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前言

ε學܌學ޑ數學کଯύ໘܌ࢤ學ಞ數學ӧቫԛ΢Ԗ܌όӕ. ᙁൂٰᇥε學數學๱ख़ܭ౛
論ޑ୷ᘵ. ҁᖱက׆ఈϟಏӕ學ӵՖ᠐ᔉۓ౛, ౛ှ᛾ܴࣗԶԾρቪΠ᛾ܴ. ॺஒϟಏᡄך
ᒠ (Logic), ໣ӝ (Set) аϷڄ數 (Function) .ۺཷޑ ाݙཀ, ाϟಏᡄᒠ學аϷ໣ࢂॺόך
ӝ論. ೭္ፋ論ޑ໻๱ख़ܭஒٰεৎ學ಞ數學܌ሡाޑᡄᒠϷ໣ӝۺཷޑ.

ҁᖱကᗨฅЬाаύЎኗቪ, όၸ྽ੋϷۓက܈஑ԖӜຒਔ, ᘋஒаमЎ֚ޑխᙌ᝿ࣁ
.жڗ ӢԜஒаύम֨ᚇၨό໺಍ޑБԄᡉ౜, ऩԖόߡፎـፊ.

ҁᖱကጓቪ຤ਔ, ጓቪֹ٠ࡕ҂࿶ၸᝄᙣޑਠჹ. ౧ᅅӧ܌ᜤխ, ᗨόԿܭԖ౛論܄΢ᝄ
ख़ޑᒱᇤ, ՠ᠐ޣϝᔈݙཀόࡴཷەӄԏ. ऩว౜ᒱᇤ, ៿߆ගрᝊ຦ޑཀـ.
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Chapter 3

Set

໣ӝޑ౛論܌ࢂԖ數學౛論ޑ୷ᘵس಍. ӧ೭΋കύךॺஒᙁൂޑϟಏ໣ӝޑ΋٤୷ҁ
౛論. ,БԄϟಏ໣ӝ論ޑ᝺ޔॺ௦ҔၨԾฅϷך ԶόੋϷܜຝޑϦ೛่ᄬ.

3.1. Basic Definition

२ӃךॺϟಏԖᜢ໣ӝޑ୷ҁۓက, ٠Αှ໣ӝϐ໔ޑᜢ߯.

໣ӝکϡનࢂ數學ന୷ҁޑӜຒ, ᝄ਱ᇥଆٰѬࢂคۓݤကమཱޑ. ೭္ךॺ൩όѐۓ
က໣ӝ, Զ௦Ҕၨޔᢀޑᇥݤ. ᒏ΋ঁ໣ӝ܌ (मЎᆀϐࣁ set) ൩ࢂ΋ނ٤٣ԏ໣ଆٰ่ޑ
݀, Զಔԋ೭ঁ໣ӝނ٣ޑ, ϡનޑԜ໣ӝࣁॺᆀך (मЎᆀϐࣁ element). ೯தךॺ཮Ҕ
मЎεቪٰ߄Ң΋ঁ set, ӵٯ A,B,S ฻, ԶҔλቪӷٰ҆߄Ң set .ϡનޑ္ όၸԖ٤數學
தҔޑ໣ӝεৎ೿ಞᄍҔ੝ޑۓ಄ဦ߄Ң. :ӵٯ N ,໣ӝޑԋ܌ԖԾฅ數܌Ң߄ Z ᏾數ࣁ
,໣ӝޑԋ܌ Q ,໣ӝޑԋ܌ҢԖ౛數߄ Զ܌Ԗჴ數܌ԋޑ໣ӝךॺҔ R .Ң߄ٰ ऩ x ໣ࣁ

ӝ S ,΋ঁϡનޑ္ ॺ൩Ҕך x ∈ S ,Ң߄ٰ ᆀϐࣁ x belongs to S (ջ x ឦܭ S). ऩ x όӧ

S ύ, ॺ൩Ҕך x ̸∈ S .Ң߄ٰ

ӧ數學΢,ךॺ׆ఈ΋ঁ setࢂाܴዴޕޑၰবࢂ٤Ѭޑ elementব٤όࢂѬޑ element.
Ψ൩ࢂᇥ๏ۓ΋໣ӝ S, ჹܭҺཀޑ x, ၰޕॺѸ໪ܴዴך x ∈ S .ޑᒱࢂᗋޑჹࢂ ΋૓ٰᇥ,
΋ঁ໣ӝऩ໻ԖԖज़ӭঁϡન, .ёа΋΋ஒѬॺӈᖐрٰߡॺך ӵٯ S = {1,2,3} ޑҢ߄
൩ࢂԖ 3 ঁϡનޑ໣ӝ, ࣁϡનځ 1,2 ک 3. ೭္ S ,΋ঁ໣ӝࢂ ၰޕॺךӵٯ 1 ∈ S, Զ
4 ̸∈ S. Ԗਔ΋ঁ໣ӝךॺคݤ΋΋ӈᖐрѬޑϡન, ԜਔךॺߡҔ܌ᒏ set-builder notation
.ϡનځҢ߄ٰ Ѭ߄ޑҢݤ೯தࣁ {x : P(x)} ೭ኬ׎ޑԄ, ဦߵύځ : Ѱᜐޑ x ॺाךҢ߄

Ҕ x ,ϡનޑҢԜ໣ӝ߄ٰ Զߵဦ : ѓᜐޑ P(x) ϡનޑ೭ঁ໣ӝ္ࢂޑࡰ x ሡᅈى P(x).
Ψ൩ࢂᇥ {x : P(x)} ೭ঁ໣ӝࢂߡԏ໣܌Ԗᅈى P(x) ޑ x .໣ӝޑԋ܌

ӧ௖૸໣ӝ࣬ᜢ܄፦ϐ前, २ӃךॺѸ໪ۓကՖᒏ໣ӝ࣬ޑ฻, аϷ໣ӝ໔ޑх֖ᜢ߯.

Definition 3.1.1. ೛ A,B .໣ӝࣁ ӵ݀ B ύޑ element ࣁࣣ A ޑ element, ॺᆀך B ࣁ A

ޑ subset (η໣ӝ), Ψᆀ B is contained in (х֖ܭ) A, ૶ࣁ B ⊆ A. ऩ B ⊆ A Ъ A ⊆ B, ᆀ߾
A,Bࣁ equal, ૶ࣁ A = B. ќѦऩ B ⊆ Aՠ B ̸= A, ᆀ߾ Bࣁ Aޑ proper subset, ૶ࣁ B ⊂ A.
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30 3. Set

ཀݙ subset ک proper set ಄ဦޑ “⊆” ک “⊂”, ೚ӭୖԵਜᝤޑ಄ဦ٠ό΋ठ, ፎӧ᎙᠐
ਔݙཀ.

ကऩा᛾ܴۓ٩ B ⊆ A, ॺѸ໪ᇥܴҺཀך B ύޑϡન x, ࣣ཮ࢂ A ,ϡનޑ аҔ數學܌
ा᛾ܴࢂ൩ݤҢ߄ޑ “x ∈ B ⇒ x ∈ A”. Զा᛾ܴ A = B ᛾ܴܭ฻ӕࢂ၉൩ޑ “x ∈ B ⇔ x ∈ A”.
வ೭္ளޕ, ,х֖ᜢ߯аϷ࣬฻ޑ໣ӝٿ ѝᆶϡનࢂցឦܭ၀໣ӝԖᜢ, ݤҢ߄ޑ໣ӝک
คᜢ. :ηٯޑӵаΠٯ

Example 3.1.2. з A = {1,2,2}, B = {1,2,3}, C = {3,3,1,2}, D = {n ∈ N : 1 ≤ n ≤ 3},
E = {2,4}.

җܭ A ໻Ԗ 1,2 ,ϡનঁٿ Զ 1 ∈ B Ъ 2 ∈ B, ޕࡺ A ⊆ B. Ξ 3 ∈ B ՠ 3 ̸∈ A, ޕ B όх

ܭ֖ A, ளࡺ A ⊂ B. ӕ౛ךॺޕ B =C.

౜ऩ x ∈ B, ޕ߾ x ∈ N Ъ 1 ≤ x ≤ 3, ளࡺ x ∈ D. ள᛾ B ⊆ D. ќ΋Бय़, ऩ x ∈ D Ң߄

x ∈ N Ъ 1 ≤ x ≤ 3, а܌ x = 1,2,3 ࣣӧ B ύ, ள᛾ D ⊆ B, җԜޕ B = D.

നࡕӢ 1 ∈ B ՠ 1 ̸∈ E, ޕॺך B όࢂ E ޑ subset. ӕኬޑ, Ӣ 4 ∈ E ՠ 4 ̸∈ B, ޕॺך E

Ψόࢂ B ޑ subset.

྽ A,B ࣁ sets, ՠ B όࢂ A ޑ subset ਔ, ॺΨҔך B * A .Ң߄ٰ аӵ݀܌ B ⊆ A ՠ

A * B, ॺளךကۓ٩ B ⊂ A.

Question 3.1. ଷ೛ P(x), Q(x) ࣁࣣ statement form. з P = {x : P(x)} Ъ Q = {x : Q(x)}
၂᛾ܴаΠ܄፦:

(1) P ⊆ Q ऩЪ୤ऩ P(x)⇒ Q(x).

(2) P = Q ऩЪ୤ऩ P(x)⇔ Q(x).

,ߡᜢ߯БޑΑஒٰ௖૸໣ӝ໔ࣁ .໣ӝޑ੝ਸঁٿကۓॺך २Ӄ, ྽ךॺ܌௖૸ୢޑ
ᚒ೿ঁࢌࢂ੝ۓ໣ӝޑϡનځ܈ subset ਔ, ࣁ໣ӝۓԜ੝ۓॺךߡΑБࣁ universal set (ӹ
໣). ,ჴ數ܭԖᜢࢂޑॺፋ論ךӵ྽ٯ ॺ൩ёаᇥך R ޑॺךࣁ universal set. ӵԜߡёа
όѸ؂ԛ೿ाѐගᜪ՟ӵ x ∈ R ೭ኬ٣ޑ. όၸ universal set ёаӢ܌௖૸ୢޑᚒόӕԶ
,ᡂׯ ӵӧٯ a,b ,᏾數ਔࣁ ॺёаӧך universal set ࣁ Q ਔፋ論 ax+b = 0 .ှޑ ՠፋ論
ax2 +b = 0, ൩ёૈाз universal set ࣁ R ፄ數܈ C ωԖཀࡘ. όᆅӵՖ, ྽ךॺว౜ा௖
૸ޑ໣ӝ೿ࢌࢂ΋ঁ੝ۓ໣ӝޑη໣ӝਔ, ܴዴޑஒϐुࣁۓ universal set ዴԖځБ܄ߡ.
όၸ྽ךॺुۓ universal set ϐࡕ, ޑԖፋ論܌ set ൩Ѹ໪ࢂԜ universal set ޑ subset.

ќ΋ঁךॺሡाۓက܌ࢂޑᒏ empty set .(໣ӝޜ) Ѭࢂ΋ঁؒԖҺՖϡનޑ໣ӝ, ॺך
Ҕ /0 .Ң߄ٰ ೚εৎ཮ᅪൽ܈ /0 Ԗ಄ӝ໣ӝޑा؃༏? Ԗ܌ၰޕޑॺёаܴዴךܭჴҗځ
,໣ӝޜܭϡનࣣόឦޑ ޑॺᇥך߃аѬ٠҂ၴङ྽܌ “ܴዴޕၰ x ∈ /0 ”ᒱ܈ჹࢂ .ा؃ޑ
җךܭॺஒٰा௖૸໣ӝޑ΋٤ӵҬ໣฻ޑ operations, ӢԜஒ /0 ຎࣁ΋໣ӝዴԖځѸा

.܄ ᜢܭ universal set ک empty set, .፦܄ޑॺԖаΠך

Proposition 3.1.3. ଷ೛ X ࣁ universal set Ъ A ࣁ set. ߾ A ⊆ X Ъ /0 ⊆ A.
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Proof. ကۓ٩ X ࣁ universal set, ࡺ A ࣁ X ޑ subset, ள A ⊆ X . ќ΋Бय़, ा᛾ܴ /0 ⊆ A

฻ӕܭा᛾ܴऩ x ∈ /0 ߾ x ∈ A. ՠόёૈ཮Ԗ x ∈ /0 ,วғ׎௃ޑ җ྽ࡺ P ᒱਔ P ⇒ Q ࡡ

ჹޑᡄᒠೕޕ߾ “x ∈ /0 ⇒ x ∈ A” ޕࡺዴ҅ࣁ /0 ⊆ A. �

Question 3.2. ӧԜ Question ύз X ࣁ universal set. ၂ୢ universal set ?ց୤΋ࢂ Ξ
empty set ?ց୤΋ࢂ

΋૓數學΢ۓကΑ΋٤Ӝຒࡕ, ௗ๱ࢂߡा௖૸೭٤Ӝຒ࣬ᜢ܄ޑ፦, ௗΠٰךॺࢂߡ
ाፋ論Ԗᜢ subset .፦܄୷ҁޑ

Proposition 3.1.4. ଷ೛ A,B,C ࣁ sets, .፦܄ޑॺԖаΠך

(1) A ⊆ A.

(2) ऩ A ⊆ B Ъ B ⊆C, ߾ A ⊆C.

Proof. (1) ଷ೛ x ∈ A, ԾฅԖ x ∈ A, ளࡺ A ⊆ A.

(2)೛ x ∈ A, җ A ⊆ Bள x ∈ B. Ξҗ B ⊆C ள x ∈C. ᆕ言ϐ, ჹܭҺཀ x ∈ AѸԖ x ∈C,
ள᛾ A ⊆C. �

Question 3.3. ၂ճҔ Proposition 3.1.4 ᛾ܴऩ A = B Ъ B =C, ߾ A =C.

Question 3.4. ଷ೛ A,B,C ࣁ sets, Πӈবࢂ٤ჹޑ?

(1) ऩ A ⊂ B Ъ B ⊆C, ߾ A ⊆C.

(2) ऩ A ⊆ B Ъ B ⊆C, ߾ A ⊂C.

(3) ऩ A ⊂ B Ъ B ⊂C, ߾ A ⊆C.

(4) ऩ A ⊂ B Ъ B ⊆C, ߾ A ⊂C.

ӆமፓ΋ԛ, ྽ा᛾ܴ A = B ਔѸ໪ A ⊆ B аϷ B ⊆ A .Бӛ೿᛾ܴωՉঁٿ Ѐځӧೀ
౛ှБำԄޑ௃׎, ,БำԄှࡕฅှࣁ數ޕॺ೿཮೛҂ך ӕ學தத׋όమཱࢂೀ౛ব΋ᜐ
.х֖ᜢ߯ޑΑೀ౛ќ΋ᜐבதத܈х֖ᜢ߯ޑ .ηٯޑॺ࣮аΠך

Example 3.1.5. з A = {(x,y) ∈ R2 : x2 − x = y = 2} Ъ B = {(2,2),(−1,2)}. ᛾ܴ A = B.

Proof. ೛ (x,y) ∈ A, Ң߄ x2 − x = 2 Ъ y = 2, ளࡺ x = 2 ܈ x = −1 Ъ y = 2. Ԝ߄Ңऩ
(x,y) ∈ A, ߾ (x,y) = (2,2) ܈ (x,y) = (−1,2). ޕࡺ x ∈ B, ҭջள᛾ A ⊆ B. ௗ๱೛ (x,y) ∈ B,
ޕ (x,y) = (2,2) ܈ (x,y) = (−1,2) жΕࣣ಄ӝ x2 −x = y = 2, ޕࡺ (x,y) ∈ A. ள᛾ B ⊆ A, ࡺ
ޕ A = B �

Question 3.5. з A = {x ∈ R :
√

x = x−2}, B = {1}, C = {4}, D = {1,4}. ၂ቪΠ A,B,C,D

࣬ϕ໔ޑх֖ᜢ߯.

ޑᒏ܌ॺёаճҔך Venn diagrams ٰᔅշךॺΑှ໣ӝ໔ޑᜢ߯. εठ΢, ॺӃฝך
΋ঁਣਣ߄Ң universal set, ฅࡕӧԜਣਣϣฝ΋ঁ࠾ഈ୔ୱ (΋૓ࢂฝ΋ঁ༝) Ң΋ঁ߄
set. Ңӧӹ໣߄ࢂӵΠკ൩ٯ X ύޑ΋ঁ set A.
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..
A

.

X

ॺёаҔך Venn diagrams ໣ӝঁٿҢ߄ٰ A,B ϐ໔Οᅿёૈޑᜢ߯ӵΠ.

..A .B.
X

. A. B.
X

. A.
B

.
X

നѰᜐკҢ߄Ңࢂޑ A,B ؒԖӅӕޑϡન, ύ໔კҢ߄Ңࢂޑ A,B ԖӅӕϡનՠϕ࣬ؒԖ

х֖ᜢ߯, Զനѓᜐ߄Ңࢂޑ A ⊆ B.

Ԗਔ Venn diagrams ёаᔅշךॺΑှ΋٤໣ӝ܄ޑ፦, ࣗԿ๏ךॺ᛾ܴ೭܄٤፦ޑග
Ң. ॺ౛ှךёаᔅշߡკҢޑӵаΠٯ Proposition 3.1.4 (2) ऩ A ⊆ B Ъ B ⊆C, ߾ A ⊆C

೭ঁ܄፦.

..A.
B

.
C

.

X

྽ฅΑ Venn diagrams ѝࢂᡣךॺୖԵҔ, ๊όૈѝࢂฝঁკ൩аࣁ᛾ֹܴԋ.

Question 3.6. ଷ೛ A,B,C ࣁ sets. ςޕ A ⊆ B. ऩ B ک C ؒԖӅӕޑϡન, ฝрёૈޑ
Venn diagrams. ۓցёаዴࢂ A ک C ؒԖӅӕϡન? Ξऩ B ک C ԖӅӕޑϡન, ฝрё
ޑૈ Venn diagrams, ۓցёዴࢂ A ک C ԖӅӕϡન? ӕኬޑ, வ A,C ԖؒԖӅӕϡનޑ

௃ݩฝрёૈޑ Venn diagrams, ٠௖૸ࢂց٩Ԝёዴۓ B,C ԖؒԖӅӕϡન.

നࡕගᒬεৎί࿤όाע “∈” (ឦܭ) ک “⊆” (х֖ܭ) .షౄ׋ “∈” ໣ӝکϡનࢂޑࡰ
ϐ໔ޑᜢ߯, Զ “⊆” .ᜢ߯ޑ໣ӝ໔ٿࢂޑࡰ ჹܭ໣ӝךॺԖ A ⊆ B Ъ B ⊆C ߾ A ⊆C ޑ

,፦܄ ՠჹܭϡન A ∈ B Ъ B ∈C ҂Ѹёள A ∈C. ӵٯ

A = {1}, B =
{
{1}

}
, C =

{{
{1}

}}
.

ॺԖך A ∈ B Ъ B ∈C, ՠܴࡐᡉޑ A ̸∈C.
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3.2. Set Operations

ᒏ܌ set operation, ൩ࢂճҔঁٿςޑޕ໣ӝளډќ΋ঁ໣ӝޑБݤ. ॺஒϟಏך
໣ӝ໔൳ᅿख़ाޑ operations, ջ intersection, union ک set difference, ٠௖૸೭൳ᅿ set
operations ϐ໔ख़ा܄ޑ፦.

3.2.1. Intersection and Union. २Ӄךॺۓက intersection ᆶ union.

Definition 3.2.1. ೛ A,B ࣁ sets. ॺзך A∩B = {x : x ∈ A and x ∈ B} ᆀϐࣁ the intersec-
tion of A and B (A ک B .(Ҭ໣ޑ з A∪B = {x : x ∈ A or x ∈ B} ᆀϐࣁ the union of A and
B (A ک B .(ᖄ໣ޑ

ᙁൂޑᇥ A∩B ൩ࢂஒ A,B Ӆӕޑϡનԏ໣ଆٰ܌ளޑ໣ӝ, Զ A∪B ஒࢂ A,B ޑԖ܌

ϡનԏ໣ଆٰԶளޑϡન. .ηٯޑӵаΠٯ

Example 3.2.2. з A = {1,2,3}, B = {2,4,6}. җܭѝԖ 2 ܭӕਔឦࢂ A Ъឦܭ B, а܌
ள A∩B = {2}. Զ 1,3 ᗨؒԖӧ B ՠ೿ឦܭ A, ಄ӝឦܭ A ܭឦ܈ B ޕࡺచҹޑ 1,3 ࣣ

ឦܭ A∪B. ӕ౛ 4,6 ҭឦܭ A∪B. Կܭ 2 ܭฅӕਔឦࡽ A ک B ྽ฅ಄ӝឦܭ A ឦ܈

ܭ B ,చҹޑ ޕࡺ 2 Ψឦܭ A∪B. ΞҗؒܭԖځдޑ數ӧ A ύ܈ B ύ, ۓॺёаዴך
A∪B = {1,2,3,4,6}.

ᖄ໣کҬ໣ᆶচٰޑ໣ӝࢂԖᜢ߯ޑ. ॺԖךηύٯޑӵӧ΢य़ٯ A∩B = {2} ⊆ A =

{1,2,3} аϷ B = {2,4,6} ⊆ A∪B = {1,2,3,4,6}. ٣ჴ΢, ऩ x ∈ A∩B, Ң߄ x ∈ A Ъ x ∈ B,
ޕࡺ x ΋ۓឦܭ A Ъ x ΋ۓឦܭ B, ॺԖךа܌

(A∩B)⊆ A and (A∩B)⊆ B. (3.1)

ཀݙ A∩B Ԗёૈޜࢂ໣ӝ, Ԝਔךॺᆀ A,B ࣁ disjoint. όၸޜ໣ӝх֖ܭҺཀޑ໣ӝ, ܌
а྽ A,B ࣁ disjoint ਔ΢Ԅϝฅԋҥ. ќ΋Бय़ऩ x ∈ A, ߾ x Ѹឦܭ A ܈ B, а܌ x ∈ A∪B

ԋҥ. ॺԖך
A ⊆ (A∪B) and B ⊆ (A∪B) (3.2)

Question 3.7. ၂᛾ܴ (A∩A) = A аϷ (A∪A) = A.

Ҭ໣کᖄ໣ӧࢌᅿำࡋ΢ёаᇥ࡭ߥࢂх֖ᜢ߯ޑ, ٣ჴ΢ךॺԖаΠ܄ޑ፦.

Proposition 3.2.3. ೛ A,B,C,D ࣁࣣ sets ᅈى A ⊆ B Ъ C ⊆ D. ߾

(A∩C)⊆ (B∩D) and (A∪C)⊆ (B∪D).

Proof. Ӣ A ⊆ B, ёҗ x ∈ A ள x ∈ B. ӕ౛Ӣ C ⊆ D, ёҗ x ∈C ள x ∈ D. ౜ऩ x ∈ A∩C,
Ң߄ x ∈ A Ъ x ∈C. ёளࡺ x ∈ B Ъ x ∈ D. ள᛾ (A∩C)⊆ (B∩D). ӕ౛, ऩ x ∈ A∪C, ߄
Ң x ∈ A ܈ x ∈ C. ྽ x ∈ A ਔёள x ∈ B, Զ྽ x ∈ C ਔёள x ∈ D. җࡺ x ∈ A∪C ёள

x ∈ B∪D. ள᛾ (A∪C)⊆ (B∪D). �
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੝ձޑ, ྽ A ⊆ B Ъ A ⊆ D ਔ, ॺёаԵቾך C = A ঺Ҕ׎௃ޑ Proposition 3.2.3 ள
(A∩A)⊆ (B∩D). Ξҗܭ (A∩A) = A, ளޕ A ⊆ (B∩D). ӕ౛, ྽ A ⊆ B Ъ C ⊆ B ਔ, ॺך
Ԗ (A∪C)⊆ (B∪B). Ξҗܭ (B∪B) = B, ளޕ (A∪C)⊆ B. .፦܄ॺ᛾ளаΠך җܭ೭ঁ่
җࢂ݀ Proposition 3.2.3 ᙁൂ௢導Զள, ॺ൩Ҕך corollary (Ї౛) ᆀϐ.

Corollary 3.2.4. ଷ೛ A,B,C,D,E ࣁ sets.

(1) ऩ A ⊆ B Ъ A ⊆C, ߾ A ⊆ (B∩C).

(2) ऩ D ⊆ A Ъ E ⊆ A, ߾ (D∪E)⊆ A.

Question 3.8. ၂ޔௗ᛾ܴ Corollary 3.2.4, ٠ҔԜ่݀௢導р Proposition 3.2.3.

.х֖ᜢ߯ޑ໣ӝٿᖄ໣ٰղᘐ܈ॺΨёճҔҬ໣ך .่݀ޑॺԖаΠך

Proposition 3.2.5. ଷ೛ A,B ࣁ sets. ࢂаΠ߾ equivalent.

(1) A ⊆ B.

(2) (A∩B) = A.

(3) (A∪B) = B.

Proof. ॺ᛾ܴך (1)⇔ (2) аϷ (1)⇔ (3).

(1) ⇔ (2): ଷ೛ A ⊆ B, ॺा᛾ܴך (A∩B) = A. ٣ჴ΢җԄη (3.1) ޕॺך (A∩B) ⊆ A,
໻ा᛾ܴࡺ A ⊆ (A∩B). ฅԶςޕ A ⊆ A аϷ A ⊆ B, җࡺ Corollary 3.2.4 ள A ⊆ (A∩B).
ӢԜ᛾ܴΑ (1)⇒ (2). ќ΋Бय़, җԄη (3.1) ޕॺך (A∩B) ⊆ B. җࡺ A = (A∩B) ёள

A ⊆ B, ᛾ܴΑ (2)⇒ (1).

(1)⇔ (3): ଷ೛ A ⊆ B, ॺा᛾ܴך (A∪B) = B. ٣ჴ΢җԄη (3.2) ޕॺך B ⊆ (A∪B), ࡺ
໻ा᛾ܴ (A∪B) ⊆ B. ฅԶςޕ A ⊆ B аϷ B ⊆ B, җࡺ Corollary 3.2.4, ள (A∪B) ⊆ B.
ӢԜ᛾ܴΑ (1)⇒ (3). ќ΋Бय़, җԄη (3.2) ޕॺך A ⊆ (A∪B). җࡺ (A∪B) = B ёள

A ⊆ B, ᛾ܴΑ (3)⇒ (1). �

җ Definition 3.2.1 ၰޕॺך “Ҭ໣” ޑᡄᒠک “and” Ԗᜢ, Զ “ᖄ໣” ک “or” Ԗᜢ. ܌
аךॺࡐ৒ܰ௢ளаΠޑᜢ߯:

(1) A∩B = B∩A.

(2) A∪B = B∪A.

(3) (A∩B)∩C = A∩ (B∩C).

(4) (A∪B)∪C = A∪ (B∪C).

җܭ (3) ,ᜢ߯ޑ аࡕӭঁ໣ӝޑҬ໣ךॺ۱ࡴౣ࣪ߡόѸѐமፓব൳ঁӃբҬ໣, ӵٯ
ௗቪԋޔ A∩B∩C. ӕ౛җܭ (4), аࡕӭঁ໣ӝޑᖄ໣ךॺΨ࣪ౣ۱ࡴ, ௗቪԋޔӵٯ
A∪B∪C.
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ճҔᡄᒠ ∧,∨ ϐ໔ޑϩଛ܄፦, ջ

((P∧Q)∨R)∼ ((P∨R)∧ (Q∨R)), ((P∨Q)∧R)∼ ((P∧R)∨ (Q∧R)),

.፦܄ޑॺԖаΠך

Proposition 3.2.6. ଷ೛ A,B,C ࣁ sets, ߾

((A∩B)∪C) = (A∪C)∩ (B∪C), ((A∪B)∩C) = (A∩C)∪ (B∩C).

Proof. २Ӄҗ (A∩B)⊆ A аϷ C ⊆C ճҔ Proposition 3.2.3 ள ((A∩B)∪C)⊆ (A∪C). ӕ
౛ޕ ((A∩B)∪C)⊆ (B∪C). ӆճҔ Corollary 3.2.4ள ((A∩B)∪C)⊆ (A∪C)∩ (B∪C). ќ΋
Бय़ଷ೛ x ∈ (A∪C)∩(B∪C)߄Ң x ∈ A∪CЪ x ∈ B∪C. ॺճҔך proof in cases,Եቾ x ∈C

ک x ̸∈C೭ٿᅿ௃ݩ. ऩ x ∈C,߾྽ฅ x ∈ (A∩B)∪C. Զऩ x ̸∈C,߾җ x ∈ A∪CЪ x ∈ B∪C,
ޕ x ∈ A Ъ x ∈ B, ҭջ x ∈ A∩B. ԜਔϝԖࡺ x ∈ (A∩B)∪C. Ψ൩ࢂᇥόᆅবᅿ௃ݩ, ॺך
೿ёаҗ x ∈ (A∪C)∩ (B∪C) ௢ள x ∈ (A∩B)∪C, ள᛾ ((A∪C)∩ (B∪C))⊆ (A∩B)∪C. ࡺ
ޕ ((A∩B)∪C) = (A∪C)∩ (B∪C).

Կܭ ((A∪ B)∩C) = (A∩C)∪ (B∩C) ,᛾ܴޑ २Ӄҗ A ⊆ (A∪ B) аϷ C ⊆ C ճҔ

Proposition 3.2.3 ள (A ∩C) ⊆ ((A ∪ B)∩C), ӕ౛ךॺԖ (B ∩C) ⊆ ((A ∪ B)∩C). җࡺ
Corollary ޕ3.2.4 (A∩C)∪(B∩C)⊆ ((A∪B)∩C). ќ΋Бय़,ऩ x∈ (A∪B)∩C,߄Ң x∈A∪B

Ъ x∈C. җ x∈A∪B,ךॺޕ x∈A܈ x∈B. ྽ x∈Aਔ,җܭςޕ x∈C,ࡺள x∈A∩C. Ԝਔ
ԾฅԖ x ∈ (A∩C)∪(B∩C). ӕ౛,྽ x ∈ Bਔ,ёள x ∈ B∩C. ӢԜΨԖ x ∈ (A∩C)∪(B∩C),
ள᛾ ((A∪B)∩C)⊆ (A∩C)∪ (B∩C). ޕࡺ ((A∪B)∩C) = (A∩C)∪ (B∩C) �

Question 3.9. ၂ճҔ Proposition 3.2.5 ύ (1)⇒ (2) аϷ่݀ޑ Proposition 3.2.6 ᛾ܴ
Proposition 3.2.5 ύ (2)⇒ (3).

3.2.2. Set Difference. ကՖᒏۓॺך set difference.

Definition 3.2.7. ଷ೛ A,B ࣁ sets, ကۓ A \ B = {x : x ∈ A and x ̸∈ B}, ᆀϐࣁ the set
difference of B in A (B ӧ A ύޑৡ໣). ऩ X ࣁ universal set, з߾ Ac = X \A = {x : x ̸∈ A}
ᆀϐࣁ the complement of A (A .(໣ံޑ

ཀݙ Ac ࣁကচҁᔈۓޑ {x : x ∈ X and x ̸∈ A}, ՠӢ X ࣁ universal set, Ԗϡ܌ၰޕॺך
નࣣӧ X ύ, ౣ࣪ࡺ x ∈ X ௗቪޔ x ̸∈ A. ցςܴዴᇥܴΑࢂཀݙаӧ٬Ҕံ໣ਔा੝ձ܌
ϙሶࢂӹ໣, ց߾཮Ԗ಄ဦό୤΋ୢޑᚒ. ӵऩٯ Q ,ӹ໣ࣁ ߾ Qc = /0, Զ྽ӹ໣ࣁ R ਔ,
Qc ൩܌ࢂԖค౛數܌ԋޑ໣ӝΑ.

ճҔံ໣ޑ಄ဦ, ॺԖךကۓ٩ A\B = A∩Bc, வ೭္ךॺޕၰ΋૓ޑ௃ݩ A\Bک B\A

.ޑό࣬ӕࢂ ٣ჴ΢ךॺԖ (A\B)∩ (B\A) = /0. ೭ࢂӢܴࡐࣁᡉޑ A∩Ac = /0 Ъ B∩Bc = /0,
ޕࡺ

(A\B)∩ (B\A) = (A∩Bc)∩ (B∩Ac) = (A∩Ac)∩ (B∩Bc) = /0.

Example 3.2.8. ଷ೛ X = {1,2,3,4,5,6},A = {1,2,3},B = {2,4,6}. Ӣ 1,3 ∈ A Ъ 1 ̸∈ B Ъ

3 ̸∈ B, ޕ 1,3 ∈ A \B. ᗨฅ 2 ∈ A ՠࢂ 2 ∈ B, ࡺ 2 ̸∈ A \B. ள A \B = {1,3}. ӕ౛ёள
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B\A = {4,6}. ॺԖך (A\B)∩ (B\A) = {1,3}∩{4,6} = /0. Ξ 1,3,5 ∈ X Ъ 1,3,5 ࣣόӧ B

ύ, ޕࡺ 1,3,5 ∈ Bc. Զ 2,4,6 ∈ B ࡺ 2,4,6 ࣣόឦܭ Bc, ள Bc = {1,3,5}. നࡕԵቾ A∩Bc

ள A∩Bc = {1,2,3}∩{1,3,5}= {1,3}= A\B.

ௗΠٰךॺ࣮ set difference .ᜢ߯ޑх֖ϐ໔ک ऩ A,B,C ࣁ sets Ъ A ⊆ B, Ԝਔޕऩ
x ̸∈ B, ߾ x ̸∈ A. ೭ࢂӢࣁऩ x ∈ A, җ߾ A ⊆ B ޕଷ೛ޑ x ∈ B, کࡺ x ̸∈ B ࣬ҟ࣯. аऩ܌
ςޕ A ⊆ B җ߾ x ∈C \B, ޕॺך x ∈C Ъ x ̸∈ B, ёள x ∈C Ъ x ̸∈ A, ջ x ∈C \A. җԜޕ
(C \B)⊆ (C \A). ೭ঁ่݀ޑϸӛࢂό҅ዴޑ, ନߚςޕ A ⊆C, .ॺԖаΠϐ่݀ך

Proposition 3.2.9. ଷ೛ A,B,C ࣁ sets. ऩ A ⊆ B ߾ (C \B)⊆ (C \A).

ऩΞଷ೛ A ⊆C, ߾ A ⊆ B ऩЪ୤ऩ (C \B)⊆ (C \A).

Proof. җ前य़ޑ௖૸ޕҗ A ⊆ B ёள C \B ⊆C \A (Ԝ೽ϩόሡा A ⊆C .(ଷ೛ޑ ౜ऩς
ޕ A ⊆C Ъ (C \B)⊆ (C \A), ॺा᛾ܴך A ⊆ B, ջ᛾ܴऩ x ∈ A ߾ x ∈ B. Ӣࣁ C \B,C \A

ک “not” Ԗᜢ, ॺाҔך contradiction method. ջଷ೛ x ∈ A, ՠ x ̸∈ B, ௢ளҟ࣯. Ӣ A ⊆C

җ x ∈ A ёள x ∈ C, ՠΞଷ೛ x ̸∈ B, ளࡺ x ∈ C \B. ӢԜҗ前ග (C \B) ⊆ (C \A), ளޕ
x ∈C \A, ҭջ x ∈C Ъ x ̸∈ A. Ԝᆶ྽߃ଷ೛ x ∈ A ࣬ҟ࣯. ྽ޕࡺ x ∈ A ਔόёૈ཮ x ̸∈ B,
ள᛾ A ⊆ B. �

Question 3.10. ੿ޑሡा A ⊆C ೭ঁଷ೛ωૈዴۓ A ⊆ B ऩЪ୤ऩ (C \B) ⊆ (C \A) ༏?
ऩؒԖ A ⊆C ೭ঁଷ೛, գૈᖐϸٯ༏?

੝ձޑ྽ C = X ,ӹ໣ਔࣁ ԾฅԖ A ⊆C = X , ډ঺Ҕࡺ Proposition 3.2.9, ॺளך A ⊆ B

ऩЪ୤ऩ (X \B)⊆ (X \A). ӢԜԖаΠϐ่݀.

Corollary 3.2.10. ଷ೛ A,B ࣁ sets. ߾ A ⊆ B ऩЪ୤ऩ Bc ⊆ Ac.

வ Definition 3.2.7 ॺёа࣮рך set difference ޑᡄᒠک “not” Ԗᜢ, ॺΨё௢ךа܌
導р set difference аϷҬ໣, ᖄ໣໔ޑᜢ߯.

Proposition 3.2.11. ଷ೛ A,B,C ࣁ sets, .፦܄ޑॺԖаΠך

(1) (C \ (C \A)) = (C∩A). ੝ձޑ, ॺԖך (Ac)c = A.

(2) C \ (A∩B) = (C \A)∪ (C \B). ੝ձޑ, ॺԖך (A∩B)c = (Ac ∪Bc).

(3) C \ (A∪B) = (C \A)∩ (C \B). ੝ձޑ, ॺԖך (A∪B)c = (Ac ∩Bc).

Proof. ೭܄٤፦೿ёаճҔ前य़ᡄᒠ࣬ᜢޑ equivalence ௢導, όၸךॺϝҔ΋٤໣ӝޑ
.፦ೀ౛܄

(1): २Ӄۓ٩ကऩ x ∈ C \ (C \A) Ң߄ x ∈ C Ъ x ̸∈ C \A. Ԝਔऩ x ̸∈ A, Ң߄ x ∈ C \A

(Ӣςޕ x ∈ C), Զ೷ԋᆶ x ̸∈ C \A ϐҟ࣯, ޕࡺ x ∈ A. ॺ᛾ܴΑऩך x ∈ (C \ (C \A)), ߾
x ∈C Ъ X ∈ A (ջ x ∈C∩A). ள᛾ (C \ (C \A))⊆ (C∩A). ϸϐ, ऩ x ∈C∩A, ӢԜਔ x ∈C,
ॺѝा᛾ܴך x ̸∈ (C \A), ёளߡ x ∈C \ (C \A). ฅԶऩ x ∈ (C \A) Ң߄ x ∈C Ъ x ̸∈ A, Ԝ
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ᆶ྽߃ଷ೛ x ∈C∩A ࣬ҟ࣯, ளࡺ x ̸∈ (C \A). ॺ᛾ளΑך (C∩A)⊆ (C \ (C \A)), ӢԜள᛾
(C \ (C \A)) = (C∩A).

౜Եቾ C = X ,ݩ௃ޑӹ໣ࣁ ॺԖך X \A = Ac, ࡺ X \ (X \A) = X \Ac = (Ac)c. ฅԶ
X ∩A = A, ள᛾ࡺ (Ac)c = A.

(2): җܭ (A∩B)⊆A,ࡺҗ Proposition ޕ3.2.9 (C\A)⊆ (C\(A∩B)). ӕ౛җ (A∩B)⊆ B

ள (C \B) ⊆ (C \ (A∩B)). җࡺ Corollary 3.2.4 (2) ள (C \A)∪ (C \B) ⊆ C \ (A∩B). ќ΋
Бय़, ऩ x ∈ C \ (A ∩ B), Ң߄ x ∈ C Ъ x ̸∈ A ∩ B. Ԝਔऩ x ̸∈ A, Ң߄߾ x ∈ C \ A, ள
x ∈ (C \A)∪ (C \B). Զऩ x ∈ A, Ѹ߾ x ̸∈ B, ց߾ x ∈ B ཮೷ԋ x ∈ A Ъ x ∈ B, ջ x ∈ A∩B

ϐҟ࣯. Ԝਔࡺ x ∈C \B, Ψᅈى x ∈ (C \A)∪ (C \B). ள᛾ C \ (A∩B)⊆ (C \A)∪ (C \B).

౜Եቾ C = X ,ݩ௃ޑ җ X \A = Ac, X \B = Bc аϷ X \ (A∩B) = (A∩B)c ॺଭ΢ளך

ޕ (A∩B)c = (Ac ∪Bc).

(3): ճҔ ॺԖך่݀ޑ(2) (Ac∩Bc)c =((Ac)c∪(Bc)c),ӆճҔ (1),ள (Ac∩Bc)c =(A∪B).
ڗ complement ٠ӆԛճҔ (1) ள᛾ (Ac ∩Bc) = (A∪B)c. ౜Ӣ

C \ (A∪B) =C∩ (A∪B)c =C∩ (Ac ∩Bc) and (C \A)∩ (C \B) = (C∩Ac)∩ (C∩Bc),

җҬ໣ҁ่ޑيӝޕࡓ C∩ (Ac ∩Bc) = (C∩Ac)∩ (C∩Bc), ள᛾ࡺ

C \ (A∪B) = (C \A)∩ (C \B).

�

Question 3.11. ၂ճҔ Proposition 3.2.11 (2) ᛾ܴ C \ A = C \ (C ∩ A). ٩Ԝ٠ճҔ
Proposition 3.2.9 ᛾ܴ (C∩A)⊆ (C∩B) ऩЪ୤ऩ (C \B)⊆ (C \A).

ჴ೭٤໣ӝځ operations ϐ໔ޑᜢ߯ᆶ܄፦, ೿ёаޔௗӚᜐڗ΋ϡન, ճҔಃ΋കϟ
ಏᡄᒠޑ connectives ,໣ӝх֖ᜢ߯ډ፦ள܄ޑ നࡕ᛾ளٿᜐ໣ӝ࣬฻. ќ΋Бय़ךॺΨ
ё঺Ҕ೭΋കύ܌ϟಏӚ໣ӝޑ operations .፦௢導܄ޑ ೭ٿᅿБ٠ݤคӳᚯϐϩ, ᗨฅԖ
ਔޔௗ঺Ҕ໣ӝ operations ,ೲזࡐ፦௢導܄ޑ ՠѬߚ٠࿤ૈ. வ΢य़൳ঁۓ౛ޑ᛾ܴ, ε
ৎૈ࣮р, ྽ךॺคݤҔ໣ӝ܄፦௢導ਔ, .က௢導ۓۈচޑճҔϡનډ཮ӣᘜߡ ӧ೭္ך
ॺ٠όࢂႴᓰεৎҔङᇝޑБԄ૶Ꮻ೭ሶӭ܄ޑ፦, Զ׆ࢂఈεৎૈ୼學ಞӵՖճҔ΋٤ς
.౛ۓޑ፦௢導рཥ܄ޑޕ നךࡕॺӆ࣮΋ঁٯη.

Example 3.2.12. ଷ೛ A,B,C ໣ӝЪࣁ Bc ⊆ A, ॺा᛾ܴך ((C \A)∪B) = B.

Бݤ΋: .ೀ౛ݤБޑॺҔϡનך २Ӄςޕ B ⊆ ((C \A)∪B), ा᛾ܴ฻Ԅԋҥѝा᛾ࡺ
ܴ ((C \A)∪B)⊆ B. ౜ଷ೛ x ∈ ((C \A)∪B), ॺा᛾ܴך x ∈ B. ฅԶ x ∈ ((C \A)∪B) Ң߄

x ∈C \A ܈ x ∈ B. ӵ݀ x ∈ B, ,״᛾่ܴ߾ ॺ໻ा૸論ךа܌ x ∈C \A ,׎௃ޑ ջ x ∈C Ъ

x ̸∈ A. Ӣࣁคޔݤௗ᛾ܴ x ∈ B, ,ݤॺёаԵቾϸ᛾ךа܌ ջଷ೛ x ̸∈ B Զளډҟ࣯. ౜
ऩ x ̸∈ B, Ң߄ x ∈ Bc, җࡺ Bc ⊆ A ଷ೛ளޑ x ∈ A. Ԝᆶ x ̸∈ A ࣬ҟ࣯, ޕࡺ x ∈ B. ள᛾
((C \A)∪B)⊆ B.

БݤΒ: .፦ೀ౛܄ޑॺΨёֹӄҔ前य़᛾ளך २Ӄ࣮ډ฻ԄѰѓٿᜐ೿Ԗ B, ךа܌
ॺёаճҔ Proposition 3.2.5. Ψ൩ࢂᇥऩૈ᛾ܴ (C \A) ⊆ B, ёள᛾߾ ((C \A)∪B) = B.
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ӵՖ᛾ܴ (C \A)⊆ B ?ګ کۓॺᔈё࣮р೭΋ך Bc ⊆ A Ԗᜢ. җܭ C \A =C∩Ac, ךа܌
ॺёаճҔ Corollary 3.2.10 ஒ Bc ⊆ A ඤԋ Ac ⊆ (Bc)c, ӆճҔ Proposition 3.2.11 (1) ள
Ac ⊆ B. Ԝਔךॺᔈࡐమཱ࣮р

(C \A) = (C∩Ac)⊆ (C∩B)⊆ B.

3.3. Indexed Family

ӧ前΋࿯ύ, ,ᖄ໣܈Ҭ໣ޑॺፋך ޑ໣ӝ໔ঁٿࣁຎځஒࢂ operation. όၸ྽ךॺޕ
ၰҬ໣کᖄ໣Ԗ܌ᒏ่ޑӝࡕࡓ, .ᖄ໣ᆶҬ໣Αޑёаፋ論ӭঁ໣ӝߡॺך ೭΋࿯ύ, ך
ॺᙖҗ፾྽ޑ಄ဦᆶۓကޑ௢ቶ, ஒ௖૸Һཀӭঁ໣ӝޑᖄ໣ᆶҬ໣ୢᚒ. εठ΢ϐ前ፋޑ
,፦܄ޑҬ໣ᆶᖄ໣ޑ໣ӝঁٿ ೿ёа௢ቶ׳ډ΋૓ޑ௃׎. όၸೀ౛คज़ӭঁ໣ӝޑ௃ݩ,
Ԗ٤ӦБёૈکԖज़ޑ௃ัݩԖόӕ, ा੝ձ੮ཀ.

྽ךॺፋ論Ԗज़ӭঁ໣ӝޑҬ໣کᖄ໣ਔ, ӵ݀໣ӝঁ數όӭ, ӵٯ 5 ঁ໣ӝ

A,B,C,D,E ,Ҭ໣ޑ ௗҔޔॺך A∩B∩C ∩D∩E .Ң߄ٰ ೭္ךॺ೿ёаόҔ۱ࡴ୔
ϩۭډবঁٿ໣ӝӃҬ໣ࡕӆځکдޑ໣ӝ଺Ҭ໣, ӢࣁҬ໣Ԗ่ӝࡓ. ॺΨόѸᏼך
ЈҬ໣ޑ໩ׇ, ӢࣁҬ໣ԖҬඤ܄. ӕኬޑჹܭᖄ໣ΨࢂӵԜ. ྽໣ӝঁޑ數ϼӭਔ, Ⴝ
前य़೭ኬ΋΋ӈр൩όϪჴሞΑ. ၶډ೭ᅿ௃׎, ,໣ӝ΋΋ጓဦޑाೀ౛עॺёаך ٯ
ӵԖ 100 ঁ໣ӝ, ॺ൩ጓԋך A1,A2, . . . ,A100 (྽ฅΑ, ೭٤ Ai .(ሶᔈᇥܴమཱࣗࢂ ฅ
ޑݤႽೀ౛уߡॺךҬ໣ᆶᖄ໣ޑ೭٤໣ӝࡕ “summation” ಄ဦ, ஒ೭٤໣ӝޑҬ໣ᆶ

ᖄ໣ϩձҔ
100∩
i=1

Ai,
100∪
i=1

Ai .Ң߄ٰ ӵऩٯ Ai = [i− 1, i] (ջϟܭ i− 1 ک i ϐ໔ޑჴ數), ߾

100∩
i=1

Ai = /0,
100∪
i=1

Ai = [0,100]. ӵ݀Ԗคጁӭ໣ӝ࡛ሶᒤ? Ⴝ前य़ٯޑη, ӵ݀ჹ܌ԖޑԾฅ數

i ∈ N, Ai ࣣԖۓက, ޑԖ܌ॺёаԵቾჹך Ai .ᖄ໣کҬ໣ޑ ೭ਔংךॺ΋૓ёа學คጁ

ભ數ޑБݤ, ஒ೭٤Ҭ໣کᖄ໣ϩձ߄Ңԋ
∞∩

i=1

Ai,
∞∪

i=1

Ai. ྽ฅΑ, ೭ኬޑ಄ဦۭΠ߄Ңࢂޑ i

வব΋ঁ數໒ۈ, ΢य़߄Ңډࢂޑব΋ঁࣁЗ, ॺाԵቾךа܌ A5, A6, A7, A8 ᖄکҬ໣ޑ

໣൩ёаϩձҔ
8∩

i=5

Ai,
8∪

i=5

Ai .Ң߄ٰ ӢԜ΋૓ऩाፋ i வ m ډ n ޑ Ai ϐҬ໣ᆶᖄ໣, ॺך

ϩձҔߡ
n∩

i=m

Ai,
n∪

i=m

Ai .Ң߄ٰ Զा܌ၲ߄Ԗ i εܭ฻ܭ m ޑ Ai ϐҬ໣ᆶᖄ໣, ϩߡॺך

ձҔ
∞∩

i=m

Ai,
∞∪

i=m

Ai .Ң߄ٰ ೭္ाݙཀ, ࣁӭӕ學཮ᇤаࡐ
∞∩

i=m

Ai,
∞∪

i=m

Ai ࢂ
n∩

i=m

Ai,
n∪

i=m

Ai ྽ n

ᖿܭ߈ ∞ .ज़ཱུޑ ೭ঁᇥࢂݤԖୢᚒޑ, Ӣךࣁॺவ҂ۓကၸ “໣ӝཱུޑज़”.

όၸ೭٤಄ဦϝό୼ךॺޑሡ؃. Ԗਔךॺा௖૸ޑ໣ӝ, Ѭॺঁޑ數ࢂόૈႽ᏾數΋
ኬ΋ঁ΋ঁ數ޑ. ,ӵჴ數ٯ ൩คݤ΋ঁ΋ঁ數. ,ჴ數Ԗᜢک໣ӝޑॺፋךаऩ܌ ӵ (−r,r)

ύځ r > 0, ೭ኬޑ୔໔, ाӵՖ܌ၲ߄Ԗ೭ኬޑ୔໔ޑҬ໣ᆶᖄ໣ګ? ,Яࢂܭ ॺЇ຾ך
Α index set .ۺཷޑ ᒏ܌ index set ൩ࢂգाҔٰ “ጓىዸ” .໣ӝޑԋ܌Ջܿޑ ӵ前य़ٯ
Ai = [i− 1, i] ,ηٯޑ ޑॺԵቾך i Ծฅ數ޑԖ܌ࢂ N, аԜਔ܌ N ޑॺךࢂߡ index set.
Զऩा௖૸ [−r,r] ,׎௃ޑ ॺёаҔ҅ჴ數ך R+ ޑॺךࣁ index set, ஒाԵቾޑ୔໔ጓ
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ዸԋ Ar = [−r,r]. ೭ኬஒ܌Ԗ೏ጓዸӳޑ໣ӝ Ar,r ∈ R+ ԏ໣ӧ΋ଆ, ޑᒏ܌ࢂߡ indexed
family Α. ,а΋૓ٰᇥ܌ ॺाӃᇥӳך index set .Ֆࣁ ௗΠٰाᇥܴा௖૸ޑ໣ӝӵՖҔ
index set ,ϡનጓዸޑ္ ೭ኬωૈ׎ԋ΋ঁ indexed family. Ψ൩ࢂᇥऩ I ࣁ index set, ך
ॺѸ໪ᇥܴ Ai ,ሶࣗࢂ ೭ኬ {Ai, i ∈ I} ΋ঁࢂ཮ߡ indexed family.

ௗΠٰ, က΋ঁۓाࢂߡॺך indexed family .Ҭ໣ᆶᖄ໣ځ໣ӝޑ္ ,ཀݙ ջ٬ѝԖԖ
ज़ঁ໣ӝ, ࣁຎځॺϝёஒך indexed family. ໣ӝঁٿӵٯ A,B, ࣁࢂځॺϝёஒך index
set ࣁ I = {1,2} ޑ indexed family, ύځ A1 = A, A2 = B. ကۓॺךа܌ index family Ҭޑ
໣ᆶᖄ໣ሡᆶԖज़໣ӝޑҬ໣ᆶᖄ໣΋ठ. ྽ךॺԖঁٿ໣ӝ A,B ਔ, ा؃Ҭ໣ޑϡનѸ໪
ӧ؂΋ঁ໣ӝύ; Զᖄ໣္ޑϡનሡӧ A,B .΋ঁύࢌ .ကۓޑॺԖаΠךа܌

Definition 3.3.1. ଷ೛ I ࣁ index set, Զ {Ai, i ∈ I}, аࣁ I ࣁ index set ޑ indexed family.
ကԜۓ indexed family ޑ intersection ࣁ

∩
i∈I

Ai = {x : x ∈ Ai, ∀i ∈ I}.

ကԜۓ indexed family ޑ union ࣁ
∪
i∈I

Ai = {x : x ∈ Ai, ∃i ∈ I}.

ճҔԜۓက, .ηٯޑॺ࣮аΠך

Example 3.3.2. Եቾ index set I ܭεࣁ 1 .᏾數ޑ ჹҺཀ i ∈ I, з Ai = {m/i : m ∈ Z}. ך
ॺा᛾ܴ ∩

i∈I

Ai = Z,
∪
i∈I

Ai =Q.

२Ӄ, Һཀ n ∈ Z, ॺ೿ёаቪԋך n = ni/i. җܭ ni ∈ Z, ளࡺ n ∈ Ai, ∀ i ∈ I. ᛾ளΑ
Z ⊆

∩
i∈I

Ai. ќ΋Бय़, ऩ x ∈
∩
i∈I

Ai, ҢჹҺཀ߄ i ∈ I ࣣԖ x ∈ Ai. ౜җܭ x ∈ A2 аϷ x ∈ A3,

ॺԖך x = m/2 Ъ x = m′/3, ύځ m,m′ ∈ Z. ฅԶԜջ߄Ң 3m = 2m′, ޕࡺ 3m Ѹࣁଽ數.
ӢԶளޕ m ଽ數ࣁ 2n, ύځ n ∈ Z. жӣள x = m/2 = n ∈ Z. ள᛾

∩
i∈I

Ai ⊆ Z, ࡺ
∩
i∈I

Ai = Z.

౜ऩ x ∈Q,٩Ԗ౛數ϐۓက, xёቪԋ m/n,ځύ m ∈Z, n ∈N. ౜ऩ n = 1,ջ x = m ∈Z.
ॺёаஒך x ቪԋ x = 2m/2, Ԝਔޕ x ∈ A2. Զऩ n ≥ 2, Ң߄ n ∈ I, Ԝਔࡺ x ∈ An. ள᛾
Q⊆

∪
i∈I Ai. ќ΋Бय़, ऩ x ∈

∪
i∈I Ai, ҢӸӧ߄ n ∈ I, ٬ள x ∈ An. ကளۓ٩ࡺ x = m/n, ځ

ύ m ∈ Z. Ԝջ߄Ң x ∈Q, ள᛾
∪
i∈I

Ai ⊆Q, ࡺ
∪
i∈I

Ai =Q.

Question 3.12. з Ai ӵ Example 3.3.2 .೛܌ ճҔ྽ m ∈ Z ਔ, ऩ p,q ϕ፦᏾數Ъٿࣁ

p ᏾ନ mq, ߾ p ᏾ନ m ϐ٣ჴ, ᛾ܴऩ p,q ,ϕ፦᏾數ٿࣁ ߾ Ap ∩Aq = Z. ٩Ԝ᛾ܴ྽

m ∈ N,
∞∩

i=m

Ai = Z.
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Question 3.13. з Ai ӵ Example 3.3.2 ,೛܌ ᛾ܴ྽ m ∈ N,
∞∪

i=m

Ai =Q. ҅ٿډפցёࢂ

᏾數 m < n ٬ள
n∩

i=m

Ai =Q?

౜ӧךॺ௖૸΋٤Ԗᜢٿ໣ӝޑҬ໣ᆶᖄ໣܄ޑ፦, ΋૓׳ډցёа௢ቶࢂ indexed
family .׎௃ޑ २Ӄ Proposition 3.2.3 .ޑёа௢ቶࢂ

Proposition 3.3.3. ଷ೛ {Ai, i ∈ I}, {Bi, i ∈ I} аࢂ I ࣁ index set ಔٿޑ indexed family.
ऩჹ܌ܭԖ i ∈ I ࣣԖ Ai ⊆ Bi, ∩߾

i∈I

Ai ⊆
∩
i∈I

Bi and
∪
i∈I

Ai ⊆
∪
i∈I

Bi.

Proof. ೛ x ∈
∩
i∈I

Ai, Ԗ܌Ңჹ߄ i ∈ I, ࣣԖ x ∈ Ai, җࡺ Ai ⊆ Bi, ள x ∈ Bi. Ӣࣁ೭ࢂჹҺཀ

ޑ i ∈ I ࣣԋҥ, ளࡺ x ∈
∩
i∈I

Bi. ள᛾
∩
i∈I

Ai ⊆
∩
i∈I

Bi.

౜ऩ x ∈
∪
i∈I

Ai, ҢӸӧ߄ i ∈ I ٬ள x ∈ Ai, җࡺ Ai ⊆ Bi, ள x ∈ Bi. Ԝջ߄Ң x ∈
∪
i∈I

Bi, ள

᛾
∪
i∈I

Ai ⊆
∪
i∈I

Bi. �

,ၰޕ৒ܰࡐ ऩჹܭҺཀ i ∈ I, ࣣԖ Ai = A, ߾
∩
i∈I

Ai = A Ъ
∪
i∈I

Ai = A. ॺ঺Ҕךа܌

Proposition 3.3.3 ԖаΠ Corollary 3.2.4 .௢ቶޑ

Corollary 3.3.4. ଷ೛ A,B ࣁ set Ъ {Ai, i ∈ I}, {Bi, i ∈ I} аࢂ I ࣁ index set ޑ indexed
family.

(1) ऩჹ܌ܭԖ i ∈ I ࣣԖ A ⊆ Ai, ߾ A ⊆
∩
i∈I

Ai.

(2) ऩჹ܌ܭԖ i ∈ I ࣣԖ Bi ⊆ B, ߾
∪
i∈I

Bi ⊆ B.

ଷ೛ Ai аԾฅ數ࢂ Nࣁ index setޑ indexed familyЪᅈى A1 ⊇ A2 ⊇ ·· · ⊇ Ai ⊇ ·· · (ջ

Ai+1 ⊆ Ai, ∀ i ∈N). ჹܭҺཀ n ∈N,Ӣ An ⊆ Ai, ∀ i ≤ n,җ Corollary ॺԖך,3.3.4 An ⊆
n∩

i=1

Ai.

ќ΋Бय़, ॺΞԖך
n∩

i=1

Ai ⊆ An, Ԝਔёளࡺ
n∩

i=1

Ai = An. ,а܌ ԜਔऩςޕჹҺཀ i ∈ N, ࣣ

Ԗ Ai όޜࣁ໣ӝ, ߾
n∩

i=1

Ai Ѹόޜࣁ໣ӝ. όၸӧ྽Եቾคጁӭঁ໣ӝޑҬ໣ਔ, ൩Ԗёૈ

ᡂޜ໣ӝΑ. .ηٯޑॺԖаΠך

Example 3.3.5. ᇥܴԖёૈ΋ঁаԾฅ數ٯॺाᖐך N ࣁ index set ޑ indexed family

{Ai, i ∈ I}, ᅈىჹ܌Ԗ i ∈ N ࣣԖ Ai+1 ⊆ Ai Ъ Ai όޜࣁ໣ӝ, ՠ
∞∩

i=1

Ai = /0.
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٣ჴ΢ჹ܌Ԗ i ∈ N Եቾ Ai ໒୔໔ࣁ (0,1/i). Ԝਔ Ai ྽ฅᅈى Ai ̸= /0 Ъ Ai+1 ⊆ Ai.

ՠ
∞∩

i=1

Ai = /0. ೭ࢂӢࣁऩ x ∈
∞∩

i=1

Ai, २ӃѸԖ x > 0. ԜਔԵቾ n ∈ N ᅈى n > 1/x. ॺளך

x > 1/n, ջ x ̸∈ (0,1/n) = An. Ԝᆶ x ∈
∞∩

i=1

Ai ࣬ҟ࣯, ள᛾
∞∩

i=1

Ai = /0.

வ΢य़೭ঁٯηךॺޕၰ, ΋٤ӧԖज़ӭঁ໣ӝޑҬ໣܈ᖄ໣཮ჹޑ௃׎, ӧคጁӭঁ
໣ӝޑਔংԖёૈࢂᒱޑ, .ाӭу੮ཀࢂаᗋ܌

ᜢܭҬ໣ᆶᖄ໣ϩଛ܄ޑࡓ፦, ॺԖаΠך Proposition 3.2.6 .௢ቶޑ

Proposition 3.3.6. ଷ೛ B ࣁ set, Ъ {Ai, i ∈ I} аࢂ I ࣁ index set ޑ indexed family. ߾

(
∩
i∈I

Ai)∪B =
∩
i∈I

(Ai ∪B) and (
∪
i∈I

Ai)∩B =
∪
i∈I

(Ai ∩B).

Proof. җܭჹ܌Ԗ k ∈ I ࣣԖ (
∩
i∈I

Ai) ⊆ (Ak ∪B) Ъ B ⊆ (Ak ∪B), җ Corollary 3.2.4 (2) ޕ

((
∩
i∈I

Ai)∪B)⊆ (Ak ∪B). Ӣࣁ೭ࢂჹҺཀ k ∈ I ࣣჹ, җࡺ Corollary 3.3.4 (1) ޕ

((
∩
i∈I

Ai)∪B)⊆
∩
i∈I

(Ai ∪B).

ќ΋Бय़, ऩ x ∈
∩
i∈I

(Ai ∪B), Ԗ܌ჹ߾ i ∈ I, ࣣԖ x ∈ Ai ܈ x ∈ B. ॺϩך x ∈ B аϷ x ̸∈ B ٿ

ᅿ௃ٰݩ૸論. ऩ x ∈ B, ԾฅԖ߾ x ∈ (
∩
i∈I

Ai)∪B. Զऩ x ̸∈ B, ޕ߾ x ∈ Ai Ъҗܭ೭ࢂჹ܌

Ԗ i ∈ I ࣣԋҥ, ளࡺ x ∈
∩
i∈I

Ai, ӢԜ x ∈ (
∩
i∈I

Ai)∪B. ள᛾
∩
i∈I

(Ai ∪B)⊆ ((
∩
i∈I

Ai)∪B), ࡺ

(
∩
i∈I

Ai)∪B =
∩
i∈I

(Ai ∪B).

ӕ౛, ჹ܌Ԗ k ∈ I ࣣԖ (Ak ∩B) ⊆ (
∪
i∈I

Ai) Ъ (Ak ∩B) ⊆ B, җ Corollary 3.2.4 (1) ޕ

(Ak ∩B)⊆ (
∪
i∈I

Ai)∩B. Ӣࣁ೭ࢂჹҺཀ k ∈ I ࣣჹ, җࡺ Corollary 3.3.4 (2) ޕ

∪
i∈I

(Ai ∩B)⊆ (
∪
i∈I

Ai)∩B.

ќ΋Бय़, ऩ x ∈ (
∪
i∈I

Ai)∩B, Ң߄ x ∈
∪
i∈I

Ai Ъ x ∈ B. ӢԜӸӧ i ∈ I, ٬ள x ∈ Ai Ъ x ∈ B. ҭ

ջӸӧ i ∈ I ٬ள x ∈ Ai ∩B. Ԝਔޕࡺ x ∈
∪
i∈I

(Ai ∩B), ள᛾ ((
∪
i∈I

Ai)∩B)⊆
∪
i∈I

(Ai ∩B), ࡺ

(
∪
i∈I

Ai)∩B =
∪
i∈I

(Ai ∩B).

�

Question 3.14. Ai,Bi, i ∈ I аࢂ I ࣁ index set ޑ indexed family. ցࢂ

(
∩
i∈I

Ai)∪ (
∩
i∈I

Bi) =
∩
i∈I

(Ai ∪Bi) and (
∪
i∈I

Ai)∩ (
∪
i∈I

Bi) =
∪
i∈I

(Ai ∩Bi)?
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നךࡕॺ௢ቶԖᜢܭԖज़໣ӝৡ໣ޑ DeMorgan’s laws (Proposition 3.2.11 (2)(3)).

Proposition 3.3.7. ଷ೛ C ࣁ sets Ъ {Ai, i ∈ I} аࢂ I ࣁ index set ޑ indexed family, ך
ॺԖаΠ܄ޑ፦.

(1) C \ (
∩
i∈I

Ai) =
∪
i∈I

(C \Ai). ੝ձޑ, ॺԖך (
∩
i∈I

Ai)
c =

∪
i∈I

Ac
i .

(2) C \ (
∪
i∈I

Ai) =
∩
i∈I

(C \Ai). ੝ձޑ, ॺԖך (
∪
i∈I

Ai)
c =

∩
i∈I

Ac
i .

Proof. (1): җܭჹ܌Ԗ k ∈ I,
∩
i∈I

Ai ⊆ Ak, җࡺ Proposition 3.2.9 ޕ (C\Ak)⊆ (C\
∩
i∈I

Ai). ࡺ

җ Corollary 3.3.4 (2) ள
∪
i∈I

(C \Ai) ⊆ (C \
∩
i∈I

Ai). ќ΋Бय़, ऩ x ∈ C \
∩
i∈I

Ai, Ң߄ x ∈ C Ъ

x ̸∈
∩
i∈I

Ai, ҭջ x ό཮ឦ؂ܭ΋ঁ Ai. ӢԜӸӧ i ∈ I ٬ள x ̸∈ Ai, җࡺ x ∈C ள x ∈C \Ai. ள

᛾ x ∈
∪
i∈I

(C \Ai), ࡺ (C \
∩
i∈I

Ai)⊆
∪
i∈I

(C \Ai).

౜Եቾ C = X ,ݩ௃ޑ җ X \Ai = Ac
i аϷ X \ (

∩
i∈I

Ai) = (
∩
i∈I

Ai)
c ޕॺଭ΢ளך

(
∩
i∈I

Ai)
c =

∪
i∈I

Ac
i .

(2): ճҔ (1) ॺԖך่݀ޑ (
∩
i∈I

Ac
i )

c =
∪
i∈I

(Ac
i )

c, ӆճҔ Proposition 3.2.11 (1), ள

(
∩
i∈I

Ac
i )

c =
∪
i∈I

Ai. ڗ complement ٠ӆԛճҔ Proposition 3.2.11 (1) ள᛾ (
∪
i∈I

Ai)
c =

∩
i∈I

Ac
i . ౜

Ӣ

C \ (
∪
i∈I

Ai) =C∩ (
∪
i∈I

Ai)
c =C∩ (

∩
i∈I

Ac
i ) and

∩
i∈I

(C \Ai) =
∩
i∈I

(C∩Ac
i ),

җҬ໣ҁ่ޑيӝࡓᆶҬඤޕࡓ C∩ (
∩
i∈I

Ac
i ) =

∩
i∈I

(C∩Ac
i ), ள᛾ࡺ

C \ (
∪
i∈I

Ai) =
∩
i∈I

(C \Ai).

�

Question 3.15. ଷ೛ C ࣁ sets Ъ {Ai, i ∈ I} аࢂ I ࣁ index set ޑ indexed family. ၂ୢ
(
∩
i∈I

Ai)\C ཮฻ܭ
∩
i∈I

(Ai \C) ࢂ܈
∪
i∈I

(Ai \C), ᗋࢂ೿όჹ? Զ (
∪
i∈I

Ai)\C ཮฻ࣗܭሶ?

3.4. Power Set and Cartesian Product

前य़ϟಏޑ൳ঁ໣ӝޑၮᆉ (Ҭ໣, ᖄ໣کৡ໣) ӧբҔ܌ࡕளޑ໣ӝϝӧӹ໣ύ, ௗ๱
ाϟಏޑ೭ٿᅿၮᆉӧբҔ܌ࡕளޑ໣ӝࡐёૈ཮όӧচӃޑӹ໣ύ (྽ฅԜਔाᘉεך
ॺޑӹ໣), ೭΋ᗺा੝ձ੮ཀ.
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3.4.1. Power Set. २Ӄךॺۓက power set.

Definition 3.4.1. ଷ೛ A ࣁ set. ကۓॺך A ޑ power set ࣁ A ޑ subsets ,໣ӝޑԋ܌ Ҕ
P(A) .Ң߄ٰ ॺԖךကۓ٩

P(A) = {S : S ⊆ A}.

җܭჹҺཀޑ set A, ࣣԖ /0 ⊆ A аϷ A ⊆ A, ॺளך /0 ∈ P(A) Ъ A ∈ P(A). ന੝ձ
,ࢂޑ Ӣ /0 х֖ܭҺՖޑ໣ӝ, ॺϝԖךࡺ /0 ⊆ P(A). Ψ൩ךࢂॺ཮ӕਔԖ /0 ∈ P(A) Ъ

/0 ⊆ P(A) .วғ׎௃ޑ ќѦऩ a ∈ A, Ң߄ {a} ⊆ A, ޕࡺ {a} ∈ P(A). চٰޑ set ځک
power set ύ “ឦܭ” ک “х֖ܭ” ᜢ߯ޑᙯᡂ, ί࿤όाషౄ. .ηٯޑॺ࣮аΠך

Example 3.4.2. җܭ /0 ѝԖԾρ΋ঁη໣ӝ, ளࡺ P( /0) = { /0}.

Եቾ A = {1,2,3}, җ前ςޕ /0, A, {1}, {2}, {3} ࣣӧP(A) ύ. ΞӢ {1,2}, {1,3}, {2,3}
ࣣх֖ܭ A, ளࡺ

P(A) =
{

/0, {1}, {2}, {3}, {1,2}, {1,3}, {2,3}, {1,2,3}
}
.

྽΋ঁ໣ӝ A ໻ԖԖज़ӭঁϡનਔ, ࣁॺᆀϐך finite set. ԜਔךॺҔ #(A) Ң߄ٰ A

.ϡનঁ數ޑ ӵӧ΢य़ٯ Example 3.4.2 ύ #(A) = 3, Ԝਔךॺว౜ #(P(A)) = 23 = 8. ΋૓
ޑ finite set, ,ϡનঁ數ځॺ೿ёаҗך ளޕډၰѬޑ power set .ϡનঁ數ޑ

Proposition 3.4.3. ଷ೛ A ࣁ finite set Ъ #(A) = n. ߾ #(P(A)) = 2n.

Proof. ډளݤБޑॺёаҔ௨ӈಔӝך #(P(A)) = 2n. όၸ೭όࢂҁߐፐ܌ाፋ論מޑ
ѯ, .᛾ܴݤॺҔ數學ᘜયך ॺჹך A ϡનঁ數ޑ #(A) ଺數學ᘜયݤ. ྽ #(A) = 0 ਔ, Ң߄
A ؒԖҺՖϡન, ջ A = /0. җ Example 3.4.2, Ԝਔޕॺך #(A) = 1 = 20. Զ྽ #(A) = 1 ਔ,
Ң߄ A໻Ԗ΋ϡન, ೛ࣁځ a, ջ A = {a}. ԜਔךॺԖP(A) = { /0,{a}}, ளࡺ #(A) = 2 = a1.
᛾ள n = 0,1 ਔԋҥ.

౜ଷ೛྽໣ӝঁޑ數ࣁ k ਔԋҥ. Եቾ #(A) = k+1 ,׎௃ޑ ଷ೛ A = {a1, . . . ,ak,ak+1}.
Ԝਔз A′ = A\{ak+1}. ॺԖך #(A′) = k, ϐଷ೛ளݤҗᘜયࡺ P(A′) = 2k, ҭջ A′ ӅԖ 2k

ঁϡન. ౜Ӣ A′ ⊂ A, A′ ޑ subset Ѹࣁ A ޑ subset. ޕࡺ P(A) ԿϿԖ 2k ঁϡન. ฅԶ
A ύԖ subset ܭόх֖ࢂ A′ ,ޑ ൩٤֖ٗࢂԖ ak+1 ޑ subset. ऩ S ޑ೭ኬࣁ subset, ջ
Ak+1 ∈ S. Ԝਔз S′ = S\{ak+1}, ߾ S′ ⊆ A′. ϸϐ, ऩ S′ ⊆ A′, з߾ S = S′∪{ak+1}, ॺ཮ளך
ډ S ࢂ A ޑ subset, ՠόࢂ A′ ޑ subset. ඤ言ϐ, A ޑ subset, ाόฅ൩ࢂ A′ ޑ subset, ा
όฅ൩ࢂஒঁࢌ A′ ޑ subset ᖄ໣ {ak+1} Զள. ளࡺ A ޑ subset ࣁ數ঁޑ 2k +2k = 2k+1,
᛾ள #(P(A)) = 2k+1. ,ޕݤҗ數學ᘜયࡺ ऩ #(A) = n, ߾ #(P(A)) = 2n. �

ௗΠٰךॺाፋ論 power set ޑচٰک set ϐ໔ޑᜢ߯. җܭ೭٤ᜢ߯ϝک໣ӝޑх֖
ᜢ߯Ԗᜢ, ॺѝाૈඓඝך power set .ϡનջёޑ ٩ power set ,ကۓޑ ऩ A ࣁ set, ߾
S ∈ P(A) ऩЪ୤ऩ S ⊆ A. ճҔ೭ঁ࣮ݤ, ΋٤Ԗᜢډ৒ܰӦளࡐॺёаך power set ܄ޑ
፦. २Ӄךॺٰ࣮, power set ٣ჴ΢ࢂ཮࡭ߥх֖ᜢ߯ޑ.

Proposition 3.4.4. ଷ೛ A,B ࣁ sets. ߾ A ⊆ B ऩЪ୤ऩ P(A)⊆ P(B).
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Proof. (⇒): ଷ೛ A ⊆ B. ऩ S ∈ P(A), Ң߄ S ⊆ A. җࡺ A ⊆ B ள S ⊆ B, ҭջ S ∈ P(B).
ள᛾ P(A)⊆ P(B).

(⇒): ଷ೛ P(A)⊆ P(B). җܭ A ∈ P(A), җࡺ P(A)⊆ P(B), ள A ∈ P(B). ٩ power set
ϐۓက, Ԝջ߄Ң A ⊆ B. �

Question 3.16. ଷ೛ A,B ࣁ sets. ၂ୢ A ⊂ B ऩЪ୤ऩ P(A)⊂ P(B) ?ց҅ዴࢂ

Power set Ψ࡭ߥҬ໣ޑၮᆉ, Ψ൩ࢂᇥךॺԖаΠ܄ޑ፦.

Proposition 3.4.5. ଷ೛ A,B ࣁ sets. ߾ P(A∩B) = P(A)∩P(B).

Proof. Ӣ (A∩B) ⊆ A Ъ (A∩B) ⊆ B җ Proposition 3.4.4 ॺԖך P(A∩B) ⊆ P(A) Ъ

P(A∩B)⊆ P(B). җࡺ Corollary 3.2.4 ޕ P(A∩B)⊆ P(A)∩P(B).

ќ΋Бय़, ऩ S ∈ P(A)∩P(B) Ң߄ S ∈ P(A) Ъ S ∈ P(B), ҭջ S ⊆ A Ъ S ⊆ B. ӆࡺ
җ Corollary 3.2.4 ޕ S ⊆ (A∩B), Ψ൩ࢂᇥ S ∈ P(A∩B). ள᛾ P(A)∩P(B)⊆ P(A∩B),
ࡺ P(A∩B) = P(A)∩P(B). �

Question 3.17. ଷ೛ {Ai, i ∈ I} аࢂ I ࣁ index set ޑ indexed family. ၂ୢ P(
∩
i∈I

Ai) ࢂ

ց฻ܭ
∩
i∈I

P(Ai)?

Power set ΋૓ٰᇥ٠ό཮࡭ߥᖄ໣. ᗨฅךॺԖ P(A)∪P(B) ⊆ P(A∪B) (೭ࢂ
Ӣࣁ A ⊆ (A∪B) Ъ B ⊆ (A∪B) аҗ܌ Proposition 3.4.4 ॺԖך P(A) ⊆ P(A∪B) Ъ

P(B) ⊆ P(A∪B)), ՠࢂ΋૓ٰᇥ P(A∪B) ⊆ P(A)∪P(B) .ޑό҅ዴࢂࠅ ೭ࢂӢࣁऩ
S ∈ P(A∪B) Ң߄ S ⊆ (A∪B), ՠ೭٠ό΋ߥۓ᛾ S ⊆ A ܈ S ⊆ B. ӵ྽ٯ A = {1}, B = {2},
ॺԖך S = {1,2} ⊆ A∪B, ՠ S * A Ъ S * B. ٣ჴ΢ԜਔP(A) = { /0,{1}},P(B) = { /0,{2}},
ԖP(A)∪P(B)ࡺ = { /0,{1},{2}}. ՠࢂP(A∪B) = { /0,{1},{2},{1,2}}. ԜਔP(A∪B)ࡺ ̸=
P(A)∪P(B), ջ P(A)∪P(B)⊂ P(A∪B).

ѝԖӧ੝ਸ௃ݩωԖёૈ P(A)∪P(B) = P(A∪B), Ψ൩ࢂӧ A∪B η໣ӝ೿཮ޑ

ࢂ A ܈η໣ӝޑ B .ω཮ჹ׎η໣ӝ೭ᅿ௃ޑ ౜ӵ݀ A ⊆ B ܈ B ⊆ A, Ԝਔךॺϩձ
Ԗ P(A) ⊆ P(B) ܈ P(B) ⊆ P(A). ΞԜਔϩձԖ (A∪B) = B ܈ (A∪B) = A, Ծฅள
P(A)∪P(B) = P(A∪B). ϸϐ, ऩ A * B Ъ B * A ,ཀݙ) Ԝջ A ⊆ B ܈ B ⊆ A ,(ϸ࣬ޑ
ѸӸӧ߾ a ∈ A \B аϷ b ∈ B \A. ԜਔԵቾ S = {a,b}, Ԗ߾ S ⊆ A∪B ՠ S * A Ъ S * B,
ҭջ S ∈ P(A∪B) ՠ S ̸∈ P(A) Ъ S ̸∈ P(B), ࡺ S ̸∈ (P(A)∪P(B)). ள᛾ӧ೭௃ݩΠ
P(A∪B) ̸= P(A)∪P(B). .ॺԖаΠϐ่݀ך

Proposition 3.4.6. ଷ೛ A,B ࣁ sets. ߾

(P(A)∪P(B))⊆ P(A∩B).

Զ (P(A)∪P(B)) = P(A∩B) ऩЪ୤ऩ A ⊆ B ܈ B ⊆ A.

ӧҺՖ௃ݩϐΠ, Power set ೿ค࡭ߥݤৡ໣. ೭ࢂӢࣁ྽ A,B ࣁ sets ਔ, ӧҺՖ௃
ϐΠࣣԖݩ /0 ∈ P(A), /0 ∈ P(B). ӢԜ཮ளډ /0 ̸∈ P(A) \P(B). ฅԶ /0 ∈ P(A \B), ޕࡺ
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(P(A) \P(B)) ̸= P(A \B). όၸ྽ S ̸= /0 ਔ, ऩ S ∈ P(A \B), Ң߄ S ⊆ (A \B). ԜਔӢ
(A\B)⊆ A,ࡺள S ⊆ A (ջ S ∈P(A)). ೭ਔךॺΨ཮Ԗ S * B (ջ S ̸∈P(B)). ೭ࢂӢࣁ Sଷ

೛ޜߚࣁ໣ӝ, Ӹӧࡺ x ∈ S, ౜ऩ S ⊆ B, ջ߄Ң x ∈ B. ՠΞςޕ S ⊆ (A\B), Ң߄ x ∈ A\B,
ҭջ x ̸∈ B, Զ೷ԋҟ࣯. җԜਔࡺ S ∈ P(A) Ъ S ̸∈ P(B) ள S ∈ P(A)\P(B). ॺ᛾ܴΑך
P(A\B) ύନΑޜ໣ӝаѦ, ϡન೿཮ӧޑдځ P(A)\P(B) ύ, ளࡺ

(P(A\B)\{ /0})⊆ (P(A)\P(B)).

όၸ΢य़ޑх֖ᜢ߯ޑϸӛ٠όԋҥ. Ӣࣁऩ S ∈ P(A) \P(B) Ң߄ S ⊆ A Ъ S * B.
ՠ೭ό߄Ң S ⊆ (A \B). ӵऩٯ A \B ̸= /0 Ъ A∩B ̸= /0, Ԝਔᒧ a ∈ A \B Ϸ b ∈ A∩B Ъ

Եቾ S = {a,b}. ߾ {a,b} ⊆ A Ъ {a,b} * B (ջ S ∈ P(A) \P(B)), ՠ {a,b} * (A \B) (ջ
S ̸∈P(A\B)\{ /0}). Ԝਔࡺ (P(A)\P(B))* (P(A\B)\{ /0}). ϸϐ,ऩ A\B= ܈0/ A∩B= /0,
ॺёளך߾ (P(A)\P(B))⊆ (P(A\B)\{ /0}), όၸӧ᛾ܴϐ前ךॺሡा΋ঁ Lemma.

Lemma 3.4.7. ଷ೛ A,B ࣁ sets.

(1) ऩ A\B = /0 ߾ (P(A)\P(B)) = /0.

(2) ऩ A∩B = /0 ߾ (P(A)\P(B)) = (P(A)\{ /0}).

Proof. (1): җ A\B = /0, ёள A ⊆ B. ց߾ A * B, ҢӸӧ߄ a ∈ A Ъ a ̸∈ B, ೷ԋ a ∈ A\B

ϐҟ࣯. җࡺ Proposition 3.4.4 ,ޕ P(A)⊆ P(B). ள᛾ (P(A)\P(B)) = /0.

(2): Ӣࣁ /0 ∈ P(B), ޕࡺ { /0} ⊆ P(B). җ Proposition 3.2.9 ள (P(A) \P(B)) ⊆
(P(A)\{ /0}). ќ΋Бय़, S ∈ P(A)\{ /0} Ң߄ S ∈ P(A) Ъ S ̸∈ { /0}, ҭջ S ⊆ A Ъ S ̸= /0. ࡺ
྽ A∩B = /0 ਔ, Ң߄ S ̸∈ P(B). ց߾җ S ∈ P(B) ёள S ⊆ B, у΢ࡺ S ⊆ A ٩ Corollary
3.2.4(1) ཮ளډ S ⊆ (A∩B) = /0, Ԝᆶ S ̸= /0 ࣬ҟ࣯. а྽܌ A∩B = /0 ਔ, ॺҗך S ∈
P(A) \ { /0} ௢ள S ∈ P(A) \P(B), ҭջ (P(A) \ { /0}) ⊆ (P(A) \P(B)). ள᛾ऩ A∩B = /0

߾ (P(A)\P(B)) = (P(A)\{ /0}). �

Question 3.18. ଷ೛ A,B ࣁ sets. ցࢂ A \B = /0 ऩЪ୤ऩ (P(A) \P(B)) = /0? ցࢂ
A∩B = /0 ऩЪ୤ऩ (P(A)\P(B)) = (P(A)\{ /0})?

ճҔ Lemma 3.4.7, .ॺԖаΠϐ่݀ך

Proposition 3.4.8. ଷ೛ A,B ࣁ sets. ߾

(P(A\B)\{ /0})⊆ (P(A)\P(B)).

Զ (P(A\B)\{ /0}) = (P(A)\P(B)) ऩЪ୤ऩ A\B = /0 ܈ A∩B = /0.

Proof. ॺϐ前ς᛾ך (P(A\B)\{ /0})⊆ (P(A)\P(B)). Ψ᛾ܴΑऩ A\B ̸= /0 Ъ A∩B ̸= /0

߾ (P(A)\P(B))* (P(A\B)\{ /0}). ऩޕࡺ (P(A)\P(B)) = (P(A\B)\{ ߾({0/ A\B = /0

܈ A∩B = /0. ,໻ഭ᛾ܴќ΋Бӛࡺ ջ᛾ܴऩ A\B = /0 ܈ A∩B = /0 ߾

(P(A\B)\{ /0}) = (P(A)\P(B)).
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౜ଷ೛ A \ B = /0, җ Lemma 3.4.7(1) Ԝਔޕ (P(A) \P(B)) = /0. ќ΋Бय़, Ԝਔ
P(A\B) = P( /0) = { /0}, ࡺ

(P(A\B)\{ /0}) = { /0}\{ /0}= /0 = (P(A)\P(B)).

Զऩ A∩B = /0, җ Lemma 3.4.7(2) Ԝਔޕ (P(A)\P(B)) = (P(A)\{ /0}). ќ΋Бय़, Ԝ
ਔ A\B = A\ (A∩B) = A\ /0 = A, ࡺ

(P(A\B)\{ /0}) = (P(A)\{ /0}) = (P(A)\P(B)).

�

3.4.2. Cartesian Product. ,௨ӈ໩ׇޑϡનځόԵቾࢂॺך໣ӝܭॺමமፓჹך ӵٯ
{1,2} ک {2,1} .໣ӝޑӕ࣬ࢂ όၸऩԵቾ໣ӝ S1 = {{1},{1,2}} ک S2{{2},{1,2}}, ৒ܰࡐ
ၰޕ {1} ∈ S1 Ъ {1} ̸∈ S2, ၰޕॺךа܌ S1 ̸= S2. ೭ঁБݤ, ᔅշךॺஒ 1, 2 ೭ঁٿϡન଺

Α௨ׇ. ӢԜךॺۓကаΠޑ಄ဦ.

Definition 3.4.9. ଷ೛ A,B ࣁ sets. ऩ a ∈ A,b ∈ B, ကۓॺך ordered pair

(a,b) = {{a},{a,b}}.

Ъз

A×B = {(a,b) : a ∈ A,b ∈ B},

ᆀϐࣁ the Cartesian product of A and B.

ᒏ܌ ordered pair, ཀࡰԖׇޑ數ჹ, Ψ൩ࢂ೭္ޑϡન೿ࢂԋჹр౜, ԶЪ໩ׇࢂԖᜢ
.ޑ ,ηٯޑӵ前य़ٯ ॺԖך (1,2) = {{1},{1,2}}, Զ (2,1) = {{2},{1,2}}, ࡺ (1,2) ̸= (2,1).
΋૓ٰᇥ೛ a,a′ ∈ A, b,b′ ∈ B. ऩ a = a′, b = b′, ,ကۓޑ٩໣ӝ࣬฻߾ ॺԖך

(a,b) = {{a},{a,b}}= {{a′},{a′,b′}}= (a′,b′).

ќ΋Бय़ऩ (a,b) = (a′,b′) Ң߄ {{a},{a,b}}= {{a′},{a′,b′}}. ౜ऩ a ̸= b, Ң߄ {a,b} ύԖ
ऩࡺ,ϡનঁٿ (a,b) = (a′,b′),߄Ң {a′,b′}Ѹ໪ҭࣁԖঁٿϡનޑ໣ӝ (ց߾ {{a′},{a′,b′}}
ύؒԖ΋ঁԖٿϡનޑ໣ӝ, όёૈ฻ܭ {{a},{a,b}}). ,ฅӵԜࡽ җ໣ӝ࣬฻ϐۓက, ॺך
ѸԖ {a}= {a′} аϷ {a,b}= {a′,b′}. ೭֋ນךॺ a = a′ Ъ b = b′. Զऩ {a,b} ύ໻Ԗ΋ϡ
ન, ջ a = b. Ԝਔ٩໣ӝۓက {a,b}= {a}, ࡺ

(a,b) = (a,a) = {{a},{a,b}}= {{a},{a}}= {{a}}.

ӢԜ, ೭ਔংा (a,b) = (a′,b′) ளߚ b′ = a′ = a, Ԝਔ٩ฅԖࡺ a = a′ Ъ b = b′. ॺ᛾ளΑך
аΠ่݀ޑ.

Proposition 3.4.10. ଷ೛ A,B ࣁ sets, Ξ೛ a,a′ ∈ A Ъ b,b′ ∈ B ߾ (a,b) = (a′,b′) ऩЪ୤

ऩ a = a′ Ъ b = b′.
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,ॺᢀჸ΋Πך ྽ a ∈ A, b ∈ B, {{a},{a,b}} ཮ࢂব΋ঁ໣ӝޑϡન. २Ӄҗ {a,b} ॺך
ёа࣮р,Ԝ໣ӝᔈ၀ک A∪BԖᜢ. Ξ {a}, {a,b}ࣁ A∪Bޑ subset,ךॺԖ {a}ک {a,b}ࣣ
.ϡનޑP(A∪B)ࣁ ࡺ {{a},{a,b}}ࣁP(A∪B)ޑη໣ӝ,ள {{a},{a,b}} ∈P(P(A∪B)).
Ψ൩ࢂᇥ (a,b) P(P(A∪B))ࣁ ύޑϡન. வ೭္ޕၰஒ (a,b) Եቾԋ {{a},{a,b}} ೭ኬፄ
ᚇޑ໣ӝ,аࡕೀ౛ୢᚒࡐόБߡ. όၸ Proposition 3.4.10֋ນךॺ,аࡕёаόѐᆅ (a,b)

.ကۓۈচޑ ௗஒޔ (a,b) ࣮ԋࢂ A×B ύޑ΋ঁϡન, ௗճҔޔॺёаך (a,b) = (a′,b′) ٰ

௖૸ A×B ೭ኬޑ໣ӝ࣬ޑᜢ܄፦.

Example 3.4.11. (1) ଷ೛ A = {a,b}, B = {1,2,3}. ॺёаஒךကۓ٩߾ A×B ቪԋ

A×B = {(a,1),(a,2),(a,3),(b,1),(b,2),(b,3)}.

ќѦۓ٩ကךॺԖ A×{ /0}= {(a, /0),(b, /0)}.

(2) Եቾ S = {(x,y) ∈ R×R : x2 + y2 ≤ 1}. ᗨฅ S ࣁ R×R ޑ subset, ՠόӸӧ A ⊆ R,
B ⊆ R ٬ள S = A×B. ٣ჴ΢, ऩ S = A×B, җ (1,0) ∈ S, ॺளך 1 ∈ A. ќѦ (0,1) ∈ S, ך
ॺள 1 ∈ B. ӢԜள (1,1) ∈ A×B. ฅԶ 12 +12 = 2 > 1, ள (1,1) ̸∈ S. Ԝᆶ S = A×B ଷ೛ޑ

ҟ࣯, ள᛾όӸӧࡺ A ⊆ R, B ⊆ R ٬ள S = A×B.

ाݙཀ୔ϩ A× /0 ک A×{ /0} ϐόӕ. ကۓ٩ (x,y) ∈ A×{ /0} Ң߄ x ∈ A аϷ y ∈ { /0},
ԜਔӢࡺ { /0} ΋ঁ໻Ԗ΋ঁϡનࢂ /0 ,໣ӝޑ ࡺ y = /0. ฅԶ (x,y) ∈ A× /0 Ң߄ x ∈ A аϷ

y ∈ /0, όၸόёૈ཮Ԗϡનឦܭ /0, Ԝೀࡺ y ٠όӸӧ. ကۓа٩܌ A× /0 ύؒԖҺՖϡન,
ளࡺ A× /0 = /0. ӕ౛ךॺ཮Ԗ /0×B = /0. ٣ჴ΢ךॺԖаΠ่݀ޑ.

Proposition 3.4.12. ଷ೛ A,B ࣁ sets, ߾ A×B = /0 ऩЪ୤ऩ A = /0 ܈ B = /0.

Proof. ॺ໻ഭΠ᛾ܴऩך A×B = /0, ߾ A = /0 ܈ B = /0. ճҔ contrapositive method, ଷ೛
A ̸= /0 Ъ B ̸= /0. ԜਔӸӧ a ∈ A Ъ b ∈ B, Ӹӧࡺ (a,b) ∈ A×B. ள᛾ A×B ̸= /0. �

྽ A,B ࣁ finite sets ਔ, ॺёаӵך Example 3.4.11 ΋΋ӈр A×B ύޑϡન. ྽ךॺ
ᒧۓ a ∈ A ,ࡕ Եቾ (a,y) ∈ A×B. җ Proposition 3.4.10 ,ޕॺך ྽ךॺᒧ y ࣁ B ύ࣬ޑ౦

ϡનਔ, ޑள܌ (a,y) ൩཮όӕ. Ψ൩ࢂᇥԜਔ A×B ύࣁ (a,y) ೭ኬ׎ԄޑϡનӅԖ #(B)

ঁ. ฅԶ྽ a όӕਔ೭٤ϡનҭࣣόӕ, ޕॺךচ౛ݤ४ޑҗ௨ӈಔӝύࡺ A×B Ӆ཮Ԗ

#(A)×#(B) ঁϡન, ӢԜԖаΠϐۓ౛.

Proposition 3.4.13. ଷ೛ A,B ࣁ finite sets. ߾ #(A×B) = #(A)×#(B).

Ӣࣁ #( /0) = 0, җࡺ Proposition 3.4.13 ள #(A× /0) = #(A)×#( /0) = 0. Ԝ่論ک Propo-
sition 3.4.12 ύ A× /0 = /0 .論΋ठ่ޑ

ௗΠٰךॺ௖૸ Cartesian product ჹ໣ӝх֖ᜢ߯ޑቹៜ. २Ӄݙཀ, ჹܭҺཀޑ set
A, ྽ B = /0 ਔ, ॺԖך A×B = /0 җݤॺคךа܌ A×B ک A′×B ٰղᘐ A,A′ ϐ໔ޑᜢ߯.
ӢԜךॺѸ໪௨ନ A×B ύځ A,B Һ΋ঁࢂ /0 .׎௃ޑ .่݀ޑॺԖаΠך

Proposition 3.4.14. ଷ೛ A,B,C,D ࣁ sets Ъ A ̸= /0 аϷ B ̸= /0. ߾ A ⊆C Ъ B ⊆ D ऩЪ

୤ऩ (A×B)⊆ (C×D).
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Proof. (⇒) : ଷ೛ A ⊆C Ъ B ⊆ D. ౜Һڗ (x,y) ∈ A×B, Ң߄ x ∈ A Ъ y ∈ B, җࡺ A ⊆C

Ъ B ⊆ D ள x ∈C Ъ y ∈ D. ӢԜۓ٩ကޕ (x,y) ∈C×D, ள᛾ (A×B)⊆ (C×D).

(⇐) : ଷ೛ (A×B) ⊆ (C ×D). ౜Һڗ x ∈ A, җܭ B ̸= /0, Ӹӧࡺ b ∈ B. ԜਔԵቾ
(x,b) ∈ A×B. ճҔ (A×B)⊆ (C×D), ள (x,b) ∈C×D. ӢԜۓ٩ကޕ x ∈C, ள᛾ A ⊆C. ӕ
౛, Һڗ y ∈ B, җܭ A ̸= /0, Ӹӧࡺ a ∈ A. ԜਔԵቾ (a,y) ∈ A×B. ճҔ (A×B) ⊆ (C×D),
ள (a,y) ∈C×D. ӢԜۓ٩ကޕ y ∈ D, ள᛾ B ⊆ D. �

Question 3.19. Proposition 3.4.14 ,᛾ܴύޑ ব΋೽ϩሡा A ̸= /0 аϷ B ̸= /0 ?ଷ೛ޑ Ξ
Ֆஒࣁ A ⊆C ک B ⊆ D ϩ໒ٰ᛾ܴ?

ௗΠٰךॺ࣮ Cartesian product ک intersection .ᜢ߯ޑ

Proposition 3.4.15. ଷ೛ A,B,C,D ࣁ sets. ߾

(A∩C)×B = (A×B)∩ (C×B) and A× (B∩D) = (A×B)∩ (A×D).

Proof. Ӣ (A∩C) ⊆ A Ъ (A∩C) ⊆ C җ Proposition 3.4.14 ޕ ((A∩C)×B) ⊆ (A×B) Ъ

((A∩C)×B)⊆ (C×B) ཀݙ) Proposition 3.4.14Ԝ೽ϩόሡޜߚ໣ӝޑଷ೛). җࡺ Corollary
3.2.4(1) ள ((A∩C)×B)⊆ (A×B)∩ (C×B).

ќ΋Бय़, ჹҺཀ (x,y) ∈ (A × B)∩ (C × B), ॺԖך (x,y) ∈ A × B Ъ (x,y) ∈ C × B.
ӢԜ x ∈ A Ъ x ∈ C аϷ y ∈ B, ள x ∈ A∩C Ъ y ∈ B, ޕࡺ (x,y) ∈ (A∩C)×B. ள᛾
(A × B)∩ (C × B) ⊆ (A ∩C)× B, ӢԜ᛾ܴΑ (A ∩C)× B = (A × B)∩ (C × B). ӕ౛ё᛾
A× (B∩D) = (A×B)∩ (A×D). �

ճҔ Proposition 3.4.15 ॺёа؃ך (A∩C)× (B∩D). २Ӄஒ Proposition 3.4.15 ύޑ
B а B∩D ,жڗ ள (A∩C)× (B∩D) = (A× (B∩D))∩ (C × (B∩D)). ӆҗ A× (B∩D) =

(A×B)∩ (A×D) аϷ C× (B∩D) = (C×B)∩ (C×D), ॺளך

(A∩C)× (B∩D) = (A×B)∩ (A×D)∩ (C×B)∩ (C×D). (3.3)

౜ऩ (x,y) ∈ (A×B)∩ (C×D) Ң߄ (x,y) ∈ A×B ޕ) x ∈ A, y ∈ B) Ъ (x,y) ∈C×D ޕ) x ∈C,
y ∈ D), ளࡺ (x,y) ∈ A×D (Ӣ x ∈ A, y ∈ D) Ъ (x,y) ∈ C ×B (Ӣ x ∈ C, y ∈ B). ӢԜள
(x,y) ∈ (A×D)∩ (C×B), ள᛾ ((A×B)∩ (C×D)) ⊆ ((A×D)∩ (C×B)). җࡺ Proposition
3.2.5 Ԅηޕ (3.3) ёϯᙁԋ

(A∩C)× (B∩D) = ((A×B)∩ (C×D))∩ ((A×D)∩ (C×B)) = (A×B)∩ (C×D).

.ॺԖаΠϐ่݀ך

Corollary 3.4.16. ଷ೛ A,B,C,D ࣁ sets. ߾

(A∩C)× (B∩D) = (A×B)∩ (C×D).

Question 3.20. գૈճҔ Corollary 3.4.16 ᛾ܴ (A∩C)× (B∩D) = (A×D)∩ (C×B) ༏?
၂ό঺Ҕ Corollary 3.4.16 .ௗ᛾ܴϐޔ
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΋૓ٰᇥ, ޑၰ΋٤໣ӝޕॺ཮གྷך Cartesian products ӧ࿶ၸ operations ࣁցϝࢂࡕ
Cartesian product. ,׎௃ޑӵӧҬ໣ٯ ޑჹ໣ӝٿၰޕॺ཮གྷך Cartesian products Ҭޑ
໣ࢂցёቪԋ΋ჹ໣ӝޑ Cartesian product. Ψ൩ࢂᇥ (A×B)∩ (C×D)ࢂցϝёቪԋ΋ঁ

Cartesian product S×T .Ԅ׎ޑ җ Corollary 3.4.16 .ޑۓޭࢂၰ೭ঁเਢޕॺך ѝाз
S = A∩C, T = B∩D, ߾ (A×B)∩ (C×D) = S×T . җԜךॺΨޕ, Һཀӭჹ໣ӝޑ Cartesian
products ࣁҬ໣ϝޑ Cartesian product.

Question 3.21. ၂᛾ܴ (A×B)∩ (C×D) = (A×D)∩ (C×B).

Question 3.22. ଷ೛ {Ai, i ∈ I}, {Bi, i ∈ I} аࢂ I ࣁ index set ޑ indexed family. ၂᛾ܴ∩
i∈I

(Ai ×Bi) = (
∩
i∈I

Ai)× (
∩
i∈I

Bi).

ჹܭ Cartesian product ک union ΨԖک Proposition 3.4.15 ᜪ՟ޑᜢ߯.

Proposition 3.4.17. ଷ೛ A,B,C,D ࣁ sets. ߾

(A∪C)×B = (A×B)∪ (C×B) and A× (B∪D) = (A×B)∪ (A×D).

Proof. Ӣ A ⊆ (A∪C) Ъ C ⊆ (A∪C) җ Proposition 3.4.14 ޕ (A×B) ⊆ ((A∪C)×B) Ъ

(C×B)⊆ ((A∪C)×B). җࡺ Corollary 3.2.4(2) ள (A×B)∪ (C×B)⊆ ((A∪C)×B).

ќ΋Бय़, ჹҺཀ (x,y) ∈ (A∪C)×B, ॺԖך x ∈ A∪C аϷ y ∈ B, ள x ∈ A ܈ x ∈C Ъ

y∈B. ऩ x∈A,߾җ y∈Bள (x,y)∈A×B,Զऩ x∈C,߾җ y∈Bள (x,y)∈C×B. ޕࡺ (x,y)∈
A×B ܈ (x,y) ∈C×B, ҭջ (x,y) ∈ (A×B)∪ (C×B). ள᛾ ((A∪C)×B)⊆ (A×B)∪ (C×B),
ӢԜ᛾ܴΑ (A∪C)×B = (A×B)∪ (C×B). ӕ౛ё᛾ A× (B∪D) = (A×B)∪ (A×D) �

ճҔ Proposition 3.4.17 ॺёа؃ך (A∪C)× (B∪D). २Ӄஒ Proposition 3.4.17 ύޑ
B а B∪D ,жڗ ள (A∪C)× (B∪D) = (A× (B∪D))∪ (C × (B∪D)). ӆҗ A× (B∪D) =

(A×B)∪ (A×D) аϷ C× (B∪D) = (C×B)∪ (C×D), .่݀ޑॺளаΠך

Corollary 3.4.18. ଷ೛ A,B,C,D ࣁ sets. ߾

(A∪C)× (B∪D) = (A×B)∪ (A×D)∪ (C×B)∪ (C×D).

ཀݙ (A∪C)× (B∪D) ΋૓ٰᇥό཮Ԗᜪ՟ Corollary 3.4.16 ύ܄ޑ፦. Ψ൩ࢂᇥ΋૓ޑ
௃׎ (A∪C)×(B∪D)ࢂό཮฻ܭ (A×B)∪(C×D)ޑ. ೭ࢂӢࣁ΋૓ٰᇥ A×Dࢂό཮х֖

ܭ (A×B)∪ (C×D) (ନߚ A ⊆C ܈ D ⊆ B). ॺѝाԵቾךа܌ A *C Ъ D * B, ൩ૈפрϸ
.ٯ ӵ྽ٯ A,Dࣣόࢂ /0ՠ B =C = ߾,0/ (A∪C)×(B∪D) = A×Dόࣁ /0 ـୖ) Proposition
3.4.12), ՠ (A×B)∪ (C×D) = /0∪ /0 = /0. Ԝਔࡺ (A∪C)× (B∪D) ̸= (A×B)∪ (C×D).

Question 3.23. ၂פќѦٯޑη٬ள (A∪C)× (B∪D) ̸= (A×B)∪ (C×D).

ჹٿցࢂၰޕॺΨགྷך Cartesian product ࣁᖄ໣٩ฅޑ Cartesian product. Ψ൩ࢂᇥ
(A×B)∪ (C×D)ࢂցϝёቪԋ΋ঁ Cartesian product S×T ?Ԅ׎ޑ ྽ฅΑऩ A,B,C,Dύ

ԖҺ΋ঁࢂ ߾,0/ (A×B)܈ (C×D)ύԖ΋ঁ཮ࢂ .ޑჹࢂа೭܌,0/ ନԜϐѦ,җ Corollary
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3.4.18 .ޑჹۓό΋ࢂၰ೭ޕॺך Ӣࣁӵ݀Ӹӧ S,T ٬ள (A×B)∪ (C×D) = (S×T ) ߄

Ңჹ܌Ԗ s ∈ S, t ∈ T , ॺࣣԖך (s, t) ∈ (A×B)∪ (C ×D), ҭջ s ∈ A, t ∈ B ޣ܈ s ∈ C,
t ∈ D. ೭߄Ң s ΋ۓाӧ A ܈ C ύЪ t ΋ۓाӧ B ܈ D ύ, ள s ∈ A∪C Ъ t ∈ B∪D.
Ԝਔޕ S ⊆ A∪C Ъ T ⊆ B∪D. ќ΋Бय़ჹҺཀ x ∈ A∪C, ॺϩԋך x ∈ A ܈ x ∈ C ٰ

૸論. ऩ x ∈ A, ڗॺҺך b ∈ B (ձבΑךॺଷ೛ B ̸= /0), ॺԖך (x,b) ∈ A×B, ޕࡺ
(x,b) ∈ (A×B)∪ (C×D) = (S×T ) ள x ∈ S. ӕ౛ऩ x ∈ C, җ D ̸= /0, ॺёளך x ∈ S. ள᛾
A∪C ⊆ S,ךॺ᛾ܴΑԜਔ S = A∪C. ӕ౛ё᛾Ԝਔ T = B∪D. ॺ᛾ܴΑ྽ך A,B,C,Dࣣό

ࣁ /0ਔ, ऩ (A×B)∪ (C×D) = (S×T ߾( S = A∪C Ъ T = B∪D. ฅԶ Corollary 3.4.18֋ນ
ॺך (A×B)∪(C×D) = (A∪C)×(B∪D)ाԋҥѸ໪ (A×D)∪(C×B)⊆ (A×B)∪(C×D). ٣
ჴ΢ऩ A*CЪ D* B,߾Եቾ a∈ A\CаϷ d ∈D\B. ॺளך (a,d)∈ A×Dՠ (a,d) ̸∈ A×B

Ъ (a,d) ̸∈C×D, ҭջ (a,d) ̸∈ (A×B)∪ (C×D). Ԝᆶ (A×D)⊆ (A×B)∪ (C×D)όӝ. ޕࡺ
(A×B)∪(C×D) = (A∪C)×(B∪D)ाԋҥ,Ѹ໪ A ⊆C ܈ D ⊆ B. ӕ౛ޕऩ C * AЪ B * D,
Եቾ߾ (c,d) ∈C×D, ύځ c ∈C \A Ъ b ∈ B\D, ҭ཮೷ԋᆶ (C×D)⊆ (A×B)∪ (C×D) ό

ӝ. а܌ (A×B)∪ (C×D) = (A∪C)× (B∪D) ाԋҥ, Ѹ໪ C ⊆ A ܈ B ⊆ D ҭԋҥ. ॺԖך
аΠ่݀ޑ.

Proposition 3.4.19. ଷ೛ A,B,C,D ࣁ sets. Ӹӧ߾ S,T ࣁ sets ᅈى (A×B)∪ (C×D) =

S×T ऩЪ୤ऩ A,B,C,D ᅈىаΠځύϐ΋ޑచҹ:

(1) A,B,C,D ύԖ΋ঁࣁ /0.

(2) A =C

(3) B = D

(4) A ⊆C Ъ B ⊆ D

(5) C ⊆ A Ъ D ⊆ B

Proof. (⇒): ྽ (1) όԋҥਔ, ջ A,B,C,D ࣣόࢂ /0 ਔ, 前य़ς᛾ԜਔӸӧ S,T ᅈى (A×
B)∪ (C×D) = S×T , Ң߄ S = A∪C Ъ T = B∪D. Զ྽ (A×B)∪ (C×D) = (A∪C)× (B∪D),
җ前य़論ॊךॺޕѸ໪ A ⊆C ܈ D ⊆ B аϷ C ⊆ A ܈ B ⊆ D ࣣԋҥ. ճҔᡄᒠ߄ޑҢݤ೭
Ң߄

(
(A ⊆C)∨ (D ⊆ B)

)
∧
(
(C ⊆ A)∨ (B ⊆ D)

)
. җ ∨,∧ ፦܄ϩଛޑ (Ԅη 1.3), ೭฻ޕॺך

ሽܭ
(
((A ⊆C)∨ (D ⊆ B))∧ (C ⊆ A)

)
∨
(
((A ⊆C)∨ (D ⊆ B))∧ (B ⊆ D)

)
. ӆճҔ΋ԛϩଛࡓ,

೭Ξ฻ሽܭ

((A ⊆C)∧ (C ⊆ A))∨ ((D ⊆ B)∧ (C ⊆ A))∨ ((A ⊆C)∧ (B ⊆ D))∨ ((D ⊆ B)∧ (B ⊆ D)).

ΞӢ (A ⊆C)∧ (C ⊆ A)฻ሽܭ A =C, Զ (D ⊆ B)∧ (B ⊆ D)฻ሽܭ B = D, ॺள᛾Ԝਔך (2),
(3), (4), (5) ϐ΋཮ԋҥ.

(⇐): ྽ (1) ԋҥਔ, (A×B) ܈ (C×D) ύԖ΋ঁ཮ࢂ /0, ԜਔӸӧࡺ S,T ᅈى (A×B)∪
(C×D) = S×T .

྽ (2) ԋҥਔҗ Proposition 3.4.17 ޕ

(A×B)∪ (C×D) = (A×B)∪ (A×D) = A× (B∪D),
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ڗࡺ S = A,T = (B∪D) ջё.

྽ (3) ԋҥਔҗ Proposition 3.4.17 ޕ

(A×B)∪ (C×D) = (A×B)∪ (C×B) = (A∪C)×B,

ڗࡺ S = (A∪C),T = B ջё.

྽ (4) ԋҥਔҗ Proposition 3.4.14 ޕ (A×B)⊆ (C×D), ࡺ (A×B)∪ (C×D) = (C×D).
ӢԜڗ S =C, T = D ջё.

྽ (5) ԋҥਔҗ Proposition 3.4.14 ޕ (C×D)⊆ (A×B), ࡺ (A×B)∪ (C×D) = (A×B).
ӢԜڗ S = A, T = B ջё. �

നךࡕॺ࣮ Cartesian product ک set difference ϐᜢ߯.

Proposition 3.4.20. ଷ೛ A,B,C,D ࣁ sets. ߾

(C \A)×B = (C×B)\ (A×B) and A× (D\B) = (A×D)\ (A×B).

Proof. ჹҺཀ (x,y) ∈ (C \A)×B, ॺԖך x ∈ C \A аϷ y ∈ B. ҭջ x ∈ C Ъ x ̸∈ A аϷ

y ∈ B. Ԝਔךॺޕ (x,y) ∈C×B Ъ (x,y) ̸∈ A×B (ց߾ (x,y) ∈ A×B ཮導ठ x ∈ A ϐҟ࣯).
ளࡺ (x,y) ∈ (C×B)\ (A×B), ᛾ܴΑ (C \A)×B ⊆ (C×B)\ (A×B).

ќ΋Бय़, ჹҺཀ (x,y) ∈ (C ×B) \ (A×B), ॺԖך (x,y) ∈ C ×B (ள x ∈ C, y ∈ B) Ъ
(x,y) ̸∈ A×B (ள x ̸∈ A܈ y ̸∈ B). ՠҗ (x,y) ∈C×Bךॺޕ y ∈ B, җࡺ (x,y) ̸∈ A×Bޕ x ̸∈ A

(ց߾ x ∈ A у΢ y ∈ B ཮೷ԋ (x,y) ∈ A×B ϐҟ࣯). ӢԜҗ x ∈C Ъ x ̸∈ A аϷ y ∈ B, ௢ள
(x,y) ∈ (C\A)×B, ᛾ܴΑ (C×B)\ (A×B)⊆ (C\A)×B. ள᛾ (C\A)×B = (C×B)\ (A×B).
ӕ౛ёள A× (D\B) = (A×D)\ (A×B). �

ճҔ Proposition 3.4.20 ॺёа؃ך (C \A)× (D\B). २ӃճҔ Corollary 3.4.16 ॺԖך

(C \A)× (D\B) = ((C \A)∩C)× (D∩ (D\B)) = ((C \A)×D)∩ (C× (D\B)).

ӆҗ Proposition 3.4.20 ॺԖך (C \A)×D = (C×D)\ (A×D) аϷ C× (D\B) = (C×D)\
(C×B). ӢԜள

(C \A)× (D\B) = ((C×D)\ (A×D))∩ ((C×D)\ (C×B)).

നࡕճҔ Proposition 3.2.11(3), ॺԖך

((C×D)\ (A×D))∩ ((C×D)\ (C×B)) = (C×D)\
(
(A×D)∪ (C×B)

)
.

ӢԜԖаΠ่݀ޑ.

Corollary 3.4.21. ଷ೛ A,B,C,D ࣁ sets. ߾

(C \A)× (D\B) = ((C \A)×D)∩ (C× (D\B)) = (C×D)\
(
(A×D)∪ (C×B)

)
.

ௗ๱ךॺΨ௖૸ࢂցٿჹ໣ӝޑ Cartesian product ࣁৡ໣ϝޑ Cartesian product. Ψ
൩ࢂᇥ (C×D)\ (A×B) ցϝૈቪԋࢂ S×T ?Ԅ׎ޑ ,৒࣮ܰрࡐ ΋૓ٰᇥ೭Ψࢂό҅ዴ
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.ޑ ٣ჴ΢, ॺԖך (C×D)\ (A×B) = (C×D)\ ((C×D)∩ (A×B)) ـୖ) Question 3.11). Զ
җ Corollary 3.4.16, ॺԖך (C×D)∩ (A×B) = (C∩A)× (D∩B) = (C×B)∩ (A×D). ளࡺ

(C×D)\ (A×B) = (C×D)\ ((C×B)∩ (A×D)). (3.4)

ӆҗ Proposition 3.2.11(2) ޕ

(C×D)\ ((C×B)∩ (A×D)) = ((C×D)\ (C×B))∪ ((C×D)\ (A×D)). (3.5)

നࡕҗ Proposition 3.4.20 ޕ

(C×D)\ (C×B) =C× (D\B) and (C×D)\ (A×D) = (C \A)×D. (3.6)

่ӝԄη (3.4), (3.5), (3.6) .่݀ޑаΠډॺளך

Corollary 3.4.22. ଷ೛ A,B,C,D ࣁ sets. ߾

(C×D)\ (A×B) = (C× (D\B))∪ ((C \A)×D).

ፎ੝ձݙཀ Corollary 3.4.21 ᆶ Corollary 3.4.22 ϐৡ౦.

җ Corollary 3.4.22, ճҔ Proposition ৒ܰղᘐՖਔӸӧࡐॺך3.4.19 S,T ٬ள S×T =

(C×D)\ (A×B) Α. Ӣࣁҗ Proposition 3.4.19 ၰޕॺך (C× (D\B))∪ ((C \A)×D) ёа

ቪԋ S×T ,Ԅ׎ ऩЪ୤ऩаΠޑ௃׎วғ: (1) C,D,(D\B),(C \A) ࣁύԖ΋ঁځ /0, ҭջ
D ⊆ B ܈ C ⊆ A ࡴཀԜςхݙ) C ܈ D ࣁ /0 .(ݩ௃ޑ (2) C =C \A, Ԝջ߄Ң A∩C = /0. (3)
D = D\B, Ԝջ߄Ң B∩D = /0. (4) C ⊆ (C \A) Ъ (D\B)⊆ D. Ӣ (D\B) Ѹх֖ܭ D, Ԝࡺ
చҹ໻ा؃ C ⊆ (C\A), ҭջ C =C\A, ᆶࡺ (2) ϐచҹ࣬ӕ. (5) D ⊆ (D\B)Ъ (C\A)⊆C.
ӕ (4) .ݩ௃ޑ Ԝᆶ (3) .చҹ࣬ӕޑ ่ӝа΢ޑ૸論ךॺԖаΠϐ่݀.

Proposition 3.4.23. ଷ೛ A,B,C,D ࣁ sets. Ӹӧ߾ S,T ࣁ sets ᅈى (C×D)\ (A×B) =

S×T ऩЪ୤ऩ A,B,C,D ᅈىаΠځύϐ΋ޑచҹ:

(1) D ⊆ B.

(2) C ⊆ A.

(3) A∩C = /0.

(4) B∩D = /0.

Question 3.24. ፎפр Proposition 3.4.23 Ӛచҹύ S,T ?Ֆࣁ

૸論΋ΠߡॺΨ໩ך Cartesian product ک complement .ᜢ߯ޑ ೭္ा੝ձᇥܴ, ჴځ
Cartesian product .໣ӝޑόӕӹ໣ύঁٿॺೱ่ךѬёаᔅࢂӦБޑख़ाࡐ Ψ൩ࢂᇥऩ
໣ӝ A܌ӧޑӹ໣ࣁ X , Զ໣ӝ B܌ӧޑӹ໣ࣁ Y , ॺϝёፋ論ך A×B. όၸԜਔ A×B܌

ӧޑӹ໣ᔈࣁ X ×Y . Զ೭္ךॺፋ A ޑ complement Ac ӧࡰࢂ X ޑ္ complement, ҭջ
Ac = X \A. ӕ౛ Bc ࢂޑࡰ B ӧ Y ޑ complement, ջ Bc = Y \B. Զ A×B ޑ complement
(A×B)c, ࢂޑࡰ A×B ӧ X ×Y ޑ complement, ջ (A×B)c = (X ×Y )\ (A×B). аा੝܌
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ձݙཀ, ೭္Οঁ complement ϩࡰӧΟঁόӕ universal sets ΢ޑ complement. ٩Ԝۓက,
঺Ҕ Corollary 3.4.22 ύ C = X аϷ D = Y ॺԖך׎௃ޑ

(A×B)c = (X ×Y )\ (A×B) = (X × (Y \B))∪ ((X \A)×Y ) = (X ×Bc)∪ (Ac ×Y ).

ฅԶ X = A∪Ac аϷ Y = B∪Bc, җࡺ Proposition 3.4.17 ள

X ×Bc = (A∪Ac)×Bc = (A×Bc)∪ (Ac ×Bc),

ӕ౛ள Ac ×Y = (Ac ×B)∪ (Ac ×Bc). നࡕճҔᖄ໣่ޑӝךࡓॺளаΠۓ౛.

Proposition 3.4.24. ଷ೛ A,B ࣁ sets. ߾ (A×B)c = (A×Bc)∪ (Ac ×Bc)∪ (Ac ×B).

നࡕᇥܴ΋Π, ޑӭ໣ӝ׳܈ॺёаፋ論Οঁךჴځ Cartesian product. όၸӢךࣁॺ
ϐࡕόሡҔډ, ൩ό௖૸೭Бय़ୢޑᚒΑ.


