Chapter 4

Relation and Order

fiz— F P-4 5 relation. Relation — 43 4 7 I & 2 B 8 ~ % e relation 12 % Fp -
BEEHE AT Drelation. NP HR-¢ LA - B set p ¥ e relation. AP g 4R E
fAAFFRIEE 0 relation, H ¢ &£ & mkbhr\aﬁ £17 equivalence relation. Equivalence relation
FoURE A - B RS2 B RS EE, PR - B 4% eh equivalence relation ¥ 12§l B4 A
P 47 fE- B oset engFfE, AT B Y relation A-BEE gl APRENEY -
relation, ,T}uz‘x?\“r;ﬁ ¢ order. Order 3, %fj%-{”#;ﬁ gt B (ko)) e £ 8 - BF
BAA T fE- B oset MEER I E

4.1. Relation

Lz A B osets X,Y. & § X xY - B nonempty subset, 2 fF“i&ﬁi S & - B relation
from X to Y. %], - B X xX &7 nonempty subset § i*uﬁ-; - % relation on X.

%~ B orelation S 2. {5, AP - A EF x~y KEF (xy) A SAHAF. BB EEL
x~vy dHF R A FBEARR x oy A5 B hen, L RBEEY relation F o F AR L. B iEF
AR DA B & e relation cRF AP, g Y (x,y) €S chE sk, g > .

Example 4.1.1. (1) ¥ & X ={1,0,—-1}, Y ={0,1,2}. =& S={(x,y) €XxY:y=x>+1}.
Pl S - X 3 Y “hrelation. @2t relation 2 T3 1~2, 0~1 1% —1~2,

(2) ¥ g X={1,0,—1}. T& S={(x,X)eXxX:x>X}. B § £ X } e— B relation.
2

it relation 2 TAPF 1~0,1~—-1 1% 0~ —1.

Question 4.1. & X % nonempty set. % Jg X } e relation S. FFEMP S=XxX &
PH’—E}{I’II'& xyeX h"ﬁ x~y.

- k- BABA R L P relation LR EY RIFHA R L2 Bl R, Glde
Example4 L1(1) 325 B XY & § & B chandie f(x)=x>+1 #& # crrelation. ¥ - > &

- & chrelation, 2 & % RIFFiEB E &~ F 2 Bl %, bl4e Example 4.1.1(2) ru—fk'\
75 MEL X ~Zz e ) B %4 2 ¢ relation.
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B AR - B An i hrelation 4 - B X XY 3 B & BAnwAr, R AP § kg
BXY @Ak Benbth, 2 EAFL T - B w XY manaFz BFankl 3, k@
TS EHAXXY hF B L. SHAPTTY § S mr} F;ﬁ %3tk B relation b
Example 4.1.1 * ﬁvﬁvljéi?j;}‘&{g} ¢ Grenff o (Sl AP MR) RRg Sie- BREE.
ANipg T - B b
Example 4.1.2. 4% - & X AP &4eie T~ B relation kfg 5§ X ch+ F - “& 737
el The?

‘F']‘ iz B relation #7H aeh~E R EX 53 & &, S AP R I%E 2 ehE_X 0 power
set Z(X) + & relation. = ,T.*&{;Juf\ P& T SC 9( )X P(X) mEACB % ¥ raE
(A,B)eS. #tuapv iz S={(A,B)e ZZ(X)x Z(X):ACB}. tiz® relation 2. T 2 ¢
,T}ug’ﬁ A~B E¥rvtE ACB 1

BT RAAFe APEINMH- BE S hrelation. # ifuilfzs?}i S #_ - % relation
on X, fipfinz T, AP aEu g B4R 3 00T = 3 90 relation.

Reflexive: § S % L4135 xeX ¥ F x~x,
(x,x) €S, VxeX,

L relation & reflexive.

Symmetric: § S & E¥H* x,yeX F x~y, Bl y~x, T
(x,y) €S= (y,x) €S,

F AL relation & symmetric.

Transitive: § S & ¥t x,y,z€X & x~y ® y~z Bl x~z
(x,y) €A ((1,2) €S) = (x,2) €5,

F P FLL relation E_ transitive.

e U, AP EL B R AR - T
(1) S % reflexive 4;151{%1:@&”6)( PR (ex) - TAES T2 ERIE FhExeEX
#® (x,x)€S ,]*uareﬂexwe Tt 23 F Ak (ryy)eSRlx=y. Ba32, E#k4ES
A E G oreflexive, AP EX R ALTH T X P P F x, (xx) P EASY, A A FHE
(v3) 1 ¥ x#y e,

(2) S & symmetric phEFEZ XD (x,y) €S ¥ FF (px) - Tx &S L3 ARE L
- (x,y) ME (yx) 2S¢ T}UK symmetric. %7 3 2, £ & S £ F 5 symmetric, 3

PEERAEETET (ry)eS i (ynx) €S g A, kil 1 ¢ 4 symmetric, & E‘JT}‘”

%_ symmetric.
(3) § & transitive g HEF & (x,y) fr (v,2) &5 7, Bl (x,;7) - T4 &S ¥ 73 L3
)¢

FE
- (xy),(nz) v (xz) &S ¥ ij‘kitransitive. ¥oehipama L5 £ (x, )GS Al €
- B zeX B (yz)€S. #TTig §HF - B~F (x,y) 7RA S » &_transitive. i m

) == ‘-H\

;:m
5
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2, &b S AT L transitive, AP E R/ AELTEF (xv,y),(n2) €S & (x,2) €S iR
2. A% i3 4 ¢ A transitive, F ﬂ'l)‘j‘ﬁﬂr ®_ transitive.

Example 4.1.3. £ X ={1,2,3}, 2 P 4F 3178 relation S C X x X &_reflexive, symmetric
g transitive.

(1) 0% S={(1,1),(2,2)}, 78 & S * &_reflexive, 15 3 € X & (3,3) ¢S. 4%
S={(1,1),(2,2),(3,3),(1,2)}, 78 A S &_reflexive. ;L & ft | ¥ 8% § 7 5 & (xy) i
x#y et i (F (1,2)€S) w2 FEH L reflexive % 7 .

(2) ¥ S={(1,1),(2,2)}, & P S * &_reflexive, # i § 4_symmetric. &% 4 > (1,2),
* §={(1,1),(2,2),(1,2)}, s p& 7 (I, )es e (2,1) ¢S, & S # 4_symmetric. st % S &
&4 (2,1) (F S={(1,1),(2,2),(1,2), ) 4 ¢ %% symmetric.

3) % S={(1,1),(2,2),(1,2)}, 24 S 7 —«kreﬂexive, » 7 4_symmetric, & v &_tran-
sitive. %4 » (2,3), T S={(1,1),(2,2),(1,2),(2,3)}, & B 7] (1,2),(2,3) €S & (1,3) &5,
#= § 7 &_transitive. P S E & 4o > (1,3) (F §S={(1,1),(2,2),(1,2),(2,3),(1,3)}) 1 ¢
% = transitive.

E_F - B Example £ i ¥ 02 —ﬁ 4 reflexive, symmetric 14 % transitive ¥_4p 3 b &,
- ﬁk‘i;fué,z BLFARS 2 B2 Bk § ¥ ii— B relation # & H Y - B, w7 B2
Foba BAEE. blded Foac - B relation H_reflexive & 7 ¥_symmetric »
¥- 26,2 3 7i— Brelation # £ 27 A3 B, ®73 B EF - BT bldeg TR

— B relation #_reflexive ™ %2 symmetric & % %_transitive. 4@ & ¥ 3 B PE LT 4 E e

# ®_transitive.

it 301 G symmetric v transitive ¥ 42 7 reflexive.

Example 4.1.4. B3& X 5 - B set, m S 52 X F e— i relation. 3k § 5 symmetric ™/
Z transitive, £ F ¥ 4218 S & reflexive? M T dnf i vRAZ § 457

B x~y, 4 3 S 5 symmetric, F]f* Ty ~x. » ih—fx'-\;fu, AP x~y ® oy~x, &
* transitive 2, £ x~x

TBHERLG 4, I T I HFE S Lreflexive. T EHEF T M xeX, vk F R
YEX B X x~y, Bl x~x. i reflexive e 5, B & & hbf 4 B HE-BxeX, ¥F x~x
RFELEX? - 2R axRARFERPAEIT T M, J*I&{fél.ﬁ% FlyeX & x~y, 7%
P % lfaﬁjt»/)‘ﬁ/z‘ B x~x 7. UlHir'X: {1,2,3} enfra;, £ S={(1,1),(2,2),(1,2),(2,1)},
% % % S % symmetric ™ %2 transitive. d 3t 1 HEI A~ F v F B (4o P
1~2),d 24 3HE 1Lfev 3 B (7 2~1), #r14d § % symmetric /2 % transitive v (1,1),
(22) ¥ S®. Ra, G Eefe3 F M F, 70 (33) AR g NMAES P At pe
(3,3) €S, #rr2 S B2 5 symmetric 14 % transitive, & § # &_reflexive.

Question 4.2. £ X ={1,2,3} B 6|FHP 5 & relation on X & &_ reflexive ™2 2 symmetric
L, 2 R % & transitive R T B BIRRP 3 & relation on X & & reflevive 11 %
transitive P2 E € 3 % & symmetric s
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B fs iR —g Example 4.1.2 ¢ & relation # & vRut {4 57,

Example 4.1.5. 3%k X 5 nonempty set. % & S={(A,B) € Z(X)x #(X):ACB} 3
P (X) ¥ iorelation. g AN PP S L oreflexive. A FEHWERL Ac P (X)), AP
3 ACA (% 2 Proposition 3.1.4(1)), # (A,A) €S. #4 S i reflexive. &% ¥ {7 S

transitive. =4 %15 % (A,B)eS * (B,C)eS, 47 ACB* BCC,wv# ACC (%4
Proposition 3.1.4(2)). =% (A,C) € S, #& S & transitive. 7 i S # &_symmetric. & 3P
T, AP RERI ABe P(X) B (ALB)eS e (BA)ES T¥. ¥ g A=011%2 B=X
P ::««?ﬂa 0eP(X)* XeP(X) 2 0CX, tcr (0,X)E€S. e s 4w X £0, % X €0,

Y (X,0)¢S. #& S # 4_symmetric.

Question 4.3. B& X i nonempty set. % Jg S={(A,B)e Z(X)x Z(X):AUB=X} 3
P(X) + 0 relation.

‘(

s

1) 3#8 S - 25 reflexive 75 ¢ %’Lg % EF A, 78S - A E_reflevive ¥5 ?
? £

(
(2) #F S - =5 symmetric w5 ¢ A TFE e, 7R S - 2 H E_symmetric 7§ ¢
(

3) @K S - 25 transitive ¥ ? B AT T, 78S - 2% A_transitive ¥§ ¢

(dn

4.2. Equivalence Relation

73 relation ¥, I & & Hif 473 equivalence relation. T ¥ r FT A i K- B {4F
e & s 3, 7R A &A1) e equivalence classes, M EA P L FE EEEBRE L. AR
i 3 4 éﬂ:ﬁz@, FEFRT A - B 1R

’iq}‘l"‘f’ P8 ed, B H IR EE D N oed 7§ ARE AT ,%i*mﬂz-u i A
. iR, n._ﬁtﬁ - BRI ARAOR G, NP TS A 2 Rl ie- B
%é‘.mifﬁfﬁé RPBE. - k- B g ;“AL/»/‘E??*L" TBEE. ¥ - ,T‘ﬂ-\, B AR A
Bk e, pedrp e v FREARHD ¥ - B F £ F 7 o E R s & Efe?
e Bfi- BEF A4S fre RAEY ¢ {rp JMF Bl Y & Ffof P AE. 4ok A pK— B
BLEX A ZY B BRAAK, RiSEREOLTRIPM, b4 x,y ko, B¥
x~y KT, REBRELT, Ra RSy - BEF: pfrp LR, ,T.%?
7 AT xeX ¥ F ox~ox 4 }]'j"-»ﬂ—\LE'in 7_ th relation % i reflexive. @ % = B & %
F VA R e s & EAT J o, ;ﬁn’ 37 EE x~y Bl y~x 4 ?‘u‘«ifeﬁi
d e relation & i symmetric. B {6 - B & F: F T Are BT Cfop Rag, BT L Efop
fe 5, )’IJ'L'P" #2T s E X~y E y~z Bl x~zo s ;?L%Qﬁ #_d e relation & % transitive. &

:B\-

2o, BAck 5 - B 2 X F ehrelation § & § reflexive, symmetric ™ 2 transitive i& = 38 4
@2 AR & ® relation (hAFARZ A (T x~vy, RIS xy & FH), 70 A
Fehs Fg N g BEFL Nz BRE. FIRLAPLED L reflexive, symmetric 2
Z transitive i = ML o relation - BEFRDEH. F ARG APF2 FTER- B X

terelation A5 X x X esubset R AIEREE, 27 S AR, A PE R ~ X Foa-

i# relation ik £ .
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Definition 4.2.1. & ~ £ % & X ! relation, & ¢ & 1T = BHEE, PIFE relation

% equivalence relation
Reflexive: $73 x€X, ¥ 7 x~ux.
Symmetric: & x,yeX B X x~y, By
Transitive: & x,y,z€X & L x~y ® y~z Bl x~z.

F| & * equivalence relation & & #FF © A4 At ? F 44 reflexive thf v 75 - B
TEF PGS TR - 2. ¥ ehd symmetric {v transitive ehfE Faed £ 5 - BAE § RS
B Pamﬁ»?‘e y{m BHPEFOLFAAIDELT §F CH LT Lok AB
PR, e x AT ABHY .M AEAFY hiz- A F a Flfrx ARt a~x @ B
Y niE- % b Fle frx FHEw b~x. txd symmetric v transitive et fg’fﬁrr'awb. %
,T* AL A ¢ hirg 2R fe B ¥ ST AR R AE. efr A & B A7 RaghiERApd g e

BBEHXR ~ - BB L& X i equivalence relation. ¥ xe X, A P4 g & &
{yeX:y~x}, AP X P fox b FjcbAe k., SHROESE APHE x @D
equivalence class, * [x] k4 7. * 2 d B K, [x] i&,{wﬁﬁ fox b #F e & A b
B &, i reflexive sha &, APy x| SHFP LT EE, FIZ 2" xvx, i&{;m;\ "3
xEf) T- e BRAF yox, M =D @A, HEL €N, AF 2w KA K
E y~x, 7ed symmetric 2 transitive ¥ z~y, T zey]. #F#F x| Cy]. FREF EF [y] C[x],
e D= [ T 4Rk o (VA (1) €5), BB 3 R EPE ER A 0
fEfg, AP e [y Nx]=0. # 5 2, J1* X 1} 9 equivalence relation ~, i K- X 4 S
- 1 3 7 4p % e equivalence classes (RFf . W F AP E*F X/~ ip B RELA T X I B
equivalence relation #4 111 equivalence classes. f§ H %3 X/ ~ fj&,{—; AP R
B ad- X 4 = 0 RS d MBS X A 2 24 S B3 AP R e subsets dnB B A

v

Pt 5 X ¥ eh- B partition, # & 3¢ % KR ACT .

Definition 4.2.2. B3 X % set, I % index set. 2> xR ie€l, ¢ & X & nonempty
subset * X =|JC; 12 CNCj=0, for i # j, R {Cizi€l} 5 X eh— & partition.
icl
B H ke~ B Xt oeh partition, )I*—E'J&—X renAZ g e e A, BE - B
X _} ¢ equivalence relation, ¥ Jg #* equivalence relation #7 = ¢ equivalence classes (~ ﬁ}»
- et B A k) ﬁ}“g H_X &h— % partition. AN g FEL, FLE X

partitionX:UC,-, W iE R yeX, AP EE x~y F2FEE x,y €, for some i €1 (7
icl

Tl fFen~RARLAPM), Pl A 2527, AP¥ E ~ - B equivalence relation.

Fi k& X=JC, AL HHEL xEX v ticl, 18 x€C, FE x~x (3B
il

reflexive). ¥ ¢ x~y, 27 x,y€C;, forsomeiecl, § R+ 7 yxeC, &# y~x (EF

.A.F]
RS .

8

symmetric). & {5% x~y, y~z, FwH i jel 8 x,yeC, yze (. 43 yeGNCj, 1l
FEIFJRIGNCi=0Fawi=j 7T xzeC, FHE x~z (FF transitive). i F 3

" e
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Theorem 4.2.3. B3&X X i set.
(1) & ~ % X ¥ eh— B equivalence relation, B] {[x]: [x] € X/ ~} €_X e~ B partition.

I % index set ® {Ci:ie€l} 5 X - B partition, ¥ Z & x,yeX, T&H x~y

2vax x,yeC, for someicl, P ~ 5 X } e— B equivalence relation.

Example 4.2.4. A PR EHg Z » 5 2 ok & O ={2n:necZ}, 3 ot &
sl & C={3n:n€lZ} 13 5@ E k& CGG={5n:neZ}, B {C1,C,C3}
% §_ - B Z ¢ partition. F] i 7 ,1}7 2,38 5Bk (T TLCUCGUEG), x4
Z#CUCUGs. ¥ # CNC#£0, blde 4 6€CINCy. B CNCs #0, C,NCs 0.
2458 Z 3 % subset Cy ={n:n=3mmeZ},Ca={n:n=3m+1,meZ} 1%
Ci={n:n=3m+2,mecZ}, B {C,C,C3} & - B Z ¢ partition. FF +, AP ¥
B C1LCoCy A F A H 3 BB G 0,1 15 2 mAagadmk b F b f
Z=CiUGUGC, m 2 CiNC,=CiNC3=0CNC3=0. §* iz partition, 2 F## 2 4 Z
P - B equivalence relation 5 x~y & ¥ *E% x,y € G, for some i € {1,2,3}. & x,y €,

I

%57 x=3m,y=3m’ for some mm' € Z #1140 x—y=3(m—m'), 7F W 3| x—y (%7 3 FIE
“,f x—y). BPEF x,yeC & x,yeCs, ¥ 3 3|x—y. #7103t equivalence relation #
THRHx~y BEFEE 3| x—y. X% % A& ~ & equivalence relation. § L #473 x€Z,
A 3x—x, AL x~x. FhE x~y, R 3x—y, w3 —(x—y). FLE3|y—x, T
y~xo BisE x~y P yox, 27 3|x—y 2 3|y—z. FIBE3|(x—y)+(—2), F3|x—z
B x~z 2EAAPF O =0=M4], G=[1]=[-3] %2 G=[2|=[11]... &. 2i#3
2/ ~o= {[00,[1], 213

Question 4.4. ¥z Z & Fdem, £ 1={0,1,...,m—1} 5 index set. % J& Z £ partition,
Ci={mk+i:keZ},icl R ¥ partition *T¥ & equivalence relation 5 @ 7

f1* equivalence relation #-f & 4 #f = partition &£ f* L 2 8 RIFF P F &, Bk
13 Rk A FE Y - LG ARG . P AP - fﬂ‘ﬁﬁﬁ”’ﬁ’%”. 7"9&??
FAPPE - B U LB AP T R

Proposition 4.2.5. &% X & - B finite set, ® * — B equivalence relation #-H & =
equivalence classes Cy,...,Cy. & #(X) 2 #(C;) %72 & &~ F B ik, P

Proof. d % & 3P ¢ &v§ i# j P, CGNC;=0.
EBX VA AMETERRC Y, X mm% ip ek Lk C,...,Cp s F B
2. O
Example 4.2.6. 4 A={1,2,3} * £ X=2(A). ¥ & X } chrelation, H T & 5 =
B,CeX,B~C % rix #(B)=#(C). % %
EF L, HiEd BEX, ARG #(B)=#(B), tciv B~B. ~ £ B~C, % 7 #(B) =#(C), «

T

! ~ & X _} &7 equivalence relation. i
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§ #(C)=#(B), ¥ C~B. $.16% B~C ® C~D, B4 #(B)=#(C) 1% #(C)=#D) ¥
#(B) =#(D). # ¥ B~D.
1 * iz equivalence relation #7 ¥ e equivalence classes )= X = Z(A) - B parti-

tion. #% i3 T & partition:

23 <4 {0}

- ®ag: ({102,030,

= Ba%: {({1,21,{1,31.{2.3})

= ®ad: {{1,2,3}].

AR TS B equivalence classes e % B ks B 5 ((3)), G), (g), (g) #1171 ¢ Proposition

425 @>+G)+@>+@>:ﬂm:ﬂ9MD=?:&

Question 4.5. £ n 5 & B, A={1,2,....n} * £ X=P(A). ¥ & X } <11 relation, B =
HZaHZTIL BCeX,B~C Errag #(B)=#(C). EmeN 2T 0<m<n, ##F {1,2,...,m}

914 e equivalence class B~ % B#cs: 7 2 FHEP

(g>+<';)+...+(nnl)+(g)zzn.

4.3. Order Relation

v
EI DS

h#cE ¥ - 8% L ehrelation ﬁk{”%;ﬁ order relation, 7 TR Bl k. v - &
Z fA M F 0 relation, i&#f 0 relation et i Y vt s o] B TR - KD, Fpt
order relation.

M g e relation d ANt g s o] GBI MR, A R B2 AR G P E R i
Bl . 50 SRA R PR, AR ~ e B R, R E K Gl

Bl AT SR AR S< R R
Definition 4.3.1. &3k X % nonempty set * < i X } relation. # X # & T =
P, AP A 2 5 X ¥ eh partial order.

(1) #55 x€X, ¥ F x=2x

(2) FxyeX B x=2y ¥ y=x, Al x=y

(3) Fx,yzeX BE x<y* y=z M x=<z

. Definition 4.3.1 e & (1) 2% 4rig f]&{ reflexive $2.%, @ L5 (3) ih{ transitive
e U TR (2) 4= symmetric H.’ET,*T*UA&’Z i.0T #F] EFE xAy, MFA TR E T
x=2yE y=x. FAPEMHF SCXxX k457 ie® relation, d *ig B F R DELF xF£y BF,
(y) fe (nx) 2 F il A S ¢, mA PR BT L anti-symmetric. § 2 & X F -
i partial order, — £ 2t TF“T}L?E? #(X,2) - B poset.
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Example 4.3.2. 3% A 5 nonempty set, £ X =P(A). ¥ o X + - LB & ¢ 73
relation C, B (X,Q) )T*‘u{“ i# poset.

Question 4.6. X A 5 nonempty set, £ X =P(A). ¥ g X ¥ - & & & ¢ relation 2,
Pl (X, D) % &~ B poset?

Question 4.7. ¥ g F &R - B E0ME % < £F (R,<) 5 poset? ~ (R,>) 4%

% poset?

- B poset (X,X) ¢, Fx,yeX B xy& y=x, Bfxyies B~3F 5 comparable
(i:}% 1wt ). Definition 4.3.1 2 #7114 ¢ # = “partial” order, i‘u{‘ﬂ BUITLF B R
BiE X P E ¥4 comparable. bldcd B A= {12} i, AP C £ PA) P
partial order. k@ {1},{2} € #(A) ¥ % &_comparable, 15 {1} C{2} 4= {2} C {1} # 7
* . 237 Bk (R, <) iz poset ,T‘-fﬁ =5 %% 5 comparable s . F]pt i x g

5| ¥ & 11 T ¢ order relation.

Definition 4.3.3. &3k X % nonempty set * < i X 1 erelation. # X # & T =

MR, A PFH <X 5 X e total order.
(1) Fx,yeX HE x=<y® y=<x, Bl x=y.
(2) # x,yze€X HEx=2y® y<z Bl x=z
(3) #¥73F xyeX, ¥F x=y & y=x

Definition 4.3.3 {28 (3)  £.& Rz B~ % ¥ & comparable, i B % ;.‘fﬁ}.,{ total
MR BiL R Y (3) PR, {19 5 reflexive, Fl 5 AL x,y 2 F B REARE, ALk R
&, MNP EF x2x » F AP B total order - ZE_partial order (5 i j\i}bz - 7
). § < 5% X & total order, — & irﬂ%};ﬁ; (X,<) % - @ total ordered set. ¥ * % th

% ¢ # total order i linear order £ &_ simple order.

Question 4.8. ¥ G F & R - & M 2 <, £F (R, <) 5 total ordered set?
RF X FEFH TG Horder < R - B CEE L ,Ta{ga;xjx =2 e FlE_x=ux.

2
REEFT NG FHROD < IHEFED < EHdorder 7 FF L, ok (X, X) - B
total ordered set, & ¥ M T K x <y FEFEF xSy T xFy wipfiRZ T, AP HE <

~m

% X eh— B strict total order. 3 F T T K.

Definition 4.3.4. &3k X % nonempty set * < i X 1 erelation. & < # & T - f&

MR, AP A < 5 X b e strict total order.

(1) Fx,yze€X BEx<y® y<z Bl x<z
(2) #1975 xyeX, P ML=y, x<yf y<xfd 2 28I HG - Bgr.

. Definition 4.3.4 ¢ | }£ 5 (2) f 5 trichotomy (= - ).



4.3. Order Relation 63

Example 4.3.5. 0 ¥ 20 ¥ 975 4 i i & C €& - B strict order. # i &
a+bijc+dicC, 2% abcdcR ® i?=—-1. &P 2% (a+bi)<(ct+di) 2 ra8E
(1I)a<c & (2)a=c = b<d ¢ (C<) i & strict total ordered set. | £ & &
transitive {2 5. 3K a+bi,c+die+ficC 2 ¥ ab,c,de, feR & & (a+bi) < (c+di)
2 (c+di)<(e+fi). & < ha kx, APawprppFa<c?? c<e FPrFa<e APF

Aad AR m () Fa<e Bld < T EE (a+bi)<(e+fi); (=) F a=e, B
TiEa=c=e ! (a+bi)<(c+di) wb<d, Fd (c+di)<(e+fi)wd<f. #®
b<f, Flit ik < T &ZE (a+Dbi) < (e+fi). P T < & transitive L. 23 = - &
Fa+biFtctdi, FAFEPEDITETaAtc E bFc. B aFc, BFEFGHZ- Eira<c
c<a,~ ﬁ&—«k‘;mtbﬂf’ (a+Dbi) < (c+di) & (c+di) < (a+bi). 7 F a=c, L FLF b#d, &
%Y FBehz - B2V EF (a+bi) < (c+di) & (c+di) < (a+bi). 2PHEP T ETA4HA <

2. % % comparable, ## 7 < F trichotomy .

gt Z & 2T (C,<) 5 strict total ordered set ® T H3F 7 R A F # < & order.

PR HREFREAATERS AR B e . ¥R, 7 k{4 B2 R

A sets, VPR BB 2 f2EE. T APASE F horder FEHF RS E R
Tod BAR. WA B S 7 fode i kR G M hs B

A:

M:

Fa<b RHEIL c¥F atc<b+c.
Fa<b RHEZL 0<c¥ 3 ac<bc.
RF P RER A CEAFER D PERETA REv A B AR M g F G kTR
’ﬁ 0<i, REpHEF M2, BlF Oxi<ixi, ¥ O<—1. P& <2 THF P, gir < 7 @
EF L, AP uEPAC Fe AT 'I‘;%z '~ 1 strict total order < € 4% R » F
feeh P M RE B E H%*Aer TAFLE (Cx) PEEL R plirz -7 APy
O0<is i<0AfiEFmesFs. 0=, ‘.r;,]vjtng5#33,504_177,?;‘?&%?%&7%
JBETR. MR <0, Bld PR A FAE i (=) <04 (—i), FO< —i. SPFELD BT M, T
18 0 (1) < (<) X (~1), ¥ 0<—1, I et b 6B AR gt PR ML A C LR
7 ¥ iy 3 e strict total order {# & ipu fEF, ST AP A vk AT R 2 R K o] D

£ ;1 R strict total order ¥ # &_total order. & 4r# & #7if, & — B total ordered set
X,=), o ¥_3& — B strict total order.

(=1

Proposition 4.3.6. B3k (X,X) - # total ordered set. # T & x<y £ L r&E%E x <y
xXFy, PlAatr T &2 T, < 5 X - B strict total order.

Proof. 7 £\ F2EP transitive {25, TF x,y,z€X M L x<y? y<z M EFEP x<z o
Wx<y & x=y¥ x#y, @ y<z# y=z® y#z #&d =< % total order F transitive
PR, B xSz NPEREEP xFz P FEE, BR x=24d xy # 2y wx e
y=z, wd < % total order § anti-symmetric $2 5, # y=z. » E F A BRK y<z (T y#2)

5 E, i xFn FR <z



64 4. Relation and Order

BEFAPEP trichotomy ME. F] X 5 total order § total {28, 7 T EE x,ycX,
APy x 2y & y<x RFEx=y NPFE xy,%ix—y mEx£y Bld x<y & y=<yx,
Fx<yd y<x. #Fxy S8 x=y,x<y & y<x REFRP x,y T B x=y, x<y

By<xH?2 - FAEFx=y B <K2ZITRAPLTTH x<y & y%xskf.n*v—gx#y
AR FBEED AT aéx<y,y-<xr5'?§?%\2j_‘,fﬁ?;{x<y7y<x5ﬂ>b1;\'f, do< 2%
v x=<y ¥ y=2x {=d anti-symmetric {25, F x=y. E xFy 2 BKPF F. FE
7»F‘§‘Ex—<y,y—<xﬁ—?{?d»‘i. (|

e
=

Fiken, # ¢ 4 < 5 X 1 oenostrict total order, iz R x,yeX, AP AR xSy F L

Y

=y & x<y Rl X ¢ & X }ihtotal order.

Question 4.9. B*) X 5 nonempty set ¥ < & X 1} ¢ strict total order. # ¥ iE &
xy€eX, AP EE xSy FIEE x=y & x<y, FHEP < € X ! 1 total order.

oA, Apaeg B0 X - B total order ,Tlnﬁi F 330 - i strict total order, & 2
7rERL AT Sk T total order e T S4 i AR #& 3 = strict total order e E. L
G AR, FAPY < A5 — B total order, B| § * < % 7 B $ & strict total order,

7 7T 3R
z Y.

)

'l

3 7 order B k{5, A TFHI.&:? MEEZRMP oL TR B A E BR (X, X) 3
poset. ¥3* X ¢ 2t 3 B T, AR ueX LT - B upper bound, % 7§ E & T

T

sk ¢ 9 s Su B3K ueX & T upper bound ¥ $+iE { T 7 upper bound
B u=u, I u i T 0 least upper bound (2 supremum). ¥, A PH leX
T - & lower bound, # 7 ¥3*EZ R T ¢ ch~ % ¢ ¥ X [ <t. Bk [€X T  lower
bound * ¥E & T < lower bound I, ¥ & & I' <[, RIFL | & T 1 greatest lower bound (¢

o -
P mE

&R, - KK poset (X, <) g nonempty subset % % € 7 upper bound # lower
bound. @ i 5 upper bound # lower bound, 7 ¥ i least upper bound # greatest

lower bound g F o . A F“—ﬁ PR STH

Example 4.3.7. (A) ¥ & (R,<) iz ® total ordered set. £ T={xeR:0<x<1}. #77
A AN FEAN ] g ﬁzﬁfia T < upper bound, @ 1 &_ T &7 least upper bound. #73 - ** &3¢
0 =5 $cft T < lower bound, @ 0 &_T £ greatest lower bound. 1% {x € R:x>0},
A& upper bound. @ {x€R:x <1}, Bl & lower bound.

(B) ¥ & (Q,<) iz total ordered set. 4 T={xeQ:vV2<x<+V3}. #} *x3 /3 h
3 /_«_ﬂz;}‘;’ﬂm T < upper bound, @ #7% -] 3t V2 2 5 I‘l’ﬂt’fii T 1 lower bound. ® &_T
23 least upper bound. & %1 i % uecQ % T ¢ least upper bound, % 7+ V3<u, &3

frou 2 B ¥ § Rl (8 B afr +T‘~me’».;+u€Q;%FL\f<u<u.
%R u L T “ upper bound fex -] 3 y, t“fi’ u » T & least upper bound #p 4 7, s&4r

T 273 least upper bound. 32 4 T 25 greatest lower bound.
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(C) % % nonempty set A, ¥ g (Z£(A),C) iz B poset. ¥3t T F FP(A) ¢ nonempty
subset 7, A &_ .7 ¢ upper bound, ¥z ¥ 2" Be S, ¥ 3 BCA B2 0 i T

lower bound. ¢ ¥ 7 & least upper bound - T3 &, TF F U= U B ¢ &_ 7 i least
BeT
upper bound. =X FZ $#EZ X Be S, ¥F BCU, #*11 U 4.7 < upper bound. @ %

U' e PA) .7 rupper bound, # 7 ¥ 2§ Be .7, ¥ 3 BCU', #d Corollary 3.3.4,

wU=|JBCU. #& U= U B ¢ #_7 ¢hleast upper bound. #l4r A= {1,2,3,4}
i 367
7

5 %k 7 ={{1,2},{1, 3}} E] {1,2}uU{1,3} ={1,2,3} i}{ﬂ 1 least upper bound.

Question 4.10. % Z_ nonempty set A, 4 Jg (W(A),g) B poset. HIE R P(A) n

nonempty subset 7, @F#HM T 1 greatest lower bound F

B IR, - SRFHET poset (X,=X) £ nonempty subset T, & 7% H least upper bound
TR G R, AMEE G G § i o 2  Flidek w/ €X ¥ i T &0 least upper

" % upper bound, # u=<u. FE¥E ' <u, &

bound, B4 u % least upper bound ¥ u
d partial order 7 anti-symmetric {25 # u=u'. I e T 7 greatest lower bound % 7+
BefTeh, v € AFE- e ATV g T

a

Proposition 4.3.8. 3% (X,=) 4_partial ordered set * T {_X £ nonempty subset. %

T 5 least upper bound 5 t, RI*k— . @ % T 1 greatest lower bound 7 ., » § Ari— .

% T ¢ least upper bound 75 ApF > d >t § e — o i].k:?* sup(T) %7+ 2. o 32>
A g % inf(T) # 71 T <7 greatest lower bound.

% (X,=) 4_total ordered set F¥, least upper bound {= greatest lower bound “,’TT 7 orE—
ety - BEEDEF. ZETEF ueX T ¢ least upper bound, % 7 4r¥k x <u, A
x ¥ i AT ¢ upper bound. &4 %% % x & T <7 upper bound ] § 3| u<x 2 7 ﬁ
(‘Ji,’ig < H_strict total order, #f k= - E x<ufru=<x F ViR ) NG T

-
Z_ SFEm.

Proposition 4.3.9. B3k (X,=X) 4_total ordered set, T €_X < nonempty subset * uecX
E_T ¢ least upper bound. & x€X HE x<u, PlsteT & x<t.

Proof. f1* F &2, BR 3 hteT B x<t £, L7475 chreT WA x <t
Ra < H_X hstrict total order, &= - 4, x <t <x fex=1 & F - B ¥ F
Horh €T FF B x<r 27 87F t€T B Lr=x » ,T&%Lgf;x ¢ 2T  upper
bound. e & 3K u E_T & least upper bound, 28 P u<x. ¢ = - E ¥ x<u 2w
BeApd F. HE@ERGRreT BE x<1 O

Question 4.11. X (X,=X) 4 total ordered set, T &_X 1 nonempty subset ¥ 1€ X &_
T ¢ greatest lower bound. FFHEP F xeX B E I <x, Pl 3treT & t<x.

T kAP 4R poset (X,xX) ¥ & nonempty subset T gk o v E. BLR, A
poset ¥ id < Eo] A FHF 5 A A d 3 poset ¥ A iEA B E I comparable, #714
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&

- ﬁé T thi+ ~ %, i s mazimal element of T, 4peh A & T # 25 B ~Z v v < eh
’T}{P’D’E MET 2 23 tteT B u<t, Mf u 5 T ¢ maximal element. &~
FE'”?“ ek teT B u=t, Ml u=r ¥-fadk~~F, fLs greatest element of T (& F
mazximum element), :}ﬂ E A7y T ¢ ﬁvi%%’rsw v s ,Tﬁ{éﬁ%’gET 2y teT ¥
mE_t=2g, P g & T ¢ greatest element. I 38| ~ %4 F ApENTR. F meT 2 %

FrteT ®Et<m PIFEm 5 T 7 minimal element. @ & 1 €T 2 975 t€T ¥ s &

u
N

I=t, PIFE 1 & T 0 least element (2 f£ minimum element). & $ %L & H&, T  upper
bound {v lower bound 7 % & £_T =~ %, & T 1 maximal element, greatest element 14
% minimal element, least element ¥ & £E_T ¢~ % . 4ok upper bound = lower bound,
riE Sk bl AR, E - L e AT b

Example 4.3.10. (A) ¥ & (R,<) i&® total ordered set. £ T={xeR:0<x<1}. %
301 'ﬁ I T 23 maximal element. T E FZHEZE pel ¥3 0<pu<l, “T0FE 4
t=(u+1)/2, 03 0<t<1, ¥ reT ® p<t. #HF T iXF maximal element. 12 T
# ;2% minimal element. ¥ - * &% F¥ g I'={xcR:0<x<1}. {x% % FT vl BT en
maximal element » &_greatest element, @ 0 %¥_T’ 1 minimal element » £_least element.

(B) 4 mA={1,2,3} m2 (P(A),Q) i&® poset. ¥ & 7 ={{1},{1,2},{2,3},{1,2,3}}.

] {1,2,3} €. .7 &1 maximal element » &_ greatest element. @ {1} &_ .7 <7 minimal
element ¥1 5 43 % 3| Be I ¢ & & BC {1}. 7 & {l} 2 & .7 1 least element, F] i
{2,3}e T e &_{1} 2 & & {1} C{2,3}. ¥ ¢ {2,3} + & .7 & minimal element, %] i #
s 5723 Be T €REBC{2,3}. ¥EHm I ={{1},{1,2},{2,3}}. A1 T’ ;?u,l”‘
greatest element, @ {1,2} fr {2,3} $*4_ 7" 1 maximal element. &1 F i b igfiinz

T {2,3} FPFE_T “maximal element 12 2 minimal element.

#&_Example 4.3.10 #' * 4rif maximal element f= minimal element 3 ¥ & % v&— . % i

greatest element {r least element % 7 feeiis, § Ar— . F7 AP G 0T 2 8%,

Proposition 4.3.11. &3Xk (X,=<) 5 poset, T 5 B nonempty subset * &3k T ¢ greatest
element i %. B T 9 greatest element % v&— . * g* B T 0 maximal element € 5 .2 &

-, %%+ T & mazimal element i}u{ T = greatest element, » &_T &9 least upper bound.

Proof. 7 £{|* £ 32, #P greatest element ciwir— {2, B3R g,8 €T ¥ & T ¢ greatest
element ¥ g#g. d 3 ¢ €T ¥ g % T ¢ greatest element, & THAPF ¢ <g kT

2

g=g. ¢ * =< % partial order & F anti-symmetric 25, d g <g M2 g=<g #® g=g 2
3 :ﬁ' ECAL S e

BB g€ T & T < greatest element. & reT % & g =t, Pld reflexive £ F ¥ g=1.
T2, 27 agntel BE g=<t @i g 2 T v maximal element. % ¥ T 1 maximal
element ¥ % feen. JE H T 5 T ¢ maximal element. ¢ peT, v u<g HAnm ik

maximal element (HE ZHME geT w3 FivF U<g gt & u=g APHEP
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7 T 7 maximal element - {,T* A_T 1 greatest element g, » ¢ PFzE %

element swE— |4,

% greatest element HE &, $#*7F reT ¥ 3 1 2g, Flt g

T &1 maximal

%_T & upper bound. I

=R T v upper bound u, d ** g T, & upper bound ehE &, AP F g<u, FHE g &

T =1 least upper bound.

Question 4.12.

B& (X,X) & poset, T %

P T o least element % vE— ,  pL P T 7 minimal element € 7%

0

H nonempty subset ® K T = least element

LR

éiilﬂ“ T 7 minimal element )’I‘u{ T 1 least element, » E_T £ greatest lower bound.

Question 4.13. BEx (X, =<
boundu 5 %? ueT F v

lower bound | % &% lcT

v

"

poset 2 T % H nonempty subset. ##

% T i greatest element 3 T

v E T 7 least element 3 o

2/ T 0 least upper
. Pteh, 3FEM T 9 greatest

BE (X,X) % poset, T % H nonempty subset, % Proposition 4.3.11 ™ %2 Question

412 A paeE T %

% T 7 least element ¥ T 7 minimal element ﬁﬁ{least element. #

greatest element P¥ T =1 maximal element ,T*u{ greatest element,

Fre (X,2) A
partial ordered set # ¥_total ordered set ¥, ¥4 ¥ # ¥ =3 < % ¥_comparable 1 %

T

maximal element = greatest element 14 2 % 4 minimal element {r least element. ¥ § *

ol

minimal element fr least element » & - 3% ¢

Proposition 4.3.12.

% (X,=2) 4_total ordered set P¥ maximal element {r greatest element & - Ik e, F fk e

B3k (X,X) 5 total ordered set, T % B nonempty subset. & T i

maximal element 5 t, B T & mazimal element ijb‘«?—\ T 1 greatest element.

Proof. B3 peT % T “maximal element. d ¥ E 2 reT, u <t %% =%, #&d = -

f__—rrt<;,t

Question 4.14. BXx (X

minimal element 5 ., B T & minimal element ﬂ}“{ T = least element.

H% u 5 T < greatest element.

T K

ST IERE S EE S E S &

O

,=) & total ordered set, T 5 B nonempty subset. 7F7#EM & T

- FELT ey it e

g = greatest element of T yes VieT, t<g g F Pl g=u

U = maximal element of T yes AeT)NU=A)=A=pu|u ¥ &rf i total order F] u=g
u = upper bound of T no VieT,t=<u g & Pl g=sup(T)

{ = least element of T yes VieT, (<t (% Rl b=m

m = minimal element of T yes AeT)NA=m)=A=m|m 5" i total order R| m =/
[ = lower bound of T no VieT, 1<t % &R £=inf(T)

LA L T E - BER DL, %{“r;ﬁ e well order, 2 T_& 4T .
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Definition 4.3.13. & (X,=<) 5 total ordered set. % ¥ i & X ¢ nonempty subset T

# least element ¥ % &, R (X, =) & well-ordered set.

PlAcg At g & TR e & B - BehA B R2 T ,T‘L%L well-ordered set. 7%
Bl &, h- enX P B TR2T i.}-;’/i 4_well-ordered set. F] & bl4e#T3 e f B Boht
xehf & i*‘u;’i’ﬁ least element.

B P AP R R AR R AR, AP A7 o Well-ordering
Theorem * &J2. i& B TILF %5 — B nonempty set X, i ‘FK? 135 53— B total order
< # # (X,=) 5 well-ordered set.

Example 4.3.14. #3975 Ficir i & 7, s8R & - SLenx P B R T 2 & well-
ordered set. ¥ 45 ¥l - B total order < # ¥ (Z,=<) 5 well-ordered set. % g4~
e relation: § a,b€Z, T&x a=<b Frra%E (1) |a|<|b] & (2) |a|=1b] £ a<b. Bz
#£2.7T (Z,<X) 5 total ordered set. F15 % a=<b * b=<a, %57 |a|=1|b| (7 |a|] < |b| 4=
b <la| 2 ¥ic e pExz) ME a<b?® b<a, FT# a=>b, ¥ < £ 5 anti-symmetric }£ .
AEFa=xb® b=xc, %7 |a|<|b| ¥ |b|<lc|, &® |a| <|c|. BF |a|<|c| ¥ F# a<c. B F
la|=|c|, 24 % X% |a|=1|b|, #cd a=<b 2 BXE a<b. ~ F |b|=|c|, #&d b=<c 2 BEK
Bb<c BRPLEEF ld=|c|F7Fa<lc, » ,?u%;ib a=c #HE1 < &5 transitive &
2% total I, ER ab€Z AT 0 g al,[b] %, A la] = [B], A gn o
#oa,b s ST ER a,beZ ¥ % comparable, gt < £ 5§ total . FF b ok A,
A R Bk 3
0<-1<1=<-2<2---.

AR EP (Z,2) ¢ total ordered set i well-ordered set. #*%iZ & 7Z £ nonempty
subset T, A P LEBT ¢ G EE | i d. 28 HEL | TAFEF - B, Pliz < g
£ H T hleast element. @ FRHEH | hiE 33 %, IRt fehri- BLET
7 least element. ¥ & < iz order 2 7, T 3 least element. ¥ (Z,<) 5 well-ordered

set.

Question 4.15. ¥ g Z ® ™1 T &1 relation: ¥3N=E X a,b€ZL THE a=xb FErrE (1)

ab>0 2 |a| <[b| & (2)ab<0 2 a<b + ARk REATEOHEHS 2 2

i

0<—-1<-2<-3---<1<2<3---.

REP AP T R2ZT (Z,X) 5 total ordered set. E_F WP (Z,=<) 5 well-ordered set?

Well-ordering Theorem {73} Zorn’s Lemma ™ % Aziom of Choice .3 % e, % 11 {2

A A B = function PREL 15 € Pt A,



