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Chapter 1

Basic Logic

AREVESPLEY S 8 LA RS - 3B e
LL{ FHRHEFELES - BRI HC ) —HFE A ;
BERPI L F TN N eR, G gE ARV I F L
RPeE R, EREVEE AL TR

EBCH Y oA P R SR A R i N P2 5 statement. B4 2> 0 & - i# statement,
3<2 % &~ i statement & x>0 T*-ﬂr A - 1 statement (f?’té\ sy x A A,

HE
IRy
N
'l
=
T
*
|

=

1.1. Connectives

# B statements ¥ 14 2 & & — B statement, i iz 2 statements m?uz‘?\“r;ﬁ connec-

tives. # & ¥4 5 d connectives il % = ¢ statement H £ & 4 035,

1.1.1. And. § £ 4 % 7@ & “and” i&- B connective. i&- # connective 3% &
Bp A RfRen- 3. F P Ao Q ¥ 5 statement, A * PAQ %57 "Pand Q) i&-
statement. PAQ i B-pFiz E¥tenit Bpriz 4 i ? R 3 5 hE & “and” ,T&{“_E' ”
=R, ,Tﬁlilrl‘?” BrZE PAE Q J’KTL“i“fB‘ﬂ;'j\‘ A PANQ A%d, m & P4rQ
Pp - BEE AP ER PAQ A4, blde T2>0and 2<7, A4, A F2>0 2
2>7, A4,

A w I 73 hE B4 truth table % & 57 * connectives if % % B statements {s #

¥4 i, A * T &7 % (true), F £ 5745 (false). #7224 5 12T & true table.

o :lzt g o= 7\«}

P|o|lPrQ|
T|T| T
T|F F
F|T| F
F|F F
A ~ 1+ Truth table fﬁ;{:&%—PQ & B yf{ct R A Risd PO AT R,
BTV PRREOREER. e A5 FE5 P ST, 05 F&ERT PAQ S F.
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2 1. Basic Logic

(B 2 ERAF PO AWHE e PAQ fr QAP SWHE 3% A k. 4 32465 PAQ
fe QAP iR} Epp % en. APHT 5 logically equivalent.

Truth table ¥ 12 {84 2% 8 2| ¥72% 5 statements * connectives i 42 & {8 H $H45 o
%, Bl4e (PAQ) AR <0 truth table &

Q

(

o
>
Q

)AR

CECRERE R NN W B
R R R RN RN
HmHEEHHEHH 3=
e les s e Mo Bl e il | g

e e M s lles Mics Ml e Ml

Question 1.1. % ¢ 7| PA(QAR) 0 truth table v ¢

14 (PAQ)AR f¢ PA(QAR) i %+ 27— (PAQ)AR 4453 PAQ ihitse
F4e R, @ PA(QAR) £44F3 QAR h¥H4E f 4o P i 5. 7 M40 & truth table
Aipsrig (PAQ)AR 4= PA(QAR) & logically equivalent.

1.1.2. Or. § P fr Q ¥ 3 statement, &2 * PVQ %7 "Por Q, i&- 1 statement. 3
PF o g & “or” %AL‘{“E\}” E L. FEAENPR TP AT 3 A bldeiE
SREER, EMTUERTTRAES GRS ET AR FH—, T S B RE,
mESFIMLIERT T A AN TALE 105 oA T | A TFHEZEE. BRSO CNY LT
%ﬁg,l'!'f’fr'ﬁ/A 105 2> A& 10T = %’ﬁ - l]}t}c__;,jft.? LV 17»;}3%%7.;&'11 "B 105 oA
W pE A 2R, p R BIE ) Cor” dp eh A G TR E )I}{;w PicQ # ¢
Fo AN PVQ A (XA P e Q ¥ RN HTL, R f P Q
{45 ch PV Q A 445 en.

bl4e, T4<50r4 <3, i statement £ 4teh, F| 5 4<S5 Efeh @ T4>50r4>6
iz statement { & 450, F] 5 = ‘F;'z WA, B31F T4<50r4>3, &% statement i%
XEHen AR E3nE * and E, 7 B ABIE L Uk R £ ¥ U iR

APy 0T MY PV Q e truth table.

Question 1.2. PVQ fv QVP & % 5 logically equivalent? (PVQ)VR §= PV (QVR) 4%

% logically equivalent?

F X and, or ¥ 5 connectives, & PF UH-H R L @ * . bldod P,O,R 5 statements

ApEw L d ghe (PAQ)VR, (PVQ)AR,... %3558 i statements. 4o i@ 2] 20 i 45
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7 ble (PAQ)VR w@fﬁvﬁm BO(PAQ) & R A Y — B Ageh 110 8 & R L4,
(P/\Q)\/R L— T ¥, @ F R {fhm?fi,jbu B PQ wH, (PNQ)VR 4 ¢ 4. A F, F

B2 LS (PA Q)VR f= PA(QVR) E_logically equivalent. fwﬁ?*:ﬁvPA(Qv R) #.#
gk P e QVR ¥ 5 ¥en. Glded R ¥ apE 7 ? O %284 QVR % 54, B
&JE P G ¥A T I P/\(Q\/R) E4ten, 3for &8 &R 440, (P/\Q)\/R h— T AT e
#111 (PAQ)VR v PA(QVR) % &_logically equivalent. § 282V % ¥ 4% 27 &0 truth
table 2| Z_T I % &_logically equivalent.

P|Q|R|PAQ|(PANQ)VR P|{Q|R|QVR|PA(QVR)
T|T|T T T T|T|T T T
T F|T F T T F|T T T
F|T|T F T F|T|T T F
F|F|T F T F|F|T T F
T|T|F T T T|T|F T T
T F|F F F T F|F F F
F|T|F F F F|T|F T F
F|F|F F F F|F|F F F

¥y—=5, 1% 2T (PVR)A(QVR) 0 truth table, # #t# . (PAQ)VR fv (PVR)A
(OVR) % logically equivalent.
P

=

OVR | (PVR)A(QVR)

SRR R RSl
CECECRE R R RIS
e Bl e N e N R
T EaAaAaa A<

V
T T
T T
T T
T T
T T
F F
T F
F F
V

Question 1.3. F 4| * truth table #& & (P

equivalent.

Q)AR 4= (PAR)V (QAR) E.F % logically

A e 1 * truth table # % - £ % 72 £.F 5 logically equlvalen - &5 M logic
i 4 €3 — & logical equivalences 7] & &~ Tik k. F Wige AL 0 B i A
¥ connectives 11 % truth table i@ * % TS femE s B loglcal equivalences 2% i* Z
BARE NS RERE, - BRER A I L EERF R logical equivalences.

ﬁxféﬁﬁii"‘“ fe “or” 7 B mﬁi% FEL> e < AEE Y x>y A x>yorx=y, 4T
"1 4>3 ig- B statement #-PR or FRBERP| o FIZ 4 <5 L T4,

1.1.3. If - Then. % - B#% #3948 ¥ &L ¢ connective e X FF 5 F &% H 7 ﬁin”v =
¥ 35-f% 0 connective, i+ A F K. ¥ P{r Q ¥ i statement, A * P=Q &7 Tif P
then Q | i&— B statement, & T P R Q) hg L. BiiE P=Q ¥} ihi i: 2 %
BIEVF 2R, ARDRYE B PR AEDIPQ 2 FanF Rk ( ﬁ)—fl\
WoPQ ¥ EApE ). 242 PQ ¥ 7 A statement, A Ede Tx 3P #i @R P



4 1. Basic Logic

7R ¥ = 7 & H - B connective ¥ i@ E XD PQ (TR PEAMR) HicdkF
FipEg “ifx >3 then x% > 9”7 &4k ¢ statement (L& x>3 ’frx >9 ¥ 7 #_statement,
e % if-then @ %15, v & - B statement). x>3 fr x> >9 £F M %eh. @ B4R AP
7 “if 3> 2 then 2 is even” &tk e statement (¢ 3>2 v 2 5 B AL B hen). GdF
HP=Q BRI OFEITL R, A PARA T GRS ILG YR BB EGE Y DL,
EEE D, FAPETIfPthen Q) AT “§ PRzpr, Q- 2327 (AR 57 %9
MR 2 statement, AP E - BTN F X2 A 2 JHEESHROEE ) SRE RA DL F
APHE if Pthen Q # 7 AP g dek P2 AVmEL Q- T2, 4wk P72 32, &
B QR E S, 0 AHE L B TifPthen Q) AP EM e P A2 QLE
oA 2R CE R MR, A B P A2, - BfelddE L Tif Pthen Q) g
= P,Q i&3 i statements #1 connective 4p % 1%k, F] 5 HAEE Tif Pthen O, = 5 -
% statement, 3% JF P T_P,Q piZm a4 R P= Q anftgim. Vo ips 33
P=>Qfr Q=P tikF 1t E227-thin. 3FSFFEENLTI P=Q4E Q=P
FEAHN TF P=Q WA Ad PRV HE Q2 A ATE P A AR £
B Q. bldet Paog ifx>3thenx®>9, Lz 2 A7 4 x<3 @3 g7 x2>9. 4
;T*@{éfuf“ff”«,@.%ﬁ QF=EP P A, Ba };; P=Q 7% iikix Q=P E- TR
% & Tif Pthen Q) fiB4BF aidss finps, AP €¢FMP=>0 v Q=P LBl 7
%_equivalent.
Question 1.4. 4rk AP dvsg P 3 2P Q & 2. FREFAPHFER Q3+ 2 pF, LFF U4
T PX AR ?

RarP kg @it o L& P= Q (R, KA kT PR AL H, ¥ PO
% statements P, 4ok P B ¥teh? Q ¥t 7RAET KiE P:>Q L | T s AR

RAFRP=Q B LF P ASDD Q W n, TARES P Q i, fL higds
FRAPT P=Q 1% R EE P EsES o T P=Q B R? 4N P Q ¥ AS%E

BOP AL, Q €hcile, Ty PRSE 2 F QgAY R P=Q iRiE, A
PP ENPIRTE P=Q ¥ Bde2>3 450 22>9 F4eh LiBF A EF woa A
# if x> 3 then x> > 9 i&— B¥hstatement. ¥ - > &, —4>3 45 & (—4)2>9 T4
e, & F & F Ak if x >3 then x> > 9 - B ¥t ¢ statement. A 3 2, M3 P=Q AP
3 " i3 truth table.

Question 1.5. #ZE 4| * truth table ¥ % Q=P fv P=Q #_% 5 logically equivalent?
(P=Q)=R A ZE4 P=(Q=R) 5 logically equivalent?

RFFLERFEH P=Q0 SR PEATRDG &g, NP4 % “if and only if”
i connective ¥ § £ i — P .



1.1. Connectives )

BSAPH A P=Q B2 P8t “,fi Fif P then Q) *F, &3
e TQifP,
e P implies Q |
e "Pissufficient for Q) (R P = Eu@E Q =2)
e "Qisnecessary for P, (RFZ& Q3243 7@ Paz)
e "Ponlyif Q , (RFF 3% Q2P A7)
o "Qwhenever P, (L& § P+ 2 Q30§ = 2)

1.1.4. If and Only If. § A - P=Q fr Q=P * and @ 4xpF ¥ (P= Q)N (Q=P),
Az 5 “Pifand only if 7, * P Q k4 7.

AP ERLFALEET ) P QPR A RTADL _ﬁzé‘f FAPR PO A7 P;&Q 3
Q=P + AFRFP IR Q- XA 2, -5 % QF20 P - XF2. F PO
’ﬁ——f[%q\ Y- B-%s 32, 32 PoSQ 478 Q2R P - T2 rTv"FT“ﬁiﬁ'j
QAP ¢REPI> (FREES PR Q432 enfFim) @4 LA 2Pk
PoQfLz 5 “PEIFEE Q7 (& P2 &% Q) vk 7.

REAPhy h@iE) PoQ iR s kg ol xkyg, &

PeQ 47 PHA QY QHAPH. 7 €1 - - &afim. 7 %’P - AR
- - e Agpeh 2 AR RQEY Po Q LM HA T P e O LR LK DS F
PEE 4 eh. 971 G T BB P Q o truth table.

(R8T

[Plo|Pe0]
T[T T
T|F| F
F|T| F
FIF| T

Question 1.6. #Ef|* P=Q ™2 Q= P < truth table = P < Q < truth table.

Question 1.7. P& Q v Q& P % 4 logically equivalent? (P< Q)< R v P& (Q < R)

T F % logically equivalent?

B P Q a5 iR, frlef Lt s R4 R ERG B AL maA P
fI* PeQ kiaf s wBE N & P A4 7 ¢ Qméﬁf‘g—,PiQ KL?&@ ¥Hen F
R, s (P=0)A (Q:>P),]}—§LP<:>Q sl E PQF L ,n’?§P<:>Q,‘a;’qL 2
MERRXE PS>0 Q=P 2 ¥ Ty PO Y 1@55’—‘? AP E PO LA 1
P4 Q$teniba), d 0@ Q=P i85, 78 P=>Q EAXHTIRE PSQ 2 4. &
THFEEPSQ XL, RERRPS0 0P PoQ T #BFﬁﬁ?tru‘chtable(?‘tﬁr’
equivalent), $ frii b #cH + A fid P=QE Q=P pid ¥, 11 E P4 Q $Henfiay,
APRRTE P=>Q L4

BN PeQ bEy bt 0 TPifandonlyif Q) *, &5



6 1. Basic Logic

[ I—P lff QJ
e [ Pis equivalent to Q |

e [ Pis necessary and sufficient for Q |

1.2. Logical Equivalence and Tautology

om AP A % iE logical equivalence PR A . AP F 01+ logical equivalence - i
Hpda i L % a0 logical equivalences. 1Tk e4F A f_F % EF X JF’K * Truth table kX 4F3t 7
B logical equivalence 1% 4E.

FAAPLRF- B2 § PO Az statements B, PAQ v QAP+ € L AE T
£ statements (-~ ,7&{;5,? AR i e SRR, AT R PAQ fe QAP E_logically
equivalent ¥ 3 £ fxit g . FF F A PAMRPO 7 & FH— 1k, v T LF I S statement
Pefk, Sp gt BE PAQ 8 € Fl G PQ D7 A G TR e, gt BRI PAQ AL statement
SARE. AT TAR B (g AR § PO AT REOIRLT, AP HT P
F1* connectives it FA4= k ch % L “statement form”, H4e P € PAQ fr QAP &R

“

B statement forms 3 logically equivalent. ¥ ¢F sV i % “~” % 4 77 & i statement forms
% logically equivalent, ]4-#% 3 (PAQ)~ (QAP).

% — B ¥ % & logical equivalence g * H | 2 ¥ 123 logically equivalent
7 B statement forms H ¢ - B F#* H # 0 statement form B, 5 ¥ ¥ 7] logical

equivalence. bl4re Fv (PAQ)~ (QAP), AP ¥ #-P % P=Q B~ {8

(P=Q)AQ) ~ (QN(P=Q)).
AR PR F @ E, T %R logically equivalent 7 statement forms F 4p e &3 truth
table, 3V P -H ¢ R B R HciE LG A B L AT E AT statement forms v § F 40 e 0
truth table. FFfeengp i@ AipE v E-H Y R Bt 3 B (24745 %) logically equivalent
e statement forms B~ % & (& 7 {8 70 statement forms 7 5 logically equivalent. ]4c e
s (PAQ) ~ (QAP) 1% (RVS)~ (SVR), 117 118 (PAQ) ~ (QAP) 21 P * RVS
it m L #e Pt SVREBRHE

(RVS)AQ) ~ (QA(SVR)).

B3 - BA A RAE dok A B statement forms A, B £_logically equivalent @ B fr
¥ - B statement form C » _logically equivalent, 78 A f= C » Z_logically equivalent.
slaes G (PAQ)VR) ~ ((QAP)VR),  § ((QAP)VR) ~(RV(QAP)), 57

(PAQ)VR) ~ (RV(QAP)).

T BARR € * 2 Pk F] R d truth table s> 2 ¥ 107 3.
F1# BA P AP T LA ,%g d truth table {* % % & {% — % statement forms %

logically equivalent. f§ ¥ % 3Ls% 7 ¥ 12 #- logically equivalent 4 “Z 5.7 — $Ri&* . A ip 5



1.2. Logical Equivalence and Tautology 7

% 4 i cp logical equivalences, b4 A G2 e vV chi ) T
(PAQ)~(QAP), (PVQ)~(QVP) (1.1)
I N VA K P
(PAQ)AR)~ (PA(QAR)), ((PVQ)VR)~(PV(QVR)) (1.2)
BTG OAV 2B pEE,
(PAQ)VR) ~((PVR)A(QVR)), ((PVQ)AR)~((PAR)V(QAR)) (1.3)
TEF ¥ K FTet A3 E2F § logical equivalences ¢ £

Example 1.2.1. ¥ i (PAQ)V(PVQ) i&- B statement form. % ;%3 (1.3) ¢
(PAQ)VR) ~ ((PVR)A(QVR)), # R * PVQ B, 2 i+

(PAQ)V(PVQ)~ ((PV(PVQ))A(QV(PVQ))). (1.4)
£d (PV(PVQ))~((PVP)VQ) 112 (QV(PVQ))~(QV(QVP))~((QVQ)VP) F
(PV(PVO)A(QV(PVQ))~((PVP)VOIA((QVO)VP)). (1.5)
Fs%&h (PVP)~P 113 (PAP)~P, i
(PVP)VO)A((QVQ)VP)) ~ ((PVQ)A(QVP)) ~ (PVO). (1.6)

B ENS (14), (15), (L6), @

(PAQ)V(PVQ))~ (PVQ).

% — B statement form # truth table & i @ iz T % 5 4, A P4 statement form

% tautology. & v HE_€£4F % 4. H4c P < P ¢ truth table 3

Pllperp
T T |,
FI| T

# P < P % tautology.

Question 1.8. P=P £ % % tautology? P= (P=P) £_F % tautology?

Tautology 8278 F £4F S AL L, v BB P L Leh vV FAPE § -
F87 % X321 logically equivalent. % = i statement forms A,B % logically equivalent P,
FiAB SHBER- K, AP AeBELH LT ASB ; tautology. £ 2, § A< B
% tautology ¥, d *t A B ¥4 - K, v i3 40 b 0 truth table. & % A~B. 2115
PR KA

Proposition 1.2.2. X A,B 7 @ B statement forms. Bl A v B % logically equivalent
E k> Ae B % tautology.
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B wmeap?d APLEXR A~B * 2481 A< B % tautology ("% A~ B R
A& B % tautology), 6 * & A< B % tautology 4818 A ~ B. # Proposition 1.2.2 ¥ 113
* A~B ¥ ¥ % A< B 5 tautology.

Question 1.9. B A B 5 % B statement forms. # A~B ¥ %388 A= B % tautology?
# A= B % tautology ¥ F 618 A~B?

Question 1.10. &3k A,B,C i statement forms. % A< B v B&C % & tautology, 2%
Vi A C ;i tautology?

fe tautology 1p & & #13) e contradiction (5 ‘f). v ipehE - B statement form % iz

PR T 5 4 en. BT contradiction, A € AT - & 4% “not” 2 {5 3.
Question 1.11. H3X A,B 5 statement forms.

tautology, ##.FP (AAB)~B ® AVB % tautology.

i

= A
(2) & A i contradiction, 3##.P (AVB)~B * AAB % contradiction.
1.3. Not and Contradiction

A AL “not” 1% e not § B £ equivalences. AFp F ARV m G FEd, @ "
f‘; ‘I"Eizl;‘?'z"&? E‘; ’ft”fﬁ: E’f”__ﬁ; 'ﬁn e . * ffi = NE ‘fl?"fi;‘?l ‘}3 s i i TR j’—m__s; ﬁ m ;f—i-_l_ E‘bﬁ 7:.-\~
FESIS L L R

Ji

Not 3 & % frdp F chE L, ¥ %~ B statement P, & * —P, k%5 not P, - AL %
“zt P mi;&fr—u{iéﬁ P % ¥tpE, P i*u;% Fz2,% P a8, P )’T‘u; ¥.oorruaiE g
r 7 =P eftruth table.

P || =P
TI F |
Fi T
EF T R R
P~ —|(—|P). (1.7)

Not P 822X % & f§ 8, v £ #3°d 2¥ § connectives if % & statement B~ not 2. {5, H
R FEAF ST Bl ~(PAQ), RIS A S L (GP)A(RQ), Bt A - T
truth table ¥ &

Plo|PrQ|~PrQ)| |P|Q]|-P|-Q|(=P)A(-Q) |
T|T T F T|T| F F F
T|F F T TIF| F T F
FI|T F T F|TI| T F F
FIF F T FIF| T T T
EPEFN, APHOBHE P QHE, 2(PAQ) fr (-P)A(-Q) 7 k. £F 1, f1¥

truth table, & ¥ ¥

=(PAQ) ~ (=P)V (=Q). (1.8)



1.3. Not and Contradiction 9

5“?[’“{%‘:} R i b+ R fRe TR 0<x<l1, &%+ x<1 and
x>0 vagpF, * R x> 1orx <0 APF LER- Blcx £ PG ox
statement, m Q 5 x>0, P] =P, =Q A %5 x>1,x<0. » T&{@O<x<l vk PAQ
Form ox>1 0rx<0:T‘£{ —|P) (=Q). & ¥ g & 2(PAQ) v (-P)V(=Q) = logically
equivalent, @ % £_(=P)A(—-Q) (FRI ¢ #F x>1landx<0 B3 7).

AqpEw o - &5 Bt statement form 0 logically equivalent 4R &k &2 not. B
Yo 3 (1.8) ¢ s P, Q A B <P e QB ik, T @

~((=P)A(=Q)) ~ (=(=P)) V (=(=Q))-
{—3‘- “’PJ #* ﬁ(ﬁp) ~ P’ %—F#'
~((=P)A(=Q)) ~ (PV Q).
1@ B P not, ¥
—(PVQ) ~ (=P) A (=Q). (1.9)
Blded B x>0 A, Apae v apk 5 x<0. 24 PO A4 E x>0,x=0,0 x>0
5 PVQ. PP 5 x<0,70 5 x#0. A (-P)A(=Q) 5 x<0and x#0, i x<0
SI‘-*-L‘{XZ 0 ep & .
3 (L.7), (1.8), (1.9) ¥4t HE4v not 7 M ¢ statement forms 2. ¥ <7 logical equiva-
lence tp5 £&. 7 3 (1.8), (1.9) £ 5 DeMorgan’s laws.
=T kAP R R E R, R statement form € fr —(P = Q) logically equivalent #2 7 £
FEAFREWRE AP0, 7 EJI* truthtable e d - T, A REF R P LI P=Q
feP=>-Q 7 4 F, 45 P &R vFs By 2 *ﬁ 10 2(P= Q) fc P=-Q T
7 &_logically equivalent, + @ & 3z i

Question 1.12. 3# BT € R F x>0=>x>1 5 {5 ey, » BT € Fx>0=>x<1
¥y Flcx. VIFETARE LY

H,@nxmf"n‘P#Q“‘ Pe&nfiin, mid QBN E FERIE. 2EY -
% A, B : statement form ¥ A % tautology, 7% —(A = B) )’I.*-L’frAi—'B % logically
equivalent ARDRFEARRGH, VAR ASB OHER2E - B SR - R

3

Question 1.13. # B T ¢ ¢ ¥ 2>0=x>0 ¥ RHcx, s BT ERE 2>0=
x<0 mﬁmﬂ?z’ﬁtx T AT AP R Y

& L ~(P= Q) § o A 5 logically equivalent, ¥ 13- B & R k5 P=0Q. 7
AR~ T P= Q R B P M Q- TH. AP aE O §3, FEP A
e, s %&L{%‘:ﬁ;_\t FARE O, &7 ﬂ*i%{P . BEAPRI QV-P iE- B statement
form. £F *+ * truth table ¥ 3%
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[PlQ||-P|OV-P
T T| F T
T|F| F F
F|T| T T
F|F| T T
2 ip 8 5
(P=Q)~(QV—P). (1.10)

117 (QV-P)~ (FPIVQ) 115 ~(-Q) ~ Q. # 11 (P= Q) ~ (FP)V(-Q)), £ {17 #
(P=0Q)~((=Q) = (-P)). (1.11)
A PRE P=>Q ¥, &7 % Q 4R P - Wk, e &
F1#% &3 (1.10), 27 # ~(P=Q)~-(QV~-P). @4 DeMorgan’s laws 4t
=(QV—=P) ~ ((=Q) A=(=P))
et
~(P= Q) ~ (PA(2Q)). (1.12)
A5 (110), (L11), (1.12) £ % Rg2 S5 PRI Q7 S 4473 9 i # * 40 logical
equivalences.
d 343 (1.10) 2 i 4eig, #7F ¢ statement form 0¥ r2 4] % logical equivalence & =

- AV e s Glded P& Q e s, Aipe F

(P& Q) ~ (QV(=P)) A (PV(-Q)). (1.13)
EAIF AV s fedd (T3 (1.3)) @
(P& Q) ~ (PAQ)V((=P) A (—Q))- (1.14)

Flgt 2w % DeMorgan’s laws, 34+ (1.7), m 2 AV 2 BFanBl 50 (35 (1.1),(1.2),
(1.3)), 4 ¥ &1 - B statement form P~ not 2 {s 5 logical equivalence. #]4r3¢+ (1.13) B~
not ¥ i¥
(P Q) ~ ((mQ)AP)V ((=P)AQ).
$ABSE, FU AT (L14) P h Q F —Q Bk (s % A E T
(P Q) ~ (P Q).

4 A i statement form PF, —A ¥4 R 2 e A s AP £, P70 A& —A 0 truth
table A @z P Rz T % 545, ¥ ir Ao —A i contradiction. ¥ 2., % B i statement form
¥ A& B 5 contradiction, % 77 e iZ P HERT A fo B g EIRAp R, ¥ A B~ —AL Bt
# i3 12 e Proposition 1.2.2 4p ¥ & e F.

Proposition 1.3.1. X A,B 5 @ & statement forms. Bl —=A 4= B % logically equivalent

X k> A B i contradiction.
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1.4. Quantifiers

Ao =5 A e vt statement ¥4 FIRZ T U P * connective ' 2 not i@ 42

Hsg ek A ips o - B statement form 0E 25 . 4 - B H - ¢ statement,

—
¢

P R R AR R, AR B HIETHAS. Dlde A 8cF b - B statement ¥ ¥ € § - &£ quantifier
(B3) D, @ B0 HETEADFIEER. A S P AP R4 R Lo quantifiers, T 4F 3
TP B F T

#H % L quantifiers 3 1T B

o “for all”, “for every” (T ¥t#73 h), ¥ * V % 7.
o “there exists”, “there is” (73 &, ¥ M4 3]), ¥ * I & 5.

e “there is a unique” (i3 fri— n), ¥ * I £ 7

30 F e PR AL, 1A R S R G RIS PR Y e 3,

BARRP hE, A quantifiers pF ;P\?‘uﬂg ,p qﬁLfiE Reng &L 3 T
SR o o F e ;@3@,};{;{}_1 s v - @A %ﬁﬁtff‘% - 1% iy 7

Fe. 7 iEd 2t AP 4 g quantifiers (FEA, @ 7 Wﬁ FEM L ATIGEAR S T H A4 AR
F“’é‘uﬂ'; b g R AU B e GlAe A R Ve & Jx, TP A B AT m,jh—i"for all x in
2 there exists an x in R, 1« "’T} L L P Ap e A d

ALgfEhpS V22> 0. 3 SE I S R Ba? >0, Apiri i
% statement ¥ ¥t Fli & - BF #cx JF’rSE%'Jr, L3 bk i dE e statement FPE U * Y
T AN & T “Vx, P(x)7 A P(x) dpehiqe x § OB eniE & (Bl4et B¢ P(x faxz >0).
T ;}F] mi}b{“w’ﬁ dix 'y €% E P(x) i ®ifi*. & statement & }%Tbu AT X Friiﬁ,
- BEA G4 B4 Vi, X2 >0 0 {&%ﬁ?(xzo 7&1 * )

o en, NPT o “Ix, P(x)” k&7, e x B EF Px) 2. iz statement & ¥, ¥
BHESP - BxREPE) F2TE. AR TVERFEF 50 ?Ekg*%’?r, G
- B, TR RB I - BHTE (gﬁh{&“v * there exists & F]). + & % Vx, x> >0
en, wyeei A 22 >0 {2 (Box=1, 7).

Ve 33 F G AR i, blde Vx, P(x)” ftee, 7R Oy, P()” je- A (F &R
(- B ox ¥ ). A EE R R AT HB R X P P fﬁ‘fﬁ-?ﬁ“‘rp e x F%
G E PO, ¥V e 3 AR E RPH AR HY 0. § BER W P) F TR B, e
WP U B4 ALY TG i Yr, P(x)” R&F - B x A B4 Px i}n\ﬁhm TR E R
TLAPRES I B P() B F2TT L BEA TR Dr, oP(x). bl 6 8 Vx,
x2>0 F4gen, T E A PR Iy, x2<0.

ARSI P E EFM G “Vx, P(x)” chE TE “Vx, 2P(x)". 82585 “Vx, -P(x)" £ 3§+
e “Vx, P(x)” B4 en. & “Vx, P(x)” 2450, 34 Ao “Vx, ﬁP( S s R
W CYx, P(x)” R E A “Yx, —P(x)7. Blde Va, ¥ >0 B4, e Vx, X2 <0 4 4B vk
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3 dx, x2<0 4 E¥. A RFFAL, P EAH. RA F 2P F 1T e ]ogical equivalence
—(Vx, P(x)) ~ (3x,=P(x)). (1.15)

S E’t T COx, P(x)”, 27452 Flx @ Plx) 2. TR FEM T Ox Y

7 s & P(x ,]*q\vru Vx, =P(x). Fein, %5 B € F 5 “dx, P(x)” e0E 24 “Ix,

=P(x)”. i thm FleBx 2B Px) BEF P aHay- B 55 Px). Flpx
d “Ix, =P(x)” I # s & 2 “dx, P(x)”. 8@ 3 2 :‘\ i3 12 &1 logical equivalence

=(3x, P(x)) ~ (Vx,—P(x)). (1.16)

Question 1.14. F{|* 83 (1.15) 1212 logical equivalence SH3.R48 % 58+ (1.16).

Quantifier 3 PF € 3 24 &7 B { § RSP, SN P EFEE S B R HEDE), {F
RPDIRT kA BRBFOFIRgRT L. A3 8 B R BEiR, 3740 “Yx, 3y, P(x,y)”
£ statement, B4 P(x,y) 4phE A x,y § Mg . bAoA ¢, Sk f(x) dx=a @
w5 (T limy, f(x)=1) E & “Ve>0,36 >0,0<|x—a|<d=|f(x)—I|<¢€” 7&.{5
BB, AR AP EF T G ow fARE A 0 statement.

(1)Vx, 3y, P(x,y)  (2)3x, ¥y, P(x,y) (3)Vx,Vy,P(x,y) (4)3x, 3y, P(x,y).

(1) dpehi #0973 Shx ¥ 53 y R 7 Px,y) 2. AR SR x G900 L L3R5
by, MTMEBEEF Sy AL LN, Vi € EF x iE A . blde YV, Iy, x+y=0

iT# statement £ ¥ H THERZEP X, FEHI y B x+y=0. Ty €5F x 0 ¥
Ty=—x. Bldrx=1Fy=—1m x=2pF y=-2. T x,y chL{EFR{XE L& + 7

oy

*

2

By .

Y.<

PER

(2) dpeh i 5 x it f—»‘H”TF g1y ‘J’ng%ip(xy) AR e x A BT
Py, MR Ay TEFHTD, TATUEF y 4 RH. blde A Vyx+y=y &
i statement & ¥t v BT 45 5] x ;Evirgmy TR xty=y TR xPHIETH
TR, T x=0. 2EoAed (1) AR P g Vi, dy,x+y =0 iz statement F_%F
e, (e B H#-Vx fo Jy 9vE B 4 E Jy,Vo,x+y =0 i& B statement { 450 Fl1 5 AP R
EPH I - BRETSY B DT mx;ﬁﬁg,% Ex+y=0 £ 5%H, AL EEREXE R,
“Vx, 3y, P(x,y)” fv “Iy,Vx,P(x,y)” BER N & Vx fe Iy LG A A, L HX2TFFFE

AR

Question 1.15. dx,Vy,x+y=y & statement L ¥eh, 2 FH = Vy,Ix,x+y=y, £7F &
Hei? 2 a2 Ve dyxty=y 2 I Voxty=y, 7 BHEE?

Question 1.16. X f(x,y),g(x,y) ¢ 53 BREDIIE . & Yy Iy flx,y) =07 ¢

T gey) =07 % % E ER flxy) =0 fr g(r)) =0 B4 LG L SHFTT- B
§e 5 EkTEM, - B TEfAE MR x=101 4P 7

(3) fr (4) i s E¥. (3) peh L ZP— B ox, ¥ E LDy F0g RF Plyy) =
Al S HRT G g, AT URT G - B (xy) FRE R E P(xy) 2, g

I\,—
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Vx fo Vy 3085 52 & 2o F B statement. @ (4) 3p HEF 145 x @ ,5'7; — By s
P(x,y). FI* 44T G chg iz, APF R T G F - B (xy) @8 Ply) £, Fptp
PP 3x o Jy SR TG € e B statement. GldoE AP A x=3 P, T H ;q y=7 1
B P(3,7) EmFEen, B PpEAPL F R y=T B, VI x=3 #F Plx,y) ¥ ATz
(3), (4) P15 i % #ce quantifier ¥ 4pfe, #7020 x,y RS T £ & (3) - L F I Yy,
P(x,y), @ (4) ff = 3y, P(x,y).

2T RSPk F F 3 B % Hiceh statement B~ F ZPF quantifier % 1 FA. & (1) 0
B2, T “Yx, Ty, P(x,y)”. #pF, AT s “Iy Px,y)” _JFI: & B H(x) i ff g . il R
statement ¥ 5 ¥ Va,H(x). fI* &3 (1.15), A sy v end 25 I H(x), #Ha 03
(1.16) & 3241 —H(x) ~ (Y, ~P(x,y)), “F 11 3 i 17

ﬂ(Vx,Ely,P(x,y)) ~ (Elx,Vy,—'P(x,y)).

!
5

fe 78 24 fpo
(3, Wy, P(x,y)) ~  (Vx,3y,~P(x,y))
—(Vx, ¥y, P(x,y)) ~ (3x, 3y, ~P(x,y))
—(3x, Iy, P(x,y)) ~ (Vx,Vy,—P(x,y)).
Bldod o ot Sl f(x) B B limy, f(x) =1 9F TR
Je>0,V6 >0,-(0< |x—a| <d=|f(x)—I] <e).
1% 503 (1.12) &P
~0<lx—al<d=|[flx)—ll<e) ~ ((0<|r—a|<o)N(f(x)—I]=¢g)).
S My f(x) =1 0F T 5
Je>0,¥6 >0,0<|x—al <) A(|f(x)—1] >¢€).

Bf, APRP - TV IAYRE I FEOLR. AV RO, APY € G
Blde x >3 =x2>9, i&— B statement Bt kFEH > Vox>3=x>9. ¥ Pt b
{BF A PRI B ostatement E R E AT 0 Hox K&Hfﬂ L - FHcx, ¥ x>3,
FARTEXC>9. aF x<3, Flav e P BE >3 chm R, AP E L EFx>3=2x2>9

4 At AT R E Ve x >3 =02 >9 L4 (ips SRR TE PHP P=Q
REOH R FERENME). /—gmiﬂxq&a% TECAEN ?F‘I,]*w-rl R VX & dx

. &rﬁg-i?'éihffefﬁ;fv‘[ HTF xr’_Qf,iL‘P gf,;L‘Q J£7f§_8tatement Hé;_j&j\
BB s TV Px) = Q) , AP F g Voa rP() O(x)y k%t A4e® L MHax

| =

#E Px)» #E Q) f“ir“rjm fogek Ix. AEBIR, TR R, L AT LB A
rEx,P(x):>Q(x)J ,a 2 T P)AQ(x) ) k&, 28 F5, "I, Px)=>0x), 247 F
EHF xi® Px)=0Kx) 3 *'Z)TLL’P", et 3 & B P(x) chx ¢R g R Plx) = 0(x) 5 ¥

BERATRILG x B PK), » €EF TI,Px)=0), »H, ¢,T*fr)ﬁ'1mrw%ix
BEPx)» BFE QW) A& bl T d- B3 3 0f Hx, /%’ix—lojfﬁ%
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M3x, (x>3)A(x*=10), (»FF x=+/10), 7 2 £ "3x, (x>3) = (x> =10) , (2 PF x=2

Question 1.17. &% f(x,y) £~ B BREPEADI AL TH - FHa>02E f(a,y)=0

g
£ % | i5- B statement, ¥c§ chi 12 5 @ 2 ¥ B 1% statement (7E 2



Chapter 2

Methods of Proof

B¢ T HEnBER BT AT IFE Y IePBEP. AAF P APRAE- BERP 3
BRAP R MED G- B A KR, A A RED OPIT AL M PER RS

P

LN F.E_ pg

2.1. IF-Then &g @

%3-S N mﬂ* L Hief8 P = Q P statement. & 3P ief8 statement, 2P < R
2

7 direct method contrapositive method {r contradiction method = f& 7 =

2.1.1. Direct Method. #73} direct method #F, ﬁﬂi&{j BHEP, 5 ﬁk{jj FEflr P
PERER Q 2. (FE%A, APALE PAFF2p Q0 g4oi). gAPRED P=Q
P EEE P eniE e g, AT R RPN Glher T b

Example 2.1.1. £ p,a,b i %#c. %P if p|aand p|b, then p|a+b.

Proof. d & pla,p|b, &5 BB mn & F a=pm,b=pn. #¥

a+b=pm+pn=p(m+n).

Flm+n i K#kc, % pla+b. O

7;5},'9 BREP AN FI AN - I, FEEHELE SRR xS ,T)—E‘L;L
RFAPA RN ERFNP=0, PEHFEFP=RAFEFR=0, ME{HEEFP=0 7. i
AF 5 FHEEP=>R %27 PHORER- ¥4, £d R=Q T RHa%: Q - T4, i

A PP Q- 24, 5% P= 0. W4T aip|F
Example 2.1.2. X a s > F#® a# 1. ZP F x,y s FHEBR L d=a, Pl x=

Proof. ¥t = f?'?lg{y, E i e ay#07 "_l:tgl ax:ay, Eﬁﬁfbﬁ l%n/[f g B gV =1 % }"J'EE
LRHc, =10 2z=0 &@#Fx—y=0, " x=y. 0

15
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FREP DI CAPEHFIAEE @ =)= @ V=1),Ed (@V=1)=(x=Y)
B (@ =a) = (=y). B9 A0 T B A Rt R, v o 22 aF L F

22

a=1,Rz=0 &BFFF* direct method ¥ 2 HFFP , & - T A £ 4]* contradiction
method k& m

$ % & direct method # 3% ¥ r2 4 45 BfE R, § A SR R & P g2 RS

)

#HE Q. TR ATEP 225 LS proof in cases. Dot T b
Example 2.1.3. B% x 5§ #ic. %P if x> —3x+2<0, then 1 <x<?2.

Proof. 4 x> —3x+2=(x—1)(x—2) <0, & see o & 2 fEHFw, T
(1) (x—1)<0and (x—2)>0;
(2) (x—1)>0and (x—2)<0.

(1) ehrfFma s x<1® x>2. 82023 Fdx §FPFELx<] M2 x>2 Afpae (1) 7
T, &mE (2, Ta>1 2 x<2 BE I<x<2.

O

~

AR, BEBEP Y, JLEFERAFERELAALEG (1), 5 LR%FE (2) TH
X —3x+2<0%? 1 { i, +5\1r“rrr%ﬁﬂgt’ﬂ9ﬂgnw%ﬁ'$x§%£x2—3x—l—2<0,3"§
Brx - TEBRL(L) S A(2). 2% (1) AT R G (2) §H, TR TE s L3042 <0,
PR x - Tk B (2 ) FER xR (2) FE 2-3x+2<0, @il g (1), 7R R
if 1 <x<2,then x> —3x+2<0, @ % £z if x> —3x+2<0, then 1 <x<2. + & %},

Question 2.1. #& x 5 7 #c.

(1) “If x> =3x+2 <0, then 0 <x<3.” 4= “If x> =3x+2 <0, then 1.3 <x< 1.7.” &
7 1B statements V8- B ¥fen?

(2) “If 0 <x <3, then x> —3x+2<0.” 4o “If 1.3 <x< 1.7, then x> = 3x+2<0.” i

% B statements ¥%— i F_$Fen?

2.1.2. Contrapositive Method. # i (-Q) = (-P) = P= Q i statement 7 con-
trapositive statement. ¥ kg — T, Ny P= Q v (-Q) = (=P) &_logically equivalent
(3033 (L11)). 4 REE P= 0 e (7Q) = (-P) it Lo Keeh, T, FA il
(—Q)= (=P) THEF P=0Q 1

TREP P=>QFF, FHFRPEENT A5 LR APED A Q RE S )%@fﬂﬂ.%fg
¥ L% g € * contrapositive method. ~ ,T* P (—|Q) (—P). B ¥ B2 il ‘21/'
% i;\m]‘%—ﬂ, 3| E E«\:zgr‘iﬁ«\:;gw = ,g A A km,g * 2R ﬁ‘ﬁ*&{ﬂ i ~kig_§§
g1 911l dedk — B ostatement & I F £ 3N, A& U &0 contrapositive statement #_F 3%, FRA-

p 72 * contrapositive method € '“#& % % #EP . NP T Hb| S

Example 2.1.4. % x,y 5% #. #P if x#y, then x* #y°.
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FR,FRIE L) =23 SRR HeAE A, T LT - T 2SR
EBF LA H N EEJE. £ * contrapositive method kP, i*u{i Bk (3 £y (
B=y), REE (x#£y) (T x=y).

Proof. {]* contrapositive method, # % X P=y T0=x—y = (x—y)(x%+xy+y?).

RS

1 3,

Py +yt = (x—i—2 y)? +
2?8 x4 xy+y? >0, “fﬁbx—Oandy—O(L“Fﬁx:y). et d (x—y) (2 +xy+y?) =0+
Hx—y=0, ¥ x=y #F% ifx#y, then x> #y>. O

F - B statement &£.d x “7{ & chfAg fe e BT Rdw i x A Dl H el T, gt s
F_* contrapositive method 4% pFi%. b4oit T i B |5

Example 2.1.5. LB #k. %P if x? is even (% #k), then x is even.

Proof. * contrapositive method, T# P & x 5 H#c, Bl x° 5 # ¥ R x 5%, 27 x
FUBS x=2n+1, B¢ pn Lk wEFE =02+ =4 +4n+1=202n"+2n) +1
R U

Question 2.2. BEX x,y 5 BE#c. #F* contrapositive method %P if x+y is even, then x
and y are both even or odd (% ¥#&).

3 PE* proof in cases JdZ %, 4+ ¥ * contrapositive method kP . 4 Example
2.1.3 37 1 * contrapositive method 3 T @, AEX (1<x<2) (Fx>2o0r
x<1) £ =(x® —3x+2<0) (F x? —3x+220) A g ¥ e+

Example 2.1.6. & x,y,a & & 7 #&. #P if xy=a, then x < /aory</a.

Proof. * contrapositive method, % & —((x <a)V(y<+va)) (7 x> \/a and y > /a)
E#E —(xy=a) (T xy#£a). Ba x,y,a 51, #%d x> \Jaandy>/a ¥ # xy> (ya)’ =a,
HE xyF#a. O

Question 2.3. % x,y,a

SR N ify—a, thenx> Vaory>ya LE A H? B3
, 2 e Example 2.1.6, . F 7

’b’rig

2.1.3. Contradiction Method. w ;' + (1.10) & ¥ 7 P= Q v QV P &_logically
equivalent. » ,Tk{;ﬁ,, FAPREN QV-P ,T‘u‘ M T P=Q. Aa QV-P E_“&7 &
B, dZAz K § 8L 6 % 48 o0 proof in cases, i1 F * § i 2 EFE L R (P=0),
P pEfe (ZQ) AP 5 logically equivalent (%L 383 (1.12)). Flt F i #P (WQ)AP - &4
e {HEE P=Q & #H. ¢1* 73} e contradiction method (< 32 ).

Contradiction method &1 g2 = 2 ,]&q\, LXK (HQ)fr P iy, RS e e
i - % b statement 495 F. At - KT & (2Q) fr P A0, A @ P= 0. i©
= 2 chf & @%i&{@' - X AREER P -Q 3 ¥, $A PRI OFTALHE a7 0
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direct method 3% P 3 %f, &% contrapositive method # ik —Q 5 ¥, © thid %?ﬁ 7
% ff direct method £ contrapositive method P! F&d« Fvif & a3 ¥ A (rd P IS Q &
§ ~Q 4ad N —P), A BN - B R T f

YREP PO, EFRIB P EE AT H D -Q NiER T 3 5 b APy
PLERE T Y g P e ~Q G # ¥ pER % i contradiction method. 2§ 11 T i
=+ .
Example 2.1.7. % r 59 #, %P if r» =2, then r is irrational (/& J2 #c).

APERBTRF R/ ZEP - BEALELTHE, T2 F a0 * direct method. @ F*

contrapositive method £ ¥ L 3% r 5 F Wi, BT P A2 B EN. H6 ¢ RiE7
FedaES 2 5, TR P contradiction method & 2 P

Proof. * < &2, TR r 5 7 20 BE rP=r, KA F.OREBR r AP Rk,

i3 r ¥R S r=(m/n), 27 mn i % ﬁs: BF mn F B, NPT L 2, dopt

- BT APTER mn A - H - BAY L EAH KA :2, E7"1712:22 d Example
2.1.5:rrmla;;fa,3zc.43}a{;ﬁmw;agv m=2m' B¢ m % fF#. ppEE 2:2n2 £
n?=2m". #f d Example 2.1.5 5o n 7= 5 s B E 4 BEX mn 5- H- BA% 2 Hk
AR wEE I r> =2, then r is irrational. O

& _Example 2.1.7 # A P RFME, §4FXF Hr=(m/n) ¢ A F AR D2 iE, ﬁl—.,
#FE4 DA 5. “Tr* contradiction method P mr—]iﬁ./ﬁyj‘ L g & Wi
v 4f & Example 2.1.2 (@ ¢ A% 0 - BEF, TE aAl P ST FHRPE, F 7

FHca =1, P z=0. ¥ 1 * contradiction method %k # P iz B statement.

Example 2.1.8. %k a#1 * :*r F¥# P E z 278 d=1, 0 z=0.
FEHFFFEZ ANPRPEXR A0 =1 .E‘J’Z ’ﬁ. Bdoie Bl 4 ’ﬁ\:'—:? e ip e
g statement a=1 £ £ & chmide (FRIT €45), #7103 Gl a# 1.

Proof. # i 4] * contradiction method, £EX z#0 ¥ a*=1. ptpFd 3t 740, AP 1/z

L weh, w1 flr (@) i=anz af=1, 1
a=(a)F=1"=1.

pgedra#lApA R, WEF a° =1, Bl z=0. =

2.1.4. If and Only If &8P . P< Q %M A & Fﬁ*iﬂé’”ﬂg P=Q 4 Q=P =+ R3"

FREF LRI NE - BHFYR T A T At R P> Q BTEE w R,
mEEPSQ i PFEEFLS R f«»f: i - BH BT A S &
SE TR e R AR )I‘ WEFPSQ AH AN HF R - BT, AV s Fendn
CNE IR R RMAR RIE. STUEP PoQ BEEANEN P20 0=>P G

|}
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Bl4rk a F HEBEFEPD “@* Sk oa SR, A FRT R EABE B e, 1@
FLoa=2n B9 op i EH (@ =020 =4 L indk TBHES N SRS YR
G F R a® SRl B ad - AV RS An? BRI Y 0 = 2B e B R
J e (2P & Example 2.1.5 © 206 7).

i3 (P=0)~((-Q)=(=P)) & (@=P)~((-P)=(=Q)) # 4w P& Q v (-P) &
(=Q) % logically equivalent. § - % ¢ £ FFHP P Q #fE, ¥ ¥ BREF (-P) &
(—Q). ERF et Reh 2 FEPVI- BT EGE - DB SHACBEX a,b 5 FEK,
7P “ab is even < ais even or b is even” @M “ab is odd < a and b are odd” H F ¥ -
fRen, TR {Ew IR- f@;—;ﬁ:w PR, e A d FREPR- B, EZP ﬁﬂi@ﬂ,’f_?’?{— ke Kk
R R BTN EEN T (2Q) = (<P) B2 EP=Q EHEN k- 28 A p A,
FEULEE ISR e, FERIAE. TUANT AP F Y rEE o statement PF, B 4F £

PRm AP - B2 o, SHRp e R §HE, gREP DAL RFEERRED ER S 2

;8- UGl 3 € 7 % 021z ¢ statement:
The following are equivalent. (1)P; (2)Q; (3)R.
(P25 €3 POR=3, Vi g} { $3%). Qrﬁiiﬁiﬁu
PsQ, OR and ReP
BE R dopt, AP ST o= fRE R ERER
P=0, O=R and R=P

TE . HHTFLE Q=P s Fd Q=RME R=P#P, @ R=>Q s, vd R=>P
113 P=Q @5, Bif P=>RENA, Vd P=Q 3 Q=REF. §%7,FF* - &
EBERAEFE 2 VG EE kER

R=0Q, O0=P and P=R.
I priggad 2 gvi- @A EE, Mo PR B 307 @, opEp
P& Q and Q<R

V. Fli P=>Rawis, ¥d P=>QME Q=R{EI, @ R=Pad3¥ts ¥vd R=>0Q M
32 Q=P EF. B2 6 AHEPT- GOREE R RED » HIREZA B statement 7‘;"3
Vil (TR, PP P o FEYR— B statement 3& ¥ I|vR— B statement, §_% & ¢,

2.2. Existence and Uniqueness %8 P

Existence :f;q 18 35 1%, @ uniqueness :}F] EFE- P s BT RSy S8 hdkc
g3y IR, &1, existence - uniqueness £ B 3 4pfp 2 el B S )‘I‘u{?’uﬁ [0
grE- . @ pAHTE - 4y E F T R grE- AT EEE- 4 A g . T iEAE, A

i & B 313 existence 4 uniqueness HEE .
B
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2.2.1. Existence. 7 B existence s P = <~ k1 3 A . — AT} 0 constructive
method ip A R 4 Ao e E P B ¥ - $8 2 nonconstructive method ip g | © e
mﬂ;ﬂ‘uéﬁéﬁmﬁ%},ﬂ fo— Tt R AT g vREE

Pl G AT X B 6 —x—1=0. A PF 6> —x—1 Af3F (2x—1)Bx+1)
PSS d ox 1/2 (2 x=-1/3) B F g B X 6x2—x—1=0. "LIT-JB{— i# construct
method. i ¥ B 5N Sk f(x) =60 —x—1, H#R f(0)=—1<0 2 f(1)=4>0.
d 53F N Sdkc L @‘isg{u Pl St PRI, HE f)=0 20<x<1 2/
F -, B EE T G Al SBC RRENG AN, CFEEP R NS Box %L

6x> —x—1=0, *11 ¥_nonconstructive method. # L —F" IR sF
Example 2.2.1. # P there exists irrational numbers a,b such that a” is rational.

Proof. Constructive Method: % & a=+2 * b:10g29. Ajpre g Lo IEH Fﬁﬁ;
| FFEEVEN DL AR FF L E T 2 mn 5 G & log,3=n/m. %7
=3 A ariE 3 iz e A ks t“’vj"iﬂ €A i, 14 5. i b=1log,9 W#IE’—_% i
P
a? = 23l0%:9 _ ology3 _ 3

B ealikab ®® ad i Rk

Nonconstructive Method: % & o =2 * b =+/2. & ip i d)b R EEk 4
c:(a’)b, c &7 Tk, P la=V2,b=+2 5% %, @ % c 5 ERE ML a=c,b=12,

ab:(ﬁﬁ)ﬂ:\ff:z
? i a,b ¢ 7 a’ ENELE O

Bl
[e2
;‘\
o

B
e

iLA2 3% # nonconstructive method d *+iX 3 # M \f\[ A FE A B T EER
. f 4 ~ ’
TLa=b=V2fa=v2"b=+2 ¢ - BEAPFEFRAENE R Lmzvirs B
"5 - B¢ # &, “7r4 & nonconstructive method. ¥ § + ¥ & frif \f\[ ¥ EE¥c, £

2 2 . e " ,

a= \@f,b = /2 &1 &_constructive method. 7 i \@f B om0 P 2L FEE (GRaR
RiEANEE e ). AT PR T R, @ v P O i, 23 & nonconstructive
method F4¢ .

Question 2.4. #4537 H & b+ & L - 4 E | 1% construct method # P there exists

irrational numbers a,b such that a® is rational.

< RF g AL constructive method 7 3% tedd, P chE BET 2 F_A 3 4o e 35 5
L H Al d AR RESRP L RPT PR L G ANEE. bR - B AN

FAE RPEPY A BN REN ROV RE, ARG R HERT 5 R E
+

\F

~\!—¢\1

£ ﬁ

Wbt SRR P A G, AP LR - T b fRendt $ iR, LR
RN R TN S A R M S E R S R A S
2en, BRI R L TE RS e, BT PTG, AL EE L SR (E1
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SEME PR QS o g R ). R0 s 8 A P R R Re ¢, 0
MR S TR, A R RAROE b AP T R e

Example 2.2.2. 7 5 &9 8K x B3 V3 -2x=x-27

FERBRTE NS ETE 3 2x=x>—4x+4, ¥ x> —2x+1=0. T x=1. &4 7
FFE EESL x=1. ’T}W"Tj x=17 i ¢ 83 At 2 jaeh, Hi gt v o &
f2.oedx=1Rv RN, B l=—] 724, & G P E AL V/I-20=x-2.

22

L Bldew B

[y /)s # f'l 3 ;%_

@

H 4 @ * nonconstructive method P 5 ff, — L § 845 g * E'JF :

BENY 2 F o’ FETREEP e Bl 6d—x—1=0. 825

E, 2 Y FERIL AL GEp - :)’iji?’u gr iz By - BA Y REP 3
v & » &_“Dirichlet’s drawer principle”, # & 3

-mlL s

NS
=

)j}w«k pigeonhole principle (#84 R 12).

)
&3 5 A ¥ 1§ * pigeonhole principle f£2 .

L

Theorem 2.2.3 (Pigeonhole Principle). 4 g4z far o Ben

n s EH BTG on B
H3:. ER ”'T’ﬁ SRS LiEsgE AR, B - igqﬁ i3 E g’ﬁ B &b agg S

Proof. %P & e &3 75 A& 2 * constructive method. 1% ¥ Z#/%, & & statement &_
Wb BHEET S BT, v LT AR - B8
Foyledegt - REAFNF o0 BHERDE I E I TG 0 B RAEKRT F3 0 LS
Fh. BT - BHEAET S Lt g O

TN AR R plgeonhole principle P 5 B R 5{. ARV FRFGFEAA
£ k¥, -ﬂﬁij\ 3 1}%& GlhogE P E B 6 1 A e, H TFos BEEELS
b’ﬂfﬁﬁx#phi%mf‘vr*'u:!&6r[%i§ﬁ3:$sk6xg,s;ﬂ»,:tz»%;w Il 4 . BRI S
Sl i O,T**;c ] 0 BLeg 8 Al s lﬂ}*x 1 5384, kptapde. 7583 BHc O 730 B
B 5, A1 PRI, AP - BB ;@175,%&)/\_} HI5H 5 . T‘?’;ﬁ, 51 IE§§{$
5 mé%ﬁ:ifgﬂrﬂ.

NPT RGEREHNIER - T GAoEB 16 BEEK T UEPEY TSI 4 GE
&%H5¢k&%&.ﬁiﬂé%ﬁ@ﬁ&$u5%&;omz&4ﬁﬁzﬁﬁ3@,m
Brig ks BEgCR & %gkﬁ15®fﬁw Bk 16 B AEEApF 57, AipEg T
Theorem 2.2.3 e B, M 1} S

Theorem 2.2.4. 4 k,n 5 & F#c. BXK B Z S kn &S . B R AT 38

3 on
FAEEEA, M- 2T - BHEEEF kK Lt g

Question 2.5. :##EM Theorem 2.2./

B HPE- T A RILT N AR it Ot & N en iR (2R G R IR ).
viﬂﬁiggéﬁw&éiw.ﬁ&m¢ﬂTxg¢%%¢agu;wgé.y4 "
R RedFEI AN T ¢ 2R SERFIHINE G, AR
WREFERRE
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2.2.2. Uniqueness. A+ }riE— M@ £ AR G adm 2 T2 HZPrE- | ATurE-
PR - 8o AL emEn LR A ek R AT R @ LR

T B B Emmmm222ﬂgﬂmwwzxsﬁm#m«leﬁ,@ﬁﬂ?t“*ﬁﬁ%ﬁﬁi
Plfgei— . 72 3E (5 RArig > AR R R, MR- e T

- ALATER S A KT RER B F S S B REP et i, B R
IR R O I SR I S R e I R DN R R I A
B E g R b Bl kR

LR

Example 2.2.5. %/ R? ¢ £ % 6- 358 O S LfaEi R 1o g V 4 fs
74—8 7 Bl 8‘«0““ e,

(1) 4% B O=(xy), #EZL V=(ab)eR: 4% 0 st V+0=V,
# (a,b)+ (x,y) = (a+x,b+y) = (a,b). F1* =& ;L_#E:im'&% # at+x=ab+y=>b,
x=0,y=0. ?5’?%‘_31: T e, Bl R E 2T (0,0).

(2) Fait: Bk 0,0€R 2 040 ¢mugizd VR

Vid-V (2.1)

Vig=V (2.2)
YR O=V s A r3 (21) @ 04+0=0. FR®E 0=V &r83 (22) @
8+6 _%6+3:3+6H«6:3ﬂ&?$v& 3¢6wmgﬁﬁﬁw

Question 2.6. L7 ER2 B ERBIEUEFFEHEP . R2 P E 50— B W
SEVaW=0, 0 W Lra- .

13t Example 2.2.5 ¢ thE A ¢ APl O 25 4, 0 0 =(0,0). 4ok ¥ v 5%
A O = (0,0) AR B &, AL I H BT 2T R ek B 8
PEEIE G AT AT R B B RENR, A EE- BaEp R SR ke,
Ba ek AP g T R B BAEPE, % 5 E P B e, SR B I F
]

Example 2.2.6. %P £ 5 - BFHrs &, P =3, P9 #cr Srib-

Proof. w ff— & & Example 2.1.4 » A2 m 7, £ x,y 9 #2 x#£y, Bl 22 #y. &
X reRBE, P=32 s#r &5 - lﬁ?ﬁx;&’is3:3, Al41* Example 2.1.4 e/ 5% 8
3= AP =3 d 03 Foer TG V- BPEs 5L =3. 0

& Example 2.2.6 # 2P E AP xFy Py 3T RREEFEE, I AR
- _%E'{“\" - AREPrE- B P e 2 L 33— =0, Example 2.2.6 v ¢ s
B2l 3G aFHr RS =3, AP R A B hamEsgrEo L 3N A aEp
A FET i’ﬁimm’% Mo(R I 3N Sk f(x) =2 Pl 1) REP h BT
Wt fora— (A A B - B 313 % 4 FipBra— B K P =3 K

‘\Er

¥
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2.3. Mathematical Induction

L IB:# BeHEm S rkm.l.’ﬁ dr’“&%iﬁ P\/.l.w' ﬁ_ﬁg{%i F\ % f/F ik = ﬁgﬁﬁ:}ﬁ’l
axiom (330), 3 B 1 H £ L 2RI & F £ 3R R
s A d Rz S ER, BAT P AR A -k, BT S PREIAR o,
TR UPEEG A

B F ALl B AR - B L R R L B2 EP Gaxiom (23K). 1 R EFF

poEzm, AP LY R well-ordering principle. v A F v BB h0 R KFEP o, 3 i
FAAPR B RE RIS G SR, T AP Bk Well—ordering principle % = & -
BAR. S AR e nE Bt B ARG Y A L

“13) well-ordering F & t enf#fR £ “UF et A7 g L, S BEA BTG HE kA TR
PR 2 SiE AL S S & I Uil NI R VTR

& ® principle (1%' Bl 24wl B pARIEF B ~F 1 an 210G TR F A RUE
PEMATELLET R )P PHEIGEEVA ARG A, APV R EZED

Pk ] 2 EF R FEAPARTT - iF A
T RSP kA, Bk kY - B R

Theorem 2.3.1 (Mathematical Induction). 3k 4T & B statement 2 ¥

Nz Pk) ==, Bl Plk+1) ==

c
IRE¥E R DT Elcn, P(n) ¢+,

Proof. o »*# 72 ¥ o B %@ P 75 L Flon 30 g 1T Pn) 2, TP R R
- ﬁkiﬁwﬁ-ﬂ (1), (2) Aftenz THE T Flen, P(n) ¢ 2 ) 40k EFF5 5. "¢
EREEEn P(n) ¢ 2 ) A4, 7 Tl Bien, @9 Pn) 2 &2 rﬂu;\.,rs
TR E Pn) 2 anip i Bl jefdek. FiT 2 3 &, txd well-ordering
principle #v, & 35 ] el BEHem @ Pim) 2 = 2. d (1) A Pae P(1) &2, &i®
m#£1. fjh%’;’;um A et Bl Bd N m—1 Z 2 EET m—1<m, &d m i@
@ Pim) # % = ehbo] I Blicz Bk Pm—1) 2. Kad (2) 5, ¥ Pm—1) % = p&,
P((m—1)+1)=P(m) & % 2. & P(m) 7 = = 2. BRABF F. feo0? 7 at 5 it Flkn,
R Pn) 32, S AR E LD o, Pn) $ 2 0

BEF R LrEREa, v Amd (1) v P(1) L3, % (2) & k=1 éffin, &d
P(1) 7 4218 P(2) A4tch. £F & k=2 chifm, d P(2) E4eda @ P(3) L4ben, o -
B4 AT P(1) ehzEf Ewt ER. ¥R N A (2) e RER Pk) W P+ 1)
Lghen, #T0v £ 3 LREM Pk) LH, e 3 i e Pk) JIAH? 5, 7 & g2+
fl 7 P(k) T4 (k+1) L 4eh, Firiyrz B d Pk) E$tenda® Plk+1)
T Hen, 7R A /T* EAEYBEFPEEP . bl R 5N f(0) = x4l F R
P x=1pF f(1) 3,:’?7’%(. ~x=2, 1% f(2)=47 1’6;?@( f(3) =53, f(4) =61,
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F(5)=T1 » A [de 2370 €5 - WiFHL: x AER DR g R f(n) 3Tk
TF -2 AP x= A wEkd fKendiE w22 F gacied f(k K%ﬁ’
HEF flh+1) A F K, ERg pEE &éﬁf.@;zm TF A :re—au—p F x =40 pF,
f(40) =402 +40+41 =40(40+ 1) +41 £7 vt 41 Bk en, w3 i

+1)+
E ff“'?,‘ T - BT LY 1 E %‘}i ETEP kS

Example 2.3.2. % a,b 5 ip £ e, {17 B iFp i mp: S an ik ¢

at—b" i a—b iE #c

Proof. 2 T i a' — b A2 (a—b)(a" + a2+ + 6", @H A b 5 a—b
Rl FEEREIRP T FFFRZEP. PAAPE-H A n=1 i'f? a—b. § %
B a—b il X, $-H A BRER F-D 5 a—b ik, &HE F_pH 5
a—b i H. AP EEIEEFF AT P fedh—pF . 21 B A P!
foak — bk B, AR R B A

d b = ad* — bb* = ad — ab* + ab* — bb* = a(d* — b*) + (a — b)b*.

PR R a bR G a—b i, AT dE b g
= a(a—b)m+ (a—b)bF = (a— b)(am—l—bk) ww
d HH fFi o, HER SR Blon, d" —b" 5 a—b Bk 0

(a— )m H ¥ magggt g1y
Cl

TR, F G RE DT - R AR ERE, AN A 5o HRA- B PR
Q P, w Al G 21 &4 5a R LEPERY F R % g Plk) Ao
P(k+1) nbf 4, 7 0¥ 45 90 P(1),P(2) hB 4, P(2),P(3) B i :

fo P(k+1) b th. ¥ P& F e & H B P = 2480 Plk+1), g2y 7 a4 >
B k. AP F - B e

Example 2.3.3. M T i F Fp2 AL EZP T L0 BEFEHE. SR EHY R Ls
EENEAN ARV VRIE AL i S

Fo BB Bk, FlR R - By RS

B BREP kK BEGNEAE, REP P k] B REApE. REP kLB
B, g T T - BREES o, B BB kB BY D RERRY L BERESEER
b REBP BN - B, LEEFAT TOURNBEca R BY L RBERLPFRY &k Bk
;ru,@;ifpzﬁ, WiBa=b TR AR, TRELon BRI E.

TREP Dy ’*{ oA TEXRARY BN BTG k-1 BB,
HRa g k:1 PR, PE R g A E, Bk B dlicag RE B B2V R, GRE T
dea=b. HTIBER Y G ki g >0 FEF d Bk P(k) @@ Pk+1) %, e b k=1 pF
yem iz d P(k) $#3818 P(k+1) 3. ie7 # & HFJF 2 & R40r5 ot Fick, 30878 LF

P(k) %, Pl P(k+1) $t. 703 £ 4 35,
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PP ORTLE g n=1 F'er'fﬁ GldeE n>5pE P 2" >0 é?&&?fiﬁ?ﬁ?‘f%
E R AL B A, i}bm FRIE . FF b, =B Theorem 2.3.1 #ii s, 3 (A IR Gl

Corollary 2.3.4 (Extended Mathematical Induction). & m % B #ic. BEX LT 3 B state-

ment &_¥teh

(
Fk>m 5 E#T Pk) 2, B Pk+1) &2

Proof. £ Q(n)=P(m+n—1). 5l P(m) = =, &5 Q(1)=P(m) = =. MEX keN ¥
Q) 2, P m+k—1>m 5 8#, * Pm+k—1)=0(k) =+ d
Pim+k)=0Q(k+1) #z. AppE £ kN2 Qk) £z, 0 Qk+1) 2. #d Theorem
231 &wsr3 dhneN, Qn) = (m—i—n—l)%“i.ﬁ“’"%lfrén’a 3

P(n) % % = .

iz # “extended mathematical induction” #* i * Corollary f2 , £ F]1% v ¥ d Theo-
rem 2.3.1 2 #&3®. FF 2 & m=1 %= Corollary 2.3.4 ,T*u{ Theorem 2.3.1, #7142 3¢ i
Frif Theorem 2.3.1 §= Corollary 2.3.4 &_equivalent .

Example 2.3.5. P $tiz & & Bl n, § n>5 fF, 2" > n’.

Proof. ¢ i #* extended mathematical induction m=5 2 P(n) 5 2" >n? chiFn@m. §
n=5p, 25=32>25=52 % P(5) . Ex& k>S5 LT 2>k 7 2k+1—2><2k
ted 28> 2w 2 S 2k2 A (k1) =K 42k 1 B e 2k > kP4 2k+ 1,
Pl g 2 > (k4+1)2, % P(k+1) £ 2. ZKa 22>K+2k+1 Sk K2 —2k>1, %
k2—2k:k(k—2) ted k>5 @k —2k>1. AFEEETE k>S5 L E#HEY Pk) 2=, B

P(k+1) = = #&d extended mathematical induction (Corollary 2.3.4) #FHHEF + 3t &
5 lon F g 1E Pn), 2" >n? A O

GHcR [k gl 0§ P(k) HeniE 3 B E P Pkt 1) #. bl4e- 2ife
T TL I g%:ﬁ‘jﬁi AT -l FF AP P(1) HE
P(2) #, 24 P(2) &% P3) /s, 29 P(1) = frfé EED, AN 5 PQ) $eh
SR, ARG P() . RRAEE PO) HREM PE) #, 1 F P().PQR) b B s
RENINIEN S VRN R e 3 3 X N2

Corollary 2.3.6 (Strong Mathematical Induction). % m 3 ##i. B3K T 3 B statement

(2) % k>m 5 82 P(m),P(m+1),...,P(k—1),P(k) & % =,

|4
Pt
pict

Pk+1) = =
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PRUEHHER AN RN m P lcn F g R T P(n) 2

Proof. ﬁ%%?**“ﬁ*“mmﬁfﬁn £ Q(n)=P(m)ANP(m+1)A---AP(n—1)AP(n). F] P(m)
* 2t Q(m)=P(m) = 2. BEK k>m 5 F#r® Qk) * =, 7% P(m),...,P(k—1),P(k)
G d e (2) SR @ (k—|—1) S, Bma e s Pm),P(m+1),... . Plk—1),P(k) % &
2t Qlk+1) =Pm)APm+1)A---APK)AP(k+1) 2. APgE F k>m 5 Fik
2 Q(k) ==, Bl Qk+1) = =. #&d Corollary 2.34 & iZ L <~ &> m e n ¥ ¢
%% Qn) 2. Ra Q) == %5 Pm),P(m+1),...,P(n—1),P(n) & ==, p R P(n) =
SRR n B AR m SRR P(n) b d 2 O

A i g 41 * Corollary 2.3.4 % @ Corollary 2.3.6. £ F *+ d Pk)=Plk+1) = =
@ Pm),Pm+1),....,Pk—1),P(k) = Pk+1) & = ix B EF, Flp P & )%
Corollary 2.3.6 4 {8 Corollary 2.3.4. » ,Tk{;fu strong mathematical induction fr extended

mathematical induction #_% ¥ e

Question 2.7. #Ef1* Corollary 2.53.6 &M Corollary 2.5.4.

a m ¢ 4 extended mathematical induction f=— 4% <7 mathematical induction » £_%
B, SRR R enz BECF F R B R AR i eh £ WAV 2 A %?ﬂj\ g
bESER R LT iﬂ B4 * strong mathematlcal induction #& % &I e 4| &) 3

Example 2.3.7. P #r3 + 3 1 mﬁ’fgg;ﬁ'lz“’ DN SN PN
RFRIRPEEF TS EEP. K s LK F s TR M PBETR
L BFEEM. E o0 A m’é‘r& FEEZE T LB RS B o o]l A A ] Hp
ﬂ%— ETAVEEAT RGOV BRSO G S TG R et anE kR
ERRTAHO Bv 27 SIEM S Hge - BT LR BARAET LS
Ffs € Bak (Bth A R A B ESRA) © R TR 70 EF R, ﬁ*‘u{ﬁ‘é
FApiglzer 55 F;bg- . g_gqu; **;wwwi;t kvergsd s ik
A, ABEET LT R F S BB AR, T AP i strong mathematical

induction %P .

~=h
~ ‘+4

- f‘*
\

Proof. é n=2p F12 5 [l 2 B A2 AT =23,k i 38T LR
*FE BT R R k+1 A T k1 PR R 2, A A i
FERk+H1 7 ,a%.*&mr%ﬂ‘ PR ktl=ab, B¢ 1<ab<k wd #FHRLERITab

Pébé—} KQ?TI}F‘&;&%%% M k+1=ab El ’7}"1'/%%\'4 5 l[}?;ﬁtm%%ﬂ r(‘f' Strong
mathematical induction #w#75 <% 1 SfF gt ™ L@ = *T 5 i Tl ff. O
FRURE 3-8 8 SES A UESUE AN N ﬁxﬁgmﬁm# # e Bk Pk) ¥

(2 P(m),P(m—+1),...,P(k) = =) 7% Plk+1) = =. 242 ¥ ¥ Ljﬁ.%—fﬁﬁﬁ “%ﬁtklﬁ £
i%'-l,t_%lf]]]\ 1 ¢ $. bl4ci Example 2.3.3 chdsifor g7, B “EP k Bacdp ¥ ¥ 2B
k+1 BHcgARE” GREP A k>2 A TR EER LA k=1 fFiRs o ER
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A ,T*ii F 1 (% £ & Example 2.3.3 i1 6] 3 8% 7 i (AR e). Flpt g AP AR E =
WP, FEIR kRGN R, S ERAPE T SR AN kR E R, e

frims R4 Fer SRR AR L R BEF R ER Y G 2 LR b A
mrﬂi,‘t,j}vlﬁ- 2\ jpe j\')'F:l‘ T - B+

Example 2.3.8. ¥ Jg *73} e Fibonacci sequence {Fy,F1,F,...}, " Fp=0,Fi=12 #Z &
i>2, F %X F=F_1+F_, #M F,<2"? forn>4.

B RE | F] By eniEd Ffo By #rid%, AP R Ed B k38 By fraaas
i * strong mathematical induction kG2, & T & Hh=F+Fh=1,FK=FKh+F=1+1=2,
TR n=4P F=FR+Fh=2+1=3, %1 [, =3<2*2=4 3> EX k>4
et 4<i<k ¥F F<2% 0P FRy=FK+F, #:PF3E*3 <202 40
Foy <2002 —0k=3 ihigar ga 18 Fryy <2002 =061 2 B¢ k=4 pF i=k—1 37 3
L 4<i<k #trppgizier <23 g (FFEPF R =R=2=2"3)
MAPRLE Y k=4 hiFR, TERKZHE o =F=F+FK=5<2"2=8, 17 2 X%p.

Proof. § * & #&%E Fy=3<2*2 F=5<2"2

MBR A>S 2 HER =45 k¥t F<272 55 4<k—1<k® 4<k<k #
4 Fo<2F2 Fy < 2U Dol = ok=3 apim

Fip1 = Fo+Fop <282 4283 =253 2 4 1) < 4 x 2k 3 =261 = kv D=2,

FEFFPETEREE < 272 for n > 4. O

BT - B F P AR T L3 20 mffﬁci‘lz'j B 4 e S it FFECE 2 e
1& EZME n>20 Pl et Bl lm i@ n=4145m. & F‘FPEE?QEE' 1:5—4, A1)
F k=414+5m, Bl k+1=41+5m+ (5—-4)=4(I—1)+5m+1). * 4, * B> 27 NHEP
A FERY VRS 4 DB Efe S Rl fo, EAPE RAOEH N 4 {05 il FEE
Zoqe, FPEE S EHEP, FERER- THEIRE k=41+5m, P k+4:4(l—|—1)+5m, s
AT o A BT 21,22,23, 24 P LF S A e S ik FhR 2 fo, Rigp &%‘fﬁr’f}ié}%@

T

=

¥

Example 2.3.9. P % n 5 E#® n>20, Pl lm 5 1 FHE% X n=41+5m.

fl* mtengiz APEN Y n>0 5 FEP, 21 +4n,22+4n,23+4n,24+4n F ¥
B 4l 4+5m, 2P Im 5 FEEcA N R EE T S 20 ant ii“rg;;&rs,;k <.
W2l =4x4+5x1, gx 2. RIBEK k>0 21+4k=4+5m, 2 *? [m i ffﬁt. £
21+4(k+1):(21+4k)+4:4l+5m+4:4(l+1)+5m,;—-ta‘v*u Bt EEE n>0 b AR
21 44n ¥ LB A 4+ 5m, P lm LD AN RE 8 A 22=4x3+5x%2,
23:4><2+5><3 fe24=4x 1+5x4, 12 G [FpET TE. FBEET v BT FE

KHEP FEF (R, 2P v ¥ * strong mathematical induction.

Proof. d ** 21 =4x44+5x1,22=4%x3+5x%x2,23=4x24+5x3fr24=4x14+5%x4 &
oF n=21,22,2324 B 2. ER k>24 BT B R 21 <i<k hfdki ¥ 3k
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HEH I m #F i=4l+5m. L k+1 S d % k1= (k—3)+4, T i=k—3 %%
N <i<k, sty tod B#clm @8 k—3=4l+5m, ¥ k+1=4l+5m+4=4(1+1)+5m. o
B ke, f o0 5400 20 8l Bt Lm 3 B ORFHGS =404 5m. O

Question 2.8. #EP 77 ﬁvﬁgﬁxﬁw MBS 4 R fcfe 5 i fi e

BFFpEE- BRERY DHRFIE. U RT L E R AIE RSP, H R ST
FUh RS BN REYRE Y R B2 L. el 3F 5 G MY S OB SN ehRT A, AU
LSRN R R R Mg 3F 5 g ML R AR, » WU row enip
# e column iF Foia gk g e



Chapter 8

Set

B O TLG L MR A B At R0 APRGE PSR S KAk
T, ST PG AR IS R AL S, A WA B RN R B

3.1. Basic Definition

FARAPALSFHEEDRAATE, TR L2 B hl k.

FEfrrd A BE R A, kA kv g2 T &5 L0 L%?EEL?“TF“,T-%Z 2 T
5% £, m%r’*ﬁn.@_ﬁm;uz. - BRE (F AL S sel) A~ EE Pl b ke
,mEREREEDOES, AP Lbﬁai‘ﬁﬂi% (B~ fz 5 element). W g
EY B kAT - B oset, bl4c A B S & PO BFA KA set A F. B L EH
¥H el &< ﬁp“ﬂf‘fﬁwﬁamf‘f"%ﬁiaﬁ. blde: N &5 975 p R enf 6,7 5 ik
Rk b QA BEATR RS, A RTINS APF R KAF. Faxih
& Saa- BAF, E“TF%’T-%?' xeS§ k&7, H2L i xbelongstoS (T x B3 S). £ x 3 i
Sr*,,zwrvim x¢S ki

BB L PR Y - B oset &P AT mff'LE“)’UL T ehelement PR % §_U i element.

> FAGRE T BE S #H»wEidy AP P mayg xe S LHaR 4 - SRR,
FHFFRUIBAZ, APYFT - - B PAEDR b4 S={1,2,3} &7
BAzB s, EAE5 12403 SR SE-BEE, bloch P 1€8, @
4¢S. FR-BEENPRZ- - FIBIT DA F, BENP T A set-builder notation
kEZdHAZ. vehd g 2A ¥ L (X P} RPN, B Rl 2 AP R
FxkEALRESRE, A RE 2D P() ph e B R FARDEF x Tk PY).
SRR (P} R A R AT R P() S x g b

BAF B LML, FAA P ARERP R LR, NE B EF RS G MG

o

Definition 3.1.1. 3%k A,B = } &. 4% B ? drelement ¥ % A i element, X FPH B % A
1 subset (+ & &), » # Bis containedin (¢ 737) A, 355 BCA. # BCA® ACB, Blf
AB % equal, 3% A=B. ¥ ¢t BCA it B#A, BIF B 5 A 0 proper subset, 35 & B CA.

29



30 3. Set

s

RIS EEEE N S

m\wh

/L R, subset fo proper set {3 55 “C7 o “C7, ¥ 5 £
LSRR

REBFREP BCA AP FRPEIEL BY chid x, ¢ A GG, Tt kg
mZ\TI{TLKQ Al SxeB=xeA B REM A=B v q‘umi P2 EP ‘xeBsxeA
HogmEw A B Lche FHGUEIRE e A3l 3R 2L M, v &ahidni2

M. Blher T ]S

Example 3.1.2. £ A={1,2,2}, B={1,2,3}, C={3,3,1,2}, D={ne N:1<n <3},
E ={2,4}.

d3 A WG 1,23B~%,m 1e€BX 2€B, ™ ACB. * 3cB it 3¢A =B % ¢
53 A, %@ ACB. FEAPT B=C.

BFxeB PlarxeNZE 1<x<3, &«¥ xeD. #F#BCD. ¥->us, % xeD %7
xeNF 1<x<3, % x=1,23%&B*, #F#DCB, d + B=D.

Ri¢Fl1eB it 1¢E, 3P4 B % 4_E chsubset. Fikih, Fl4cE e 4¢B, A pac E
% # &_B £ subset.

% AB 5 sets, & B % £_A chsubset PF, A iPd ¥ BZA k4T, #rldek BCA R
AZB, =T &N E BCA.

Question 3.1. BX P(x), O(x) ¥ % statement form. & P={x:P(x)} ¥ O={x:0(x)}
\zé Flg LRI ]\'} ?ﬁ’

OOBRFENE LTS G, AP EES BHEARDEL. F A, AP AER N
Hn FEBETELNAENE subset PF, 57 2 AP BT R L5 undversal set (F
F). blAeg NP A MY B, A TF“T%? r 3 R A 3% e universal set. 4ot if 7 2
F%EZIME I F{F Ao xeR BHHE. FiE universal set ¥ 11 FIATIE G R LA oA
P, bldet a,b 5 B HEE APV 0 & universal set 5 Q PR EH ax+b =0 fE. 2
ax* +b=0, ,T*uv it & £ universal set 7 R 478 C 413 L L. 7 ¢ 4rim, "'g.‘ff\ [ 1
e A‘J"‘{ﬂ-“ BERTLEEDFEE FELF P FE en#-2 37 5 universal set F8 3 B g
7 #E % V3T T universal set 2 {5, T 3 # i set )T*uu JF ¢ universal set &7 subset.

Y- BAPE & LK DA empty set (34 &). vE-BRfaEmAtaf s, AP
O kg, & *“?\gﬁ%(b BLEBE LB ReE? HAd NPT P EY F’J’JTFLEMTF
AR BN I RE, T % F A AN PR P xe0 LHAET R R
d AP R-R R R S - e f ¥ ehoperations, FIr R0 MR G- B AT H R

2. B *% universal set fr empty set, 24§ T L

Proposition 3.1.3. 3% X % universal set ¥ A % set. F|ACX ® O CA.
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Proof. % ¥ & X % universal set, 2z A 3 X #isubset, § ACX. ¥ - ,BEP QCA
ERWREFEPE XCOP xCA BT iy g”ﬁ x€0 nFAF 4, &d F Péﬁﬂ?‘f P=0
é"ﬂ'ﬁ’!ﬁéﬁ#ﬁ.ﬂﬂfr’ “YXED=x€cA” & Frricir ) CA. |

Question 3.2. &t Question ® £ X 53 wuniversal set. i#F universal set Z_Fv—- 2 =

empty set L_F - ¢

- AEE PR R - R, BF{ARF L M, T R A AL
‘Q F‘k’ pm”ﬁ Fﬁg Subset mz}_‘k%ﬁ' ’F‘

Proposition 3.1.4. B3k A,B,C i sets, 35 14T 2 5

Proof. (1) B x€A, p A5 x€A, ¥ ACA.
(2) % x€A,d ACB¥H xeB. *d BCCH#xelC. F37 2, #H*WEZ xcA w3 xeC,
@ ACC. 0

Question 3.3. #{1* Proposition 3.1.4 %M % A=B * B=C, | A=C.

Question 3.4. B3}k A,B,C i sets, © 7|vR §F ¥ e?

(1) #ACB*® BCC, Rl ACC.
(2) #ACB*® BCC,Rl ACC.
(3) # ACB ® BCC, lACC.
(4) # ACB*® BCC, R ACC.

#ﬁﬂ—ﬁ,%ﬂﬁmA:B%MﬁAcBUiBCAﬁﬁ%@ﬁﬁmﬂﬁ £ H B
Ll i el R “Wﬁ%a%ﬁﬁﬁ SR AR, FEY YA 2 F et
e FRGRFFR T ALY - Behe %rM. A g T ]S

Example 3.1.5. £ A={(x,y) €eR*>: x> —x=y=2} * B={(2,2),(-1,2)}. #M A=B.

X —Xx y=2, &#B x=2& x=—-12°2y
2 (x,y)=(—-1,2). &gfrxeB, " T EFHFACB. HFK (x,y) €
e (53) = (22) & (1) = (—1.2) & » B & Rox—y—2, &t (1,y) €A
—/I‘["A:B

Question 3.5. £ A={xeR:\/x=x-2},B={1},C={4}, D={1,4}. # 8~ AB,C,D
ARSI RBene 7RG
e g e o Venn diagrams K FTe4 A0 2R S BB k. AR AL

- Bizi= 4 7 universal set, A s pitizfEp F- BHPFERE (- LI - BR) 27- B
set. G4 T B ﬂi&{%ﬁ EF B X ¥ ag- B oset Al
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A w2 * Venn diagrams k%73 BEE AB 2 =7 i b hdeoT .

X X X

; @

Tm{ABu»p—Pﬁm’b‘% PR BT AT I AB AE IR
%, M ‘_—-ﬁz\»ﬂ‘-zﬂ—«kAgB.

=
B

,»\Zl

2

N

% P¥ Venn diagrams ¥ T ess0 e 5 - at & S epd T, H 3 SN PP S B ik
7. B4erd T Glon i 702 §T e AP I f2 Proposition 3.1.4 (2) # ACB ¥ BCC, B]ACC

SRR

X

% X7 Venn diagrams © ¥EA P24+ 82 X F B [g]jj‘&u LBP RS,

Question 3.6. H3& A,B,C i sets. ¢ s+ ACB. %”B’frC;‘;‘i; L e e % E ARy
Venn diagrams. &3 ¥ NFEET A C L 2k~ 37?2 * F B C 3 = ~E AT
iv 11 Venn diagrams, £ F 7T A C F 2k~ % 7 b then, 4‘»\AC } ;)u‘}, e A1)
i d I ¥ i ih Venn diagrams, T FHEAF RV REELBC F LT EFE.

BSHRPES RFE P & d “C7 (B30) o T (¢ 2) 3RA. il Aok b
2R, A CCT A BE R G W EEAPF ACBY BCCRIACC
B, L2 E AcB® BeC A7 # AcC. b4

A={1y, B={{1}}, c={{1}}

APF AcB X BeC, L ixp s A¢C.
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3.2. Set Operations

f’“r%ﬁ set operation, fj!-‘u—«‘?-\’flj ¥ A3 Bl EENNY - BREESE APELL
A f & & ¢ operations, T intersection, union §v set difference, I #£ 3t & S & set
P F
operatlons FE& .

3.2.1. Intersection and Union. —FT 4 2% v ¥_%& intersection ¥ union.

Definition 3.2.1. % A,B % sets. 4 ANB={x:xcAandxec B} iz % the intersec-
tionof Aand B (A v B sh% §). £ AUB={x:xc€Aorx€ B} 2 % the union of A and
B (A 4- B m ).

F@EmFmAﬂBi*{:M—AB AR BA k@B &, @ AUB LA B 4 ih
AE I REAe kA B E . BAed T k)5

Example 3.2.2. £ A={1,2,3}, B={2,4,6}. 4 53 2 Lk EE>* A * |* B, #1
@ANB={2}. @ 1382023 & B 4Rt A, # £ B3t A & B3t B ihif i 13 3%
%%AW&%E46ﬁ%*Aw31%2%%k%%%A#B§%%g%%A§%
3 B S, fir 2 4 B3t AUB. x 8 3t 4 B chilich A B, APT T
AUB=1{1,2,3,4,6}.

WA B R kg £ A MG bldoht G nS ¢ ARG ANB={2} CA=
(1,2,3) 42 B={2,4,6) CAUB=1{1,2,3,4,6}. 31, % xCANB, 47 x€A ® xcB,
Ay - T/ AD x - TR B, TG

(ANB)CA and (ANB)CB. (3.1)
AL ANB 3 Ve A7 B &, A PFHRAB L disjoint. 2 87 E e W ELDEE, AT
mE AB & disjoint N ARA 2 ¥ - 3 g xcA Bl x B AS B, AL x€EAUB

TG
AC(AUB) and BC (AUB) (3.2)

Question 3.7. F#EP (ANA)=A "% (AUA)=A.

LEfem R AR AR T IR R FH G, TR AP T
Proposition 3.2.3. % A,B,C,D ¥ % sets X ACB * CCD. B
(ANC)C (BND) and (AUC)C (BUD).
Proof. F]ACB, vd xcA{## xe€B. FEFICCD, vd xeC {#®# xeD. BE xcANC,
27 x€A ¥ xeC. wv## xeB ¥ xeD. 8% (ANC)C(BND). B, F xc AUC, %

T XEA R xEC. § xCAPFYHE xEB, m4$ xcCFE¥{#E xeD. #ad xcAUC ¥ &
x€BUD. ##% (AUC) C (BUD). O
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Fum § ACBY ACDPF, Aipv 4 i C=A hf3,2 * Proposition 3.2.3 &
(ANA) C (BND). * d 3% (ANA)=A, @4 AC (BND). 32, % ACB * CCB P, £
7 (AUC)C (BUB). * d * (BUB) =B, #4 (AUC)CB. NP FE T . d ighy
% &_d Proposition 3.2.3 @ Hfg = 7, 2 lr“,T‘ * corollary (3172) f2
Corollary 3.2.4. B3k A,B,C,D,E % sets.

(1) #ACB *® ACC, Rl AC(BNC).
(2) £ DCA * ECA, 0| (DUE)CA.
Question 3.8. #® &£ FM Corollary 3.2.4, % &%k 1 Proposition 3.2.3.

Ay A L E A RF|ETS R e MG AP T k.
Proposition 3.2.5. & A,B 5 sets. 4T &_ equivalent.

(1) ACB.
(2) (ANB) =A.
B

(3) (AUB) =

Proof. A irzEm (1)< (2) M2 (1)< (3).

(1) & (2): BRACB, APEREDP (ANB)=A. £F 4 23 (3.1) A e (ANB) C A,
R EP AC(ANB). Rm @ w ACA M2 ACB, #d Corollary 3.2.4 ¥ AC (ANB).

FrEP T (1)=2). ¥- &, d 383 (3.1) ,\,ra{r (ANB)CB. &4 A=(ANB) ¥ ¥
ACB, %P7 (2)=(1).

(1)< (3): B3k ACB, AP &%P (AUB)=B. $F 14 ;%3 (3.2) A4 BC (AUB), &
WEFEP (AUB)CB. 2w ACB M2 BCB, ¢4 Corollary 3.2.4, # (AUB) CB
W‘“” P (1)=>(3). ¥-*d&,d 23 (3.2) AP AC(AUB). %d (AUB)=B ¥
ACB, %P7 (3)=(1). O

d Definition 3.2.1 # f]aﬂjﬁ_—»i'él' “zy g:n ’f‘f" 1 “and” _,}s Faé, - 44%%77 'f‘? “or” —‘ﬁ Faé i
'lfklru[&é};#ﬁ,| ll‘fmﬁ,g l"‘

1) ANB=BnNA.

(1)

(2) AUB =BUA.

(3) (AnNB)NC=AN(BNC).

(4) (AUB)UC =AU (BUC).

d 2 (3) bR, S S BRELHIBEAPT ERIERAT LI BAVMASBLIFRLE, Hl4e
ERBYANBNOC. FId 3 (4), M 5 BELEAMMENPL FordEin b4rd 27 2

AUBUC.
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L T U NVIE- ELVN VTR
(PAQ)VR) ~((PVR)A(QVR)), ((PVO)AR)~ ((PAR)V(QAR)),

A T R

Proposition 3.2.6. B33k A,B,C i sets, R
((ANB)UC) = (AUC)N(BUC), ((AUB)NC)=(ANC)U(BNC).

Proof. 5 +£d (ANB)CA 2 CCC {|* Proposition 3.2.3 # ((ANB)UC) C (AUC). I
s (ANB)UC) C (BUC). £ 417* Corollary 3.2.4 ¥ ((ANB)UC) C (AUC)N (BUC). ¥ -
* 5 B3R x€ (AUC)N(BUC) %7 x€AUC ¥ xe BUC. & 4| * proofin cases, 4 Jg x€C
fexgCizn filim. 2 xeC, Bl§ Axc(ANB)UC. m £ x¢C, Bld x€AUC * x€BUC,
oxEA X xEB, " xEANB. FpFEmF x€(ANB)UC. + T* HIR A IR R, A
3w 2l xe (AUC)N(BUC) 818 x€ (ANB)UC, @3 ((AUC)N(BUC)) C (ANB)UC. &
= ((ANB)UC) = (AUC)N(BUC).

3I* (AUB)NC)=((ANC)U(BNC) vz, g +d AC(AUB) M2 CCC {1 *
Proposition 3.2.3 # (ANC) C (AUB)NC), B A5 (BNC)C (AUB)NC). #d
Corollary 3.2.4 == (ANC)U(BNC) C ((AUB)NC). ¥ - * &, % x€ (AUB)NC, % 7w x€AUB
¥ x€C. d xEAUB, A PirxcA N xCB. § xCAP, d 3¢ ivxcC, %® xcANC. P
BT xe(ANC)UBNC). B, § xeBpF, ¥ ¥ xe BNC. Fl¢t+ 5 x€ (ANC)U(BNC),
11 ((AUB)HC) (ANC)U(BNC). #+ ((AUB)NC) = (ANC)U(BNC) O

Question 3.9. F#{1* Proposition 3.2.5 * (1) = (2) eh3 % 121 %2 Proposition 3.2.6 #M
Proposition 3.2.5 » (2) = (3).

3.2.2. Set Difference. #\ i* T % ¥ 3} set difference.

Definition 3.2.7. #3% A,B % sets, <& A\B={x:xcAandx ¢ B}, 2 % the set
difference of Bin A (B = A ® i §). & X % universal set, B| 4 A°=X\A={x:x¢ZA}
#-2 % the complement of A (A i } ).

AR A hETERARELE {x:xeXandx g A}, ® F] X i universal set, # i Arig 1§

2% X E’,r{é‘!*xex EREB LA AR WEPFREELLEL AT S P REP
PAELFE, EREF REAE- DR bler Q 23, A Q=07 % FE 5 RB,

FI* AR PEE, RTENTF A\B=ANB, fEeAA i - 4R A\B fr B\A
A2tk FFAPFF (A\B)N(B\A)=0. 4 Fi (xP 5 ANA=0 * BNB =0,
AT

(A\B)N(B\A) = (ANB°)N(BNA°) = (ANA°)N(BNB‘) =0.

Example 3.2.8. B¥x X ={1,2,3,4,5,6},A={1,2,3},B={2,4,6}. }]11,3€¢A * 1¢B *
3¢B, v 1,3€A\B. 8% 2cA LR 26€B, < 2¢A\B. @ A\B=1{13}). Fv @&
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B\A={4,6}. &% (A\B)N(B\A)={1,3}N{4,6}=0. ~ 1,3,5€X * 1,3,5%% & B
# i 1,3,5€BC. @ 2,4,6€B % 2,4,6 ¢ B B, @ B ={1,3,5}. $1s% 5 ANB
@ ANB={1,2,3}n{1,3,5} ={1,3} =A\B.

#T kA5 set difference fre 72 BB k. F AB,C 5 sets £ ACB, J' vy
X¢B, Bl xZA THF5H xcA Bd ACB chiEk v xeB, &xfcr x¢B 4p 4 "Fi" S R
c i ACBRId xeC\B, iPPavxeC ¥ x¢B, v xeC ® x¢gA, T xeC\A. d i
(C\B)C (C\A). i 5% F & L3 B Agin, h2e s ACC, AP 1T 2L 5%,

Proposition 3.2.9. &3k A,B,C i sets. # ACB R (C\B)C (C\A).
£1 B ACC, FlACB 2 v8% (C\B) C (C\A).

Proof. ¥ # & thiFiticd ACBV#E C\BCC\A (M4 * 28 ACC higK). ME
S ACC 2 (C\B)C(C\A), # P&2%m ACB, ®%P % xcA Bl xeB. 15 C\B,C\A
fr “not” 7 B, A 7 & * contradiction method. TiEK x€ A, & x¢ B, 8173 ﬁ F1ACC
d xeA Vv HE xeC, £ K&K x¢B, ¥ xeC\B. F]¢td 5% (C\B) C(C\A), F4
XEC\A, " T xeC 2 xgA P EFABRXCART F. wirg xXEAP2 Vi € x¢B,
#% ACB. |

Question 3.10. EhF & ACC iR BER I i/mL ACB F2riF (C\B)C(C\A) *57?
PG ACC iR EKX, Wi BF 57

Fulodg C=X 2 FHPF, p A3 ACC=X, #% * 7| Proposition 3.2.9, #* ¥ ACB

Rt
=1
&
Rt
~
—
=
N
™~
—
>
A
=
=\
B
(\
R

Corollary 3.2.10. #33& A,B 5 sets. | ACB % * riE B C AC.

#_ Definition 3.2.7 2 ¥ 12 5 4} set difference fridd&h “not” 3 M, #TU A Pe 74
4 set difference 2 %2 2 &, B & B enld k.

Proposition 3.2.11. &3 A,B,C & sets, 345 T it f.
(1) (C\(C\A)) = (CNA). #ujeh, &G (A) =A.
(2) C\(ANB)=(C\A)U(C\B). ¥4, 345 (ANB) = (A°UB°).
(3) C\(AUB) = (C\A)N(C\B). ¥4, A5 (AUB) = (A°NB°).

Proof. igdt 2[5 7 12 4] % 4 6 #4E4p B i0 equivalence i, 7 A ¥ - 2 R L oh
(1) FLizeEs®s xecC\(C\A) 27 xeC * x¢C\A. \PFFE xZA %7 xeC\A
(Fle wxel), ag 28 xgC\A 24§, wivrxecA APEP 1% xe(C\(C\A)), R
XxeEC® XEA (T xeCnA). 8% (C\(C\A)) C(CNA). F 2, xeCNA, F]H* Bi—%‘xec,
AP R EHEP xZ(C\A), T7 @ xcC\(C\A). %@ % xc(C\A) 27 xcC 2 xdA, @
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B BER xECNA T §, %@ xg (C\A). A PEET (CNA)C (C\(C\A)), Tl B
(C\(C\A)) = (CNA).

Ry C=X 3 FfR, AP X\A=A° & X\ (X\A) =X \A“=(A9)°. &n
XNA=A, =& (A9)° =A.

(2): d %t (ANB) CA, #+d Proposition 3.2.9 % (C\A) C (C\(ANB)). F=d (ANB)CB
# (C\B) C(C\(ANB)). #d Corollary 3.24 (2) # (C\A)U(C\B) CC\(ANB). ¥ -
G, %’XGC\(AHB), #2m xeC X x¢ANB. M FE x¢A Rl E7 xeC\A, ©#
x€(C\A)U(C\B). " # x€A, BI% x¢B, TRl xeB ¢ xcA = xeB, " xcANB
2% . it xeC\B, + % xe(C\A)U(C\B). #3% C\(ANB) C (C\A)U(C\B).

ME B C=X i, 8 X\A=A, X\B=B° 1% X\ (ANB)=(ANB)° &5 + @
= (ANB)“ = (A°UB").

(3): 17 (2) % A 4G (ANBO = (A U(B)), £ H17 (1), @ (A°NB) = (AUB).
B~ complement ¥ £ X f1* (1) ## (A°NB°)=(AUB)". M7F]

C\(AUB)=CN(AUB)*=CN(A°NB°) and (C\A)N(C\B)=(CNA°)N(CNB°),
d AL mnG et CNANBY) = (CNAS)N(CNBY), &=iF#

C\(AUB)=(C\A)N(C\B).

Question 3.11. :# {1 * Proposition 3.2.11 (2) #F C\A=C\(CNA). ik I J|*
Proposition 3.2.9 Z M (CNA)C (CNB) £=:2rax (C\B)C(C\A).

B G g B & operations 2 [ ehfd (g (T, *K'j MERERLEER- A F I 5-F 4
% 348 connectives s FE I E & ¢ 7 M 1%, ﬁxwép_ig'ﬁ BEEAE. V- 25 A
FEHZ-FP A 2Sé?ﬁbmoperautlons . 2 A T BRI A BT
PFE R * & operations et Fit EfAPag, e v B L 6 BB RILGEP, A
Faepdl, AP RZY FEMFTRERS QErFIfT A F PR TARE boEn
(REEE S SR T A AE C2  LES EE s S SR T 3 i il U
Frihid TR ENATHL. A APL 5 - B

Example 3.2.12. B3% AB,C 5 $&°® B°CA Ap&%P (C\A)UB)=B.

diE o AP AF a2l FAS o BC((C\A)UB), &R BHFP $8 3> R 2 5
P ((C\A)UB)CB. %k xe€ ((C\A)UB), A P2 FP xcB. Aa xe ((C\A)UB) % 7
Xx€C\A & x€B. 4% xe€B, PIFEP Z &, “THUAPERFH xecC\A i3, FxeC *
XEA FILEEDEEP x€B HUAPT UL EF R TERL xgB A @5 . R
F X¢B, &1 xeB, txd BCAPEKTFxcA & xZAWPI F, wirxcB #&
((C\A)UB) CB.

GE s AP TR B G R E A

i 1% 253 @40 F B, “rru s
7 241" Proposition 3.2.5. # yARF it @M (C\A ®

# ((C\A)UB) =B.



38 3. Set

bofr M (C\A)CB*? AP ™ 4 dlig- Tfr BCCA § M. d 2% C\A=CnNAS, #n s
P ¥ 1241 * Corollary 3.2.10 # B CA 4 = A° C (B°)°, £ 41 * Proposition 3.2.11 (1) ¥
ACCB. p AP REGFER D

(C\A) = (CNA) C (CNB) CB.

3.3. Indexed Family

P

fan— &Y APkt AR, EREARL S B R LR o operation. 7 i P A
ey i g 8, 5\:r°xgv WS BRELmES R, 3o H9 A
P AF PR AR, R EL SRR OME A AR R LB

1R§:bm¢%v%%g;mr+g' Avl:"' u;}g_[—}ijg_,u;m,a‘_q,_ 7 EAEILE TS BB LR,
T R 3 R A

® * 'FB;’A‘%\”’}; LI BEE SR E"frﬁ?’;%ﬁ, ek B L BEKP S, Mo S BEE
A,B,C,D,E %, 3t fl”ﬁiﬁ—’* ANBNCNDNE % % 7. @A P IMFT 22 % R
APIRA BREEARBUL R hE LAWY E, FIARBET REE APy 2L
SRR AR, B %%r UH R RO R Ldes. § B S B 5,

Bt - IR SRR I, AT ok R AR £ - - i, bl
e ’ﬁ 100 B &, &g d Apdy.. Ao (B 27, 82 A LA ARRP F ).

T B L R ;9; g A (ORI e 2 o0 “summation” BEL, #El B Lo B
100 100

mgaur (A, [JA k&7, bl Ai=[i—Li] (¥ 420 i—1 e i 2 B g &), 7

100 100
ﬂA =0, A =1[0,100]. 4o% F &5 5 & & EAPE? G 6 hb| 3, ek HerG hp Rk
i=1

B

zeN,A WA, APT L RET A PR B R BEEA P - T U E A S

Bl kR B B AR AT (A, A F B, BROBEAT &5 L
i=1 i=1
= R b, b A R DRI B S L, AP R A As, As, A7, Ag D% f o
8 8

BT v ﬂA,., UA,- KA. Ft - WERH M m P nh A 2 LR E, A

A ﬂAl,UA kdm. mBAENG P ANEN mPA 2 BEEE AP A

i=m

%) # ﬂA,, UA K oF. ERBAR, RS RE g ﬂAl, UAI mﬂA,, UA ¥ on
WIS v B BB A AT, T1E A A A R E
FFEE RELVARAPOT R FREAPLERFDES, U PR ELT NG -
B B Bl ble d R E - B B TUFEA PSR SR K M, e ()
HY r>0, 2% F, Zdo 2975 GHROFF DL E LB PR? 20 F 5 AjpEslie
7 index set LA . P73} index set ,]fuq\m.iﬁ ok CEREFE i d Rk AL Bldewm g
Ai=[i— 1] eniF, i d geni 975 ehp RN, 70t g N g E2 1 o0 index set.
M EBAFES [ A, AP ot §F B RT S A9 index set, #-8 B E B
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B A= [-nr]. SR ARBBEDEE A reRY o d b- A2, T 473 7 indexed
famaly 7. - SRR E, AR LE A indexset R BT RE WP RIFFOE Ldee ¥
index set A e % %5, Ttk 1 it 3= — B indexed family. » ;?L%’\;fu%’ I % index set, 3%
P E A A A otk {Aiel} T ¢4 - B indexed family.

FTR, APTEL 25 - B indexed family 2 EH X FAME IR, TPREG G
ke, Apme BEAR S indexed family. 54ca B E & AB, AP v ¥ #-H Z % index
set & I={1,2} e indexed family, # »* A; =A, Ay = B. #7113 T_& index family 1%
FOBEZE N ENLEEBE-R. FAPFABEELEABM ERLEHAFL]
BE-BREEPABMBRDAFTEAB R - B ATUARG T SEE.

Definition 3.3.1. 3% [ 5 indexset, @ {A;, i€}, 52 I 5 index set e indexed family.

F_% 1 indexed family 7 intersection 7

(NAi={x:xeA;, Viel}.
i€l

L

#_3% ¢ indexed family 7 union %

UA,':{xi)CEAl‘, EIIEI}

iel
TP 8 Rk, S f T

Example 3.3.2. % Jg index set I 5 <3t 1 chde. iz g iel, § Ai={m/i:meZ}. 3
[ A
NAi=z, Jai=Q
icl icl
A ERREL APFT LB S n=nifi. 4% ni€Z, w@ neA,Viel FEWF
ZC(Ai. F-2a, 2 xe[ A, 2 FHEL icl ¥ x€A. Rd T xcAy 13 xEA;,
icl icl
Apd x=m/2 ¥ x=m'/3, B¢ mm €Z. K7} ¥ET 3m=2m i 3m & 5Bk
Fla @aom 5 B# 2, B9 neZ fv @ x=m/2=ncZ ##(\ACZ & [\Ai=L.
icl icl
hpxcQ, 727 B2 €&, xV B3 m/n, B°® meZ neN RFEn=1, ¥ x=mecl.
AT LM x B x=2m/2, WP PFXEA). B E 022, AT nEl P xeA, FE
QCUiciAic ¥ - 2o, F xe€lUigAi, 25 tenel, 818 x€A, &w&z&ET x=m/n, &
PomeZ. 2 riw xeQ #@ | JACQ & [ JA=Q
icl icl
Question 3.12. 4 A; 4= Ezample 3.3.2 *13%. J1* § mcZ P, & p,q =5 3 FHE#HK?
p RS mg, Bl p EE m R, EPF pg sA I FEE P ANA =L E&MEDPF
meN, mA,:Z

i=m
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Question 3.13. 4 A; 4= Ezample 3.3.2 *73%, &P % meN, [JA=Q. £ 37755 &

. i=m
Hm<n i## ﬂA,-:Q?
i=m
FENPFEN - LA AN a7 7 R I { - 4 indexed
family %2). & £ Proposition 3.2.3 ¥ 48§ .

Proposition 3.3.3. Bk {A;,iel}, {Bi,icl} 202 1 5 index set 0 2 indexed family.
FEArG el ¥ AiCBi, Rl

ﬂAi - mBi and UAi - UBi.

icl icl icl icl

Proof. xEﬂA,, o ¥irs i€l ¥ F x€A;, wd A;CB;, F xeB;. FlieANEL
icl
shiel %=, %@ xe(\B. #:# [)AiC[)B:
icl icl icl

BExe| A, 27 Hhicl R xEA;, td A CB;, ¥ xEB. »T& 7 xe| B, ©
i€l i€l

# JAic s O

iel i€l
mF A, FEHONELICEL ¥ A=A R [JA=A2 (JA=A srusp g

icl icl
Proposition 3.3.3 3 14 Corollary 3.2.4 e § .

Corollary 3.3.4. 3}k A,B 5 set ® {Aji€l}, {Bi,icl} &2 I 5 index set i1 indexed
family.

(1) #0903 icl 3 ACA;, RIAC( AL

icl
(2) F¥> 913 i€l ¢ 3 | JBi CB.
iel
Bk A; #04 p R# N i index set f1indexed family * % &A1 DA, D - DA; D (T

D:

Aip1 CA,LVieN). 3z neN, F1A, CA;, Vi<n, d Corollary 3.3.4, 5 A,

n
AiC Ay, b R @ (A=A, 500, BREE e otz g N, 3

i=1

A ERF T RASR FBELDER, )l'}

DL

Fo g, Apa g

1

n

TAGRLZREE R (NARHEEE
i=1

RLBELET . APG UT SRS

w

~

“‘)
St

Example 3.3.5. A P& B 5P 3 74— B2 p A% N 5 index set ¢ indexed family
{Aicl}, % E%TF ieN$F A CA 2 A2 5588, & (A=0.
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iﬁﬂﬁwp ieN ¥R mﬁwm (0,1/i). B P A; £ RBEA#A0 7 A CA;.

3 ﬂA =0. =8 735 'xeﬂAl, AT x>0 2RI EneNBIn>1/x. AFEE
i=1 i=1

x>1/n, ®xg(0,1/n)=A,. s 8 xc( A 403§, @3 [)Ai=0.
i=1 i=1

P e B o+ A parg, -2 a3 W BREEOIEAHEEH DT, LR2E B
FEeprizs 7 A4 B ER TR

B R s fetEenlh B, A 12T Proposition 3.2.6 (g R
Proposition 3.3.6. BX B & set, ¥ {A;ic€l} 22 1 % index set e indexed family. R

(ﬂAl) UB = m(AiUB) and (UA’> NB= U(AiﬂB).

iel iel iel iel
Proof. ¢ ** %13 kel ¥ % ([)A) C(AkUB) & BC (AyUB), ¢ Corollary 3.2.4 (2) 4v
iel

((A)UB) C (AkUB). Fl5 iz 8%tiE & kel %%, #&d Corollary 3.3.4 (1) 4

iel

((MA)UB) € ((A;UB).

i€l i€l
¥- g, %”xeﬂ(A,-uB), RI¥973 i€l, ¥ F x€A; & x€B. AP~ xeB 1% x¢B A
iel
R kith. £ xeB B KT x€(()A)UB. @ F x¢B, Pliv x€A; & 4 3 ip A7
i€l
Foiel ¥ 32, %i® xe( A, T xe((A)UB. @ ()(AiUB) C (((Ai)UB),
iel iel i€l iel
(A)UB=[)(A;UB).
i€l iel

IR, et kel ¥ F (AnB) C ((JA) & (AknB)C B, ¢ Corollary 3.2.4 (1) 4
i€l

(ANB) C (| JA)NB. M d iz d kel ¢4, #%d Corollary 3.3.4 (2) 4

iel

U@ing) c (Jann
i€l i€l

Y- 35, %xe(UAi)mB, % 7T erAi P XxeEB FprFhicl #i{F xcA ¥ xeB. v

iel i€l
THicl # @ xeANB. F&wrpFxel JAnB), #x ((JA)NB) C|JAiNB), &
i€l i€l i€l

(Janns=J@AinB).
iel i€l

Question 3.14. A, B;, i €1 €02 I 5 index set 11 indexed family. £_F

(NA)U(B) =(A:UB) and ((JA)N(JBi) =JAiNBi)?

icl icl icl icl icl icl
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BisAPdaR 5 B3 LR & £ B 5 DeMorgan’s laws (Proposition 3.2.11 (2)(3)).

W
=

Proposition 3.3.7. & C 5 sets * {A;i€l} 1 1 5 index set 1 indexed family,
3 0T R

1) C\ (ﬂAi) = U(C\A,‘). Fruen, AP (ﬂAi)C _ UAzC

icl icl i€l icl
2) C\(UAi) Zﬂ(C\A,-). Fruleh, Ay (UAi)C:ﬂAf-
icl il iel icl

Proof. (1): ¢ ** %473 kel, [ |A; C Ay, #¢ Proposition 3.2.9 4 (C\Ay) C (C\[A). &

iel iel
d  Corollary 3.34 (2) ¥ U(C\A (C\ﬂA,-). F—"vﬁa,—?xéC\ﬂAi,%fF xeC :*
iel iel i€l

xZ(VAi, = x 3 § B35 - B A FlrBhicl @F xgA;, tcd xeC @ xeC\A. #

iel
#xelJe\A), & (c\Na) cJC\A).

iel iel iel
RA R C=X i, d X\A;=AF 12 X\(A)=(A) #1585+ @
iel iel
(A =JAs.
iel iel
(2): fI* (1) b %A p G (NA) = JA), £ 41* Proposition 3.2.11 (1), #
161 icl
(NAS) =JAi. # complement i # = | * Proposition 3.2.11 (1) #% (| JA) =[)A[. *
icl iel iel iel
%]
C\(Ja) =cn(Ja) =cn(4f) and [(C\A)=[)(CNAS),
icl icl i€l iel i€l
d 2 phbhg e Cn(A) =(CNAY), =@ &
iel icl
\(UAi) = ﬂ(C\Ai)~
iel iel

O

Question 3.15. B&x C 5 sets ¥ {Ajie€l} 11 5 index set 11 indexed family. # R
(NA)\C ¢ £ NANC) &L JANC), BE3m3 2 a ((JA)\C § E 2 A?

icl icl icl icl

3.4. Power Set and Cartesian Product

TR ALY BELIEY RE, BELE) AIEY BT DEEATEY
AR BEE AIFY BAFHELRTNEF ERLDTEY (FRUPFLP A
PeF B, io- ZRE LY R
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3.4.1. Power Set. 7 3\ T & power set.

v

Definition 3.4.1. 3% A 5 set. & T & A 47 power set 3 A e subsets #7= gk & |
PA) k&7, RTHENPF
PA)={S:SCA}.

d W E R Tset A, ¥F 0CAINE ACA, ~‘\rr° 0e ZPA) 2 Ac Z(A). B #Y
S, F0 ¢ FRERDEE, EAPPG 0CPA) L RIAPERFET 0 P(A)
ODC PA) niFaE 4. T E acA, %7 {a}QA wir {a} € Z(A). R Kerset frd
power set ¥ AT o “@ z 7 B AR R, FE 2 RIRFA. AP g T k]S

Example 3.4.2. 4 >t 0 73 f e - B3 & &, &@ 2(0)={0}.
Yk A={1,2,3},d e 0, A {1}, {2}, {3} * & 2(A) ¢ .~ 7 {1,2}, {1,3}, {2,3}
wEE A &

A)={0, {1}, {2}, {3}, {1,2}, {1,3}, {2,3}, {1,2,3} }.

F-BRELEAWTF IR AEP, APHL L finite set. PREAPF H#A) KET A
% B#c Hl4coft & Example 3.4.2 ¢ #(A) =3, ) AP HF R #(P(A) =23 =8. -
£ finite set, #* 7§87 rod B~ % B d, (7 F]4viE v o0 power set G F B .

Proposition 3.4.3. 3% A % finite set ¥ #(A) =n. B| #(FP(A)) =2".

Proof. A ¥ 11 % 3w & ch 2 B3] #(P(A) =27, 3 EEH L P ke E 3k ik
AP EFFREED. APHA DA BRAMA) RIRTFRE F #HA) =0, A7
At iEZ@a%, T A=0. ¢ Example 3.4.2, APt g #(A)=1=2° @ § #(A) =1 p¥,
A ARG - A4, RE L q, FA={a}. 2 NPT PA)={0,{a}}, %E #A)=2=0d".
HE =012,

RBEREELNBE: k2. Y #A) =k+1 fF2), B A={a,...,a, a1}
ppEL A=A\ {ag). A PG HA) =k, &l a2 BRE PA) =2k A H G 2
Bk, MF A CA, A hsubset & 5 A thsubset. teiv P(A) 25 2K BAE. R
A ¥ F subset .7 & 73 A e, i&{fﬂﬁ ? 7 aky esubset. F S i iEHk e subset,
A1 €S 52 S =8\ {ap1}, Bl ' CA. K2 % S CA, Bl L S=S8U{ape}, 1 ¢ ¥
7] S #_A e subset, & % §_A’ “rsubset. # 3 2., A “rsubset, & f?ﬁi‘{A’ e subset, &
7 ’*J’I&a{ﬁﬁ-%"— B A’ e subset BB {ar1} @ 7. & A csubset cip s s 28 42k = 2K+
B #HP(A) =2 wd WF i, F #HA) =0, B #H(P(A) =2"

#FT ORAPE LW power set frh Kefiset 2 B enbf k. d i B R iR £ e 2
B3 BE, SN R & & JE power set e F WF . ik power set (HE A, F A i set, B
Se PA) F2rayr SCA JI* gBgix, AP7F URE 52 FH - &5 B power set d
T i dkeg, power set 7 E & iRdF e M hon

Proposition 3.4.4. 3k A,B 5 sets. | ACB £y P(A)C Z(B).
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Proof. (=): &% ACB. % S€ P(A), 47 SCA. %d ACB# SCB, »% Sc P(B).
& P(A) C Z(B).
(=) BX ZA)CHB). 4 Ac P(A), &=d P(A)C P (B), # Ac P(B). i power set
2.% &, ;LT ACB. H
Question 3.16. B3k A,B 5 sets. K ACB ¥ iy P(A)C P B) LF L7

Power set » ¥ feanid 5, 4 Ij‘*»’fr'\?’u?\ P T
Proposition 3.4.5. &3k A,B 5 sets. B P(ANB) = Z(A)NZ(B).
Proof. 7] (ANB) CA * (ANB) C B ¢ Proposition 3.4.4 &2 73 FP(ANB)C F(A) *
P(ANB) C Z(B). #=d Corollary 3.2.4 &+ Z(ANB) C Z(A)N P(B).

YF-25,% SeZANHB) 47 Se P(A) * Se ()*“PSCA“SCB e
# Corollary 3.2.4 #v SC (ANB), + L3k S€ P(ANB). Wik P(A)NP(B) C P(ANB),

t P(ANB)= 2 (A)N Z(B). O
Question 3.17. BX& {A;,icl} 1 1 5 index set 11 indexed family. #F (ﬂAi) 2
icl
2% ) 2(A
i€l

Power set — S k¥ 7 ¢ HIHFIE. AN F PA)UP(B) C PAUB) (&4

%15 AC(AUB) * BC (AUB) #f12d Proposition 3.4.4 3 i3 (A )c P(AUB) *

P(B)C P(AUB)), e ¥ - s k# PAUB)C P(A)UL(B) #ri 7 t Faih. &1 F i %

Se P(AUB) %47 SC(AUB), Lizx 7 - k% SCA & SCB. Mc»g A={1}, B={2},

A S={1,2} CAUB, = S¢CA* S¢B. &3 1 P(A)={0,{1}},2(B) ={0,{2}},

=i ZA)VZ(B)={0,{1},{2}}. &L P(AUB)={0,{1},{2},{1,2}}. w*m P(AUB) #
P(A)JUP(B), @(A)u@(B)c@(AUB).

v qéw%\r%,mﬁ PV i PA)UP(B)=F(AUB), q*—i»L t AUB 3 B &30 ¢
LA m*%k B rm&p{ﬁriﬂ 1 ¢35, Mirk ACB & BCA, AP L Y
4 P(A)C PB) & PB)C PA). * »rpEALUTF (AUB)=B & (AUB)=A, f %@
PAUPB)=P(AUB). 2, % A¢CB* BLA (LR, T ACB & BCA ehipk),
Rl % e acA\B 112 bEB\A. g S={ab}, B17 SCAUB T SZA* SEB,
W Se PAUB) & SEPA) 2 S PB), &k SE(PAUPB)). BHLEHFRT
PAUB)# P(A)ULP(B). &G 11T 2 %%,

L‘

Proposition 3.4.6. 33X A,B 5 sets. B
(Z(A)UZ(B)) C Z(ANB).
A (PAUXB))=X(ANB) F2rix ACB & BCA.

fix e fFie2 T Power set %’TSE;% LR L FEE AB L osets B, i
%4 0e P(A), 0 P(B). A ¢ T 0¢ PA)\ P(B). % 0 PA\B), i

.2

7
“~
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(P(A)\ P(B)) # P(A\B). *» % SO P, # Se€ P(A\B), 47 SC(A\B). ¢ pF7

CA & SCA (T SeP(A). EFEARPL §5 SEB (T SEP(B). wdFli Sk
L& W xeS, mE SCB, T4 xeB. ex ¢ &w SC(A\B), %7 x€A\B,
@ %.wd LEESC P(A) 2 SEP(B) B SE PA)\P(B). PP
é‘,,]»/( (7[-7 _‘!:_"_ 1o mm‘%;}gﬂg EQ(A)\Q(B) v , é:t/fg

(2(A\B)\{0}) € (Z(A)\ Z(B)).

P Gne FHM G E e R A FLE Se PA\NPB) AT SCA T SEB.
ig? %7 SC(A\B). bl4r® A\B#0 * ANB#0, }*PFi¥ acA\B 2 beANB *
4% S={a,b}. Bl {a,b} CA * {a,b} B (7 Se PA)\ Z(B)), & {a,b} L (A\B) (
S¢ Z(A\B)\{0}). é’w“ﬂ*(@(A)\@(B))@(Q(A\B)\{WD F2,%A\B=0:* ANB=0,
Rl T 8 (ZA)\P(B) C(ZA\B)\{0}), * & P 2w A7 & - B Lemma.

Lemma 3.4.7. B3& A,B % sets.

(1) # A\B=0 7l ((A)\ Z(B))
(2) # ANB=0 p] (Z(A)\ #(B)) =

0.
(Z(A)\{0}).

Proof. (1): ¢ A\B=0, ¥ {# ACB. @E‘JA,CZB T ha€A”? a¢B, = acA\B
2% '§. #xd Proposition 3.4.4 4r, Z(A) C P (B). ## (P(A)\ Z(B)) =0.

(2): %1% 0e€ Z(B), #&=+ {0} C #(B). 4 Proposition 3.2.9 ¥ (Z(A)\ Z(B)) C
(ZA)\{0}). ¥- 5 ,Sec ZA)\{0} 27 Se€c P(A) £ S¢{0}, *F SCA* S#0. &
¥ ANB=0p%, 27 S¢P(B). 24 S€ P(B) 7 #@ SCB, tt SCA i Corollary
324 gi SC AﬁB)—(Z) ESELQ A F‘ el ANB=0 P, At d Se

Z(4)\ {0} #é'-l* Se PAN\P(B), =¥ (Z(A)\{0}) € (Z(A)\ Z(B)). W&EF ANB=0
I (Z(A)\ P (B)) = (Z(A)\{0}). 0
Question 3.18. B3}k A,B i sets. 4% A\B=0 % r&e% (ZA)\ZXB) =07 L%

ANB=0 %2 rax (P(A)\Z(B)) = (Z(A)\{0})?
1% Lemma 3.4.7, &9 4 T 2 2%,
Proposition 3.4.8. 53k A,B % sets. B
(Z(A\B)\{0}) € (Z(A)\ Z(B)).
A (P(A\B)\{0}) = (Z(A)\PB)) £2riE A\B=0 & ANB=0.

Proof. # 2 % ¢ 2 (2(A\B)\{0}) C (2(A)\ Z(B)). # %P 7+ % A\B#£0 * ANB+#0
Rl ( A\ Z(B)) L (Z(A\B)\{0}). sxsvg (Z(A)\ Z(B)) = (Z(A\B)\{0}) R1 A\B=10
X ANB=0. & WHHP ¥ - > %, THEPE A\B=0 & ANB=0 P

(Z(A\B)\{0}) = (Z(A)\ Z(B)).
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FERK A\B=0, ¢ Lemma 3.4.7(1) & pF (Z(A)\ Z(B))=0. ¥ - > &, ppF
P(A\B) = 2(0) = {0}, #=

(Z(A\B)\{0}) = {0} \ {0} = 0= (Z(A)\ Z(B)).

7% ANB=0, ¢ Lemma 3.4.7(2) 5t & (2(A)\ 2(B)) = (P2(A)\{0}). ¥ - = &, &
B A\B=A\(ANB) =A\0=A, &

(Z(A\B)\{0}) = (Z(A)\{0}) = (Z(A)\ Z(B)).
|
3.4.2. Cartesian Product. P ¥ 53 A E S AP E 2 F g A Z P 7DERE ) 4o
{12} o {2,1} EAp e ent &, 2 EEF R E & S ={{1},{1,2}} 4= S2{{2},{1,2}}, ix% %

aoiE {11€8) 2 {11 €Sy, #rri i S £S,). BH >k, FHAPS 1255 B Ad i
TEB. AR R KT L

Definition 3.4.9. B3k A,B 5 sets. & a€A,bc B, 3N & ordered pair

(a,0) = {{a},{a,b}}.

lg
B

AxB={(a,b):acA,bec B},

#2 % the Cartesian product of A and B.

“#3) ordered pair, & 47§ A shilic$t, i&{i}ﬂﬁvi—%?ﬂ EX$Nm, a2 s £ G M
. blhed G b3, g (1,2) = {11,{1,2}), A (2,1) = {{2},{1,2}}, & (1,2) # (2,1).
- KWK a,d €A, bV EB. Fa=d, b=V, Rk EpEDTE, NPT

(a7b) = {{a},{a,b}} = {{a/}7{a/7b/}} = (alﬂbl)‘

V-2 (ab)=(d0) 27 {{a}{a b}y = {d}{d W} RF a# b, 57 {a,b) ¥ 5
BBk, &wE (a,b)= V), 27 {d bV} ETL5 s Bt agk & (3R {{d} {d,V}}
YR - B A Ak s, TR ({a) {ab}}). HihAos 4 B AR A, A
&3 {ay={d} m2 {a,b}={d.V}. TL£FNP a=d * b=b. 5% {ab} ? ¥TF -~
%, TFa=b }EEELTE {a,b}={a}, &

(a,0) = (a,a) = {{a},{a,b}} = {{a}, {a}} = {{a}}.

F, e ER (a,b)=(d\b) 28 bV =d =a, &) FERRG a=d ¥ b=V APEE

W i

Proposition 3.4.10. #3X A,B 5 sets, * *& a,d €A * b,b' €B R (a,b) = (d,b) ¥ *&
Fa=d * b=V
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APRE- T, % acA beB, {{a},{ab)} ¢ E- BRLHAE. F A {a,b)} A

v g, Lbﬂnbfﬁ;ﬂrAuB K. x {a}, {a,b} % AUB cisubset, 2 i3 {a} fr {a,b} ¥
(AUB) eh~%. & {{a},{a,b}} 5 P(AUB) ch+ & &, 1® {{a},{a,b}} € Z(FP(AUB)).

4 AR (a b) L P(P(AUB)) ¥ chad. e # (a,b) 4 &+ {{a},{a,b}} i&th4f

feenf & S RJER AL 2 . 7 i Proposition 3.4.10 3P, Mg ¥ 02 3 F (a,b)

R4 E. R (ab) gL AXB Y - BAF, NPT B RN (a,b) = (d,D) *

#ﬁé#AxB¢%im%€m#E&§'ri?-

Example 3.4.11. (1) B3k A={a,b}, B={1,2,3}. Rz TEHNPF IIHEAXB B =

AxB=H{(a,1),(a,2),(a,3),(b,1),(b,2),(b,3)}.

yohirg AP Ax{0}={(a,0),(,0)}.

2 Fk S={(x,y) eERxR:x>+y><1}. 82X S % RxR s subset, & 2 3 & ACR,
BCR#®S=AxB. 9,5 S=AxB, 4 (1,00€8, 21F 1cA ¥ (0,1)eSs, 2
PE1eB. T ®E (1,1)EAXB. Za 124+12=2>1,1 (1,1)€S. ¥ S=AxB hiExK
3B, B EA G REACR,BCR ##® S=AXB.

EIRHA AXOfr Ax{0} 27 k. 2% & (x,y) EAX{0} £7 x€A 1% ye {0},
HMEF {0} - BHF - BAEOEL, ky=0 A7 (x,y)) CAX0 %57 xEA 1%
YEO, 2 BAFT i £F ~F B0, Ft ey T A F . TIIREER AXO P LG IR E,
HEAXO=0. FEAPEF OxB=0. FF AP F 0T nE%k.

Proposition 3.4.12. 3% A,B % sets, ] AXB=0 2 A=0 & B=0.

Proof. A& T#HMF AxB=0, A=0 2 B=0. |* contrapositive method, &3
A#0 > B#0. *PF3tacA ¥ beB, ¥t (a,b) cAxB. #& AxB#0. O

% A,B % finite sets P, 2% i ¥ 12 4r Example 3.4.11 — - 5|3 AxB ¥ mm% AN

FZacA s, ¥ (a,y) EAXB. d Proposition 3.4.10 A o, # A PEE y 5 B P g B
~ P 7 a0 (a,y) ,]}ugl . - #KFLLLE%AXB i (ay) 2R SNaE £ 5 #(B)
B. R g a? FREEAETY 2R, d RFles? o2 ArRAPT AXB £ €7
#A)x#(B) B~4, Flpt 3 1T 2 232,

Proposition 3.4.13. & A,B & finite sets. P| #(A x B) =#(A) x #(B).

F1% #(0) =0, #d Proposition 3.4.13 & #(A x 0) =#(A) x #(0) = 0. * %% f- Propo-
sition 3.4.12 ¥ Ax Q=0 it#H - K.

7T kAP HEE Cartesian product ¥t § & ¢ 7 M @ 5. 7 LA R, #3WE R Dset
A E B=0ps A3 AxB=0 1A PEEd AxBfo A'xB k285 A A 2 [ chld 4.

T A TR AXB R AB - B0 A S T i s

Proposition 3.4.14. 3% A,B,C,D % sets ® A#£Q 1% B#£0. ] ACC * BCD ¥°*
*iE (AXB) C (Cx D).
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Proof. (=): % ACC ® BCD. miEzP (x,y) EAXB, 277 x€A ¥ yeB, #xd ACC
P BCD#E xeCX yeD FpirzE i+ (x,y) eCxD, #7 (AxB)C(CxD).

(<): B® (AXB)C(CxD). miEP xcA, d 3 B£0, ta3 beB. Y
(x,b) eAxB. §1* (AxB)C (CXD), # (x,b)eCxD. T HTxeC, FH#ACC. F
W EP-yeB, d WAL w3t acA FFY R (a,y) EAXB. 1% (AxB) C(CxD),
# (a,y)eCXD. Flpt x 2 & yeD, #% BCD. O

Question 3.19. Proposition 5./.1} S%EM ¢ | wi— 3R TR AAQ 113 BAQ ik ? ~
L ACCH BCD AR REP?

=T k2P g Cartesian product fr intersection b f.

Proposition 3.4.15. &%k A,B,C,D 5 sets. B

(ANC)xB=(AxB)N(CxB) and Ax(BND)=(AxB)N(AxD).

Proof. #] (ANC)CA * (ANC)CC d Proposition 3.4.14 = (ANC)xB) C(AxB) *
((ANC) xB) C(CxB) (A % Proposition 3.4.14 y+ 384 2 7 27 & & (7iE3k). wd Corollary
3.2.4(1) ¥ ((ANC)xB) C(AxB)N(C xB).

¥ - 25, #2218 (x,y) e AxB)N(CxB), #1735 (x,y €eAxB ¥ (x,y) € CxB.
Flpt x€eA ¥ xeC M2 yeB # x€eANC ® yeB, &4 (x,y) € (ANC)xB. ##
(AXxB)N(CxB)C (ANC)x B, FIF &M 7 (ANC)xB=(AxB)N(CxB). k=¥ %
Ax(BND)=(AxB)N(AxD). O

F1* Proposition 3.4.15 2 i ¥ 2 f (ANC) x (BND). F 4 #- Proposition 3.4.15 ¢
B 1 BND B {8 (ANC)x (BND)=(Ax(BND))N(Cx (BND)). £d Ax(BND)=
(AXxB)N(AxD) 112 Cx(BND)=(CxB)N(CxD), & F#

(ANC) x (BAD) = (A x B)N(Ax D)N(C x B)N (C x D). (3.3)

BE (x,y) E(AXB)N(CxD) 47 (x,y) EAxB (svx€A,yeB) * (x,y) €eCxD (v xeC,
yeD), ¥ (x,y) EAXD (!l x€A, yeD) * (x,y) €CxB (¥l xeC, yeB). Fp#¥
(x,y) € (AxD)N(C xB), ¥ ;*}nf ((AxB)N(CxD)) C((AxD)N(CxB)). #d Proposition
3.2.5 w3 (3.3) F i ff &

(ANC)x (BND)=((AxB)N(CxD))N((AxD)N(CxB))=(AxB)N(C x D).
Afpg T R
Corollary 3.4.16. 3% A,B,C,D % sets. B
(ANC) x (BND) =(AxB)N(C x D).

Question 3.20. it f1* Corollary 3.4.16 %P (ANC)x (BND)=(AxD)N(CxB) *5?
#FA2 2 Corollary 3.4.16 & 3ZEP 2_.



3.4. Power Set and Cartesian Product 49

- BUkER, AR g A - & B & b Cartesian products 71§ operations & #_F 7 &
Cartesian product. )42 & chiFa), A ¢ i @ $+ & & 0 Cartesian products 3
BFEE7 B - HE & Cartesian product. » ifu—f{\;n (AxB)N(CxD) EFirv B +-
Cartesmn product SXT 3,38, d Corollary 3.4.16 s P ie B § X 44 2n D& 4
S=ANC, T=BND, Pl (AXxB)N(CxD)=8SxT. d pt iy v Zx % ¥ & &0 Cartesian

products #% & % & Cartesian product.
Question 3.21. ##PM (AXB)N(CxD)=(AxD)N(CxB).

Question 3.22. Bk {A;,iel}, {Bi,icl} &2 I 5 index set e indexed family. ¥ P

((Aix B;) = ((Ai) x (()Bi)-

icl icl icl

¥+ Cartesian product fr union + 3 {= Proposition 3.4.15 #g 02 crk§ .

Proposition 3.4.17. 3%k A,B,C,D % sets. R
(AUC)xB=(AxB)U(CxB) and Ax(BUD)=(AxB)U(AXD).

Proof. ] AC (AUC) * CC (AUC) d Proposition 3.4.14 &+ (AxB) C ((AUC) xB) *
(CxB)C((AUC)xB). #d Corollary 3.2.4(2) # (AxB)U(CxB) C ((AUC) x B).
¥-26, #2218 (x,y) €E(AUC)XB, % x€AUC 1% yeB, # x€A & xeC *
yEB. FxcA, Rld yeBi® (x,y) EAxB, m % xe€C, F|d yeB# (x,y) eCxB. #&# (x,y) €
AxB & (x,y)€eCxB, ™% (x,y) € (AxB)U(CxB). ## ((AUC)xB) C (AxB)U(CxB),
FIEM T (AUC)XB=(AXB)U(CXB). P27 % Ax (BUD)=(AxB)U(AXD) O

F1#* Proposition 3.4.17 2 i ¥ 12 & (AUC) x (BUD). F % Proposition 3.4.17 @
B 7 BUD P&, {8 (AUC)x (BUD)=(Ax (BUD))U(Cx (BUD)). £ 4 Ax(BUD)=
(AxB)U(AxD) 112 Cx (BUD) = (CxB)U(CxD), # {8117 ik %

Corollary 3.4.18. 33 A,B,C,D 5 sets. P
(AUC)x (BUD) =(AxB)U(AxD)U(CxB)U(CxD,).

A E (AUC)x (BUD) - 4 %% ¢ 3 #g i Corollary 3.4.16 # ihjd . + ,T*u{?u— Aeh
17 (AUC) < (BUD) X3 § %7 (A< B) (CxD)m AT - R KWAXD L3 g 4
* (AxB)U(CXD) ($#ACC & DCB). “iAPRES g ALC Y DgB,ﬂmbﬁk

B, bl4eg AD ¥ 3 E 0 B=C=0, Bl (AUC)x (BUD)=AxD % 5 0 (% 2 Proposition
3.4.12), = (AXB)U(CXxD)=0U0=0. & pF (AUC) x (BUD) # (AxB)U(C x D).

Question 3.23. :#45 ¥ *hnb|+ @ 7 (AUC) x (BUD) # (AxB)U(C x D).

Aipy giry 4 F S 4 Cartesian product 08 # i 28 5 Cartesian product. » ,]* R
(AXB)U(CxD) & % in% B = - B Cartesian product Sx T 23,57 ¥ X7 ¥ A,B,C,D *
FE- BEO, P (AxB) & (CxD) ¥ 3 - B ¢ &0, 7 iz $ten, 2 b, 4 Corollary
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3418 AP i A - T¥ Fiiok F ST #1EF (AxB)UCXxD)=(SxT) 4
THATG seStel, Ay G (s1) E(AxXB)U(CxD), = s€A t€B & F seC,
teD. 47 s - TEALANC?P T t-FEAEBEDY, ¥ scAUC ® te€BUD.
wprpE SCAUC P TCBUD. ¥ -2 a¥EZE xecAUC, AP s+ xeA & xeC %k
W FxcA APEBbeB (WA APERK BA0), AT (v,b) €AxB, &4
(x,0) e(AXB)U(CxD)=(SxT) B xeS. FEE xcC,d D#0, A Pv & xeS. #&
AUCCS, Afpzm i gk S=AUC. FI7 0 pF T=BUD. AEzm i 4 ABCD %7
S0P % (AXB)U(CxD)=(SxT) Bl S=AUC * T=BUD. %@ Corollary 3.4.18 4 ¥
A (AxB)U(CxD)=(AUC)x (BUD) & & = % 7§ (AxD)U(CxB)C (AxB)U(CxD). %
?AQC‘ DZB, B4 facA\C 1% deD\B. 1 (a,d)€AxXD it (a,d) ¢AXB
d)ZCxXD, 7" (a,d) (AXB)U(CxD). +*2 (AxD)C(AxB)U(CxD) % &. tx4v
JU(CxD)=(AUC)x (BUD) & %= % FACC& DCB. k% CZA ¥ BED,
g (c,d)eCxD, 2% ceC\A ¥ beB\D, " €i¢ =2 (CxD)C(AxB)U(CxD) %
. #711 (AXB)U(CxD)=(AUC)X (BUD) & &+ &/ CCAX BCD &+, i3

YT R

N lo mf W
Q‘\Q' X /\ I
Od

T
&

—

W

Proposition 3.4.19. &3k A,B,C,D % sets. Pl & S,T % sets /% X_ (AxB)U(CxD)=

SxT #F2riE ABC,D B X 1™ HP 2 — mifit:

(UABCDé - B0,
(2) A=
(3) B=
(4)
(5)

ACC=*® BCD

Proof. (=): % (1) # 2= pF, F AB.C,D ¥ % Z_0 PF, %o © F PG ST % & (Ax

XD)=8XxT, 47 S=AUC * T=BUD. @ § (AxB)U(CxD)=(AUC)x (BUD),

d G kit AP F ACCA DCB A CCAR BCD ¥ 3. JI* B4Bhd 7 4%

(ACC)V(DCB)A((CCA)V(BCD)). & VA s fedt i (545 1

#2 (ASCOV(DCSB)ACCA)V((ASC)V(IDCB)ABCD)). £11% - = »peit
%

i
(ACOAN(CCA)VIDCSB)A(CCA)V((ASC)N(BCD))V(DCB)A(BCD)).

A
~Fl(ACCAN(CCA) %> A=C,a (DCB)A(BCD) 5> B=D, @z »pF (2),
(<) % (1) 22, (AxB) & (CxD) " $ - BEA0, &, PF3hsT ik (AXB)U
S %

% (2) = = pFd Proposition 3.4.17 +v

(AXxB)U(CxD)=(AxB)UAxD)=Ax(BUD),
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Y §—A,T = (BUD) 7.
% (3) = = P4 Proposition 3.4.17 4=
(AXB)U(Cx D) = (AxB)U(C x B) = (AUC) x B
#PB §=(AUC), T =B T¥.

% (4) = = pFd Proposition 3.4.14 4+ (Ax B) C (Cx D), #= (AxB)U(Cx D)= (CxD,).
FLB S=C, T =D 7.

% (5) = = pFd Proposition 3.4.14 &= (Cx D) C (AX B), ¥ (AxB)U(C x D) = (A X B).
Flpd S=A, T =B 77 . O

B {8 24 5 Cartesian product f set difference 2. B f.

Proposition 3.4.20. #33% A,B,C,D 5 sets. B

(C\A)xB=(CxB)\(AxB) and Ax(D\B)=(AxD)\(AXxB).
Proof. 14 (x,y) € (C\A)xB, A1} x€C\A % yeB. =¥ xcC ¥ xgA 1%
yEB. AP (x,y)) €CxB 2 (x,y) #AXB (F R (x,y) EAXB § ER xcA 27 F).
=17 (x,y) € (CxB)\(AxB), %M (C\A)xBC (CxB)\(AxXB).

F- oG, HEL (1)) €(CxB)\(AxB), #1F (1)) ECxB (I xeC, yeB) 2
(x,y) #AXB (¥ x¢A & y¢B). 2d (x,y) eCxBRiFiryecB, tad (x,y) AXB T x¢A
(FAlxcA4t yeB ¢ (x,y) EAXB 24 §). Flitd xeC 2 x¢gA Mm% yeB, £
(x,y) € (C\A)xB, #P 7 (CxB)\(AxB)C (C\A)xB. 8% (C\A)xB=(CxB)\(AXB).
F12¥ i Ax(D\B)=(AxD)\(AxB). O

F1* Proposition 3.4.20 # ¥ 2 & (C\A) x (D\B). 7 £4|* Corollary 3.4.16 % * 3

(C\A) x (D\B) = ((C\A)NC) x (DN(D\B)) = ((C\A) x D)N(C x (D\B)).

£d Prop081t10n3420 A3 (C\A)xD=(CxD)\(AxD) 112 Cx(D\B)=(CxD)\
(CxB). F] ¢

(C\A) x (D\B) = ((Cx D)\ (AxD))N((CxD)\(CxB)).
B 15 41* Proposition 3.2.11(3), £ 4
((CxD)\ (AxD))N((CxD)\(CxB))=(CxD)\ ((AxD)U(CxB)).
F G LT
Corollary 3.4.21. 3% A,B,C,D 5 sets. P
(C\A) x (D\B) = ((C\A) xD)N(C x (D\B)) = (Cx D)\ ((AxD)U(CxB)).

BEAPS FHELE S HE £ 9 Cartesian product #% & i3 % Cartesian product. »
:T\J"-‘{;fu (CXD)\(AXB) {?. i i :E, = SxT m"]/)(\.? i&g 5= F] »1, - ﬂ;’ij\?’bﬁ'*’ {7‘ J—lﬁ
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. FF L, A5 (CxD)\(AxB)=(CxD)\((CxD)N(AxB)) (%2 Question 3.11). @
# Corollary 3.4.16, £ 4 (CxD)N (A x B) = (CNA) x (DNB) = (CxB)N(Ax D). ¥

(Cx D)\ (AxB)=(CxD)\((CxB)N (A x D)). (3.4)
2 ¢ Proposition 3.2.11(2) 4=
(CxD)\ ((CxB)N(AxD))=((CxD)\(CxB))U((CxD)\ (A xD)). (3.5)
% i4d Proposition 3.4.20 4
(CxD)\(CxB)=Cx (D\B) and (CxD)\(AxD)=(C\A)xD. (3.6)
F2EF (34),(3.5), (3.6) M PEEFI T gk,
Corollary 3.4.22. ¥ A,B,C,D 3 sets. Rl

(Cx D)\ (AxB) = (Cx (D\B))U((C\A) x D).

A EL R Corollary 3.4.21 & Corollary 3.4.22 2. £ & .

d Corollary 3.4.22, 4] * Proposition 3.4.19 s P (%% % Z|érmpr 5 & S, T 8 8 SxT =
(CxD)\ (A ><B) 7. %5 4 Proposition 3.4.19 &g (Cx (D\B))U((C\A) ><D) G
B SxT A5, F2emEn T ARUE L (1) CD(D\B),(C\A) £ § - B3 0, =W

DCB& CCA(GLRM! ¢4 CA D % 05fFR). (2)C=C\A, *+T%7 ANC=0. (3)
D=D\B, * ¥ 453 BND=0. (4) CC(C\A) = (D\B)CD. 7] (D\B) % ¢ 33 D, &t
FEEWE R CC(C\A), " F C=C\A, =& (2) 24k, (5) DC(D\B) & (C\A)CC.
foo(4) ehiim. pter (3) chigidple. B ENM P andma g T2 g%,

Proposition 3.4.23. &3x A,B,C,D % sets. Rl & S, T % sets % & (CxD)\(AxB)=
SXT #2v&ex AB,C,D a & T H? 2 — ehifit:

(1) DCB.
(2) CCA
(3) ANC=0
(4) BNnD=0

Question 3.24. 335 I Proposition 3.4.23 % i # ¢ ST 5w ?

Aipw gl 3E - T Cartesian product v complement B . ig42 & FrwjRp HF
Cartesian product %€ & iy = Lo 7 U §APARS Bk F§7 ol b 4 pURE
BL AT EE X, A B E BT EL Y APV HHAXB FiBrF AXB AT
EnF EE S X XY, A e AP A o complement AC 4 & X 42 0 complement, 7*

=X\A. B3 B 3gihE_B % Y ¢ complement, & B°=Y\B. @ AxB 7 complement
(AXB) pHE AXB % X XY ¢ complement, ¥ (AxB)"= (X xY)\ (AxB). #f11 &
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WL, &4 = B complement 4 4y 2= # % I universal sets t ¢ complement. & " Tk,
2% Corollary 34.22 # C=X 1% D=Y e, iP5

(AXB)=XXxY)\(AxB)=(Xx(Y\B))U((X\A)xY)= (X xB)U(A° xY).
KR X =AUA® 12 Y =BUB #+4d Proposition 3.4.17 ¥
X x B = (AUAS) x B° = (A x B°) U (A° x B°),
I A°XY =(A“XB)U(A° X BY). BisfI* Bk eng £ AP E T 232,
Proposition 3.4.24. X A,B % sets. Bl (AxB)‘ = (AXxB°)U(A°x B°)U(A° X B).

Bfgwmp - T O HF AP Gz BE L # E o Cartesian product. % i F] 5 2 i

AR N R SERE L AP






Chapter 4

Relation and Order

iz— F A4 % relation. Relation — 45 » 7 | & & 2 FF 2 < % e relation 17 2

- B4 &2 L F 4T dhrelation. P H-¢ £33 - B set g £ Prelation. g 45
AR E orelation, # ¢ & & & ch A #73) 7 equivalence relation. Equivalence relation
TR A e BB £ L B A, § R - 4 59 equivalence relation ¥ 11 T2t
P 4e T fR- B oset gl AT E Y relation £- BEZ PRI APREILY -
relation, 'T}‘*{”Lr;ﬁ 1 order. Order 3, %;fj*-{”ﬂﬁ it B4 ), e BT - BT
BRI - B oset enE R 1B

4.1. Relation

LA B osets X,Y. & § #_X xY - B nonempty subset, # i i*u:fp'- S ¥ - B relation
from X to Y. %]+, - B X xX &7 nonempty subset § i*uﬁ-; - % relation on X.

- B relation § 2 {5, AP - B EHF x~y KEAT (xy) LSS F. BB EERE
x~y dHF R A P BEARR x oy 7 B e, L KRR relation F o F AR L. FiEF
AP R wFDIT & DI I relation (hRALEE, wEFT] (x,y) €S Ak, €4 RS I

Example 4.1.1. (1) ¥ g X ={1,0,—1}, Y ={0,1,2}. 2% S={(x,y) EXxYV:y=x>+1}.
Pl S - X 3] Y “hrelation. &2t relation 2 T3 1~2, 0~1 1% —1~2,

(2) ¥ B X={1,0,—1}. T& S={(x,X)eXxX:x>X}. Bl § £ X } e— B relation.
2

gt relation 2 TAPF 1~0,1~—-1 1% 0~ —1.

Question 4.1. & X % nonempty set. % g X + &0 relation S. FFEP S=XxX %2
FEEHEL xyeX ¥ ox~y.

- k- BABA R E L P relation LB Y RIFES B L2 Bl R, bl4c
Example 4.1.1(1) ﬁ‘}u{”ﬁ XY & B &Faasdik f(x) =x>+1 #TA& 4 hrelation. ¥ - & &
f— B & chrelation, 2 & * R4FFE B E & ~F 2 F el %, bl4c Example 4.1.1(2) )?L{
THELS X AE2 Fank ] B 9T A 2 o relation.
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BE AR — B 4n A i e relation Rd - B X XY 3 B A B As A, R AP S ki
B XY MR AL BN G, AEAPL T - B e XY Ra g2 B, k@
TS B X XY d B A, SRAPTT T R L = F;*ieé%ééa:‘éfﬁ relation
Example 4.1.1 ¥ éh| 3 £ F + E‘I‘u{r‘ ¢ drenff o (Sl M) RRg Sie- BEE.
EN irﬂ—’F’—] T - Bt kP
Example 4.1.2. 4% - & X AP & 4efe T~ B relation kfg g X ch+ F &7 “& 737
I A ?

B LB relation “TH ke F BEAX 3 B &, ST AP iz 2 o d X 0 power
set Z(X) + & relation. = ;*I}a{gﬁ.f\ P& T SC 33( )X P(X) mEACB % ¥ raE
(A,B)eS. #rmuavipw iz S={(A,B) € Z(X)x Z(X):ACB}. tizi relation 2 & 2 i
,T}ug’ﬁ A~B #2viF ACB

ThAArFP,APLINWULE- BEE L grelation. ~ i‘*u{l?z»?}i S - i relation
on X, g fim2 T, A w g B4R 0T = fd 4F 0 relation.
Reflexive: § S i X735 xeX ¥ F x~x, 7
(x,x) €S, VxeX,

AL relation & reflexive.

Symmetric: § S & X x,yeX F x~y, Bl y~x, T
(x,y) €S= (y,x) €S,

AL relation & symmetric.

Transitive: § S & X ¥t x,y,z2€X & x~y ® y~z Bl x~z

((x,y) €S)A((12) €S) = (x,2) €S,

F P FLp relation E_ transitive.

e AU, AP NSRS TF R - T
(1) S % reflexive ;}F]fﬁ{%ii,@ﬁvxex PR (ex) - RS T2 ERIE FAhExEX
% ¥ (xx)ES,]*uareﬂexwe Tt 23 F Ak (ry)eSRlx=y. Ba32, E#k4ES
A F % reflexive, AP HFERALTHT X P had x, (xx) RS, A7 \/.'g_t'w«'
(x,y) £ ¢ x7Fy e,
(2) § % symmetric g P EHEZ LA (r,y) €S ¥ REF (yx) - TH &S FAERT LG
T2, %% % S AF 5 symmetric,

- (x,y) ME (yx) 2S¢ T}UK symmetric. %%
4. 4c% 23 1 € & symmetric, F EJ'J,T%Z

PELRALTF (vy) €S (yx) €S hfima 2
%_ symmetric.

(3) § & transitive 45 HEF & (x,y) fr (v,2) &8 7, Bl (x,z) - T+ & S. i i
- (x,y),(0z) Jr (x,z) &S ¥ ij‘kitransitive. ¥ oehigAm s 2 ’ﬁ WEE ( )ES Bl
B zeX B (yz)ES. HUTR S @4 - Bad (x,y) A S S

) b .-

H_transitive. & m
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2, &b S AT L transitive, AP E R/ AELTEF (v,y),(2) €S L (x,2) €S P inwF
2. de% i3 4 ¢ A transitive, F ﬂ'l)‘j‘fu% H_transitive.

Example 4.1.3. £ X ={1,2,3}, 2 P 4F 3178 relation S C X x X &_reflexive, symmetric
g transitive.

(1) 0% S={(1,1),(2,2)}, 78 A& S * &_reflexive, 15 3 € X @ & (3,3) ¢S. 4%
S={(1,1),(2,2),(3,3),(1,2)}, 78 A S &_reflexive. L & ft H| ¥ 82& § 7 5 & (xy) i
x#y gtk i (T (1,2)€S) 23 Ag',fg"—,‘f—! % reflexive e% 7 .

(2) ¥ S={(1,1),(2,2)}, &+ P S * &_reflexive, # if § 4_symmetric. €% 4 > (1,2),
T §={(1,1),(2,2),(1,2)}, #* FF (1,2) €S £ (2,1) €S, #& § % &_symmetric. }* pF S B
Lo r (2,1) (*S={(1,1),(2,2),(1,2),(2,1)}) 1 € ¥ = symmetric.

(3) % S={(1,1),(2,2),(1,2)}, P+ S % &_reflexive, » # &_symmetric, & 7 §_tran-
sitive. £ 4 ~ (2,3), T S={(1,1),(2,2),(1,2),(2,3)}, # B F] (1,2),(2,3) €S & (1,3) &5,
#x § # &_transitive. $*PF S B & 4~ (1,3) ( S={(1,1),(2,2),(1,2),(2,3),(1,3)}) 1 ¢
% = transitive.

E_F - B Example i ¥ 02 ’Fi 4 reflexive, symmetric 14 % transitive ¥_4p 3 b &,
- Tvaa;"u:éi BFARS 2 B2 Bk § ¥ it— B relation # & H Y - B, w72 B2
¥obd BEF. bldej ¥ i - B relation #_reflexive i€ 3 & symmetric ~
¥-2%,% 3 Fig— B relation # & H P 3 BHEF, 2 @ &F - BEF. bl4cf 7 i

- B relation #_reflexive ™ % symmetric & % §_transitive. 4@ & ¥ 3 B HE LT 4 E D

% #_transitive.

it 301 G symmetric v transitive ¥ 42 % reflexive.

Example 4.1.4. B33& X 5 - B set, m S 3 X F e— i relation. 3% § 5 symmetric ™/
% transitive, £ F ¥ 42 § i reflexive? M T dnf it vRAL § 457

B x~y, ¢ 3 S 5 symmetric, F]f* Ty ~x. » ,Tk%;fu, AP x~y ® oy~x, &l
* transitive L F, L x ~x.

TR HmEILG A, AT TG #EE S L reflexive. v WHEE T H3txeX, vk T
YEX % L x~y, Bl x~x. i reflexive s I, S & & P HE - BxeX, ¥F x~ux
RFEX? Fh- ~FxRALFERPAZfvF M, » JI&K;J&‘#&Z FlyeX B X x~y, 7R
Fi- 2% araﬁ}u,),ﬁé,é Br x~x 0L blAe X ={1,2,3} A, F S=1{(1,1),(2,2),(1,2),(2,1)},
fF % % S % symmetric ™ %2 transitive. d 3t 1 HEI A Ffev 5 B (bldeN P
1~2),d 24 3HE Lfev 3 B (7 2~1), #r14d § % symmetric /2 2 transitive v (1,1),
(22) v eSe. e, Xy Eefr3 3 o E, T (3,3) AR ENRMAES P Aptbr
(3,3) €S, #rr2 S B2 5 symmetric 14 % transitive, & § % {reﬂexwe.

Question 4.2. £ X ={1,2,3} £ 6|#P 5 & relation on X & &_ reflexive 2 2 symmetric
L, 2 R % & transitive o R T B BIRRP 3 & relation on X & & reflevive 11 %
transitive P2 E € 3 % & symmetric s
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B fs iR ’Fi Example 4.1.2 ¢ & relation # & vRut 4 57,

Example 4.1.5. 3%k X 5 nonempty set. % g S={(A,B) € Z(X)x #(X):ACB} 3
P (X) ¥ orelation. g AN PP S L oreflexive. A FEHWERL Ac P (X)), AP
3 ACA (%2 Proposition 3.1.4(1)), # (A,A) €S. #4 S i reflexive. &% ¥ {7 S

transitive. =4 %15 % (A,B)eS * (B,C)eS, 47 ACB ¥ BCC,wv# ACC (%4
Proposition 3.1.4(2)). =% (A,C) €S, ## S & transitive. 7 i S # &_symmetric. & 3
BB, AP REST ABE P(X)HE (AB)ES L (BAESTF. Y A=011% B=X
%?.E{ﬂéQGWWLEXGQQ)Engﬁﬁ?@XMﬂ.EL%X#&#XQQ

Y (X,0)¢S. #& S 7 4_symmetric.

Question 4.3. B& X 5 nonempty set. % Jg S={(A,B)e Z(X)x Z(X):AUB=X} 3
P(X) + 0 relation.

‘(

s

1) 38 S - 25 reflexive 75 ¢ %’Lg % EF A, I8 S — A E_reflevive ¥5 ?
? £

(
(2) #F S - =5 symmetric *5 ¢ A TFE e, PRS- 2 H E_symmetric 8§ ¢
(

3) @R S - 25 transitive ¥ ? B E AT T, 78S - 2% A_transitive ¥§ ¢

4.2. Equivalence Relation

w73 o relation ¢, B & & 0 £ 473) equivalence relation. v ¥ r FT AR B
Z‘fi,“ﬂlﬁ?% & s g, 77 WA & A7) e equivalence classes, M EA ML F E L EEBRE S
Bk 5 g‘i? vﬂvfi?—-’ P FRVE- BRI E

FEFF I A cd, B R B R DF N oed LT F REAF ,}ﬁ-‘}mﬂ&u (R
. FfRen, pﬁi% - BFRF AR DDRE, AL TR SRS 2 R AILiE- B
BLApM AL - kB BEPLE IR ERENTZBEE. ¥ - I?,]*n-\, QW[}»‘»\
gendd, pefrp e AL AREFIT, V- B2 HF7 fre I Rigaple s & Fqe?

e his- BREEL X fre BT o fop BEE, R %ﬁﬁﬁk@.%%£W%—%
FEXhaAZ iz B BRI, RieHEFEDLTARZ AP, Gldor x,y FEg, B *
x~y kKET. AREBRELT, DG TROLSENE - BEE: pEfop e LR, RV
* ~.a”ﬁ”“r)a xeX ¥ F x~x 4 fq\¢$i{ L e relation % i reflexive. @ % - B & %

?Are AR g e 2 o iAo ? J_f g, ;j*uv T EE X~y B y~x ,TJL—ELLE%%?;

:leﬁrelation % 5 symmetric. Bfé- B& F: B9 fre BT fop kA, BT 2 R ep

Fop, eV 27 5 F x~y ¥ y~zZ Pl x~zoo T‘L—«x-‘xgﬁ't 7_d ¢h relation % % transitive. &

ke

2o, BAck 5 - B 2 X F ehrelation § & § reflexive, symmetric ™ 2 transitive i& = 38 4
BL,om B AP R-E £ B orelation s AL G B AR (TE x~y, BIEG Xy 2 BRE), TRAE
B> Ny R EFIL Nz BE . Tt A LB L reflexive, symmetric 1
Z transitive &= ML o relation - BEFRDEH. F ARG APE2 FTER- B AEX
tirelation AL G X x X esubset R AEJTREE, 20 3 42 R, AP ERY ~ FX g

# relation iZtk (2 .



4.2. Equivalence Relation 59

Definition 4.2.1. % ~ £ 4 & X } iorelation, # # & 117 = B, BIF relation

% equivalence relation
Reflexive: $*73 x€X, ¥ 7 x~ux.
Symmetric: & x,yeX B x~y, Bl y~ux.

Transitive: & x,y,z€X & L x~y ® y~z Bl x~z.

F| & * equivalence relation & & #FF © A4 At ? F 44 reflexive thi v #5 - B
~ % ‘f;"‘ﬁ?}ﬁi/} % - #. ¥ ¢hd symmetric {v transitive e AR €5 - BAE § A
B0 o, ¢ G B AR R R £ 5 2B LT Aok AB
PR, e x AT ABHY . MAEAFY hiz- A F a Flfrx A Farca~x @ B
Fv ehiz- ~F b FlY frx Bz b~x. 7xd symmetric fr transitive s Fr i a~b. 4
PAGLA g AR e B Y At AR R Sfe A & B R SRR

B®X ~ F - Bl st X i equivalence relation. ¥ xe X, AP 3 B & &
(VEX ymx), TAPES X ¢ frx bl ehai A e sk, SHPE L, APREL x
equivalence class, * [x] k4 7. * 2 d B K, [x] ;j‘&,{%*); fo x F#F e & A b
B &, i reflexive sha &, APy x| SHFPL2EE, FIZ 2" xvx, fj&‘{p&\ [l
xex] ¥-2d 2TERF y~x B =) @LF, #HE2L zex], 27 z~x Bax g
& y~x, ted symmetric 2 transitive 17 z~y, T ze[y]. FF [x] Cy]. ¥ E [y] C [,
eyl =[] ¥ - Fddedk ylx (TET (y,x) €S), Al4ck s e 2 FagnE 625 0
R, A [y|Nx] =0. # 5 2, J1* X 1 o equivalence relation ~, i E K- X A
- ¥ 3 % 48 2 fh equivalence classes sFf . A AP EH X/~ 2B EELA T HRX I 2
equivalence relation #74 I} e equivalence classes. fj 8 k. X/ ~ )’Ih{—;t FAPEY ~ B
B X & 2 1 RSEE. d SN ig iR A B X A B 24 S B A 4P X g0 subsets 0B B S
AL 5 X ¢ éh- B partition, # & 5% K AT .

Definition 4.2.2. B3 X % set, I % index set. 2> xR iel, ¢ & X & nonempty
subset ¥ X = UCI' A CGNCj=0, fori# j, Bl {G:iel} & X 0— & partition.
iel
i k¥ e~ B X Fehpartition, ff&,{d&—X reAZ o e A, BE - B
X _ ¢ equivalence relation, % Jg ¢t equivalence relation #7 = 1 equivalence classes (» ﬁ*»
- et B A k) ifag H_X #h— % partition. AN g FE R, FLEX

partitionX:UC,-, IR yeX, AP EE x~y EFXFEE x,yE€C, for some i €1 (7F
icl
TR FRZPM), Pl TH2Z T, APFTE ~ F - B equivalence relation. i H_
F & kA X:UCh FIMHER xeX, P hicel, #F xeC, T E x~x (FE
icl
reflexive). ¥ ¢ x~y, 27 x,y€C;, forsomeiecl, § R+ 7 yxeC, &# y~x (EF

symmetric). & {6 % x~y, y~z, v ki jel 7 x,yeC, yzeCj. 43 yeGNCj, 1l
FEIFJRGNCi =0 Fari=j 7T xzeC, FE x~z (FEF transitive). i F 3

" e
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Theorem 4.2.3. B3&X X i set.
(1) & ~ % X } eh— B equivalence relation, B] {[x]: [x] € X/ ~} €_X e~ B partition.

I % index set * {Ci:ie€l} 5 X - B partition, ¥> Z & x,yeX, T&H x~y

2vaE x,yeC, for someicl, P ~ 3 X } e— B equivalence relation.

Example 4.2.4. F A P¥FiZ » 5 2 B fr2 et & C={2n:neZ}, 3 iz ¥k
At s C={3n:ncZ} 1z 5 H#rdhl & CG={5n:ncZ}, Pl {C,C,C3}
% ¥ - I Z & partition. F| i 7 i‘z £ 2,3 AE 5 H8H (T TECUGUG), &iv
Z4CIUGUG. T4 CING #£0, b4 B4 6€CING. B C NG £0, CNCs 0.
FH B Z n3 B subset Ci={n:n=3mmeZ},Co={n:n=3m+1meZ} 1%
Ci={n:n=3m+2,mecZ}, B {C,C,C3} & - B Z ¢ partition. FF +, AP ¥
#-C1,C,C3 & Vvuj'?] :;W% M3 AREAN L 0,1 MR 2HhAFE AR L. XF D 'ﬁ
Z=CiUGUGC, a2 CiNC,=CiNC3=CNC3=0. §* iz partition, 2 F## 2 4 Z
? - i equivalence relation 7 x~y ¥ * *£% x,y € G, for some i € {1,2,3}. ¥ x,y €}

I

%57 x=3m,y=3m’ for some mm' € Z #1140 x—y=3(m—m'), W 3| x—y (%7 37 E
“,f x—y). BPEF x,yeC & x,yeCs, ¥ 3 3|x—y. #7103t equivalence relation #
THRHx~y BEFEE 3|x—y. X% % A& ~ & equivalence relation. § L #¥73 x€Z,
FiEg 3| x—x, T x~x FhE x~y R 3| x—y, w&F 3| —(x—y). FBEF3|y—x, T
yox. Bl E x~y P oy~ox, 2 3|x—y 2 3y—z FIE 3| (x—y)+(—2), *3|x—z
B x~z BEEAPGT CO=0=[4,CG=[1]=[-3] "2 G=_2]=[11].. £. &7
7] ~={10], [1],[2]}-

Question 4.4. {3z Z & Fdem, £ 1={0,1,...,m—1} 5 index set. % J& Z £ partition,
Ci={mk+i:ke€Z},icl. R ¥ partition *T¥ & equivalence relation 5 @ 7

1* equivalence relation #-f & 4 #f = partition &£ f* gt & 5 % LB TR
2 RR A REY - LT ORREFE I PR APEAE- BHE m),’i’%’* i 7}—5’;& 3
RN E - B LR LB AP T aEIE,

Proposition 4.2.5. &% X & - B finite set, ® * — B equivalence relation #-H & =
equivalence classes Cy,...,Cy. & #(X) 2 #(C;) %72 & &~ F B ik, P

Proof. d % 6 3P ¢ &r§ i# j P, GNCj = ’j} TG EA A A pR i LA}
B X VO FMEFATRC Y, AT X R F 3 e digd C,...,G S~ % B
2 . O

Example 4.2.6. £ A={1,23} * £ X=P(A). ¥ & X } chrelation, & T & 5 4= &,
B,CeEX,B~C ¥ ri% #(B)=#(C). ix% %4
EF 5, %38 BeX, i} #B)=#(B), tcivr B~B. * % B~C, 47 #(B) =#(C), %

4 ~ % X _} &0 equivalence relation. i&
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d #(C)=#(B), @ C~B. 162 B~C ¥ C~D, Bld #(B)=#(C) 1% #(C)=#(D) ¥
#(B) =#(D). # ¥ B~D.
1% iz 1% equivalence relation #7 ¥ e equivalence classes )= X = Z(A) - B parti-

tion. #%if* 5 T & partition:

2y ~&: {0}

- ek {({1),{21{3}}

= Ak {{1.21,{1,31.{2,3})

=Bk {{1,2,3})

AR TS B equivalence classes e % B ks B 5 ((3)), G), (g), (g) #1171 d  Proposition

425 % (3) N @ . @ N @ =#(X) =#(2(4)) =2 =8.

Question 4.5. £ n 5 & o, A={1,2,....,n} * £ X=P(A). ¥ & X } <1 relation, B =
HZaHZTIL BCeX,B~C xrraE #(B)=#(C). EmeN > 0<m<n, ## {1,2,...,m}

14 e equivalence class B~ % B#cs: 7?2 BHEP

V(M) " )+ () =
0 1 n—1 n) 7
4.3. Order Relation

LIE ¥ - ¥ L relation ﬁ*»{"r;ﬁ order relation, 7= Wit B B i, v H - fA
& = f.14 1 e relation, 1347 0 relation st Y 4F et A [ B GG - REPET, T AL
% order relation.

KL 4 S relation d et ok ] GBI T, X RF B2 AR G P E YT i
Pl fh, 50 R RY U, AP ~ BB ER, 28 F L E R R &

Bl AT SR A PR S< R R
Definition 4.3.1. &3k X % nonempty set * < i X } orelation. # X # & T =
M, AP 2 5 X ¥ partial order.

(1) #5735 x€X, ¥F x=2x

(2) FxyeX B x=2y ¥ y=x, Al x=y

(3) Fx,yzeX HE x<y?* y=z Ml x=<z

. Definition 4.3.1 e & (1) %1 fr’:ﬁj]‘}u{ reflexive $2.%7, @ |25 (3) Ii‘u{ transitive
HE. 2 EE (2) v symmetric H.?fﬁé&’? T vdhEE xFy, AT R PRE G
x=2yE y=x. FAPEMF SCXxX k457 ie® relation, d *ig B F R DELF xF£y BF
(y) e (nx) 2 F il S ¢, mAPRE BT L anti-symmetric. § < i X F -
i partial order, — £ 2t TF“T}-L?E? #(X,%) - B poset.
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Example 4.3.2. 3% A 5 nonempty set, £ X =P(A). ¥ o X t - & E &¢& z3eh
relation C, B (X,Q) )’If‘u{—* i# poset.

Question 4.6. X A 5 nonempty set, £ X =P(A). ¥ g X ¥ - & & & ¢ relation D,
Pl (X,2) &% 4~ B poset?

Question 4.7. ¥ G F & R - & E0ME % < £ F (R,<) 5 poset? ~ (R,>) 4%

% poset?

- B poset (X,X) ¢, Fx,yeX BExy& y=x, BfExyies B~% 5 comparable
(i:}% 1t ). Definition 4.3.1 2 #7114 ¢ # = “partial” order, i‘u{‘ﬂ BUITLF B R
S G TR ¥ 4_ comparable. bldcd B A= {12} (A, AP C £ PA) Fan
partial order. 2@ {1},{2} € Z(A) ¥ % &_comparable, F1 7 {1} C {2} v {2} C {1} ¥ 7
* . 237 & (R,<) i&® poset ,T‘-fﬁ =5 %% 5 comparable P . F]pt N x g

5| ¥ & 171 T ¢ order relation.

Definition 4.3.3. &3k X % nonempty set * < i X 1 erelation. 7 X # & T =

MR, A PFH <X 5 X b total order.
(1) Fx,yeX B x=<yZ* y=<x, Bl x=y.
(2) Fxyze€X B x3y® y=2z Ml x=<z
(3) #¥7F xyeX, ¥ x=y & y=x

Definition 4.3.3 i+ F (3) { £ & 4 B~ % ¥ & comparable, i& B & ?ﬁi}bg‘ total
SR R (3) SLE, T @3 reflexive, F1 5 A xy 2 & RBAPE, 10 L
B, AP EF x=<x 4 FPAPIo— B total order — %A partial order (5 i fyed -
#). % = & X I ntotal order, - &3 gRAL (X,X) 5 - W total ordered set. ¥ ¢t i

% ¢ # total order i linear order £ &_ simple order.

Question 4.8. ¥ G F & R - ke >0 2 <, £F (R, <) 5 total ordered set?
RF X REFH TG Hhorder < R - B CEE L ,Ta{ga;xjx =2 e FlE _x=ux

2
REEET UG AR < I HEREEFT < Efkehorder i? TF L ek (X, X) F- B
total ordered set, & ¥ M T K x <y FEFEF xSy ¥ xFy mipfiRZ T, AP HE <

~m

% X eh— B strict total order. 3 F T T K.

Definition 4.3.4. &3k X % nonempty set * < i X 1 erelation. & < # & T - f&

MR, AP A < 5 X b e strict total order.

(1) # x,y,zeX B x<yZ® y<z Bl x<z
(2) #97F xyeX, P ML=y, x<y & y<xfd2- 28I G- Bgr.

. Definition 4.3.4 ¢ , }£ 5 (2) fiL 5 trichotomy (= - ).
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Example 4.3.5. 34 ¥ 70975 A i i & C €& - B strict order. # i &
a+bic+dicC, 27 abcdcR ¥ ?=—1. AP %% (at+bi)<(c+di) 52 r&Ex
(1I)a<c & (20a=c 2 b<d ¢ (C<) i & strict total ordered set. J £ 1& &
transitive {2 5. 3K a+bi,c+dije+ficC 2 ¥ ab,c,de feR & & (a+bi) < (c+di)
2 (c+di)<(e+fi). &k <z &K, AP a<c? c<e FPFale NPT
A AR (-) F a<e, Bld < T KT (a+Dbi)<(e+fi); (=) & a=e, B
TiEa=c=e M (a+bi)<(c+di) Tb<d, Fd (c+di)=<(e+fi)wd<f. #®
b<f, Flit ik < T &ZE (a+Dbi) < (e+fi). P T < & transitive L. 23 = - &
Fa+biFtctdi, FAFEPEDITETaAtc E bFc. B aFc, BFFEFGSZ- Eira<c®
c<a, ﬁfun—\;mthﬂi" (a+bi) < (c+di) & (c+di) < (a+Dbi). 7 F a=c, ‘PG b#d, =
FRd oz - BV # (a+bi) < (c+di) & (c+di) < (a+bi). APHEP T ZH4F8E <

2. % % comparable, ##® 7 < 3 trichotomy it E.

At &2 T (C,<) % strict total ordered set ® v %3 1 Rk & #c}t < i B order.
PR H AT R v i ? B E @it 90, P ifoAi T P37
Hosets, VPR BB 2 f2EE. U APLASE Foorder FHF RS E R
Toa BE. WA BN S 7 fode i kR G M hs B

REIRENA LB PEL D IPEET A LI P AR M 2L FiETaAP
FO0<i, BEEFM22, 813 Oxi<ixi, WO<—1. & <2 TLHEF P, &iv < 2 ¢

FR,APTUEP AC e T a @A - B ostrict total order < § 4F R A
s ] R f*b]b*%&A‘ffM AT F (C <) FEBEL R PRz - & AP
O<id i<0AfalFmegHFL. 2 0<iL M PBFMeiF 0<-1,% &R AT Hih~
JBETE. R E <0, Bl B A FIE i+ (=) <04+ (=), T O<—i. 2RI EF M, T
o8 Ox(—i)—<(—z)><(—z) T O<—1, FHESH B L R AF Hcchs | B A 5"‘]% v C A
# ¥ & 77 o strict total order % & izt e S SRR A v AR B d 7 v ] en

Question 4.9. #F#EM £ (C,<) i strict total ordered set ® 7% & Ezample 4.3.5 (025 A
ol M, RI3tiER C P eh2b Ak 2, ¥ 0<2%

£ ;i § strict total order ¥ # ¥_total order. ® 4c# & #rift, & — B total ordered set
(X,=), P F_3& — 1B strict total order.

Proposition 4.3.6. 3k (X,=<) 4 - # total ordered set. & T & x<y # L EE x <y ¥
XFy, Pl T &2 T, < 5 X - B strict total order.

Proof. 5 AP transitive (L7, T F x,y,z€X B L x<y ¥ y<z, MEEP x <z o
WXLy &7 xRy E xFy, A y<z%7 yz ¥ y#z. v&d < % total order 7 transitive
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R, B xRz NP EEP xAz JIF FEE, BRx=2d x 2y # 2Ly ex v
y =2z, wd < i total order 7 anti-symmetric $2 5, ¥ y=z. S+ EF A BRK y <z (T y#2)
W5 R, i xFtn BR <z

FFAPEP trichotomy (28, F] < % total order 3 total {25, ™ FH T E x,y € X,
A xZy & y2x RE x=Yy, 'anxyz%ix—y mExAy, Bld x<y & y=<x,
Fx<yd y<x FFxyB3Lx=yx<y y<x REHRP xy TR B Lx=y, x<y

By<xHP 2 - FAF =y R <K 2ZTENPI T x<y & y<x*%\*.rﬁ-g.x7éy
A EFEER TP A x<y,y—<xr%—'§ NI lh&x%y,y<xﬁ—%" *F,d <2

(’-H

Froxy ! y=<x £=4d anti-symmetric £, ¥ x=y. » & x#y 2 BXK #ﬂ 3R BE

FEA XLy, y<x Ay O
ke, £ v < 5 X & strict total order, T & x,ye X, AP & xSy 2 rE

Fx=y & x=< = ¢ & X } ¢ total order.
X % monempty set T < & X } e strict total order. #F ¥ T E

Question 4.10. 3k
xyeX, AP E xy

FIFEE x=y & x <y, FEP <X § A X I total order.

aea, AP A 0 X - B total order ,T*uit F 3t 40 — B strict total order, F 2.
TR AL kA T total order e ET, A ‘FK? " 3 = strict total order R E. 5 7
G AR, AP < &5 - B total order, Bl § * < & 57 H ¥ k5 strict total order, F

3 7 order B hts, N frﬂff.»m MEEZMY o TR, RSB A F BR (X,2) 5
poset. ¥t3* X ¢ ezt 3 B T, N ue X E_T - B upper bound, 2 7 ¥z g T ¢
ik ot ¥R R r<u BF uecX E_T “upper bound ¥ ¥tix & T # upper bound /, ‘¥
mE_u=u, #ou i T i least upper bound. 4p ¥, 3% i ﬁ:; leX 5 T ev— B lower
bound, % ¥ ERX T P eh~Z r ¥ A=t B&x [eX E_T ¢ lower bound * #ix &
T &1 lower bound l’, v R U2 BIFE L T 0 greatest lower bound.

&1 E, - & K® poset (X, —<) g nonempty subset A % € 3 upper bound # lower
bound. @ i 3 upper bound # lower bound, i? 3 ¥ s least upper bound & greatest

lower bound ¢ 7 ¥ . 2 'F7 M ]S

Example 4.3.7. (A) ¥ & (R,<) iz ® total ordered set. £ T={xeR:0<x<1}. 7%
KA FEA ] g ﬁr”fi{ T < upper bound, @ 1 &_T 5 least upper bound. #7F -] * &%
0 1% #38 AT o lower bound, @ 0 8T ¢ greatest lower bound. 13" {x € R:x>0},
A& upper bound. @ {x€ R:x< 1}, Bl & lower bound.

(B) ¥ & (Q,<) & total ordered set. 4 T={x€Q:vV2<x<+3}. #} *x3 /3 h
3 I‘i’@:’ﬂmT ¢ upper bound, @ #j -] % V2 2 3 I@ﬁ!t’K{T 1 lower bound. & #_T
Y 2

23 least upper bound. i&&_%] ;%’MEQ % T éhleast upper bound, % 7+ V3 <u, & /3
Fru 2z BFivag ¥ 5 2l (547 T afr % d), ﬂ*n\pfm% b eQ b V3<u <u
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FR ' % T ¢ upper bound 2 ] 3t u, $4 &y i T 9 least upper bound 4p 3 §, w4

L
T 273 least upper bound. 32 4 T 25 greatest lower bound.

2

i
(C) % % nonempty set A, % g (Z(A),C) & poset. H>+ T Z F(A) 1 nonempty
subset T, A #_T <h upper bound, F] 2 2 ® BeT, 3 BCA F®2 0O i T

lower bound. * F¥ T ¢ least upper bound - . 5 &, ¥ % + U= U B ¢ 2T ¢ least
BET
upper bound. =& F i ¥ E & BeT, ¥ 3 BCU, *t™ U E_ T 7 upper bound. @ %

U'e€ P(A) T s upper bound, # 7 =Z & BeT, ¥F BCU', &d Corollary 3.3.4, &

U=|JBCU. ## U= U B ¢ #_T :hleast upper bound. tl4c A ={1,2,3,4} hiaj,
BET

e T={{1,2},{1,3}}. E] {1 2} U{1,3} ={1,2,3} T“‘T £ least upper bound.

Question 4.11. & T nonempty set A, % & (< (A),Q) iT B poset. M E R FP(A) h

nonempty subset T, 3#3E M T 1 greatest lower bound %

B1R, - HKREE poset (X,=<) 1 nonempty subset T, & X 2 least upper bound
TR, PR F R U §ArE- o 2 F i 4% wu €X ¥ 5 T 0 least upper
bound, #|d u % least upper bound * u' % upper bound, {# u=<u'. FEF 8 4 <u, &
d partial order 7 anti-symmetric 25 % u=u'. F 1 T 5 greatest lower bound % 7%

feng, 4§ Lelo ch SRS PR T R

Proposition 4.3.8. 3k (X,=X) 4_ total ordered set * T H_X 1 nonempty subset. % T

7 least upper bound % t, RI*E— . @ % T & greatest lower bound 5 t, » § £ rE— .

¥ (X,=) 4_total ordered set p¥, least upper bound {= greatest lower bound “,f 7 R —
o i - BERDPEF. RETAHPF ucX {T 7 least upper bound, % 7 4% x <u, P
x 3 ¥ i &_T ¢ upper bound. &4 %15 % x &£ T 7 upper bound P § #3 u=<x 24 7
(;’ifzi < 4_strict total order, #7112 = - E x<ufru<x F Vi pFES ) ApEg LT

;oak
2.

Proposition 4.3.9. B3k (X,=X) 4_total ordered set, T €_X ¢ nonempty subset * uecX
H_T ¢ least upper bound. & x€X HE x<u, PlsteT & x<t.

Proof. f1* F &2, BR G htreT B x<t £, L7475 chreT w7 s X_x <1,
Ra < H_X ¢hstrict total order, &= - A, x <t t<x frx=1 % F - iﬁaﬁm. 7] b
d teT‘,ﬁ;”W i&ix-<tﬁﬁ"t€T']‘5rSi%£tjx. » fr‘a—«‘?-\;rux € #_T < upper bound. i @& K
® u AT ¢ least upper bound, S # u<x. d = - EApE x<u 2 wkpI F. W
HFrntreT B x<t. O

Question 4.12. B3}k (X,=) 4 total ordered set, T Z_X 1 nonempty subset * 1€ X H_
T ¢ greatest lower bound. FFEP & xeX B E I <x, Pl 3 hreT & t<x.

ET AP AR poset (X,xX) ¥ & nonempty subset T ehd * & ~&. 1 F, &
poset P inf A B A EFHFF A A FE d 3 poset 7 A% A B F I comparable, 7
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2 =)

M- fE T chie* ~ %, L5 mazimal element of T, dpen & & T 7 23 His 2 F v < eh
8 ,T&{?:L%”[JET 22 mteT B u<t Pl pu 5 T 9 maximal element. ¥

- fid < ~ &, L5 greatest element of T (2 4 mazimum element), g H& #15 T @ &h
;u—,%‘}’gm“ 20 ,Tk{';m%’ geT 2 ft*r3 teT v m X t =g, Rl g » T 7 greatest
element. I * & ~k» FAFDITR. FmeT 22 FptelT B r<mAlfEmiT
e minimal element. @ F 1 €T 2 ¥*75 t€T ¥R LI =t, RIFE 1 5 T 9 least element
(2 # minimum element). & 3%/ & cH&, T 9 upper bound {r lower bound # 7 & &_
T s %, e T &1 maximal element, greatest element ™ 2 minimal element, least element
* & £ 8T eh~ 4. 4ok upper bound fr lower bound, * iz ¥ fEdH <~ &/ ~ %, ¥ 7 -

TE . A frué AN E1E(

Example 4.3.10. (A) ¥ & (R,<) i&® total ordered set. £ T={xeR:0<x<1}. %
%54 T2 maximal element. T EFZHEL uel ¥F 0<pu<l, “Tugs
t=(u+1)/2, 03 0<t<1, ¥ reT ® u<t. & T 23 maximal element. 12 T
+ i2F minimal element. ¥ - > & #4 g I'={xcR:0<x<1}. 35250 1 LT &
maximal element » &_greatest element, @ 0 %_T’ 1 minimal element » £_least element.

(B) ¥ A={1,2,3} M2 (Z(A),Q) = poset. ¥ & T ={{1},{1,2},{2,3},{1,2,3}}.
#1{1,2,3} &_T < maximal element ~ &_greatest element. @ {1} £ 7 < minimal element
Flas 2P BeT ¢4 BC{l}. 72 {1} # & T ¢ least element, 15 {2,3} €T fe &_
{2,3} # & &_{2,3} C{1}. ¥ ¢t {2,3} » &_T & minimal element, F] 3 2 P~ 572 3| BeT
¢mE BC{23}. va4ELm T ={{1},{1,2},{2,3}}. Rl T’ fr‘r‘a;}i’ﬁ greatest element, @
{1,2} 4= {2,3} $8 4T’ 4 maximal element. & L ehd_figfimz T {2,3} R LT o

maximal element ¥ 2 minimal element.

#&_Example 4.3.10 #' i* 4rif maximal element fr minimal element 3 ¥ & % v&— . % i

greatest element = least element % 7 teeivgs, § Ari— e F7 AP 0T 2 5%

Proposition 4.3.11. &3Xk (X,<) 5 poset, T 5 B nonempty subset * &3k T ¢ greatest
element i t. B T &9 greatest element % v&E— . * g* B T 9 maximal element € 5 .2 &

-, %%+ T & mazimal element i}u{ T = greatest element, » H_T &9 least upper bound.

Proof. 7 £{|* £ 32, #P greatest element ciwir— {2, B3R g,¢' €T ¥ & T ¢ greatest
element ¥ g#g. d 3 g eT ¥ g % T ¢ greatest element, & THAPF ¢ <g kT
g=g. ¥ * =< % partial order & F anti-symmetric 25, d g <g M2 g=<g # g=g 2
3R, HErE-

WIEK geT & T i greatest element. ¥ t €T % & g <t, B d reflexive 25 7 g=1.
¥z AP steT BR g<t #®#4 g i T % maximal element. ¥ T 1 maximal
element ¥ 3% e E ueT 5 T & maximal element. ¢ peT, & u=<g HRa ik

maximal element (¥ ZKME geT w3 FivF U<g st & u=g APHEP
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7 T #41 maximal element — Aq*m‘?\ T 1 greatest element g, «+ F PF#EF 7 T 7 maximal

element swE— |4,

% greatest element HE &, 5 reT ¥ 3 t =g, F] g £ T <7 upper bound. R
=R T v upper bound u, d ** g T, i upper bound ehZ &, AP F g<u, F#E g &
T =1 least upper bound. O

Question 4.13. BE& (X,<) 5 poset, T 5 H nonempty subset * 3k T 1 least element
T R BEP T 0 least element & viE— | ¥ L pE T 9 minimal element € 5 . f vE— . #

ZM T 0 minimal element :T“u{ T &9 least element, » 2_T 1 greatest lower bound.

Question 4.14. X (X

, % poset B T i E nonempty subset. 3F#FM T 1 least upper
boundu % ®=*® ueTl %7
S

=) 3
3y

# T ¢ greatest element 5 t. F ¥keh, ZFEP T & greatest

lower bound I % % ® €T % 2 vy T & least element % e

BE (X,X) % poset, T i H nonempty subset, /& Proposition 4.3.11 ™ %2 Question
413 2P sig § T 7 greatest element P¥F T 7 maximal element ,T*u{ greatest element,
% T 7 least element ¥ T 7 minimal element %&Z{least clement. 2§ 73 4 (X,=X) 4L
partial ordered set # ¥_total ordered set ¥, ¥]1% ¥ % ¥_iz % = % §_comparable 4 § % 4
maximal element = greatest element 14 2 % 4 minimal element {= least element. ¥ § *
¥ (X,=) 4_total ordered set P¥ maximal element {r greatest element € - I, F fk e

minimal element fr least element » & - 3% .

Proposition 4.3.12. X (X,=<) 5 total ordered set, T 5 2 nonempty subset. % T h

mazimal element 3 t=, Bl T & mazimal element i&{ T 1 greatest element.

Proof. B3k peT % T “maximal element. d ¥ 3 reT, u <t ¢ * = >, #&d = -

Eaor=<u. #% u i T & greatest element. O

Question 4.15. BX (X,=) 5 total ordered set, T 5 £ nonempty subset. :#FEM £ T

minimal element 5 ., P T & minimal element i*u{ T 1 least element.
BN LA - BER DL, ) o well order, # L& AT

Definition 4.3.13. % (X,=<) % total ordered set. % ¥ = & X ¢ nonempty subset T
# least element ¥ i &, RIFE (X,X) & well-ordered set.

Gl4e¥tar iy & FT R R &) - s P RETRZT ,ik{ well-ordered set. & #7%
Bhcira g &) f— Mens R TR2T J’I&% &_well-ordered set. F| 5 Gl4e#r cf Kt
=l & i&‘}l”ﬁ least element.

Bl P AP E R BB A F R AP, AP AT o Well-ordering
Theorem * 2. =B TILE_H %5 — B nonempty set X, i ‘ISK'P‘ 1135 31— B total order
< # # (X,=) % well-ordered set.
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Example 4.3.14. #3975 F#or= i & AR A - e ) B TRz T A well-
ordered set. # i ¥ 1145 ¥ - B total order < lé # (Z,=) % well-ordered set. % Jg /4 F
e relation: § a,b€Z, T&x a=<b EEraE (1) |a|<|b] & (2) |a|=1|b] £ a<b. Bz
&2.7 (Z,X) % total ordered set. F]15 % a=<b * b=<a, %7 |a|=|b| (7] |a| < |b| 4=
b <la| 2 ¥ ic e pExz) ME a<b?® b<a, F# a=>b, ¥ <X £ 5 anti-symmetric }£ .
AEFa=xb® b=<c, % |a| <|b| 2 |b|<lc|, &® la| <|c|. BF |a|<|c| ¥ ®# a<c. B F
la|=lc|, # % 23 |a|=1|b|, t&d a<b 2 BXKF a<b. *~ F|b|=|c|, &d b=<c 2 EK
Bb<c BRFEFEY la=|c|PF7F a<lc, » ,Th{;k a=c #HE1 < &5 transitive &
o2 total BF, ER ab€Z AT 0t g al,[b] %, A ] = [B], A gne
#oa,b s ST ER a,b€eZ ¥ i comparable, gt < £ F total L. FF b ok A,
A 0 R B

TR

0<-1<1<-2<2---

AP E P (Z,%) ¢ total ordered set % well-ordered set. #*%iZ & Z 7 nonempty
subset T, A P ALET ¢ S4B h | chad. £8HEE | hat i) - B, 0k < g
# i 5 T ¢ least element. @ *"aiHm&] A E G AR, RBRAG IR BT
e least element. ¥ & < iz order 2 7, T 3 least element. ¥ (Z,<) 5 well-ordered

set.

Question 4.16. ¥ g Z ® 1T &1 relation: ¥3E X a,b€ZL THE a=b FErEE (1)

ab>0 2 |a| <|b| & (2)ab<0 * a<b. Y{gm; PORE AT B B S E G
0<—1<-2<-3-<1<2<3--

BEP AP TEKZT (Z,2) 5 total ordered set. R_F ¢t pF (Z,=X) % well-ordered set?

Well-ordering Theorem fr#73} Zorn’s Lemma ™ %2 Aziom of Choice % % 9, % 11 {2

A A g = function PREL 15 € Pt .



Chapter 5

Function

B- F AP R4 % function (S #ik). Function ¥ 3 E &~ 3 £ #KS - &2 5 ¥ chik
F1E HHEORIET AP 38 F 2 Bk i, (8- heh §APRIFEHSD
FEF LR PSR, Ay FEDHI gL FF LS. R AT B, d 0T

B R L, AP T BT o Sk, VS Bk A e E 2R A ﬁ?ﬁ |
G DR AT T R ) DAL B 7 iE e A P D B8 h KR A
& A e ol J]‘*njm B e S PR AL, BABA AT R hd Bl T R
BAFREEY LN RSk AR APRERRAADIITENF, 18- AR
BEF - L HARET Ok, - fﬁ— MRS Sl BfE AP E RS AT A
L RSO O

5.1. Basic Definition

&% %% % nonempty sets X,Y. U 2 B 0 function # F XY 2 FF - fEH KD
relation. i&— f& relation, %247 - B X 3| Y M %, d 2B R M :,,‘*.,T&—lir'l’ﬁ*
BELES - AR TETRX m"‘%ﬁ” * Y ehag, st v flz 5 “function” &
WEORIAFE FCXXY L - BRX I Y Hrelation, E4 1 - B4 gcm 34
B REE fﬁg*’;’*)‘#&?&ﬁ";‘“%?”;é_“L PR E ok, T AP E R xeX, P hyeY
R (ny)ef ¥ APFREZROPBAAF ML AL ALHLF, FRF AL D
NG ARIE, PRR R B T 7 4 GG, AR R xeX, T - mer it
(x,y) € f. Eri- {7 ol RSPl B R AFE (vy) € 2 (n)y) €S, Mly=y. 5

#t function s E_&K 4o

Definition 5.1.1. 3% X,Y % nonemptysets ¥ fCXxY, 5 - B from X to Y shrelation.
FLBE TR R f 5 - B from X toY 0 function (S#c). F FF L A function
= mapping & map (P ).

(1) 73 x€X, ¥atyeY #F (x,y) €f.

(2) FxeX,yyeY B (x,y)ef® (x,y)ef, Bly=
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d % relation 93 ;2 k& 7 function 2 F F R X v A - B oA R FT niTH | - AL
KwAPEr XY, k&7 f £~ BHE X FlY 9 function. @ #3E L xeX, AP
*fx)=y kEF xEBAE R fiE- B PE AL D » PSR f(x) =y 32

20 (xy)ef. BAZLFAPE f L - B function P i § & i é f HAJEIR i & TR R
# & b function, F A2 ETATF § 74 (1), (2) hEF GF%% 2™ Example 5.1.2). ¢
M X Y etRhp iAo AR S BORBRE X oY, i d f@
BEELR WL Akl T g A4 4o ke, GROBEA P §EALEBE
Flptiean XY el &, o2 X :T‘*wfﬁ—; f i domain (L& B ), dp A T3 ¥ ko ie
BRBhA R L. A Y LS f P codomain ($IEE), rj&{ii%fﬁﬁﬁﬁ T A
A A A AR ERAAPY TR BB F R, £% % & function HE A ¢ TR
FRREBY POAFRINULINX A A F A EI FAPETSp e %J:%;"J - B
functlon = ,Tfu» B v § - B “well-defined function”, » 1* L LB %ﬁ’ HUENRFESG
function enig it (* 1t Ff] HEL )*J-.*f.{gﬁ.ﬂ@ T E - BEBE) R, et “well-defined”
TR FREE-fARAAREF, “r3 0 function ¥ p R 3% 4 well-defined.

P

Example 5.1.2. 3% 51T %4 relations, A *’F% vk~ & §_ well-defined function.

(A) T o X={x€R:x>0},Y =R 1% relation fCXxY T & 5 f={(x,y) eXxY:

y?> =x}. i& 1 relation f # & function i F (1), FlZH*»EE xeX, 27 x>0, & B &

=vx, 5 yeY=R ¥y —fz—x BHRAEIR xeX, vhyeY #E (x,y) € f.
%sﬁfl%,&&rjﬁ’f(). Pldc g 12=(=1)2=1, & (I,1)ef 2 (1,-1) € f. = F
v f 7 4_function.

B) % g X :{xeR'x>0} Y={yeR:y<0} 3% relation fCX XY L& 3
f={(x,y) €XxY:y?>=x}. i& 1 relation f # & function =& (1) T, i ER
xeX, %27 x>0, ®wF &L y=—\x, APF yeR ¥ y<O0, E7r’yEY. N
TN EL xeX, FhyeY R (xy)ef. ¥ fA BB (2). FliExeX, py ey
BE (y)efE (xy)ef, 27 Y¥=x=y% FrE y—y)y+y)=0, 7T y=y ¢
y=-Y. RFx=0, #2075 y=y=0 x#0, 7 y£0°F Yy A0, LpEF yy ey, A

P ¥

.M
e, B y=y. R EHFE f:X Y E_function.

o

/

7 y<0r y<0. F&iry=—y
(C) ## (B) » en X x5 X =R, B f:{(xy)eXxY'yzzx} ﬁ‘&% _function. i&H_
i —1eX, RAPHAI] yeYCRB Y =—1. % rfum HhyeY B E (—1,y)ef
L AR EEE (1), o f 3 A function. ¥ - GG, FAPHKR (B) ¢ Y i
Y={yeR:y<0}, B f—{(xy)EXxY'yzzx}J»' 7 E_function. &€ %5 0€ X, iz s
HAI yeY BE Y =0, j‘x\ch% FhyeY & & (0,y) € f. F f * & function.
D)% B X=R, Y=2R) 2% function f: X -Y B T & 3 ¥TE x€X, 4
f(x)Z{y€R¢y2=x}-
AP f & well-defined function. =& Fli ¥ EZ & xeX =R, AP¥ ¥ x %A i

x>0x=0x<0 =" § x>0, 2FF f(x)={Vx,—/x} 5 R & subset, F]* 5z
FEY=PR) it A g =0, A f(0)={0}, 75 ¥ = P(R) ¢ hat.
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Fr<0p, A fx)=0 75 ¥ =2(R) 5 % PR Ed xEX, APEY T
«ﬁf'J R crisubset AcY # 1 (x,A)ef. BLR, x<0 ), AP35 f(x)=0, » I

Ripfinz T, 3 0cY % (x,0)cf. A AEPBAI yel, REF (xy)Ef, T f
FEABERFT (1), T4 f 4 BERF (2. LA L 40t 5 90, HEL xeX, A0
SR 45 FlrE- R ehsubset A & X f(x) =A. BILE, 2 x>0, B f(x) £ {Vx,—/x}
- BY Pehag. ARG ({Vr-vah)efiad L (nvx)ef 2 (x,—vx)ef. Bl
SRR B A (2) SR

r%ﬁ*‘*%‘

#&_Example 5.1.2 eh & B )3, AP amg TR - FRop SRR, ¢4 TR A HER
7, BFALE L - Bad « Flob H20A Badk i X o) fo X oY R
X=X Y=Y 283415 xeX, ¥F fx)=[f(x) D2, AP A4 f e f 5 R
#i. ¥ ¢ & Example 5.1.2 (D) i3, 24 g&;@ﬁu? WEf g A R E TS mg; L%
Fi.A e 2 BT E- B ﬁrﬁﬁ:m F.od w- BEANP TR - BIEKPE, A9 SR
ARG F R RN AT AR S A L TR T A R B A R i i
Beg A2Vl & TF L UG A PG IR S P, § R - HRE B R AL

BTy e F - B H AL R DSl L5 identity function. f§ H k3, v -
BRIEPPABAFp e PHIP e AL TR

Definition 5.1.3. 3% X 5 nonempty set. % & idy: X — X, 5 idx(x) =x, Vx € X. idy
# - 1 function, ¥ L2 5 the identity function on X.
Question 5.1. B& f: X =X & - B function. % f R 5 relation on X. T & ¥8— B
Be gl [ X - X A - B ddentity function? ¥ - B F mZIE f L ddentity
function, 3% X ={1,2} iR 3o+, WP ZEFE248E [ 5 didentity function.
(1) f is reflexive.
(2) f is symmetric.

(3) f is transitive.

B

(6&-
;41

BSAP A SR AR s, & DA ehS it 2 BB LA Badk £ X oY,
AR RRAKE X AHER Y, T @ G S B8 R R, &
AR T § = mﬁtm*ﬁtﬂ FlM B H rn'h%’],q* 2, iz & X ¢ nonempty subset X',

Y flo X oY, @t iade flo AR HF xeX, flo) = f(). ¢ R
f|X, RO f AR USR] e X iE- B subset, @ U npk SRR £ £- R )
IF RS & X P Y 0 function 73] fly & X' 3] Y 0 function. 2L flx 5 the
restriction off to X'. bl4cf Example 5.1.2 (B) ¢, v 4 g X' ={xeR:x> 1}, B
flx : X' =Y, i» 5 - B function. 2 P+ ¥ 12— B function ¥t s, § A7, #HE
TP R ﬂﬁ“z,.%; SESE RN EE SRy S Mﬁt AR lw.gmg 4
FRA AR RERAFE A AR AEE S, AN EEREY ] A FH T IHER A
& (H]4r Example 5.1.2 (C) eofi=). &]4e & Example 5.1.2 (D) N A ﬂé’r—i«ﬂ@iﬁ“ &l
TR Y ={Ac PR):#A) <2}, m gk f: XY Z- B function.
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% XY ¥ g:Y—Z % functions, 2 P 41 * f e - B_X F| Z ¢ function,
gof X —Z gof XA #HWER x€X, gof(x) =g(f(v). 4 A3k gofl(x) &k Z
YRR R K [ ES] ) GBS PR R R S) K g @S2
2 g(f(). » %T%UHM 2 gUf(0). PR gof X 2R 5 function.
A AHEET (1): #@¥Ed xeX, d 3 X oY & function &3 e yel # 7 f(x)=y.
LSy, Fl g Y = Z % function, &% ZGZ 1 gly)=z FIpBp zeZ NG
gof(x)=g(f(x))=g(y)=z. HFHRAELF (2), » )ﬁunjﬁa%‘xex Plig hrli- chzeZ ik &
gof(x)=z #m % f:X =Y % function, ;ﬂ”“nx LxeX, FhrEi-dhyecY @1 fx)=y.
BFFFRDIE€Z BB gof(x) =z 1% gof(x)=17, 4 3 gof(x)=g(f(x)=g),
PR gl eZ BB g(y) =z E gy)=7. # & g:Y - Z 5 function 2 BERARF F,
terrz=7. d W gof X > Z R i Sl AP HY ¥k f fo g D composite function
(& = ddg). @A) & & Sndieehie B# (FfL 5 composition.

BRGNS AE N, TRy - BaETA L A F R T AY Z B Sk
THEREY AR S fbﬂu"«? ¥ BB R e 2R - BalkaheaE, 2 'F“q*w?
T A AL R S R, X7 RS BCTE G, T A S T S AR, A
KLE - 'B‘@'ﬁimﬂf@ﬁ‘“i*“': BT £, ¥V ARAZ DL L PR, R
AP FI I+, EELBS ﬁtt* > AR A K ) 2. BldedE-x o f B f(x), B o#
flx) & x> g @& g(f(x )) AT B L S AR TS A+, A d it a
i, AERARET.

Example 5.1.4. &% X ={1,2,3}, Y ={a,b,c,d}, Z={a,B,y}. # f:
) =afR)=afB)=c® g:¥Y >Z ST & 5: gla)=78(b)=P.g o
Rl gof: X = Z & & 5 gof(l) =g(f(1) = gla) =7 gof(2 )=8(f(2))=g(a)=%
gof(3) =¢(f(3)) =glc)=v.

% A7 — T identity function ,Th{:léwi B2 HIT RNk, AT el B a2
7B “EIRaEE, i&{uﬁ—ﬁ&r S A R AN F T

Lemma 5.1.5. B&X f:X =Y & - B function. 3% X } a7 identity function idy : X — X
A Y boinidentity function idy 1Y — Y, 3V T R

foidx =f, idyof=Ff.

Proof. 7 L# & foidy fr f 7k R N Z2 Aplk DO B, d 3 idy: X - X
Mo X =Y, Tﬁ@&&vﬁ:m{% AP G foidy: X =Y. REEZIL xeX, AiFj
foidx(x) = f(idx (x)) = f(x). ##& foidy = f.

idyoffofs 4k chTEBILE APl nit . 2 F 5 f:X oY @ idy:Y =Y, #F
MRS S SRDETR, AP G idyof X =Y. REEI xeX, AP G idyo f(x) =idy (f(x)).
Fls f() €Y, &} idy(f(x)) = f(x). B idyof=F. O
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£ /1 X composition T2 F 2. ~ i&‘{;ﬁ—?f-x_))/ v g'Y—)Z % functions, B
gof ©A— TEEN fog ¥R, F ZAX P, ngfl*\q*u“ TE (P b)), T
PAApE. 2R L Z= X]Li’bgof’fr'fog mF VA ARE.

Question 5.2. ¥ g X ={1,2}, #F&F6| [ X =X, g: X=X € &% gof+#fog.

B2 7R composition i § 2 # &, 72 B £ & cHE_composition § 73} A E A G

- m]ﬁ‘_%”f

Proposition 5.1.6. #3% X,Y,ZW % 5 nonempty sets. % f:X =Y, g:¥Y —>Z 1%
h:Z—W % functions, B
o(gof)=(hog)of.

Proof. & & ho(gof) fr (hog)of & T F Apk T ZF frip b ¥ B, & L&
gof.X—>Z, #0100 ho(gof): X - W. #4v ho(gof) eha ¥ 5 X, B W. &
hog:Y — W, #t1l (hog)of:X —W. B4 (hog)of thE &£B 5 X, $kE s W.
FFRALRP, H97F xeX ©F ho(gof)(x) = (hog)oflx). # Tk ho(gof)(x) & #
gof(x) ®» h#ri@h~%k h((gof)(x)). & gof(x)=g(f(x), &7
ho (g0 f)(x) = h((go f)(x) = h(g(f(x))).
¢ PG ho (go)() Pl 0 f HE @R fx), £ g B IR g(F()),
B g r h ¥ h(g(f(x)). B (hog)of(x) & # f(x) & » hog »ri@ =% (hog)(f(x)).
B (hog)(f(x) & # f(x) &~ gigoriFean~g g(f(x)) £ & » h, &3
(hog)o f(x) = (hog) (f(x) = h(g(£(x))).
@2 ho(gof) 4r (hog)of % 4l chdi ik, O

Bk mdet BAE, AN ATE S s S RAPIE R, A RS F R0
5.2. Image and Inverse Image

W - BT B T P Al D BT A S R F TR, i A
4B ST A S AR ] R A P B ST AR B
Broric A4 e E ) A58 image L. F i j\‘;u, HA R b B A
WM ERFPRFMEAZT UAA LT B F 5 4B, FP 51T inverse image (PEA .
B i hicd eAzAL, image fr inverse image 3% A% R FE- B SRIE T 3T AL

i HE Kk, B~ B function f: X =Y % X hisubset A, #T3] A B f hiEH 2T 4y
¥ image {-*“K”liﬁ AV it fREARPE L. APG T T A

Definition 5.2.1. 3% f:X —Y 5 function ¥ ACX. & f(A)={f(a):acA}, *
f(A) % the image of A under f. 3 %], the image of X under f, ¥ f(X) #% f 7 range
(E#).
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n\f( ) R EK, NP f(A) AH R Y subset. B AR, (LF FRA
Bfzig® ~ %kl ‘;u%. 2B SR, AR E RS ﬁ;u% GFeR T
Example 5.2.2). ¥ *t &3 R end § ke £ 7 i € 1% f(a) € f(A) % €A EF
e S, Flo Vs 2k bgA e f(b) € f(A). - ww*m%‘% R X
fA) ek f R LY ¢ hat. s pAL B yEf(A), AT B hacA €@ y=f(a). F
2, FyEA L HtacA @1 y=[(a) B REFET yEf(A). 01 f(A)F T - BEG D

& A

/H}

fA)={yeY:3acA,y=f(a)}.
TR AEARETRT PR, ZEF A VRE FRERNPIIE f(A) hrF. AP T Sk

Example 5.2.2. £ X=R\{3}, ¥ f:X >R &5 f(x)=(x+1)/(x—3),VxeX. %
2 ¥ %, f 5 well-defined function. 2% 7 & $5 41 f &1 range, ¥ f(X ) FERY &, AP
R =

7 LX) ={(x+1)/(x=3):x X}, PRERA P g f(X) 7 TR . FBEFY
-BERIR HER yef(X), AT yeR I FhxeX REF y= f( ) x+1)/(x=3)

ARGy @R P e §RESES y=(x+1)/(x-3) B X 7§ E
B, x AR wd Al y(x—3)=x+1 7 & (y—1)x=3y+1, f&2¢ x
AR, CRAFTERLLFAPAE FyeRI vhxeX #8F y=(x+
x=0CBy+1)/(y—1). #7v L FAP x T ehie, 74 FFx &5 R FPAPERAY
et x FEF VT E f(x)=y.

BARD x=0Cy+1)/y-1), AP v yFl FF Aok y=1, Rd BXxFhxeX
mE1=x+1)/(x=3), §FF x+1=x-3, ¥ 1=-324 5. REXy#I RjF
x=0CBy+1)/(y=1), 23

3 4
x+1 yy%rllJFl_Tyl 4y

T3 & g
x=3 y—1 -3 y—1

J.' ﬂ}u«kpm % y#1 P a:“?ﬁit =Q@By+1)/(y—1)eR ##F (x+1)/(x=3)=y. AL
FEILM P x#£3, JamixeX. Ra s x=0Cy+1)/(y—1)=3, 457 3y+1=3y—3,
®l=-324%, wwrxeX. 5\-113 wE, ’ﬁ,’; yAL P, FhxeX 28 y=f(x). * &&f§
y=1F27aHilxeX ##® y=f(x). # f(X)=R\{1}.

T Ok, A PIEF B image R E
Lemma 5.2.3. & f:X =Y 5 function ® A,B % X ¢ subsets. & ACB, B f(A) C f(B).

Proof. & % &, # yc f(A), 24 75t acA, 18 y=f(a). »*PFFACB, X5 acB.

ALY g acB § @ F y=fla), wyc f(B). W f(A) S f(B). O
%’%‘,’I’ X E& A i subsets A,B, &% ACAUB * BCAUB. #4|* Lemma 5.2.3,
f(A) C f(AUB) & f(B)C f(AUB). ]t d Corollary 3.2.4, ¥ f(A)U f(B) C f(AUB).
F2 ,FyeEf(AUB), 27 5 x€AUB, # 18 y=f(x). }* P, % x€A, Bl y=f(x) € f(A),
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“ % xEB, IE y=f(x)ef(B) P H y € flA) & y € f(B). # AR A yEFA)USB), F
# [(AUB) C f(A)US(B). B 5 1 4id 5 r1 = L.

Proposition 5.2.4. E33& f: X =Y 5 function  A,B % X ¢ subsets. P
fA)Uf(B) = f(AUB).

32 B, 4 ANBCA W% ANBCB, Flp*d Lemma 5.2.3, ¥ ¥ f(ANB) C f(A) ™
%2 f(ANB) C f(B). #cd Corollary 3.2.4, ¥ f(ANB) C f(A)Nf(B). * &L X f(A)Nf(B)
H3 - % 5 fANB). M5 % ye fFA)NF(B), 7 yef(A) ¥ yef(B), * T 5 b acA
" bEB BT y=f(a) % y=f(b). it k7 a=b, FP AP REHT acANB. Hl4r
St {12} > {0} A5 f(1)=f(2)=0. F4 A={1}, B={2}, 1§ ANB=0,
i fANB) =0. & f(A) = f(B) = {0} R F(A)NF(B)={0}. 9 & bl f(A)Nf(B) §
iF ¢ 5 f(ANB). 78 f(ANB) C f(A)Nf(B) it 24t

WAL, A& RO fA\B) f f(A)\f(B) M & & LF ye f(A)\f(B), %
THracA F y=f(a) & y&f(B). ‘shlz‘:. a€B, €3~ y= fla) € f(B)L”Z'ﬁ:—I
acA\B, T y=fla) € f(A\B). ®& f(A)\f(B) C f(A\B). 7 &§F &R 7 &2,
-rﬂ“‘”yef(A\B) RO GGA\B Fl s (A\B)CA Ay G fla)e fA). =
agB, &7 %o y=fla)¢f(B), Fla %3 ¥ i & beB i L fla) = f(b) mum a,

fA1, 2}—>{0} &5 f(1)=f(2)=0 ]+, -;5/‘A {1},B={2}, ¢35 A\B=A, 7|
3 fA\B) = f(A) ={0}. & f(A)=f(B)={0}, “Tr2 fA)\f(B)=0. & b= f(A \ )
FFAA e g f(A)\F(B). & f(A)\f(B) C f(A\B) <& A 4Heh,

Question 5.3. BE&X X s F &, ACX ¥ f:X =X 5 function. #FR f(A°) C f(A) 4 F
F2?2 R fA)CfA) &=

& T Ok, AP RIE A7) o0 inverse image. f§ B k3, %2~ B function f: X Y M %
Y ehsubset C, #73) C & f hi®* 20T %7 {7 inverse image T*{‘iy:%?“'” gd fE€EEC
PhA el gl AP T A

Definition 5.2.5. B3 f:X =Y 5 function  CCY. & f1(C)={xeX: f(x)€C},
2 H fYC) 5 the inverse image of C under f.

F_fHC) ek, ApariE f1(C) ET & B X o subset. i B inverse image shE_&
AR EHAF, TUAPT UE B 5B LA AL inverse image SR T e
@, AR € IR inverse image 't A image { v BAF B & 2 B i@ BB 1%

Proposition 5.2.6. 3% f: X =Y % function ® C,D 3 Y = subsets.
(1) = cCD, p fFY(C)C (D).
(2) f7H(cuD) =1 (C)uf (D).

f
(3) fH(cnD)=fHC)nf (D).
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(4) fHC\D) = fHONFH (D).

Proof. (1) B#% xe€ f1(C), 47 f(x)€C. #xd CCD, # f(x)eD, = xe f (D). #&
# f1(0) (D).

(2) 4 ¥+ CCCUD * DCCUD, t#d (1) = () fY(cuD) 2 fY(D)C f~'(CuD).
7]t 4 Corollary 3.2.4 ¥ & f~Y(C)uf~ (D) C f1(CuD). ¥ 2, &k xe€ f1(CuD), %
T f(x) eCUD, 7% f(x )eC & f)eD. #EREE xefTI(C) & xefTID), £ L
woxefiO)ufI(p). wm o Y (CcubD)C I C)UfI(D), » FlEE fI(CUD) =
feusr ().

(3)d *»CNDCC = CﬂDQD,;’Ecd (1) &= Y (cnD)C f1(C) 2 f (cmD)Cf (D).
F]pt 4 Corollary 3.2.4 7 & f~1(CND) C f~1(C)nfU(D). ¥ 2, B3k xe f1(C)nf1(D),
27 xefl(C) x xef D), =% f(x)eC * f(x)eD. Fp®& f()eCmD * %
%L xefY(cnD). #mp 1 I O)NFUD)C I (CND), » ArEE fFI(CND) =
fenf(b).

(4) Bk xe fHC\D), %7 f(x)€C\D, =¥ f(x)eC * f(x)¢D. B xe f7(C). &
2 xef (D), 27 f(x)eD, & v & f(Y)gD 43 F, &kroxg f1(D). 4 xef1(C)
2 xg D), A E xe fUONS(D). #E IC\D) S ONND). F 2, B
‘xefONSD), 27 xefI(C) 2 xg (D). B flx)eC. REX f(x) €D,
7 xefUD), # e xg (D) A, i f)€D. ¥ f(x)€C 2 f(x) €D,
A () €C\D, T xe fHC\D). Wiz STHONSTD) S FTIC\D), 4 T
fHe\D)= 1O\ (D). O
Question 5.4. B X 2 F B, ACX ® f:X =X % function. 3#K f1(A) C (f1(A))°
AFaz2x (flA)Cfi(A) LF+27?

% f:X—Y 5 function ¥ A 2 X ¢ subset P, R f(A) 5 Y ¢ subset, 3§
RE AR FUf(A). MER acA, 273 f(a) € f(A), & inverse image hF_& ¥
aC FUFA), R ACFIUFA). F 2, #xe N (fA), + 7 f) € f(A), &iEE T 4
7 xEA blhewa fi{12} {0} 2& 5 f(1)=f2) =0 sp|F. gL A={1}, 2}

Fi4) = m}wf%ﬂ»— {01 = {1,2} £A. 4 & b fU(f(A) F 7807 ¢ 598 A,
38 AC F(f(A)) Aib Tgt e

Question 5.5. B3X f:X =Y 3 function. #F#EP f1(f(X))=X.

fptiehg C 5 Y chsubset B, 2% f1(C) 5 X chsubset, & 1% A7 4 g f(f1(C)).

MEX yef(fIC), 273 xefI(C) ##E y=f(x). #a & inverse image 1 %_
B axefI(C) 27 flx)eC, &@® y=flx)eC #& f(f1(C)CSC &2, ¥ yeC,
PR G vES(FIC) ELAL A - b vEX &7 y=f(). bl ok
A2 = {34} =& 5 f(1)=/f(2) =3 ?* C={34}, &3 fI(C)={12}, &
SO =f{1,2}) =3} #C. d bl CF 7 i d & g3 f(f1(C). 7 &% yeC =
Box

= EX #E y=f(x), R 'r%;ﬁij&%—%i”a.ﬂfrajé'fa:rh:pae.
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Proposition 5.2.7. X f: X =Y 5 function ® C 5 Y 0 subset, B
f(H0) =CcnfX).

Proof. # & © % f(f—‘(c)) cC, x 7\ O CX, &1 f(UC) CfX), A #
fFH ) CenNf(X). ¥-*d £ yeCNf(X), 47 yeC® HhxeX #@ y=f(x). 7
A, X éaif() yeC, 7% xe f71(C). “ir1 y=f(x)e f(f(C)), ## CNf(X)C
FUHC). Fltge 1 f(f71(0) = Cnf(X). O

oGl Sl fiX Y 1% X o subset A A
f(A) 5 Y ehsubset, ® f(A) C f(X). &% * Proposition 5.2.7 (C = f(A) éfFn), ¥ &
1

FUF(f(A) = F(A)NF(X) = f(A).

Question 5.6. BX f:X =Y & function ¥ C i Y 1 subset. #FF1* Proposition 5.2.7,
Proposition 5.2.6 4 %2 Question 5.5 &

) =r70).

Proposition 5.2.7, » #F % &
) C

5.3. Onto, One-to-One and Inverse

Onto = one-to-one A_&n#c ¥ @& FAEFFRDLF. § &0 AEHFARPEFT S gtfj}bg 7 T3
hE e P ARk A ETF B Bz 83 mH B P RF Y 4o PR onto £
one-to-one sk, 112 v A AR

“73) onto (B =) e, @ H k® ‘T}uq‘ﬂ Bas Bt ,«v,g? RS Y T
AL G- B Sl range (B3#) 16 5 codomain ($ /%) 2 onto s H 1
N E & AT

Definition 5.3.1. & f:X =Y & function. ¥ f(X)=Y, PRI PFH f 5 onto. » ih‘{
WHERL yeY v 3 xeX #9F f(x)=y. F P+ fonto thdnfic i surjective function.

* inverse image FRER 7 f:X =Y i onto » FRITEIEF yey, YY) #0.
PHEEFEHEP - BSEE onto, - HF e 2RI Iow - 35 image e 2 gL, AP

-

g IV s eI B

Example 5.3.2. (A) & Example 5.2.2 ¥ 4 g Sk f:R\{3} >R =& 5 f(x) =
(x4+1)/(x=3),VxeX. &3 I f drrange 5 R\{1}. Fl#* f % _onto. £ %4 @ “F7”
i g : R\ {3} - R\ {1} & 5 glx)=(x+1)/(x—3), Vxe X, ] g(x) 5 onto.
(B) % & dndic f: Z - NU{0} =& 5
2 if n > 0;
r0={ %1 itnzo
APGRE f 3 oonto. FAd f PP EARBIA P A RAE T Lk f PR AR A S
Bl Mp keNU{0} % B, 27 k/2€Z ¥ k/2>0. P n=4k/2, N
"4 fln)=2n=k @ ¥ keNU{O} 548k %7 k+1€Z 5 mig? k+1>0. p o
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—(k+1)/2, 23 neZ ® n<0, &k &G f(n)=-2n—1=(-2(—(k+1)/2)-1=k.

i3 ep_f % onto.

§ I g (TR A ) B, § Y UARP ¢ Lonto § BT
BTORAP 4 S B REP - B4 % Sdikcs onto i E

Theorem 5.3.3. B*k f:X =Y 5 function. B f 5 onto #FvaeE 3 g: Y X 3
function % & fog=1idy.

Proof. (=) % f:X—Y 5 ontopF, AP EJ|* fIH |- BaBcg:Y - X & & fog=idy.
iT- BEP AR B R EAE Y Aziom of Choice k2, # id »0 AP d A A LET, A7
VR ETE P B RA T AR A REE v RPN A R ORATE. F A S
S oonto, A E R E R yel, U {Y)) A0 FIEIER yeY, A K gy ) & 53‘;«9&

U P i - BEEZAE. d AP LR - BALY Bl X il g &
'F“ fog:Y =Y r 4w iEd yey, ¥ g0)=x, MFxe f1({M}), & f(x) =y. ~
fog(y)=f(g(y) =f(x) =y. ®i& fog=idy.

(<) mMBEK g:Y =X 5 function ¥ % & fog=idy, A P& FEP f:X—Y 5 onto, »
,T*uipfuarf,_,b yEY, EHF xeX #F y=f(x). Aa Flyey, & rF“’ﬁ gly) €X. FlpE
Bx=g(y) €X, Bl f(x) = f(g(y)) = fog(y) =idy(y) =y. #EFAT ¥ L xeX & F y=f(x),
w7 f: X —>Y % onto. O

NS

\\-\

_‘ﬁ /ﬂ}
"E,L

Example 5.3.4. ¥ g X:{l 230 Y={ab} M2 f:X =Y, &5 f(1)=f(2) =a,
f3)=b. kg% H f: XY 5 onto. PRI g:Y 5X # 1 fog=idy. d FE T
FY T X ehande, #Tu = B Y ¢ m"*‘%""“ﬁ TE P womp st Bd 3 1 ({a)) ={1,2},
s fl({a}) ?oe- BAE, 3R 2, B K g(a) =2, % d 3 fI({B}) = {3}
Hh - BAaE, AP LA gb ) % i;&i\ m3% g:Y—=X % - B function ® /& &
fog(a) = f(g(a) = f(2) =a 11 2 < )= f(8(b)) = f(3) =b. & fog=idy.

Theorem 5.3.3 ¥ M {2 ¥ 2 & % onto FhE_&&ILF B onto G1gEM . bldes g 11T
AT

Proposition 5.3.5. & fi: X =Y, »,:Y - Z ¥ 5 onto function, P frofi: X =>Z 7 %

onto.

Proof. (/2 - )2 ¥ % onto hT &L, #3T 2 z€Z, EH T xeX € ¥ frofi(x)=
z. R fz'Y—>Z % oonto, ¥t z€Z, FRhyeY # 18 fo(y)=z. * F] f1: X =Y i onto, #T
PR yeY, FhxeX B filx)=y. BT 2 x, AP frofilx) = fH(A1K)=H0)=2
FIRLEE fLofi: X —Z % onto.

(372 =) 41* Theorem 5.3.3, 8P frofi:X —>Z 5 onto, AP H BT g:Z X
1% (faofi)og=idz 7. Km e & f1:X =Y, LY —>Z ¥ % onto, tcd Theorem 5.3.3
g Y =X, g0:Z—Y BE fiogi=idy 1% frogy=idy. Bt g=gi0g:Z—X,
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A (frofi)og=(frofi)o(g1og). FI* & = Sdkeni & & (Proposition 5.1.6) 12 %
Lemma 5.1.5, #% 3 (faofi)o(giogr) =fro(fiogi)ogr=fro(idyogy) = frogr =idz. ¥
# (frof1)og=1idz. O

£ ;1 %, Proposition 5.3.5 ehF » 3 — T2 =, 4 ff‘ﬁi?h frofi 5 onto % k7 fi,fo #
% onto. #l4ef Example 5.3.4 7 g: {a, b}—>{1 2,3} w.4& 5 gla) =2,8(b) =3, # &_onto.
e fog=idyyp » onto. A G LT 2 k.

Corollary 5.3.6. & fi: X =Y, LY —>Z ¢ % function ® frofi: X —Z % onto, B f»

% onto.

Proof. ¥4 f,ofi:X —Z % onto, | * Theorem 5.3.3 7% . g: Z— X i% X_(fr0f1)og=idz.
Flpe i & X sl & EE fHo(fiog)=idz. M4 g =fiog, XA FF g:Z—=Y ik E
frogr=fro(fiog)=idz. #714{ & F|* Theorem 5.3.3 ¥ f,:Y —Z 5 onto. O

Question 5.7. :#{1* onto E &P Corollary 5.3.6.

&1 % Corollary 5.3.6 ¢hF & s 3 — T+ >, 4 ijb{;ﬁ.,ﬁ WiEZ f 5 onto ¥ # it R
frof1 & onto.

Question 5.8. ¥ g X ={a,b}, Y ={1,2,3}, H 36|+ f1: X =Y, f:Y =X 5 functions
¥ f, & onto, ®E_frofi * &_onto.

F#T KA P HEE T} one-to-one (— o) ki, f§ H i;su?u{?\%:iéﬂ#ﬂﬂ R Rl
TP AR h . AL T BT

Definition 5.3.7. 3% f:X =Y i function. FH*» X ¢ Ea pR ~ % x1#x, ¥ 7
fx1) # f(x2), RIZNPAE f 5 one-to-one. § P+ #i one-to-one ez injective function.

1

* inverse image LB &k 'qu— f:X =Y % onetoone » £ ¥ ITE yey,
#OD) ST (G 7 i D) =0). ¥ - Sk ER AT E LR G TR, T
£ P one-to-one pF, 2\ i & ‘%"3 * Definition 5.3.7 7 contrapositive 2. ,T* L § P O§
EL x,0 €X B E f(x)=f(x), Bl xi =xp. 25T chin+

Example 5.3.8. #* " §£ 3¢ Example 5.3.2 ¥ e #F_F % one-to-one.

(A) ¥ pade R\ {3} >R & 5 f(x)=(x+1)/(x—=3), VxeX. % x1,x2 e R\ {3} /&
L f(x1)=f(x), 27 (x1+1)/(x1=3)=(x2+1)/(x2=3), ¥ (x1+1)(x2—3) = (x2+1)(x; —3).
L8 xp—3x =x1—3x, T x;=xp. FIMEFE f 5 one-to-one.

(B) % oS f:Z —NU{0} & 3

2n, if n>0;
f(”)_{ —2n—1, ifn<0.

1&?5{& l’l],l’lzGZ ‘/‘%if(lﬁ):f(nz). F‘ *?-? ny,ny —,ﬂ v "ﬁ - Tﬁ‘ !i = ‘”:‘:?ﬁ‘”:\ 0% - TI% 7; ’J‘
30, Blik fenad fm) fo flm) & 5 - F - B, 22 f(m)=f(n) 493 F. Flt 2
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3 n>0m>0 & np<0,n<0. % n>0,n>0, 43 f(n)=2n,f(n) =2ny, o
flm) = f(nz) 2 BKEF np=ny. B, § 1 <0,m <0, 2FF f(n)=-2n—1,f(n) =
—2np— 1, #&d f(n)=f(np) 2 BXKE ny=ny. FIP ¥ f % one-to-one.

froonto iR - &, AP G - B Ld TREM - B J S F S one-to-one 77 .

Theorem 5.3.9. B3&X f:X =Y 5 function. B| f 5 one-to-one 2 v&EE 3t h:Y =X
& function 7% &_ho f =idy.

Proof. (=) % f:X —Y % oneto-one ff, & P& | % f 35 - BIBh:Y X %L
hof=idy. §%4d f 5 oneto-one, &gtz yel, #(f '({y}) <1. F iz
Lyey, %f’l({Y})ZV) ALK Ay X P RE-BRAELAE. A () A0, R
Sh B - Eak FeE () =0 ARTRE ) =x BLAPTLET -
BRY 3| X chdnlic h, R T KA i hof:X—X = Wiz R xeX, & f(x)=y, Bl 7
xe f'{y}), & h(y) =x. + L ho f(x) =h(f(x)) =h(y) =x. #% ho f=idy.

(<) MBEX h:Y —>X 5 function ¥ % X_hof=idy, *# P EFEM f:X Y 5 one-
to-one, frh{m-? x50 €X B E f(x)=f(x), MPEFEP X =x. KA FxeX, X
"3 x =idx(x;) =ho f(x1) =h(f(x1)). FPEF xp X, 2P F xp=h(f(x2)). *Rd EX
fx1)=f(x)eyY M2 h:Y =X % function == h(f(x1)) =h(f(x2)). F1H Bz

x1 = h(f(01) = h(f(x2)) = x2.

Example 5.3.10. % & X ={a,b}, Y ={1,2,3} 13 f:X =Y, &% 5 fla)=3, f(b)=
T &k f:X—Y 5 onetoone. AP EBF h:Y X #1F hof=idy. ¢ 8 T&
Y Bl X ehdde, s E R Y ¢ oha R R A s Aae st R ot f1({2)) =0, 2
PEB X Y- A % LS R B g TP & h(2)=a. * d 3 fI({1)) = {b} A
e & h(l) = {3 ={a} AP EE h3)=a B, EEAPF Y X b
- # function ¥ ;%ihOf(a):h(f(a)):hB):a 2 hof(b)=h(f(b) =h(1)=0b. =&
ho f =idy.

Theorem 5.3.9 ¥ 14§24 i 2 & * one-to-one fIE & &d2F B one-to-one 7P . 4
AP LT

Proposition 5.3.11. & fi: X =Y, f,:Y —Z ¢ % one-to-one function, B frofi: X —>Z

7r 4 one-to-one.

Proof. (2 -) &4 # 12 * one-to-one NEE L. BEK x,neX #4& frofilx)=
frofiln). « G H(filx) = fo(filx)), &7 fr:Y = Z 5 one-to-one, F|* & fi(x) =
filx). £d fi:X =Y % one-to-one, F#F x; =x,

(*7%=) 1 * Theorem 5.3.9, & #P frofi :X —-Z % one-to-one, # i & & 35 7|
h:Z—X % ho(frof))=idy *¥. Ra ¢ fl: XY, L:Y—>Z ¥ i oneto-one,
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#d Theorem 53.9 w3 & h:Y =X, hh: Z—=Y & E_hofy=idxy "% hyof, =idy.
ML h=hohy:Z—X, 214 ho(frofi)=(hioh)o(frofi). F* & & &iceit &
% (Proposition 5.1.6) ™ % Lemma 5.1.5, 2% 7 5 (hjohy)o(faofi) =hio(hofr)ofi=
hio(idyo fi) = hio fi =idx. ## ho(fao f1) =idy. O

£ 1 % Proposition 5.3.11 ehk & % — T_& > » ihr‘?\;m frofi % one-to-one I # %
T fi,fo ¥ % one-to-one. B4 Example 5.3.10 * h:{1,2,3} = {a,b} =& 5 h(1) =
b,h(2) = a,h(3) = a, # &_one-to-one. i hof=idg = one-to-one. # EFHN i F 11T 2 %

Corollary 5.3.12. # fi: X =Y, f»,:Y - Z ¢ % function & f,of1:X —Z % one-to-one,

Pl fi 5 one-to-one.

Proof. 4 f,ofi:X —Z % one-to-one, 1 * Theorem 5.3.9 v & h:Z — X & & ho
(faofi) =1idx. FII* & xS & EEF (hofh)ofi=idx. B4 hy=hofy, 3
hy:Y - X 2 & & _hjofy=(hofy)of) =idx. #1714 =x 41 * Theorem 5.3.9 ##% f1: X =Y

% one-to-one. O
Question 5.9. #4|* one-to-one chE & #FHP Corollary 5.3.12.

£33 Corollary 5.3.12 ek &+ 3 — & 3, » II‘h{;qu WK f1 & one-to-one I %

it W% frofi & one-to-one.

Question 5.10. ¥ & X ={a,b}, Y ={1,2,3}, #H s+ f1: X =Y, LY =X i

functions £ ¢ fi % one-to-one, £ &_frofi * &_one-to-one.

B {4 34 % K ¥E 31 one-to-one and onto i #k. Tk S fic— AP ﬁ-’\ % bijective
function & bijection. #3K f:X — Y &_bijective, ¢ f i onto i3 R g:Y =X &
%_ fog=1idy (Theorem 5.3.3). * d f % one-to-one sv3 & h:Y — X # { hof=idy
(Theorem 5.3.9). Flptd 5% & =% Lemma 5.1.5, 3V i 3

h=hoidy =ho(fog)=(hof)og=idyog=g.
- 'Tk{?’u"&% f:X =Y % bijective fF, X T UH I g:V =X, FFEH L fog=idy *
gof=idy. 9 FeHhnddk g ArE- i EAFIZER gV >Xfrgd: Y =X ¥k T
fog=fog =idy "% gof=gof=idy, fI* k|4 4pk FuLd {5

g =goidy =g'o(fog)=(gof)og=idxog=g¢
)J'*r].w TthehdBicg HrE- I X fo f 3 M, APET - BEFRDPE T, 2L L f D
inverse. d *™ig B R Fl, 2L bljectlve function % invertible functwn.
Question 5.11. B*x f:X =Y & injective. FEFP F g:Y > X &% & fog=idy, P
g=fl. rap L Y X BE hof=idy, B| h=f"'.
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BAR, FFHEH ! 4o inverse image $HR T . - & hd Fegh ¥ 1 E inverse image,
» :5‘1"-»{:5'-‘7‘ ¥ f:X =Y &% & bijective, #Z & Y 1 subset C, inverse image f~10) L
FRED LETY Ak y, G f 5 bijective BF f7I(y) 43 ®E. ) 2T L, iz
LYY, S (0N 5 Tk, & F0) RS E S B biective B § XK

% f:X—Y 5 bijective ¥, 24 ¥ 12 4| * inverse image iﬂ—f*I Y >X BT %94,
¥iEzd yel, d f i onto 2% one-to-one, P F #(f ({y} ,]*mpruf ) &
oA AR ()= AR ) = R EE, ARG f) =y F
g fl(y)=x, FImEFE fof ' =idy * flof=idy.

Example 5.3.13. # #3534 Example 5.3.2 # £ bijective function # inverse % ®.

(A) ¥ g o #k g: R\ {3} = R\ {1} =& 5 glx) =(x+1)/(x=3), Vxe X, B gx) %
onto. % Example 5.2.2 ¢ A psmg iz g ye R\ {1}, ¢ /() ={Gy+1)/y—1)}. 7
e R\{1} >R\ {3} =& 5 g '(x)=(Bx+1)/(x—1), Vxe R\ {1}.

(B) ¥ g dikc f:Z - NU{0} % 3

2n, if n > 0;
f(”)_{ —on—1, ifn<0.

% Example 5.3.2 ¢ 2 fparg ke NU{0} 5wk, B f1({k}) ={k/2}. @ ¥ ke NU{0} 3
Ha, B Ik = {—(k+1)/2}. A @ FLNU{O} - Z £&
1, | n/2, if n is even;
fon) = { —(n+1)/2, if nis odd.
Apaig g f: X —Y 5 bijective FF, f éinverse w . K 2, % f chinverse ¥ &, T
B f Y >X#® fof '=idy ¥ flof=idy, 14 Theorem 5.3.3 ¥v Theorem 5.3.9
Fr f % bijective. Fpt i T 2 B 5%
Theorem 5.3.14. % f:X =Y 5 function. B] f % bijection EXv e F o f1:V - X
##® fofl=idy 2 flof=idy.
Question 5.12. 3% f:X =Y % bijective function. ##M f71:Y =X 7 5 bijective *
(fFHt=r

F1#* Proposition 5.3.5 f= Proposition 5.3.11 % i § + 5 T cd B

Proposition 5.3.15. = f1: X =Y, f»:Y —Z ¥ & bijective function, B| frofi: X —Z 7*
% bijective function. ® s ¥
(aofi)™ =filofy!
Proof. #F AP R &P (Hofi)o(filofy)=idz 12 (filofy)o(frofi) =idx. £ FI
* Theorem 5.3.14 )T%?“ # frofi: X —Z % bijective. * F] inverse function i — 4, »
#E (hofi) " =flofy ! A
(hofi)o(filofs)=folfiofi)ofy' = (foidy)ofy' = frofy' =idz,
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(fitefyNo(fofiy=file(fstof)ofi=f"olidyofi) = fi o fi =idy.

(LN O

Question 5.13. BX fi: X =Y, LY =>Z ¥ & function ® frofi: X —Z 5 bijective.
AF fi:X—=Y, LY >Z %5 bijective? * F fi,fo B¢ F - BE bijective, B] ¥ — B _
% & bijective?

5.4. Equivalent Sets and Cardinal Number

FAPATE - BRERAFTHBEP, BF LGS0 R Aol Bl |2 e
B-¥- 2RIk B XRELEAFT nBAE, § AP B- Benlic A chnZ
PR if"u{: - % {1,...,n} ¥ A 5 bijective function. #FIZ A KRG T
Definition 5.4.1. B3k A,B % set, % i+ t=— 1 bijection f:A — B, R A is equivalent to
B, % |A|=|B| %%.

£1 %% A 5 finite set, ¥ 113 |A| Ij‘}u{#ﬁ A d B #(A). F Bl AP TR
= finite set i, #rruaipr |A| iR EL, X A2 5 A 60 cardinal number. F]pt 34

¥ 13 A is equivalent to B F F vEF A fr B § — f& 9 cardinal number.

Equivalent set 2. B erifif 2% F + £ - B equivalence relation.
Proposition 5.4.2. $* & & 7 sets A,B,C, 3\ 5 11T chfEF,

(1) |A[=IA].

(2) # |A[=[B| R |B| = |A].

(3) # |A[=1[B| = [B|=|C]|, I |A[=]C].

Proof. (1) Hiz g chfk & A, ¥ g ida: A —A. P Eidy 5 bijective, {7 |A| = A].

(2) % |A|=|B|, 47 & f:A— B % bijective. =¥ & f':B— A, 7 % bijective (%
% Question 5.12), # & |B| = |A|.

(3) # |Al =B = [B|=|C]|, %7 7% &
5.3.15 &v go f: A — C 7 i bijective. ¥

f:A—=B,g:B—C ¥ % bijective, #d Proposition
# A =|C|. O

TR AR, N ER S Elen, AP L, A7 1 Fln 2 BTG oand BT
sk &, 7w L ={1}, L={1,2},... [,={l,...,n}. RE A &3 n B =% finite set, &
b A= L. A EACB Y n B ad, A PG A =L 22 [Bl=|L|,
d Proposition 5.4.2 4 |A| = |B|.

T h% A B WL finiteset it A chaik BHon A £ Biad Blem AT T
|A|=|B| s8? Aipw L g ’I"fr Ln| 27240 %. F 403 ntm, * 42 - B, AP ER
m>n. BFE |Ly| = |L,|, % 7 % & bijection f: 1, —I,. X" d 84 K IZ Theorem 2.2.3 (&
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TERB N, 277 m EFF R L, 27 n B4 F), v f:l, =1, ¥ i 5 one-to-one
(FF B~ g S, - - B AT 5 1 Eehigd), B & f S bijective shiEK
4 8, ®3E |L|# |L.]. ®% |Al=|B|, Bld |A|=|L|, |B| = |I,| ™ % Proposition 5.4.2 & ¥
ol = [In| 27 5, 75 |A] #B].

FIP A 50+, % finite set dfFie, A i cardinal number 4F % & A PFHE & A
Heet B R B A Ps ¥ 1% cardinal number %k % % infinite set. ‘j} AR, F5FEB S
B e, BAdaiz- B- Bd#cx, “TH - B nonempty set A, &k HEZ X neN,
w7 O|Al# |In|, FH A S infinite set.

H 4 cardinal number B £3F 5 H @ @R B, blicr ANB=0,CND=0, *
|A|=|C|, |B|=|D|, Bl d 3+ Bl 2 ¢ 558 |[AUB|=|CUD|. £F + 284, A3
IV sk 5L

Lemma 5.4.3. B3k [ 5 index set, {A;,i €1}, {B,i €I} ~» % i A, B &1 partition. % ¥ 47
Foiel, ¢ 5 |Ail=I[Bi, I |A] = |B].
Proof. w g~ T, {Aj,i€l} 5 A ¢ partition % 7 A=JA; 2 §#> i jel, ® i#j, Rl

iel

AiNAj=0. RixBX, #973 iel, ¥F |A]=|Bi|, #* %7 % & fi:Ai = B; & bijective
function. #% i 4 * pa ﬁ,éﬁfﬁﬂ{“ ® bijective function f: A — B. & i{ ¥ |A|=|B|.
TH fA BT $WER acA, 4 {Ai€l} 5 A & partition, £ i e -
ghicl 17 acA;, }PFEE fla)=fila)€B;i. ¥ > {A,i€l} 5 A ¢ partition, & f FE_
HPVE-BASDRFY G LRAPHRMT B CB. TR LA N0 - BALA T B e
function. 3* P& P f:A — B % one-to-one and onto.
RYEd beB, d {B,-,iel} % B ¢ partition, #& 13 teri— chicl, # @ be B * ¥
i fitAi—B; 5 onto, gAviz b a€A; R fila)=b. Mik f A, HIWEB b, APE
BB acA Fli acA, @ f e x® fla)=fila)=b. ¥F f:A— B % onto.

BE a,d AR fla)=f(d). ¢ fla)eB, vz ara— enicl # 1% f(a)= f(d) € B,.
Ed fehE s, APaE acAj, R f(a) = fila) €Bj. Fd fla) eBiNB; & i=j, 7
TacA. FRAPF deA. »tud faziZA PG fla)=fila) 2 f(d)=fild). 71+
d fla)=f(d) 2 BKxE fila)=fi(d), £ 4 fi 5 oneto-one ¥ a=d. FIN}EE f 5

one-to-one. O

%X cardinal number frf & Gk BEcG B, AP E RF L T AR+ ). B finite

set ey, A jF’Kirr_{g' ~E Lt ek £ F 1L one-to-one FRE ST A E LR S B &L T

BRI T
Definition 5.4.4. 3% A,B 5 set, & 7 * |A| <|B| 4 7 % f—  one-to-one function
f:A—B.

Sipend . bldeE ACB, B4 f:A— B, 245 fla)=a,

» &
VacA. % % %% f % one-to-one function, #7/7 pigfimwz T AP G |A| <|B|. # 9],
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% mneN T m>n, Bld 20 L, CLy, #ra 0G5 |L| < |[Ly|. & w6 P41 (84 Ry
7 ¥ ic F one-to-one function f: 1L, — I, #T3 i s Foig |1, < |L,| 7 = %
PER P AFVRIPAF ISP DIEFREI A F R PGS

cardinal number &+ E ¥t AP H LT hg k.
Proposition 5.4.5. #&3*k A,B 5 set. B| |A| <|B| % ¥ *&% 5 & onto function h: B — A.

Proof. (=) ¢ |A| < |B|, #* * %3 - % one-to-one function : A — B. ¢ Theorem 5.3.9
TFrh:B—A & E hof=idy. A7 idy:A — A E_onto function, # ¢ Corollary 5.3.6
= h:B—A % onto.

(<)d h:B—A 5 onto #, 5 & g:A— B % X_hog=idy (Theorem 5.3.3). #xd ids
% one-to-one ¥4 g:A — B % one-to-one (Corollary 5.3.12). %] {73 |A| < |B]. O

FET AN E P Definition 5.4.4 % & 4! cardinal number 2. F ¢ partial order. (¥ F
+ ¥ % & ) cardinal number 2. B 0 total order, # iz F * ¥] Axiom of Choice m ® #
Pz t8s % g LR IR AERY i - ) % & $13 reflexive et %"f HE g s A RN
PR L g idgA— A, d 3 idy & one-to-one, & ## |A| < |A|. I 3T transitive R E, F
|A|<|B| £ |B|<|C|, Bld & f:tA—B "% g:B—C % % one-to-one, ¥ {# gof:A—C
% one-to-one (Propos1t10n 5.3.11). #&##® |A| <|C|. Z*" anti-symmetric |+ ﬂ} LB AR

4

s, iz #77} Cantor-Schroder-Bernstein Theorem.

Theorem 5.4.6 (Cantor—Schroder—Bernstein). 3k A,B 5 sets #% &_|A| <|B| & |B| <|A],
Rl Al = |B|.

Proof. d &% |A| <|B| 4% & f:A — B % one-to-one function. * d |B| <|A|, %73 ?
g:B— A 5 one-to-one function. # i & | * f ¢ ¥ 5] A B & partition, £ ] * Lemma
5.4.3 1B 1] |A| =|B|.

FARNERL acA APEHEd- Bd AUB chrF ot difs] A= e

BAE %-98 x=aq, ‘1‘; J& inverse image g~ '({a}). ¢ ** g {one-to-one Ao ae g7 ({a})
Bsiwd - Bt ’1({61})— Plic BH T x B~ &, “'({a}) = {p}, Al
L xp=b. d bEB 4‘%”"’ ({b}) fteeh, %15 f & one-to—one, Aoipae fo1({b))
BSET-BAE.E ({b}) FRHEINET s Bk o8 E f({b))={d},
Pl 4 x3=d. »d 3 d GA, zf\lF“\ {gﬁg ({a'}) Riskm g RPek- 2732, £ (q)

2o 1% 2B AR A a TR N d] (PR E R B A L R AT
Example 5.4.7). iztkd #7F acA @ B (a) =x1,x0,..., NP7 UA X Z . - 8
F H 8 U], bldcE acA ® g l({a)) =0, 2 FF (a) BF - 5, FpH3ie- fehdk
Pl % 2 A3 BEIE ) U], bldracA ® g l({a})={b} & FI({D}) =0, *FF (a)
3 oa,b A IE, e s ¥ Z AT ;@Iﬁ?% 5 38 endc s, 4 )*I}u{;h a€A #riEtpin

#c 7| & — 3 h inverse image ¥ £.5 B &, W4

Ap={acA:(a)F +8E}, A.={acA:(a)} B#EIHE}, Ao={acA:(a)F £ 57}
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d 3% - B agcA, TH’TS" & i AR t‘"ﬁ“" eri- ) (a), Fl¥ a - 2§ A_A, AL AL B
PaothAd T EABE EF 2B, 4T Ay ALAl T A - B partition.

LA ehuad gk, B - R AV A F, Bk - LA B¢ R
%, 4 ;I»agb;g (@) =x1,%0,..., BPI% i 53 8PF A x BT xef({xa)), &7
¥ ismEE GeB 2 rEF e ({n}), &3 gln) =xi1.

b Ed beB, AP 1;7?;’%9'1&:“— B b Asdnchlicr], W oy = b, RiEE

TH{p}) kT -, - BT AL 4 (b) A7 b 1Y BB ARA D Ol F
theh, AP E P B - B partition Bo,Be,Bw, Ao

=
=t
|
3<
EN

B,={beB:(b)} 28T}, B.={bcB:(b)} m¥A}, Bo={bcB:(b)} &% 7).

¥ J& restriction map fla, : A, — B, » iﬁ{é"ﬁ{% a€A,, fla,(a)=f(a). 4 3 f &
one-to-one, % p R flu v 5 one-to-one. P& FP flu range fla,(Ay) F B.. iz
i aer, A flala)=fla) EB. % f(a) “iH# sequence, F T 5 w1 = f(a),
"{f@}) ={at (B fla) e{f(@)}), & (f(a)) FuEH> AP pm=a #75 2,

ﬁﬁt?d (f(a)> WALy =fla),ya=a * 4T3 (*HE=5)y; 224 g ({a}) 7+

=3

Loipfrd o oa TR (0) B2 B ox - kb g 2, 35 (f(a) B AR

(a) 0% - F LWL 52 A f( ) @S Ra€A, A7 (a) FHHST, 10 (f(a)) §F
e, &4 (@) €B 5 f(a) € Be. Wi fla,(A0) C Be u,%’beBe, B b Utk s
() § BE. I () 8 - R b (2T -, % 5 8). wrad (b)

o (b)) A LB A, f{;f»‘%" acA # 1 fa ):b. $H 4 a gl (b) b
¥ 23, Fltdew irit (a) 2% (b)) = (f(a)) % - HL AR, . Tb%ﬁu (a) 3 + #cE,
Flp® acA, APEEITHEIL DEB, ¥ 3 acA, 1 fla)=fla,(a)=>b. F|}
B fla,(Ao), # @385 fla, e range fla,(A)) %A B #% 2, fla, 7 1Ak S Lo BAA,
¥| B, ¢ one-to-one and onto function. # P& 7 |A,| = |B.|.

P12 %@ g:B—A % B, chrestriction g|p, : B, > A, 2 ¥ 127 3] |B,| = |Ae]| (¥ A
Bt om R f g THTE) B{EAP Y g b B F ehrestriction glp, (+ VA B f &
A F restriction). P PF glp, &R 5 one-to-one. @ ¥HITE R D E B, A g g(b) PTA
2 ler] (g(b). 4% g(b) €A, & g ({g(b)}) = (b}, & (g(b)) % — T 5 g(b), ¥ = T &
b, 2_ 1 'Fﬁ’i**ﬂ"k<b> hf s 3. Flptd beB, W (b) F EB FAE (gb) TF EE FIE.
#% g(b) €A, ™ T 1E glp. hrange glp.(Bw) ¢ 73t Aw. F 2., F A€ Aw, %7 a #riE
el (a) § BB 5. P (@) P AR b 400 () it e g ({a))
P EZEE, - )I*i;fu 3t beB 1@ glb)=a 1?‘?J bf¢{<a> % 3, F] hod o7
() T (o) 5 A R ) T, B b€ Bu R
THIEIR a€A., ¥ 3 beEB., #E g(b)= g\Bw():a. T 40 A C glp.(Be), » B3
glp.. ¢ range g|p. (Bx) ‘T}“‘?‘ T2 gl FOUAR G - BE_Be I Aw 7 One-to-one

7 |Bu| = |Awl-

mk
E-D
&y
RSN

and onto function. 2\ 35 (¥
B {8 ¥l Ay,Ap A 5 A 0 partition ™ 2 B, B,,B.. 5 B £ partition, * %] |A,| = |B.],
|Ae| = |Bo| "1 %2 |Aw| =|Bx|, $1* Lemma 5.4.3 {#% |A| =|B|. O
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Question 5.14. Theorem 5.4.6 chz P ¢ | |A| = |B,| eh#E M 5 P &% g ¢ & B, N
restriction m * £ % B f & A, restrzctzon? * % Ja f A, 0 restriction f|a, 1A, — B,
2 range 5 @ ? * |Aw| = |Bu| FTEM ¥ UL G f e Aw i restriction fla, i Aw — B 5 ?

Example 5.4.7. ¥ g A={1,2,...} 5 & F#ir=agk & B={-1,-2,...} 5§ Fi’r=
kL& YR ftA-B ARG fla)=—1—a,VacA 132 g:B—A 2% 5 g(b)=1-b,
VbeB. il * izl b]F P Theorem 5.4.6 ¥ & 4pfcs|ch= 2. ¢ L r 1T Bl ok

R LR Y T Y

-1 -2 -3 -

ALIRY D P AT AR f oA d T g

B IEA S gl (3) = (2 12D = (1) g (1) =0 A gl
3 erEfpandis] (3) & 3,-2,1. Fli ik 398, friidr3eA,. R, d FBlER D
Fl* 4 srzjpeniges] (4) 5 4,-32,—1,  4€A,. PP UEER N, § a€A %
W acA, mF acA L wEPFacA,. + FlrirA.=0. TF 1 ALA, if‘ui -
# partition (& %f}ﬁ{% $c 2 18 Heeh partition).

A 3eB d ({3 = (2 g ({2 = {1} A N1 =0, A e
=3 apEfendir] (-3) 5 —3,2,—1. Fl5 ¢ dS]G 3 E, frride —3€B, FIZ, 4
o 1 4 el (—4) 3 —4,3,-2,1, @ —4€B,. RP-RAPET RN,
% beB L8P beB, "% beB L #F beEB,. » Flit v B, =0. £F + P B,,B,
ij?‘uz‘?-‘B th— i partition.

EDS ".‘E!“\

BEAPG f T - H- A, P AT B, (¥ 2 7 one-to-one correspondence).
F4% acA, b7 a1t {17 fla)=—(14a) & f(a) 5§ BHe T fla) € B T [
FER - ¥- ¥ A, B I B, AN bEB, AP Dh F iRk S ma=—b—1 NPT
a>0(F1b<-2)" aird¥#, TacA, ¥a=-b-1€A, & » f1#& fla)=—(14+a)=0b.
v f AR - Mo A, BT B AR S RERHAPFI B, ixiﬁrﬂ{B d 3T

3 % inverse image £ & &. bldvigs@ AP 5 —1€B, © *1({—1}) =0. #Triisi st
rF“ g g k¥ 3| B, 2 A, 2- ¥ ¢f one-to-one correspondence. ¥ F F ¥ EZ R beB,, A G b
EO Flpt g(b)=1-b 5 & B, T gb)cA,. F 2 , HiZi aEAe,f\lF“ﬁ bzl—a<0

(7] a22)_— ol MpER-Db=1—-acB, *» g, T glb)=1-b=1—(1—a)=a, &F#
gFEF — ¥- ¥ B, A1 A,

Question 5.15. :#41* Ezample 5.4.7 ¢ e f v ¢ BT - B A I| B 9 bijective function
h:A— B %% hla, = fla,-

B {8, A 8 2 & cardinal number 2. & ¢ “strict order”. § A,B 5 sets, i% &_|A| < |B|
|A| # |B| p#, 3t IFB,T/‘Q’* JA|<|B] %% 7. s m & &g mn 5 B8 m>n pF, A3
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ol < Il 2 L] # ], #5722 0% || <|n- ¥ *t% A 5 infinite set, & 2 & ¥ =R neN
T3 L] <|A| & |L| # Al ’ﬂ“i\ F“" |I,| <A. % B % finite set, A PFP4r3 L neN @
# |B| = |L|, #t & |B| < |A]. gtk e strict order #f 7 & AP E B 3 Eicen g s,

5.5. Countable and Uncountable Sets

— i finite set 7 cardinal number, #% ¢ "rri'ﬁ ,T&{}i ~ % B #c, %>t infinite set, 2

cardinal number # % £ 75 - f “ &%+ CERLEET 5

# 5 % B infinite set T ® &0
cardinal number FK#B.;‘! ¥ 1} ¢ 341 * cardinal number, 2 7§ ¥
A 2B S HEuP, AP gzr)‘mp’llpm{"ﬁ‘ﬂ:a%g. ST

4 = countable set = uncountable set  fé.

Mjs “E@HEAT RAIEF

S b M R A S R, T

Definition 5.5.1. B4c § & - B set 7% & |S| < N|, PIFE S & countable set. & 2. P&

uncountable set.

Question 5.16. B& S,T % sets ¥ |S|<|T|. # T % countable, € F ¥ = S 5 countable?

i ¥ k3, 5 - B one-to-one function f:S— N, B S fr‘r‘«{— i# countable set. d
PoE & AP A B S A finite set, 78— ¥ & countable. # i3 ¥ it — i infinite set » A_
countable, &|4e N & ¥ & § 40 2N (& chil #edr = enfk &), ’Kq\lnﬁmte set ¥ % countable.
% 1§ uncountable set /j}' - Z_¢ 4_infinite set. #7)2 § — 1 infinite set &_countable pF, 3t
7§ B2 F 5 countably infinite 5 %] %~ infinite set §r uncountable set ¥ 4 ) %.
BANPRBILIDE, A finite set fr N 2 FF & F %5 # 8 ¢ cardinal number? ¥ % &
E- s ,Tk{;mg%ﬁ“ infinite set * 3 |N]| ik:—«‘?\ﬁwj' # cardinal number. % S - B
infinite set ® |§| < |N|. i& % & % -  one-to-one function f:S—N. ¥ g T = f(S), #
e f ARG E - Bd S I T 9 oneto-one * onto ehdndic, #rrt [S|=|T|. ¢ > T &
N 7 infinite subset, #7142 7 5 i P gt pF |T| = [N, ?Kﬁlﬁ‘%”ﬁ IS| =|T| = |N|, » ,Tki‘?ru“r

3 ¢ countably infinite set # cardinal number ¥ %+ |NJ|.

Lemma 5.5.2. *) T CN ¥ 5 infinite set, B| |T| = |N|.

Proof. d ** TCN, s |[T|<|N|. mE &#P 5 & f:N—->T 5 one-to-one function,
Ald gt 5 |N| <|T|, ¥cd Theorem 5.4.6 (Cantor—Schroder—Bernstein) ### |T| = |N|.

A AP R N - & order < 2 T &~ B well-ordered set (Well-ordering
Principle) Xz P . w - T, ig %1 * — B N 1 nonempty subset #% 3 least element (&
minimum element). & S % nonempty subset of N, # i * min(S) % 7= S 1 least element,
i i}u{;ﬁu, Fa=min(S), 47 acS PN EF SP hrFE s, F s#a, Pla<s.

FAL f)=min(T), 23 f()ET. 4doim % f(2) %7 fp AhAPEE T =
TV}, 2164 () =min(Ty). LA 140, 3013 TC{A()} &4 T & infinite
set 2. W ALAR A F, A PEF] fR)eT. dept - BT, APL T, =T\{f(1),...,f(n)}
24 f(n+1) :mln(TnH), T AR ,i*uft% d— Bd N 3| T i function f:N—T 7
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FTARAPR P TR A HE e F — B “well-defined” function, * £ P H % one-to-
one. F ik & well-defined. » ,T‘u{ PRI EEL neN ? G harE- g, eT &
X f(n)=t, ¢ 3§ AN K f e 2 Eggns ETF R L R TR, TR R
Picp Renid &% Pl fFypz. APR Y RFFPZED T neN, ¥ 5 bk
S, eT BRE f(n)=t,. § k=1, Apxn=min(T) & T 7 r&e- K1 <r,VieT
i, R f(1)=neT @ ® ArvdE- . RBEXENETR k=1,...,n ¥ v >
WET #17 f() =t RA & Flnt 1), # % Toor = T\ {F(1),os f)} = T\ {11r.. ot} 2
f(n+1)=min(T,11). ¢ % T % infinite set, A P50 Ty #0, TR E3 = T C{ry,... 0} ¢
2 T % infinite set 494 F. * F19 & fFih2 BR T - BF UAE- mLnk & (7
flyeeosty # 2 e — &), #7124 * N ¢ well-ordering principle, # % 4,11 = min(7T,11)
& pat T 2 re— . F)gtd Strong Mathematical Induction (Corollary 2.3.6) % 3 7 %
neN, ¥ 5 tri- i, eT B E f(n) =t

Ajpe v f:N—T ¥ - B function, & ¥ & HpP f :N = T &_one-to-one. ~ i&{mri

B €N T onp#ny, APEEP f(ng) # f(m). * % - B NPEREE np <np. PP
495 Ty = T\ LU f(11), oo, fl— )}, % ) ngnz, § 29 flm) = min(T,,) € T,
B f(n) # f(ny). 8% f:N—=T &_one-to-one. O

dom Aty d Lemma 5.5.2 SN PEEE T 0T 232,
Theorem 5.5.3. X S 5 - B set. Bl S 5 countably infinite & * *& % |S| =|N]|.

Question 5.17. BX S 5 infinite set. FHEM S 5 uncountable & * v& % |S| # |N|.

i P& countable set e _&, i Frif i & - B countable set 7 subset 7 % countable.
A %5 % S 5 countable, Bl iz T &N F |S|<|N|, » Flptg S CS, Bld [ <|S] 22
IS| < |N|, 7 i |§'| <|N|. # #E& L g ¢ countable set * gk & 75 ¥ it &_countable.

G T i,

Proposition 5.5.4. 3 *¥ % i countable set 18 & i % countable set. 7 ¥ F Si,...,8, &

countable set, Bl Ui, Si i* & countable set.

Proof. # i % #c % ﬁﬁf.gﬁ‘ FEMP. §AEPF 51,5, & countable, B S{US, & countable.

& % % S1,5, ¥_countable, #&x % & f1:51 =N "% f:5 — N ¥ % one-to-one functions.
T T & F7e0 function f:S51US, — N, 2 2% 3

2 if seSy;

fls)= { 228 ifseS;\Sl.
tif #eh, f & well-defined function, ] % SIUngSlu(Sz\Sl) A SIN(S2\S)) =0, 7
PHEL SESIUS, s - ZEES  fTrHL\S1 2P - B, 22 ekrmy ald?. ag ses,
fi(s) B~ P prrr 20 (F] f1:S1 — N & - B function), #7120 L pF f(s) B~1E 2f1(s) 7*
AT, FIEE seSZ\Sl, Tl s €Sy, fols) BB AP FLAL T eh, AT pE f(s) BriE 2f5(s) + 1
FEEL AP HT RERP f:S5US, — N £ one-to-one, » TI.%{-Q M EB s reSuUS, #

v



90 5. Function

PosEL R €T f(s) A Sf(t). AP A S A cases. F - ,ﬁk—«kst gt S & A
2 S\ S s B f(s) =2fi(s) #2fi(t) = f(t) (F] fi 5 one-to-one), 11 %
fs)=2fA0)+1#£2H()+1=f(t) (F] fo % one-to-one). % = Al iRA_seS & reSH\S
BRIES B SEH\S £ J0) 25 o b A ) A S0 AL

7 f:851US, — N % one-to-one, ## ¥ S;US, & countable.

BREAPLY WFFR2EP, #0328 neN 2 n>2 % 8,...,5, & countable
set, B] UL;S; ™ % countable set. 2% m n=k+1 niF3;. f]* BB, S1ye Sk s
countable set, #7114 UfleSi % countable set. J_* % Si; & countable set, f1* } & 3 iF
k=2 eniFa;, Ao (ULIS,-)US;{H % countable set. #&d UfillS,-:( f-;lS,-)USkH e

Uk“S, % countable set. O

Proposition 5.5.4 F 3% % & * | & fj ¥ - fé,T* AEE TR féfﬁﬂ:“r%\ ik £ % countable.
T T SRR N e RS PR R s et
el B chk & N j - B- - R % (T —n—n), 7711 q\countable. @ {0}
%_finite set, 7 5 countable, F|* F &%

Corollary 5.5.5. Z is countable.

F Egerr g & Q A countable, AP A F - B H ehEIL,
Lemma 5.5.6. The Cartesian product N x N is countable.

Proof. w - T NxN e~ 2 5 TR i (n,m), B7° n,meN, @ ¥ (n,np) = (n),n))

a

FrvEE n=n) F m=n) Ry S NXNN #2x3
f(ny,np) =2M3"" Vnp,ny €N

g % 7 f:NxN—=N & function, & 7" & % f 5 one-to-one. % (ny,ny) # (n,n),
d R HceE - AN R e

fni,ny) =2M3" £2M3"% = f(n)| nb).

#% f:NxN—=>N % one-to-one, #= N x N &_countable. O

Lemma 5.5.6 #F 7 [NxN|<|N|, 2 @2 P {x% % =2 NxN % infinite set, #712
NxN % countably infinite, 7= ¥ |N x N| = |N|. Proposition 5.5.6, & % L &g * &7 1148

#3 *T % B countable set 7 Cartesian product 7 % countable.

Proposition 5.5.7. & Si,...,8, & countable set, B] S XSy x---x 8, 7 5 countable set.

Proof. g £ PP S xS, & countable. §|* §1,5 % countable iz, # i frif i3 &
fi:S—=N, f5:5 =N % % one-to-one function. 3% g f:S; xS - NxN H 7 %

f(s1,82) = (fi(s1), f2(52)), Vs1 €8p,5 € 8,.
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F by 8 xS > NxN 5 function, 2 i & & ¥ 5% f 5 one-to-one. ¥t iz F,
(S17S2)7(s/17s/2) €S x8 * (51752) 7& (SII’S/2)7 P A sy 7& sll ) 7& S/2' RE 8| 75 sl’ d
fi:81 = N & one-to-one, 5 fi(s1) # fi(s)), st FF

fls1,52) = (fi(s1), fa(s2)) # (f1(51), f2(55)) = f(s1,52).
P32y 5o F£sh B, T E f(s1,52) # f(s],55). % f:81 xS - NxN % one-to-one. 7
IS1 X S| < INxN|=|N|, F]p P 7 §; xS, & countable.

2% Si,...,8, % countable set, B4 #* S; xSy x -+ xS, = (S XS X - X8,_1) XS,
"R FE ET%J% EVEM S xS x---x 8, & countable set, fr“fI!-LZ 5 RGP . O

Question 5.18. % 2 ne N, FHEM 75 Z B * n DF GEc AN TR R G

countable.

A g w24 * Proposition 5.5.7 P § BT hk & Q 5 countable. & E F i F
15‘1_%:‘,% 70 ?F‘,f;"i? murE- B g/b B P acZ, beN ¥ ged(a,b) =1 07558 (VP H
AR A, Tt Qo ZxN, & F0)=(0,1); 7% geQ, g£0 * a/b
Pog B AP, P ETE flg = (ab). @ 2EFF RicE A Bk EgrE- b AP
f:Q—=ZxN % function. @ & q#4q¢', % ¢.¢d 27 3 - B 5 0, Apwg ¥- B2 5 0,
HHBH AR TR B 0/, FI P () AS(). E qqd FF GO KRERGAK
Bulh g=al/b,d =d/b. 43 alb£d /b, Fipae f(q) = (a,b) # (d, D) = f(q). F]
f:Q—ZxN % one-to-one, #% |Q| <|ZxN|. 4 Z % countable 12 % Proposition 5.5.7
fw ZxN % countable, * Z x N % infinite set, tz |ZxN|=|N|. F]#* |Q| < |N|, ## 11T

Corollary 5.5.8. Q is countable.
1% Lemma 5.5.6, #* *+ ¥ 3 Proposition 5.5.4 & 3| { — %,
Proposition 5.5.9. %= & i€ N, S; ¥ 5 countable set, B] U=, Si 7 5 countable set.

Proof. X, ¥z g ieN, ¥ 3 & f;:S,—N % one-to-one function. % g f:U‘f:lS,-—>
NxNz&:, #HE2d selU, S, Fi i ot BB seS;, P L f(s)=(,fi(s)).
FrhEE U2 Si—> NxN 3 function. ¥ E R 5,5 € U, S, BK i,/ » %5
FHis i seS,s'eSy. # i, pRE f(s)=0fi(s) # (. fr(s)=f(s). @ % i=i, RIF]
S5 SN 5 oneroone 215 6% W) £ 1(5)= 0. 6)) 1. 1)) = )
## f:Ue Si— NxN 5 one-to-one, ¥ |UZ; Si| <INxN|=|N|. &% U=, S 5

set. O

Jmfk

countable

Question 5.19. FHEP 73 F ¥k 3 N or 2 ihfk & 5 countable.

B o 3% R I fﬁ"’"i #_countable sets, ¥_%F 3 & ¥ uncountable set *1? ¥ % {_F T
)4 Proposition 5.5.7 # Cartesian product ¥ % it 4B £ - % e R 7|2 5 7 B & &
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A5, 4 i}u{;ru’ﬁ it Siy...,8,... » countable & &_§; x---x 8, x--- % uncountable. i3
N &1 power set Z(N) » {uncountable wEE- T, - BE & A power set Z(A), FE A
1975 subsets TR e &, F AN u’rrr:*%

Theorem 5.5.10. X A 5 - B set, ZZ(A) 5 A 7 power set, B| |A| < |Z2(A)|.

Proof. 4 jg gt 1:A— P(A) T& 5 1(a)={a}, VacA A PRFI g 1:A- P(A)

% one-to-one function, F* 1 |A| < [Z(A)]. “THEEP Al <|Z(A)], 1%{ wEROJA| #
|Z2(A)].
NP EFEP N E R function f1A— P(A) 384 F i fLonto. FEFEB. l%,j*uz\

% ¥ it F & function f: A — P(A) 4_one-to-one ¥ onto =, F]t #F |A| £ | P (A)|. ¥
*iE e function f:A— PA), Y A- BFEE S={scA|s¢gf(s)}. AL SEF 7
;z & z}:ﬁt@, 7EPEERAPRG SEPA). APRAPATR G AE- B acARE

=8 = i} RS € bl f1A— P(A) himage ¥, FILEI] 1A P(A) AT
o {onto fl* F#E, BR acA 2E fla)=S. 5‘&"“%@5{? acsS. B¥& acs, &7
ac f(a) (%1 fla)=S), it S HTHEF acS %7 ad f(a), FIP*EFIF F, & ags
Wwd agS, Fadfla),* kST HFTacS24F. + i*{vnq: FhacAE fla)=S,
fracSfragSEATRFLNT F (LATR S S 2 F 6, BRAA ) A
BSeZA) * i fr:A— P(A) chimage ® , BF f:A— P(A) * £_onto. O

Question 5.20. 2 A=1{1,2,3}, ¥ f:A > P(A) L5 3
f={12}, f2)={13}, f03)=A{2}.
L S={scA|s¢f(s)}. FBT S 5P? THk%HK S+ f:A— P(A) 0 image ® .
Corollary 5.5.11. N 7 power set Z(N) 4_ uncountable.

Proof. ¢ Theorem 5.5.10 4v |N| < |Z(N)|, #7124 F] cardinal number 2. & & - # partial
order, |Z(N)| < |N| 2 # & = = . #% Z(N) i uncountable. O

Theorem 5.5.10 g P = ;2 £ #% R Cantor #r3 1 en. fI* fgieniiz s ¥ NEIF
it &£ R A uncountable.

Proposition 5.5.12. R is uncountable.

Proof. ¥ jg § % #7F H#INA 5 0, @ /| #B-18 & fiﬁ;:iO N BEE R ok B TR o)
£&. 54 0.1011010 = 0.10110T 388 S ¥ chi 4. BRI ZA PRSP haF 3 & g L)
ﬁic( LF ") o, A2 G %\ﬁm‘ ¢ 5 0 FE VTR e #4e 0.101101 = 0.1011010).
# AL ST ARG ANRERE 2 RN R (2 .ﬁ.mz ?ﬁ&/lﬂmé IR
o). AP EZFEP S 4 uncountable, #rfl* SCR, 7 # S| <R[, FI# |R| <|N| 7 7 i =
2 (ERIgE= |S|<IN| 5 ). ## R & uncountable.

1“

=

AP r FFE AR S 5 countable. d * S % infinite set, &4 77 S &_ countably

infinite. @ Theorem 5.5.3 4 |§| = |N|, » ,T*u{?u;?f % - i# one-to-one and onto function
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fN—=S By S? it s=0aaaz...a;..., 27 HEg ieN, 2P L 5] Hghis
¥ maniE g &

{ 1, % f(i) ] BBES 5 O
a; — e ~
* f
¢

0, (i) | BRis % 0 =5 1.
APERP s & NS image ?, » Fp @ f:N-=S 72 & onto h4 7, @ #E A
FTIL, ML % - X FFEE, BRFAneNEE fn)=s *FF R s o] WSS n =

Ba, BEH s PEEES n 2BEE f(n) | WEEF 0 2EAPR. 1E fn)=s5s 2K
®ApA R, Flm @@ s 2 & f:N—= S drimage ¢ . O

Question 5.21. #FP & T s chE & 5 uncountable.

Bofs AR BEA, - LRI EFH- B infinite set S E_ countable £ E_ uncountable
ELV I ‘FT A A — bk K ¥FT L countable £ uncountable. # X %7
%_ countable, i* SRR T, 4 ij!rl—«‘?-\ﬁ F]- % S — N &7 one-to-one function. @ % | %7 %
uncountable, & Z M H % uncountable, - BERE B EE, 4 )*Ik{;xu Bk H 5 countable,
Rie@ra g, 29 ¥ *hs 2 if‘u‘{&r’rﬁr BOATER, P TG S — N ¢ function $87 ¢
4_onto.






Chapter 6

Axiom of Choice,
Well-ordering Theorem
and Zorn’s Lemma

Axiom of choice $1% % 282 #c RO A B AL Lhen, 3@ 4rv 0 » vHRE N - L4
HTEFRRI LT3 F T I8 F, b4 Well-ordering Theorem = Zorn’s Lemma (%
F iz BREFAZ Y ). ST axiom of choice i * A F LR, 7 id iE D
- EEEF SEP § 3 p dvh* 3] axiom of choice, @ ¥ i& B axiom i * I F fr#cH o
Wi+ Eead §, P 5% % I0e il RA % axiom of choice 11 % &2 # % {§ e
Well-ordering Theorem v Zorn’s Lemma. » F|pt#-%k + 7 &5 ¥ i pk - ¥ éﬂ:ﬁif-ﬁ
FAIFEYEZBRFTEY 2 - TEI PR, A PRI BREFT. RILY
A e LRI 2 BT LE § e (S T 2T B L i ), 7 LF
ENEREZ BERF MR o @

6.1. Axiom of Choice

Axiom of choice 4p ME N ER T RS S, A ‘,%"5" MEEH- B “H 27 &S iz
REZFEP PN - BRAAE EREF A S A finite set FF7 § 5 AL, FIZ B S D
223 8r 4 " E R, APET U S BaS ELR RArRPEE B2 F B A A
3.5 ]"‘j:ff”/:‘— 4% 5] 2 infinite set, + T i 2 AL Gl4eE S 32 N pE A @ET g N

= @2ty 3 & 4% well-ordering principle, & * i£ least element eh=> 2Pt I8 & L% . 7 if
# { - 4% ¢h infinite set, iﬁ? WOE TR, 1A AP N R P AR sé i “;cﬂb 7 che
/; Zﬁ*ﬁ"l]}i}ij\@,% \q.\, ’";% ;\-IFE——‘M{II'&:I"&? I,B; 'g '%VFF' ”'T

rEEZR & T finite set el FIEE ) 2 I 0 BB A - A CPET a0 2L TP - A&
HE FSL 5 B ILE R ALESY finite set chfFAjAE R A RO AER B E L, 4 Bt 2T AH
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EAR, it a2tz B ERPE- B AR A FOREEF A W RR
PR A At TRG - RE - T‘u{\’:’uz- W B E, A Hb"'r**#“ %,
FAPFy - B, - REA* function R EAETEREFT. - THEE S B
goraienfk &, WA S d power set, AP F P(S) kA . AP ERP(S) P E- By
FHEAHEIA SR - BAF, AT SfpEE kg ,T*u{ 5 3| — B function f # {F¥ix
LS s 3B A%S fA)EA - @ function f, d 3+ EHF § ¢ 5 - BT § i
Foagk, T - VP F2 L choice function. 4% %, AP H T axiom of choice it F

A

Axiom of Choice: For any nonempty set S, there exists a choice function f: Z(S)\0— S
such that for every nonempty subset A of S (7 A€ P(S)\0), we have f(A) € A.

BIR, TR ABRARI - BEE, & choice function H F% (4 #7{F g _A ¢ - B~
%2 a PR BELE. i‘uk;m choice function f eha & X Sazts 3+ B4, a3 £S5, F 57
B L f(A) 9 - F Section 5.2 #7# ¢ “image of A under f”. ¥ ¢t & FP 1 ¥_axiom
of choice ® # 3} 3| choice function #37F &3, ¥ A% % 4o® 35 | choice function. #7114 -
441 * axiom of choice #7{8 e %, T iz é«_'l?‘_"" R € H_constructive.

ww R, APF AL 3| axiom of choice. #]4rfx Proposition 5.5.9 gz ¢ | s
* % countable set K b, xf‘“
- B ieN, d |5 <|N|, & IF“f’ a7 it %% S, — N &7 one-to-one function ¥ $*iE 1 -
B fi:Si— N, 5 & &, #712 B k3 Proposition 5.5.9 £ & * 3| axiom of choice 4 it = =
e, #fs, AL 5 - BA* axiom of choice #7 ¥ ek % .

mEFFH* 7 axiom of choice. + i&n—\d‘Sl,...,Sn,...

Proposition 6.1.1. &3k S 5 infinite set, B| S ¥ 5 & subset &_ countably infinite.

Proof. 3k f: 2(S)\0— S 5 choice function. % g g:N— S, @& 5 g(1) = f(5). ¢
S =S\{f(S)}, 4 * § % infinite set, & § S, 40, 4 AR S € P()\0, 11 [(52) L
TH e, ML g(2)=f(S2) RAI* BFFREH =24 S =S\{f(5),f(52),--, ()}
d S % infinite set, 3 P 4v S € P(S)\0, w Tk gk+1) = f(Skar). b, AP TET
- B g:N— S izfke— B one-to-one function, » F|pt g 7 image, ¥ g(N) TI."L{S - 1

countably infinite =7 subset. ]

6.2. Well-ordering Theorem

w if — & partial ordered set (X,=<), 5 total ordered %7+ X ¢ T & 3 B~ % *K'ﬂ L
ko, I EabeX, MlaXbd bZa B¢ 2 - &2 @ - i poset (partlal ordered
set) (X,=X), # 5 well-ordered # 7% — i X 27+ & T 38 ¢ F least element, i*u{;ru
FrrnneTl RE (n=t,VeeT. 57 > AL mln(T) # 51 T ¢ least element. 73}
Well-ordering Theorem, iﬁ{éﬁ.}%%?— B nf & X, AP AT 55— B order <, i@ 7
(X,=) - B well-ordered set.



6.2. Well-ordering Theorem 97

7 & #- Well-ordering Theorem fv Well-ordering Principle ;& % . Well-ordering Principle,
A kdp eh ¥ 20 - Sehorder < ¢ i ¥ (N, <) & well-ordered set. @ Well-ordering
Theorem, 4y &Iz Rt B L X YT X £ 4p hvi- 8 order < g (X, %) A
- B well-ordered set. #]4r3 T #i Q ﬂf | % - dpen < 73 ¢ & well-ordered (3% & 72 &
{reQ|0<r<l1} iz® & & 57 E )3 ®Hk). 3 EJ* Q 4 countable (Corollary
5.5.8), AT A * N e Q h— - P, ¥ Q HATE A, & fI* AT A I Q
% well-ordered. #7143 Well-ordering Theorem, #*% countable set, #* i ¥ d N
Well-ordering Principle 4& 8. 7 i 1>t uncountable set, Well-ordering Theorem %!tiﬂi,ﬁ.
LAmig FFPE AL, APPEZEMENTER  Horder < # 17 (R,X) £
well-ordered.

Well-ordering Theorem * #- % Zermelo’s Theorem, v %_Zermelo §]* Axiom of Choice
wdn AP e 1% Well-ordering Theorem # ) Axiom of Choice. #7175 4&
2L AR g F]pt s ¥ 2 Well-ordering Theorem AR 5 & - & axiom (23%).
? iFdoE ArEl, — 44 B it i 17 Axiom of Choice #. ¥, @ & i F @+ L7
Well-ordering Theorem, #7121 — 424 i@ 2 v & 23, £ ¥ v £4 Axiom of Choice 74t )
I, AP E N T H g Ieal s,

Theorem 6.2.1 (Well-ordering Theorem). Let X be a nonempty set. Then there exists an
order relation < on X such that (X,=) is well-ordered.

Well-ordered Theorem % 3 c1&_ ¥ 1235 | order <, # 7 (X,<) % well-ordered. % i§
d iz B a1 * Axiom of Choice #1718 3|, # & 3 ’é’% ##* Axiom of Choice #71¥ #113

t 472 &_constructive, #7121 Well-ordered Theorem # & ;% #% 11 ¥ (X,=<) 5 well-ordered

set e order <X A #®.

AisA A A 2 $FEtdee d Axiom of Choice & 3] Well-ordering Theorem. # i &
% % e w4 * Well-ordering Theorem & ¥ Axiom of Choice. #}+3% iZ % 7 nonempty
set S, §1* Well-ordering Theorem, % }ﬁ order < i 17 (§5,X) 5 well-ordered. * pF¥tix
& Ae Z2(85\0, £ f(A)=min(A). Bl f: 2(S)\0— S, % &_ choice function & f,
f(A) € A. #3218 Axiom of Choice.

3 17 Well-ordering Theorem i% i 3 ~ ¢h1 & :T‘klitrﬂ?' N 3 Well-ordering principle —
e, V¥ 5 4 7 mathematical induction 97 j2 fL2. 5 transfinite induction. W kg -
T Corollary 2.3.6, & #¢ * mathematical induction  P(n) 575 neN ¥ 2 i

Lap (i) P(1) A RELBP () ZHEL i<k PQ) $ 3, B P(k) 7 &=, 2
Poao(i), (i) €% P(n) “H“r;z neN ¥ = . & transfinite induction £ 1* (X,=<) 3
well-ordered, £ &P (1) P(min(X)) = >; £ &P (i) 2HE L o< B, P(a) & ==, Bl P(B)
A E L At TEE T Px), BT oxeX WAz ARt IR A 4o T

Theorem 6.2.2 (Transfinite Induction). &3k (X, =) ; well-ordered set ® % x; =min(X).
BK LT 3 B statement K ¥en, PREHEIRE x€X, P(x) ¥ g2
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(1) P(X]) ’%\-f_
(2) B%k BeEX. £HiEZR acX BT a<pB, P(a) ++2, 8 P(B) ==.

Proof. 1* F#&2, BR 3 xeX @@ Plx) 2 2. ¥ S={xeX|P(x) *» == }. i&
BE S#0. wd (X,<) % well-ordered, ¥75 &= B €S # ¥ B =min(S). 4 (1) ¥ B #xo.
A

< H B min(S), ® mHEL 0 CX SR a<B, FF ags, xvPa) FEE. fd (2)
T PB) F. e BeS 2 BERAA ’ﬁ,;-ter:(Z), W ER xEX, P(x) ¥ . O

Well-ordering Theorem _'rﬁih‘}%gi‘&{? BN ok BJE N - b &P - ehf &, 7
Wik m g3 P F AR FIRF 55— B E & E wellordered, % 57 ¥ 14 d &)
R B R R AR HED L, %S /J~ G HET 2, etk ET A2 AT
#r5 infinite set ’fi” mge N 252 - #- 1, % '"Lr)a g8 & j'er-\countable B3
08 ii‘%‘m"/ B A4 en &R FIEAPREET T Y wellorder i FHR-E &
VA RO TR, R R R AT L RE - l[}fu'%“’ﬂjilz Pl B4t N A pF g o
THiorder <X E a,beEN P FH RS, M T abElviE a<b AE asd¥b LB
Pl a=<b Btz AP E (N,<) 5 wellordered set, e 8 % & ] 3|+ # 5, B
2 (M iEim i) AGRFRR BB (FIS L R R AR A P ).

\

6.3. Zorn’s Lemma

Zorn’s Lemma fr Axiom of Choice » & % i ¢ d ** v 30 38§ - 485 partial ordered
Set FRF @ W ATiigE £ AL 4 TG 3 S E b nRUR Y v 9 en, f- AL 3
Lemma. ¥F F, M{é+ 283 # & Zorn'’s Lemma e# 4EpF, ¥ 4@ * Axiom — % E
BEH TN IF“ 7 4 #%# Zorn’s Lemma fr Axiom of Choice (8¢ Well-ordering Theorem)

2 BFenZ BB R, A B0 f2:5 B Lemma.

BRI A w AR - £ BT order s & . “- B partial ordered set (§,2) ¥, B® T
H_Sehsubset ¥ T & <27 (T,X) &~ i total ordered set (R =& 1,/ €T % 3
=t & LT), NPT & (S,X) - B chain. ¥t S - # nonempty subset §', 24 i
#wueSES - B upper bound, A T HEZL S8 ¥ S Sju aAPR pueSsS LS
maximal element, 277 peS 2 S¥ X3 ERAE s B U5 (+ )?L{;LS LA s RS S
B2 AR s=U ij‘h{’fr WFoRe Bk o). A P F U Ait Zorn's Lemma.

Lemma 6.3.1 (Zorn’s Lemma). % (S,<) €. B partial ordered set. & S ¢ & —

rb

chain % % S ¥ 3 upper bound, Bl S  maximal element.

J&_Zorn’s Lemma shcif @ 4, § 2 i & E P — B 4F 2 partial ordered set 3 maximal
element, ¥ 7% g # * Zorn’s Lemma. ~ ))IL“E'KFL FEEP - B poset (S,%) 7 maximal
element, 2 ¥ 11 ¥ B S ¢ F R h— % chain, AREREF A S ¢ 5T & chain ¢ upper
bound. 4% it #F 73 1 chain ¥ & S ¢ ¥ 45 ¥| upper bound, 7% & poset (S,X) § F
maximal element. £33, iS4 A P95, & -  chain ¢ upper bound % f & S 7 35

3|, R s 2% S 7 maximal element.
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¥ 1 —F': 4 Zorn’s Lemma 1% #X 3% ;{.ﬁ d ** T v Axiom of Choice 1 %
m? EX A {Constructlve. ¥ ,T*ua;fu, E)
Eé&} B lelf—_ maximal element F ¥%i. Zorn’s
Lemma § &% %3F 5 88 Az ® * 3. bldo ¥ FM & B oring ¥ % & ¥F maximal
ideal; |+ #c? | & FP “73 0 (infinite d1men510nal) vector space ‘¥ 7 &— % basis, i
£ % 3| Zorn’s Lemma. &A@ i BN - BF F % * Zorn’s Lemma #fFiw, £ 9 @

o OATR i A 6]+ ,Tj’i}\ BN T EHE

X ““\
A
;.

ﬂ\

o

&

Well-ordering Theorem ¥_% W e, AT

i ¥ % 1 maximal element #7F P,

Proposition 6.3.2. % . d - 225 A F TP T sets “raeif &, Y g- KB &
eie 7 B % C 9735 e partial ordered set (7,C). ¥ & ® E R - X chain 8k A
S NS PR Ghe- FEMRERE S P E-FESEAERIMCS.

Proof. 1§ Y i&- B &~ F A % L. P &Y P iT- & chain e 3
 chain ¥ - £ &, &d L ¥ EZ R - 2 chain SR v A S P 2 BRI BE T A
#¢ chain - & upper bound. F]#*d Zorn’s Lemma % (./,C) F maximal element M, 7

TME S - BREE, D S RFHRBAEEE M7 (4 ,T*Kprw;\ i H B R
Ege s M), wiFETIL O

BRAPRBURP P E L B LAME A FRY Eo R 8, A
g ¢ s 1 L @ Proposition 6.3.2 ¥ & X & & h— % chain B iv & S ¢ 7 i*i*u{
7 o 5% 23 & 1 * Zorn’s Lemma 1€ 24 *% — % chain 7 upper bound & & & ¥ .
Arrl kBB B2 ¥ 4 4 upper bound F& o R A B E A ¢ R R TP - A
Proposition 6.3.2 cH& B &3t deie 1% “chain” it HEP v PEREEL D E L S ¢
iH- BE-% 8T Zorn's Lemma P R R, 722 7 R,

fe
\



