&5 4

e

CEER LIRS 2 E



AER RS rR P BERTEYERF RGP R
WA H, AARFFALFE P FE I, BEEP AL BTHEP. APRILE
{& (Logic), & & (Set) ™ % ¥t (Function) 4. A F, A2 L& /1 5 BEF 2 §
L

=
b

Kt g F e

E . AR OEF LR A R Y HF 1R & i g g
AEERBRIB Y TED FEFHEAERSE G LEF, L APEFOTEEE
Beik Bl AR Bt MBI, FF R R

AEBHB R, BB T ASEEIORYE. R AYTIEL, B2 30
Eeggir, il F R E e 2 MR B N L n.

A

(LA TN -3






Chapter 6

Axiom of Choice,
Well-ordering Theorem
and Zorn’s Lemma

Axiom of choice $1% % 282 #c RO A B AL Lhen, 3@ 4rv 0 » vHRE N - L4
HTEFRRI LT3 F T I8 F, b4 Well-ordering Theorem = Zorn’s Lemma (%
F iz BREFAZ Y ). ST axiom of choice i * A F LR, 7 id iE D
- EEEF SEP § 3 p dvh* 3] axiom of choice, @ ¥ i& B axiom i * I F fr#cH o
Wi+ Eead §, P 5% % I0e il RA % axiom of choice 11 % &2 # % {§ e
Well-ordering Theorem v Zorn’s Lemma. » F|pt#-%k + 7 &5 ¥ i pk - ¥ éﬂ:ﬁif-ﬁ
FAIFEYEZBRFTEY 2 - TEI PR, A PRI BREFT. RILY
A e LRI 2 BT LE § e (S T 2T B L i ), 7 LF
ENEREZ BERF MR o @

6.1. Axiom of Choice

Axiom of choice 4p ME N ER T RS S, A ‘,%"5" MEEH- B “H 27 &S iz
REZFEP PN - BRAAE EREF A S A finite set FF7 § 5 AL, FIZ B S D
223 8r 4 " E R, APET U S BaS ELR RArRPEE B2 F B A A
3.5 ]"‘j:ff”/:‘— 4% 5] 2 infinite set, + T i 2 AL Gl4eE S 32 N pE A @ET g N

= @2ty 3 & 4% well-ordering principle, & * i£ least element eh=> 2Pt I8 & L% . 7 if
# { - 4% ¢h infinite set, iﬁ? WOE TR, 1A AP N R P AR sé i “;cﬂb 7 che
/; Zﬁ*ﬁ"l]}i}ij\@,% \q.\, ’";% ;\-IFE——‘M{II'&:I"&? I,B; 'g '%VFF' ”'T

rEEZR & T finite set el FIEE ) 2 I 0 BB A - A CPET a0 2L TP - A&
HE FSL 5 B ILE R ALESY finite set chfFAjAE R A RO AER B E L, 4 Bt 2T AH
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EAR, it a2tz B ERPE- B AR A FOREEF A W RR
PR A At TRG - RE - T‘u{\’:’uz- W B E, A Hb"'r**#“ %,
FAPFy - B, - REA* function R EAETEREFT. - THEE S B
goraienfk &, WA S d power set, AP F P(S) kA . AP ERP(S) P E- By
FHEAHEIA SR - BAF, AT SfpEE kg ,T*u{ 5 3| — B function f # {F¥ix
LS s 3B A%S fA)EA - @ function f, d 3+ EHF § ¢ 5 - BT § i
Foagk, T - VP F2 L choice function. 4% %, AP H T axiom of choice it F

A

Axiom of Choice: For any nonempty set S, there exists a choice function f: Z(S)\0— S
such that for every nonempty subset A of S (7 A€ P(S)\0), we have f(A) € A.

BIR, TR ABRARI - BEE, & choice function H F% (4 #7{F g _A ¢ - B~
%2 a PR BELE. i‘uk;m choice function f eha & X Sazts 3+ B4, a3 £S5, F 57
B L f(A) 9 - F Section 5.2 #7# ¢ “image of A under f”. ¥ ¢t & FP 1 ¥_axiom
of choice ® # 3} 3| choice function #37F &3, ¥ A% % 4o® 35 | choice function. #7114 -
441 * axiom of choice #7{8 e %, T iz é«_'l?‘_"" R € H_constructive.

ww R, APF AL 3| axiom of choice. #]4rfx Proposition 5.5.9 gz ¢ | s
* % countable set K b, xf‘“
- B ieN, d |5 <|N|, & IF“f’ a7 it %% S, — N &7 one-to-one function ¥ $*iE 1 -
B fi:Si— N, 5 & &, #712 B k3 Proposition 5.5.9 £ & * 3| axiom of choice 4 it = =
e, #fs, AL 5 - BA* axiom of choice #7 ¥ ek % .

mEFFH* 7 axiom of choice. + i&n—\d‘Sl,...,Sn,...

Proposition 6.1.1. &3k S 5 infinite set, B| S ¥ 5 & subset &_ countably infinite.

Proof. 3k f: 2(S)\0— S 5 choice function. % g g:N— S, @& 5 g(1) = f(5). ¢
S =S\{f(S)}, 4 * § % infinite set, & § S, 40, 4 AR S € P()\0, 11 [(52) L
TH e, ML g(2)=f(S2) RAI* BFFREH =24 S =S\{f(5),f(52),--, ()}
d S % infinite set, 3 P 4v S € P(S)\0, w Tk gk+1) = f(Skar). b, AP TET
- B g:N— S izfke— B one-to-one function, » F|pt g 7 image, ¥ g(N) TI."L{S - 1

countably infinite =7 subset. ]

6.2. Well-ordering Theorem

w if — & partial ordered set (X,=<), 5 total ordered %7+ X ¢ T & 3 B~ % *K'ﬂ L
ko, I EabeX, MlaXbd bZa B¢ 2 - &2 @ - i poset (partlal ordered
set) (X,=X), # 5 well-ordered # 7% — i X 27+ & T 38 ¢ F least element, i*u{;ru
FrrnneTl RE (n=t,VeeT. 57 > AL mln(T) # 51 T ¢ least element. 73}
Well-ordering Theorem, iﬁ{éﬁ.}%%?— B nf & X, AP AT 55— B order <, i@ 7
(X,=) - B well-ordered set.



6.2. Well-ordering Theorem 97

7 & #- Well-ordering Theorem fv Well-ordering Principle ;& % . Well-ordering Principle,
A kdp eh ¥ 20 - Sehorder < ¢ i ¥ (N, <) & well-ordered set. @ Well-ordering
Theorem, 4y &Iz Rt B L X YT X £ 4p hvi- 8 order < g (X, %) A
- B well-ordered set. #]4r3 T #i Q ﬂf | % - dpen < 73 ¢ & well-ordered (3% & 72 &
{reQ|0<r<l1} iz® & & 57 E )3 ®Hk). 3 EJ* Q 4 countable (Corollary
5.5.8), AT A * N e Q h— - P, ¥ Q HATE A, & fI* AT A I Q
% well-ordered. #7143 Well-ordering Theorem, #*% countable set, #* i ¥ d N
Well-ordering Principle 4& 8. 7 i 1>t uncountable set, Well-ordering Theorem %!tiﬂi,ﬁ.
LAmig FFPE AL, APPEZEMENTER  Horder < # 17 (R,X) £
well-ordered.

Well-ordering Theorem * #- % Zermelo’s Theorem, v %_Zermelo §]* Axiom of Choice
wdn AP e 1% Well-ordering Theorem # ) Axiom of Choice. #7175 4&
2L AR g F]pt s ¥ 2 Well-ordering Theorem AR 5 & - & axiom (23%).
? iFdoE ArEl, — 44 B it i 17 Axiom of Choice #. ¥, @ & i F @+ L7
Well-ordering Theorem, #7121 — 424 i@ 2 v & 23, £ ¥ v £4 Axiom of Choice 74t )
I, AP E N T H g Ieal s,

Theorem 6.2.1 (Well-ordering Theorem). Let X be a nonempty set. Then there exists an
order relation < on X such that (X,=) is well-ordered.

Well-ordered Theorem % 3 c1&_ ¥ 1235 | order <, # 7 (X,<) % well-ordered. % i§
d iz B a1 * Axiom of Choice #1718 3|, # & 3 ’é’% ##* Axiom of Choice #71¥ #113

t 472 &_constructive, #7121 Well-ordered Theorem # & ;% #% 11 ¥ (X,=<) 5 well-ordered

set e order <X A #®.

AisA A A 2 $FEtdee d Axiom of Choice & 3] Well-ordering Theorem. # i &
% % e w4 * Well-ordering Theorem & ¥ Axiom of Choice. #}+3% iZ % 7 nonempty
set S, §1* Well-ordering Theorem, % }ﬁ order < i 17 (§5,X) 5 well-ordered. * pF¥tix
& Ae Z2(85\0, £ f(A)=min(A). Bl f: 2(S)\0— S, % &_ choice function & f,
f(A) € A. #3218 Axiom of Choice.

3 17 Well-ordering Theorem i% i 3 ~ ¢h1 & :T‘klitrﬂ?' N 3 Well-ordering principle —
e, V¥ 5 4 7 mathematical induction 97 j2 fL2. 5 transfinite induction. W kg -
T Corollary 2.3.6, & #¢ * mathematical induction  P(n) 575 neN ¥ 2 i

Lap (i) P(1) A RELBP () ZHEL i<k PQ) $ 3, B P(k) 7 &=, 2
Poao(i), (i) €% P(n) “H“r;z neN ¥ = . & transfinite induction £ 1* (X,=<) 3
well-ordered, £ &P (1) P(min(X)) = >; £ &P (i) 2HE L o< B, P(a) & ==, Bl P(B)
A E L At TEE T Px), BT oxeX WAz ARt IR A 4o T

Theorem 6.2.2 (Transfinite Induction). &3k (X, =) ; well-ordered set ® % x; =min(X).
BK LT 3 B statement K ¥en, PREHEIRE x€X, P(x) ¥ g2
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(1) P(X]) ’%\-f_
(2) B%k BeEX. £HiEZR acX BT a<pB, P(a) ++2, 8 P(B) ==.

Proof. 1* F#&2, BR 3 xeX @@ Plx) 2 2. ¥ S={xeX|P(x) *» == }. i&
BE S#0. wd (X,<) % well-ordered, ¥75 &= B €S # ¥ B =min(S). 4 (1) ¥ B #xo.
A

< H B min(S), ® mHEL 0 CX SR a<B, FF ags, xvPa) FEE. fd (2)
T PB) F. e BeS 2 BERAA ’ﬁ,;-ter:(Z), W ER xEX, P(x) ¥ . O

Well-ordering Theorem _'rﬁih‘}%gi‘&{? BN ok BJE N - b &P - ehf &, 7
Wik m g3 P F AR FIRF 55— B E & E wellordered, % 57 ¥ 14 d &)
R B R R AR HED L, %S /J~ G HET 2, etk ET A2 AT
#r5 infinite set ’fi” mge N 252 - #- 1, % '"Lr)a g8 & j'er-\countable B3
08 ii‘%‘m"/ B A4 en &R FIEAPREET T Y wellorder i FHR-E &
VA RO TR, R R R AT L RE - l[}fu'%“’ﬂjilz Pl B4t N A pF g o
THiorder <X E a,beEN P FH RS, M T abElviE a<b AE asd¥b LB
Pl a=<b Btz AP E (N,<) 5 wellordered set, e 8 % & ] 3|+ # 5, B
2 (M iEim i) AGRFRR BB (FIS L R R AR A P ).

\

6.3. Zorn’s Lemma

Zorn’s Lemma fr Axiom of Choice » & % i ¢ d ** v 30 38§ - 485 partial ordered
Set FRF @ W ATiigE £ AL 4 TG 3 S E b nRUR Y v 9 en, f- AL 3
Lemma. ¥F F, M{é+ 283 # & Zorn'’s Lemma e# 4EpF, ¥ 4@ * Axiom — % E
BEH TN IF“ 7 4 #%# Zorn’s Lemma fr Axiom of Choice (8¢ Well-ordering Theorem)

2 BFenZ BB R, A B0 f2:5 B Lemma.

BRI A w AR - £ BT order s & . “- B partial ordered set (§,2) ¥, B® T
H_Sehsubset ¥ T & <27 (T,X) &~ i total ordered set (R =& 1,/ €T % 3
=t & LT), NPT & (S,X) - B chain. ¥t S - # nonempty subset §', 24 i
#wueSES - B upper bound, A T HEZL S8 ¥ S Sju aAPR pueSsS LS
maximal element, 277 peS 2 S¥ X3 ERAE s B U5 (+ )?L{;LS LA s RS S
B2 AR s=U ij‘h{’fr WFoRe Bk o). A P F U Ait Zorn's Lemma.

Lemma 6.3.1 (Zorn’s Lemma). % (S,<) €. B partial ordered set. & S ¢ & —

rb

chain % % S ¥ 3 upper bound, Bl S  maximal element.

J&_Zorn’s Lemma shcif @ 4, § 2 i & E P — B 4F 2 partial ordered set 3 maximal
element, ¥ 7% g # * Zorn’s Lemma. ~ ))IL“E'KFL FEEP - B poset (S,%) 7 maximal
element, 2 ¥ 11 ¥ B S ¢ F R h— % chain, AREREF A S ¢ 5T & chain ¢ upper
bound. 4% it #F 73 1 chain ¥ & S ¢ ¥ 45 ¥| upper bound, 7% & poset (S,X) § F
maximal element. £33, iS4 A P95, & -  chain ¢ upper bound % f & S 7 35

3|, R s 2% S 7 maximal element.
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¥ 1 —F': 4 Zorn’s Lemma 1% #X 3% ;{.ﬁ d ** T v Axiom of Choice 1 %
m? EX A {Constructlve. ¥ ,T*ua;fu, E)
Eé&} B lelf—_ maximal element F ¥%i. Zorn’s
Lemma § &% %3F 5 88 Az ® * 3. bldo ¥ FM & B oring ¥ % & ¥F maximal
ideal; |+ #c? | & FP “73 0 (infinite d1men510nal) vector space ‘¥ 7 &— % basis, i
£ % 3| Zorn’s Lemma. &A@ i BN - BF F % * Zorn’s Lemma #fFiw, £ 9 @

o OATR i A 6]+ ,Tj’i}\ BN T EHE

X ““\
A
;.

ﬂ\

o

&

Well-ordering Theorem ¥_% W e, AT

i ¥ % 1 maximal element #7F P,

Proposition 6.3.2. % . d - 225 A F TP T sets “raeif &, Y g- KB &
eie 7 B % C 9735 e partial ordered set (7,C). ¥ & ® E R - X chain 8k A
S NS PR Ghe- FEMRERE S P E-FESEAERIMCS.

Proof. 1§ Y i&- B &~ F A % L. P &Y P iT- & chain e 3
 chain ¥ - £ &, &d L ¥ EZ R - 2 chain SR v A S P 2 BRI BE T A
#¢ chain - & upper bound. F]#*d Zorn’s Lemma % (./,C) F maximal element M, 7

TME S - BREE, D S RFHRBAEEE M7 (4 ,T*Kprw;\ i H B R
Ege s M), wiFETIL O

BRAPRBURP P E L B LAME A FRY Eo R 8, A
g ¢ s 1 L @ Proposition 6.3.2 ¥ & X & & h— % chain B iv & S ¢ 7 i*i*u{
7 o 5% 23 & 1 * Zorn’s Lemma 1€ 24 *% — % chain 7 upper bound & & & ¥ .
Arrl kBB B2 ¥ 4 4 upper bound F& o R A B E A ¢ R R TP - A
Proposition 6.3.2 cH& B &3t deie 1% “chain” it HEP v PEREEL D E L S ¢
iH- BE-% 8T Zorn's Lemma P R R, 722 7 R,

fe
\



