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前言

ε學܌學ޑ數學کଯύ໘܌ࢤ學ಞ數學ӧቫԛ΢Ԗ܌όӕ. ᙁൂٰᇥε學數學๱ख़ܭ౛
論ޑ୷ᘵ. ҁᖱက׆ఈϟಏӕ學ӵՖ᠐ᔉۓ౛, ౛ှ᛾ܴࣗԶԾρቪΠ᛾ܴ. ॺஒϟಏᡄך
ᒠ (Logic), ໣ӝ (Set) аϷڄ數 (Function) .ۺཷޑ ाݙཀ, ाϟಏᡄᒠ學аϷ໣ࢂॺόך
ӝ論. ೭္ፋ論ޑ໻๱ख़ܭஒٰεৎ學ಞ數學܌ሡाޑᡄᒠϷ໣ӝۺཷޑ.

ҁᖱကᗨฅЬाаύЎኗቪ, όၸ྽ੋϷۓက܈஑ԖӜຒਔ, ᘋஒаमЎ֚ޑխᙌ᝿ࣁ
.жڗ ӢԜஒаύम֨ᚇၨό໺಍ޑБԄᡉ౜, ऩԖόߡፎـፊ.

ҁᖱကጓቪ຤ਔ, ጓቪֹ٠ࡕ҂࿶ၸᝄᙣޑਠჹ. ౧ᅅӧ܌ᜤխ, ᗨόԿܭԖ౛論܄΢ᝄ
ख़ޑᒱᇤ, ՠ᠐ޣϝᔈݙཀόࡴཷەӄԏ. ऩว౜ᒱᇤ, ៿߆ගрᝊ຦ޑཀـ.
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Chapter 1

Basic Logic

.ᇟ言ޑჴ學ಞ數學൩Ⴝ學ಞཥځ ΃٤Ӝຒۓޑက൩Ⴝ “ൂӷ” ΋ኬ, Զᡄᒠ logic ൩ӳ
Кࢂஒ೭٤ൂӷಔӝԋ΋ঁѡη܌ሡޑ “Ўݤ”. ΃૓ӕ學ӧ學ಞᡄᒠਔ, ཮όԾ᝺Ӧஒ΃٤
ᡄᒠೕ߾аङᇝޑБԄ૶Ꮻ, ೭཮೷ԋаࡕ學ಞ΢೚ӭޑምᛖ. ወཀ᛽ࢂᔈ၀߾ჴ೭٤ೕځ
ϣޔޑ᝺, ೭ኬ學ಞ數學ωૈ೯Չคߔ.

ӧ數學ύૈܴዴޕၰჹ܈ᒱޑ論ॊךॺᆀϐࣁ statement. ӵٯ 2 > 0 ΋ঁࢂ statement,
3 < 2 Ψࢂ΋ঁ statement ՠ x > 0 ൩όࢂ΋ঁ statement (ନךߚॺޕၰ x .(ϙሶࢂ

1.1. Connectives

數ঁ statements ёаಔӝԋ΋ঁ statement, ೱௗ೭٤ statements ᒏ܌ࢂ൩ޑ connec-
tives. ॺा௖૸࿶җך connectives ೱ่ԋޑ statement .׎௃ޑᒱ܈ჹځ

1.1.1. And. २Ӄϟಏࢂߡޑ “and” ೭΋ঁ connective. ೭΋ঁ connective ᔈ၀ࢂεৎ
ന৒ܰ౛ှޑ΋ঁ. ऩ P ک Q ࣁࣣ statement, ॺҔך P∧Q ҢȨP߄ and Qȩ೭΋ঁ

statement. P∧Q ϙሶਔংࢂჹޑϙሶਔংࢂᒱګޑ? ཀကޑӷय़ྣࡪ “and” ൩ࢂ “Ъ” ޑ
ཀࡘ, ൩ӵӕಞᄍҔᇟ྽ P ԶЪ Q ೿ࢂჹਔךॺωૈᇥ P∧Q ,ޑჹࢂ Զѝा P ک Q ځ

ύԖ΋ঁࢂᒱޑ, ཮ᇥߡॺך P∧Q .ޑᒱࢂ ӵȨ2ٯ > 0 and 2 < 7ȩࢂჹޑ, ԶȨ2 > 0 Ъ

2 > 7ȩࢂߡᒱޑ.

߄੿ॶޑᒏ܌ॺёճҔך truth table ҢҔ߄ٰ connectives ೱ่ঁٿ statements ځࡕ
ჹᒱޑ௃ݩ. ॺҔך T Ңჹ߄ (true), F Ңᒱ߄ (false). ޑॺԖаΠךа܌ true table.

P Q P∧Q
T T T
T F F
F T F
F F F

୷ҁ΢ Truth table ൩ࢂஒ P,Q ؂ঁёૈჹᒱޑ௃ݩӈр, ฅࡕҗ P,Q ,ݩ௃ޑჹᔈ܌
ቪΠѬॺೱௗޑࡕჹᒱ௃ݩ. ࣁಃΟᐉ௨߄ӵ΢ٯ P ࣁ T, Q ࣁ F ቪΠࡺ P∧Q ࣁ F.
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2 1. Basic Logic

৒ܰว౜όᆅࡐ P,Qޑჹᒱ௃ݩӵՖ P∧Qک Q∧Pޑჹᒱ௃ࣣ࣬׎ӕ. Ψ൩ࢂᇥ P∧Q

ک Q∧P ӧᡄᒠ΢࣬ࢂ฻ޑ. ࣁॺᆀѬॺך logically equivalent.

Truth table ёаᔅշךॺղᘐ೚ӭ statements Ҕ connectives ೱௗଆٰځࡕჹᒱޑ௃
,ݩ ӵٯ (P∧Q)∧R ޑ truth table ࣁ

P Q R P∧Q (P∧Q)∧R
T T T T T
T F T F F
F T T F F
F F T F F
T T F T F
T F F F F
F T F F F
F F F F F

Question 1.1. գ཮ӈр P∧ (Q∧R) ޑ truth table ༏?

ཀݙ (P∧Q)∧R ک P∧ (Q∧R) ӧཀက΢ࢂό΃ኬޑ. (P∧Q)∧R Ӄ௖૸ࢂ P∧Q ჹᒱޑ

ӆک R ೱ่; Զ P∧ (Q∧R) Ӄ௖૸ࢂ Q∧R کჹᒱӆޑ P ೱ่. όၸவѬॺޑ truth table
ၰޕॺך (P∧Q)∧R ک P∧ (Q∧R) ࣁ logically equivalent.

1.1.2. Or. ྽ P ک Q ࣁࣣ statement, ॺҔך P∨Q ҢȨP߄ or Qȩ೭΋ঁ statement. ࡪ
ྣӷय़ޑཀက “or” ൩ࢂ ”܈“ .ࡘཀޑ όၸӧךॺВதҔᇟύ ”܈“ ԖٿᅿҔݤ: ӵӧೲٯ
१۫ᗺ঺ᓓ, ໯਑ёаᒧ᏷Ȩё኷݀܈Ҋȩ. ೭္ޑ ”܈“ ,᏷΃ޣҢΒ߄ գόёаঁٿ೿ᒧ;
Զၯ኷༜ᖼ౻ਔೕۓȨϤྃаΠي܈ଯ 105 ϦϩаΠȩωёᖼວูٽ౻. ೭္ޑ ”܈“ Ң߄
ϤྃаΠيکଯ 105 ϦϩаΠΒޣԖ΋ঁԋҥ൩ёа, ٠ό௨ନϤྃаΠЪيଯ 105 Ϧϩ
аΠӕਔԋҥޑ௃ݩ. ӧ數學ᡄᒠ΢, “or” ,ݤय़ٗᅿᇥࡕࢂޑࡰ Ψ൩ࢂᇥ྽ P ک Q ύځ

Ԗ΋ঁࢂჹޑ P∨Q ޑჹࢂߡ (٠ό௨ନ P ک Q .(ݩ௃ޑჹࣁࣣ ඤ言ϐ, ѝԖ྽ P ک Q ೿

,ޑᒱࢂ P∨Q ωࢂᒱޑ.

ӵ,Ȩ4ٯ < 5 or 4 < 3ȩ೭ঁ statement ,ޑჹࢂ Ӣࣁ 4 < 5 .ޑჹࢂ ԶȨ4 > 5 or 4 > 6ȩ

೭ঁ statement ,ޑᒱࢂߡ ӢࣁΒࣣޣόԋҥ. ाݙཀȨ4 < 5 or 4 > 3ȩ೭ঁ statement ٩
ฅࢂჹޑ, ᗨฅգ཮ᇡࣁҔ and Кၨӳ, όၸӧᡄᒠ΢Ѭ٩ฅࢂჹޑ, ί࿤ձབᒱ.

ܭॺԖаΠᜢך P∨Q ޑ truth table.
P Q P∨Q
T T T
T F T
F T T
F F F

Question 1.2. P∨Q ک Q∨P ࣁցࢂ logically equivalent? (P∨Q)∨R ک P∨ (Q∨R) ցࢂ

ࣁ logically equivalent?

ฅࡽ and, or ࣁࣣ connectives, .షӝ٬Ҕځॺёаஒך ӵ྽ٯ P,Q,R ࣁ statements
ॺёаԵቾӵך (P∧Q)∨R, (P∨Q)∧R,... ฻׎Ԅޑ statements. ӵՖղۓѬॺޑჹᒱ
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?ګ ӵٯ (P∧Q)∨R ൩Ѹ໪ޑჹࢂ (P∧Q) ܈ R .ޑჹࢂύ΋ঁځ ࢂаѝा܌ R ,ޑჹࢂ
(P∧Q)∨R ൩΃ۓჹ, Զऩ R ൩Ѹ໪ٗޑᒱࢂ P,Q ࣣჹ, (P∧Q)∨R ω཮ࢂჹޑ. ,ཀݙ ί
࿤όाᇤаࣁ (P∧Q)∨R ک P∧ (Q∨R) ࢂ logically equivalent. ޑᡉฅࡐ P∧ (Q∨R) ჹࢂ

൩Ѹ໪ޑ P ک Q∨R .ޑჹࣁࣣ ӵ྽ٯ R ,ਔޑჹࢂ όᆅ Q ᒱ܈ჹࣁ Q∨R ,ჹࣁࣣ ՠᗋ
Ѹ໪ P ډჹωёளࣁ P∧ (Q∨R) .ޑჹࢂ ೭کѝाࢂ R ,ޑჹࢂ (P∧Q)∨R ൩΃ۓჹόӕ,
а܌ (P∧Q)∨R ک P∧ (Q∨R) όࢂ logically equivalent. ྽ฅךॺΨёճҔаΠޑ truth
table ղۓѬॺόࢂ logically equivalent.

P Q R P∧Q (P∧Q)∨R
T T T T T
T F T F T
F T T F T
F F T F T
T T F T T
T F F F F
F T F F F
F F F F F

P Q R Q∨R P∧ (Q∨R)
T T T T T
T F T T T
F T T T F
F F T T F
T T F T T
T F F F F
F T F T F
F F F F F

ќ΃Бय़, ճҔаΠ (P∨R)∧ (Q∨R) ޑ truth table, όᜤว౜ (P∧Q)∨R ک (P∨R)∧
(Q∨R) ࣁ logically equivalent.

P Q R P∨R Q∨R (P∨R)∧ (Q∨R)
T T T T T T
T F T T T T
F T T T T T
F F T T T T
T T F T T T
T F F T F F
F T F F T F
F F F F F F

Question 1.3. ၂ճҔ truth table ᔠࢗ (P∨Q)∧R ک (P∧R)∨ (Q∧R) ࣁցࢂ logically
equivalent.

ॺёаճҔך truth table ᔠᡍ΋߄٤Ңࢂݤցࣁ logically equivalent. ӧ΋٤Ԗᜢ logic
ਜΨ཮Ԗ΋٤ޑ logical equivalences .ᡣεৎᔠᡍ߄ӈޑ όၸ೭٤೿ࣁࢂΑᡣεৎዕ஼೭
٤ connectivesаϷ truth tableޑၮҔ. ନΑаکࡕ論᛾Ԗᜢޑ logical equivalencesךॺሡ
ाݙཀЪ཮੝ձගᒬεৎाዕ஼, ΋૓ٰᇥεৎόѸ޸ਔ໔ܭ૶Ꮻ೭٤ logical equivalences.

നࡕගᒬ΃Πک “or” Ԗᜢޑ數學಄ဦ ≥ ک ≤. ӧ數學΢ x ≥ y Ң߄ x > y or x = y, ܌
а 4 ≥ 3 ೭΋ঁ statement ྣࡪ or .ޑჹࢂ߾ᡄᒠೕޑ ӕ౛ 4 ≤ 5, Ψࢂჹޑ.

1.1.3. If - Then. ೭ࢂ΋ঁ數學ۓ౛္தޑـ connective ՠΞࢂ೚ӭӕ學όࣗΑှԶ࿶
தᇤှޑ connective, ፎ୍Ѹ׋మཱ. ྽ P ک Q ࣁࣣ statement, ॺҔך P ⇒ Q ҢȨif߄ P

then Qȩ೭΋ঁ statement, ջȨऩ P ߾ Qȩޑཀࡘ. ाݙཀ P ⇒ Q ӧ數學΢ޑཀ఼ᆶપᆐ

ᡄᒠ΢Ԗ܌όӕ. Ьाޑ୔ձࢂ, 數學΢ P ⇒ Q ၨதࢂޑၲ߄ P,Q ϐ໔ޑӢ݀ᜢ߯ (Ψ൩ࢂ
ᇥ P,Q ೯த࣬ࢂᜢޑ). ೭္ P,Q ೯தόࢂ statement, ԶࢂӵȨx ޑჴ數ȩ೭ኬࣁ .”፦܄“
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Զᡄᒠ΢ஒ ⇒ ࣮ԋࢂ΋ঁ connective ёаೱ่Һཀޑ P,Q (ջ٬Ѭॺడคᜢ߯). ӵ數學ٯ
΢ךॺԖ “if x > 3 then x2 > 9” ೭ኬޑ statement ཀݙ) x > 3 ک x2 > 9 ࣣόࢂ statement,
ՠҔ if-then ೱ่ࡕ, Ѭࢂ΋ঁ statement). x > 3 ک x2 > 9 .ޑԖᜢ߯ࢂ Զӧᡄᒠ΢ӧךॺ
Ԗ “if 3 > 2 then 2 is even” ೭ኬޑ statement (ջ٬ 3 > 2 ک 2 .(ޑԖᜢ߯ؒࢂଽ數ࣁ ӧ௖
૸ P ⇒ Q ӧᡄᒠ΢ჹᒱޑ௃ݩϐ前, .ཀ఼ޑॺӃமፓѬӧ數學౛論аϷ௢౛ᆶ論᛾΢ך

ӧ數學΢, ྽ךॺᇥȨif P then Qȩཀջ “྽ P ԋҥਔ, Q ΋ۓԋҥ”. :ཀݙ) Α୔ձࣁ
፦ᆶ܄ statement, ,፦ԋόԋҥ܄ॺᇥ΋ঁך ԶόҔჹᒱ೭ኬޑᇥݤ.) ೭္ाமፓࢂޑ, ྽
ॺᇥך if P then Q ၰӵ݀ޕॺ໻ךҢ߄ P ԋҥ, ۓёዴ߾ Q ΋ۓԋҥ. ӵ݀ P όԋҥ, ࢂ
คޕݤၰ Q .ցԋҥࢂ аӧ數學΢ा論ॊȨif܌ P then QȩךॺѝᜢЈ྽ P ԋҥਔ, Q ցࢂ

Ψԋҥ೭ኬޑ “Ӣ݀ᜢ߯”, όѸӧཀ P όԋҥޑ௃ݩ. ೭΋ᗺکᡄᒠ΢ޑȨif P then Qȩ࣮

ԋ P,Q ೭ঁٿ statements ޑ connective ࣬྽ޑόӕ, ӢࡽࣁฅाᡣȨif P then Qȩԋࣁ΋

ঁ statement, ൩Ѹ໪ܴۓ P,Q ӧҺՖޑჹᒱ௃ݩਔ P ⇒ Q .ݩჹᒱ௃ޑ ќѦךॺΨाமፓ
P ⇒ Q ک Q ⇒ P ӧ數學΢ֹࢂӄό΋ኬޑ. Ԗ೚ӭӕ學཮ᇤаࣁёҗ P ⇒ Q ௢ள Q ⇒ P.
೭ࢂόჹޑ, ٣ჴ΢ P ⇒ Q ໻߄Ңҗ P ԋҥё௢ள Q ԋҥ, ՠό߄Ң྽ P όԋҥਔό཮٬

ள Q ԋҥ. ၰޕॺךӵٯ if x > 3 then x2 > 9, ՠ೭٠ό߄Ң྽ x ≤ 3 ਔό཮٬ள x2 > 9. Ψ
൩ࢂᇥךॺคݤҗ Q ԋҥளډ P ԋҥ. ᕴԶ言ϐ, P ⇒ Q ٠όૈዴߥ Q ⇒ P. ฻΋Πךॺ
ကȨifۓ P then Qȩӧᡄᒠ΢ޑჹᒱ௃ݩਔ, ॺΨ཮ว౜ך P ⇒ Q ک Q ⇒ P ӧᡄᒠ΢Ψό

ࢂ equivalent.

Question 1.4. ӵ݀ךॺޕၰ P ԋҥ߾ Q ԋҥ. ٗሶ྽ךॺว౜ Q όԋҥਔ, ցёаᘐࢂ
言 P Ψόԋҥ?

౜ӧךॺٰ࣮ӧᡄᒠ΢ӵՖۓက P ⇒ Q .ݩჹᒱ௃ޑ வ前य़數學΢ޑཀကٰ࣮, ྽ P,Q

ࣁ statements ਔ, ӵ݀ P Ъޑჹࢂ Q ,ޑჹࢂ ٗሶ٠҂ၴङ P ⇒ Q ,ݤᇥޑ аӧ೭ᅿ௃܌
ۓॺךݩ P ⇒ Q .ჹࣁ ՠऩ P Զޑჹࢂ Q ,ޑᒱࢂ ٗሶ൩ၴङ P ⇒ Q ,ݤᇥޑ аӧ೭ᅿ܌
௃ךݩॺۓ P ⇒ Q .ᒱࣁ ՠࢂऩ P ,ޑᒱࢂ ӵՖۓ P ⇒ Q ?ګჹᒱޑ җܭ P ⇒ Q ٠҂論Ϸ

྽ P ,ᒱਔࢂ Q ཮ӵՖ, а྽܌ P ,ᒱਔࢂ όᆅ Q ჹᒱ೿҂ၴङ前ॊޑ P ⇒ Q ,ݤᇥޑ ܌
аԜਔךॺ೿ۓက P ⇒ Q .ჹࣁ ӵٯ 2 > 3 Ъޑᒱࢂ 22 > 9 ,ޑᒱࢂ ՠ೭٠όၴङ前य़܌
ග if x > 3 then x2 > 9 ೭΋ঁჹޑ statement. ќ΋Бय़, −4 > 3 ,ޑᒱࢂ ՠ (−4)2 > 9 ჹࢂ

,ޑ Ψόၴङ前ॊ if x > 3 then x2 > 9 ೭΋ঁჹޑ statement. ᕴԶ言ϐ, ᜢܭ P ⇒ Q ॺך

ԖаΠޑ truth table.
P Q P ⇒ Q
T T T
T F F
F T T
F F T

Question 1.5. ၂ճҔ truth table ղᘐ Q ⇒ P ک P ⇒ Q ࣁցࢂ logically equivalent?
(P ⇒ Q)⇒ R کցࢂ P ⇒ (Q ⇒ R) ࣁ logically equivalent?

೚Ԗ٤ӕ學ჹ܈ P ⇒ Q ,ကϝԖᅪቾۓՖ೭ሶࣁݩჹᒱ௃ޑ ӧךॺϟಏ “if and only if”
೭ঁ connective ਔ཮ӆ຾΋؁ᇥܴ.
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നךࡕॺံк P ⇒ Q ӧमЎ΢ޑ൳ᅿᇥݤ. ନΑȨif P then QȩѦ, ᗋԖ

• ȨQ if Pȩ

• ȨP implies Qȩ

• ȨP is sufficient for Qȩ(ཀջ P ԋҥىа٬ள Q ԋҥ)

• ȨQ is necessary for Pȩ(ཀջሡा Q ԋҥωԖёૈ٬ள P ԋҥ)

• ȨP only if Qȩ(ཀջѝԖ྽ Q ԋҥਔ P ωёૈԋҥ)

• ȨQ whenever Pȩ(ཀջ؂྽ P ԋҥਔ Q ೿཮ԋҥ)

1.1.4. If and Only If. ྽ךॺஒ P ⇒ Q ک Q ⇒ P Ҕ and ೱௗਔ, ջ (P ⇒ Q)∧ (Q ⇒ P),
ࣁॺᆀϐך “P if and only if Q”, Ҕ P ⇔ Q .Ң߄ٰ

ॺ٩ฅӃ௖૸ӧ數學΢ך P ⇔ Q .ཀကޑ ॺᇥךကӧ數學΢ۓ٩ P ⇔ Q Ң߄ P ⇒ Q Ъ

Q ⇒ P. Ψ൩ࢂᇥऩ P ԋҥ߾ Q ΋ۓԋҥ, ќ΋Бय़ऩ Q ԋҥ߾ P ΋ۓԋҥ. ӢԜ P,Q

Ԗ΋ঁԋҥਔќ΋ঁ΋ۓΨԋҥ. ඤ言ϐ, P ⇔ Q Ңऩ߄ Q ԋҥ߾ P ΋ۓԋҥԶЪѝԖ྽

Q ԋҥਔω཮٬ள P ԋҥ (ց߾཮೷ԋ P ԋҥՠ Q όԋҥޑ௃ݩ). ೭ΨࢂӧύЎךॺஒ
P ⇔ Q ᆀϐࣁ “P ऩЪ୤ऩ Q ” ܈) P ྽Ъ໻྽ Q) .চӢޑ

౜ӧךॺٰ࣮ӧᡄᒠ΢ P ⇔ Q .ݩჹᒱ௃ޑ வ前य़數學΢ޑཀကٰ࣮, ၰޕॺёаך
P ⇔ Q Ң߄ P ჹ߾ Q Ъ Q ჹ߾ P ჹ. ό཮Ԗ΋ჹ΋ᒱޑ௃ݩ. ӢԜऩ P,Q Ԗ΋ঁᒱ߾ќ

΋ঁ΋ۓΨࢂᒱޑ. Ψ൩ࢂᇥӧᡄᒠ΢ P ⇔ Q Ң߄ޑჹࢂ P ک Q Ѹ໪ࢂӕਔࢂჹ܈ޑӕ

ਔࢂᒱޑ. ܭᜢܭॺԖаΠᜢךа܌ P ⇔ Q ޑ truth table.
P Q P ⇔ Q
T T T
T F F
F T F
F F T

Question 1.6. ၂ճҔ P ⇒ Q аϷ Q ⇒ P ޑ truth table ቪΠ P ⇔ Q ޑ truth table.

Question 1.7. P ⇔ Q ک Q ⇔ P ࣁցࢂ logically equivalent? (P ⇔ Q)⇔ R ک P ⇔ (Q ⇔ R)

ࣁցࢂ logically equivalent?

ᡄᒠ΢ P ⇔ Q ჹᒱޑ௃ݩ, ,΋ठࡐݩ௃ޑ數學΢ک εৎᔈ၀᝺ளၨࣁԾฅ. ౜ӧךॺ
ճҔ P ⇔ Q ٰှញࣁՖᡄᒠ΢ѝा P ,ޑᒱࢂ όᆅ Q ,ჹᒱޑ P ⇒ Q ೿ۓကࣁჹޑ. ྽
ฅΑ, Ӣࣁ (P ⇒ Q)∧ (Q ⇒ P) ൩ࢂ P ⇔ Q, а྽܌ P,Q ,ᒱਔࣁࣣ Αᡣࣁ P ⇔ Q ,ჹࣁ ך
ॺ྽ฅाۓက P ⇒ Q ک Q ⇒ P .ჹࣁ а྽܌ P,Q ,ᒱਔࣁࣣ ကۓॺך P ⇒ Q .ჹࣁ Կܭ
P ᒱ Q ჹޑ௃׎, җܭԜਔ Q ⇒ P ,ᒱࣁ όᆅ P ⇒ Q ࡛ሶۓ೿ёа٬ள P ⇔ Q .ᒱࣁ ฅ
ԶԜਔऩ P ⇒ Q ,ᒱࣁۓ ஒ཮導ठ P ⇒ Q, Q ⇒ P ک P ⇔ Q ࣣԖ࣬ӕޑ truth table (ҭջ
equivalent), Ԝک前ॊ數學΢όૈҗ P ⇒ Q ௢ள Q ⇒ P ࣬ၴङ, а྽܌ P ᒱ Q ჹޑ௃׎,
ကۓॺ٩ฅך P ⇒ Q .ჹࣁ

നךࡕॺံк P ⇔ Q ӧमЎ΢ޑ൳ᅿᇥݤ. ନΑȨP if and only if QȩѦ, ᗋԖ
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• ȨP iff Qȩ

• ȨP is equivalent to Qȩ

• ȨP is necessary and sufficient for Qȩ

1.2. Logical Equivalence and Tautology

前य़ךॺϟಏၸ logical equivalence .ۺཷޑ ॺёаճҔך logical equivalence ΋٤ޑ
ೕ߾௢導р׳ӭޑ logical equivalences. ೭ኬޑӳೀࢂόѸ؂ԛ೿Ҕ Truth table ٰ௖૸Ԗ
ᜢ logical equivalence .ᚒୢޑ

२Ӄךॺӆᙶమ΋ঁᇥݤ. ྽ P,Q ޑۓዴࢂ statements ਔ, P∧Q ک Q∧P Ψ཮ࢂዴۓ

ޑ statements (Ψ൩ࢂᇥѬॺჹᒱޑ௃ݩς࿶ۓڰ), аԜਔᇥ܌ P∧Q ک Q∧P ࢂ logically
equivalent٠ό࡞ࡐࢂ྽. ٣ჴ΢ךॺࢂஒ P,Q࣮ԋᡂ數΋ኬ,ѬॺёаҔҺཀޑ statement
,жڗ аԜਔ܌ P∧Q ࣁჹᒱ཮Ӣޑ P,Q ,όӕ܌όӕԶԖޑ Ԝਔᇥࡺ P∧Q ࢂ statement
Ψό࡞྽. ,ـଆߡΑБࣁ ೭္ (ҁᖱကࢂޑࡰ) ྽ P,Q ,ϐΠݩ௃ޑёᡂ୏ࢂ ᆀѬॺߡॺך
ճҔ connectives ೱ่ଆٰࣁ่݀ޑ “statement form”, ॺ཮ᇥךӵٯ P∧Q ک Q∧P ೭ٿ

ঁ statement forms ࣁ logically equivalent. ќѦךॺҔ “∼” ঁٿҢ߄ٰ statement forms
ࣁ logically equivalent, ॺԖךӵٯ (P∧Q)∼ (Q∧P).

ಃ΋ঁதޑـ logical equivalence :ࢂ߾٬Ҕೕޑ ॺёаஒך logically equivalent ޑ
ঁٿ statement forms ޑдځύӕ΋ঁᡂ數Ҕځ statement form ,жڗ ϝёளډ logical
equivalence. ޕӵςٯ (P∧Q)∼ (Q∧P), ॺёஒך P Ҕ P ⇒ Q жளڗ

((P ⇒ Q)∧Q)∼ (Q∧ (P ⇒ Q)).

೭ঁೕޑ߾চӢࡐᙁൂ, Ӣࡽࣁฅ logically equivalent ޑ statement forms Ԗ࣬ӕޑ truth
table, ޑளཥ܌ࡕᡂ數Һཀᡂඤ྽ฅനঁࢌύځॺஒך statement forms ϝ཮Ԗ࣬ӕޑ
truth table. ӕኬޑၰ౛, ঁٿᡂ數Ҕঁࢌύځॺёаஒך (ӳ൳ঁ܈) logically equivalent
ޑ statement forms ,жڗ ന܌ࡕளཥޑ statement forms ϝࣁ logically equivalent. ӵςٯ
ޕ (P∧Q)∼ (Q∧P) аϷ (R∨S)∼ (S∨R), аёаஒ܌ (P∧Q)∼ (Q∧P) Ѱᜐޑ P Ҕ R∨S

,жڗ Զѓᜐޑ P Ҕ S∨R жளڗ

((R∨S)∧Q)∼ (Q∧ (S∨R)).

ᗋԖ΋ঁதҔޑೕࢂ߾, ӵ݀ঁٿ statement forms A,B ࢂ logically equivalent Զ B ک

ќ΋ঁ statement form C Ψࢂ logically equivalent, ٗሶ A ک C Ψࢂ logically equivalent.
ॺԖךӵٯ ((P∧Q)∨R)∼ ((Q∧P)∨R), ΨԖ ((Q∧P)∨R)∼ (R∨ (Q∧P)), ёளࡺ

((P∧Q)∨R)∼ (R∨ (Q∧P)).

೭ঁೕ߾཮ԋҥޑচӢϝฅҗ truth table .ډӄ฻ёаளޑ

ճҔ೭٤ೕך߾ॺёаόѸᙖҗ truth table ৒ܰ௢ள΋٤ࡐ statement forms ࣁ
logically equivalent. ᙁൂٰᇥךॺёаஒ logically equivalent ӵ “฻ဦ” ΋ኬၮҔ. ॺ前ך
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य़學ၸޑ logical equivalences, ӵٯ ∧ ک܄Ҭඤޑ ∨ ,܄Ҭඤޑ ջ

(P∧Q)∼ (Q∧P), (P∨Q)∼ (Q∨P) (1.1)

аϷ ∧ ک܄ӝ่ޑ ∨ ,܄ӝ่ޑ ջ

((P∧Q)∧R)∼ (P∧ (Q∧R)), ((P∨Q)∨R)∼ (P∨ (Q∨R)) (1.2)

ᗋԖ ∧,∨ ϐ໔ޑϩଛ܄፦, ջ

((P∧Q)∨R)∼ ((P∨R)∧ (Q∨R)), ((P∨Q)∧R)∼ ((P∧R)∨ (Q∧R)) (1.3)

೿ࢂதҔٰᔅշךॺ௢導೚ӭ logical equivalences .ڀπޑ

Example 1.2.1. Եቾ (P∧Q)∨ (P∨Q) ೭΋ঁ statement form. ճҔԄη (1.3) ύޑ
((P∧Q)∨R)∼ ((P∨R)∧ (Q∨R)), ஒ R Ҕ P∨Q ,жڗ ॺԖך

(P∧Q)∨ (P∨Q)∼ ((P∨ (P∨Q))∧ (Q∨ (P∨Q))). (1.4)

ӆҗ (P∨ (P∨Q))∼ ((P∨P)∨Q) аϷ (Q∨ (P∨Q))∼ (Q∨ (Q∨P))∼ ((Q∨Q)∨P) ள

((P∨ (P∨Q))∧ (Q∨ (P∨Q))∼ (((P∨P)∨Q)∧ ((Q∨Q)∨P)). (1.5)

ࢗ৒ܰᔠࡐ (P∨P)∼ P аϷ (P∧P)∼ P, ޕࡺ

(((P∨P)∨Q)∧ ((Q∨Q)∨P))∼ ((P∨Q)∧ (Q∨P))∼ (P∨Q). (1.6)

നࡕೱ่Ԅη (1.4), (1.5), (1.6), ள

((P∧Q)∨ (P∨Q))∼ (P∨Q).

྽΋ঁ statement formځ truth tableӧҺՖ௃ݩϐΠࣣࣁჹ,ךॺᆀԜ statement form
ࣁ tautology. ཀջѬࢂख़ፄӭᎩޑ. ӵٯ P ⇔ P ޑ truth table ࣁ

P P ⇔ P
T T
F T

,

ࡺ P ⇔ P ࣁ tautology.

Question 1.8. P ⇒ P ࣁցࢂ tautology? P ⇒ (P ⇒ P) ࣁցࢂ tautology?

Tautology ᗨฅԖख़ፄӭᎩޑཀࡘ, ՠѬӧᡄᒠ΢ϝࢂԖཀޑࡘ. ѬёаᔅךॺҔќ΋
ᅿБٰݤ၍ញ logically equivalent. ྽ঁٿ statement forms A,B ࣁ logically equivalent ਔ,
Ӣࣁ A,B ,΋ठݩჹᒱ௃ޑ ॺԖך A ⇔ B .ჹࣁࡡ ཀջ A ⇔ B ࣁ tautology. ϸϐ, ྽ A ⇔ B

ࣁ tautology ਔ, җܭ A,B ,΋ठ׎ჹᒱ௃ޑ ѬॺԖ࣬ӕޑ truth table. ཀջ A ∼ B. ॺԖך
аΠ܄ޑ፦.

Proposition 1.2.2. ଷ೛ A,B ঁٿࣁ statement forms. ߾ A ک B ࣁ logically equivalent
฻ӕܭ A ⇔ B ࣁ tautology.
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,ᇥܴύޑჴӧ前य़ځ ॺӃଷ೛ך A ∼ B ԋҥ௢ள A ⇔ B ࣁ tautology (ջऩ A ∼ B ߾

A ⇔ B ࣁ tautology), Ξҗࡕ A ⇔ B ࣁ tautology ௢ள A ∼ B. ࡺ Proposition 1.2.2 ёаᇥ
ԋ A ∼ B ऩЪ୤ऩ A ⇔ B ࣁ tautology.

Question 1.9. ଷ೛ A,B ঁٿࣁ statement forms. ऩ A ∼ B ёց௢ள A ⇒ B ࣁ tautology?
ऩ A ⇒ B ࣁ tautology ёց௢ள A ∼ B?

Question 1.10. ଷ೛ A,B,C ࣁ statement forms. ऩ A ⇔ B ک B ⇔C ࣁࣣ tautology, ցࢂ
ё௢ள A ⇔C ࣁ tautology?

ک tautology ࣬ϸ܌ࢂޑᒏޑ contradiction (ҟ࣯). Ѭࢂޑࡰ΋ঁ statement form ӧҺ
Ֆ௃ݩϐΠࣣࣁᒱޑ. ᜢܭ contradiction, ॺ཮ӧΠ΋࿯ϟಏך “not” ϐࡕӆ௖૸.

Question 1.11. ଷ೛ A,B ࣁ statement forms.

(1) ऩ A ࣁ tautology, ၂ᇥܴ (A∧B)∼ B Ъ A∨B ࣁ tautology.

(2) ऩ A ࣁ contradiction, ၂ᇥܴ (A∨B)∼ B Ъ A∧B ࣁ contradiction.

1.3. Not and Contradiction

ॺϟಏך “not” аϷک not Ԗᜢޑ equivalences. ҁ࿯ϣ৒ϩໆК前य़൳࿯ख़, ԶЪ೚
ӭ௃ࡐ׎ёૈکգޔޑ᝺όӕ. ,ఈεৎૈӳӳዕಞ׆ ,᝺ޔޑᒱᇤ҅ޟ Զஒ҅ዴᢀۺԋࣁ
գޑҁૈϸᔈԶόޓࢂҞӦ૶ᇝ.

Not Ԗց࣬کۓϸޑཀࡘ, ๏ۓ΋ঁ statement P, ॺҔך ¬P, Ң߄ٰ not P, ΋૓ᆀࣁ
ߚ“ P”. Ѭۓޑက൩ࢂ྽ P ,ჹਔࣁ ¬P ൩ࣁᒱ. ϸϐ, ྽ P ,ᒱਔࣁ ¬P ൩ࣁჹ. ॺԖךа܌
аΠ ¬P ޑ truth table.

P ¬P
T F
F T

.

ճҔ೭ঁۓက, ॺଭ΢Ԗך
P ∼ ¬(¬P). (1.7)

Not P ᗨฅۓကᙁൂ, ՠࢂჹܭҗ೚ӭ connectives ೱ่ޑ statement ڗ not ϐࡕ, ځ
ჹᒱݩރ൩ၨፄᚇΑ. ӵٯ ¬(P∧Q), ࢂࣁӭΓ཮ᇤаࡐ೚܈ (¬P)∧ (¬Q), όၸᔠࢗ΋Π
truth table ёள

P Q P∧Q ¬(P∧Q)

T T T F
T F F T
F T F T
F F F T

P Q ¬P ¬Q (¬P)∧ (¬Q)

T T F F F
T F F T F
F T T F F
F F T T T

,ᡉ࣮рܴࡐ ӧ P ჹ Q ᒱ܈ P ᒱ Q ჹਔ, ¬(P∧Q) ک (¬P)∧ (¬Q) .ޑόӕࢂ ٣ჴ΢, ճҔ
truth table, ॺёளך

¬(P∧Q)∼ (¬P)∨ (¬Q). (1.8)
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.ηٰ౛ှ೭ঁ٣ჴٯ數學ޑޕॺᙖҗεৎዕך Եቾ 0 ≤ x ≤ 1, ೭߄Ң x ≤ 1 and
x ≥ 0. Ѭ࣬ޑϸ, εৎ೿ࢂޕ x > 1 or x < 0. ΋ঁ數ڗॺёаҺך x з P ࣁ x ≤ 1 ೭΋ঁ

statement, Զ Q ࣁ x ≥ 0, ߾ ¬P, ¬Q ϩձࣁ x > 1, x < 0. Ψ൩ࢂᇥ 0 ≤ x ≤ 1 ёаҔ P∧Q

ҢԶ߄ x > 1 or x < 0 ൩ࢂ (¬P)∨ (¬Q). җԜёа࣮р ¬(P∧Q) ک (¬P)∨ (¬Q) ࣁ logically
equivalent, Զόࢂ (¬P)∧ (¬Q) (ց߾཮ளډ x > 1 and x < 0 ೭ঁҟ࣯).

ܭॺёаҔ΢΋࿯Ԗᜢך statement form ޑ logically equivalent ೀ౛ٰ߾ೕޑ not. ٯ
ӵஒԄη (1.8) ύޑ P, Q ϩձҔ ¬P ک ¬Q ,жڗ ёள

¬((¬P)∧ (¬Q))∼ (¬(¬P))∨ (¬(¬Q)).

ӆճҔ ¬(¬P)∼ P, ள

¬((¬P)∧ (¬Q))∼ (P∨Q).

നٿࡕᜐڗ not, ள

¬(P∨Q)∼ (¬P)∧ (¬Q). (1.9)

ӵԵቾٯ x ≥ 0 ,׎௃ޑ ࣁϸ࣬ޑѬޕॺך x < 0. ऩз P, Q ϩձࣁ x > 0, x = 0, ߾ x ≥ 0 ջ

ࣁ P∨Q. Ԝਔ ¬P ࣁ x ≤ 0, ¬Q ࣁ x ̸= 0. Զ (¬P)∧ (¬Q) ࣁ x ≤ 0 and x ̸= 0, ջࣁ x < 0 Ψ

൩ࢂ x ≥ 0 .ϸ࣬ޑ

Ԅη (1.7), (1.8), (1.9) ჹܭ௢導ک not Ԗᜢޑ statement forms ϐ໔ޑ logical equiva-
lence ࣬྽ख़ा. ύԄηځ (1.8), (1.9) ᆀࣁ DeMorgan’s laws.

ௗΠٰךॺԾฅ཮ୢ,࡛ኬޑ statement form཮ک ¬(P ⇒ Q) logically equivalentګ? ܈
೚εৎ཮ᇡࢂࣁ P ⇒¬Q, όၸճҔ truth table ᔠࢗ΋Π, εৎ཮ว౜ӧ P ਔޑჹࢂ P ⇒ Q

ک P ⇒¬Q ዴჴჹᒱ࣬ϸ, ՠࢂ྽ P .ჹࣁࣣঁٿᒱਔѬॺࣁ а܌ ¬(P ⇒ Q) ک P ⇒¬Q ٠

όࢂ logically equivalent, ί࿤ा૶Ր.

Question 1.12. ၂ቪΠ཮٬ள x≥ 0⇒ x≥ Ԗჴ數܌ޑჹࣁ1 x,ΨቪΠ཮٬ள x≥ 0⇒ x< 1

Ԗჴ數܌ޑჹࣁ x. Ѭॺࢂց࣬ϸګ?

εৎத۹ౣޑ൩ࢂ P ⇒ Q ύ P ᒱޑ௃ݩ, Զ೷ԋᡄᒠޑᒱᇤ, ί࿤ाݙཀ. όၸќ΋Б
य़, ऩ A, B ࣁ statement form Ъ A ࣁ tautology, ٗሶ ¬(A ⇒ B) ൩ک A ⇒¬B ࣁ logically
equivalent. ЬाޑচӢࢂ, A ,ჹࣁฅӄࡽ ٗሶ A ⇒ B کჹᒱֹӄ཮ޑ B ჹᒱֹӄ΋ठޑ

Α.

Question 1.13. ၂ቪΠ཮٬ள x2 ≥ 0 ⇒ x > 0 Ԗჴ數܌ޑჹࣁ x, ΨቪΠ཮٬ள x2 ≥ 0 ⇒
x ≤ 0 Ԗჴ數܌ޑჹࣁ x. Ѭॺࢂց࣬ϸګ?

ाೀ౛ ¬(P ⇒ Q) ཮کϙሶࣁ logically equivalent, ٰ࣮ࡋفॺёаඤ΋ঁך P ⇒ Q. २
Ӄӣ៝΋Π P ⇒ Q ၨ೯߫ޑᇥࢂݤ P ჹ߾ Q ΋ۓჹ. ၰޕॺךа܌ Q ཮ჹ, ନߚ P ࢂ

ᒱޑ. Ψ൩ࢂᇥाόฅࢂ Q ჹ, ाόฅ൩ࢂ P ᒱ. ೭ᡣךॺགྷډ Q∨¬P ೭΋ঁ statement
form. ٣ჴ΢Ҕ truth table ᔠᡍ



10 1. Basic Logic

P Q ¬P Q∨¬P
T T F T
T F F F
F T T T
F F T T

ډॺளך

(P ⇒ Q)∼ (Q∨¬P). (1.10)

ճҔ (Q∨¬P) ∼ ((¬P)∨Q) аϷ ¬(¬Q) ∼ Q, ॺளך (P ⇒ Q) ∼ ((¬P)∨¬(¬Q)), ӆճҔԄ
η (1.10) ள ((¬P)∨¬(¬Q))∼ ((¬Q)⇒ (¬P)), ޕࡺ

(P ⇒ Q)∼ ((¬Q)⇒ (¬P)). (1.11)

೭ךکॺගၸ P ⇒ Q ,ჹࣁ Ңऩ߄ Q ߾ᒱࣁ P ΋ۓᒱ, ࣬֍ӝ.

ճҔԄη (1.10), ॺёளך ¬(P ⇒ Q)∼ ¬(Q∨¬P). Զҗ DeMorgan’s laws ޕ

¬(Q∨¬P)∼ ((¬Q)∧¬(¬P))

ளࡺ

¬(P ⇒ Q)∼ (P∧ (¬Q)). (1.12)

Ԅη (1.10), (1.11), (1.12) ॺஒٰೀ౛ךࢂ “ऩ P ߾ Q” ೭ᅿᜪࠠޑ論ॊਔதҔޑ logical
equivalences.

җԄη (1.10) ,ၰޕॺך ޑԖ܌ statement form ೿ёаճҔ logical equivalence ቪԋ
¬,∧,∨ .ಔӝޑ ӵҗٯ P ⇔ Q ,ကۓޑ ॺёளך

(P ⇔ Q)∼ (Q∨ (¬P))∧ (P∨ (¬Q)). (1.13)

ӆճҔ ∧,∨ ܄ϩଛޑ (ջԄη (1.3)) ௢ள

(P ⇔ Q)∼ (P∧Q)∨ ((¬P)∧ (¬Q)). (1.14)

ӢԜךॺёаҔ DeMorgan’s laws, Ԅη (1.7), аϷ ∧,∨ ϐ໔ޑᜢ߯Ԅ (Ԅη (1.1),(1.2),
(1.3)), ௢導р΋ঁ statement form ڗ not ϐޑࡕ logical equivalence. ӵԄηٯ (1.13) ڗ
not ёள

¬(P ⇔ Q)∼ ((¬Q)∧P)∨ ((¬P)∧Q).

Ԗ፪ࢂޑ, ऩКၨԄη (1.14) ύޑ Q Ҕ ¬Q ,่݀ޑࡕжڗ ډॺளך

¬(P ⇔ Q)∼ (P ⇔¬Q).

྽ A ࣁ statement form ਔ, ¬A کჹᒱֹӄޑ A ,ჹᒱ࣬ϸޑ а܌ A ⇔ ¬A ޑ truth
table ӧҺՖ௃ݩϐΠࣣࣁᒱ, ёޕ A ⇔¬A ࣁ contradiction. ϸϐ, ऩ B ࣁ statement form
Ъ A ⇔ B ࣁ contradiction, ΠݩҢӧҺՖ௃߄ A ک B ,ϸ࣬ݩჹᒱ௃ޑ ёޕ B ∼ ¬A. ӢԜ
کॺԖаΠך Proposition 1.2.2 ࣬ჹᔈ܄ޑ፦.

Proposition 1.3.1. ଷ೛ A,B ঁٿࣁ statement forms. ߾ ¬A ک B ࣁ logically equivalent
฻ӕܭ A ⇔ B ࣁ contradiction.
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1.4. Quantifiers

Ӛޕॺς࿶Αှӧςך statement ϐΠѬॺҔݩჹᒱ௃ޑ connective аϷ not ೱௗϐ
,ݩރޑჹᒱځࡕ ၰ΋ঁޕॺΨך statement form .Ֆࣁۓցޑ όၸ΋ঁൂ΋ޑ statement,
,ፄᚇࡐёૈ൩ࡐ ό৒ܰղᘐჹᒱ. ӵӧ數學΢΋ঁٯ statement தத཮Ԗ΋٤ quantifier
(ໆຒ) р౜, ԶቚуΑղᘐჹᒱ֚ޑᜤࡋ. ӧҁ࿯ύךॺஒϟಏதޑـ quantifiers, ٠௖૸
Ѭॺڗցޑۓ௃׎.

數學΢தޑـ quantifiers ԖаΠ൳ᅿ:

• “for all”, “for every” (ջჹ܌Ԗޑ), தҔ ∀ .Ң߄

• “there exists”, “there is” (ջӸӧ, ёаډפ), தҔ ∃ .Ң߄

• “there is a unique” (ջӸӧ୤΋ޑ), தҔ ∃! .Ң߄

∃! ౐ੋډ୤΋ୢޑ܄ᚒ, аךࡕॺӧፋ論᛾ܴБݤਔ཮ගډѬ, ೭္ךॺӃ௖૸ ∀ ک ∃.
२Ӄाᇥܴࢂޑ, ӧፋ論೭٤ quantifiers ਔѸ໪ᇥܴమཱࢂӧ࡛ኬޑ໣ӝϣ. КБᇥჹ܌Ԗ
,ӣ٣ٿޑӄόӕֹࢂԖ౛數൩ޑԖ܌ჹک᏾數ޑ ԶӸӧ΋ঁԾฅ數کӸӧ΋ঁଽ數Ψό
ӕ. όၸҗךܭॺ໻ϟಏ೭٤ quantifiers ,ۺཷޑ Զό᝻Ϸ᛾ܴ. ךـΑᙁൂଆࣁа೭္܌
ॺᇥܴٯޑηԵቾޑ೿ࢂ᏾ঁჴ數. ॺᇥךӵٯ ∀x ܈ ∃x, Ѭॺϩձ߄Ңޑ൩ࢂ for all x in
R ܈ there exists an x in R, аࡕ൩όӆᖂܴࢂޑࡰჴ數Α.

:ηٯޑॺӃ࣮ᙁൂך ∀x, x2 ≥ 0. ჴ數ޑԖ܌ࢂ൩ޑࡰ x ࣣ཮ᅈى x2 ≥ 0. ၰ೭ޕॺך
ঁ statement ,ޑჹࢂ Ӣ؂ࣁ΋ঁჴ數 x ೿ჹ, ؒԖٯѦ. ೭ᜪޑ statement ॺёаҔаך
Π׎ޑԄ߄Ң “∀x, P(x)”. ೭္ P(x) کࢂޑࡰ x Ԗᜢޑచҹ ύٯӵ΢ٯ) P(x) ൩ࢂ x2 ≥ 0).
Ѭޑࡰ൩܌ࢂԖޑ x ࣣ཮ᅈى P(x) ೭ঁచҹ. ೭ঁ statement ाჹ൩Ѹ໪܌Ԗޑ x ೿ჹ,
΋ঁ೿όૈᒱ. ӵٯ ∀x, x2 > 0 ޑᒱࢂߡ (x = 0 ൩όԋҥ).

ᜪ՟ޑ, ॺёаҔך “∃x, P(x)” ,Ң߄ٰ Ӹӧ x ٬ள P(x) ԋҥ. ೭ঁ statement ाჹ, ѝ
ाૈډפ΋ঁ x ٬ள P(x) ԋҥջё. ,ཀѬ٠ؒԖᇥԖӭϿঁ཮ჹݙ Ԗёૈࡐӭ, Ԗёૈѝ
Ԗ΋ঁ, ΋ঁჹջёډפаѝा܌ (೭൩ࢂमЎҔ there exists .(চӢޑ ΢य़ගၸ ∀x, x2 > 0

,ޑᒱࢂ ՠऩࣁׯ ∃x, x2 > 0 ޑჹࢂߡ ڗ) x = 1, ջё).

∀ ک ∃ Ԗ๱Ԗ፪ޑᜢ߯, ӵٯ “∀x, P(x)” ,၉ޑჹࢂ ٗሶ “∃x, P(x)” ൩΋ۓჹ (ѝाࡷᒿ
΋ঁߡ x ջё). όၸϸၸٰ൩όჹ. գόૈᒿࡷߡ൳ঁ x ಄ӝ P(x), ൩ᖂᆀჹ܌Ԗޑ x ೿

཮಄ӝ P(x). ќѦ ∀ ک ∃ ӧڗցۓਔᜢ߯൩׳ஏϪΑ. ྽գว౜ “∀x, P(x)” Ԗёૈᒱਔ, ӵ
ՖᇥܴѬࢂᒱګޑ? 前य़ᇥၸ “∀x, P(x)” ѝाԖ΋ঁ x ό಄ӝ P(x) ൩ࢂᒱޑ, ۓаाց܌
Ѭ, ΋ঁډפॺѝाך x ᡣ P(x) όԋҥջё. Ҕ಄ဦ߄Ң൩ࢂ ∃x, ¬P(x). ӵ前य़ගၸٯ ∀x,
x2 > 0 ,ޑᒱࢂ Ӣךࣁॺว౜ ∃x, x2 ≤ 0.

ࣁӭӕ學཮ᇤаࡐཀݙ “∀x, P(x)” ࢂۓցޑ “∀x, ¬P(x)”. ᗨฅऩ “∀x, ¬P(x)” ёޑჹࢂ
аޕၰ “∀x, P(x)” .ޑᒱࢂ ՠࢂ “∀x, P(x)” ,ޑᒱࢂ ٠ό߄Ң “∀x, ¬P(x)” .ޑჹࢂ аό܌
ૈᇥ “∀x, P(x)” ࢂۓցޑ “∀x, ¬P(x)”. ӵٯ ∀x, x2 > 0 ,ޑᒱࢂ ՠ ∀x, x2 ≤ 0 Ψࢂᒱޑ, ୤
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Ԗ ∃x, x2 ≤ 0 ω཮ჹ. εৎί࿤ݙཀ, όा׋ᒱ. ᕴԶ言ϐךॺԖаΠޑ logical equivalence

¬(∀x,P(x))∼ (∃x,¬P(x)). (1.15)

ӕ౛ाցۓ “∃x, P(x)”, ډόפҢ߄ x ٬ள P(x) ԋҥ. ޑԖ܌ሡᇥܴߡॺךа܌ x ࣣ

όᅈى P(x), Ψ൩ࢂᇥ ∀x, ¬P(x). ӕኬޑ, ࣁӭӕ學཮ᇤаࡐ “∃x, P(x)” ࢂۓցޑ “∃x,
¬P(x)”. ೭ࢂᒱޑ, Ӣډפࣁ x όᅈى P(x) ᗋࢂԖёૈډפќ΋ঁ x ཮ᅈى P(x). ӢԜӀ
җ “∃x, ¬P(x)” ٠όૈցۓ “∃x, P(x)”. ᕴԶ言ϐךॺԖаΠޑ logical equivalence

¬(∃x,P(x))∼ (∀x,¬P(x)). (1.16)

Question 1.14. ၂ճҔԄη (1.15) аϷ logical equivalence ௢導рԄη߾ೕޑ (1.16).

Quantifier Ԗਔ཮วғӧ׳܈ঁٿӭᡂ數ޑ௃׎, ೭္ךॺ໻௖૸ঁٿᡂ數ޑ௃׎, ӭ׳
ᡂ數ޑ௃ݩёаঁٿ٩ᡂ數ޑ௃ݩᜪ௢Πѐ. ,ݩ௃ޑᡂ數ঁٿᒏ܌ ӵ׎ࢂ “∀x,∃y,P(x,y)”
ޑ statement, ೭္ P(x,y) کࢂޑࡰ x,y Ԗᜢޑచҹ. ,ӵ༾ᑈϩύٯ 數ڄ f (x) ӧ x = a ޑ

ཱུज़ࣁ l (ջ limx→a f (x) = l) ကۓޑ “∀ε > 0,∃δ > 0,0 < |x−a|< δ ⇒ | f (x)− l|< ε” ൩ٿࢂ
ঁᡂ數ޑ௃ݩ. εठ΢ךॺ཮ԖΠय़Ѥᅿᜪࠠޑ statement.

(1)∀x,∃y,P(x,y) (2)∃x,∀y,P(x,y) (3)∀x,∀y,P(x,y) (4)∃x,∃y,P(x,y).

:ࢂޑࡰ(1) ჹ܌ܭԖޑ x ࣣёډפ y٬ள P(x,y)ԋҥ. ཀ೭္ݙ x ,೽ϩӃᖱޑ ӆගӸ
ӧ y, ޑа೭ঁӸӧ܌ y ٠όޑۓڰࢂ, Ѭёૈ཮ᒿ๱ x .Զᡂ୏ڗᒧޑ ӵٯ ∀x,∃y,x+ y = 0

೭ঁ statement .ޑჹࢂ ѬᇥҺཀᒧڗ x, ࣣёډפ y ᅈى x+ y = 0. ೭္ y ཮ᒿ๱ x Զᡂ

୏, ջ y =−x. ӵٯ x = 1 ਔ y =−1, Զ x = 2 ਔ y =−2. ೭္ x,y ,ख़ाࡐ໩ׇࡕӃޑ ί࿤
ाݙཀ.

(2) :ࢂޑࡰ Ӹӧ x ٬ளჹ܌Ԗޑ y ೿཮ᅈى P(x,y). ޑཀ೭္Ӹӧݙ x Ӄᖱ, ӆග܌
Ԗޑ y, ޑа೭ঁӸӧ܌ x ,ޑۓڰࢂ٠ Ѭόёаᒿ๱ y Զᡂ୏. ӵٯ ∃x,∀y,x+ y = y ೭

ঁ statement .ޑჹࢂ Ѭࢂᇥёаډפ x ᡣҺཀޑ y ࣣᅈى x+ y = y. ೭္ x ڰߡࡕډפ

,ΠٰΑۓ ջ x = 0. όၸٯӵӧ (1) ၰޕॺך׎௃ޑ ∀x,∃y,x+ y = 0 ೭ঁ statement ჹࢂ
,ޑ ՠऩஒ ∀x ک ∃y ໩ׇҬඤளޑ ∃y,∀x,x+ y = 0 ೭ঁ statement .ޑᒱࢂߡ Ӣךࣁॺค
ޑۓڰ΋ঁډפݤ y ޑԖ܌ޑ٬ x ೿཮ᅈى x+ y = 0. ӆԛமፓ, ೭္Ӄࡕ໩ׇࡐख़ा,
“∀x,∃y,P(x,y)” ک “∃y,∀x,P(x,y)” ᗨฅѝࢂ ∀x ک ∃y Ӄࡕ໩ׇፓ୏, ՠཀကֹӄόӕί࿤ा
.ཀݙ

Question 1.15. ∃x,∀y,x+ y = y ೭ঁ statement ,ޑჹࢂ ՠऩඤԋ ∀y,∃x,x+ y = y, ࣁցࢂ
ჹګ? Ξඤԋ ∀x,∃y,x+ y = y Ϸ ∃y,∀x,x+ y = y, ব΋ঁჹګ?

Question 1.16. ଷ೛ f (x,y),g(x,y) .ӭ໨Ԅޑᡂ數ঁٿࣁࣣ ςޕ “∀x,∃y, f (x,y) = 0” ک
“∃y,∀x,g(x,y) = 0” .ჹࣁࣣ ၂ୢ f (x,y) = 0 ک g(x,y) = 0 ӧ֤኱ѳय़΢ޑკ׎ব΋ঁ΋ۓ

཮х֖΋చНѳޔጕ, ব΋ঁ΋ۓ཮کႉޔጕ x = 101 ࣬Ҭ?

(3) ک (4) .પൂࣁၨݩ௃ޑ (3) ΋ঁڗҺࢂޑࡰ x, ჹܭҺཀޑ y ೿཮٬ள P(x,y) ԋ

ҥ. ճҔ֤኱ѳय़ݤ࣮ޑ, ॺёаᇥѳय़΢Һ΋ᗺך (x,y) ೿཮٬ள P(x,y) ԋҥ, аԜਔ܌
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∀x ک ∀y ᡂඤ໩ׇ٠ό཮ׯᡂ᏾ঁ statement. Զ (4) ډפёаࢂޑࡰ x ٬ளԖ΋ঁ y ᅈى

P(x,y). ճҔ֤኱ѳय़ݤ࣮ޑ, ॺёаᇥѳय़΢Ӹӧ΋ᗺך (x,y) ٬ள P(x,y) ԋҥ. ӢԜԜ
ਔ ∃x ک ∃y ᡂඤ໩ׇ٠ό཮ׯᡂ᏾ঁ statement. ॺӧךӵऩٯ x = 3 ਔ, ёډפ y = 7 ٬

ள P(3,7) ,ޑዴ҅ࢂ ԜਔךॺΨёаᇥ y = 7 ਔ, ёډפ x = 3 ٬ள P(x,y) .ჹࣁ ᕴԶ言ϐ
(3), (4) Ӣঁٿᡂ數ޑ quantifier ࣣ࣬ӕ, а܌ x,y .όख़ाࡕӃޑ (3) ΋૓཮ᙁϯԋ ∀x,y,
P(x,y), Զ (4) ᙁϯԋ ∃x,y, P(x,y).

ௗΠٰךॺٰ࣮Ԗঁٿᡂ數ޑ statement ਔۓցڗ quantifier .׎ᡂϯ௃ޑ ӧ (1) ޑ
௃׎, ջ “∀x,∃y,P(x,y)”. Ԝਔ, עॺёаך “∃y,P(x,y)” ࣮ԋࢂ H(x) ೭ኬޑచҹ. аচ܌
statement ё࣮ԋ ∀x,H(x). ճҔԄη (1.15), ࣁۓցޑၰѬޕॺך ∃x,¬H(x). ฅԶԄη
(1.16) ֋ນךॺ ¬H(x)∼ (∀y,¬P(x,y)), ॺளךа܌

¬(∀x,∃y,P(x,y)) ∼ (∃x,∀y,¬P(x,y)).

ӕ౛ךॺёள

¬(∃x,∀y,P(x,y)) ∼ (∀x,∃y,¬P(x,y))

¬(∀x,∀y,P(x,y)) ∼ (∃x,∃y,¬P(x,y))

¬(∃x,∃y,P(x,y)) ∼ (∀x,∀y,¬P(x,y)).

,ග܌ӵ前य़ٯ 數ڄ f (x) ᅈى limx→a f (x) = l ࣁᔈۓցޑ

∃ε > 0,∀δ > 0,¬(0 < |x−a|< δ ⇒ | f (x)− l|< ε).

ճҔԄη (1.12) ޕॺך

¬(0 < |x−a|< δ ⇒ | f (x)− l|< ε) ∼ ((0 < |x−a|< δ )∧ (| f (x)− l| ≥ ε)).

а܌ limx→a f (x) = l ࣁᔈۓցޑ

∃ε > 0,∀δ > 0,(0 < |x−a|< δ )∧ (| f (x)− l| ≥ ε).

നࡕ, ॺᇥܴ΋Πך ∀ ک ∃ ӧಞᄍ΢Ҕޑݤৡ౦. ӧಞᄍ΢ޑҔᇟ, ॺத཮࣪ౣך ∀x.
ӵٯ x ≥ 3 ⇒ x2 ≥ 9, ೭΋ঁ statement ᝄ਱ٰᇥᔈቪԋ ∀x,x ≥ 3 ⇒ x2 ≥ 9. Ψ൩ࢂᇥ, ӧᡄ
ᒠ΢ךॺᇥ೭ঁ statementࢂჹޑᔈ၀ࢂჹ܌Ԗޑჴ數 x೿ࢂჹޑ. ๏ۓ΋ჴ數 x,྽ x ≥ 3,
྽ฅёள x2 ≥ 9. Զ྽ x < 3, ӢࣁѬςό಄ӝ x ≥ 3 ,前ගޑ ၰԜਔޕॺך x ≥ 3 ⇒ x2 ≥ 9

Ψࢂჹޑ. ۓॺёаᇡךа܌ ∀x,x ≥ 3 ⇒ x2 ≥ 9 ޑჹࢂ (೭Ψࢂᡄᒠ΢ۓက P ᒱਔ P ⇒ Q

,Ҕཀޑჹࣁ .(ఈӕ學ૈᡏ཮׆ ाݙཀࢂޑ ∃x ൩๊όૈ࣪ౣ, ց߾൩׋όమཱࢂ ∀x ܈ ∃x

Α. ᕴԶ言ϐ, ྽ךॺ࿘ډȨ܌Ԗ x ѝा಄ӝ P(x) Ψ཮಄ӝ Q(x)ȩ೭ᅿ statement ਔ, চҁ
ᔈቪԋȨ∀x,P(x)⇒ Q(x)ȩ, ॺத࣪ౣך ∀x ԶҔȨP(x)⇒ Q(x)ȩٰၲ߄. Զӵ݀ࢂȨӸӧ x

಄ӝ P(x) Ψ಄ӝ Q(x)ȩ, ॺ൩όૈ࣪ౣך ∃x. όၸाݙཀ, ջ٬ ∃x ؒ࣪ౣ, Ψόёаቪԋ
Ȩ∃x,P(x)⇒ Q(x)ȩ, ԶࢂҔȨ∃x,P(x)∧Q(x)ȩٰၲ߄. ೭ࢂӢࣁ,Ȩ∃x,P(x)⇒ Q(x)ȩ߄Ңѝ

ाډפ x ٬ள P(x)⇒ Q(x) ,ჹ൩ёࣁ ՠ܌Ԗόᅈى P(x) ޑ x ೿཮٬ள P(x)⇒ Q(x) .ჹࣁ
೭཮೷ԋջ٬ؒԖ x ᅈى P(x), Ψ཮٬ளȨ∃x,P(x)⇒ Q(x)ȩࣁჹ, ೭൩کচٰޑȨӸӧ x

಄ӝ P(x) Ψ಄ӝ Q(x)ȩཀက࣬ѰΑ. ܭӵȨӸӧ΋ঁεٯ 3 ჴ數ޑ x, ᅈى x2 = 10ȩ൩ᔈ
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ቪԋȨ∃x,(x > 3)∧ (x2 = 10)ȩ(Ԝਔ x =
√

10), ԶόࢂȨ∃x,(x > 3)⇒ (x2 = 10)ȩ(Ԝਔ x = 2

Ψ཮ჹ).

Question 1.17. ଷ೛ f (x,y) ӭ໨Ԅ.ȨӸӧ΋ჴ數ޑᡂ數ঁٿ΋ঁࢂ a > 0 ٬ள f (a,y) = 0

คှȩ೭΋ঁ statement, 數學߄ޑҢࣁݤՖ? ٠ቪр೭ statement .ۓցޑ


