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Chapter 4

Relation and Order

iz— F A4 % relation. Relation — 45 » 7 | & & 2 FF 2 < % e relation 17 2

- B4 &2 L F 4T dhrelation. P H-¢ £33 - B set g £ Prelation. g 45
AR E orelation, # ¢ & & & ch A #73) 7 equivalence relation. Equivalence relation
TR A e BB £ L B A, § R - 4 59 equivalence relation ¥ 11 T2t
P 4e T fR- B oset gl AT E Y relation £- BEZ PRI APREILY -
relation, 'T}‘*{”Lr;ﬁ 1 order. Order 3, %;fj*-{”ﬂﬁ it B4 ), e BT - BT
BRI - B oset enE R 1B

4.1. Relation

LA B osets X,Y. & § #_X xY - B nonempty subset, # i i*u:fp'- S ¥ - B relation
from X to Y. %]+, - B X xX &7 nonempty subset § i*uﬁ-; - % relation on X.

- B relation § 2 {5, AP - B EHF x~y KEAT (xy) LSS F. BB EERE
x~y dHF R A P BEARR x oy 7 B e, L KRR relation F o F AR L. FiEF
AP R wFDIT & DI I relation (hRALEE, wEFT] (x,y) €S Ak, €4 RS I

Example 4.1.1. (1) ¥ g X ={1,0,—1}, Y ={0,1,2}. 2% S={(x,y) EXxYV:y=x>+1}.
Pl S - X 3] Y “hrelation. &2t relation 2 T3 1~2, 0~1 1% —1~2,

(2) ¥ B X={1,0,—1}. T& S={(x,X)eXxX:x>X}. Bl § £ X } e— B relation.
2

gt relation 2 TAPF 1~0,1~—-1 1% 0~ —1.

Question 4.1. & X % nonempty set. % g X + &0 relation S. FFEP S=XxX %2
FEEHEL xyeX ¥ ox~y.

- k- BABA R E L P relation LB Y RIFES B L2 Bl R, bl4c
Example 4.1.1(1) ﬁ‘}u{”ﬁ XY & B &Faasdik f(x) =x>+1 #TA& 4 hrelation. ¥ - & &
f— B & chrelation, 2 & * R4FFE B E & ~F 2 F el %, bl4c Example 4.1.1(2) )?L{
THELS X AE2 Fank ] B 9T A 2 o relation.
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BE AR — B 4n A i e relation Rd - B X XY 3 B A B As A, R AP S ki
B XY MR AL BN G, AEAPL T - B e XY Ra g2 B, k@
TS B X XY d B A, SRAPTT T R L = F;*ieé%ééa:‘éfﬁ relation
Example 4.1.1 ¥ éh| 3 £ F + E‘I‘u{r‘ ¢ drenff o (Sl M) RRg Sie- BEE.
EN irﬂ—’F’—] T - Bt kP
Example 4.1.2. 4% - & X AP & 4efe T~ B relation kfg g X ch+ F &7 “& 737
I A ?

B LB relation “TH ke F BEAX 3 B &, ST AP iz 2 o d X 0 power
set Z(X) + & relation. = ;*I}a{gﬁ.f\ P& T SC 33( )X P(X) mEACB % ¥ raE
(A,B)eS. #rmuavipw iz S={(A,B) € Z(X)x Z(X):ACB}. tizi relation 2 & 2 i
,T}ug’ﬁ A~B #2viF ACB

ThAArFP,APLINWULE- BEE L grelation. ~ i‘*u{l?z»?}i S - i relation
on X, g fim2 T, A w g B4R 0T = fd 4F 0 relation.
Reflexive: § S i X735 xeX ¥ F x~x, 7
(x,x) €S, VxeX,

AL relation & reflexive.

Symmetric: § S & X x,yeX F x~y, Bl y~x, T
(x,y) €S= (y,x) €S,

AL relation & symmetric.

Transitive: § S & X ¥t x,y,z2€X & x~y ® y~z Bl x~z

((x,y) €S)A((12) €S) = (x,2) €S,

F P FLp relation E_ transitive.

e AU, AP NSRS TF R - T
(1) S % reflexive ;}F]fﬁ{%ii,@ﬁvxex PR (ex) - RS T2 ERIE FAhExEX
% ¥ (xx)ES,]*uareﬂexwe Tt 23 F Ak (ry)eSRlx=y. Ba32, E#k4ES
A F % reflexive, AP HFERALTHT X P had x, (xx) RS, A7 \/.'g_t'w«'
(x,y) £ ¢ x7Fy e,
(2) § % symmetric g P EHEZ LA (r,y) €S ¥ REF (yx) - TH &S FAERT LG
T2, %% % S AF 5 symmetric,

- (x,y) ME (yx) 2S¢ T}UK symmetric. %%
4. 4c% 23 1 € & symmetric, F EJ'J,T%Z

PELRALTF (vy) €S (yx) €S hfima 2
%_ symmetric.

(3) § & transitive 45 HEF & (x,y) fr (v,2) &8 7, Bl (x,z) - T+ & S. i i
- (x,y),(0z) Jr (x,z) &S ¥ ij‘kitransitive. ¥ oehigAm s 2 ’ﬁ WEE ( )ES Bl
B zeX B (yz)ES. HUTR S @4 - Bad (x,y) A S S

) b .-

H_transitive. & m
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2, &b S AT L transitive, AP E R/ AELTEF (v,y),(2) €S L (x,2) €S P inwF
2. de% i3 4 ¢ A transitive, F ﬂ'l)‘j‘fu% H_transitive.

Example 4.1.3. £ X ={1,2,3}, 2 P 4F 3178 relation S C X x X &_reflexive, symmetric
g transitive.

(1) 0% S={(1,1),(2,2)}, 78 A& S * &_reflexive, 15 3 € X @ & (3,3) ¢S. 4%
S={(1,1),(2,2),(3,3),(1,2)}, 78 A S &_reflexive. L & ft H| ¥ 82& § 7 5 & (xy) i
x#y gtk i (T (1,2)€S) 23 Ag',fg"—,‘f—! % reflexive e% 7 .

(2) ¥ S={(1,1),(2,2)}, &+ P S * &_reflexive, # if § 4_symmetric. €% 4 > (1,2),
T §={(1,1),(2,2),(1,2)}, #* FF (1,2) €S £ (2,1) €S, #& § % &_symmetric. }* pF S B
Lo r (2,1) (*S={(1,1),(2,2),(1,2),(2,1)}) 1 € ¥ = symmetric.

(3) % S={(1,1),(2,2),(1,2)}, P+ S % &_reflexive, » # &_symmetric, & 7 §_tran-
sitive. £ 4 ~ (2,3), T S={(1,1),(2,2),(1,2),(2,3)}, # B F] (1,2),(2,3) €S & (1,3) &5,
#x § # &_transitive. $*PF S B & 4~ (1,3) ( S={(1,1),(2,2),(1,2),(2,3),(1,3)}) 1 ¢
% = transitive.

E_F - B Example i ¥ 02 ’Fi 4 reflexive, symmetric 14 % transitive ¥_4p 3 b &,
- Tvaa;"u:éi BFARS 2 B2 Bk § ¥ it— B relation # & H Y - B, w72 B2
¥obd BEF. bldej ¥ i - B relation #_reflexive i€ 3 & symmetric ~
¥-2%,% 3 Fig— B relation # & H P 3 BHEF, 2 @ &F - BEF. bl4cf 7 i

- B relation #_reflexive ™ % symmetric & % §_transitive. 4@ & ¥ 3 B HE LT 4 E D

% #_transitive.

it 301 G symmetric v transitive ¥ 42 % reflexive.

Example 4.1.4. B33& X 5 - B set, m S 3 X F e— i relation. 3% § 5 symmetric ™/
% transitive, £ F ¥ 42 § i reflexive? M T dnf it vRAL § 457

B x~y, ¢ 3 S 5 symmetric, F]f* Ty ~x. » ,Tk%;fu, AP x~y ® oy~x, &l
* transitive L F, L x ~x.

TR HmEILG A, AT TG #EE S L reflexive. v WHEE T H3txeX, vk T
YEX % L x~y, Bl x~x. i reflexive s I, S & & P HE - BxeX, ¥F x~ux
RFEX? Fh- ~FxRALFERPAZfvF M, » JI&K;J&‘#&Z FlyeX B X x~y, 7R
Fi- 2% araﬁ}u,),ﬁé,é Br x~x 0L blAe X ={1,2,3} A, F S=1{(1,1),(2,2),(1,2),(2,1)},
fF % % S % symmetric ™ %2 transitive. d 3t 1 HEI A Ffev 5 B (bldeN P
1~2),d 24 3HE Lfev 3 B (7 2~1), #r14d § % symmetric /2 2 transitive v (1,1),
(22) v eSe. e, Xy Eefr3 3 o E, T (3,3) AR ENRMAES P Aptbr
(3,3) €S, #rr2 S B2 5 symmetric 14 % transitive, & § % {reﬂexwe.

Question 4.2. £ X ={1,2,3} £ 6|#P 5 & relation on X & &_ reflexive 2 2 symmetric
L, 2 R % & transitive o R T B BIRRP 3 & relation on X & & reflevive 11 %
transitive P2 E € 3 % & symmetric s
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B fs iR ’Fi Example 4.1.2 ¢ & relation # & vRut 4 57,

Example 4.1.5. 3%k X 5 nonempty set. % g S={(A,B) € Z(X)x #(X):ACB} 3
P (X) ¥ orelation. g AN PP S L oreflexive. A FEHWERL Ac P (X)), AP
3 ACA (%2 Proposition 3.1.4(1)), # (A,A) €S. #4 S i reflexive. &% ¥ {7 S

transitive. =4 %15 % (A,B)eS * (B,C)eS, 47 ACB ¥ BCC,wv# ACC (%4
Proposition 3.1.4(2)). =% (A,C) €S, ## S & transitive. 7 i S # &_symmetric. & 3
BB, AP REST ABE P(X)HE (AB)ES L (BAESTF. Y A=011% B=X
%?.E{ﬂéQGWWLEXGQQ)Engﬁﬁ?@XMﬂ.EL%X#&#XQQ

Y (X,0)¢S. #& S 7 4_symmetric.

Question 4.3. B& X 5 nonempty set. % Jg S={(A,B)e Z(X)x Z(X):AUB=X} 3
P(X) + 0 relation.

‘(

s

1) 38 S - 25 reflexive 75 ¢ %’Lg % EF A, I8 S — A E_reflevive ¥5 ?
? £

(
(2) #F S - =5 symmetric *5 ¢ A TFE e, PRS- 2 H E_symmetric 8§ ¢
(

3) @R S - 25 transitive ¥ ? B E AT T, 78S - 2% A_transitive ¥§ ¢

4.2. Equivalence Relation

w73 o relation ¢, B & & 0 £ 473) equivalence relation. v ¥ r FT AR B
Z‘fi,“ﬂlﬁ?% & s g, 77 WA & A7) e equivalence classes, M EA ML F E L EEBRE S
Bk 5 g‘i? vﬂvfi?—-’ P FRVE- BRI E

FEFF I A cd, B R B R DF N oed LT F REAF ,}ﬁ-‘}mﬂ&u (R
. FfRen, pﬁi% - BFRF AR DDRE, AL TR SRS 2 R AILiE- B
BLApM AL - kB BEPLE IR ERENTZBEE. ¥ - I?,]*n-\, QW[}»‘»\
gendd, pefrp e AL AREFIT, V- B2 HF7 fre I Rigaple s & Fqe?

e his- BREEL X fre BT o fop BEE, R %ﬁﬁﬁk@.%%£W%—%
FEXhaAZ iz B BRI, RieHEFEDLTARZ AP, Gldor x,y FEg, B *
x~y kKET. AREBRELT, DG TROLSENE - BEE: pEfop e LR, RV
* ~.a”ﬁ”“r)a xeX ¥ F x~x 4 fq\¢$i{ L e relation % i reflexive. @ % - B & %

?Are AR g e 2 o iAo ? J_f g, ;j*uv T EE X~y B y~x ,TJL—ELLE%%?;

:leﬁrelation % 5 symmetric. Bfé- B& F: B9 fre BT fop kA, BT 2 R ep

Fop, eV 27 5 F x~y ¥ y~zZ Pl x~zoo T‘L—«x-‘xgﬁ't 7_d ¢h relation % % transitive. &

ke

2o, BAck 5 - B 2 X F ehrelation § & § reflexive, symmetric ™ 2 transitive i& = 38 4
BL,om B AP R-E £ B orelation s AL G B AR (TE x~y, BIEG Xy 2 BRE), TRAE
B> Ny R EFIL Nz BE . Tt A LB L reflexive, symmetric 1
Z transitive &= ML o relation - BEFRDEH. F ARG APE2 FTER- B AEX
tirelation AL G X x X esubset R AEJTREE, 20 3 42 R, AP ERY ~ FX g

# relation iZtk (2 .
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Definition 4.2.1. % ~ £ 4 & X } iorelation, # # & 117 = B, BIF relation

% equivalence relation
Reflexive: $*73 x€X, ¥ 7 x~ux.
Symmetric: & x,yeX B x~y, Bl y~ux.

Transitive: & x,y,z€X & L x~y ® y~z Bl x~z.

F| & * equivalence relation & & #FF © A4 At ? F 44 reflexive thi v #5 - B
~ % ‘f;"‘ﬁ?}ﬁi/} % - #. ¥ ¢hd symmetric {v transitive e AR €5 - BAE § A
B0 o, ¢ G B AR R R £ 5 2B LT Aok AB
PR, e x AT ABHY . MAEAFY hiz- A F a Flfrx A Farca~x @ B
Fv ehiz- ~F b FlY frx Bz b~x. 7xd symmetric fr transitive s Fr i a~b. 4
PAGLA g AR e B Y At AR R Sfe A & B R SRR

B®X ~ F - Bl st X i equivalence relation. ¥ xe X, AP 3 B & &
(VEX ymx), TAPES X ¢ frx bl ehai A e sk, SHPE L, APREL x
equivalence class, * [x] k4 7. * 2 d B K, [x] ;j‘&,{%*); fo x F#F e & A b
B &, i reflexive sha &, APy x| SHFPL2EE, FIZ 2" xvx, fj&‘{p&\ [l
xex] ¥-2d 2TERF y~x B =) @LF, #HE2L zex], 27 z~x Bax g
& y~x, ted symmetric 2 transitive 17 z~y, T ze[y]. FF [x] Cy]. ¥ E [y] C [,
eyl =[] ¥ - Fddedk ylx (TET (y,x) €S), Al4ck s e 2 FagnE 625 0
R, A [y|Nx] =0. # 5 2, J1* X 1 o equivalence relation ~, i E K- X A
- ¥ 3 % 48 2 fh equivalence classes sFf . A AP EH X/~ 2B EELA T HRX I 2
equivalence relation #74 I} e equivalence classes. fj 8 k. X/ ~ )’Ih{—;t FAPEY ~ B
B X & 2 1 RSEE. d SN ig iR A B X A B 24 S B A 4P X g0 subsets 0B B S
AL 5 X ¢ éh- B partition, # & 5% K AT .

Definition 4.2.2. B3 X % set, I % index set. 2> xR iel, ¢ & X & nonempty
subset ¥ X = UCI' A CGNCj=0, fori# j, Bl {G:iel} & X 0— & partition.
iel
i k¥ e~ B X Fehpartition, ff&,{d&—X reAZ o e A, BE - B
X _ ¢ equivalence relation, % Jg ¢t equivalence relation #7 = 1 equivalence classes (» ﬁ*»
- et B A k) ifag H_X #h— % partition. AN g FE R, FLEX

partitionX:UC,-, IR yeX, AP EE x~y EFXFEE x,yE€C, for some i €1 (7F
icl
TR FRZPM), Pl TH2Z T, APFTE ~ F - B equivalence relation. i H_
F & kA X:UCh FIMHER xeX, P hicel, #F xeC, T E x~x (FE
icl
reflexive). ¥ ¢ x~y, 27 x,y€C;, forsomeiecl, § R+ 7 yxeC, &# y~x (EF

symmetric). & {6 % x~y, y~z, v ki jel 7 x,yeC, yzeCj. 43 yeGNCj, 1l
FEIFJRGNCi =0 Fari=j 7T xzeC, FE x~z (FEF transitive). i F 3

" e
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Theorem 4.2.3. B3&X X i set.
(1) & ~ % X } eh— B equivalence relation, B] {[x]: [x] € X/ ~} €_X e~ B partition.

I % index set * {Ci:ie€l} 5 X - B partition, ¥> Z & x,yeX, T&H x~y

2vaE x,yeC, for someicl, P ~ 3 X } e— B equivalence relation.

Example 4.2.4. F A P¥FiZ » 5 2 B fr2 et & C={2n:neZ}, 3 iz ¥k
At s C={3n:ncZ} 1z 5 H#rdhl & CG={5n:ncZ}, Pl {C,C,C3}
% ¥ - I Z & partition. F| i 7 i‘z £ 2,3 AE 5 H8H (T TECUGUG), &iv
Z4CIUGUG. T4 CING #£0, b4 B4 6€CING. B C NG £0, CNCs 0.
FH B Z n3 B subset Ci={n:n=3mmeZ},Co={n:n=3m+1meZ} 1%
Ci={n:n=3m+2,mecZ}, B {C,C,C3} & - B Z ¢ partition. FF +, AP ¥
#-C1,C,C3 & Vvuj'?] :;W% M3 AREAN L 0,1 MR 2HhAFE AR L. XF D 'ﬁ
Z=CiUGUGC, a2 CiNC,=CiNC3=CNC3=0. §* iz partition, 2 F## 2 4 Z
? - i equivalence relation 7 x~y ¥ * *£% x,y € G, for some i € {1,2,3}. ¥ x,y €}

I

%57 x=3m,y=3m’ for some mm' € Z #1140 x—y=3(m—m'), W 3| x—y (%7 37 E
“,f x—y). BPEF x,yeC & x,yeCs, ¥ 3 3|x—y. #7103t equivalence relation #
THRHx~y BEFEE 3|x—y. X% % A& ~ & equivalence relation. § L #¥73 x€Z,
FiEg 3| x—x, T x~x FhE x~y R 3| x—y, w&F 3| —(x—y). FBEF3|y—x, T
yox. Bl E x~y P oy~ox, 2 3|x—y 2 3y—z FIE 3| (x—y)+(—2), *3|x—z
B x~z BEEAPGT CO=0=[4,CG=[1]=[-3] "2 G=_2]=[11].. £. &7
7] ~={10], [1],[2]}-

Question 4.4. {3z Z & Fdem, £ 1={0,1,...,m—1} 5 index set. % J& Z £ partition,
Ci={mk+i:ke€Z},icl. R ¥ partition *T¥ & equivalence relation 5 @ 7

1* equivalence relation #-f & 4 #f = partition &£ f* gt & 5 % LB TR
2 RR A REY - LT ORREFE I PR APEAE- BHE m),’i’%’* i 7}—5’;& 3
RN E - B LR LB AP T aEIE,

Proposition 4.2.5. &% X & - B finite set, ® * — B equivalence relation #-H & =
equivalence classes Cy,...,Cy. & #(X) 2 #(C;) %72 & &~ F B ik, P

Proof. d % 6 3P ¢ &r§ i# j P, GNCj = ’j} TG EA A A pR i LA}
B X VO FMEFATRC Y, AT X R F 3 e digd C,...,G S~ % B
2 . O

Example 4.2.6. £ A={1,23} * £ X=P(A). ¥ & X } chrelation, & T & 5 4= &,
B,CeEX,B~C ¥ ri% #(B)=#(C). ix% %4
EF 5, %38 BeX, i} #B)=#(B), tcivr B~B. * % B~C, 47 #(B) =#(C), %

4 ~ % X _} &0 equivalence relation. i&
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d #(C)=#(B), @ C~B. 162 B~C ¥ C~D, Bld #(B)=#(C) 1% #(C)=#(D) ¥
#(B) =#(D). # ¥ B~D.
1% iz 1% equivalence relation #7 ¥ e equivalence classes )= X = Z(A) - B parti-

tion. #%if* 5 T & partition:

2y ~&: {0}

- Bk {({1),{21{3}})

= Ak {{1.21,{1,31.{2.3})

=Bk {{1,2,3})

AR TS B equivalence classes e % B ks B 5 ((3)), G), (g), (g) #1171 d  Proposition

425 % (3) N @ . @ N @ =#(X) =#(2(4)) =2 =8.

Question 4.5. £ n 5 & o, A={1,2,....,n} * £ X=P(A). ¥ & X } <1 relation, B =
HZaHZTIL BCeX,B~C xrraE #(B)=#(C). EmeN > 0<m<n, ## {1,2,...,m}

14 e equivalence class B~ % B#cs: 7?2 BHEP

V(M) " )+ () =
0 1 n—1 n) 7
4.3. Order Relation

LIE ¥ - ¥ L relation ﬁ*»{"r;ﬁ order relation, 7= Wit B B i, v H - fA
& = f.14 1 e relation, 1347 0 relation st Y 4F et A [ B GG - REPET, T AL
% order relation.

KL 4 S relation d et ok ] GBI T, X RF B2 AR G P E YT i
Pl fh, 50 R RY U, AP ~ BB ER, 28 F L E R R &

Bl AT SR A PR S< R R
Definition 4.3.1. &3k X % nonempty set * < i X } orelation. # X # & T =
M, AP 2 5 X ¥ partial order.

(1) #5735 x€X, ¥F x=2x

(2) FxyeX B x=2y ¥ y=x, Al x=y

(3) Fx,yzeX HE x<y?* y=z Ml x=<z

. Definition 4.3.1 e & (1) %1 fr’:ﬁj]‘}u{ reflexive $2.%7, @ |25 (3) Ii‘u{ transitive
HE. 2 EE (2) v symmetric H.?fﬁé&’? T vdhEE xFy, AT R PRE G
x=2yE y=x. FAPEMF SCXxX k457 ie® relation, d *ig B F R DELF xF£y BF
(y) e (nx) 2 F il S ¢, mAPRE BT L anti-symmetric. § < i X F -
i partial order, — £ 2t TF“T}-L?E? #(X,%) - B poset.
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Example 4.3.2. 3% A 5 nonempty set, £ X =P(A). ¥ o X t - & E &¢& z3eh
relation C, B (X,Q) )’If‘u{—* i# poset.

Question 4.6. X A 5 nonempty set, £ X =P(A). ¥ g X ¥ - & & & ¢ relation D,
Pl (X,2) &% 4~ B poset?

Question 4.7. ¥ G F & R - & E0ME % < £ F (R,<) 5 poset? ~ (R,>) 4%

% poset?

- B poset (X,X) ¢, Fx,yeX BExy& y=x, BfExyies B~% 5 comparable
(i:}% 1t ). Definition 4.3.1 2 #7114 ¢ # = “partial” order, i‘u{‘ﬂ BUITLF B R
S G TR ¥ 4_ comparable. bldcd B A= {12} (A, AP C £ PA) Fan
partial order. 2@ {1},{2} € Z(A) ¥ % &_comparable, F1 7 {1} C {2} v {2} C {1} ¥ 7
* . 237 & (R,<) i&® poset ,T‘-fﬁ =5 %% 5 comparable P . F]pt N x g

5| ¥ & 171 T ¢ order relation.

Definition 4.3.3. &3k X % nonempty set * < i X 1 erelation. 7 X # & T =

MR, A PFH <X 5 X b total order.
(1) Fx,yeX B x=<yZ* y=<x, Bl x=y.
(2) Fxyze€X B x3y® y=2z Ml x=<z
(3) #¥7F xyeX, ¥ x=y & y=x

Definition 4.3.3 i+ F (3) { £ & 4 B~ % ¥ & comparable, i& B & ?ﬁi}bg‘ total
SR R (3) SLE, T @3 reflexive, F1 5 A xy 2 & RBAPE, 10 L
B, AP EF x=<x 4 FPAPIo— B total order — %A partial order (5 i fyed -
#). % = & X I ntotal order, - &3 gRAL (X,X) 5 - W total ordered set. ¥ ¢t i

% ¢ # total order i linear order £ &_ simple order.

Question 4.8. ¥ G F & R - ke >0 2 <, £F (R, <) 5 total ordered set?
RF X REFH TG Hhorder < R - B CEE L ,Ta{ga;xjx =2 e FlE _x=ux

2
REEET UG AR < I HEREEFT < Efkehorder i? TF L ek (X, X) F- B
total ordered set, & ¥ M T K x <y FEFEF xSy ¥ xFy mipfiRZ T, AP HE <

~m

% X eh— B strict total order. 3 F T T K.

Definition 4.3.4. &3k X % nonempty set * < i X 1 erelation. & < # & T - f&

MR, AP A < 5 X b e strict total order.

(1) # x,y,zeX B x<yZ® y<z Bl x<z
(2) #97F xyeX, P ML=y, x<y & y<xfd2- 28I G- Bgr.

. Definition 4.3.4 ¢ , }£ 5 (2) fiL 5 trichotomy (= - ).
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Example 4.3.5. 34 ¥ 70975 A i i & C €& - B strict order. # i &
a+bic+dicC, 27 abcdcR ¥ ?=—1. AP %% (at+bi)<(c+di) 52 r&Ex
(1I)a<c & (20a=c 2 b<d ¢ (C<) i & strict total ordered set. J £ 1& &
transitive {2 5. 3K a+bi,c+dije+ficC 2 ¥ ab,c,de feR & & (a+bi) < (c+di)
2 (c+di)<(e+fi). &k <z &K, AP a<c? c<e FPFale NPT
A AR (-) F a<e, Bld < T KT (a+Dbi)<(e+fi); (=) & a=e, B
TiEa=c=e M (a+bi)<(c+di) Tb<d, Fd (c+di)=<(e+fi)wd<f. #®
b<f, Flit ik < T &ZE (a+Dbi) < (e+fi). P T < & transitive L. 23 = - &
Fa+biFtctdi, FAFEPEDITETaAtc E bFc. B aFc, BFFEFGSZ- Eira<c®
c<a, ﬁfun—\;mthﬂi" (a+bi) < (c+di) & (c+di) < (a+Dbi). 7 F a=c, ‘PG b#d, =
FRd oz - BV # (a+bi) < (c+di) & (c+di) < (a+bi). APHEP T ZH4F8E <

2. % % comparable, ##® 7 < 3 trichotomy it E.

At &2 T (C,<) % strict total ordered set ® v %3 1 Rk & #c}t < i B order.
PR H AT R v i ? B E @it 90, P ifoAi T P37
Hosets, VPR BB 2 f2EE. U APLASE Foorder FHF RS E R
Toa BE. WA BN S 7 fode i kR G M hs B

REIRENA LB PEL D IPEET A LI P AR M 2L FiETaAP
FO0<i, BEEFM22, 813 Oxi<ixi, WO<—1. & <2 TLHEF P, &iv < 2 ¢

FR,APTUEP AC e T a @A - B ostrict total order < § 4F R A
s ] R f*b]b*%&A‘ffM AT F (C <) FEBEL R PRz - & AP
O<id i<0AfalFmegHFL. 2 0<iL M PBFMeiF 0<-1,% &R AT Hih~
JBETE. R E <0, Bl B A FIE i+ (=) <04+ (=), T O<—i. 2RI EF M, T
o8 Ox(—i)—<(—z)><(—z) T O<—1, FHESH B L R AF Hcchs | B A 5"‘]% v C A
# ¥ & 77 o strict total order % & izt e S SRR A v AR B d 7 v ] en

Question 4.9. #F#EM £ (C,<) i strict total ordered set ® 7% & Ezample 4.3.5 (025 A
ol M, RI3tiER C P eh2b Ak 2, ¥ 0<2%

£ ;i § strict total order ¥ # ¥_total order. ® 4c# & #rift, & — B total ordered set
(X,=), P F_3& — 1B strict total order.

Proposition 4.3.6. 3k (X,=<) 4 - # total ordered set. & T & x<y # L EE x <y ¥
XFy, Pl T &2 T, < 5 X - B strict total order.

Proof. 5 AP transitive (L7, T F x,y,z€X B L x<y ¥ y<z, MEEP x <z o
WXLy &7 xRy E xFy, A y<z%7 yz ¥ y#z. v&d < % total order 7 transitive
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R, B xRz NP EEP xAz JIF FEE, BRx=2d x 2y # 2Ly ex v
y =2z, wd < i total order 7 anti-symmetric $2 5, ¥ y=z. S+ EF A BRK y <z (T y#2)
W5 R, i xFtn BR <z

FFAPEP trichotomy (28, F] < % total order 3 total {25, ™ FH T E x,y € X,
A xZy & y2x RE x=Yy, 'anxyz%ix—y mExAy, Bld x<y & y=<x,
Fx<yd y<x FFxyB3Lx=yx<y y<x REHRP xy TR B Lx=y, x<y

By<xHP 2 - FAF =y R <K 2ZTENPI T x<y & y<x*%\*.rﬁ-g.x7éy
A EFEER TP A x<y,y—<xr%—'§ NI lh&x%y,y<xﬁ—%" *F,d <2

(’-H

Froxy ! y=<x £=4d anti-symmetric £, ¥ x=y. » & x#y 2 BXK #ﬂ 3R BE

FEA XLy, y<x Ay O
ke, £ v < 5 X & strict total order, T & x,ye X, AP & xSy 2 rE

Fx=y & x=< = ¢ & X } ¢ total order.
X % monempty set T < & X } e strict total order. #F ¥ T E

Question 4.10. 3k
xyeX, AP E xy

FIFEE x=y & x <y, FEP <X § A X I total order.

aea, AP A 0 X - B total order ,T*uit F 3t 40 — B strict total order, F 2.
TR AL kA T total order e ET, A ‘FK? " 3 = strict total order R E. 5 7
G AR, AP < &5 - B total order, Bl § * < & 57 H ¥ k5 strict total order, F

3 7 order B hts, N frﬂff.»m MEEZMY o TR, RSB A F BR (X,2) 5
poset. ¥t3* X ¢ ezt 3 B T, N ue X E_T - B upper bound, 2 7 ¥z g T ¢
ik ot ¥R R r<u BF uecX E_T “upper bound ¥ ¥tix & T # upper bound /, ‘¥
mE_u=u, #ou i T i least upper bound. 4p ¥, 3% i ﬁ:; leX 5 T ev— B lower
bound, % ¥ ERX T P eh~Z r ¥ A=t B&x [eX E_T ¢ lower bound * #ix &
T &1 lower bound l’, v R U2 BIFE L T 0 greatest lower bound.

&1 E, - & K® poset (X, —<) g nonempty subset A % € 3 upper bound # lower
bound. @ i 3 upper bound # lower bound, i? 3 ¥ s least upper bound & greatest

lower bound ¢ 7 ¥ . 2 'F7 M ]S

Example 4.3.7. (A) ¥ & (R,<) iz ® total ordered set. £ T={xeR:0<x<1}. 7%
KA FEA ] g ﬁr”fi{ T < upper bound, @ 1 &_T 5 least upper bound. #7F -] * &%
0 1% #38 AT o lower bound, @ 0 8T ¢ greatest lower bound. 13" {x € R:x>0},
A& upper bound. @ {x€ R:x< 1}, Bl & lower bound.

(B) ¥ & (Q,<) & total ordered set. 4 T={x€Q:vV2<x<+3}. #} *x3 /3 h
3 I‘i’@:’ﬂmT ¢ upper bound, @ #j -] % V2 2 3 I@ﬁ!t’K{T 1 lower bound. & #_T
Y 2

23 least upper bound. i&&_%] ;%’MEQ % T éhleast upper bound, % 7+ V3 <u, & /3
Fru 2z BFivag ¥ 5 2l (547 T afr % d), ﬂ*n\pfm% b eQ b V3<u <u
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FR ' % T ¢ upper bound 2 ] 3t u, $4 &y i T 9 least upper bound 4p 3 §, w4

L
T 273 least upper bound. 32 4 T 25 greatest lower bound.

2

i
(C) % % nonempty set A, % g (Z(A),C) & poset. H>+ T Z F(A) 1 nonempty
subset T, A #_T <h upper bound, F] 2 2 ® BeT, 3 BCA F®2 0O i T

lower bound. * F¥ T ¢ least upper bound - . 5 &, ¥ % + U= U B ¢ 2T ¢ least
BET
upper bound. =& F i ¥ E & BeT, ¥ 3 BCU, *t™ U E_ T 7 upper bound. @ %

U'e€ P(A) T s upper bound, # 7 =Z & BeT, ¥F BCU', &d Corollary 3.3.4, &

U=|JBCU. ## U= U B ¢ #_T :hleast upper bound. tl4c A ={1,2,3,4} hiaj,
BET

e T={{1,2},{1,3}}. E] {1 2} U{1,3} ={1,2,3} T“‘T £ least upper bound.

Question 4.11. & T nonempty set A, % & (< (A),Q) iT B poset. M E R FP(A) h

nonempty subset T, 3#3E M T 1 greatest lower bound %

B1R, - HKREE poset (X,=<) 1 nonempty subset T, & X 2 least upper bound
TR, PR F R U §ArE- o 2 F i 4% wu €X ¥ 5 T 0 least upper
bound, #|d u % least upper bound * u' % upper bound, {# u=<u'. FEF 8 4 <u, &
d partial order 7 anti-symmetric 25 % u=u'. F 1 T 5 greatest lower bound % 7%

feng, 4§ Lelo ch SRS PR T R

Proposition 4.3.8. 3k (X,=X) 4_ total ordered set * T H_X 1 nonempty subset. % T

7 least upper bound % t, RI*E— . @ % T & greatest lower bound 5 t, » § £ rE— .

¥ (X,=) 4_total ordered set p¥, least upper bound {= greatest lower bound “,f 7 R —
o i - BERDPEF. RETAHPF ucX {T 7 least upper bound, % 7 4% x <u, P
x 3 ¥ i &_T ¢ upper bound. &4 %15 % x &£ T 7 upper bound P § #3 u=<x 24 7
(;’ifzi < 4_strict total order, #7112 = - E x<ufru<x F Vi pFES ) ApEg LT

;oak
2.

Proposition 4.3.9. B3k (X,=X) 4_total ordered set, T €_X ¢ nonempty subset * uecX
H_T ¢ least upper bound. & x€X HE x<u, PlsteT & x<t.

Proof. f1* F &2, BR G htreT B x<t £, L7475 chreT w7 s X_x <1,
Ra < H_X ¢hstrict total order, &= - A, x <t t<x frx=1 % F - iﬁaﬁm. 7] b
d teT‘,ﬁ;”W i&ix-<tﬁﬁ"t€T']‘5rSi%£tjx. » fr‘a—«‘?-\;rux € #_T < upper bound. i @& K
® u AT ¢ least upper bound, S # u<x. d = - EApE x<u 2 wkpI F. W
HFrntreT B x<t. O

Question 4.12. B3}k (X,=) 4 total ordered set, T Z_X 1 nonempty subset * 1€ X H_
T ¢ greatest lower bound. FFEP & xeX B E I <x, Pl 3 hreT & t<x.

ET AP AR poset (X,xX) ¥ & nonempty subset T ehd * & ~&. 1 F, &
poset P inf A B A EFHFF A A FE d 3 poset 7 A% A B F I comparable, 7
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2 =)

M- fE T chie* ~ %, L5 mazimal element of T, dpen & & T 7 23 His 2 F v < eh
8 ,T&{?:L%”[JET 22 mteT B u<t Pl pu 5 T 9 maximal element. ¥

- fid < ~ &, L5 greatest element of T (2 4 mazimum element), g H& #15 T @ &h
;u—,%‘}’gm“ 20 ,Tk{';m%’ geT 2 ft*r3 teT v m X t =g, Rl g » T 7 greatest
element. I * & ~k» FAFDITR. FmeT 22 FptelT B r<mAlfEmiT
e minimal element. @ F 1 €T 2 ¥*75 t€T ¥R LI =t, RIFE 1 5 T 9 least element
(2 # minimum element). & 3%/ & cH&, T 9 upper bound {r lower bound # 7 & &_
T s %, e T &1 maximal element, greatest element ™ 2 minimal element, least element
* & £ 8T eh~ 4. 4ok upper bound fr lower bound, * iz ¥ fEdH <~ &/ ~ %, ¥ 7 -

TE . A frué AN E1E(

Example 4.3.10. (A) ¥ & (R,<) i&® total ordered set. £ T={xeR:0<x<1}. %
%54 T2 maximal element. T EFZHEL uel ¥F 0<pu<l, “Tugs
t=(u+1)/2, 03 0<t<1, ¥ reT ® u<t. & T 23 maximal element. 12 T
+ i2F minimal element. ¥ - > & #4 g I'={xcR:0<x<1}. 35250 1 LT &
maximal element » &_greatest element, @ 0 %_T’ 1 minimal element » £_least element.

(B) ¥ A={1,2,3} M2 (Z(A),Q) = poset. ¥ & T ={{1},{1,2},{2,3},{1,2,3}}.
#1{1,2,3} &_T < maximal element ~ &_greatest element. @ {1} £ 7 < minimal element
Flas 2P BeT ¢4 BC{l}. 72 {1} # & T ¢ least element, 15 {2,3} €T fe &_
{2,3} # & &_{2,3} C{1}. ¥ ¢t {2,3} » &_T & minimal element, F] 3 2 P~ 572 3| BeT
¢mE BC{23}. va4ELm T ={{1},{1,2},{2,3}}. Rl T’ fr‘r‘a;}i’ﬁ greatest element, @
{1,2} 4= {2,3} $8 4T’ 4 maximal element. & L ehd_figfimz T {2,3} R LT o

maximal element ¥ 2 minimal element.

#&_Example 4.3.10 #' i* 4rif maximal element fr minimal element 3 ¥ & % v&— . % i

greatest element = least element % 7 teeivgs, § Ari— e F7 AP 0T 2 5%

Proposition 4.3.11. &3Xk (X,<) 5 poset, T 5 B nonempty subset * &3k T ¢ greatest
element i t. B T &9 greatest element % v&E— . * g* B T 9 maximal element € 5 .2 &

-, %%+ T & mazimal element i}u{ T = greatest element, » H_T &9 least upper bound.

Proof. 7 £{|* £ 32, #P greatest element ciwir— {2, B3R g,¢' €T ¥ & T ¢ greatest
element ¥ g#g. d 3 g eT ¥ g % T ¢ greatest element, & THAPF ¢ <g kT
g=g. ¥ * =< % partial order & F anti-symmetric 25, d g <g M2 g=<g # g=g 2
3R, HErE-

WIEK geT & T i greatest element. ¥ t €T % & g <t, B d reflexive 25 7 g=1.
¥z AP steT BR g<t #®#4 g i T % maximal element. ¥ T 1 maximal
element ¥ 3% e E ueT 5 T & maximal element. ¢ peT, & u=<g HRa ik

maximal element (¥ ZKME geT w3 FivF U<g st & u=g APHEP
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7 T #41 maximal element — Aq*m‘?\ T 1 greatest element g, «+ F PF#EF 7 T 7 maximal

element swE— |4,

% greatest element HE &, 5 reT ¥ 3 t =g, F] g £ T <7 upper bound. R
=R T v upper bound u, d ** g T, i upper bound ehZ &, AP F g<u, F#E g &
T =1 least upper bound. O

Question 4.13. BE& (X,<) 5 poset, T 5 H nonempty subset * 3k T 1 least element
T R BEP T 0 least element & viE— | ¥ L pE T 9 minimal element € 5 . f vE— . #

ZM T 0 minimal element :T“u{ T &9 least element, » 2_T 1 greatest lower bound.

Question 4.14. X (X

, % poset B T i E nonempty subset. 3F#FM T 1 least upper
boundu % ®=*® ueTl %7
S

=) 3
3y

# T ¢ greatest element 5 t. F ¥keh, ZFEP T & greatest

lower bound I % % ® €T % 2 vy T & least element % e

BE (X,X) % poset, T i H nonempty subset, /& Proposition 4.3.11 ™ %2 Question
413 2P sig § T 7 greatest element P¥F T 7 maximal element ,T*u{ greatest element,
% T 7 least element ¥ T 7 minimal element %&Z{least clement. 2§ 73 4 (X,=X) 4L
partial ordered set # ¥_total ordered set ¥, ¥]1% ¥ % ¥_iz % = % §_comparable 4 § % 4
maximal element = greatest element 14 2 % 4 minimal element {= least element. ¥ § *
¥ (X,=) 4_total ordered set P¥ maximal element {r greatest element € - I, F fk e

minimal element fr least element » & - 3% .

Proposition 4.3.12. X (X,=<) 5 total ordered set, T 5 2 nonempty subset. % T h

mazimal element 3 t=, Bl T & mazimal element i&{ T 1 greatest element.

Proof. B3k peT % T “maximal element. d ¥ 3 reT, u <t ¢ * = >, #&d = -

Eaor=<u. #% u i T & greatest element. O

Question 4.15. BX (X,=) 5 total ordered set, T 5 £ nonempty subset. :#FEM £ T

minimal element 5 ., P T & minimal element i*u{ T 1 least element.
BN LA - BER DL, ) o well order, # L& AT

Definition 4.3.13. % (X,=<) % total ordered set. % ¥ = & X ¢ nonempty subset T
# least element ¥ i &, RIFE (X,X) & well-ordered set.

Gl4e¥tar iy & FT R R &) - s P RETRZT ,ik{ well-ordered set. & #7%
Bhcira g &) f— Mens R TR2T J’I&% &_well-ordered set. F| 5 Gl4e#r cf Kt
=l & i&‘}l”ﬁ least element.

Bl P AP E R BB A F R AP, AP AT o Well-ordering
Theorem * 2. =B TILE_H %5 — B nonempty set X, i ‘ISK'P‘ 1135 31— B total order
< # # (X,=) % well-ordered set.
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Example 4.3.14. #3975 F#or= i & AR A - e ) B TRz T A well-
ordered set. # i ¥ 1145 ¥ - B total order < lé # (Z,=) % well-ordered set. % Jg /4 F
e relation: § a,b€Z, T&x a=<b EEraE (1) |a|<|b] & (2) |a|=1|b] £ a<b. Bz
&2.7 (Z,X) % total ordered set. F]15 % a=<b * b=<a, %7 |a|=|b| (7] |a| < |b| 4=
b <la| 2 ¥ ic e pExz) ME a<b?® b<a, F# a=>b, ¥ <X £ 5 anti-symmetric }£ .
AEFa=xb® b=<c, % |a| <|b| 2 |b|<lc|, &® la| <|c|. BF |a|<|c| ¥ ®# a<c. B F
la|=lc|, # % 23 |a|=1|b|, t&d a<b 2 BXKF a<b. *~ F|b|=|c|, &d b=<c 2 EK
Bb<c BRFEFEY la=|c|PF7F a<lc, » ,Th{;k a=c #HE1 < &5 transitive &
o2 total BF, ER ab€Z AT 0t g al,[b] %, A ] = [B], A gne
#oa,b s ST ER a,b€eZ ¥ i comparable, gt < £ F total L. FF b ok A,
A 0 R B

TR

0<-1<1<-2<2---

AP E P (Z,%) ¢ total ordered set % well-ordered set. #*%iZ & Z 7 nonempty
subset T, A P ALET ¢ S4B h | chad. £8HEE | hat i) - B, 0k < g
# i 5 T ¢ least element. @ *"aiHm&] A E G AR, RBRAG IR BT
e least element. ¥ & < iz order 2 7, T 3 least element. ¥ (Z,<) 5 well-ordered

set.

Question 4.16. ¥ g Z ® 1T &1 relation: ¥3E X a,b€ZL THE a=b FErEE (1)

ab>0 2 |a| <|b| & (2)ab<0 * a<b. Y{gm; PORE AT B B S E G
0<—1<-2<-3-<1<2<3--

BEP AP TEKZT (Z,2) 5 total ordered set. R_F ¢t pF (Z,=X) % well-ordered set?

Well-ordering Theorem fr#73} Zorn’s Lemma ™ %2 Aziom of Choice % % 9, % 11 {2

A A g = function PREL 15 € Pt .



