&5 4

e

CEER LIRS 2 E



AER RS rR P BERTEYERF RGP R
WA H, AARFFALFE P FE I, BEEP AL BTHEP. APRILE
{& (Logic), & & (Set) ™ % ¥t (Function) 4. A F, A2 L& /1 5 BEF 2 §
L

=
b

Kt g F e

E . AR OEF LR A R Y HF 1R & i g g
AEERBRIB Y TED FEFHEAERSE G LEF, L APEFOTEEE
Beik Bl AR Bt MBI, FF R R

AEBHB R, BB T ASEEIORYE. R AYTIEL, B2 30
Eeggir, il F R E e 2 MR B N L n.

A

(LA TN -3



Chapter 5

Function

B- F AP R4 % function (S #ik). Function ¥ 3 E &~ 3 £ #KS - &2 5 ¥ chik
F1E HHEORIET AP 38 F 2 Bk i, (8- heh §APRIFEHSD
FEF LR PSR, Ay FEDHI gL FF LS. R AT B, d 0T

B R L, AP T BT o Sk, VS Bk A e E 2R A ﬁ?ﬁ |
G DR AT T R ) DAL B 7 iE e A P D B8 h KR A
& A e ol J]‘*njm B e S PR AL, BABA AT R hd Bl T R
BAFREEY LN RSk AR APRERRAADIITENF, 18- AR
BEF - L HARET Ok, - fﬁ— MRS Sl BfE AP E RS AT A
L RSO O

5.1. Basic Definition

&% %% % nonempty sets X,Y. U 2 B 0 function # F XY 2 FF - fEH KD
relation. i&— f& relation, %247 - B X 3| Y M %, d 2B R M :,,‘*.,T&—lir'l’ﬁ*
BELES - AR TETRX m"‘%ﬁ” * Y ehag, st v flz 5 “function” &
WEORIAFE FCXXY L - BRX I Y Hrelation, E4 1 - B4 gcm 34
B REE fﬁg*’;’*)‘#&?&ﬁ";‘“%?”;é_“L PR E ok, T AP E R xeX, P hyeY
R (ny)ef ¥ APFREZROPBAAF ML AL ALHLF, FRF AL D
NG ARIE, PRR R B T 7 4 GG, AR R xeX, T - mer it
(x,y) € f. Eri- {7 ol RSPl B R AFE (vy) € 2 (n)y) €S, Mly=y. 5

#t function s E_&K 4o

Definition 5.1.1. 3% X,Y % nonemptysets ¥ fCXxY, 5 - B from X to Y shrelation.
FLBE TR R f 5 - B from X toY 0 function (S#c). F FF L A function
= mapping & map (P ).

(1) 73 x€X, ¥atyeY #F (x,y) €f.

(2) FxeX,yyeY B (x,y)ef® (x,y)ef, Bly=



70 5. Function

d % relation 93 ;2 k& 7 function 2 F F R X v A - B oA R FT niTH | - AL
KwAPEr XY, k&7 f £~ BHE X FlY 9 function. @ #3E L xeX, AP
*fx)=y kEF xEBAE R fiE- B PE AL D » PSR f(x) =y 32

20 (xy)ef. BAZLFAPE f L - B function P i § & i é f HAJEIR i & TR R
# & b function, F A2 ETATF § 74 (1), (2) hEF GF%% 2™ Example 5.1.2). ¢
M X Y etRhp iAo AR S BORBRE X oY, i d f@
BEELR WL Akl T g A4 4o ke, GROBEA P §EALEBE
Flptiean XY el &, o2 X :T‘*wfﬁ—; f i domain (L& B ), dp A T3 ¥ ko ie
BRBhA R L. A Y LS f P codomain ($IEE), rj&{ii%fﬁﬁﬁﬁ T A
A A A AR ERAAPY TR BB F R, £% % & function HE A ¢ TR
FRREBY POAFRINULINX A A F A EI FAPETSp e %J:%;"J - B
functlon = ,Tfu» B v § - B “well-defined function”, » 1* L LB %ﬁ’ HUENRFESG
function enig it (* 1t Ff] HEL )*J-.*f.{gﬁ.ﬂ@ T E - BEBE) R, et “well-defined”
TR FREE-fARAAREF, “r3 0 function ¥ p R 3% 4 well-defined.

P

Example 5.1.2. 3% 51T %4 relations, A *’F% vk~ & §_ well-defined function.

(A) T o X={x€R:x>0},Y =R 1% relation fCXxY T & 5 f={(x,y) eXxY:

y?> =x}. i& 1 relation f # & function i F (1), FlZH*»EE xeX, 27 x>0, & B &

=vx, 5 yeY=R ¥y —fz—x BHRAEIR xeX, vhyeY #E (x,y) € f.
%sﬁfl%,&&rjﬁ’f(). Pldc g 12=(=1)2=1, & (I,1)ef 2 (1,-1) € f. = F
v f 7 4_function.

B) % g X :{xeR'x>0} Y={yeR:y<0} 3% relation fCX XY L& 3
f={(x,y) €XxY:y?>=x}. i& 1 relation f # & function =& (1) T, i ER
xeX, %27 x>0, ®wF &L y=—\x, APF yeR ¥ y<O0, E7r’yEY. N
TN EL xeX, FhyeY R (xy)ef. ¥ fA BB (2). FliExeX, py ey
BE (y)efE (xy)ef, 27 Y¥=x=y% FrE y—y)y+y)=0, 7T y=y ¢
y=-Y. RFx=0, #2075 y=y=0 x#0, 7 y£0°F Yy A0, LpEF yy ey, A

P ¥

.M
e, B y=y. R EHFE f:X Y E_function.

o

/

7 y<0r y<0. F&iry=—y
(C) ## (B) » en X x5 X =R, B f:{(xy)eXxY'yzzx} ﬁ‘&% _function. i&H_
i —1eX, RAPHAI] yeYCRB Y =—1. % rfum HhyeY B E (—1,y)ef
L AR EEE (1), o f 3 A function. ¥ - GG, FAPHKR (B) ¢ Y i
Y={yeR:y<0}, B f—{(xy)EXxY'yzzx}J»' 7 E_function. &€ %5 0€ X, iz s
HAI yeY BE Y =0, j‘x\ch% FhyeY & & (0,y) € f. F f * & function.
D)% B X=R, Y=2R) 2% function f: X -Y B T & 3 ¥TE x€X, 4
f(x)Z{y€R¢y2=x}-
AP f & well-defined function. =& Fli ¥ EZ & xeX =R, AP¥ ¥ x %A i

x>0x=0x<0 =" § x>0, 2FF f(x)={Vx,—/x} 5 R & subset, F]* 5z
FEY=PR) it A g =0, A f(0)={0}, 75 ¥ = P(R) ¢ hat.
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Fr<0p, A fx)=0 75 ¥ =2(R) 5 % PR Ed xEX, APEY T
«ﬁf'J R crisubset AcY # 1 (x,A)ef. BLR, x<0 ), AP35 f(x)=0, » I

Ripfinz T, 3 0cY % (x,0)cf. A AEPBAI yel, REF (xy)Ef, T f
FEABERFT (1), T4 f 4 BERF (2. LA L 40t 5 90, HEL xeX, A0
SR 45 FlrE- R ehsubset A & X f(x) =A. BILE, 2 x>0, B f(x) £ {Vx,—/x}
- BY Pehag. ARG ({Vr-vah)efiad L (nvx)ef 2 (x,—vx)ef. Bl
SRR B A (2) SR

r%ﬁ*‘*%‘

#&_Example 5.1.2 eh & B )3, AP amg TR - FRop SRR, ¢4 TR A HER
7, BFALE L - Bad « Flob H20A Badk i X o) fo X oY R
X=X Y=Y 283415 xeX, ¥F fx)=[f(x) D2, AP A4 f e f 5 R
#i. ¥ ¢ & Example 5.1.2 (D) i3, 24 g&;@ﬁu? WEf g A R E TS mg; L%
Fi.A e 2 BT E- B ﬁrﬁﬁ:m F.od w- BEANP TR - BIEKPE, A9 SR
ARG F R RN AT AR S A L TR T A R B A R i i
Beg A2Vl & TF L UG A PG IR S P, § R - HRE B R AL

BTy e F - B H AL R DSl L5 identity function. f§ H k3, v -
BRIEPPABAFp e PHIP e AL TR

Definition 5.1.3. 3% X 5 nonempty set. % & idy: X — X, 5 idx(x) =x, Vx € X. idy
# - 1 function, ¥ L2 5 the identity function on X.
Question 5.1. B& f: X =X & - B function. % f R 5 relation on X. T & ¥8— B
Be gl [ X - X A - B ddentity function? ¥ - B F mZIE f L ddentity
function, 3% X ={1,2} iR 3o+, WP ZEFE248E [ 5 didentity function.
(1) f is reflexive.
(2) f is symmetric.

(3) f is transitive.

B

(6&-
;41

BSAP A SR AR s, & DA ehS it 2 BB LA Badk £ X oY,
AR RRAKE X AHER Y, T @ G S B8 R R, &
AR T § = mﬁtm*ﬁtﬂ FlM B H rn'h%’],q* 2, iz & X ¢ nonempty subset X',

Y flo X oY, @t iade flo AR HF xeX, flo) = f(). ¢ R
f|X, RO f AR USR] e X iE- B subset, @ U npk SRR £ £- R )
IF RS & X P Y 0 function 73] fly & X' 3] Y 0 function. 2L flx 5 the
restriction off to X'. bl4cf Example 5.1.2 (B) ¢, v 4 g X' ={xeR:x> 1}, B
flx : X' =Y, i» 5 - B function. 2 P+ ¥ 12— B function ¥t s, § A7, #HE
TP R ﬂﬁ“z,.%; SESE RN EE SRy S Mﬁt AR lw.gmg 4
FRA AR RERAFE A AR AEE S, AN EEREY ] A FH T IHER A
& (H]4r Example 5.1.2 (C) eofi=). &]4e & Example 5.1.2 (D) N A ﬂé’r—i«ﬂ@iﬁ“ &l
TR Y ={Ac PR):#A) <2}, m gk f: XY Z- B function.
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% XY ¥ g:Y—Z % functions, 2 P 41 * f e - B_X F| Z ¢ function,
gof X —Z gof XA #HWER x€X, gof(x) =g(f(v). 4 A3k gofl(x) &k Z
YRR R K [ ES] ) GBS PR R R S) K g @S2
2 g(f(). » %T%UHM 2 gUf(0). PR gof X 2R 5 function.
A AHEET (1): #@¥Ed xeX, d 3 X oY & function &3 e yel # 7 f(x)=y.
LSy, Fl g Y = Z % function, &% ZGZ 1 gly)=z FIpBp zeZ NG
gof(x)=g(f(x))=g(y)=z. HFHRAELF (2), » )ﬁunjﬁa%‘xex Plig hrli- chzeZ ik &
gof(x)=z #m % f:X =Y % function, ;ﬂ”“nx LxeX, FhrEi-dhyecY @1 fx)=y.
BFFFRDIE€Z BB gof(x) =z 1% gof(x)=17, 4 3 gof(x)=g(f(x)=g),
PR gl eZ BB g(y) =z E gy)=7. # & g:Y - Z 5 function 2 BERARF F,
terrz=7. d W gof X > Z R i Sl AP HY ¥k f fo g D composite function
(& = ddg). @A) & & Sndieehie B# (FfL 5 composition.

BRGNS AE N, TRy - BaETA L A F R T AY Z B Sk
THEREY AR S fbﬂu"«? ¥ BB R e 2R - BalkaheaE, 2 'F“q*w?
T A AL R S R, X7 RS BCTE G, T A S T S AR, A
KLE - 'B‘@'ﬁimﬂf@ﬁ‘“i*“': BT £, ¥V ARAZ DL L PR, R
AP FI I+, EELBS ﬁtt* > AR A K ) 2. BldedE-x o f B f(x), B o#
flx) & x> g @& g(f(x )) AT B L S AR TS A+, A d it a
i, AERARET.

Example 5.1.4. &% X ={1,2,3}, Y ={a,b,c,d}, Z={a,B,y}. # f:
) =afR)=afB)=c® g:¥Y >Z ST & 5: gla)=78(b)=P.g o
Rl gof: X = Z & & 5 gof(l) =g(f(1) = gla) =7 gof(2 )=8(f(2))=g(a)=%
gof(3) =¢(f(3)) =glc)=v.

% A7 — T identity function ,Th{:léwi B2 HIT RNk, AT el B a2
7B “EIRaEE, i&{uﬁ—ﬁ&r S A R AN F T

Lemma 5.1.5. B&X f:X =Y & - B function. 3% X } a7 identity function idy : X — X
A Y boinidentity function idy 1Y — Y, 3V T R

foidx =f, idyof=Ff.

Proof. 7 L# & foidy fr f 7k R N Z2 Aplk DO B, d 3 idy: X - X
Mo X =Y, Tﬁ@&&vﬁ:m{% AP G foidy: X =Y. REEZIL xeX, AiFj
foidx(x) = f(idx (x)) = f(x). ##& foidy = f.

idyoffofs 4k chTEBILE APl nit . 2 F 5 f:X oY @ idy:Y =Y, #F
MRS S SRDETR, AP G idyof X =Y. REEI xeX, AP G idyo f(x) =idy (f(x)).
Fls f() €Y, &} idy(f(x)) = f(x). B idyof=F. O
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£ /1 X composition T2 F 2. ~ i&‘{;ﬁ—?f-x_))/ v g'Y—)Z % functions, B
gof ©A— TEEN fog ¥R, F ZAX P, ngfl*\q*u“ TE (P b)), T
PAApE. 2R L Z= X]Li’bgof’fr'fog mF VA ARE.

Question 5.2. ¥ g X ={1,2}, #F&F6| [ X =X, g: X=X € &% gof+#fog.

B2 7R composition i § 2 # &, 72 B £ & cHE_composition § 73} A E A G

- m]ﬁ‘_%”f

Proposition 5.1.6. #3% X,Y,ZW % 5 nonempty sets. % f:X =Y, g:¥Y —>Z 1%
h:Z—W % functions, B
o(gof)=(hog)of.

Proof. & & ho(gof) fr (hog)of & T F Apk T ZF frip b ¥ B, & L&
gof.X—>Z, #0100 ho(gof): X - W. #4v ho(gof) eha ¥ 5 X, B W. &
hog:Y — W, #t1l (hog)of:X —W. B4 (hog)of thE &£B 5 X, $kE s W.
FFRALRP, H97F xeX ©F ho(gof)(x) = (hog)oflx). # Tk ho(gof)(x) & #
gof(x) ®» h#ri@h~%k h((gof)(x)). & gof(x)=g(f(x), &7
ho (g0 f)(x) = h((go f)(x) = h(g(f(x))).
¢ PG ho (go)() Pl 0 f HE @R fx), £ g B IR g(F()),
B g r h ¥ h(g(f(x)). B (hog)of(x) & # f(x) & » hog »ri@ =% (hog)(f(x)).
B (hog)(f(x) & # f(x) &~ gigoriFean~g g(f(x)) £ & » h, &3
(hog)o f(x) = (hog) (f(x) = h(g(£(x))).
@2 ho(gof) 4r (hog)of % 4l chdi ik, O

Bk mdet BAE, AN ATE S s S RAPIE R, A RS F R0
5.2. Image and Inverse Image

W - BT B T P Al D BT A S R F TR, i A
4B ST A S AR ] R A P B ST AR B
Broric A4 e E ) A58 image L. F i j\‘;u, HA R b B A
WM ERFPRFMEAZT UAA LT B F 5 4B, FP 51T inverse image (PEA .
B i hicd eAzAL, image fr inverse image 3% A% R FE- B SRIE T 3T AL

i HE Kk, B~ B function f: X =Y % X hisubset A, #T3] A B f hiEH 2T 4y
¥ image {-*“K”liﬁ AV it fREARPE L. APG T T A

Definition 5.2.1. 3% f:X —Y 5 function ¥ ACX. & f(A)={f(a):acA}, *
f(A) % the image of A under f. 3 %], the image of X under f, ¥ f(X) #% f 7 range
(E#).
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n\f( ) R EK, NP f(A) AH R Y subset. B AR, (LF FRA
Bfzig® ~ %kl ‘;u%. 2B SR, AR E RS ﬁ;u% GFeR T
Example 5.2.2). ¥ *t &3 R end § ke £ 7 i € 1% f(a) € f(A) % €A EF
e S, Flo Vs 2k bgA e f(b) € f(A). - ww*m%‘% R X
fA) ek f R LY ¢ hat. s pAL B yEf(A), AT B hacA €@ y=f(a). F
2, FyEA L HtacA @1 y=[(a) B REFET yEf(A). 01 f(A)F T - BEG D

& A

/H}

fA)={yeY:3acA,y=f(a)}.
TR AEARETRT PR, ZEF A VRE FRERNPIIE f(A) hrF. AP T Sk

Example 5.2.2. £ X=R\{3}, ¥ f:X >R &5 f(x)=(x+1)/(x—3),VxeX. %
2 ¥ %, f 5 well-defined function. 2% 7 & $5 41 f &1 range, ¥ f(X ) FERY &, AP
R =

7 LX) ={(x+1)/(x=3):x X}, PRERA P g f(X) 7 TR . FBEFY
-BERIR HER yef(X), AT yeR I FhxeX REF y= f( ) x+1)/(x=3)

ARGy @R P e §RESES y=(x+1)/(x-3) B X 7§ E
B, x AR wd Al y(x—3)=x+1 7 & (y—1)x=3y+1, f&2¢ x
AR, CRAFTERLLFAPAE FyeRI vhxeX #8F y=(x+
x=0CBy+1)/(y—1). #7v L FAP x T ehie, 74 FFx &5 R FPAPERAY
et x FEF VT E f(x)=y.

BARD x=0Cy+1)/y-1), AP v yFl FF Aok y=1, Rd BXxFhxeX
mE1=x+1)/(x=3), §FF x+1=x-3, ¥ 1=-324 5. REXy#I RjF
x=0CBy+1)/(y=1), 23

3 4
x+1 yy%rllJFl_Tyl 4y

T3 & g
x=3 y—1 -3 y—1

J.' ﬂ}u«kpm % y#1 P a:“?ﬁit =Q@By+1)/(y—1)eR ##F (x+1)/(x=3)=y. AL
FEILM P x#£3, JamixeX. Ra s x=0Cy+1)/(y—1)=3, 457 3y+1=3y—3,
®l=-324%, wwrxeX. 5\-113 wE, ’ﬁ,’; yAL P, FhxeX 28 y=f(x). * &&f§
y=1F27aHilxeX ##® y=f(x). # f(X)=R\{1}.

T Ok, A PIEF B image R E
Lemma 5.2.3. & f:X =Y 5 function ® A,B % X ¢ subsets. & ACB, B f(A) C f(B).

Proof. & % &, # yc f(A), 24 75t acA, 18 y=f(a). »*PFFACB, X5 acB.

ALY g acB § @ F y=fla), wyc f(B). W f(A) S f(B). O
%’%‘,’I’ X E& A i subsets A,B, &% ACAUB * BCAUB. #4|* Lemma 5.2.3,
f(A) C f(AUB) & f(B)C f(AUB). ]t d Corollary 3.2.4, ¥ f(A)U f(B) C f(AUB).
F2 ,FyeEf(AUB), 27 5 x€AUB, # 18 y=f(x). }* P, % x€A, Bl y=f(x) € f(A),
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“ % xEB, IE y=f(x)ef(B) P H y € flA) & y € f(B). # AR A yEFA)USB), F
# [(AUB) C f(A)US(B). B 5 1 4id 5 r1 = L.

Proposition 5.2.4. E33& f: X =Y 5 function  A,B % X ¢ subsets. P
fA)Uf(B) = f(AUB).

32 B, 4 ANBCA W% ANBCB, Flp*d Lemma 5.2.3, ¥ ¥ f(ANB) C f(A) ™
%2 f(ANB) C f(B). #cd Corollary 3.2.4, ¥ f(ANB) C f(A)Nf(B). * &L X f(A)Nf(B)
H3 - % 5 fANB). M5 % ye fFA)NF(B), 7 yef(A) ¥ yef(B), * T 5 b acA
" bEB BT y=f(a) % y=f(b). it k7 a=b, FP AP REHT acANB. Hl4r
St {12} > {0} A5 f(1)=f(2)=0. F4 A={1}, B={2}, 1§ ANB=0,
i fANB) =0. & f(A) = f(B) = {0} R F(A)NF(B)={0}. 9 & bl f(A)Nf(B) §
iF ¢ 5 f(ANB). 78 f(ANB) C f(A)Nf(B) it 24t

WAL, A& RO fA\B) f f(A)\f(B) M & & LF ye f(A)\f(B), %
THracA F y=f(a) & y&f(B). ‘shlz‘:. a€B, €3~ y= fla) € f(B)L”Z'ﬁ:—I
acA\B, T y=fla) € f(A\B). ®& f(A)\f(B) C f(A\B). 7 &§F &R 7 &2,
-rﬂ“‘”yef(A\B) RO GGA\B Fl s (A\B)CA Ay G fla)e fA). =
agB, &7 %o y=fla)¢f(B), Fla %3 ¥ i & beB i L fla) = f(b) mum a,

fA1, 2}—>{0} &5 f(1)=f(2)=0 ]+, -;5/‘A {1},B={2}, ¢35 A\B=A, 7|
3 fA\B) = f(A) ={0}. & f(A)=f(B)={0}, “Tr2 fA)\f(B)=0. & b= f(A \ )
FFAA e g f(A)\F(B). & f(A)\f(B) C f(A\B) <& A 4Heh,

Question 5.3. BE&X X s F &, ACX ¥ f:X =X 5 function. #FR f(A°) C f(A) 4 F
F2?2 R fA)CfA) &=

& T Ok, AP RIE A7) o0 inverse image. f§ B k3, %2~ B function f: X Y M %
Y ehsubset C, #73) C & f hi®* 20T %7 {7 inverse image T*{‘iy:%?“'” gd fE€EEC
PhA el gl AP T A

Definition 5.2.5. B3 f:X =Y 5 function  CCY. & f1(C)={xeX: f(x)€C},
2 H fYC) 5 the inverse image of C under f.

F_fHC) ek, ApariE f1(C) ET & B X o subset. i B inverse image shE_&
AR EHAF, TUAPT UE B 5B LA AL inverse image SR T e
@, AR € IR inverse image 't A image { v BAF B & 2 B i@ BB 1%

Proposition 5.2.6. 3% f: X =Y % function ® C,D 3 Y = subsets.
(1) = cCD, p fFY(C)C (D).
(2) f7H(cuD) =1 (C)uf (D).

f
(3) fH(cnD)=fHC)nf (D).
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(4) fHC\D) = fHONFH (D).

Proof. (1) B#% xe€ f1(C), 47 f(x)€C. #xd CCD, # f(x)eD, = xe f (D). #&
# f1(0) (D).

(2) 4 ¥+ CCCUD * DCCUD, t#d (1) = () fY(cuD) 2 fY(D)C f~'(CuD).
7]t 4 Corollary 3.2.4 ¥ & f~Y(C)uf~ (D) C f1(CuD). ¥ 2, &k xe€ f1(CuD), %
T f(x) eCUD, 7% f(x )eC & f)eD. #EREE xefTI(C) & xefTID), £ L
woxefiO)ufI(p). wm o Y (CcubD)C I C)UfI(D), » FlEE fI(CUD) =
feusr ().

(3)d *»CNDCC = CﬂDQD,;’Ecd (1) &= Y (cnD)C f1(C) 2 f (cmD)Cf (D).
F]pt 4 Corollary 3.2.4 7 & f~1(CND) C f~1(C)nfU(D). ¥ 2, B3k xe f1(C)nf1(D),
27 xefl(C) x xef D), =% f(x)eC * f(x)eD. Fp®& f()eCmD * %
%L xefY(cnD). #mp 1 I O)NFUD)C I (CND), » ArEE fFI(CND) =
fenf(b).

(4) Bk xe fHC\D), %7 f(x)€C\D, =¥ f(x)eC * f(x)¢D. B xe f7(C). &
2 xef (D), 27 f(x)eD, & v & f(Y)gD 43 F, &kroxg f1(D). 4 xef1(C)
2 xg D), A E xe fUONS(D). #E IC\D) S ONND). F 2, B
‘xefONSD), 27 xefI(C) 2 xg (D). B flx)eC. REX f(x) €D,
7 xefUD), # e xg (D) A, i f)€D. ¥ f(x)€C 2 f(x) €D,
A () €C\D, T xe fHC\D). Wiz STHONSTD) S FTIC\D), 4 T
fHe\D)= 1O\ (D). O
Question 5.4. B X 2 F B, ACX ® f:X =X % function. 3#K f1(A) C (f1(A))°
AFaz2x (flA)Cfi(A) LF+27?

% f:X—Y 5 function ¥ A 2 X ¢ subset P, R f(A) 5 Y ¢ subset, 3§
RE AR FUf(A). MER acA, 273 f(a) € f(A), & inverse image hF_& ¥
aC FUFA), R ACFIUFA). F 2, #xe N (fA), + 7 f) € f(A), &iEE T 4
7 xEA blhewa fi{12} {0} 2& 5 f(1)=f2) =0 sp|F. gL A={1}, 2}

Fi4) = m}wf%ﬂ»— {01 = {1,2} £A. 4 & b fU(f(A) F 7807 ¢ 598 A,
38 AC F(f(A)) Aib Tgt e

Question 5.5. B3X f:X =Y 3 function. #F#EP f1(f(X))=X.

fptiehg C 5 Y chsubset B, 2% f1(C) 5 X chsubset, & 1% A7 4 g f(f1(C)).

MEX yef(fIC), 273 xefI(C) ##E y=f(x). #a & inverse image 1 %_
B axefI(C) 27 flx)eC, &@® y=flx)eC #& f(f1(C)CSC &2, ¥ yeC,
PR G vES(FIC) ELAL A - b vEX &7 y=f(). bl ok
A2 = {34} =& 5 f(1)=/f(2) =3 ?* C={34}, &3 fI(C)={12}, &
SO =f{1,2}) =3} #C. d bl CF 7 i d & g3 f(f1(C). 7 &% yeC =
Box

= EX #E y=f(x), R 'r%;ﬁij&%—%i”a.ﬂfrajé'fa:rh:pae.
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Proposition 5.2.7. X f: X =Y 5 function ® C 5 Y 0 subset, B
f(H0) =CcnfX).

Proof. # & © % f(f—‘(c)) cC, x 7\ O CX, &1 f(UC) CfX), A #
fFH ) CenNf(X). ¥-*d £ yeCNf(X), 47 yeC® HhxeX #@ y=f(x). 7
A, X éaif() yeC, 7% xe f71(C). “ir1 y=f(x)e f(f(C)), ## CNf(X)C
FUHC). Fltge 1 f(f71(0) = Cnf(X). O

oGl Sl fiX Y 1% X o subset A A
f(A) 5 Y ehsubset, ® f(A) C f(X). &% * Proposition 5.2.7 (C = f(A) éfFn), ¥ &
1

FUF(f(A) = F(A)NF(X) = f(A).

Question 5.6. BX f:X =Y & function ¥ C i Y 1 subset. #FF1* Proposition 5.2.7,
Proposition 5.2.6 4 %2 Question 5.5 &

) =r70).

Proposition 5.2.7, » #F % &
) C

5.3. Onto, One-to-One and Inverse

Onto = one-to-one A_&n#c ¥ @& FAEFFRDLF. § &0 AEHFARPEFT S gtfj}bg 7 T3
hE e P ARk A ETF B Bz 83 mH B P RF Y 4o PR onto £
one-to-one sk, 112 v A AR

“73) onto (B =) e, @ H k® ‘T}uq‘ﬂ Bas Bt ,«v,g? RS Y T
AL G- B Sl range (B3#) 16 5 codomain ($ /%) 2 onto s H 1
N E & AT

Definition 5.3.1. & f:X =Y & function. ¥ f(X)=Y, PRI PFH f 5 onto. » ih‘{
WHERL yeY v 3 xeX #9F f(x)=y. F P+ fonto thdnfic i surjective function.

* inverse image FRER 7 f:X =Y i onto » FRITEIEF yey, YY) #0.
PHEEFEHEP - BSEE onto, - HF e 2RI Iow - 35 image e 2 gL, AP

-

g IV s eI B

Example 5.3.2. (A) & Example 5.2.2 ¥ 4 g Sk f:R\{3} >R =& 5 f(x) =
(x4+1)/(x=3),VxeX. &3 I f drrange 5 R\{1}. Fl#* f % _onto. £ %4 @ “F7”
i g : R\ {3} - R\ {1} & 5 glx)=(x+1)/(x—3), Vxe X, ] g(x) 5 onto.
(B) % & dndic f: Z - NU{0} =& 5
2 if n > 0;
r0={ %1 itnzo
APGRE f 3 oonto. FAd f PP EARBIA P A RAE T Lk f PR AR A S
Bl Mp keNU{0} % B, 27 k/2€Z ¥ k/2>0. P n=4k/2, N
"4 fln)=2n=k @ ¥ keNU{O} 548k %7 k+1€Z 5 mig? k+1>0. p o
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—(k+1)/2, 23 neZ ® n<0, &k &G f(n)=-2n—1=(-2(—(k+1)/2)-1=k.

i3 ep_f % onto.

§ I g (TR A ) B, § Y UARP ¢ Lonto § BT
BTORAP 4 S B REP - B4 % Sdikcs onto i E

Theorem 5.3.3. B*k f:X =Y 5 function. B f 5 onto #FvaeE 3 g: Y X 3
function % & fog=1idy.

Proof. (=) % f:X—Y 5 ontopF, AP EJ|* fIH |- BaBcg:Y - X & & fog=idy.
iT- BEP AR B R EAE Y Aziom of Choice k2, # id »0 AP d A A LET, A7
VR ETE P B RA T AR A REE v RPN A R ORATE. F A S
S oonto, A E R E R yel, U {Y)) A0 FIEIER yeY, A K gy ) & 53‘;«9&

U P i - BEEZAE. d AP LR - BALY Bl X il g &
'F“ fog:Y =Y r 4w iEd yey, ¥ g0)=x, MFxe f1({M}), & f(x) =y. ~
fog(y)=f(g(y) =f(x) =y. ®i& fog=idy.

(<) mMBEK g:Y =X 5 function ¥ % & fog=idy, A P& FEP f:X—Y 5 onto, »
,T*uipfuarf,_,b yEY, EHF xeX #F y=f(x). Aa Flyey, & rF“’ﬁ gly) €X. FlpE
Bx=g(y) €X, Bl f(x) = f(g(y)) = fog(y) =idy(y) =y. #EFAT ¥ L xeX & F y=f(x),
w7 f: X —>Y % onto. O

NS

\\-\

_‘ﬁ /ﬂ}
"E,L

Example 5.3.4. ¥ g X:{l 230 Y={ab} M2 f:X =Y, &5 f(1)=f(2) =a,
f3)=b. kg% H f: XY 5 onto. PRI g:Y 5X # 1 fog=idy. d FE T
FY T X ehande, #Tu = B Y ¢ m"*‘%""“ﬁ TE P womp st Bd 3 1 ({a)) ={1,2},
s fl({a}) ?oe- BAE, 3R 2, B K g(a) =2, % d 3 fI({B}) = {3}
Hh - BAaE, AP LA gb ) % i;&i\ m3% g:Y—=X % - B function ® /& &
fog(a) = f(g(a) = f(2) =a 11 2 < )= f(8(b)) = f(3) =b. & fog=idy.

Theorem 5.3.3 ¥ M {2 ¥ 2 & % onto FhE_&&ILF B onto G1gEM . bldes g 11T
AT

Proposition 5.3.5. & fi: X =Y, »,:Y - Z ¥ 5 onto function, P frofi: X =>Z 7 %

onto.

Proof. (/2 - )2 ¥ % onto hT &L, #3T 2 z€Z, EH T xeX € ¥ frofi(x)=
z. R fz'Y—>Z % oonto, ¥t z€Z, FRhyeY # 18 fo(y)=z. * F] f1: X =Y i onto, #T
PR yeY, FhxeX B filx)=y. BT 2 x, AP frofilx) = fH(A1K)=H0)=2
FIRLEE fLofi: X —Z % onto.

(372 =) 41* Theorem 5.3.3, 8P frofi:X —>Z 5 onto, AP H BT g:Z X
1% (faofi)og=idz 7. Km e & f1:X =Y, LY —>Z ¥ % onto, tcd Theorem 5.3.3
g Y =X, g0:Z—Y BE fiogi=idy 1% frogy=idy. Bt g=gi0g:Z—X,
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A (frofi)og=(frofi)o(g1og). FI* & = Sdkeni & & (Proposition 5.1.6) 12 %
Lemma 5.1.5, #% 3 (faofi)o(giogr) =fro(fiogi)ogr=fro(idyogy) = frogr =idz. ¥
# (frof1)og=1idz. O

£ ;1 %, Proposition 5.3.5 ehF » 3 — T2 =, 4 ff‘ﬁi?h frofi 5 onto % k7 fi,fo #
% onto. #l4ef Example 5.3.4 7 g: {a, b}—>{1 2,3} w.4& 5 gla) =2,8(b) =3, # &_onto.
e fog=idyyp » onto. A G LT 2 k.

Corollary 5.3.6. & fi: X =Y, LY —>Z ¢ % function ® frofi: X —Z % onto, B f»

% onto.

Proof. ¥4 f,ofi:X —Z % onto, | * Theorem 5.3.3 7% . g: Z— X i% X_(fr0f1)og=idz.
Flpe i & X sl & EE fHo(fiog)=idz. M4 g =fiog, XA FF g:Z—=Y ik E
frogr=fro(fiog)=idz. #714{ & F|* Theorem 5.3.3 ¥ f,:Y —Z 5 onto. O

Question 5.7. :#{1* onto E &P Corollary 5.3.6.

&1 % Corollary 5.3.6 ¢hF & s 3 — T+ >, 4 ijb{;ﬁ.,ﬁ WiEZ f 5 onto ¥ # it R
frof1 & onto.

Question 5.8. ¥ g X ={a,b}, Y ={1,2,3}, H 36|+ f1: X =Y, f:Y =X 5 functions
¥ f, & onto, ®E_frofi * &_onto.

F#T KA P HEE T} one-to-one (— o) ki, f§ H i;su?u{?\%:iéﬂ#ﬂﬂ R Rl
TP AR h . AL T BT

Definition 5.3.7. 3% f:X =Y i function. FH*» X ¢ Ea pR ~ % x1#x, ¥ 7
fx1) # f(x2), RIZNPAE f 5 one-to-one. § P+ #i one-to-one ez injective function.

1

* inverse image LB &k 'qu— f:X =Y % onetoone » £ ¥ ITE yey,
#OD) ST (G 7 i D) =0). ¥ - Sk ER AT E LR G TR, T
£ P one-to-one pF, 2\ i & ‘%"3 * Definition 5.3.7 7 contrapositive 2. ,T* L § P O§
EL x,0 €X B E f(x)=f(x), Bl xi =xp. 25T chin+

Example 5.3.8. #* " §£ 3¢ Example 5.3.2 ¥ e #F_F % one-to-one.

(A) ¥ pade R\ {3} >R & 5 f(x)=(x+1)/(x—=3), VxeX. % x1,x2 e R\ {3} /&
L f(x1)=f(x), 27 (x1+1)/(x1=3)=(x2+1)/(x2=3), ¥ (x1+1)(x2—3) = (x2+1)(x; —3).
L8 xp—3x =x1—3x, T x;=xp. FIMEFE f 5 one-to-one.

(B) % oS f:Z —NU{0} & 3

2n, if n>0;
f(”)_{ —2n—1, ifn<0.

1&?5{& l’l],l’lzGZ ‘/‘%if(lﬁ):f(nz). F‘ *?-? ny,ny —,ﬂ v "ﬁ - Tﬁ‘ !i = ‘”:‘:?ﬁ‘”:\ 0% - TI% 7; ’J‘
30, Blik fenad fm) fo flm) & 5 - F - B, 22 f(m)=f(n) 493 F. Flt 2
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3 n>0m>0 & np<0,n<0. % n>0,n>0, 43 f(n)=2n,f(n) =2ny, o
flm) = f(nz) 2 BKEF np=ny. B, § 1 <0,m <0, 2FF f(n)=-2n—1,f(n) =
—2np— 1, #&d f(n)=f(np) 2 BXKE ny=ny. FIP ¥ f % one-to-one.

froonto iR - &, AP G - B Ld TREM - B J S F S one-to-one 77 .

Theorem 5.3.9. B3&X f:X =Y 5 function. B| f 5 one-to-one 2 v&EE 3t h:Y =X
& function 7% &_ho f =idy.

Proof. (=) % f:X —Y % oneto-one ff, & P& | % f 35 - BIBh:Y X %L
hof=idy. §%4d f 5 oneto-one, &gtz yel, #(f '({y}) <1. F iz
Lyey, %f’l({Y})ZV) ALK Ay X P RE-BRAELAE. A () A0, R
Sh B - Eak FeE () =0 ARTRE ) =x BLAPTLET -
BRY 3| X chdnlic h, R T KA i hof:X—X = Wiz R xeX, & f(x)=y, Bl 7
xe f'{y}), & h(y) =x. + L ho f(x) =h(f(x)) =h(y) =x. #% ho f=idy.

(<) MBEX h:Y —>X 5 function ¥ % X_hof=idy, *# P EFEM f:X Y 5 one-
to-one, frh{m-? x50 €X B E f(x)=f(x), MPEFEP X =x. KA FxeX, X
"3 x =idx(x;) =ho f(x1) =h(f(x1)). FPEF xp X, 2P F xp=h(f(x2)). *Rd EX
fx1)=f(x)eyY M2 h:Y =X % function == h(f(x1)) =h(f(x2)). F1H Bz

x1 = h(f(01) = h(f(x2)) = x2.

Example 5.3.10. % & X ={a,b}, Y ={1,2,3} 13 f:X =Y, &% 5 fla)=3, f(b)=
T &k f:X—Y 5 onetoone. AP EBF h:Y X #1F hof=idy. ¢ 8 T&
Y Bl X ehdde, s E R Y ¢ oha R R A s Aae st R ot f1({2)) =0, 2
PEB X Y- A % LS R B g TP & h(2)=a. * d 3 fI({1)) = {b} A
e & h(l) = {3 ={a} AP EE h3)=a B, EEAPF Y X b
- # function ¥ ;%ihOf(a):h(f(a)):hB):a 2 hof(b)=h(f(b) =h(1)=0b. =&
ho f =idy.

Theorem 5.3.9 ¥ 14§24 i 2 & * one-to-one fIE & &d2F B one-to-one 7P . 4
AP LT

Proposition 5.3.11. & fi: X =Y, f,:Y —Z ¢ % one-to-one function, B frofi: X —>Z

7r 4 one-to-one.

Proof. (2 -) &4 # 12 * one-to-one NEE L. BEK x,neX #4& frofilx)=
frofiln). « G H(filx) = fo(filx)), &7 fr:Y = Z 5 one-to-one, F|* & fi(x) =
filx). £d fi:X =Y % one-to-one, F#F x; =x,

(*7%=) 1 * Theorem 5.3.9, & #P frofi :X —-Z % one-to-one, # i & & 35 7|
h:Z—X % ho(frof))=idy *¥. Ra ¢ fl: XY, L:Y—>Z ¥ i oneto-one,
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#d Theorem 53.9 w3 & h:Y =X, hh: Z—=Y & E_hofy=idxy "% hyof, =idy.
ML h=hohy:Z—X, 214 ho(frofi)=(hioh)o(frofi). F* & & &iceit &
% (Proposition 5.1.6) ™ % Lemma 5.1.5, 2% 7 5 (hjohy)o(faofi) =hio(hofr)ofi=
hio(idyo fi) = hio fi =idx. ## ho(fao f1) =idy. O

£ 1 % Proposition 5.3.11 ehk & % — T_& > » ihr‘?\;m frofi % one-to-one I # %
T fi,fo ¥ % one-to-one. B4 Example 5.3.10 * h:{1,2,3} = {a,b} =& 5 h(1) =
b,h(2) = a,h(3) = a, # &_one-to-one. i hof=idg = one-to-one. # EFHN i F 11T 2 %

Corollary 5.3.12. # fi: X =Y, f»,:Y - Z ¢ % function & f,of1:X —Z % one-to-one,

Pl fi 5 one-to-one.

Proof. 4 f,ofi:X —Z % one-to-one, 1 * Theorem 5.3.9 v & h:Z — X & & ho
(faofi) =1idx. FII* & xS & EEF (hofh)ofi=idx. B4 hy=hofy, 3
hy:Y - X 2 & & _hjofy=(hofy)of) =idx. #1714 =x 41 * Theorem 5.3.9 ##% f1: X =Y

% one-to-one. O
Question 5.9. #4|* one-to-one chE & #FHP Corollary 5.3.12.

£33 Corollary 5.3.12 ek &+ 3 — & 3, » II‘h{;qu WK f1 & one-to-one I %

it W% frofi & one-to-one.

Question 5.10. ¥ & X ={a,b}, Y ={1,2,3}, #H s+ f1: X =Y, LY =X i

functions £ ¢ fi % one-to-one, £ &_frofi * &_one-to-one.

B {4 34 % K ¥E 31 one-to-one and onto i #k. Tk S fic— AP ﬁ-’\ % bijective
function & bijection. #3K f:X — Y &_bijective, ¢ f i onto i3 R g:Y =X &
%_ fog=1idy (Theorem 5.3.3). * d f % one-to-one sv3 & h:Y — X # { hof=idy
(Theorem 5.3.9). Flptd 5% & =% Lemma 5.1.5, 3V i 3

h=hoidy =ho(fog)=(hof)og=idyog=g.
- 'Tk{?’u"&% f:X =Y % bijective fF, X T UH I g:V =X, FFEH L fog=idy *
gof=idy. 9 FeHhnddk g ArE- i EAFIZER gV >Xfrgd: Y =X ¥k T
fog=fog =idy "% gof=gof=idy, fI* k|4 4pk FuLd {5

g =goidy =g'o(fog)=(gof)og=idxog=g¢
)J'*r].w TthehdBicg HrE- I X fo f 3 M, APET - BEFRDPE T, 2L L f D
inverse. d *™ig B R Fl, 2L bljectlve function % invertible functwn.
Question 5.11. B*x f:X =Y & injective. FEFP F g:Y > X &% & fog=idy, P
g=fl. rap L Y X BE hof=idy, B| h=f"'.
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BAR, FFHEH ! 4o inverse image $HR T . - & hd Fegh ¥ 1 E inverse image,
» :5‘1"-»{:5'-‘7‘ ¥ f:X =Y &% & bijective, #Z & Y 1 subset C, inverse image f~10) L
FRED LETY Ak y, G f 5 bijective BF f7I(y) 43 ®E. ) 2T L, iz
LYY, S (0N 5 Tk, & F0) RS E S B biective B § XK

% f:X—Y 5 bijective ¥, 24 ¥ 12 4| * inverse image iﬂ—f*I Y >X BT %94,
¥iEzd yel, d f i onto 2% one-to-one, P F #(f ({y} ,]*mpruf ) &
oA AR ()= AR ) = R EE, ARG f) =y F
g fl(y)=x, FImEFE fof ' =idy * flof=idy.

Example 5.3.13. # #3534 Example 5.3.2 # £ bijective function # inverse % ®.

(A) ¥ g o #k g: R\ {3} = R\ {1} =& 5 glx) =(x+1)/(x=3), Vxe X, B gx) %
onto. % Example 5.2.2 ¢ A psmg iz g ye R\ {1}, ¢ /() ={Gy+1)/y—1)}. 7
e R\{1} >R\ {3} =& 5 g '(x)=(Bx+1)/(x—1), Vxe R\ {1}.

(B) ¥ g dikc f:Z - NU{0} % 3

2n, if n > 0;
f(”)_{ —on—1, ifn<0.

% Example 5.3.2 ¢ 2 fparg ke NU{0} 5wk, B f1({k}) ={k/2}. @ ¥ ke NU{0} 3
Ha, B Ik = {—(k+1)/2}. A @ FLNU{O} - Z £&
1, | n/2, if n is even;
fon) = { —(n+1)/2, if nis odd.
Apaig g f: X —Y 5 bijective FF, f éinverse w . K 2, % f chinverse ¥ &, T
B f Y >X#® fof '=idy ¥ flof=idy, 14 Theorem 5.3.3 ¥v Theorem 5.3.9
Fr f % bijective. Fpt i T 2 B 5%
Theorem 5.3.14. % f:X =Y 5 function. B] f % bijection EXv e F o f1:V - X
##® fofl=idy 2 flof=idy.
Question 5.12. 3% f:X =Y % bijective function. ##M f71:Y =X 7 5 bijective *
(fFHt=r

F1#* Proposition 5.3.5 f= Proposition 5.3.11 % i § + 5 T cd B

Proposition 5.3.15. = f1: X =Y, f»:Y —Z ¥ & bijective function, B| frofi: X —Z 7*
% bijective function. ® s ¥
(aofi)™ =filofy!
Proof. #F AP R &P (Hofi)o(filofy)=idz 12 (filofy)o(frofi) =idx. £ FI
* Theorem 5.3.14 )T%?“ # frofi: X —Z % bijective. * F] inverse function i — 4, »
#E (hofi) " =flofy ! A
(hofi)o(filofs)=folfiofi)ofy' = (foidy)ofy' = frofy' =idz,
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(fitefyNo(fofiy=file(fstof)ofi=f"olidyofi) = fi o fi =idy.

(LN O

Question 5.13. BX fi: X =Y, LY =>Z ¥ & function ® frofi: X —Z 5 bijective.
AF fi:X—=Y, LY >Z %5 bijective? * F fi,fo B¢ F - BE bijective, B] ¥ — B _
% & bijective?

5.4. Equivalent Sets and Cardinal Number

FAPATE - BRERAFTHBEP, BF LGS0 R Aol Bl |2 e
B-¥- 2RIk B XRELEAFT nBAE, § AP B- Benlic A chnZ
PR if"u{: - % {1,...,n} ¥ A 5 bijective function. #FIZ A KRG T
Definition 5.4.1. B3k A,B % set, % i+ t=— 1 bijection f:A — B, R A is equivalent to
B, % |A|=|B| %%.

£1 %% A 5 finite set, ¥ 113 |A| Ij‘}u{#ﬁ A d B #(A). F Bl AP TR
= finite set i, #rruaipr |A| iR EL, X A2 5 A 60 cardinal number. F]pt 34

¥ 13 A is equivalent to B F F vEF A fr B § — f& 9 cardinal number.

Equivalent set 2. B erifif 2% F + £ - B equivalence relation.
Proposition 5.4.2. $* & & 7 sets A,B,C, 3\ 5 11T chfEF,

(1) |A[=IA].

(2) # |A[=[B| R |B| = |A].

(3) # |A[=1[B| = [B|=|C]|, I |A[=]C].

Proof. (1) Hiz g chfk & A, ¥ g ida: A —A. P Eidy 5 bijective, {7 |A| = A].

(2) % |A|=|B|, 47 & f:A— B % bijective. =¥ & f':B— A, 7 % bijective (%
% Question 5.12), # & |B| = |A|.

(3) # |Al =B = [B|=|C]|, %7 7% &
5.3.15 &v go f: A — C 7 i bijective. ¥

f:A—=B,g:B—C ¥ % bijective, #d Proposition
# A =|C|. O

TR AR, N ER S Elen, AP L, A7 1 Fln 2 BTG oand BT
sk &, 7w L ={1}, L={1,2},... [,={l,...,n}. RE A &3 n B =% finite set, &
b A= L. A EACB Y n B ad, A PG A =L 22 [Bl=|L|,
d Proposition 5.4.2 4 |A| = |B|.

T h% A B WL finiteset it A chaik BHon A £ Biad Blem AT T
|A|=|B| s8? Aipw L g ’I"fr Ln| 27240 %. F 403 ntm, * 42 - B, AP ER
m>n. BFE |Ly| = |L,|, % 7 % & bijection f: 1, —I,. X" d 84 K IZ Theorem 2.2.3 (&
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TERB N, 277 m EFF R L, 27 n B4 F), v f:l, =1, ¥ i 5 one-to-one
(FF B~ g S, - - B AT 5 1 Eehigd), B & f S bijective shiEK
4 8, ®3E |L|# |L.]. ®% |Al=|B|, Bld |A|=|L|, |B| = |I,| ™ % Proposition 5.4.2 & ¥
ol = [In| 27 5, 75 |A] #B].

FIP A 50+, % finite set dfFie, A i cardinal number 4F % & A PFHE & A
Heet B R B A Ps ¥ 1% cardinal number %k % % infinite set. ‘j} AR, F5FEB S
B e, BAdaiz- B- Bd#cx, “TH - B nonempty set A, &k HEZ X neN,
w7 O|Al# |In|, FH A S infinite set.

H 4 cardinal number B £3F 5 H @ @R B, blicr ANB=0,CND=0, *
|A|=|C|, |B|=|D|, Bl d 3+ Bl 2 ¢ 558 |[AUB|=|CUD|. £F + 284, A3
IV sk 5L

Lemma 5.4.3. B3k [ 5 index set, {A;,i €1}, {B,i €I} ~» % i A, B &1 partition. % ¥ 47
Foiel, ¢ 5 |Ail=I[Bi, I |A] = |B].
Proof. w g~ T, {Aj,i€l} 5 A ¢ partition % 7 A=JA; 2 §#> i jel, ® i#j, Rl

iel

AiNAj=0. RixBX, #973 iel, ¥F |A]=|Bi|, #* %7 % & fi:Ai = B; & bijective
function. #% i 4 * pa ﬁ,éﬁfﬁﬂ{“ ® bijective function f: A — B. & i{ ¥ |A|=|B|.
TH fA BT $WER acA, 4 {Ai€l} 5 A & partition, £ i e -
ghicl 17 acA;, }PFEE fla)=fila)€B;i. ¥ > {A,i€l} 5 A ¢ partition, & f FE_
HPVE-BASDRFY G LRAPHRMT B CB. TR LA N0 - BALA T B e
function. 3* P& P f:A — B % one-to-one and onto.
RYEd beB, d {B,-,iel} % B ¢ partition, #& 13 teri— chicl, # @ be B * ¥
i fitAi—B; 5 onto, gAviz b a€A; R fila)=b. Mik f A, HIWEB b, APE
BB acA Fli acA, @ f e x® fla)=fila)=b. ¥F f:A— B % onto.

BE a,d AR fla)=f(d). ¢ fla)eB, vz ara— enicl # 1% f(a)= f(d) € B,.
Ed fehE s, APaE acAj, R f(a) = fila) €Bj. Fd fla) eBiNB; & i=j, 7
TacA. FRAPF deA. »tud faziZA PG fla)=fila) 2 f(d)=fild). 71+
d fla)=f(d) 2 BKxE fila)=fi(d), £ 4 fi 5 oneto-one ¥ a=d. FIN}EE f 5

one-to-one. O

%X cardinal number frf & Gk BEcG B, AP E RF L T AR+ ). B finite

set ey, A jF’Kirr_{g' ~E Lt ek £ F 1L one-to-one FRE ST A E LR S B &L T

BRI T
Definition 5.4.4. 3% A,B 5 set, & 7 * |A| <|B| 4 7 % f—  one-to-one function
f:A—B.

Sipend . bldeE ACB, B4 f:A— B, 245 fla)=a,

» &
VacA. % % %% f % one-to-one function, #7/7 pigfimwz T AP G |A| <|B|. # 9],
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% mneN T m>n, Bld 20 L, CLy, #ra 0G5 |L| < |[Ly|. & w6 P41 (84 Ry
7 ¥ ic F one-to-one function f: 1L, — I, #T3 i s Foig |1, < |L,| 7 = %
PER P AFVRIPAF ISP DIEFREI A F R PGS

cardinal number &+ E ¥t AP H LT hg k.
Proposition 5.4.5. #&3*k A,B 5 set. B| |A| <|B| % ¥ *&% 5 & onto function h: B — A.

Proof. (=) ¢ |A| < |B|, #* * %3 - % one-to-one function : A — B. ¢ Theorem 5.3.9
TFrh:B—A & E hof=idy. A7 idy:A — A E_onto function, # ¢ Corollary 5.3.6
= h:B—A % onto.

(<)d h:B—A 5 onto #, 5 & g:A— B % X_hog=idy (Theorem 5.3.3). #xd ids
% one-to-one ¥4 g:A — B % one-to-one (Corollary 5.3.12). %] {73 |A| < |B]. O

FET AN E P Definition 5.4.4 % & 4! cardinal number 2. F ¢ partial order. (¥ F
+ ¥ % & ) cardinal number 2. B 0 total order, # iz F * ¥] Axiom of Choice m ® #
Pz t8s % g LR IR AERY i - ) % & $13 reflexive et %"f HE g s A RN
PR L g idgA— A, d 3 idy & one-to-one, & ## |A| < |A|. I 3T transitive R E, F
|A|<|B| £ |B|<|C|, Bld & f:tA—B "% g:B—C % % one-to-one, ¥ {# gof:A—C
% one-to-one (Propos1t10n 5.3.11). #&##® |A| <|C|. Z*" anti-symmetric |+ ﬂ} LB AR

4

s, iz #77} Cantor-Schroder-Bernstein Theorem.

Theorem 5.4.6 (Cantor—Schroder—Bernstein). 3k A,B 5 sets #% &_|A| <|B| & |B| <|A],
Rl Al = |B|.

Proof. d &% |A| <|B| 4% & f:A — B % one-to-one function. * d |B| <|A|, %73 ?
g:B— A 5 one-to-one function. # i & | * f ¢ ¥ 5] A B & partition, £ ] * Lemma
5.4.3 1B 1] |A| =|B|.

FARNERL acA APEHEd- Bd AUB chrF ot difs] A= e

BAE %-98 x=aq, ‘1‘; J& inverse image g~ '({a}). ¢ ** g {one-to-one Ao ae g7 ({a})
Bsiwd - Bt ’1({61})— Plic BH T x B~ &, “'({a}) = {p}, Al
L xp=b. d bEB 4‘%”"’ ({b}) fteeh, %15 f & one-to—one, Aoipae fo1({b))
BSET-BAE.E ({b}) FRHEINET s Bk o8 E f({b))={d},
Pl 4 x3=d. »d 3 d GA, zf\lF“\ {gﬁg ({a'}) Riskm g RPek- 2732, £ (q)

2o 1% 2B AR A a TR N d] (PR E R B A L R AT
Example 5.4.7). iztkd #7F acA @ B (a) =x1,x0,..., NP7 UA X Z . - 8
F H 8 U], bldcE acA ® g l({a)) =0, 2 FF (a) BF - 5, FpH3ie- fehdk
Pl % 2 A3 BEIE ) U], bldracA ® g l({a})={b} & FI({D}) =0, *FF (a)
3 oa,b A IE, e s ¥ Z AT ;@Iﬁ?% 5 38 endc s, 4 )*I}u{;h a€A #riEtpin

#c 7| & — 3 h inverse image ¥ £.5 B &, W4

Ap={acA:(a)F +8E}, A.={acA:(a)} B#EIHE}, Ao={acA:(a)F £ 57}
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d 3% - B agcA, TH’TS" & i AR t‘"ﬁ“" eri- ) (a), Fl¥ a - 2§ A_A, AL AL B
PaothAd T EABE EF 2B, 4T Ay ALAl T A - B partition.

LA ehuad gk, B - R AV A F, Bk - LA B¢ R
%, 4 ;I»agb;g (@) =x1,%0,..., BPI% i 53 8PF A x BT xef({xa)), &7
¥ ismEE GeB 2 rEF e ({n}), &3 gln) =xi1.

b Ed beB, AP 1;7?;’%9'1&:“— B b Asdnchlicr], W oy = b, RiEE

TH{p}) kT -, - BT AL 4 (b) A7 b 1Y BB ARA D Ol F
theh, AP E P B - B partition Bo,Be,Bw, Ao

=
=t
|
3<
EN

B,={beB:(b)} 28T}, B.={bcB:(b)} m¥A}, Bo={bcB:(b)} &% 7).

¥ J& restriction map fla, : A, — B, » iﬁ{é"ﬁ{% a€A,, fla,(a)=f(a). 4 3 f &
one-to-one, % p R flu v 5 one-to-one. P& FP flu range fla,(Ay) F B.. iz
i aer, A flala)=fla) EB. % f(a) “iH# sequence, F T 5 w1 = f(a),
"{f@}) ={at (B fla) e{f(@)}), & (f(a)) FuEH> AP pm=a #75 2,

ﬁﬁt?d (f(a)> WALy =fla),ya=a * 4T3 (*HE=5)y; 224 g ({a}) 7+

=3

Loipfrd o oa TR (0) B2 B ox - kb g 2, 35 (f(a) B AR

(a) 0% - F LWL 52 A f( ) @S Ra€A, A7 (a) FHHST, 10 (f(a)) §F
e, &4 (@) €B 5 f(a) € Be. Wi fla,(A0) C Be u,%’beBe, B b Utk s
() § BE. I () 8 - R b (2T -, % 5 8). wrad (b)

o (b)) A LB A, f{;f»‘%" acA # 1 fa ):b. $H 4 a gl (b) b
¥ 23, Fltdew irit (a) 2% (b)) = (f(a)) % - HL AR, . Tb%ﬁu (a) 3 + #cE,
Flp® acA, APEEITHEIL DEB, ¥ 3 acA, 1 fla)=fla,(a)=>b. F|}
B fla,(Ao), # @385 fla, e range fla,(A)) %A B #% 2, fla, 7 1Ak S Lo BAA,
¥| B, ¢ one-to-one and onto function. # P& 7 |A,| = |B.|.

P12 %@ g:B—A % B, chrestriction g|p, : B, > A, 2 ¥ 127 3] |B,| = |Ae]| (¥ A
Bt om R f g THTE) B{EAP Y g b B F ehrestriction glp, (+ VA B f &
A F restriction). P PF glp, &R 5 one-to-one. @ ¥HITE R D E B, A g g(b) PTA
2 ler] (g(b). 4% g(b) €A, & g ({g(b)}) = (b}, & (g(b)) % — T 5 g(b), ¥ = T &
b, 2_ 1 'Fﬁ’i**ﬂ"k<b> hf s 3. Flptd beB, W (b) F EB FAE (gb) TF EE FIE.
#% g(b) €A, ™ T 1E glp. hrange glp.(Bw) ¢ 73t Aw. F 2., F A€ Aw, %7 a #riE
el (a) § BB 5. P (@) P AR b 400 () it e g ({a))
P EZEE, - )I*i;fu 3t beB 1@ glb)=a 1?‘?J bf¢{<a> % 3, F] hod o7
() T (o) 5 A R ) T, B b€ Bu R
THIEIR a€A., ¥ 3 beEB., #E g(b)= g\Bw():a. T 40 A C glp.(Be), » B3
glp.. ¢ range g|p. (Bx) ‘T}“‘?‘ T2 gl FOUAR G - BE_Be I Aw 7 One-to-one

7 |Bu| = |Awl-

mk
E-D
&y
RSN

and onto function. 2\ 35 (¥
B {8 ¥l Ay,Ap A 5 A 0 partition ™ 2 B, B,,B.. 5 B £ partition, * %] |A,| = |B.],
|Ae| = |Bo| "1 %2 |Aw| =|Bx|, $1* Lemma 5.4.3 {#% |A| =|B|. O
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Question 5.14. Theorem 5.4.6 chz P ¢ | |A| = |B,| eh#E M 5 P &% g ¢ & B, N
restriction m * £ % B f & A, restrzctzon? * % Ja f A, 0 restriction f|a, 1A, — B,
2 range 5 @ ? * |Aw| = |Bu| FTEM ¥ UL G f e Aw i restriction fla, i Aw — B 5 ?

Example 5.4.7. ¥ g A={1,2,...} 5 & F#ir=agk & B={-1,-2,...} 5§ Fi’r=
kL& YR ftA-B ARG fla)=—1—a,VacA 132 g:B—A 2% 5 g(b)=1-b,
VbeB. il * izl b]F P Theorem 5.4.6 ¥ & 4pfcs|ch= 2. ¢ L r 1T Bl ok

R LR Y T Y

-1 -2 -3 -

ALIRY D P AT AR f oA d T g

B IEA S gl (3) = (2 12D = (1) g (1) =0 A gl
3 erEfpandis] (3) & 3,-2,1. Fli ik 398, friidr3eA,. R, d FBlER D
Fl* 4 srzjpeniges] (4) 5 4,-32,—1,  4€A,. PP UEER N, § a€A %
W acA, mF acA L wEPFacA,. + FlrirA.=0. TF 1 ALA, if‘ui -
# partition (& %f}ﬁ{% $c 2 18 Heeh partition).

A 3eB d ({3 = (2 g ({2 = {1} A N1 =0, A e
=3 apEfendir] (-3) 5 —3,2,—1. Fl5 ¢ dS]G 3 E, frride —3€B, FIZ, 4
o 1 4 el (—4) 3 —4,3,-2,1, @ —4€B,. RP-RAPET RN,
% beB L8P beB, "% beB L #F beEB,. » Flit v B, =0. £F + P B,,B,
ij?‘uz‘?-‘B th— i partition.

EDS ".‘E!“\

BEAPG f T - H- A, P AT B, (¥ 2 7 one-to-one correspondence).
F4% acA, b7 a1t {17 fla)=—(14a) & f(a) 5§ BHe T fla) € B T [
FER - ¥- ¥ A, B I B, AN bEB, AP Dh F iRk S ma=—b—1 NPT
a>0(F1b<-2)" aird¥#, TacA, ¥a=-b-1€A, & » f1#& fla)=—(14+a)=0b.
v f AR - Mo A, BT B AR S RERHAPFI B, ixiﬁrﬂ{B d 3T

3 % inverse image £ & &. bldvigs@ AP 5 —1€B, © *1({—1}) =0. #Triisi st
rF“ g g k¥ 3| B, 2 A, 2- ¥ ¢f one-to-one correspondence. ¥ F F ¥ EZ R beB,, A G b
EO Flpt g(b)=1-b 5 & B, T gb)cA,. F 2 , HiZi aEAe,f\lF“ﬁ bzl—a<0

(7] a22)_— ol MpER-Db=1—-acB, *» g, T glb)=1-b=1—(1—a)=a, &F#
gFEF — ¥- ¥ B, A1 A,

Question 5.15. :#41* Ezample 5.4.7 ¢ e f v ¢ BT - B A I| B 9 bijective function
h:A— B %% hla, = fla,-

B {8, A 8 2 & cardinal number 2. & ¢ “strict order”. § A,B 5 sets, i% &_|A| < |B|
|A| # |B| p#, 3t IFB,T/‘Q’* JA|<|B] %% 7. s m & &g mn 5 B8 m>n pF, A3
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ol < Il 2 L] # ], #5722 0% || <|n- ¥ *t% A 5 infinite set, & 2 & ¥ =R neN
T3 L] <|A| & |L| # Al ’ﬂ“i\ F“" |I,| <A. % B % finite set, A PFP4r3 L neN @
# |B| = |L|, #t & |B| < |A]. gtk e strict order #f 7 & AP E B 3 Eicen g s,

5.5. Countable and Uncountable Sets

— i finite set 7 cardinal number, #% ¢ "rri'ﬁ ,T&{}i ~ % B #c, %>t infinite set, 2

cardinal number # % £ 75 - f “ &%+ CERLEET 5

# 5 % B infinite set T ® &0
cardinal number FK#B.;‘! ¥ 1} ¢ 341 * cardinal number, 2 7§ ¥
A 2B S HEuP, AP gzr)‘mp’llpm{"ﬁ‘ﬂ:a%g. ST

4 = countable set = uncountable set  fé.

Mjs “E@HEAT RAIEF

S b M R A S R, T

Definition 5.5.1. B4c § & - B set 7% & |S| < N|, PIFE S & countable set. & 2. P&

uncountable set.

Question 5.16. B& S,T % sets ¥ |S|<|T|. # T % countable, € F ¥ = S 5 countable?

i ¥ k3, 5 - B one-to-one function f:S— N, B S fr‘r‘«{— i# countable set. d
PoE & AP A B S A finite set, 78— ¥ & countable. # i3 ¥ it — i infinite set » A_
countable, &|4e N & ¥ & § 40 2N (& chil #edr = enfk &), ’Kq\lnﬁmte set ¥ % countable.
% 1§ uncountable set /j}' - Z_¢ 4_infinite set. #7)2 § — 1 infinite set &_countable pF, 3t
7§ B2 F 5 countably infinite 5 %] %~ infinite set §r uncountable set ¥ 4 ) %.
BANPRBILIDE, A finite set fr N 2 FF & F %5 # 8 ¢ cardinal number? ¥ % &
E- s ,Tk{;mg%ﬁ“ infinite set * 3 |N]| ik:—«‘?\ﬁwj' # cardinal number. % S - B
infinite set ® |§| < |N|. i& % & % -  one-to-one function f:S—N. ¥ g T = f(S), #
e f ARG E - Bd S I T 9 oneto-one * onto ehdndic, #rrt [S|=|T|. ¢ > T &
N 7 infinite subset, #7142 7 5 i P gt pF |T| = [N, ?Kﬁlﬁ‘%”ﬁ IS| =|T| = |N|, » ,Tki‘?ru“r

3 ¢ countably infinite set # cardinal number ¥ %+ |NJ|.

Lemma 5.5.2. *) T CN ¥ 5 infinite set, B| |T| = |N|.

Proof. d ** TCN, s |[T|<|N|. mE &#P 5 & f:N—->T 5 one-to-one function,
Ald gt 5 |N| <|T|, ¥cd Theorem 5.4.6 (Cantor—Schroder—Bernstein) ### |T| = |N|.

A AP R N - & order < 2 T &~ B well-ordered set (Well-ordering
Principle) Xz P . w - T, ig %1 * — B N 1 nonempty subset #% 3 least element (&
minimum element). & S % nonempty subset of N, # i * min(S) % 7= S 1 least element,
i i}u{;ﬁu, Fa=min(S), 47 acS PN EF SP hrFE s, F s#a, Pla<s.

FAL f)=min(T), 23 f()ET. 4doim % f(2) %7 fp AhAPEE T =
TV}, 2164 () =min(Ty). LA 140, 3013 TC{A()} &4 T & infinite
set 2. W ALAR A F, A PEF] fR)eT. dept - BT, APL T, =T\{f(1),...,f(n)}
24 f(n+1) :mln(TnH), T AR ,i*uft% d— Bd N 3| T i function f:N—T 7
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FTARAPR P TR A HE e F — B “well-defined” function, * £ P H % one-to-
one. F ik & well-defined. » ,T‘u{ PRI EEL neN ? G harE- g, eT &
X f(n)=t, ¢ 3§ AN K f e 2 Eggns ETF R L R TR, TR R
Picp Renid &% Pl fFypz. APR Y RFFPZED T neN, ¥ 5 bk
S, eT BRE f(n)=t,. § k=1, Apxn=min(T) & T 7 r&e- K1 <r,VieT
i, R f(1)=neT @ ® ArvdE- . RBEXENETR k=1,...,n ¥ v >
WET #17 f() =t RA & Flnt 1), # % Toor = T\ {F(1),os f)} = T\ {11r.. ot} 2
f(n+1)=min(T,11). ¢ % T % infinite set, A P50 Ty #0, TR E3 = T C{ry,... 0} ¢
2 T % infinite set 494 F. * F19 & fFih2 BR T - BF UAE- mLnk & (7
flyeeosty # 2 e — &), #7124 * N ¢ well-ordering principle, # % 4,11 = min(7T,11)
& pat T 2 re— . F)gtd Strong Mathematical Induction (Corollary 2.3.6) % 3 7 %
neN, ¥ 5 tri- i, eT B E f(n) =t

Ajpe v f:N—T ¥ - B function, & ¥ & HpP f :N = T &_one-to-one. ~ i&{mri

B €N T onp#ny, APEEP f(ng) # f(m). * % - B NPEREE np <np. PP
495 Ty = T\ LU f(11), oo, fl— )}, % ) ngnz, § 29 flm) = min(T,,) € T,
B f(n) # f(ny). 8% f:N—=T &_one-to-one. O

dom Aty d Lemma 5.5.2 SN PEEE T 0T 232,
Theorem 5.5.3. X S 5 - B set. Bl S 5 countably infinite & * *& % |S| =|N]|.

Question 5.17. BX S 5 infinite set. FHEM S 5 uncountable & * v& % |S| # |N|.

i P& countable set e _&, i Frif i & - B countable set 7 subset 7 % countable.
A %5 % S 5 countable, Bl iz T &N F |S|<|N|, » Flptg S CS, Bld [ <|S] 22
IS| < |N|, 7 i |§'| <|N|. # #E& L g ¢ countable set * gk & 75 ¥ it &_countable.

G T i,

Proposition 5.5.4. 3 *¥ % i countable set 18 & i % countable set. 7 ¥ F Si,...,8, &

countable set, Bl Ui, Si i* & countable set.

Proof. # i % #c % ﬁﬁf.gﬁ‘ FEMP. §AEPF 51,5, & countable, B S{US, & countable.

& % % S1,5, ¥_countable, #&x % & f1:51 =N "% f:5 — N ¥ % one-to-one functions.
T T & F7e0 function f:S51US, — N, 2 2% 3

2 if seSy;

fls)= { 228 ifseS;\Sl.
tif #eh, f & well-defined function, ] % SIUngSlu(Sz\Sl) A SIN(S2\S)) =0, 7
PHEL SESIUS, s - ZEES  fTrHL\S1 2P - B, 22 ekrmy ald?. ag ses,
fi(s) B~ P prrr 20 (F] f1:S1 — N & - B function), #7120 L pF f(s) B~1E 2f1(s) 7*
AT, FIEE seSZ\Sl, Tl s €Sy, fols) BB AP FLAL T eh, AT pE f(s) BriE 2f5(s) + 1
FEEL AP HT RERP f:S5US, — N £ one-to-one, » TI.%{-Q M EB s reSuUS, #

v



90 5. Function

PosEL R €T f(s) A Sf(t). AP A S A cases. F - ,ﬁk—«kst gt S & A
2 S\ S s B f(s) =2fi(s) #2fi(t) = f(t) (F] fi 5 one-to-one), 11 %
fs)=2fA0)+1#£2H()+1=f(t) (F] fo % one-to-one). % = Al iRA_seS & reSH\S
BRIES B SEH\S £ J0) 25 o b A ) A S0 AL

7 f:851US, — N % one-to-one, ## ¥ S;US, & countable.

BREAPLY WFFR2EP, #0328 neN 2 n>2 % 8,...,5, & countable
set, B] UL;S; ™ % countable set. 2% m n=k+1 niF3;. f]* BB, S1ye Sk s
countable set, #7114 UfleSi % countable set. J_* % Si; & countable set, f1* } & 3 iF
k=2 eniFa;, Ao (ULIS,-)US;{H % countable set. #&d UfillS,-:( f-;lS,-)USkH e

Uk“S, % countable set. O

Proposition 5.5.4 F 3% % & * | & fj ¥ - fé,T* AEE TR féfﬁﬂ:“r%\ ik £ % countable.
T T SRR N e RS PR R s et
el B chk & N j - B- - R % (T —n—n), 7711 q\countable. @ {0}
%_finite set, 7 5 countable, F|* F &%

Corollary 5.5.5. Z is countable.

F Egerr g & Q A countable, AP A F - B H ehEIL,
Lemma 5.5.6. The Cartesian product N x N is countable.

Proof. w - T NxN e~ 2 5 TR i (n,m), B7° n,meN, @ ¥ (n,np) = (n),n))

a

FrvEE n=n) F m=n) Ry S NXNN #2x3
f(ny,np) =2M3"" Vnp,ny €N

g % 7 f:NxN—=N & function, & 7" & % f 5 one-to-one. % (ny,ny) # (n,n),
d R HceE - AN R e

fni,ny) =2M3" £2M3"% = f(n)| nb).

#% f:NxN—=>N % one-to-one, #= N x N &_countable. O

Lemma 5.5.6 #F 7 [NxN|<|N|, 2 @2 P {x% % =2 NxN % infinite set, #712
NxN % countably infinite, 7= ¥ |N x N| = |N|. Proposition 5.5.6, & % L &g * &7 1148

#3 *T % B countable set 7 Cartesian product 7 % countable.

Proposition 5.5.7. & Si,...,8, & countable set, B] S XSy x---x 8, 7 5 countable set.

Proof. g £ PP S xS, & countable. §|* §1,5 % countable iz, # i frif i3 &
fi:S—=N, f5:5 =N % % one-to-one function. 3% g f:S; xS - NxN H 7 %

f(s1,82) = (fi(s1), f2(52)), Vs1 €8p,5 € 8,.
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F by 8 xS > NxN 5 function, 2 i & & ¥ 5% f 5 one-to-one. ¥t iz F,
(S17S2)7(s/17s/2) €S x8 * (51752) 7& (SII’S/2)7 P A sy 7& sll ) 7& S/2' RE 8| 75 sl’ d
fi:81 = N & one-to-one, 5 fi(s1) # fi(s)), st FF

fls1,52) = (fi(s1), fa(s2)) # (f1(51), f2(55)) = f(s1,52).
P32y 5o F£sh B, T E f(s1,52) # f(s],55). % f:81 xS - NxN % one-to-one. 7
IS1 X S| < INxN|=|N|, F]p P 7 §; xS, & countable.

2% Si,...,8, % countable set, B4 #* S; xSy x -+ xS, = (S XS X - X8,_1) XS,
"R FE ET%J% EVEM S xS x---x 8, & countable set, fr“fI!-LZ 5 RGP . O

Question 5.18. % 2 ne N, FHEM 75 Z B * n DF GEc AN TR R G

countable.

A g w24 * Proposition 5.5.7 P § BT hk & Q 5 countable. & E F i F
15‘1_%:‘,% 70 ?F‘,f;"i? murE- B g/b B P acZ, beN ¥ ged(a,b) =1 07558 (VP H
AR A, Tt Qo ZxN, & F0)=(0,1); 7% geQ, g£0 * a/b
Pog B AP, P ETE flg = (ab). @ 2EFF RicE A Bk EgrE- b AP
f:Q—=ZxN % function. @ & q#4q¢', % ¢.¢d 27 3 - B 5 0, Apwg ¥- B2 5 0,
HHBH AR TR B 0/, FI P () AS(). E qqd FF GO KRERGAK
Bulh g=al/b,d =d/b. 43 alb£d /b, Fipae f(q) = (a,b) # (d, D) = f(q). F]
f:Q—ZxN % one-to-one, #% |Q| <|ZxN|. 4 Z % countable 12 % Proposition 5.5.7
fw ZxN % countable, * Z x N % infinite set, tz |ZxN|=|N|. F]#* |Q| < |N|, ## 11T

Corollary 5.5.8. Q is countable.
1% Lemma 5.5.6, #* *+ ¥ 3 Proposition 5.5.4 & 3| { — %,
Proposition 5.5.9. %= & i€ N, S; ¥ 5 countable set, B] U=, Si 7 5 countable set.

Proof. X, ¥z g ieN, ¥ 3 & f;:S,—N % one-to-one function. % g f:U‘f:lS,-—>
NxNz&:, #HE2d selU, S, Fi i ot BB seS;, P L f(s)=(,fi(s)).
FrhEE U2 Si—> NxN 3 function. ¥ E R 5,5 € U, S, BK i,/ » %5
FHis i seS,s'eSy. # i, pRE f(s)=0fi(s) # (. fr(s)=f(s). @ % i=i, RIF]
S5 SN 5 oneroone 215 6% W) £ 1(5)= 0. 6)) 1. 1)) = )
## f:Ue Si— NxN 5 one-to-one, ¥ |UZ; Si| <INxN|=|N|. &% U=, S 5

set. O

Jmfk

countable

Question 5.19. FHEP 73 F ¥k 3 N or 2 ihfk & 5 countable.

B o 3% R I fﬁ"’"i #_countable sets, ¥_%F 3 & ¥ uncountable set *1? ¥ % {_F T
)4 Proposition 5.5.7 # Cartesian product ¥ % it 4B £ - % e R 7|2 5 7 B & &
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A5, 4 i}u{;ru’ﬁ it Siy...,8,... » countable & &_§; x---x 8, x--- % uncountable. i3
N &1 power set Z(N) » {uncountable wEE- T, - BE & A power set Z(A), FE A
1975 subsets TR e &, F AN u’rrr:*%

Theorem 5.5.10. X A 5 - B set, ZZ(A) 5 A 7 power set, B| |A| < |Z2(A)|.

Proof. 4 jg gt 1:A— P(A) T& 5 1(a)={a}, VacA A PRFI g 1:A- P(A)

% one-to-one function, F* 1 |A| < [Z(A)]. “THEEP Al <|Z(A)], 1%{ wEROJA| #
|Z2(A)].
NP EFEP N E R function f1A— P(A) 384 F i fLonto. FEFEB. l%,j*uz\

% ¥ it F & function f: A — P(A) 4_one-to-one ¥ onto =, F]t #F |A| £ | P (A)|. ¥
*iE e function f:A— PA), Y A- BFEE S={scA|s¢gf(s)}. AL SEF 7
;z & z}:ﬁt@, 7EPEERAPRG SEPA). APRAPATR G AE- B acARE

=8 = i} RS € bl f1A— P(A) himage ¥, FILEI] 1A P(A) AT
o {onto fl* F#E, BR acA 2E fla)=S. 5‘&"“%@5{? acsS. B¥& acs, &7
ac f(a) (%1 fla)=S), it S HTHEF acS %7 ad f(a), FIP*EFIF F, & ags
Wwd agS, Fadfla),* kST HFTacS24F. + i*{vnq: FhacAE fla)=S,
fracSfragSEATRFLNT F (LATR S S 2 F 6, BRAA ) A
BSeZA) * i fr:A— P(A) chimage ® , BF f:A— P(A) * £_onto. O

Question 5.20. 2 A=1{1,2,3}, ¥ f:A > P(A) L5 3
f={12}, f2)={13}, f03)=A{2}.
L S={scA|s¢f(s)}. FBT S 5P? THk%HK S+ f:A— P(A) 0 image ® .
Corollary 5.5.11. N 7 power set Z(N) 4_ uncountable.

Proof. ¢ Theorem 5.5.10 4v |N| < |Z(N)|, #7124 F] cardinal number 2. & & - # partial
order, |Z(N)| < |N| 2 # & = = . #% Z(N) i uncountable. O

Theorem 5.5.10 g P = ;2 £ #% R Cantor #r3 1 en. fI* fgieniiz s ¥ NEIF
it &£ R A uncountable.

Proposition 5.5.12. R is uncountable.

Proof. ¥ jg § % #7F H#INA 5 0, @ /| #B-18 & fiﬁ;:iO N BEE R ok B TR o)
£&. 54 0.1011010 = 0.10110T 388 S ¥ chi 4. BRI ZA PRSP haF 3 & g L)
ﬁic( LF ") o, A2 G %\ﬁm‘ ¢ 5 0 FE VTR e #4e 0.101101 = 0.1011010).
# AL ST ARG ANRERE 2 RN R (2 .ﬁ.mz ?ﬁ&/lﬂmé IR
o). AP EZFEP S 4 uncountable, #rfl* SCR, 7 # S| <R[, FI# |R| <|N| 7 7 i =
2 (ERIgE= |S|<IN| 5 ). ## R & uncountable.

1“

=

AP r FFE AR S 5 countable. d * S % infinite set, &4 77 S &_ countably

infinite. @ Theorem 5.5.3 4 |§| = |N|, » ,T*u{?u;?f % - i# one-to-one and onto function
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fN—=S By S? it s=0aaaz...a;..., 27 HEg ieN, 2P L 5] Hghis
¥ maniE g &

{ 1, % f(i) ] BBES 5 O
a; — e ~
* f
¢

0, (i) | BRis % 0 =5 1.
APERP s & NS image ?, » Fp @ f:N-=S 72 & onto h4 7, @ #E A
FTIL, ML % - X FFEE, BRFAneNEE fn)=s *FF R s o] WSS n =

Ba, BEH s PEEES n 2BEE f(n) | WEEF 0 2EAPR. 1E fn)=s5s 2K
®ApA R, Flm @@ s 2 & f:N—= S drimage ¢ . O

Question 5.21. #FP & T s chE & 5 uncountable.

Bofs AR BEA, - LRI EFH- B infinite set S E_ countable £ E_ uncountable
ELV I ‘FT A A — bk K ¥FT L countable £ uncountable. # X %7
%_ countable, i* SRR T, 4 ij!rl—«‘?-\ﬁ F]- % S — N &7 one-to-one function. @ % | %7 %
uncountable, & Z M H % uncountable, - BERE B EE, 4 )*Ik{;xu Bk H 5 countable,
Rie@ra g, 29 ¥ *hs 2 if‘u‘{&r’rﬁr BOATER, P TG S — N ¢ function $87 ¢
4_onto.



