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前言

ε學܌學ޑ數學کଯύ໘܌ࢤ學ಞ數學ӧቫԛ΢Ԗ܌όӕ. ᙁൂٰᇥε學數學๱ख़ܭ౛
論ޑ୷ᘵ. ҁᖱက׆ఈϟಏӕ學ӵՖ᠐ᔉۓ౛, ౛ှ᛾ܴࣗԶԾρቪΠ᛾ܴ. ॺஒϟಏᡄך
ᒠ (Logic), ໣ӝ (Set) аϷڄ數 (Function) .ۺཷޑ ाݙཀ, ाϟಏᡄᒠ學аϷ໣ࢂॺόך
ӝ論. ೭္ፋ論ޑ໻๱ख़ܭஒٰεৎ學ಞ數學܌ሡाޑᡄᒠϷ໣ӝۺཷޑ.

ҁᖱကᗨฅЬाаύЎኗቪ, όၸ྽ੋϷۓက܈஑ԖӜຒਔ, ᘋஒаमЎ֚ޑխᙌ᝿ࣁ
.жڗ ӢԜஒаύम֨ᚇၨό໺಍ޑБԄᡉ౜, ऩԖόߡፎـፊ.

ҁᖱကጓቪ຤ਔ, ጓቪֹ٠ࡕ҂࿶ၸᝄᙣޑਠჹ. ౧ᅅӧ܌ᜤխ, ᗨόԿܭԖ౛論܄΢ᝄ
ख़ޑᒱᇤ, ՠ᠐ޣϝᔈݙཀόࡴཷەӄԏ. ऩว౜ᒱᇤ, ៿߆ගрᝊ຦ޑཀـ.
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Chapter 4

Relation and Order

ӧ೭΋കךॺஒϟಏ relation. Relation ΋૓Ԗϩόӕ໣ӝϐ໔ځϡનޑ relation аϷ
ӕ΋ঁ໣ӝځϡન࣬ϕޑ relation. ӕ΋ঁܭݙॺஒ཮஑ך set Ծޑي relation. ॺ཮ϟಏך
൳ᅿ੝ਸ܄፦ޑ relation, ޑᒏ܌ࢂޑύനख़ाځ equivalence relation. Equivalence relation
ёаᔅշךॺӧ΋ঁ໣ӝϐ໔଺ϩᜪ, Ԗਔۓр΋ঁӳޑ equivalence relation ёаᔅշך
ॺ׳уΑှ΋ঁ set .܄੝ޑ а學ಞ܌ relation .ፐᚒޑ΋ঁख़ाࢂ ॺᗋ཮ϟಏќ΋ᅿך
relation, ൩܌ࢂᒏޑ order. Order ௨ׇޑᒏ܌ࢂཀက൩ޑ (Кၨελ), ќ΋ঁᔅࢂаѬ܌
շךॺΑှ΋ঁ set .ڀख़ाπޑ

4.1. Relation

๏ঁٿۓ sets X ,Y . ऩ S ࢂ X ×Y ΋ঁޑ nonempty subset, ॺ൩ᆀך S ΋ঁࢂ relation
from X to Y . ੝ձӦ, ΋ঁ X ×X ޑ nonempty subset S ൩ᆀࣁ΋ঁ relation on X .

๏ۓ΋ঁ relation S ϐࡕ, ॺ΋૓཮Ҕך x ∼ y Ң߄ٰ (x,y) ࢂ S .ϡનޑ္ ೭ঁ಄ဦ
x ∼ y ڙ৒ܰᡣΓགࢂӳೀޑ x ک y ,ޑԖᜢ߯ࢂ КၨຠϪ relation ӷय़΢ޑཀࡘ. όၸ྽
፦ೀ౛܄ޑճҔ໣ӝډॺाӣᘜך relationୢޑᚒਔ, ӣᘜډ (x,y) ∈ S ,ကۓޑ ཮КၨБߡ.

Example 4.1.1. (1) Եቾ X = {1,0,−1}, Y = {0,1,2}. ကۓ S = {(x,y) ∈ X ×Y : y = x2 +1}.
߾ S ΋ঁࢂ X ډ Y ޑ relation. ӧԜ relation ϐΠךॺԖ 1 ∼ 2, 0 ∼ 1 аϷ −1 ∼ 2.

(2) Եቾ X = {1,0,−1}. ကۓ S = {(x,x′) ∈ X ×X : x > x′}. ߾ S ࢂ X ΢ޑ΋ঁ relation.
ӧԜ relation ϐΠךॺԖ 1 ∼ 0, 1 ∼−1 аϷ 0 ∼−1.

Question 4.1. ଷ೛ X ࣁ nonempty set. Եቾ X ΢ޑ relation S. ၂᛾ܴ S = X ×X ऩЪ

୤ऩჹҺཀ x,y ∈ X ࣣԖ x ∼ y.

΋૓ٰᇥ΋ঁঁٿόӕ໣ӝޑ relation ЬाࢂҔٰ௖૸ٿ໣ӝϐ໔ޑᜢ߯, ӵٯ
Example 4.1.1(1) ൩ࢂԖᜢ X ,Y 數ڄޑ໣ӝ໔ٿ f (x) = x2 +1 ޑғౢ܌ relation. ќ΋Бय़
ӕ΋໣ӝޑ relation, ЬाҔٰ௖૸೭ঁ໣ӝϡનϐ໔ޑᜢ߯, ӵٯ Example 4.1.1(2) ൩ࢂ
Ԗᜢ໣ӝ X ϡનϐ໔ޑελᜢ߯ౢ܌ғޑ relation.
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56 4. Relation and Order

ᗨฅ΋໒ךۈॺޑ relation җ΋ঁࢂ X ×Y ,ଆۓۈη໣ӝ໒ޑ ฅךࡕॺճҔ S ٰඔ

ᛤ X ,Y .ᜢ߯ޑϡનϐ໔ޑ္ όၸךॺΨёҗ΋ঁςޕ X ,Y ,ᜢ߯ޑϡનϐ໔ޑ္ ٰள
ډ S ೭ኬޑ X ×Y .η໣ӝޑ ೭ኬךॺߡёճҔ໣ӝ܄ޑ፦ٰፋ論೭ঁ relation .፦܄ޑ
Example 4.1.1 ύٯޑη٣ჴ΢൩ࢂҗςޑޕᜢ߯ ,數ڄ) ελᜢ߯) ٰඔᛤ S ೭΋ঁ໣ӝ.
.ηٯޑຝܜॺ࣮Π΋ঁၨך

Example 4.1.2. ๏ۓ΋໣ӝ X ΋ঁۓॺाӵՖך relationٰඔᛤ X η໣ӝ໔ޑ “х֖ܭ”
?ګᜢ߯ޑ

२Ӄ೭ঁ relation܌ᜢ߯ޑϡનᔈ၀ࢂ X ,η໣ӝޑ ࢂޑҥࡌॺᔈ၀ךа܌ X ޑ power
set P(X) ΢ޑ relation. Ψ൩ࢂᇥךॺाډפ S ⊆ P(X)×P(X) ᅈى A ⊆ B ऩЪ୤ऩ

(A,B) ∈ S. ۓॺёаךа܌ S = {(A,B) ∈ P(X)×P(X) : A ⊆ B}. ӧ೭ঁ relation ϐΠךॺ
൩཮Ԗ A ∼ B ऩЪ୤ऩ A ⊆ B Α.

ௗΠٰӧҁകύ, ޑፋ論΋ঁ໣ӝ΢ܭݙॺ஑ך relation. Ψ൩ࢂଷ೛ S ΋ঁࢂ relation
on X , ӧ೭௃ݩϐΠ, ޑ܄ԖаΠΟᅿ੝ܭॺ੝ձԖᑫ፪ך relation.

Reflexive: ྽ S ᅈىჹ܌Ԗ x ∈ X ࣣԖ x ∼ x, ջ

(x,x) ∈ S, ∀x ∈ X ,

ॺᆀԜך relation ࢂ reflexive.

Symmetric: ྽ S ᅈىჹܭ x,y ∈ X ऩ x ∼ y, ߾ y ∼ x, ջ

(x,y) ∈ S ⇒ (y,x) ∈ S,

ॺᆀԜך relation ࢂ symmetric.

Transitive: ྽ S ᅈىჹܭ x,y,z ∈ X ऩ x ∼ y Ъ y ∼ z, ߾ x ∼ z, ջ

((x,y) ∈ S)∧ ((y,z) ∈ S)⇒ (x,z) ∈ S,

ॺᆀԜך relation ࢂ transitive.

ჹܭ೭Οᅿ܄፦, .ᇥܴ΋Πݩ௃ޑॺ੝ձଞჹ൳ᅿεৎёૈᇤှך

(1) S ࣁ reflexive ޑჹҺཀࢂޑࡰ x ∈ X ࣣѸ໪Ԗ (x,x) ΋ۓӧ S. ٠όࢂᇥѝाӸӧ x ∈ X

٬ள (x,x) ∈ S ൩ࢂ reflexive. ќѦѬΨؒԖᇥӵ݀ (x,y) ∈ S ߾ x = y. ᕴԶ言ϐ, ाᔠࢗ S

ࣁցࢂ reflexive, ܭցჹࢂࢗॺ໻ाᔠך X ύޑϡન x, (x,x) ࣣ཮ӧ S ύ, ԶόѸᆅځд
(x,y) ύځ x ̸= y .ݩ௃ޑ

(2) S ࣁ symmetric ޑჹҺཀࢂޑࡰ (x,y) ∈ S ࣣѸ໪Ԗ (y,x) ΋ۓΨӧ S. ٠όࢂᇥѝाӸ
ӧ΋ಔ (x,y) аϷ (y,x) ӧ S ύ൩ࢂ symmetric. ᕴԶ言ϐ, ाᔠࢗ S ࣁցࢂ symmetric, ך
ॺ໻ाᔠࢂࢗցԖ (x,y) ∈ S ՠ (y,x) ̸∈ S .วғݩ௃ޑ ӵ݀ؒԖω཮ࢂ symmetric, ց߾൩ό
ࢂ symmetric.

(3) S ࣁ transitive ѝाࢂޑࡰ (x,y) ک (y,z) ӧ S ύ, ߾ (x,z) ΋ۓΨӧ S. ٠όࢂᇥѝाӸ
ӧ΋ಔ (x,y),(y,z) ک (x,z) ӧ S ύ൩ࢂ transitive. ќѦ೭္ΨؒԖᇥѝा (x,y) ∈ S ཮Ԗ߾

΋ঁ z ∈ X ٬ள (y,z) ∈ S. аջ٬܌ S ໻Ԗ΋ঁϡન (x,y) ٗሶ S Ψࢂ transitive. ᕴԶ言
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ϐ, ाᔠࢗ S ࣁցࢂ transitive, ցԖࢂࢗॺ໻ाᔠך (x,y),(y,z) ∈ S ՠ (x,z) ̸∈ S วݩ௃ޑ

ғ. ӵ݀ؒԖω཮ࢂ transitive, ց߾൩όࢂ transitive.

Example 4.1.3. з X = {1,2,3}, ॺ௖૸ٗ٤ך relation S ⊆ X ×X ࢂ reflexive, symmetric
܈ transitive.

(1) ӵ݀ S = {(1,1),(2,2)}, ٗሶ S όࢂ reflexive, Ӣࣁ 3 ∈ X ՠࢂ (3,3) ̸∈ S. ӵ݀
S = {(1,1),(2,2),(3,3),(1,2)}, ٗሶ S ࢂ reflexive. ύᗨฅٯཀӧԜݙ S ύӸӧ (x,y) ՠ

x ̸= y ೭ኬޑϡન (ջ (1,2) ∈ S) ՠόቹៜࣁځ reflexive .٣ჴޑ

(2) ྽ S = {(1,1),(2,2)}, ޕॺך S όࢂ reflexive, όၸ S ࢂ symmetric. ՠऩуΕ (1,2),
ջ S = {(1,1),(2,2),(1,2)}, ԜਔӢ (1,2) ∈ S ՠ (2,1) ̸∈ S, ࡺ S όࢂ symmetric. Ԝਔ S ᗋ

ाуΕ (2,1) (ջ S = {(1,1),(2,2),(1,2),(2,1)}) ω཮ᡂԋ symmetric.

(3) ྽ S = {(1,1),(2,2),(1,2)}, ޕॺך S όࢂ reflexive, Ψόࢂ symmetric, ՠѬࢂ tran-
sitive. ՠऩуΕ (2,3), ջ S = {(1,1),(2,2),(1,2),(2,3)}, ԜਔӢ (1,2),(2,3) ∈ S ՠ (1,3) ̸∈ S,
ࡺ S όࢂ transitive. Ԝਔ S ᗋाуΕ (1,3) (ջ S = {(1,1),(2,2),(1,2),(2,3),(1,3)}) ω཮
ᡂԋ transitive.

வ΢΋ঁ Example ॺёа࣮рך reflexive, symmetric аϷ transitive .ޑϕᐱҥ࣬ࢂ
Ψ൩ࢂᇥ೭Οঁ܄፦࣬ϕϐ໔ؒԖᜢ߯. Ԗёૈ΋ঁ relation ಄ӝځύ΋ঁ܄፦, ՠό಄ӝ
ќѦ܄ঁٿ፦. ӵԖёૈ΋ঁٯ relation ࢂ reflexive ՠόࢂ symmetric Ψόࢂ transitive.
ќ΋Бय़, ΨԖёૈ΋ঁ relation ಄ӝځύ܄ঁٿ፦, ՠό಄ӝќѦ΋ঁ܄፦. ӵԖёૈٯ
΋ঁ relation ࢂ reflexive аϷ symmetric ՠόࢂ transitive. ೭္നதว౜ࢂޑаΠᒱᇤޑ
論ॊᇤаࣁ symmetric ک transitive ё௢ள reflexive.

Example 4.1.4. ଷ೛ X ΋ঁࣁ set, Զ S ࣁ X ΢ޑ΋ঁ relation. ଷ೛ S ࣁ symmetric а
Ϸ transitive, ցё௢ளࢂ S ࣁ reflexive? аΠޑ論ॊব္Ԗᒱ?

ଷ೛ x ∼ y, җܭ S ࣁ symmetric, ӢԜޕ y ∼ x. Ψ൩ࢂᇥ, ॺԖך x ∼ y Ъ y ∼ x, ճࡺ
Ҕ transitive ,፦܄ޑ ௢ள x ∼ x.

೭ঁ論ॊؒԖᒱ, ᒱࢂޑѬ٠ؒԖ᛾ள S ࢂ reflexive. Ѭ໻᛾ளΑ, ჹܭ x ∈ X , ӵ݀Ӹӧ
y ∈ X ᅈى x ∼ y,߾ x ∼ x. ՠ reflexive܄ޑ፦,നख़ाޑᜢᗖӧܭჹ؂΋ঁ x ∈ X ,ࣣԖ x ∼ x.
౜ऩӧ X ύӸӧ΋ϡન xਥҁؒԖҺՖϡનکѬԖᜢ,Ψ൩ࢂᇥפόډ y ∈ X ᅈى x ∼ y,ٗ
ሶךॺ൩ؒᒤݤளډ x ∼ x Α. ӵٯ X = {1,2,3} ,׎௃ޑ ऩ S = {(1,1),(2,2),(1,2),(2,1)},
৒ܰᡍ᛾ࡐ S ࣁ symmetric аϷ transitive. җܭ 1 ѬԖᜢکϡનډளפ ॺԖךӵٯ)
1 ∼ 2), Զ 2 Ψפள 1 ѬԖᜢک (ջ 2 ∼ 1), аҗ܌ S ࣁ symmetric аϷ transitive ޕ (1,1),
(2,2) ࣣӧ S ύ. ฅԶ, ؒԖҺՖک 3 Ԗᜢޑϡન, а܌ (3,3) ҂Ѹ཮р౜ӧ S ύ. ӧԜٯύ
(3,3) ̸∈ S, а܌ S ᗨࣁ symmetric аϷ transitive, ՠ S όࢂ reflexive.

Question 4.2. з X = {1,2,3} ᖐٯᇥܴӸӧ relation on X ᅈى reflexive аϷ symmetric
,፦܄ޑ ՠόᅈى transitive .፦܄ޑ ٠ᖐٯᇥܴӸӧ relation on X ᅈى reflexive аϷ
transitive ,፦܄ޑ ՠόᅈى symmetric .፦܄ޑ
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നךࡕॺӆ࣮ Example 4.1.2 ύޑ relation ಄ӝব܄٤፦.

Example 4.1.5. ଷ೛ X ࣁ nonempty set. Եቾ S = {(A,B) ∈ P(X)×P(X) : A ⊆ B} ࣁ
P(X) ΢ޑ relation. २Ӄךॺᇥܴ S ࣁ reflexive. ೭ࢂӢࣁჹܭҺཀ A ∈ P(X), ॺך
Ԗ A ⊆ A ـୖ) Proposition 3.1.4(1)), ࡺ (A,A) ∈ S. ளޕ S ࣁ reflexive. ॺΨёளך S ࣁ

transitive. ೭ࢂӢࣁऩ (A,B) ∈ S Ъ (B,C) ∈ S, Ң߄ A ⊆ B Ъ B ⊆ C, ёளࡺ A ⊆ C ـୖ)
Proposition 3.1.4(2)). ҭջ (A,C) ∈ S, ள᛾ S ࣁ transitive. όၸ S όࢂ symmetric. ाᇥܴ
೭ᗺ, ډפॺѝाך A,B ∈ P(X) ᅈى (A,B) ∈ S ՠ (B,A) ̸∈ S ջё. Եቾ A = /0 аϷ B = X

ջё. ೭ࢂӢࣁ /0 ∈ P(X) Ъ X ∈ P(X) Ъ /0 ⊆ X , ޕࡺ ( /0,X) ∈ S. ՠςޕ X ̸= /0, ࡺ X * /0,
Ψ൩ࢂᇥ (X , /0) ̸∈ S. ள᛾ S όࢂ symmetric.

Question 4.3. ଷ೛ X ࣁ nonempty set. Եቾ S = {(A,B) ∈ P(X)×P(X) : A∪B = X} ࣁ
P(X) ΢ޑ relation.

(1) ၂ୢ S ΋ࣁۓ reflexive ༏? ऩเਢࢂցޑۓ, ٗ S ΋ۓόࢂ reflexive ༏?

(2) ၂ୢ S ΋ࣁۓ symmetric ༏? ऩเਢࢂցޑۓ, ٗ S ΋ۓόࢂ symmetric ༏?

(3) ၂ୢ S ΋ࣁۓ transitive ༏? ऩเਢࢂցޑۓ, ٗ S ΋ۓόࢂ transitive ༏?

4.2. Equivalence Relation

ӧ܌Ԗޑ relation ύ, നख़ा܌ࢂߡޑᒏ equivalence relation. Ѭёаᔅךॺஒ΋ঁࡐ
ፄᚇޑ໣ӝ଺ϩᜪ, ҭջϩԋ܌ᒏޑ equivalence classes, аߡᡣךॺ׳৒ܰඓඝ೭ঁ໣ӝ.
ஒٰӧ೚ӭ數學ፐำ္, εৎ཮ว౜Ѭࢂ΋ঁࡐБޑߡπڀ.

ৎ္Ԗ೚ӭਜࢂ܈ cd, ाӵՖډפգགྷाޑਜ܈ cd ?ګ ྽ฅനӳޑБݤ൩ࢂஒѬॺϩ
ᜪ. ӕኬޑ, ӧ數學, ჹܭ΋ঁԖࡐӭϡનޑޑ໣ӝ, ೀ౛೭΋ঁٰݤБޑॺΨёᙖҗϩᜪך
໣ӝ࣬ޑᜢୢᚒ. ΋૓ٰᇥ΋ঁӳޑϩᜪБԄѸ໪಄ӝаΠΟঁाન. ಃ΋ঁ൩ࢂ, ा೏ϩ
ᜪܿޑՋ, ԾρکԾρѸ໪ࢂࢂӕᜪޑ; ќ΋ाનࢂऩҘکΌࢂӕᜪ߾ޑΌΨѸ໪کҘࢂӕ
ᜪޑ; നࡕ΋ঁाનࢂӵ݀ҘکΌӕᜪЪΌکЧӕᜪ, .ЧӕᜪکҘѸ໪߾ ӵ݀ךॺஒ΋ঁ
໣ӝ X ,ϩᜪ߾ϡનճҔ೭ঁΟঁচޑ ฅࡕஒӕᜪܿޑՋຎ࣬ࣁᜢ, ӵऩٯ x,y ӕᜪ, Ҕ߾
x ∼ y .Ң߄ٰ ӧ೭ঁ಄ဦϐΠ, 前य़܌ᇥޑϩᜪޑಃ΋ঁाન: ԾρکԾρࢂӕᜪޑ, ൩ё
Ԗ܌ჹࣁҢ߄ x ∈ X ࣣԖ x ∼ x. Ψ൩ࢂ೭ኬۓрޑ relation Ѹࣁ reflexive. ԶಃΒঁाન:
ऩҘکΌࢂӕᜪ߾ޑΌΨѸ໪کҘࢂӕᜪޑ, ൩ё߄Ңࣁऩ x ∼ y ߾ y ∼ x. Ψ൩ࢂ೭ኬۓ
рޑ relation Ѹࣁ symmetric. നࡕ΋ঁाન: ऩҘکΌӕᜪЪΌکЧӕᜪ, ЧکҘѸ໪߾
ӕᜪ, ൩ё߄Ңࣁऩ x ∼ y Ъ y ∼ z ߾ x ∼ z. Ψ൩ࢂ೭ኬۓрޑ relation Ѹࣁ transitive. ϸ
ϐ, ౜ӵ݀Ԗ΋ঁӧ X ΢ޑ relation S Ԗڀ reflexive, symmetric аϷ transitive ೭Ο໨܄
፦, ԶЪךॺஒ಄ӝ೭ঁ relation ӕᜪࣁϡનຎޑ (ջऩ x ∼ y, ࣁࢂ߾ x,y ,(ӕᜪࣁ ٗሶ೭
ኬޑϩᜪБԄΨ཮಄ӝӳޑϩᜪБԄޑΟঁाન. ӢԜךॺ๏಄ӝ reflexive, symmetric а
Ϸ transitive ೭Ο໨܄፦ޑ relation ΋ঁ੝ਸޑӜᆀ. җܭӧҁ࿯ύךॺόሡाஒ΋ঁӧ X

΢ޑ relation ຎࣁ X ×X ޑ subset ٰೀ౛ୢᚒ, ,ـଆߡΑБࣁ ௗҔޔॺך ∼ ࢂ X ΢ޑ΋

ঁ relation ೭ኬޑᇥݤ.
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Definition 4.2.1. ଷ೛ ∼ ໣ӝࢂ X ΢ޑ relation, ऩ಄ӝаΠΟঁ܄፦, ᆀԜ߾ relation
ࣁ equivalence relation

Reflexive: ჹ܌Ԗ x ∈ X , ࣣԖ x ∼ x.

Symmetric: ऩ x,y ∈ X ᅈى x ∼ y, ߾ y ∼ x.

Transitive: ऩ x,y,z ∈ X ᅈى x ∼ y Ъ y ∼ z, ߾ x ∼ z.

Ҕۭډ equivalence relation ٰϩᜪԖϙሶӳೀګ? २Ӄҗ reflexive ፦ёள؂΋ঁ܄ޑ
ϡન೿཮೏ϩࢌډ΋ᜪ. ќѦҗ symmetric ک transitive ό཮Ԗ΋ঁϡન཮ӕਔϩޕ፦܄ޑ
ឦܭόӕޑᜪձ, Ψ൩ࢂᇥঁٿόӕᜪޑϡન܌ԋޑ໣ӝό཮ԖҬ໣; ೭ࢂӢࣁӵ݀ A,B ࣁ

όӕᜪ, ՠ x ӧ A ᜪЪӧ B ᜪύ. ӧ߾ A ᜪύޑҺ΋ϡન a Ӣک x ࡺޑӕᜪࢂ a ∼ x Զ B

ᜪύޑҺ΋ϡન b ӢΨک x ӕᜪࡺ b ∼ x. җࡺ symmetric ک transitive ޕ፦܄ޑ a ∼ b. Ψ
൩ࢂᇥ A ύ܌ޑԖϡનک B ύ܌ޑԖϡન೿ӕᜪ. ೭ک A ᆶ B ଷ೛࣬ҟ࣯Ƕޑόӕᜪࢂ

౜ଷ೛ ∼ ΋ঁӧ໣ӝࢂ X ΢ޑ equivalence relation. ჹܭ x ∈ X , ॺԵቾ໣ӝך
{y ∈ X : y ∼ x}, ջךॺஒ܌Ԗ X ύک x ࣬ᜢޑϡનԏ໣ଆٰ. ೭ኬޑ໣ӝ, ࣁॺᆀך x ޑ

equivalence class, Ҕ [x] .Ң߄ٰ Ҕϩᜪٰࡋفޑᇥ, [x] ൩܌ࢂԖک x ӕᜪޑϡન܌ԋޑ

໣ӝ. ٩ reflexive ,ကۓޑ ၰޕॺך [x] ๊ჹόޜࢂ໣ӝ, ӢࣁԿϿ x ∼ x, Ψ൩ࢂᇥךॺԖ
x ∈ [x]. ќ΋Бय़ۓ٩ကऩ y ∼ x, ߾ [x] = [y]. ೭ࢂӢࣁ, ჹҺཀ z ∈ [x], Ң߄ z ∼ x. ฅԶΞଷ
೛ y ∼ x, җࡺ symmetric Ϸ transitive ள z ∼ y, ջ z ∈ [y]. ள᛾ [x]⊆ [y]. ӕ౛ёள [y]⊆ [x],
ޕࡺ [y] = [x]. ќѦ΋Бय़ӵ݀ y ̸∼ x (ջ߄Ң (y,x) ̸∈ S), ࣁ໣ӝҬ໣ޑӵӕ前य़όӕᜪ߾ /0

,ញှޑ ޕॺך [y]∩ [x] = /0. ඤ言ϐ, ճҔ X ΢ޑ equivalence relation ∼, ॺёஒך X ϩԋ

΋٤ϕό࣬Ҭޑ equivalence classes .ᖄ໣ޑ ೯தךॺ཮Ҕ X/∼ ೭ঁ಄ဦ߄Ңஒ X ճҔԜ

equivalence relation ޑϩр܌ equivalence classes. ᙁൂٰᇥ X/∼ ൩ࢂ֋ນךॺҔ ∼ ೭ঁ
ᜢ߯ஒ X ϩԋΑব൳ᜪ. җܭ೭ኬޑϩᜪஒ X ϩപԋӳ൳ঁό࣬Ҭޑ subsets ,ᖄ໣ޑ ך
ॺᆀԜࣁ X ΢ޑ΋ঁ partition, .ကӵΠۓԄ҅ځ

Definition 4.2.2. ଷ೛ X ࣁ set, I ࣁ index set. ऩჹܭҺཀ i ∈ I, Ci ࣁ X ޑ nonempty
subset Ъ X =

∪
i∈I

Ci аϷ Ci ∩C j = /0, for i ̸= j, ᆀԜ߾ {Ci : i ∈ I} ࣁ X ΋ঁޑ partition.

ᙁൂٰᇥ๏ۓ΋ঁ X ΢ޑ partition, ൩ࢂஒ X ΢ޑϡનϩᜪ. 前य़ςޕၰ, ๏ۓ΋ঁ
X ΢ޑ equivalence relation, ԵቾԜ equivalence relation ޑԋ܌ equivalence classes (Ψ൩
(ԏ໣ଆٰޑᇥஒӕᜪࢂ ൩཮ࢂ X ΋ঁޑ partition. ౜ӧךॺԵቾϸၸٰ, ऩ๏ۓ X ΢ޑ

partition X =
∪
i∈I

Ci, ჹܭҺཀ x,y ∈ X , ကۓॺך x ∼ y ऩЪ୤ऩ x,y ∈Ci, for some i ∈ I (ҭ

ջӕᜪޑϡનຎ࣬ࣁᜢ), ,ကϐΠۓӧԜ߾ ॺёளך ∼ ΋ঁࢂ equivalence relation. ೭ࢂ
Ӣۓ٩ࣁက X =

∪
i∈I

Ci, ӢԜჹܭҺཀ x ∈ X , ࣣӸӧ i ∈ I, ٬ள x ∈ Ci, ӢԜள x ∼ x (᛾ள

reflexive). ќѦऩ x ∼ y, Ң߄ x,y ∈ Ci, for some i ∈ I, ྽ฅΨԖ y,x ∈ Ci, ளࡺ y ∼ x (᛾ள
symmetric). നࡕऩ x ∼ y, y ∼ z, Ӹӧޕ i, j ∈ I ٬ள x,y ∈Ci, y,z ∈C j. җܭ y ∈Ci ∩C j, ճ
Ҕऩ i ̸= j ߾ Ci ∩C j = /0 ளޕ i = j. ҭջ x,z ∈Ci, ӢԜள x ∼ z (᛾ள transitive). ډॺளך
аΠۓޑ౛.



60 4. Relation and Order

Theorem 4.2.3. ଷ೛ X ࣁ set.

(1) ऩ ࣁ∽ X ΢ޑ΋ঁ equivalence relation,߾ {[x] : [x]∈X/∼}ࢂ X ΋ঁޑ partition.

(2) ऩ I ࣁ index set Ъ {Ci : i ∈ I} ࣁ X ΋ঁޑ partition, ჹܭҺཀ x,y ∈ X , ကۓ x ∼ y

ऩЪ୤ऩ x,y ∈Ci, for some i ∈ I, ߾ ∼ ࣁ X ΢ޑ΋ঁ equivalence relation.

Example 4.2.4. ऩךॺஒ᏾數 Z ϩࣁ 2 ໣ӝޑԋ܌७數ޑ C1 = {2n : n ∈ Z}, 3 ७數ޑ

໣ӝޑԋ܌ C2 = {3n : n ∈ Z} аϷ 5 ໣ӝޑԋ܌७數ޑ C3 = {5n : n ∈ Z}, ߾ {C1,C2,C3}
όࢂ΋ঁ Z ޑ partition. Ӣࣁ 7 ൩όࢂ 2, 3 ࢂ܈ 5 ७數ޑ (ҭջ 7 ̸∈ C1 ∪C2 ∪C3), ޕࡺ
Z ̸=C1 ∪C2 ∪C3. ќѦ C1 ∩C2 ̸= /0, ॺԖךӵٯ 6 ∈C1 ∩C2. ӕ౛ C1 ∩C3 ̸= /0, C2 ∩C3 ̸= /0.

ऩԵቾ Z ޑ 3 ঁ subset C1 = {n : n = 3m,m ∈ Z},C2 = {n : n = 3m+ 1,m ∈ Z} аϷ
C3 = {n : n = 3m+ 2,m ∈ Z}, ߾ {C1,C2,C3} ΋ঁࢂ Z ޑ partition. ٣ჴ΢, ॺёаך
ஒ C1,C2,C3 ϩձ࣮ԋନа 3 Ꭹ數ϩձࣁ 0, 1 аϷ 2 .໣ӝޑԋ܌ϡનޑ ৒࣮ܰрࡐ
Z=C1 ∪C2 ∪C3, ԶЪ C1 ∩C2 =C1 ∩C3 =C2 ∩C3 = /0. ճҔ೭ঁ partition, рۓॺёаך Z
ύޑ΋ঁ equivalence relation ࣁ x ∼ y ऩЪ୤ऩ x,y ∈Ci, for some i ∈ {1,2,3}. ऩ x,y ∈C1

Ң߄ x = 3m,y = 3m′ for some m,m′ ∈ Z а܌ x−y = 3(m−m′), ҭջ 3 | x−y Ң߄) 3 ёа᏾

ନ x− y). ӕ౛྽ x,y ∈C2 ܈ x,y ∈C3, ࣣԖ 3 | x− y. Ԝޕॺךа܌ equivalence relation ё
ࣁကۓ x ∼ y ऩЪ୤ऩ 3 | x− y. ࢗ৒ܰᔠࡐ ∼ ࢂ equivalence relation. २Ӄჹ܌Ԗ x ∈ Z,
ॺԖך 3 | x−x, а܌ x ∼ x. ќѦऩ x ∼ y, Ң߄ 3 | x−y, Ԗࡺ 3 | −(x−y). ӢԜள 3 | y−x, ջ
y ∼ x. നࡕऩ x ∼ y Ъ y ∼ x, Ң߄ 3 | x−y Ъ 3 | y− z. ӢԜள 3 | (x−y)+(y− z), ջ 3 | x− z.
ள᛾ x ∼ z. ӧ೭္ךॺԖ C1 = [0] = [4], C2 = [1] = [−3] аϷ C3 = [2] = [11]... ฻. ॺԖך
Z/∼= {[0], [1], [2]}.

Question 4.4. ჹܭҺཀ҅᏾數 m, з I = {0,1, . . . ,m−1}ࣁ index set. Եቾ Z ޑ partition,
Ci = {mk+ i : k ∈ Z}, i ∈ I. ၂ୢԜ partition ޑჹᔈ܌ equivalence relation ?Ֆࣁ

ճҔ equivalence relation ஒ໣ӝϩᜪԋ partition ,ӆճҔԜϩᜪٰ௖૸Ԝ໣ӝࡕ ೭ኬ
.ډ౛論ਔ཮Ҕޑஒٰεৎ學ಞ΋٤數學ݤБޑ Ҟ前ךॺ໻ϟಏ΋ঁᙁൂޑᔈҔ. ൩ࢂѬё
аᔅךॺीᆉ΋ঁԖज़໣ӝঁޑ數. .౛ۓޑॺԖаΠך

Proposition 4.2.5. ଷ೛ X ΋ঁࢂ finite set, ЪҔ΋ঁ equivalence relation ஒځϩԋ
equivalence classes C1, . . . ,Cn. ऩ #(X) Ϸ #(Ci) ,數ঁޑϡનޑҢ೭٤໣ӝ߄ ߾

#(X) =
n

∑
i=1

#(Ci).

Proof. җ前य़ᇥܴςޕ྽ i ̸= j ਔ, Ci ∩C j = /0. Ψ൩ࢂᇥ೭٤ Ci .ޑό࣬Ҭٿٿࢂ ӆу΢
؂ঁ X ύޑϡન೿཮ပӧঁࢌ Ci ύ, а܌ X ೭٤ࢂ數খӳঁޑϡનޑ C1, . . . ,Cn ϡનঁޑ

數ϐک. �

Example 4.2.6. з A = {1,2,3} Ъз X = P(A). Եቾ X ΢ޑ relation, ჹҺཀࣁကۓځ
B,C ∈ X , B ∼ C ऩЪ୤ऩ #(B) = #(C). ৒࣮ܰрࡐ ∼ ࣁ X ΢ޑ equivalence relation. ೭
,ࣁӢࢂ ჹҺཀ B ∈ X , ॺԖך #(B) = #(B), ޕࡺ B ∼ B. Ξऩ B ∼ C, Ң߄ #(B) = #(C), ࡺ
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җ #(C) = #(B), ள C ∼ B. നࡕऩ B ∼ C Ъ C ∼ D, җ߾ #(B) = #(C) аϷ #(C) = #(D) ள

#(B) = #(D). ளࡺ B ∼ D.

ճҔ೭ঁ equivalence relation ޑள܌ equivalence classes ԋ׎ X = P(A) ΋ঁޑ parti-
tion. ޑॺԖаΠך partition:

ؒԖϡન: { /0}

΋ঁϡન: {{1},{2},{3}}.

Βঁϡન: {{1,2},{1,3},{2,3}}.

Οঁϡન: {{1,2,3}}.

ཀ೭൳ঁݙ equivalence classes ࣁϡનঁ數ϩձޑ
(3

0

)
,
(3

1

)
,
(3

2

)
,
(3

3

)
. аҗ܌ Proposition

4.2.5 ޕ (
3
0

)
+

(
3
1

)
+

(
3
2

)
+

(
3
3

)
= #(X) = #(P(A)) = 23 = 8.

Question 4.5. з n ,᏾數҅ࣁ A = {1,2, . . . ,n} Ъз X =P(A). Եቾ X ΢ޑ relation, ۓځ
ကࣁჹҺཀ B,C ∈ X , B ∼C ऩЪ୤ऩ #(B) = #(C). ऩ m ∈N Ъ 0 < m < n, ၂ୢ {1,2, . . . ,m}
ޑӧ܌ equivalence class ?Ֆࣁϡનঁ數ځ ၂᛾ܴ(

n
0

)
+

(
n
1

)
+ · · ·+

(
n

n−1

)
+

(
n
n

)
= 2n.

4.3. Order Relation

ӧ數學΢ќ΋ᅿதޑـ relation ൩܌ࢂᒏ order relation, ҭջ௨ׇޑᜢ߯. Ѭࢂ΋ᅿ಄
ӝΟᅿ܄፦ޑ relation, ೭ᜪޑ relation ,፦܄ޑКၨελᜢ߯Ԗ΋ठޑॺಞᄍךک ӢԜᆀ
ࣁ order relation.

аΠϟಏޑ relation җکܭКၨελԖᜪ՟܄ޑ፦, εৎёаஒϐຎࣁ “λܭ฻ܭ” ೭
ኬޑᜢ߯. ,፦܄ޑΑᡣεৎಞᄍѬࣁ ॺόҔך ∼ ೭ঁ಄ဦ, όၸό׆ఈᇤаࣁѬ൩ࢂ΋૓
ޑ “λܭ฻ܭ”, ॺᒧҔךа܌ “≼” ೭ঁ಄ဦ.

Definition 4.3.1. ଷ೛ X ࣁ nonempty set Ъ ≼ ࣁ X ΢ޑ relation. ऩ ≼ ಄ӝаΠΟᅿ
,፦܄ ᆀߡॺך ≼ ࣁ X ΢ޑ partial order.

(1) ჹ܌Ԗ x ∈ X , ࣣԖ x ≼ x.

(2) ऩ x,y ∈ X ᅈى x ≼ y Ъ y ≼ x, ߾ x = y.

(3) ऩ x,y,z ∈ X ᅈى x ≼ y Ъ y ≼ z, ߾ x ≼ z.

ӧ Definition 4.3.1 ፦܄ޑ (1) ࢂၰ൩ޕॺך reflexive ,፦܄ Զ܄፦ (3) ൩ࢂ transitive
.፦܄ όၸ܄፦ (2) ک symmetric .ӭΑࡐ፦൩ৡ܄ Ѭࢂޑࡰऩ x ̸= y, όёૈӕਔ཮Ԗ߾
x ≼ y Ъ y ≼ x. ऩךॺϝҔ S ⊆ X ×X Ң೭ঁ߄ٰ relation, җܭ೭ঁ܄፦ᇥࢂޑ྽ x ̸= y ਔ,
(x,y) ک (y,x) όёૈӕਔӧ S ύ, ࣁ፦܄ॺᆀ೭ঁךࡺ anti-symmetric. ྽ ≼ ࣁ X ΢ޑ΋

ঁ partial order, ΋૓ךॺ൩ᙁᆀ (X ,≼) ΋ঁࣁ poset.
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Example 4.3.2. ଷ೛ A ࣁ nonempty set, з X = P(A). Եቾ X ΢΋૓໣ӝх֖ޑܭ

relation ⊆, ߾ (X ,⊆) ൩ࢂ΋ঁ poset.

Question 4.6. ଷ೛ A ࣁ nonempty set, з X = P(A). Եቾ X ΢΋૓໣ӝޑ relation ⊇,
߾ (X ,⊇) ΋ঁࢂցࢂ poset?

Question 4.7. Եቾჴ數 R ΋૓ޑλܭ฻ܭᜢ߯ ≤, ցࢂ (R,≤) ࣁ poset? Ξ (R,≥) ցࢂ

ࣁ poset?

ӧ΋ঁ poset (X ,≼)ύ,ऩ x,y∈X ᅈى x≼ y܈ y≼ x,߾ᆀ x,y೭ঁٿϡનࣁ comparable
(ཀࡰёаКၨ). Definition 4.3.1 ϐ܌а཮ᆀࣁ “partial” order, ൩ࢂӢࣁѬ٠ؒԖा؃Һ
ঁٿ X ύޑϡન೿ࢂ comparable. ӵԵቾٯ A = {1,2} ,׎௃ޑ ޕॺך ⊆ ࢂ P(A) ΢ޑ

partial order. ฅԶ {1},{2} ∈ P(A) ٠όࢂ comparable, Ӣࣁ {1} ⊆ {2} ک {2} ⊆ {1} ࣣό
ԋҥ. όၸჴ數 (R,≤) ೭ঁ poset ൩ԖҺঁٿϡનࣣࣁ comparable .፦܄ޑ ӢԜךॺΞ੝
ձԵቾаΠޑ order relation.

Definition 4.3.3. ଷ೛ X ࣁ nonempty set Ъ ≼ ࣁ X ΢ޑ relation. ऩ ≼ ಄ӝаΠΟᅿ
,፦܄ ᆀߡॺך ≼ ࣁ X ΢ޑ total order.

(1) ऩ x,y ∈ X ᅈى x ≼ y Ъ y ≼ x, ߾ x = y.

(2) ऩ x,y,z ∈ X ᅈى x ≼ y Ъ y ≼ z, ߾ x ≼ z.

(3) ჹ܌Ԗ x,y ∈ X , ࣣԖ x ≼ y ܈ y ≼ x.

Definition 4.3.3 ፦܄ޑ (3) ϡનࣣाঁٿा؃Һࢂߡ comparable, ೭ঁ܄፦൩ࢂ total
.፦܄ޑ ाݙཀҗ (3) ,፦܄ޑ ډёளߡ reflexive, Ӣࣁ೭္ x,y ؒԖा؃ा࣬౦, ۓа٩܌
က, ॺ཮Ԗך x ≼ x. ΨӢԜךॺޕ΋ঁ total order ΋ࢂۓ partial order (ϸၸٰ൩ό΋ۓ
ჹ). ྽ ≼ ࣁ X ΢ޑ total order, ΋૓ךॺ൩ᆀ (X ,≼) ΋ঁࣁ total ordered set. ќѦԖޑ
ਜ཮ᆀ total order ࣁ linear order ࢂ܈ simple order.

Question 4.8. Եቾჴ數 R ΋૓ޑλܭᜢ߯ <, ցࢂ (R,<) ࣁ total ordered set?

ޑ前य़ፋڻ೚εৎ཮ӳ܈ order ≼೿Ԗ΋ঁ “฻ဦ”,Ψ൩ࢂᇥ x ≼ xԋҥޑচӢࢂ x = x.
ٗሶࢂցёаႽჴ數ޑ ≤ ѐ௞฻ဦளډ < ೭ኬޑ order ?ګ ٣ჴ΢, ӵ݀ (X ,≼) ΋ঁࢂ

total ordered set, ကۓॺёаך x ≺ y ऩЪ୤ऩ x ≼ y Ъ x ̸= y. ӧ೭௃ݩϐΠ, ᆀߡॺך ≺
ࣁ X ΋ঁޑ strict total order. .ကۓޑॺԖаΠך

Definition 4.3.4. ଷ೛ X ࣁ nonempty set Ъ ≺ ࣁ X ΢ޑ relation. ऩ ≺ ಄ӝаΠΒᅿ
,፦܄ ᆀߡॺך ≺ ࣁ X ΢ޑ strict total order.

(1) ऩ x,y,z ∈ X ᅈى x ≺ y Ъ y ≺ z, ߾ x ≺ z.

(2) ჹ܌Ԗ x,y ∈ X , ࣣ཮ᅈى x = y, x ≺ y ܈ y ≺ x ,ύϐ΋ځ Ъځύ໻Ԗ΋ঁ཮ԋҥ.

ӧ Definition 4.3.4 ύ, ፦܄ (2) ᆀࣁ trichotomy (Ο΋ࡓ).
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Example 4.3.5. ໣ӝޑԋ܌Ԗፄ數܌ॺёаჹך C က΋ঁۓ strict order. ჹҺཀ
a + bi,c + di ∈ C, ύځ a,b,c,d ∈ R Ъ i2 = −1. ကۓॺך (a + bi) ≺ (c + di) ऩЪ୤ऩ

(1) a < c ܈ (2) a = c Ъ b < d. Ԝਔ (C,≺) ࢂߡ strict total ordered set. २Ӄᔠࢗ
transitive .፦܄ ଷ೛ a+ bi,c+ di,e+ f i ∈ C ύځ a,b,c,d,e, f ∈ R ᅈى (a+ bi) ≺ (c+ di)

Ъ (c+ di) ≺ (e+ f i). ٩ ≺ ,ကۓޑ Ԝਔޕॺך a ≤ c Ъ c ≤ e, ӢԜள a ≤ e. ॺёаך
ϩԋٿᅿ௃ݩ૸論: (΋) ऩ a < e, җ߾ ≺ ကளۓޑ (a+ bi) ≺ (e+ f i); (Β) ऩ a = e, ߾
ёள a = c = e. Ԝਔҗ (a+bi) ≺ (c+di) ޕ b < d, ӆҗ (c+di) ≺ (e+ f i) ޕ d < f . ளࡺ
b < f , ӢԜ٩ ≺ ကளۓޑ (a+bi)≺ (e+ f i). ᛾ܴΑ ≺ ಄ӝ transitive .፦܄ ԿܭΟ΋ࡓ,
ऩ a+bi ̸= c+di, ٩ፄ數࣬฻ۓޑကޕ a ̸= c ܈ b ̸= c. ऩ a ̸= c, ٩ჴ數ޑΟ΋ޕࡓ a < c ܈

c < a, Ψ൩ࢂᇥԜਔ (a+bi)≺ (c+di) ܈ (c+di)≺ (a+bi). Զऩ a = c, ԜਔѸԖ b ̸= d, ࡺ
٩ฅҗჴ數ޑΟ΋ࡓёள (a+bi)≺ (c+di) ܈ (c+di)≺ (a+bi). ፄ數ӧٿॺ᛾ܴΑҺך ≺
ϐΠࣣࣁ comparable, ᛾ளΑ ≺ Ԗ trichotomy .፦܄ޑ

ӧԜۓကϐΠ (C,≺) ࣁ strict total ordered set ЪѬ࡭ߥΑচҁჴ數΢ < ೭ঁ order.
όၸࣗࣁሶத᠋ᇥፄ數όૈКελګ? .ݤᇥޑᙁౣࢂჴ೭ځ ٣ჴ΢, ჴ數کፄ數Ѭॺόѝ
ࢂ sets, Ѭॺޑϡનϐ໔ᗋԖуݤϷ४ݤၮᆉ. ޑ΢ځॺӧፋךа܌ order ਔځჴᗋӭा؃
Α܄ঁٿ፦. ջӧჴ數ޑ௃ך׎ॺӭΑکуݤᆶ४ݤԖᜢ܄ঁٿޑ፦:

A: ऩ a < b, ჹҺཀ߾ c ࣣԖ a+ c < b+ c.

M: ऩ a < b, ჹҺཀ߾ 0 < c ࣣԖ ac < bc.

ޑကፄ數΢ۓ৒ܰᡍ᛾খωࡐ ≺ ಄ӝ܄፦ A. ՠࢂѬό಄ӝ܄፦ M. ೭ࢂӢۓ٩ࣁကךॺ
Ԗ 0 ≺ i, ՠऩ܄፦ M ԋҥ, Ԗ߾ 0× i ≺ i× i, ջ 0 ≺−1. Ԝᆶ ≺ ϐۓကό಄, ޕࡺ ≺ ό಄
ӝ܄፦ M.

٣ჴ΢, ॺёа᛾ܴӧך C ΢य़όёૈۓကр΋ঁ strict total order ≺ ཮࡭ߥচҁჴ
數ޑελᜢ߯Ъ಄ӝ܄፦ A ک M. ೭ࢂӢࣁऩ (C,≺) ಄ӝ೭٤ा؃, ,ࡓ٩Ο΋߾ ॺԖך
0 ≺ i ܈ i ≺ 0 .཮วғݩᅿ௃ٿ ऩ 0 ≺ i, ፦܄җ߾ M ཮௢ள 0 ≺−1, ό಄ӝচҁჴ數ޑε
λᜢ߯. Զऩ i ≺ 0, ፦܄җ߾ A ё௢ள i+(−i)≺ 0+(−i), ջ 0 ≺−i. Ԝਔӆҗ܄፦ M, ё
௢ள 0× (−i)≺ (−i)× (−i), ջ 0 ≺−1, ӕኬޑό಄ӝচҁჴ數ޑελᜢ߯. Ӣࣁӧ C ΢ࢂ
όёૈӸӧ strict total order ಄ӝ೭܄٤፦, .ޑόૈКελࢂᇥፄ數ޑॺωᙁౣךа܌

Question 4.9. ၂᛾ܴऩ (C,≺) ࣁ strict total ordered set Ъᅈى Example 4.3.5 ፦܄ޑ A
፦܄ک M, ჹҺཀ߾ C ύߚޑ႟ϡન z, ࣣԖ 0 ≺ z2.

ाݙཀ strict total order ٠όࢂ total order. ՠӵ前य़܌ॊ, ؂΋ঁ total ordered set
(X ,≼), ೿ёۓက΋ঁ strict total order.

Proposition 4.3.6. ଷ೛ (X ,≼) ΋ঁࢂ total ordered set. ऩۓက x ≺ y ऩЪ୤ऩ x ≼ y Ъ

x ̸= y, ,ကϐΠۓӧԜ߾ ≺ ࣁ X ΋ঁޑ strict total order.

Proof. २Ӄךॺ᛾ܴ transitive܄፦,ջऩ x,y,z ∈ X ᅈى x ≺ yЪ y ≺ z,߾ा᛾ܴ x ≺ z. җ
ܭ x ≺ y߄Ң x ≼ yЪ x ̸= y, Զ y ≺ z߄Ң y ≼ zЪ y ̸= z. җࡺ ࣁ≽ total orderԖ transitive



64 4. Relation and Order

,፦܄ ள x ≼ z. ॺѸ໪᛾ܴך x ̸= z. ճҔϸ᛾ݤ, ଷ೛ x = z, җ x ≼ y ள z ≼ y. ՠΞςޕ
y ≼ z, җࡺ ࣁ≽ total orderԖ anti-symmetric܄፦, ள y = z. Ԝᆶ྽߃ଷ೛ y ≺ z (ջ y ̸= z)
࣬ҟ࣯, ޕࡺ x ̸= z. ள᛾ x ≺ z.

ௗ๱ךॺ᛾ܴ trichotomy .፦܄ Ӣ ≼ ࣁ total order Ԗ total ,፦܄ ҭջჹҺཀ x,y ∈ X ,
ॺԖך x ≼ y ܈ y ≼ x. ౜ऩ x = y, ॺளך x,y ᅈى x = y. Զऩ x ̸= y, җ߾ x ≼ y ܈ y ≼ x,
ள x ≺ y ܈ y ≺ x. ள᛾ x,y ᅈى x = y, x ≺ y ܈ y ≺ x. ౜ाᇥܴ x,y ໻ૈᅈى x = y, x ≺ y

܈ y ≺ x .ύϐ΋ځ २Ӄऩ x = y, ٩ ≺ ϐۓကךॺޕόёૈ x ≺ y ܈ y ≺ x ԋҥ. Զऩ x ̸= y

᛾ܴόёૈݤॺҔϸ᛾ך x ≺ y, y ≺ x .ԋҥࣣޣٿ ଷ೛ x ≺ y, y ≺ x ,ԋҥࣣޣٿ җ ≺ ϐۓ
ကޕ x ≼ y Ъ y ≼ x. ӆԛҗ anti-symmetric ,፦܄ ள x = y. Ԝᆶ x ̸= y ϐଷ೛࣬ҟ࣯. ள᛾
όёૈ x ≺ y, y ≺ x .ԋҥࣣޣٿ �

ӕኬޑ, ऩςޕ ≺ ࣁ X ΢ޑ strict total order, ჹҺཀ x,y ∈ X , ကۓॺך x ≼ y ऩЪ୤

ऩ x = y ܈ x ≺ y, ߾ ≼ ཮ࢂ X ΢ޑ total order.

Question 4.10. ଷ೛ X ࣁ nonempty set Ъ ≺ ࣁ X ΢ޑ strict total order. ऩჹҺཀ
x,y ∈ X , ကۓॺך x ≼ y ऩЪ୤ऩ x = y ܈ x ≺ y, ၂᛾ܴ ≼ ཮ࢂ X ΢ޑ total order.

வ೭္, ၰ๏Αޕॺך X ΢΋ঁ total order ൩฻ӕܭ๏Α΋ঁ strict total order, ϸϐ
ҭฅ. ډа྽ፋ論܌ total order ,፦܄ޑ ॺ೿ёаᙯඤԋך strict total order .፦܄ޑ Αࣁ
Бߡଆـ, ྽ךॺҔ ≼ Ң΋ঁ߄ total order, ཮Ҕ߾ ≺ ޑჹᔈځҢ߄ strict total order, ϸ
ϐҭฅ.

ԖΑ order ,ࡕᜢ߯ޑ ,΢Πࣚޑᒏ܌ကۓॺ൩ёаך നεനλϡન. ଷ೛ (X ,≼) ࣁ

poset. ჹܭ X ύޜߚޑη໣ T , ॺᇥך u ∈ X ࢂ T ΋ঁޑ upper bound, ҺཀܭҢჹ߄ T ύ

ϡનޑ t ࣣᅈى t ≼ u. ଷ೛ u ∈ X ࢂ T ޑ upper bound ЪჹҺཀ T ޑ upper bound u′, ࣣ
ᅈى u ≼ u′, ᆀ߾ u ࣁ T ޑ least upper bound. ࣬ჹᔈޑ, ॺᆀך l ∈ X ࣁ T ΋ঁޑ lower
bound, ҺཀܭҢჹ߄ T ύޑϡન t ࣣᅈى l ≼ t. ଷ೛ l ∈ X ࢂ T ޑ lower bound ЪჹҺཀ
T ޑ lower bound l′, ࣣᅈى l′ ≼ l, ᆀ߾ l ࣁ T ޑ greatest lower bound.

ाݙཀ, ΋૓ٰᇥ poset (X ,≼) ޑ nonempty subset ҂Ѹ཮Ԗ upper bound ܈ lower
bound. Զջ٬Ԗ upper bound ܈ lower bound, ϝԖёૈ least upper bound ܈ greatest
lower bound ཮όӸӧ. :ηٯޑॺ࣮аΠך

Example 4.3.7. (A) Եቾ (R,≤) ೭ঁ total ordered set. з T = {x ∈ R : 0 < x < 1}. Ԗ܌
εܭ฻ܭ 1 ࢂჴ數೿ޑ T ޑ upper bound, Զ 1 ࢂ T ޑ least upper bound. ܭ฻ܭԖλ܌
0 ࢂჴ數೿ޑ T ޑ lower bound, Զ 0 ࢂ T ޑ greatest lower bound. Կܭ {x ∈ R : x ≥ 0},
ค߾ upper bound. Զ {x ∈ R : x < 1}, ค߾ lower bound.

(B) Եቾ (Q,≤) ೭ঁ total ordered set. з T = {x ∈Q :
√

2 < x <
√

3}. ܭԖε܌
√

3 ޑ

Ԗ౛數೿ࢂ T ޑ upper bound, Զ܌Ԗλܭ
√

2 ࢂԖ౛數೿ޑ T ޑ lower bound. ՠࢂ T

ؒԖ least upper bound. ೭ࢂӢࣁऩ u ∈Q ࣁ T ޑ least upper bound, Ң߄
√

3 < u, ՠ
√

3

ک u ϐ໔ϝӸӧ๱Ԗ౛數 (೭ࢂԖ౛ॊޑ࿨ஏ܄), Ψ൩ࢂᇥӸӧ u′ ∈ Q ᅈى
√

3 < u′ < u.
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ฅࡽ u′ ࣁ T ޑ upper bound ՠΞλܭ u, Ԝᆶ u ࣁ T ޑ least upper bound ࣬ҟ࣯, ޕࡺ
T ؒԖ least upper bound. ӕ౛ךॺޕ T ؒԖ greatest lower bound.

(C) ๏ۓ nonempty set A, Եቾ (P(A),⊆) ೭ঁ poset. ჹܭҺཀ P(A) ޑ nonempty
subset T , A ࢂ T ޑ upper bound, ӢࣁჹҺՖ B ∈ T , ࣣԖ B ⊆ A. ӕ౛ /0 ࣁ T ޑ

lower bound. Ԝਔ T ޑ least upper bound ΋ۓӸӧ, ٣ჴ΢ U =
∪

B∈T

B ཮ࢂ T ޑ least

upper bound. ೭ࢂӢࣁჹҺཀ B ∈ T , ࣣԖ B ⊆ U , а܌ U ࢂ T ޑ upper bound. Զऩ
U ′ ∈ P(A) ࢂ T ޑ upper bound, ҢჹҺཀ߄ B ∈ T , ࣣԖ B ⊆U ′, җࡺ Corollary 3.3.4, ޕ
U =

∪
B∈T

B ⊆U ′. ள᛾ U =
∪

B∈T

B ཮ࢂ T ޑ least upper bound. ӵٯ A = {1,2,3,4} ,׎௃ޑ

Եቾ T = {{1,2},{1,3}}. ߾ {1,2}∪{1,3}= {1,2,3} ൩ࢂ T ޑ least upper bound.

Question 4.11. ๏ۓ nonempty set A, Եቾ (P(A),⊆) ೭ঁ poset. ჹܭҺཀ P(A) ޑ

nonempty subset T , ၂᛾ܴ T ޑ greatest lower bound Ӹӧ.

ाݙཀ, ΋૓ٰᇥჹܭ poset (X ,≼) ޑ nonempty subset T , ᗨฅځ least upper bound
ёૈόӸӧ, όၸऩӸӧޑ၉Ѭ཮ࢂ୤΋ޑ. ೭ࢂӢࣁӵ݀ u,u′ ∈ X ࣁࣣ T ޑ least upper
bound, җ߾ u ࣁ least upper bound Ъ u′ ࣁ upper bound, ள u ≼ u′. ӕ౛ёள u′ ≼ u, ࡺ
җ partial order ޑ anti-symmetric ፦ள܄ u = u′. ӕኬޑ T ޑ greatest lower bound ऩӸ
ӧޑ၉, Ψ཮ࢂ୤΋ޑ. .፦܄ॺԖаΠךа܌

Proposition 4.3.8. ଷ೛ (X ,≼) ࢂ total ordered set Ъ T ࢂ X ޑ nonempty subset. ऩ T

ޑ least upper bound Ӹӧ, .୤΋߾ Զऩ T ޑ greatest lower bound Ӹӧ, Ψ཮ࢂ୤΋ޑ.

྽ (X ,≼) ࢂ total ordered set ਔ, least upper bound ک greatest lower bound ନΑ୤΋
.፦܄ޑѦᗋԖ΋ঁख़ा܄ ကऩۓ٩ u ∈ X ࢂ T ޑ least upper bound, Ңӵ݀߄ x ≺ u, ߾
x όёૈࢂ T ޑ upper bound. ೭ࢂӢࣁऩ x ࢂ T ޑ upper bound ډ཮ள߾ u ≼ x ϐҟ࣯

ཀݙ) ≺ ࢂ strict total order, ,ࡓа٩Ο΋܌ x ≺ u ک u ≼ x όёૈӕਔԋҥ). ॺԖаΠך
ϐ่論.

Proposition 4.3.9. ଷ೛ (X ,≼) ࢂ total ordered set, T ࢂ X ޑ nonempty subset Ъ u ∈ X

ࢂ T ޑ least upper bound. ऩ x ∈ X ᅈى x ≺ u, Ӹӧ߾ t ∈ T ᅈى x ≺ t.

Proof. ճҔϸ᛾ݤ, ଷ೛Ӹӧ t ∈ T ᅈى x ≺ t ,ޑᒱࢂ ޑԖ܌Ң߄ t ∈ T ೿όᅈى x ≺ t.
ฅԶ ≺ ࢂ X ޑ strict total order, ٩Ο΋ޕࡓ, x ≺ t, t ≺ x ک x = t ѸԖ΋໨ࢂჹޑ. ӢԜ
җ t ∈ T ೿όᅈى x ≺ t ޕ t ∈ T ೿ᅈى t ≼ x. Ψ൩ࢂᇥ x ཮ࢂ T ޑ upper bound. ՠ٩ଷ
೛ u ࢂ T ޑ least upper bound, ॺளך u ≼ x. җΟ΋ޕࡓԜᆶ x ≺ u ϐ前ග࣬ҟ࣯. ளࡺ
᛾Ӹӧ t ∈ T ᅈى x ≺ t. �

Question 4.12. ଷ೛ (X ,≼) ࢂ total ordered set, T ࢂ X ޑ nonempty subset Ъ l ∈ X ࢂ

T ޑ greatest lower bound. ၂᛾ܴऩ x ∈ X ᅈى l ≺ x, Ӹӧ߾ t ∈ T ᅈى t ≺ x.

ௗΠٰךॺϟಏ poset (X ,≼) ύޑ nonempty subset T .നεനλϡનޑ ाݙཀ, ӧ
poset ύޑനεനλϡનځჴԖϩٿᅿ. җܭ poset ύ҂ѸҺঁٿϡનࢂ comparable, ܌
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а΋ᅿ T ,നεϡનޑ ᆀࣁ maximal element of T , ӧࢂޑࡰ T ύؒԖځдϡનКѬεޑ

ϡન. Ψ൩ࢂᇥऩ µ ∈ T ЪόӸӧ t ∈ T ᅈى µ ≺ t, ᆀ߾ µ ࣁ T ޑ maximal element. ќ
΋ᅿനεϡન, ᆀࣁ greatest element of T ᆀ܈) maximum element), Ԗ܌ࢂޑࡰ T ύޑ

ϡન೿КѬλ. Ψ൩ࢂᇥऩ g ∈ T Ъჹ܌Ԗ t ∈ T ࣣᅈى t ≼ g, ᆀ߾ g ࣁ T ޑ greatest
element. ԿܭനλϡનΨԖ࣬ჹۓޑက. ऩ m ∈ T ЪόӸӧ t ∈ T ᅈى t ≺ m, ᆀ߾ m ࣁ T

ޑ minimal element. Զऩ l ∈ T Ъჹ܌Ԗ t ∈ T ࣣᅈى l ≼ t, ᆀ߾ l ࣁ T ޑ least element
ᆀ܈) minimum element). ा੝ձݙཀࢂޑ, T ޑ upper bound ک lower bound όሡाࢂ
T ,ϡનޑ ՠ T ޑ maximal element, greatest element аϷ minimal element, least element
ࣣाࢂ؃ T .ϡનޑ ӵӕ upper bound ک lower bound, ΢ॊ೭൳ᅿനεനλϡન, ٠ό΋
.཮Ӹӧۓ .ηٯޑॺ࣮аΠך

Example 4.3.10. (A) Եቾ (R,≤) ೭ঁ total ordered set. з T = {x ∈ R : 0 < x < 1}. ࡐ
৒࣮ܰр T ؒԖ maximal element. ೭ࢂӢࣁჹҺཀ µ ∈ T ࣣԖ 0 < µ < 1, аऩз܌
t = (µ +1)/2, Ԗ߾ 0 < t < 1, ҭջ t ∈ T Ъ µ < t. ள᛾ T ؒԖ maximal element. ӕ౛ T

ΨؒԖ minimal element. ќ΋Бय़ऩԵቾ T ′ = {x ∈ R : 0 ≤ x ≤ 1}. ৒࣮ܰрࡐ 1 ࢂ T ′ ޑ

maximal element Ψࢂ greatest element, Զ 0 ࢂ T ′ ޑ minimal element Ψࢂ least element.

(B)Եቾ A = {1,2,3}аϷ (P(A),⊆)೭ঁ poset. Եቾ T = {{1},{1,2},{2,3},{1,2,3}}.
߾ ࢂ{1,2,3} T ޑ maximal elementΨࢂ greatest element. Զ ࢂ{1} T ޑ minimal element
Ӣפࣁόډ B ∈ T ཮ᅈى B ⊂ {1}. όၸ {1} όࢂ T ޑ least element, Ӣࣁ {2,3} ∈ T ՠࢂ

{2,3}όᅈى {2,3} ⊆ {1}. ќѦ {2,3}Ψࢂ T ޑ minimal element,ӢךࣁॺΨפόډ B ∈ T

཮ᅈى B ⊂ {2,3}. ќѦऩԵቾ T ′ = {{1},{1,2},{2,3}}. ߾ T ′ ൩ؒԖ greatest element, Զ
{1,2} ک {2,3} ೿ࢂ T ′ ޑ maximal element. ाݙཀࢂޑӧ೭௃ݩϐΠ {2,3} ӕਔࢂ T ′ ޑ

maximal element аϷ minimal element.

வ Example 4.3.10 ၰޕॺך maximal element ک minimal element Ԗёૈό୤΋. όၸ
greatest element ک least element ऩӸӧޑ၉, ཮ࢂ୤΋ޑ. ٣ჴ΢ךॺԖаΠϐ่݀.

Proposition 4.3.11. ଷ೛ (X ,≼) ࣁ poset, T ځࣁ nonempty subset Ъଷ೛ T ޑ greatest
element Ӹӧ. ߾ T ޑ greatest element .୤΋ࣁ ΞԜਔ T ޑ maximal element ཮ӸӧЪ୤
΋, ٣ჴ΢ T ޑ maximal element ൩ࢂ T ޑ greatest element, Ψࢂ T ޑ least upper bound.

Proof. २ӃճҔϸ᛾ݤ, ᛾ܴ greatest element .܄୤΋ޑ ଷ೛ g,g′ ∈ T ࣁࣣ T ޑ greatest
element Ъ g ̸= g′. җܭ g′ ∈ T Ъ g ࣁ T ޑ greatest element, ॺԖךကۓ٩ g′ ≼ g. ӕ౛ޕ
g ≼ g′. җܭ ≼ ࣁ partial order Ԗڀ anti-symmetric ,፦܄ җ g′ ≼ g аϷ g ≼ g′ ள g = g′ ϐ

ҟ࣯. ள᛾୤΋܄.

౜ଷ೛ g ∈ T ࣁ T ޑ greatest element. ऩ t ∈ T ᅈى g ≼ t, җ߾ reflexive ፦ள܄ g = t.
ඤ言ϐ, όёૈӸӧ t ∈ T ᅈى g ≺ t. ளޕ g ࣁ T ޑ maximal element. ᛾ள T ޑ maximal
element .ޑӸӧࢂ ౜ऩ µ ∈ T ࣁ T ޑ maximal element. җ µ ∈ T , ޕ µ ≼ g. ฅԶ٩
maximal element ကаϷۓޑ g ∈ T όёૈԖޕ µ ≺ g ,วғ׎௃ޑ ளࡺ µ = g. ॺ᛾ܴך
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Α T ޑ maximal element ΋ۓ൩ࢂ T ޑ greatest element g, Ψӕਔ᛾ளΑ T ޑ maximal
element .܄୤΋ޑ

٩ greatest element ,ကۓޑ ჹ܌Ԗ t ∈ T ࣣԖ t ≼ g, ӢԜ g ࢂ T ޑ upper bound. ౜
ჹҺཀ T ޑ upper bound u, җܭ g ∈ T , ٩ upper bound ,ကۓޑ ॺԖך g ≼ u, ள᛾ g ࢂ

T ޑ least upper bound. �

Question 4.13. ଷ೛ (X ,≼) ࣁ poset, T ځࣁ nonempty subset Ъଷ೛ T ޑ least element
Ӹӧ. ၂᛾ܴ T ޑ least element ,୤΋ࣁ ЪԜਔ T ޑ minimal element ཮ӸӧЪ୤΋. ٠
᛾ܴ T ޑ minimal element ൩ࢂ T ޑ least element, Ψࢂ T ޑ greatest lower bound.

Question 4.14. ଷ೛ (X ,≼) ࣁ poset Ъ T ځࣁ nonempty subset. ၂᛾ܴ T ޑ least upper
bound u ӸӧЪ u ∈ T ऩЪ୤ऩ T ޑ greatest element Ӹӧ. ӕኬޑ, ၂᛾ܴ T ޑ greatest
lower bound l ӸӧЪ l ∈ T ऩЪ୤ऩ T ޑ least element Ӹӧ.

ଷ೛ (X ,≼) ࣁ poset, T ځࣁ nonempty subset, வ Proposition 4.3.11 аϷ Question
4.13 ၰ྽ޕॺך T Ԗ greatest element ਔ T ޑ maximal element ൩ࢂ greatest element, Զ
྽ T Ԗ least element ਔ T ޑ minimal element ൩ࢂ least element. ჴѝԖ྽ځ (X ,≼) ࢂ

partial ordered set όࢂ total ordered set ਔ, Ӣ٠ࣁόࢂҺٿϡનࢂ comparable ωሡ୔ϩ
maximal element ک greatest element аϷ୔ϩ minimal element ک least element. ٣ჴ΢
྽ (X ,≼) ࢂ total ordered set ਔ maximal element ک greatest element ,ޑ΋ठࢂ ӕኬޑ
minimal element ک least element Ψࢂ΋ठޑ.

Proposition 4.3.12. ଷ೛ (X ,≼) ࣁ total ordered set, T ځࣁ nonempty subset. ऩ T ޑ

maximal element Ӹӧ, ߾ T ޑ maximal element ൩ࢂ T ޑ greatest element.

Proof. ଷ೛ µ ∈ T ࣁ T ޑ maximal element. җܭჹҺཀ t ∈ T , µ ≺ t ࣣόԋҥ, җΟ΋ࡺ
ޕࡓ t ≼ µ. ள᛾ µ ࣁ T ޑ greatest element. �

Question 4.15. ଷ೛ (X ,≼) ࣁ total ordered set, T ځࣁ nonempty subset. ၂᛾ܴऩ T ޑ

minimal element Ӹӧ, ߾ T ޑ minimal element ൩ࢂ T ޑ least element.

നךࡕॺӆۓက΋ঁख़ाޑӜຒ, ൩܌ࢂᒏޑ well order, .ကӵΠۓځ

Definition 4.3.13. ଷ೛ (X ,≼) ࣁ total ordered set. ऩჹҺཀ X ޑ nonempty subset T

ځ least element ࣣӸӧ, ᆀ߾ (X ,≼) ࣁ well-ordered set.

,໣ӝޑԋ܌Ԗ҅᏾數܌ܭӵჹٯ ӧ΋૓ޑελᜢ߯ϐΠ൩ࢂ well-ordered set. ՠ܌Ԗ
᏾數܌ԋޑ໣ӝ, ӧ΋૓ޑελᜢ߯ϐΠ൩όࢂ well-ordered set. Ӣٯࣁӵ܌Ԗॄޑ᏾數܌
ԋޑ໣ӝ൩ؒԖ least element.

ӧ數學΢྽ךॺाೀ౛Ԗคጁӭϡનޑ໣ӝਔ, ޑᒏ܌ॺத཮Ҕך Well-ordering
Theorem ٰೀ౛. ೭ঁۓ౛ࢂᇥჹ؂΋ঁ nonempty set X , ΋ঁډפॺ೿ёаך total order
≼ ٬ள (X ,≼) ࣁ well-ordered set.
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Example 4.3.14. ჹ܌ܭԖ᏾數܌ԋޑ໣ӝ Z, ᗨฅӧ΋૓ޑελᜢ߯ϐΠόࢂ well-
ordered set. ΋ঁډפॺёаך total order ≼ ٬ள (Z,≼) ࣁ well-ordered set. ԵቾаΠ
ޑ relation: ྽ a,b ∈ Z, ကۓ a ≼ b ऩЪ୤ऩ (1) |a| < |b| ܈ (2) |a| = |b| Ъ a ≤ b. ӧԜۓ
ကϐΠ (Z,≼) ࣁ total ordered set. Ӣࣁऩ a ≼ b Ъ b ≼ a, Ң߄ |a| = |b| (Ӣ |a| < |b| ک
|b|< |a| όёૈӕਔԋҥ) аϷ a ≤ b Ъ b ≤ a, ள᛾ a = b, ջ ≼ Ԗڀ anti-symmetric .፦܄
Ξऩ a ≼ b Ъ b ≼ c, Ң߄ |a| ≤ |b| Ъ |b| ≤ |c|, ளࡺ |a| ≤ |c|. ౜ऩ |a|< |c| ёள a ≼ c. Զऩ
|a|= |c|, ॺ྽ฅԖך |a|= |b|, җࡺ a ≼ b ϐଷ೛ள a ≤ b. ΞӢ |b|= |c|, җࡺ b ≼ c ϐଷ೛

ள b ≤ c. ٩Ԝள᛾྽ |a| = |c| ਔёள a ≤ c, Ψ൩ࢂᇥ a ≼ c. ᛾ளΑ ≼ Ԗڀ transitive ܄
፦. Կܭ total ,፦܄ Һཀ a,b ∈ Z ॺёаКၨך |a|, |b| ,ελޑ Զऩ |a| = |b|, ॺ೿ёКך
ၨ a,b ,ελޑ аҺཀ܌ a,b ∈ Z ࣁࣣ comparable, ࡺ ≼ Ԗڀ total .፦܄ ٣ჴ΢٩Ԝۓက,
ࣁݤ᏾數௨ׇБޑள܌ॺך

0 ≺−1 ≺ 1 ≺−2 ≺ 2 · · · .

ॺाᇥܴך (Z,≼) Ԝ total ordered set ࣁ well-ordered set. ჹܭҺཀ Z ޑ nonempty
subset T , ڗॺӃᒧך T ύ๊ჹॶനλޑϡન. ऩ๊ჹॶനλޑϡન໻Ԗ΋ঁ, ٩߾ ≼ ۓޑ
ကԜࣁ T ޑ least element. Զऩ๊ჹॶനλޑϡનԖঁٿ, ࢂߡ΋ঁٗޑॄࣁচҁڗ߾ T

ޑ least element. ջӧ ≼ ೭ঁ order ϐΠ, T Ԗ least element. ள᛾ (Z,≼) ࣁ well-ordered
set.

Question 4.16. Եቾ Z ύаΠޑ relation: ჹܭҺཀ a,b ∈ Z ကۓ a ≼ b ऩЪ୤ऩ (1)
ab ≥ 0 Ъ |a| ≤ |b| ܈ (2) ab < 0 Ъ a ≤ b. Ψ൩ࢂᇥ٩Ԝۓက܌ளޑ᏾數௨ׇБࣁݤ

0 ≺−1 ≺−2 ≺−3 · · · ≺ 1 ≺ 2 ≺ 3 · · · .

၂᛾ܴӧԜۓကϐΠ (Z,≼) ࣁ total ordered set. ցԜਔࢂ (Z,≼) ࣁ well-ordered set?

Well-ordering Theorem ᒏ܌ک Zorn’s Lemma аϷ Axiom of Choice ,ޑ฻ሽࢂ ฻аࡕ
ॺϟಏֹך function .཮၁ಒ૸論ࡕۺཷޑ


