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前言

ε學܌學ޑ數學کଯύ໘܌ࢤ學ಞ數學ӧቫԛ΢Ԗ܌όӕ. ᙁൂٰᇥε學數學๱ख़ܭ౛
論ޑ୷ᘵ. ҁᖱက׆ఈϟಏӕ學ӵՖ᠐ᔉۓ౛, ౛ှ᛾ܴࣗԶԾρቪΠ᛾ܴ. ॺஒϟಏᡄך
ᒠ (Logic), ໣ӝ (Set) аϷڄ數 (Function) .ۺཷޑ ाݙཀ, ाϟಏᡄᒠ學аϷ໣ࢂॺόך
ӝ論. ೭္ፋ論ޑ໻๱ख़ܭஒٰεৎ學ಞ數學܌ሡाޑᡄᒠϷ໣ӝۺཷޑ.

ҁᖱကᗨฅЬाаύЎኗቪ, όၸ྽ੋϷۓက܈஑ԖӜຒਔ, ᘋஒаमЎ֚ޑխᙌ᝿ࣁ
.жڗ ӢԜஒаύम֨ᚇၨό໺಍ޑБԄᡉ౜, ऩԖόߡፎـፊ.

ҁᖱကጓቪ຤ਔ, ጓቪֹ٠ࡕ҂࿶ၸᝄᙣޑਠჹ. ౧ᅅӧ܌ᜤխ, ᗨόԿܭԖ౛論܄΢ᝄ
ख़ޑᒱᇤ, ՠ᠐ޣϝᔈݙཀόࡴཷەӄԏ. ऩว౜ᒱᇤ, ៿߆ගрᝊ຦ޑཀـ.
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Chapter 5

Function

೭΋കךॺஒϟಏ function .(數ڄ) Function ёаᇥࢂा຾Εଯ฻數學΋ۓा學ಞޑ數
學πڀ. ᙁൂޑᇥڄ數ёаᔅշךॺΑှٿ໣ӝϐ໔ޑᜢ߯. ,ޑ຾΋؁׳ ྽ךॺा௖૸ޑ
໣ӝԖ׳ᙦ൤่ޑᄬਔ, .፦܄ޑӭ׳數൩ा؃ԖڄޑॺԖᑫ፪ך КБᇥӧჴ數΢, җܭჴ
數Ԗຯᚆۺཷޑ, ,數ڄೱុޑᒏ܌ॺёаፋ論ך ё༾ڄ數. Զჹܭӛໆޜ໔, җܭԖጕ܄
ಔӝ܄ޑ፦, .৔ࢀ܄ጕޑᒏ܌ॺёаፋ論ךа܌ όၸӧ೭္ךॺ໻җ໣ӝٰۺཷޑ௖૸ന
୷ҁڄޑ數܄፦, Ψ൩ࢂᇥό౐ੋҺՖ่ᄬ΢ୢޑᚒ, ӧ೭္܌ፋ論ڄޑ數܄፦ࢂ፾Ҕܭа
.數ڄӚԄӚኬޑεৎ཮學ಞࡕ ҁകύ, ,ကрวۓ數ڄޑॺவന୷ҁך ϟಏ΋٤୷ҁ܄፦.
ௗ๱௖૸΋٤Ԗ੝ਸ܄፦ڄޑ數, ջ΋ჹ΋аϷࢀԋڄ數. നךࡕॺ཮ஒ೭ۺ٤ཷၮҔӧೀ
౛໣ӝޑी數ୢᚒ.

5.1. Basic Definition

๏ঁٿۓ nonempty sets X ,Y . Ѭॺϐ໔ޑ function ࢂჴځ X ,Y ϐ໔ޑ΋ᅿ੝ਸޑ

relation. ೭΋ᅿ relation, ๏ךॺ΋ঁவ X ډ Y ,ჹᔈᜢ߯ޑ җܭ೭ᅿჹᔈᜢ߯൩ӵӕ΋ঁ
ᐒᏔ࿶ၸࢌ΋ำޑࡋၮբஒ X ύޑϡનᙯϯԋ Y ,ϡનޑ ࣁаमЎᆀϐ܌ “function”. வ
ᐒᏔޑᢀᗺٰ࣮ऩ f ⊆ X ×Y ΋ঁவࢂ X ډ Y ޑ relation, ࡛ኬωࢂ΋ঁӳᐒᏔګ? २Ӄ
྽ฅ؂ঁࢂाܫΕᐒᏔޑϡન೿ૈౢғрܿՋٰ, Ԗ܌ॺा؃ჹךа܌ x ∈ X , ࣣӸӧ y ∈ Y

٬ள (x,y) ∈ f . ќѦ, ,Ջܿޑۓڰϡન೿ૈౢғޑΕᐒᏔܫఈ׆ॺ྽ฅך ց؂߾ԛౢғޑ
ܿՋ೿ό࣬ӕ, ٗा೭ᐒᏔՖҔ? Ψ൩ࢂᇥ, Ԗ܌ॺा؃ჹך x ∈ X , Ӹӧ୤΋ޑ y ∈ Y ٬ள

(x,y) ∈ f . ೭ঁ୤΋܄ҔКၨӳೀ౛ޑ數學ቪݤ൩ࢂऩ (x,y) ∈ f Ъ (x,y′) ∈ f , ߾ y = y′. Ӣ
Ԝ function :ကӵΠۓޑ

Definition 5.1.1. ଷ೛ X ,Y ࣁ nonempty setsЪ f ⊆ X ×Y ΋ঁࣁ, from X to Y ޑ relation.
ऩ f ᅈىаΠ܄፦, ᆀ߾ f ΋ঁࣁ from X to Y ޑ function .(數ڄ) ԖਔךॺΨᆀ function
ࣁ mapping ܈ map .(৔ࢀ)

(1) ჹ܌Ԗ x ∈ X , ࣣӸӧ y ∈ Y ٬ள (x,y) ∈ f .

(2) ऩ x ∈ X , y,y′ ∈ Y ᅈى (x,y) ∈ f Ъ (x,y′) ∈ f , ߾ y = y′.
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70 5. Function

җܭҔ relation Ң߄ٰݤБޑ function ό৒ܰགڙѬࢂ΋ঁԖӵ “ᐒᏔ” ,բҔޑ ΋૓
ٰᇥךॺ཮Ҕ f : X → Y , Ң߄ٰ f ΋ঁவࢂ X ډ Y ޑ function. ԶჹܭҺཀ x ∈ X , ॺך
Ҕ f (x) = y Ң߄ٰ x ೭ঁϡનܫΕ f ೭΋ঁ “ᐒᏔ” ғрౢࡕ y ٰ. Ψ൩ࢂᇥ f (x) = y ൩

Ң߄ (x,y) ∈ f . ाݙཀ྽ךॺᇥ f ΋ঁࢂ function ਔѸ໪మཱၲ߄ f বঁډவবঁ໣ӝࢂ

໣ӝޑ function, ց߾คݤዴࢂۓց཮಄ӝ (1), (2) ፦܄ޑ (ፎୖԵаΠ Example 5.1.2). ܌
аҔ f : X →Y ೭ኬޑ಄ဦ߄ҢࢂѸाޑ. வᐒᏔޑᢀᗺٰᇥ f : X →Y , మཱၲ߄ޑΑ f ೭

ঁᐒᏔࢂा٤ٗܫϡન຾ѐЪ཮ౢғрব΋ᜪܿޑՋ, ೭ኬޑᐒᏔךॺω཮᝺ளࢂӳᐒᏔ.
ӢԜ೭္ޑ X ,Y ੝ձख़ा. ೭္ X ൩ᆀࣁ f ޑ domain ,(ကୱۓ) Ε೭ܫԖёа܌ࢂޑࡰ
ঁᐒᏔޑϡન܌ԋޑ໣ӝ. Զ Y ᆀࣁ f ޑ codomain (ჹᔈୱ), ൩ࢂᇥ೭ঁᐒᏔ “ёૈ” ౢ
ғޑϡન܌ԋޑ໣ӝ. ॺҔךཀ೭္ݙ “ёૈ” ೭ঁӷ౳, ӧࣁӢࢂ function ကύ٠ؒۓޑ
Ԗा؃؂ঁ Y ύޑϡન೿ёаډפ X ύޑϡનжΕளډ. ྽ךॺ৾܈ډԾρ೛ۓΑ΋ঁ
function ΋ঁࢂ൩Ѹ໪ᇥܴѬࡕ “well-defined function”, Ψ൩ࢂᇥाᔠࢗѬ੿ޑ಄ӝԋࣁ
function చҹޑ (ҔКേޑᇥݤ൩ࢂᇥܴѬࢂ΋ঁӳᐒᏔ). ྽ฅΑ, ೭္Ҕ “well-defined”
೭ঁӷ౳ѝࢂ΋ᅿமፓޑᇟ਻, ޑԖ܌ function ೿ᔈ၀ࢂ well-defined.

Example 5.1.2. ॺԵቾаΠ൳ᅿך relations, ࣮࣮ব΋ঁࢂ well-defined function.

(A) Եቾ X = {x ∈ R : x ≥ 0}, Y = R аϷ relation f ⊆ X ×Y ࣁကۓ f = {(x,y) ∈ X ×Y :

y2 = x}. ೭ঁ relation f ಄ӝ function ፦܄ޑ (1), ӢࣁჹܭҺཀ x ∈ X , Ң߄ x ≥ 0, ѝाࡺ
з y =

√
x,ךॺԖ y ∈Y =RЪ y2 =

√
x2

= x. ள᛾ჹܭҺཀ x ∈ X ,Ӹӧ y ∈Y ٬ள (x,y)∈ f .
όၸ f ٠όᅈ܄ى፦ (2). ॺԖךӵٯ 12 = (−1)2 = 1, ࡺ (1,1) ∈ f Ъ (1,−1) ∈ f . ΨӢԜ
ޕ f όࢂ function.

(B) Եቾ X = {x ∈ R : x ≥ 0}, Y = {y ∈ R : y ≤ 0} аϷ relation f ⊆ X ×Y ࣁကۓ

f = {(x,y) ∈ X ×Y : y2 = x}. ೭ঁ relation f ಄ӝ function ကۓ (1) ,፦܄ޑ ӢࣁჹܭҺཀ
x ∈ X , Ң߄ x ≥ 0, ѝाзࡺ y =−

√
x, ॺԖך y ∈ R Ъ y ≤ 0, ջ y ∈ Y . Ξ y2 =

√
x2

= x, ࡺ
Һཀܭჹޕ x ∈ X , Ӹӧ y ∈Y ٬ள (x,y) ∈ f . ќѦ f Ψᅈ܄ى፦ (2). Ӣࣁऩ x ∈ X , y,y′ ∈Y

ᅈى (x,y) ∈ f Ъ (x,y′) ∈ f , Ң߄ y2 = x = y′2. ӢԜள (y− y′)(y+ y′) = 0, ҭջ y = y′ ܈

y =−y′. ౜ऩ x = 0, ॺԖך y = y′ = 0. Զऩ x ̸= 0, ள y ̸= 0 Ъ y′ ̸= 0, ԜਔӢ y,y′ ∈ Y , ॺך
Ԗ y < 0 Ъ y′ < 0. ޕࡺ y =−y′ όёૈԋҥ, ள᛾ y = y′. ٩Ԝள᛾ f : X → Y ࢂ function.

(C) ऩஒ (B) ύޑ X ࣁׯ X = R, ߾ f = {(x,y) ∈ X ×Y : y2 = x} ൩όࢂ function. ೭ࢂ
Ӣࣁ −1 ∈ X ,ՠךॺפόډ y ∈Y ⊆Rᅈى y2 =−1. Ψ൩ࢂᇥόӸӧ y ∈Y ᅈى (−1,y)∈ f .
ӢԜ f όᅈ܄ى፦ (1), а܌ f όࢂ function. ќ΋Бय़, ऩךॺஒ (B) ύޑ Y ࣁׯ

Y = {y ∈R : y < 0}, ߾ f = {(x,y) ∈ X ×Y : y2 = x} Ψόࢂ function. ೭ࢂӢࣁ 0 ∈ X , ՠךॺ
ډόפ y ∈ Y ᅈى y2 = 0, Ψ൩ࢂᇥόӸӧ y ∈ Y ᅈى (0,y) ∈ f . ӢԜ f όࢂ function.

(D) Եቾ X = R, Y = P(R) аϷ function f : X → Y ჹҺཀࣁကۓځ x ∈ X , з

f (x) = {y ∈ R : y2 = x}.

ॺᇥܴך f ࢂ well-defined function. ೭ࢂӢࣁჹҺཀ x ∈ X = R, ॺёаஒך x ୔ϩࣁ

x > 0,x = 0,x < 0 Οᅿ௃ݩ. ྽ x > 0 ਔ, ॺԖך f (x) = {
√

x,−
√

x} ࣁ R ޑ subset, ӢԜዴ
ჴࣁ Y = P(R) ύޑϡન. Ξ྽ x = 0 ਔ, ॺԖך f (0) = {0}, ϝࣁ Y = P(R) ύޑϡન. Զ
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྽ x < 0 ਔ, ॺԖך f (x) = /0, ҭࣁ Y = P(R) .ϡનޑ ӢԜޕჹܭҺཀ x ∈ X , ॺዴჴёך
ډפ R ޑ subset A ∈ Y ٬ள (x,A) ∈ f . ाݙཀ, ӧ x < 0 ,׎௃ޑ ॺԖך f (x) = /0, Ψ൩ࢂ
ᇥӧ೭௃ݩϐΠ, Ӹӧ /0 ∈ Y ٬ள (x, /0) ∈ f . ٠όࢂᇥפόډ y ∈ Y , ٬ள (x,y) ∈ f , а܌ f

٣ჴ΢ࢂ಄ӝ܄፦ (1). ќѦ f Ψ಄ӝ܄፦ (2). ೭ࢂӢࣁӵ΢य़܌ॊ, ჹҺཀ x ∈ X , ॺך
ዴჴډפ୤΋ޑ R ޑ subset A ᅈى f (x) = A. ाݙཀ, ೭္྽ x > 0, ਔ f (x) ࢂ {

√
x,−

√
x}

೭΋ঁ Y ύޑϡન. ҭջךॺԖ (x,{
√

x,−
√

x}) ∈ f ; Զόࢂ (x,
√

x) ∈ f Ъ (x,−
√

x) ∈ f . Ӣ
Ԝ f ዴჴ಄ӝ (2) .፦܄ޑ

வ Example 5.1.2 ,ηٯӚঁޑ ,߾৔ೕࢀޑၰջ٬΋ኬޕॺך ཮җۓܭကୱ܈ჹᔈୱ
,όӕޑ ቹៜࢂځցࣁ΋ঁڄ數. ΨӢԜ, ჹڄঁٿܭ數 f : X → Y ک f ′ : X ′ → Y ′ ѝԖӧ

X = X ′, Y = Y ′ Ъჹ܌ܭԖ x ∈ X , ࣣԖ f (x) = f ′(x) ,׎௃ޑ ॺωᆀך f ک f ′ ڄޑӕኬࣁ

數. ќѦӧ Example 5.1.2 (D) ,ηٯޑ ჴჹᔈୱКჴሞځ f ཮ౢғޑϡન܌ԋޑ໣ӝεΑ

೚ӭ. όၸ೭٠όቹៜѬࢂ΋ঁڄ數٣ޑჴ. җܭ΋૓྽ךॺۓက΋ঁڄ數ਔ, ӧჴሞޑ௃
.數ౢғڄ۳۳ό৒ܰඔᛤٗ٤ϡનёа೏၀ݩ ڄၰ၀ޕεठ΢ࢂҔཀЬाޑаჹᔈୱ܌
數཮ౢғব΋ᜪܿޑՋջё. аࡕ྽ךॺፋ論ࢀډԋڄ數ਔ, ཮ӆ຾΋؁૸論೭ঁୢᚒ.

ӧ܌Ԗڄ數ύ, Ԗ΋ঁᙁൂՠࡐख़ाڄޑ數, ᆀࣁ identity function. ᙁൂٰᇥ, Ѭࢂ΋
ঁஒۓကୱύ؂ঁϡનԾρࢀ৔ډԾρڄޑ數. :ကӵΠۓԄ҅ځ

Definition 5.1.3. ଷ೛ X ࣁ nonempty set. ကۓ idX : X → X , ࣁ idX(x) = x, ∀x ∈ X . idX

΋ঁࢂ function, ࣁॺᆀϐך the identity function on X .

Question 5.1. ଷ೛ f : X → X ΋ঁࢂ function. ஒ f ຎࣁ relation on X . Πय़ব΋ঁ܄
፦ёаዴߥ f : X → X ΋ঁࢂ identity function? ऩԖ΋໨܄ޑ፦คݤ௢ள f ࣁ identity
function, ၂Ҕ X = {1,2} ,ηٯډפݩ௃ޑ ᇥܴ၀܄፦คݤ௢ள f ࣁ identity function.

(1) f is reflexive.

(2) f is symmetric.

(3) f is transitive.

നךࡕॺϟಏ൳ঁҗ๏ڄޑۓ數, ೷рཥڄޑ數ޑБݤ. 數ڄ΋ঁۓჴ๏ځ f : X → Y ,
ကୱۓᡂׯॺѝाך X ჹᔈୱ܈ Y , ൩ёаளډ “ཥ” .數ڄޑ όၸӧ଺೭ׯ٤ᡂਔ, ा
.߾ೕޑ數ڄཀϝሡᒥӺݙ ӢԜനᙁൂޑ௃׎൩ࢂ, ჹҺཀ X ޑ nonempty subset X ′, ך
ॺԵቾ f |X ′ : X ′ → Y , ೭ኬڄޑ數. f |X ′ :ࣁကۓޑ ჹ܌Ԗ x ∈ X ′, f |X ′(x) = f (x). Ψ൩ࢂᇥ
f |X ′ ѝࢂஒ f ᕭλӧڋကୱज़ۓޑ X ′ ೭΋ঁ subset, ԶѬࢀޑ৔ೕک߾ f .ޑ΋ठࢂ Ӣ
Ԝࡐ৒ܰவ f ࣁ X ډ Y ޑ function ளډ f |X ′ ࣁ X ′ ډ Y ޑ function. ॺᆀך f |X ′ ࣁ the
restriction of f to X ′. ӵӧٯ Example 5.1.2 (B) ύ, ॺёаԵቾך X ′ = {x ∈ R : x > 1}, ߾
f |X ′ : X ′ → Y , ϝࣁ΋ঁ function. ᡂ΋ঁׯॺΨёаך function .ჹᔈୱޑ ྽ฅΑ, ஒჹᔈ
ୱᘉεؒԖࣗሶཀက. КၨԖཀޑࡘᗋࢂᕭλჹᔈୱ, ᡣεৎ׳ᆒዴӦޕၰ೭ঁڄ數ૈౢғ
ٗ٤ϡન. ՠाݙཀόૈஒჹᔈୱᕭளϼλ, аԿۓܭကୱύԖϡનפόډჹᔈୱޑϡનჹ
ᔈ ӵٯ) Example 5.1.2 (C) .(ݩ௃ޑ ӵӧٯ Example 5.1.2 (D) ύ, ॺёаஒჹᔈୱᕭך
λࣁ Y ′ = {A ∈ P(R) : #(A)≤ 2}, ϝ཮ޑ٬ f : X → Y ′ ΋ঁࣁ function.
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྽ f : X →Y Ъ g : Y → Z ࣁ functions,ךॺёаճҔ f ,g೷р΋ঁவ X ډ Z ޑ function,
g◦ f : X → Z. g◦ f :ࣁကۓޑ ჹܭҺཀ x ∈ X , g◦ f (x) = g( f (x)). Ψ൩ࢂᇥ g◦ f (x) ೭ঁ Z

ύޑϡન൩ࢂӃஒ x жΕ f ளډ f (x) ೭ঁ Y ύޑϡન, ӆஒ f (x) жΕ g ளޑډ Z ύϡ

ન g( f (x)). ҔკҢ൩ࢂ x
f7−→ f (x)

g7−→ g( f (x)). ॺᇥܴך g◦ f : X → Z ዴჴࣁ function. २
Ӄᔠ܄ࢗ፦ (1): ჹܭҺཀ x ∈ X , җܭ f : X → Y ࣁ function Ӹӧࡺ y ∈ Y ٬ள f (x) = y.
ԜਔჹԜ y, Ӣ g : Y → Z ࣁ function, Ӹӧࡺ z ∈ Z, ٬ள g(y) = z. ӢԜڗԜ z ∈ Z, ॺԖך
g◦ f (x) = g( f (x)) = g(y) = z. ௗ๱ᔠ܄ࢗ፦ (2), Ψ൩ࢂᇥऩ x ∈ X ޑӸӧ୤΋߾ z ∈ Z ᅈى

g◦ f (x) = z. ฅԶӢ f : X →Y ࣁ function, ჹܭҺཀ x ∈ X , Ӹӧ୤΋ޑ y ∈Y ٬ள f (x) = y.
౜ऩԖόӕޑ z,z′ ∈ Z ࣣᅈى g◦ f (x) = z аϷ g◦ f (x) = z′, җܭ g◦ f (x) = g( f (x)) = g(y),
Ԝջ߄Ң z,z′ ∈ Z ࣣᅈى g(y) = z аϷ g(y) = z′. Ԝᆶ g : Y → Z ࣁ function ϐଷ೛࣬ҟ࣯,
ޕࡺ z = z′. җܭ g◦ f : X → Z ዴჴڄࣁ數, ࣁ數ڄॺᆀԜך f ک g ޑ composite function
(ӝԋڄ數). Զ׎ԋӝԋڄ數ޑ೭ঁ୏բᆀࣁ composition.

ाݙཀ, ӝԋڄ數ӧӝԋਔ, Ѹሡ໒ޑۈಃ΋ঁڄ數ౢ܌ғޑϡનाပӧಃΒঁڄ數ޑ
.ကୱύωૈӝԋۓ Ψ൩ࢂᇥऩಃ΋ঁڄ數ޑჹᔈୱх֖ܭಃΒঁڄ數ۓޑကୱ, ॺ൩ёך
аஒѬॺӝԋ. όၸҗܭᘉεჹᔈୱ, ٠όቹៜڄ數ڗޑॶ, ,ـଆߡΑБࣁаӧ೭္܌ ॺך
೛ۓಃ΋ঁڄ數ޑჹᔈୱ฻ܭಃΒঁڄ數ۓޑကୱ. ќѦाݙཀࢂޑӝԋڄ數ޑቪݤ. ᗨฅ
,வѰԿѓࢂॺቪӷך ՠࢂቪڄ數жΕޑၸำࢂவѓډѰ. ӵஒٯ x жΕ f ள f (x), Զஒ
f (x) жΕ g ள g( f (x)). ӢԜӧਜቪӝԋڄ數ਔࢂӃ୏բڄޑ數ቪӧѓᜐ, Զࡕ୏բޑቪӧ
Ѱᜐ, όा׋ᒱΑ.

Example 5.1.4. ଷ೛ X = {1,2,3}, Y = {a,b,c,d}, Z = {α,β ,γ}. ऩ f : X → Y :ࣁကۓޑ
f (1) = a, f (2) = a, f (3) = c Ъ g : Y → Z :ࣁကۓޑ g(a) = γ,g(b) = β ,g(c) = γ,g(d) = α,
߾ g ◦ f : X → Z :ࣁကۓޑ g ◦ f (1) = g( f (1)) = g(a) = γ, g ◦ f (2) = g( f (2)) = g(a) = γ,
g◦ f (3) = g( f (3)) = g(c) = γ.

ӣ៝΋Π identity function ൩ࢂஒ؂ঁϡનۓڰόᡂڄޑ數, ,數ӝԋڄޑдځکаѬ܌
Ԗঁ “੝ਸޑਏ݀”, ൩࡭ߥࢂচڄ數όᡂ. .፦܄ޑॺԖаΠך

Lemma 5.1.5. ଷ೛ f : X →Y ΋ঁࢂ function. ჹܭ X ΢ޑ identity function idX : X → X

аϷ Y ΢ޑ identity function idY : Y → Y , :፦܄ॺԖаΠך

f ◦ idX = f , idY ◦ f = f .

Proof. २Ӄᔠࢗ f ◦ idX ک f Ԗ࣬ӕۓޑကୱаϷ࣬ӕޑჹᔈୱ. җܭ idX : X → X

Զ f : X → Y , ,ကۓޑ數ڄа٩ӝԋ܌ ॺԖך f ◦ idX : X → Y . ౜ჹҺཀ x ∈ X , ॺԖך
f ◦ idX(x) = f (idX(x)) = f (x). ள᛾ f ◦ idX = f .

idY ◦ f ک f ΨԖ࣬ӕۓޑကୱаϷ࣬ӕޑჹᔈୱ. ೭ࢂӢࣁ f : X →Y Զ idY : Y →Y , ܌
а٩ӝԋڄ數ۓޑက, ॺԖך idY ◦ f : X → Y . ౜ჹҺཀ x ∈ X , ॺԖך idY ◦ f (x) = idY ( f (x)).
Ӣࣁ f (x) ∈ Y , Ԗࡺ idY ( f (x)) = f (x). ள᛾ idY ◦ f = f . �
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ाݙཀ composition ٠ؒԖҬඤ܄. Ψ൩ࢂᇥऩ f : X → Y Ъ g : Y → Z ࣁ functions, ߾
g◦ f ٠ό΋ۓ཮฻ܭ f ◦g. ྽ฅΑ, ྽ Z ̸= X ਔ, f ◦g ਥҁ൩ؒԖۓက (όૈӝԋ), аѬ܌
ॺό࣬฻. όၸջ٬ӧ Z = X ௃׎ g◦ f ک f ◦g ϝԖёૈό࣬฻.

Question 5.2. Եቾ X = {1,2}, ၂ᖐٯ f : X → X , g : X → X ཮٬ள g◦ f ̸= f ◦g.

ᗨฅ composition ؒԖҬඤࡓ, όၸख़ाࢂޑ composition Ԗ܌ᒏ่ޑӝࡓ. ॺԖаך
Π܄ޑ፦.

Proposition 5.1.6. ଷ೛ X ,Y,Z,W ࣁࣣ nonempty sets. ऩ f : X → Y , g : Y → Z аϷ

h : Z →W ࣁ functions, ߾
h◦ (g◦ f ) = (h◦g)◦ f .

Proof. २Ӄᔠࢗ h ◦ (g ◦ f ) ک (h ◦ g) ◦ f .ჹᔈୱޑӕ࣬کကୱۓޑցԖ࣬ӕࢂ ကۓ٩
g ◦ f : X → Z, а܌ h ◦ (g ◦ f ) : X → W . ளޕ h ◦ (g ◦ f ) ࣁကୱۓޑ X , ჹᔈୱࣁ W . Զ
h◦g : Y →W , а܌ (h◦g)◦ f : X →W . ளޕ (h◦g)◦ f ࣁကୱۓޑ X , ჹᔈୱࣁ W .

ௗ๱൩ࢂᇥܴ, ჹ܌Ԗ x ∈ X ࣣԖ h◦ (g◦ f )(x) = (h◦g)◦ f (x). ကۓ٩ h◦ (g◦ f )(x) ஒࣁ

g◦ f (x) жΕ h ϡનޑள܌ h((g◦ f )(x)). ฅԶ g◦ f (x) = g( f (x)), Ԗࡺ

h◦ (g◦ f )(x) = h((g◦ f )(x)) = h(g( f (x))).

Ψ൩ࢂᇥ h ◦ (g ◦ f )(x) ൩ࢂஒ x жΕ f ϡનޑள܌ f (x), ӆжΕ g ϡનޑள܌ࡕ g( f (x)),
നࡕӆжΕ h ள h(g( f (x))). ӕ౛ (h◦g)◦ f (x) ஒࣁ f (x) жΕ h◦g ϡનޑள܌ (h◦g)( f (x)).
ฅԶ (h◦g)( f (x)) ஒࣁ f (x) жΕ g ϡનޑள܌ࡕ g( f (x)) ӆжΕ h, Ԗࡺ

(h◦g)◦ f (x) = (h◦g)( f (x)) = h(g( f (x))).

ள᛾ h◦ (g◦ f ) ک (h◦g)◦ f .數ڄޑӕ࣬ࣁ �

ӝԋڄ數Ԗ่ӝࡓ, ೭ӧךॺаࡕೀ౛ڄ數ޑӝԋୢᚒਔ࣬྽ख़ा, εৎί࿤ा૶Ր.

5.2. Image and Inverse Image

前य़ගၸ΋ঁڄ數ޑჹᔈୱ٠ؒԖܴዴࡰޑр၀ڄ數ౢૈ܌ғޑϡનԖব٤, ॺךа܌
Ԗᑫ፪ޕၰ၀ڄ數ౢ܌ғޑϡનԖব٤. ӕኬךޑॺΨԖᑫ፪ޕၰڄ數ज़ڋӧޜߚঁࢌη
໣ౢૈ܌ғޑϡન, аЇ຾Α܌ image .ۺཷޑ ϸၸٰᇥ, ჹܭჹᔈୱޜߚޑη໣, ॺΨך
ჹۓܭကୱ္Ԗব٤ϡનёаౢғԜη໣ޑϡનԖᑫ፪, ӢԜЇ຾Α inverse image .ۺཷޑ
ӧаޑࡕ數學ፐำ္, image ک inverse image ೿ࢂҔٰΑှ΋ঁڄ數࿶த૸論ޑፐᚒ.

ᙁൂٰᇥ, ๏ۓ΋ঁ function f : X → Y аϷ X ޑ subset A, ᒏ܌ A ӧ f ܌բҔϐΠޑ

ள image ൩ࢂԏ໣ A ύޑϡનжΕ f .໣ӝޑளϡન܌ࡕ .ကۓޑॺԖаΠך

Definition 5.2.1. ଷ೛ f : X → Y ࣁ function Ъ A ⊆ X . ကۓ f (A) = { f (a) : a ∈ A}, Ъᆀ
f (A) ࣁ the image of A under f . ੝ձޑ, the image of X under f , ջ f (X) ᆀࣁ f ޑ range
(ॶୱ).
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வ f (A) ,ကۓޑ ၰޕॺך f (A) ჹᔈୱࢂ Y ޑ subset. ೭ঁۓကޔࡐௗ, ৒ܰᡣΓࡐ
౛ှ೭ঁϡનޑಔԋϡન. όၸѬࠅό৒ܰඓඝ, Ьाࡐࢂᜤඔᛤځϡન (ፎୖ᎙аΠ
Example 5.2.2). ќѦाݙཀࢂޑ, Ԗޑӕ學ёૈ཮ᇤှ f (a) ∈ f (A) Ң߄ a ∈ A. ჴ೭ӧځ
ᡄᒠ΢ࢂᒱᇤޑ, ӢࣁԖёૈԖϡન b ̸∈ A ՠࢂ f (b) ∈ f (A). ΋ঁКၨӳޑቪࢂݤ, ௗஒޔ
f (A) ࢂϡન࣮ԋޑ္ Y ύޑϡન. Ψ൩ࢂԵቾ y ∈ f (A), ҢӸӧ߄ a ∈ A ٬ள y = f (a). ϸ
ϐ, ऩ y ∈ A ЪӸӧ a ∈ A ٬ள y = f (a) Ң߄က൩ۓ٩ y ∈ f (A). а܌ f (A) Ԗќ΋ঁ฻ሽޑ

ࢂကۓ

f (A) = {y ∈ Y : ∃a ∈ A,y = f (a)}.

೭ঁۓကག᝺ၨόԾฅ, όၸϸԶКၨ৒ܰᡣךॺඓඝ f (A) .ϡનޑ .ηٯޑॺ࣮аΠך

Example 5.2.2. з X = R\{3}, Ъ f : X → R ࣁကۓ f (x) = (x+1)/(x−3), ∀x ∈ X . ৒ࡐ
ܰᔠࢗ, f ࣁ well-defined function. рפॺाך f ޑ range, ջ f (X). ऩޔௗҔۓက, ॺך
Ԗ f (X) = {(x+ 1)/(x− 3) : x ∈ X}, ၰޕॺךᜤᡣࡐ f (X) ύۭډԖٗ٤ϡન. όၸऩҔќ
΋ঁ฻ሽۓက, ჹܭҺཀ y ∈ f (X), Ң߄ y ∈ R ЪӸӧ x ∈ X ٬ள y = f (x) = (x+1)/(x−3).
Ψ൩ࢂᇥ y ೭ঁჴ數, ཮٬ளБำԄ y = (x+ 1)/(x− 3) ӧ X ύԖှ. ཀԜਔݙ y ჴࢂ

數, x ,數ޕ҂ࢂ аճҔ܌ y(x−3) = x+ 1 ёள (y−1)x = 3y+1, ှள x = (3y+1)/(y−1).
ाݙཀ, ೭ঁ௢ᄽၸำ֋ນךॺࢂޑ, ऩ y ∈ R ЪӸӧ x ∈ X ٬ள y = (x+ 1)/(x− 3), ߾
x = (3y+1)/(y−1). ॺךаѬ໻֋ນ܌ x ёૈޑॶ, ٠όߥ᛾ x ѸۓӸӧ. ӢԜךॺ໪жӣ
ᡍ᛾೭ኬޑ x ዴჴёள f (x) = y.

२Ӄҗ x = (3y+ 1)/(y− 1), ޕॺёך y ̸= 1. ٣ჴ΢ӵ݀ y = 1, җଷ೛Ӹӧ߾ x ∈ X

ᅈى 1 = (x+ 1)/(x− 3), ཮ளډ x+ 1 = x− 3, ջ 1 = −3 ϐҟ࣯. ౜ଷ೛ y ̸= 1, ྽߾
x = (3y+1)/(y−1), ॺԖך

x+1
x−3

=

3y+1
y−1 +1
3y+1
y−1 −3

=

4y
y−1

4
y−1

=
4y
4

= y.

Ψ൩ࢂᇥ, ྽ y ̸= 1 ਔ, ዴჴӸӧ x = (3y+ 1)/(y− 1) ∈ R ٬ள (x+ 1)/(x− 3) = y. ॺाך
ዴᇡԜਔ x ̸= 3, ωૈዴۓ x ∈ X . ฅԶऩ x = (3y+ 1)/(y− 1) = 3, Ң߄ 3y+ 1 = 3y− 3, ջ
ள 1 =−3 ϐҟ࣯, ޕࡺ x ∈ X . ,ॺ᛾ளΑך ྽ y ̸= 1 ਔ, Ӹӧ x ∈ X ٬ள y = f (x). Ξޕ྽
y = 1 ਔόёૈډפ x ∈ X ٬ள y = f (x). ӢԜள f (X) = R\{1}.

ௗΠٰ, ॺ௖૸Ԗᜢך image .፦܄ޑ

Lemma 5.2.3. ଷ೛ f : X →Y ࣁ functionЪ A,Bࣁ X ޑ subsets. ऩ A⊆B,߾ f (A)⊆ f (B).

Proof. ,ကۓ٩ ऩ y ∈ f (A), ҢӸӧ߄ a ∈ A, ٬ள y = f (a). ԜਔӢ A ⊆ B, ॺԖך a ∈ B.
Ψ൩ࢂԜਔԵቾ a ∈ B ཮٬ள y = f (a), ࡺ y ∈ f (B). ள᛾ f (A)⊆ f (B). �

౜ऩԵቾ X Һཀঁٿ subsets A,B, ॺԖך A ⊆ A∪B Ъ B ⊆ A∪B. ճҔࡺ Lemma 5.2.3,
ёள f (A)⊆ f (A∪B) Ъ f (B)⊆ f (A∪B). ӢԜҗ Corollary 3.2.4, ள f (A)∪ f (B)⊆ f (A∪B).
ϸϐ,ऩ y ∈ f (A∪B),߄ҢӸӧ x ∈ A∪B,٬ள y = f (x). Ԝਔ,ऩ x ∈ A,߾ள y = f (x)∈ f (A),
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Զऩ x ∈ B, ள߾ y = f (x) ∈ f (B). ӢԜள y ∈ f (A) ܈ y ∈ f (B). Ԝջ߄Ң y ∈ f (A)∪ f (B), ள
᛾ f (A∪B)⊆ f (A)∪ f (B). ӢԜךॺ௢ளΑаΠ܄፦.

Proposition 5.2.4. ଷ೛ f : X → Y ࣁ function Ъ A,B ࣁ X ޑ subsets. ߾

f (A)∪ f (B) = f (A∪B).

ԿܭҬ໣, җܭ A∩B ⊆ A аϷ A∩B ⊆ B, ӢԜҗ Lemma 5.2.3, ёள f (A∩B)⊆ f (A) а

Ϸ f (A∩B)⊆ f (B). җࡺ Corollary 3.2.4, ள f (A∩B)⊆ f (A)∩ f (B). όၸाݙཀ f (A)∩ f (B)

٠ό΋ۓх֖ܭ f (A∩B). Ӣࣁऩ y ∈ f (A)∩ f (B), Ң߄ y ∈ f (A)Ъ y ∈ f (B), ҭջӸӧ a ∈ A

аϷ b∈ Bᅈى y= f (a)Ϸ y= f (b). ՠ೭٠ό߄Ң a= b,ӢԜךॺคݤ௢ள a∈ A∩B. ӵٯ
Եቾڄ數 f : {1,2}→ {0} ࣁကۓ f (1) = f (2) = 0. ऩз A = {1}, B = {2}, ॺԖך A∩B = /0,
ࡺ f (A∩B) = /0. ՠ f (A) = f (B) = {0} ӢԜ f (A)∩ f (B) = {0}. җԜޕٯ f (A)∩ f (B) Ԗё

ૈόх֖ܭ f (A∩B). όၸ f (A∩B)⊆ f (A)∩ f (B) ҉ᇻࢂჹޑ.

ჹܭৡ໣, ࢂޑॺाԵቾך f (A \B) ک f (A) \ f (B) .ᜢ߯ޑ २Ӄऩ y ∈ f (A) \ f (B), ߄
ҢӸӧ a ∈ A ٬ள y = f (a) ՠ y ̸∈ f (B). ጕऩ a ∈ B, ཮೷ԋ y = f (a) ∈ f (B) ϐҟ࣯. ࡺ
ޕ a ∈ A \B, ջ y = f (a) ∈ f (A \B). ள᛾ f (A) \ f (B) ⊆ f (A \B). όၸϸၸٰ٠όԋҥ,
Ӣࣁऩ y ∈ f (A \B), ҢӸӧ߄ a ∈ A \B. Ӣࣁ (A \B) ⊆ A, ॺ྽ฅԖך f (a) ∈ f (A). ՠ
a ̸∈ B, ٠ό߄Ң y = f (a) ̸∈ f (B), ӢࡐࣁԖёૈӸӧ b ∈ B ᅈى f (a) = f (b). ӵ前य़ٯ
f : {1,2}→ {0} ࣁကۓ f (1) = f (2) = 0 .ηٯޑ ऩз A = {1},B = {2}, ॺԖך A\B = A, Ӣ
ԜԖ f (A\B) = f (A) = {0}. ՠ f (A) = f (B) = {0}, а܌ f (A)\ f (B) = /0. җԜޕٯ f (A\B)

Ԗёૈόх֖ܭ f (A)\ f (B). όၸ f (A)\ f (B)⊆ f (A\B) ҉ᇻࢂჹޑ.

Question 5.3. ଷ೛ X ,ӹ໣ࣁ A ⊆ X Ъ f : X → X ࣁ function. ၂ୢ f (Ac)⊆ f (A)c ցࢂ

ԋҥ? Ξ f (A)c ⊆ f (Ac) ?ցԋҥࢂ

ௗΠٰ, ޑᒏ܌ॺٰ௖૸ך inverse image. ᙁൂٰᇥ, ๏ۓ΋ঁ function f : X → Y аϷ

Y ޑ subset C, ᒏ܌ C ӧ f ள܌բҔϐΠޑ inverse image ൩ࢂԏ໣ٗ٤࿶җ f ཮ပӧ C

ύޑϡન܌ԋޑ໣ӝ. .ကۓޑॺԖаΠך

Definition 5.2.5. ଷ೛ f : X → Y ࣁ function Ъ C ⊆ Y . ကۓ f−1(C) = {x ∈ X : f (x) ∈C},
Ъᆀ f−1(C) ࣁ the inverse image of C under f .

வ f−1(C) ,ကۓޑ ၰޕॺך f−1(C) ကୱۓࢂ X ޑ subset. ೭ঁ inverse image ကۓޑ
ςкϩඔᛤځϡન, ကೀ౛ۓௗճҔ೭ঁޔॺёаךа܌ inverse image .፦܄ޑ аΠۓޑ
౛, ,ॺ཮ว౜ך inverse image Кଆ image .ၮᆉᜢ߯ޑ໣ӝϐ໔࡭ߥૈ׳

Proposition 5.2.6. ଷ೛ f : X → Y ࣁ function Ъ C,D ࣁ Y ޑ subsets.

(1) ऩ C ⊆ D, ߾ f−1(C)⊆ f−1(D).

(2) f−1(C∪D) = f−1(C)∪ f−1(D).

(3) f−1(C∩D) = f−1(C)∩ f−1(D).
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(4) f−1(C \D) = f−1(C)\ f−1(D).

Proof. (1) ଷ೛ x ∈ f−1(C), Ң߄ f (x) ∈C. җࡺ C ⊆ D, ள f (x) ∈ D, ҭջ x ∈ f−1(D). ள
᛾ f−1(C)⊆ f−1(D).

(2)җܭC ⊆C∪DЪ D⊆C∪D,ࡺҗ ޕ(1) f−1(C)⊆ f−1(C∪D)Ъ f−1(D)⊆ f−1(C∪D).
ӢԜҗ Corollary 3.2.4 ёள f−1(C)∪ f−1(D) ⊆ f−1(C∪D). ϸϐ, ଷ೛ x ∈ f−1(C∪D), ߄
Ң f (x) ∈ C∪D, ҭջ f (x) ∈ C ܈ f (x) ∈ D. ကளۓ٩ x ∈ f−1(C) ܈ x ∈ f−1(D), Ψ൩ࢂ
ᇥ x ∈ f−1(C)∪ f−1(D). ᛾ܴΑ f−1(C∪D) ⊆ f−1(C)∪ f−1(D), ΨӢԜ᛾ள f−1(C∪D) =

f−1(C)∪ f−1(D).

(3)җܭC∩D⊆CЪC∩D⊆D,ࡺҗ ޕ(1) f−1(C∩D)⊆ f−1(C)Ъ f−1(C∩D)⊆ f−1(D).
ӢԜҗ Corollary 3.2.4 ёள f−1(C∩D)⊆ f−1(C)∩ f−1(D). ϸϐ, ଷ೛ x ∈ f−1(C)∩ f−1(D),
Ң߄ x ∈ f−1(C) Ъ x ∈ f−1(D), ҭջ f (x) ∈ C Ъ f (x) ∈ D. ӢԜள f (x) ∈ C ∩D, ۓ٩
ကջࣁ x ∈ f−1(C ∩D). ᛾ܴΑ f−1(C)∩ f−1(D) ⊆ f−1(C ∩D), ΨӢԜ᛾ள f−1(C ∩D) =

f−1(C)∩ f−1(D).

(4)ଷ೛ x ∈ f−1(C\D),߄Ң f (x)∈C\D,ҭջ f (x)∈CЪ f (x) ̸∈ D. ளޕ x ∈ f−1(C). ౜
ऩΞ x ∈ f−1(D), Ң߄ f (x) ∈ D, Ԝᆶ前य़ f (x) ̸∈ D ࣬ҟ࣯, ޕࡺ x ̸∈ f−1(D). җ x ∈ f−1(C)

Ъ x ̸∈ f−1(D), ॺளך x ∈ f−1(C) \ f−1(D). ள᛾ f−1(C \D) ⊆ f−1(C) \ f−1(D). ϸϐ, ଷ
೛ x ∈ f−1(C) \ f−1(D), Ң߄ x ∈ f−1(C) Ъ x ̸∈ f−1(D). ளޕ f (x) ∈ C. ౜ऩΞ f (x) ∈ D,
Ң߄ x ∈ f−1(D), Ԝᆶ前य़ x ̸∈ f−1(D) ࣬ҟ࣯, ޕࡺ f (x) ̸∈ D. җ f (x) ∈ C Ъ f (x) ̸∈ D,
ॺளך f (x) ∈ C \D, ջ x ∈ f−1(C \D). ள᛾ f−1(C) \ f−1(D) ⊆ f−1(C \D), ΨӢԜ᛾ܴΑ
f−1(C \D) = f−1(C)\ f−1(D). �

Question 5.4. ଷ೛ X ,ӹ໣ࣁ A ⊆ X Ъ f : X → X ࣁ function. ၂ୢ f−1(Ac)⊆ ( f−1(A))c

?ցԋҥࢂ Ξ ( f−1(A))c ⊆ f−1(Ac) ?ցԋҥࢂ

྽ f : X → Y ࣁ function Ъ A ࣁ X ޑ subset ਔ, ฅࡽ f (A) ࣁ Y ޑ subset, ॺ྽ך
ฅёаԵቾ f−1( f (A)). ౜ଷ೛ a ∈ A, ॺԖך f (a) ∈ f (A), ٩ࡺ inverse image ကளۓޑ
a ∈ f−1( f (A)), ள᛾ A ⊆ f−1( f (A)). ϸϐ, ऩ x ∈ f−1( f (A)), Ң߄ f (x) ∈ f (A), ՠ೭٠ό߄
Ң x ∈ A. ӵ前य़ٯ f : {1,2} → {0} ࣁကۓ f (1) = f (2) = 0 .ηٯޑ ऩз A = {1}, ॺԖך
f (A) = {0}, ՠ f−1( f (A)) = f−1({0}) = {1,2} ̸= A. җԜޕٯ f−1( f (A)) Ԗёૈόх֖ܭ A.
όၸ A ⊆ f−1( f (A)) ҉ᇻࢂჹޑ.

Question 5.5. ଷ೛ f : X → Y ࣁ function. ၂᛾ܴ f−1( f (X)) = X .

ӕኬޑ྽Cࣁ Y ޑ subsetਔ,ࡽฅ f−1(C)ࣁ X ޑ subset,ךॺ྽ฅёаԵቾ f ( f−1(C)).
౜ଷ೛ y ∈ f ( f−1(C)), ҢӸӧ߄ x ∈ f−1(C) ٬ள y = f (x). ฅԶ٩ inverse image ۓޑ
က x ∈ f−1(C) Ң߄ f (x) ∈ C, ளࡺ y = f (x) ∈ C. ள᛾ f ( f−1(C)) ⊆ C. ϸϐ, ऩ y ∈ C,
όـள཮Ԗ y ∈ f ( f−1(C)), ೭ࢂӢࣁό΋ۓӸӧ x ∈ X ٬ள y = f (x). 數ڄӵԵቾٯ
f : {1,2} → {3,4} ࣁကۓ f (1) = f (2) = 3. ऩз C = {3,4}, ॺԖך f−1(C) = {1,2}, ՠ
f ( f−1(C)) = f ({1,2}) = {3} ̸=C. җԜޕٯ C Ԗёૈόх֖ܭ f ( f−1(C)). όၸऩ y ∈C Ъ

Ӹӧ x ∈ X ٬ள y = f (x), .൩ό΋ኬΑݩ௃߾ .่݀ޑॺԖΠय़ך
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Proposition 5.2.7. ଷ೛ f : X → Y ࣁ function Ъ C ࣁ Y ޑ subset, ߾

f ( f−1(C)) =C∩ f (X).

Proof. 前य़ς᛾ள f ( f−1(C)) ⊆ C, ΞӢ f−1(C) ⊆ X , Ԗࡺ f ( f−1(C)) ⊆ f (X), ӢԜள
f ( f−1(C))⊆C∩ f (X). ќ΋Бय़ऩ y ∈C∩ f (X), Ң߄ y ∈C ЪӸӧ x ∈ X ٬ள y = f (x). Ӣ
Ԝޕ, Ԝ x ᅈى f (x) = y ∈C, ҭջ x ∈ f−1(C). а܌ y = f (x) ∈ f ( f−1(C)), ள᛾ C∩ f (X)⊆
f ( f−1(C)). ӢԜ᛾ܴΑ f ( f−1(C)) =C∩ f (X). �

Proposition 5.2.7, Ψ೚ӭᔈҔ. 數ڄۓӵ๏ٯ f : X → Y аϷ X ޑ subset A. ॺԖך
f (A) ࣁ Y ޑ subset, Ъ f (A)⊆ f (X). ঺Ҕࡺ Proposition 5.2.7 (C = f (A) ,(ݩ௃ޑ ёள

f ( f−1( f (A))) = f (A)∩ f (X) = f (A).

Question 5.6. ଷ೛ f : X → Y ࣁ function Ъ C ࣁ Y ޑ subset. ၂ճҔ Proposition 5.2.7,
Proposition 5.2.6 аϷ Question 5.5 ᛾ܴ

f−1( f ( f−1(C))) = f−1(C).

5.3. Onto, One-to-One and Inverse

Onto ک one-to-one .፦܄ޑᅿ੝ਸٿ數ύڄࢂ Ԗ೭ٿᅿ੝ਸ܄፦ڄޑ數൩཮Ԗ܌ᒏ
.數ڄϸޑ ೭٤೿ࢂஒٰӧ຾໘數學ፐำύ཮ၶ܄ޑډ፦. ॺஒ學ಞӵՖᒣᇡך onto Ϸ
one-to-one ,數ڄޑ аϷѬॺ୷ҁ܄ޑ፦.

ᒏ܌ onto (ԋࢀ) ,數ڄޑ ᙁൂٰᇥ൩ࢂჹᔈୱ္؂ঁϡન, ೿ёҗۓကୱ္ޑϡનࢀ৔
Զள. Ψ൩ࢂᇥ΋ঁڄ數ޑ range (ॶୱ) ࣁ࡞ codomain (ჹᔈୱ) ൩ࢂ onto .數ڄޑ ҅ځ
ԄۓကӵΠ:

Definition 5.3.1. ଷ೛ f : X → Y ࣁ function. ऩ f (X) = Y , ॺᆀך߾ f ࣁ onto. Ψ൩ࢂ
ᇥჹҺཀ y ∈ Y ࣣӸӧ x ∈ X ٬ள f (x) = y. ԖਔΨᆀ onto ࣁ數ڄޑ surjective function.

Ҕ inverse image ᢀᗺٰ࣮ޑ f : X → Y ࣁ onto Ψ฻ӕܭჹܭҺཀ y ∈ Y , f−1({y}) ̸= /0.
όၸ྽ा᛾ܴ΋ঁڄ數ࣁ onto, ΋૓தҔޑБݤᗋࢂӵ前΋࿯פ image .ೀ౛ݤБޑ ॺך
࣮аΠٯޑη.

Example 5.3.2. (A) ӧ Example 5.2.2 ύךॺԵቾڄ數 f : R \ {3} → R ࣁကۓ f (x) =

(x+1)/(x−3), ∀x ∈ X . рפॺך f ޑ range ࣁ R\{1}. ӢԜ f όࢂ onto. ՠऩԵቾ “ཥ”
數ڄޑ g : R\{3}→ R\{1} ࣁကۓ g(x) = (x+1)/(x−3), ∀x ∈ X , ߾ g(x) ࣁ onto.

(B) Եቾڄ數 f : Z→ N∪{0} ࣁကۓ

f (n) =
{

2n, if n ≥ 0;
−2n−1, if n < 0.

ॺᇥܴך f ࣁ onto. २Ӄҗ f ၰёаஒޕॺεठך߾৔ೕࢀޑ f ჹᔈୱϡનϩԋޑ

ଽ數ᆶڻ數. ౜ऩ k ∈ N∪{0} ,ଽ數ࣁ Ң߄ k/2 ∈ Z Ъ k/2 ≥ 0. ڗԜਔࡺ n = k/2, ך
ॺԖ f (n) = 2n = k. Զऩ k ∈ N∪{0} ,數ڻࣁ Ң߄ k+ 1 ∈ Z ଽ數Ъࣁ k+ 1 > 0. Ԝਔڗ
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n =−(k+1)/2,ךॺԖ n ∈ZЪ n < ကԖۓ٩ࡺ,0 f (n) =−2n−1 = (−2(−(k+1)/2)−1 = k.
ள᛾ f ࣁ onto.

྽ၶܜډຝڄޑ數 (ջڄ數ؒԖڀᡏ׎ޑԄ) ਔ, ԖਔҔۓက᛾ܴѬࢂ onto Ԗᗺഞྠ.
ௗΠٰךॺϟಏ΋ঁࡐӳҔٰ᛾ܴ΋ঁܜຝڄ數ࣁ onto .ݤБޑ

Theorem 5.3.3. ଷ೛ f : X → Y ࣁ function. ߾ f ࣁ onto ऩЪ୤ऩӸӧ g : Y → X ࣁ

function ᅈى f ◦g = idY .

Proof. (⇒)྽ f : X →Y ࣁ ontoਔ,ךॺाճҔ f 數ڄ΋ঁډפ g : Y → X ᅈى f ◦g = idY .
೭΋ঁ᛾ܴځჴᝄ਱ٰᇥࢂाҔ Axiom of Choice ٰೀ౛, όၸҗךܭॺۘ҂ϟಏၸѬ, ܌
а೭္ޑ᛾ܴᝄ਱ٰᇥ٠όֹࡐࢂ๓. .ջёࡘཀޑ᛾ܴεठ΢ޑၰѬޕఈεৎ׆ २Ӄҗ f

ࣁ onto, ၰჹҺཀޕॺך y ∈Y , f−1({y}) ̸= /0. ӢԜჹܭҺཀ y ∈Y , ကۓॺך g(y) ໣ޜߚࣁ

ӝ f−1({y}) ύࢌޑ΋ঁ੝ۓϡન. җԜךॺۓကΑ΋ঁவ Y ډ X 數ڄޑ g. ٩Ԝۓကך
ॺԖ f ◦g : Y → Y ЪჹܭҺཀ y ∈ Y , ऩ g(y) = x, Ӣ߾ x ∈ f−1({y}), ޕ f (x) = y. Ψ൩ࢂᇥ
f ◦g(y) = f (g(y)) = f (x) = y. ள᛾ f ◦g = idY .

(⇐) ౜ଷ೛ g : Y → X ࣁ function Ъᅈى f ◦g = idY , ॺा᛾ܴך f : X → Y ࣁ onto, Ψ
൩ࢂᇥჹҺཀ y ∈ Y , ाډפ x ∈ X ٬ள y = f (x). ฅԶӢ y ∈ Y , ॺԖך g(y) ∈ X . ӢԜऩԵ
ቾ x = g(y) ∈ X , ߾ f (x) = f (g(y)) = f ◦g(y) = idY (y) = y. ள᛾ዴჴӸӧ x ∈ X ٬ள y = f (x),
ޕࡺ f : X → Y ࣁ onto. �

Example 5.3.4. Եቾ X = {1,2,3}, Y = {a,b} аϷ f : X → Y , ࣁကۓ f (1) = f (2) = a,
f (3) = b. ٩Ԝۓက f : X → Y ࣁ onto. ډפॺाך g : Y → X ٬ள f ◦g = idY . җܭाۓက
வ Y ډ X ,數ڄޑ а؂ঁ܌ Y ύޑϡન೿ाۓကځӵՖࢀ৔. ౜җܭ f−1({a}) = {1,2},
ڗॺҺך f−1({a}) ύޑ΋ঁϡન, КБᇥڗ 2, ӢԜۓက g(a) = 2. Ξҗܭ f−1({b}) = {3}
໻Ԗ΋ঁϡન, ကۓॺךа܌ g(b) = 3. ٩ԜۓကךॺԖ g : Y → X ΋ঁࣁ function Ъᅈى
f ◦g(a) = f (g(a)) = f (2) = a аϷ f ◦g(b) = f (g(b)) = f (3) = b. ளࡺ f ◦g = idY .

Theorem 5.3.3 ёаᔅךॺόѸҔ onto ကೀ౛Ԗᜢۓޑ onto .᛾ܴޑ ॺԖаΠךӵٯ
.፦܄ޑ

Proposition 5.3.5. ऩ f1 : X → Y , f2 : Y → Z ࣁࣣ onto function, ߾ f2 ◦ f1 : X → Z ҭࣁ

onto.

Proof. (Бݤ΋)ךॺёаҔ ontoۓޑကೀ౛,ჹܭҺཀ z∈ Z,ाډפ x∈X ٬ள f2◦ f1(x)=

z. ฅԶ f2 : Y → Zࣁ onto,ࡺჹԜ z∈ Z,Ӹӧ y∈Y ٬ள f2(y)= z. ΞӢ f1 : X →Y ࣁ onto,܌
аჹԜ y ∈Y ,Ӹӧ x ∈ X ٬ள f1(x) = y. ౜ճҔԜ x,ךॺԖ f2 ◦ f1(x) = f2( f1(x)) = f2(y) = z.
ӢԜள᛾ f2 ◦ f1 : X → Z ࣁ onto.

(БݤΒ) ճҔ Theorem 5.3.3, ा᛾ܴ f2 ◦ f1 : X → Z ࣁ onto, ډפॺ໻ाך g : Z → X

٬ள ( f2 ◦ f1)◦g = idZ ջё. ฅԶςޕ f1 : X →Y , f2 : Y → Z ࣁࣣ onto, җࡺ Theorem 5.3.3
Ӹӧޕ g1 : Y → X , g2 : Z → Y ᅈى f1 ◦g1 = idY аϷ f2 ◦g2 = idZ. ౜з g = g1 ◦g2 : Z → X ,
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ॺԖך ( f2 ◦ f1) ◦ g = ( f2 ◦ f1) ◦ (g1 ◦ g2). ճҔӝԋڄ數่ޑӝࡓ (Proposition 5.1.6) аϷ
Lemma 5.1.5, ॺԖך ( f2 ◦ f1)◦ (g1 ◦g2) = f2 ◦ ( f1 ◦g1)◦g2 = f2 ◦ (idY ◦g2) = f2 ◦g2 = idZ. ள

᛾ ( f2 ◦ f1)◦g = idZ. �

ाݙཀ Proposition 5.3.5 ,ԋҥۓϸӛό΋ޑ Ψ൩ࢂᇥ f2 ◦ f1 ࣁ onto ٠ό߄Ң f1, f2 ࣣ

ࣁ onto. ӵӧٯ Example 5.3.4 ύ g : {a,b}→ {1,2,3} ࣁကۓ g(a) = 2,g(b) = 3, όࢂ onto.
ՠ f ◦g = id{a,b} ࣁ onto. όၸךॺԖаΠϐ่݀.

Corollary 5.3.6. ऩ f1 : X → Y , f2 : Y → Z ࣁࣣ function Ъ f2 ◦ f1 : X → Z ࣁ onto, ߾ f2

ࣁ onto.

Proof. җ f2◦ f1 : X → Zࣁ onto,ճҔ Theorem Ӹӧޕ5.3.3 g : Z →X ᅈى ( f2◦ f1)◦g= idZ.
ӢԜճҔӝԋڄ數่ӝࡓள f2 ◦ ( f1 ◦ g) = idZ. ౜з g2 = f1 ◦ g, ॺԖך g2 : Z → Y Ъᅈى

f2 ◦g2 = f2 ◦ ( f1 ◦g) = idZ. аӆԛճҔ܌ Theorem 5.3.3 ள᛾ f2 : Y → Z ࣁ onto. �

Question 5.7. ၂ճҔ onto က᛾ܴۓޑ Corollary 5.3.6.

ाݙཀ Corollary 5.3.6 ,ԋҥۓϸӛΨό΋ޑ Ψ൩ࢂᇥൂ໻ଷ೛ f2 ࣁ onto ٠όૈߥ᛾
f2 ◦ f1 ࣁ onto.

Question 5.8. Եቾ X = {a,b}, Y = {1,2,3},၂ٯډפη f1 : X →Y , f2 : Y → X ࣁ functions
ύځ f2 ࣁ onto, ՠࢂ f2 ◦ f1 όࢂ onto.

ௗΠٰךॺ௖૸܌ᒏ one-to-one (΋ჹ΋) ,數ڄޑ ᙁൂٰᇥ൩ۓࢂကୱ္࣬౦ޑޑϡન
೿཮೏ࢀ৔ჹᔈୱ္࣬౦ޑϡન. :ကӵΠۓԄ҅ځ

Definition 5.3.7. ଷ೛ f : X → Y ࣁ function. ऩჹܭ X ύҺ࣬ٿ౦ϡન x1 ̸= x2, ࣣԖ
f (x1) ̸= f (x2), ॺᆀך߾ f ࣁ one-to-one. ԖਔΨᆀ one-to-one ࣁ數ڄޑ injective function.

Ҕ inverse image ᢀᗺٰ࣮ޑ f : X → Y ࣁ one-to-one Ψ฻ӕܭჹܭҺཀ y ∈ Y ,
#( f−1({y})) ≤ 1 (Ԗёૈ f−1({y})) = /0). ќѦ΋૓ٰᇥाೀ౛ό฻ဦၨ֚ࣁᜤ, а྽܌
ा᛾ܴ one-to-one ਔ, ॺε೿Ҕך Definition 5.3.7 ޑ contrapositive ೀ౛. Ψ൩ࢂᇥ᛾ܴჹ
Һཀ x1,x2 ∈ X ᅈى f (x1) = f (x2), ߾ x1 = x2. .ηٯޑॺ࣮аΠך

Example 5.3.8. ॺ௖૸ך Example 5.3.2 ύڄޑ數ࢂցࣁ one-to-one.

(A)Եቾڄ數 f :R\{3}→Rۓကࣁ f (x)= (x+1)/(x−3), ∀x∈X . ౜ऩ x1,x2 ∈R\{3}ᅈ
ى f (x1)= f (x2),߄Ң (x1+1)/(x1−3)= (x2+1)/(x2−3),ջ (x1+1)(x2−3)= (x2+1)(x1−3).
ϯᙁள x2 −3x1 = x1 −3x2, ջ x1 = x2. ӢԜள᛾ f ࣁ one-to-one.

(B) Եቾڄ數 f : Z→ N∪{0} ࣁကۓ

f (n) =
{

2n, if n ≥ 0;
−2n−1, if n < 0.

౜ଷ೛ n1,n2 ∈ Z ᅈى f (n1) = f (n2). җܭऩ n1,n2 ܭ฻ܭεࣁύԖ΋ঁځ 0 ќ΋ঁࣁλ

ܭ 0, ٩߾ f ကۓޑ f (n1) ک f (n2) Ѹࣁ΋ڻ΋ଽ, Ԝᆶ f (n1) = f (n2) ࣬ҟ࣯. ӢԜךॺ
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Ԗ n1 ≥ 0,n2 ≥ 0 ܈ n1 < 0,n2 < 0. ྽ n1 ≥ 0,n2 ≥ 0, ॺԖך f (n1) = 2n1, f (n2) = 2n2, җࡺ
f (n1) = f (n2) ϐଷ೛ள n1 = n2. ӕ౛, ྽ n1 < 0,n2 < 0, ॺԖך f (n1) = −2n1 − 1, f (n2) =

−2n2 −1, җࡺ f (n1) = f (n2) ϐଷ೛ள n1 = n2. ӢԜள᛾ f ࣁ one-to-one.

ک onto ,΋ኬݩ௃ޑ ࣁ數ڄຝܜက᛾ܴ΋ঁۓॺԖ΋ঁόѸҗך one-to-one .ݤБޑ

Theorem 5.3.9. ଷ೛ f : X → Y ࣁ function. ߾ f ࣁ one-to-one ऩЪ୤ऩӸӧ h : Y → X

ࣁ function ᅈى h◦ f = idX .

Proof. (⇒) ྽ f : X → Y ࣁ one-to-one ਔ, ॺाճҔך f 數ڄ΋ঁډפ h : Y → X ᅈى

h ◦ f = idY . २Ӄҗ f ࣁ one-to-one, ၰჹҺཀޕॺך y ∈ Y , #( f−1({y})) ≤ 1. ӢԜჹܭҺ
ཀ y ∈ Y , ऩ f−1({y}) = /0 ကۓॺך h(y) ࣁ X ύࢌ΋ঁۓڰϡન. Զऩ f−1({y}) ̸= /0, ߾
f−1({y}) ໻Ԗ΋ঁϡન. ӢԜऩ f−1({y}) = {x} ကۓߡॺך h(y) = x. ٩ԜךॺۓߡကΑ΋
ঁவ Y ډ X 數ڄޑ h. ٩ԜۓကךॺԖ h◦ f : X → X ЪჹܭҺཀ x ∈ X , ऩ f (x) = y, Ӣ߾
x ∈ f−1({y}), ޕ h(y) = x. Ψ൩ࢂᇥ h◦ f (x) = h( f (x)) = h(y) = x. ள᛾ h◦ f = idX .

(⇐) ౜ଷ೛ h : Y → X ࣁ function Ъᅈى h ◦ f = idX , ॺा᛾ܴך f : X → Y ࣁ one-
to-one, Ψ൩ࢂᇥऩ x1,x2 ∈ X ᅈى f (x1) = f (x2), ॺा᛾ܴך x1 = x2. ฅԶӢ x1 ∈ X , ך
ॺԖ x1 = idX(x1) = h ◦ f (x1) = h( f (x1)). ӕ౛Ӣ x2 ∈ X , ॺԖך x2 = h( f (x2)). ౜җଷ೛
f (x1) = f (x2) ∈ Y аϷ h : Y → X ࣁ function ޕ h( f (x1)) = h( f (x2)). ӢԜள᛾

x1 = h( f (x1)) = h( f (x2)) = x2.

�

Example 5.3.10. Եቾ X = {a,b}, Y = {1,2,3} аϷ f : X → Y , ࣁကۓ f (a) = 3, f (b) = 1.
٩Ԝۓက f : X → Y ࣁ one-to-one. ډפॺाך h : Y → X ٬ள h ◦ f = idX . җܭाۓက
வ Y ډ X ,數ڄޑ а؂ঁ܌ Y ύޑϡન೿ाۓကځӵՖࢀ৔. ౜җܭ f−1({2}) = /0, ך
ॺҺڗ X ύޑ΋ঁϡન, КБᇥڗ a, ӢԜۓက h(2) = a. Ξҗܭ f−1({1}) = {b} ךа܌
ॺۓက h(1) = b. Զ f−1({3}) = {a} ကۓॺךа܌ h(3) = a ٩ԜۓကךॺԖ h : Y → X ࣁ

΋ঁ function Ъᅈى h◦ f (a) = h( f (a)) = h(3) = a аϷ h◦ f (b) = h( f (b)) = h(1) = b. ளࡺ
h◦ f = idX .

Theorem 5.3.9 ёаᔅךॺόѸҔ one-to-one ကೀ౛Ԗᜢۓޑ one-to-one .᛾ܴޑ ӵٯ
.፦܄ޑॺԖаΠך

Proposition 5.3.11. ऩ f1 : X →Y , f2 : Y → Z ࣁࣣ one-to-one function, ߾ f2 ◦ f1 : X → Z

ҭࣁ one-to-one.

Proof. (Бݤ΋) ॺёаҔך one-to-one .ကೀ౛ۓޑ ଷ೛ x1,x2 ∈ X ಄ӝ f2 ◦ f1(x1) =

f2 ◦ f1(x2). Ψ൩ࢂᇥ f2( f1(x1)) = f2( f1(x2)), ฅԶ f2 : Y → Z ࣁ one-to-one, ӢԜޕ f1(x1) =

f1(x2). ӆҗ f1 : X → Y ࣁ one-to-one, ள᛾ x1 = x2

(БݤΒ) ճҔ Theorem 5.3.9, ा᛾ܴ f2 ◦ f1 : X → Z ࣁ one-to-one, ډפॺ໻ाך
h : Z → X ٬ள h ◦ ( f2 ◦ f1) = idX ջё. ฅԶςޕ f1 : X → Y , f2 : Y → Z ࣁࣣ one-to-one,
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җࡺ Theorem 5.3.9 Ӹӧޕ h1 : Y → X , h2 : Z → Y ᅈى h1 ◦ f1 = idX аϷ h2 ◦ f2 = idY .
౜з h = h1 ◦ h2 : Z → X , ॺԖך h ◦ ( f2 ◦ f1) = (h1 ◦ h2) ◦ ( f2 ◦ f1). ճҔӝԋڄ數่ޑӝ
ࡓ (Proposition 5.1.6) аϷ Lemma 5.1.5, ॺԖך (h1 ◦ h2) ◦ ( f2 ◦ f1) = h1 ◦ (h2 ◦ f2) ◦ f1 =

h1 ◦ (idY ◦ f1) = h1 ◦ f1 = idX . ள᛾ h◦ ( f2 ◦ f1) = idX . �

ाݙཀ Proposition 5.3.11 ,ԋҥۓϸӛό΋ޑ Ψ൩ࢂᇥ f2 ◦ f1 ࣁ one-to-one ٠ό߄
Ң f1, f2 ࣁࣣ one-to-one. ӵӧٯ Example 5.3.10 ύ h : {1,2,3} → {a,b} ࣁကۓ h(1) =

b,h(2) = a,h(3) = a, όࢂ one-to-one. ՠ h◦ f = id{a,b} ࣁ one-to-one. όၸךॺԖаΠϐ่
݀.

Corollary 5.3.12. ऩ f1 : X →Y , f2 : Y → Z ࣁࣣ function Ъ f2 ◦ f1 : X → Z ࣁ one-to-one,
߾ f1 ࣁ one-to-one.

Proof. җ f2 ◦ f1 : X → Z ࣁ one-to-one, ճҔ Theorem 5.3.9 Ӹӧޕ h : Z → X ᅈى h ◦
( f2 ◦ f1) = idX . ӢԜճҔӝԋڄ數่ӝࡓள (h ◦ f2) ◦ f1 = idX . ౜з h1 = h ◦ f2, ॺԖך
h1 : Y → X Ъᅈى h1 ◦ f1 = (h◦ f2)◦ f1 = idX . аӆԛճҔ܌ Theorem 5.3.9 ள᛾ f1 : X → Y

ࣁ one-to-one. �

Question 5.9. ၂ճҔ one-to-one က᛾ܴۓޑ Corollary 5.3.12.

ाݙཀ Corollary 5.3.12 ,ԋҥۓϸӛΨό΋ޑ Ψ൩ࢂᇥൂ໻ଷ೛ f1 ࣁ one-to-one ٠ό
᛾ߥૈ f2 ◦ f1 ࣁ one-to-one.

Question 5.10. Եቾ X = {a,b}, Y = {1,2,3}, ၂ٯډפη f1 : X → Y , f2 : Y → X ࣁ

functions ύځ f1 ࣁ one-to-one, ՠࢂ f2 ◦ f1 όࢂ one-to-one.

നךࡕॺٰ௖૸ one-to-one and onto .數ڄޑ ೭ኬڄޑ數΋૓ךॺᆀϐࣁ bijective
function ܈ bijection. ଷ೛ f : X → Y ࢂ bijective, җ f ࣁ onto Ӹӧޕ g : Y → X ᅈ

ى f ◦ g = idY (Theorem 5.3.3). Ξҗ f ࣁ one-to-one Ӹӧޕ h : Y → X ٬ள h ◦ f = idX

(Theorem 5.3.9). ӢԜҗ่ӝࡓаϷ Lemma 5.1.5, ॺԖך

h = h◦ idY = h◦ ( f ◦g) = (h◦ f )◦g = idX ◦g = g.

Ψ൩ࢂᇥ྽ f : X → Y ࣁ bijective ਔ, ډפॺёаך g : Y → X , ӕਔᅈى f ◦ g = idY Ъ

g◦ f = idX . ٣ჴ΢೭ኬڄޑ數 g .ޑ୤΋ࢂ ೭ࢂӢࣁଷ೛ g : Y → X ک g′ : Y → X ࣣᅈى

f ◦g = f ◦g′ = idY аϷ g◦ f = g′ ◦ f = idX , ճҔখω࣬ӕޑ౛җךॺԖ

g′ = g′ ◦ idY = g′ ◦ ( f ◦g) = (g′ ◦ f )◦g = idX ◦g = g.

൩Ӣࣁ೭ኬڄޑ數 g کЪΞޑ୤΋ࢂ f Ԗᜢ, ಄ဦޑॺ๏Ѭ΋ঁ੝ਸך f−1, Ъᆀϐࣁ f ޑ

inverse. җܭ೭ঁচӢ, ॺΨᆀך bijective function ࣁ invertible function.

Question 5.11. ଷ೛ f : X → Y ࣁ injective. ၂᛾ܴऩ g : Y → X ᅈى f ◦ g = idY , ߾
g = f−1. Ъ᛾ܴԜਔऩ h : Y → X ᅈى h◦ f = idX , ߾ h = f−1.
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ाݙཀ, ί࿤όाஒ f−1 ک inverse image བషΑ. ΋૓ڄޑ數೿ёаۓ inverse image,
Ψ൩ࢂᇥόᆅ f : X →Y ࢂόࢂ bijective, ჹҺཀ Y ޑ subset C, inverse image f−1(C) ೿ࢂ

Ԗۓကޑ. ՠჹܭ Y ϡન y, ൩ѝԖ྽ f ࣁ bijective ਔ f−1(y) ωԖۓက. ,Ԗा੮ཀ܌ ჹҺ
ཀ y ∈ Y , f−1({y}) ೿Ԗۓက, ՠ f−1(y) ൩ѝԖ྽ f ࣁ bijective ਔωԖۓက.

྽ f : X → Y ࣁ bijective ਔ, ॺёаճҔך inverse image ஒ f−1 : Y → X ቪΠ. ٣ჴ΢,
ჹҺཀ y ∈Y , җ f ࣁ onto аϷ one-to-one, ॺԖך #( f−1({y})) = 1. Ψ൩ࢂᇥ f−1({y}) ࡞
Ԗ΋ঁϡન. ӢԜऩ f−1({y}) = {x}, ကۓॺך߾ f−1(y) = x. ٩Ԝۓက, ॺԖך f (x) = y ऩ

Ъ୤ऩ f−1(y) = x, ӢԜዴჴள f ◦ f−1 = idY Ъ f−1 ◦ f = idX .

Example 5.3.13. ॺ௖૸ך Example 5.3.2 ύޑ bijective function ځ inverse .Ֆࣁ

(A) Եቾڄ數 g : R \ {3} → R \ {1} ࣁကۓ g(x) = (x+ 1)/(x− 3), ∀x ∈ X , ߾ g(x) ࣁ

onto. ӧ Example 5.2.2 ύךॺޕၰჹҺཀ y ∈ R\{1}, g−1({y}) = {(3y+1)/(y−1)}. ӢԜ
ޕ g−1 : R\{1}→ R\{3} ࣁကۓ g−1(x) = (3x+1)/(x−1), ∀x ∈ R\{1}.

(B) Եቾڄ數 f : Z→ N∪{0} ࣁကۓ

f (n) =
{

2n, if n ≥ 0;
−2n−1, if n < 0.

ӧ Example 5.3.2 ύךॺޕऩ k ∈N∪{0} ,ଽ數ࣁ ߾ f−1({k}) = {k/2}. Զऩ k ∈N∪{0} ࣁ
,數ڻ ߾ f−1({k}) = {−(k+1)/2}. ӢԜள f−1 : N∪{0}→ Z ࣁကۓ

f−1(n) =
{

n/2, if n is even;
−(n+1)/2, if n is odd.

ၰ྽ޕॺך f : X → Y ࣁ bijective ਔ, f ޑ inverse Ӹӧ. ϸϐ, ऩ f ޑ inverse Ӹӧ, ջ
Ӹӧ f−1 : Y → X ٬ள f ◦ f−1 = idY Ъ f−1 ◦ f = idX , җ߾ Theorem 5.3.3 ک Theorem 5.3.9
ޕ f ࣁ bijective. ӢԜךॺԖаΠϐ่݀.

Theorem 5.3.14. ଷ೛ f : X →Y ࣁ function. ߾ f ࣁ bijection ऩЪ୤ऩӸӧ f−1 : Y → X

٬ள f ◦ f−1 = idY Ъ f−1 ◦ f = idX .

Question 5.12. ଷ೛ f : X →Y ࣁ bijective function. ၂᛾ܴ f−1 : Y → X ҭࣁ bijective Ъ
( f−1)−1 = f .

ճҔ Proposition 5.3.5 ک Proposition 5.3.11 :፦܄ޑॺଭ΢ԖаΠך

Proposition 5.3.15. ऩ f1 : X →Y , f2 : Y → Z ࣁࣣ bijective function, ߾ f2 ◦ f1 : X → Z ҭ

ࣁ bijective function. ЪԜਔ
( f2 ◦ f1)

−1 = f−1
1 ◦ f−1

2 .

Proof. ॺѝा᛾ܴךჴځ ( f2 ◦ f1)◦ ( f−1
1 ◦ f−1

2 ) = idZ аϷ ( f−1
1 ◦ f−1

2 )◦ ( f2 ◦ f1) = idX . ӆճ
Ҕ Theorem 5.3.14 ൩ёள f2 ◦ f1 : X → Z ࣁ bijective. ΞӢ inverse function ,܄୤΋ޑ Ψ
᛾ளΑ ( f2 ◦ f1)

−1 = f−1
1 ◦ f−1

2 . ฅԶ

( f2 ◦ f1)◦ ( f−1
1 ◦ f−1

2 ) = f2 ◦ ( f1 ◦ f−1
1 )◦ f−1

2 = ( f2 ◦ idY )◦ f−1
2 = f2 ◦ f−1

2 = idZ,
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( f−1
1 ◦ f−1

2 )◦ ( f2 ◦ f1) = f−1
1 ◦ ( f−1

2 ◦ f2)◦ f1 = f−1
1 ◦ (idY ◦ f1) = f−1

1 ◦ f1 = idX .

ள᛾ҁۓ౛. �

Question 5.13. ଷ೛ f1 : X → Y , f2 : Y → Z ࣁࣣ function Ъ f2 ◦ f1 : X → Z ࣁ bijective.
ցࢂ f1 : X → Y , f2 : Y → Z ࣁࣣ bijective? Ξऩ f1, f2 ࢂύԖ΋ঁځ bijective, ࢂќ΋ঁ߾
ցࣁ bijective?

5.4. Equivalent Sets and Cardinal Number

྽ךॺӧीᆉ΋ঁ໣ӝ္ϡનঁޑ數ਔ, ΋ޑη໣ӝϐ໔ޑ᏾數҅ک๏ΑԜ໣ӝࢂჴځ
ঁ΋ჹ΋Ъࢀԋڄޑ數ᜢ߯. ӵଷ೛໣ӝٯ A Ԗ n ঁϡન, ྽ךॺ΋ঁ΋ঁޑ數 A ϡનޑ

ਔ, ٣ჴ΢൩๏Α΋ঁ {1, . . . ,n} ډ A ޑ bijective function. ۓޑԖаΠޑԾฅࡐॺךа܌
က.

Definition 5.4.1. ଷ೛ A,B ࣁ set, ऩӸӧ΋ঁ bijection f : A → B, ᆀ߾ A is equivalent to
B, ЪҔ |A|= |B| .Ң߄

ाݙཀ྽ A ࣁ finite set, ёаᇥ |A| ൩ࡰࢂ A ϡનঁ數ޑ #(A). όၸҗךܭॺόѝ௖૸
A ࣁ finite set ௃ݩ, ॺҔךа܌ |A| ೭ኬޑ಄ဦ, Ъᆀϐࣁ A ޑ cardinal number. ӢԜךॺ
ёаᇥ A is equivalent to B ऩЪ୤ऩ A ک B Ԗ΋ኬޑ cardinal number.

Equivalent set ϐ໔ޑᜢ߯٣ჴ΢ࢂ΋ঁ equivalence relation.

Proposition 5.4.2. ჹܭҺཀޑ sets A,B,C, .፦܄ޑॺԖаΠך

(1) |A|= |A|.

(2) ऩ |A|= |B| ߾ |B|= |A|.

(3) ऩ |A|= |B| Ъ |B|= |C|, ߾ |A|= |C|.

Proof. (1) ჹҺཀޑ໣ӝ A, Եቾ idA : A → A. ޑᡉܴࡐ idA ࣁ bijective, ளࡺ |A|= |A|.

(2) ऩ |A|= |B|, ҢӸӧ߄ f : A → B ࣁ bijective. Եቾࡺ f−1 : B → A, ҭࣁ bijective (ୖ
ـ Question 5.12), ள᛾ |B|= |A|.

(3)ऩ |A|= |B|Ъ |B|= |C|,߄ҢӸӧ f : A→B, g : B→Cࣣࣁ bijective,ࡺҗ Proposition
5.3.15 ޕ g◦ f : A →C ҭࣁ bijective. ள᛾ |A|= |C|. �

аΠ, ,ـଆߡΑБࣁ ჹܭҺཀ҅᏾數 n, ॺҔך In Ң߄ 1 ډ n ϐ໔܌Ԗ҅ޑ᏾數܌ԋ

,໣ӝޑ ҭջ I1 = {1}, I2 = {1,2},…, In = {1, . . . ,n}. ౜ऩ A Ԗࢂ n ঁϡનޑ finite set, ॺך
ၰޕ৒ܰࡐ |A|= |In|. ӢԜऩ A ک B ࣣԖ n ঁϡન, ॺԖך |A|= |In| аϷ |B|= |In|, ӢԜ
җ Proposition 5.4.2 ޕ |A|= |B|.

ќѦऩ A, B ࣁࣣ finite set ՠ A ϡનঁ數ޑ n ό฻ܭ B ϡનঁ數ޑ m, ٗሶԖёૈ
|A|= |B| ༏? ॺёаӃԵቾך |In| ک |Im| .ց࣬฻ࢂ २Ӄҗܭ n ̸= m, όѨ΋૓܄, ॺଷ೛ך
m > n. ౜ऩ |Im|= |In|, ҢӸӧ߄ bijection f : Im → In. ฅԶҗᗷ᠈চ౛ Theorem 2.2.3 (གྷႽ
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ޑကୱۓ Im ҢԖ߄ m ଫᗷη, ჹᔈୱ In Ң߄ n ঁ᠈η), ޕ f : Im → In όёૈࣁ one-to-one
(ᗷη數εܭ᠈η數, ܭԖ΋ঁ᠈ηՐΑӭۓа΋܌ 1 ଫޑᗷη), Ԝᆶ f ࣁ bijective ଷ೛ޑ
࣬ҟ࣯, ள᛾ |In| ̸= |Im|. ౜ऩ |A|= |B|, җ߾ |A|= |In|, |B|= |Im| аϷ Proposition 5.4.2 ௢ள
|In|= |Im| ϐҟ࣯, ޕࡺ |A| ̸= |B|.

,ЗࣁҞ前ډ ӧ finite set ,ݩ௃ޑ ၰޕॺך cardinal number ሥ಄ӝךॺჹ໣ӝϡનঁ
數ޑी數চ߾. ॺΨёճҔך cardinal number ကۓٰ infinite set. Ψ൩ࢂᇥ, ӢࣁԖคጁӭ
ঁϡનޑ໣ӝ, ,΋ঁ΋ঁ數ֹݤϡનคځ аჹ΋ঁ܌ nonempty set A, ӵ݀ჹҺཀ n ∈ N,
ࣣԖ |A| ≠ |In|, ॺᆀך A ࣁ infinite set.

ჴځ cardinal number ᗋ಄ӝ೚ӭځдी數ޑচ߾, ӵऩٯ A∩B = /0, C ∩D = /0, Ъ
|A|= |C|, |B|= |D|, ,߾চޑҗी數߾ ॺ཮Ⴃයך |A∪B|= |C∪D|. ٣ჴ΢೭ࢂჹޑ, ॺԖך
аΠۓޑ౛.

Lemma 5.4.3. ଷ೛ I ࣁ index set, {Ai, i ∈ I}, {Bi, i ∈ I} ϩձࣁ A, B ޑ partition. ऩჹ܌
Ԗ i ∈ I, ࣣԖ |Ai|= |Bi|, ߾ |A|= |B|.

Proof. ӣ៝΋Π, {Ai, i ∈ I} ࣁ A ޑ partition Ң߄ A =
∪
i∈I

Ai Ъჹܭ i, j ∈ I, ऩ i ̸= j, ߾

Ai ∩A j = /0. ౜٩ଷ೛, ჹ܌Ԗ i ∈ I, ࣣԖ |Ai| = |Bi|, Ԝջ߄ҢӸӧ fi : Ai → Bi ࣁ bijective
function. ॺགྷճҔ೭٤ך fi,ࡌᄬр΋ঁ bijective function f : A → B. ٩Ԝߡள᛾ |A|= |B|.

ကۓ f : A → B ӵΠ: ჹܭҺཀ a ∈ A, җܭ {Ai, i ∈ I} ࣁ A ޑ partition, Ԗ୤΋ޕॺך
ޑ i ∈ I ٬ள a ∈ Ai, Ԝਔۓက f (a) = fi(a) ∈ Bi. җܭ {Ai, i ∈ I} ࣁ A ޑ partition, ӧ f ۓޑ

ကύ؂΋ঁ A Ъ߾৔ೕࢀځကۓϡનࣣԖޑ Bi ⊆ B. ကрΑ΋ঁவۓа೭ዴჴ܌ A ډ B ޑ

function. ॺा᛾ܴך f : A → B ࣁ one-to-one and onto.

౜ჹҺཀ b ∈ B, җܭ {Bi, i ∈ I} ࣁ B ޑ partition, ޑӸӧ୤΋ࡺ i ∈ I, ٬ள b ∈ Bi. ΞӢ
ࣁ fi : Ai → Bi ࣁ onto, Ӹӧޕࡺ a ∈ Ai ᅈى fi(a) = b. ౜٩ f ,ကۓޑ ჹܭ೭ঁ b, ॺѝך
ाڗԜ a ∈ A, Ӣࣁ a ∈ Ai, җ f ကளۓޑ f (a) = fi(a) = b. ள᛾ f : A → B ࣁ onto.

౜ऩ a,a′ ∈ A ᅈى f (a) = f (a′). җ f (a) ∈ B, ޑӸӧ୤΋ޕ i ∈ I ٬ள f (a) = f (a′) ∈ Bi.
ӆҗ f ,ကۓޑ ऩޕॺך a ∈ A j, ߾ f (a) = f j(a) ∈ B j. ӢԜҗ f (a) ∈ Bi ∩B j ள i = j, ҭ
ջ a ∈ Ai. ӕ౛ךॺԖ a′ ∈ Ai. аҗ܌ f ॺԖךကۓޑ f (a) = fi(a) Ъ f (a′) = fi(a′). ӢԜ
җ f (a) = f (a′) ϐଷ೛ள fi(a) = fi(a′), ӆҗ fi ࣁ one-to-one ள᛾ a = a′. ӢԜள᛾ f ࣁ

one-to-one. �

ฅࡽ cardinal number ,ϡનঁ數Ԗᜢޑ໣ӝک .ఈѬૈКၨελ׆ॺ྽ฅך ӧ finite
set ,ݩ௃ޑ ໣ӝёаޑၰϡનКၨϿޕॺ೿ך one-to-one .໣ӝޑϡનКၨӭډ৔ࢀޑ Ӣ
ԜךॺԖаΠۓޑက.

Definition 5.4.4. ଷ೛ A,B ࣁ set, ॺҔך |A| ≤ |B| ҢӸӧ΋ঁ߄ one-to-one function
f : A → B.

೭ঁۓကΨࡐ಄ӝךॺޔޑ᝺. ӵऩٯ A ⊆ B, Եቾ߾ f : A → B, ࣁကۓ f (a) = a,
∀a ∈ A. ৒ܰᡍ᛾ࡐ f ࣁ one-to-one function, ॺԖךϐΠݩаӧ೭௃܌ |A| ≤ |B|. ੝ձޑ,
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྽ m,n ∈ N Ъ m > n, ܭҗ߾ In ⊆ Im, ॺԖךа܌ |In| ≤ |Im|. Զ前य़ךॺճҔᗷ᠈চ౛ޕၰ
όёૈԖ one-to-one function f : Im → In, ၰޕॺΨךа܌ |Im| ≤ |In| όԋҥ.

ќѦޔ᝺΢ϡનКၨӭޑϡનёаࢀډפԋڄޑ數ჹᔈډϡનКၨϿޑ໣ӝ, ჹ
cardinal number ೭Ψࢂჹޑ. .่݀ޑॺԖаΠך

Proposition 5.4.5. ଷ೛ A,B ࣁ set. ߾ |A| ≤ |B| ऩЪ୤ऩӸӧ onto function h : B → A.

Proof. (⇒) җ |A| ≤ |B|, Ӹӧ΋ঁޕॺך one-to-one function : A → B. җ Theorem 5.3.9
Ӹӧޕ h : B → A ᅈى h◦ f = idA. ฅԶ idA : A → A ࢂ onto function, җࡺ Corollary 5.3.6
ޕ h : B → A ࣁ onto.

(⇐) җ h : B → A ࣁ onto ,ޕ Ӹӧ g : A → B ᅈى h◦g = idA (Theorem 5.3.3). җࡺ idA

ࣁ one-to-one ளޕ g : A → B ࣁ one-to-one (Corollary 5.3.12). ӢԜள᛾ |A| ≤ |B|. �

ௗΠٰךॺाᇥܴ Definition 5.4.4 ကрۓ cardinal number ϐ໔ޑ partial order. (٣ჴ
΢Ѭёۓကр cardinal number ϐ໔ޑ total order, όၸ೭ሡҔډ Axiom of Choice ԶЪך
ॺϐࡕΨό཮Ҕډ, (.а೭္ౣၸόፋ܌ २Ӄჹܭ reflexive ,፦܄ޑ ჹܭҺཀޑ໣ӝ A, ך
ॺ໻ाԵቾ idA : A → A, җܭ idA ࢂ one-to-one, ள᛾ࡺ |A| ≤ |A|. Կܭ transitive܄ޑ፦, ऩ
|A| ≤ |B| Ъ |B| ≤ |C|, җӸӧ߾ f : A → B аϷ g : B →C ࣁࣣ one-to-one, ёள g◦ f : A →C

ࣁ one-to-one (Proposition 5.3.11). ᛾ளࡺ |A| ≤ |C|. Կܭ anti-symmetric ,፦܄ ൩Кၨፄ
ᚇ, ೭܌ࢂᒏ Cantor–Schröder–Bernstein Theorem.

Theorem 5.4.6 (Cantor–Schröder–Bernstein). ଷ೛ A,Bࣁ setsᅈى |A| ≤ |B|Ъ |B| ≤ |A|,
߾ |A|= |B|.

Proof. җଷ೛ |A| ≤ |B| Ӹӧޕ f : A → B ࣁ one-to-one function. Ξҗ |B| ≤ |A|, Ӹӧޕ
g : B → A ࣁ one-to-one function. ॺाճҔך f ,g ளډ A,B ޑ partition, ӆճҔ Lemma
5.4.3 ளډ |A|= |B|.

२ӃჹܭҺཀ a ∈ A, ᄬр΋ঁҗࡌॺך A∪B .數ӈޑಔԋ܌ϡનޑ :ᄬБԄӵΠࡌځ
२Ӄзಃ΋໨ x1 = a, Եቾ inverse image g−1({a}). җܭ g ࢂ one-to-one, ޕॺך g−1({a})
നӭ໻Ԗ΋ঁϡન. ऩ g−1({a}) = /0, ೭ঁ數ӈ໻Ԗ߾ x1 ೭ঁϡન. Զऩ g−1({a}) = {b}, ߾
з x2 = b. җܭ b ∈ B, ௗ๱Եቾ f−1({b}). ӕኬޑ, Ӣࣁ f ࣁ one-to-one, ޕॺך f−1({b})
നӭ໻Ԗ΋ঁϡન. ऩ f−1({b}) = ೭ঁ數ӈ໻Ԗ߾,0/ x1,x2 .ϡનঁٿ Զऩ f−1({b}) = {a′},
з߾ x3 = a′. Ξҗܭ a′ ∈ A, ॺΞёԵቾך g−1({a′}), ฅ٩ࡕ前य़ೕ߾೭ኬ΋ޔΠѐ. з ⟨a⟩
җ߾ҢճҔ೭ঁೕ߄ a 數ӈޑᄬрࡌ܌ (ऩჹӵՖࡌᄬ೭ኬޑ數ӈϝόమཱ, ፎୖԵۭΠ
Example 5.4.7). ೭ኬҗ܌Ԗ a ∈ A Զளޑ數ӈ ⟨a⟩= x1,x2, . . . , .ॺёаϩԋΟᜪך ಃ΋ᜪ
.ज़數ӈޑ數໨ڻԖࢂ ӵऩٯ a ∈ A Ъ g−1({a}) = /0, Ԝਔ ⟨a⟩ ໻Ԗ΋໨, 數ޑ೭΋ᜪܭឦࡺ
ӈ. ಃΒᜪࢂԖଽ數໨ޑԖज़數ӈ. ӵٯ a ∈ A Ъ g−1({a}) = {b} ՠ f−1({b}) = /0, Ԝਔ ⟨a⟩
Ԗ a,b ,໨ٿ .數ӈޑ೭΋ᜪܭឦࡺ ಃΟᜪࢂԖคጁӭ໨ޑ數ӈ, Ψ൩ࢂᇥ a ∈ A ޑᄬࡌ܌

數ӈ؂΋໨ޑ inverse image ࣣόޜࢂ໣ӝ. ౜з

Ao = {a ∈ A : ⟨a⟩Ԗڻ數໨}, Ae = {a ∈ A : ⟨a⟩Ԗଽ數໨}, A∞ = {a ∈ A : ⟨a⟩Ԗคጁӭ໨}.
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җ؂ܭ΋ঁ a ∈ A, ೿ё٩೭ঁೕࡌ߾ᄬр΋ಔ୤΋數ӈ ⟨a⟩, ӢԜ a ΋ۓ཮ࢂ Ao,Ae,A∞ ځ

ύϐ΋ޑϡન, ЪҺঁٿό཮ԖҬ໣. а܌ Ao,Ae,A∞ ࢂ A ΋ঁޑ partition.

ाݙཀ೭ኬ଺рޑ數ӈ, ࢂۓ數໨΋ڻځ A ύޑϡન, Զଽ數໨΋ࢂۓ B ύޑϡ

ન. Ψ൩ࢂᇥऩ ⟨a⟩ = x1,x2, . . . , ྽߾ i 數ਔڻࣁ xi ∈ A. ΞԜਔӢ xi ∈ f−1({xi−1}), Ԗࡺ
f (xi) = xi−1. Զ྽ i ଽ數ਔࣁ xi ∈ B. ΞԜਔӢ xi ∈ g−1({xi−1}), Ԗࡺ g(xi) = xi−1.

ӕኬޑჹҺཀ b ∈ B, ଺р΋ঁҗ߾ॺΨҔ࣬ӕೕך b ଆޑۈ數ӈ, ҭջ y1 = b, ฅࡕԵ
ቾ f−1({b}) ,Π΋໨ۓ،ٰ ೭ኬ΋ޔΠѐ. з ⟨b⟩ Ң߄ b ճҔ೭ঁೕࡌ܌߾ᄬрޑ數ӈ. ӕ
ኬޑ, ډॺளך B ΋ঁޑ partition B0,Be,B∞, ύځ

Bo = {b ∈ B : ⟨b⟩Ԗڻ數໨}, Be = {b ∈ B : ⟨b⟩Ԗଽ數໨}, B∞ = {b ∈ B : ⟨b⟩Ԗคጁӭ໨}.

౜Եቾ restriction map f |Ao : Ao → B, Ψ൩ࢂჹҺཀ a ∈ Ao, f |Ao(a) = f (a). җܭ f ࣁ

one-to-one, ޑԾฅࡐ f |Ao ϝࣁ one-to-one. ॺाᇥܴך f |Ao ޑ range f |Ao(Ao) ࣁ Be. ჹҺ
ཀ a ∈ Ao, ॺԖך f |Ao(a) = f (a) ∈ B. ԜਔԵቾ f (a) ޑᄬࡌ܌ sequence, २໨ࣁ y1 = f (a),
ԶӢ f−1({ f (a)}) = {a} (Ӣ f (a) ∈ { f (a)}), ٩ ⟨ f (a)⟩ ॺԖךᄬБԄࡌޑ y2 = a. ඤ言ϐ,
數ӈ ⟨ f (a)⟩ 前ٿ໨ࣁ y1 = f (a),y2 = a, ΞҗܭΠ΋໨ (ջಃΟ໨) y3 ֹӄҗ g−1({a}) ،܌
.ۓ ೭کԵቾ a 數ӈޑᄬࡌ܌ ⟨a⟩ ಃΒ໨ x2 .ޑ΋ኬࢂ ඤ言ϐ, 數ӈ ⟨ f (a)⟩ ѝࢂஒ數ӈ
⟨a⟩ ಃ΋໨ϐ前ӆӭу΋໨ޑ f (a) Զς. ౜ a ∈ Ao, Ң߄ ⟨a⟩ Ԗڻ數໨, а܌ ⟨ f (a)⟩ ཮Ԗଽ
數໨, җࡺ f (a) ∈ B ޕ f (a) ∈ Be. ள᛾ f |Ao(Ao) ⊆ Be. ϸϐ, ऩ b ∈ Be, Ң߄ b 數ޑᄬࡌ܌

ӈ ⟨b⟩ Ԗଽ數໨. ӢԜ ⟨b⟩ ӸӧۓಃΒ໨΋ޑ (ց߾໻Ԗ΋໨, ೷ԋҟ࣯). аҗ܌ ⟨b⟩ ࡌޑ
ᄬБޕݤ f−1({b}) όޜࢂ໣ӝ, Ψ൩ࢂᇥӸӧ a ∈ A ٬ள f (a) = b. ٣ჴ΢ a ൩ࢂ ⟨b⟩ ޑ
ಃΒ໨, ӢԜӵ前܌ॊ, ⟨a⟩ ஒࢂ ⟨b⟩ = ⟨ f (a)⟩ ,ள܌ಃ΋໨ନѐޑ Ψ൩ࢂᇥ ⟨a⟩ Ԗڻ數໨,
ӢԜள a ∈ Ao. ॺ᛾ளΑჹҺཀך b ∈ Be, ࣣӸӧ a ∈ Ao ٬ள f (a) = f |Ao(a) = b. ӢԜޕ
Be ⊆ f |Ao(Ao), Ψள᛾Α f |Ao ޑ range f |Ao(Ao) ൩ࢂ Be. ඤ言ϐ, f |Ao ёаຎࢂࣁ΋ঁவ Ao

ډ Be ޑ one-to-one and onto function. ॺ᛾ளΑך |Ao|= |Be|.

ӕ౛, Եቾ g : B → A ӧ Bo ޑ restriction g|Bo : Bo → A, ډॺёаளך |Bo| = |Ae| (ѝࢂ
ஒ΢य़ޑ᛾ܴ f , g ϕඤջё). നךࡕॺԵቾ g ӧ B∞ ΢ޑ restriction g|B∞ (ΨёԵቾ f ӧ

A∞ ΢ޑ restriction). Ԝਔ g|B∞ ٩ฅࣁ one-to-one. ԶჹܭҺཀ b ∈ B∞, ॺԵቾך g(b) ౢ܌

ғޑ數ӈ ⟨g(b)⟩. җܭ g(b) ∈ A, Զ g−1({g(b)}) = {b}, ࡺ ⟨g(b)⟩ ࣁಃ΋໨ޑ g(b), ಃΒ໨ࣁ
b, ϐ٩ׇࡕ൩ࢂ ⟨b⟩ .дӚ໨ځޑ ӢԜҗ b ∈ B∞ ջ ⟨b⟩ Ԗคጁӭ໨ள ⟨g(b)⟩ ҭԖคጁӭ໨.
ள᛾ g(b) ∈ A∞, ҭջ᛾ள g|B∞ ޑ range g|B∞(B∞) х֖ܭ A∞. ϸϐ, ऩ a ∈ A∞, Ң߄ a ࡌ܌

ᄬޑ數ӈ ⟨a⟩ Ԗคጁӭ໨. ӢԜ ⟨a⟩ .ӸӧۓಃΒ໨΋ޑ аҗ܌ ⟨a⟩ ޕݤᄬБࡌޑ g−1({a})
όޜࢂ໣ӝ, Ψ൩ࢂᇥӸӧ b ∈ B ٬ள g(b) = a. ٣ჴ΢ b ൩ࢂ ⟨a⟩ ,ಃΒ໨ޑ ӢԜӵ前܌
ॊ, ⟨b⟩ ஒࢂ ⟨a⟩ ,ள܌ಃ΋໨ନѐޑ Ψ൩ࢂᇥ ⟨b⟩ ϝԖคጁӭ໨, ӢԜள b ∈ B∞. ॺ᛾ளך
ΑჹҺཀ a ∈ A∞, ࣣӸӧ b ∈ B∞ ٬ள g(b) = g|B∞(b) = a. ӢԜޕ A∞ ⊆ g|B∞(B∞), Ψள᛾Α
g|B∞ ޑ range g|B∞(B∞) ൩ࢂ A∞. ඤ言ϐ, g|B∞ ёаຎࢂࣁ΋ঁவ B∞ ډ A∞ ޑ one-to-one
and onto function. ॺ᛾ளΑך |B∞|= |A∞|.

നࡕӢ Ao,Ae,A∞ ࣁ A ޑ partition аϷ Bo,Be,B∞ ࣁ B ޑ partition, ΞӢ |Ao| = |Be|,
|Ae|= |Bo| аϷ |A∞|= |B∞|, ճҔ Lemma 5.4.3 ள᛾ |A|= |B|. �
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Question 5.14. Theorem 5.4.6 ,᛾ܴύޑ |Ae| = |Bo| ԵቾࢂՖࣁ᛾ܴޑ g ӧ Bo ޑ

restriction ԶόࢂԵቾ f ӧ Ae ޑ restriction? ऩԵቾ f ӧ Ae ޑ restriction f |Ae : Ae → B,
ځ range ?Ֆࣁ Ξ |A∞|= |B∞| ᛾ܴёаԵቾޑ f ӧ A∞ ΢ޑ restriction f |A∞ : A∞ → B ༏?

Example 5.4.7. Եቾ A = {1,2, . . .} ,໣ӝޑԋ܌᏾數҅ࣁ B = {−1,−2, . . .} ԋ܌᏾數ॄࣁ
.໣ӝޑ Եቾ f : A → B ࣁကۓ f (a) = −1− a, ∀a ∈ A аϷ g : B → A ࣁကۓ g(b) = 1−b,
∀b ∈ B. ηᇥܴٯॺճҔ೭ঁך Theorem 5.4.6 ύࡌᄬ數ӈޑБݤ. २ӃךॺҔаΠკҢٰ
:৔ᜢ߯ࢀޑ數ڄঁٿҢ೭߄

..

1

.

2

.

3

.

4

.

· · ·

.
−1

.
−2

.
−3

.
−4

.
· · ·

ࢂ৔ࢀޑཀ΢კύҗ΢۳Πݙ f , ԶҗΠ۳΢ࢂޑ g.

౜Եቾ 3 ∈ A, җ g−1({3}) = {−2}, f−1({−2}) = {1} аϷ g−1({1}) = /0, ၰճҔޕॺך
3 數ӈޑᄬࡌ܌ ⟨3⟩ ࣁ 3,−2,1. ӢࣁԜ數ӈԖ 3 ໨, ޕа܌ 3 ∈ Ao. ӕ౛, җ΢კ࣮זࡐр
ճҔ 4 數ӈޑᄬࡌ܌ ⟨4⟩ ࣁ 4,−3,2,−1, ள 4 ∈ Ae. ,ॺёаᘜયрךޑזࡐ ྽ a ∈ A ڻࣁ

數ਔ a ∈ Ao, Զ྽ a ∈ A ଽ數ਔࣁ a ∈ Ae. ΨӢԜޕ A∞ = /0. ٣ჴ΢Ԝਔ Ao,Ae ൩ࢂ A ΋ޑ

ঁ partition ޑ數ᆶଽ數ڻࢂӳ൩࡞) partition).

Զჹܭ −3 ∈ B, җ f−1({−3}) = {2}, g−1({2}) = {−1} аϷ f−1({−1}) = /0, ၰճޕॺך
Ҕ −3 數ӈޑᄬࡌ܌ ⟨−3⟩ ࣁ −3,2,−1. ӢࣁԜ數ӈԖ 3 ໨, ޕа܌ −3 ∈ Bo. ӕ౛, җ΢კ
рճҔ࣮זࡐ −4 數ӈޑᄬࡌ܌ ⟨−4⟩ ࣁ −4,3,−2,1, ள −4 ∈ Be. ,ॺёаᘜયрךޑזࡐ
྽ b ∈ B 數ਔڻࣁ b ∈ Bo, Զ྽ b ∈ B ଽ數ਔࣁ b ∈ Be. ΨӢԜޕ B∞ = /0. ٣ჴ΢Ԝਔ Bo,Be

൩ࢂ B ΋ঁޑ partition.

ௗ๱ךॺ࣮ f ዴჴ΋ჹ΋ޑஒ Ao ԋԿࢀ Be (मЎᆀϐࣁ one-to-one correspondence).
२Ӄ྽ a ∈ Ao Ң߄ aڻ҅ࣁ數,ճҔ f (a) =−(1+a)ޕ f (a)ॄࣁଽ數,ջ f (a)∈ Be. ӢԜ f

ዴჴ΋ჹ΋ஒ Ao ৔Կࢀ Be. Զჹܭ b ∈ Be, ޕॺך b .ଽ數ॄࣁ ϞԵቾ a =−b−1, ॺԖך
a > 0 (Ӣ b ≤−2) Ъ a ,數ڻࣁ ջ a ∈ Ao. ஒ a =−b−1 ∈ Ao жΕ f ள f (a) =−(1+a) = b.
ޕࡺ f ዴჴ΋ჹ΋ஒ Ao ԋԿࢀ Be. ཀݙ f คݤஒ Ae ԋԿࢀ Bo. ЬाচӢࢂ Bo ύԖёૈ

Ԗϡનځ inverse image .໣ӝޜࢂ ॺԖךӵ೭္ٯ −1 ∈ Bo Ъ f−1({−1}) = /0. ךа೭္܌

ॺࢂҔ gٰளډ Bo Կ Ae ϐ໔ޑ one-to-one correspondence. ٣ჴ΢ჹҺཀ b∈ Bo,ךॺԖ b

數,ӢԜڻॄࣁ g(b) = 1−b҅ࣁଽ數,ջ g(b)∈Ae. ϸϐ,ჹҺཀ a∈Ae,ךॺԖ b= 1−a< 0

(Ӣ a ≥ 2) Ъڻࣁ數. Ԝਔஒ b = 1−a ∈ Bo жΕ g, ள g(b) = 1−b = 1− (1−a) = a, ள᛾ࡺ
g ዴჴ΋ჹ΋ஒ Bo ԋԿࢀ Ae.

Question 5.15. ၂ճҔ Example 5.4.7 ύޑ f ک g ቪΠ΋ঁ A ډ B ޑ bijective function
h : A → B ᅈى h|Ao = f |Ao.

നࡕ, ကۓॺགྷך cardinal number ϐ໔ޑ “strict order”. ྽ A,B ࣁ sets, ᅈى |A| ≤ |B|
Ъ |A| ̸= |B| ਔ, ॺ൩Ҕך |A| < |B| .Ң߄ٰ 前य़ςޕ྽ m,n ᏾數Ъ҅ࣁ m > n ਔ, ॺԖך
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|In| ≤ |Im| Ъ |In| ̸= |Im|, ॺԖךа܌ |In|< |Im|. ќѦ྽ A ࣁ infinite set, ကჹҺཀۓ٩ n ∈ N
ࣣԖ |In| ≤ |A| ՠ |In| ̸= |A|, ӢԜךॺԖ |In|< A. ౜ऩ B ࣁ finite set, Ӹӧޕॺך n ∈ N ٬
ள |B|= |In|, аள܌ |B|< |A|. ӢԜ೭ኬޑ strict order ሥ಄ӝךॺޔᢀჹ໣ӝी數ޑགྷݤ.

5.5. Countable and Uncountable Sets

΋ঁ finite set ޑ cardinal number, ,數ঁޑϡનځࢂၰ൩ޕॺך ՠჹܭ infinite set, ځ
cardinal number ٠όࢂѝԖ΋ᅿ “ คጁε” Զς. ٣ჴ΢཮Ԗคጁӭঁ infinite set Ѭॺޑ
cardinal number ೿࣬౦, Ψ൩ࢂᇥճҔ cardinal number, עॺԖёаך “คጁε” ୔ϩԋӳ
൳ᅿ. όၸӧҁᖱကύ, .૸論೭ঁୢᚒޑॺό཮ుΕך ,ݤ୔ϩБޑॺ໻ፋ論നᙁൂך ջ
ϩԋ countable set ک uncountable set .ᅿٿ

Definition 5.5.1. ଷӵ S ΋ঁࢂ set ᅈى |S| ≤ |N|, ᆀ߾ S ࣁ countable set. ϸϐ߾ᆀࣁ
uncountable set.

Question 5.16. ଷ೛ S,T ࣁ setsЪ |S| ≤ |T |. ऩ T ࣁ countable, ޕցёࢂ S ࣁ countable?

ᙁൂٰᇥ, ऩӸӧ΋ঁ one-to-one function f : S → N, ߾ S ൩ࢂ΋ঁ countable set. җ
Ԝۓကךॺޕၰऩ S ࢂ finite set, ٗ΋ࢂۓ countable. όၸԖёૈ΋ঁ infinite set Ψࢂ
countable,ٯӵ Nҁࢂ܈,يӵ 2N ࢂ೿,(໣ӝޑԋ܌ଽ數ޑ҅) infinite setЪࣁ countable.
όၸ uncountable set ൩΋ۓ཮ࢂ infinite set. а྽΋ঁ܌ infinite set ࢂ countable ਔ, ך
ॺ཮ஒϐᆀࣁ countably infinite ੝ձஒ೭ᅿ infinite set ک uncountable set ୔ϩрٰ.

२Ӄךॺाᜢࢂޑݙ, ӧ finite set ک N ϐ໔ࢂցᗋԖځдޑ cardinal number? เਢࢂ
ցޑۓ. Ψ൩ࢂᇥჹܭ infinite set ٰᇥ |N| ൩ࢂനλޑ cardinal number. ౜ଷ೛ S ΋ঁࢂ

infinite set Ъ |S| ≤ |N|. ကӸӧ΋ঁۓ٩ one-to-one function f : S → N. Եቾ T = f (S), ך
ॺёаஒ f ຎࢂࣁ΋ঁҗ S ډ T ޑ one-to-one Ъ onto ,數ڄޑ а܌ |S|= |T |. җܭ T ࢂ

N ޑ infinite subset, ॺऩૈ᛾ܴԜਔךа܌ |T |= |N|, ٗሶ൩Ԗ |S|= |T |= |N|, Ψ൩ࢂᇥ܌
Ԗޑ countably infinite set ځ cardinal number ࣣ฻ܭ |N|.

Lemma 5.5.2. ଷ೛ T ⊆ N Ъࣁ infinite set, ߾ |T |= |N|.

Proof. җܭ T ⊆ N, ޕॺך |T | ≤ |N|. ౜ѝा᛾ܴӸӧ f : N→ T ࣁ one-to-one function,
ޕҗԜ߾ |N| ≤ |T |, җࡺ Theorem 5.4.6 (Cantor–Schröder–Bernstein) ள᛾ |T |= |N|.

೭္ךॺाճҔ N ӧ΋૓ޑ order ≤ ϐΠࢂ΋ঁ well-ordered set (Well-ordering
Principle) ٰ᛾ܴ. ӣ៝΋Π, ೭߄Ң؂΋ঁ N ޑ nonempty subset ೿Ԗ least element ܈)
minimum element). ऩ S ࣁ nonempty subset of N, ॺҔך min(S) Ң߄ S ޑ least element,
Ψ൩ࢂᇥ, ऩ a = min(S), Ң߄ a ∈ S ЪჹܭҺཀ S ύޑϡન s, ऩ s ̸= a, ߾ a < s.

२Ӄз f (1) = min(T ), ॺԖך f (1) ∈ T . ӵՖۓ f (2) ?ګ ॺԵቾךޑԾฅࡐ T2 =

T \{ f (1)}, ฅࡕз f (2) = min(T2). ཀԜਔݙ T2 ̸= /0, ց߾཮Ԗ T ⊆ { f (1)} Ԝک T ࣁ infinite
setϐ前ᚒ࣬ҟ࣯,܌аךॺளډ f (2)∈ T . ӵԜ΋ޔΠѐ,ךॺз Tn+1 = T \{ f (1), . . . , f (n)}
Ъз f (n+1) = min(Tn+1), ೭ኬ “εठ” ൩ۓကр΋ঁҗ N ډ T ޑ function f : N→ T Α.
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྽ฅךॺाᇥܴ೭ኬۓрޑ੿ࢂޑ΋ঁ “well-defined” function, Ъा᛾ܴࣁځ one-to-
one. २Ӄᔠࢗ well-defined. Ψ൩ךࢂॺाᇥܴჹܭҺཀ n ∈ N ࣣӸӧ୤΋ޑ tn ∈ T ᅈ

ى f (n) = tn. җܭ྽ך߃ॺۓက f ,ޑကۓݤЋޑݤᜪ՟ҔᘜયࢂݤБޑ ᛾ޑа೭္܌
.ݤ數學ᘜયډाҔࢂޑԾฅࡐܴ Ԗ܌᛾ܴჹݤॺाҔ數學ᘜયך n ∈ N, ࣣӸӧ୤΋
ޑ tn ∈ T ᅈى f (n) = tn. ྽ k = 1 ਔ, ޕॺך t1 = min(T ) ࢂ T ύ୤΋ᅈى t1 ≤ t,∀ t ∈ T

,ϡનޑ аዴჴ܌ f (1) = t1 ∈ T ԶЪࢂ୤΋ޑ. ౜ଷ೛ჹܭҺཀ k = 1, . . . ,n ࣣԖ୤΋ޑ

tk ∈ T ٬ள f (k) = tk. ౜Եቾ f (n+1), ကۓ٩ Tn+1 = T \{ f (1), . . . , f (n)}= T \{t1, . . . , tn} Ъ
f (n+1) = min(Tn+1). җܭ T ࣁ infinite set, ޕॺך Tn+1 ̸= /0, ց߾཮೷ԋ T ⊆ {t1, . . . , tn} Ԝ
ᆶ T ࣁ infinite set ࣬ҟ࣯. ΞӢ前य़ᘜયݤଷ೛ Tn+1 ໣ӝޑۓ΋ঁёа೏୤΋ዴࢂ (Ӣ
t1, . . . , tn ࣣς೏୤΋ዴۓ), аճҔ܌ N ޑ well-ordering principle, ޕॺך tn+1 = min(Tn+1)

Ѹឦܭ T Ъ୤΋. ӢԜҗ Strong Mathematical Induction (Corollary 2.3.6) ள᛾ჹ܌Ԗ
n ∈ N, ࣣӸӧ୤΋ޑ tn ∈ T ᅈى f (n) = tn.

ޕॺςך f : N→ T ΋ঁࢂ function, ௗ๱ा᛾ܴ f : N→ T ࢂ one-to-one. Ψ൩ࢂᇥҺ
ڗ n1,n2 ∈ N Ъ n1 ̸= n2, ॺाᇥܴך f (n1) ̸= f (n2). όѨ΋૓܄, ॺଷ೛ך n1 < n2. Ԝਔ
җܭ Tn2 = T \{ f (1), . . . , f (n1), . . . , f (n2 −1)}, ҭջ f (n1) ̸∈ Tn2 , ྽ฅҗ f (n2) = min(Tn2) ∈ Tn2

ளޕ f (n2) ̸= f (n1). ள᛾ f : N→ T ࢂ one-to-one. �

ӵ前܌ॊ, җ Lemma 5.5.2 .౛ۓॺ᛾ளΑаΠך

Theorem 5.5.3. ଷ೛ S ΋ঁࣁ set. ߾ S ࣁ countably infinite ऩЪ୤ऩ |S|= |N|.

Question 5.17. ଷ೛ S ࣁ infinite set. ၂᛾ܴ S ࣁ uncountable ऩЪ୤ऩ |S| ̸= |N|.

٩ྣ countable set ,ကۓޑ ၰҺཀ΋ঁޕॺך countable set ޑ subset ϝࣁ countable.
೭ࢂӢࣁऩ S ࣁ countable, ॺԖךကۓ٩߾ |S| ≤ |N|, ΨӢԜऩ S′ ⊆ S, җ߾ |S′| ≤ |S| аϷ
|S| ≤ |N|, ёள |S′| ≤ |N|. όၸाݙཀࢂޑК countable set εޑ໣ӝ, ϝԖёૈࢂ countable.
.׎௃ޑॺԖаΠך

Proposition 5.5.4. Ԗज़ӭঁ countable set ࣁᖄ໣ϝޑ countable set. ҭջऩ S1, . . . ,Sn ࣁ

countable set, ߾ ∪n
i=1 Si ϝࣁ countable set.

Proof. .᛾ܴݤॺҔ數學ᘜયך २Ӄ᛾ܴऩ S1,S2 ࣁ countable, ߾ S1 ∪S2 ࣁ countable.

ကۓ٩ S1,S2ࢂ countable,ࡺӸӧ f1 : S1 →NаϷ f2 : S2 →Nࣣࣁ one-to-one functions.
౜ۓကཥޑ function f : S1 ∪S2 → N, ࣁကۓځ

f (s) =
{

2 f1(s), if s ∈ S1;
2 f2(s)+1, if s ∈ S2 \S1.

,ޑమཱࡐ f ࢂ well-defined function, Ӣࣁ S1 ∪S2 = S1 ∪ (S2 \S1) аϷ S1 ∩ (S2 \S1) = /0, Ӣ
ԜჹҺཀ s ∈ S1 ∪S2, s ΋ۓ཮ӧ S1 ک S2 \S1 ,ύ΋ঁځ Ъό཮ӕਔࣣӧځύ. Զ྽ s ∈ S1,
f1(s) ޑۓዴዴܴࢂॶڗޑ (Ӣ f1 : S1 → N ΋ঁࢂ function), аԜਔ܌ f (s) ॶڗ 2 f1(s) ҭ

ዴۓ. ӕ౛྽ s ∈ S2 \S1, Ӣ s ∈ S2, f2(s) ,ޑۓዴዴܴࢂॶڗޑ аԜਔ܌ f (s) ॶڗ 2 f2(s)+1

ҭዴۓ. ॺഭΠा᛾ܴך f : S1 ∪S2 → N ࢂ one-to-one, Ψ൩ࢂा᛾ܴҺڗ s, t ∈ S1 ∪ S2 ځ
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ύ s ̸= t, ࣣ཮Ԗ f (s) ̸= f (t). ᅿٿॺϩԋך cases. ಃ΋ᅿ௃׎൩ࢂ s, t ӕឦܭ S1 ࢂ܈

ӕឦܭ S2 \ S1. ԜਔךॺϩձԖ f (s) = 2 f1(s) ̸= 2 f1(t) = f (t) (Ӣ f1 ࣁ one-to-one), аϷ
f (s) = 2 f2(s)+1 ̸= 2 f2(t)+1 = f (t) (Ӣ f2 ࣁ one-to-one). ಃΒᅿ௃ࢂݩ s ∈ S1 ՠ t ∈ S2 \S1

ࢂ܈ t ∈ S1 ՠ s ∈ S2 \S1. Ԝਔҗܭ f (s), f (t) Ѹࣁ΋ڻ΋ଽ, ҭளࡺ f (s) ̸= f (t). ॺ᛾ளך
Α f : S1 ∪S2 → N ࣁ one-to-one, ᛾ளࡺ S1 ∪S2 ࣁ countable.

ௗ๱ךॺाҔ數學ᘜયݤ᛾ܴ, ჹܭҺཀ n ∈ N Ъ n ≥ 2, ऩ S1, . . . ,Sn ࣁ countable
set, ߾ ∪n

i=1 Si ϝࣁ countable set. ॺԵቾך n = k+1 .׎௃ޑ ճҔᘜયଷ೛, S1, . . . ,Sk ࣁ

countable set, а܌ ∪k
i=1 Si ࣁ countable set. ౜Ξऩ Sk+1 ࣁ countable set, ճҔ΢य़᛾ၸ

k = 2 ,׎௃ޑ ޕॺך (
∪k

i=1 Si)∪Sk+1 ࣁ countable set. җࡺ ∪k+1
i=1 Si = (

∪k
i=1 Si)∪Sk+1 ள᛾∪k+1

i=1 Si ࣁ countable set. �

Proposition 5.5.4Ԗ೚ӭᔈҔ,നᙁൂޑ΋ᅿ൩ࢂ᛾ள܌Ԗ᏾數܌ԋޑ໣ӝࣁ countable.
೭ࢂӢ܌ࣁԖޑ᏾數ёຎ҅ࣁ᏾數, ॄ᏾數аϷ 0 .ᖄ໣ޑ໣ӝޑԋ܌ ฅԶॄ᏾數܌ԋޑ໣
ӝ҅ک᏾數܌ԋޑ໣ӝ N Ԗ΋ঁ΋ჹ΋ޑჹᔈᜢ߯ (ջ −n 7→ n), ࢂа܌ countable. Զ {0}
ࢂ finite set, ҭࣁ countable, ӢԜள᛾

Corollary 5.5.5. Z is countable.

໣ӝޑԋ܌ჴԖ౛數ځ Q Ψࢂ countable, .౛ۓޑॺ२Ӄ࣮΋ঁᙁൂך

Lemma 5.5.6. The Cartesian product N×N is countable.

Proof. ӣ៝΋Π N×NޑϡનࣁҺཀޑ數ჹ (n1,n2),ځύ n1,n2 ∈N,ԶЪ (n1,n2) = (n′1,n
′
2)

ऩЪ୤ऩ n1 = n′1 Ъ n2 = n′2. ౜Եቾڄ數 f : N×N→ N, ࣁကۓځ

f (n1,n2) = 2n13n2 , ∀n1,n2 ∈ N.

ၰޕ৒ܰࡐ f :N×N→Nࣁ function,ךॺ໻ाᔠᡍ f ࣁ one-to-one. ౜ऩ (n1,n2) ̸=(n′1,n
′
2),

җ᏾數ޑ୤΋ϩှ܄፦ךॺޕ

f (n1,n2) = 2n13n2 ̸= 2n′13n′2 = f (n′1,n
′
2).

ள᛾ f : N×N→ N ࣁ one-to-one, ࡺ N×N ࢂ countable. �

Lemma 5.5.6 ᛾ܴΑ |N×N| ≤ |N|, όၸךॺࡐ৒ܰ౛ှ N×N ࣁ infinite set, а܌
N×N ࣁ countably infinite, ҭջ |N×N| = |N|. Proposition 5.5.6, നதޑـᔈҔࢂёа௢
ளԖज़ӭঁ countable set ޑ Cartesian product ϝࣁ countable.

Proposition 5.5.7. ऩ S1, . . . ,Sn ࣁ countable set, ߾ S1 ×S2 ×·· ·×Sn ϝࣁ countable set.

Proof. २Ӄךॺ᛾ܴ S1 ×S2 ࣁ countable. ճҔ S1,S2 ࣁ countable ,ଷ೛ޑ ၰӸӧޕॺך
f1 : S → N, f2 : S2 → N ࣁࣣ one-to-one function. ౜Եቾ f : S1 ×S2 → N×N ࣁကۓځ

f (s1,s2) = ( f1(s1), f2(s2)), ∀s1 ∈ S1,s2 ∈ S2.
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ၰޕ৒ܰࡐ f : S1 × S2 → N×N ࣁ function, ॺ໻ाᔠᡍך f ࣁ one-to-one. ჹܭҺཀ
(s1,s2),(s′1,s

′
2) ∈ S1 × S2 Ъ (s1,s2) ̸= (s′1,s

′
2), ޕॺך s1 ̸= s′1 ܈ s2 ̸= s′2. ౜ऩ s1 ̸= s′1, җ

f1 : S1 → N ࣁ one-to-one, ޕ f1(s1) ̸= f1(s′1), Ԝਔࡺ

f (s1,s2) = ( f1(s1), f2(s2)) ̸= ( f1(s′1), f2(s′2)) = f (s′1,s
′
2).

ӕ౛྽ s2 ̸= s′2 ਔ, ҭёள f (s1,s2) ̸= f (s′1,s
′
2). ள᛾ f : S1 ×S2 → N×N ࣁ one-to-one. ҭջ

|S1 ×S2| ≤ |N×N|= |N|, ӢԜ᛾ܴΑ S1 ×S2 ࣁ countable.

Կܭ྽ S1, . . . ,Sn ࣁ countable set, ճҔ߾ S1 × S2 ×·· ·× Sn = (S1 × S2 ×·· ·× Sn−1)× Sn

аϷ數學ᘜયݤё᛾ܴ S1 ×S2 ×·· ·×Sn ࣁ countable set, .ॺ൩όӭ଺ᇥܴΑך �

Question 5.18. ๏ۓ n ∈ N, ၂᛾ܴ܌Ԗԛ數λܭ n ࣁ໣ӝޑԋ܌᏾߯數ӭ໨Ԅޑ

countable.

ॺёаճҔך Proposition 5.5.7 ᛾ܴԖ౛數܌ԋޑ໣ӝ Q ࣁ countable. ೭ࢂӢࣁԖ
౛數ନΑ 0 аѦ೿ёа୤΋ቪԋ a/b ύځ a ∈ Z, b ∈ N Ъ gcd(a,b) = 1 Ԅ׎ޑ ॺᆀך)
Ԝࣁനᙁϩ數). аԵቾ܌ f : Q → Z×N, ࣁကۓ f (0) = (0,1); Զ྽ q ∈ Q, q ̸= 0 Ъ a/b

ࣁ q ,നᙁϩ數ਔޑ ကۓ߾ f (q) = (a,b). җߚ႟Ԗ౛數നᙁϩ數ޑݤ߄୤΋܄, ޕॺך
f : Q→ Z×N ࣁ function. Զऩ q ̸= q′, ྽ q,q′ ࣁύԖ΋ঁځ 0 ਔ, ࣁၰќ΋ঁόޕॺך 0,
നᙁϩ數όёૈቪԋځࡺ 0/1, ӢԜԜਔ f (q) ̸= f (q′). Զऩ q,q′ ࣣόࣁ 0 ਔ, ೛ځനᙁϩ數
ϩձࣁ q = a/b,q′ = a′/b′. җܭ a/b ̸= a′/b′, ޕॺך f (q) = (a,b) ̸= (a′,b′) = f (q′). ӢԜޕ
f : Q→ Z×N ࣁ one-to-one, ள᛾ |Q| ≤ |Z×N|. җ Z ࣁ countable аϷ Proposition 5.5.7
ޕ Z×N ࣁ countable, Ξ Z×N ࣁ infinite set, ࡺ |Z×N|= |N|. ӢԜ |Q| ≤ |N|, ள᛾аΠ
.౛ۓޑ

Corollary 5.5.8. Q is countable.

ճҔ Lemma 5.5.6, ॺΨёஒך Proposition 5.5.4 ௢ቶ׳ډ΋૓௃ݩ.

Proposition 5.5.9. ऩჹҺཀ i ∈ N, Si ࣁࣣ countable set, ߾ ∪∞
i=1 Si ϝࣁ countable set.

Proof. ٩ଷ೛,ჹҺཀ i ∈N,ࣣӸӧ fi : Si →Nࣁ one-to-one function. ౜Եቾ f :
∪∞

i=1 Si →
N×N ,ࣁကۓ ჹҺཀ s ∈

∪∞
i=1 Si, ऩ i ى᏾數ᅈ҅ޑനλࣁ s ∈ Si, з߾ f (s) = (i, fi(s)). ࡐ

৒ܰᡍ᛾ f :
∪∞

i=1 Si → N×N ࣁ function. ౜ჹҺཀ s,s′ ∈
∪∞

i=1 Si, ଷ೛ i, i′ ϩձࣁനλ҅ޑ

᏾數ᅈى s ∈ Si,s′ ∈ Si′ . ऩ i ̸= i′, Ծฅள f (s) = (i, fi(s)) ̸= (i′, fi′(s′)) = f (s′). Զऩ i = i′, Ӣ߾
s,s′ ∈ SiЪ fi : Si →Nࣁ one-to-one,ךॺԖ fi(s) ̸= fi(s′),ࡺ f (s)= (i, fi(s)) ̸=(i, fi(s′))= f (s′).
ள᛾ f :

∪∞
i=1 Si →N×Nࣁ one-to-one,ջ |

∪∞
i=1 Si| ≤ |N×N|= |N|. ᛾ள ∪∞

i=1 Si ࣁ countable
set. �

Question 5.19. ၂᛾ܴ܌Ԗ᏾߯數ӭ໨Ԅ܌ԋޑ໣ӝࣁ countable.

Ҟ前ךॺೀ౛ޑ೿ࢂ countable sets, ցӸӧ๱ࢂ uncountable set ?ګ เਢޑۓޭࢂ.
ӵٯ Proposition 5.5.7 ύ Cartesian product ٠όૈӵᖄ໣΋ኬ௢ቶډคጁӭঁ໣ӝޑ௃
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.׎ Ψ൩ࢂᇥԖёૈ S1, . . . ,Sn, . . . ࣁ countable ՠࢂ S1 ×·· ·×Sn ×·· · ࣁ uncountable. ᗋԖ
N ޑ power set P(N) Ψࢂ uncountable. ӣ៝΋Π, ΋ঁ໣ӝ A ޑ power set P(A), ջࣁ A

Ԗ܌ޑ subsets .໣ӝޑԋ܌ २ӃךॺԖаΠ่݀ޑ.

Theorem 5.5.10. ଷ೛ A ΋ঁࣁ set, P(A) ࣁ A ޑ power set, ߾ |A|< |P(A)|.

Proof. Եቾڄ數 ı : A → P(A) ࣁကۓ ı(a) = {a}, ∀a ∈ A. ৒࣮ܰрࡐॺך ı : A → P(A)

ࣁ one-to-one function, ӢԜள |A| ≤ |P(A)|. аा᛾ܴ܌ |A| < |P(A)|, ൩ࢂा᛾ܴ |A| ≠
|P(A)|.

ҺՖܭॺा᛾ܴჹך function f : A → P(A) ೿όёૈࢂ onto. ऩ᛾ள೭ঁ่݀൩߄Ң
όёૈӸӧ function f : A → P(A) ࢂ one-to-one Ъ onto ,ޑ ӢԜள᛾ |A| ̸= |P(A)|. ౜ჹ
ҺՖܭ function f : A → P(A), Եቾ A ΋ঁη໣ӝޑ S = {s ∈ A | s ̸∈ f (s)}. ཀݙ S Ԗёࢂ

,໣ӝޜࣁૈ όၸόᆅ࡛ኬךॺ೿Ԗ S ∈ P(A). ॺाᇥܴόёૈӸӧ΋ঁϡનך a ∈ A ٬ள

f (a) = S. Ψ൩ࢂᇥ S ό཮ӧڄ數 f : A → P(A) ޑ image ύ, ӢԜளډ f : A → P(A) όё

ࢂૈ onto. ճҔϸ᛾ݤ, ଷ೛ a ∈ A ٬ள f (a) = S. ցࢂࢗॺᔠך a ∈ S. ଷ೛ a ∈ S, Ң߄
a ∈ f (a) (Ӣ f (a) = S), ՠ٩ S ကऩۓޑ a ∈ S Ң߄ a ̸∈ f (a), ӢԜளډҟ࣯, ޕࡺ a ̸∈ S. ό
ၸҗ a ̸∈ S, ள a ̸∈ f (a), Ξ٩ S ကளۓޑ a ∈ S ϐҟ࣯. Ψ൩ࢂᇥऩӸӧ a ∈ A٬ள f (a) = S,
཮೷ԋ a ∈ S ک a ̸∈ S ೿όёૈวғޑҟ࣯ ཀջ٬ݙ) S ,໣ӝޜࣁ ೭٩ฅόԋҥ). а᛾܌
ள S ∈ P(A) όӧ f : A → P(A) ޑ image ύ, ள᛾ f : A → P(A) όࢂ onto. �

Question 5.20. з A = {1,2,3}, Եቾ f : A → P(A) ࣁကۓ

f (1) = {1,2}, f (2) = {1,3}, f (3) = {2}.

з S = {s ∈ A | s ̸∈ f (s)}. ၂ቪΠ S ?Ֆࣁ ٠ᔠᡍ S όӧ f : A → P(A) ޑ image ύ.

Corollary 5.5.11. N ޑ power set P(N) ࢂ uncountable.

Proof. җ Theorem 5.5.10 ޕ |N| < |P(N)|, аӢ܌ cardinal number ϐ໔ࢂ΋ঁ partial
order, |P(N)| ≤ |N| όёૈԋҥ. ள᛾ P(N) ࣁ uncountable. �

Theorem 5.5.10 數學ৎࢂݤ᛾ܴБޑ Cantor .ޑගр܌ ճҔᜪ՟ޑགྷݤΨёа᛾рჴ
數܌ԋޑ໣ӝ R ࣁ uncountable.

Proposition 5.5.12. R is uncountable.

Proof. Եቾ S ࣁԖ᏾數೽ϩ܌ࣁ 0, Զλ數ᗺࡕӚՏ數ࢂ 0 ܈ 1 ໣ޑԋ܌ჴ數ޑಔԋ܌

ӝ. ӵٯ 0.1011010 ک 0.101101 ೿ࢂ S ύޑϡન. ाݙཀךॺஒ S ύޑϡન೿ቪԋคज़λ

數 (ऩࢂԖज़λ數, ࣁࣣࡕॺஒϐቪԋനך 0 .คज़ൻᕉλ數ޑ ӵٯ 0.101101 = 0.1011010).
Ψाݙཀ S ύόѝԖคज़ൻᕉλ數, ΨԖคज़όൻᕉλ數 ჴคज़όൻᕉλ數՞Αεӭځ)
數). ॺा᛾ܴך S ࢂ uncountable, аճҔ܌ S ⊆R, ёள |S| ≤ |R|, ӢԜ |R| ≤ |N| όёૈԋ
ҥ (ց߾཮೷ԋ |S| ≤ |N| .(ҟ࣯ޑ ள᛾ R ࣁ uncountable.

Ӄଷ೛ݤॺճҔϸ᛾ך S ࣁ countable. җܭ S ࣁ infinite set, ೭߄Ң S ࢂ countably
infinite. җ Theorem 5.5.3 ޕ |S| = |N|, Ψ൩ࢂᇥӸӧ΋ঁ one-to-one and onto function
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f : N→ S. ౜Եቾ S ύޑϡન s = 0.a1a2a3 . . .ai . . . , ύჹҺཀځ i ∈ N, ॺзך s ࡕλ數ᗺޑ

ಃ i Տޑॶ ai ࣁ

ai =

{
1, ऩ f (i) λ數ᗺࡕಃ i Տࣁ 0;
0, ऩ f (i) λ數ᗺࡕಃ i Տࣁ 1.

ॺाᇥܴך s όӧ f : N→ S ޑ image ύ, ΨӢԜள f : N→ S όࢂ onto ,ҟ࣯ޑ Զ᛾ளҁ
.౛ۓ ౜ӆ٬Ҕ΋ԛϸ᛾ݤ, ଷ೛Ӹӧ n ∈ N ٬ள f (n) = s. ԜਔԵቾ s ӧλ數ᗺࡕಃ n Տ

數 an. ကۓ٩ s λ數ᗺࡕಃ n Տ數཮ᆶ f (n) ಃࡕλ數ᗺޑ n Տ數࣬౦. Ԝᆶ f (n) = s ϐଷ

೛࣬ҟ࣯, ӢԶள᛾ s όӧ f : N→ S ޑ image ύ. �

Question 5.21. ၂ᇥܴค౛數܌ԋޑ໣ӝࣁ uncountable.

നךࡕॺाமፓ, ΋૓ٰᇥा௖૸΋ঁ infinite set S ࢂ countable ࢂ܈ uncountable
٠ό৒ܰ. २ӃךॺѸ໪ӃҔ΋٤ၗૻٰղᘐѬࣁ countable ࢂ܈ uncountable. ऩղᘐ
ࢂ countable, ൩Ѹ໪᛾ܴѬ, Ψ൩ډפࢂ΋ঁ S → N ޑ one-to-one function. Զऩղᘐࣁ
uncountable, ा᛾ܴࣁځ uncountable, ΋૓೿ࢂҔϸ᛾ݤ, Ψ൩ࢂᇥଷ೛ࣁځ countable,
ฅࡕளډҟ࣯. ,᛾ܴޑӵ前य़ࢂ൩ݤБޑύനதҔځ ᇥܴ܌Ԗ S → N ޑ function ೿ό཮
ࢂ onto.


