢
s¢iE i ie{l,....r}, M, & =c=c¢; (mod m;). 7T ¢ % K congruence

equation. [l

b4 & Example 4.4.2 ¢ | AP A x =233 & &L
2 (mod 3)
1 (mod 4)
3 (mod 5)

X
X
X
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i&— 2P * o1 congruence equation, #714 d Theorem 4.4.5 4 ix &, i e c % &L c=233=53
(mod 60) ¥8¥ 1% X ig— 5= congruence equation. X7+ & F & & ¢ =53 (mod 60)
B B KB 2 congruence equation.

Theorem 4.4.5 * Theorem 4.4.1 = #. %] i #& Theorem 4.4.1 ¥ AP 3% 2 2075 &
M, @ Theorem 4.4.5 ¥ % {3 modulo my---m, 22 T E_ 3 a2 rvE— e, a ¥ Fla 7 d - 7
Brert it 4 ehd 2 g #a RIS B ki, B 3 83 HRR 9 Theorem 4.4.5 ¥ f2.
% Chinese remainder theorem. ¥ A B 1 & § %5 BALR AP R4 I2fED

ER NI A CE R






Chapter 5

= = 1 Congruence
Equations

it- F 7 AP R LI E 2 X 40 congruence equation. ¢ L JE fF - 4 ehZ X congru-
ence equation B 45>, ARISMH B i = @ H A58 {8 4 % quadratic reciprocity law. £
RIAE FI - BF s B - = congruence equation & F F fEe0S E T E G R4
‘Lﬁij}‘}ul A F rﬂ;‘};é‘n%a%:] TLAPERYRFENE Y o d L rTJ'h‘}.?F

5.1. = % Congruence Equation it f§

73] = =t &1 congruence equation, T % T meN, ¥ g ax* +bx+c¢=0 (mod m), & ¥
a,b,c € Z ¥ mta & equation.

S RF Il R, pAE BRI R Z kR 4, AP LR Z T E
T - BRR R, Fe A i g LA g, TR LY PR R bl R
2 ax®> +bx+c=0 pF, § - BRI hL 42 B hikdica ‘,f—i # x>+ (b/a)x+(c/a) =0. d
A A 2L congruence equation, % 3 N7 B R i, 2B :T‘&:f% i 7 (!,ﬁ-: 2 alb
ZToale) ¥R, % afem I FE T EecZ 1 ae=1 (mod m), T PEIPEE LR
ax’*+bx+c=0 (mod m) % #F e @ ¥ x>+bex+ce=0 (mod m). * &&= % & 'H) A
ged(m,a) =1 ), @ 2 P & FF o e d - SR, S A PG B AL 3B S50 R
SN E B, AP R Tk, GETFD TUL T R PRI EAPT IR
S M A St ,T.%«E'J&-axz—i—bx—kczo (mod m) & # 35+ am i# (ax)*+abx+ac=0
(mod m). ¥ ¥ 2 x I8 i, d 3T A PREDETIL A G R abx B 2(ab/2)x, T * fe > E x
I AHE W FI et 2 R RN A Bk 2 2B kR R RA x0T ikl
RRT A, TP - B2 RE X G i rT

* )?b{?"«, hft ax’ +bx+c=0 (modm) A PF ik Bkt da it F RS
% 4a’x? + dabx + dac = (2ax)? + 2(2ax)b+4ac =0 (mod m). # T ii}u? LA ORI E N
¥ - S B A (2ax+b)> =b* —4ac (mod m). F]pt AP RRRLHG 2R y2 = b7 —dac

o7
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(mod m). 5 ¥ X+ H#ck % X_k*>=0b>—4ac (mod m), 7R A2 i if 4oz congruence equatlon
ax*> +bx+c=0 (mod m) £ f% EVH I keZ % k> =b*—4ac (mod m), PRA P 7

v o 48 37— =X 7 congruence equation 17 % % 2ax+b =k (mod m), @ 17 F| ax2+bx—i—c =0
(mod m) nfE.

%2 . f2= = congruence equation, ax’> +bx+c=0 (mod m) R XL, ¥ it f§ X2 P =
(mod m) # ¢ d=5b>—4dac. Fp 2 PERT kT3 2> =a (mod m) i&# 1 congruence
equation.

Bk m=p|pl, B¢ i p S4p R Tk ¢ Corollary 4.4.3 5, x> =a (mod m) } fi#
FEHEFHAF G p, x> =a (mod plt) FfE. FR AR MR 5 & x> =a (mod p),
HY p 2 F#® neN 5iya).

AP kg - BEENT BEDES

Example 5.1.1. 2 #:2 ¥ 2 29x> + 15x+1=0 (mod 45). F £ #3553 A f3k + 4x29, 7
(58x)24+2x 58 x 15x+116 =0 (mod 45). ¥ | * fic > ;2 17 (58x+15)> =109 (mod 45), ?
(13x+15)2 =19 (mod 45) (4] 7 58x=13x (mod 45)).

BEFL A =35 APF st 3 @t 2§z (13x+15)2=19 (mod 9) % (13x+
15)2 =19 (mod 5). ﬁ} EH A ufE (4x+6)>=1 (mod9) 2 2 (3x)2=4 (mod 5). ¢ *

y==+1 (mod 9) 3 y? (mod 9) 2 f#, ¥4 4x+6=+1 (mod9), f2# x=1,5 (mod 9)
5 (13x+15)2=19 (mod 9) 2. f&. ¥ - > % y=42 (mod5) % y¥> =4 (mod 5) 2 j#, ¥
3x=42 (mod 5), f## x=1,4 (mod 5) 3 (13x*+15)2=19 (mod 5) 2. f%.

JWN

B is & f2 29x% +15x+1=0 (mod 45), d % v x F

x=1 (mod 9) x=1 (mod 9)
(1){)651 (mgdS) ’(2){)654 (mgdS) 7

L.
(S

x=5 (mod 9) xX=5 (mod 9)
(3) { x=1 (mod 5) °© ) { =4 (mod 5)
Flpt 47 x=1,14,19,41 (mod 45) 5 29x*>+ 15x+1 =0 (mod 45) 2 j&.

w R A 4E. A -8 f2 - 4L - = ¢h congruence equation it 2 = 2 x* =a
(mod p"), B¢ p 5 Fi#c? neNHFa) ApLkg afep 2 3 Feolia). BK plla &3¢
2 x> =0 (mod p"), s P G 3. F a=pld B9 ptd ¥ 1<i<n—1 LA REE

e, APRmp e 2 =pd (mod p") &f%. %3 22 b 5 x*=pd (mod p") 2 -
f2, PR b B A b=pb, B pth. P EFEX b =pd (mod pt), ¥ 7 pt|pPb? - pid.
d 25 B indid | HA#c v 2s£iQ Aok 25> 0, B pPb? —pld = pl(p»Tib? —d). fed 3
p‘p2S7i ® pjfa/7 2\ ;Fa,%er[szfib/z_a/‘ ;}&.;,\ pi+lj(pzsb'2 z foop 'fr p \pzsb’z—pia’ ®
n>i+14p3 f. B3R, F 25 <i, s FEA G A b’ﬁ’U@ i<n?® 8 %8P =pd
(mod p") & f#.

$a=pd 27 pid,0<i<n?® i=2k EindpF, FAPRx B3 x=pk » P2
x> =a (mod p") % 2 (pht)? = p?*d’ (mod p") ,T* 2 §_j2 p?t? = p*a’ (mod p"). o
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2k < n, Proposition 4.2.1 2 3 b N % 222 2 =4/ (mod p"2K). A Pt g S

/\
\'—’F'm

Proposition 5.1.2. %% - H#k p 2 neN. B&X a=pd £+ ptd * 1<i<n-—1.

(1) # i 234 #, P x> =a (mod p") & fz.

(2) i &k, Pl x>=a (mod p") 7 f2% 2 v&% x> =d (mod p") 7 f2.
e b ezt NP A & f2 - B - = 0 congruence equation AR B P=a
(mod p), £ ¢ pla crfFi. #ru s AP L a3 2 =a (mod p") ¥ pia 25
5.2. f# x> =a (mod p")
fw - & ¢ Ay - 2 = ¢h congruence equation ¥ it f§ & x> =a (mod p"), & ¢

S #, neN T plaaf? N 4L B2 P 2 pra, F x*=a (mod p") § f%,
p ﬂﬁ*tw ZopIF EREBS pla L FRFAPRE p=27cp 5P FHS B
25 %3t x> =a (mod p) fEz v

5.2.1. p=2 ¢i§Fas. N IFBi“”}ﬁ ¥*=a (mod 2"), # ¢ 2fa hiFa5. d 3t a B4 #, o
FiRipEeLFE - By ALY R =1 mriﬂ/, PREF a L5 #k, ¥ a=1 (mod 2).
1 x> =a (mod 2), * i X =1 (mod 2), W3 fR2E f25 x=1 (mod 2).

Fn=2p Fia=13 (mod4), AP F&+Ex>=1 (mod4) 22 x>=3 (mod 4)
#& congruence equations. ¥ 3t 3% 5 F AP T L EK 2k+1 5 - fE Fpd 2k+1)2 =
4k(k+1)+1=1 (mod 8), # P4 x> =3 (mod 4) &£f%. @ x>=1 (mod4) 2 2 5 x==+1
(mod 4) (T 73 + #).

d e dmad n=3p x»=357 (mod8) &2, @ x*=1 (mod8) F 2 fz;
x==£1,43 (mod 8). n>3 P&, AP AviE 3 it dogh A IET 2T 1Y e fE A 0
ey

] T

Proposition 5.2.1. B% n>3 ¥ a ¥- B4 #. B x> =a (mod 2") JEFEEvEF a=1
(mod 8).

Proof. & a=3,5,7 (mod 8), |4 % 4 x> =a (mod 8) ﬁﬁz i n>3, %d Lemma 4.2.3
rx’=a (mod 2") #f3. F15 a 5 HEEFT a=1 (mod 8) A Rdim. AP R
£%#P a=1 (mod 8)  x*>=a (mod 2") } f%.
chrp=3pFA 2. B n=k—1 (k>4 F3=, ¥4 a=1 (mod8) FF, x>’ =a
(mod 2¢71) § j&. B3R c€Z & x*=a (mod Zk_l) - Bz (7 212 —qa), 4 e A
t=a+2k 1b LY beZ. AP BT c B3 x Ea(modZ)\ﬁ"’ FP=at+2Fp
b & &k, Plp R 2k|c —a, 8 c i x*=a (mod2%) 2. - 2. £ b 2 F 8, P R =c+252
P2 =242k e 2% = g p 2R (b o) 4 2% d b'fr'c ¥ h P 2bte, @ 2
2k—d=k+k—4>k (Flk>4), %®¥ > =a (mod 2¥). ¥ x> =a (mod 2F) % fz. O
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Ajpe fox’=a (mod2") PRFT fEPPEFEIE FF fEF, 2 A modulo2” 2T g% 50
FRPR? AP iRRY A B fRz Bl G RE

Proposition 5.2.2. 3% n>3 2 a=1 (mod 8). ¥ x=c (mod 2") ¥_x>=a (mod 2") ¢
- Bz, Bl x=c,c+2" 1 —c,—c+2""! (mod 2") i x*=a (mod 2") ¥} .

Proof. & ¢/ €Z 7 5 - j&, B 2" —c?, T 2"|(c—)(c+C). BAR T ciod % 5+ ¥k,
ApEw G c==£1 (mod4) fr ¢ =+£1 (mod 4), = fEH). 22 § £ fFA) c—(
fredtd ¢ e - B (2 EF - B) Ak 4 fg"}r‘ (e 5 k). bl4vie c=1 (mod 4)
2 /=—-1 (mod 4) éhfm, AP F c+c=0 (mod4) & c—c =2 (mod 4). F 2Jc—¢ i
dtc—c. AP ERL R 4fe+d THEF. L+ =24, H° A FHE Ftd mag e A
2"(c—c)(c+C), B 2"2A(c—c'), T 2" HA(c— ). md 3t gcd(2,l): 1, #d Proposition
1.2.6(1) @ 2" Ye—c. BIE 4fc—C, Plaw 27 e+ (.

BEk®, 2 L x’=a (mod2") 2 - 3 Bl FHtcZ #E /=c+2" & =
—c+12" L F 2 F =2 B P =2t 4272 A 2 2>+, B P=P=a
(mod 2"). #&4r ¢’ i x> =a (mod 2") 2. —f&. B/ =—c+12" ! * 4 ¥ =qa (mod 2") 2
—fR. Ra gt AR &P I=c+2" '=c+2" (mod2") * ¢/ =—c+12" = —c+2""!
(mod 2M). @ % t i ¢/ =c+12" ' =c (mod 2") ¥ ¢/ = —c+12" ' = —¢ (mod 2"). #
4 modulo 2" 2. T x*=a (mod 2") ¥} x=c,c+2" !, —c+2""1 —c (mod 2") it 4

1AL Fle 5H 8 ATz Bich modulo 2" 22T AR R). O
A kg B b+

Example 5.2.3. % x> =17 (mod 32). ¥ ** 17=1 (mod 8), # Proposition 5.2.1 4v& } f%.
# 4] % Proposition 5.2.1 %M ¢ #7% 2 2 kP - B F L3 X2 =17 (mod 2271,
T x*=1 (mod 16). ¥ s x=1 % x> =17 (mod 16) 2. - j&. fed 3 12— 17=2%x(~1) =
—1 £.4 ¥, %41* Proposition 5.2.1 ¢ & 142072 =9 % x> =17 (mod 32) 2 - f%.
53— 25, 5 41* Proposition 5.2.2 4 x=9,25,7,23 (mod 32) 5 x*=17 (mod 32) #t

3 hfE.

5.2.2. p 5% ?“:&mﬁ‘ﬂ, B op A TR, NP F AR e p=2 3. F i
Lemma 4.2.3 3t rF“fP? x*=a (mod p) &%, P ER neN, x> =a (mod p") 7 & 3.
TR EE RN E P =a (mod p) FfF RIEEL neN ¥ =a (mod p") 77 f.

Proposition 5.2.4. % p 5 - % F#”® pfa. Pl x¥*=a modp } 3% L vEE $ 12 &
neN, x> =a (mod p") % f%.

Proof. & & %M % x>=a (mod p) } 37 x> =a (mod p") 7} f&.

Ec i x*=a (modp) 2 - f3 THFAEACZ #E C=at+Ap. BB I =c+tp. o
2= 2tp+tPp?P =a+ et +A)p+12p?. F& ?=a (mod p?), PIZ4 P t€Z & 18
2ct =—A (mod p). 2@ d * 2¢ fr p 3 B, Theorem 4.3.4 2 37N Figthinr - T3 . &

BEELS =c+tp, Bl x=c (mod p?) i x> =a (mod p?) 2 - f%.
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BA* BFFPEBEE n=k—1 (k>2) #F x*=a (mod p*'") § f&, ¥ B® x=c
(mod p* 1) A8 - 2 AP Efl* c $55 x¥*=a (mod p) hjz. d 3 F A AcZ it @&
—a=ApF 1 A R =t P =2 2 pF T =a+ et )+
PpH2od 2k —2=k4+k—2>k (F1k>2) 2@ ?=a+ 2ct+A)pF! (mod p¥). * 7]
F2cfep I, wF e @8 20/ +A =0 (mod p). B FFEEL I =c+1t'p, Bl x=(
(modp),axzza(modp)a—ﬁ*. O

0% x> =a (mod p") T %, 2§ 2 FABE & modulo p" 2 T, x> =a (mod p")
12 13 .

a

Proposition 5.2.5. &% p % - # F#, pfa ® neN. % x> =a mod p FfREE x=c

2

(mod p") % H - f#, Bl x==2c (mod p") % x”=a (mod p") #7F %,

Proof. % ¢ 5 x*=a (mod p") 2 ¥ - f&, v p'|c? =% d 3t cqo d k& p 3,
c+cd fre—c P wg - BE pIF, FAD ple+d 2 ople— FE pl2c, mr p#2,
T ple2F F. RERK e+ B p I F, B ged(c+d,p") =1, &d pl(c+)(c—C)
% Proposition 1.2.6(1), # 4 p*lc—c', ¥ ¢ =c (mod p"). ¥, F c—c & p I, 7
' =—c (mod p").

¥-2d,4d 2=a (mod p") ¥ (—c)®> =c*=a (mod p"), tc4v x = +c (mod p") %

x> =a (mod p") #t% thiz. O

AL kF B

Example 5.2.6. fi# x> = 14 (mod 125). g3 x2=14=4 (mod5) } 3 (x=2 5 - &), ¢

Proposition 5.2.4 4v x> = 14 (mod 125) ¢} f%. 24 f]* Proposition 5.2.4 M ¢ #7% ch
TR AP - B FADNA=14 (mod 25) 2z — @& 1% 2 5 x¥>=14 (mod 5) 2z

- f2, ¥ B (245t)2 =4+20r +25¢2. Fpt (2451)> — 14 = —10+20¢ (mod 25). 4 RAGRR
f2d e Z #®@ 200=10 (mod 25), T3 4 =2 (mod 5). ¥ 1§ r=3 % — f&, & » 2451
@ x=17 5 x¥*=14 (mod 25) z - 2. REJI* 17 £ x> =14 (mod 125) z - j&. ¥ &
(17425¢)% = 289+ 850f + 62512, gt (17+25¢)% — 14 =275+ 850t = 25+ 100¢ (mod 125). +

FAGLF RN 1€ Z @ 7 100r= =25 (mod 125), 3 4t =—1 (mod 5). ¥ @ 1=1 3 - f3,
LA N 17425t 18 x=42 % x2=14 (mod 125) 2. - f&. #5 3|- f&{, & {2 f1* Proposition
5.2.2 v x =442 (mod 125) 5 x* =14 (mod 125) #7% f3.

e 2202 x> =a (mod2") ehfRenfiin. @ % p EH F#HP, #HEZR neN, »?
(mod p*) (27 pta) m)?;’rrvg iz 2Bt x2 =a (mod p) hjgehliim, s ts A p ':E'
Liiwx’=a (modp) 27 p i + T #® pfa 3.
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5.3. The Legendre Symbol

A e i f2- H4h- X congruence equation — # — 5 chit i Fl i3 x> =a (mod p), &

Pop P FED pla sl A PRER PR X =a (mod p) FfE I WEG R0
Pz, APTET-ZEYL IR AT

it x*=a (mod p) P pF} 2, PPFEFR, AP 48— B354 (Legendre
symbol) k 7+ H 3 fZ2 & f2.

jud

d 3N w RE

Definition 5.3.1. %% # ¥ p M2 a€Z % X pta. & x*=a (mod p) 3 f&, A FH a
4 - B quadratic residue modulo p T 12 (a =1472. F2,% x*=a (mod p) &%,
p

):—1 %72

B A &L R & Legendre symbol # & foa #icdgil. A AEAR Y hAhficheZ A2 - 0
2 2
AR LR (5)2 & (2/3)2 A A 2 & om, #E5#0]. @ Legendre symbol <3> g

EA ﬁ_ a % - B quadratic nonresidue modulo p I 14

< |2

FE L. ¥ b ik & Legendre symbol eha # - % - BH FHE A F - Tfes R 3
. oy 5N .
F(FERTIP, E425 7 3 RBPFHAAP B RE). blirhridid <6> E\‘

6 e o2 ¥
<3> RO ELE IR R &

BT ok ok —F:] Legedre symbol E # & ¥ & 718 2} 7.

Lemma 5.3.2. B& p - B4 F#? acZ % ¥ pta.

0 (3)-
a b

(2) £ beZ % T b=a (mod p), B () = <)

p p
Proof. (1) & %)%t T a*> ¥_F % quadratic residue modulo p, ~ ,T%{i 1% x> = a® (mod p)

2
£EF % R g b wog x=a £ x?=a* (mod p) hiiz, & <a> =
p

(2) & 2% b ¥ F % quadratic residue modulo p, = ﬁ} 2§ & Y%7 x> =b (mod p) £ F
ja. #k @ &K b=a (mod p) & & j3 x> =b (mod p) ,T*:';H?’s“ﬁ” P’ =a (modp). e

“). O
p
29 x*’=a (mod p) &% X% f3& 7 ’TI* & f&. 4711 W #- Legendre symbol 5 & F &
—'Bf‘%’iiﬁpﬁ*ﬂﬁ*ﬁ}' —é’“ﬁ.%-@ifs%ﬁ,}\lfﬂ RS £ liﬂ-ﬁ*I\p 0,
H AR R s Bl SRR AEfFE 5 17 WA HFERY S BT KA

1
?'3’\?‘ LR et - KA PELTE AR A

‘T’*ﬁ &g ﬁﬁ'#m‘ﬂ M, PRE e E_E AR E
{HREF R A fFEaR, 13 F A S L aE &, Legendre symbol 2 #7170 & %5 f& €5
ﬁﬁ' ; —1, AR F NPT T :rﬂ—ﬁ L EHn e —1 kAkiEEE. —,’f—!)iai?],j.%{“f\i

L
[ 34
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Theorem 5.3.3 (Euler’s Criterion). 3% p - B4 F#® acZ % ¥ pfa.
(1) % x*>=a (mod p) % f#, Bl a»"D/2=1 (mod p).

(2) % x*=a (mod p) &%, B a'?"V/2=—1 (mod p).

CH -2, % 2 =a (mod p). tPE

En <

Proof. (1) & x*=a (mod p) F f32 x=c

a?r = (cz)’%] =c"! (mod p).
i afep 3, #12 x¥*=a (mod p) 2 fi# ¢ ™ p 3 F. F 4% Fermat’s Little

Theorem (3.3.4) 4= ¢? ' =1 (mod p), & @ % aP~V/2=1 (mod p).

(2) ¥ m S={1,2,...,p—1} i&— ® reduced residue system modulo p. ¥z & i€ S, d
*iqep 3 F, vxd Theorem 4.3.4 %~ ix=a (mod p) & modulo p 2. T 5 v&— fZ. d 3t ¢
fop 3 F, kel fBas 8 p 3. AR, BRIES T bri- hjeS B Lij=a

(mod p). &L R WP j#£i, TR &FI 'zza(modp),i%&{éﬁx:i{xzza(modp)
- B, 22 X =a (mod p) EfFHBERIT F. Y- 264 BAXFL jx=a (mod p)
# modulo p 2 "f—,*iﬁik’ﬁi— Pedrx=i A B -fR AN ATAPBINIT-BleSREBIj=a

(mod p). Flpt§F3+ § ¢ chaf, NPT U2 B A R, 4 q&{ﬁri BIES B i ok
ij=a (mod p) *E— e jES Pt ot - kAP RG (p—1)/2 #. 4 05 - #Hipf
modulo p 2. F {r a congruent, ¥ ¥

(p—l)!:1-2~-p—lzap%I (mod p).

7 ¥ Wilson’s Theorem (3.4.3) 2 #F & # (p—1)!'=—1 (mod p), & ##% aP- V2= _1
(mod p). O

Yok X R EL S, § A7 @ P Wilson’s Theorem 2t 7 £ S = {1,.. ,p—l} ¢
~4% ik ij=1 (mod p) kpe¥. #7141 Wilson’s Theorem - Euler’s Criterion ¢3%gp 3 &£ o
fe 1z 45,

% pta P aP~1/2 %4 modulo p 2Tz EH A1 i&{—l. TEFLEEL b=aP /2
Al > =a’"'=1 (mod p), ~ 7&{@ x=b 5 x*=1 (mod p) 2. - 3. F|* 4 Lemma 3.4.2
fob=+1 (mod p). Flt, B2 a€Z B & pta, 217 ud aP D2 modulo p 5 1 &
—1 %247 x> =a (mod p) £F 3 f3. bl4e, £ a? V2 =1 (mod p) @ = <a>:—l, A 7]

p
x*=a (mod p) & f#¢ Theorem 5.3.3 5v aP"1/2= —1 (mod p). &€ ¥+ 1=—1 (mod p)
1

9 p|2 15 r_Ff]- l"] LAV ]FB_‘{‘[—-’ %" a(P—l)/QEI (mod p)7 F]vJ <Cl> =1. F L :f"_ a(P—])/ZE -1
p

(mod p), B <Z> =—1. ¢Y{Legendre symbol P~ 1 fo —1 Z EeiZd | A5 11T 2

.

Corollary 5.3.4. X p - B+ F#® acZ s L pta. B

(;) =a"  (mod p).
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ST L AR friE X2 =a (mod p) § AR EFR, RER2E o2 Fp g1
fop—1. FAREIL LG R FARELp- 1 REMR 2BERF 22 AFERRT DAY E,
Fl2 R348 a2 - dp g p A BRI, A BB criterion AP - A& %
miﬁf‘*%ﬂ? * 7. A5 0T 5 B Legendre symbol shE & (25

Proposition 5.3.5. X p &~ BH F#® abcZ B pta® pib. Bl

(5)-(G) (%)
p p/\pr/)
Proof. ¢ Corollary 5.3.4 &
b = -1 p- b
<a> = (ab)% —a" T = <a> () (mod p).
p p p

d 3% (ab) fe a) <b> R S | f]&{—l, #1100 A modulo p 2. T AR R T
p p p

ab a b
WE(ZFRX €F pl2 23 F). &=i¥ <>=<>< ) 0
( BE P25 ) =l (2 YAV

(‘.

Proposition 5.3.5 ¥ m 4t 4 i 4 4 B & 6lde R 2 =a (mod a) fr x* =
(mod p) ¥ F f32 K x=cfrx=c s 8l sH- 3 78AAPRE LT 2 =ab (mod p)

7% Fli x=c ‘T*b{f'- V2 - f&. 3 &% x*>=a (moda) fr x> =b (mod p) H *
r - R RSP R R, RSP R R f22 252 KRS x® = ab (mod p)
F 4 f27. ##E%l* Proposition 5.3.5, & i (X P-chif & x> =a (mod p) F 3 i
xzz (mod p) & f% (Fr <p> =1, (2) =—1), Bl x> =ab (mod p) i{ &% (F] 5 P

<ab> =1x(=1)=—1). {4 2L 58 % x>=a (mod p) fr x> =b (mod p) ¥ & &, 2

S |

¥ rLde x* =ab (mod p) & F f2 (F1G 00 <”b> (1) x (=1)=1). & B %% L g
7 fREREROE R KD Eo P

Proposition 5.3.5 ¥ - B4 A ¥ Z L Fiica A Pv¥ AR a=(— 1)m2nog] megt, H
Vg » e B8 (2 pFaqi Flpta),me{0,1}, n; >0. Flp¥ #&

PROICNORON

2 _l 2 Y s > %
4 g H i p, APR R (p), () fe <q> (@ » 2R& pipd s

p p
a
) 2 @, VAR ERYE p I FaEEa, ff.%—a nE A (> Z2_E.
p
AR K& ﬁi— 4% = = ¢ congruence equation fEefFA), - Bt i PR AR £ 7

2 x> =—1 (mod p), x¥* =2 (mod p) fr x> =¢q (mod p) (£ ¢ g £ p 4p & ehd F i), i&
= M E A5 ), wq&iﬁi%ﬁx? RATH @3l ehd F i chiidz, @197 % fmmtl § H
Poang it ¥ - %3 488 Legendre symbol v Euler’s Criterion 8% 2% i -~ B i & 2
Z = congruence equation =R 3g4E S ¥ - BACfE G ARV 2 E M 2 hAJT. BT Ok
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ﬁ«f}“}f‘b{g'ﬂwﬁ’fiﬁ"” ok BT <_1)7 <2> ’fr‘ <q>,m7i—ﬂ B EFE ‘j‘x =-1,2,q
p p p
(mod p) § #35 Lik #.

5.4. Quadratic Reciprocity Law

o

-1 2 ” . _
AT & (,,) <p) Tr (Z) 2. BEEY pirg ARE AR H
?:_’*ﬁ;, E frﬂ%%z ¥ AP .

5.4.1. % <_1> AR E A <_1> BB, N FEABE a B B

B, - ?pz;b I - F#c Db @ %g a=b (mod p), F1* §1* Lemma 5.3.2(2) 3 i 5}

() = (2), EERVIR A it &’fﬁzﬁ?'f’}“i‘l,ﬁﬁﬁ? TR PBRE Y R PETRT? e, - AR

j;;;., &g D ﬁﬁiﬁ”‘f‘g‘qjﬁﬁi??} T, A R f FEs 7RI bAoA PR R

). F15 97=—4=(—1)x2% (mod 101), ] * Lemma 5.3.2 12 %2 Proposition 5.3.5
97 -1

5+v (101> = (101> ¥- 25 tmodulop 2T EFF ~% faF sk i - ik
LR =1 s lls BP0 <_p1> 5P AR
Euler’s Criterion &% & 5 — 4k eh <Z> FOE WY A A <_1> Wum 3,
Theorem 5.4.1. B3k p 44 F ik, B
(—1):{ I, % p=1 (mod4);
p -1, ¥ p=—-1 (mod4).

Proof. §]* Corollary 5.3.4 2% i &+

(5= (moap)

% p=1(mod4), # 75t keN® p=dk+1, =@ (—DP-V2=(—D*=1. A
—1 )
(A (> =1. ¥ p=—1(mod4), 47 3 kcN ##® p=4k—1, %@ (-1)P12=
p
-1
(—D)H* =1 mp B3 <> =-1 D
p
L3R4 p EFFHE, P p bmodulo4 2T &2 Rl FAE 7 ,...,]*’fr—l e 4
—1
#r 1) Theorem 5.4.1 &7 <> 2t R S EAPETE x> =—1 (mod p) LG %
p
P, R & p &omodulo 4 2 FAT LA ¥ kL blAok] A A A x> =97 (mod 101)

E G %, A <97> = (_1> 2% 101=1 (mod 4) 5 + 4w x> =97 (mod 101) £} /2
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2 2
5.4.2. £ (p). T Ok AR IR (p) B, € K2 fo- dind FiA B w
mfﬁ'qkr_lm 2 Ao iy e, BAR ARG KRR s T P, T AP G
CEF IS A2 hiFiRfe- K d Pl (X 3 B 6lde X2 =a (mod 27) fr X2 =a

(mod p") iz f& congruence equation H fEA5 iR 27 e

2
AR F & % Buler’s criterion shd# 4 & & < > * EF 43 ¥ =2 (mod p) v pF

2
3 f#. A Euler’s criterion ¥ % &t 2 4% * kR <p>’ IR RFIEA P RO p - 4K
ch Ficm 3 A wand Tk, »risd @2 53 207D/2 fomodulo p 27 5 1 & —1. &
P ERE D T e 2w e A ek 200-D/2 & modulo p 2 #35.

Lemma 5.4.2 (Gauss’s Lemma). 3K p % F#ic? acZ B L pta. Y& S=
—1 : : = ]
{a,Za,...,p al. #S? %3 n B ',%—?i‘,f."l p ekkd= 3t (p—1)/2, B

a7 = (=1)" (mod p).

Proof. # P #- S ¢ z’v'ﬂ;u—,%l‘f vLop B R r, L, BOSL,. ., Sy B R, —?i v A
=

W (p—1)/2 MR @ s AP EN (p1)/2 . S P had W p T, A
vgterd i {1, n} o je{l,...om} & s, PXEAPEE A 1<n < (p—l)/2 ft
@ ma vk p tl: 2 (pr1)/2<n<p-1, ¥ -2 a g l<m<(p-1)/2

® mja ‘L p s s 2 1<s;<(p—1)/2. BAZ T n+m=(p—1)/2, R g
T={p—riyeecsD—Tn,S1y--sSm}, NPBEP T={1,2,...,(p—1)/2}.

EBzp T={12,....,(p—1)/2} PELEp TC{1,2,....(p—1)/2}. ZKaHgzi
gie{l,....n} 2F% p—ri<p—(p+1)2=(p-1/2°% p—ri>zp—(p—1) =1, &+
p—rie{l,2,....(p—1)/2}, ¥-2aiEd je{l,...om} v 1<s5;<(p—1)/2 =F#
TC{1,2,....,(p—1)/2}.

BTRAPEP p—r,ie{l,...,n} fos;, je{l,...om} & n+m (* (p—1)/2) B
AA AR, AF @R T={12,... (p—1)/2). “uAPpLzEP 1) 1<iti <n B,

it por Q) 1< AT <m s Asy A (3) HEd i€ {1 n), j€{1m),
p—riFsj.

B 1<iAI<nP EF p—ri=p—ry %7 ri=ry, &TET na v nga 5 1 p kb
i, i*u%’-\;m nia=nya (mod p). Xm @ EK a fo p 3 F#xd Corollary 3.2.4 & n; = ny

(mod p). & 1<n#n <(p—1)/2 HERF 7, &@FE p-—riFp—ry, T (1) LH
. BIREEE (2) A 2% (3), % p—ri=sj, 27 ritsj=p, ¥ & n-a+mja50
(mod p). # £ d Corollary 3.2.4 # n;+m; =0 (mod p). &Ra 1<n,m;<(p—1)/2, &

2<ni+mi<p—1, 27 i % L plni+mj, =®@E p—r;i #s;.
EART={1,2,....,(p—1)/2}, P&

-1
p2 '=(p—r1)-(p—ru)-sism=(=1)"r1---rp-s1---s,n (mod p).
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1 )
¥ - 35 S:{a,Za,...,p2 at ® ;u'%“f” p AR ET R B B L {r, . TSy Sm )

p—1 p—1
a=
2

p—1
2

Pl Fp-S1-Sp=a-2a--- l-a (mod p).

ot e

-1 —1 _
p2 1= (-1) pT!-apTl (mod p).

my Pl

40 p 3 F, #d Corollary 3.2.4 4+

1=(~1)"aT (mod p),

azr =(=1" (mod p).
O
p—1

% {a,2a,...,

M3 Lemma 5.4.2 &

a} ¥ 2§ n AR g0 p skl 2 (p—1)/2, Ad Corollary 5.3.4

a v 2
oo <p> g S 41, 1@

-1

Gauss’'s Lemma #-% 4§ aP~1/2 a2t 5 4 A& 21 § {a,2a,...,p aty * 5B “,‘T? ™op

, -~ » 2
*%%**0%4ﬂlﬁﬁﬁﬁﬁﬁﬂ7.ﬂw?”ﬂ*?%?%<)
V4

Theorem 5.4.3. B3k p 44 F ik, B

2\ _[1, % p=+1 (mod 8);
<>_{—1, % p=+43 (mod 8).

Proof. 4 g S:{2,2><2,...,pT_1><2}7 ApEES={24,.,p—1}. = ,T&{;LS P i
oL p HERECT Ak S LS, T p el AL B AL d o p R, S
2 A% p=+1,43 (mod 8) = A kith. AR S F F U AE A (p-1)/2.

% p=8k+1(F p=1 (modB)) FF, (p—1)/2=4k. F]}* S 7 *3t (p—1)/2 ch~ %
BlcT 5] po 1 =8k ® 43 4k chindic2 B R 24 (8k—4k)/2 =2k
Corollary 5.3.4 ™ %2 Lemma 5.4.2 4v

(-

¥ p=8k—1 (T p=—1 (mod 8)) B, (p—1)/2=4k—1. Flpt § ¢ 43 (p—1)/2 eh=
FBHETLPEN po1=8k—2 2 A 4k—1 hin 2 Bl oHEF (8k—2— (4k—
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2))/2=2k. #&d Corollary 5.3.4 1 2 Lemma 5.4.2 &

(3)-comes

% p=8k+3 (T p=3 (mod 8)) ¥, (p—1)/2=4k+1. F|p §? x3* (p—1)/2 ch~ %
BT L EN p—1=8k+2 % A3 4k+1 iz B wH x5 (8k+2—-4k)/2=
2k+1. #&d Corollary 5.3.4 14 %2 Lemma 5.4.2 4

(i) — (—1)H =,

¥ p=8k—3 (T p=—3 (mod 8)) P¥, (p—1)/2=4k—2. FIpt S # < (p—1)/2 eh=
FRETL ) NEN p—1=8k—4 F A 4k—-2 hin B2 Bl wHEF (8k—4—(dk—
2))/2=2k—1. #d Corollary 5.3.4 14 % Lemma 5.4.2 4v

(-

# 7 Theorem 5.4.3, % %~ + F#c p, A PRF frlﬁ x*> =2 (mod p) E G R B
0% % 101 =5= -3 (mod 8), & x> =2 (mod 101) & f%. » 23=—1 (mod 8) r:c%'erEZ
(mod 23) 7 2. £ + 52 =2 (mod 23), tx4v x=+5 (mod 23) 5 x* =2 (mod 23) z f%.

O

5.4.3. & <1q7>' B AR pg PR P THDEA FRLT poog g R

¥ 214 * Gauss’s Lemma (q>’ F B AR HHNE - R p fog, AP IEY YD
V4

> E.

# Gauss’s Lemma, ¥ 2% i Z

%
W (p—1)/2. FH B n, B < (D) () e 2B D B
B, AT AT A T oA B :';],)1 L5 mm i G A S @ T
- BB o H ARG E G "v?}‘fﬁ“ﬁ{}ﬁﬁv(q) B g R AT
S AR o b bR p
LTS HAPLAL - BRY. BE- Tl AP ] Aa L EA p il b
< Glder m A FE S R [m] =30 & Blde [-5.2]=—6. R F mn A0 F#cpF

[m/n] 5 m L

O AR

Lemma5.4.4. %%~ % flcp 2 - L #Mcad L pta. F4ndnh e {a,2a,...,pgla}
v K;% V. p f@ﬁ;(% EN ( )/2 mm—? @;ﬁ'{’ EJ
(p-1)/2
n= [ka] (mod 2).
=1 LP
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Proof. X ka “f" p mff*ﬁiﬁ r, Rlix &N 3 ka=plka/p]+r. % & Lemma 5.4.2
G AP - {a,2a, - a} L= SRV - fl/ p ETVRECA S r .t BoST, Sy B R
2o A0 (p —1)/2 '—’” RG>, @ os; FOPANE (p—1)/2 @niy, R

(pfl)/2 (r—1)/2

=L o] r R Ly

g APE AT S A, T T 4 g 3 A modulo 2 PR, & AI* a e p F G HE (T

-1)/2 k n m
Y k= ¥ [a] + Yt Ys (mod2). (5.1)
p i=1 j=1
¥ - 2 5 f Lemma 5.4.2 P ¢ NP

{p—ri,ecc,p—rnys1,..smp={1,2,...,(p—1)/2}.

g
(r-1)/2 n m
Z k= Z —r,-)+2sj—np Zr,+2sj
k=1 i=1 j=1
£41* p=1 (mod2) #
p—l)/2
Zr,—i—Zs] (mod 2). (5.2)
k=1

LHAE (5.1) e (5.2) @&

P21 a2
n= [] —|—22ri = Z [] (mod 2)
=1 LP i=1 =1 LP

O

£ #%3 & Lemma 5.4.4 dgp ¢ A 3l g £ 48 (T a=1 (mod 2)) hik, #714

PLEEEGEY Y g LA B, F R R kY <2>
p

f1* Corollary 5.3.4 ™ 2 Lemma 5.4.2, Lemma 5.4.4, A i€~ # Flicp, &34 8

- Biddcad () 2, Apr ey d 0 Pke/p) 2w TT . FHEE N, RIE
p

), S E & 8 [5/11]4[10/11]+[15/11]+[20/11]+ [25/11].

BEFAPEA* Lemma 5.4.4 k3 E <q>. R b mizy (q) Fabfop F ML o
p p
q B, TR R <Z> i (Z) b . d 3T pog W A F T, AP RT A

Lemma 5.4.4 %3+ & <Z> fe <q> E AR s Zp D /2[kq/1?] fr Zfi_ll)/z[lp/q] 2_FF

el A
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B R, AR EY - B AR K [ @B FE § or AL R &P 1] 2
BRI RBEO<n<r i Fln Bl L xy-Ta “W“?fﬁix-%ﬁ y-1fiy <k
2 Y T R 6§ Sk
B O0<y<kg/p 2 Fehif+ Bl &F | L FEF [Ip/q 2 EpLiRy=1 1
0<x<lIp/q 2Bl 5 BB . 1% o, AP F T2 5%,

Lemma 5.4.5. B3& p frq 403 + F#c. B

(p=1)/2 k (g—1)/2 I “1a—-1
-

P q 2 2

k=1 =1

Proof. & xy-*& 1, % g (0,0), (p/2,0), (p/2,q/2) 2% (0,q/2) = 25 B B0 > 3
T 3B T,_T_"uﬁ%‘ilLy (q/p)sz‘ FEA ST ‘f\?Tz By, He 71 23 HL TR
>,m T 28 % L2tz 4o B

L:y=(q/p)x

(0,4/2) (p/2,9/2)
1

T;

%0 (7/2.0)

BT ¥ iz 8 (mn), EEZHREmneNT 0<m<p/2 2 0<n<gq/2.
Ry A B N i

F- 25 Ty ? a8 (ks), RTARFTHRELkseNT 0<k<p/2 2 0<s<kq/p.
AREEKEN FREL 1<k (p—1)/2, 2 £k Pl 0O<s<kq/p. ¥ P#REFH & T,
5 ﬁ%;%g%ua% T hkeNT 1<k<(p—1)2F &3 %" seN&TL0<s<kg/p,
Bt ko E @Bk Aok RadiEi o ik B8 0<s<kg/p i Bk s
Blich [kg/pl. it Ty hn g mcs T ka/p) AT Y n 3 s
v ip/q).

ET e T h3 f, TBRLy=(q/p)x 2 0<x<p/2 hMRp b §7F §F L+ gei?
F(mn) A2 —2RIEBBAPFF pn=gm ¥ 1<m<(p—1)/2. KXo d pn=gm+
# plgm, £ F p,q i 0 E F #zxd Proposition 1.2.6(1) 4 p|m, LL—fr'1<m<(p—])/2 p
R ED e AR E L B LR E TP AT fo D b oohl R Bz foit S
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BT ek RS e, W
(p—z“l)/2 [kq} +(11—1)/2 [lp] _p—lg-1

= p 2 2

O
¥ pg st Bd e, E M= " ke/p) 2 N=X"""llp/q] ¢ Lemma 5.4.4
(Z) =(-1)M » (2) =(—1)N. @ Lemma 5.4.5 £3#® 7 M+N=(p—1)(g—1)/4, &#&

(5)-cor-cus

Theorem 5.4.6 (Quadratic Reciprocity Law). 3% p v ¢ 540 8 % F#c. R

(q)z ‘<2>7 #p=q=-1 (mod4);

P <p>, H s A
q

Proof. d ** p,g % 5+ ¥, A P& p=41 (mod4) %2 g==41 (mod 4) = ) kit
Bk p=4k—1 2 q:4k’—1.,’£! # kKeEN(FTp=g=—1 (mod 4)). B| (p—1)/2=2k—1
(g—1)/2=2k'—1, &7

(()-comr-
e (1))

HIT R pirg ? 20 - B komodulo4 2 B4k 1 B & - BPRER p=1
(mod 4). $* % p=4dk+1, 2 ¥ @ (p—1)/2=2k & (qg—1)/2 = % Kl

e (3)-() m
e ()

* AT
S PR ALLF Rk B Theorem 5.4.6 324 M L4 355 i ) w5,
pP

o (5] carn (3] s (2) s (2) g

fﬁ#ﬁ Fx o fR, TP RRAEH . e RS - Bkl Lemma 5.3.2( ), &
T\ ( ) EF"; IF)¥V/L: 51<Pa ) — K ﬁﬂa\' (p> E?—‘i‘}\; ff'ﬂ o - f]} mOdU.lO an ﬁ,{‘r‘ ‘:’hp i
P q

1
101

7 101
i (101> = <7> #r10 § b modulo 101 0F 3848 = modulo 7 “R 48, p R E

FIp A LT 2

(]

¥

%1% Theorem 546 & & p,g Z 40 % H FHPF1 3§ *, TR F ¢

\Q\"B

Fvu 'EE]% LA - ﬂ} modulo -ﬁi’] E’f" q EL;—,FFE % l/)"lj-lif'j\ < ), \;’ 101 =1 (mod 4), E,'EC
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" 3 3 .
BE. 9 (— | = el , T8 PR = =—1(&“f * - == Theorem 5.4.6 {¥

3 7 1 7 , . s i
p A 5

¥ p,q, LG PEEA e £41* Theorem 5.4.6, 3% i* ¥ 12
fopeid cnB-RP g i A RO H L A i—g - B FEEE- & B jE,

.
q
<
i
o~
ES.)
4
l“lw

Example 5.4.7. % J& = = congruence equation x*> = 539 (mod 631) 5’;@ ’ﬁ f2. BAEE
£ * Legendre symbol &J2, § L & & 631 £.3F 5 . AP w g

14.6) t & 1 ¥ VO31 L F 7 ER 631, d | 4 25 gy ;;; % 631,

.. {539
Proposition 1.4.6 2 2724 i 631 {%“3{ F] gt lr“:j‘&{ N <> 2 B, d 3 539 dr

- (Proposition

631 ) ~
o ‘ . (539 -92
631 #gi1, AP 41* 539=—-92 (mod 631) 14 2 Lemma 5.3.2(2) 4v a1 ) = et B
#-92 174 Fldcas 1217 92 =22x23. %I * Proposition 5.3.5 4=

(&) - (&)~ (ar) (r) (&)

-1
d % 631 =3 =—1 (mod 4), vxd Theorem 5.4.1 <> =—1. @ 4=22 %4 Lemma

631
4 539
,. —_— = L '5' —_— —
5321 <631> b (631)

23
— ). d = = 2z d
(631) 2 631 =23 =3 (mod 4), =
23 631
46w | — | =—(—). * ¢ = ] P A
Theorem 5.4.6 r<631) (23> A d 631 =10 (mod 23) F]* 4w
59\ _ (23 _(€1)_(10y_(2)(5

631)  \631) \23) \23 23 )\23)°
2

F1% 23=T7=—1 (mod 8), #= ¢ Theorem 5.4.3 & (23) -
2

1
., 5\ (23 539\ i 23
Theorem 5.4.6 & <23>_<5> F] L 7 <631>_ 23)(23>_<5> £d 23=3
I ORONONE
1 F

o (9 (2)
R 631 ) \3/)
5 ’1&{’5{, x? =539 (mod 631) & f%.

2
BRI EAEF A 539=T>x11, Pl 5} (23?) = <6731> (61311> = (61311) £ 7
631=11=3 (mod 4) 11 %2 631 =4 (mod 11) 0
(539):(“):—(6“):—(4):—1
631 631 11 11 ’
B A ? * RIE 5 T 2 F & X1 % Legendre symbol ¥ it #F£3 i * quadratic reciprocity law (3
¥ 5 + F#cd i %% Legendre symbol 97 ), if it P ¥ i fgEenfid! Legendre symbol

.2 F5=1 (mod4), #d

—

. o
Z_1E.
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Primitive Roots

#xmeN, Fxttacl @ {a,d?,...,a®"™} & % - B reduced residue system modulo
m, BIf a &_modulo m 2. 7 primitive root. Primitive roots e 4 ¥ r4 § et i 2 g =t
€0 congruence equation. # & F ¢ i #4724 Primitive Root Theorem, 7 f& £k ehit &

#om € i€ ¥ & modulom 2T 3 primitive root. I ikt k f# B =t 17 congruence equation.

6.1. Order ¥ Primitive Roots

X meN M2 qael, 32 dodeim 2% x> =a (mod m) F f2: &2, @ primitive
root ePEL T 4 FT LA PGS 3 fE

5 11 1
4 & x>=5 (mod 11). §1* quadratic reciprocity law % ¢ 5 <11> = (5) = <5> =
1, %5 x> =5 (mod 11) F 3. #a 25 e ? A7 241% 2 & modulo 11 2. T #} it

TR e AP E T £ 5 2" &omodulo 11 37,

n 112(3(4]5|6|718(9/10
2" (mod 11) 2485109736 1

APFIRE - 7 (T a" 75— 7) ¢ iz 10 (=¢(11)) Bt modulo 11 2T ¢ 4p 8, & 2 72
fo 11 3 Frrtp 22 27 4o 11 3 F, ot ¥ reduced residue system éh#_& 4 {2,22,...,210}
#_— 1 reduced residue system modulo 11. iz & % g & L& B{c 11 3 e q, FE
$11<n<10@#F a=2" (mod 11). ¥ - * 5 NP H-n 75| 10 0 FIELF] 5 21051
(mod 11), 4% m=10k+i # ¢ 0<i<9, Bl 2" =27 (mod 11). + %25 10 %+ - ji%k,
002 7 4 10 :L%.»;;a GLoxd e s 1<i#Aj<10 P 20#£2) (mod 11), 8 pae 20 =2/
(mod 11) £ X k& i=j (mod 10). B &zt %7 U FF A2 2=5 (mod 11). & 7]
e T BR x=c - fF 4N S5 fe 1l IF, &warefe 1l IF. FrarhireN T
c=2" (mod 11). #%d 5=2*% (mod 11), & d 2% =c>=5=2* (mod 11) ¥ 2t =4 (mod 10).
AT k2 2 =5 (mod 11) # 1 & f2- & 12t =4 (mod 10) (£ R modulo
7 [ enf). #& 41 * Proposition 4.2.1 2% t =2 (mod 5), ﬂ*{pmt—27 . E =4

73
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(mod 10) 2z f&. #-z & w ¢c=2" 1@ ¢=4,7 (mod 11). &4 x=44 (mod 11) % x*=5
(mod 11) 2 .

¥ ik gt jx f2 = = congruence equation }f # > & modulo 11 27 {2,22,...2"} &
reduced residue system. & /I & ¥ & 2 ARG s HFHE bl 23 =1 (mod 7), #7 14
{2,22 26} modulo 7 2. F ¥ 7 &_reduced residue system. i L F P F L

BEFEHLS.

Definition 6.1.1. %% meN, F acZ ¥ & m I F % &L {a,a?,...,a®"™} & - & reduced

residue system modulo m, R a 3 modulo m 2. &~ & primitive root.

L3R T AHATF Hm ¥ F primitive root. &4 & modulo 15 2 T, #5F e 15 3
fica ¥ F a*=1 (mod 15), »rux F a3 = =1 (mod 15) 4 {a,a?,a%,a*,...,a®} %
¥ it 75 = reduced residue system modulo 15. = ﬁk{;&, # modulo 15 2. F ¥ & primitive

root. AP E 31 & hp mﬁ%{aﬁ #F3vie meN & modulom 2 T ¢ F primitive root.

BARNPRIE 2549 a & modulom 2 T ¢ &_primitive root. d **
S={a,d®,...,a®"™}

#_reduced residue system modulo m, #1725 1 <i# j< ¢(m), B @ #a’ (mod m). E | S
& modulom 2. € F %3 ¢(m) Bk AREE, &2 )= reduced residue system modulo m.
#@ afom 3§, Euler’s Theorem (3.3.2) £ 32 i a®™ =1 (mod m), #714 a L‘+_ modulo
2. E_primitive root sk AiEE 2 1<i<o(m)—1, Bl @ #1 (mod m) Al g i =
1<i<¢(m)® a=a’™ (modm) ch3 §) ﬁ*xprw% ¥ a"=1 (mod m) mﬁx I don
En=¢0(m). FIPrLT acl ® gcd(a,m)—l Bl ot Blen h ¥ d"=1 (mod m) % @,
H 2% a & modulo m 2. T E_F % primitive root & & ikfp. AP P KRG UT 2L T K

3

Definition 6.1.2. ¥ meN 12 geZ % % ged(a,m)=1. F neN 5| i ok

X a"=1 (mod m), H]:ﬁd— n % a tmodulo m 2.7 &1 order, I 11 ordy,(a) =n % 2.

%13 d % ged(a,m) = 1, Euler’s Theorem 2 234 i 90" =1 (mod m), #7172 ord,(a)
g el kT & AT ordy(a) <o(m). FANP kTR T ELL.
Lemma 6.1.3. ¥ meN M2 gecZ #% & ged(a,m) =1.

(1) % a=b (mod m) B ord,(a)=ord,(b).
(2) ordy(a) =1

R
.gﬂ,
Q
i
E)
]
o
g

Proof. (1) # a=b (modm), vz & ieN ¥} d=b (modm) E on A ko)
T EERE =1 (modm), Pl n» ¢ E & D FE V=1 (modm). F i
ord,(a) = ord,,(b).

(2) # ordy(a) =1, 47 a' =1 (mod m), #&® a=1 (mod m). ¥ 2., & a=1 (mod m),
A n=18E%)qr Fikig ¥ "=1 (mod m), 4 ord,(a) = 1. O

0
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H49 order (T Ffrd * & FlHcH T AL, AP RE ordy(a) =n EBHA EF:

(1) " =1 (mod m).

(2) #1<i<n—1, 78 d#1 (mod m).
Bielied 2R 37 48 RFE ordy(a) =n & kA iF“,T.%iiﬁ it A BLT 4217 ord,(a)
I

Proposition 6.1.4. %% meN 2% acZ % ¥ ged(a,m)=1. B3k ordy(a)=n. p| a =
(mod m) % ® r&% nlk.

Proof. 3% @ =1 (mod m). §1* Division Algorithm (Theorem 1.2.1) 7% t h,r € Z i
L k=nh+r, 27 0<r<n—1. 4 a"=1 (mod m) & d* = a""*" = (a")'a" = a" (mod m).
MEBX r£0 (T 1<r<n—1), Bld a*=1 (mod m) 2 ExX 4+ a =1 (mod m). ¢*fon &_
Bl ihl BHGE L a"=1 (mod m) #piE ¥, #civ r=0, T nlk.

F2 % nk ¥3h hcZ % k=nh, & dd=a"=(a")"=1 (mod m). O

% afom 3§, Euler’s Theorem % 3% # i a?™ =1 (mod 1), %4 Proposition 6.1.4
ordy(a)|g(m), B AP w e ik 2 & ordy(a) <@(m) ¥ % 7. ke, §1* Proposition
6.1.4, AP 7 2 {4 8 k2 2 ordy,(a) 2 .

Corollary 6.1.5. ¥ 2 meN 112 gecZ % % ged(a,m)=1. B] ord,y(a) =n ¥ 2 *&% n
PR B S A N €

(1) a*=1 (mod m).

(2) ¥ d*=1 (mod m), B n|k.

Proof. ¥ ord,(a)=n, Bl p #4% @ =1 (mod m), £ §1* Proposition 6.1.4 v, & a* =
(mod m), B nlk.

F2 &2 nimi (1),02) a3, APEHEP ordy(a)=n. 4 3 (1) ¢ &vd"=1 (mod m),
EFEEPE 1<i<n—1, 0 d#1 (modm). AP * F iz, B& a=1 (mod m), Pl d
(2) ali. e 1<i<n—14p4 7, &4 a #1 (mod m). + i}u{?u ord,,(a) =n. O

Corollary 6.1.5 ¢ (2) #-ord,(a) =n R~ & & O FHH L d"=1 (mod m) |25
kS g g el (%ﬁ&rﬂ? AR AB S DT S S 0 P S L A e
F s Boin ) At is M order (IR RS § 1%t chEs

38 order ¥ - BE R R FEAPT A d' % modulo m 2. ik Ep.

Proposition 6.1.6. £ meN M2 acZ % & ged(a,m) =1. B3K ordy,(a)=n ¥ i,jeN.
VE

Pl dd =a’ (mod m) ¥ 2 v i=j (mod n).

Proof. 3% d =a/ (mod m), % - &P AP BER i>j, MFd—a =d(d/-1).
* mla'—a’ 1% mAeal 3F (Flm4ea 3 F), Proposition 1.2.6 4 3% m|a'/ —1, T

a=/ =1 (mod m). #&F1* ord,(a)=n % Proposition 6.1.4 % n|i—j, 7 ¥ i=j (mod n).
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F2,% i=j (modn), # % - BPAPEK i>j, MG nli—j. &£ J1* Proposition
6.1.4 v a /=1 (modm). a#Fk o/ F}*% :ajai*j =a’ (mod m). O

% ord,(a) = n, Proposition 6.1.6 # ¥ 24 A a,a,...,d",... % modulo m 2. T ik
Hin(TERnBid §%5- fFk) a2 2HFAP, a,d?,...,a" & modulom 2T ¥ 4p
B.EMFERALILS<j<i<nit® d=da (modm), ## nli—j a2 0<i—j<n—14p
FF. RMAPT UREELT 1Y ordy(a) 2 E X H] L a & modulom 2. T £ FE 5 primitive

root.

Corollary 6.1.7. % meN 12 acZ % % ged(a,m)=1. B ordy,(a) = ¢(m) % 2 v& 5

a % modulo m 2. & - B primitive root.

Proof. #z2% a 4 modulo m 2 T ¢ % primitive root. 4 ** a,a?,...,a®™ % modulo m
2T R AR A, i E 1<i<o(m), Bl d #a®™ (mod m). * ¢ 3% Euler’s Theorem v
a®™ =1 (mod m), &4 ord,(a) = ¢ (m).

F 2, B3k ord,(a) = ¢(m), @ Proposition 6.1.6 5% a' =a’/ (mod m), B ¢(m)|i—j. 7]

»oa,a?,. . ,a®™ 4 modulom 2T ¥ A AR X d 3t g fem 3§, & a t¥om 3 B, =
{a,az,...,a‘P(m)} #_- % reduced residue system modulo m, i&{;}u a % modulom 2. T
¥ - B primitive root. O

% ¢ 7 a % modulo m horder, FI¥Z & i€ N, 4]* Corollary 6.1.5 #* i i g

7 modulo m 2 T &7 order.

Proposition 6.1.8. 3 meN 2 acZ % % ged(a,m) =1. & ordy(a) =n, B3

e B,
n

Ordm(a ) - m

Proof. 5 7 % i, &4 d=ged(i,n). ##EP ordy(d)=n/d, § L EHEM (@) =1
(modm). ¥9 %5 d i 0Pk, ifd LB FH. £ 4t d BXK ordy(a) =n, & d' =
(mod m). #7141 ¥ {8
(@) = (a")/4=1 (mod m).
BT RAPERP, £ (@) =1 (modm) B (n/d)|k (% L Corollary 6.1.5(2)). &

(@)*=1 (mod m), T a¥ =1 (mod m). #d Proposition 6.1.4, & ¥ & n|ki. & Fl d _n
feicng s 2 Fde. AP F on/dfei/d ¢ R FEERE IF. &d nlki ¥ 7 (n/d)|k(i/d). &4

n/d fei/d 3 &, 7 (n/d)|k. 0
d Proposition 6.1.8, 2\ i & ord,,(a') % ord,(a) @ * ord,(d') = ord,(a) &2 v&%
ged(iyordy(a)) = 1. F1#t & modulo m 2. T primitive root ‘-E’# , BI#% i ¥ d8 4 A modulo

m 2T €% %> primitive roots.
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Corollary6 9. 2T meNME acZ % K ged(a,m)=1. ¥ ordy(a)=n, Bl {a,d?,...,a"}
25 ¢(n) B~ZFH & modulom 2. eh order 3 n. $F%|¥, F & modulom 2. primitive

root &_i% fein, E?'J & modulom 2.7 £ 3 ¢(¢(m)) B primitive roots.

Proof. ¢ % ord,(a) =n, ¢ Proposition 6.1.8 4 ord,,(a') =n % 2 v& % ged(n,i) =1. * ¢
3 a,a?,...,d" & modulom 2. ¥ 4p R % {a,a®,...,d"} ¥ & modulo m 2. T order i n
on g B AR e T L n eod g B, UK R ().

B3K % modulo m 2 T F primitive root ¥ a % - 1 primitive root. 4 ord,(a) =
T
,t

q)(m) x fom 3 Fenf it modulo m 2 ¥ fe S={a,d?,...,a®™} ¢ £ B A% R
. #710 f modulo m 2 T #73 &0 primitive root ¥ ¥ & S ¢ H . Rad wma S P X

7 ¢(¢(m)) ® =~ % H & modulo m 2 T e order 5 ¢(m), ¥ Corollary 6.1.7 2 3734 i &
Ta— % modulo m 2. T £ % ¢(p(m)) B

modulo m 2 7 ¥ 7 % % primitive root. &
primitive roots. 0

6.2. 2% Primitive Root %

AP RFE ST 3 R m & modulo m 2. X3 primitive root.

APy ARG rE - i B B2 . A omodulo2 2T ¢(2) =1, A Eiwcha
2227 ¢ ], &A7F ehd By 5 primitive root. % modulo 4 BF, {1,3} -
residue system modulo 4, @ 3' #1 (mod 4) = 32 =1 (mod 4) # ¥ ords(3) =2=¢(4), =
43 & modulo 4 2. 7 &_primitive root. ¥ F + F a€Z % X a=3 (mod 4) B| a % modulo

# 2 modulo
55

reduced

4 2.7 % primitive root.

#FEAP Ry 8 4FA), 4 3 {1,357} - % reduced residue system modulo 8, #
P XkgH TP A modulo 8 2 F 2 order 3 . XP AP ordg(l) =12 F 3 7=-1
(mod 8), # v ordg(7) =2. ¥ ¢t 31 =3 (mod 8) ¥ 32=1 (mod 8), #z4r ordg(3) =2. kT
# ordg(5) =2. d **¥75 fr 8 I Fehdic i modulo 8 2 T & fr 1,3,57 ¢ X - #ik &, T
d Lemma 6.1.3(1) #i2 5 - B 8 T H h#ic® & modulo 8 2 T chorder 2 ¢(8) =4. #=

= modulo 8 2. F ;X F primitive root.

B IF ﬁp 3] modulo 8 2 T iZ 3 primitive root {xp X € 3% 5 7RA & modulo 16 2

T J}.*ﬁ primitive root. £ F i F ¥ 3 L E & * order I EFT. 4 JT* LR GRE AT
ordg(a) =n I % i 2 #&* order e 42 ordig(a) 2 E. "E % AP 4riE F ordig(a) =1/,
Bld @ =1 (mod 16) ¥ 4 @ =1 (mod 8), #&4|* Proposition 6.1.4 @ n|n’. 3 i 5 2
fod B2 E p< () dd 0 < ¢(16). #7121 & F& 4 A modulo 16 & # I modulo 2%, n >3
P2 primitive root, #. 2 & 5 TH A h fpws AP FANHETbdka FB L=

(mod 2°). P& * fEihida it T B %,

Lemma 6.2.1. B3% a » - ¥ ¥, Pl E &

a
S
m
Z
e
=
Q
[\S)
=
11l
—_
—~
8
o
o
N
=
T
[\
N
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Proof. {2 g n=1 e84 BXE n=k Hi"b’ﬁ 2 =1 (mod 2k+2)7 AP
PE n=ktl AL RERAPTFAbCL #E o =142 &
" = (a®)? = (1+252b)2 = 1422 2p) + (252p)2.
g2 2(k+2) =k+ (k+4)>k+3, 1@ ¢ =1 (mod 2613). A n=k+1 P
a® =1 (mod 2"*2) 7 & = oo BB fFph 2 WE A L O
% order E_ &N E +d Lemma 6.2.1 5v§ a 2+ 8 neN pF,
ordyma(a) < 2" < 2" = ¢(2"2),

mEENTE R GRS,
Proposition 6.2.2. 4 neN ¥ n>3 B, & modulo 2" 2.7 X5 primitive root.

FTORAPZFFY - fAR G primitive root iR, B L A 1'% ¥ - ®7F B order
¥

Lemma 6.2.3. %23 F s & Flicmn M2 acZ i & ged(a,mn) =1. 7

¢ (mn)
ged(¢(m), ¢ (n))”
Proof. 4 d=gcd(¢(m),d(n)). 4 >+ ged(a,mn) =1, 3 i & ged(a,m) = ged(a,n) = 1. 7]
# 4 Euler’s Theorem # 1§ a® =1 (mod m) ™ %2 a®™ =1 (mod n). Ftd ¢(mn)=
¢(m)¢(n) (1 ged(m,n) =1) 112 ¢(n)/d eN 7 ¥

P (ad’(m))@ =1 (mod m).

ordy,(a) <

e 1@ 7 18 of(mn)/d = (mod n). + ;T\)L{;J;b m|a¢(mn)/d_1 " n|a¢(mn)/d_1’ 3 F ged(m,n) =1
41 #* Proposition 1.2.6(2) ¥ {7 mn|a®™/d — 1 % g®m)/d =1 (mod mn). # i order 2. %
519 ordy(a) < 9 (mm)/d. 2

Fuld BERmA - BA2 g Fmilt R, Tm=2 P k>2 g
O(m) = (25 =251, & i@ 20(m). ¥ m F F N, TH b F T p & F m=pn
2 1eNZ prm'. 2 pE o(m)=9(p)o(m) = (p—1)p'~'(m > AT W 200(m). T
fod omon>2 P oged(@(m),¢(n) >2. Fl* - HEx APEIFEY - BEL EH.

Proposition 6.2.4. § m>2 % n>2 5 & 3 W #pF, & modulo mn 2.7 25 primitive

ro0t.

Proof. #l m,n ¢ =3t 2 A 2|¢(m) £ 2|¢(n) = ged(@(m),p(n)) >2. ¥ - > 5 mir
nq 3 E x¥iE- 8 omn 3 e #ca, 3 Lemma 6.2.3 &

o(mn) _ o(mn)
ged(@(m), ¢(n)) — 2

# 4 & modulo mn 2. F & primitive root. O

ordy,(a) <

< ¢(mn).
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B om>1 2 G F e Pl AP ariE § o m=2,4 PF & modulo m 2 T F primitive
root, m fH # Jw (¥ m=2" ¥ n>3) Proposition 6.2.2 £ 3 7 & modulo m 2. T X
7 primitive root. ¥ m F + ¢ F1#PF, Proposition 6.2.4 £ 3FA P E m F A B A B
1 HHF Fl#cpF, & modulo m 2. T X § primitive root B om R G - B FIEpE,
Proposition 6.2.4 » 4 2% & 4|m, % modulo m 2 pr1m1t1ve root. 14 3% i 4
Tom WG - Be A FEY 4ym DA A, T m= p" Bm=2p", B¢ p iH D
A5,

m
4
2

6.3. The Primitive Root Theorem

APEFT m=p" & m=2p", ¥ p 2 FH FHEOFE AFAS FF L ATHT ':"f“'hai
¢ primitive root ¥ F . Rip& ¢ APRAEFI Y p - BH FHEPF, & modulo p 2
T ¥ $5 I primitive root. # ’f' | * modulo p #f ¥ ¢ primitive root ¥ ¥| & modulo p* 2 T
¢ primitive root. # {4 f1* modulo p? #7 ¥ ¢ primitive root # | modulo p" ™ %2 modulo
2p" ¢ primitive root. A & ¥ p KiE LT L H i, A 'FBT}J’ £ imp.

6.3.1. Modulo p ¢ Primitive Root. # & 3P § p £~ BH F#cps
T ¥ 0445 3| primitive root. AP SR E BEP G AN, - KRG AR E F - ﬁ;ifrh{
BE-BEUPD LTS V- féifuq-j} BB AR EN LT - 5 A (B
Aot FRZHEPESFIEERT R). ¥ -0 2l el v R ETH AT 5 2 e
FPRLHFEAT A LW AP S P B h - AR RS E Y 2 EF S, bl
- ¥ # 145 - X congruence equation efE T A F A, R APV FE - BIA kLR

modulo p 2.

W B

':‘#

3 fE. PR, AEP primitive root F AR AL F, Wi ¢ dF AP P Gk PiLG - B R
L en? 2 ¥ 0 E $35 T primitive root, #rra A v B BB F 0 2 REP 5 A
% modulo p P%, 3 - % E_{24F 7R Theorem 4.1.3 £ 372 i — B n =t cnff (i e 5 58
Frmodulop 2T E G n @R KaE pla? ordy(a)=n, ¢ Fa,d?,...,a" t modulo
2 THApR, 2 d 3 d"=1 (mod p), & (@))"=1 (mod p). & ¥ Fra,a®,....a" En Bl

modulo p 2 T ¥ 74 Ay 5 X"=1 (mod p) er— B fE, £d 3t 58 4 modulo p 227
I %G on BfE AT :F“,T*‘uq\x”zl (mod p) b’L'rjé fE. ¥ - >4, F ptb 2 ordy(b)=n,
Ald 2> b & x"=1 (mod p) 2. - j#, kd sz ic{l,...,n} ##® b=d (mod p). ¥ 3
2, %% & modulo p 2T order 3 n A%, & modulo p 2 T & 4r {a,d®,....d"} ¥ % B
~ % 4, & 4% Corollary 6.1.9 4% modulo p 227 &3 ¢(n) B ~3% # order 5 n. A0
Hept R M e T

Lemma 6.3.1. X p & F#® & modulo p 273 - =% H order i n, Bl & modulo p
n

22T EF o(n) B~%H order i

BB H, 5% TP H. bl4ch modulo 15 BF, £ 5 411 v 14 =2 B~ % &
modulo 15 2. T crorder 5 2, @ % 4_¢(2)=1 B.
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A& A modulo p 22T % primitive root 1 & e jF { £_#% modulo p 2
p f

T I
= H order » #f. B {3 P order 3 ¢(p)=p—17%-FAE 2k &7 a(b(_—}.&é‘)

T @ )J‘}zklzixgﬁ/v\tx‘? AriRz %

Lemma 6.3.2. &% p £ 58> £ S={1,2,...,p—1}. R deNFLdp—-1, 3 FF
J& Sqa={i€S|ord,(i) =d}.

(1) & = d#d, B SgNSy =0.

2 U S;=S.
d|p—1,d>0

(3) % Sq#£0, Bl Sy £ 4 ¢(d) B~%.

Proof. (1) & a€ SqNSy, T4 7 ordy(a) =d ¥ ordp(a) =d’'. ik order HE &K F - Bir
5 e e modulo p 2 B order Esi— i, g2 dAd 2 BERARG F soie S4NSy =0,

(2) U SqeBPFsadl LK 5 Sy 7 deN 2 dp—1 8k, d 304
d|p—1,d>0
3 dlp—1%73 SgC8, #11 U SsCS. ¥->m%EieS, d3 pti,tcd Theorem 3.3.4
d|p—1,d>0
4o P~1' =1 (mod p). F]#d Proposition 6.1.4 v ord,(i)|p— 1. # 9353k, F ord,(i) =d,

Pldp—1, &g tadp—1@%EFicS,. ®&SC U Sq A U Sy=S.
d|p—1,d>0 d|p—1,d>0

(3) & Sq#0, %7 7% & aGSd B pta ¥ ordy(a) =d, %71 * Lemma 6.3.1 4v &
modulo p 22T £ 3 ¢(d) B H order % d. d ** § &_reduced residue system modulo
p, i o(d) B2 limodulop 22 FTfe S od) BriRAR Flt S i od) BArEk
Wl d S, e Sy £ 3 ¢(d) BAE. O

Lemma 6.3.2(1,2) £ 321 S={1,2,...,p—1} P cha - BAF L §EF LR B
BSy P, ? deN X dp—1. FIrFFEEBR S, » cho 3 l[#ﬁiﬁ felipde R H B G
Pz Bl p— 1. BRprAAPTFUEINNTER SRS,

Theorem 6.3.3. BEX p - BF#H deN B dp—1. Bl & modulop 2T £ 3 ¢(d)

BAEH order 3 d. ¥9¥, & modulo p 2. primitive root % 13 .
; p p

Proof. #i:% Lemma 6.3.2 ¢ “f% 3 4L, ¥ £ #(S;) 47 Sy ={i € S|ord,(i) =d} *
A& i, T #(Sy) 5 % modulo p 2T order i d e E Bk
¢ Lemma 6.3.2(1,2) & 4 Y #(S;)=p—1 A 2 Lemma 6.3.2(3) % 7%

d|p—1,d>0
#(S) =0 & #(Sy)=(d). ¥ - = & f1* Corollary 2.3.6 &4 ¥  ¢(d)=p—1, st
d|p—1,d>0
28
p—l= 3} #S)< ) 9=
d|p—1,d>0 d|p—1,d>0

et chdeN B »idyp—l 3 #(Sy) = 0(d).

Fuly #S,-1)=0(p—1) #7 temodulop 2T 5 ¢(p—1)#0 B~ % & order 5 p—1,

ﬁ}{‘,&@f % % % primitive root. AT i modulo p2T prlmltlve root F . O
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AP T & modulo p 22 T primitive root E_7F R G BEIEP B N AP BT LT
2 33 P 4o 45 F| primitive root. FF b AP er g p 2 N G B @ik, 4 i&{i%
%23 primitive root, 7RA- {3t 5 b o5 FRe 2 F rﬁﬂxfﬁgiﬁiﬂxﬁ TR, i DS

=4

!

6.3.2. Modulo p? & primitive root. %% % 4 Ji#l% & modulo p?> 2 T % primitive
root, 78 B-iz # primitive root & X p ** modulo p 2 T &7 primitive root. F]pt 2 i KA #
modulo p &1 primitive root %45 ] modulo p? & primitive root. iEA G f it cZEp ,T»%LL
PE Y i&{?ﬁ,&r% it 35 Il modulo p £ primitive root, FR A i Gzg iy B0 B 8 e
# %45 3] modulo p? 1 primitive root.

B AN kg 4o 2% - B modulo p £ primitive root % modulo PP 2T EE G

primitive root.

Lemma 6.3.4. 3k a€Z & - B primitive root modulo p. R| ord,x(a) =p—1 & ord(a) =
p(p—1). #u# aP~ ' £1 (mod p?) % 2 *&% a % modulo p* 2. &~ B primitive root.

Proof. i 3K a & modulo p 2 &_primitive root % 7+ ord,(a) =p—1. REK ordn(a) =
n, Bl a"=1 (mod p?), FI}* 4 a" =1 (mod p). # i ord,(a) =p—1 % Proposition 6.1.4 4+
p—1ln. * Fli a® p 3%, t%a p? 3, #xd Euler'’s Theorem 4 a®?P) =1 (mod p?),
rT 4 modulo p? e ,qui'f | * Proposition 6.1.4 4= n|¢(p?). 4 ** ¢(p?) =p(p—1), 2 i
p=1ln 2 nlp(p—1). » L n=2A(p—1) 2= Alp=1)[p(p—1), &&= A[p. Fl-d p L
?"&frl—l v A=p. wBF ordp(a) =p—1 & ordp(a)=p(p—1).

BF a’ ' #1 (mod p?), v a & modulo p* 22 7 # order - ¥ £_p—1, & ¥ ord,p(a) =
p(p—1)=¢(p?). 4 Corollary 6.1.7 {#% a % modulo p?> 2. * ¥ — i primitive root. &
2% a % modulo p* 2z T &_primitive root, ordp(a) = p(p—1), #&d order HT & v
a’~'#1 (mod p?). O

frif 4o i@ 2] %] modulo p £ primitive root % modulo p? 7= &_ primitive root {4, #& T
FE TF“,T*LQ #5 Flom i modulo p 7 primitive root % modulo p? 2. T % 4 primitive root.
FLEK a & modulo p 2. T &_primitive root, 78 E 7R & modulo p 2. T fr a AR #ic i
modulo p 2 7 » 3% primitive root, i iz # & modulo PP TR AR, R fF“fI-*'uﬁé?-T’
- — 7 )I*K?L,aa—l—p, +(p—1)p, £ 7 & p B#HA % modulo p 2 T 4Rl
& modulo p? 2. T % b 48,

Proposition 6.3.5. & p - BF# acZ i — B & modulo p 2. 1 primitive root.
£ S={a,a+p,a+2p+---,a+(p—1)p}, Bl & S“‘fi’ﬁ—f[%;w%’&_modulopi“f%‘{
primitive root, B & p—1 B =~ % t modulo p 2. &_ primitive root.

Proof. ¢ #r a # modulo p 2. 7 &_primitive root ¥ § ¥ &% % modulo p 2. T ¥ & a
A, weie § ¢ 2% & modulo p 2 7 % 5 primitive root. #7122 ¥ 4] * Lemma

6344 % S PVt A% at+rp % (a+tp)’ ' =1 (mod p?).



82 6. Primitive Roots

d 3 aP '=1 (mod p), (e e A€Z & ¥ ! =14 Ap. F¥

(a—i—tp)l’*l S (p— l)ap’2(tp) + @_1)2(1’_2)aP3(tp)2+

d 3 Cé’flaf”%(tp)2 H-B R H2 8 E - IF C,fflapflfk(tp)k, k>3 % modulo p? 2 T %
200, #rra s g

(a+tp)yrt=aP'—a"2p=14+(A—a"%)p (mod p?).

Fl &5 F @@ (a+ep)P ' =1 (mod p?) F vy plA—al i ;T*u{?’wi‘ &4
t€{0,1,2,....p—1} ## a2t =A (mod p). X% a’ '=1 (mod p), tc} * A F K+ a ®
t =ak (mod p). ﬁ*n\,;ué 0<t<p-—1, &t t=al (mod p) P&, ¢ & @ (a+tp)P =1
(mod p?), #* P a+tp t modulo p?> 22 T % £_primitive root. H & S ¢ ha % atrp d 3
# €@ 1® (atrp)P £ 1 (mod p?), #cd Lemma 6.3.4 5v¥ 5 modulo p* 2. &1 primitive
root. (|

#_Theorem 6.3.3 11 2 Proposition 6.3.5 #¢ if* 4rif d ** modulo p 7 primitive root %
%, #t12 modulo p? ¢ primitive root ¥ 3 . ¥ ¥ ' ¥ a £ modulo p ¢ primitive root,
APEEH/RHETE o '=1 (mod p?). £ £ a” ' #£1 (mod p?), 7%A 4 Lemma 6.3.4, 2 i
4 a % modulo p? 2. T &_primitive root. & ¥_aP" ' =1 (mod p?), 78 B a t modulo p?
2. % §_primitive root, #& 4 Proposition 6.3.5 4 a+ p % modulo p?> z T & i primitive

root.

6.3.3. Modulo p" ¢ Primitive Root. ¢ ** modulo p 1 primitive root % %, | *
Corollary 6.1.9 4r & modulo p 2 7 £ 35 ¢(¢(p)) =¢(p—1) B primitive roots. Proposition
6.3.5 4 %3\ & — % modulo p ¢ primitive root % modulo p* 2 T ¥ ¥ p—1 & primitive
roots, #7 f modulo p?* 2 T AP LB I 1 (p—1)¢(p—1) B primitive roots. X @
4 #* modulo p? ¢ primitive root # %, Corollary 6.1.9 £ # % i & modulo p? 2. © £
7 0(0(p*) = ¢(p(p—1)) # primitive roots. ¥ ¥ p fe p—1 3§, X G ¢(¢(p?) =
o(po(p—1)=(p—1o(p—1). B 2% 5 d modulo p = primitive root #7{¥ modulo
p2 &7 primitive roots (i g &, » 'TJLK?LA - i modulo p £ primitive root eFE
% p & B modulo p ¢ primitive root. A P F Mhept - B B T 4, £ modulo pP b

primitive root i ., B]d Corollary 6.1.9 %~ # modulo p* z ™ % %

$(o(p) =0’ (p—1)=0(p*)0(p—1)=p(p—1)o(p—1)

f# primitive roots. @ * & ¥ % modulo p?> 2 T £ 3% (p—1)¢(p—1) B primitive roots.

& - B modulo p? " primitive root, & modulo p? 2 TEF A 4 p B ALK, BT
(p—1)¢(p—1) B modulo p? 5 primitive roots % modulo p*> 2 T £ &4 1 p(p— 1)¢(p— 1)
7 4. & BEIFHED G 7% % modulo p ¢ primitive root 3 %R % modulo p?

T X% p(p—1)¢(p—1) @ primitive roots fpv= &. 4 ;I* #.% — 1 modulo p? ¢ primitive

root, % modulo p 2. T A 4 chp B 7 kb AR%E “/@;’f ” 4 modulo p® 7 5 primitive root.
P
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&Tii\wrw—«&’*ﬁtéﬁﬁ PR RBESF, APEHEP Y A>3 FEREKS LA
.

\|'_

modulo p? &_primitive root, B & modulo p* &+ £_primitive root. BANP kgAcR

5| - i modulo p" ¢ primitive root # modulo p”+1 2.7 §_ZF % primitive root.

Lemma 6.3.6. 3% a €Z &~ % primitive root modulo p". B ord,.(a) = p"'(p— 1) ‘\
ord i (@) = p'(p—1). 5, @ PV £ (mod p*) F ek a b moduZop 2
E - B primitive root.

"Hp—1).
WK ordp(a) =k, Rl a* =1 (mod p"t1), Fpt v adk =1 (mod p"). & i% ordy(a) =

p"'(p—1) % Proposition 6.1.4 5= p" H(p—1)k. * F15 a2 p 3, txa & p'! 3
#, % ¢ Euler’s Theorem 4 a®?”"™) =1 (mod p"*'), F|3* & modulo p™*! difin g 1 *
Proposition 6.1.4 5= k|¢(p"!). & 3+ ¢(p"T)=p'(p—1), 21 #& p"(p—1)|k 2 klp"(p—1).
S k=Ap T (p—1) 2 AP (p—1)Ip"(p—1), FAw Alp. Fld p L A=1
& A =p. #&i#E ord(a) = P lp—1) & ord i1 (a) = p"(p—1).

Proof. % i3k a # modulo p" 2. T &_primitive root % 7= ordp:(a) =¢(p") =p

n—1

MmE a” PV £1 (mod p*!), &va & modulo p"t! 2 T H order - = A_p"(p—1),
7 i@ ordpi(a) =p'(p—1) = o(p""). 4 Corollary 6.1.7 ¥ a % modulo p"! 2. & £ -
i# primitive root. ¥ 2 % a % modulo p"*! 2. T ¥_primitive root, ord 1 (a) = p"(p—1),
Zd order ## kv a” P £1 (mod p*t). -

FENP T a & modulo p? 2. T F_primitive root, & ¥ & a % modulo p® 2 T £
% primitive root, #% Lemma 6.3.6, & " & # & «’P~D & modulo p? 22 T &7 & 1 | 4.
#m e s aP~ ' =1 (mod p) (Fermat’s Little Theorem) £ i ¥ 4 aP~! =14+ Ap. ppFd 3t ¢
2

& modulo p? 2. ¥ &_primitive root # ¢ Lemma 6.3.4 5~ a?~' #1 (mod p?), ¥ ptA. iz
Sv @

p(p—1)
20U py +

AL 2t p LF g plp(p—1)/2 (AR B L5 Pt B b p=2pF 7 + 2 DR F), F
e b2 {8 E - 3B C,f(?tp)k, k>3 & modulo p? 2. T % 5 0, #Tr A R

a?P=) = (PP = (1+Ap)? =1+ p(Ap) +
)

a?P V) =141p* (mod p?).

v

td piA #%# P £1 (mod p3), 12 & Lemma 6.3.6 4v a & modulo p® 2 T * %
primitive root. 4t - B T4 A PFFHEEFF n>3 BF, g & modulo p* 2. T ¥ i primitive

root.

Proposition 6.3.7. & a & modulo p> 2. _— B primitive root. PI¥E & n>3,a &

modulo p* 2. F % &_ primitive root.

Proof. w @ i e #1¥ a A modulo p3 ESR pr1m1t1ve root. IR ik Ft?: P, ANPEXK a
% modulo p* (n>3) 2z T &_primitive root, £ #F a % modulo p**! 2 T % 5 primitive

root.



84 6. Primitive Roots

n— 2(

D=1 (mod p* ). %

D=14Ap*"'. d * g & modulo p" 2. T &_ primitive root, % Lemma 6.3.6 4=
n—2

a” (P=1) £ 1 (mod p"), & ptA. B &

d % a & p 34, & Euler's Theorem 4+ P = gr

a?" (-

g =1 = (ap”*z(p—l))p =(1+Ap" Y =14pApH+ 1’<172_1)()Lpn—1)2+... .

bop(Aptl) 2t E - C,f(/lp" D k>2 7943 kn—1)>2n—1)=n+n-2)>n+1
i n>3), “Tr1d k>2 FF & modulo pit! 2T C,f(?tp”‘l)k w50, A

—~

a P =14Ap" (mod p"th).

Zd ptA @% o’ PD £1 (mod pt!), 12 & Lemma 6.3.6 v g # modulo p"t! 2 =

7t % primitive root. 0

#%_Theorem 6.3.3 12 % Proposition 6.3.5 2% i i modulo p? ¢ primitive root % %,
#1121 & 4 Proposition 6.3.7 {¥ 4% n >3 PF modulo p” & primitive root » 5 &. £ = 5
d **7%€_modulo p? ¢ primitive root # & modulo p? 5 primitive root 2. EA2E * | p &_

+ #c#700 % n>3 PF modulo p" &1 primitive root % 2 F R p LH FHAd 22 ER L 2w

A e i modulo 23 = 8 P primitive root £_# 3% tih

6.3.4. Modulo 2p" ¢f Primitive Root. #' ¢ % { modulo p” 2 F '# 3 primitive root.
A2 P #-d modulo p" £ primitive root 4% 1! modulo 2p" 7 primitive. § £ k5§

m A_% #pF modulo m 7 order = modulo 2m =1 order B2 B .

Lemma 6.3.8. %%~ +##icm, ¥ acZ & - Bfrm 3 F e fic. $ ordy(a) =n, A
ordyy,(a) =n.

Proof. d ** g & # #® & m 3 F, v ged(a,2m) =1. F# a = modulo 2m 2. 7
order €% T_& th, % B K ordyu(a) =k 94 a*=1 (mod2m) ¥ ¥ & =1 (mod m).
d ordy(a) =n 12 %2 Proposition 6.1.4 s= nlk. ¥ - > G d > " =1 (modm) * a % +
kv d" =1 (mod2), sed mla"—1 2 2la"—1. * d * m &% #ice ged(2,m) =1, o
Proposition 1.2.6(2) # 2m|a" — 1, = ,TJL%L;L a"=1 (mod 2m). FEK ordy,(a) =k, =& I
* Proposition 6.1.4 ## kjn. Flp* ## k=n ~ i‘{‘m ordan,(a) = n. O

B3K a » modulo p" & primitive root, ¥ ordy(a) =@ (p"). & a * # #A|d Lemma
6.3.8 & ordyyi(a) = ¢(p"). fed * p EH F#c 2 3 F, 4w o(2p") =0 (2)0(p") = ¢(p").
- J’I*u{;ru ordyy(a) = ¢(2p"). #d Corollary 6.1.7 v a & modulo 2p" 2. F 7* L primitive

root. F|* gt & % 2 i # 35 | modulo 2p" 7 primitive root.

Proposition 6.3.9. %% p - B# F#, Bl- TV H 3 - # 8 a & 2 & modulo P’z
T § - B primitive root. Fu|E, M EHEZIL neN, a i+_ modulo 2p™ 2. 7 5 primitive

T00t.
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Proof. § p=3 ¥, d 3% ords(5) =ord3(2) =2 #&+ 5 % modulo 3 2. * & - i primitive
root. * d ** 5371 =25£1 (mod9), ¥ ¢ Lemma 6.3.4 ¥ 5 & modulo 3> 2. = ¥ - i
primitive root.

% p>5 & - B+ ¥ #pF, Theorem 6.3.3 4 3% 1 & modulo p 2 T &7 primitive
root ¥ %. MK a £ - B modulo p 2 T & primitive root. 4| * Proposition 6.3.5
{a,a+p,...,o+(p—1)p} ¢ &5 - B & modulop 2.7 % §_primitive root. d ** p>5,
#p—1>4, & {a,a+p,o+2p,a+3p} ¢ & %3 - B & modulo p? 2 T # £_primitive
root. F]ME o {ilﬁiz P o, o+2p ied BH#k? 23 - B i modulo p? 2 T &
primitive root. & o €% ¥, PI# a+p, a+3p i&d BH#E? 2 - B A modulo p? 2 T
H_primitive root. A i % & % &~ & # i modulo p? 2 T F_primitive root.

X a - 4 #2 & modulo p? 2 T &_primitive root. ¢ Proposition 6.3.7 ¥ a &
modulo p" 2z T 7 % primitive root. #d Lemma 6.3.8 % ordy,(a) = ord,(a) = ¢(p") =
o(2p"), #= 8% a % modulo 2p" 2. F 7% % primitive root. O

TF R P - F#®HE & modulo p? 2 T F_primitive root ¥ # % 4 Proposition
6.3.9 (W ¢ FREAF . E a £ 8 & modulo p? 2 T E_primitive root, 78 A& a+ p?
% L H B d 3 g+ pP=a (mod p?) #T1L a+p* % X+ E_t modulo p? 2 T ¢h primitive
root. * #d ¥ a4 p? BcE A, AP E R :f*;ﬁv;f} £ primitive root, M ¥ &+ © & ¥
BE a+3p, e BHEE p AP E R at+p £ F

Ao it a3 & Proposition 6.2.2, Proposition 6.2.4, Theorem 6.3.3, Proposition 6.3.5,

Proposition 6.3.7 12 % Proposition 6.3.9 2_ % % ## 3| 2 T #73} 1 primitive root Theorem.

Theorem 6.3.10 (Primitive Root Theorem). ¥ 3 % m=2,4,p"2p" p¥, # ¢ p L+ F#

2 neN, & modulom 2. € 3 primitive root.

6.4. 3 = #h Congruence Equation

“73) ® =t £ congruence equation 3p 8 = o T 2 £ congruence equation. # i igAL
B pJ2 ey SR 3 H_ - 4eh congruence equation. P ¥ I * primitive root % F A i f2 4
xX"=a (mod m) & ¢ gcd(a,m) =1 &tk 17 congruence equation.

FAS o m B S R RR A, Tom = 2Pl g, R0 p b A B e
no>0. §1* Corollary 4.4.3, 2 P 4rig ¥ =a (mod m) 3 f2% £ r&% x" =a (mod 2™) 11 %
g enie{l...,r},x"=a (mod p") ¥ F fE AP R BIFF " =a (mod 2™) 2 X'=a
(mod p}") fEenf-in. § nop >3 P, d ** & modulo 2 ,l*ﬁ primitive root, 34 f# )
AR, ERA PR S R H. AP EHHE np <2 A, 4 rjfw‘iéfttb F A PR R X =a
(mod m) e ;2 W3 * 2% 8¢m cfijm. fpt fim2 T 5«\ m¥F&f2x"=a (mod2"), # ¥
ng <2, 1% f# x"=a (mod p!"). &3 % (T modulo 2" = modulo p*), ¥ ** primitive

root i T, ALY TG e T AR AT H &
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Theorem 6.4.1. %= 3T_meN, B& & modulo m 2. T primitive root % . % &
(mod m), #¢ neN * ged(a,m)=1. £ d=ged(n,¢(m)). Bl X" =a (mod m) F

3
a®™M/d=1"(mod m).

Proof. 7 £ EX x"=a (mod m) F f&, 3t c€Z % X "=a (mod m). F]% ged(a,m) =
1, #r12 ged(e,m) =1, #&d Euler’s Theorem (3.3.2) % ¢? =1 (mod m). * p¥d ** d|¢(m)
* dn, & ¥

a®mid = (Mom/d — (9my/d =1 (mod m).
(LR 3L gEP £ 7 % modulo m £ primitive root % f2. K .)

F 2., 3% y 5 modulo m 2. ¥ ¢~  primitive root. & % & {y,7%,...,7?"} & -
reduced residue system modulo m, i*u{;m Eiwfom 3 el b, ¢ 3 icNRE Y=b
(mod m). Flpt 5 reN @ #® a=y (modm). ¥ - * % % ¢ & x"=a (mod m) eh— B fZ,
pld 3t ged(e,m) =1, - 5 3 areNREF c=¥ (mod m). FH & 2 X" =a (mod m) ﬁ"»
FRaPHIreN T

(V)'=v"=vy (modm).
d 3% y Z_modulo m = primitive root, fF“ﬁ ord,(y) = ¢(m), w4 * Proposition 6.1.6,
o yt=y (mod m) F2 &% nt =r (mod ¢(m )I*E' ViR 45 F] re N s AL

nt=r (mod ¢(m)).

¥ - 2§ kiE® a®™/d =1 (mod m), T y?m/d =1 (mod m), & d Proposition 6.1.4
Om)lro(m)/d. &4 7 G(mr/d = A §(m) 50 de, 7 ¥ r/d €T, 4 ALK dlr. #7
Proposition 4.3.1 4 3724 i % %_n,r, — = 7 congruence equation, nt =r (mod ¢(m)) F f
£ d=ged(n,¢(m))|r. #rr1ipd @®M/d =1 (mod m) 2 Bk 5 nt =r (mod ¢(m
&GRS R L) R H-fR L c=y0, RIEF

A=y"=y =a (modm).

)

tir e 5 X" =a (mod m) - B fZ. O

% m=p - F# (¢ P modulo p ¥ 83 primitive root) ¥ n=2 pF, Theorem 6.4.1
)‘I&n\ Euler’s criterion (Theorem 5.3.3). #714 Theorem 6.4.1 # 143 —erTheorem 5.3.3 hdE
R.

=T KA L Frif X"=a (mod m) & &7 f%, 7RA- & modulom 2T € F 5 0 R oil
F— ok, APt an? 2 88 RIS BRI Aot - K72 R F Uk
B, @ 27 AR — e drfRR-E B o

Proposition 6.4.2. %3 meN, B& & modulo m 2. primitive root % .. 4 Jg x
(modm), #7 neN ¥ ged(a,m)=1. £ d=gecd(n,¢(m)). ¥ x"=a (mod m) 3

modulom 2.7 £ 5 d B f%.
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7, % x=c (modm) _x"=a (mod m) sh— BfE2 y A modulo m 2. T ch— B
primitive root, B t. modulo m 2.7 x=cy?™/4 (mod m), £ ¢ r€{0,1,....d—1} ¥ x"=a
(mod m) *7% ef%.

Proof. d ** afem 3 F,x"=a (mod m) enf# 'y &2 m 3 . = d 3t y &_modulo m 2. T ¢h
- B primitive root, *T ¥ X" =a (mod m) chiz A BfE A PFEXE LG L Y fo 7,
HY rseN. » i}u{jm

Y'=)'=a=(r)"=y" (modm).

Flpt 1 * ordy,(y) = ¢(m) 11 %2 Proposition 6.1.6 ¥ rn=sn (mod ¢(m)). Fltd 3t d=
gcd(n, ¢(m)) & Proposition 3.2.3 = r=s (mod ¢(m JI“' 5'—‘ FRAEZ #E s=
r+A¢(m)/d. ¥ 2., & v E_xX"=a (mod m) - ll}ﬁ#" s=r+A¢(m)/d, R

' = (YOI = R = (P = (mod m).

Ly e Z_x"=a (mod m) - B fE.

ApgiE T F x=c=y (modm), & x"=a (mod m) h— B % B x = cy*?m/d
(modm), # ¢ A €Z, £ x"=a (mod m) ”“r’ﬁ fE. F gL f2 A modulom 2. T F 3F
PEAR R en, A O ey R A B RS L A c*frm 3§, wd Corollary 3.2.4%
cyr0m/d = eV om/d (mod m) % ¥ v % y’w’ /dzy’w’ 4 (mod m). £ 41* ord,(y) =
o(m) 1 % Pr0p051t10n6164’r yAo(m)/d = A'0(m)/d (moq m) FrvagE Ao(m)/d=A¢(m)/d
(mod ¢(m)) » 338 ¢(m)|(A —A")9(m )/df“?r’dyit—/l’ FpF 0<r<d—1 p, cy®m/d
’,ﬁtmodulom?""b#fﬂﬂ Y- a¥Eg AeZ thteZ {8 A=hd+t, B
v0<r<d—1. #1 eytm/d 4 omo dulom 2 T*Kg L A A GO I S
re{0,1,....,d—1}. Fp AP EFE " =a (modm) 75 ;a xX=c (modm) T- BfER A
modulo m 2. T x¥"=a (mod m) ¥ F x=c,cy?"™/d cy?0 Lepdhem/d s g e, O

ETRAPF - BB S 28 Proposition 6.4.1 §v Proposition 6.4.2 #7{8 2. %
%
Example 6.4.3. 2 7 % #8314 x!2 =10 (mod 27) fr x'2 =11 (mod 27) &5,

4 *% 27 =33 #7112 & modulo 27 2 T primitive root £_7%F fih. X ¢(27) =18 =
gcd(12,0(27)) = ged(12,18) = 6 §1* Proposition 6.4.1 2 7 A ] d 1o¢<27>/6 10° fr 113

% modulo 27 £ % 5 1 k2% x?2=10 (mod 27) 4= x!2 =11 (mod 27) £ % 7 f%.
103=1 (mod 27) 2 113=8#1 (mod 27), #7124 x> =10 (mod 27) 7 2 x?2=11 (mod 27)
# [

EH A 2=10 (mod 27) ef%, 4+ F 245 ¥] modulo 27 -  primitive root. d 2
%_modulo 3 & primitive root 2 22=4#1 (mod 9), "/ ¢ Lemma 6.3.4 % 2 % modulo
9 &_ primitive root. %] @ d Proposition 6.3.7 % 2 & modulo 27 2. T i* X ¥_ primitive

root. ##% 2 ¥_modulo 27 -  primitive root 53+ ¥ £ 4 26 =10 (mod 27) ¥ ¥ 14 #-
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x!12 =10 (mod 27) #h- f2 B & x=2" (mod 27) H255%. PG & 2

(2112 =25 (mod 27).
Flet d ordy;(2) = ¢(27) = 18 14 2 Proposition 6.1.6 Frpt & i ** %

12t=6 (mod 18).
t#d ged(18,12) =6 ## 2t =1 (mod 3), F r =2 (mod 3). f&2d x=2 (mod 27) %
x12=10 (mod 27) ¢h- Bfz. £ 4 ¢(27)/6 =3 12 % Proposition 6.4.2 5= x=4,4 x 23 4 x
264 x2° 4 %2124 %2 (mod 27), T x=4,5,13,23,22,14 (mod 27) % x'> =10 (mod 27)

“FofE. R APS T oud 120=6 (mod 18) 457 1=2,5,8,11,14,17 (mod 18) = # #f
FoenfE, A @ x=2%25,2821121 217 (mod 27) % x'2=10 (mod 27) #7% ifz.
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%2 2¥ Diophantine
Equations

2 @ 4] * 4% 34 Diophantine equations R 38 % iT 5 A & 2 B - a3 F
flan,.oox,) 2 B % Sl e ? 5855, K f(xg,...,x,) =0 0973 %’fﬁxﬁ#q‘ 4_ Dio-
phantine equation 7R 3g. d ** E_REHf23 &L 5 A7 v, “7)1¢ f# Diophantine equations
R BE L A2 f2 5 *UR 3E eh congruence equations L FEF . F R P AP P B F i@ h W
it % % - & @ H & Diophantine equations. fig42 % & F 241 % 5 3§ 1 & hE S A
R fE4e r v P R fEA-REE, @ 2 BIF ~ 3% Diophantine equations.

7.1. 3 B A&J32 Diophantine Equations #13 j&

Al H A LA f8 a2 Diophantine equations 773 j2. &5 87 2 —’FK S % 1

Diophantine equations # f#f§- .

¥ - #87 & % congruence 17 E 2. » i&{?ﬁu&r% - i# Diophantine equation
fxi,...x,) =0 3 F#cfz, Pl E L omeN & modulom 27 f(x,...,x,) =0 (mod m)
FRFME AL EADI - B om#E f(x,...,x) =0 (mod m) & f%, 78 & Diophantine
equation f(xy,...,x,) =0 & f%.
Proposition 7.1.1. B3& f(x),...,x,) - B n BREAEGHEIAN. F5meN @

# f(x1,...,x,) =0 (mod m) & f&, B| f(x1,...,x,) =0 & B #cfz.

Proof. 1% F & & x| =cCly...xn = ¢ A f(x1,...,x,) =0 - e FHcfz, d 3
flei,...;en) =0, p 223 f(c1,...,cp) =0 (mod m), -~ 5]3'37?—\;& x1 =c¢1 (mod m),...,x, = ¢,

(mod m) € &_ f(x1,...,x,) =0 (mod m) - 2fz. »qc f(xi,...,x,) =0 (mod m) & i
WA F e f(x, ) =0 R HRE. 0

89



90 7. ¥4 3 Diophantine Equations

& ;1 3 Proposition 7.1.1 3 E 55 - B meN & # f(xi,...,x,) =0 (mod m) &
ﬁiy EI'J f(xl; ) 0 ;Bi ﬁrﬁ’tﬁ* 1 —»%—{b #'} 731] mEN lg |4 f(xla"-,xn) EO (mod m)
’}; ﬁf#, E]!J f(xl,...,xn) = fgﬁ'{ﬁgg ;}'r’gfh , E:M ,Fa ji,JF]. lﬁi ]}'J""

Example 7.1.2. % j& Diophantine equation 11x*> —7y?> =2. % modulo 11 2. T, 3% &
f2 —7y? =2 (mod 11). & * —7x3 =1 (mod 11), —7y* =2 (mod 11) # :fF + 3 + 7

6 2 3
y>=6 (mod 11). % & Legendre symbol <11> () <> d % 11 =3 (mod 8) #d

11 11
Theorem 5.4.3 4 (121> =—1 % d Theorem 5.4.6 v (131> =— (131> =— <§> =1. 7
i < 6 > ﬁwxby =6 (mod 11) & f&. # % 2, 11x*>~7y*—~2=0 (mod 11) &
f2, )@ d Proposition 7.1.1  11x? —7y2 =2 & FFi#cjz.

AR ER 1 -7y> =2 4 & & modulo 7 f'n'riﬂ;, " )*I-%%Lﬁ’i 11x> =2 (mod 7). o **
11x2=1 (mod 7), 11x*=2 (mod 7) & :#3}+ 2@ x> =4 (mod 7). {xP E eyt N x=2
(mod 7) 2 Hjz, fed 5 e 5 11x?— 7y =2 ¥ & B#cfE. #rrid o 0| F o, ¥ 7 i 7135 3
meN & #® f(xi,...,x,) =0 (mod m) $ &, {45 f(x1,...,%) =0 F f%.

RFAREEH B E RO Eom, f(x,.. )EO (mod m) & 7 f#, % kit 7
FOoyeox) =0 F Flcfzen? d TG b3 APT wmﬁ w2 - aﬁ

Example 7.1.3. 4 f(x) = (x> —17)(x* — 19)(x* —323) ¥ & Diophantine equation f(x) = 0.
%P & eniz B Diophantine equation ¥ & F#cf. e f A PR HiZZ meN, f(x)=0
(mod m) ¥ F f%.

d Corollary 44.3 AP EHZP HEZE meN, f(x) =0 (mod m) % 7 f%, F R EFE
PHELFEp 2 nelN, f(x) =0 (mod p") ¥ F f%.

¥ p=2n=1p f(x)=(*—-1)> (mod2), # f(x)=0 (mod2) } 2. @ 4 p=2,n=2
B f(x) = (® —1)(x*> —3)% (mod 4), *712 f(x) =0 (mod 4) ™ % f3. & p=2,n>3 p&,
4 ** 17 =1 (mod 8), Proposition 5.2.1 £ # # i x> =17 (mod 2") % $ f&, #7120 f(x) =
(x> =17)(x* = 19)(x> —=323) =0 (mod 2") % X} f%.

¥ p=17 d 2t 17=1 (mod 8), ¥ ¢ Theorem 5.4.3 v x> =19 =2 (mod 17) F f%.
F]t d Proposition 5.2.4 sz 3 neN, x> =19 (mod 17") % F f&. T & f(x)=0
(mod 17") 5 f3. @ % p=19 pF, d > 17=1 (mod 8) = # <i;> = <13> = <127> =1,
» i*u{?su x*>=17 (mod 19) 7 f#. £ ¢ Proposition 5.2.4 &= & neN, x> =17 (mod 19")
w3 iR Ft & f(x) =0 (mod 197) F fZ.

B opAFTEE pAITI9 W, ¥
ApstiEd neN, x> =17 (mod p") 7=

=19 (mod p) 1 f#, ¥ @3 = neN, f(x)=0 (mod p") =} f3. @ % x> =17 (mod p)

x? S
fe x> =19 (mod p) ¥ & j&, ¥ (17> = 19> =—1, pld (232) = (17) (19> =1
P P p p P

x*> =17 (mod p) 3 f%, Pl Proposition 5.2.4 £ 3%
3 fE. ATt f(x) =0 (mod pt) F iR B
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x? =232 (mod p) 1 f#, Fl* @3 E R neN, x> =232 (mod p") ¥} f3 2P HE fx)=0
(mod p") 3 f#.

FEmutgsApe HE L FEp ©E nel, f(x )E (mod p") ¥ F fi#. #“rr¥ER
meN, f(x) =0 (modm) ¥ F f& ®REFF+ flx)=0 L3 FE#kfz

F =R d - &, AP A % g congruence 2 Wit £ kKPP Diophantine equation & f%.
#1113 3 — % Diophantine equation w33 % v I & B #icfz, 7R i ¥ 114 g * congruence £
I EP T AR - ﬁk{’ éé‘«%:f)} |- B meN & 24 modulom 2.7 & f#, Nﬁéﬁﬁ
# 7 44 Diophantine equation # A #cf#. % %32 % — B Diophantine equation § f%, 7% A&
congruence 17> ;278 ¥ UK B iR H f2e0¥ i A558 #o& 2 2 715 R Diophantine equation
7 f%.

- fAF* 2 B G descent e . v s & kP - B Diophantine equation 2
R B AR P F#ceh well-ordering principle. % v AR A K IR
B3k Diophantine equation f(xq,...,x,) =0 F & féfﬁi:ﬁ’i_‘?' X1 = ClyereyXi =Ciyer oy Xn=0Cp =
HB- g FAPRAY Xp=cl,...,Xi =Ciy..oxXn=Cy 3o~ B FEJEH I ¥ - o0 F#cfz
xlzcl,...,x,-:cg,. dXp=cp, B HEBEFTic{l,...,n} g Boci<c, Pl#ET k¥ AT x =
AyoinsXi=clyo o xp=c), F- Bl BRI Y - B Bk x :c’]’,...,xi:c;’,...,x =cl
BE o] <l At - ETAAPT F- BERERDE LD FERES] o >c>c > e
i e well-ordering principle 4piE %, F @& f(x1,...,x%,) =0 L 7 F#cfE.

rEE A € I descent 07 2P & B3 f ¢ Diophantine equation #& i £ #cfE. &
TAPLE- BEE ORI EA R R descent RN

Example 7.1.4. = ’i‘\*‘ﬁﬂ Geif V2 BT, fr AR E e x? —2y? =0 i B diophantine
equation & & B #icfE. A P * descent 3 jF k2 x2 -2y =0 &I K #KkjE.

Bk x=cl,y=d; £ x*-2y? =0 ¢h- ‘e Bz, Pld 3t =24}, AP w5 R
i e, )]*ﬂusu,; b €N REF =20 FIF 43 =2d7, T 23 =d}. & px 8 dy £
ik, 5t dp €N 17 d) =2dp. F]p 18 265 =4d2, T 3 =2d5. 4 i!rl{ix:cz,y:dz
PP —2yr=0¢h- 2l FHfE AP x=c,y=d &- 2L EERETI x=0,y=d
G- de i FEHERY S X o1 =200 > ¢, &1 descent ¢ kv P =27 =0 & I RHcHR.

TG - BEAEY SR AT AL, P73 descent 77 j* £45 - B Diophantine equation
FaEp Tas- 2, 1 K ﬁi?ﬁ e A4 Y - B o] anit B#cfE, R 3% Diophantine
equation & I HcfE. Fd TE - ) T EEET LEDY - B YR el iR T

2

BEFES G, bldox=8,y=062z=10 L x*+y* =7 - =0 F#fF, ¥ xyz F KﬁE
2 E x=4y=37=5% B XP+y’ =7 - o R, L BiRTY R L R 4E g
- R, e E RN F k. BF L 2+ =2 @ﬂk -3 SENECE SFR I

descent 17 % 4p:E # .
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7.2. Pythagorean Triple §= Fermat’s Last Theorem

Apmarg £ A2 £ R T feE A PaT . 5o BE Lz 4AH 2k
TR D RPN B ﬁ-’ﬁti&ﬁ— % ®¥_— ® Pythagorean triple. # 2 2, /% &_Diophantine
equation x> +y? =% ¢h—- 1 B ﬁitﬁifj.%‘{Pythagorean triple. #% 7 #-45 | #75 Pythagorean
triples £77353% 2 1% # & #2344 Fermat’s Last Theorem 3 B 5" 42.

7.2.1. Pythagorean Triples. % i # ¥ it 43 3| #73 7 Pythagorean triples. 7 i % L §
Al E R RS P 2R A BRFEE, { PR G 2 Pythagorean triple H= 8 g 2
Pythagorean triple $£ % {8 $| &0, F]pt 2 % 2 35 7 Pythagorean triples &2 Ry e
* ¥ Fti ¥ & Pythagorean triples % 3 “rp ¥ s e17 Pythagorean trlples 3% % Aokt 1Y
Flae e B p e ? V'Hit"*\ PV R Py =27 el B iR 2 EF R - RE x=0

2 y=07"E x? =72 & y? =% it 0 Diophantine equation 19 &2 % & &; £ kH # e
RHefagne ﬁﬁfw 2 SEGR IR S P RS SO LR LR

L 3o A Pk b gy x? +y = h- B0 FEFEINES S e K
WefE, Bldrx=3,y=4z7=5 4 - o0 FifF FPrFVEHEIL AN x=31,y=44,z=
SA » - el FEEciE T AP Ay & 8 7 2 Pythagorean triples. 7 i 3%tk 47 (5 n
Pythagorean triple ¥t i k72 § + # 4k, APl e 245 H - 2 Pythagorean
triple “J& 4" H_%k p ¥R B Pythagorean triple. = i&{?h 7 AR IR & 0 Flfc
¢h Pythagorean triple. ¥ § ! iz - ' Pythagorean triple % & % p % % - 2 d < = Flik
% 1 1 Pythagorean triple. i#4_%] 5% ¥ x=a,y=b,z=c 4_- 2 Pythagorean triple *
ged(a,b,c) =d, Rl d, b, eN #® a=dd,b=db ,c=dd * ged(d,b,J)=1. ¥ - >
BN+ =cr T B PP =2 i x=d,y=V,z=¢ i.}‘uiﬂ Ph o OFHL 1 n
Pythagorean triple. F]pt ¢ 2 & %33 &+ 2 Fl#c i 1 71 Pythagorean triple T # .

BISAMPERE x=a,y=b,z=c ¥ - 2k 2 F#ci 1 ¢ Pythagorean triple, § X
x=by=a,z=c+ & - EH =+ 2 F¥#i | o Pythagorean triple, » ik{'éu%%'ﬂ THE X,y
MER AR RS AL AU AR - B 2T R By GVERETE. Hldost
PP EY g x>y O 2 BRI EHA P ERG P Ao APT UL gy
- A AR B 2 FlEc ] & 7 2P 0 Pythagorean triple # x,y 08 % it
e, BRI P2=x4y? ozl Bk, B xyz kot S FHcg LT EN 2 ¥ -3
Box,yhiEs Ak hdlic SEFLE Ny Fid8 P 2=)"=1 (mod4). FIW ¢ i3
F 2 4+y? =2 (mod 4), A x> +y* Eisdk, d 2=x2+y? B 7 Lk » fjk{;m 2=0
(mod 4). izg= 0= z2 =x’+y*=2 (mod 4) 13 F. F| % A & K Pythagorean
triple # &+ 2 Fl#A_ 1, Bl x foy & - F - B, 2700 AP T 02 g rL$] 2 P g0 Pythagorean
triple # x &5 #¥m y B i B # AP LG e U4 o Pythagorean triples — 1 4 4 ih

& >
v .

E'D

Definition 7.2.1. B3% a,b,c €N & L a®> +b*>=c* ® ged(a,b,c)=1* a 4 #m b 58
¥, Pl a,b,c & — B primitive Pythagorean triple.
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A s 45 ¥ 913 ¢ primitive Pythagorean triples. ¥ § + primitive Pythagorean
triples € § & 3 % B, 7 &484p cnd) F| 3 3 K K-475 0 primitive Pythagorean triples "
FId, A E &3S P~ B2 2 RT3 o primitive Pythagorean triples % 1 ) k.

Theorem 7.2.2. % iz - % primitive Pythagorean triple x,y,z ‘& 5 te— 2 mneN H 7
m>n, ged(m,n) =12 mn * F — B 2% e~ B 20 Hig
x:mz—nz, y =2mn, z=m?+n°.

Fz3ag-2mneNEEm>n, gedimn)=12 mn* § - B 25— B L%k,

2

4L x=m?—n®, y=2mn ® z=m>+n% Bl x,y,z & — £ primitive Pythagorean triple.

Proof. &% x,y,z ¥ - X primitive Pythagorean triple. d % x> 4y> =72, AP @ 2 =

(z+x)(z—x). EETEZ y LBEn x,z £H8, T y/2(z4+x)/2 fo (2—x)/2 % 5 & K&

(v/2)* = ((z+x)/2)((z—x)/2). L& 2 P* (Z+x)/2 fe(z—x)/23F. 8283 - FHp i

(Z+x)/2 v (z—x)/2 = B, Fla @ p 5 (2+x)/24 (2—x)/2=2 1 (24x)/2—(z—x)/2=x
1 Flfic, ot g3 plyP =2 —x%, T p|y Fl@ 2 ged(x,y,z) =144 §.

T D)2 5 0/ 3 D /20 = (@02 0) 7 ()2 g
(z=x)2 % s % BEHE2 T3 »FihmneN #E® m?=(z+x)/2 2 n*=(z—x)/2. &
A

x:mz—nz, y =2mn, z=m*+n.

2% mAen, 43 x>0, T mP—n?>0, e m>n * Fi (z4x)/2 0 (z—x)/2 3 F, T

2_n2 2

ged(m?,n?) =1, 2 F ged(myn) =1. Bt 2T & x=m EHd, v mfen P G-
B A - AL

FzgEgd-2mneNZEm>n, gedimn)=12 mn ¥ 5 - B85 8- 315 I
2

-

EFL x=m?—n’,y=2mn ¥ z=m’+n? Plp KR xyzeNT P24y? =274 ﬁk{;m X, 0,2
4 - 2 Pythagorean triple. F]pt 2% i (54T & P v i §_primitive, ¥ ged(x,y,2) =1,x 5
FHT oy F B REE Yy=2mn Ty FREBE, A mn ¥ - BLH - B {féﬁib’f“l
x=m?—n* % HEH 8 I ged(x,y,z) =1 £ F 5 4% ged(x,y,z) > 1, B ged(x,y,2) % 3
F (Flieox £48) T G-+ FHEp 5 xyz 2%k Flip A 7+ x =2m?
fpg%zﬂ:Mhﬂﬁpﬁ%F&*wwpmﬂpm&ﬁmn??ma#mﬁ,
s ged(x,y,z) = 1. O

Theorem 7.2.2 £ 33\ *#% — B primitive Pythagorean triple p AR Ry H-BE3
Fenit Flomn B3], 7 8 & - wigfhan i}?ﬁi:i%?’ {# — % primitive Pythagorean triple.
BE AR AP v S ey T
Pythagorean triples, “ﬁ% LA IeiE 2 eh- 2omn ¥ A 2 3 0 Pythagorean triple. ¥
tEmnfem n EAe-F- B2 S Fanl FRE Y m>n 2 om >n', BK mon fem 0

A # — f& ¢ primitive Pythagorean triple. 7 ¥ m?> —n?> =m> —n? ® m?> +n> =m” +n'?. ¥

&85 5 edHEmn RiEY A A7 A A & 5% primitive

v

A N AR 4T 8 2mP =2m?, sd mm’ ¥ LT EEEE m=m. FRE n=n FPAPEG

T 7 &
2 %5,
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Corollary 7.2.3. 5 t & % % 2 primitive Pythagorean triple. ¥ F } & % - &

[ Y

primitive Pythagorean triple ¢ 5 teve— - 2 mneN E ¥ m>n, gedimn) =1 m,n

P - BE AR BERERE x=m®—n®, y=2mn, z=m>+n’
f

7.2.2. Fermat’s Last Theorem. ' * ¢ §5 3| #r§ x> +y? =% e B#cf2, (xp Rhg
B4y =2 ohl Bliz, 42 RSERAEN 3 gl Filicn, Xy =" i iz
Fermat 325 § n>3 X' +)y'=2" T &8 F#cfz. » f ®apiy - B RIEP > 2 R8P
PEEDZGH/RNEN, AT A PHS % S Fermat’s Last Theorem.

% § ¢ % PRAL Fermat’s Last Theorem % — % conjecture () ¥ 5 £i23 + %4
REEHEP . ZF b E kS S mﬁx? FEEFE O RIT k- B P 1995 £ A AR R A

DML A AT D 2 R P S AFRINE RS IS, ¥ A7 € 4 Fermat § 4~ a'“'r:fﬁ
e k. d pt AP F 0 Srig Diophantine equation 82 24 ﬁ“{ﬁ R j2enR 3, 2 85
Diophantine equation F&§ & # 3| /&8 E ' 2.

# 4 f# Fermat’s Last Theorem 7 & ¥ jg#75 * 3t %3t 3 hik Fl#c. 5 n 3 $ Df Flik
p, M n=pm, x¥E x=a,y=b,z=c L x"+y"'=7" - B F#fE P|F] o’ +bP" = cP™
x=d"y=b"z=c" A xP 4yl =z ch- B FHfE T2 EFaBEE Ly =27 ﬁ_ﬁ
FHf2, PIHE R n=pm, xX"+y'=7"» 8 F#f2 FIZFE n &+ OF Flii, ¥ n=2",

P ] r>2:.rr4\n ST EREE Ay = B FERGE, NHEL =22 "4y =" &

I R Tt & EP Fermat’s Last Theorem, 2 i © & E P ix &+ F e p, XV +yP =2
AﬂJ_ffﬁ’xﬁi Ryt =t E R R TP B AP R AR Tk, BT kA
FedF]* descent 17 ;2 FEP x +y =z £ I FFcfE

Ak g - Bt x4+ y* =7* { - 4540 Diophantine equation.

Proposition 7.2.4. x* +y* =7 & I & #cjz.
Proof. % i {|* descent 7z ZP 4yt =72 g0 FER BR x=a,y=b,z=c &
Kyt =72 h- D R R, A B * TP EDY - e FERfEx=a,y=b,z=c *
c1>cp. Ardt— BT 2 ¢ ot B #iceh well-ordering principle 4piE %, fAr R Y E E O BcfE

WBX x=a,y=b,z=c) E_x*+y* =72 ch— o F#fE 4o% ged(ag, b)) =d>1, d
dlay 2 dlby wwd*la}+bl=ct, %@ e T x=ai/d,y=bi/d,z=ci/d* L x*+y* =7
dh- B BHRTE ¢ /d® <.

Fx=a,y=bj,z=c Ex*+y' =7 h- w1 FEjE ged(a;,b) =1. »pEd
ged(a?,bl,c1) =1 (7 ged(ad,b3) =1) * x=at,y=bi,z=c B E2+y’ =22 f1* % & 3¢
# primitive Pythagorean triple chi %, % % — A P EXR o L4k b7 114 7
Tox= a%,y = b%,z =c¢; #_- 2 primitive Pythagorean triple. #x4|* Theorem 7.2.2 43 =
mneN B m>n2 gedimn)=1 & ¥

@ =m?—n*, bi=2mn, c;=m+n’.
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% d 3% ged(ap,m,n) =1 (%] ged(m,n) = 1), 2 x=ay,y=nz=m % L x>+y* =72, #&d a
A F B2 B2 @ @ 3 primitive Pythagorean triple 22 (2 F - n % 5 B ¥k (2 m &
+ ¥, i} f#® x=a;,y=n,z=m * & - ' primitive Pythagorean triple. FJy* f * - =%
Theorem 7.2.2 %5 . u,ve N B L u>v ¥ ged(u,v)=1 # ¥

ar=u>—v*, n=2uwv, m=u*+.

BB, AN by fon kA wEk NPT BER b =20 ¥ n=2n". ppFd b} =2mn
b’lzzmn/. A i3 gedimp)=1 AP romfen 55 BEHEL T 7T 5 h eeN R
Em=c32 n=e xd 3 2?=2n"=n=2uv 3% ged(u,v)=1, A PFF ufrv s 3 BE
fz T2 AT G habheNREFu=as 2 v=>b Fd m=u’+1? E?Pc%—( 22+ (b3)?
fSex=ayy=byz=co B Xyt =72 ch- el FBE LCEF o =m’+n’>m *0‘2‘ 1
x=ayy=hbyz=cp FF E¥ - 2yt =2 e BEHfEE B cp<cp. wfl* descent
7 R R A I 0

Proposition 7.2.4 % A x4 9y =722 @ & B#cfE, A PET s R | * T BEEEP

I

ryt= g iR SR T E x=ay=bz=c Ext+yt=" - & ﬁfﬁ’tﬁ* 1)

x=a,y=b,z=c? i‘g{x +yt =72 h- mn R LLﬂfrProposmon724JHQ , FH
(],{'L‘7 ~‘€;pr-

Corollary 7.2.5. x*+y*=7* & 1 & #jz.
7.3. T3 foRl dE

A —
M E ;ﬁﬂq Ty Eh BE

Bt EfS - g R AP RIR R EGR Y - B ABGR AL, ih{:lz-ﬁ Fin
G AR AR AR Faw B & OF T LRSS B E T S e, @ Y
ﬁ,’c«%’&? E S B T 2 e

7.3.1. Sum of Two Squares. % - B & F#c? £ % B FlcnT 3 g APy ﬁ**\ﬁ"—"iﬁ v
AEV B33 BEEDT 2o, 0 AL EEBHEERDT S T meNRE n=m? ¥
RAPT U B n=m? 402 SUAPT IET B A B B foenT > ool 5 T 2
Beendn j .

FAAP KRG - B ABE S

(a®> +b*)(? +d*) = (ac+bd)* + (ad — bc)*. (7.1)

SREST I RMERAEER RIS T 00 4 BB AR RRP . KR
s=a+bi,p=d+ccC (TR C i F4EETF2 &, aicCHLil=—1). Nipsrz,z
SR FAFHA N R T=a—bi,n=d—c * |af=az71=d2+b 2 |n)f=nn=cA+d% 7
I«LL

(a® 4+ b%)(* +d?) = 21712222 = 21227122 = | (ad — be) + (ac + bd)i|* = (ac +bd)? + (ad — be)?.

Fi# 83 (71) s T 2 R



96 7. ¥4 3 Diophantine Equations

Lemma 7.3.1. # mneN ¥ 7 3 &5 BEHRKDT > {o, B mp 77 00 F & B
T e,

Proof. # m=a*+b*> ¥ n=c>+d* 27 ab,c,d €Z, P41 * £+ (7.1) 4= mn = (ac+
bd)?+ (ad —bc)*. F ac+bd,ad —bc € Z # mn ¥ 11 B A B geehT 2 e, O

AR Lemma 7.3.1 &2 f”r?“ff“éf mn VL E NS BT 2 o omn 2 TR
% u};}g@:ml P T ERFEFAPE m Y G- BTGB S BT S {opF mn
EZFIBEXS l[%ﬁ}“fﬁ;:ml‘5’fr.

CERREC N A | mi{ﬁf"&? v B F gk o, T d Lemma 7.3.1 2 p Rk
FVRE FHvr 0B S nwrg:ml S et Bt v, 4 0 2=12412, T2 F LB LA
'Wfﬁtml 2 e, FIP T AP A R F O et f1* Lemma 7.3.1 AT @5~ B
Flo- BEFEELETT UE LS BERDT S foms 2

Lemma 7.3.2. B% p #- B #. F3habeZ #F >+b°=Ap, 8¢ L eN & &L
7L<p, E']p?,l'l:@,é;ﬁfﬁfgﬁi:é‘ﬁi’%‘fr,

Proof. ¥ g8 & S={scN| 3t uveZ it & u>+V*=sp}. &P ST &k, EHP p+
ua,s\r'v lﬁgﬁxmiﬂsfrr:—iwﬂﬁ B 1 €S Bhoirir €S m? RE®ie S AT B

E(FIAES) ® Send ¥ 5t B, T 1leSEXrEE S ¥ &) mm-%ﬁkil (LR &
I ¥ well-ordering principle, @ 3 S 2 &2 B £9101 S ¥ &3 ad %) £ meS
A SPEoamad APEEP m=1.

fl* P2, BEmA]L &d AeSE A<pw®l<m<p RAPFZAESYHIN m
] endea @53 . d 3 meS, & buveZ @ W+ =mp, AP m Eib 2
m H_F #eS fE R

(1) m 2 e P prd 3t w24V =mp Eindic, AP uy v kd ki (B u®4+0? 3 €
L), Futvfru—v ¥ 5 BE P (ut+v)/2 fc (u—v)/2 ¥ l%ﬁft—“

2 2

Utvyy U=V u vom
(=gt = 2p
A m/2e€S 2 m/2<m, 8 m ES ¢ o] FApA
(I) m &3 d: F15 4§ m L35 fpt
—-m+1 —m+1 m—1 m—1
1,...,0,1,... —1
{ D) ’ D) +7 sy Uy by ’ 2 ) 2 }

¥ - T complete residue system modulo m. P ¥ 33| c,d €Z % & c=u (mod m) *
d=v (modm), 2¢ —(m—1)/2<c,d<(m—1)/2. AT cfrd * it FPFEE 0, i&
EFidrk c=d=047 u=v=0 (mod m), ¥ mlu = mlv. F|¢* m?|u> +v> = mp, ¥
mlp. & §fr 1l<m<pipi §,twcfrd 2 FPFEL 0. F1i 2 +d?>=u?+v* (mod m)
A v =mp, A FE 24d>=0 (modm). ¥ FhHEKCT #E A4d>=km i

LF cdfrd A RFEL 0, & k0. T -6 F5 —(m—1)/2<c,d< (m—1)/2, 1
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la

Chd® < (m—1)2/44(m—1)2/4=(m—1)2/2<m? &@® 0<k<m = LF ke
k<m REeAPFaBEN 4+ =mp 12 P+d>=km. 1% £+ (7.1) 7
(uc +vd)? + (ud —ve)? = m*kp.
A FE u=c (modm) ¥ v=d (mod m), & ¥
uc+vd =u* +v*=0 (mod m) and ud—ve=uv—uv=0 (mod m).

4 AR (ue+vd)/m €L 2 (ud —ve) fm € L. Fs e

uc +vd ud —ve
(g (g,

)j*{‘;ukp BAG BERNT o & d keNwkeS KaAPEx okm, Bt
mn\St‘ﬁxjmm%#B%’ﬁ.

APFEEEmAl €S m P A BEE P A S Boekdd §. wd F @R BR

m#£1 737 s Th{;mmzl FIULEE p TR A BT 2 e, O
Lemma 7.3.2 ez P = £ B3 § 3F 123 descent 17 2 F‘K fd - BREEIN{ ] afEa e

%) % % descent 7 j: fi ¢ {/)k)i EiE R, T E G T FERER €L ’qﬁ; e

55 Bl ehD RS g h, Flet € FIIAEDSH. B st 5 2P g1 )
m { o] i FRE G iR, S }IJLT\LPH.,D/E' Am>1 a4 # B RAES f,
BEG FERAPRE m=1, TG R FH iR ﬁ:ﬁ-‘ mi?gﬁ, = ﬁ‘fi"ﬂ‘t K ENE
Lemma 7.3.2 &% 5 feen> 2 &5 3 r & &ﬁ-ﬁfw" FRF BTN P AP DR
dHREEATY & IR E AP KRG - B M3

B e, AFs *g’\ga’é%éw Fthendism > 2, - B¢ EIRfE ¥- BirinFy 2 A
[y
pL

ul

Example 7.3.3. ¥ & p=289. d * 89=1 (modd4), A Pttt acZ it ¥ a*>=—1
(mod 89). £+ % a=34 pF, a>=1156=—1 (mod 89), 2+ "% (34)>+1=13x89. F3
13 <89 #xd Lemma 7.3.2 v 89 ¥ & = & B T = fo. AP & J|* Lemma 7.3.2 0
FEM S E -89 B A S BT 3 ’fr’

$ 3 Lemma 7.3.2 e @, A s 13€S. F 1341, APE % 13, &85 ¢ $57/ ¢
e F . APEB I o d BE34=c (mod 13), I =d (mod 13) 112 —6<c¢,d<6. {*%
b ce=-52d=1 £FAPLR AC+d>=25+1=26=2x13. #&d 3 (7.1) §
(34 % (=5)+1)2 4+ (34 — (—5))> = 169> +392 = 2 x 13 x 89.
g5 169=13x13 » 39=3x13, i 132 4+32=2x89, + pAGR2€S. AR IR

B-13eS 28 EAI* RILB H w2 B2 Sl T

1343 13-3
( 2+)+( 5 )2 =8245% =89

% Example 7.3.3 » A4l * 89 =1 (mod4) #72¥ U I a€Z & & a’ = —
(mod 89). #iﬁfﬁé‘ﬁ» a (FEPaH ) REad+1=Ap, B¢ 0<A<p M %
* Lemma 7.3.2. - &fFa), § p &- F#iB L p=1 (mod4) pF, & 30+ rldoyt (F

3N
<5

SEILA G T 2 B
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Proposition 7.3.4. % p - F#&® p=1 (mod4), f| p ¥ 11§ 3 B FchT > o,

Proof. 4 ** p=1 (mod 4), Theorem 5.4.1 £ 3 2 7 x> = —1 (mod p) F f&. 7 T &
acN #® a>=—1 (mod p). ¢ * {1,2,...,p—1} - B reduced residue system modulo
p, AP T UER 1<a<p—1##a=—-1(modp) (FFF7EP 1<a<p/2).
Tl e leNE +1l=Ap. X Fl1i a<p—1, 2% Ap=a®+1<(p—1)*+1=
pPP—2(p—1)<p* 4 ;r{;m A<p, #&F1* Lemma 7.3.2 #3% p ¥ 8 2 & B F#chT >
Fe. |

BT RAPE EHPTRT KB SA BEERDT S fo. § p=1 (mod4) P, &
Proposition 7.3.4 2% i £ 4% gt g x> = —1 (mod p) FREEE p TR A BE DT 2
oo Adpe Tl F p=3 (mod 4) P, x> =—1 (mod p) Lf2HEE p 3 ¥ LB XA B A

Lemma 7.3.5. 5% p #- B FH# B L p=3 (mod4) ¥ neN B pln. F abecZ # ¥
a+b*=n, B pla® plb.

Proof. 5 & # F 2 P )b T30, % % — S APER prta. LD A4+b2=n " ph
foptb, BRI a®>=n—b> F pla? € FYE pra PEKXAPT F. TR a+b*=n2 pln,
A E a>=—b> (mod p). LR H >N a,b ¥ p 3, AP ¥ 2% Legendre symbol &2 i
32. f1* Legendre symbol irf2 5 (Lemma 5.3.2) 4+
=(5)-G)-G)G)-G)
p p p/)\p p)
—1
K@ d p=3 (mod4) 2% Theorem 54.1 2 i 4w <> =—1. d 4 § & pla, ¥4
p
b?> =n—a* & p|b. O
Lemma 7.3.5 3P 118 i 4f 023 Proposition 7.1.1 #t# 0= &, 4% 3534 > +y> =n

iz Diophantine equation # modulo p -3} k& (¥ p* Diophantine equation & f#. %

Lemma 7.3.5 A 5 F{EI LT 2 B4
Proposition 7.3.6. & p & - F#Z*® p=3 (mod4), F| p 7 it § = B FHcT > o,

Proof. i * F 2. BX FtabecZ #1#8 a®+b>=p. d 3 p A F ik, P arab A
$50. &wvPoabeN B 1<a<p—12 1<b<p-—1 pmab¥e p3 s
Lemma 7.3.5 cnlg %45 5. d 44 G p 3 i B =5 B F#HT > e, O

i 7 oURE BT B A A B AT S o, PR BT T R A S B BT S e
BTORA PR KRR DT B S 5 T S e, - 1 en =14
AT B BERDT 2o, 2 n>2 FANPRp FFFns 3 AFET 0E2 'fr"‘ﬁ%
EREE RNl it AN PRA S RN 3 2 S R N A Rl

Flie, AP x T UK T IR feE ) F]S T P T UG A BT S {o d LLL—JF% a4
Foldes 3 ch el £ & eh, AP gFa UT L@ahe g Foa=pllpp, B9 gl p
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AP R . APA p En NP FET n £ p ch e Blde 2250 =2x 32 x 5%, AP
2250 F 2=k 3N F MY 3 5 A Flle. R RRAPGF LT RS,

Theorem 7.3.7. 3k n€N. Rl n ¥ 12 % & &  flcen® * fof P85 n 2§ 2 eiig
PR I Wil S S8R O

Proof. B nix3 & mﬁf 4 3 m;frr]g,:ﬁ A A APEE YR n>2 h
A PPET Ken B F A RS

2my

n_zno qr p D5,
P og,p; FEARREFET ¢s=1 (mod4) 2 p; =3 (mod 4). d > APF Hp B2
n=2"g" g (P p)?,
M2V B aAS BEERDT e g, g ¥ OB A B E#HT 2 o (Proposition 7.3.4)
"z (p’inl,..p;ns)z UL B gg&ml = ‘ft‘ (ﬂ; - BT gt)’ sz d Lemma 7.3.1 4v
nF LRSS R HehT S e,

Fz,% p=3(mod4) & ne— BFFHk? 2 ds: 2k+1, T n=p*n/ &9 pin
AP EREIEM AV BEEROT e, BRFRabeEZ ®a*+b>=n. B
d Lemma 7.3.5 &v pla & plb. £ a=p'c X b=p'd, B? cd #E p I FE rseN. 72 &
- A EK 2r <25, AP REP 2k+1>2r BK 2k+1<2r, ¢ p¥ed+pPd? = pHria
Gop = pr 2 L p TRl X F) L 29— 2k—1>2r—2k—1>0 4 pln’. ¥ pin’ 493
F, A 2k+1>2r £ 4 pred 4 pPd? = pHtin

C2 +p2s—2rd2 :CZ+( s— rd) 2k+1 2r /

T pHHI T s g o e ptid T S e, d 3t p=3 (mod 4), p|pHTa' 2 phe, s
Lemma 7.3.5 _m,.:;,i%;m AR, eAvn AV LRSS BT S e, O

Bl4r 2250 =2 3% x 57 ¢ st gL 4 4 3 TS, 1 3 chaided 2 A, ot
12250 FOUH A BT S fo. $F 1 2250=457+15% ¥ 4 6174=2x3xT ¢ 1%
ARSI FEE 37, B T htdic: 3 A A HE T 6174 B2 B S B A BT
-%—ff'_

7.3.2. Sum of Four Squares. ' ¢ 51 7 :E’jfrjé Pt JERCERT 1 ’é‘i', 2+ A B T
fo, ATIXLfCp R R AT g h R S 2 B EREDT 2 e, 2 2R Y, bl
7 ’TH BN BERNT o, EFFART '/dsf—*— (PS5 A R f[;ffﬁx'rﬁi =
frp P rEE UL BT & X 4"8n+3) BTN 2 AT S = x]}ﬁg&ml = ’fr'
4v Lemma 7.3.1 e J, 70 )t E R 2 F P € v 2 B Ao T 2 fodffeen d L d At gt
APFENE A RE Y Aolp s foin 2R A PR BT 2 forl g, 3 B
e B A BCHT S ok 4R

AP R AIL S B DT 2 foh 2 R g e BT S {opt 3L AN -
B (T) d e
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(@ + 0>+ +d>)(E+ P+ 8 +h) = (ae+bf+cg+dh)?+ (af —be+ch—dg)?
+(ag —bh—ce+df)* + (ah+bg — cf —de)*.

(7.2)

SEESTUIAMEES PER AR AFAFEFF SRS Low @rlan 2

B E ST A AF Bcende B T 903 60 quaternion algebra kP . 7 i d >t quaternion
algebra © AR P anl 48 X g, A ffaig,z A 5wmp.

Fl* 83 (72) AP L4 T2
Lemma 7.3.8. & mneN ¥ ¥ g = w B FHHT > fo, Bl mn 77 2GS w B H

T2 e,

#0400 1 BERINT R $ Tl A, 49049 Lemma T.3.8 A (% f 2k &

FAVRL T R S BRI S e d 20 2 {eip A A 1 DY T R A B
el 3 e ATILT ? 7B BT 2 e (i BAE 0) ‘ﬂ A i xﬁ‘jﬂ’f £ 14
U443 e AT e} Lemma 7.3.2 0% 2 3 - B2 - BTEELET LR

$u R gL S foehs

Lemma 7.3.9. % p - BF#k. 3 abcedeZ ## @+ +P+d>=Ap, &7
AENBEA<p, Bl p ¥ E e BEHFNT S o,

Proof. ¥ g8 & S={scN| Ftt,uvweZ it 8 > +u> +v+w?=sp}. &R S hE &,
EFEM pvVUERT llﬁffﬂxml"‘frriﬂ?‘“-‘g HP 1S Bacimar 1S 7 kiR

ST ELE (FIAES) 2 S Y 50 Fie, "t leSErrig S¥ ﬁx~fn;~%§f~{
1.2 meSES®b|had APEED m=1.

JI* FEE, BEm#A]L &d LeS2 A<pml<m<p APHFZHLS?HIN m
] edem F54 5. d ¥ meS, wxetuvywel it ¥ P4t +v 4w =mp, s R
m B #EcE om A S BRI S.

(D) m B i g prd > 2> V2w =mp E i dc, AP fuvw % 5k s
B AR A B S S BB AT DR T APIE Ly w A S

FRad i, 24 -8 APBEXRLukFHEFBEE yvwkak® Trdut—u v+wie
v—w A B PR (4u)/2, t—u)/2, v+w)/2 4 (v—w)/2 ¥ 5 T

<t§”>2+(’;”>2+<V§W>2+<V;W>2:gp.
LArmf2ES T m/2<m, 2% m LSV E| At b
(IT) m 2% e F1 5§ m 235 fp*

—m+1 —m+1 m—1 m—1
1,...,0.1,... —1
{ 2 b 2 + b ) b ) b 2 b 2 }
jaj

4 - & complete residue system modulom. & ¥ 3 3| e, f,g,h €7 % _e=t (mod m), f =
u (mod m),g=v (modm) * h=w (modm), # ¢ —(m—1)/2<e,f,g.h<(m—1)/2. L& &
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e f,gfeh? it FpEE30, FREFmpafrl<m<pipns F. Fli &+ f7+g*+h*=
2 +u? v +w? (mod m) 12 % 12+ u? v 4w =mp, A E e2—|—f2—|—g +h*=0 (mod m).
TG e kEZ @1F P+ g+ =km. LR Fle, f,girh P FFEL 0, & k£0. ¥ -
FFE —(m—1)/2<e,f,g,h < (m—1)/2, #F1 e2+f2+g2+h2§(m—l)zz(m—1)2<m2,
R O<k<m 4 RAFAEN T k<m RENirf s R 4+ u* +vi+wr =mp 1
2424+ =km JI* 3 (7.2)

(te+uf +vg+wh)>+ (tf —ue+vh—wg)* + (tg —uh —ve +wf)> + (th-+ug —vf —we)* = m*kp.
*~ F% e=r (mod m), f=u (mod m), g=v (mod m) ¥ h=w (mod m), # {7

tetuf+vg+wh=tf—ue+vh—wg=tg—uh—ve+wf=th+ug—vf—we=0 (mod m).

T te+uf+vg+wh U— tf —ue+vh—wg
N m T m ’
V:tg—uh—ve—i-wf and W:th—i-ug—vf—we’
m m

Pl T.UV,WEZ »
T2+ U+ V2 4+ W? =kp.
ARG kp TR A E R HDT 2 e, er d keNdrkeS. Ka i dek<m, it
mES P EphaEApa f.
*\II” FEE mAl S m 2 A 2 A Hnd 5. &l F R RER m#
Az = R EE p TR A e R e, =

=T RA PR * Lemma 7.3.9 RFEM 41 hl Flcy T OB S e BT S e
APEFTRERPE AR FET RS BRERST S o d 2=
(mod p) &2, APEA|* BN B aeN R EF x>=—0o (mod p) F & o 3 pF
) g e

p p p p p p

acN i # x>=a (mod p) & f&. HE7 uyeden, Fli S={1,2,...,p—1} ¥ modulo p
¢ reduced residue system, % pfa, B x> =a (mod p) mﬁ’*m’» e S ¥ % i ~ % & modulo
p 2T IRAR ,T&{‘%szza (modp) jarrreritsceS @ >=a (mod p). #71
APERERSY chE - BAFET3 Fafed 3 s Bt modulo p 2 T R4 X2 =
(mod p) # f&; F 2., % a frT = 5% Bt modulo p 22 T % % 4R x> =a (mod p) &
ja. #aEF ceSA p—ceS T (p—c)P=(—c)=c (modp), * F1i p &% Fk, 1
c# p—c (mod p). Y{@S P T2 5 modulo p 2T WG (p—1)/2 B 7 AR
L. FpAPAE S X (p-1)2BAEa T xP=a (modp) FfE 2 F (p—1)/2
Brtagr®r’=a (modp) # 2.

Theorem 7.3.10. % p - F#*® p=3 (mod4), B| p ¥ 1 B v B FH DT > fo. &
BB, 5 RS TR R S
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Proof. 3% p - f#? p=3 (mod4). AP EH T ab,c,d€Z #F a®>+b*+*+d*> =
Ap, 2% AeN ¥ A<p, E41* Lemma 7.3.9 HFE p ¥ M B v B FHchT = {o,
By S={1,2,...,p—1} &- B modulo p # reduced residue system. £ €S &S
a 1
¢ oEo] ihlicit ¥ 2 =ao (mod p) & &, i&{;yu () =—1. d * <> =1, A pae o>,
P
e a—1€8, 2 ¥*=a—1 (modp) } & (Fla &S ¢ b ] kit ¥ x> =a (mod p) &
~1 - 1
f3). ¥ - 2 5 p=3 (mod 4), #714 () =—1, =¥ <a> = <> <> =1, 7*»{;1
p p p p
¥=-o (mod p) § 3 M4 acSEP=a-1z2—f APvPEar® 1<a<(p-1)/2.
LA E (p+1)/2<a<p-1, 0% % p—a, ' P (p—a)*=(—a)’=a—1 (mod p) i
sxX%=0a—1 (mod p) 2z —f22 1<p—a<(p—1)/2. FRAPL ¥HI beS L X’ =—a
(mod p) 2 —f32 1<bhb<(p—1)/2. T4 **
PP +1l=a—1+(—a)+1=0 (mod p),
FrAEN#E P+ +1=Ap. * 4 *

lp:a2+b2—|—1§(p;1)2+(pg )2+1<p;+1<p2,
SRR A< p. &AL Lemma 7.3.9 @ p T LR Fw B E g S fe,
REFneN. Fn=10n$ A8 3r BEHENTS fo. F > 1, B7 Hn B2
Bt gt =gl pi=2 S pi=1 (mod 4) Bl pi T B A S B RRT S fe, &7
B AR BERNT S fo. F p;=3 (mod 4), Bld e opx VLR S w B A fohT S e
#z{]* Lemma 7.3.8 svn=p'---pir ¥ 11§ v B FHcanT = o O

Ao 5T - ARAGAR ki, AR B



