Chapter 6

Axiom of Choice,
Well-ordering Theorem
and Zorn’s Lemma

Axiom of choice ¥t 04 #c§ FFLE E X A4Heh, 2 Firv 0 v E S - L L5 A
EiFRR2 &5 E I F, bl4e Well-ordering Theorem fr Zorn’s Lemma (¥ 3 *
Tz BFEE G ). $#3° axiom of choice i * | F L BF FI 3 - TIVERIR 0 78
d i - E#F P ¥ 2 p on* 3] axiom of ch01ce @ iR axiom g * TG
frc g @ hd = E e ’ﬁ, AEIL P g k3R A mﬁt? 7 H &% axiom of choice M % &
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6.1. Axiom of Choice

Axiom of choice #g R ER gzt B S S A *‘FK? MESE- B IR A S hix %?L
FAEPPN-BAAAF EBMHTAS I finiteset BFA € F R, FI L EF S a2ty
FHERGFFUSB, APT U AES F R R AR P EFFRAELT I BN A AE. Y
P4t — 43 ) 0 infinite set, » VoAt X B AE. Gldog S 5 N pF, AP E 0 N ek B
7+ E41* well-ordering pr1nc1p1e # * i% least element 17 ; #" R AR A B
> { — 4L &0 infinite set, T}u? fe €3 RAY, FIZAPT AP e ] CPET D R
Wﬁﬁ—ﬂiiiﬁq%naﬁ"+% AWPHEE%~—@m%aAa%%W!%HE
PRE o finite set R A B2 2 I 0 R R A - CPET h 2L T - ik
FFehn & BT R A4 finite set (o) ¥ Ak 4pR £ B, ¢ Bt AU Lo
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FAPY - BAF. B REA* function R EAETERERFT. wAE- TEE S B
gl & WArd) S e power set, SR P(S) kA, AP REP(S) P E- BE
FREAMBIASDE - BAE, T sx.ﬁxgﬁﬁb%kif&{ﬁ |- 1 function f & (¥ ¥ =
LStz 3B A YT f(A) €A i&— B function f, d >TEPE S ¢ & - B2 3 F i
ok, AT - BN F2 L choice function. & %, 2 B T axiom of choice 1@
ALt

Axiom of Choice: For any nonempty set S, there exists a choice function f: 2(S)\0— S
such that for every nonempty subset A of S (7 A € Z(S)\0), we have f(A) € A.

B3R, B AR {— B & &, e choice function 2 (T * (£ #-{8enf_A ¥ - B~
2, A EEL. T’ #3# choice function f ehE &I St F E &, a2 £S5, +3 7
B¥ME f(A) - F Section 5.2 #7# 1 “image of A under f7. ¥ *t & 3P £ E_axiom
of choice ® # 3} 3| choice function #7F &, ¥ X% % 4o@® 35 | choice function. #7114 -
441 * axiom of choice #71# e %, U iz ]“:‘ 8% € &_constructive.

Wk, AP EL e * D] axiom of choice. #]4r & Proposition 5.5.9 g ¢ | A
mEF L * 37 axiom of choice. + ﬁ.}‘u{i‘i St,...,8u,... ¥ % countable set iK%}, éq”v?
- B ieN, d |5 <|N|, & IFB,T* a7 i %% S, — N &7 one-to-one function ¥ $+iE 1 -
B fi:Si— N, 5 & &, #7112 B k3 Proposition 5.5.9 £ & * 3| axiom of choice 7 it = =
e, #fs, AL 5 - BA* axiom of choice #1 ¥ ek % .

Proposition 6.1.1. 3% S 3 infinite set, B| S ¥ 3 & subset &_ countably infinite.

Proof. Xk f: 2(S)\0— S 5 choice function. % g g:N— S, @& 5 g(1) = f(5). ¢
S, =S\{f(S)}, d ** S % infinite set, & " F S, #£0, + 1}{‘& S, € P(S)\0, “14 £(S,) 23
Tk, R4 g(2)=f(S2). RAI* BB FRZH L2224 S =S\{f(5), f(S2),..., F(SK)}-
d S 3 infinite set, 2 4w S € P()\0, e Tk glk+1) = f(Spr). Fpb, AP T K
- B g:N— S i&fke— B one-to-one function, » F|#t g 1 image, T g(N )f]}u{S - B

countably infinite 7 subset. g

KRR R E S P BRSO R fI‘a’ﬁ ¥ i * 3 axiom of choice, 25 & &
- % &3 FRIFS F Russell (4 TS pIeBiEF 7O BN - BHERALE R
7| axiom of choice &+ o § A m 5 § FaukF ¢ (- 4L kT AR ‘%”3 I A WA
R RS ARG ‘F'zif* - 4K+ > T F * I axiom of choice ; A& § feE:
FOO(- KA BB RG Az ohr) FR FESY Rpe- RS 37 1
axiom of choice » F] & A ¥ 12 @ B .%ﬁJF’K:}J" o B H k> 7 % 3| axiom of choice B~

A2t 3B F 5 constructive o
6.2. Well-ordering Theorem

¥ g — 1 partial ordered set (X, j), = total ordered # 75 X ¢ ER A B~ F fRF 1Ot
b=

T E abeX, Bl a=b & HvY 2 -, @ - B poset (partlal ordered set)
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(X,=2), #i- % well-ordered %77 % - B X ezt 3+ & T #0 € F least clement, » ?L—fx'—\;rux’ac
el HE (n=t,ViteT. 57> AL * mn(T) 47 T 9 least element. *73j
Well-ordering Theorem, if‘u—«‘?jﬁ.?&%*?— B2tz e £ X, R lf’“ FRF 1 T - i order X, & #F
(X,=X) - B well-ordered set.

% & #- Well-ordering Theorem f= Well-ordering Principle 2 /¥ . Well-ordering Principle,
BH K ‘—;»L:fﬂ E_* P - diporder < ¢ 17 (N, <) & well-ordered set. m Well-ordering
Theorem, #p P Fg gt B4 X, VU A &g vt - f& order < € E (X,%) A
- B well-ordered set. t4rF 2 Q fI* - B <, ¥ 2 € & well-ordered (3% i &%
{reQ|0<r<1} iz® & &P Hod ] o5 2Hk). 74 * Q L countable (Corollary
5.5.8), i w 14 * N fr Q - ¥ - P, # Q KATE A, & fI* P ATHEEFD] Q
% well-ordered. #7143 Well-ordering Theorem, #}+3% countable set, # " 4rig ¥ d N
Well-ordering Principle 4& {#. 7 i $+ >t uncountable set, Well-ordering Theorem i&ﬁiifﬁ—
FAfp FFIIA A, AP EZEHMENTER Y Sorder < 17 (R, X) 4
well-ordered.

Well-ordering Theorem * f % Zermelo’s Theorem, T &_Zermelo ] * Axiom of Choice
7w dven, AP w0 - 1% Well-ordering Theorem 2 ! Axiom of Choice. #7148 {&
2Lr AR . Fpt s ¥ 02K Well-ordering Theorem 4R 5 & - & axiom (2 3K).
? iAo AT, - A B et i 1 Axiom of Choice € %t @ B f F @\ = 127
Well-ordering Theorem, #714— 42V 2 #£v 5 3%, L # v 4.4 Axiom of Choice #74& |
I IL, AP R NE T H g Ima s

Theorem 6.2.1 (Well-ordering Theorem). Let X be a nonempty set. Then there exists an
order relation < on X such that (X,=) is well-ordered.

Well-ordered Theorem % 3% c8_¥ 1445 ¥| order <, # F (X,=X) 5 well-ordered. 7 i
d g B M E 1% Axiom of Choice #71 |, o & % # * Axiom of Choice #71 é17F
# 1+ % 4_constructive, #7127 Well-ordered Theorem I #& ;* #% 1! & {7 (X,=<) % well-ordered
set e order < % #.

BT A P72 2 Fdoimd Axiom of Choice ## ¥] Well-ordering Theorem. 7 i & #
A% % en w4 * Well-ordering Theorem #& ¥ Axiom of Choice. #}+3% iZ & 7 nonempty
set S, f1* Well-ordering Theorem, “‘-,’ Ja order < # {7 (S,=) % well-ordered. * pF¥tiz
L Ae 2(5\0, £ f(A)=min(A). Bl f:2(S)\0— S, % &_ choice function & £
f(A) € A. #3818 Axiom of Choice.

3 7 Well-ordering Theorem iz i} 3 = 1 & )T}if&t”ﬂ?' N 3 Well-ordering principle —

e, 2P 5 #7092 mathematical induction 77 2 fL2 & transfinite induction. ¥ kg -
T Corollary 2 3.6, & & * mathematical induction 7@ P(n) % f’“’r’ﬁ neN ¥ &= e
LEP (i) P(1) £ RiGL#EP (i) PHEZL i<k PO) ¥z, 0 Pk) =2, &

Po(D), (i) R#® P(n) #9753 neN ¥ % 2. & transfinite induction n—gﬂ’“ (X,x) 3
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well-ordered, £z (1) P(min(X)) = =; £ &M (i) HEZ L a<p, P(a) & ==, Bl P(B)
N 2 gl ,g vf'—f" 7 (x)7 4.%*1”"775 xeX »éb 23 A g "’E“'—Lw;ciil'&l’"ri

Theorem 6.2.2 (Transfinite Induction). & (X,=<) 5 well-ordered set ¥ 4 x; =min(X).
BRI T A B statement e, FREHER xeX, P(x) ¥ g <.

(1) P(x) = =

(2) Bk BeX. pHEIZ acX B o<, Pla) & ==, Bl P(B) = =.

Proof. 1% F &2, BR T xcX @ # Plx) 2 2. ¥ S={xeX|P(x) » 32 }. i

Bk S#0. #&d (X,x) & wellordered, w5 & f €S # ¥ B =min(S). ¢ (1) Fﬁ#xo
x F] B=min(S), A PEHEEL X B a<B, ¥t agS, T¥Pa) v &l (2)
e PB) >zt BeS 2 ERPT R, T S=0, ﬂg”i‘%’]‘l{,& xeX, P(x) ¥ == O

Well-ordering Theorem ﬁ?&?}f@iﬁ{? MEANP ok ed® N - 3 g2 - ek &, 7
Wik m g AR E AR FIRE 3505 - Bk & A wellordered, %57 ¥ 12 d # )
g BAet L FHRBL A FHET L, RS 'J‘ i FHET 2, otk E T2 T‘z\ 7
#7% infinite set F8 7 e N A58 - - Hk, 7 i3 '”Lr)a i £ 1A countable itk e
BERE? SHra 2 A9 445 1 8 DR LA PAER T 17 well-order shid §a#-4 &
PR R RO, REE A AT R - B R RRETL Glhof it N AP g
T e order <:

RlE a=b wt
2 (i e #ic) A

—m

beN:2k+kiE, T axbririra<b f®asb#biinik
2T AP e R (N, <) & wellordered set, & §_FjE ] Bl £ 5, B
AR SER S (P15 JF -4 A B A 208 3).

a,
E&:

m 3”*

6.3. Zorn’s Lemma

=

Zorn’s Lemma fr Axiom of Choice » #_% @ . o v chm AL $+ - 4% ¢ partial ordered set
S Y N R 2L T AL ELE S E S SR
Lemma. 9 +, s+ 7 &85 & Zorn’s Lemma % gpF, 7 1 4ci@ * Axiom — £ 2
FEH.ATUANP A L HE Zorn’s Lemma fr Axiom of Choice (2 Well-ordering Theorem)
2 g Bk, A &30 f2i¢ B Lemma.

B LA w - 23 MY order ehE &. B- B partial ordered set (S,=<) ¢, BK T
H_Sehsubset T T & <X 27 (T,X) &~ B total ordered set (R Tz 1,/ eT %3
=t & T), A PHT L (S,X) - B chain. ¥t S - # nonempty subset §', 24 i
#wueSES - B upper bound, A T HEL S8 ¥ S Sju aA PR uesS LS 0
maximal element, 27 peS ¥ S?PXF EPAZE s g,%&,ujs (~ )*J%{;LS ¢ g,
E2 A8 s i*wf:’-;fr' U Rk ). AR P E 4kt Zorn's Lemma.

Lemma 6.3.1 (Zorn’s Lemma). #3% (S,<) #_— B partial ordered set. & S ¢ & — 1
chain % % S * 3 wupper bound, Bl S  maximal element.
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€_Zorn’s Lemma, #4&cif ¥ B NP &R EP - 4 T o0 partial ordered set § maximal
element, ¥ 1 ¥ g @ * Zorn’s Lemma 5 ﬂ} AW, FEFEP - B poset (§,%) 7 maximal
element, A P ¥ 2 F E S ¥ TR - 2 chain, REFF A S ¢ 35 ) %2 chain 0 upper
bound. 4r¥% & #P 73 9 chain ¥ & ¥ 4% 3| upper bound, 78 & poset (S,<) € F
maximal element. £ /1 %, g4 A 3w, & - B chain ¢ upper bound % Jf & § ¥ 35

3|, A3 i 2% S 7 maximal element.

¥ 12 g 4 Zorn’s Lemma 17 28 £ 3% 75 aftink 4L 4 %7 fo Axiom of Choice 14 %
Well-ordering Theorem #_% @ &1, #7172 v #7118 075 @24 % & constructive. » ,Tk{;’ru, #
i ¥ % ¥ maximal element #73 e, © & KT 5o fgl}__ maximal element % )z ¥R Zorn’s

Lemma € f#-%3F 7 #& FAz? * 3. 4ot | ZEP & B ring * % % maximal
ideal; |+ #c? | & FP “r3 0 (infinite dimensional) vector space ¥ T'% - % basis, #8
£ % 3| Zorn’s Lemma. &A@ FiEFu B - BF F % * Zorn’s Lemma #fFiw, £F @

f)?”"‘l’%';’f”ﬁﬁ?fém ﬂ/‘n\ 3% i Fiw 2 T EEN

Proposition 6.3.2. & 7 £d - &2 5 +#$LF’L%'W” sets #rH ek &, - R EE
gig 7 B % C 9732 e partial ordered set (7,C). ¥ & ® TR - X chain 8k A
SRS - BEMBE S - BESEREHREMCS.

Proof. 1% Y- BHEERNAZHLEE. (AP DY ¢ T~ ¥ chain ¥ 2 & 2
$t chain ¥ - B &, &d S P TR - ®chain B E M A S P 2 BRI R T A
#* chain - & upper bound. F]#*d Zorn’s Lemma % (/,C) 3 maximal element M, 7
TME S Peh-BRE A S P RFEBPELE G MR (4 %&{ﬁ;‘;j;ﬂfsﬁv&

Lei s M), k@R A L 0
AL R PP Gl R - ‘zﬁﬁéﬁﬂ%ﬁ%%ffsé R E- R E TR
g ¢ 5K % @ Proposition 6.3.2 ¥ & X X § - chain ehE & 7 4 7 ¢ 7 fgi%{/‘“

P m P & | * Zorn’s Lemma hE 2k ’&_i?i — 1 chain 7 upper bound & & &% ¥ .
sl R BT B Re T 4 4 upper bound HE R, W A B A A S P B o Fpb - A
Proposition 6.3.2 cH& B a3t deie ] % “chain” it EP v PEREEL D E L S ¢
iT— BEH-%G | * Zorn’s Lemma FEP B EERF, A4 T R



