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前言

ε學܌學ޑ數學کଯύ໘܌ࢤ學ಞ數學ӧቫԛ΢Ԗ܌όӕ. ᙁൂٰᇥε學數學๱ख़ܭ౛
論ޑ୷ᘵ. ҁᖱက׆ఈϟಏӕ學ӵՖ᠐ᔉۓ౛, ౛ှ᛾ܴࣗԶԾρቪΠ᛾ܴ. ॺஒϟಏᡄך
ᒠ (Logic), ໣ӝ (Set) аϷڄ數 (Function) .ۺཷޑ ाݙཀ, ाϟಏᡄᒠ學аϷ໣ࢂॺόך
ӝ論. ೭္ፋ論ޑ໻๱ख़ܭஒٰεৎ學ಞ數學܌ሡाޑᡄᒠϷ໣ӝۺཷޑ.

ҁᖱကᗨฅЬाаύЎኗቪ, όၸ྽ੋϷۓက܈஑ԖӜຒਔ, ᘋஒаमЎ֚ޑխᙌ᝿ࣁ
.жڗ ӢԜஒаύम֨ᚇၨό໺಍ޑБԄᡉ౜, ऩԖόߡፎـፊ.

ҁᖱကጓቪ຤ਔ, ጓቪֹ٠ࡕ҂࿶ၸᝄᙣޑਠჹ. ౧ᅅӧ܌ᜤխ, ᗨόԿܭԖ౛論܄΢ᝄ
ख़ޑᒱᇤ, ՠ᠐ޣϝᔈݙཀόࡴཷەӄԏ. ऩว౜ᒱᇤ, ៿߆ගрᝊ຦ޑཀـ.
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Chapter 1

Basic Logic

.ᇟ言ޑჴ學ಞ數學൩Ⴝ學ಞཥځ ΃٤Ӝຒۓޑက൩Ⴝ “ൂӷ” ΋ኬ, Զᡄᒠ logic ൩ӳ
Кࢂஒ೭٤ൂӷಔӝԋ΋ঁѡη܌ሡޑ “Ўݤ”. ΃૓ӕ學ӧ學ಞᡄᒠਔ, ཮όԾ᝺Ӧஒ΃٤
ᡄᒠೕ߾аङᇝޑБԄ૶Ꮻ, ೭཮೷ԋаࡕ學ಞ΢೚ӭޑምᛖ. ወཀ᛽ࢂᔈ၀߾ჴ೭٤ೕځ
ϣޔޑ᝺, ೭ኬ學ಞ數學ωૈ೯Չคߔ.

ӧ數學ύૈܴዴޕၰჹ܈ᒱޑ論ॊךॺᆀϐࣁ statement. ӵٯ 2 > 0 ΋ঁࢂ statement,
3 < 2 Ψࢂ΋ঁ statement ՠ x > 0 ൩όࢂ΋ঁ statement (ନךߚॺޕၰ x .(ϙሶࢂ

1.1. Connectives

數ঁ statements ёаಔӝԋ΋ঁ statement, ೱௗ೭٤ statements ᒏ܌ࢂ൩ޑ connec-
tives. ॺा௖૸࿶җך connectives ೱ่ԋޑ statement .׎௃ޑᒱ܈ჹځ

1.1.1. And. २Ӄϟಏࢂߡޑ “and” ೭΋ঁ connective. ೭΋ঁ connective ᔈ၀ࢂεৎ
ന৒ܰ౛ှޑ΋ঁ. ऩ P ک Q ࣁࣣ statement, ॺҔך P∧Q ҢȨP߄ and Qȩ೭΋ঁ

statement. P∧Q ϙሶਔংࢂჹޑϙሶਔংࢂᒱګޑ? ཀကޑӷय़ྣࡪ “and” ൩ࢂ “Ъ” ޑ
ཀࡘ, ൩ӵӕಞᄍҔᇟ྽ P ԶЪ Q ೿ࢂჹਔךॺωૈᇥ P∧Q ,ޑჹࢂ Զѝा P ک Q ځ

ύԖ΋ঁࢂᒱޑ, ཮ᇥߡॺך P∧Q .ޑᒱࢂ ӵȨ2ٯ > 0 and 2 < 7ȩࢂჹޑ, ԶȨ2 > 0 Ъ

2 > 7ȩࢂߡᒱޑ.

߄੿ॶޑᒏ܌ॺёճҔך truth table ҢҔ߄ٰ connectives ೱ่ঁٿ statements ځࡕ
ჹᒱޑ௃ݩ. ॺҔך T Ңჹ߄ (true), F Ңᒱ߄ (false). ޑॺԖаΠךа܌ true table.

P Q P∧Q
T T T
T F F
F T F
F F F

୷ҁ΢ Truth table ൩ࢂஒ P,Q ؂ঁёૈჹᒱޑ௃ݩӈр, ฅࡕҗ P,Q ,ݩ௃ޑჹᔈ܌
ቪΠѬॺೱௗޑࡕჹᒱ௃ݩ. ࣁಃΟᐉ௨߄ӵ΢ٯ P ࣁ T, Q ࣁ F ቪΠࡺ P∧Q ࣁ F.
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2 1. Basic Logic

৒ܰว౜όᆅࡐ P,Qޑჹᒱ௃ݩӵՖ P∧Qک Q∧Pޑჹᒱ௃ࣣ࣬׎ӕ. Ψ൩ࢂᇥ P∧Q

ک Q∧P ӧᡄᒠ΢࣬ࢂ฻ޑ. ࣁॺᆀѬॺך logically equivalent.

Truth table ёаᔅշךॺղᘐ೚ӭ statements Ҕ connectives ೱௗଆٰځࡕჹᒱޑ௃
,ݩ ӵٯ (P∧Q)∧R ޑ truth table ࣁ

P Q R P∧Q (P∧Q)∧R
T T T T T
T F T F F
F T T F F
F F T F F
T T F T F
T F F F F
F T F F F
F F F F F

Question 1.1. գ཮ӈр P∧ (Q∧R) ޑ truth table ༏?

ཀݙ (P∧Q)∧R ک P∧ (Q∧R) ӧཀက΢ࢂό΃ኬޑ. (P∧Q)∧R Ӄ௖૸ࢂ P∧Q ჹᒱޑ

ӆک R ೱ่; Զ P∧ (Q∧R) Ӄ௖૸ࢂ Q∧R کჹᒱӆޑ P ೱ่. όၸவѬॺޑ truth table
ၰޕॺך (P∧Q)∧R ک P∧ (Q∧R) ࣁ logically equivalent.

1.1.2. Or. ྽ P ک Q ࣁࣣ statement, ॺҔך P∨Q ҢȨP߄ or Qȩ೭΋ঁ statement. ࡪ
ྣӷय़ޑཀက “or” ൩ࢂ ”܈“ .ࡘཀޑ όၸӧךॺВதҔᇟύ ”܈“ ԖٿᅿҔݤ: ӵӧೲٯ
१۫ᗺ঺ᓓ, ໯਑ёаᒧ᏷Ȩё኷݀܈Ҋȩ. ೭္ޑ ”܈“ ,᏷΃ޣҢΒ߄ գόёаঁٿ೿ᒧ;
Զၯ኷༜ᖼ౻ਔೕۓȨϤྃаΠي܈ଯ 105 ϦϩаΠȩωёᖼວูٽ౻. ೭္ޑ ”܈“ Ң߄
ϤྃаΠيکଯ 105 ϦϩаΠΒޣԖ΋ঁԋҥ൩ёа, ٠ό௨ନϤྃаΠЪيଯ 105 Ϧϩ
аΠӕਔԋҥޑ௃ݩ. ӧ數學ᡄᒠ΢, “or” ,ݤय़ٗᅿᇥࡕࢂޑࡰ Ψ൩ࢂᇥ྽ P ک Q ύځ

Ԗ΋ঁࢂჹޑ P∨Q ޑჹࢂߡ (٠ό௨ନ P ک Q .(ݩ௃ޑჹࣁࣣ ඤ言ϐ, ѝԖ྽ P ک Q ೿

,ޑᒱࢂ P∨Q ωࢂᒱޑ.

ӵ,Ȩ4ٯ < 5 or 4 < 3ȩ೭ঁ statement ,ޑჹࢂ Ӣࣁ 4 < 5 .ޑჹࢂ ԶȨ4 > 5 or 4 > 6ȩ

೭ঁ statement ,ޑᒱࢂߡ ӢࣁΒࣣޣόԋҥ. ाݙཀȨ4 < 5 or 4 > 3ȩ೭ঁ statement ٩
ฅࢂჹޑ, ᗨฅգ཮ᇡࣁҔ and Кၨӳ, όၸӧᡄᒠ΢Ѭ٩ฅࢂჹޑ, ί࿤ձབᒱ.

ܭॺԖаΠᜢך P∨Q ޑ truth table.
P Q P∨Q
T T T
T F T
F T T
F F F

Question 1.2. P∨Q ک Q∨P ࣁցࢂ logically equivalent? (P∨Q)∨R ک P∨ (Q∨R) ցࢂ

ࣁ logically equivalent?

ฅࡽ and, or ࣁࣣ connectives, .షӝ٬Ҕځॺёаஒך ӵ྽ٯ P,Q,R ࣁ statements
ॺёаԵቾӵך (P∧Q)∨R, (P∨Q)∧R,... ฻׎Ԅޑ statements. ӵՖղۓѬॺޑჹᒱ
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?ګ ӵٯ (P∧Q)∨R ൩Ѹ໪ޑჹࢂ (P∧Q) ܈ R .ޑჹࢂύ΋ঁځ ࢂаѝा܌ R ,ޑჹࢂ
(P∧Q)∨R ൩΃ۓჹ, Զऩ R ൩Ѹ໪ٗޑᒱࢂ P,Q ࣣჹ, (P∧Q)∨R ω཮ࢂჹޑ. ,ཀݙ ί
࿤όाᇤаࣁ (P∧Q)∨R ک P∧ (Q∨R) ࢂ logically equivalent. ޑᡉฅࡐ P∧ (Q∨R) ჹࢂ

൩Ѹ໪ޑ P ک Q∨R .ޑჹࣁࣣ ӵ྽ٯ R ,ਔޑჹࢂ όᆅ Q ᒱ܈ჹࣁ Q∨R ,ჹࣁࣣ ՠᗋ
Ѹ໪ P ډჹωёளࣁ P∧ (Q∨R) .ޑჹࢂ ೭کѝाࢂ R ,ޑჹࢂ (P∧Q)∨R ൩΃ۓჹόӕ,
а܌ (P∧Q)∨R ک P∧ (Q∨R) όࢂ logically equivalent. ྽ฅךॺΨёճҔаΠޑ truth
table ղۓѬॺόࢂ logically equivalent.

P Q R P∧Q (P∧Q)∨R
T T T T T
T F T F T
F T T F T
F F T F T
T T F T T
T F F F F
F T F F F
F F F F F

P Q R Q∨R P∧ (Q∨R)
T T T T T
T F T T T
F T T T F
F F T T F
T T F T T
T F F F F
F T F T F
F F F F F

ќ΃Бय़, ճҔаΠ (P∨R)∧ (Q∨R) ޑ truth table, όᜤว౜ (P∧Q)∨R ک (P∨R)∧
(Q∨R) ࣁ logically equivalent.

P Q R P∨R Q∨R (P∨R)∧ (Q∨R)
T T T T T T
T F T T T T
F T T T T T
F F T T T T
T T F T T T
T F F T F F
F T F F T F
F F F F F F

Question 1.3. ၂ճҔ truth table ᔠࢗ (P∨Q)∧R ک (P∧R)∨ (Q∧R) ࣁցࢂ logically
equivalent.

ॺёаճҔך truth table ᔠᡍ΋߄٤Ңࢂݤցࣁ logically equivalent. ӧ΋٤Ԗᜢ logic
ਜΨ཮Ԗ΋٤ޑ logical equivalences .ᡣεৎᔠᡍ߄ӈޑ όၸ೭٤೿ࣁࢂΑᡣεৎዕ஼೭
٤ connectivesаϷ truth tableޑၮҔ. ନΑаکࡕ論᛾Ԗᜢޑ logical equivalencesךॺሡ
ाݙཀЪ཮੝ձගᒬεৎाዕ஼, ΋૓ٰᇥεৎόѸ޸ਔ໔ܭ૶Ꮻ೭٤ logical equivalences.

നࡕගᒬ΃Πک “or” Ԗᜢޑ數學಄ဦ ≥ ک ≤. ӧ數學΢ x ≥ y Ң߄ x > y or x = y, ܌
а 4 ≥ 3 ೭΋ঁ statement ྣࡪ or .ޑჹࢂ߾ᡄᒠೕޑ ӕ౛ 4 ≤ 5, Ψࢂჹޑ.

1.1.3. If - Then. ೭ࢂ΋ঁ數學ۓ౛္தޑـ connective ՠΞࢂ೚ӭӕ學όࣗΑှԶ࿶
தᇤှޑ connective, ፎ୍Ѹ׋మཱ. ྽ P ک Q ࣁࣣ statement, ॺҔך P ⇒ Q ҢȨif߄ P

then Qȩ೭΋ঁ statement, ջȨऩ P ߾ Qȩޑཀࡘ. ाݙཀ P ⇒ Q ӧ數學΢ޑཀ఼ᆶપᆐ

ᡄᒠ΢Ԗ܌όӕ. Ьाޑ୔ձࢂ, 數學΢ P ⇒ Q ၨதࢂޑၲ߄ P,Q ϐ໔ޑӢ݀ᜢ߯ (Ψ൩ࢂ
ᇥ P,Q ೯த࣬ࢂᜢޑ). ೭္ P,Q ೯தόࢂ statement, ԶࢂӵȨx ޑჴ數ȩ೭ኬࣁ .”፦܄“
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Զᡄᒠ΢ஒ ⇒ ࣮ԋࢂ΋ঁ connective ёаೱ่Һཀޑ P,Q (ջ٬Ѭॺడคᜢ߯). ӵ數學ٯ
΢ךॺԖ “if x > 3 then x2 > 9” ೭ኬޑ statement ཀݙ) x > 3 ک x2 > 9 ࣣόࢂ statement,
ՠҔ if-then ೱ่ࡕ, Ѭࢂ΋ঁ statement). x > 3 ک x2 > 9 .ޑԖᜢ߯ࢂ Զӧᡄᒠ΢ӧךॺ
Ԗ “if 3 > 2 then 2 is even” ೭ኬޑ statement (ջ٬ 3 > 2 ک 2 .(ޑԖᜢ߯ؒࢂଽ數ࣁ ӧ௖
૸ P ⇒ Q ӧᡄᒠ΢ჹᒱޑ௃ݩϐ前, .ཀ఼ޑॺӃமፓѬӧ數學౛論аϷ௢౛ᆶ論᛾΢ך

ӧ數學΢, ྽ךॺᇥȨif P then Qȩཀջ “྽ P ԋҥਔ, Q ΋ۓԋҥ”. :ཀݙ) Α୔ձࣁ
፦ᆶ܄ statement, ,፦ԋόԋҥ܄ॺᇥ΋ঁך ԶόҔჹᒱ೭ኬޑᇥݤ.) ೭္ाமፓࢂޑ, ྽
ॺᇥך if P then Q ၰӵ݀ޕॺ໻ךҢ߄ P ԋҥ, ۓёዴ߾ Q ΋ۓԋҥ. ӵ݀ P όԋҥ, ࢂ
คޕݤၰ Q .ցԋҥࢂ аӧ數學΢ा論ॊȨif܌ P then QȩךॺѝᜢЈ྽ P ԋҥਔ, Q ցࢂ

Ψԋҥ೭ኬޑ “Ӣ݀ᜢ߯”, όѸӧཀ P όԋҥޑ௃ݩ. ೭΋ᗺکᡄᒠ΢ޑȨif P then Qȩ࣮

ԋ P,Q ೭ঁٿ statements ޑ connective ࣬྽ޑόӕ, ӢࡽࣁฅाᡣȨif P then Qȩԋࣁ΋

ঁ statement, ൩Ѹ໪ܴۓ P,Q ӧҺՖޑჹᒱ௃ݩਔ P ⇒ Q .ݩჹᒱ௃ޑ ќѦךॺΨाமፓ
P ⇒ Q ک Q ⇒ P ӧ數學΢ֹࢂӄό΋ኬޑ. Ԗ೚ӭӕ學཮ᇤаࣁёҗ P ⇒ Q ௢ள Q ⇒ P.
೭ࢂόჹޑ, ٣ჴ΢ P ⇒ Q ໻߄Ңҗ P ԋҥё௢ள Q ԋҥ, ՠό߄Ң྽ P όԋҥਔό཮٬

ள Q ԋҥ. ၰޕॺךӵٯ if x > 3 then x2 > 9, ՠ೭٠ό߄Ң྽ x ≤ 3 ਔό཮٬ள x2 > 9. Ψ
൩ࢂᇥךॺคݤҗ Q ԋҥளډ P ԋҥ. ᕴԶ言ϐ, P ⇒ Q ٠όૈዴߥ Q ⇒ P. ฻΋Πךॺ
ကȨifۓ P then Qȩӧᡄᒠ΢ޑჹᒱ௃ݩਔ, ॺΨ཮ว౜ך P ⇒ Q ک Q ⇒ P ӧᡄᒠ΢Ψό

ࢂ equivalent.

Question 1.4. ӵ݀ךॺޕၰ P ԋҥ߾ Q ԋҥ. ٗሶ྽ךॺว౜ Q όԋҥਔ, ցёаᘐࢂ
言 P Ψόԋҥ?

౜ӧךॺٰ࣮ӧᡄᒠ΢ӵՖۓက P ⇒ Q .ݩჹᒱ௃ޑ வ前य़數學΢ޑཀကٰ࣮, ྽ P,Q

ࣁ statements ਔ, ӵ݀ P Ъޑჹࢂ Q ,ޑჹࢂ ٗሶ٠҂ၴङ P ⇒ Q ,ݤᇥޑ аӧ೭ᅿ௃܌
ۓॺךݩ P ⇒ Q .ჹࣁ ՠऩ P Զޑჹࢂ Q ,ޑᒱࢂ ٗሶ൩ၴङ P ⇒ Q ,ݤᇥޑ аӧ೭ᅿ܌
௃ךݩॺۓ P ⇒ Q .ᒱࣁ ՠࢂऩ P ,ޑᒱࢂ ӵՖۓ P ⇒ Q ?ګჹᒱޑ җܭ P ⇒ Q ٠҂論Ϸ

྽ P ,ᒱਔࢂ Q ཮ӵՖ, а྽܌ P ,ᒱਔࢂ όᆅ Q ჹᒱ೿҂ၴङ前ॊޑ P ⇒ Q ,ݤᇥޑ ܌
аԜਔךॺ೿ۓက P ⇒ Q .ჹࣁ ӵٯ 2 > 3 Ъޑᒱࢂ 22 > 9 ,ޑᒱࢂ ՠ೭٠όၴङ前य़܌
ග if x > 3 then x2 > 9 ೭΋ঁჹޑ statement. ќ΋Бय़, −4 > 3 ,ޑᒱࢂ ՠ (−4)2 > 9 ჹࢂ

,ޑ Ψόၴङ前ॊ if x > 3 then x2 > 9 ೭΋ঁჹޑ statement. ᕴԶ言ϐ, ᜢܭ P ⇒ Q ॺך

ԖаΠޑ truth table.
P Q P ⇒ Q
T T T
T F F
F T T
F F T

Question 1.5. ၂ճҔ truth table ղᘐ Q ⇒ P ک P ⇒ Q ࣁցࢂ logically equivalent?
(P ⇒ Q)⇒ R کցࢂ P ⇒ (Q ⇒ R) ࣁ logically equivalent?

೚Ԗ٤ӕ學ჹ܈ P ⇒ Q ,ကϝԖᅪቾۓՖ೭ሶࣁݩჹᒱ௃ޑ ӧךॺϟಏ “if and only if”
೭ঁ connective ਔ཮ӆ຾΋؁ᇥܴ.
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നךࡕॺံк P ⇒ Q ӧमЎ΢ޑ൳ᅿᇥݤ. ନΑȨif P then QȩѦ, ᗋԖ

• ȨQ if Pȩ

• ȨP implies Qȩ

• ȨP is sufficient for Qȩ(ཀջ P ԋҥىа٬ள Q ԋҥ)

• ȨQ is necessary for Pȩ(ཀջሡा Q ԋҥωԖёૈ٬ள P ԋҥ)

• ȨP only if Qȩ(ཀջѝԖ྽ Q ԋҥਔ P ωёૈԋҥ)

• ȨQ whenever Pȩ(ཀջ؂྽ P ԋҥਔ Q ೿཮ԋҥ)

1.1.4. If and Only If. ྽ךॺஒ P ⇒ Q ک Q ⇒ P Ҕ and ೱௗਔ, ջ (P ⇒ Q)∧ (Q ⇒ P),
ࣁॺᆀϐך “P if and only if Q”, Ҕ P ⇔ Q .Ң߄ٰ

ॺ٩ฅӃ௖૸ӧ數學΢ך P ⇔ Q .ཀကޑ ॺᇥךကӧ數學΢ۓ٩ P ⇔ Q Ң߄ P ⇒ Q Ъ

Q ⇒ P. Ψ൩ࢂᇥऩ P ԋҥ߾ Q ΋ۓԋҥ, ќ΋Бय़ऩ Q ԋҥ߾ P ΋ۓԋҥ. ӢԜ P,Q

Ԗ΋ঁԋҥਔќ΋ঁ΋ۓΨԋҥ. ඤ言ϐ, P ⇔ Q Ңऩ߄ Q ԋҥ߾ P ΋ۓԋҥԶЪѝԖ྽

Q ԋҥਔω཮٬ள P ԋҥ (ց߾཮೷ԋ P ԋҥՠ Q όԋҥޑ௃ݩ). ೭ΨࢂӧύЎךॺஒ
P ⇔ Q ᆀϐࣁ “P ऩЪ୤ऩ Q ” ܈) P ྽Ъ໻྽ Q) .চӢޑ

౜ӧךॺٰ࣮ӧᡄᒠ΢ P ⇔ Q .ݩჹᒱ௃ޑ வ前य़數學΢ޑཀကٰ࣮, ၰޕॺёаך
P ⇔ Q Ң߄ P ჹ߾ Q Ъ Q ჹ߾ P ჹ. ό཮Ԗ΋ჹ΋ᒱޑ௃ݩ. ӢԜऩ P,Q Ԗ΋ঁᒱ߾ќ

΋ঁ΋ۓΨࢂᒱޑ. Ψ൩ࢂᇥӧᡄᒠ΢ P ⇔ Q Ң߄ޑჹࢂ P ک Q Ѹ໪ࢂӕਔࢂჹ܈ޑӕ

ਔࢂᒱޑ. ܭᜢܭॺԖаΠᜢךа܌ P ⇔ Q ޑ truth table.
P Q P ⇔ Q
T T T
T F F
F T F
F F T

Question 1.6. ၂ճҔ P ⇒ Q аϷ Q ⇒ P ޑ truth table ቪΠ P ⇔ Q ޑ truth table.

Question 1.7. P ⇔ Q ک Q ⇔ P ࣁցࢂ logically equivalent? (P ⇔ Q)⇔ R ک P ⇔ (Q ⇔ R)

ࣁցࢂ logically equivalent?

ᡄᒠ΢ P ⇔ Q ჹᒱޑ௃ݩ, ,΋ठࡐݩ௃ޑ數學΢ک εৎᔈ၀᝺ளၨࣁԾฅ. ౜ӧךॺ
ճҔ P ⇔ Q ٰှញࣁՖᡄᒠ΢ѝा P ,ޑᒱࢂ όᆅ Q ,ჹᒱޑ P ⇒ Q ೿ۓကࣁჹޑ. ྽
ฅΑ, Ӣࣁ (P ⇒ Q)∧ (Q ⇒ P) ൩ࢂ P ⇔ Q, а྽܌ P,Q ,ᒱਔࣁࣣ Αᡣࣁ P ⇔ Q ,ჹࣁ ך
ॺ྽ฅाۓက P ⇒ Q ک Q ⇒ P .ჹࣁ а྽܌ P,Q ,ᒱਔࣁࣣ ကۓॺך P ⇒ Q .ჹࣁ Կܭ
P ᒱ Q ჹޑ௃׎, җܭԜਔ Q ⇒ P ,ᒱࣁ όᆅ P ⇒ Q ࡛ሶۓ೿ёа٬ள P ⇔ Q .ᒱࣁ ฅ
ԶԜਔऩ P ⇒ Q ,ᒱࣁۓ ஒ཮導ठ P ⇒ Q, Q ⇒ P ک P ⇔ Q ࣣԖ࣬ӕޑ truth table (ҭջ
equivalent), Ԝک前ॊ數學΢όૈҗ P ⇒ Q ௢ள Q ⇒ P ࣬ၴङ, а྽܌ P ᒱ Q ჹޑ௃׎,
ကۓॺ٩ฅך P ⇒ Q .ჹࣁ

നךࡕॺံк P ⇔ Q ӧमЎ΢ޑ൳ᅿᇥݤ. ନΑȨP if and only if QȩѦ, ᗋԖ
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• ȨP iff Qȩ

• ȨP is equivalent to Qȩ

• ȨP is necessary and sufficient for Qȩ

1.2. Logical Equivalence and Tautology

前य़ךॺϟಏၸ logical equivalence .ۺཷޑ ॺёаճҔך logical equivalence ΋٤ޑ
ೕ߾௢導р׳ӭޑ logical equivalences. ೭ኬޑӳೀࢂόѸ؂ԛ೿Ҕ Truth table ٰ௖૸Ԗ
ᜢ logical equivalence .ᚒୢޑ

२Ӄךॺӆᙶమ΋ঁᇥݤ. ྽ P,Q ޑۓዴࢂ statements ਔ, P∧Q ک Q∧P Ψ཮ࢂዴۓ

ޑ statements (Ψ൩ࢂᇥѬॺჹᒱޑ௃ݩς࿶ۓڰ), аԜਔᇥ܌ P∧Q ک Q∧P ࢂ logically
equivalent٠ό࡞ࡐࢂ྽. ٣ჴ΢ךॺࢂஒ P,Q࣮ԋᡂ數΋ኬ,ѬॺёаҔҺཀޑ statement
,жڗ аԜਔ܌ P∧Q ࣁჹᒱ཮Ӣޑ P,Q ,όӕ܌όӕԶԖޑ Ԝਔᇥࡺ P∧Q ࢂ statement
Ψό࡞྽. ,ـଆߡΑБࣁ ೭္ (ҁᖱကࢂޑࡰ) ྽ P,Q ,ϐΠݩ௃ޑёᡂ୏ࢂ ᆀѬॺߡॺך
ճҔ connectives ೱ่ଆٰࣁ่݀ޑ “statement form”, ॺ཮ᇥךӵٯ P∧Q ک Q∧P ೭ٿ

ঁ statement forms ࣁ logically equivalent. ќѦךॺҔ “∼” ঁٿҢ߄ٰ statement forms
ࣁ logically equivalent, ॺԖךӵٯ (P∧Q)∼ (Q∧P).

ಃ΋ঁதޑـ logical equivalence :ࢂ߾٬Ҕೕޑ ॺёаஒך logically equivalent ޑ
ঁٿ statement forms ޑдځύӕ΋ঁᡂ數Ҕځ statement form ,жڗ ϝёளډ logical
equivalence. ޕӵςٯ (P∧Q)∼ (Q∧P), ॺёஒך P Ҕ P ⇒ Q жளڗ

((P ⇒ Q)∧Q)∼ (Q∧ (P ⇒ Q)).

೭ঁೕޑ߾চӢࡐᙁൂ, Ӣࡽࣁฅ logically equivalent ޑ statement forms Ԗ࣬ӕޑ truth
table, ޑளཥ܌ࡕᡂ數Һཀᡂඤ྽ฅനঁࢌύځॺஒך statement forms ϝ཮Ԗ࣬ӕޑ
truth table. ӕኬޑၰ౛, ঁٿᡂ數Ҕঁࢌύځॺёаஒך (ӳ൳ঁ܈) logically equivalent
ޑ statement forms ,жڗ ന܌ࡕளཥޑ statement forms ϝࣁ logically equivalent. ӵςٯ
ޕ (P∧Q)∼ (Q∧P) аϷ (R∨S)∼ (S∨R), аёаஒ܌ (P∧Q)∼ (Q∧P) Ѱᜐޑ P Ҕ R∨S

,жڗ Զѓᜐޑ P Ҕ S∨R жளڗ

((R∨S)∧Q)∼ (Q∧ (S∨R)).

ᗋԖ΋ঁதҔޑೕࢂ߾, ӵ݀ঁٿ statement forms A,B ࢂ logically equivalent Զ B ک

ќ΋ঁ statement form C Ψࢂ logically equivalent, ٗሶ A ک C Ψࢂ logically equivalent.
ॺԖךӵٯ ((P∧Q)∨R)∼ ((Q∧P)∨R), ΨԖ ((Q∧P)∨R)∼ (R∨ (Q∧P)), ёளࡺ

((P∧Q)∨R)∼ (R∨ (Q∧P)).

೭ঁೕ߾཮ԋҥޑচӢϝฅҗ truth table .ډӄ฻ёаளޑ

ճҔ೭٤ೕך߾ॺёаόѸᙖҗ truth table ৒ܰ௢ள΋٤ࡐ statement forms ࣁ
logically equivalent. ᙁൂٰᇥךॺёаஒ logically equivalent ӵ “฻ဦ” ΋ኬၮҔ. ॺ前ך
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य़學ၸޑ logical equivalences, ӵٯ ∧ ک܄Ҭඤޑ ∨ ,܄Ҭඤޑ ջ

(P∧Q)∼ (Q∧P), (P∨Q)∼ (Q∨P) (1.1)

аϷ ∧ ک܄ӝ่ޑ ∨ ,܄ӝ่ޑ ջ

((P∧Q)∧R)∼ (P∧ (Q∧R)), ((P∨Q)∨R)∼ (P∨ (Q∨R)) (1.2)

ᗋԖ ∧,∨ ϐ໔ޑϩଛ܄፦, ջ

((P∧Q)∨R)∼ ((P∨R)∧ (Q∨R)), ((P∨Q)∧R)∼ ((P∧R)∨ (Q∧R)) (1.3)

೿ࢂதҔٰᔅշךॺ௢導೚ӭ logical equivalences .ڀπޑ

Example 1.2.1. Եቾ (P∧Q)∨ (P∨Q) ೭΋ঁ statement form. ճҔԄη (1.3) ύޑ
((P∧Q)∨R)∼ ((P∨R)∧ (Q∨R)), ஒ R Ҕ P∨Q ,жڗ ॺԖך

(P∧Q)∨ (P∨Q)∼ ((P∨ (P∨Q))∧ (Q∨ (P∨Q))). (1.4)

ӆҗ (P∨ (P∨Q))∼ ((P∨P)∨Q) аϷ (Q∨ (P∨Q))∼ (Q∨ (Q∨P))∼ ((Q∨Q)∨P) ள

((P∨ (P∨Q))∧ (Q∨ (P∨Q))∼ (((P∨P)∨Q)∧ ((Q∨Q)∨P)). (1.5)

ࢗ৒ܰᔠࡐ (P∨P)∼ P аϷ (P∧P)∼ P, ޕࡺ

(((P∨P)∨Q)∧ ((Q∨Q)∨P))∼ ((P∨Q)∧ (Q∨P))∼ (P∨Q). (1.6)

നࡕೱ่Ԅη (1.4), (1.5), (1.6), ள

((P∧Q)∨ (P∨Q))∼ (P∨Q).

྽΋ঁ statement formځ truth tableӧҺՖ௃ݩϐΠࣣࣁჹ,ךॺᆀԜ statement form
ࣁ tautology. ཀջѬࢂख़ፄӭᎩޑ. ӵٯ P ⇔ P ޑ truth table ࣁ

P P ⇔ P
T T
F T

,

ࡺ P ⇔ P ࣁ tautology.

Question 1.8. P ⇒ P ࣁցࢂ tautology? P ⇒ (P ⇒ P) ࣁցࢂ tautology?

Tautology ᗨฅԖख़ፄӭᎩޑཀࡘ, ՠѬӧᡄᒠ΢ϝࢂԖཀޑࡘ. ѬёаᔅךॺҔќ΋
ᅿБٰݤ၍ញ logically equivalent. ྽ঁٿ statement forms A,B ࣁ logically equivalent ਔ,
Ӣࣁ A,B ,΋ठݩჹᒱ௃ޑ ॺԖך A ⇔ B .ჹࣁࡡ ཀջ A ⇔ B ࣁ tautology. ϸϐ, ྽ A ⇔ B

ࣁ tautology ਔ, җܭ A,B ,΋ठ׎ჹᒱ௃ޑ ѬॺԖ࣬ӕޑ truth table. ཀջ A ∼ B. ॺԖך
аΠ܄ޑ፦.

Proposition 1.2.2. ଷ೛ A,B ঁٿࣁ statement forms. ߾ A ک B ࣁ logically equivalent
฻ӕܭ A ⇔ B ࣁ tautology.
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,ᇥܴύޑჴӧ前य़ځ ॺӃଷ೛ך A ∼ B ԋҥ௢ள A ⇔ B ࣁ tautology (ջऩ A ∼ B ߾

A ⇔ B ࣁ tautology), Ξҗࡕ A ⇔ B ࣁ tautology ௢ள A ∼ B. ࡺ Proposition 1.2.2 ёаᇥ
ԋ A ∼ B ऩЪ୤ऩ A ⇔ B ࣁ tautology.

Question 1.9. ଷ೛ A,B ঁٿࣁ statement forms. ऩ A ∼ B ёց௢ள A ⇒ B ࣁ tautology?
ऩ A ⇒ B ࣁ tautology ёց௢ள A ∼ B?

Question 1.10. ଷ೛ A,B,C ࣁ statement forms. ऩ A ⇔ B ک B ⇔C ࣁࣣ tautology, ցࢂ
ё௢ள A ⇔C ࣁ tautology?

ک tautology ࣬ϸ܌ࢂޑᒏޑ contradiction (ҟ࣯). Ѭࢂޑࡰ΋ঁ statement form ӧҺ
Ֆ௃ݩϐΠࣣࣁᒱޑ. ᜢܭ contradiction, ॺ཮ӧΠ΋࿯ϟಏך “not” ϐࡕӆ௖૸.

Question 1.11. ଷ೛ A,B ࣁ statement forms.

(1) ऩ A ࣁ tautology, ၂ᇥܴ (A∧B)∼ B Ъ A∨B ࣁ tautology.

(2) ऩ A ࣁ contradiction, ၂ᇥܴ (A∨B)∼ B Ъ A∧B ࣁ contradiction.

1.3. Not and Contradiction

ॺϟಏך “not” аϷک not Ԗᜢޑ equivalences. ҁ࿯ϣ৒ϩໆК前य़൳࿯ख़, ԶЪ೚
ӭ௃ࡐ׎ёૈکգޔޑ᝺όӕ. ,ఈεৎૈӳӳዕಞ׆ ,᝺ޔޑᒱᇤ҅ޟ Զஒ҅ዴᢀۺԋࣁ
գޑҁૈϸᔈԶόޓࢂҞӦ૶ᇝ.

Not Ԗց࣬کۓϸޑཀࡘ, ๏ۓ΋ঁ statement P, ॺҔך ¬P, Ң߄ٰ not P, ΋૓ᆀࣁ
ߚ“ P”. Ѭۓޑက൩ࢂ྽ P ,ჹਔࣁ ¬P ൩ࣁᒱ. ϸϐ, ྽ P ,ᒱਔࣁ ¬P ൩ࣁჹ. ॺԖךа܌
аΠ ¬P ޑ truth table.

P ¬P
T F
F T

.

ճҔ೭ঁۓက, ॺଭ΢Ԗך
P ∼ ¬(¬P). (1.7)

Not P ᗨฅۓကᙁൂ, ՠࢂჹܭҗ೚ӭ connectives ೱ่ޑ statement ڗ not ϐࡕ, ځ
ჹᒱݩރ൩ၨፄᚇΑ. ӵٯ ¬(P∧Q), ࢂࣁӭΓ཮ᇤаࡐ೚܈ (¬P)∧ (¬Q), όၸᔠࢗ΋Π
truth table ёள

P Q P∧Q ¬(P∧Q)

T T T F
T F F T
F T F T
F F F T

P Q ¬P ¬Q (¬P)∧ (¬Q)

T T F F F
T F F T F
F T T F F
F F T T T

,ᡉ࣮рܴࡐ ӧ P ჹ Q ᒱ܈ P ᒱ Q ჹਔ, ¬(P∧Q) ک (¬P)∧ (¬Q) .ޑόӕࢂ ٣ჴ΢, ճҔ
truth table, ॺёளך

¬(P∧Q)∼ (¬P)∨ (¬Q). (1.8)
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.ηٰ౛ှ೭ঁ٣ჴٯ數學ޑޕॺᙖҗεৎዕך Եቾ 0 ≤ x ≤ 1, ೭߄Ң x ≤ 1 and
x ≥ 0. Ѭ࣬ޑϸ, εৎ೿ࢂޕ x > 1 or x < 0. ΋ঁ數ڗॺёаҺך x з P ࣁ x ≤ 1 ೭΋ঁ

statement, Զ Q ࣁ x ≥ 0, ߾ ¬P, ¬Q ϩձࣁ x > 1, x < 0. Ψ൩ࢂᇥ 0 ≤ x ≤ 1 ёаҔ P∧Q

ҢԶ߄ x > 1 or x < 0 ൩ࢂ (¬P)∨ (¬Q). җԜёа࣮р ¬(P∧Q) ک (¬P)∨ (¬Q) ࣁ logically
equivalent, Զόࢂ (¬P)∧ (¬Q) (ց߾཮ளډ x > 1 and x < 0 ೭ঁҟ࣯).

ܭॺёаҔ΢΋࿯Ԗᜢך statement form ޑ logically equivalent ೀ౛ٰ߾ೕޑ not. ٯ
ӵஒԄη (1.8) ύޑ P, Q ϩձҔ ¬P ک ¬Q ,жڗ ёள

¬((¬P)∧ (¬Q))∼ (¬(¬P))∨ (¬(¬Q)).

ӆճҔ ¬(¬P)∼ P, ள

¬((¬P)∧ (¬Q))∼ (P∨Q).

നٿࡕᜐڗ not, ள

¬(P∨Q)∼ (¬P)∧ (¬Q). (1.9)

ӵԵቾٯ x ≥ 0 ,׎௃ޑ ࣁϸ࣬ޑѬޕॺך x < 0. ऩз P, Q ϩձࣁ x > 0, x = 0, ߾ x ≥ 0 ջ

ࣁ P∨Q. Ԝਔ ¬P ࣁ x ≤ 0, ¬Q ࣁ x ̸= 0. Զ (¬P)∧ (¬Q) ࣁ x ≤ 0 and x ̸= 0, ջࣁ x < 0 Ψ

൩ࢂ x ≥ 0 .ϸ࣬ޑ

Ԅη (1.7), (1.8), (1.9) ჹܭ௢導ک not Ԗᜢޑ statement forms ϐ໔ޑ logical equiva-
lence ࣬྽ख़ा. ύԄηځ (1.8), (1.9) ᆀࣁ DeMorgan’s laws.

ௗΠٰךॺԾฅ཮ୢ,࡛ኬޑ statement form཮ک ¬(P ⇒ Q) logically equivalentګ? ܈
೚εৎ཮ᇡࢂࣁ P ⇒¬Q, όၸճҔ truth table ᔠࢗ΋Π, εৎ཮ว౜ӧ P ਔޑჹࢂ P ⇒ Q

ک P ⇒¬Q ዴჴჹᒱ࣬ϸ, ՠࢂ྽ P .ჹࣁࣣঁٿᒱਔѬॺࣁ а܌ ¬(P ⇒ Q) ک P ⇒¬Q ٠

όࢂ logically equivalent, ί࿤ा૶Ր.

Question 1.12. ၂ቪΠ཮٬ள x≥ 0⇒ x≥ Ԗჴ數܌ޑჹࣁ1 x,ΨቪΠ཮٬ள x≥ 0⇒ x< 1

Ԗჴ數܌ޑჹࣁ x. Ѭॺࢂց࣬ϸګ?

εৎத۹ౣޑ൩ࢂ P ⇒ Q ύ P ᒱޑ௃ݩ, Զ೷ԋᡄᒠޑᒱᇤ, ί࿤ाݙཀ. όၸќ΋Б
य़, ऩ A, B ࣁ statement form Ъ A ࣁ tautology, ٗሶ ¬(A ⇒ B) ൩ک A ⇒¬B ࣁ logically
equivalent. ЬाޑচӢࢂ, A ,ჹࣁฅӄࡽ ٗሶ A ⇒ B کჹᒱֹӄ཮ޑ B ჹᒱֹӄ΋ठޑ

Α.

Question 1.13. ၂ቪΠ཮٬ள x2 ≥ 0 ⇒ x > 0 Ԗჴ數܌ޑჹࣁ x, ΨቪΠ཮٬ள x2 ≥ 0 ⇒
x ≤ 0 Ԗჴ數܌ޑჹࣁ x. Ѭॺࢂց࣬ϸګ?

ाೀ౛ ¬(P ⇒ Q) ཮کϙሶࣁ logically equivalent, ٰ࣮ࡋفॺёаඤ΋ঁך P ⇒ Q. २
Ӄӣ៝΋Π P ⇒ Q ၨ೯߫ޑᇥࢂݤ P ჹ߾ Q ΋ۓჹ. ၰޕॺךа܌ Q ཮ჹ, ନߚ P ࢂ

ᒱޑ. Ψ൩ࢂᇥाόฅࢂ Q ჹ, ाόฅ൩ࢂ P ᒱ. ೭ᡣךॺགྷډ Q∨¬P ೭΋ঁ statement
form. ٣ჴ΢Ҕ truth table ᔠᡍ
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P Q ¬P Q∨¬P
T T F T
T F F F
F T T T
F F T T

ډॺளך

(P ⇒ Q)∼ (Q∨¬P). (1.10)

ճҔ (Q∨¬P) ∼ ((¬P)∨Q) аϷ ¬(¬Q) ∼ Q, ॺளך (P ⇒ Q) ∼ ((¬P)∨¬(¬Q)), ӆճҔԄ
η (1.10) ள ((¬P)∨¬(¬Q))∼ ((¬Q)⇒ (¬P)), ޕࡺ

(P ⇒ Q)∼ ((¬Q)⇒ (¬P)). (1.11)

೭ךکॺගၸ P ⇒ Q ,ჹࣁ Ңऩ߄ Q ߾ᒱࣁ P ΋ۓᒱ, ࣬֍ӝ.

ճҔԄη (1.10), ॺёளך ¬(P ⇒ Q)∼ ¬(Q∨¬P). Զҗ DeMorgan’s laws ޕ

¬(Q∨¬P)∼ ((¬Q)∧¬(¬P))

ளࡺ

¬(P ⇒ Q)∼ (P∧ (¬Q)). (1.12)

Ԅη (1.10), (1.11), (1.12) ॺஒٰೀ౛ךࢂ “ऩ P ߾ Q” ೭ᅿᜪࠠޑ論ॊਔதҔޑ logical
equivalences.

җԄη (1.10) ,ၰޕॺך ޑԖ܌ statement form ೿ёаճҔ logical equivalence ቪԋ
¬,∧,∨ .ಔӝޑ ӵҗٯ P ⇔ Q ,ကۓޑ ॺёளך

(P ⇔ Q)∼ (Q∨ (¬P))∧ (P∨ (¬Q)). (1.13)

ӆճҔ ∧,∨ ܄ϩଛޑ (ջԄη (1.3)) ௢ள

(P ⇔ Q)∼ (P∧Q)∨ ((¬P)∧ (¬Q)). (1.14)

ӢԜךॺёаҔ DeMorgan’s laws, Ԅη (1.7), аϷ ∧,∨ ϐ໔ޑᜢ߯Ԅ (Ԅη (1.1),(1.2),
(1.3)), ௢導р΋ঁ statement form ڗ not ϐޑࡕ logical equivalence. ӵԄηٯ (1.13) ڗ
not ёள

¬(P ⇔ Q)∼ ((¬Q)∧P)∨ ((¬P)∧Q).

Ԗ፪ࢂޑ, ऩКၨԄη (1.14) ύޑ Q Ҕ ¬Q ,่݀ޑࡕжڗ ډॺளך

¬(P ⇔ Q)∼ (P ⇔¬Q).

྽ A ࣁ statement form ਔ, ¬A کჹᒱֹӄޑ A ,ჹᒱ࣬ϸޑ а܌ A ⇔ ¬A ޑ truth
table ӧҺՖ௃ݩϐΠࣣࣁᒱ, ёޕ A ⇔¬A ࣁ contradiction. ϸϐ, ऩ B ࣁ statement form
Ъ A ⇔ B ࣁ contradiction, ΠݩҢӧҺՖ௃߄ A ک B ,ϸ࣬ݩჹᒱ௃ޑ ёޕ B ∼ ¬A. ӢԜ
کॺԖаΠך Proposition 1.2.2 ࣬ჹᔈ܄ޑ፦.

Proposition 1.3.1. ଷ೛ A,B ঁٿࣁ statement forms. ߾ ¬A ک B ࣁ logically equivalent
฻ӕܭ A ⇔ B ࣁ contradiction.
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1.4. Quantifiers

Ӛޕॺς࿶Αှӧςך statement ϐΠѬॺҔݩჹᒱ௃ޑ connective аϷ not ೱௗϐ
,ݩރޑჹᒱځࡕ ၰ΋ঁޕॺΨך statement form .Ֆࣁۓցޑ όၸ΋ঁൂ΋ޑ statement,
,ፄᚇࡐёૈ൩ࡐ ό৒ܰղᘐჹᒱ. ӵӧ數學΢΋ঁٯ statement தத཮Ԗ΋٤ quantifier
(ໆຒ) р౜, ԶቚуΑղᘐჹᒱ֚ޑᜤࡋ. ӧҁ࿯ύךॺஒϟಏதޑـ quantifiers, ٠௖૸
Ѭॺڗցޑۓ௃׎.

數學΢தޑـ quantifiers ԖаΠ൳ᅿ:

• “for all”, “for every” (ջჹ܌Ԗޑ), தҔ ∀ .Ң߄

• “there exists”, “there is” (ջӸӧ, ёаډפ), தҔ ∃ .Ң߄

• “there is a unique” (ջӸӧ୤΋ޑ), தҔ ∃! .Ң߄

∃! ౐ੋډ୤΋ୢޑ܄ᚒ, аךࡕॺӧፋ論᛾ܴБݤਔ཮ගډѬ, ೭္ךॺӃ௖૸ ∀ ک ∃.
२Ӄाᇥܴࢂޑ, ӧፋ論೭٤ quantifiers ਔѸ໪ᇥܴమཱࢂӧ࡛ኬޑ໣ӝϣ. КБᇥჹ܌Ԗ
,ӣ٣ٿޑӄόӕֹࢂԖ౛數൩ޑԖ܌ჹک᏾數ޑ ԶӸӧ΋ঁԾฅ數کӸӧ΋ঁଽ數Ψό
ӕ. όၸҗךܭॺ໻ϟಏ೭٤ quantifiers ,ۺཷޑ Զό᝻Ϸ᛾ܴ. ךـΑᙁൂଆࣁа೭္܌
ॺᇥܴٯޑηԵቾޑ೿ࢂ᏾ঁჴ數. ॺᇥךӵٯ ∀x ܈ ∃x, Ѭॺϩձ߄Ңޑ൩ࢂ for all x in
R ܈ there exists an x in R, аࡕ൩όӆᖂܴࢂޑࡰჴ數Α.

:ηٯޑॺӃ࣮ᙁൂך ∀x, x2 ≥ 0. ჴ數ޑԖ܌ࢂ൩ޑࡰ x ࣣ཮ᅈى x2 ≥ 0. ၰ೭ޕॺך
ঁ statement ,ޑჹࢂ Ӣ؂ࣁ΋ঁჴ數 x ೿ჹ, ؒԖٯѦ. ೭ᜪޑ statement ॺёаҔаך
Π׎ޑԄ߄Ң “∀x, P(x)”. ೭္ P(x) کࢂޑࡰ x Ԗᜢޑచҹ ύٯӵ΢ٯ) P(x) ൩ࢂ x2 ≥ 0).
Ѭޑࡰ൩܌ࢂԖޑ x ࣣ཮ᅈى P(x) ೭ঁచҹ. ೭ঁ statement ाჹ൩Ѹ໪܌Ԗޑ x ೿ჹ,
΋ঁ೿όૈᒱ. ӵٯ ∀x, x2 > 0 ޑᒱࢂߡ (x = 0 ൩όԋҥ).

ᜪ՟ޑ, ॺёаҔך “∃x, P(x)” ,Ң߄ٰ Ӹӧ x ٬ள P(x) ԋҥ. ೭ঁ statement ाჹ, ѝ
ाૈډפ΋ঁ x ٬ள P(x) ԋҥջё. ,ཀѬ٠ؒԖᇥԖӭϿঁ཮ჹݙ Ԗёૈࡐӭ, Ԗёૈѝ
Ԗ΋ঁ, ΋ঁჹջёډפаѝा܌ (೭൩ࢂमЎҔ there exists .(চӢޑ ΢य़ගၸ ∀x, x2 > 0

,ޑᒱࢂ ՠऩࣁׯ ∃x, x2 > 0 ޑჹࢂߡ ڗ) x = 1, ջё).

∀ ک ∃ Ԗ๱Ԗ፪ޑᜢ߯, ӵٯ “∀x, P(x)” ,၉ޑჹࢂ ٗሶ “∃x, P(x)” ൩΋ۓჹ (ѝाࡷᒿ
΋ঁߡ x ջё). όၸϸၸٰ൩όჹ. գόૈᒿࡷߡ൳ঁ x ಄ӝ P(x), ൩ᖂᆀჹ܌Ԗޑ x ೿

཮಄ӝ P(x). ќѦ ∀ ک ∃ ӧڗցۓਔᜢ߯൩׳ஏϪΑ. ྽գว౜ “∀x, P(x)” Ԗёૈᒱਔ, ӵ
ՖᇥܴѬࢂᒱګޑ? 前य़ᇥၸ “∀x, P(x)” ѝाԖ΋ঁ x ό಄ӝ P(x) ൩ࢂᒱޑ, ۓаाց܌
Ѭ, ΋ঁډפॺѝाך x ᡣ P(x) όԋҥջё. Ҕ಄ဦ߄Ң൩ࢂ ∃x, ¬P(x). ӵ前य़ගၸٯ ∀x,
x2 > 0 ,ޑᒱࢂ Ӣךࣁॺว౜ ∃x, x2 ≤ 0.

ࣁӭӕ學཮ᇤаࡐཀݙ “∀x, P(x)” ࢂۓցޑ “∀x, ¬P(x)”. ᗨฅऩ “∀x, ¬P(x)” ёޑჹࢂ
аޕၰ “∀x, P(x)” .ޑᒱࢂ ՠࢂ “∀x, P(x)” ,ޑᒱࢂ ٠ό߄Ң “∀x, ¬P(x)” .ޑჹࢂ аό܌
ૈᇥ “∀x, P(x)” ࢂۓցޑ “∀x, ¬P(x)”. ӵٯ ∀x, x2 > 0 ,ޑᒱࢂ ՠ ∀x, x2 ≤ 0 Ψࢂᒱޑ, ୤
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Ԗ ∃x, x2 ≤ 0 ω཮ჹ. εৎί࿤ݙཀ, όा׋ᒱ. ᕴԶ言ϐךॺԖаΠޑ logical equivalence

¬(∀x,P(x))∼ (∃x,¬P(x)). (1.15)

ӕ౛ाցۓ “∃x, P(x)”, ډόפҢ߄ x ٬ள P(x) ԋҥ. ޑԖ܌ሡᇥܴߡॺךа܌ x ࣣ

όᅈى P(x), Ψ൩ࢂᇥ ∀x, ¬P(x). ӕኬޑ, ࣁӭӕ學཮ᇤаࡐ “∃x, P(x)” ࢂۓցޑ “∃x,
¬P(x)”. ೭ࢂᒱޑ, Ӣډפࣁ x όᅈى P(x) ᗋࢂԖёૈډפќ΋ঁ x ཮ᅈى P(x). ӢԜӀ
җ “∃x, ¬P(x)” ٠όૈցۓ “∃x, P(x)”. ᕴԶ言ϐךॺԖаΠޑ logical equivalence

¬(∃x,P(x))∼ (∀x,¬P(x)). (1.16)

Question 1.14. ၂ճҔԄη (1.15) аϷ logical equivalence ௢導рԄη߾ೕޑ (1.16).

Quantifier Ԗਔ཮วғӧ׳܈ঁٿӭᡂ數ޑ௃׎, ೭္ךॺ໻௖૸ঁٿᡂ數ޑ௃׎, ӭ׳
ᡂ數ޑ௃ݩёаঁٿ٩ᡂ數ޑ௃ݩᜪ௢Πѐ. ,ݩ௃ޑᡂ數ঁٿᒏ܌ ӵ׎ࢂ “∀x,∃y,P(x,y)”
ޑ statement, ೭္ P(x,y) کࢂޑࡰ x,y Ԗᜢޑచҹ. ,ӵ༾ᑈϩύٯ 數ڄ f (x) ӧ x = a ޑ

ཱུज़ࣁ l (ջ limx→a f (x) = l) ကۓޑ “∀ε > 0,∃δ > 0,0 < |x−a|< δ ⇒ | f (x)− l|< ε” ൩ٿࢂ
ঁᡂ數ޑ௃ݩ. εठ΢ךॺ཮ԖΠय़Ѥᅿᜪࠠޑ statement.

(1)∀x,∃y,P(x,y) (2)∃x,∀y,P(x,y) (3)∀x,∀y,P(x,y) (4)∃x,∃y,P(x,y).

:ࢂޑࡰ(1) ჹ܌ܭԖޑ x ࣣёډפ y٬ள P(x,y)ԋҥ. ཀ೭္ݙ x ,೽ϩӃᖱޑ ӆගӸ
ӧ y, ޑа೭ঁӸӧ܌ y ٠όޑۓڰࢂ, Ѭёૈ཮ᒿ๱ x .Զᡂ୏ڗᒧޑ ӵٯ ∀x,∃y,x+ y = 0

೭ঁ statement .ޑჹࢂ ѬᇥҺཀᒧڗ x, ࣣёډפ y ᅈى x+ y = 0. ೭္ y ཮ᒿ๱ x Զᡂ

୏, ջ y =−x. ӵٯ x = 1 ਔ y =−1, Զ x = 2 ਔ y =−2. ೭္ x,y ,ख़ाࡐ໩ׇࡕӃޑ ί࿤
ाݙཀ.

(2) :ࢂޑࡰ Ӹӧ x ٬ளჹ܌Ԗޑ y ೿཮ᅈى P(x,y). ޑཀ೭္Ӹӧݙ x Ӄᖱ, ӆග܌
Ԗޑ y, ޑа೭ঁӸӧ܌ x ,ޑۓڰࢂ٠ Ѭόёаᒿ๱ y Զᡂ୏. ӵٯ ∃x,∀y,x+ y = y ೭

ঁ statement .ޑჹࢂ Ѭࢂᇥёаډפ x ᡣҺཀޑ y ࣣᅈى x+ y = y. ೭္ x ڰߡࡕډפ

,ΠٰΑۓ ջ x = 0. όၸٯӵӧ (1) ၰޕॺך׎௃ޑ ∀x,∃y,x+ y = 0 ೭ঁ statement ჹࢂ
,ޑ ՠऩஒ ∀x ک ∃y ໩ׇҬඤளޑ ∃y,∀x,x+ y = 0 ೭ঁ statement .ޑᒱࢂߡ Ӣךࣁॺค
ޑۓڰ΋ঁډפݤ y ޑԖ܌ޑ٬ x ೿཮ᅈى x+ y = 0. ӆԛமፓ, ೭္Ӄࡕ໩ׇࡐख़ा,
“∀x,∃y,P(x,y)” ک “∃y,∀x,P(x,y)” ᗨฅѝࢂ ∀x ک ∃y Ӄࡕ໩ׇፓ୏, ՠཀကֹӄόӕί࿤ा
.ཀݙ

Question 1.15. ∃x,∀y,x+ y = y ೭ঁ statement ,ޑჹࢂ ՠऩඤԋ ∀y,∃x,x+ y = y, ࣁցࢂ
ჹګ? Ξඤԋ ∀x,∃y,x+ y = y Ϸ ∃y,∀x,x+ y = y, ব΋ঁჹګ?

Question 1.16. ଷ೛ f (x,y),g(x,y) .ӭ໨Ԅޑᡂ數ঁٿࣁࣣ ςޕ “∀x,∃y, f (x,y) = 0” ک
“∃y,∀x,g(x,y) = 0” .ჹࣁࣣ ၂ୢ f (x,y) = 0 ک g(x,y) = 0 ӧ֤኱ѳय़΢ޑკ׎ব΋ঁ΋ۓ

཮х֖΋చНѳޔጕ, ব΋ঁ΋ۓ཮کႉޔጕ x = 101 ࣬Ҭ?

(3) ک (4) .પൂࣁၨݩ௃ޑ (3) ΋ঁڗҺࢂޑࡰ x, ჹܭҺཀޑ y ೿཮٬ள P(x,y) ԋ

ҥ. ճҔ֤኱ѳय़ݤ࣮ޑ, ॺёаᇥѳय़΢Һ΋ᗺך (x,y) ೿཮٬ள P(x,y) ԋҥ, аԜਔ܌
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∀x ک ∀y ᡂඤ໩ׇ٠ό཮ׯᡂ᏾ঁ statement. Զ (4) ډפёаࢂޑࡰ x ٬ளԖ΋ঁ y ᅈى

P(x,y). ճҔ֤኱ѳय़ݤ࣮ޑ, ॺёаᇥѳय़΢Ӹӧ΋ᗺך (x,y) ٬ள P(x,y) ԋҥ. ӢԜԜ
ਔ ∃x ک ∃y ᡂඤ໩ׇ٠ό཮ׯᡂ᏾ঁ statement. ॺӧךӵऩٯ x = 3 ਔ, ёډפ y = 7 ٬

ள P(3,7) ,ޑዴ҅ࢂ ԜਔךॺΨёаᇥ y = 7 ਔ, ёډפ x = 3 ٬ள P(x,y) .ჹࣁ ᕴԶ言ϐ
(3), (4) Ӣঁٿᡂ數ޑ quantifier ࣣ࣬ӕ, а܌ x,y .όख़ाࡕӃޑ (3) ΋૓཮ᙁϯԋ ∀x,y,
P(x,y), Զ (4) ᙁϯԋ ∃x,y, P(x,y).

ௗΠٰךॺٰ࣮Ԗঁٿᡂ數ޑ statement ਔۓցڗ quantifier .׎ᡂϯ௃ޑ ӧ (1) ޑ
௃׎, ջ “∀x,∃y,P(x,y)”. Ԝਔ, עॺёаך “∃y,P(x,y)” ࣮ԋࢂ H(x) ೭ኬޑచҹ. аচ܌
statement ё࣮ԋ ∀x,H(x). ճҔԄη (1.15), ࣁۓցޑၰѬޕॺך ∃x,¬H(x). ฅԶԄη
(1.16) ֋ນךॺ ¬H(x)∼ (∀y,¬P(x,y)), ॺளךа܌

¬(∀x,∃y,P(x,y)) ∼ (∃x,∀y,¬P(x,y)).

ӕ౛ךॺёள

¬(∃x,∀y,P(x,y)) ∼ (∀x,∃y,¬P(x,y))

¬(∀x,∀y,P(x,y)) ∼ (∃x,∃y,¬P(x,y))

¬(∃x,∃y,P(x,y)) ∼ (∀x,∀y,¬P(x,y)).

,ග܌ӵ前य़ٯ 數ڄ f (x) ᅈى limx→a f (x) = l ࣁᔈۓցޑ

∃ε > 0,∀δ > 0,¬(0 < |x−a|< δ ⇒ | f (x)− l|< ε).

ճҔԄη (1.12) ޕॺך

¬(0 < |x−a|< δ ⇒ | f (x)− l|< ε) ∼ ((0 < |x−a|< δ )∧ (| f (x)− l| ≥ ε)).

а܌ limx→a f (x) = l ࣁᔈۓցޑ

∃ε > 0,∀δ > 0,(0 < |x−a|< δ )∧ (| f (x)− l| ≥ ε).

നࡕ, ॺᇥܴ΋Πך ∀ ک ∃ ӧಞᄍ΢Ҕޑݤৡ౦. ӧಞᄍ΢ޑҔᇟ, ॺத཮࣪ౣך ∀x.
ӵٯ x ≥ 3 ⇒ x2 ≥ 9, ೭΋ঁ statement ᝄ਱ٰᇥᔈቪԋ ∀x,x ≥ 3 ⇒ x2 ≥ 9. Ψ൩ࢂᇥ, ӧᡄ
ᒠ΢ךॺᇥ೭ঁ statementࢂჹޑᔈ၀ࢂჹ܌Ԗޑჴ數 x೿ࢂჹޑ. ๏ۓ΋ჴ數 x,྽ x ≥ 3,
྽ฅёள x2 ≥ 9. Զ྽ x < 3, ӢࣁѬςό಄ӝ x ≥ 3 ,前ගޑ ၰԜਔޕॺך x ≥ 3 ⇒ x2 ≥ 9

Ψࢂჹޑ. ۓॺёаᇡךа܌ ∀x,x ≥ 3 ⇒ x2 ≥ 9 ޑჹࢂ (೭Ψࢂᡄᒠ΢ۓက P ᒱਔ P ⇒ Q

,Ҕཀޑჹࣁ .(ఈӕ學ૈᡏ཮׆ ाݙཀࢂޑ ∃x ൩๊όૈ࣪ౣ, ց߾൩׋όమཱࢂ ∀x ܈ ∃x

Α. ᕴԶ言ϐ, ྽ךॺ࿘ډȨ܌Ԗ x ѝा಄ӝ P(x) Ψ཮಄ӝ Q(x)ȩ೭ᅿ statement ਔ, চҁ
ᔈቪԋȨ∀x,P(x)⇒ Q(x)ȩ, ॺத࣪ౣך ∀x ԶҔȨP(x)⇒ Q(x)ȩٰၲ߄. Զӵ݀ࢂȨӸӧ x

಄ӝ P(x) Ψ಄ӝ Q(x)ȩ, ॺ൩όૈ࣪ౣך ∃x. όၸाݙཀ, ջ٬ ∃x ؒ࣪ౣ, Ψόёаቪԋ
Ȩ∃x,P(x)⇒ Q(x)ȩ, ԶࢂҔȨ∃x,P(x)∧Q(x)ȩٰၲ߄. ೭ࢂӢࣁ,Ȩ∃x,P(x)⇒ Q(x)ȩ߄Ңѝ

ाډפ x ٬ள P(x)⇒ Q(x) ,ჹ൩ёࣁ ՠ܌Ԗόᅈى P(x) ޑ x ೿཮٬ள P(x)⇒ Q(x) .ჹࣁ
೭཮೷ԋջ٬ؒԖ x ᅈى P(x), Ψ཮٬ளȨ∃x,P(x)⇒ Q(x)ȩࣁჹ, ೭൩کচٰޑȨӸӧ x

಄ӝ P(x) Ψ಄ӝ Q(x)ȩཀက࣬ѰΑ. ܭӵȨӸӧ΋ঁεٯ 3 ჴ數ޑ x, ᅈى x2 = 10ȩ൩ᔈ
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ቪԋȨ∃x,(x > 3)∧ (x2 = 10)ȩ(Ԝਔ x =
√

10), ԶόࢂȨ∃x,(x > 3)⇒ (x2 = 10)ȩ(Ԝਔ x = 2

Ψ཮ჹ).

Question 1.17. ଷ೛ f (x,y) ӭ໨Ԅ.ȨӸӧ΋ჴ數ޑᡂ數ঁٿ΋ঁࢂ a > 0 ٬ள f (a,y) = 0

คှȩ೭΋ঁ statement, 數學߄ޑҢࣁݤՖ? ٠ቪр೭ statement .ۓցޑ



Chapter 2

Methods of Proof

學཮Αᙁൂޑᡄᒠࡕ, ௗΠٰࢂߡ學ಞӵՖ᛾ܴ. ӧҁകύךॺஒϟಏ΋٤᛾ܴޑБݤ.
೭္ךॺѝፋԖᜢ᛾ܴޑ΋٤୷ҁচ߾, Զόፋ᛾ܴמޑѯ, ᒧభᡉܰࡷηஒ཮ٯޑа๏܌
ᔉޑ᛾ܴ.

2.1. IF-Then ᛾ܴޑ

ӧ數學ύനத࣮ޑډ൩ࢂ೭ᅿ P ⇒ Q ޑ statement. ा᛾ܴ೭ᅿ statement, ॺεठ΢ך
Ԗ direct method, contrapositive method ک contradiction method ΟᅿБݤ.

2.1.1. Direct Method. ᒏ܌ direct method ,ௗ᛾ܴޔࢂ൩ޑࡰ Ψ൩ޔࢂௗճҔ P ԋҥ

ډଷ೛ளޑ Q ԋҥ. (ӆԛமፓ, ॺόѸᆅך P όԋҥਔ, Q ཮ӵՖ). ྽ךॺा᛾ܴ P ⇒ Q

ਔ, ऩ᝺ள P ,୼ىచҹς࿶ޑ .ௗ᛾ܴޔёаԵቾ٬Ҕߡ .ηٯޑӵаΠٯ

Example 2.1.1. з p,a,b .᏾數ࣁ ᛾ܴ if p | a and p | b, then p | a+b.

Proof. җଷ೛ p | a, p | b, Ӹӧ᏾數ޕ m,n ٬ள a = pm,b = pn. ளࡺ

a+b = pm+ pn = p(m+n).

Ӣ m+n ,᏾數ࣁ ள᛾ p | a+b. �

ԖਔҔޔௗ᛾ܴޑБ٠ݤόૈ΋ԛډՏ, ሡाॷշځд่݀ޑᔅԆωૈֹԋ. Ψ൩ࢂᇥ
ௗ᛾рޔॺόૈך೚܈ P ⇒ Q, ՠऩ᛾ள P ⇒ R Ξ᛾ள R ⇒ Q, Ԝਔߡ᛾ள P ⇒ Q Α. ೭
ऩ᛾ளࣁӢࢂ P ⇒ R, Ң߄ P ჹޑ၉ R ΋ۓჹ, ӆҗ R ⇒ Q ޕ R ჹޑ၉ Q ΋ۓჹ, ೱ่ࡺ
Զޕ P ჹ߾ Q ΋ۓჹ, ள᛾ P ⇒ Q. .ηٯޑӵаΠٯ

Example 2.1.2. ೛ a ჴ數Ъ҅ࣁ a ̸= 1. ᛾ܴऩ x,y ىჴ數ᅈࣁ ax = ay, ߾ x = y.

Proof. ჹܭҺՖჴ數 y, ޕॺך ay ̸= 0, җࡺ ax = ay, ฻ဦٿᜐନа ay ள ax−y = 1. ΞჹҺ
ཀჴ數 z, ऩ az = 1, ߾ z = 0, ள᛾ࡺ x− y = 0, ջ x = y. �

15
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೭ঁ᛾ܴٯޑηύ, Ӄ᛾ளࢂჴځॺך (ax = ay)⇒ (ax−y = 1), ӆҗ (ax−y = 1)⇒ (x = y)

ள᛾ (ax = ay)⇒ (x = y). ٣ჴ,ջ྽ޑၰޕॺҔΑ΋ঁεৎ೿ךύځ a҅ࣁჴ數Ъ a ̸= 1,ऩ
az = 1, ߾ z = 0. ೭ঁ٣ჴऩҔ direct method ٠όӳ᛾ܴ, ฻΋Πךॺ཮ճҔ contradiction
method ٰ᛾ܴ.

Ԗਔӧ direct method ύךॺёаϩԋӳ൳ᅿ௃ݩ, ࣮࣮ব٤௃ݩ಄ӝ P ,చҹޑ ฅࡕ
᛾ள Q. ೭ኬޑ᛾ܴБݤԖਔᆀࣁ proof in cases. .ηٯޑӵаΠٯ

Example 2.1.3. ଷ೛ x .ჴ數ࣁ ᛾ܴ if x2 −3x+2 < 0, then 1 < x < 2.

Proof. җ x2 −3x+2 = (x−1)(x−2)< 0, ёϩԋޕॺך 2 ᅿ௃ݩ, ջ

(1) (x−1)< 0 and (x−2)> 0;

(2) (x−1)> 0 and (x−2)< 0.

(1) Ң߄ݩ௃ޑ x < 1 Ъ x > 2. җؒܭԖჴ數 x ཮ӕਔᅈى x < 1 аϷ x > 2, ޕॺך (1) ό
ёૈԋҥ, ௢ளࡺ (2), ջ x > 1 Ъ x < 2. ᛾ள 1 < x < 2. �

,ཀݙ ӧ೭ঁ᛾ܴύ, Ԗ٤ӕ學܈೚཮ᅪൽࣁϙሶࢂ௨ନ (1), Զόޔௗᡍ᛾ (2) ёள
x2−3x+2 < ?ګ0 ೭ࢂᒱᇤޑ. ӧךॺޑ᛾ܴύܴܴққ߄Ң: ऩ x ᅈى x2−3x+2 < 0, ٗ
ሶ x΋ۓ཮ᅈى ࢂ܈(1) (2). ௨ନ ҢѝԖ߄(1) (2)཮ჹ,܌аዴۓऩ xᅈى x2−3x+2< 0,
ٗሶ x ΋ۓᅈى (2). ऩ໻ᇥ x ᅈى (2) ёள x2 −3x+2 < 0, ԶؒԖ௨ନ (1), ٗሶ೭ࢂ᛾ܴ
if 1 < x < 2, then x2 −3x+2 < 0, Զόࢂ᛾ if x2 −3x+2 < 0, then 1 < x < 2. ί࿤ձབᒱ.

Question 2.1. ଷ೛ x .ჴ數ࣁ

(1) “If x2 −3x+2 < 0, then 0 < x < 3.” ک “If x2 −3x+2 < 0, then 1.3 < x < 1.7.” ೭
ঁٿ statements ব΋ঁࢂჹޑ?

(2) “If 0 < x < 3, then x2 −3x+2 < 0.” ک “If 1.3 < x < 1.7, then x2 −3x+2 < 0.” ೭
ঁٿ statements ব΋ঁࢂჹޑ?

2.1.2. Contrapositive Method. ॺᆀך (¬Q)⇒ (¬P) ࣁ P ⇒ Q ೭ঁ statement ޑ con-
trapositive statement. ӣ៝΋Π, ၰޕॺך P ⇒ Q ک (¬Q)⇒ (¬P) ࢂ logically equivalent
Ԅηـୖ) (1.11)). Ψ൩ࢂᇥ P ⇒ Q ک (¬Q)⇒ (¬P) .ޑ΋ठࢂჹᒱޑ ӢԜ, ऩךॺૈ᛾ܴ
(¬Q)⇒ (¬P) ᛾ளߡ P ⇒ Q Α.

྽ा᛾ܴ P ⇒ Q ਔ, ऩว౜ P ,ॺ᛾ܴךచҹ՟Яό৒ܰᔅշޑ Զ ¬Q ၨ৒ܰೀ౛ਔߡ

ёаԵቾ٬Ҕ contrapositive method. Ψ൩ࢂᇥ᛾ܴ (¬Q)⇒ (¬P). നதวғޑ௃ݩ൩ࢂԖ
ό฻Ԅޑ௃׎. Ӣࣁό฻Ԅόӵ฻Ԅ٬ҔБߡ, Ҕ฻Ԅ௢導ࢂჴ೿ځ߾٬Ҕೕޑӭό฻Ԅࡐ
,ޑ аӵ݀΋ঁ܌ statement ౐ੋډό฻Ԅ, ԶѬޑ contrapositive statement .฻Ԅࢂ ٗሶ
ԾฅҔ contrapositive method ཮Кၨ৒ܰ᛾ܴ. .ηٯޑॺԖаΠך

Example 2.1.4. ೛ x,y .ჴ數ࣁ ᛾ܴ if x ̸= y, then x3 ̸= y3.
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྽ฅΑ, ऩգΑှ f (x) = x3 ,ճҔ༾ᑈϩ܈׎კޑ ёаޕၰ೭΋ۓჹޑ. όၸךॺགྷ
ाҔКၨ୷ᘵޑБݤೀ౛. ऩҔ contrapositive method ٰ᛾ܴ, ൩ࢂӃଷ೛ ¬(x3 ̸= y3) (ջ
x3 = y3), ा᛾ள ¬(x ̸= y) (ջ x = y).

Proof. ճҔ contrapositive method, २Ӄଷ೛ x3 = y3, ջ 0 = x3 − y3 = (x− y)(x2 + xy+ y2).
Ξ

x2 + xy+ y2 = (x+
1
2

y)2 +
3
4

y2.

ளࡺ x2 + xy+ y2 > 0, ନߚ x = 0 and y = 0 (Ԝਔ x = y). ӢԜҗ (x− y)(x2 + xy+ y2) = 0 ё

ள x− y = 0, ջ x = y. ள᛾ if x ̸= y, then x3 ̸= y3. �

ऩ΋ঁ statement җࢂ x ,፦܄ޑၨፄᚇޑ಄ӝ܌ ٰ௢ள x ҁيၨᙁൂ܄ޑ፦, ԜਔΨ
Ҕࢂ contrapositive method .ӳਔᐒޑ .ηٯᙁൂޑӵаΠٯ

Example 2.1.5. ೛ x .᏾數ࣁ ᛾ܴ if x2 is even (ଽ數), then x is even.

Proof. Ҕ contrapositive method, ջ᛾ܴऩ x ,數ڻࣁ ߾ x2 .數ڻࣁ ฅԶ x ,數ڻࣁ Ң߄ x

ёаቪԋ x = 2n+1, ύځ n .᏾數ࣁ ள᛾ࡺ x2 = (2n+1)2 = 4n2 +4n+1 = 2(2n2 +2n)+1

.數ڻࣁ �

Question 2.2. ଷ೛ x,y .᏾數ࣁ ၂Ҕ contrapositive method ᛾ܴ if x+ y is even, then x

and y are both even or odd .(數ڻ)

ԖਔҔ proof in casesೀ౛ޑ௃ݩ,ΨёҔ contrapositive methodٰ᛾ܴ. ӵٯ Example
2.1.3 ൩ёаҔ contrapositive method ᛾ܴ. Ψ൩ࢂᇥ, Ӄଷ೛ ¬(1 < x < 2) (ջ x ≥ 2 or
x ≤ 1) ؃ள ¬(x2 −3x+2 < 0) (ջ x2 −3x+2 ≥ 0). .ηٯޑॺ࣮ќѦך

Example 2.1.6. ೛ x,y,a .ჴ數҅ࣁ ᛾ܴ if xy = a, then x ≤
√

a or y ≤
√

a.

Proof. Ҕ contrapositive method, Ӄଷ೛ ¬((x ≤
√

a)∨ (y ≤
√

a)) (ջ x >
√

a and y >
√

a)
ा᛾ள ¬(xy = a) (ջ xy ̸= a). ฅԶ x,y,aࡺ,҅ࣁҗ x >

√
a and y >

√
aёள xy > (

√
a)2 = a,

ள᛾ xy ̸= a. �

Question 2.3. ೛ x,y,a .ჴ數҅ࣁ ፎୢ if xy = a, then x ≥
√

a or y ≥
√

a ?ჹࣁցࢂ ऩࣁ
ჹ, Ԝک Example 2.1.6, ?ցԖҟ࣯ࢂ

2.1.3. Contradiction Method. ӣ៝Ԅη (1.10) ֋ນךॺ P ⇒ Q ک Q∨¬P ࢂ logically
equivalent. Ψ൩ࢂᇥ, ऩךॺૈ᛾ܴ Q∨¬P ൩฻ӕ᛾ܴΑ P ⇒ Q. ฅԶ Q∨¬P ࢂ ”܈“ ޑ
௃ݩ, ೀ౛ଆٰԖᗺႽ前य़ගၸޑ proof in cases, ؒԖϼӭޑᓬ༈. όၸऩԵቾ ¬(P ⇒ Q),
Ԝਔک (¬Q)∧P ࣁ logically equivalent Ԅηـୖ) (1.12)). ӢԜऩૈ᛾ܴ (¬Q)∧P ΋ࢂۓ

ᒱޑ, ᛾ளߡ P ⇒ Q .ჹࣁ ೭൩܌ࢂᒏޑ contradiction method (ϸ᛾ݤ).

Contradiction method ,ࢂ൩ݤೀ౛Бޑ Ӄଷ೛ (¬Q) ک P ,ჹࣁࣣ ӆவύ௢導рᆶך
ॺޕၰ΋ۓჹޑ statement ࣬ҟ࣯. ӵԜ΋ٰ߄ߡҢ (¬Q) ک P ,ޑᒱࢂ Զள᛾ P ⇒ Q. ೭
ঁБޑݤനεᓬᗺ൩ࢂѬ΋ԛߡӕਔଷ೛ P ک ¬Q ,ჹࣁ ๏ךॺၨӭޑၗૻѐ௢導, ԶόႽ



18 2. Methods of Proof

direct method ໻ଷ೛ P ,ჹࣁ ܈ contrapositive method ໻ଷ೛ ¬Q .ჹࣁ Ѭޑલᗺ൩ࢂ,
όႽ direct method ܈ contrapositive method ܴዴӦޕၰा௢導ࣗሶ (ջҗ P ௢導р Q ܈

җ ¬Q ௢導р ¬P), Զࢂा௢導р΋ঁ “҂ޕ” .ҟ࣯ޑ

྽ा᛾ܴ P ⇒ Q ਔ, ऩว౜ൂᐱ P ᐱൂࢂ܈చҹޑ ¬Q ॺ᛾ךచҹ՟Яό৒ܰᔅշޑ

ܴ, ೭ਔߡёаԵቾ P ک ¬Q ޑచҹёӕਔ٬Ҕޑ contradiction method. ٯޑॺ࣮аΠך
η.

Example 2.1.7. ೛ r ,ჴ數ࣁ ᛾ܴ if r2 = 2, then r is irrational (ค౛數).

,ค౛數ࢂ᛾ܴ΋ঁ數ݤБޑௗޔॺ൳ЯؒԖך аόёૈҔ܌ direct method. ԶऩҔ
contrapositive method ᗨёӃଷ೛ r ,Ԗ౛數ࣁ ՠा௢ள r2 ̸= 2 ೭ঁό฻Ԅ. 前य़ςගၸό
฻Ԅޑ௢導٠ό৒ܰ, ॺҔךа܌ contradiction method ٰ᛾ܴ.

Proof. Ҕϸ᛾ݤ, ջଷ೛ r ىԖ౛數Ъᅈࣁ r2 = r, .ҟ࣯ډఈૈள׆ ٩ଷ೛ r ,Ԗ౛數ࣁ
Ң߄ r ёаቪԋ r = (m/n), ύځ m,n .᏾數ࣁ ౜ऩ m,n ,ଽ數ࣁࣣ ॺёаऊ௞ך 2, ӵԜ
΋ޔΠѐ, ॺёଷ೛ך m,n .數ڻࣁࣣ܈΋ଽڻ΋ࣁ ฅԶ r2 = 2, ջ m2 = 2n2, җ Example
2.1.5 ޕ m Ѹࣁଽ數. Ψ൩ࢂᇥ m ёቪԋ m = 2m′, ύځ m′ .᏾數ࣁ Ԝਔள 4m′2 = 2n2, ջ
n2 = 2m′2. ӆҗࡺ Example 2.1.5 ޕ n ҭࣁଽ數. Ԝᆶ྽߃ଷ೛ m,n 數ڻࣁࣣ܈΋ଽڻ΋ࣁ

࣬ҟ࣯. ள᛾ࡺ if r2 = 2, then r is irrational. �

வ Example 2.1.7 ύךॺᔈёᡏ཮, ྽߃ऩؒԖஒ r = (m/n) ύϩηϩ҆ޑ 2 ऊଳృ, ൩
คݤ௢рҟ࣯Α. аҔ܌ contradiction method ᛾ܴ֚ޑᜤೀ൩ࢂा “ᇙ೷ҟ࣯”.

ӣ៝ӧ Example 2.1.2 ,᛾ܴύޑ ,ॺҔΑ΋ঁ٣ჴך ջ྽ a ̸= 1 Ъ҅ࣁჴ數ਔ, ऩ z ࣁ

ჴ數 az = 1, ߾ z = 0. ॺёаҔך contradiction method ٰ᛾ܴ೭ঁ statement.

Example 2.1.8. ೛ a ̸= 1 Ъ҅ࣁჴ數. ᛾ܴऩ z ىჴ數ᅈࣁ az = 1, ߾ z = 0.

ऩाҔϸ᛾ݤ, ॺѸ໪ଷ೛ך z ̸= 0 Ъ az = 1 Զளډҟ࣯. ाӵՖᇙ೷ҟ࣯ګ? ޕॺך
ၰ೭ঁ statement a = 1 前ගޑख़ाࢂ (ց߾Ѭ཮ᒱ), ࢂᜢᗖޑаҟ࣯܌ a ̸= 1.

Proof. ॺճҔך contradiction method, Ӄଷ೛ z ̸= 0Ъ az = 1. Ԝਔҗܭ z ̸= 0, ޕॺך 1/z

,ޑӸӧࢂ ճҔࡺ (az)1/z = a аϷ az = 1, ள

a = (az)1/z = 11/z = 1.

Ԝᆶςޕ a ̸= 1 ࣬ҟ࣯, ள᛾ऩ az = 1, ߾ z = 0. �

2.1.4. If and Only If .᛾ܴޑ P ⇔ Q ा᛾ܴࢂ᛾ܴ୷ҁ΢൩ޑ P ⇒ Q ک Q ⇒ P. εৎ܈
೚࣮ၸԖ٤᛾ܴҗ؂ܭ΋ঁ؁ᡯ଍௢ӣѐΨࢂჹޑ, аӧ௢導ֹ܌ P ⇒ Q ,ᇥϸӛҭฅߡࡕ
Զள᛾ P ⇔ Q. ӧ೭္੝ձගᒬεৎ, ନߚգዴᇡ؂΋ঁ؁ᡯ଍௢ӣѐΨࢂჹޑ, ί࿤όा
ᒿߡᇡۓϸӛҭฅ, ൩ᇥள᛾ P ⇔ Q. Ѐځӧаࡕ೚ӭ຾໘΋ᗺۓޑ౛, ௢導ޑᜐٿёૈࡐ
БԄࢂҔֹډӄόӕ܈ۺཷޑচ౛. а᛾ܴ܌ P ⇔ Q ᗋࢂाϩձ᛾ܴ P ⇒ Q ک Q ⇒ P ࣁ

.ە
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ӵ೛ٯ a ᏾數ा᛾ܴࣁ “a2 ଽ數ࣁ ⇔ a ,”ଽ數ࣁ εৎёૈ཮Ӄ᛾ ⇐ ೭ঁБӛ. Ԝਔ
ёз a = 2n, ύځ n ,᏾數ࣁ ளߡ a2 = (2n)2 = 4n2 .ଽ數ࣁ ՠ೭ঁ௢導БԄ, ଍௢൩Ԗୢᚒ
Α. Ӣޕࣁၰ a2 ,ଽ數ࣁ Ֆࣁ a2 ΋ۓёаቪԋ 4n2 ೭ঁኬηګ? а܌ ⇒ ೭ঁБӛᗋࢂा
௢導ޑ ॺӧך) Example 2.1.5 ς᛾ܴၸΑ).

җܭ (P ⇒ Q)∼ ((¬Q)⇒ (¬P)) Ъ (Q ⇒ P)∼ ((¬P)⇒ (¬Q)) ޕॺך P ⇔ Q ک (¬P)⇔
(¬Q) ࣁ logically equivalent. Ԗޑӕ學཮᝺ளऩ᛾ܴ P ⇔ Q ၨഞྠ, ёԵቾ᛾ܴ (¬P)⇔
(¬Q). ,ޑѸाؒࢂჴ೭ځ όᆅ᛾ܴব΋ঁ೿ሡा࿶ၸ΋ኬޑၸำ. ӵଷ೛ٯ a,b ,᏾數ࣁ
᛾ܴ “ab is even ⇔ a is even or b is even” ᛾ܴک “ab is odd ⇔ a and b are odd” ΋ࢂჴځ
ኬޑ. ջࡕ٬य़ٗ΋ঁ࣮ଆٰКၨᙁዅ, ՠࢂόᆅ᛾ܴব΋ঁ, ᛾ܴޑၸำ೿ࢂ΋ኬޑ. ϸ
ॹࢂԖޑӕ學ёૈ཮᛾ܴΑ (¬Q)⇒ (¬P) Ξѐ᛾ࡕ P ⇒ Q. ख़ፄ᛾ܴΑӕ΋ҹ٣ԶόԾޕ,
ᇤаࣁ᛾ளΑঁٿБӛ, ί࿤ाݙཀ. ޑа୷ҁ΢ӧ᛾ܴऩЪ୤ऩ܌ statement ਔ, നӳ߄
ܴҞ前ӧ᛾ܴব΋ঁБӛ. ೭ኬԾρၨό཮׋ᒱ, ࣮᛾ܴޑΓΨၨమཱ᏾ঁ᛾ܴၸำ. ӄٿ
,ऍځ Ֆ኷Զόګࣁ?

數學΢Ψ࿶த཮Ԗᜪ՟೭ኬޑ statement:

The following are equivalent. (1)P; (2)Q; (3)R.

(Ԗਔόѝ཮Ԗ P,Q,R Ο໨, ёૈ཮Ԗ׳ӭ໨). ೭ঁཀࡘ൩ࢂᇥ

P ⇔ Q, Q ⇔ R and R ⇔ P.

ᗨࢂӵԜ, ॺόѸך “Ϥ” ঁ ⇒ ೿᛾. ٣ჴ΢໻ा᛾ܴ

P ⇒ Q, Q ⇒ R and R ⇒ P

ջё. ೭ࢂӢࣁ Q ⇒ Pޑ೽ϩ, ёҗ Q ⇒ RаϷ R ⇒ Pளډ, Զ R ⇒ Qޑ೽ϩ, ёҗ R ⇒ P

аϷ P ⇒ Q ளډ. നࡕ P ⇒ R ,೽ϩޑ ёҗ P ⇒ Q аϷ Q ⇒ R ளډ. ྽ฅΑ, Ԗਔό΋ۓ
೭ঁ໩ׇӳ᛾, ΨёԵቾॹၸٰ᛾ܴ

R ⇒ Q, Q ⇒ P and P ⇒ R.

ࣗԿԖਔং཮วғόᆅব΋ᜐ೿όӳ᛾, ӵٯ P ⇔ R ,ᜐ೿όӳ᛾ٿ ೭ਔ᛾ܴ

P ⇔ Q and Q ⇔ R

Ψё. Ӣࣁ P ⇒ R ,೽ϩޑ ёҗ P ⇒ Q аϷ Q ⇒ R ளډ, Զ R ⇒ P ,೽ϩޑ ёҗ R ⇒ Q а

Ϸ Q ⇒ P ளډ. ᕴϐ, ӧ᛾ܴ೭΋ᜪୢޑᚒ, ाݙཀ௢導ޑБӛ, ዴߥҺঁٿ statement ೿
ё೯Չคߔ. ਔਔ኱ܴҞ前ࢂவব΋ঁ statement ௢導ډব΋ঁ statement, .ޑѸाࢂ

2.2. Existence and Uniqueness ᛾ܴޑ

Existence ,܄Ӹӧࢂޑࡰ Զ uniqueness .܄୤΋ࢂޑࡰ ೭܄ঁٿ፦ޑ௖૸Ψ࿶தӧ數
學ۓ౛ύр౜. ाݙཀ, existence ک uniqueness .፦܄ޑϕ࣬ᐱҥঁٿࢂ Ψ൩ࢂᇥӸӧ҂Ѹ
཮୤΋. Զ೭္ޑ୤΋ࢂޑࡰऩӸӧ߾཮୤΋, .а᛾ள୤΋Ψ҂Ѹ཮Ӹӧ܌ ,а೭္܌ ך
ॺϩ໒૸論 existence ک uniqueness .᛾ܴޑ
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2.2.1. Existence. Ԗᜢ existence .ᜪٿεठ΢Ԗݤ᛾ܴБޑ ΋ᜪ܌ࢂᒏޑ constructive
method .ϙሶࢂޑӸӧޕዴჴ֋ࢂޑࡰ ќ΋ᜪࢂ nonconstructive method ޕճҔςࢂޑࡰ
,Ӹӧۓ΋ޕ௢導ளޑᡄᒠ܈౛論ޑ ՠ҂ѸޕၰԖব٤.

ӵ᛾ܴӸӧჴ數ٯ x ᅈى 6x2 −x−1 = 0. ॺёаஒך 6x2 −x−1 ϩှள (2x−1)(3x+1)

рפዴܴࡺ x = 1/2 ܈) x = −1/3) ೭ঁჴ數཮ᅈى 6x2 − x−1 = 0. ೭൩ࢂ΋ঁ construct
method. 數ڄॺΨёԵቾӭ໨Ԅך f (x) = 6x2 − x−1, ว౜ f (0) = −1 < 0 Ъ f (1) = 4 > 0.
,౛ۓύ໔ॶޑ數ڄ數аϷೱុڄೱុࣁ數ڄҗӭ໨Ԅࡺ ᛾ள f (x) = 0 ӧ 0 < x < 1 ϐ໔

ѸԖ΋ਥ, Զ᛾ளΑӸӧ܄. ೭ঁБݤᗨ᛾рӸӧ܄, ՠӢคܴݤዴࡰрব΋ঁ x ཮ᅈى

6x2 − x−1 = 0, ࢂа܌ nonconstructive method. .ηٯޑॺӆ࣮аΠך

Example 2.2.1. ᛾ܴ there exists irrational numbers a,b such that ab is rational.

Proof. Constructive Method: Եቾ a =
√

2 Ъ b = log2 9. ޕॺςך a .ค౛數ࣁ ӕኬ
ё᛾ܴݤճҔϸ᛾ޑ b ҭࣁค౛數. ٣ჴ΢ऩӸӧ m,n ى᏾數ᅈࣁ log2 3 = n/m. Ң߄
2m = 3n, ၰޕॺך 3 ,ଽ數ࢂҺՖ᏾數ԛБ೿ό཮ޑ ளډҟ࣯. ޕࡺ b = log2 9 .ค౛數ࣁ Ԝ
ਔ

ab = 2
1
2 log2 9 = 2log2 3 = 3,

ள᛾Ӹӧค౛數 a,b ٬ள ab .Ԗ౛數ࣁ

Nonconstructive Method: Եቾ a′ =
√

2 Ъ b′ =
√

2. ၰޕॺך a′,b′ .ค౛數ࣁ з
c = (a′)b′ . ऩ c ,Ԗ౛數ࣁ ߾ a =

√
2,b =

√
2 .؃܌ࣁ Զऩ c ,ค౛數ࣁ Ԝਔз a = c,b =

√
2,

߾

ab = (
√

2
√

2
)
√

2 =
√

2
2
= 2.

ள᛾Ӹӧค౛數 a,b ٬ள ab .Ԗ౛數ࣁ �

೭္೭ঁ nonconstructive method җؒܭԖ᛾ܴ
√

2
√

2
.Ԗ౛數ࣁցࢂ ӢԜคݤዴ

ۓ a = b =
√

2 ک a =
√

2
√

2
,b =

√
2 ύব΋ঁ཮ࢂ಄ӝӸӧޑ܄ा؃, ՠዴۓѬॺځঁٿ

ύԖ΋ঁ཮಄ӝ, ࢂа܌ nonconstructive method. ٣ჴ΢ѝाޕၰ
√

2
√

2
,ค౛數ࢂ з

a =
√

2
√

2
,b =

√
2 ೭ࢂߡ constructive method. όၸ

√
2
√

2
த֚ᜤߚ᛾ܴޑค౛數ࢂ (ᇻᇻ

ຬၸҁᖱကޑጄൎ). ,᛾ܴޑॺᗉ໒Ѭךа܌ Զϝૈ᛾ܴӸӧ܄, ೭൩ࢂ nonconstructive
method .ᆒઓޑ

Question 2.4. ၂ځډפдٯޑη׳܈΋૓ޑБݤ, ճҔ construct method᛾ܴ there exists
irrational numbers a,b such that ab is rational.

εৎёаว౜ճҔ constructive method ளډӸӧ܄, ᛾ܴޑख़ᗺ٠όࢂӧܭӵՖډפ
೭٤ӸӧܿޑՋ, Զࢂाዴჴᡍ᛾٠ᇥܴࣁՖѬॺ಄ӝӸӧޑచҹ. ӵӧ᛾ܴ΋ঁБำԄٯ
,Ӹӧਔှޑ ӕ學ॺததճҔ฻Ԅ௢導рှޑёૈॶ, ԶؒԖжӣᡍ᛾ࢂցှࣁ൩ᇤаࣁ᛾
ளӸӧ܄. ೭ࢂӕ學ॺத׋ᒱޑ, .੝ձᇥܴ΋Πߐךа܌ ӧޑ؃ှ௢導ၸำ, ଷ೛ࢂ۳۳
ှӸӧ, ӆճҔ΋٤฻Ԅ௢導рှޑ “ёૈॶ”. Ψ൩ࢂᇥ, ନߚգޑ௢導ၸำࢂ “ᚈӛ” ࣣԋ
ҥޑ, ց߾գ௢рࢂ่݀ޑ,ȨऩှӸӧޑ၉, ,ॶȩޑѬॺёૈ߾ ҂Ѹ೭٤੿ှࢂޑ (೭ӆ
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ԛᇥܴऩ P ߾ Q Бӛޑ܄ख़ा). ೭٤௢рޑॶѝࢂᡣךॺᕭλाᡍ᛾ޑጄൎԶς, Ԝਔ୤
Ԗஒ೭٤ॶжӣᡍ᛾, ωૈዴޑှߥӸӧ. .ηٯޑॺ࣮Πय़ך

Example 2.2.2. ցӸӧჴ數ࢂ x ᅈى
√

3−2x = x−2?

ऩޔௗଷ೛Ԗှ, ᜐѳБளٿ߾ 3−2x = x2 −4x+4, ջ x2 −2x+1 = 0. ள x = 1. ೭߄Ң
ऩԖှ, ࣁѸှځ x = 1. Ψ൩ࢂନΑ x = 1 ёૈ཮ࢂԜБำԄϐှѦ, ࢂдჴ數೿όёૈځ
ှ. ՠஒ x = 1 жӣচԄ, ள 1 =−1 όӝ. όӸӧჴ數ޕࡺ x ᅈى

√
3−2x = x−2.

ჴ٬Ҕځ nonconstructive method ᛾ܴӸӧ܄, ΋૓܈ӭ܈Ͽ཮Ҕډϸ᛾ݤ. ӵ前य़ٯ
ගၸճҔೱុڄ數ޑύ໔ॶۓ౛᛾ܴӸӧჴ數 x ᅈى 6x2 − x−1 = 0. ᗨฅ࣮՟ؒҔډϸ᛾
,ݤ όၸύ໔ॶۓ౛ҁޑي᛾ܴ΋૓ٰᇥ೿཮Ҕډϸ᛾ݤ. ᗋԖ΋ঁதҔٰ᛾ܴӸӧޑ܄Б
,ݤ ൩ࢂ pigeonhole principle (ᗷ᠈চ౛). Ѭচҁࢂ “Dirichlet’s drawer principle”, όၸ౜
ӧ೚ӭΓಞᄍҔ pigeonhole principle ᆀϐ.

Theorem 2.2.3 (Pigeonhole Principle). з n .᏾數҅ࣁ ଷ೛Ԗ n ঁᗷ᠈аϷӭܭ n ଫޑ

ᗷη. ऩा܌ԖޑᗷηՐ຾ᗷ᠈္, .ᗷηޑଫа΢ٿ཮Ԗ΋ঁᗷ᠈཮Ԗۓ΋߾

Proof. ,ޑᡉܴࡐ ೭ঁӸӧ܄คݤҔ constructive method. ճҔϸ᛾ݤ, চҁ statement ࢂ
ᇥȨӸӧ΋ঁᗷ᠈཮Ԗٿଫа΢ޑᗷηȩ, ѬޑցࢂߡۓȨ܌Ԗޑᗷ᠈೿ѝԖ΋ଫؒ܈Ԗᗷ
ηȩՠӵԜ΋ٰ߄Ң܌Ԗ n ঁᗷ᠈္ޑᗷηനӭѝԖ n ଫ, ᆶচҁଷ೛Ԗӭܭ n ଫޑᗷη

ҟ࣯. ள᛾ѸԖ΋ঁᗷ᠈཮Ԗٿଫа΢ޑᗷη. �

ஒٰךॺ཮࿘ډճҔ pigeonhole principle ᛾ܴӸӧୢޑ܄ᚒ. εठ΢, ѝा׋మཱࣗሶ
ٰ৾྽ᗷη, ࣗሶٰ৾྽ᗷ᠈൩ӳ. ڗӵ᛾ܴҺٯ 6 ঁ᏾數, ନаځ᏾數ঁٿԖۓύ΋ځ 5

.Ꭹ數࣬ӕޑ ೭္ךॺёаஒ 6 ঁ᏾數྽ԋ 6 ଫᗷη, ஒᗷ᠈வ 0 ډ 4 ጓဦ. ऩନа 5 ޑ

Ꭹ數ࣁ 0 ൩ډܫ 0 ဦᗷ᠈, Ꭹ數ࣁ 1 ൩ܫ 1 ဦᗷ᠈, ٩Ԝᜪ௢. Ӣᗷηঁ數 6 ӭܭᗷ᠈ঁޑ

數 5, ճҔᗷ᠈চ౛, .ᗷηޑଫа΢ٿѸԖ΋ঁᗷ᠈္Ԗޕॺך Ψ൩ࢂᇥ཮Ԗঁٿ᏾數ନ
а 5 .Ꭹ數࣬ӕޑ

.ॺёаஒ೭ঁ่݀ั༾௢ቶ΋Πך ڗӵҺٯ 16 ঁ᏾數, ёа᛾ܴځύёډפ 4 ঁ᏾

數ନа 5 ԖӕኬᎩ數. ೭ࢂӢࣁऩ೭٤᏾數ନа 5 Ꭹ數ࣁ 0,1,2,3,4 ೿όຬၸޑ 3 ঁ, ٗ
ሶ೭٤᏾數ᕴӅനӭό཮ຬၸ 15 ঁ, ൩کচҁଷ೛Ԗ 16 ঁ᏾數࣬ҟ࣯Α. ॺԖаΠך
Theorem 2.2.3 ,௢ቶޑ ᛾ܴ൩όӆᙧॊΑ.

Theorem 2.2.4. з k,n .᏾數҅ࣁ ଷ೛Ԗ n ঁᗷ᠈аϷӭܭ kn ଫޑᗷη. ऩा܌Ԗޑᗷ
ηՐ຾ᗷ᠈္, ཮Ԗ΋ঁᗷ᠈཮Ԗۓ΋߾ k ଫа΢ޑᗷη.

Question 2.5. ၂᛾ܴ Theorem 2.2.4

നࡕගᒬ΋Π, ᗷ᠈চ౛όૈೀ౛ᗷη數Ͽ܈ܭ฻ܭᗷ᠈數ޑ௃ݩ (ନߚќԖ੝ਸచҹ).
Ѭ٠ؒԖᇥӧᗷη數Ͽ܈ܭ฻ܭᗷ᠈數ޑ௃ݩΠό཮Ԗᗷ᠈Ԗٿଫа΢ޑᗷη. ќѦѬΨ
ؒԖᇥӧᗷη數ӭܭᗷ᠈數ޑ௃ݩϐΠό཮Ԗޜ᠈η. ೭٤೿ࡐ৒ܰډפϸٯ, ፎόाԾρ
ၸှࡋ᠐೭ঁচ౛.
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2.2.2. Uniqueness. ୷ҁ΢୤΋ޑ܄᛾ܴࢂӧଷ೛Ӹӧޑ前ගϐΠѐ᛾ܴ୤΋. а୤΋܌
.ޑคᜢࢂ᛾ܴޑ܄Ӹӧک᛾ܴ΋૓ޑ܄ ྽ฅΑ, ӵ݀ςޕόӸӧΑ, ൩όѸѐ᛾ܴ୤΋܄
Α. ӵӧٯ Example 2.2.2 ύ྽ךॺଷ೛ x Զ௢ளှࣁ x = 1 ਔ, ᛾ܴΑԜБำԄऩԖှߡ
.୤΋ှ߾ όၸޕٰࡕၰБำԄคှ, .൩όख़ाΑ܄а೭୤΋܌

εठ΢୤΋ޑ܄᛾ܴΨϩԋޔௗ᛾ܴᆶϸ᛾ٿݤᅿ. ,ௗ᛾ܴ൩ӵ前ॊޔ ௗᇥܴऩܿޔ
ՋӸӧᔈ၀ࢂϙሶ. Զϸ᛾ݤ΋૓ҔޑБࢂݤଷ೛ԖঁٿόӕܿޑՋᅈىచҹ, ຾Զ௢ளҟ
࣯. Ҕޑॺᙁൂך R2 ΢ӛໆ܄ޑ፦ٰᇥܴ.

Example 2.2.5. ᛾ܴ R2 ύऩӸӧ΋ঁӛໆ
−→
O ᅈىჹҺཀ R2 ΢ޑӛໆ

−→
V ࣣ಄ӝ

−→
V +

−→
O =

−→
V , ߾ −→

O .ޑ୤΋ࢂ

(1) :ௗ᛾ܴޔ ଷ೛ −→
O = (x,y), ჹҺཀ −→

V = (a,b) ∈ R2. җܭ −→
O ໪಄ӝ

−→
V +

−→
O =

−→
V ,

ள (a,b) + (x,y) = (a+ x,b+ y) = (a,b). ճҔӛໆ࣬฻ۓޑကள a+ x = a,b+ y = b, ջ
x = 0,y = 0. ள᛾ −→

O ऩӸӧ, ܭѸ໪฻߾ (0,0).

(2) ϸ᛾ݤ: ଷ೛ −→
O ,

−→
Q ∈ R2 Ъ

−→
O ̸=−→

Q ࣣᅈىჹҺཀ
−→
V ∈ R2,

−→
V +

−→
O =

−→
V (2.1)

аϷ
−→
V +

−→
Q =

−→
V (2.2)

Եቾ
−→
Q =

−→
V жΕԄη׎௃ޑ (2.1) ள −→

Q +
−→
O =

−→
Q . ӕ౛ஒ −→

O =
−→
V жΕԄη (2.2) ள

−→
O +

−→
Q =

−→
O . җܭ −→

Q +
−→
O =

−→
O +

−→
Q , ள −→

Q =
−→
O . Ԝᆶ྽߃ଷ೛ −→

O ̸=−→
Q ࣬ҟ࣯, ள᛾୤΋

.܄

Question 2.6. ๏ۓ −→
V ∈ R2 ၂ճҔޔௗ᛾ݤаϷϸ᛾ݤ᛾ܴ: R2 ύऩӸӧ΋ঁӛໆ

−→
W

ᅈى
−→
V +

−→
W =

−→
O , ߾ −→

W .ޑ୤΋ࢂ

ཀӧݙ Example 2.2.5 ύޔޑௗ᛾ݤύ, ॺ؃рך −→
O ऩӸӧ, ߾ −→

O = (0,0). ӵӆ஥ӣᡍ
᛾, ዴᇡ −→

O = (0,0) ዴჴ಄ӝ, .Α܄Ψ᛾ளӸӧߡॺך ೭ޔࢂௗ᛾ޑݤӳೀ. Զϸ᛾ݤ൩ؒ
ᒤݤ௢ளӸӧ܄Α. ,ௗ᛾ܴਔޔҔࢂа΋૓ό܌ Ӹӧ܄Ϸ୤΋ޑ܄᛾ܴࢂाϩ໒ٰೀ౛ޑ.
ฅԶஒٰךॺ཮࿘ډၨܜຝޑ數學ୢᚒਔ, εӭޔௗ᛾ܴࢂՉό೯ޑ. Ԝਔѝӳһᒘϸ᛾ݤ
Α.

Example 2.2.6. ᛾ܴऩӸӧ΋ঁჴ數 r ᅈى, r3 = 3, Ԝჴ數߾ r .ޑ୤΋ࢂ

Proof. ӣ៝΋Πӧ Example 2.1.4 ύךॺ᛾ܴΑ, ऩ x,y ჴ數Ъࣁ x ̸= y, ߾ x3 ̸= y3. ଷ
೛ r ∈ R ᅈى, r3 = 3 Ъ s ̸= r ىќ΋ঁჴ數ᅈࢂ s3 = 3, ճҔ߾ Example 2.1.4 ள่݀ޑ
3 = s3 ̸= r3 = 3. җԜҟ࣯ޕόёૈԖќ΋ঁჴ數 s ཮ᅈى s3 = 3. �

ӧ Example 2.2.6 ύךॺࢂӃ᛾ܴ x ̸= y ਔ, x,y όёૈ೿಄ӝ܄ࢌ፦, ӆճҔϸ᛾ݤ௢
ள୤΋܄. ೭ךࢂॺ΋૓᛾ܴ୤΋܄தҔޑБݤ. ӆமፓ΋ԛ, Example 2.2.6 ॺך᛾ܴύޑ
คݤளࢂޕցӸӧჴ數 r ᅈى r3 = 3, .၉Ѹ୤΋ޑၰऩӸӧޕॺѝך ԿܭԜӸӧޑ܄᛾ܴ,
܄ഢֹޑሡाќѦճҔჴ數ࢂ 數ڄճҔӭ໨Ԅ܈) f (x) = x3 (܄ೱុޑ ٰ᛾ܴޑ. ೭ኬԖΑ
Ӹӧک܄୤΋ך܄ॺω຾΋؁Ҕ಄ဦ 31/3 ىҢ೭ঁ୤΋ᅈ߄ٰ r3 = 3 ჴ數ޑ r.
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2.3. Mathematical Induction

ќ΋ঁதޑـ᛾ܴБݤ൩܌ࢂᒏޑ “數學ᘜયݤ”. ޑسҥ᏾數ࡌډ౐ੋݤჴ數學ᘜયځ
axiom (Ϧ೛), όၸ೭္ךॺόѐፋ論೭٤Ϧ೛ᡄᒠୢޑᚒ. Զ๱ख़ܭ౛ှ٠҅ዴ٬Ҕ數學
ᘜયݤ. ,ݤॺஒϟಏΟᅿ數學ᘜયך ᗨฅѬॺ࣮ଆٰόε΋ኬ, όၸङޑࡕচ౛࣬ࢂӕޑ,
٣ჴ΢Ѭॺࢂ฻ሽޑ.

數學ޑ౛論᛾ܴځჴਥྍࢂ΋٤εৎ೿ૈௗڙՠคݤ᛾ܴޑ axiom (Ϧ೛). ϟಏ數學ᘜ
યݤϐ前, ᒏ܌ॺӃΑှך well-ordering principle. ѬࢂёаҔځдޑϦ೛ٰ᛾ܴޑ, όၸ
җךܭॺҞ前όགྷ౐ੋډ೭Бय़ޑፐᚒ. עௗޔॺךа܌ well-ordering principle ྽ԋࢂ΋
ঁϦ೛. Ψ൩ࢂᇥѬךکॺޔޑᢀ֍ӝ, .ѬԶόѐ᛾ܴߞॺ࣬ךа܌

ᒏ܌ well-ordering ӷय़΢ှޑញࢂ “ӳޑ௨ׇ” ,ࡘཀޑ ೭ঁ௨ׇচ౛ᙁൂٰᇥࢂǺȨஒ
΋٤҅᏾數ԏ໣ଆٰ܌ԋޜߚޑ໣ӝύ, ΋ۓԖ΋ঁനλޑϡનȩ. εৎᔈ၀ό཮᝺ளߞ࣬
೭ঁ principle (চ߾) όჹփ! ,ᢀ΢ޔ Ծฅ數ࢂԖനλϡન 1 ,ޑ .аԖΠࣚ܌ ӢԜεৎᔈ
ό཮ᚶᅪ೭໣ӝ္཮Ԗനλޑϡન. ୢᚒࢂ೭໣ӝёૈԖคጁӭޑϡન, ੿҅ݤॺёૈคך
,р೭നλϡનٰפ όၸךॺ࣬ߞѬ΋ۓӸӧ.

ௗΠٰךॺٰ࣮, ന୷ҁޑಃ΋ᅿ數學ᘜયݤ.

Theorem 2.3.1 (Mathematical Induction). ଷ೛аΠঁٿ statement ޑჹࢂ

(1) P(1) ԋҥ

(2) ऩ k ∈ N Ъ P(k) ԋҥ, ߾ P(k+1) ԋҥ

ٗሶჹҺཀ҅᏾數 n, P(n) ࣣԋҥ.

Proof. җךܭॺόёૈޔௗ᛾ܴ܌Ԗ҅ޑ᏾數 n ೿཮٬ள P(n) ԋҥ, .ݤॺҔϸ᛾ךа܌
Ψ൩ࢂᇥଷ೛ (1), (2) аϷȨჹҺཀ҅᏾數ޑჹࢂ n, P(n) ࣣԋҥȩࢂᒱٰޑளډҟ࣯.Ȩჹ
Һཀ҅᏾數 n, P(n) ࣣԋҥȩࢂᒱޑ, ҭջȨӸӧ҅᏾數 n, ٬ள P(n) όԋҥȩ. ӢԜךॺ
ёаஒ٬ள P(n) όԋҥޑ೭٤҅᏾數 n ԏ໣ଆٰ. ӢࣁѬόޜࢂ໣ӝ, җࡺ well-ordering
principle ,ޕ ѸӸӧനλ҅ޑ᏾數 m ٬ள P(m) όԋҥ. җ (1) ޕॺך P(1) ԋҥ, ளࡺ
m ̸= 1. Ψ൩ࢂᇥ m ܭεࣁ 1 .᏾數҅ޑ ౜җܭ m−1 ᏾數Ъ҅ࣁ m−1 < m, җࡺ m ٬ࣁ

ள P(m) όԋҥޑനλ҅᏾數ϐଷ೛ޕ P(m−1) ԋҥ. ฅԶҗ (2) ,ޕ ྽ P(m−1) ԋҥਔ,
P((m−1)+1) = P(m) Ѹԋҥ. Ԝᆶ P(m) όԋҥϐଷ೛࣬ҟ࣯. όёૈӸӧ҅᏾數ޕࡺ n,
٬ள P(n) όԋҥ, Ψ൩ࢂᇥჹҺཀ҅᏾數 n, P(n) ࣣԋҥ. �

數學ᘜયࡐࢂݤӳ౛ှޑ, Ѭࢂᇥҗ (1) ޕ P(1) ,ޑჹࢂ ஒ (2) ж k = 1 ,ݩ௃ޑ җࡺ
P(1) ჹё௢ள P(2) .ޑჹࢂ ௗ๱ж k = 2 ,ݩ௃ޑ җ P(2) ௢ளޑჹࢂ P(3) .ޑჹࢂ ೭ኬ΋
.Πѐޔ а܌ P(1) .தख़ाߚଆᓐޑ ќѦाமፓࢂޑ (2) ଷ೛ࢂޑࡰ P(k) ჹ௢ள P(k+1)

.ޑჹࢂ ा᛾ܴࢂаѬ٠ό܌ P(k) ,ޑჹࢂ գΨόѸᏼЈ P(k) ,ჹόჹۭډ ѝाགྷݤη
ճҔ P(k) ଷ೛᛾рޑჹࢂ P(k+ 1) .ޑჹࢂ ऩգؒᒤൂݤપҗ P(k) ௢ளޑჹࢂ P(k+ 1)

,ޑჹࢂ ٗ୷ҁ΢൩คݤҔ數學ᘜયݤ᛾ܴΑ. ӵԵቾӭ໨Ԅٯ f (x) = x2 + x+ 41. ྽ך
ॺж x = 1 ਔ f (1) = 43 .፦數ࣁ ж x = 2, ள f (2) = 47 ϝࣁ፦數. f (3) = 53, f (4) = 61,
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f (5) = 71 Ψ೿ࢂ፦數. ࣁ೚գ཮Ԗ΋ިፂ୏ᇡ܈ x жҺՖޑ᏾數 n ೿཮٬ f (n) .፦數ࣁ
٣ჴ΢΋ޔжډ x = 39 Ѭ೿཮ࢂ፦數. ՠࢂӀҗжޑ୏բ, ԶόѐԵቾӵՖҗ f (k) ፦ࢂ

數ளډ f (k+1) ,፦數ࢂ .ޑݤҔ數學ᘜયݤԖᒤؒࢂ ٣ჴ΢ךॺёа࣮р, ྽ x = 40 ਔ,
f (40) = 402 +40+41 = 40(40+1)+41 ёа೏ࢂ 41 ᏾ନޑ, .፦數ࢂаό܌

.ηٯޑ᛾ܴݤॺ࣮Π΋ঁёаҔ數學ᘜયך

Example 2.3.2. ೛ a,b ,᏾數ޑ౦࣬ࣁ ճҔ數學ᘜયݤ᛾ܴ: ჹҺཀ҅ޑ᏾數 n ࣣԖ

an −bn ࣁ a−b .७數ޑ

Proof. ॺёаஒך an − bn ϩှԋ (a− b)(an−1 + an−2b+ · · ·+ bn−1), ள᛾ an − bn ࣁ a− b

.७數ޑ όၸ೭္གྷϟಏӵՖҔ數學ᘜયݤ᛾ܴ. २Ӄךॺಃ΋؁жΕ n = 1 ள a−b. ྽ฅ
ࢂ a−b ,७數ޑ .ԋҥࡺ ಃΒޔࢂ؁ௗଷ೛ ak −bk ࣁ a−b ,७數ޑ ा௢ள ak+1 −bk+1 ࣁ

a−b .७數ޑ ࣮࣮ݤॺाགྷᒤךа܌ ak+1 −bk+1 ک ak −bk .ᜢ߯ޑ Αाᡣࣁ ak+1 −bk+1

ک ak −bk ,΢ᜢ߯ר ॺԾฅஒϐቪԋך

ak+1 −bk+1 = aak −bbk = aak −abk +abk −bbk = a(ak −bk)+(a−b)bk.

Ԝਔҗଷ೛ ak −bk ࣁ a−b ,७數ޑ ॺёஒך ak −bk ቪԋ (a−b)m, ύځ m .᏾數ࣁ а܌
ak+1 −bk+1 = a(a−b)m+(a−b)bk = (a−b)(am+bk). ள᛾ ak+1 −bk+1 ࣁ a−b .७數ޑ ࡺ
җ數學ᘜયޕݤ, ჹҺཀ҅ޑ᏾數 n, an −bn ࣁ a−b ७數ޑ �

΋૓ٰᇥ, 數學ᘜયޑݤಃ΋؁ѝࢂжॶᡍ᛾, ᔈ၀ؒୢᚒ. ԶಃΒ؁൩ࢂ΋ঁऩ P ߾

Q ,᛾ܴޑ ёаճҔ前य़ 2.1 ࿯ϟಏޑБݤ᛾ܴ. ӧ᛾ܴၸำύऩคݤଭ΢࣮р P(k) ک

P(k+1) ,ᜢ߯ޑ ёа჋၂Ӄפр P(1),P(2) ,ᜢ߯ޑ P(2),P(3) ,ᜢ߯ޑ ฻. ӆ௢ᄟр P(k)

ک P(k+1) .ᜢ߯ޑ ќѦाᙣ૶, ाൂપவ P(k) ԋҥ௢р P(k+1), ӧ೭ޑၸำύόૈуΕ
.ଷ೛ޑдځ .ηٯޑॺ࣮΋ঁᒱᇤך

Example 2.3.3. аΠޑ數學ᘜયࢂݤा᛾ܴҺཀڗ n ঁ數೿཮࣬฻. ೭ঁ่論྽ฅࢂᒱ
,ޑ .р௢論ᒱᇤϐೀפॺѸ໪ך

ಃ΋؁: Һڗ΋ঁ數, ӢࣁѝԖ΋ঁ྽ฅԋҥ.

ಃΒ؁: ଷ೛Һڗ k ঁ數೿཮࣬฻, ा᛾ܴҺڗ k+1 ঁ數Ψ೿཮࣬฻. ౜Һڗ k+1 ঁ

數, ஒ೭٤數੮Π΋ঁ೛ځॶࣁ a, Զځд k ঁ數ܫΕ೓ύ. ٩ଷ೛೓ύ k ঁ數೿཮࣬฻೛

ࣁ b. ౜ஒ೓ύڗр΋ঁ數, ӆஒ྽߃੮Πঁٗޑ數 a .Ε೓ύܫ ٩ଷ೛Ԝਔ೓ύ೭ k ঁ數

೿ᔈ࣬฻, ளࡺ a = b. ӢԜ٩數學ᘜયݤ, ள᛾Һཀڗ n ঁ數೿཮࣬฻.

೭ঁ᛾ܴрᒱޑ྽ฅࢂӧಃΒ؁. Ѭଷ೛ӧ೓ύڗр΋ঁ數ࡕϝԖ k− 1 ঁ數ӧ೓ύ.
ฅԶ྽ k = 1 ਔ, Ԝਔ೓ύؒԖܿՋ, നܫࡕΕ೓ύޑ數 a คځдޑ數ᆶϐКၨ, ளݤคࡺ
ޕ a = b. 論ॊ྽ޑаᗨฅ΢य़܌ k ≥ 2 ਔ, ዴჴҗଷ೛ P(k) ᛾ள P(k+1) ჹ, ՠӧ k = 1 ਔ

൩คݤҗ P(k) ჹ௢ள P(k+1) ჹ. ೭ό಄ӝ數學ᘜયݤा؃ჹ܌Ԗ҅ޑ᏾數 k, ೿ाᅈىऩ
P(k) ჹ, ߾ P(k+1) ჹ. .ޑᒱᇤࢂа論᛾܌
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ԖਔԖ܄ޑ፦٠ό཮வ n = 1 ໒ۈ൩ჹ, ӵ྽ٯ n ≥ 5 ਔ, ᛾ܴ 2n > n2. ೭္數學ᘜયݤ
ऩѝૈவ 1 ໒ۈ, ൩คݤೀ౛Α. ٣ჴ΢, ٩ྣ Theorem 2.3.1 ,௢論ޑ ΋૓ϯ׳ॺԖаΠך
.ݤ數學ᘜયޑ

Corollary 2.3.4 (Extended Mathematical Induction). ೛ m .᏾數ࣁ ଷ೛аΠঁٿ state-
ment ޑჹࢂ

(1) P(m) ԋҥ

(2) ऩ k ≥ m ᏾數Ъࣁ P(k) ԋҥ, ߾ P(k+1) ԋҥ

ٗሶჹҺཀεܭ฻ܭ m ᏾數ޑ n ࣣ཮٬ள P(n) ԋҥ.

Proof. з Q(n) = P(m+ n− 1). Ӣ P(m) ԋҥ, ޕࡺ Q(1) = P(m) ԋҥ. ౜ଷ೛ k ∈ N Ъ
Q(k) ԋҥ, Ԝਔ m+ k − 1 ≥ m ,᏾數ࣁ Ъ P(m+ k − 1) = Q(k) ԋҥ, җࡺ (2) ଷ೛ளޑ
P(m+k) = Q(k+1)ԋҥ. ॺ᛾ள,ऩך k ∈NЪ Q(k)ԋҥ,߾ Q(k+1)ԋҥ. җࡺ Theorem
2.3.1 ޑԖ܌ჹޕ n ∈ N, Q(n) = P(m+n−1) ԋҥ. Ԝջ߄Ң྽ n ܭ฻ܭεࣁ m ,᏾數ਔޑ
P(n) ࣣԋҥ. �

೭ঁ “extended mathematical induction” ॺҔך Corollary ᆀϐ, ѬёҗࣁӢࢂ Theo-
rem 2.3.1 .ௗ௢ளޔ ٣ჴ΢ӧ m = 1 ݩ௃ޑ Corollary 2.3.4 ൩ࢂ Theorem 2.3.1, ॺךа܌
ၰޕ Theorem 2.3.1 ک Corollary 2.3.4 ࢂ equivalent .ޑ

Example 2.3.5. ᛾ܴჹҺཀ҅᏾數 n, ྽ n ≥ 5 ਔ, 2n > n2.

Proof. ॺҔך extended mathematical induction m = 5 Ъ P(n) ࣁ 2n > n2 .᛾ܴݩ௃ޑ ྽
n = 5 ਔ, 25 = 32 > 25 = 52, ࡺ P(5) ԋҥ. ଷ೛ k ≥ 5 ᏾數Ъࣁ 2k > k2. Ӣ 2k+1 = 2× 2k,
җࡺ 2k > k2 ϐଷ೛ள 2k+1 > 2k2. Զ (k + 1)2 = k2 + 2k + 1 ऩૈ᛾ள 2k2 > k2 + 2k + 1,
ள᛾߾ 2k+1 > (k + 1)2, ջ P(k + 1) ԋҥ. ฅԶ 2k2 > k2 + 2k + 1 ฻ӕܭ k2 − 2k > 1, Ξ
k2 −2k = k(k−2), җࡺ k ≥ 5 ளޕ k2 −2k > 1. ॺ᛾ளΑऩך k ≥ 5 ᏾數Ъࣁ P(k) ԋҥ, ߾
P(k+1) ԋҥ, җࡺ extended mathematical induction (Corollary 2.3.4) ள᛾ჹҺཀεܭ฻
ܭ 5 ᏾數ޑ n ࣣ཮٬ள P(n), ջ 2n > n2 ԋҥ. �

ӧ數學ᘜયޑݤ᛾ܴύԖਔ P(k) ჹޑచҹόىаޔௗ᛾ܴ P(k+1) ჹ. ӵ΋٤ሀ଑ٯ
數ӈୢޑᚒ, Ԗਔሡाϐ前׳ӭ໨ωૈ،ۓΠ΋໨܄ޑ፦. ٣ჴ΢྽ךॺҗ P(1) ჹ᛾ள

P(2) ჹ, ӆҗ P(2) ჹा᛾ P(3) ਔ, ჴځ P(1) ς࿶ޕၰࢂჹޑ, ॺόѝԖךа܌ P(2) ჹޑ

前ග, ॺᗋԖך P(1) ჹ. ӕ౛ӧ᛾ள P(3) ჹा᛾ܴ P(4) ਔ, ჴځ P(1),P(2) చҹΨޑჹࣁ

ёаҔ΢, .ݤ數學ᘜયޑம׳ॺԖаΠచҹךа܌

Corollary 2.3.6 (Strong Mathematical Induction). ೛ m .᏾數ࣁ ଷ೛аΠঁٿ statement
ޑჹࢂ

(1) P(m) ԋҥ

(2) ऩ k ≥ m ᏾數Ъࣁ P(m),P(m+1), . . . ,P(k−1),P(k) ࣣԋҥ, ߾ P(k+1) ԋҥ
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ٗሶჹҺཀεܭ฻ܭ m ᏾數ޑ n ࣣ཮٬ள P(n) ԋҥ.

Proof. ჹܭεܭ฻ܭ mޑ᏾數 n, з Q(n) = P(m)∧P(m+1)∧·· ·∧P(n−1)∧P(n). Ӣ P(m)

ԋҥ,ޕࡺ Q(m)=P(m)ԋҥ. ౜ଷ೛ k≥mࣁ᏾數Ъ Q(k)ԋҥ,ҭջ P(m), . . . ,P(k−1),P(k)

ࣣԋҥ, җࡺ (2) ଷ೛ளޑ P(k+ 1) ԋҥ. ฅԶςޕ P(m),P(m+ 1), . . . ,P(k− 1),P(k) ࣣԋ

ҥ, ޕࡺ Q(k+1) = P(m)∧P(m+1)∧ ·· ·∧P(k)∧P(k+1) ԋҥ. ,ॺ᛾ளך ऩ k ≥ m ᏾數ࣁ

Ъ Q(k) ԋҥ, ߾ Q(k+1) ԋҥ. җࡺ Corollary 2.3.4 ܭ฻ܭჹҺཀεޕ m ᏾數ޑ n ࣣ཮

٬ள Q(n) ԋҥ. ฅԶ Q(n) ԋҥ߄Ң P(m),P(m+1), . . . ,P(n−1),P(n) ࣣԋҥ, Ծฅ P(n) ԋ

ҥ, ள᛾྽ࡺ n ܭ฻ܭεࣁ m ,᏾數ਔޑ P(n) ࣣԋҥ. �

ճҔࢂॺך Corollary 2.3.4 ᛾ள Corollary 2.3.6. ٣ჴ΢җ P(k) ⇒ P(k + 1) ԋҥ

ёள P(m),P(m + 1), . . . ,P(k − 1),P(k) ⇒ P(k + 1) ԋҥ೭ঁ٣ჴ, ӢԜךॺΨёаճҔ
Corollary 2.3.6 ௢ள Corollary 2.3.4. Ψ൩ࢂᇥ strong mathematical induction ک extended
mathematical induction .ޑ฻ሽࢂ

Question 2.7. ၂ճҔ Corollary 2.3.6 ᛾ܴ Corollary 2.3.4.

前य़ςޕ extended mathematical induction ޑ΋૓ک mathematical induction Ψࢂ฻
ሽޑ, .ޑ฻ሽࢂჴ೿ځݤΟᅿ數學ᘜયޑа೭္ϟಏ܌ ৡձ໻ӧবᅿᘜયૈݤᔅךॺၨ৒
ܰೀ౛ୢᚒ. аΠࢂ΋ঁճҔ strong mathematical induction ၨܰೀ౛ٯࠠڂޑη.

Example 2.3.7. ᛾ܴ܌Ԗεܭ 1 .४ᑈޑ᏾數೿ёаቪԋԖज़ӭঁ፦數ޑ

.᛾ܴݤБޑӭӕ學཮ҔаΠࡐ೚܈ ೛ n ܭεࣁ 1 ,᏾數ޑ ऩ n ,፦數ࣁ ߾ n ಄ӝёቪ

ԋԖज़ӭঁ፦數४ᑈ. ऩ n όࢂ፦數, ကۓ٩ n ёаቪԋঁٿК n λՠεܭ 1 ,᏾數࣬४ޑ
೭ኬ΋ޔΠѐё᛾ளёаቪԋԖज़ӭঁ፦數ޑ४ᑈ. ញှٰݤᇥޑ೭ኬڙεৎ೿ૈௗߞ࣬
೭ঁ܄፦ࢂჹޑ. ՠѬ٠όࢂӳޑ᛾ܴ, КБᇥӵՖ “΋ޔΠѐ” ЪࣁՖ೭ঁำׇ࿶Ԗज़ӭ
ԛࡕ཮ଶЗ (೭ኬωૈᇥࢂԖज़ӭঁ፦數ޑ४ᑈ) Ψाᇥܴమཱ. ԖΑ數學ᘜયݤ, ൩ૈࢂ
ᔅךॺှ،೭٤ό৒ܰᇥమཱޑӦБ. ӧ೭ঁٯη, ऩךॺ໻ଷ೛ k ёаቪԋԖज़ӭঁ፦數

४ᑈ, ᛾ளݤคࢂ k+1 ёаቪԋԖज़ӭঁ፦數४ᑈ, ॺѸ໪Ҕךа܌ strong mathematical
induction ٰ᛾ܴ.

Proof. ྽ n = 2 ਔ, Ӣ 2 ,፦數ࣁ .ԋҥࡺ ଷ೛྽ k ≥ 2 ਔჹ܌Ԗ i = 2,3, . . . ,k, i ೿ёаቪ

ԋԖज़ӭঁ፦數ޑ४ᑈ. ౜Եቾ k+ 1 .׎௃ޑ Ӣࣁ k+1 ,፦數ਔԾฅԋҥࢂ ॺ໻ךа܌
ሡԵቾ k+1 όࣁ፦數ޑ௃׎. Ԝਔ k+1 = ab, ύځ 1 < a,b ≤ k. ޕҗ前ᘜયϐଷ೛ࡺ a,b

,४ᑈޑԖज़ӭঁ፦數ࣁࣣ ӢԜ k+1 = ab ԾฅёаቪԋԖज़ӭঁ፦數ޑ४ᑈ. җࡺ strong
mathematical induction ܭԖε܌ޕ 1 .४ᑈޑ᏾數೿ёаቪԋԖज़ӭঁ፦數ޑ �

ӧճҔ數學ᘜયݤ᛾ܴޑၸำύ, നख़ाЪനᜤޑ೽ϩ൩ࢂಃΒ؁ᡯҗଷ೛ P(k) ԋҥ

܈) P(m),P(m+1), . . . ,P(k) ԋҥ) ᛾ள P(k+1) ԋҥ. ೭္ததӧ௢導ޑၸำύว౜ k ाӧ

.٤ጄൎϣω཮ჹࢌ ӵӧٯ Example 2.3.3 ,ᒱᇤҢጄύޑ ჴځ “Һڗ k ঁ數࣬฻௢ளҺڗ

k+1 ঁ數཮࣬฻” ᛾ܴӧޑ k ≥ 2 ਔࢂჹޑ. аԜਔऩૈӆံ΢܌ k = 1 ,Ψჹݩ௃ޑ ᏾ঁ
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᛾ܴ൩ֹԋΑ (྽ฅӧ Example 2.3.3 ೭ঁٯη೭ࢂόёૈ଺ޑډ). ӢԜ྽ךॺӧೀ౛ಃΒ
؁ᡯਔ, ऩว౜ k ाԖ܌ज़ڋωૈჹ, Ԝਔךॺёаӭᔠ٤ٗࢗ k ค఼ݤᇂޑ௃ݩ, ऩ೭٤
௃ݩΨ೿ჹ, ൩ֹԋᘜયޑݤ᛾ܴΑ. ᕴϐ, ӧ數學ᘜયޑݤ᛾ܴύ, Ԗਔ٠όࢂ໻ᔠۈ߃ࢗ
,൩ӳݩ௃ޑ .ηٯॺٰ࣮Π΋ঁך

Example 2.3.8. Եቾ܌ᒏޑ Fibonacci sequence {F0,F1,F2, . . .}, ջ F0 = 0,F1 = 1 ЪჹҺཀ

i ≥ 2, Fi ᅈى Fi = Fi−1 +Fi−2. ᛾ܴ Fn < 2n−2, for n ≥ 4.

,ᡉฅӦࡐ Ӣ Fk+1 ॶҗޑ Fk ک Fk−1 ,ۓ،܌ ໻җݤॺคך Fk ٰ௢ள Fk+1. ךа೭္܌
ॺҔ strong mathematical inductionٰೀ౛. ကۓ٩ F2 =F1+F0 = 1, F3 =F2+F1 = 1+1= 2,
྽ࡺ n = 4 ਔ, F4 = F3 +F2 = 2+ 1 = 3, а܌ F4 = 3 < 24−2 = 4 ԋҥ. ౜ଷ೛ k ≥ 4 Ъ

ჹ܌Ԗ 4 ≤ i ≤ k, ࣣԖ Fi < 2i−2. Ԝਔ Fk+1 = Fk + Fk−1. ډఈҔ׆ॺך Fk < 2k−2 ک

Fk−1 < 2(k−1)−2 = 2k−3 ଷ೛௢ளޑ Fk+1 < 2(k+1)−2 = 2k−1. όၸ྽ k = 4 ਔ, i = k−1 ٠ό಄

ӝ 4 ≤ i ≤ k, ٬ҔݤаԜਔค܌ Fk−1 < 2k−3 ଷ೛ޑ (٣ჴ΢Ԝਔ Fk−1 = F3 = 2 = 24−3). ܌
аךॺӆံ΢ k = 4 ,ݩ௃ޑ ջޔௗᡍ᛾ Fk+1 = F5 = F4 +F3 = 5 < 25−2 = 8, ωёֹԋ᛾ܴ.

Proof. २Ӄޔௗᡍ᛾ள F4 = 3 < 24−2,F5 = 5 < 25−2.

౜ଷ೛ k ≥ 5 ЪჹҺཀ i = 4,5, . . . ,k ࣣԖ Fi < 2i−2. Ӣࣁ 4 ≤ k−1 ≤ k Ъ 4 ≤ k ≤ k, ך
ॺԖ Fk < 2k−2,Fk−1 < 2(k−1)−1 = 2k−3, ளࡺ

Fk+1 = Fk +Fk−1 < 2k−2 +2k−3 = 2k−3(2+1)< 4×2k−3 = 2k−1 = 2(k+1)−2.

٩數學ᘜયݤள᛾ Fn < 2n−2, for n ≥ 4. �

ӧΠ΋ঁٯηύ, ܭԖε܌ॺགྷ᛾ܴך 20 ᏾數೿ёаቪԋޑ 4 ک 5 .ک᏾數७ϐ҅ޑ
Ψ൩ࢂ᛾ܴऩ n > 20, Ӹӧ҅᏾數߾ l,m ٬ள n = 4l +5m. ډ೚ӕ學཮གྷ܈ 1 = 5−4, а܌
ऩ k = 4l +5m, ߾ k+1 = 4l +5m+(5−4) = 4(l −1)+5(m+1). όᒱ, Ҕ೭ঁБݤёа᛾ܴ
᏾數ࣣёаቪԋޑԖ܌ 4 ک७數ޑ 5 ,ک७數ϐޑ ՠךॺाࢂޑ؃ቪԋ 4 ک 5 ᏾數७҅ޑ

ϐک. ӢԜคݤҔ೭Бݤ᛾ܴ, όၸᢀჸ΋Πว౜ऩ k = 4l+5m, ߾ k+4 = 4(l+1)+5m, ܌
аךॺёаӃᡍ᛾ 21,22,23,24 ೿ёаቪԋ 4 ک 5 ,ک᏾數७ϐ҅ޑ ฅࡕӆҔ數學ᘜયݤೀ
౛.

Example 2.3.9. ᛾ܴऩ n ᏾數Ъࣁ n > 20, Ӹӧ߾ l,m ى᏾數ᅈ҅ࣁ n = 4l +5m.

ճҔ前ॊޑགྷݤ, ॺ᛾ܴ྽ך n ≥ 0 ,᏾數ਔࣁ 21+ 4n,22+ 4n,23+ 4n,24+ 4n ࣣё

ቪԋ 4l + 5m, ύځ l.m .Ԅ׎ޑ᏾數҅ࣁ ٩Ԝߡ᛾ள܌Ԗεܭ 20 .᏾數೿ԋҥ҅ޑ җ
ܭ 21 = 4× 4+ 5× 1, .ԋҥࡺ ౜ଷ೛ k ≥ 0 Ъ 21+ 4k = 4l + 5m, ύځ l.m .᏾數҅ࣁ ߾
21+4(k+1) = (21+4k)+4= 4l+5m+4= 4(l+1)+5m,ࡺԋҥ. ٩Ԝள᛾྽ n≥ ,᏾數ਔࣁ0
21+4n ёаቪԋ 4l +5m, ύځ l.m .Ԅ׎ޑ᏾數҅ࣁ ӕ౛ځд௃׎ճҔ 22 = 4×3+5×2,
23 = 4×2+5×3 ک 24 = 4×1+5×4, аϷ數學ᘜયݤёள᛾. όၸ೭ኬҔѤঁ數學ᘜયݤ
ٰ᛾ܴዴჴࡐഞྠ, ॺϝёҔך strong mathematical induction.

Proof. җܭ 21 = 4×4+5×1, 22 = 4×3+5×2, 23 = 4×2+5×3 ک 24 = 4×1+5×4 ࡺ

྽ޕ n = 21,22,23,24 ਔԋҥ. ౜ଷ೛ k ≥ 24 ਔჹ܌ܭԖᅈى 21 ≤ i ≤ k ᏾數ޑ i, ࣣӸӧ
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᛾᏾數 l,m ٬ள i = 4l +5m. Եቾ k+1 ,׎௃ޑ җܭ k+1 = (k−3)+4, Ъ i = k−3 ᅈى

21 ≤ i ≤ k, Ӹӧ҅᏾數ࡺ l,m ٬ள k−3 = 4l+5m, ள k+1 = 4l+5m+4 = 4(l+1)+5m. җ
數學ᘜયޕݤ, ྽ n ܭεࣁ 20 ,᏾數ޑ Ӹӧ l,m ى᏾數ᅈ҅ࣁ n = 4l +5m. �

Question 2.8. ၂᛾ܴ܌Ԗޑ᏾數೿ёаቪԋ 4 ک७數ޑ 5 .ک७數ϐޑ

數學ᘜયࢂݤ΋ঁࡐӳ٬Ҕޑ數學πڀ. Ѭόѝёаٰ৾ೀ౛᏾數ୢޑᚒ, ӭёࡐჴځ
аҔ᏾數ϩᜪୢޑᚒ೿ёаҔ數學ᘜયݤೀ౛. ,ᚒୢޑӭ໨Ԅܭӵж數ύ೚ӭԖᜢٯ ॺך
ёа٩ӭ໨Ԅޑԛ數ٰ଺數學ᘜયݤ. ጕ܄ж數ύ೚ӭԖᜢંତୢޑᚒ, ΨёаҔ row ঁޑ
數܈ column .ݤ數଺數學ᘜયঁޑ



Chapter 3

Set

໣ӝޑ౛論܌ࢂԖ數學౛論ޑ୷ᘵس಍. ӧ೭΋കύךॺஒᙁൂޑϟಏ໣ӝޑ΋٤୷ҁ
౛論. ,БԄϟಏ໣ӝ論ޑ᝺ޔॺ௦ҔၨԾฅϷך ԶόੋϷܜຝޑϦ೛่ᄬ.

3.1. Basic Definition

२ӃךॺϟಏԖᜢ໣ӝޑ୷ҁۓက, ٠Αှ໣ӝϐ໔ޑᜢ߯.

໣ӝکϡનࢂ數學ന୷ҁޑӜຒ, ᝄ਱ᇥଆٰѬࢂคۓݤကమཱޑ. ೭္ךॺ൩όѐۓ
က໣ӝ, Զ௦Ҕၨޔᢀޑᇥݤ. ᒏ΋ঁ໣ӝ܌ (मЎᆀϐࣁ set) ൩ࢂ΋ނ٤٣ԏ໣ଆٰ่ޑ
݀, Զಔԋ೭ঁ໣ӝނ٣ޑ, ϡનޑԜ໣ӝࣁॺᆀך (मЎᆀϐࣁ element). ೯தךॺ཮Ҕ
मЎεቪٰ߄Ң΋ঁ set, ӵٯ A,B,S ฻, ԶҔλቪӷٰ҆߄Ң set .ϡનޑ္ όၸԖ٤數學
தҔޑ໣ӝεৎ೿ಞᄍҔ੝ޑۓ಄ဦ߄Ң. :ӵٯ N ,໣ӝޑԋ܌ԖԾฅ數܌Ң߄ Z ᏾數ࣁ
,໣ӝޑԋ܌ Q ,໣ӝޑԋ܌ҢԖ౛數߄ Զ܌Ԗჴ數܌ԋޑ໣ӝךॺҔ R .Ң߄ٰ ऩ x ໣ࣁ

ӝ S ,΋ঁϡનޑ္ ॺ൩Ҕך x ∈ S ,Ң߄ٰ ᆀϐࣁ x belongs to S (ջ x ឦܭ S). ऩ x όӧ

S ύ, ॺ൩Ҕך x ̸∈ S .Ң߄ٰ

ӧ數學΢,ךॺ׆ఈ΋ঁ setࢂाܴዴޕޑၰবࢂ٤Ѭޑ elementব٤όࢂѬޑ element.
Ψ൩ࢂᇥ๏ۓ΋໣ӝ S, ჹܭҺཀޑ x, ၰޕॺѸ໪ܴዴך x ∈ S .ޑᒱࢂᗋޑჹࢂ ΋૓ٰᇥ,
΋ঁ໣ӝऩ໻ԖԖज़ӭঁϡન, .ёа΋΋ஒѬॺӈᖐрٰߡॺך ӵٯ S = {1,2,3} ޑҢ߄
൩ࢂԖ 3 ঁϡનޑ໣ӝ, ࣁϡનځ 1,2 ک 3. ೭္ S ,΋ঁ໣ӝࢂ ၰޕॺךӵٯ 1 ∈ S, Զ
4 ̸∈ S. Ԗਔ΋ঁ໣ӝךॺคݤ΋΋ӈᖐрѬޑϡન, ԜਔךॺߡҔ܌ᒏ set-builder notation
.ϡનځҢ߄ٰ Ѭ߄ޑҢݤ೯தࣁ {x : P(x)} ೭ኬ׎ޑԄ, ဦߵύځ : Ѱᜐޑ x ॺाךҢ߄

Ҕ x ,ϡનޑҢԜ໣ӝ߄ٰ Զߵဦ : ѓᜐޑ P(x) ϡનޑ೭ঁ໣ӝ္ࢂޑࡰ x ሡᅈى P(x).
Ψ൩ࢂᇥ {x : P(x)} ೭ঁ໣ӝࢂߡԏ໣܌Ԗᅈى P(x) ޑ x .໣ӝޑԋ܌

ӧ௖૸໣ӝ࣬ᜢ܄፦ϐ前, २ӃךॺѸ໪ۓကՖᒏ໣ӝ࣬ޑ฻, аϷ໣ӝ໔ޑх֖ᜢ߯.

Definition 3.1.1. ೛ A,B .໣ӝࣁ ӵ݀ B ύޑ element ࣁࣣ A ޑ element, ॺᆀך B ࣁ A

ޑ subset (η໣ӝ), Ψᆀ B is contained in (х֖ܭ) A, ૶ࣁ B ⊆ A. ऩ B ⊆ A Ъ A ⊆ B, ᆀ߾
A,Bࣁ equal, ૶ࣁ A = B. ќѦऩ B ⊆ Aՠ B ̸= A, ᆀ߾ Bࣁ Aޑ proper subset, ૶ࣁ B ⊂ A.

29
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ཀݙ subset ک proper set ಄ဦޑ “⊆” ک “⊂”, ೚ӭୖԵਜᝤޑ಄ဦ٠ό΋ठ, ፎӧ᎙᠐
ਔݙཀ.

ကऩा᛾ܴۓ٩ B ⊆ A, ॺѸ໪ᇥܴҺཀך B ύޑϡન x, ࣣ཮ࢂ A ,ϡનޑ аҔ數學܌
ा᛾ܴࢂ൩ݤҢ߄ޑ “x ∈ B ⇒ x ∈ A”. Զा᛾ܴ A = B ᛾ܴܭ฻ӕࢂ၉൩ޑ “x ∈ B ⇔ x ∈ A”.
வ೭္ளޕ, ,х֖ᜢ߯аϷ࣬฻ޑ໣ӝٿ ѝᆶϡનࢂցឦܭ၀໣ӝԖᜢ, ݤҢ߄ޑ໣ӝک
คᜢ. :ηٯޑӵаΠٯ

Example 3.1.2. з A = {1,2,2}, B = {1,2,3}, C = {3,3,1,2}, D = {n ∈ N : 1 ≤ n ≤ 3},
E = {2,4}.

җܭ A ໻Ԗ 1,2 ,ϡનঁٿ Զ 1 ∈ B Ъ 2 ∈ B, ޕࡺ A ⊆ B. Ξ 3 ∈ B ՠ 3 ̸∈ A, ޕ B όх

ܭ֖ A, ளࡺ A ⊂ B. ӕ౛ךॺޕ B =C.

౜ऩ x ∈ B, ޕ߾ x ∈ N Ъ 1 ≤ x ≤ 3, ளࡺ x ∈ D. ள᛾ B ⊆ D. ќ΋Бय़, ऩ x ∈ D Ң߄

x ∈ N Ъ 1 ≤ x ≤ 3, а܌ x = 1,2,3 ࣣӧ B ύ, ள᛾ D ⊆ B, җԜޕ B = D.

നࡕӢ 1 ∈ B ՠ 1 ̸∈ E, ޕॺך B όࢂ E ޑ subset. ӕኬޑ, Ӣ 4 ∈ E ՠ 4 ̸∈ B, ޕॺך E

Ψόࢂ B ޑ subset.

྽ A,B ࣁ sets, ՠ B όࢂ A ޑ subset ਔ, ॺΨҔך B * A .Ң߄ٰ аӵ݀܌ B ⊆ A ՠ

A * B, ॺளךကۓ٩ B ⊂ A.

Question 3.1. ଷ೛ P(x), Q(x) ࣁࣣ statement form. з P = {x : P(x)} Ъ Q = {x : Q(x)}
၂᛾ܴаΠ܄፦:

(1) P ⊆ Q ऩЪ୤ऩ P(x)⇒ Q(x).

(2) P = Q ऩЪ୤ऩ P(x)⇔ Q(x).

,ߡᜢ߯БޑΑஒٰ௖૸໣ӝ໔ࣁ .໣ӝޑ੝ਸঁٿကۓॺך २Ӄ, ྽ךॺ܌௖૸ୢޑ
ᚒ೿ঁࢌࢂ੝ۓ໣ӝޑϡનځ܈ subset ਔ, ࣁ໣ӝۓԜ੝ۓॺךߡΑБࣁ universal set (ӹ
໣). ,ჴ數ܭԖᜢࢂޑॺፋ論ךӵ྽ٯ ॺ൩ёаᇥך R ޑॺךࣁ universal set. ӵԜߡёа
όѸ؂ԛ೿ाѐගᜪ՟ӵ x ∈ R ೭ኬ٣ޑ. όၸ universal set ёаӢ܌௖૸ୢޑᚒόӕԶ
,ᡂׯ ӵӧٯ a,b ,᏾數ਔࣁ ॺёаӧך universal set ࣁ Q ਔፋ論 ax+b = 0 .ှޑ ՠፋ論
ax2 +b = 0, ൩ёૈाз universal set ࣁ R ፄ數܈ C ωԖཀࡘ. όᆅӵՖ, ྽ךॺว౜ा௖
૸ޑ໣ӝ೿ࢌࢂ΋ঁ੝ۓ໣ӝޑη໣ӝਔ, ܴዴޑஒϐुࣁۓ universal set ዴԖځБ܄ߡ.
όၸ྽ךॺुۓ universal set ϐࡕ, ޑԖፋ論܌ set ൩Ѹ໪ࢂԜ universal set ޑ subset.

ќ΋ঁךॺሡाۓက܌ࢂޑᒏ empty set .(໣ӝޜ) Ѭࢂ΋ঁؒԖҺՖϡનޑ໣ӝ, ॺך
Ҕ /0 .Ң߄ٰ ೚εৎ཮ᅪൽ܈ /0 Ԗ಄ӝ໣ӝޑा؃༏? Ԗ܌ၰޕޑॺёаܴዴךܭჴҗځ
,໣ӝޜܭϡનࣣόឦޑ ޑॺᇥך߃аѬ٠҂ၴङ྽܌ “ܴዴޕၰ x ∈ /0 ”ᒱ܈ჹࢂ .ा؃ޑ
җךܭॺஒٰा௖૸໣ӝޑ΋٤ӵҬ໣฻ޑ operations, ӢԜஒ /0 ຎࣁ΋໣ӝዴԖځѸा

.܄ ᜢܭ universal set ک empty set, .፦܄ޑॺԖаΠך

Proposition 3.1.3. ଷ೛ X ࣁ universal set Ъ A ࣁ set. ߾ A ⊆ X Ъ /0 ⊆ A.
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Proof. ကۓ٩ X ࣁ universal set, ࡺ A ࣁ X ޑ subset, ள A ⊆ X . ќ΋Бय़, ा᛾ܴ /0 ⊆ A

฻ӕܭा᛾ܴऩ x ∈ /0 ߾ x ∈ A. ՠόёૈ཮Ԗ x ∈ /0 ,วғ׎௃ޑ җ྽ࡺ P ᒱਔ P ⇒ Q ࡡ

ჹޑᡄᒠೕޕ߾ “x ∈ /0 ⇒ x ∈ A” ޕࡺዴ҅ࣁ /0 ⊆ A. �

Question 3.2. ӧԜ Question ύз X ࣁ universal set. ၂ୢ universal set ?ց୤΋ࢂ Ξ
empty set ?ց୤΋ࢂ

΋૓數學΢ۓကΑ΋٤Ӝຒࡕ, ௗ๱ࢂߡा௖૸೭٤Ӝຒ࣬ᜢ܄ޑ፦, ௗΠٰךॺࢂߡ
ाፋ論Ԗᜢ subset .፦܄୷ҁޑ

Proposition 3.1.4. ଷ೛ A,B,C ࣁ sets, .፦܄ޑॺԖаΠך

(1) A ⊆ A.

(2) ऩ A ⊆ B Ъ B ⊆C, ߾ A ⊆C.

Proof. (1) ଷ೛ x ∈ A, ԾฅԖ x ∈ A, ளࡺ A ⊆ A.

(2)೛ x ∈ A, җ A ⊆ Bள x ∈ B. Ξҗ B ⊆C ள x ∈C. ᆕ言ϐ, ჹܭҺཀ x ∈ AѸԖ x ∈C,
ள᛾ A ⊆C. �

Question 3.3. ၂ճҔ Proposition 3.1.4 ᛾ܴऩ A = B Ъ B =C, ߾ A =C.

Question 3.4. ଷ೛ A,B,C ࣁ sets, Πӈবࢂ٤ჹޑ?

(1) ऩ A ⊂ B Ъ B ⊆C, ߾ A ⊆C.

(2) ऩ A ⊆ B Ъ B ⊆C, ߾ A ⊂C.

(3) ऩ A ⊂ B Ъ B ⊂C, ߾ A ⊆C.

(4) ऩ A ⊂ B Ъ B ⊆C, ߾ A ⊂C.

ӆமፓ΋ԛ, ྽ा᛾ܴ A = B ਔѸ໪ A ⊆ B аϷ B ⊆ A .Бӛ೿᛾ܴωՉঁٿ Ѐځӧೀ
౛ှБำԄޑ௃׎, ,БำԄှࡕฅှࣁ數ޕॺ೿཮೛҂ך ӕ學தத׋όమཱࢂೀ౛ব΋ᜐ
.х֖ᜢ߯ޑΑೀ౛ќ΋ᜐבதத܈х֖ᜢ߯ޑ .ηٯޑॺ࣮аΠך

Example 3.1.5. з A = {(x,y) ∈ R2 : x2 − x = y = 2} Ъ B = {(2,2),(−1,2)}. ᛾ܴ A = B.

Proof. ೛ (x,y) ∈ A, Ң߄ x2 − x = 2 Ъ y = 2, ளࡺ x = 2 ܈ x = −1 Ъ y = 2. Ԝ߄Ңऩ
(x,y) ∈ A, ߾ (x,y) = (2,2) ܈ (x,y) = (−1,2). ޕࡺ x ∈ B, ҭջள᛾ A ⊆ B. ௗ๱೛ (x,y) ∈ B,
ޕ (x,y) = (2,2) ܈ (x,y) = (−1,2) жΕࣣ಄ӝ x2 −x = y = 2, ޕࡺ (x,y) ∈ A. ள᛾ B ⊆ A, ࡺ
ޕ A = B �

Question 3.5. з A = {x ∈ R :
√

x = x−2}, B = {1}, C = {4}, D = {1,4}. ၂ቪΠ A,B,C,D

࣬ϕ໔ޑх֖ᜢ߯.

ޑᒏ܌ॺёаճҔך Venn diagrams ٰᔅշךॺΑှ໣ӝ໔ޑᜢ߯. εठ΢, ॺӃฝך
΋ঁਣਣ߄Ң universal set, ฅࡕӧԜਣਣϣฝ΋ঁ࠾ഈ୔ୱ (΋૓ࢂฝ΋ঁ༝) Ң΋ঁ߄
set. Ңӧӹ໣߄ࢂӵΠკ൩ٯ X ύޑ΋ঁ set A.
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..
A

.

X

ॺёаҔך Venn diagrams ໣ӝঁٿҢ߄ٰ A,B ϐ໔Οᅿёૈޑᜢ߯ӵΠ.

..A .B.
X

. A. B.
X

. A.
B

.
X

നѰᜐკҢ߄Ңࢂޑ A,B ؒԖӅӕޑϡન, ύ໔კҢ߄Ңࢂޑ A,B ԖӅӕϡનՠϕ࣬ؒԖ

х֖ᜢ߯, Զനѓᜐ߄Ңࢂޑ A ⊆ B.

Ԗਔ Venn diagrams ёаᔅշךॺΑှ΋٤໣ӝ܄ޑ፦, ࣗԿ๏ךॺ᛾ܴ೭܄٤፦ޑග
Ң. ॺ౛ှךёаᔅշߡკҢޑӵаΠٯ Proposition 3.1.4 (2) ऩ A ⊆ B Ъ B ⊆C, ߾ A ⊆C

೭ঁ܄፦.

..A.
B

.
C

.

X

྽ฅΑ Venn diagrams ѝࢂᡣךॺୖԵҔ, ๊όૈѝࢂฝঁკ൩аࣁ᛾ֹܴԋ.

Question 3.6. ଷ೛ A,B,C ࣁ sets. ςޕ A ⊆ B. ऩ B ک C ؒԖӅӕޑϡન, ฝрёૈޑ
Venn diagrams. ۓցёаዴࢂ A ک C ؒԖӅӕϡન? Ξऩ B ک C ԖӅӕޑϡન, ฝрё
ޑૈ Venn diagrams, ۓցёዴࢂ A ک C ԖӅӕϡન? ӕኬޑ, வ A,C ԖؒԖӅӕϡનޑ

௃ݩฝрёૈޑ Venn diagrams, ٠௖૸ࢂց٩Ԝёዴۓ B,C ԖؒԖӅӕϡન.

നࡕගᒬεৎί࿤όाע “∈” (ឦܭ) ک “⊆” (х֖ܭ) .షౄ׋ “∈” ໣ӝکϡનࢂޑࡰ
ϐ໔ޑᜢ߯, Զ “⊆” .ᜢ߯ޑ໣ӝ໔ٿࢂޑࡰ ჹܭ໣ӝךॺԖ A ⊆ B Ъ B ⊆C ߾ A ⊆C ޑ

,፦܄ ՠჹܭϡન A ∈ B Ъ B ∈C ҂Ѹёள A ∈C. ӵٯ

A = {1}, B =
{
{1}

}
, C =

{{
{1}

}}
.

ॺԖך A ∈ B Ъ B ∈C, ՠܴࡐᡉޑ A ̸∈C.
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3.2. Set Operations

ᒏ܌ set operation, ൩ࢂճҔঁٿςޑޕ໣ӝளډќ΋ঁ໣ӝޑБݤ. ॺஒϟಏך
໣ӝ໔൳ᅿख़ाޑ operations, ջ intersection, union ک set difference, ٠௖૸೭൳ᅿ set
operations ϐ໔ख़ा܄ޑ፦.

3.2.1. Intersection and Union. २Ӄךॺۓက intersection ᆶ union.

Definition 3.2.1. ೛ A,B ࣁ sets. ॺзך A∩B = {x : x ∈ A and x ∈ B} ᆀϐࣁ the intersec-
tion of A and B (A ک B .(Ҭ໣ޑ з A∪B = {x : x ∈ A or x ∈ B} ᆀϐࣁ the union of A and
B (A ک B .(ᖄ໣ޑ

ᙁൂޑᇥ A∩B ൩ࢂஒ A,B Ӆӕޑϡનԏ໣ଆٰ܌ளޑ໣ӝ, Զ A∪B ஒࢂ A,B ޑԖ܌

ϡનԏ໣ଆٰԶளޑϡન. .ηٯޑӵаΠٯ

Example 3.2.2. з A = {1,2,3}, B = {2,4,6}. җܭѝԖ 2 ܭӕਔឦࢂ A Ъឦܭ B, а܌
ள A∩B = {2}. Զ 1,3 ᗨؒԖӧ B ՠ೿ឦܭ A, ಄ӝឦܭ A ܭឦ܈ B ޕࡺచҹޑ 1,3 ࣣ

ឦܭ A∪B. ӕ౛ 4,6 ҭឦܭ A∪B. Կܭ 2 ܭฅӕਔឦࡽ A ک B ྽ฅ಄ӝឦܭ A ឦ܈

ܭ B ,చҹޑ ޕࡺ 2 Ψឦܭ A∪B. ΞҗؒܭԖځдޑ數ӧ A ύ܈ B ύ, ۓॺёаዴך
A∪B = {1,2,3,4,6}.

ᖄ໣کҬ໣ᆶচٰޑ໣ӝࢂԖᜢ߯ޑ. ॺԖךηύٯޑӵӧ΢य़ٯ A∩B = {2} ⊆ A =

{1,2,3} аϷ B = {2,4,6} ⊆ A∪B = {1,2,3,4,6}. ٣ჴ΢, ऩ x ∈ A∩B, Ң߄ x ∈ A Ъ x ∈ B,
ޕࡺ x ΋ۓឦܭ A Ъ x ΋ۓឦܭ B, ॺԖךа܌

(A∩B)⊆ A and (A∩B)⊆ B. (3.1)

ཀݙ A∩B Ԗёૈޜࢂ໣ӝ, Ԝਔךॺᆀ A,B ࣁ disjoint. όၸޜ໣ӝх֖ܭҺཀޑ໣ӝ, ܌
а྽ A,B ࣁ disjoint ਔ΢Ԅϝฅԋҥ. ќ΋Бय़ऩ x ∈ A, ߾ x Ѹឦܭ A ܈ B, а܌ x ∈ A∪B

ԋҥ. ॺԖך
A ⊆ (A∪B) and B ⊆ (A∪B) (3.2)

Question 3.7. ၂᛾ܴ (A∩A) = A аϷ (A∪A) = A.

Ҭ໣کᖄ໣ӧࢌᅿำࡋ΢ёаᇥ࡭ߥࢂх֖ᜢ߯ޑ, ٣ჴ΢ךॺԖаΠ܄ޑ፦.

Proposition 3.2.3. ೛ A,B,C,D ࣁࣣ sets ᅈى A ⊆ B Ъ C ⊆ D. ߾

(A∩C)⊆ (B∩D) and (A∪C)⊆ (B∪D).

Proof. Ӣ A ⊆ B, ёҗ x ∈ A ள x ∈ B. ӕ౛Ӣ C ⊆ D, ёҗ x ∈C ள x ∈ D. ౜ऩ x ∈ A∩C,
Ң߄ x ∈ A Ъ x ∈C. ёளࡺ x ∈ B Ъ x ∈ D. ள᛾ (A∩C)⊆ (B∩D). ӕ౛, ऩ x ∈ A∪C, ߄
Ң x ∈ A ܈ x ∈ C. ྽ x ∈ A ਔёள x ∈ B, Զ྽ x ∈ C ਔёள x ∈ D. җࡺ x ∈ A∪C ёள

x ∈ B∪D. ள᛾ (A∪C)⊆ (B∪D). �



34 3. Set

੝ձޑ, ྽ A ⊆ B Ъ A ⊆ D ਔ, ॺёаԵቾך C = A ঺Ҕ׎௃ޑ Proposition 3.2.3 ள
(A∩A)⊆ (B∩D). Ξҗܭ (A∩A) = A, ளޕ A ⊆ (B∩D). ӕ౛, ྽ A ⊆ B Ъ C ⊆ B ਔ, ॺך
Ԗ (A∪C)⊆ (B∪B). Ξҗܭ (B∪B) = B, ளޕ (A∪C)⊆ B. .፦܄ॺ᛾ளаΠך җܭ೭ঁ่
җࢂ݀ Proposition 3.2.3 ᙁൂ௢導Զள, ॺ൩Ҕך corollary (Ї౛) ᆀϐ.

Corollary 3.2.4. ଷ೛ A,B,C,D,E ࣁ sets.

(1) ऩ A ⊆ B Ъ A ⊆C, ߾ A ⊆ (B∩C).

(2) ऩ D ⊆ A Ъ E ⊆ A, ߾ (D∪E)⊆ A.

Question 3.8. ၂ޔௗ᛾ܴ Corollary 3.2.4, ٠ҔԜ่݀௢導р Proposition 3.2.3.

.х֖ᜢ߯ޑ໣ӝٿᖄ໣ٰղᘐ܈ॺΨёճҔҬ໣ך .่݀ޑॺԖаΠך

Proposition 3.2.5. ଷ೛ A,B ࣁ sets. ࢂаΠ߾ equivalent.

(1) A ⊆ B.

(2) (A∩B) = A.

(3) (A∪B) = B.

Proof. ॺ᛾ܴך (1)⇔ (2) аϷ (1)⇔ (3).

(1) ⇔ (2): ଷ೛ A ⊆ B, ॺा᛾ܴך (A∩B) = A. ٣ჴ΢җԄη (3.1) ޕॺך (A∩B) ⊆ A,
໻ा᛾ܴࡺ A ⊆ (A∩B). ฅԶςޕ A ⊆ A аϷ A ⊆ B, җࡺ Corollary 3.2.4 ள A ⊆ (A∩B).
ӢԜ᛾ܴΑ (1)⇒ (2). ќ΋Бय़, җԄη (3.1) ޕॺך (A∩B) ⊆ B. җࡺ A = (A∩B) ёள

A ⊆ B, ᛾ܴΑ (2)⇒ (1).

(1)⇔ (3): ଷ೛ A ⊆ B, ॺा᛾ܴך (A∪B) = B. ٣ჴ΢җԄη (3.2) ޕॺך B ⊆ (A∪B), ࡺ
໻ा᛾ܴ (A∪B) ⊆ B. ฅԶςޕ A ⊆ B аϷ B ⊆ B, җࡺ Corollary 3.2.4, ள (A∪B) ⊆ B.
ӢԜ᛾ܴΑ (1)⇒ (3). ќ΋Бय़, җԄη (3.2) ޕॺך A ⊆ (A∪B). җࡺ (A∪B) = B ёள

A ⊆ B, ᛾ܴΑ (3)⇒ (1). �

җ Definition 3.2.1 ၰޕॺך “Ҭ໣” ޑᡄᒠک “and” Ԗᜢ, Զ “ᖄ໣” ک “or” Ԗᜢ. ܌
аךॺࡐ৒ܰ௢ளаΠޑᜢ߯:

(1) A∩B = B∩A.

(2) A∪B = B∪A.

(3) (A∩B)∩C = A∩ (B∩C).

(4) (A∪B)∪C = A∪ (B∪C).

җܭ (3) ,ᜢ߯ޑ аࡕӭঁ໣ӝޑҬ໣ךॺ۱ࡴౣ࣪ߡόѸѐமፓব൳ঁӃբҬ໣, ӵٯ
ௗቪԋޔ A∩B∩C. ӕ౛җܭ (4), аࡕӭঁ໣ӝޑᖄ໣ךॺΨ࣪ౣ۱ࡴ, ௗቪԋޔӵٯ
A∪B∪C.
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ճҔᡄᒠ ∧,∨ ϐ໔ޑϩଛ܄፦, ջ

((P∧Q)∨R)∼ ((P∨R)∧ (Q∨R)), ((P∨Q)∧R)∼ ((P∧R)∨ (Q∧R)),

.፦܄ޑॺԖаΠך

Proposition 3.2.6. ଷ೛ A,B,C ࣁ sets, ߾

((A∩B)∪C) = (A∪C)∩ (B∪C), ((A∪B)∩C) = (A∩C)∪ (B∩C).

Proof. २Ӄҗ (A∩B)⊆ A аϷ C ⊆C ճҔ Proposition 3.2.3 ள ((A∩B)∪C)⊆ (A∪C). ӕ
౛ޕ ((A∩B)∪C)⊆ (B∪C). ӆճҔ Corollary 3.2.4ள ((A∩B)∪C)⊆ (A∪C)∩ (B∪C). ќ΋
Бय़ଷ೛ x ∈ (A∪C)∩(B∪C)߄Ң x ∈ A∪CЪ x ∈ B∪C. ॺճҔך proof in cases,Եቾ x ∈C

ک x ̸∈C೭ٿᅿ௃ݩ. ऩ x ∈C,߾྽ฅ x ∈ (A∩B)∪C. Զऩ x ̸∈C,߾җ x ∈ A∪CЪ x ∈ B∪C,
ޕ x ∈ A Ъ x ∈ B, ҭջ x ∈ A∩B. ԜਔϝԖࡺ x ∈ (A∩B)∪C. Ψ൩ࢂᇥόᆅবᅿ௃ݩ, ॺך
೿ёаҗ x ∈ (A∪C)∩ (B∪C) ௢ள x ∈ (A∩B)∪C, ள᛾ ((A∪C)∩ (B∪C))⊆ (A∩B)∪C. ࡺ
ޕ ((A∩B)∪C) = (A∪C)∩ (B∪C).

Կܭ ((A∪ B)∩C) = (A∩C)∪ (B∩C) ,᛾ܴޑ २Ӄҗ A ⊆ (A∪ B) аϷ C ⊆ C ճҔ

Proposition 3.2.3 ள (A ∩C) ⊆ ((A ∪ B)∩C), ӕ౛ךॺԖ (B ∩C) ⊆ ((A ∪ B)∩C). җࡺ
Corollary ޕ3.2.4 (A∩C)∪(B∩C)⊆ ((A∪B)∩C). ќ΋Бय़,ऩ x∈ (A∪B)∩C,߄Ң x∈A∪B

Ъ x∈C. җ x∈A∪B,ךॺޕ x∈A܈ x∈B. ྽ x∈Aਔ,җܭςޕ x∈C,ࡺள x∈A∩C. Ԝਔ
ԾฅԖ x ∈ (A∩C)∪(B∩C). ӕ౛,྽ x ∈ Bਔ,ёள x ∈ B∩C. ӢԜΨԖ x ∈ (A∩C)∪(B∩C),
ள᛾ ((A∪B)∩C)⊆ (A∩C)∪ (B∩C). ޕࡺ ((A∪B)∩C) = (A∩C)∪ (B∩C) �

Question 3.9. ၂ճҔ Proposition 3.2.5 ύ (1)⇒ (2) аϷ่݀ޑ Proposition 3.2.6 ᛾ܴ
Proposition 3.2.5 ύ (2)⇒ (3).

3.2.2. Set Difference. ကՖᒏۓॺך set difference.

Definition 3.2.7. ଷ೛ A,B ࣁ sets, ကۓ A \ B = {x : x ∈ A and x ̸∈ B}, ᆀϐࣁ the set
difference of B in A (B ӧ A ύޑৡ໣). ऩ X ࣁ universal set, з߾ Ac = X \A = {x : x ̸∈ A}
ᆀϐࣁ the complement of A (A .(໣ံޑ

ཀݙ Ac ࣁကচҁᔈۓޑ {x : x ∈ X and x ̸∈ A}, ՠӢ X ࣁ universal set, Ԗϡ܌ၰޕॺך
નࣣӧ X ύ, ౣ࣪ࡺ x ∈ X ௗቪޔ x ̸∈ A. ցςܴዴᇥܴΑࢂཀݙаӧ٬Ҕံ໣ਔा੝ձ܌
ϙሶࢂӹ໣, ց߾཮Ԗ಄ဦό୤΋ୢޑᚒ. ӵऩٯ Q ,ӹ໣ࣁ ߾ Qc = /0, Զ྽ӹ໣ࣁ R ਔ,
Qc ൩܌ࢂԖค౛數܌ԋޑ໣ӝΑ.

ճҔံ໣ޑ಄ဦ, ॺԖךကۓ٩ A\B = A∩Bc, வ೭္ךॺޕၰ΋૓ޑ௃ݩ A\Bک B\A

.ޑό࣬ӕࢂ ٣ჴ΢ךॺԖ (A\B)∩ (B\A) = /0. ೭ࢂӢܴࡐࣁᡉޑ A∩Ac = /0 Ъ B∩Bc = /0,
ޕࡺ

(A\B)∩ (B\A) = (A∩Bc)∩ (B∩Ac) = (A∩Ac)∩ (B∩Bc) = /0.

Example 3.2.8. ଷ೛ X = {1,2,3,4,5,6},A = {1,2,3},B = {2,4,6}. Ӣ 1,3 ∈ A Ъ 1 ̸∈ B Ъ

3 ̸∈ B, ޕ 1,3 ∈ A \B. ᗨฅ 2 ∈ A ՠࢂ 2 ∈ B, ࡺ 2 ̸∈ A \B. ள A \B = {1,3}. ӕ౛ёள
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B\A = {4,6}. ॺԖך (A\B)∩ (B\A) = {1,3}∩{4,6} = /0. Ξ 1,3,5 ∈ X Ъ 1,3,5 ࣣόӧ B

ύ, ޕࡺ 1,3,5 ∈ Bc. Զ 2,4,6 ∈ B ࡺ 2,4,6 ࣣόឦܭ Bc, ள Bc = {1,3,5}. നࡕԵቾ A∩Bc

ள A∩Bc = {1,2,3}∩{1,3,5}= {1,3}= A\B.

ௗΠٰךॺ࣮ set difference .ᜢ߯ޑх֖ϐ໔ک ऩ A,B,C ࣁ sets Ъ A ⊆ B, Ԝਔޕऩ
x ̸∈ B, ߾ x ̸∈ A. ೭ࢂӢࣁऩ x ∈ A, җ߾ A ⊆ B ޕଷ೛ޑ x ∈ B, کࡺ x ̸∈ B ࣬ҟ࣯. аऩ܌
ςޕ A ⊆ B җ߾ x ∈C \B, ޕॺך x ∈C Ъ x ̸∈ B, ёள x ∈C Ъ x ̸∈ A, ջ x ∈C \A. җԜޕ
(C \B)⊆ (C \A). ೭ঁ่݀ޑϸӛࢂό҅ዴޑ, ନߚςޕ A ⊆C, .ॺԖаΠϐ่݀ך

Proposition 3.2.9. ଷ೛ A,B,C ࣁ sets. ऩ A ⊆ B ߾ (C \B)⊆ (C \A).

ऩΞଷ೛ A ⊆C, ߾ A ⊆ B ऩЪ୤ऩ (C \B)⊆ (C \A).

Proof. җ前य़ޑ௖૸ޕҗ A ⊆ B ёள C \B ⊆C \A (Ԝ೽ϩόሡा A ⊆C .(ଷ೛ޑ ౜ऩς
ޕ A ⊆C Ъ (C \B)⊆ (C \A), ॺा᛾ܴך A ⊆ B, ջ᛾ܴऩ x ∈ A ߾ x ∈ B. Ӣࣁ C \B,C \A

ک “not” Ԗᜢ, ॺाҔך contradiction method. ջଷ೛ x ∈ A, ՠ x ̸∈ B, ௢ளҟ࣯. Ӣ A ⊆C

җ x ∈ A ёள x ∈ C, ՠΞଷ೛ x ̸∈ B, ளࡺ x ∈ C \B. ӢԜҗ前ග (C \B) ⊆ (C \A), ளޕ
x ∈C \A, ҭջ x ∈C Ъ x ̸∈ A. Ԝᆶ྽߃ଷ೛ x ∈ A ࣬ҟ࣯. ྽ޕࡺ x ∈ A ਔόёૈ཮ x ̸∈ B,
ள᛾ A ⊆ B. �

Question 3.10. ੿ޑሡा A ⊆C ೭ঁଷ೛ωૈዴۓ A ⊆ B ऩЪ୤ऩ (C \B) ⊆ (C \A) ༏?
ऩؒԖ A ⊆C ೭ঁଷ೛, գૈᖐϸٯ༏?

੝ձޑ྽ C = X ,ӹ໣ਔࣁ ԾฅԖ A ⊆C = X , ډ঺Ҕࡺ Proposition 3.2.9, ॺளך A ⊆ B

ऩЪ୤ऩ (X \B)⊆ (X \A). ӢԜԖаΠϐ่݀.

Corollary 3.2.10. ଷ೛ A,B ࣁ sets. ߾ A ⊆ B ऩЪ୤ऩ Bc ⊆ Ac.

வ Definition 3.2.7 ॺёа࣮рך set difference ޑᡄᒠک “not” Ԗᜢ, ॺΨё௢ךа܌
導р set difference аϷҬ໣, ᖄ໣໔ޑᜢ߯.

Proposition 3.2.11. ଷ೛ A,B,C ࣁ sets, .፦܄ޑॺԖаΠך

(1) (C \ (C \A)) = (C∩A). ੝ձޑ, ॺԖך (Ac)c = A.

(2) C \ (A∩B) = (C \A)∪ (C \B). ੝ձޑ, ॺԖך (A∩B)c = (Ac ∪Bc).

(3) C \ (A∪B) = (C \A)∩ (C \B). ੝ձޑ, ॺԖך (A∪B)c = (Ac ∩Bc).

Proof. ೭܄٤፦೿ёаճҔ前य़ᡄᒠ࣬ᜢޑ equivalence ௢導, όၸךॺϝҔ΋٤໣ӝޑ
.፦ೀ౛܄

(1): २Ӄۓ٩ကऩ x ∈ C \ (C \A) Ң߄ x ∈ C Ъ x ̸∈ C \A. Ԝਔऩ x ̸∈ A, Ң߄ x ∈ C \A

(Ӣςޕ x ∈ C), Զ೷ԋᆶ x ̸∈ C \A ϐҟ࣯, ޕࡺ x ∈ A. ॺ᛾ܴΑऩך x ∈ (C \ (C \A)), ߾
x ∈C Ъ X ∈ A (ջ x ∈C∩A). ள᛾ (C \ (C \A))⊆ (C∩A). ϸϐ, ऩ x ∈C∩A, ӢԜਔ x ∈C,
ॺѝा᛾ܴך x ̸∈ (C \A), ёளߡ x ∈C \ (C \A). ฅԶऩ x ∈ (C \A) Ң߄ x ∈C Ъ x ̸∈ A, Ԝ
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ᆶ྽߃ଷ೛ x ∈C∩A ࣬ҟ࣯, ளࡺ x ̸∈ (C \A). ॺ᛾ளΑך (C∩A)⊆ (C \ (C \A)), ӢԜள᛾
(C \ (C \A)) = (C∩A).

౜Եቾ C = X ,ݩ௃ޑӹ໣ࣁ ॺԖך X \A = Ac, ࡺ X \ (X \A) = X \Ac = (Ac)c. ฅԶ
X ∩A = A, ள᛾ࡺ (Ac)c = A.

(2): җܭ (A∩B)⊆A,ࡺҗ Proposition ޕ3.2.9 (C\A)⊆ (C\(A∩B)). ӕ౛җ (A∩B)⊆ B

ள (C \B) ⊆ (C \ (A∩B)). җࡺ Corollary 3.2.4 (2) ள (C \A)∪ (C \B) ⊆ C \ (A∩B). ќ΋
Бय़, ऩ x ∈ C \ (A ∩ B), Ң߄ x ∈ C Ъ x ̸∈ A ∩ B. Ԝਔऩ x ̸∈ A, Ң߄߾ x ∈ C \ A, ள
x ∈ (C \A)∪ (C \B). Զऩ x ∈ A, Ѹ߾ x ̸∈ B, ց߾ x ∈ B ཮೷ԋ x ∈ A Ъ x ∈ B, ջ x ∈ A∩B

ϐҟ࣯. Ԝਔࡺ x ∈C \B, Ψᅈى x ∈ (C \A)∪ (C \B). ள᛾ C \ (A∩B)⊆ (C \A)∪ (C \B).

౜Եቾ C = X ,ݩ௃ޑ җ X \A = Ac, X \B = Bc аϷ X \ (A∩B) = (A∩B)c ॺଭ΢ளך

ޕ (A∩B)c = (Ac ∪Bc).

(3): ճҔ ॺԖך่݀ޑ(2) (Ac∩Bc)c =((Ac)c∪(Bc)c),ӆճҔ (1),ள (Ac∩Bc)c =(A∪B).
ڗ complement ٠ӆԛճҔ (1) ள᛾ (Ac ∩Bc) = (A∪B)c. ౜Ӣ

C \ (A∪B) =C∩ (A∪B)c =C∩ (Ac ∩Bc) and (C \A)∩ (C \B) = (C∩Ac)∩ (C∩Bc),

җҬ໣ҁ่ޑيӝޕࡓ C∩ (Ac ∩Bc) = (C∩Ac)∩ (C∩Bc), ள᛾ࡺ

C \ (A∪B) = (C \A)∩ (C \B).

�

Question 3.11. ၂ճҔ Proposition 3.2.11 (2) ᛾ܴ C \ A = C \ (C ∩ A). ٩Ԝ٠ճҔ
Proposition 3.2.9 ᛾ܴ (C∩A)⊆ (C∩B) ऩЪ୤ऩ (C \B)⊆ (C \A).

ჴ೭٤໣ӝځ operations ϐ໔ޑᜢ߯ᆶ܄፦, ೿ёаޔௗӚᜐڗ΋ϡન, ճҔಃ΋കϟ
ಏᡄᒠޑ connectives ,໣ӝх֖ᜢ߯ډ፦ள܄ޑ നࡕ᛾ளٿᜐ໣ӝ࣬฻. ќ΋Бय़ךॺΨ
ё঺Ҕ೭΋കύ܌ϟಏӚ໣ӝޑ operations .፦௢導܄ޑ ೭ٿᅿБ٠ݤคӳᚯϐϩ, ᗨฅԖ
ਔޔௗ঺Ҕ໣ӝ operations ,ೲזࡐ፦௢導܄ޑ ՠѬߚ٠࿤ૈ. வ΢य़൳ঁۓ౛ޑ᛾ܴ, ε
ৎૈ࣮р, ྽ךॺคݤҔ໣ӝ܄፦௢導ਔ, .က௢導ۓۈচޑճҔϡનډ཮ӣᘜߡ ӧ೭္ך
ॺ٠όࢂႴᓰεৎҔङᇝޑБԄ૶Ꮻ೭ሶӭ܄ޑ፦, Զ׆ࢂఈεৎૈ୼學ಞӵՖճҔ΋٤ς
.౛ۓޑ፦௢導рཥ܄ޑޕ നךࡕॺӆ࣮΋ঁٯη.

Example 3.2.12. ଷ೛ A,B,C ໣ӝЪࣁ Bc ⊆ A, ॺा᛾ܴך ((C \A)∪B) = B.

Бݤ΋: .ೀ౛ݤБޑॺҔϡનך २Ӄςޕ B ⊆ ((C \A)∪B), ा᛾ܴ฻Ԅԋҥѝा᛾ࡺ
ܴ ((C \A)∪B)⊆ B. ౜ଷ೛ x ∈ ((C \A)∪B), ॺा᛾ܴך x ∈ B. ฅԶ x ∈ ((C \A)∪B) Ң߄

x ∈C \A ܈ x ∈ B. ӵ݀ x ∈ B, ,״᛾่ܴ߾ ॺ໻ा૸論ךа܌ x ∈C \A ,׎௃ޑ ջ x ∈C Ъ

x ̸∈ A. Ӣࣁคޔݤௗ᛾ܴ x ∈ B, ,ݤॺёаԵቾϸ᛾ךа܌ ջଷ೛ x ̸∈ B Զளډҟ࣯. ౜
ऩ x ̸∈ B, Ң߄ x ∈ Bc, җࡺ Bc ⊆ A ଷ೛ளޑ x ∈ A. Ԝᆶ x ̸∈ A ࣬ҟ࣯, ޕࡺ x ∈ B. ள᛾
((C \A)∪B)⊆ B.

БݤΒ: .፦ೀ౛܄ޑॺΨёֹӄҔ前य़᛾ளך २Ӄ࣮ډ฻ԄѰѓٿᜐ೿Ԗ B, ךа܌
ॺёаճҔ Proposition 3.2.5. Ψ൩ࢂᇥऩૈ᛾ܴ (C \A) ⊆ B, ёள᛾߾ ((C \A)∪B) = B.
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ӵՖ᛾ܴ (C \A)⊆ B ?ګ کۓॺᔈё࣮р೭΋ך Bc ⊆ A Ԗᜢ. җܭ C \A =C∩Ac, ךа܌
ॺёаճҔ Corollary 3.2.10 ஒ Bc ⊆ A ඤԋ Ac ⊆ (Bc)c, ӆճҔ Proposition 3.2.11 (1) ள
Ac ⊆ B. Ԝਔךॺᔈࡐమཱ࣮р

(C \A) = (C∩Ac)⊆ (C∩B)⊆ B.

3.3. Indexed Family

ӧ前΋࿯ύ, ,ᖄ໣܈Ҭ໣ޑॺፋך ޑ໣ӝ໔ঁٿࣁຎځஒࢂ operation. όၸ྽ךॺޕ
ၰҬ໣کᖄ໣Ԗ܌ᒏ่ޑӝࡕࡓ, .ᖄ໣ᆶҬ໣Αޑёаፋ論ӭঁ໣ӝߡॺך ೭΋࿯ύ, ך
ॺᙖҗ፾྽ޑ಄ဦᆶۓကޑ௢ቶ, ஒ௖૸Һཀӭঁ໣ӝޑᖄ໣ᆶҬ໣ୢᚒ. εठ΢ϐ前ፋޑ
,፦܄ޑҬ໣ᆶᖄ໣ޑ໣ӝঁٿ ೿ёа௢ቶ׳ډ΋૓ޑ௃׎. όၸೀ౛คज़ӭঁ໣ӝޑ௃ݩ,
Ԗ٤ӦБёૈکԖज़ޑ௃ัݩԖόӕ, ा੝ձ੮ཀ.

྽ךॺፋ論Ԗज़ӭঁ໣ӝޑҬ໣کᖄ໣ਔ, ӵ݀໣ӝঁ數όӭ, ӵٯ 5 ঁ໣ӝ

A,B,C,D,E ,Ҭ໣ޑ ௗҔޔॺך A∩B∩C ∩D∩E .Ң߄ٰ ೭္ךॺ೿ёаόҔ۱ࡴ୔
ϩۭډবঁٿ໣ӝӃҬ໣ࡕӆځکдޑ໣ӝ଺Ҭ໣, ӢࣁҬ໣Ԗ่ӝࡓ. ॺΨόѸᏼך
ЈҬ໣ޑ໩ׇ, ӢࣁҬ໣ԖҬඤ܄. ӕኬޑჹܭᖄ໣ΨࢂӵԜ. ྽໣ӝঁޑ數ϼӭਔ, Ⴝ
前य़೭ኬ΋΋ӈр൩όϪჴሞΑ. ၶډ೭ᅿ௃׎, ,໣ӝ΋΋ጓဦޑाೀ౛עॺёаך ٯ
ӵԖ 100 ঁ໣ӝ, ॺ൩ጓԋך A1,A2, . . . ,A100 (྽ฅΑ, ೭٤ Ai .(ሶᔈᇥܴమཱࣗࢂ ฅ
ޑݤႽೀ౛уߡॺךҬ໣ᆶᖄ໣ޑ೭٤໣ӝࡕ “summation” ಄ဦ, ஒ೭٤໣ӝޑҬ໣ᆶ

ᖄ໣ϩձҔ
100∩
i=1

Ai,
100∪
i=1

Ai .Ң߄ٰ ӵऩٯ Ai = [i− 1, i] (ջϟܭ i− 1 ک i ϐ໔ޑჴ數), ߾

100∩
i=1

Ai = /0,
100∪
i=1

Ai = [0,100]. ӵ݀Ԗคጁӭ໣ӝ࡛ሶᒤ? Ⴝ前य़ٯޑη, ӵ݀ჹ܌ԖޑԾฅ數

i ∈ N, Ai ࣣԖۓက, ޑԖ܌ॺёаԵቾჹך Ai .ᖄ໣کҬ໣ޑ ೭ਔংךॺ΋૓ёа學คጁ

ભ數ޑБݤ, ஒ೭٤Ҭ໣کᖄ໣ϩձ߄Ңԋ
∞∩

i=1

Ai,
∞∪

i=1

Ai. ྽ฅΑ, ೭ኬޑ಄ဦۭΠ߄Ңࢂޑ i

வব΋ঁ數໒ۈ, ΢य़߄Ңډࢂޑব΋ঁࣁЗ, ॺाԵቾךа܌ A5, A6, A7, A8 ᖄکҬ໣ޑ

໣൩ёаϩձҔ
8∩

i=5

Ai,
8∪

i=5

Ai .Ң߄ٰ ӢԜ΋૓ऩाፋ i வ m ډ n ޑ Ai ϐҬ໣ᆶᖄ໣, ॺך

ϩձҔߡ
n∩

i=m

Ai,
n∪

i=m

Ai .Ң߄ٰ Զा܌ၲ߄Ԗ i εܭ฻ܭ m ޑ Ai ϐҬ໣ᆶᖄ໣, ϩߡॺך

ձҔ
∞∩

i=m

Ai,
∞∪

i=m

Ai .Ң߄ٰ ೭္ाݙཀ, ࣁӭӕ學཮ᇤаࡐ
∞∩

i=m

Ai,
∞∪

i=m

Ai ࢂ
n∩

i=m

Ai,
n∪

i=m

Ai ྽ n

ᖿܭ߈ ∞ .ज़ཱུޑ ೭ঁᇥࢂݤԖୢᚒޑ, Ӣךࣁॺவ҂ۓကၸ “໣ӝཱུޑज़”.

όၸ೭٤಄ဦϝό୼ךॺޑሡ؃. Ԗਔךॺा௖૸ޑ໣ӝ, Ѭॺঁޑ數ࢂόૈႽ᏾數΋
ኬ΋ঁ΋ঁ數ޑ. ,ӵჴ數ٯ ൩คݤ΋ঁ΋ঁ數. ,ჴ數Ԗᜢک໣ӝޑॺፋךаऩ܌ ӵ (−r,r)

ύځ r > 0, ೭ኬޑ୔໔, ाӵՖ܌ၲ߄Ԗ೭ኬޑ୔໔ޑҬ໣ᆶᖄ໣ګ? ,Яࢂܭ ॺЇ຾ך
Α index set .ۺཷޑ ᒏ܌ index set ൩ࢂգाҔٰ “ጓىዸ” .໣ӝޑԋ܌Ջܿޑ ӵ前य़ٯ
Ai = [i− 1, i] ,ηٯޑ ޑॺԵቾך i Ծฅ數ޑԖ܌ࢂ N, аԜਔ܌ N ޑॺךࢂߡ index set.
Զऩा௖૸ [−r,r] ,׎௃ޑ ॺёаҔ҅ჴ數ך R+ ޑॺךࣁ index set, ஒाԵቾޑ୔໔ጓ
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ዸԋ Ar = [−r,r]. ೭ኬஒ܌Ԗ೏ጓዸӳޑ໣ӝ Ar,r ∈ R+ ԏ໣ӧ΋ଆ, ޑᒏ܌ࢂߡ indexed
family Α. ,а΋૓ٰᇥ܌ ॺाӃᇥӳך index set .Ֆࣁ ௗΠٰाᇥܴा௖૸ޑ໣ӝӵՖҔ
index set ,ϡનጓዸޑ္ ೭ኬωૈ׎ԋ΋ঁ indexed family. Ψ൩ࢂᇥऩ I ࣁ index set, ך
ॺѸ໪ᇥܴ Ai ,ሶࣗࢂ ೭ኬ {Ai, i ∈ I} ΋ঁࢂ཮ߡ indexed family.

ௗΠٰ, က΋ঁۓाࢂߡॺך indexed family .Ҭ໣ᆶᖄ໣ځ໣ӝޑ္ ,ཀݙ ջ٬ѝԖԖ
ज़ঁ໣ӝ, ࣁຎځॺϝёஒך indexed family. ໣ӝঁٿӵٯ A,B, ࣁࢂځॺϝёஒך index
set ࣁ I = {1,2} ޑ indexed family, ύځ A1 = A, A2 = B. ကۓॺךа܌ index family Ҭޑ
໣ᆶᖄ໣ሡᆶԖज़໣ӝޑҬ໣ᆶᖄ໣΋ठ. ྽ךॺԖঁٿ໣ӝ A,B ਔ, ा؃Ҭ໣ޑϡનѸ໪
ӧ؂΋ঁ໣ӝύ; Զᖄ໣္ޑϡનሡӧ A,B .΋ঁύࢌ .ကۓޑॺԖаΠךа܌

Definition 3.3.1. ଷ೛ I ࣁ index set, Զ {Ai, i ∈ I}, аࣁ I ࣁ index set ޑ indexed family.
ကԜۓ indexed family ޑ intersection ࣁ

∩
i∈I

Ai = {x : x ∈ Ai, ∀i ∈ I}.

ကԜۓ indexed family ޑ union ࣁ
∪
i∈I

Ai = {x : x ∈ Ai, ∃i ∈ I}.

ճҔԜۓက, .ηٯޑॺ࣮аΠך

Example 3.3.2. Եቾ index set I ܭεࣁ 1 .᏾數ޑ ჹҺཀ i ∈ I, з Ai = {m/i : m ∈ Z}. ך
ॺा᛾ܴ ∩

i∈I

Ai = Z,
∪
i∈I

Ai =Q.

२Ӄ, Һཀ n ∈ Z, ॺ೿ёаቪԋך n = ni/i. җܭ ni ∈ Z, ளࡺ n ∈ Ai, ∀ i ∈ I. ᛾ளΑ
Z ⊆

∩
i∈I

Ai. ќ΋Бय़, ऩ x ∈
∩
i∈I

Ai, ҢჹҺཀ߄ i ∈ I ࣣԖ x ∈ Ai. ౜җܭ x ∈ A2 аϷ x ∈ A3,

ॺԖך x = m/2 Ъ x = m′/3, ύځ m,m′ ∈ Z. ฅԶԜջ߄Ң 3m = 2m′, ޕࡺ 3m Ѹࣁଽ數.
ӢԶளޕ m ଽ數ࣁ 2n, ύځ n ∈ Z. жӣள x = m/2 = n ∈ Z. ள᛾

∩
i∈I

Ai ⊆ Z, ࡺ
∩
i∈I

Ai = Z.

౜ऩ x ∈Q,٩Ԗ౛數ϐۓက, xёቪԋ m/n,ځύ m ∈Z, n ∈N. ౜ऩ n = 1,ջ x = m ∈Z.
ॺёаஒך x ቪԋ x = 2m/2, Ԝਔޕ x ∈ A2. Զऩ n ≥ 2, Ң߄ n ∈ I, Ԝਔࡺ x ∈ An. ள᛾
Q⊆

∪
i∈I Ai. ќ΋Бय़, ऩ x ∈

∪
i∈I Ai, ҢӸӧ߄ n ∈ I, ٬ள x ∈ An. ကளۓ٩ࡺ x = m/n, ځ

ύ m ∈ Z. Ԝջ߄Ң x ∈Q, ள᛾
∪
i∈I

Ai ⊆Q, ࡺ
∪
i∈I

Ai =Q.

Question 3.12. з Ai ӵ Example 3.3.2 .೛܌ ճҔ྽ m ∈ Z ਔ, ऩ p,q ϕ፦᏾數Ъٿࣁ

p ᏾ନ mq, ߾ p ᏾ନ m ϐ٣ჴ, ᛾ܴऩ p,q ,ϕ፦᏾數ٿࣁ ߾ Ap ∩Aq = Z. ٩Ԝ᛾ܴ྽

m ∈ N,
∞∩

i=m

Ai = Z.
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Question 3.13. з Ai ӵ Example 3.3.2 ,೛܌ ᛾ܴ྽ m ∈ N,
∞∪

i=m

Ai =Q. ҅ٿډפցёࢂ

᏾數 m < n ٬ள
n∩

i=m

Ai =Q?

౜ӧךॺ௖૸΋٤Ԗᜢٿ໣ӝޑҬ໣ᆶᖄ໣܄ޑ፦, ΋૓׳ډցёа௢ቶࢂ indexed
family .׎௃ޑ २Ӄ Proposition 3.2.3 .ޑёа௢ቶࢂ

Proposition 3.3.3. ଷ೛ {Ai, i ∈ I}, {Bi, i ∈ I} аࢂ I ࣁ index set ಔٿޑ indexed family.
ऩჹ܌ܭԖ i ∈ I ࣣԖ Ai ⊆ Bi, ∩߾

i∈I

Ai ⊆
∩
i∈I

Bi and
∪
i∈I

Ai ⊆
∪
i∈I

Bi.

Proof. ೛ x ∈
∩
i∈I

Ai, Ԗ܌Ңჹ߄ i ∈ I, ࣣԖ x ∈ Ai, җࡺ Ai ⊆ Bi, ள x ∈ Bi. Ӣࣁ೭ࢂჹҺཀ

ޑ i ∈ I ࣣԋҥ, ளࡺ x ∈
∩
i∈I

Bi. ள᛾
∩
i∈I

Ai ⊆
∩
i∈I

Bi.

౜ऩ x ∈
∪
i∈I

Ai, ҢӸӧ߄ i ∈ I ٬ள x ∈ Ai, җࡺ Ai ⊆ Bi, ள x ∈ Bi. Ԝջ߄Ң x ∈
∪
i∈I

Bi, ள

᛾
∪
i∈I

Ai ⊆
∪
i∈I

Bi. �

,ၰޕ৒ܰࡐ ऩჹܭҺཀ i ∈ I, ࣣԖ Ai = A, ߾
∩
i∈I

Ai = A Ъ
∪
i∈I

Ai = A. ॺ঺Ҕךа܌

Proposition 3.3.3 ԖаΠ Corollary 3.2.4 .௢ቶޑ

Corollary 3.3.4. ଷ೛ A,B ࣁ set Ъ {Ai, i ∈ I}, {Bi, i ∈ I} аࢂ I ࣁ index set ޑ indexed
family.

(1) ऩჹ܌ܭԖ i ∈ I ࣣԖ A ⊆ Ai, ߾ A ⊆
∩
i∈I

Ai.

(2) ऩჹ܌ܭԖ i ∈ I ࣣԖ Bi ⊆ B, ߾
∪
i∈I

Bi ⊆ B.

ଷ೛ Ai аԾฅ數ࢂ Nࣁ index setޑ indexed familyЪᅈى A1 ⊇ A2 ⊇ ·· · ⊇ Ai ⊇ ·· · (ջ

Ai+1 ⊆ Ai, ∀ i ∈N). ჹܭҺཀ n ∈N,Ӣ An ⊆ Ai, ∀ i ≤ n,җ Corollary ॺԖך,3.3.4 An ⊆
n∩

i=1

Ai.

ќ΋Бय़, ॺΞԖך
n∩

i=1

Ai ⊆ An, Ԝਔёளࡺ
n∩

i=1

Ai = An. ,а܌ ԜਔऩςޕჹҺཀ i ∈ N, ࣣ

Ԗ Ai όޜࣁ໣ӝ, ߾
n∩

i=1

Ai Ѹόޜࣁ໣ӝ. όၸӧ྽Եቾคጁӭঁ໣ӝޑҬ໣ਔ, ൩Ԗёૈ

ᡂޜ໣ӝΑ. .ηٯޑॺԖаΠך

Example 3.3.5. ᇥܴԖёૈ΋ঁаԾฅ數ٯॺाᖐך N ࣁ index set ޑ indexed family

{Ai, i ∈ I}, ᅈىჹ܌Ԗ i ∈ N ࣣԖ Ai+1 ⊆ Ai Ъ Ai όޜࣁ໣ӝ, ՠ
∞∩

i=1

Ai = /0.
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٣ჴ΢ჹ܌Ԗ i ∈ N Եቾ Ai ໒୔໔ࣁ (0,1/i). Ԝਔ Ai ྽ฅᅈى Ai ̸= /0 Ъ Ai+1 ⊆ Ai.

ՠ
∞∩

i=1

Ai = /0. ೭ࢂӢࣁऩ x ∈
∞∩

i=1

Ai, २ӃѸԖ x > 0. ԜਔԵቾ n ∈ N ᅈى n > 1/x. ॺளך

x > 1/n, ջ x ̸∈ (0,1/n) = An. Ԝᆶ x ∈
∞∩

i=1

Ai ࣬ҟ࣯, ள᛾
∞∩

i=1

Ai = /0.

வ΢य़೭ঁٯηךॺޕၰ, ΋٤ӧԖज़ӭঁ໣ӝޑҬ໣܈ᖄ໣཮ჹޑ௃׎, ӧคጁӭঁ
໣ӝޑਔংԖёૈࢂᒱޑ, .ाӭу੮ཀࢂаᗋ܌

ᜢܭҬ໣ᆶᖄ໣ϩଛ܄ޑࡓ፦, ॺԖаΠך Proposition 3.2.6 .௢ቶޑ

Proposition 3.3.6. ଷ೛ B ࣁ set, Ъ {Ai, i ∈ I} аࢂ I ࣁ index set ޑ indexed family. ߾

(
∩
i∈I

Ai)∪B =
∩
i∈I

(Ai ∪B) and (
∪
i∈I

Ai)∩B =
∪
i∈I

(Ai ∩B).

Proof. җܭჹ܌Ԗ k ∈ I ࣣԖ (
∩
i∈I

Ai) ⊆ (Ak ∪B) Ъ B ⊆ (Ak ∪B), җ Corollary 3.2.4 (2) ޕ

((
∩
i∈I

Ai)∪B)⊆ (Ak ∪B). Ӣࣁ೭ࢂჹҺཀ k ∈ I ࣣჹ, җࡺ Corollary 3.3.4 (1) ޕ

((
∩
i∈I

Ai)∪B)⊆
∩
i∈I

(Ai ∪B).

ќ΋Бय़, ऩ x ∈
∩
i∈I

(Ai ∪B), Ԗ܌ჹ߾ i ∈ I, ࣣԖ x ∈ Ai ܈ x ∈ B. ॺϩך x ∈ B аϷ x ̸∈ B ٿ

ᅿ௃ٰݩ૸論. ऩ x ∈ B, ԾฅԖ߾ x ∈ (
∩
i∈I

Ai)∪B. Զऩ x ̸∈ B, ޕ߾ x ∈ Ai Ъҗܭ೭ࢂჹ܌

Ԗ i ∈ I ࣣԋҥ, ளࡺ x ∈
∩
i∈I

Ai, ӢԜ x ∈ (
∩
i∈I

Ai)∪B. ள᛾
∩
i∈I

(Ai ∪B)⊆ ((
∩
i∈I

Ai)∪B), ࡺ

(
∩
i∈I

Ai)∪B =
∩
i∈I

(Ai ∪B).

ӕ౛, ჹ܌Ԗ k ∈ I ࣣԖ (Ak ∩B) ⊆ (
∪
i∈I

Ai) Ъ (Ak ∩B) ⊆ B, җ Corollary 3.2.4 (1) ޕ

(Ak ∩B)⊆ (
∪
i∈I

Ai)∩B. Ӣࣁ೭ࢂჹҺཀ k ∈ I ࣣჹ, җࡺ Corollary 3.3.4 (2) ޕ

∪
i∈I

(Ai ∩B)⊆ (
∪
i∈I

Ai)∩B.

ќ΋Бय़, ऩ x ∈ (
∪
i∈I

Ai)∩B, Ң߄ x ∈
∪
i∈I

Ai Ъ x ∈ B. ӢԜӸӧ i ∈ I, ٬ள x ∈ Ai Ъ x ∈ B. ҭ

ջӸӧ i ∈ I ٬ள x ∈ Ai ∩B. Ԝਔޕࡺ x ∈
∪
i∈I

(Ai ∩B), ள᛾ ((
∪
i∈I

Ai)∩B)⊆
∪
i∈I

(Ai ∩B), ࡺ

(
∪
i∈I

Ai)∩B =
∪
i∈I

(Ai ∩B).

�

Question 3.14. Ai,Bi, i ∈ I аࢂ I ࣁ index set ޑ indexed family. ցࢂ

(
∩
i∈I

Ai)∪ (
∩
i∈I

Bi) =
∩
i∈I

(Ai ∪Bi) and (
∪
i∈I

Ai)∩ (
∪
i∈I

Bi) =
∪
i∈I

(Ai ∩Bi)?
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നךࡕॺ௢ቶԖᜢܭԖज़໣ӝৡ໣ޑ DeMorgan’s laws (Proposition 3.2.11 (2)(3)).

Proposition 3.3.7. ଷ೛ C ࣁ sets Ъ {Ai, i ∈ I} аࢂ I ࣁ index set ޑ indexed family, ך
ॺԖаΠ܄ޑ፦.

(1) C \ (
∩
i∈I

Ai) =
∪
i∈I

(C \Ai). ੝ձޑ, ॺԖך (
∩
i∈I

Ai)
c =

∪
i∈I

Ac
i .

(2) C \ (
∪
i∈I

Ai) =
∩
i∈I

(C \Ai). ੝ձޑ, ॺԖך (
∪
i∈I

Ai)
c =

∩
i∈I

Ac
i .

Proof. (1): җܭჹ܌Ԗ k ∈ I,
∩
i∈I

Ai ⊆ Ak, җࡺ Proposition 3.2.9 ޕ (C\Ak)⊆ (C\
∩
i∈I

Ai). ࡺ

җ Corollary 3.3.4 (2) ள
∪
i∈I

(C \Ai) ⊆ (C \
∩
i∈I

Ai). ќ΋Бय़, ऩ x ∈ C \
∩
i∈I

Ai, Ң߄ x ∈ C Ъ

x ̸∈
∩
i∈I

Ai, ҭջ x ό཮ឦ؂ܭ΋ঁ Ai. ӢԜӸӧ i ∈ I ٬ள x ̸∈ Ai, җࡺ x ∈C ள x ∈C \Ai. ள

᛾ x ∈
∪
i∈I

(C \Ai), ࡺ (C \
∩
i∈I

Ai)⊆
∪
i∈I

(C \Ai).

౜Եቾ C = X ,ݩ௃ޑ җ X \Ai = Ac
i аϷ X \ (

∩
i∈I

Ai) = (
∩
i∈I

Ai)
c ޕॺଭ΢ளך

(
∩
i∈I

Ai)
c =

∪
i∈I

Ac
i .

(2): ճҔ (1) ॺԖך่݀ޑ (
∩
i∈I

Ac
i )

c =
∪
i∈I

(Ac
i )

c, ӆճҔ Proposition 3.2.11 (1), ள

(
∩
i∈I

Ac
i )

c =
∪
i∈I

Ai. ڗ complement ٠ӆԛճҔ Proposition 3.2.11 (1) ள᛾ (
∪
i∈I

Ai)
c =

∩
i∈I

Ac
i . ౜

Ӣ

C \ (
∪
i∈I

Ai) =C∩ (
∪
i∈I

Ai)
c =C∩ (

∩
i∈I

Ac
i ) and

∩
i∈I

(C \Ai) =
∩
i∈I

(C∩Ac
i ),

җҬ໣ҁ่ޑيӝࡓᆶҬඤޕࡓ C∩ (
∩
i∈I

Ac
i ) =

∩
i∈I

(C∩Ac
i ), ள᛾ࡺ

C \ (
∪
i∈I

Ai) =
∩
i∈I

(C \Ai).

�

Question 3.15. ଷ೛ C ࣁ sets Ъ {Ai, i ∈ I} аࢂ I ࣁ index set ޑ indexed family. ၂ୢ
(
∩
i∈I

Ai)\C ཮฻ܭ
∩
i∈I

(Ai \C) ࢂ܈
∪
i∈I

(Ai \C), ᗋࢂ೿όჹ? Զ (
∪
i∈I

Ai)\C ཮฻ࣗܭሶ?

3.4. Power Set and Cartesian Product

前य़ϟಏޑ൳ঁ໣ӝޑၮᆉ (Ҭ໣, ᖄ໣کৡ໣) ӧբҔ܌ࡕளޑ໣ӝϝӧӹ໣ύ, ௗ๱
ाϟಏޑ೭ٿᅿၮᆉӧբҔ܌ࡕளޑ໣ӝࡐёૈ཮όӧচӃޑӹ໣ύ (྽ฅԜਔाᘉεך
ॺޑӹ໣), ೭΋ᗺा੝ձ੮ཀ.
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3.4.1. Power Set. २Ӄךॺۓက power set.

Definition 3.4.1. ଷ೛ A ࣁ set. ကۓॺך A ޑ power set ࣁ A ޑ subsets ,໣ӝޑԋ܌ Ҕ
P(A) .Ң߄ٰ ॺԖךကۓ٩

P(A) = {S : S ⊆ A}.

җܭჹҺཀޑ set A, ࣣԖ /0 ⊆ A аϷ A ⊆ A, ॺளך /0 ∈ P(A) Ъ A ∈ P(A). ന੝ձ
,ࢂޑ Ӣ /0 х֖ܭҺՖޑ໣ӝ, ॺϝԖךࡺ /0 ⊆ P(A). Ψ൩ךࢂॺ཮ӕਔԖ /0 ∈ P(A) Ъ

/0 ⊆ P(A) .วғ׎௃ޑ ќѦऩ a ∈ A, Ң߄ {a} ⊆ A, ޕࡺ {a} ∈ P(A). চٰޑ set ځک
power set ύ “ឦܭ” ک “х֖ܭ” ᜢ߯ޑᙯᡂ, ί࿤όाషౄ. .ηٯޑॺ࣮аΠך

Example 3.4.2. җܭ /0 ѝԖԾρ΋ঁη໣ӝ, ளࡺ P( /0) = { /0}.

Եቾ A = {1,2,3}, җ前ςޕ /0, A, {1}, {2}, {3} ࣣӧP(A) ύ. ΞӢ {1,2}, {1,3}, {2,3}
ࣣх֖ܭ A, ளࡺ

P(A) =
{

/0, {1}, {2}, {3}, {1,2}, {1,3}, {2,3}, {1,2,3}
}
.

྽΋ঁ໣ӝ A ໻ԖԖज़ӭঁϡનਔ, ࣁॺᆀϐך finite set. ԜਔךॺҔ #(A) Ң߄ٰ A

.ϡનঁ數ޑ ӵӧ΢य़ٯ Example 3.4.2 ύ #(A) = 3, Ԝਔךॺว౜ #(P(A)) = 23 = 8. ΋૓
ޑ finite set, ,ϡનঁ數ځॺ೿ёаҗך ளޕډၰѬޑ power set .ϡનঁ數ޑ

Proposition 3.4.3. ଷ೛ A ࣁ finite set Ъ #(A) = n. ߾ #(P(A)) = 2n.

Proof. ډளݤБޑॺёаҔ௨ӈಔӝך #(P(A)) = 2n. όၸ೭όࢂҁߐፐ܌ाፋ論מޑ
ѯ, .᛾ܴݤॺҔ數學ᘜયך ॺჹך A ϡનঁ數ޑ #(A) ଺數學ᘜયݤ. ྽ #(A) = 0 ਔ, Ң߄
A ؒԖҺՖϡન, ջ A = /0. җ Example 3.4.2, Ԝਔޕॺך #(A) = 1 = 20. Զ྽ #(A) = 1 ਔ,
Ң߄ A໻Ԗ΋ϡન, ೛ࣁځ a, ջ A = {a}. ԜਔךॺԖP(A) = { /0,{a}}, ளࡺ #(A) = 2 = a1.
᛾ள n = 0,1 ਔԋҥ.

౜ଷ೛྽໣ӝঁޑ數ࣁ k ਔԋҥ. Եቾ #(A) = k+1 ,׎௃ޑ ଷ೛ A = {a1, . . . ,ak,ak+1}.
Ԝਔз A′ = A\{ak+1}. ॺԖך #(A′) = k, ϐଷ೛ளݤҗᘜયࡺ P(A′) = 2k, ҭջ A′ ӅԖ 2k

ঁϡન. ౜Ӣ A′ ⊂ A, A′ ޑ subset Ѹࣁ A ޑ subset. ޕࡺ P(A) ԿϿԖ 2k ঁϡન. ฅԶ
A ύԖ subset ܭόх֖ࢂ A′ ,ޑ ൩٤֖ٗࢂԖ ak+1 ޑ subset. ऩ S ޑ೭ኬࣁ subset, ջ
Ak+1 ∈ S. Ԝਔз S′ = S\{ak+1}, ߾ S′ ⊆ A′. ϸϐ, ऩ S′ ⊆ A′, з߾ S = S′∪{ak+1}, ॺ཮ளך
ډ S ࢂ A ޑ subset, ՠόࢂ A′ ޑ subset. ඤ言ϐ, A ޑ subset, ाόฅ൩ࢂ A′ ޑ subset, ा
όฅ൩ࢂஒঁࢌ A′ ޑ subset ᖄ໣ {ak+1} Զள. ளࡺ A ޑ subset ࣁ數ঁޑ 2k +2k = 2k+1,
᛾ள #(P(A)) = 2k+1. ,ޕݤҗ數學ᘜયࡺ ऩ #(A) = n, ߾ #(P(A)) = 2n. �

ௗΠٰךॺाፋ論 power set ޑচٰک set ϐ໔ޑᜢ߯. җܭ೭٤ᜢ߯ϝک໣ӝޑх֖
ᜢ߯Ԗᜢ, ॺѝाૈඓඝך power set .ϡનջёޑ ٩ power set ,ကۓޑ ऩ A ࣁ set, ߾
S ∈ P(A) ऩЪ୤ऩ S ⊆ A. ճҔ೭ঁ࣮ݤ, ΋٤Ԗᜢډ৒ܰӦளࡐॺёаך power set ܄ޑ
፦. २Ӄךॺٰ࣮, power set ٣ჴ΢ࢂ཮࡭ߥх֖ᜢ߯ޑ.

Proposition 3.4.4. ଷ೛ A,B ࣁ sets. ߾ A ⊆ B ऩЪ୤ऩ P(A)⊆ P(B).
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Proof. (⇒): ଷ೛ A ⊆ B. ऩ S ∈ P(A), Ң߄ S ⊆ A. җࡺ A ⊆ B ள S ⊆ B, ҭջ S ∈ P(B).
ள᛾ P(A)⊆ P(B).

(⇒): ଷ೛ P(A)⊆ P(B). җܭ A ∈ P(A), җࡺ P(A)⊆ P(B), ள A ∈ P(B). ٩ power set
ϐۓက, Ԝջ߄Ң A ⊆ B. �

Question 3.16. ଷ೛ A,B ࣁ sets. ၂ୢ A ⊂ B ऩЪ୤ऩ P(A)⊂ P(B) ?ց҅ዴࢂ

Power set Ψ࡭ߥҬ໣ޑၮᆉ, Ψ൩ࢂᇥךॺԖаΠ܄ޑ፦.

Proposition 3.4.5. ଷ೛ A,B ࣁ sets. ߾ P(A∩B) = P(A)∩P(B).

Proof. Ӣ (A∩B) ⊆ A Ъ (A∩B) ⊆ B җ Proposition 3.4.4 ॺԖך P(A∩B) ⊆ P(A) Ъ

P(A∩B)⊆ P(B). җࡺ Corollary 3.2.4 ޕ P(A∩B)⊆ P(A)∩P(B).

ќ΋Бय़, ऩ S ∈ P(A)∩P(B) Ң߄ S ∈ P(A) Ъ S ∈ P(B), ҭջ S ⊆ A Ъ S ⊆ B. ӆࡺ
җ Corollary 3.2.4 ޕ S ⊆ (A∩B), Ψ൩ࢂᇥ S ∈ P(A∩B). ள᛾ P(A)∩P(B)⊆ P(A∩B),
ࡺ P(A∩B) = P(A)∩P(B). �

Question 3.17. ଷ೛ {Ai, i ∈ I} аࢂ I ࣁ index set ޑ indexed family. ၂ୢ P(
∩
i∈I

Ai) ࢂ

ց฻ܭ
∩
i∈I

P(Ai)?

Power set ΋૓ٰᇥ٠ό཮࡭ߥᖄ໣. ᗨฅךॺԖ P(A)∪P(B) ⊆ P(A∪B) (೭ࢂ
Ӣࣁ A ⊆ (A∪B) Ъ B ⊆ (A∪B) аҗ܌ Proposition 3.4.4 ॺԖך P(A) ⊆ P(A∪B) Ъ

P(B) ⊆ P(A∪B)), ՠࢂ΋૓ٰᇥ P(A∪B) ⊆ P(A)∪P(B) .ޑό҅ዴࢂࠅ ೭ࢂӢࣁऩ
S ∈ P(A∪B) Ң߄ S ⊆ (A∪B), ՠ೭٠ό΋ߥۓ᛾ S ⊆ A ܈ S ⊆ B. ӵ྽ٯ A = {1}, B = {2},
ॺԖך S = {1,2} ⊆ A∪B, ՠ S * A Ъ S * B. ٣ჴ΢ԜਔP(A) = { /0,{1}},P(B) = { /0,{2}},
ԖP(A)∪P(B)ࡺ = { /0,{1},{2}}. ՠࢂP(A∪B) = { /0,{1},{2},{1,2}}. ԜਔP(A∪B)ࡺ ̸=
P(A)∪P(B), ջ P(A)∪P(B)⊂ P(A∪B).

ѝԖӧ੝ਸ௃ݩωԖёૈ P(A)∪P(B) = P(A∪B), Ψ൩ࢂӧ A∪B η໣ӝ೿཮ޑ

ࢂ A ܈η໣ӝޑ B .ω཮ჹ׎η໣ӝ೭ᅿ௃ޑ ౜ӵ݀ A ⊆ B ܈ B ⊆ A, Ԝਔךॺϩձ
Ԗ P(A) ⊆ P(B) ܈ P(B) ⊆ P(A). ΞԜਔϩձԖ (A∪B) = B ܈ (A∪B) = A, Ծฅள
P(A)∪P(B) = P(A∪B). ϸϐ, ऩ A * B Ъ B * A ,ཀݙ) Ԝջ A ⊆ B ܈ B ⊆ A ,(ϸ࣬ޑ
ѸӸӧ߾ a ∈ A \B аϷ b ∈ B \A. ԜਔԵቾ S = {a,b}, Ԗ߾ S ⊆ A∪B ՠ S * A Ъ S * B,
ҭջ S ∈ P(A∪B) ՠ S ̸∈ P(A) Ъ S ̸∈ P(B), ࡺ S ̸∈ (P(A)∪P(B)). ள᛾ӧ೭௃ݩΠ
P(A∪B) ̸= P(A)∪P(B). .ॺԖаΠϐ่݀ך

Proposition 3.4.6. ଷ೛ A,B ࣁ sets. ߾

(P(A)∪P(B))⊆ P(A∩B).

Զ (P(A)∪P(B)) = P(A∩B) ऩЪ୤ऩ A ⊆ B ܈ B ⊆ A.

ӧҺՖ௃ݩϐΠ, Power set ೿ค࡭ߥݤৡ໣. ೭ࢂӢࣁ྽ A,B ࣁ sets ਔ, ӧҺՖ௃
ϐΠࣣԖݩ /0 ∈ P(A), /0 ∈ P(B). ӢԜ཮ளډ /0 ̸∈ P(A) \P(B). ฅԶ /0 ∈ P(A \B), ޕࡺ
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(P(A) \P(B)) ̸= P(A \B). όၸ྽ S ̸= /0 ਔ, ऩ S ∈ P(A \B), Ң߄ S ⊆ (A \B). ԜਔӢ
(A\B)⊆ A,ࡺள S ⊆ A (ջ S ∈P(A)). ೭ਔךॺΨ཮Ԗ S * B (ջ S ̸∈P(B)). ೭ࢂӢࣁ Sଷ

೛ޜߚࣁ໣ӝ, Ӹӧࡺ x ∈ S, ౜ऩ S ⊆ B, ջ߄Ң x ∈ B. ՠΞςޕ S ⊆ (A\B), Ң߄ x ∈ A\B,
ҭջ x ̸∈ B, Զ೷ԋҟ࣯. җԜਔࡺ S ∈ P(A) Ъ S ̸∈ P(B) ள S ∈ P(A)\P(B). ॺ᛾ܴΑך
P(A\B) ύନΑޜ໣ӝаѦ, ϡન೿཮ӧޑдځ P(A)\P(B) ύ, ளࡺ

(P(A\B)\{ /0})⊆ (P(A)\P(B)).

όၸ΢य़ޑх֖ᜢ߯ޑϸӛ٠όԋҥ. Ӣࣁऩ S ∈ P(A) \P(B) Ң߄ S ⊆ A Ъ S * B.
ՠ೭ό߄Ң S ⊆ (A \B). ӵऩٯ A \B ̸= /0 Ъ A∩B ̸= /0, Ԝਔᒧ a ∈ A \B Ϸ b ∈ A∩B Ъ

Եቾ S = {a,b}. ߾ {a,b} ⊆ A Ъ {a,b} * B (ջ S ∈ P(A) \P(B)), ՠ {a,b} * (A \B) (ջ
S ̸∈P(A\B)\{ /0}). Ԝਔࡺ (P(A)\P(B))* (P(A\B)\{ /0}). ϸϐ,ऩ A\B= ܈0/ A∩B= /0,
ॺёளך߾ (P(A)\P(B))⊆ (P(A\B)\{ /0}), όၸӧ᛾ܴϐ前ךॺሡा΋ঁ Lemma.

Lemma 3.4.7. ଷ೛ A,B ࣁ sets.

(1) ऩ A\B = /0 ߾ (P(A)\P(B)) = /0.

(2) ऩ A∩B = /0 ߾ (P(A)\P(B)) = (P(A)\{ /0}).

Proof. (1): җ A\B = /0, ёள A ⊆ B. ց߾ A * B, ҢӸӧ߄ a ∈ A Ъ a ̸∈ B, ೷ԋ a ∈ A\B

ϐҟ࣯. җࡺ Proposition 3.4.4 ,ޕ P(A)⊆ P(B). ள᛾ (P(A)\P(B)) = /0.

(2): Ӣࣁ /0 ∈ P(B), ޕࡺ { /0} ⊆ P(B). җ Proposition 3.2.9 ள (P(A) \P(B)) ⊆
(P(A)\{ /0}). ќ΋Бय़, S ∈ P(A)\{ /0} Ң߄ S ∈ P(A) Ъ S ̸∈ { /0}, ҭջ S ⊆ A Ъ S ̸= /0. ࡺ
྽ A∩B = /0 ਔ, Ң߄ S ̸∈ P(B). ց߾җ S ∈ P(B) ёள S ⊆ B, у΢ࡺ S ⊆ A ٩ Corollary
3.2.4(1) ཮ளډ S ⊆ (A∩B) = /0, Ԝᆶ S ̸= /0 ࣬ҟ࣯. а྽܌ A∩B = /0 ਔ, ॺҗך S ∈
P(A) \ { /0} ௢ள S ∈ P(A) \P(B), ҭջ (P(A) \ { /0}) ⊆ (P(A) \P(B)). ள᛾ऩ A∩B = /0

߾ (P(A)\P(B)) = (P(A)\{ /0}). �

Question 3.18. ଷ೛ A,B ࣁ sets. ցࢂ A \B = /0 ऩЪ୤ऩ (P(A) \P(B)) = /0? ցࢂ
A∩B = /0 ऩЪ୤ऩ (P(A)\P(B)) = (P(A)\{ /0})?

ճҔ Lemma 3.4.7, .ॺԖаΠϐ่݀ך

Proposition 3.4.8. ଷ೛ A,B ࣁ sets. ߾

(P(A\B)\{ /0})⊆ (P(A)\P(B)).

Զ (P(A\B)\{ /0}) = (P(A)\P(B)) ऩЪ୤ऩ A\B = /0 ܈ A∩B = /0.

Proof. ॺϐ前ς᛾ך (P(A\B)\{ /0})⊆ (P(A)\P(B)). Ψ᛾ܴΑऩ A\B ̸= /0 Ъ A∩B ̸= /0

߾ (P(A)\P(B))* (P(A\B)\{ /0}). ऩޕࡺ (P(A)\P(B)) = (P(A\B)\{ ߾({0/ A\B = /0

܈ A∩B = /0. ,໻ഭ᛾ܴќ΋Бӛࡺ ջ᛾ܴऩ A\B = /0 ܈ A∩B = /0 ߾

(P(A\B)\{ /0}) = (P(A)\P(B)).
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౜ଷ೛ A \ B = /0, җ Lemma 3.4.7(1) Ԝਔޕ (P(A) \P(B)) = /0. ќ΋Бय़, Ԝਔ
P(A\B) = P( /0) = { /0}, ࡺ

(P(A\B)\{ /0}) = { /0}\{ /0}= /0 = (P(A)\P(B)).

Զऩ A∩B = /0, җ Lemma 3.4.7(2) Ԝਔޕ (P(A)\P(B)) = (P(A)\{ /0}). ќ΋Бय़, Ԝ
ਔ A\B = A\ (A∩B) = A\ /0 = A, ࡺ

(P(A\B)\{ /0}) = (P(A)\{ /0}) = (P(A)\P(B)).

�

3.4.2. Cartesian Product. ,௨ӈ໩ׇޑϡનځόԵቾࢂॺך໣ӝܭॺමமፓჹך ӵٯ
{1,2} ک {2,1} .໣ӝޑӕ࣬ࢂ όၸऩԵቾ໣ӝ S1 = {{1},{1,2}} ک S2{{2},{1,2}}, ৒ܰࡐ
ၰޕ {1} ∈ S1 Ъ {1} ̸∈ S2, ၰޕॺךа܌ S1 ̸= S2. ೭ঁБݤ, ᔅշךॺஒ 1, 2 ೭ঁٿϡન଺

Α௨ׇ. ӢԜךॺۓကаΠޑ಄ဦ.

Definition 3.4.9. ଷ೛ A,B ࣁ sets. ऩ a ∈ A,b ∈ B, ကۓॺך ordered pair

(a,b) = {{a},{a,b}}.

Ъз

A×B = {(a,b) : a ∈ A,b ∈ B},

ᆀϐࣁ the Cartesian product of A and B.

ᒏ܌ ordered pair, ཀࡰԖׇޑ數ჹ, Ψ൩ࢂ೭္ޑϡન೿ࢂԋჹр౜, ԶЪ໩ׇࢂԖᜢ
.ޑ ,ηٯޑӵ前य़ٯ ॺԖך (1,2) = {{1},{1,2}}, Զ (2,1) = {{2},{1,2}}, ࡺ (1,2) ̸= (2,1).
΋૓ٰᇥ೛ a,a′ ∈ A, b,b′ ∈ B. ऩ a = a′, b = b′, ,ကۓޑ٩໣ӝ࣬฻߾ ॺԖך

(a,b) = {{a},{a,b}}= {{a′},{a′,b′}}= (a′,b′).

ќ΋Бय़ऩ (a,b) = (a′,b′) Ң߄ {{a},{a,b}}= {{a′},{a′,b′}}. ౜ऩ a ̸= b, Ң߄ {a,b} ύԖ
ऩࡺ,ϡનঁٿ (a,b) = (a′,b′),߄Ң {a′,b′}Ѹ໪ҭࣁԖঁٿϡનޑ໣ӝ (ց߾ {{a′},{a′,b′}}
ύؒԖ΋ঁԖٿϡનޑ໣ӝ, όёૈ฻ܭ {{a},{a,b}}). ,ฅӵԜࡽ җ໣ӝ࣬฻ϐۓက, ॺך
ѸԖ {a}= {a′} аϷ {a,b}= {a′,b′}. ೭֋ນךॺ a = a′ Ъ b = b′. Զऩ {a,b} ύ໻Ԗ΋ϡ
ન, ջ a = b. Ԝਔ٩໣ӝۓက {a,b}= {a}, ࡺ

(a,b) = (a,a) = {{a},{a,b}}= {{a},{a}}= {{a}}.

ӢԜ, ೭ਔংा (a,b) = (a′,b′) ளߚ b′ = a′ = a, Ԝਔ٩ฅԖࡺ a = a′ Ъ b = b′. ॺ᛾ளΑך
аΠ่݀ޑ.

Proposition 3.4.10. ଷ೛ A,B ࣁ sets, Ξ೛ a,a′ ∈ A Ъ b,b′ ∈ B ߾ (a,b) = (a′,b′) ऩЪ୤

ऩ a = a′ Ъ b = b′.



3.4. Power Set and Cartesian Product 47

,ॺᢀჸ΋Πך ྽ a ∈ A, b ∈ B, {{a},{a,b}} ཮ࢂব΋ঁ໣ӝޑϡન. २Ӄҗ {a,b} ॺך
ёа࣮р,Ԝ໣ӝᔈ၀ک A∪BԖᜢ. Ξ {a}, {a,b}ࣁ A∪Bޑ subset,ךॺԖ {a}ک {a,b}ࣣ
.ϡનޑP(A∪B)ࣁ ࡺ {{a},{a,b}}ࣁP(A∪B)ޑη໣ӝ,ள {{a},{a,b}} ∈P(P(A∪B)).
Ψ൩ࢂᇥ (a,b) P(P(A∪B))ࣁ ύޑϡન. வ೭္ޕၰஒ (a,b) Եቾԋ {{a},{a,b}} ೭ኬፄ
ᚇޑ໣ӝ,аࡕೀ౛ୢᚒࡐόБߡ. όၸ Proposition 3.4.10֋ນךॺ,аࡕёаόѐᆅ (a,b)

.ကۓۈচޑ ௗஒޔ (a,b) ࣮ԋࢂ A×B ύޑ΋ঁϡન, ௗճҔޔॺёаך (a,b) = (a′,b′) ٰ

௖૸ A×B ೭ኬޑ໣ӝ࣬ޑᜢ܄፦.

Example 3.4.11. (1) ଷ೛ A = {a,b}, B = {1,2,3}. ॺёаஒךကۓ٩߾ A×B ቪԋ

A×B = {(a,1),(a,2),(a,3),(b,1),(b,2),(b,3)}.

ќѦۓ٩ကךॺԖ A×{ /0}= {(a, /0),(b, /0)}.

(2) Եቾ S = {(x,y) ∈ R×R : x2 + y2 ≤ 1}. ᗨฅ S ࣁ R×R ޑ subset, ՠόӸӧ A ⊆ R,
B ⊆ R ٬ள S = A×B. ٣ჴ΢, ऩ S = A×B, җ (1,0) ∈ S, ॺளך 1 ∈ A. ќѦ (0,1) ∈ S, ך
ॺள 1 ∈ B. ӢԜள (1,1) ∈ A×B. ฅԶ 12 +12 = 2 > 1, ள (1,1) ̸∈ S. Ԝᆶ S = A×B ଷ೛ޑ

ҟ࣯, ள᛾όӸӧࡺ A ⊆ R, B ⊆ R ٬ள S = A×B.

ाݙཀ୔ϩ A× /0 ک A×{ /0} ϐόӕ. ကۓ٩ (x,y) ∈ A×{ /0} Ң߄ x ∈ A аϷ y ∈ { /0},
ԜਔӢࡺ { /0} ΋ঁ໻Ԗ΋ঁϡનࢂ /0 ,໣ӝޑ ࡺ y = /0. ฅԶ (x,y) ∈ A× /0 Ң߄ x ∈ A аϷ

y ∈ /0, όၸόёૈ཮Ԗϡનឦܭ /0, Ԝೀࡺ y ٠όӸӧ. ကۓа٩܌ A× /0 ύؒԖҺՖϡન,
ளࡺ A× /0 = /0. ӕ౛ךॺ཮Ԗ /0×B = /0. ٣ჴ΢ךॺԖаΠ่݀ޑ.

Proposition 3.4.12. ଷ೛ A,B ࣁ sets, ߾ A×B = /0 ऩЪ୤ऩ A = /0 ܈ B = /0.

Proof. ॺ໻ഭΠ᛾ܴऩך A×B = /0, ߾ A = /0 ܈ B = /0. ճҔ contrapositive method, ଷ೛
A ̸= /0 Ъ B ̸= /0. ԜਔӸӧ a ∈ A Ъ b ∈ B, Ӹӧࡺ (a,b) ∈ A×B. ள᛾ A×B ̸= /0. �

྽ A,B ࣁ finite sets ਔ, ॺёаӵך Example 3.4.11 ΋΋ӈр A×B ύޑϡન. ྽ךॺ
ᒧۓ a ∈ A ,ࡕ Եቾ (a,y) ∈ A×B. җ Proposition 3.4.10 ,ޕॺך ྽ךॺᒧ y ࣁ B ύ࣬ޑ౦

ϡનਔ, ޑள܌ (a,y) ൩཮όӕ. Ψ൩ࢂᇥԜਔ A×B ύࣁ (a,y) ೭ኬ׎ԄޑϡનӅԖ #(B)

ঁ. ฅԶ྽ a όӕਔ೭٤ϡનҭࣣόӕ, ޕॺךচ౛ݤ४ޑҗ௨ӈಔӝύࡺ A×B Ӆ཮Ԗ

#(A)×#(B) ঁϡન, ӢԜԖаΠϐۓ౛.

Proposition 3.4.13. ଷ೛ A,B ࣁ finite sets. ߾ #(A×B) = #(A)×#(B).

Ӣࣁ #( /0) = 0, җࡺ Proposition 3.4.13 ள #(A× /0) = #(A)×#( /0) = 0. Ԝ่論ک Propo-
sition 3.4.12 ύ A× /0 = /0 .論΋ठ่ޑ

ௗΠٰךॺ௖૸ Cartesian product ჹ໣ӝх֖ᜢ߯ޑቹៜ. २Ӄݙཀ, ჹܭҺཀޑ set
A, ྽ B = /0 ਔ, ॺԖך A×B = /0 җݤॺคךа܌ A×B ک A′×B ٰղᘐ A,A′ ϐ໔ޑᜢ߯.
ӢԜךॺѸ໪௨ନ A×B ύځ A,B Һ΋ঁࢂ /0 .׎௃ޑ .่݀ޑॺԖаΠך

Proposition 3.4.14. ଷ೛ A,B,C,D ࣁ sets Ъ A ̸= /0 аϷ B ̸= /0. ߾ A ⊆C Ъ B ⊆ D ऩЪ

୤ऩ (A×B)⊆ (C×D).
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Proof. (⇒) : ଷ೛ A ⊆C Ъ B ⊆ D. ౜Һڗ (x,y) ∈ A×B, Ң߄ x ∈ A Ъ y ∈ B, җࡺ A ⊆C

Ъ B ⊆ D ள x ∈C Ъ y ∈ D. ӢԜۓ٩ကޕ (x,y) ∈C×D, ள᛾ (A×B)⊆ (C×D).

(⇐) : ଷ೛ (A×B) ⊆ (C ×D). ౜Һڗ x ∈ A, җܭ B ̸= /0, Ӹӧࡺ b ∈ B. ԜਔԵቾ
(x,b) ∈ A×B. ճҔ (A×B)⊆ (C×D), ள (x,b) ∈C×D. ӢԜۓ٩ကޕ x ∈C, ள᛾ A ⊆C. ӕ
౛, Һڗ y ∈ B, җܭ A ̸= /0, Ӹӧࡺ a ∈ A. ԜਔԵቾ (a,y) ∈ A×B. ճҔ (A×B) ⊆ (C×D),
ள (a,y) ∈C×D. ӢԜۓ٩ကޕ y ∈ D, ள᛾ B ⊆ D. �

Question 3.19. Proposition 3.4.14 ,᛾ܴύޑ ব΋೽ϩሡा A ̸= /0 аϷ B ̸= /0 ?ଷ೛ޑ Ξ
Ֆஒࣁ A ⊆C ک B ⊆ D ϩ໒ٰ᛾ܴ?

ௗΠٰךॺ࣮ Cartesian product ک intersection .ᜢ߯ޑ

Proposition 3.4.15. ଷ೛ A,B,C,D ࣁ sets. ߾

(A∩C)×B = (A×B)∩ (C×B) and A× (B∩D) = (A×B)∩ (A×D).

Proof. Ӣ (A∩C) ⊆ A Ъ (A∩C) ⊆ C җ Proposition 3.4.14 ޕ ((A∩C)×B) ⊆ (A×B) Ъ

((A∩C)×B)⊆ (C×B) ཀݙ) Proposition 3.4.14Ԝ೽ϩόሡޜߚ໣ӝޑଷ೛). җࡺ Corollary
3.2.4(1) ள ((A∩C)×B)⊆ (A×B)∩ (C×B).

ќ΋Бय़, ჹҺཀ (x,y) ∈ (A × B)∩ (C × B), ॺԖך (x,y) ∈ A × B Ъ (x,y) ∈ C × B.
ӢԜ x ∈ A Ъ x ∈ C аϷ y ∈ B, ள x ∈ A∩C Ъ y ∈ B, ޕࡺ (x,y) ∈ (A∩C)×B. ள᛾
(A × B)∩ (C × B) ⊆ (A ∩C)× B, ӢԜ᛾ܴΑ (A ∩C)× B = (A × B)∩ (C × B). ӕ౛ё᛾
A× (B∩D) = (A×B)∩ (A×D). �

ճҔ Proposition 3.4.15 ॺёа؃ך (A∩C)× (B∩D). २Ӄஒ Proposition 3.4.15 ύޑ
B а B∩D ,жڗ ள (A∩C)× (B∩D) = (A× (B∩D))∩ (C × (B∩D)). ӆҗ A× (B∩D) =

(A×B)∩ (A×D) аϷ C× (B∩D) = (C×B)∩ (C×D), ॺளך

(A∩C)× (B∩D) = (A×B)∩ (A×D)∩ (C×B)∩ (C×D). (3.3)

౜ऩ (x,y) ∈ (A×B)∩ (C×D) Ң߄ (x,y) ∈ A×B ޕ) x ∈ A, y ∈ B) Ъ (x,y) ∈C×D ޕ) x ∈C,
y ∈ D), ளࡺ (x,y) ∈ A×D (Ӣ x ∈ A, y ∈ D) Ъ (x,y) ∈ C ×B (Ӣ x ∈ C, y ∈ B). ӢԜள
(x,y) ∈ (A×D)∩ (C×B), ள᛾ ((A×B)∩ (C×D)) ⊆ ((A×D)∩ (C×B)). җࡺ Proposition
3.2.5 Ԅηޕ (3.3) ёϯᙁԋ

(A∩C)× (B∩D) = ((A×B)∩ (C×D))∩ ((A×D)∩ (C×B)) = (A×B)∩ (C×D).

.ॺԖаΠϐ่݀ך

Corollary 3.4.16. ଷ೛ A,B,C,D ࣁ sets. ߾

(A∩C)× (B∩D) = (A×B)∩ (C×D).

Question 3.20. գૈճҔ Corollary 3.4.16 ᛾ܴ (A∩C)× (B∩D) = (A×D)∩ (C×B) ༏?
၂ό঺Ҕ Corollary 3.4.16 .ௗ᛾ܴϐޔ
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΋૓ٰᇥ, ޑၰ΋٤໣ӝޕॺ཮གྷך Cartesian products ӧ࿶ၸ operations ࣁցϝࢂࡕ
Cartesian product. ,׎௃ޑӵӧҬ໣ٯ ޑჹ໣ӝٿၰޕॺ཮གྷך Cartesian products Ҭޑ
໣ࢂցёቪԋ΋ჹ໣ӝޑ Cartesian product. Ψ൩ࢂᇥ (A×B)∩ (C×D)ࢂցϝёቪԋ΋ঁ

Cartesian product S×T .Ԅ׎ޑ җ Corollary 3.4.16 .ޑۓޭࢂၰ೭ঁเਢޕॺך ѝाз
S = A∩C, T = B∩D, ߾ (A×B)∩ (C×D) = S×T . җԜךॺΨޕ, Һཀӭჹ໣ӝޑ Cartesian
products ࣁҬ໣ϝޑ Cartesian product.

Question 3.21. ၂᛾ܴ (A×B)∩ (C×D) = (A×D)∩ (C×B).

Question 3.22. ଷ೛ {Ai, i ∈ I}, {Bi, i ∈ I} аࢂ I ࣁ index set ޑ indexed family. ၂᛾ܴ∩
i∈I

(Ai ×Bi) = (
∩
i∈I

Ai)× (
∩
i∈I

Bi).

ჹܭ Cartesian product ک union ΨԖک Proposition 3.4.15 ᜪ՟ޑᜢ߯.

Proposition 3.4.17. ଷ೛ A,B,C,D ࣁ sets. ߾

(A∪C)×B = (A×B)∪ (C×B) and A× (B∪D) = (A×B)∪ (A×D).

Proof. Ӣ A ⊆ (A∪C) Ъ C ⊆ (A∪C) җ Proposition 3.4.14 ޕ (A×B) ⊆ ((A∪C)×B) Ъ

(C×B)⊆ ((A∪C)×B). җࡺ Corollary 3.2.4(2) ள (A×B)∪ (C×B)⊆ ((A∪C)×B).

ќ΋Бय़, ჹҺཀ (x,y) ∈ (A∪C)×B, ॺԖך x ∈ A∪C аϷ y ∈ B, ள x ∈ A ܈ x ∈C Ъ

y∈B. ऩ x∈A,߾җ y∈Bள (x,y)∈A×B,Զऩ x∈C,߾җ y∈Bள (x,y)∈C×B. ޕࡺ (x,y)∈
A×B ܈ (x,y) ∈C×B, ҭջ (x,y) ∈ (A×B)∪ (C×B). ள᛾ ((A∪C)×B)⊆ (A×B)∪ (C×B),
ӢԜ᛾ܴΑ (A∪C)×B = (A×B)∪ (C×B). ӕ౛ё᛾ A× (B∪D) = (A×B)∪ (A×D) �

ճҔ Proposition 3.4.17 ॺёа؃ך (A∪C)× (B∪D). २Ӄஒ Proposition 3.4.17 ύޑ
B а B∪D ,жڗ ள (A∪C)× (B∪D) = (A× (B∪D))∪ (C × (B∪D)). ӆҗ A× (B∪D) =

(A×B)∪ (A×D) аϷ C× (B∪D) = (C×B)∪ (C×D), .่݀ޑॺளаΠך

Corollary 3.4.18. ଷ೛ A,B,C,D ࣁ sets. ߾

(A∪C)× (B∪D) = (A×B)∪ (A×D)∪ (C×B)∪ (C×D).

ཀݙ (A∪C)× (B∪D) ΋૓ٰᇥό཮Ԗᜪ՟ Corollary 3.4.16 ύ܄ޑ፦. Ψ൩ࢂᇥ΋૓ޑ
௃׎ (A∪C)×(B∪D)ࢂό཮฻ܭ (A×B)∪(C×D)ޑ. ೭ࢂӢࣁ΋૓ٰᇥ A×Dࢂό཮х֖

ܭ (A×B)∪ (C×D) (ନߚ A ⊆C ܈ D ⊆ B). ॺѝाԵቾךа܌ A *C Ъ D * B, ൩ૈפрϸ
.ٯ ӵ྽ٯ A,Dࣣόࢂ /0ՠ B =C = ߾,0/ (A∪C)×(B∪D) = A×Dόࣁ /0 ـୖ) Proposition
3.4.12), ՠ (A×B)∪ (C×D) = /0∪ /0 = /0. Ԝਔࡺ (A∪C)× (B∪D) ̸= (A×B)∪ (C×D).

Question 3.23. ၂פќѦٯޑη٬ள (A∪C)× (B∪D) ̸= (A×B)∪ (C×D).

ჹٿցࢂၰޕॺΨགྷך Cartesian product ࣁᖄ໣٩ฅޑ Cartesian product. Ψ൩ࢂᇥ
(A×B)∪ (C×D)ࢂցϝёቪԋ΋ঁ Cartesian product S×T ?Ԅ׎ޑ ྽ฅΑऩ A,B,C,Dύ

ԖҺ΋ঁࢂ ߾,0/ (A×B)܈ (C×D)ύԖ΋ঁ཮ࢂ .ޑჹࢂа೭܌,0/ ନԜϐѦ,җ Corollary
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3.4.18 .ޑჹۓό΋ࢂၰ೭ޕॺך Ӣࣁӵ݀Ӹӧ S,T ٬ள (A×B)∪ (C×D) = (S×T ) ߄

Ңჹ܌Ԗ s ∈ S, t ∈ T , ॺࣣԖך (s, t) ∈ (A×B)∪ (C ×D), ҭջ s ∈ A, t ∈ B ޣ܈ s ∈ C,
t ∈ D. ೭߄Ң s ΋ۓाӧ A ܈ C ύЪ t ΋ۓाӧ B ܈ D ύ, ள s ∈ A∪C Ъ t ∈ B∪D.
Ԝਔޕ S ⊆ A∪C Ъ T ⊆ B∪D. ќ΋Бय़ჹҺཀ x ∈ A∪C, ॺϩԋך x ∈ A ܈ x ∈ C ٰ

૸論. ऩ x ∈ A, ڗॺҺך b ∈ B (ձבΑךॺଷ೛ B ̸= /0), ॺԖך (x,b) ∈ A×B, ޕࡺ
(x,b) ∈ (A×B)∪ (C×D) = (S×T ) ள x ∈ S. ӕ౛ऩ x ∈ C, җ D ̸= /0, ॺёளך x ∈ S. ள᛾
A∪C ⊆ S,ךॺ᛾ܴΑԜਔ S = A∪C. ӕ౛ё᛾Ԝਔ T = B∪D. ॺ᛾ܴΑ྽ך A,B,C,Dࣣό

ࣁ /0ਔ, ऩ (A×B)∪ (C×D) = (S×T ߾( S = A∪C Ъ T = B∪D. ฅԶ Corollary 3.4.18֋ນ
ॺך (A×B)∪(C×D) = (A∪C)×(B∪D)ाԋҥѸ໪ (A×D)∪(C×B)⊆ (A×B)∪(C×D). ٣
ჴ΢ऩ A*CЪ D* B,߾Եቾ a∈ A\CаϷ d ∈D\B. ॺளך (a,d)∈ A×Dՠ (a,d) ̸∈ A×B

Ъ (a,d) ̸∈C×D, ҭջ (a,d) ̸∈ (A×B)∪ (C×D). Ԝᆶ (A×D)⊆ (A×B)∪ (C×D)όӝ. ޕࡺ
(A×B)∪(C×D) = (A∪C)×(B∪D)ाԋҥ,Ѹ໪ A ⊆C ܈ D ⊆ B. ӕ౛ޕऩ C * AЪ B * D,
Եቾ߾ (c,d) ∈C×D, ύځ c ∈C \A Ъ b ∈ B\D, ҭ཮೷ԋᆶ (C×D)⊆ (A×B)∪ (C×D) ό

ӝ. а܌ (A×B)∪ (C×D) = (A∪C)× (B∪D) ाԋҥ, Ѹ໪ C ⊆ A ܈ B ⊆ D ҭԋҥ. ॺԖך
аΠ่݀ޑ.

Proposition 3.4.19. ଷ೛ A,B,C,D ࣁ sets. Ӹӧ߾ S,T ࣁ sets ᅈى (A×B)∪ (C×D) =

S×T ऩЪ୤ऩ A,B,C,D ᅈىаΠځύϐ΋ޑచҹ:

(1) A,B,C,D ύԖ΋ঁࣁ /0.

(2) A =C

(3) B = D

(4) A ⊆C Ъ B ⊆ D

(5) C ⊆ A Ъ D ⊆ B

Proof. (⇒): ྽ (1) όԋҥਔ, ջ A,B,C,D ࣣόࢂ /0 ਔ, 前य़ς᛾ԜਔӸӧ S,T ᅈى (A×
B)∪ (C×D) = S×T , Ң߄ S = A∪C Ъ T = B∪D. Զ྽ (A×B)∪ (C×D) = (A∪C)× (B∪D),
җ前य़論ॊךॺޕѸ໪ A ⊆C ܈ D ⊆ B аϷ C ⊆ A ܈ B ⊆ D ࣣԋҥ. ճҔᡄᒠ߄ޑҢݤ೭
Ң߄

(
(A ⊆C)∨ (D ⊆ B)

)
∧
(
(C ⊆ A)∨ (B ⊆ D)

)
. җ ∨,∧ ፦܄ϩଛޑ (Ԅη 1.3), ೭฻ޕॺך

ሽܭ
(
((A ⊆C)∨ (D ⊆ B))∧ (C ⊆ A)

)
∨
(
((A ⊆C)∨ (D ⊆ B))∧ (B ⊆ D)

)
. ӆճҔ΋ԛϩଛࡓ,

೭Ξ฻ሽܭ

((A ⊆C)∧ (C ⊆ A))∨ ((D ⊆ B)∧ (C ⊆ A))∨ ((A ⊆C)∧ (B ⊆ D))∨ ((D ⊆ B)∧ (B ⊆ D)).

ΞӢ (A ⊆C)∧ (C ⊆ A)฻ሽܭ A =C, Զ (D ⊆ B)∧ (B ⊆ D)฻ሽܭ B = D, ॺள᛾Ԝਔך (2),
(3), (4), (5) ϐ΋཮ԋҥ.

(⇐): ྽ (1) ԋҥਔ, (A×B) ܈ (C×D) ύԖ΋ঁ཮ࢂ /0, ԜਔӸӧࡺ S,T ᅈى (A×B)∪
(C×D) = S×T .

྽ (2) ԋҥਔҗ Proposition 3.4.17 ޕ

(A×B)∪ (C×D) = (A×B)∪ (A×D) = A× (B∪D),
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ڗࡺ S = A,T = (B∪D) ջё.

྽ (3) ԋҥਔҗ Proposition 3.4.17 ޕ

(A×B)∪ (C×D) = (A×B)∪ (C×B) = (A∪C)×B,

ڗࡺ S = (A∪C),T = B ջё.

྽ (4) ԋҥਔҗ Proposition 3.4.14 ޕ (A×B)⊆ (C×D), ࡺ (A×B)∪ (C×D) = (C×D).
ӢԜڗ S =C, T = D ջё.

྽ (5) ԋҥਔҗ Proposition 3.4.14 ޕ (C×D)⊆ (A×B), ࡺ (A×B)∪ (C×D) = (A×B).
ӢԜڗ S = A, T = B ջё. �

നךࡕॺ࣮ Cartesian product ک set difference ϐᜢ߯.

Proposition 3.4.20. ଷ೛ A,B,C,D ࣁ sets. ߾

(C \A)×B = (C×B)\ (A×B) and A× (D\B) = (A×D)\ (A×B).

Proof. ჹҺཀ (x,y) ∈ (C \A)×B, ॺԖך x ∈ C \A аϷ y ∈ B. ҭջ x ∈ C Ъ x ̸∈ A аϷ

y ∈ B. Ԝਔךॺޕ (x,y) ∈C×B Ъ (x,y) ̸∈ A×B (ց߾ (x,y) ∈ A×B ཮導ठ x ∈ A ϐҟ࣯).
ளࡺ (x,y) ∈ (C×B)\ (A×B), ᛾ܴΑ (C \A)×B ⊆ (C×B)\ (A×B).

ќ΋Бय़, ჹҺཀ (x,y) ∈ (C ×B) \ (A×B), ॺԖך (x,y) ∈ C ×B (ள x ∈ C, y ∈ B) Ъ
(x,y) ̸∈ A×B (ள x ̸∈ A܈ y ̸∈ B). ՠҗ (x,y) ∈C×Bךॺޕ y ∈ B, җࡺ (x,y) ̸∈ A×Bޕ x ̸∈ A

(ց߾ x ∈ A у΢ y ∈ B ཮೷ԋ (x,y) ∈ A×B ϐҟ࣯). ӢԜҗ x ∈C Ъ x ̸∈ A аϷ y ∈ B, ௢ள
(x,y) ∈ (C\A)×B, ᛾ܴΑ (C×B)\ (A×B)⊆ (C\A)×B. ள᛾ (C\A)×B = (C×B)\ (A×B).
ӕ౛ёள A× (D\B) = (A×D)\ (A×B). �

ճҔ Proposition 3.4.20 ॺёа؃ך (C \A)× (D\B). २ӃճҔ Corollary 3.4.16 ॺԖך

(C \A)× (D\B) = ((C \A)∩C)× (D∩ (D\B)) = ((C \A)×D)∩ (C× (D\B)).

ӆҗ Proposition 3.4.20 ॺԖך (C \A)×D = (C×D)\ (A×D) аϷ C× (D\B) = (C×D)\
(C×B). ӢԜள

(C \A)× (D\B) = ((C×D)\ (A×D))∩ ((C×D)\ (C×B)).

നࡕճҔ Proposition 3.2.11(3), ॺԖך

((C×D)\ (A×D))∩ ((C×D)\ (C×B)) = (C×D)\
(
(A×D)∪ (C×B)

)
.

ӢԜԖаΠ่݀ޑ.

Corollary 3.4.21. ଷ೛ A,B,C,D ࣁ sets. ߾

(C \A)× (D\B) = ((C \A)×D)∩ (C× (D\B)) = (C×D)\
(
(A×D)∪ (C×B)

)
.

ௗ๱ךॺΨ௖૸ࢂցٿჹ໣ӝޑ Cartesian product ࣁৡ໣ϝޑ Cartesian product. Ψ
൩ࢂᇥ (C×D)\ (A×B) ցϝૈቪԋࢂ S×T ?Ԅ׎ޑ ,৒࣮ܰрࡐ ΋૓ٰᇥ೭Ψࢂό҅ዴ
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.ޑ ٣ჴ΢, ॺԖך (C×D)\ (A×B) = (C×D)\ ((C×D)∩ (A×B)) ـୖ) Question 3.11). Զ
җ Corollary 3.4.16, ॺԖך (C×D)∩ (A×B) = (C∩A)× (D∩B) = (C×B)∩ (A×D). ளࡺ

(C×D)\ (A×B) = (C×D)\ ((C×B)∩ (A×D)). (3.4)

ӆҗ Proposition 3.2.11(2) ޕ

(C×D)\ ((C×B)∩ (A×D)) = ((C×D)\ (C×B))∪ ((C×D)\ (A×D)). (3.5)

നࡕҗ Proposition 3.4.20 ޕ

(C×D)\ (C×B) =C× (D\B) and (C×D)\ (A×D) = (C \A)×D. (3.6)

่ӝԄη (3.4), (3.5), (3.6) .่݀ޑаΠډॺளך

Corollary 3.4.22. ଷ೛ A,B,C,D ࣁ sets. ߾

(C×D)\ (A×B) = (C× (D\B))∪ ((C \A)×D).

ፎ੝ձݙཀ Corollary 3.4.21 ᆶ Corollary 3.4.22 ϐৡ౦.

җ Corollary 3.4.22, ճҔ Proposition ৒ܰղᘐՖਔӸӧࡐॺך3.4.19 S,T ٬ள S×T =

(C×D)\ (A×B) Α. Ӣࣁҗ Proposition 3.4.19 ၰޕॺך (C× (D\B))∪ ((C \A)×D) ёа

ቪԋ S×T ,Ԅ׎ ऩЪ୤ऩаΠޑ௃׎วғ: (1) C,D,(D\B),(C \A) ࣁύԖ΋ঁځ /0, ҭջ
D ⊆ B ܈ C ⊆ A ࡴཀԜςхݙ) C ܈ D ࣁ /0 .(ݩ௃ޑ (2) C =C \A, Ԝջ߄Ң A∩C = /0. (3)
D = D\B, Ԝջ߄Ң B∩D = /0. (4) C ⊆ (C \A) Ъ (D\B)⊆ D. Ӣ (D\B) Ѹх֖ܭ D, Ԝࡺ
చҹ໻ा؃ C ⊆ (C\A), ҭջ C =C\A, ᆶࡺ (2) ϐచҹ࣬ӕ. (5) D ⊆ (D\B)Ъ (C\A)⊆C.
ӕ (4) .ݩ௃ޑ Ԝᆶ (3) .చҹ࣬ӕޑ ่ӝа΢ޑ૸論ךॺԖаΠϐ่݀.

Proposition 3.4.23. ଷ೛ A,B,C,D ࣁ sets. Ӹӧ߾ S,T ࣁ sets ᅈى (C×D)\ (A×B) =

S×T ऩЪ୤ऩ A,B,C,D ᅈىаΠځύϐ΋ޑచҹ:

(1) D ⊆ B.

(2) C ⊆ A.

(3) A∩C = /0.

(4) B∩D = /0.

Question 3.24. ፎפр Proposition 3.4.23 Ӛచҹύ S,T ?Ֆࣁ

૸論΋ΠߡॺΨ໩ך Cartesian product ک complement .ᜢ߯ޑ ೭္ा੝ձᇥܴ, ჴځ
Cartesian product .໣ӝޑόӕӹ໣ύঁٿॺೱ่ךѬёаᔅࢂӦБޑख़ाࡐ Ψ൩ࢂᇥऩ
໣ӝ A܌ӧޑӹ໣ࣁ X , Զ໣ӝ B܌ӧޑӹ໣ࣁ Y , ॺϝёፋ論ך A×B. όၸԜਔ A×B܌

ӧޑӹ໣ᔈࣁ X ×Y . Զ೭္ךॺፋ A ޑ complement Ac ӧࡰࢂ X ޑ္ complement, ҭջ
Ac = X \A. ӕ౛ Bc ࢂޑࡰ B ӧ Y ޑ complement, ջ Bc = Y \B. Զ A×B ޑ complement
(A×B)c, ࢂޑࡰ A×B ӧ X ×Y ޑ complement, ջ (A×B)c = (X ×Y )\ (A×B). аा੝܌
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ձݙཀ, ೭္Οঁ complement ϩࡰӧΟঁόӕ universal sets ΢ޑ complement. ٩Ԝۓက,
঺Ҕ Corollary 3.4.22 ύ C = X аϷ D = Y ॺԖך׎௃ޑ

(A×B)c = (X ×Y )\ (A×B) = (X × (Y \B))∪ ((X \A)×Y ) = (X ×Bc)∪ (Ac ×Y ).

ฅԶ X = A∪Ac аϷ Y = B∪Bc, җࡺ Proposition 3.4.17 ள

X ×Bc = (A∪Ac)×Bc = (A×Bc)∪ (Ac ×Bc),

ӕ౛ள Ac ×Y = (Ac ×B)∪ (Ac ×Bc). നࡕճҔᖄ໣่ޑӝךࡓॺளаΠۓ౛.

Proposition 3.4.24. ଷ೛ A,B ࣁ sets. ߾ (A×B)c = (A×Bc)∪ (Ac ×Bc)∪ (Ac ×B).

നࡕᇥܴ΋Π, ޑӭ໣ӝ׳܈ॺёаፋ論Οঁךჴځ Cartesian product. όၸӢךࣁॺ
ϐࡕόሡҔډ, ൩ό௖૸೭Бय़ୢޑᚒΑ.





Chapter 4

Relation and Order

ӧ೭΋കךॺஒϟಏ relation. Relation ΋૓Ԗϩόӕ໣ӝϐ໔ځϡનޑ relation аϷ
ӕ΋ঁ໣ӝځϡન࣬ϕޑ relation. ӕ΋ঁܭݙॺஒ཮஑ך set Ծޑي relation. ॺ཮ϟಏך
൳ᅿ੝ਸ܄፦ޑ relation, ޑᒏ܌ࢂޑύനख़ाځ equivalence relation. Equivalence relation
ёаᔅշךॺӧ΋ঁ໣ӝϐ໔଺ϩᜪ, Ԗਔۓр΋ঁӳޑ equivalence relation ёаᔅշך
ॺ׳уΑှ΋ঁ set .܄੝ޑ а學ಞ܌ relation .ፐᚒޑ΋ঁख़ाࢂ ॺᗋ཮ϟಏќ΋ᅿך
relation, ൩܌ࢂᒏޑ order. Order ௨ׇޑᒏ܌ࢂཀက൩ޑ (Кၨελ), ќ΋ঁᔅࢂаѬ܌
շךॺΑှ΋ঁ set .ڀख़ाπޑ

4.1. Relation

๏ঁٿۓ sets X ,Y . ऩ S ࢂ X ×Y ΋ঁޑ nonempty subset, ॺ൩ᆀך S ΋ঁࢂ relation
from X to Y . ੝ձӦ, ΋ঁ X ×X ޑ nonempty subset S ൩ᆀࣁ΋ঁ relation on X .

๏ۓ΋ঁ relation S ϐࡕ, ॺ΋૓཮Ҕך x ∼ y Ң߄ٰ (x,y) ࢂ S .ϡનޑ္ ೭ঁ಄ဦ
x ∼ y ڙ৒ܰᡣΓགࢂӳೀޑ x ک y ,ޑԖᜢ߯ࢂ КၨຠϪ relation ӷय़΢ޑཀࡘ. όၸ྽
፦ೀ౛܄ޑճҔ໣ӝډॺाӣᘜך relationୢޑᚒਔ, ӣᘜډ (x,y) ∈ S ,ကۓޑ ཮КၨБߡ.

Example 4.1.1. (1) Եቾ X = {1,0,−1}, Y = {0,1,2}. ကۓ S = {(x,y) ∈ X ×Y : y = x2 +1}.
߾ S ΋ঁࢂ X ډ Y ޑ relation. ӧԜ relation ϐΠךॺԖ 1 ∼ 2, 0 ∼ 1 аϷ −1 ∼ 2.

(2) Եቾ X = {1,0,−1}. ကۓ S = {(x,x′) ∈ X ×X : x > x′}. ߾ S ࢂ X ΢ޑ΋ঁ relation.
ӧԜ relation ϐΠךॺԖ 1 ∼ 0, 1 ∼−1 аϷ 0 ∼−1.

Question 4.1. ଷ೛ X ࣁ nonempty set. Եቾ X ΢ޑ relation S. ၂᛾ܴ S = X ×X ऩЪ

୤ऩჹҺཀ x,y ∈ X ࣣԖ x ∼ y.

΋૓ٰᇥ΋ঁঁٿόӕ໣ӝޑ relation ЬाࢂҔٰ௖૸ٿ໣ӝϐ໔ޑᜢ߯, ӵٯ
Example 4.1.1(1) ൩ࢂԖᜢ X ,Y 數ڄޑ໣ӝ໔ٿ f (x) = x2 +1 ޑғౢ܌ relation. ќ΋Бय़
ӕ΋໣ӝޑ relation, ЬाҔٰ௖૸೭ঁ໣ӝϡનϐ໔ޑᜢ߯, ӵٯ Example 4.1.1(2) ൩ࢂ
Ԗᜢ໣ӝ X ϡનϐ໔ޑελᜢ߯ౢ܌ғޑ relation.

55
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ᗨฅ΋໒ךۈॺޑ relation җ΋ঁࢂ X ×Y ,ଆۓۈη໣ӝ໒ޑ ฅךࡕॺճҔ S ٰඔ

ᛤ X ,Y .ᜢ߯ޑϡનϐ໔ޑ္ όၸךॺΨёҗ΋ঁςޕ X ,Y ,ᜢ߯ޑϡનϐ໔ޑ္ ٰள
ډ S ೭ኬޑ X ×Y .η໣ӝޑ ೭ኬךॺߡёճҔ໣ӝ܄ޑ፦ٰፋ論೭ঁ relation .፦܄ޑ
Example 4.1.1 ύٯޑη٣ჴ΢൩ࢂҗςޑޕᜢ߯ ,數ڄ) ελᜢ߯) ٰඔᛤ S ೭΋ঁ໣ӝ.
.ηٯޑຝܜॺ࣮Π΋ঁၨך

Example 4.1.2. ๏ۓ΋໣ӝ X ΋ঁۓॺाӵՖך relationٰඔᛤ X η໣ӝ໔ޑ “х֖ܭ”
?ګᜢ߯ޑ

२Ӄ೭ঁ relation܌ᜢ߯ޑϡનᔈ၀ࢂ X ,η໣ӝޑ ࢂޑҥࡌॺᔈ၀ךа܌ X ޑ power
set P(X) ΢ޑ relation. Ψ൩ࢂᇥךॺाډפ S ⊆ P(X)×P(X) ᅈى A ⊆ B ऩЪ୤ऩ

(A,B) ∈ S. ۓॺёаךа܌ S = {(A,B) ∈ P(X)×P(X) : A ⊆ B}. ӧ೭ঁ relation ϐΠךॺ
൩཮Ԗ A ∼ B ऩЪ୤ऩ A ⊆ B Α.

ௗΠٰӧҁകύ, ޑፋ論΋ঁ໣ӝ΢ܭݙॺ஑ך relation. Ψ൩ࢂଷ೛ S ΋ঁࢂ relation
on X , ӧ೭௃ݩϐΠ, ޑ܄ԖаΠΟᅿ੝ܭॺ੝ձԖᑫ፪ך relation.

Reflexive: ྽ S ᅈىჹ܌Ԗ x ∈ X ࣣԖ x ∼ x, ջ

(x,x) ∈ S, ∀x ∈ X ,

ॺᆀԜך relation ࢂ reflexive.

Symmetric: ྽ S ᅈىჹܭ x,y ∈ X ऩ x ∼ y, ߾ y ∼ x, ջ

(x,y) ∈ S ⇒ (y,x) ∈ S,

ॺᆀԜך relation ࢂ symmetric.

Transitive: ྽ S ᅈىჹܭ x,y,z ∈ X ऩ x ∼ y Ъ y ∼ z, ߾ x ∼ z, ջ

((x,y) ∈ S)∧ ((y,z) ∈ S)⇒ (x,z) ∈ S,

ॺᆀԜך relation ࢂ transitive.

ჹܭ೭Οᅿ܄፦, .ᇥܴ΋Πݩ௃ޑॺ੝ձଞჹ൳ᅿεৎёૈᇤှך

(1) S ࣁ reflexive ޑჹҺཀࢂޑࡰ x ∈ X ࣣѸ໪Ԗ (x,x) ΋ۓӧ S. ٠όࢂᇥѝाӸӧ x ∈ X

٬ள (x,x) ∈ S ൩ࢂ reflexive. ќѦѬΨؒԖᇥӵ݀ (x,y) ∈ S ߾ x = y. ᕴԶ言ϐ, ाᔠࢗ S

ࣁցࢂ reflexive, ܭցჹࢂࢗॺ໻ाᔠך X ύޑϡન x, (x,x) ࣣ཮ӧ S ύ, ԶόѸᆅځд
(x,y) ύځ x ̸= y .ݩ௃ޑ

(2) S ࣁ symmetric ޑჹҺཀࢂޑࡰ (x,y) ∈ S ࣣѸ໪Ԗ (y,x) ΋ۓΨӧ S. ٠όࢂᇥѝाӸ
ӧ΋ಔ (x,y) аϷ (y,x) ӧ S ύ൩ࢂ symmetric. ᕴԶ言ϐ, ाᔠࢗ S ࣁցࢂ symmetric, ך
ॺ໻ाᔠࢂࢗցԖ (x,y) ∈ S ՠ (y,x) ̸∈ S .วғݩ௃ޑ ӵ݀ؒԖω཮ࢂ symmetric, ց߾൩ό
ࢂ symmetric.

(3) S ࣁ transitive ѝाࢂޑࡰ (x,y) ک (y,z) ӧ S ύ, ߾ (x,z) ΋ۓΨӧ S. ٠όࢂᇥѝाӸ
ӧ΋ಔ (x,y),(y,z) ک (x,z) ӧ S ύ൩ࢂ transitive. ќѦ೭္ΨؒԖᇥѝा (x,y) ∈ S ཮Ԗ߾

΋ঁ z ∈ X ٬ள (y,z) ∈ S. аջ٬܌ S ໻Ԗ΋ঁϡન (x,y) ٗሶ S Ψࢂ transitive. ᕴԶ言
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ϐ, ाᔠࢗ S ࣁցࢂ transitive, ցԖࢂࢗॺ໻ाᔠך (x,y),(y,z) ∈ S ՠ (x,z) ̸∈ S วݩ௃ޑ

ғ. ӵ݀ؒԖω཮ࢂ transitive, ց߾൩όࢂ transitive.

Example 4.1.3. з X = {1,2,3}, ॺ௖૸ٗ٤ך relation S ⊆ X ×X ࢂ reflexive, symmetric
܈ transitive.

(1) ӵ݀ S = {(1,1),(2,2)}, ٗሶ S όࢂ reflexive, Ӣࣁ 3 ∈ X ՠࢂ (3,3) ̸∈ S. ӵ݀
S = {(1,1),(2,2),(3,3),(1,2)}, ٗሶ S ࢂ reflexive. ύᗨฅٯཀӧԜݙ S ύӸӧ (x,y) ՠ

x ̸= y ೭ኬޑϡન (ջ (1,2) ∈ S) ՠόቹៜࣁځ reflexive .٣ჴޑ

(2) ྽ S = {(1,1),(2,2)}, ޕॺך S όࢂ reflexive, όၸ S ࢂ symmetric. ՠऩуΕ (1,2),
ջ S = {(1,1),(2,2),(1,2)}, ԜਔӢ (1,2) ∈ S ՠ (2,1) ̸∈ S, ࡺ S όࢂ symmetric. Ԝਔ S ᗋ

ाуΕ (2,1) (ջ S = {(1,1),(2,2),(1,2),(2,1)}) ω཮ᡂԋ symmetric.

(3) ྽ S = {(1,1),(2,2),(1,2)}, ޕॺך S όࢂ reflexive, Ψόࢂ symmetric, ՠѬࢂ tran-
sitive. ՠऩуΕ (2,3), ջ S = {(1,1),(2,2),(1,2),(2,3)}, ԜਔӢ (1,2),(2,3) ∈ S ՠ (1,3) ̸∈ S,
ࡺ S όࢂ transitive. Ԝਔ S ᗋाуΕ (1,3) (ջ S = {(1,1),(2,2),(1,2),(2,3),(1,3)}) ω཮
ᡂԋ transitive.

வ΢΋ঁ Example ॺёа࣮рך reflexive, symmetric аϷ transitive .ޑϕᐱҥ࣬ࢂ
Ψ൩ࢂᇥ೭Οঁ܄፦࣬ϕϐ໔ؒԖᜢ߯. Ԗёૈ΋ঁ relation ಄ӝځύ΋ঁ܄፦, ՠό಄ӝ
ќѦ܄ঁٿ፦. ӵԖёૈ΋ঁٯ relation ࢂ reflexive ՠόࢂ symmetric Ψόࢂ transitive.
ќ΋Бय़, ΨԖёૈ΋ঁ relation ಄ӝځύ܄ঁٿ፦, ՠό಄ӝќѦ΋ঁ܄፦. ӵԖёૈٯ
΋ঁ relation ࢂ reflexive аϷ symmetric ՠόࢂ transitive. ೭္നதว౜ࢂޑаΠᒱᇤޑ
論ॊᇤаࣁ symmetric ک transitive ё௢ள reflexive.

Example 4.1.4. ଷ೛ X ΋ঁࣁ set, Զ S ࣁ X ΢ޑ΋ঁ relation. ଷ೛ S ࣁ symmetric а
Ϸ transitive, ցё௢ளࢂ S ࣁ reflexive? аΠޑ論ॊব္Ԗᒱ?

ଷ೛ x ∼ y, җܭ S ࣁ symmetric, ӢԜޕ y ∼ x. Ψ൩ࢂᇥ, ॺԖך x ∼ y Ъ y ∼ x, ճࡺ
Ҕ transitive ,፦܄ޑ ௢ள x ∼ x.

೭ঁ論ॊؒԖᒱ, ᒱࢂޑѬ٠ؒԖ᛾ள S ࢂ reflexive. Ѭ໻᛾ளΑ, ჹܭ x ∈ X , ӵ݀Ӹӧ
y ∈ X ᅈى x ∼ y,߾ x ∼ x. ՠ reflexive܄ޑ፦,നख़ाޑᜢᗖӧܭჹ؂΋ঁ x ∈ X ,ࣣԖ x ∼ x.
౜ऩӧ X ύӸӧ΋ϡન xਥҁؒԖҺՖϡનکѬԖᜢ,Ψ൩ࢂᇥפόډ y ∈ X ᅈى x ∼ y,ٗ
ሶךॺ൩ؒᒤݤளډ x ∼ x Α. ӵٯ X = {1,2,3} ,׎௃ޑ ऩ S = {(1,1),(2,2),(1,2),(2,1)},
৒ܰᡍ᛾ࡐ S ࣁ symmetric аϷ transitive. җܭ 1 ѬԖᜢکϡનډளפ ॺԖךӵٯ)
1 ∼ 2), Զ 2 Ψפள 1 ѬԖᜢک (ջ 2 ∼ 1), аҗ܌ S ࣁ symmetric аϷ transitive ޕ (1,1),
(2,2) ࣣӧ S ύ. ฅԶ, ؒԖҺՖک 3 Ԗᜢޑϡન, а܌ (3,3) ҂Ѹ཮р౜ӧ S ύ. ӧԜٯύ
(3,3) ̸∈ S, а܌ S ᗨࣁ symmetric аϷ transitive, ՠ S όࢂ reflexive.

Question 4.2. з X = {1,2,3} ᖐٯᇥܴӸӧ relation on X ᅈى reflexive аϷ symmetric
,፦܄ޑ ՠόᅈى transitive .፦܄ޑ ٠ᖐٯᇥܴӸӧ relation on X ᅈى reflexive аϷ
transitive ,፦܄ޑ ՠόᅈى symmetric .፦܄ޑ
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നךࡕॺӆ࣮ Example 4.1.2 ύޑ relation ಄ӝব܄٤፦.

Example 4.1.5. ଷ೛ X ࣁ nonempty set. Եቾ S = {(A,B) ∈ P(X)×P(X) : A ⊆ B} ࣁ
P(X) ΢ޑ relation. २Ӄךॺᇥܴ S ࣁ reflexive. ೭ࢂӢࣁჹܭҺཀ A ∈ P(X), ॺך
Ԗ A ⊆ A ـୖ) Proposition 3.1.4(1)), ࡺ (A,A) ∈ S. ளޕ S ࣁ reflexive. ॺΨёளך S ࣁ

transitive. ೭ࢂӢࣁऩ (A,B) ∈ S Ъ (B,C) ∈ S, Ң߄ A ⊆ B Ъ B ⊆ C, ёளࡺ A ⊆ C ـୖ)
Proposition 3.1.4(2)). ҭջ (A,C) ∈ S, ள᛾ S ࣁ transitive. όၸ S όࢂ symmetric. ाᇥܴ
೭ᗺ, ډפॺѝाך A,B ∈ P(X) ᅈى (A,B) ∈ S ՠ (B,A) ̸∈ S ջё. Եቾ A = /0 аϷ B = X

ջё. ೭ࢂӢࣁ /0 ∈ P(X) Ъ X ∈ P(X) Ъ /0 ⊆ X , ޕࡺ ( /0,X) ∈ S. ՠςޕ X ̸= /0, ࡺ X * /0,
Ψ൩ࢂᇥ (X , /0) ̸∈ S. ள᛾ S όࢂ symmetric.

Question 4.3. ଷ೛ X ࣁ nonempty set. Եቾ S = {(A,B) ∈ P(X)×P(X) : A∪B = X} ࣁ
P(X) ΢ޑ relation.

(1) ၂ୢ S ΋ࣁۓ reflexive ༏? ऩเਢࢂցޑۓ, ٗ S ΋ۓόࢂ reflexive ༏?

(2) ၂ୢ S ΋ࣁۓ symmetric ༏? ऩเਢࢂցޑۓ, ٗ S ΋ۓόࢂ symmetric ༏?

(3) ၂ୢ S ΋ࣁۓ transitive ༏? ऩเਢࢂցޑۓ, ٗ S ΋ۓόࢂ transitive ༏?

4.2. Equivalence Relation

ӧ܌Ԗޑ relation ύ, നख़ा܌ࢂߡޑᒏ equivalence relation. Ѭёаᔅךॺஒ΋ঁࡐ
ፄᚇޑ໣ӝ଺ϩᜪ, ҭջϩԋ܌ᒏޑ equivalence classes, аߡᡣךॺ׳৒ܰඓඝ೭ঁ໣ӝ.
ஒٰӧ೚ӭ數學ፐำ္, εৎ཮ว౜Ѭࢂ΋ঁࡐБޑߡπڀ.

ৎ္Ԗ೚ӭਜࢂ܈ cd, ाӵՖډפգགྷाޑਜ܈ cd ?ګ ྽ฅനӳޑБݤ൩ࢂஒѬॺϩ
ᜪ. ӕኬޑ, ӧ數學, ჹܭ΋ঁԖࡐӭϡનޑޑ໣ӝ, ೀ౛೭΋ঁٰݤБޑॺΨёᙖҗϩᜪך
໣ӝ࣬ޑᜢୢᚒ. ΋૓ٰᇥ΋ঁӳޑϩᜪБԄѸ໪಄ӝаΠΟঁाન. ಃ΋ঁ൩ࢂ, ा೏ϩ
ᜪܿޑՋ, ԾρکԾρѸ໪ࢂࢂӕᜪޑ; ќ΋ाનࢂऩҘکΌࢂӕᜪ߾ޑΌΨѸ໪کҘࢂӕ
ᜪޑ; നࡕ΋ঁाનࢂӵ݀ҘکΌӕᜪЪΌکЧӕᜪ, .ЧӕᜪکҘѸ໪߾ ӵ݀ךॺஒ΋ঁ
໣ӝ X ,ϩᜪ߾ϡનճҔ೭ঁΟঁচޑ ฅࡕஒӕᜪܿޑՋຎ࣬ࣁᜢ, ӵऩٯ x,y ӕᜪ, Ҕ߾
x ∼ y .Ң߄ٰ ӧ೭ঁ಄ဦϐΠ, 前य़܌ᇥޑϩᜪޑಃ΋ঁाન: ԾρکԾρࢂӕᜪޑ, ൩ё
Ԗ܌ჹࣁҢ߄ x ∈ X ࣣԖ x ∼ x. Ψ൩ࢂ೭ኬۓрޑ relation Ѹࣁ reflexive. ԶಃΒঁाન:
ऩҘکΌࢂӕᜪ߾ޑΌΨѸ໪کҘࢂӕᜪޑ, ൩ё߄Ңࣁऩ x ∼ y ߾ y ∼ x. Ψ൩ࢂ೭ኬۓ
рޑ relation Ѹࣁ symmetric. നࡕ΋ঁाન: ऩҘکΌӕᜪЪΌکЧӕᜪ, ЧکҘѸ໪߾
ӕᜪ, ൩ё߄Ңࣁऩ x ∼ y Ъ y ∼ z ߾ x ∼ z. Ψ൩ࢂ೭ኬۓрޑ relation Ѹࣁ transitive. ϸ
ϐ, ౜ӵ݀Ԗ΋ঁӧ X ΢ޑ relation S Ԗڀ reflexive, symmetric аϷ transitive ೭Ο໨܄
፦, ԶЪךॺஒ಄ӝ೭ঁ relation ӕᜪࣁϡનຎޑ (ջऩ x ∼ y, ࣁࢂ߾ x,y ,(ӕᜪࣁ ٗሶ೭
ኬޑϩᜪБԄΨ཮಄ӝӳޑϩᜪБԄޑΟঁाન. ӢԜךॺ๏಄ӝ reflexive, symmetric а
Ϸ transitive ೭Ο໨܄፦ޑ relation ΋ঁ੝ਸޑӜᆀ. җܭӧҁ࿯ύךॺόሡाஒ΋ঁӧ X

΢ޑ relation ຎࣁ X ×X ޑ subset ٰೀ౛ୢᚒ, ,ـଆߡΑБࣁ ௗҔޔॺך ∼ ࢂ X ΢ޑ΋

ঁ relation ೭ኬޑᇥݤ.
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Definition 4.2.1. ଷ೛ ∼ ໣ӝࢂ X ΢ޑ relation, ऩ಄ӝаΠΟঁ܄፦, ᆀԜ߾ relation
ࣁ equivalence relation

Reflexive: ჹ܌Ԗ x ∈ X , ࣣԖ x ∼ x.

Symmetric: ऩ x,y ∈ X ᅈى x ∼ y, ߾ y ∼ x.

Transitive: ऩ x,y,z ∈ X ᅈى x ∼ y Ъ y ∼ z, ߾ x ∼ z.

Ҕۭډ equivalence relation ٰϩᜪԖϙሶӳೀګ? २Ӄҗ reflexive ፦ёள؂΋ঁ܄ޑ
ϡન೿཮೏ϩࢌډ΋ᜪ. ќѦҗ symmetric ک transitive ό཮Ԗ΋ঁϡન཮ӕਔϩޕ፦܄ޑ
ឦܭόӕޑᜪձ, Ψ൩ࢂᇥঁٿόӕᜪޑϡન܌ԋޑ໣ӝό཮ԖҬ໣; ೭ࢂӢࣁӵ݀ A,B ࣁ

όӕᜪ, ՠ x ӧ A ᜪЪӧ B ᜪύ. ӧ߾ A ᜪύޑҺ΋ϡન a Ӣک x ࡺޑӕᜪࢂ a ∼ x Զ B

ᜪύޑҺ΋ϡન b ӢΨک x ӕᜪࡺ b ∼ x. җࡺ symmetric ک transitive ޕ፦܄ޑ a ∼ b. Ψ
൩ࢂᇥ A ύ܌ޑԖϡનک B ύ܌ޑԖϡન೿ӕᜪ. ೭ک A ᆶ B ଷ೛࣬ҟ࣯Ƕޑόӕᜪࢂ

౜ଷ೛ ∼ ΋ঁӧ໣ӝࢂ X ΢ޑ equivalence relation. ჹܭ x ∈ X , ॺԵቾ໣ӝך
{y ∈ X : y ∼ x}, ջךॺஒ܌Ԗ X ύک x ࣬ᜢޑϡનԏ໣ଆٰ. ೭ኬޑ໣ӝ, ࣁॺᆀך x ޑ

equivalence class, Ҕ [x] .Ң߄ٰ Ҕϩᜪٰࡋفޑᇥ, [x] ൩܌ࢂԖک x ӕᜪޑϡન܌ԋޑ

໣ӝ. ٩ reflexive ,ကۓޑ ၰޕॺך [x] ๊ჹόޜࢂ໣ӝ, ӢࣁԿϿ x ∼ x, Ψ൩ࢂᇥךॺԖ
x ∈ [x]. ќ΋Бय़ۓ٩ကऩ y ∼ x, ߾ [x] = [y]. ೭ࢂӢࣁ, ჹҺཀ z ∈ [x], Ң߄ z ∼ x. ฅԶΞଷ
೛ y ∼ x, җࡺ symmetric Ϸ transitive ள z ∼ y, ջ z ∈ [y]. ள᛾ [x]⊆ [y]. ӕ౛ёள [y]⊆ [x],
ޕࡺ [y] = [x]. ќѦ΋Бय़ӵ݀ y ̸∼ x (ջ߄Ң (y,x) ̸∈ S), ࣁ໣ӝҬ໣ޑӵӕ前य़όӕᜪ߾ /0

,ញှޑ ޕॺך [y]∩ [x] = /0. ඤ言ϐ, ճҔ X ΢ޑ equivalence relation ∼, ॺёஒך X ϩԋ

΋٤ϕό࣬Ҭޑ equivalence classes .ᖄ໣ޑ ೯தךॺ཮Ҕ X/∼ ೭ঁ಄ဦ߄Ңஒ X ճҔԜ

equivalence relation ޑϩр܌ equivalence classes. ᙁൂٰᇥ X/∼ ൩ࢂ֋ນךॺҔ ∼ ೭ঁ
ᜢ߯ஒ X ϩԋΑব൳ᜪ. җܭ೭ኬޑϩᜪஒ X ϩപԋӳ൳ঁό࣬Ҭޑ subsets ,ᖄ໣ޑ ך
ॺᆀԜࣁ X ΢ޑ΋ঁ partition, .ကӵΠۓԄ҅ځ

Definition 4.2.2. ଷ೛ X ࣁ set, I ࣁ index set. ऩჹܭҺཀ i ∈ I, Ci ࣁ X ޑ nonempty
subset Ъ X =

∪
i∈I

Ci аϷ Ci ∩C j = /0, for i ̸= j, ᆀԜ߾ {Ci : i ∈ I} ࣁ X ΋ঁޑ partition.

ᙁൂٰᇥ๏ۓ΋ঁ X ΢ޑ partition, ൩ࢂஒ X ΢ޑϡનϩᜪ. 前य़ςޕၰ, ๏ۓ΋ঁ
X ΢ޑ equivalence relation, ԵቾԜ equivalence relation ޑԋ܌ equivalence classes (Ψ൩
(ԏ໣ଆٰޑᇥஒӕᜪࢂ ൩཮ࢂ X ΋ঁޑ partition. ౜ӧךॺԵቾϸၸٰ, ऩ๏ۓ X ΢ޑ

partition X =
∪
i∈I

Ci, ჹܭҺཀ x,y ∈ X , ကۓॺך x ∼ y ऩЪ୤ऩ x,y ∈Ci, for some i ∈ I (ҭ

ջӕᜪޑϡનຎ࣬ࣁᜢ), ,ကϐΠۓӧԜ߾ ॺёளך ∼ ΋ঁࢂ equivalence relation. ೭ࢂ
Ӣۓ٩ࣁက X =

∪
i∈I

Ci, ӢԜჹܭҺཀ x ∈ X , ࣣӸӧ i ∈ I, ٬ள x ∈ Ci, ӢԜள x ∼ x (᛾ள

reflexive). ќѦऩ x ∼ y, Ң߄ x,y ∈ Ci, for some i ∈ I, ྽ฅΨԖ y,x ∈ Ci, ளࡺ y ∼ x (᛾ள
symmetric). നࡕऩ x ∼ y, y ∼ z, Ӹӧޕ i, j ∈ I ٬ள x,y ∈Ci, y,z ∈C j. җܭ y ∈Ci ∩C j, ճ
Ҕऩ i ̸= j ߾ Ci ∩C j = /0 ளޕ i = j. ҭջ x,z ∈Ci, ӢԜள x ∼ z (᛾ள transitive). ډॺளך
аΠۓޑ౛.
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Theorem 4.2.3. ଷ೛ X ࣁ set.

(1) ऩ ࣁ∽ X ΢ޑ΋ঁ equivalence relation,߾ {[x] : [x]∈X/∼}ࢂ X ΋ঁޑ partition.

(2) ऩ I ࣁ index set Ъ {Ci : i ∈ I} ࣁ X ΋ঁޑ partition, ჹܭҺཀ x,y ∈ X , ကۓ x ∼ y

ऩЪ୤ऩ x,y ∈Ci, for some i ∈ I, ߾ ∼ ࣁ X ΢ޑ΋ঁ equivalence relation.

Example 4.2.4. ऩךॺஒ᏾數 Z ϩࣁ 2 ໣ӝޑԋ܌७數ޑ C1 = {2n : n ∈ Z}, 3 ७數ޑ

໣ӝޑԋ܌ C2 = {3n : n ∈ Z} аϷ 5 ໣ӝޑԋ܌७數ޑ C3 = {5n : n ∈ Z}, ߾ {C1,C2,C3}
όࢂ΋ঁ Z ޑ partition. Ӣࣁ 7 ൩όࢂ 2, 3 ࢂ܈ 5 ७數ޑ (ҭջ 7 ̸∈ C1 ∪C2 ∪C3), ޕࡺ
Z ̸=C1 ∪C2 ∪C3. ќѦ C1 ∩C2 ̸= /0, ॺԖךӵٯ 6 ∈C1 ∩C2. ӕ౛ C1 ∩C3 ̸= /0, C2 ∩C3 ̸= /0.

ऩԵቾ Z ޑ 3 ঁ subset C1 = {n : n = 3m,m ∈ Z},C2 = {n : n = 3m+ 1,m ∈ Z} аϷ
C3 = {n : n = 3m+ 2,m ∈ Z}, ߾ {C1,C2,C3} ΋ঁࢂ Z ޑ partition. ٣ჴ΢, ॺёаך
ஒ C1,C2,C3 ϩձ࣮ԋନа 3 Ꭹ數ϩձࣁ 0, 1 аϷ 2 .໣ӝޑԋ܌ϡનޑ ৒࣮ܰрࡐ
Z=C1 ∪C2 ∪C3, ԶЪ C1 ∩C2 =C1 ∩C3 =C2 ∩C3 = /0. ճҔ೭ঁ partition, рۓॺёаך Z
ύޑ΋ঁ equivalence relation ࣁ x ∼ y ऩЪ୤ऩ x,y ∈Ci, for some i ∈ {1,2,3}. ऩ x,y ∈C1

Ң߄ x = 3m,y = 3m′ for some m,m′ ∈ Z а܌ x−y = 3(m−m′), ҭջ 3 | x−y Ң߄) 3 ёа᏾

ନ x− y). ӕ౛྽ x,y ∈C2 ܈ x,y ∈C3, ࣣԖ 3 | x− y. Ԝޕॺךа܌ equivalence relation ё
ࣁကۓ x ∼ y ऩЪ୤ऩ 3 | x− y. ࢗ৒ܰᔠࡐ ∼ ࢂ equivalence relation. २Ӄჹ܌Ԗ x ∈ Z,
ॺԖך 3 | x−x, а܌ x ∼ x. ќѦऩ x ∼ y, Ң߄ 3 | x−y, Ԗࡺ 3 | −(x−y). ӢԜள 3 | y−x, ջ
y ∼ x. നࡕऩ x ∼ y Ъ y ∼ x, Ң߄ 3 | x−y Ъ 3 | y− z. ӢԜள 3 | (x−y)+(y− z), ջ 3 | x− z.
ள᛾ x ∼ z. ӧ೭္ךॺԖ C1 = [0] = [4], C2 = [1] = [−3] аϷ C3 = [2] = [11]... ฻. ॺԖך
Z/∼= {[0], [1], [2]}.

Question 4.4. ჹܭҺཀ҅᏾數 m, з I = {0,1, . . . ,m−1}ࣁ index set. Եቾ Z ޑ partition,
Ci = {mk+ i : k ∈ Z}, i ∈ I. ၂ୢԜ partition ޑჹᔈ܌ equivalence relation ?Ֆࣁ

ճҔ equivalence relation ஒ໣ӝϩᜪԋ partition ,ӆճҔԜϩᜪٰ௖૸Ԝ໣ӝࡕ ೭ኬ
.ډ౛論ਔ཮Ҕޑஒٰεৎ學ಞ΋٤數學ݤБޑ Ҟ前ךॺ໻ϟಏ΋ঁᙁൂޑᔈҔ. ൩ࢂѬё
аᔅךॺीᆉ΋ঁԖज़໣ӝঁޑ數. .౛ۓޑॺԖаΠך

Proposition 4.2.5. ଷ೛ X ΋ঁࢂ finite set, ЪҔ΋ঁ equivalence relation ஒځϩԋ
equivalence classes C1, . . . ,Cn. ऩ #(X) Ϸ #(Ci) ,數ঁޑϡનޑҢ೭٤໣ӝ߄ ߾

#(X) =
n

∑
i=1

#(Ci).

Proof. җ前य़ᇥܴςޕ྽ i ̸= j ਔ, Ci ∩C j = /0. Ψ൩ࢂᇥ೭٤ Ci .ޑό࣬Ҭٿٿࢂ ӆу΢
؂ঁ X ύޑϡન೿཮ပӧঁࢌ Ci ύ, а܌ X ೭٤ࢂ數খӳঁޑϡનޑ C1, . . . ,Cn ϡનঁޑ

數ϐک. �

Example 4.2.6. з A = {1,2,3} Ъз X = P(A). Եቾ X ΢ޑ relation, ჹҺཀࣁကۓځ
B,C ∈ X , B ∼ C ऩЪ୤ऩ #(B) = #(C). ৒࣮ܰрࡐ ∼ ࣁ X ΢ޑ equivalence relation. ೭
,ࣁӢࢂ ჹҺཀ B ∈ X , ॺԖך #(B) = #(B), ޕࡺ B ∼ B. Ξऩ B ∼ C, Ң߄ #(B) = #(C), ࡺ
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җ #(C) = #(B), ள C ∼ B. നࡕऩ B ∼ C Ъ C ∼ D, җ߾ #(B) = #(C) аϷ #(C) = #(D) ள

#(B) = #(D). ளࡺ B ∼ D.

ճҔ೭ঁ equivalence relation ޑள܌ equivalence classes ԋ׎ X = P(A) ΋ঁޑ parti-
tion. ޑॺԖаΠך partition:

ؒԖϡન: { /0}

΋ঁϡન: {{1},{2},{3}}.

Βঁϡન: {{1,2},{1,3},{2,3}}.

Οঁϡન: {{1,2,3}}.

ཀ೭൳ঁݙ equivalence classes ࣁϡનঁ數ϩձޑ
(3

0

)
,
(3

1

)
,
(3

2

)
,
(3

3

)
. аҗ܌ Proposition

4.2.5 ޕ (
3
0

)
+

(
3
1

)
+

(
3
2

)
+

(
3
3

)
= #(X) = #(P(A)) = 23 = 8.

Question 4.5. з n ,᏾數҅ࣁ A = {1,2, . . . ,n} Ъз X =P(A). Եቾ X ΢ޑ relation, ۓځ
ကࣁჹҺཀ B,C ∈ X , B ∼C ऩЪ୤ऩ #(B) = #(C). ऩ m ∈N Ъ 0 < m < n, ၂ୢ {1,2, . . . ,m}
ޑӧ܌ equivalence class ?Ֆࣁϡનঁ數ځ ၂᛾ܴ(

n
0

)
+

(
n
1

)
+ · · ·+

(
n

n−1

)
+

(
n
n

)
= 2n.

4.3. Order Relation

ӧ數學΢ќ΋ᅿதޑـ relation ൩܌ࢂᒏ order relation, ҭջ௨ׇޑᜢ߯. Ѭࢂ΋ᅿ಄
ӝΟᅿ܄፦ޑ relation, ೭ᜪޑ relation ,፦܄ޑКၨελᜢ߯Ԗ΋ठޑॺಞᄍךک ӢԜᆀ
ࣁ order relation.

аΠϟಏޑ relation җکܭКၨελԖᜪ՟܄ޑ፦, εৎёаஒϐຎࣁ “λܭ฻ܭ” ೭
ኬޑᜢ߯. ,፦܄ޑΑᡣεৎಞᄍѬࣁ ॺόҔך ∼ ೭ঁ಄ဦ, όၸό׆ఈᇤаࣁѬ൩ࢂ΋૓
ޑ “λܭ฻ܭ”, ॺᒧҔךа܌ “≼” ೭ঁ಄ဦ.

Definition 4.3.1. ଷ೛ X ࣁ nonempty set Ъ ≼ ࣁ X ΢ޑ relation. ऩ ≼ ಄ӝаΠΟᅿ
,፦܄ ᆀߡॺך ≼ ࣁ X ΢ޑ partial order.

(1) ჹ܌Ԗ x ∈ X , ࣣԖ x ≼ x.

(2) ऩ x,y ∈ X ᅈى x ≼ y Ъ y ≼ x, ߾ x = y.

(3) ऩ x,y,z ∈ X ᅈى x ≼ y Ъ y ≼ z, ߾ x ≼ z.

ӧ Definition 4.3.1 ፦܄ޑ (1) ࢂၰ൩ޕॺך reflexive ,፦܄ Զ܄፦ (3) ൩ࢂ transitive
.፦܄ όၸ܄፦ (2) ک symmetric .ӭΑࡐ፦൩ৡ܄ Ѭࢂޑࡰऩ x ̸= y, όёૈӕਔ཮Ԗ߾
x ≼ y Ъ y ≼ x. ऩךॺϝҔ S ⊆ X ×X Ң೭ঁ߄ٰ relation, җܭ೭ঁ܄፦ᇥࢂޑ྽ x ̸= y ਔ,
(x,y) ک (y,x) όёૈӕਔӧ S ύ, ࣁ፦܄ॺᆀ೭ঁךࡺ anti-symmetric. ྽ ≼ ࣁ X ΢ޑ΋

ঁ partial order, ΋૓ךॺ൩ᙁᆀ (X ,≼) ΋ঁࣁ poset.
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Example 4.3.2. ଷ೛ A ࣁ nonempty set, з X = P(A). Եቾ X ΢΋૓໣ӝх֖ޑܭ

relation ⊆, ߾ (X ,⊆) ൩ࢂ΋ঁ poset.

Question 4.6. ଷ೛ A ࣁ nonempty set, з X = P(A). Եቾ X ΢΋૓໣ӝޑ relation ⊇,
߾ (X ,⊇) ΋ঁࢂցࢂ poset?

Question 4.7. Եቾჴ數 R ΋૓ޑλܭ฻ܭᜢ߯ ≤, ցࢂ (R,≤) ࣁ poset? Ξ (R,≥) ցࢂ

ࣁ poset?

ӧ΋ঁ poset (X ,≼)ύ,ऩ x,y∈X ᅈى x≼ y܈ y≼ x,߾ᆀ x,y೭ঁٿϡનࣁ comparable
(ཀࡰёаКၨ). Definition 4.3.1 ϐ܌а཮ᆀࣁ “partial” order, ൩ࢂӢࣁѬ٠ؒԖा؃Һ
ঁٿ X ύޑϡન೿ࢂ comparable. ӵԵቾٯ A = {1,2} ,׎௃ޑ ޕॺך ⊆ ࢂ P(A) ΢ޑ

partial order. ฅԶ {1},{2} ∈ P(A) ٠όࢂ comparable, Ӣࣁ {1} ⊆ {2} ک {2} ⊆ {1} ࣣό
ԋҥ. όၸჴ數 (R,≤) ೭ঁ poset ൩ԖҺঁٿϡનࣣࣁ comparable .፦܄ޑ ӢԜךॺΞ੝
ձԵቾаΠޑ order relation.

Definition 4.3.3. ଷ೛ X ࣁ nonempty set Ъ ≼ ࣁ X ΢ޑ relation. ऩ ≼ ಄ӝаΠΟᅿ
,፦܄ ᆀߡॺך ≼ ࣁ X ΢ޑ total order.

(1) ऩ x,y ∈ X ᅈى x ≼ y Ъ y ≼ x, ߾ x = y.

(2) ऩ x,y,z ∈ X ᅈى x ≼ y Ъ y ≼ z, ߾ x ≼ z.

(3) ჹ܌Ԗ x,y ∈ X , ࣣԖ x ≼ y ܈ y ≼ x.

Definition 4.3.3 ፦܄ޑ (3) ϡનࣣाঁٿा؃Һࢂߡ comparable, ೭ঁ܄፦൩ࢂ total
.፦܄ޑ ाݙཀҗ (3) ,፦܄ޑ ډёளߡ reflexive, Ӣࣁ೭္ x,y ؒԖा؃ा࣬౦, ۓа٩܌
က, ॺ཮Ԗך x ≼ x. ΨӢԜךॺޕ΋ঁ total order ΋ࢂۓ partial order (ϸၸٰ൩ό΋ۓ
ჹ). ྽ ≼ ࣁ X ΢ޑ total order, ΋૓ךॺ൩ᆀ (X ,≼) ΋ঁࣁ total ordered set. ќѦԖޑ
ਜ཮ᆀ total order ࣁ linear order ࢂ܈ simple order.

Question 4.8. Եቾჴ數 R ΋૓ޑλܭᜢ߯ <, ցࢂ (R,<) ࣁ total ordered set?

ޑ前य़ፋڻ೚εৎ཮ӳ܈ order ≼೿Ԗ΋ঁ “฻ဦ”,Ψ൩ࢂᇥ x ≼ xԋҥޑচӢࢂ x = x.
ٗሶࢂցёаႽჴ數ޑ ≤ ѐ௞฻ဦளډ < ೭ኬޑ order ?ګ ٣ჴ΢, ӵ݀ (X ,≼) ΋ঁࢂ

total ordered set, ကۓॺёаך x ≺ y ऩЪ୤ऩ x ≼ y Ъ x ̸= y. ӧ೭௃ݩϐΠ, ᆀߡॺך ≺
ࣁ X ΋ঁޑ strict total order. .ကۓޑॺԖаΠך

Definition 4.3.4. ଷ೛ X ࣁ nonempty set Ъ ≺ ࣁ X ΢ޑ relation. ऩ ≺ ಄ӝаΠΒᅿ
,፦܄ ᆀߡॺך ≺ ࣁ X ΢ޑ strict total order.

(1) ऩ x,y,z ∈ X ᅈى x ≺ y Ъ y ≺ z, ߾ x ≺ z.

(2) ჹ܌Ԗ x,y ∈ X , ࣣ཮ᅈى x = y, x ≺ y ܈ y ≺ x ,ύϐ΋ځ Ъځύ໻Ԗ΋ঁ཮ԋҥ.

ӧ Definition 4.3.4 ύ, ፦܄ (2) ᆀࣁ trichotomy (Ο΋ࡓ).
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Example 4.3.5. ໣ӝޑԋ܌Ԗፄ數܌ॺёаჹך C က΋ঁۓ strict order. ჹҺཀ
a + bi,c + di ∈ C, ύځ a,b,c,d ∈ R Ъ i2 = −1. ကۓॺך (a + bi) ≺ (c + di) ऩЪ୤ऩ

(1) a < c ܈ (2) a = c Ъ b < d. Ԝਔ (C,≺) ࢂߡ strict total ordered set. २Ӄᔠࢗ
transitive .፦܄ ଷ೛ a+ bi,c+ di,e+ f i ∈ C ύځ a,b,c,d,e, f ∈ R ᅈى (a+ bi) ≺ (c+ di)

Ъ (c+ di) ≺ (e+ f i). ٩ ≺ ,ကۓޑ Ԝਔޕॺך a ≤ c Ъ c ≤ e, ӢԜள a ≤ e. ॺёаך
ϩԋٿᅿ௃ݩ૸論: (΋) ऩ a < e, җ߾ ≺ ကளۓޑ (a+ bi) ≺ (e+ f i); (Β) ऩ a = e, ߾
ёள a = c = e. Ԝਔҗ (a+bi) ≺ (c+di) ޕ b < d, ӆҗ (c+di) ≺ (e+ f i) ޕ d < f . ளࡺ
b < f , ӢԜ٩ ≺ ကளۓޑ (a+bi)≺ (e+ f i). ᛾ܴΑ ≺ ಄ӝ transitive .፦܄ ԿܭΟ΋ࡓ,
ऩ a+bi ̸= c+di, ٩ፄ數࣬฻ۓޑကޕ a ̸= c ܈ b ̸= c. ऩ a ̸= c, ٩ჴ數ޑΟ΋ޕࡓ a < c ܈

c < a, Ψ൩ࢂᇥԜਔ (a+bi)≺ (c+di) ܈ (c+di)≺ (a+bi). Զऩ a = c, ԜਔѸԖ b ̸= d, ࡺ
٩ฅҗჴ數ޑΟ΋ࡓёள (a+bi)≺ (c+di) ܈ (c+di)≺ (a+bi). ፄ數ӧٿॺ᛾ܴΑҺך ≺
ϐΠࣣࣁ comparable, ᛾ளΑ ≺ Ԗ trichotomy .፦܄ޑ

ӧԜۓကϐΠ (C,≺) ࣁ strict total ordered set ЪѬ࡭ߥΑচҁჴ數΢ < ೭ঁ order.
όၸࣗࣁሶத᠋ᇥፄ數όૈКελګ? .ݤᇥޑᙁౣࢂჴ೭ځ ٣ჴ΢, ჴ數کፄ數Ѭॺόѝ
ࢂ sets, Ѭॺޑϡનϐ໔ᗋԖуݤϷ४ݤၮᆉ. ޑ΢ځॺӧፋךа܌ order ਔځჴᗋӭा؃
Α܄ঁٿ፦. ջӧჴ數ޑ௃ך׎ॺӭΑکуݤᆶ४ݤԖᜢ܄ঁٿޑ፦:

A: ऩ a < b, ჹҺཀ߾ c ࣣԖ a+ c < b+ c.

M: ऩ a < b, ჹҺཀ߾ 0 < c ࣣԖ ac < bc.

ޑကፄ數΢ۓ৒ܰᡍ᛾খωࡐ ≺ ಄ӝ܄፦ A. ՠࢂѬό಄ӝ܄፦ M. ೭ࢂӢۓ٩ࣁကךॺ
Ԗ 0 ≺ i, ՠऩ܄፦ M ԋҥ, Ԗ߾ 0× i ≺ i× i, ջ 0 ≺−1. Ԝᆶ ≺ ϐۓကό಄, ޕࡺ ≺ ό಄
ӝ܄፦ M.

٣ჴ΢, ॺёа᛾ܴӧך C ΢य़όёૈۓကр΋ঁ strict total order ≺ ཮࡭ߥচҁჴ
數ޑελᜢ߯Ъ಄ӝ܄፦ A ک M. ೭ࢂӢࣁऩ (C,≺) ಄ӝ೭٤ा؃, ,ࡓ٩Ο΋߾ ॺԖך
0 ≺ i ܈ i ≺ 0 .཮วғݩᅿ௃ٿ ऩ 0 ≺ i, ፦܄җ߾ M ཮௢ள 0 ≺−1, ό಄ӝচҁჴ數ޑε
λᜢ߯. Զऩ i ≺ 0, ፦܄җ߾ A ё௢ள i+(−i)≺ 0+(−i), ջ 0 ≺−i. Ԝਔӆҗ܄፦ M, ё
௢ள 0× (−i)≺ (−i)× (−i), ջ 0 ≺−1, ӕኬޑό಄ӝচҁჴ數ޑελᜢ߯. Ӣࣁӧ C ΢ࢂ
όёૈӸӧ strict total order ಄ӝ೭܄٤፦, .ޑόૈКελࢂᇥፄ數ޑॺωᙁౣךа܌

Question 4.9. ၂᛾ܴऩ (C,≺) ࣁ strict total ordered set Ъᅈى Example 4.3.5 ፦܄ޑ A
፦܄ک M, ჹҺཀ߾ C ύߚޑ႟ϡન z, ࣣԖ 0 ≺ z2.

ाݙཀ strict total order ٠όࢂ total order. ՠӵ前य़܌ॊ, ؂΋ঁ total ordered set
(X ,≼), ೿ёۓက΋ঁ strict total order.

Proposition 4.3.6. ଷ೛ (X ,≼) ΋ঁࢂ total ordered set. ऩۓက x ≺ y ऩЪ୤ऩ x ≼ y Ъ

x ̸= y, ,ကϐΠۓӧԜ߾ ≺ ࣁ X ΋ঁޑ strict total order.

Proof. २Ӄךॺ᛾ܴ transitive܄፦,ջऩ x,y,z ∈ X ᅈى x ≺ yЪ y ≺ z,߾ा᛾ܴ x ≺ z. җ
ܭ x ≺ y߄Ң x ≼ yЪ x ̸= y, Զ y ≺ z߄Ң y ≼ zЪ y ̸= z. җࡺ ࣁ≽ total orderԖ transitive
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,፦܄ ள x ≼ z. ॺѸ໪᛾ܴך x ̸= z. ճҔϸ᛾ݤ, ଷ೛ x = z, җ x ≼ y ள z ≼ y. ՠΞςޕ
y ≼ z, җࡺ ࣁ≽ total orderԖ anti-symmetric܄፦, ள y = z. Ԝᆶ྽߃ଷ೛ y ≺ z (ջ y ̸= z)
࣬ҟ࣯, ޕࡺ x ̸= z. ள᛾ x ≺ z.

ௗ๱ךॺ᛾ܴ trichotomy .፦܄ Ӣ ≼ ࣁ total order Ԗ total ,፦܄ ҭջჹҺཀ x,y ∈ X ,
ॺԖך x ≼ y ܈ y ≼ x. ౜ऩ x = y, ॺளך x,y ᅈى x = y. Զऩ x ̸= y, җ߾ x ≼ y ܈ y ≼ x,
ள x ≺ y ܈ y ≺ x. ள᛾ x,y ᅈى x = y, x ≺ y ܈ y ≺ x. ౜ाᇥܴ x,y ໻ૈᅈى x = y, x ≺ y

܈ y ≺ x .ύϐ΋ځ २Ӄऩ x = y, ٩ ≺ ϐۓကךॺޕόёૈ x ≺ y ܈ y ≺ x ԋҥ. Զऩ x ̸= y

᛾ܴόёૈݤॺҔϸ᛾ך x ≺ y, y ≺ x .ԋҥࣣޣٿ ଷ೛ x ≺ y, y ≺ x ,ԋҥࣣޣٿ җ ≺ ϐۓ
ကޕ x ≼ y Ъ y ≼ x. ӆԛҗ anti-symmetric ,፦܄ ள x = y. Ԝᆶ x ̸= y ϐଷ೛࣬ҟ࣯. ள᛾
όёૈ x ≺ y, y ≺ x .ԋҥࣣޣٿ �

ӕኬޑ, ऩςޕ ≺ ࣁ X ΢ޑ strict total order, ჹҺཀ x,y ∈ X , ကۓॺך x ≼ y ऩЪ୤

ऩ x = y ܈ x ≺ y, ߾ ≼ ཮ࢂ X ΢ޑ total order.

Question 4.10. ଷ೛ X ࣁ nonempty set Ъ ≺ ࣁ X ΢ޑ strict total order. ऩჹҺཀ
x,y ∈ X , ကۓॺך x ≼ y ऩЪ୤ऩ x = y ܈ x ≺ y, ၂᛾ܴ ≼ ཮ࢂ X ΢ޑ total order.

வ೭္, ၰ๏Αޕॺך X ΢΋ঁ total order ൩฻ӕܭ๏Α΋ঁ strict total order, ϸϐ
ҭฅ. ډа྽ፋ論܌ total order ,፦܄ޑ ॺ೿ёаᙯඤԋך strict total order .፦܄ޑ Αࣁ
Бߡଆـ, ྽ךॺҔ ≼ Ң΋ঁ߄ total order, ཮Ҕ߾ ≺ ޑჹᔈځҢ߄ strict total order, ϸ
ϐҭฅ.

ԖΑ order ,ࡕᜢ߯ޑ ,΢Πࣚޑᒏ܌ကۓॺ൩ёаך നεനλϡન. ଷ೛ (X ,≼) ࣁ

poset. ჹܭ X ύޜߚޑη໣ T , ॺᇥך u ∈ X ࢂ T ΋ঁޑ upper bound, ҺཀܭҢჹ߄ T ύ

ϡનޑ t ࣣᅈى t ≼ u. ଷ೛ u ∈ X ࢂ T ޑ upper bound ЪჹҺཀ T ޑ upper bound u′, ࣣ
ᅈى u ≼ u′, ᆀ߾ u ࣁ T ޑ least upper bound. ࣬ჹᔈޑ, ॺᆀך l ∈ X ࣁ T ΋ঁޑ lower
bound, ҺཀܭҢჹ߄ T ύޑϡન t ࣣᅈى l ≼ t. ଷ೛ l ∈ X ࢂ T ޑ lower bound ЪჹҺཀ
T ޑ lower bound l′, ࣣᅈى l′ ≼ l, ᆀ߾ l ࣁ T ޑ greatest lower bound.

ाݙཀ, ΋૓ٰᇥ poset (X ,≼) ޑ nonempty subset ҂Ѹ཮Ԗ upper bound ܈ lower
bound. Զջ٬Ԗ upper bound ܈ lower bound, ϝԖёૈ least upper bound ܈ greatest
lower bound ཮όӸӧ. :ηٯޑॺ࣮аΠך

Example 4.3.7. (A) Եቾ (R,≤) ೭ঁ total ordered set. з T = {x ∈ R : 0 < x < 1}. Ԗ܌
εܭ฻ܭ 1 ࢂჴ數೿ޑ T ޑ upper bound, Զ 1 ࢂ T ޑ least upper bound. ܭ฻ܭԖλ܌
0 ࢂჴ數೿ޑ T ޑ lower bound, Զ 0 ࢂ T ޑ greatest lower bound. Կܭ {x ∈ R : x ≥ 0},
ค߾ upper bound. Զ {x ∈ R : x < 1}, ค߾ lower bound.

(B) Եቾ (Q,≤) ೭ঁ total ordered set. з T = {x ∈Q :
√

2 < x <
√

3}. ܭԖε܌
√

3 ޑ

Ԗ౛數೿ࢂ T ޑ upper bound, Զ܌Ԗλܭ
√

2 ࢂԖ౛數೿ޑ T ޑ lower bound. ՠࢂ T

ؒԖ least upper bound. ೭ࢂӢࣁऩ u ∈Q ࣁ T ޑ least upper bound, Ң߄
√

3 < u, ՠ
√

3

ک u ϐ໔ϝӸӧ๱Ԗ౛數 (೭ࢂԖ౛ॊޑ࿨ஏ܄), Ψ൩ࢂᇥӸӧ u′ ∈ Q ᅈى
√

3 < u′ < u.
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ฅࡽ u′ ࣁ T ޑ upper bound ՠΞλܭ u, Ԝᆶ u ࣁ T ޑ least upper bound ࣬ҟ࣯, ޕࡺ
T ؒԖ least upper bound. ӕ౛ךॺޕ T ؒԖ greatest lower bound.

(C) ๏ۓ nonempty set A, Եቾ (P(A),⊆) ೭ঁ poset. ჹܭҺཀ P(A) ޑ nonempty
subset T , A ࢂ T ޑ upper bound, ӢࣁჹҺՖ B ∈ T , ࣣԖ B ⊆ A. ӕ౛ /0 ࣁ T ޑ

lower bound. Ԝਔ T ޑ least upper bound ΋ۓӸӧ, ٣ჴ΢ U =
∪

B∈T

B ཮ࢂ T ޑ least

upper bound. ೭ࢂӢࣁჹҺཀ B ∈ T , ࣣԖ B ⊆ U , а܌ U ࢂ T ޑ upper bound. Զऩ
U ′ ∈ P(A) ࢂ T ޑ upper bound, ҢჹҺཀ߄ B ∈ T , ࣣԖ B ⊆U ′, җࡺ Corollary 3.3.4, ޕ
U =

∪
B∈T

B ⊆U ′. ள᛾ U =
∪

B∈T

B ཮ࢂ T ޑ least upper bound. ӵٯ A = {1,2,3,4} ,׎௃ޑ

Եቾ T = {{1,2},{1,3}}. ߾ {1,2}∪{1,3}= {1,2,3} ൩ࢂ T ޑ least upper bound.

Question 4.11. ๏ۓ nonempty set A, Եቾ (P(A),⊆) ೭ঁ poset. ჹܭҺཀ P(A) ޑ

nonempty subset T , ၂᛾ܴ T ޑ greatest lower bound Ӹӧ.

ाݙཀ, ΋૓ٰᇥჹܭ poset (X ,≼) ޑ nonempty subset T , ᗨฅځ least upper bound
ёૈόӸӧ, όၸऩӸӧޑ၉Ѭ཮ࢂ୤΋ޑ. ೭ࢂӢࣁӵ݀ u,u′ ∈ X ࣁࣣ T ޑ least upper
bound, җ߾ u ࣁ least upper bound Ъ u′ ࣁ upper bound, ள u ≼ u′. ӕ౛ёள u′ ≼ u, ࡺ
җ partial order ޑ anti-symmetric ፦ள܄ u = u′. ӕኬޑ T ޑ greatest lower bound ऩӸ
ӧޑ၉, Ψ཮ࢂ୤΋ޑ. .፦܄ॺԖаΠךа܌

Proposition 4.3.8. ଷ೛ (X ,≼) ࢂ total ordered set Ъ T ࢂ X ޑ nonempty subset. ऩ T

ޑ least upper bound Ӹӧ, .୤΋߾ Զऩ T ޑ greatest lower bound Ӹӧ, Ψ཮ࢂ୤΋ޑ.

྽ (X ,≼) ࢂ total ordered set ਔ, least upper bound ک greatest lower bound ନΑ୤΋
.፦܄ޑѦᗋԖ΋ঁख़ा܄ ကऩۓ٩ u ∈ X ࢂ T ޑ least upper bound, Ңӵ݀߄ x ≺ u, ߾
x όёૈࢂ T ޑ upper bound. ೭ࢂӢࣁऩ x ࢂ T ޑ upper bound ډ཮ள߾ u ≼ x ϐҟ࣯

ཀݙ) ≺ ࢂ strict total order, ,ࡓа٩Ο΋܌ x ≺ u ک u ≼ x όёૈӕਔԋҥ). ॺԖаΠך
ϐ่論.

Proposition 4.3.9. ଷ೛ (X ,≼) ࢂ total ordered set, T ࢂ X ޑ nonempty subset Ъ u ∈ X

ࢂ T ޑ least upper bound. ऩ x ∈ X ᅈى x ≺ u, Ӹӧ߾ t ∈ T ᅈى x ≺ t.

Proof. ճҔϸ᛾ݤ, ଷ೛Ӹӧ t ∈ T ᅈى x ≺ t ,ޑᒱࢂ ޑԖ܌Ң߄ t ∈ T ೿όᅈى x ≺ t.
ฅԶ ≺ ࢂ X ޑ strict total order, ٩Ο΋ޕࡓ, x ≺ t, t ≺ x ک x = t ѸԖ΋໨ࢂჹޑ. ӢԜ
җ t ∈ T ೿όᅈى x ≺ t ޕ t ∈ T ೿ᅈى t ≼ x. Ψ൩ࢂᇥ x ཮ࢂ T ޑ upper bound. ՠ٩ଷ
೛ u ࢂ T ޑ least upper bound, ॺளך u ≼ x. җΟ΋ޕࡓԜᆶ x ≺ u ϐ前ග࣬ҟ࣯. ளࡺ
᛾Ӹӧ t ∈ T ᅈى x ≺ t. �

Question 4.12. ଷ೛ (X ,≼) ࢂ total ordered set, T ࢂ X ޑ nonempty subset Ъ l ∈ X ࢂ

T ޑ greatest lower bound. ၂᛾ܴऩ x ∈ X ᅈى l ≺ x, Ӹӧ߾ t ∈ T ᅈى t ≺ x.

ௗΠٰךॺϟಏ poset (X ,≼) ύޑ nonempty subset T .നεനλϡનޑ ाݙཀ, ӧ
poset ύޑനεനλϡનځჴԖϩٿᅿ. җܭ poset ύ҂ѸҺঁٿϡનࢂ comparable, ܌
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а΋ᅿ T ,നεϡનޑ ᆀࣁ maximal element of T , ӧࢂޑࡰ T ύؒԖځдϡનКѬεޑ

ϡન. Ψ൩ࢂᇥऩ µ ∈ T ЪόӸӧ t ∈ T ᅈى µ ≺ t, ᆀ߾ µ ࣁ T ޑ maximal element. ќ
΋ᅿനεϡન, ᆀࣁ greatest element of T ᆀ܈) maximum element), Ԗ܌ࢂޑࡰ T ύޑ

ϡન೿КѬλ. Ψ൩ࢂᇥऩ g ∈ T Ъჹ܌Ԗ t ∈ T ࣣᅈى t ≼ g, ᆀ߾ g ࣁ T ޑ greatest
element. ԿܭനλϡનΨԖ࣬ჹۓޑက. ऩ m ∈ T ЪόӸӧ t ∈ T ᅈى t ≺ m, ᆀ߾ m ࣁ T

ޑ minimal element. Զऩ l ∈ T Ъჹ܌Ԗ t ∈ T ࣣᅈى l ≼ t, ᆀ߾ l ࣁ T ޑ least element
ᆀ܈) minimum element). ा੝ձݙཀࢂޑ, T ޑ upper bound ک lower bound όሡाࢂ
T ,ϡનޑ ՠ T ޑ maximal element, greatest element аϷ minimal element, least element
ࣣाࢂ؃ T .ϡનޑ ӵӕ upper bound ک lower bound, ΢ॊ೭൳ᅿനεനλϡન, ٠ό΋
.཮Ӹӧۓ .ηٯޑॺ࣮аΠך

Example 4.3.10. (A) Եቾ (R,≤) ೭ঁ total ordered set. з T = {x ∈ R : 0 < x < 1}. ࡐ
৒࣮ܰр T ؒԖ maximal element. ೭ࢂӢࣁჹҺཀ µ ∈ T ࣣԖ 0 < µ < 1, аऩз܌
t = (µ +1)/2, Ԗ߾ 0 < t < 1, ҭջ t ∈ T Ъ µ < t. ள᛾ T ؒԖ maximal element. ӕ౛ T

ΨؒԖ minimal element. ќ΋Бय़ऩԵቾ T ′ = {x ∈ R : 0 ≤ x ≤ 1}. ৒࣮ܰрࡐ 1 ࢂ T ′ ޑ

maximal element Ψࢂ greatest element, Զ 0 ࢂ T ′ ޑ minimal element Ψࢂ least element.

(B)Եቾ A = {1,2,3}аϷ (P(A),⊆)೭ঁ poset. Եቾ T = {{1},{1,2},{2,3},{1,2,3}}.
߾ ࢂ{1,2,3} T ޑ maximal elementΨࢂ greatest element. Զ ࢂ{1} T ޑ minimal element
Ӣפࣁόډ B ∈ T ཮ᅈى B ⊂ {1}. όၸ {1} όࢂ T ޑ least element, Ӣࣁ {2,3} ∈ T ՠࢂ

{2,3}όᅈى {2,3} ⊆ {1}. ќѦ {2,3}Ψࢂ T ޑ minimal element,ӢךࣁॺΨפόډ B ∈ T

཮ᅈى B ⊂ {2,3}. ќѦऩԵቾ T ′ = {{1},{1,2},{2,3}}. ߾ T ′ ൩ؒԖ greatest element, Զ
{1,2} ک {2,3} ೿ࢂ T ′ ޑ maximal element. ाݙཀࢂޑӧ೭௃ݩϐΠ {2,3} ӕਔࢂ T ′ ޑ

maximal element аϷ minimal element.

வ Example 4.3.10 ၰޕॺך maximal element ک minimal element Ԗёૈό୤΋. όၸ
greatest element ک least element ऩӸӧޑ၉, ཮ࢂ୤΋ޑ. ٣ჴ΢ךॺԖаΠϐ่݀.

Proposition 4.3.11. ଷ೛ (X ,≼) ࣁ poset, T ځࣁ nonempty subset Ъଷ೛ T ޑ greatest
element Ӹӧ. ߾ T ޑ greatest element .୤΋ࣁ ΞԜਔ T ޑ maximal element ཮ӸӧЪ୤
΋, ٣ჴ΢ T ޑ maximal element ൩ࢂ T ޑ greatest element, Ψࢂ T ޑ least upper bound.

Proof. २ӃճҔϸ᛾ݤ, ᛾ܴ greatest element .܄୤΋ޑ ଷ೛ g,g′ ∈ T ࣁࣣ T ޑ greatest
element Ъ g ̸= g′. җܭ g′ ∈ T Ъ g ࣁ T ޑ greatest element, ॺԖךကۓ٩ g′ ≼ g. ӕ౛ޕ
g ≼ g′. җܭ ≼ ࣁ partial order Ԗڀ anti-symmetric ,፦܄ җ g′ ≼ g аϷ g ≼ g′ ள g = g′ ϐ

ҟ࣯. ள᛾୤΋܄.

౜ଷ೛ g ∈ T ࣁ T ޑ greatest element. ऩ t ∈ T ᅈى g ≼ t, җ߾ reflexive ፦ள܄ g = t.
ඤ言ϐ, όёૈӸӧ t ∈ T ᅈى g ≺ t. ளޕ g ࣁ T ޑ maximal element. ᛾ள T ޑ maximal
element .ޑӸӧࢂ ౜ऩ µ ∈ T ࣁ T ޑ maximal element. җ µ ∈ T , ޕ µ ≼ g. ฅԶ٩
maximal element ကаϷۓޑ g ∈ T όёૈԖޕ µ ≺ g ,วғ׎௃ޑ ளࡺ µ = g. ॺ᛾ܴך
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Α T ޑ maximal element ΋ۓ൩ࢂ T ޑ greatest element g, Ψӕਔ᛾ளΑ T ޑ maximal
element .܄୤΋ޑ

٩ greatest element ,ကۓޑ ჹ܌Ԗ t ∈ T ࣣԖ t ≼ g, ӢԜ g ࢂ T ޑ upper bound. ౜
ჹҺཀ T ޑ upper bound u, җܭ g ∈ T , ٩ upper bound ,ကۓޑ ॺԖך g ≼ u, ள᛾ g ࢂ

T ޑ least upper bound. �

Question 4.13. ଷ೛ (X ,≼) ࣁ poset, T ځࣁ nonempty subset Ъଷ೛ T ޑ least element
Ӹӧ. ၂᛾ܴ T ޑ least element ,୤΋ࣁ ЪԜਔ T ޑ minimal element ཮ӸӧЪ୤΋. ٠
᛾ܴ T ޑ minimal element ൩ࢂ T ޑ least element, Ψࢂ T ޑ greatest lower bound.

Question 4.14. ଷ೛ (X ,≼) ࣁ poset Ъ T ځࣁ nonempty subset. ၂᛾ܴ T ޑ least upper
bound u ӸӧЪ u ∈ T ऩЪ୤ऩ T ޑ greatest element Ӹӧ. ӕኬޑ, ၂᛾ܴ T ޑ greatest
lower bound l ӸӧЪ l ∈ T ऩЪ୤ऩ T ޑ least element Ӹӧ.

ଷ೛ (X ,≼) ࣁ poset, T ځࣁ nonempty subset, வ Proposition 4.3.11 аϷ Question
4.13 ၰ྽ޕॺך T Ԗ greatest element ਔ T ޑ maximal element ൩ࢂ greatest element, Զ
྽ T Ԗ least element ਔ T ޑ minimal element ൩ࢂ least element. ჴѝԖ྽ځ (X ,≼) ࢂ

partial ordered set όࢂ total ordered set ਔ, Ӣ٠ࣁόࢂҺٿϡનࢂ comparable ωሡ୔ϩ
maximal element ک greatest element аϷ୔ϩ minimal element ک least element. ٣ჴ΢
྽ (X ,≼) ࢂ total ordered set ਔ maximal element ک greatest element ,ޑ΋ठࢂ ӕኬޑ
minimal element ک least element Ψࢂ΋ठޑ.

Proposition 4.3.12. ଷ೛ (X ,≼) ࣁ total ordered set, T ځࣁ nonempty subset. ऩ T ޑ

maximal element Ӹӧ, ߾ T ޑ maximal element ൩ࢂ T ޑ greatest element.

Proof. ଷ೛ µ ∈ T ࣁ T ޑ maximal element. җܭჹҺཀ t ∈ T , µ ≺ t ࣣόԋҥ, җΟ΋ࡺ
ޕࡓ t ≼ µ. ள᛾ µ ࣁ T ޑ greatest element. �

Question 4.15. ଷ೛ (X ,≼) ࣁ total ordered set, T ځࣁ nonempty subset. ၂᛾ܴऩ T ޑ

minimal element Ӹӧ, ߾ T ޑ minimal element ൩ࢂ T ޑ least element.

നךࡕॺӆۓက΋ঁख़ाޑӜຒ, ൩܌ࢂᒏޑ well order, .ကӵΠۓځ

Definition 4.3.13. ଷ೛ (X ,≼) ࣁ total ordered set. ऩჹҺཀ X ޑ nonempty subset T

ځ least element ࣣӸӧ, ᆀ߾ (X ,≼) ࣁ well-ordered set.

,໣ӝޑԋ܌Ԗ҅᏾數܌ܭӵჹٯ ӧ΋૓ޑελᜢ߯ϐΠ൩ࢂ well-ordered set. ՠ܌Ԗ
᏾數܌ԋޑ໣ӝ, ӧ΋૓ޑελᜢ߯ϐΠ൩όࢂ well-ordered set. Ӣٯࣁӵ܌Ԗॄޑ᏾數܌
ԋޑ໣ӝ൩ؒԖ least element.

ӧ數學΢྽ךॺाೀ౛Ԗคጁӭϡનޑ໣ӝਔ, ޑᒏ܌ॺத཮Ҕך Well-ordering
Theorem ٰೀ౛. ೭ঁۓ౛ࢂᇥჹ؂΋ঁ nonempty set X , ΋ঁډפॺ೿ёаך total order
≼ ٬ள (X ,≼) ࣁ well-ordered set.



68 4. Relation and Order

Example 4.3.14. ჹ܌ܭԖ᏾數܌ԋޑ໣ӝ Z, ᗨฅӧ΋૓ޑελᜢ߯ϐΠόࢂ well-
ordered set. ΋ঁډפॺёаך total order ≼ ٬ள (Z,≼) ࣁ well-ordered set. ԵቾаΠ
ޑ relation: ྽ a,b ∈ Z, ကۓ a ≼ b ऩЪ୤ऩ (1) |a| < |b| ܈ (2) |a| = |b| Ъ a ≤ b. ӧԜۓ
ကϐΠ (Z,≼) ࣁ total ordered set. Ӣࣁऩ a ≼ b Ъ b ≼ a, Ң߄ |a| = |b| (Ӣ |a| < |b| ک
|b|< |a| όёૈӕਔԋҥ) аϷ a ≤ b Ъ b ≤ a, ள᛾ a = b, ջ ≼ Ԗڀ anti-symmetric .፦܄
Ξऩ a ≼ b Ъ b ≼ c, Ң߄ |a| ≤ |b| Ъ |b| ≤ |c|, ளࡺ |a| ≤ |c|. ౜ऩ |a|< |c| ёள a ≼ c. Զऩ
|a|= |c|, ॺ྽ฅԖך |a|= |b|, җࡺ a ≼ b ϐଷ೛ள a ≤ b. ΞӢ |b|= |c|, җࡺ b ≼ c ϐଷ೛

ள b ≤ c. ٩Ԝள᛾྽ |a| = |c| ਔёள a ≤ c, Ψ൩ࢂᇥ a ≼ c. ᛾ளΑ ≼ Ԗڀ transitive ܄
፦. Կܭ total ,፦܄ Һཀ a,b ∈ Z ॺёаКၨך |a|, |b| ,ελޑ Զऩ |a| = |b|, ॺ೿ёКך
ၨ a,b ,ελޑ аҺཀ܌ a,b ∈ Z ࣁࣣ comparable, ࡺ ≼ Ԗڀ total .፦܄ ٣ჴ΢٩Ԝۓက,
ࣁݤ᏾數௨ׇБޑள܌ॺך

0 ≺−1 ≺ 1 ≺−2 ≺ 2 · · · .

ॺाᇥܴך (Z,≼) Ԝ total ordered set ࣁ well-ordered set. ჹܭҺཀ Z ޑ nonempty
subset T , ڗॺӃᒧך T ύ๊ჹॶനλޑϡન. ऩ๊ჹॶനλޑϡન໻Ԗ΋ঁ, ٩߾ ≼ ۓޑ
ကԜࣁ T ޑ least element. Զऩ๊ჹॶനλޑϡનԖঁٿ, ࢂߡ΋ঁٗޑॄࣁচҁڗ߾ T

ޑ least element. ջӧ ≼ ೭ঁ order ϐΠ, T Ԗ least element. ள᛾ (Z,≼) ࣁ well-ordered
set.

Question 4.16. Եቾ Z ύаΠޑ relation: ჹܭҺཀ a,b ∈ Z ကۓ a ≼ b ऩЪ୤ऩ (1)
ab ≥ 0 Ъ |a| ≤ |b| ܈ (2) ab < 0 Ъ a ≤ b. Ψ൩ࢂᇥ٩Ԝۓက܌ளޑ᏾數௨ׇБࣁݤ

0 ≺−1 ≺−2 ≺−3 · · · ≺ 1 ≺ 2 ≺ 3 · · · .

၂᛾ܴӧԜۓကϐΠ (Z,≼) ࣁ total ordered set. ցԜਔࢂ (Z,≼) ࣁ well-ordered set?

Well-ordering Theorem ᒏ܌ک Zorn’s Lemma аϷ Axiom of Choice ,ޑ฻ሽࢂ ฻аࡕ
ॺϟಏֹך function .཮၁ಒ૸論ࡕۺཷޑ



Chapter 5

Function

೭΋കךॺஒϟಏ function .(數ڄ) Function ёаᇥࢂा຾Εଯ฻數學΋ۓा學ಞޑ數
學πڀ. ᙁൂޑᇥڄ數ёаᔅշךॺΑှٿ໣ӝϐ໔ޑᜢ߯. ,ޑ຾΋؁׳ ྽ךॺा௖૸ޑ
໣ӝԖ׳ᙦ൤่ޑᄬਔ, .፦܄ޑӭ׳數൩ा؃ԖڄޑॺԖᑫ፪ך КБᇥӧჴ數΢, җܭჴ
數Ԗຯᚆۺཷޑ, ,數ڄೱុޑᒏ܌ॺёаፋ論ך ё༾ڄ數. Զჹܭӛໆޜ໔, җܭԖጕ܄
ಔӝ܄ޑ፦, .৔ࢀ܄ጕޑᒏ܌ॺёаፋ論ךа܌ όၸӧ೭္ךॺ໻җ໣ӝٰۺཷޑ௖૸ന
୷ҁڄޑ數܄፦, Ψ൩ࢂᇥό౐ੋҺՖ่ᄬ΢ୢޑᚒ, ӧ೭္܌ፋ論ڄޑ數܄፦ࢂ፾Ҕܭа
.數ڄӚԄӚኬޑεৎ཮學ಞࡕ ҁകύ, ,ကрวۓ數ڄޑॺவന୷ҁך ϟಏ΋٤୷ҁ܄፦.
ௗ๱௖૸΋٤Ԗ੝ਸ܄፦ڄޑ數, ջ΋ჹ΋аϷࢀԋڄ數. നךࡕॺ཮ஒ೭ۺ٤ཷၮҔӧೀ
౛໣ӝޑी數ୢᚒ.

5.1. Basic Definition

๏ঁٿۓ nonempty sets X ,Y . Ѭॺϐ໔ޑ function ࢂჴځ X ,Y ϐ໔ޑ΋ᅿ੝ਸޑ

relation. ೭΋ᅿ relation, ๏ךॺ΋ঁவ X ډ Y ,ჹᔈᜢ߯ޑ җܭ೭ᅿჹᔈᜢ߯൩ӵӕ΋ঁ
ᐒᏔ࿶ၸࢌ΋ำޑࡋၮբஒ X ύޑϡનᙯϯԋ Y ,ϡનޑ ࣁаमЎᆀϐ܌ “function”. வ
ᐒᏔޑᢀᗺٰ࣮ऩ f ⊆ X ×Y ΋ঁவࢂ X ډ Y ޑ relation, ࡛ኬωࢂ΋ঁӳᐒᏔګ? २Ӄ
྽ฅ؂ঁࢂाܫΕᐒᏔޑϡન೿ૈౢғрܿՋٰ, Ԗ܌ॺा؃ჹךа܌ x ∈ X , ࣣӸӧ y ∈ Y

٬ள (x,y) ∈ f . ќѦ, ,Ջܿޑۓڰϡન೿ૈౢғޑΕᐒᏔܫఈ׆ॺ྽ฅך ց؂߾ԛౢғޑ
ܿՋ೿ό࣬ӕ, ٗा೭ᐒᏔՖҔ? Ψ൩ࢂᇥ, Ԗ܌ॺा؃ჹך x ∈ X , Ӹӧ୤΋ޑ y ∈ Y ٬ள

(x,y) ∈ f . ೭ঁ୤΋܄ҔКၨӳೀ౛ޑ數學ቪݤ൩ࢂऩ (x,y) ∈ f Ъ (x,y′) ∈ f , ߾ y = y′. Ӣ
Ԝ function :ကӵΠۓޑ

Definition 5.1.1. ଷ೛ X ,Y ࣁ nonempty setsЪ f ⊆ X ×Y ΋ঁࣁ, from X to Y ޑ relation.
ऩ f ᅈىаΠ܄፦, ᆀ߾ f ΋ঁࣁ from X to Y ޑ function .(數ڄ) ԖਔךॺΨᆀ function
ࣁ mapping ܈ map .(৔ࢀ)

(1) ჹ܌Ԗ x ∈ X , ࣣӸӧ y ∈ Y ٬ள (x,y) ∈ f .

(2) ऩ x ∈ X , y,y′ ∈ Y ᅈى (x,y) ∈ f Ъ (x,y′) ∈ f , ߾ y = y′.
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җܭҔ relation Ң߄ٰݤБޑ function ό৒ܰགڙѬࢂ΋ঁԖӵ “ᐒᏔ” ,բҔޑ ΋૓
ٰᇥךॺ཮Ҕ f : X → Y , Ң߄ٰ f ΋ঁவࢂ X ډ Y ޑ function. ԶჹܭҺཀ x ∈ X , ॺך
Ҕ f (x) = y Ң߄ٰ x ೭ঁϡનܫΕ f ೭΋ঁ “ᐒᏔ” ғрౢࡕ y ٰ. Ψ൩ࢂᇥ f (x) = y ൩

Ң߄ (x,y) ∈ f . ाݙཀ྽ךॺᇥ f ΋ঁࢂ function ਔѸ໪మཱၲ߄ f বঁډவবঁ໣ӝࢂ

໣ӝޑ function, ց߾คݤዴࢂۓց཮಄ӝ (1), (2) ፦܄ޑ (ፎୖԵаΠ Example 5.1.2). ܌
аҔ f : X →Y ೭ኬޑ಄ဦ߄ҢࢂѸाޑ. வᐒᏔޑᢀᗺٰᇥ f : X →Y , మཱၲ߄ޑΑ f ೭

ঁᐒᏔࢂा٤ٗܫϡન຾ѐЪ཮ౢғрব΋ᜪܿޑՋ, ೭ኬޑᐒᏔךॺω཮᝺ளࢂӳᐒᏔ.
ӢԜ೭္ޑ X ,Y ੝ձख़ा. ೭္ X ൩ᆀࣁ f ޑ domain ,(ကୱۓ) Ε೭ܫԖёа܌ࢂޑࡰ
ঁᐒᏔޑϡન܌ԋޑ໣ӝ. Զ Y ᆀࣁ f ޑ codomain (ჹᔈୱ), ൩ࢂᇥ೭ঁᐒᏔ “ёૈ” ౢ
ғޑϡન܌ԋޑ໣ӝ. ॺҔךཀ೭္ݙ “ёૈ” ೭ঁӷ౳, ӧࣁӢࢂ function ကύ٠ؒۓޑ
Ԗा؃؂ঁ Y ύޑϡન೿ёаډפ X ύޑϡનжΕளډ. ྽ךॺ৾܈ډԾρ೛ۓΑ΋ঁ
function ΋ঁࢂ൩Ѹ໪ᇥܴѬࡕ “well-defined function”, Ψ൩ࢂᇥाᔠࢗѬ੿ޑ಄ӝԋࣁ
function చҹޑ (ҔКേޑᇥݤ൩ࢂᇥܴѬࢂ΋ঁӳᐒᏔ). ྽ฅΑ, ೭္Ҕ “well-defined”
೭ঁӷ౳ѝࢂ΋ᅿமፓޑᇟ਻, ޑԖ܌ function ೿ᔈ၀ࢂ well-defined.

Example 5.1.2. ॺԵቾаΠ൳ᅿך relations, ࣮࣮ব΋ঁࢂ well-defined function.

(A) Եቾ X = {x ∈ R : x ≥ 0}, Y = R аϷ relation f ⊆ X ×Y ࣁကۓ f = {(x,y) ∈ X ×Y :

y2 = x}. ೭ঁ relation f ಄ӝ function ፦܄ޑ (1), ӢࣁჹܭҺཀ x ∈ X , Ң߄ x ≥ 0, ѝाࡺ
з y =

√
x,ךॺԖ y ∈Y =RЪ y2 =

√
x2

= x. ள᛾ჹܭҺཀ x ∈ X ,Ӹӧ y ∈Y ٬ள (x,y)∈ f .
όၸ f ٠όᅈ܄ى፦ (2). ॺԖךӵٯ 12 = (−1)2 = 1, ࡺ (1,1) ∈ f Ъ (1,−1) ∈ f . ΨӢԜ
ޕ f όࢂ function.

(B) Եቾ X = {x ∈ R : x ≥ 0}, Y = {y ∈ R : y ≤ 0} аϷ relation f ⊆ X ×Y ࣁကۓ

f = {(x,y) ∈ X ×Y : y2 = x}. ೭ঁ relation f ಄ӝ function ကۓ (1) ,፦܄ޑ ӢࣁჹܭҺཀ
x ∈ X , Ң߄ x ≥ 0, ѝाзࡺ y =−

√
x, ॺԖך y ∈ R Ъ y ≤ 0, ջ y ∈ Y . Ξ y2 =

√
x2

= x, ࡺ
Һཀܭჹޕ x ∈ X , Ӹӧ y ∈Y ٬ள (x,y) ∈ f . ќѦ f Ψᅈ܄ى፦ (2). Ӣࣁऩ x ∈ X , y,y′ ∈Y

ᅈى (x,y) ∈ f Ъ (x,y′) ∈ f , Ң߄ y2 = x = y′2. ӢԜள (y− y′)(y+ y′) = 0, ҭջ y = y′ ܈

y =−y′. ౜ऩ x = 0, ॺԖך y = y′ = 0. Զऩ x ̸= 0, ள y ̸= 0 Ъ y′ ̸= 0, ԜਔӢ y,y′ ∈ Y , ॺך
Ԗ y < 0 Ъ y′ < 0. ޕࡺ y =−y′ όёૈԋҥ, ள᛾ y = y′. ٩Ԝள᛾ f : X → Y ࢂ function.

(C) ऩஒ (B) ύޑ X ࣁׯ X = R, ߾ f = {(x,y) ∈ X ×Y : y2 = x} ൩όࢂ function. ೭ࢂ
Ӣࣁ −1 ∈ X ,ՠךॺפόډ y ∈Y ⊆Rᅈى y2 =−1. Ψ൩ࢂᇥόӸӧ y ∈Y ᅈى (−1,y)∈ f .
ӢԜ f όᅈ܄ى፦ (1), а܌ f όࢂ function. ќ΋Бय़, ऩךॺஒ (B) ύޑ Y ࣁׯ

Y = {y ∈R : y < 0}, ߾ f = {(x,y) ∈ X ×Y : y2 = x} Ψόࢂ function. ೭ࢂӢࣁ 0 ∈ X , ՠךॺ
ډόפ y ∈ Y ᅈى y2 = 0, Ψ൩ࢂᇥόӸӧ y ∈ Y ᅈى (0,y) ∈ f . ӢԜ f όࢂ function.

(D) Եቾ X = R, Y = P(R) аϷ function f : X → Y ჹҺཀࣁကۓځ x ∈ X , з

f (x) = {y ∈ R : y2 = x}.

ॺᇥܴך f ࢂ well-defined function. ೭ࢂӢࣁჹҺཀ x ∈ X = R, ॺёаஒך x ୔ϩࣁ

x > 0,x = 0,x < 0 Οᅿ௃ݩ. ྽ x > 0 ਔ, ॺԖך f (x) = {
√

x,−
√

x} ࣁ R ޑ subset, ӢԜዴ
ჴࣁ Y = P(R) ύޑϡન. Ξ྽ x = 0 ਔ, ॺԖך f (0) = {0}, ϝࣁ Y = P(R) ύޑϡન. Զ
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྽ x < 0 ਔ, ॺԖך f (x) = /0, ҭࣁ Y = P(R) .ϡનޑ ӢԜޕჹܭҺཀ x ∈ X , ॺዴჴёך
ډפ R ޑ subset A ∈ Y ٬ள (x,A) ∈ f . ाݙཀ, ӧ x < 0 ,׎௃ޑ ॺԖך f (x) = /0, Ψ൩ࢂ
ᇥӧ೭௃ݩϐΠ, Ӹӧ /0 ∈ Y ٬ள (x, /0) ∈ f . ٠όࢂᇥפόډ y ∈ Y , ٬ள (x,y) ∈ f , а܌ f

٣ჴ΢ࢂ಄ӝ܄፦ (1). ќѦ f Ψ಄ӝ܄፦ (2). ೭ࢂӢࣁӵ΢य़܌ॊ, ჹҺཀ x ∈ X , ॺך
ዴჴډפ୤΋ޑ R ޑ subset A ᅈى f (x) = A. ाݙཀ, ೭္྽ x > 0, ਔ f (x) ࢂ {

√
x,−

√
x}

೭΋ঁ Y ύޑϡન. ҭջךॺԖ (x,{
√

x,−
√

x}) ∈ f ; Զόࢂ (x,
√

x) ∈ f Ъ (x,−
√

x) ∈ f . Ӣ
Ԝ f ዴჴ಄ӝ (2) .፦܄ޑ

வ Example 5.1.2 ,ηٯӚঁޑ ,߾৔ೕࢀޑၰջ٬΋ኬޕॺך ཮җۓܭကୱ܈ჹᔈୱ
,όӕޑ ቹៜࢂځցࣁ΋ঁڄ數. ΨӢԜ, ჹڄঁٿܭ數 f : X → Y ک f ′ : X ′ → Y ′ ѝԖӧ

X = X ′, Y = Y ′ Ъჹ܌ܭԖ x ∈ X , ࣣԖ f (x) = f ′(x) ,׎௃ޑ ॺωᆀך f ک f ′ ڄޑӕኬࣁ

數. ќѦӧ Example 5.1.2 (D) ,ηٯޑ ჴჹᔈୱКჴሞځ f ཮ౢғޑϡન܌ԋޑ໣ӝεΑ

೚ӭ. όၸ೭٠όቹៜѬࢂ΋ঁڄ數٣ޑჴ. җܭ΋૓྽ךॺۓက΋ঁڄ數ਔ, ӧჴሞޑ௃
.數ౢғڄ۳۳ό৒ܰඔᛤٗ٤ϡનёа೏၀ݩ ڄၰ၀ޕεठ΢ࢂҔཀЬाޑаჹᔈୱ܌
數཮ౢғব΋ᜪܿޑՋջё. аࡕ྽ךॺፋ論ࢀډԋڄ數ਔ, ཮ӆ຾΋؁૸論೭ঁୢᚒ.

ӧ܌Ԗڄ數ύ, Ԗ΋ঁᙁൂՠࡐख़ाڄޑ數, ᆀࣁ identity function. ᙁൂٰᇥ, Ѭࢂ΋
ঁஒۓကୱύ؂ঁϡનԾρࢀ৔ډԾρڄޑ數. :ကӵΠۓԄ҅ځ

Definition 5.1.3. ଷ೛ X ࣁ nonempty set. ကۓ idX : X → X , ࣁ idX(x) = x, ∀x ∈ X . idX

΋ঁࢂ function, ࣁॺᆀϐך the identity function on X .

Question 5.1. ଷ೛ f : X → X ΋ঁࢂ function. ஒ f ຎࣁ relation on X . Πय़ব΋ঁ܄
፦ёаዴߥ f : X → X ΋ঁࢂ identity function? ऩԖ΋໨܄ޑ፦คݤ௢ள f ࣁ identity
function, ၂Ҕ X = {1,2} ,ηٯډפݩ௃ޑ ᇥܴ၀܄፦คݤ௢ள f ࣁ identity function.

(1) f is reflexive.

(2) f is symmetric.

(3) f is transitive.

നךࡕॺϟಏ൳ঁҗ๏ڄޑۓ數, ೷рཥڄޑ數ޑБݤ. 數ڄ΋ঁۓჴ๏ځ f : X → Y ,
ကୱۓᡂׯॺѝाך X ჹᔈୱ܈ Y , ൩ёаளډ “ཥ” .數ڄޑ όၸӧ଺೭ׯ٤ᡂਔ, ा
.߾ೕޑ數ڄཀϝሡᒥӺݙ ӢԜനᙁൂޑ௃׎൩ࢂ, ჹҺཀ X ޑ nonempty subset X ′, ך
ॺԵቾ f |X ′ : X ′ → Y , ೭ኬڄޑ數. f |X ′ :ࣁကۓޑ ჹ܌Ԗ x ∈ X ′, f |X ′(x) = f (x). Ψ൩ࢂᇥ
f |X ′ ѝࢂஒ f ᕭλӧڋကୱज़ۓޑ X ′ ೭΋ঁ subset, ԶѬࢀޑ৔ೕک߾ f .ޑ΋ठࢂ Ӣ
Ԝࡐ৒ܰவ f ࣁ X ډ Y ޑ function ளډ f |X ′ ࣁ X ′ ډ Y ޑ function. ॺᆀך f |X ′ ࣁ the
restriction of f to X ′. ӵӧٯ Example 5.1.2 (B) ύ, ॺёаԵቾך X ′ = {x ∈ R : x > 1}, ߾
f |X ′ : X ′ → Y , ϝࣁ΋ঁ function. ᡂ΋ঁׯॺΨёаך function .ჹᔈୱޑ ྽ฅΑ, ஒჹᔈ
ୱᘉεؒԖࣗሶཀက. КၨԖཀޑࡘᗋࢂᕭλჹᔈୱ, ᡣεৎ׳ᆒዴӦޕၰ೭ঁڄ數ૈౢғ
ٗ٤ϡન. ՠाݙཀόૈஒჹᔈୱᕭளϼλ, аԿۓܭကୱύԖϡનפόډჹᔈୱޑϡનჹ
ᔈ ӵٯ) Example 5.1.2 (C) .(ݩ௃ޑ ӵӧٯ Example 5.1.2 (D) ύ, ॺёаஒჹᔈୱᕭך
λࣁ Y ′ = {A ∈ P(R) : #(A)≤ 2}, ϝ཮ޑ٬ f : X → Y ′ ΋ঁࣁ function.
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྽ f : X →Y Ъ g : Y → Z ࣁ functions,ךॺёаճҔ f ,g೷р΋ঁவ X ډ Z ޑ function,
g◦ f : X → Z. g◦ f :ࣁကۓޑ ჹܭҺཀ x ∈ X , g◦ f (x) = g( f (x)). Ψ൩ࢂᇥ g◦ f (x) ೭ঁ Z

ύޑϡન൩ࢂӃஒ x жΕ f ளډ f (x) ೭ঁ Y ύޑϡન, ӆஒ f (x) жΕ g ளޑډ Z ύϡ

ન g( f (x)). ҔკҢ൩ࢂ x
f7−→ f (x)

g7−→ g( f (x)). ॺᇥܴך g◦ f : X → Z ዴჴࣁ function. २
Ӄᔠ܄ࢗ፦ (1): ჹܭҺཀ x ∈ X , җܭ f : X → Y ࣁ function Ӹӧࡺ y ∈ Y ٬ள f (x) = y.
ԜਔჹԜ y, Ӣ g : Y → Z ࣁ function, Ӹӧࡺ z ∈ Z, ٬ள g(y) = z. ӢԜڗԜ z ∈ Z, ॺԖך
g◦ f (x) = g( f (x)) = g(y) = z. ௗ๱ᔠ܄ࢗ፦ (2), Ψ൩ࢂᇥऩ x ∈ X ޑӸӧ୤΋߾ z ∈ Z ᅈى

g◦ f (x) = z. ฅԶӢ f : X →Y ࣁ function, ჹܭҺཀ x ∈ X , Ӹӧ୤΋ޑ y ∈Y ٬ள f (x) = y.
౜ऩԖόӕޑ z,z′ ∈ Z ࣣᅈى g◦ f (x) = z аϷ g◦ f (x) = z′, җܭ g◦ f (x) = g( f (x)) = g(y),
Ԝջ߄Ң z,z′ ∈ Z ࣣᅈى g(y) = z аϷ g(y) = z′. Ԝᆶ g : Y → Z ࣁ function ϐଷ೛࣬ҟ࣯,
ޕࡺ z = z′. җܭ g◦ f : X → Z ዴჴڄࣁ數, ࣁ數ڄॺᆀԜך f ک g ޑ composite function
(ӝԋڄ數). Զ׎ԋӝԋڄ數ޑ೭ঁ୏բᆀࣁ composition.

ाݙཀ, ӝԋڄ數ӧӝԋਔ, Ѹሡ໒ޑۈಃ΋ঁڄ數ౢ܌ғޑϡનाပӧಃΒঁڄ數ޑ
.ကୱύωૈӝԋۓ Ψ൩ࢂᇥऩಃ΋ঁڄ數ޑჹᔈୱх֖ܭಃΒঁڄ數ۓޑကୱ, ॺ൩ёך
аஒѬॺӝԋ. όၸҗܭᘉεჹᔈୱ, ٠όቹៜڄ數ڗޑॶ, ,ـଆߡΑБࣁаӧ೭္܌ ॺך
೛ۓಃ΋ঁڄ數ޑჹᔈୱ฻ܭಃΒঁڄ數ۓޑကୱ. ќѦाݙཀࢂޑӝԋڄ數ޑቪݤ. ᗨฅ
,வѰԿѓࢂॺቪӷך ՠࢂቪڄ數жΕޑၸำࢂவѓډѰ. ӵஒٯ x жΕ f ள f (x), Զஒ
f (x) жΕ g ள g( f (x)). ӢԜӧਜቪӝԋڄ數ਔࢂӃ୏բڄޑ數ቪӧѓᜐ, Զࡕ୏բޑቪӧ
Ѱᜐ, όा׋ᒱΑ.

Example 5.1.4. ଷ೛ X = {1,2,3}, Y = {a,b,c,d}, Z = {α,β ,γ}. ऩ f : X → Y :ࣁကۓޑ
f (1) = a, f (2) = a, f (3) = c Ъ g : Y → Z :ࣁကۓޑ g(a) = γ,g(b) = β ,g(c) = γ,g(d) = α,
߾ g ◦ f : X → Z :ࣁကۓޑ g ◦ f (1) = g( f (1)) = g(a) = γ, g ◦ f (2) = g( f (2)) = g(a) = γ,
g◦ f (3) = g( f (3)) = g(c) = γ.

ӣ៝΋Π identity function ൩ࢂஒ؂ঁϡનۓڰόᡂڄޑ數, ,數ӝԋڄޑдځکаѬ܌
Ԗঁ “੝ਸޑਏ݀”, ൩࡭ߥࢂচڄ數όᡂ. .፦܄ޑॺԖаΠך

Lemma 5.1.5. ଷ೛ f : X →Y ΋ঁࢂ function. ჹܭ X ΢ޑ identity function idX : X → X

аϷ Y ΢ޑ identity function idY : Y → Y , :፦܄ॺԖаΠך

f ◦ idX = f , idY ◦ f = f .

Proof. २Ӄᔠࢗ f ◦ idX ک f Ԗ࣬ӕۓޑကୱаϷ࣬ӕޑჹᔈୱ. җܭ idX : X → X

Զ f : X → Y , ,ကۓޑ數ڄа٩ӝԋ܌ ॺԖך f ◦ idX : X → Y . ౜ჹҺཀ x ∈ X , ॺԖך
f ◦ idX(x) = f (idX(x)) = f (x). ள᛾ f ◦ idX = f .

idY ◦ f ک f ΨԖ࣬ӕۓޑကୱаϷ࣬ӕޑჹᔈୱ. ೭ࢂӢࣁ f : X →Y Զ idY : Y →Y , ܌
а٩ӝԋڄ數ۓޑက, ॺԖך idY ◦ f : X → Y . ౜ჹҺཀ x ∈ X , ॺԖך idY ◦ f (x) = idY ( f (x)).
Ӣࣁ f (x) ∈ Y , Ԗࡺ idY ( f (x)) = f (x). ள᛾ idY ◦ f = f . �
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ाݙཀ composition ٠ؒԖҬඤ܄. Ψ൩ࢂᇥऩ f : X → Y Ъ g : Y → Z ࣁ functions, ߾
g◦ f ٠ό΋ۓ཮฻ܭ f ◦g. ྽ฅΑ, ྽ Z ̸= X ਔ, f ◦g ਥҁ൩ؒԖۓက (όૈӝԋ), аѬ܌
ॺό࣬฻. όၸջ٬ӧ Z = X ௃׎ g◦ f ک f ◦g ϝԖёૈό࣬฻.

Question 5.2. Եቾ X = {1,2}, ၂ᖐٯ f : X → X , g : X → X ཮٬ள g◦ f ̸= f ◦g.

ᗨฅ composition ؒԖҬඤࡓ, όၸख़ाࢂޑ composition Ԗ܌ᒏ่ޑӝࡓ. ॺԖаך
Π܄ޑ፦.

Proposition 5.1.6. ଷ೛ X ,Y,Z,W ࣁࣣ nonempty sets. ऩ f : X → Y , g : Y → Z аϷ

h : Z →W ࣁ functions, ߾
h◦ (g◦ f ) = (h◦g)◦ f .

Proof. २Ӄᔠࢗ h ◦ (g ◦ f ) ک (h ◦ g) ◦ f .ჹᔈୱޑӕ࣬کကୱۓޑցԖ࣬ӕࢂ ကۓ٩
g ◦ f : X → Z, а܌ h ◦ (g ◦ f ) : X → W . ளޕ h ◦ (g ◦ f ) ࣁကୱۓޑ X , ჹᔈୱࣁ W . Զ
h◦g : Y →W , а܌ (h◦g)◦ f : X →W . ளޕ (h◦g)◦ f ࣁကୱۓޑ X , ჹᔈୱࣁ W .

ௗ๱൩ࢂᇥܴ, ჹ܌Ԗ x ∈ X ࣣԖ h◦ (g◦ f )(x) = (h◦g)◦ f (x). ကۓ٩ h◦ (g◦ f )(x) ஒࣁ

g◦ f (x) жΕ h ϡનޑள܌ h((g◦ f )(x)). ฅԶ g◦ f (x) = g( f (x)), Ԗࡺ

h◦ (g◦ f )(x) = h((g◦ f )(x)) = h(g( f (x))).

Ψ൩ࢂᇥ h ◦ (g ◦ f )(x) ൩ࢂஒ x жΕ f ϡનޑள܌ f (x), ӆжΕ g ϡનޑள܌ࡕ g( f (x)),
നࡕӆжΕ h ள h(g( f (x))). ӕ౛ (h◦g)◦ f (x) ஒࣁ f (x) жΕ h◦g ϡનޑள܌ (h◦g)( f (x)).
ฅԶ (h◦g)( f (x)) ஒࣁ f (x) жΕ g ϡનޑள܌ࡕ g( f (x)) ӆжΕ h, Ԗࡺ

(h◦g)◦ f (x) = (h◦g)( f (x)) = h(g( f (x))).

ள᛾ h◦ (g◦ f ) ک (h◦g)◦ f .數ڄޑӕ࣬ࣁ �

ӝԋڄ數Ԗ่ӝࡓ, ೭ӧךॺаࡕೀ౛ڄ數ޑӝԋୢᚒਔ࣬྽ख़ा, εৎί࿤ा૶Ր.

5.2. Image and Inverse Image

前य़ගၸ΋ঁڄ數ޑჹᔈୱ٠ؒԖܴዴࡰޑр၀ڄ數ౢૈ܌ғޑϡનԖব٤, ॺךа܌
Ԗᑫ፪ޕၰ၀ڄ數ౢ܌ғޑϡનԖব٤. ӕኬךޑॺΨԖᑫ፪ޕၰڄ數ज़ڋӧޜߚঁࢌη
໣ౢૈ܌ғޑϡન, аЇ຾Α܌ image .ۺཷޑ ϸၸٰᇥ, ჹܭჹᔈୱޜߚޑη໣, ॺΨך
ჹۓܭကୱ္Ԗব٤ϡનёаౢғԜη໣ޑϡનԖᑫ፪, ӢԜЇ຾Α inverse image .ۺཷޑ
ӧаޑࡕ數學ፐำ္, image ک inverse image ೿ࢂҔٰΑှ΋ঁڄ數࿶த૸論ޑፐᚒ.

ᙁൂٰᇥ, ๏ۓ΋ঁ function f : X → Y аϷ X ޑ subset A, ᒏ܌ A ӧ f ܌բҔϐΠޑ

ள image ൩ࢂԏ໣ A ύޑϡનжΕ f .໣ӝޑளϡન܌ࡕ .ကۓޑॺԖаΠך

Definition 5.2.1. ଷ೛ f : X → Y ࣁ function Ъ A ⊆ X . ကۓ f (A) = { f (a) : a ∈ A}, Ъᆀ
f (A) ࣁ the image of A under f . ੝ձޑ, the image of X under f , ջ f (X) ᆀࣁ f ޑ range
(ॶୱ).
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வ f (A) ,ကۓޑ ၰޕॺך f (A) ჹᔈୱࢂ Y ޑ subset. ೭ঁۓကޔࡐௗ, ৒ܰᡣΓࡐ
౛ှ೭ঁϡનޑಔԋϡન. όၸѬࠅό৒ܰඓඝ, Ьाࡐࢂᜤඔᛤځϡન (ፎୖ᎙аΠ
Example 5.2.2). ќѦाݙཀࢂޑ, Ԗޑӕ學ёૈ཮ᇤှ f (a) ∈ f (A) Ң߄ a ∈ A. ჴ೭ӧځ
ᡄᒠ΢ࢂᒱᇤޑ, ӢࣁԖёૈԖϡન b ̸∈ A ՠࢂ f (b) ∈ f (A). ΋ঁКၨӳޑቪࢂݤ, ௗஒޔ
f (A) ࢂϡન࣮ԋޑ္ Y ύޑϡન. Ψ൩ࢂԵቾ y ∈ f (A), ҢӸӧ߄ a ∈ A ٬ள y = f (a). ϸ
ϐ, ऩ y ∈ A ЪӸӧ a ∈ A ٬ள y = f (a) Ң߄က൩ۓ٩ y ∈ f (A). а܌ f (A) Ԗќ΋ঁ฻ሽޑ

ࢂကۓ

f (A) = {y ∈ Y : ∃a ∈ A,y = f (a)}.

೭ঁۓကག᝺ၨόԾฅ, όၸϸԶКၨ৒ܰᡣךॺඓඝ f (A) .ϡનޑ .ηٯޑॺ࣮аΠך

Example 5.2.2. з X = R\{3}, Ъ f : X → R ࣁကۓ f (x) = (x+1)/(x−3), ∀x ∈ X . ৒ࡐ
ܰᔠࢗ, f ࣁ well-defined function. рפॺाך f ޑ range, ջ f (X). ऩޔௗҔۓက, ॺך
Ԗ f (X) = {(x+ 1)/(x− 3) : x ∈ X}, ၰޕॺךᜤᡣࡐ f (X) ύۭډԖٗ٤ϡન. όၸऩҔќ
΋ঁ฻ሽۓက, ჹܭҺཀ y ∈ f (X), Ң߄ y ∈ R ЪӸӧ x ∈ X ٬ள y = f (x) = (x+1)/(x−3).
Ψ൩ࢂᇥ y ೭ঁჴ數, ཮٬ளБำԄ y = (x+ 1)/(x− 3) ӧ X ύԖှ. ཀԜਔݙ y ჴࢂ

數, x ,數ޕ҂ࢂ аճҔ܌ y(x−3) = x+ 1 ёள (y−1)x = 3y+1, ှள x = (3y+1)/(y−1).
ाݙཀ, ೭ঁ௢ᄽၸำ֋ນךॺࢂޑ, ऩ y ∈ R ЪӸӧ x ∈ X ٬ள y = (x+ 1)/(x− 3), ߾
x = (3y+1)/(y−1). ॺךаѬ໻֋ນ܌ x ёૈޑॶ, ٠όߥ᛾ x ѸۓӸӧ. ӢԜךॺ໪жӣ
ᡍ᛾೭ኬޑ x ዴჴёள f (x) = y.

२Ӄҗ x = (3y+ 1)/(y− 1), ޕॺёך y ̸= 1. ٣ჴ΢ӵ݀ y = 1, җଷ೛Ӹӧ߾ x ∈ X

ᅈى 1 = (x+ 1)/(x− 3), ཮ளډ x+ 1 = x− 3, ջ 1 = −3 ϐҟ࣯. ౜ଷ೛ y ̸= 1, ྽߾
x = (3y+1)/(y−1), ॺԖך

x+1
x−3

=

3y+1
y−1 +1
3y+1
y−1 −3

=

4y
y−1

4
y−1

=
4y
4

= y.

Ψ൩ࢂᇥ, ྽ y ̸= 1 ਔ, ዴჴӸӧ x = (3y+ 1)/(y− 1) ∈ R ٬ள (x+ 1)/(x− 3) = y. ॺाך
ዴᇡԜਔ x ̸= 3, ωૈዴۓ x ∈ X . ฅԶऩ x = (3y+ 1)/(y− 1) = 3, Ң߄ 3y+ 1 = 3y− 3, ջ
ள 1 =−3 ϐҟ࣯, ޕࡺ x ∈ X . ,ॺ᛾ளΑך ྽ y ̸= 1 ਔ, Ӹӧ x ∈ X ٬ள y = f (x). Ξޕ྽
y = 1 ਔόёૈډפ x ∈ X ٬ள y = f (x). ӢԜள f (X) = R\{1}.

ௗΠٰ, ॺ௖૸Ԗᜢך image .፦܄ޑ

Lemma 5.2.3. ଷ೛ f : X →Y ࣁ functionЪ A,Bࣁ X ޑ subsets. ऩ A⊆B,߾ f (A)⊆ f (B).

Proof. ,ကۓ٩ ऩ y ∈ f (A), ҢӸӧ߄ a ∈ A, ٬ள y = f (a). ԜਔӢ A ⊆ B, ॺԖך a ∈ B.
Ψ൩ࢂԜਔԵቾ a ∈ B ཮٬ள y = f (a), ࡺ y ∈ f (B). ள᛾ f (A)⊆ f (B). �

౜ऩԵቾ X Һཀঁٿ subsets A,B, ॺԖך A ⊆ A∪B Ъ B ⊆ A∪B. ճҔࡺ Lemma 5.2.3,
ёள f (A)⊆ f (A∪B) Ъ f (B)⊆ f (A∪B). ӢԜҗ Corollary 3.2.4, ள f (A)∪ f (B)⊆ f (A∪B).
ϸϐ,ऩ y ∈ f (A∪B),߄ҢӸӧ x ∈ A∪B,٬ள y = f (x). Ԝਔ,ऩ x ∈ A,߾ள y = f (x)∈ f (A),



5.2. Image and Inverse Image 75

Զऩ x ∈ B, ள߾ y = f (x) ∈ f (B). ӢԜள y ∈ f (A) ܈ y ∈ f (B). Ԝջ߄Ң y ∈ f (A)∪ f (B), ள
᛾ f (A∪B)⊆ f (A)∪ f (B). ӢԜךॺ௢ளΑаΠ܄፦.

Proposition 5.2.4. ଷ೛ f : X → Y ࣁ function Ъ A,B ࣁ X ޑ subsets. ߾

f (A)∪ f (B) = f (A∪B).

ԿܭҬ໣, җܭ A∩B ⊆ A аϷ A∩B ⊆ B, ӢԜҗ Lemma 5.2.3, ёள f (A∩B)⊆ f (A) а

Ϸ f (A∩B)⊆ f (B). җࡺ Corollary 3.2.4, ள f (A∩B)⊆ f (A)∩ f (B). όၸाݙཀ f (A)∩ f (B)

٠ό΋ۓх֖ܭ f (A∩B). Ӣࣁऩ y ∈ f (A)∩ f (B), Ң߄ y ∈ f (A)Ъ y ∈ f (B), ҭջӸӧ a ∈ A

аϷ b∈ Bᅈى y= f (a)Ϸ y= f (b). ՠ೭٠ό߄Ң a= b,ӢԜךॺคݤ௢ள a∈ A∩B. ӵٯ
Եቾڄ數 f : {1,2}→ {0} ࣁကۓ f (1) = f (2) = 0. ऩз A = {1}, B = {2}, ॺԖך A∩B = /0,
ࡺ f (A∩B) = /0. ՠ f (A) = f (B) = {0} ӢԜ f (A)∩ f (B) = {0}. җԜޕٯ f (A)∩ f (B) Ԗё

ૈόх֖ܭ f (A∩B). όၸ f (A∩B)⊆ f (A)∩ f (B) ҉ᇻࢂჹޑ.

ჹܭৡ໣, ࢂޑॺाԵቾך f (A \B) ک f (A) \ f (B) .ᜢ߯ޑ २Ӄऩ y ∈ f (A) \ f (B), ߄
ҢӸӧ a ∈ A ٬ள y = f (a) ՠ y ̸∈ f (B). ጕऩ a ∈ B, ཮೷ԋ y = f (a) ∈ f (B) ϐҟ࣯. ࡺ
ޕ a ∈ A \B, ջ y = f (a) ∈ f (A \B). ள᛾ f (A) \ f (B) ⊆ f (A \B). όၸϸၸٰ٠όԋҥ,
Ӣࣁऩ y ∈ f (A \B), ҢӸӧ߄ a ∈ A \B. Ӣࣁ (A \B) ⊆ A, ॺ྽ฅԖך f (a) ∈ f (A). ՠ
a ̸∈ B, ٠ό߄Ң y = f (a) ̸∈ f (B), ӢࡐࣁԖёૈӸӧ b ∈ B ᅈى f (a) = f (b). ӵ前य़ٯ
f : {1,2}→ {0} ࣁကۓ f (1) = f (2) = 0 .ηٯޑ ऩз A = {1},B = {2}, ॺԖך A\B = A, Ӣ
ԜԖ f (A\B) = f (A) = {0}. ՠ f (A) = f (B) = {0}, а܌ f (A)\ f (B) = /0. җԜޕٯ f (A\B)

Ԗёૈόх֖ܭ f (A)\ f (B). όၸ f (A)\ f (B)⊆ f (A\B) ҉ᇻࢂჹޑ.

Question 5.3. ଷ೛ X ,ӹ໣ࣁ A ⊆ X Ъ f : X → X ࣁ function. ၂ୢ f (Ac)⊆ f (A)c ցࢂ

ԋҥ? Ξ f (A)c ⊆ f (Ac) ?ցԋҥࢂ

ௗΠٰ, ޑᒏ܌ॺٰ௖૸ך inverse image. ᙁൂٰᇥ, ๏ۓ΋ঁ function f : X → Y аϷ

Y ޑ subset C, ᒏ܌ C ӧ f ள܌բҔϐΠޑ inverse image ൩ࢂԏ໣ٗ٤࿶җ f ཮ပӧ C

ύޑϡન܌ԋޑ໣ӝ. .ကۓޑॺԖаΠך

Definition 5.2.5. ଷ೛ f : X → Y ࣁ function Ъ C ⊆ Y . ကۓ f−1(C) = {x ∈ X : f (x) ∈C},
Ъᆀ f−1(C) ࣁ the inverse image of C under f .

வ f−1(C) ,ကۓޑ ၰޕॺך f−1(C) ကୱۓࢂ X ޑ subset. ೭ঁ inverse image ကۓޑ
ςкϩඔᛤځϡન, ကೀ౛ۓௗճҔ೭ঁޔॺёаךа܌ inverse image .፦܄ޑ аΠۓޑ
౛, ,ॺ཮ว౜ך inverse image Кଆ image .ၮᆉᜢ߯ޑ໣ӝϐ໔࡭ߥૈ׳

Proposition 5.2.6. ଷ೛ f : X → Y ࣁ function Ъ C,D ࣁ Y ޑ subsets.

(1) ऩ C ⊆ D, ߾ f−1(C)⊆ f−1(D).

(2) f−1(C∪D) = f−1(C)∪ f−1(D).

(3) f−1(C∩D) = f−1(C)∩ f−1(D).
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(4) f−1(C \D) = f−1(C)\ f−1(D).

Proof. (1) ଷ೛ x ∈ f−1(C), Ң߄ f (x) ∈C. җࡺ C ⊆ D, ள f (x) ∈ D, ҭջ x ∈ f−1(D). ள
᛾ f−1(C)⊆ f−1(D).

(2)җܭC ⊆C∪DЪ D⊆C∪D,ࡺҗ ޕ(1) f−1(C)⊆ f−1(C∪D)Ъ f−1(D)⊆ f−1(C∪D).
ӢԜҗ Corollary 3.2.4 ёள f−1(C)∪ f−1(D) ⊆ f−1(C∪D). ϸϐ, ଷ೛ x ∈ f−1(C∪D), ߄
Ң f (x) ∈ C∪D, ҭջ f (x) ∈ C ܈ f (x) ∈ D. ကளۓ٩ x ∈ f−1(C) ܈ x ∈ f−1(D), Ψ൩ࢂ
ᇥ x ∈ f−1(C)∪ f−1(D). ᛾ܴΑ f−1(C∪D) ⊆ f−1(C)∪ f−1(D), ΨӢԜ᛾ள f−1(C∪D) =

f−1(C)∪ f−1(D).

(3)җܭC∩D⊆CЪC∩D⊆D,ࡺҗ ޕ(1) f−1(C∩D)⊆ f−1(C)Ъ f−1(C∩D)⊆ f−1(D).
ӢԜҗ Corollary 3.2.4 ёள f−1(C∩D)⊆ f−1(C)∩ f−1(D). ϸϐ, ଷ೛ x ∈ f−1(C)∩ f−1(D),
Ң߄ x ∈ f−1(C) Ъ x ∈ f−1(D), ҭջ f (x) ∈ C Ъ f (x) ∈ D. ӢԜள f (x) ∈ C ∩D, ۓ٩
ကջࣁ x ∈ f−1(C ∩D). ᛾ܴΑ f−1(C)∩ f−1(D) ⊆ f−1(C ∩D), ΨӢԜ᛾ள f−1(C ∩D) =

f−1(C)∩ f−1(D).

(4)ଷ೛ x ∈ f−1(C\D),߄Ң f (x)∈C\D,ҭջ f (x)∈CЪ f (x) ̸∈ D. ளޕ x ∈ f−1(C). ౜
ऩΞ x ∈ f−1(D), Ң߄ f (x) ∈ D, Ԝᆶ前य़ f (x) ̸∈ D ࣬ҟ࣯, ޕࡺ x ̸∈ f−1(D). җ x ∈ f−1(C)

Ъ x ̸∈ f−1(D), ॺளך x ∈ f−1(C) \ f−1(D). ள᛾ f−1(C \D) ⊆ f−1(C) \ f−1(D). ϸϐ, ଷ
೛ x ∈ f−1(C) \ f−1(D), Ң߄ x ∈ f−1(C) Ъ x ̸∈ f−1(D). ளޕ f (x) ∈ C. ౜ऩΞ f (x) ∈ D,
Ң߄ x ∈ f−1(D), Ԝᆶ前य़ x ̸∈ f−1(D) ࣬ҟ࣯, ޕࡺ f (x) ̸∈ D. җ f (x) ∈ C Ъ f (x) ̸∈ D,
ॺளך f (x) ∈ C \D, ջ x ∈ f−1(C \D). ள᛾ f−1(C) \ f−1(D) ⊆ f−1(C \D), ΨӢԜ᛾ܴΑ
f−1(C \D) = f−1(C)\ f−1(D). �

Question 5.4. ଷ೛ X ,ӹ໣ࣁ A ⊆ X Ъ f : X → X ࣁ function. ၂ୢ f−1(Ac)⊆ ( f−1(A))c

?ցԋҥࢂ Ξ ( f−1(A))c ⊆ f−1(Ac) ?ցԋҥࢂ

྽ f : X → Y ࣁ function Ъ A ࣁ X ޑ subset ਔ, ฅࡽ f (A) ࣁ Y ޑ subset, ॺ྽ך
ฅёаԵቾ f−1( f (A)). ౜ଷ೛ a ∈ A, ॺԖך f (a) ∈ f (A), ٩ࡺ inverse image ကளۓޑ
a ∈ f−1( f (A)), ள᛾ A ⊆ f−1( f (A)). ϸϐ, ऩ x ∈ f−1( f (A)), Ң߄ f (x) ∈ f (A), ՠ೭٠ό߄
Ң x ∈ A. ӵ前य़ٯ f : {1,2} → {0} ࣁကۓ f (1) = f (2) = 0 .ηٯޑ ऩз A = {1}, ॺԖך
f (A) = {0}, ՠ f−1( f (A)) = f−1({0}) = {1,2} ̸= A. җԜޕٯ f−1( f (A)) Ԗёૈόх֖ܭ A.
όၸ A ⊆ f−1( f (A)) ҉ᇻࢂჹޑ.

Question 5.5. ଷ೛ f : X → Y ࣁ function. ၂᛾ܴ f−1( f (X)) = X .

ӕኬޑ྽Cࣁ Y ޑ subsetਔ,ࡽฅ f−1(C)ࣁ X ޑ subset,ךॺ྽ฅёаԵቾ f ( f−1(C)).
౜ଷ೛ y ∈ f ( f−1(C)), ҢӸӧ߄ x ∈ f−1(C) ٬ள y = f (x). ฅԶ٩ inverse image ۓޑ
က x ∈ f−1(C) Ң߄ f (x) ∈ C, ளࡺ y = f (x) ∈ C. ள᛾ f ( f−1(C)) ⊆ C. ϸϐ, ऩ y ∈ C,
όـள཮Ԗ y ∈ f ( f−1(C)), ೭ࢂӢࣁό΋ۓӸӧ x ∈ X ٬ள y = f (x). 數ڄӵԵቾٯ
f : {1,2} → {3,4} ࣁကۓ f (1) = f (2) = 3. ऩз C = {3,4}, ॺԖך f−1(C) = {1,2}, ՠ
f ( f−1(C)) = f ({1,2}) = {3} ̸=C. җԜޕٯ C Ԗёૈόх֖ܭ f ( f−1(C)). όၸऩ y ∈C Ъ

Ӹӧ x ∈ X ٬ள y = f (x), .൩ό΋ኬΑݩ௃߾ .่݀ޑॺԖΠय़ך
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Proposition 5.2.7. ଷ೛ f : X → Y ࣁ function Ъ C ࣁ Y ޑ subset, ߾

f ( f−1(C)) =C∩ f (X).

Proof. 前य़ς᛾ள f ( f−1(C)) ⊆ C, ΞӢ f−1(C) ⊆ X , Ԗࡺ f ( f−1(C)) ⊆ f (X), ӢԜள
f ( f−1(C))⊆C∩ f (X). ќ΋Бय़ऩ y ∈C∩ f (X), Ң߄ y ∈C ЪӸӧ x ∈ X ٬ள y = f (x). Ӣ
Ԝޕ, Ԝ x ᅈى f (x) = y ∈C, ҭջ x ∈ f−1(C). а܌ y = f (x) ∈ f ( f−1(C)), ள᛾ C∩ f (X)⊆
f ( f−1(C)). ӢԜ᛾ܴΑ f ( f−1(C)) =C∩ f (X). �

Proposition 5.2.7, Ψ೚ӭᔈҔ. 數ڄۓӵ๏ٯ f : X → Y аϷ X ޑ subset A. ॺԖך
f (A) ࣁ Y ޑ subset, Ъ f (A)⊆ f (X). ঺Ҕࡺ Proposition 5.2.7 (C = f (A) ,(ݩ௃ޑ ёள

f ( f−1( f (A))) = f (A)∩ f (X) = f (A).

Question 5.6. ଷ೛ f : X → Y ࣁ function Ъ C ࣁ Y ޑ subset. ၂ճҔ Proposition 5.2.7,
Proposition 5.2.6 аϷ Question 5.5 ᛾ܴ

f−1( f ( f−1(C))) = f−1(C).

5.3. Onto, One-to-One and Inverse

Onto ک one-to-one .፦܄ޑᅿ੝ਸٿ數ύڄࢂ Ԗ೭ٿᅿ੝ਸ܄፦ڄޑ數൩཮Ԗ܌ᒏ
.數ڄϸޑ ೭٤೿ࢂஒٰӧ຾໘數學ፐำύ཮ၶ܄ޑډ፦. ॺஒ學ಞӵՖᒣᇡך onto Ϸ
one-to-one ,數ڄޑ аϷѬॺ୷ҁ܄ޑ፦.

ᒏ܌ onto (ԋࢀ) ,數ڄޑ ᙁൂٰᇥ൩ࢂჹᔈୱ္؂ঁϡન, ೿ёҗۓကୱ္ޑϡનࢀ৔
Զள. Ψ൩ࢂᇥ΋ঁڄ數ޑ range (ॶୱ) ࣁ࡞ codomain (ჹᔈୱ) ൩ࢂ onto .數ڄޑ ҅ځ
ԄۓကӵΠ:

Definition 5.3.1. ଷ೛ f : X → Y ࣁ function. ऩ f (X) = Y , ॺᆀך߾ f ࣁ onto. Ψ൩ࢂ
ᇥჹҺཀ y ∈ Y ࣣӸӧ x ∈ X ٬ள f (x) = y. ԖਔΨᆀ onto ࣁ數ڄޑ surjective function.

Ҕ inverse image ᢀᗺٰ࣮ޑ f : X → Y ࣁ onto Ψ฻ӕܭჹܭҺཀ y ∈ Y , f−1({y}) ̸= /0.
όၸ྽ा᛾ܴ΋ঁڄ數ࣁ onto, ΋૓தҔޑБݤᗋࢂӵ前΋࿯פ image .ೀ౛ݤБޑ ॺך
࣮аΠٯޑη.

Example 5.3.2. (A) ӧ Example 5.2.2 ύךॺԵቾڄ數 f : R \ {3} → R ࣁကۓ f (x) =

(x+1)/(x−3), ∀x ∈ X . рפॺך f ޑ range ࣁ R\{1}. ӢԜ f όࢂ onto. ՠऩԵቾ “ཥ”
數ڄޑ g : R\{3}→ R\{1} ࣁကۓ g(x) = (x+1)/(x−3), ∀x ∈ X , ߾ g(x) ࣁ onto.

(B) Եቾڄ數 f : Z→ N∪{0} ࣁကۓ

f (n) =
{

2n, if n ≥ 0;
−2n−1, if n < 0.

ॺᇥܴך f ࣁ onto. २Ӄҗ f ၰёаஒޕॺεठך߾৔ೕࢀޑ f ჹᔈୱϡનϩԋޑ

ଽ數ᆶڻ數. ౜ऩ k ∈ N∪{0} ,ଽ數ࣁ Ң߄ k/2 ∈ Z Ъ k/2 ≥ 0. ڗԜਔࡺ n = k/2, ך
ॺԖ f (n) = 2n = k. Զऩ k ∈ N∪{0} ,數ڻࣁ Ң߄ k+ 1 ∈ Z ଽ數Ъࣁ k+ 1 > 0. Ԝਔڗ
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n =−(k+1)/2,ךॺԖ n ∈ZЪ n < ကԖۓ٩ࡺ,0 f (n) =−2n−1 = (−2(−(k+1)/2)−1 = k.
ள᛾ f ࣁ onto.

྽ၶܜډຝڄޑ數 (ջڄ數ؒԖڀᡏ׎ޑԄ) ਔ, ԖਔҔۓက᛾ܴѬࢂ onto Ԗᗺഞྠ.
ௗΠٰךॺϟಏ΋ঁࡐӳҔٰ᛾ܴ΋ঁܜຝڄ數ࣁ onto .ݤБޑ

Theorem 5.3.3. ଷ೛ f : X → Y ࣁ function. ߾ f ࣁ onto ऩЪ୤ऩӸӧ g : Y → X ࣁ

function ᅈى f ◦g = idY .

Proof. (⇒)྽ f : X →Y ࣁ ontoਔ,ךॺाճҔ f 數ڄ΋ঁډפ g : Y → X ᅈى f ◦g = idY .
೭΋ঁ᛾ܴځჴᝄ਱ٰᇥࢂाҔ Axiom of Choice ٰೀ౛, όၸҗךܭॺۘ҂ϟಏၸѬ, ܌
а೭္ޑ᛾ܴᝄ਱ٰᇥ٠όֹࡐࢂ๓. .ջёࡘཀޑ᛾ܴεठ΢ޑၰѬޕఈεৎ׆ २Ӄҗ f

ࣁ onto, ၰჹҺཀޕॺך y ∈Y , f−1({y}) ̸= /0. ӢԜჹܭҺཀ y ∈Y , ကۓॺך g(y) ໣ޜߚࣁ

ӝ f−1({y}) ύࢌޑ΋ঁ੝ۓϡન. җԜךॺۓကΑ΋ঁவ Y ډ X 數ڄޑ g. ٩Ԝۓကך
ॺԖ f ◦g : Y → Y ЪჹܭҺཀ y ∈ Y , ऩ g(y) = x, Ӣ߾ x ∈ f−1({y}), ޕ f (x) = y. Ψ൩ࢂᇥ
f ◦g(y) = f (g(y)) = f (x) = y. ள᛾ f ◦g = idY .

(⇐) ౜ଷ೛ g : Y → X ࣁ function Ъᅈى f ◦g = idY , ॺा᛾ܴך f : X → Y ࣁ onto, Ψ
൩ࢂᇥჹҺཀ y ∈ Y , ाډפ x ∈ X ٬ள y = f (x). ฅԶӢ y ∈ Y , ॺԖך g(y) ∈ X . ӢԜऩԵ
ቾ x = g(y) ∈ X , ߾ f (x) = f (g(y)) = f ◦g(y) = idY (y) = y. ள᛾ዴჴӸӧ x ∈ X ٬ள y = f (x),
ޕࡺ f : X → Y ࣁ onto. �

Example 5.3.4. Եቾ X = {1,2,3}, Y = {a,b} аϷ f : X → Y , ࣁကۓ f (1) = f (2) = a,
f (3) = b. ٩Ԝۓက f : X → Y ࣁ onto. ډפॺाך g : Y → X ٬ள f ◦g = idY . җܭाۓက
வ Y ډ X ,數ڄޑ а؂ঁ܌ Y ύޑϡન೿ाۓကځӵՖࢀ৔. ౜җܭ f−1({a}) = {1,2},
ڗॺҺך f−1({a}) ύޑ΋ঁϡન, КБᇥڗ 2, ӢԜۓက g(a) = 2. Ξҗܭ f−1({b}) = {3}
໻Ԗ΋ঁϡન, ကۓॺךа܌ g(b) = 3. ٩ԜۓကךॺԖ g : Y → X ΋ঁࣁ function Ъᅈى
f ◦g(a) = f (g(a)) = f (2) = a аϷ f ◦g(b) = f (g(b)) = f (3) = b. ளࡺ f ◦g = idY .

Theorem 5.3.3 ёаᔅךॺόѸҔ onto ကೀ౛Ԗᜢۓޑ onto .᛾ܴޑ ॺԖаΠךӵٯ
.፦܄ޑ

Proposition 5.3.5. ऩ f1 : X → Y , f2 : Y → Z ࣁࣣ onto function, ߾ f2 ◦ f1 : X → Z ҭࣁ

onto.

Proof. (Бݤ΋)ךॺёаҔ ontoۓޑကೀ౛,ჹܭҺཀ z∈ Z,ाډפ x∈X ٬ள f2◦ f1(x)=

z. ฅԶ f2 : Y → Zࣁ onto,ࡺჹԜ z∈ Z,Ӹӧ y∈Y ٬ள f2(y)= z. ΞӢ f1 : X →Y ࣁ onto,܌
аჹԜ y ∈Y ,Ӹӧ x ∈ X ٬ள f1(x) = y. ౜ճҔԜ x,ךॺԖ f2 ◦ f1(x) = f2( f1(x)) = f2(y) = z.
ӢԜள᛾ f2 ◦ f1 : X → Z ࣁ onto.

(БݤΒ) ճҔ Theorem 5.3.3, ा᛾ܴ f2 ◦ f1 : X → Z ࣁ onto, ډפॺ໻ाך g : Z → X

٬ள ( f2 ◦ f1)◦g = idZ ջё. ฅԶςޕ f1 : X →Y , f2 : Y → Z ࣁࣣ onto, җࡺ Theorem 5.3.3
Ӹӧޕ g1 : Y → X , g2 : Z → Y ᅈى f1 ◦g1 = idY аϷ f2 ◦g2 = idZ. ౜з g = g1 ◦g2 : Z → X ,
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ॺԖך ( f2 ◦ f1) ◦ g = ( f2 ◦ f1) ◦ (g1 ◦ g2). ճҔӝԋڄ數่ޑӝࡓ (Proposition 5.1.6) аϷ
Lemma 5.1.5, ॺԖך ( f2 ◦ f1)◦ (g1 ◦g2) = f2 ◦ ( f1 ◦g1)◦g2 = f2 ◦ (idY ◦g2) = f2 ◦g2 = idZ. ள

᛾ ( f2 ◦ f1)◦g = idZ. �

ाݙཀ Proposition 5.3.5 ,ԋҥۓϸӛό΋ޑ Ψ൩ࢂᇥ f2 ◦ f1 ࣁ onto ٠ό߄Ң f1, f2 ࣣ

ࣁ onto. ӵӧٯ Example 5.3.4 ύ g : {a,b}→ {1,2,3} ࣁကۓ g(a) = 2,g(b) = 3, όࢂ onto.
ՠ f ◦g = id{a,b} ࣁ onto. όၸךॺԖаΠϐ่݀.

Corollary 5.3.6. ऩ f1 : X → Y , f2 : Y → Z ࣁࣣ function Ъ f2 ◦ f1 : X → Z ࣁ onto, ߾ f2

ࣁ onto.

Proof. җ f2◦ f1 : X → Zࣁ onto,ճҔ Theorem Ӹӧޕ5.3.3 g : Z →X ᅈى ( f2◦ f1)◦g= idZ.
ӢԜճҔӝԋڄ數่ӝࡓள f2 ◦ ( f1 ◦ g) = idZ. ౜з g2 = f1 ◦ g, ॺԖך g2 : Z → Y Ъᅈى

f2 ◦g2 = f2 ◦ ( f1 ◦g) = idZ. аӆԛճҔ܌ Theorem 5.3.3 ள᛾ f2 : Y → Z ࣁ onto. �

Question 5.7. ၂ճҔ onto က᛾ܴۓޑ Corollary 5.3.6.

ाݙཀ Corollary 5.3.6 ,ԋҥۓϸӛΨό΋ޑ Ψ൩ࢂᇥൂ໻ଷ೛ f2 ࣁ onto ٠όૈߥ᛾
f2 ◦ f1 ࣁ onto.

Question 5.8. Եቾ X = {a,b}, Y = {1,2,3},၂ٯډפη f1 : X →Y , f2 : Y → X ࣁ functions
ύځ f2 ࣁ onto, ՠࢂ f2 ◦ f1 όࢂ onto.

ௗΠٰךॺ௖૸܌ᒏ one-to-one (΋ჹ΋) ,數ڄޑ ᙁൂٰᇥ൩ۓࢂကୱ္࣬౦ޑޑϡન
೿཮೏ࢀ৔ჹᔈୱ္࣬౦ޑϡન. :ကӵΠۓԄ҅ځ

Definition 5.3.7. ଷ೛ f : X → Y ࣁ function. ऩჹܭ X ύҺ࣬ٿ౦ϡન x1 ̸= x2, ࣣԖ
f (x1) ̸= f (x2), ॺᆀך߾ f ࣁ one-to-one. ԖਔΨᆀ one-to-one ࣁ數ڄޑ injective function.

Ҕ inverse image ᢀᗺٰ࣮ޑ f : X → Y ࣁ one-to-one Ψ฻ӕܭჹܭҺཀ y ∈ Y ,
#( f−1({y})) ≤ 1 (Ԗёૈ f−1({y})) = /0). ќѦ΋૓ٰᇥाೀ౛ό฻ဦၨ֚ࣁᜤ, а྽܌
ा᛾ܴ one-to-one ਔ, ॺε೿Ҕך Definition 5.3.7 ޑ contrapositive ೀ౛. Ψ൩ࢂᇥ᛾ܴჹ
Һཀ x1,x2 ∈ X ᅈى f (x1) = f (x2), ߾ x1 = x2. .ηٯޑॺ࣮аΠך

Example 5.3.8. ॺ௖૸ך Example 5.3.2 ύڄޑ數ࢂցࣁ one-to-one.

(A)Եቾڄ數 f :R\{3}→Rۓကࣁ f (x)= (x+1)/(x−3), ∀x∈X . ౜ऩ x1,x2 ∈R\{3}ᅈ
ى f (x1)= f (x2),߄Ң (x1+1)/(x1−3)= (x2+1)/(x2−3),ջ (x1+1)(x2−3)= (x2+1)(x1−3).
ϯᙁள x2 −3x1 = x1 −3x2, ջ x1 = x2. ӢԜள᛾ f ࣁ one-to-one.

(B) Եቾڄ數 f : Z→ N∪{0} ࣁကۓ

f (n) =
{

2n, if n ≥ 0;
−2n−1, if n < 0.

౜ଷ೛ n1,n2 ∈ Z ᅈى f (n1) = f (n2). җܭऩ n1,n2 ܭ฻ܭεࣁύԖ΋ঁځ 0 ќ΋ঁࣁλ

ܭ 0, ٩߾ f ကۓޑ f (n1) ک f (n2) Ѹࣁ΋ڻ΋ଽ, Ԝᆶ f (n1) = f (n2) ࣬ҟ࣯. ӢԜךॺ
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Ԗ n1 ≥ 0,n2 ≥ 0 ܈ n1 < 0,n2 < 0. ྽ n1 ≥ 0,n2 ≥ 0, ॺԖך f (n1) = 2n1, f (n2) = 2n2, җࡺ
f (n1) = f (n2) ϐଷ೛ள n1 = n2. ӕ౛, ྽ n1 < 0,n2 < 0, ॺԖך f (n1) = −2n1 − 1, f (n2) =

−2n2 −1, җࡺ f (n1) = f (n2) ϐଷ೛ள n1 = n2. ӢԜள᛾ f ࣁ one-to-one.

ک onto ,΋ኬݩ௃ޑ ࣁ數ڄຝܜက᛾ܴ΋ঁۓॺԖ΋ঁόѸҗך one-to-one .ݤБޑ

Theorem 5.3.9. ଷ೛ f : X → Y ࣁ function. ߾ f ࣁ one-to-one ऩЪ୤ऩӸӧ h : Y → X

ࣁ function ᅈى h◦ f = idX .

Proof. (⇒) ྽ f : X → Y ࣁ one-to-one ਔ, ॺाճҔך f 數ڄ΋ঁډפ h : Y → X ᅈى

h ◦ f = idY . २Ӄҗ f ࣁ one-to-one, ၰჹҺཀޕॺך y ∈ Y , #( f−1({y})) ≤ 1. ӢԜჹܭҺ
ཀ y ∈ Y , ऩ f−1({y}) = /0 ကۓॺך h(y) ࣁ X ύࢌ΋ঁۓڰϡન. Զऩ f−1({y}) ̸= /0, ߾
f−1({y}) ໻Ԗ΋ঁϡન. ӢԜऩ f−1({y}) = {x} ကۓߡॺך h(y) = x. ٩ԜךॺۓߡကΑ΋
ঁவ Y ډ X 數ڄޑ h. ٩ԜۓကךॺԖ h◦ f : X → X ЪჹܭҺཀ x ∈ X , ऩ f (x) = y, Ӣ߾
x ∈ f−1({y}), ޕ h(y) = x. Ψ൩ࢂᇥ h◦ f (x) = h( f (x)) = h(y) = x. ள᛾ h◦ f = idX .

(⇐) ౜ଷ೛ h : Y → X ࣁ function Ъᅈى h ◦ f = idX , ॺा᛾ܴך f : X → Y ࣁ one-
to-one, Ψ൩ࢂᇥऩ x1,x2 ∈ X ᅈى f (x1) = f (x2), ॺा᛾ܴך x1 = x2. ฅԶӢ x1 ∈ X , ך
ॺԖ x1 = idX(x1) = h ◦ f (x1) = h( f (x1)). ӕ౛Ӣ x2 ∈ X , ॺԖך x2 = h( f (x2)). ౜җଷ೛
f (x1) = f (x2) ∈ Y аϷ h : Y → X ࣁ function ޕ h( f (x1)) = h( f (x2)). ӢԜள᛾

x1 = h( f (x1)) = h( f (x2)) = x2.

�

Example 5.3.10. Եቾ X = {a,b}, Y = {1,2,3} аϷ f : X → Y , ࣁကۓ f (a) = 3, f (b) = 1.
٩Ԝۓက f : X → Y ࣁ one-to-one. ډפॺाך h : Y → X ٬ள h ◦ f = idX . җܭाۓက
வ Y ډ X ,數ڄޑ а؂ঁ܌ Y ύޑϡન೿ाۓကځӵՖࢀ৔. ౜җܭ f−1({2}) = /0, ך
ॺҺڗ X ύޑ΋ঁϡન, КБᇥڗ a, ӢԜۓက h(2) = a. Ξҗܭ f−1({1}) = {b} ךа܌
ॺۓက h(1) = b. Զ f−1({3}) = {a} ကۓॺךа܌ h(3) = a ٩ԜۓကךॺԖ h : Y → X ࣁ

΋ঁ function Ъᅈى h◦ f (a) = h( f (a)) = h(3) = a аϷ h◦ f (b) = h( f (b)) = h(1) = b. ளࡺ
h◦ f = idX .

Theorem 5.3.9 ёаᔅךॺόѸҔ one-to-one ကೀ౛Ԗᜢۓޑ one-to-one .᛾ܴޑ ӵٯ
.፦܄ޑॺԖаΠך

Proposition 5.3.11. ऩ f1 : X →Y , f2 : Y → Z ࣁࣣ one-to-one function, ߾ f2 ◦ f1 : X → Z

ҭࣁ one-to-one.

Proof. (Бݤ΋) ॺёаҔך one-to-one .ကೀ౛ۓޑ ଷ೛ x1,x2 ∈ X ಄ӝ f2 ◦ f1(x1) =

f2 ◦ f1(x2). Ψ൩ࢂᇥ f2( f1(x1)) = f2( f1(x2)), ฅԶ f2 : Y → Z ࣁ one-to-one, ӢԜޕ f1(x1) =

f1(x2). ӆҗ f1 : X → Y ࣁ one-to-one, ள᛾ x1 = x2

(БݤΒ) ճҔ Theorem 5.3.9, ा᛾ܴ f2 ◦ f1 : X → Z ࣁ one-to-one, ډפॺ໻ाך
h : Z → X ٬ள h ◦ ( f2 ◦ f1) = idX ջё. ฅԶςޕ f1 : X → Y , f2 : Y → Z ࣁࣣ one-to-one,
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җࡺ Theorem 5.3.9 Ӹӧޕ h1 : Y → X , h2 : Z → Y ᅈى h1 ◦ f1 = idX аϷ h2 ◦ f2 = idY .
౜з h = h1 ◦ h2 : Z → X , ॺԖך h ◦ ( f2 ◦ f1) = (h1 ◦ h2) ◦ ( f2 ◦ f1). ճҔӝԋڄ數่ޑӝ
ࡓ (Proposition 5.1.6) аϷ Lemma 5.1.5, ॺԖך (h1 ◦ h2) ◦ ( f2 ◦ f1) = h1 ◦ (h2 ◦ f2) ◦ f1 =

h1 ◦ (idY ◦ f1) = h1 ◦ f1 = idX . ள᛾ h◦ ( f2 ◦ f1) = idX . �

ाݙཀ Proposition 5.3.11 ,ԋҥۓϸӛό΋ޑ Ψ൩ࢂᇥ f2 ◦ f1 ࣁ one-to-one ٠ό߄
Ң f1, f2 ࣁࣣ one-to-one. ӵӧٯ Example 5.3.10 ύ h : {1,2,3} → {a,b} ࣁကۓ h(1) =

b,h(2) = a,h(3) = a, όࢂ one-to-one. ՠ h◦ f = id{a,b} ࣁ one-to-one. όၸךॺԖаΠϐ่
݀.

Corollary 5.3.12. ऩ f1 : X →Y , f2 : Y → Z ࣁࣣ function Ъ f2 ◦ f1 : X → Z ࣁ one-to-one,
߾ f1 ࣁ one-to-one.

Proof. җ f2 ◦ f1 : X → Z ࣁ one-to-one, ճҔ Theorem 5.3.9 Ӹӧޕ h : Z → X ᅈى h ◦
( f2 ◦ f1) = idX . ӢԜճҔӝԋڄ數่ӝࡓள (h ◦ f2) ◦ f1 = idX . ౜з h1 = h ◦ f2, ॺԖך
h1 : Y → X Ъᅈى h1 ◦ f1 = (h◦ f2)◦ f1 = idX . аӆԛճҔ܌ Theorem 5.3.9 ள᛾ f1 : X → Y

ࣁ one-to-one. �

Question 5.9. ၂ճҔ one-to-one က᛾ܴۓޑ Corollary 5.3.12.

ाݙཀ Corollary 5.3.12 ,ԋҥۓϸӛΨό΋ޑ Ψ൩ࢂᇥൂ໻ଷ೛ f1 ࣁ one-to-one ٠ό
᛾ߥૈ f2 ◦ f1 ࣁ one-to-one.

Question 5.10. Եቾ X = {a,b}, Y = {1,2,3}, ၂ٯډפη f1 : X → Y , f2 : Y → X ࣁ

functions ύځ f1 ࣁ one-to-one, ՠࢂ f2 ◦ f1 όࢂ one-to-one.

നךࡕॺٰ௖૸ one-to-one and onto .數ڄޑ ೭ኬڄޑ數΋૓ךॺᆀϐࣁ bijective
function ܈ bijection. ଷ೛ f : X → Y ࢂ bijective, җ f ࣁ onto Ӹӧޕ g : Y → X ᅈ

ى f ◦ g = idY (Theorem 5.3.3). Ξҗ f ࣁ one-to-one Ӹӧޕ h : Y → X ٬ள h ◦ f = idX

(Theorem 5.3.9). ӢԜҗ่ӝࡓаϷ Lemma 5.1.5, ॺԖך

h = h◦ idY = h◦ ( f ◦g) = (h◦ f )◦g = idX ◦g = g.

Ψ൩ࢂᇥ྽ f : X → Y ࣁ bijective ਔ, ډפॺёаך g : Y → X , ӕਔᅈى f ◦ g = idY Ъ

g◦ f = idX . ٣ჴ΢೭ኬڄޑ數 g .ޑ୤΋ࢂ ೭ࢂӢࣁଷ೛ g : Y → X ک g′ : Y → X ࣣᅈى

f ◦g = f ◦g′ = idY аϷ g◦ f = g′ ◦ f = idX , ճҔখω࣬ӕޑ౛җךॺԖ

g′ = g′ ◦ idY = g′ ◦ ( f ◦g) = (g′ ◦ f )◦g = idX ◦g = g.

൩Ӣࣁ೭ኬڄޑ數 g کЪΞޑ୤΋ࢂ f Ԗᜢ, ಄ဦޑॺ๏Ѭ΋ঁ੝ਸך f−1, Ъᆀϐࣁ f ޑ

inverse. җܭ೭ঁচӢ, ॺΨᆀך bijective function ࣁ invertible function.

Question 5.11. ଷ೛ f : X → Y ࣁ injective. ၂᛾ܴऩ g : Y → X ᅈى f ◦ g = idY , ߾
g = f−1. Ъ᛾ܴԜਔऩ h : Y → X ᅈى h◦ f = idX , ߾ h = f−1.
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ाݙཀ, ί࿤όाஒ f−1 ک inverse image བషΑ. ΋૓ڄޑ數೿ёаۓ inverse image,
Ψ൩ࢂᇥόᆅ f : X →Y ࢂόࢂ bijective, ჹҺཀ Y ޑ subset C, inverse image f−1(C) ೿ࢂ

Ԗۓကޑ. ՠჹܭ Y ϡન y, ൩ѝԖ྽ f ࣁ bijective ਔ f−1(y) ωԖۓက. ,Ԗा੮ཀ܌ ჹҺ
ཀ y ∈ Y , f−1({y}) ೿Ԗۓက, ՠ f−1(y) ൩ѝԖ྽ f ࣁ bijective ਔωԖۓက.

྽ f : X → Y ࣁ bijective ਔ, ॺёаճҔך inverse image ஒ f−1 : Y → X ቪΠ. ٣ჴ΢,
ჹҺཀ y ∈Y , җ f ࣁ onto аϷ one-to-one, ॺԖך #( f−1({y})) = 1. Ψ൩ࢂᇥ f−1({y}) ࡞
Ԗ΋ঁϡન. ӢԜऩ f−1({y}) = {x}, ကۓॺך߾ f−1(y) = x. ٩Ԝۓက, ॺԖך f (x) = y ऩ

Ъ୤ऩ f−1(y) = x, ӢԜዴჴள f ◦ f−1 = idY Ъ f−1 ◦ f = idX .

Example 5.3.13. ॺ௖૸ך Example 5.3.2 ύޑ bijective function ځ inverse .Ֆࣁ

(A) Եቾڄ數 g : R \ {3} → R \ {1} ࣁကۓ g(x) = (x+ 1)/(x− 3), ∀x ∈ X , ߾ g(x) ࣁ

onto. ӧ Example 5.2.2 ύךॺޕၰჹҺཀ y ∈ R\{1}, g−1({y}) = {(3y+1)/(y−1)}. ӢԜ
ޕ g−1 : R\{1}→ R\{3} ࣁကۓ g−1(x) = (3x+1)/(x−1), ∀x ∈ R\{1}.

(B) Եቾڄ數 f : Z→ N∪{0} ࣁကۓ

f (n) =
{

2n, if n ≥ 0;
−2n−1, if n < 0.

ӧ Example 5.3.2 ύךॺޕऩ k ∈N∪{0} ,ଽ數ࣁ ߾ f−1({k}) = {k/2}. Զऩ k ∈N∪{0} ࣁ
,數ڻ ߾ f−1({k}) = {−(k+1)/2}. ӢԜள f−1 : N∪{0}→ Z ࣁကۓ

f−1(n) =
{

n/2, if n is even;
−(n+1)/2, if n is odd.

ၰ྽ޕॺך f : X → Y ࣁ bijective ਔ, f ޑ inverse Ӹӧ. ϸϐ, ऩ f ޑ inverse Ӹӧ, ջ
Ӹӧ f−1 : Y → X ٬ள f ◦ f−1 = idY Ъ f−1 ◦ f = idX , җ߾ Theorem 5.3.3 ک Theorem 5.3.9
ޕ f ࣁ bijective. ӢԜךॺԖаΠϐ่݀.

Theorem 5.3.14. ଷ೛ f : X →Y ࣁ function. ߾ f ࣁ bijection ऩЪ୤ऩӸӧ f−1 : Y → X

٬ள f ◦ f−1 = idY Ъ f−1 ◦ f = idX .

Question 5.12. ଷ೛ f : X →Y ࣁ bijective function. ၂᛾ܴ f−1 : Y → X ҭࣁ bijective Ъ
( f−1)−1 = f .

ճҔ Proposition 5.3.5 ک Proposition 5.3.11 :፦܄ޑॺଭ΢ԖаΠך

Proposition 5.3.15. ऩ f1 : X →Y , f2 : Y → Z ࣁࣣ bijective function, ߾ f2 ◦ f1 : X → Z ҭ

ࣁ bijective function. ЪԜਔ
( f2 ◦ f1)

−1 = f−1
1 ◦ f−1

2 .

Proof. ॺѝा᛾ܴךჴځ ( f2 ◦ f1)◦ ( f−1
1 ◦ f−1

2 ) = idZ аϷ ( f−1
1 ◦ f−1

2 )◦ ( f2 ◦ f1) = idX . ӆճ
Ҕ Theorem 5.3.14 ൩ёள f2 ◦ f1 : X → Z ࣁ bijective. ΞӢ inverse function ,܄୤΋ޑ Ψ
᛾ளΑ ( f2 ◦ f1)

−1 = f−1
1 ◦ f−1

2 . ฅԶ

( f2 ◦ f1)◦ ( f−1
1 ◦ f−1

2 ) = f2 ◦ ( f1 ◦ f−1
1 )◦ f−1

2 = ( f2 ◦ idY )◦ f−1
2 = f2 ◦ f−1

2 = idZ,
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( f−1
1 ◦ f−1

2 )◦ ( f2 ◦ f1) = f−1
1 ◦ ( f−1

2 ◦ f2)◦ f1 = f−1
1 ◦ (idY ◦ f1) = f−1

1 ◦ f1 = idX .

ள᛾ҁۓ౛. �

Question 5.13. ଷ೛ f1 : X → Y , f2 : Y → Z ࣁࣣ function Ъ f2 ◦ f1 : X → Z ࣁ bijective.
ցࢂ f1 : X → Y , f2 : Y → Z ࣁࣣ bijective? Ξऩ f1, f2 ࢂύԖ΋ঁځ bijective, ࢂќ΋ঁ߾
ցࣁ bijective?

5.4. Equivalent Sets and Cardinal Number

྽ךॺӧीᆉ΋ঁ໣ӝ္ϡનঁޑ數ਔ, ΋ޑη໣ӝϐ໔ޑ᏾數҅ک๏ΑԜ໣ӝࢂჴځ
ঁ΋ჹ΋Ъࢀԋڄޑ數ᜢ߯. ӵଷ೛໣ӝٯ A Ԗ n ঁϡન, ྽ךॺ΋ঁ΋ঁޑ數 A ϡનޑ

ਔ, ٣ჴ΢൩๏Α΋ঁ {1, . . . ,n} ډ A ޑ bijective function. ۓޑԖаΠޑԾฅࡐॺךа܌
က.

Definition 5.4.1. ଷ೛ A,B ࣁ set, ऩӸӧ΋ঁ bijection f : A → B, ᆀ߾ A is equivalent to
B, ЪҔ |A|= |B| .Ң߄

ाݙཀ྽ A ࣁ finite set, ёаᇥ |A| ൩ࡰࢂ A ϡનঁ數ޑ #(A). όၸҗךܭॺόѝ௖૸
A ࣁ finite set ௃ݩ, ॺҔךа܌ |A| ೭ኬޑ಄ဦ, Ъᆀϐࣁ A ޑ cardinal number. ӢԜךॺ
ёаᇥ A is equivalent to B ऩЪ୤ऩ A ک B Ԗ΋ኬޑ cardinal number.

Equivalent set ϐ໔ޑᜢ߯٣ჴ΢ࢂ΋ঁ equivalence relation.

Proposition 5.4.2. ჹܭҺཀޑ sets A,B,C, .፦܄ޑॺԖаΠך

(1) |A|= |A|.

(2) ऩ |A|= |B| ߾ |B|= |A|.

(3) ऩ |A|= |B| Ъ |B|= |C|, ߾ |A|= |C|.

Proof. (1) ჹҺཀޑ໣ӝ A, Եቾ idA : A → A. ޑᡉܴࡐ idA ࣁ bijective, ளࡺ |A|= |A|.

(2) ऩ |A|= |B|, ҢӸӧ߄ f : A → B ࣁ bijective. Եቾࡺ f−1 : B → A, ҭࣁ bijective (ୖ
ـ Question 5.12), ள᛾ |B|= |A|.

(3)ऩ |A|= |B|Ъ |B|= |C|,߄ҢӸӧ f : A→B, g : B→Cࣣࣁ bijective,ࡺҗ Proposition
5.3.15 ޕ g◦ f : A →C ҭࣁ bijective. ள᛾ |A|= |C|. �

аΠ, ,ـଆߡΑБࣁ ჹܭҺཀ҅᏾數 n, ॺҔך In Ң߄ 1 ډ n ϐ໔܌Ԗ҅ޑ᏾數܌ԋ

,໣ӝޑ ҭջ I1 = {1}, I2 = {1,2},…, In = {1, . . . ,n}. ౜ऩ A Ԗࢂ n ঁϡનޑ finite set, ॺך
ၰޕ৒ܰࡐ |A|= |In|. ӢԜऩ A ک B ࣣԖ n ঁϡન, ॺԖך |A|= |In| аϷ |B|= |In|, ӢԜ
җ Proposition 5.4.2 ޕ |A|= |B|.

ќѦऩ A, B ࣁࣣ finite set ՠ A ϡનঁ數ޑ n ό฻ܭ B ϡનঁ數ޑ m, ٗሶԖёૈ
|A|= |B| ༏? ॺёаӃԵቾך |In| ک |Im| .ց࣬฻ࢂ २Ӄҗܭ n ̸= m, όѨ΋૓܄, ॺଷ೛ך
m > n. ౜ऩ |Im|= |In|, ҢӸӧ߄ bijection f : Im → In. ฅԶҗᗷ᠈চ౛ Theorem 2.2.3 (གྷႽ
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ޑကୱۓ Im ҢԖ߄ m ଫᗷη, ჹᔈୱ In Ң߄ n ঁ᠈η), ޕ f : Im → In όёૈࣁ one-to-one
(ᗷη數εܭ᠈η數, ܭԖ΋ঁ᠈ηՐΑӭۓа΋܌ 1 ଫޑᗷη), Ԝᆶ f ࣁ bijective ଷ೛ޑ
࣬ҟ࣯, ள᛾ |In| ̸= |Im|. ౜ऩ |A|= |B|, җ߾ |A|= |In|, |B|= |Im| аϷ Proposition 5.4.2 ௢ள
|In|= |Im| ϐҟ࣯, ޕࡺ |A| ̸= |B|.

,ЗࣁҞ前ډ ӧ finite set ,ݩ௃ޑ ၰޕॺך cardinal number ሥ಄ӝךॺჹ໣ӝϡનঁ
數ޑी數চ߾. ॺΨёճҔך cardinal number ကۓٰ infinite set. Ψ൩ࢂᇥ, ӢࣁԖคጁӭ
ঁϡનޑ໣ӝ, ,΋ঁ΋ঁ數ֹݤϡનคځ аჹ΋ঁ܌ nonempty set A, ӵ݀ჹҺཀ n ∈ N,
ࣣԖ |A| ≠ |In|, ॺᆀך A ࣁ infinite set.

ჴځ cardinal number ᗋ಄ӝ೚ӭځдी數ޑচ߾, ӵऩٯ A∩B = /0, C ∩D = /0, Ъ
|A|= |C|, |B|= |D|, ,߾চޑҗी數߾ ॺ཮Ⴃයך |A∪B|= |C∪D|. ٣ჴ΢೭ࢂჹޑ, ॺԖך
аΠۓޑ౛.

Lemma 5.4.3. ଷ೛ I ࣁ index set, {Ai, i ∈ I}, {Bi, i ∈ I} ϩձࣁ A, B ޑ partition. ऩჹ܌
Ԗ i ∈ I, ࣣԖ |Ai|= |Bi|, ߾ |A|= |B|.

Proof. ӣ៝΋Π, {Ai, i ∈ I} ࣁ A ޑ partition Ң߄ A =
∪
i∈I

Ai Ъჹܭ i, j ∈ I, ऩ i ̸= j, ߾

Ai ∩A j = /0. ౜٩ଷ೛, ჹ܌Ԗ i ∈ I, ࣣԖ |Ai| = |Bi|, Ԝջ߄ҢӸӧ fi : Ai → Bi ࣁ bijective
function. ॺགྷճҔ೭٤ך fi,ࡌᄬр΋ঁ bijective function f : A → B. ٩Ԝߡள᛾ |A|= |B|.

ကۓ f : A → B ӵΠ: ჹܭҺཀ a ∈ A, җܭ {Ai, i ∈ I} ࣁ A ޑ partition, Ԗ୤΋ޕॺך
ޑ i ∈ I ٬ள a ∈ Ai, Ԝਔۓက f (a) = fi(a) ∈ Bi. җܭ {Ai, i ∈ I} ࣁ A ޑ partition, ӧ f ۓޑ

ကύ؂΋ঁ A Ъ߾৔ೕࢀځကۓϡનࣣԖޑ Bi ⊆ B. ကрΑ΋ঁவۓа೭ዴჴ܌ A ډ B ޑ

function. ॺा᛾ܴך f : A → B ࣁ one-to-one and onto.

౜ჹҺཀ b ∈ B, җܭ {Bi, i ∈ I} ࣁ B ޑ partition, ޑӸӧ୤΋ࡺ i ∈ I, ٬ள b ∈ Bi. ΞӢ
ࣁ fi : Ai → Bi ࣁ onto, Ӹӧޕࡺ a ∈ Ai ᅈى fi(a) = b. ౜٩ f ,ကۓޑ ჹܭ೭ঁ b, ॺѝך
ाڗԜ a ∈ A, Ӣࣁ a ∈ Ai, җ f ကளۓޑ f (a) = fi(a) = b. ள᛾ f : A → B ࣁ onto.

౜ऩ a,a′ ∈ A ᅈى f (a) = f (a′). җ f (a) ∈ B, ޑӸӧ୤΋ޕ i ∈ I ٬ள f (a) = f (a′) ∈ Bi.
ӆҗ f ,ကۓޑ ऩޕॺך a ∈ A j, ߾ f (a) = f j(a) ∈ B j. ӢԜҗ f (a) ∈ Bi ∩B j ள i = j, ҭ
ջ a ∈ Ai. ӕ౛ךॺԖ a′ ∈ Ai. аҗ܌ f ॺԖךကۓޑ f (a) = fi(a) Ъ f (a′) = fi(a′). ӢԜ
җ f (a) = f (a′) ϐଷ೛ள fi(a) = fi(a′), ӆҗ fi ࣁ one-to-one ள᛾ a = a′. ӢԜள᛾ f ࣁ

one-to-one. �

ฅࡽ cardinal number ,ϡનঁ數Ԗᜢޑ໣ӝک .ఈѬૈКၨελ׆ॺ྽ฅך ӧ finite
set ,ݩ௃ޑ ໣ӝёаޑၰϡનКၨϿޕॺ೿ך one-to-one .໣ӝޑϡનКၨӭډ৔ࢀޑ Ӣ
ԜךॺԖаΠۓޑက.

Definition 5.4.4. ଷ೛ A,B ࣁ set, ॺҔך |A| ≤ |B| ҢӸӧ΋ঁ߄ one-to-one function
f : A → B.

೭ঁۓကΨࡐ಄ӝךॺޔޑ᝺. ӵऩٯ A ⊆ B, Եቾ߾ f : A → B, ࣁကۓ f (a) = a,
∀a ∈ A. ৒ܰᡍ᛾ࡐ f ࣁ one-to-one function, ॺԖךϐΠݩаӧ೭௃܌ |A| ≤ |B|. ੝ձޑ,
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྽ m,n ∈ N Ъ m > n, ܭҗ߾ In ⊆ Im, ॺԖךа܌ |In| ≤ |Im|. Զ前य़ךॺճҔᗷ᠈চ౛ޕၰ
όёૈԖ one-to-one function f : Im → In, ၰޕॺΨךа܌ |Im| ≤ |In| όԋҥ.

ќѦޔ᝺΢ϡનКၨӭޑϡનёаࢀډפԋڄޑ數ჹᔈډϡનКၨϿޑ໣ӝ, ჹ
cardinal number ೭Ψࢂჹޑ. .่݀ޑॺԖаΠך

Proposition 5.4.5. ଷ೛ A,B ࣁ set. ߾ |A| ≤ |B| ऩЪ୤ऩӸӧ onto function h : B → A.

Proof. (⇒) җ |A| ≤ |B|, Ӹӧ΋ঁޕॺך one-to-one function : A → B. җ Theorem 5.3.9
Ӹӧޕ h : B → A ᅈى h◦ f = idA. ฅԶ idA : A → A ࢂ onto function, җࡺ Corollary 5.3.6
ޕ h : B → A ࣁ onto.

(⇐) җ h : B → A ࣁ onto ,ޕ Ӹӧ g : A → B ᅈى h◦g = idA (Theorem 5.3.3). җࡺ idA

ࣁ one-to-one ளޕ g : A → B ࣁ one-to-one (Corollary 5.3.12). ӢԜள᛾ |A| ≤ |B|. �

ௗΠٰךॺाᇥܴ Definition 5.4.4 ကрۓ cardinal number ϐ໔ޑ partial order. (٣ჴ
΢Ѭёۓကр cardinal number ϐ໔ޑ total order, όၸ೭ሡҔډ Axiom of Choice ԶЪך
ॺϐࡕΨό཮Ҕډ, (.а೭္ౣၸόፋ܌ २Ӄჹܭ reflexive ,፦܄ޑ ჹܭҺཀޑ໣ӝ A, ך
ॺ໻ाԵቾ idA : A → A, җܭ idA ࢂ one-to-one, ள᛾ࡺ |A| ≤ |A|. Կܭ transitive܄ޑ፦, ऩ
|A| ≤ |B| Ъ |B| ≤ |C|, җӸӧ߾ f : A → B аϷ g : B →C ࣁࣣ one-to-one, ёள g◦ f : A →C

ࣁ one-to-one (Proposition 5.3.11). ᛾ளࡺ |A| ≤ |C|. Կܭ anti-symmetric ,፦܄ ൩Кၨፄ
ᚇ, ೭܌ࢂᒏ Cantor–Schröder–Bernstein Theorem.

Theorem 5.4.6 (Cantor–Schröder–Bernstein). ଷ೛ A,Bࣁ setsᅈى |A| ≤ |B|Ъ |B| ≤ |A|,
߾ |A|= |B|.

Proof. җଷ೛ |A| ≤ |B| Ӹӧޕ f : A → B ࣁ one-to-one function. Ξҗ |B| ≤ |A|, Ӹӧޕ
g : B → A ࣁ one-to-one function. ॺाճҔך f ,g ளډ A,B ޑ partition, ӆճҔ Lemma
5.4.3 ளډ |A|= |B|.

२ӃჹܭҺཀ a ∈ A, ᄬр΋ঁҗࡌॺך A∪B .數ӈޑಔԋ܌ϡનޑ :ᄬБԄӵΠࡌځ
२Ӄзಃ΋໨ x1 = a, Եቾ inverse image g−1({a}). җܭ g ࢂ one-to-one, ޕॺך g−1({a})
നӭ໻Ԗ΋ঁϡન. ऩ g−1({a}) = /0, ೭ঁ數ӈ໻Ԗ߾ x1 ೭ঁϡન. Զऩ g−1({a}) = {b}, ߾
з x2 = b. җܭ b ∈ B, ௗ๱Եቾ f−1({b}). ӕኬޑ, Ӣࣁ f ࣁ one-to-one, ޕॺך f−1({b})
നӭ໻Ԗ΋ঁϡન. ऩ f−1({b}) = ೭ঁ數ӈ໻Ԗ߾,0/ x1,x2 .ϡનঁٿ Զऩ f−1({b}) = {a′},
з߾ x3 = a′. Ξҗܭ a′ ∈ A, ॺΞёԵቾך g−1({a′}), ฅ٩ࡕ前य़ೕ߾೭ኬ΋ޔΠѐ. з ⟨a⟩
җ߾ҢճҔ೭ঁೕ߄ a 數ӈޑᄬрࡌ܌ (ऩჹӵՖࡌᄬ೭ኬޑ數ӈϝόమཱ, ፎୖԵۭΠ
Example 5.4.7). ೭ኬҗ܌Ԗ a ∈ A Զளޑ數ӈ ⟨a⟩= x1,x2, . . . , .ॺёаϩԋΟᜪך ಃ΋ᜪ
.ज़數ӈޑ數໨ڻԖࢂ ӵऩٯ a ∈ A Ъ g−1({a}) = /0, Ԝਔ ⟨a⟩ ໻Ԗ΋໨, 數ޑ೭΋ᜪܭឦࡺ
ӈ. ಃΒᜪࢂԖଽ數໨ޑԖज़數ӈ. ӵٯ a ∈ A Ъ g−1({a}) = {b} ՠ f−1({b}) = /0, Ԝਔ ⟨a⟩
Ԗ a,b ,໨ٿ .數ӈޑ೭΋ᜪܭឦࡺ ಃΟᜪࢂԖคጁӭ໨ޑ數ӈ, Ψ൩ࢂᇥ a ∈ A ޑᄬࡌ܌

數ӈ؂΋໨ޑ inverse image ࣣόޜࢂ໣ӝ. ౜з

Ao = {a ∈ A : ⟨a⟩Ԗڻ數໨}, Ae = {a ∈ A : ⟨a⟩Ԗଽ數໨}, A∞ = {a ∈ A : ⟨a⟩Ԗคጁӭ໨}.
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җ؂ܭ΋ঁ a ∈ A, ೿ё٩೭ঁೕࡌ߾ᄬр΋ಔ୤΋數ӈ ⟨a⟩, ӢԜ a ΋ۓ཮ࢂ Ao,Ae,A∞ ځ

ύϐ΋ޑϡન, ЪҺঁٿό཮ԖҬ໣. а܌ Ao,Ae,A∞ ࢂ A ΋ঁޑ partition.

ाݙཀ೭ኬ଺рޑ數ӈ, ࢂۓ數໨΋ڻځ A ύޑϡન, Զଽ數໨΋ࢂۓ B ύޑϡ

ન. Ψ൩ࢂᇥऩ ⟨a⟩ = x1,x2, . . . , ྽߾ i 數ਔڻࣁ xi ∈ A. ΞԜਔӢ xi ∈ f−1({xi−1}), Ԗࡺ
f (xi) = xi−1. Զ྽ i ଽ數ਔࣁ xi ∈ B. ΞԜਔӢ xi ∈ g−1({xi−1}), Ԗࡺ g(xi) = xi−1.

ӕኬޑჹҺཀ b ∈ B, ଺р΋ঁҗ߾ॺΨҔ࣬ӕೕך b ଆޑۈ數ӈ, ҭջ y1 = b, ฅࡕԵ
ቾ f−1({b}) ,Π΋໨ۓ،ٰ ೭ኬ΋ޔΠѐ. з ⟨b⟩ Ң߄ b ճҔ೭ঁೕࡌ܌߾ᄬрޑ數ӈ. ӕ
ኬޑ, ډॺளך B ΋ঁޑ partition B0,Be,B∞, ύځ

Bo = {b ∈ B : ⟨b⟩Ԗڻ數໨}, Be = {b ∈ B : ⟨b⟩Ԗଽ數໨}, B∞ = {b ∈ B : ⟨b⟩Ԗคጁӭ໨}.

౜Եቾ restriction map f |Ao : Ao → B, Ψ൩ࢂჹҺཀ a ∈ Ao, f |Ao(a) = f (a). җܭ f ࣁ

one-to-one, ޑԾฅࡐ f |Ao ϝࣁ one-to-one. ॺाᇥܴך f |Ao ޑ range f |Ao(Ao) ࣁ Be. ჹҺ
ཀ a ∈ Ao, ॺԖך f |Ao(a) = f (a) ∈ B. ԜਔԵቾ f (a) ޑᄬࡌ܌ sequence, २໨ࣁ y1 = f (a),
ԶӢ f−1({ f (a)}) = {a} (Ӣ f (a) ∈ { f (a)}), ٩ ⟨ f (a)⟩ ॺԖךᄬБԄࡌޑ y2 = a. ඤ言ϐ,
數ӈ ⟨ f (a)⟩ 前ٿ໨ࣁ y1 = f (a),y2 = a, ΞҗܭΠ΋໨ (ջಃΟ໨) y3 ֹӄҗ g−1({a}) ،܌
.ۓ ೭کԵቾ a 數ӈޑᄬࡌ܌ ⟨a⟩ ಃΒ໨ x2 .ޑ΋ኬࢂ ඤ言ϐ, 數ӈ ⟨ f (a)⟩ ѝࢂஒ數ӈ
⟨a⟩ ಃ΋໨ϐ前ӆӭу΋໨ޑ f (a) Զς. ౜ a ∈ Ao, Ң߄ ⟨a⟩ Ԗڻ數໨, а܌ ⟨ f (a)⟩ ཮Ԗଽ
數໨, җࡺ f (a) ∈ B ޕ f (a) ∈ Be. ள᛾ f |Ao(Ao) ⊆ Be. ϸϐ, ऩ b ∈ Be, Ң߄ b 數ޑᄬࡌ܌

ӈ ⟨b⟩ Ԗଽ數໨. ӢԜ ⟨b⟩ ӸӧۓಃΒ໨΋ޑ (ց߾໻Ԗ΋໨, ೷ԋҟ࣯). аҗ܌ ⟨b⟩ ࡌޑ
ᄬБޕݤ f−1({b}) όޜࢂ໣ӝ, Ψ൩ࢂᇥӸӧ a ∈ A ٬ள f (a) = b. ٣ჴ΢ a ൩ࢂ ⟨b⟩ ޑ
ಃΒ໨, ӢԜӵ前܌ॊ, ⟨a⟩ ஒࢂ ⟨b⟩ = ⟨ f (a)⟩ ,ள܌ಃ΋໨ନѐޑ Ψ൩ࢂᇥ ⟨a⟩ Ԗڻ數໨,
ӢԜள a ∈ Ao. ॺ᛾ளΑჹҺཀך b ∈ Be, ࣣӸӧ a ∈ Ao ٬ள f (a) = f |Ao(a) = b. ӢԜޕ
Be ⊆ f |Ao(Ao), Ψள᛾Α f |Ao ޑ range f |Ao(Ao) ൩ࢂ Be. ඤ言ϐ, f |Ao ёаຎࢂࣁ΋ঁவ Ao

ډ Be ޑ one-to-one and onto function. ॺ᛾ளΑך |Ao|= |Be|.

ӕ౛, Եቾ g : B → A ӧ Bo ޑ restriction g|Bo : Bo → A, ډॺёаளך |Bo| = |Ae| (ѝࢂ
ஒ΢य़ޑ᛾ܴ f , g ϕඤջё). നךࡕॺԵቾ g ӧ B∞ ΢ޑ restriction g|B∞ (ΨёԵቾ f ӧ

A∞ ΢ޑ restriction). Ԝਔ g|B∞ ٩ฅࣁ one-to-one. ԶჹܭҺཀ b ∈ B∞, ॺԵቾך g(b) ౢ܌

ғޑ數ӈ ⟨g(b)⟩. җܭ g(b) ∈ A, Զ g−1({g(b)}) = {b}, ࡺ ⟨g(b)⟩ ࣁಃ΋໨ޑ g(b), ಃΒ໨ࣁ
b, ϐ٩ׇࡕ൩ࢂ ⟨b⟩ .дӚ໨ځޑ ӢԜҗ b ∈ B∞ ջ ⟨b⟩ Ԗคጁӭ໨ள ⟨g(b)⟩ ҭԖคጁӭ໨.
ள᛾ g(b) ∈ A∞, ҭջ᛾ள g|B∞ ޑ range g|B∞(B∞) х֖ܭ A∞. ϸϐ, ऩ a ∈ A∞, Ң߄ a ࡌ܌

ᄬޑ數ӈ ⟨a⟩ Ԗคጁӭ໨. ӢԜ ⟨a⟩ .ӸӧۓಃΒ໨΋ޑ аҗ܌ ⟨a⟩ ޕݤᄬБࡌޑ g−1({a})
όޜࢂ໣ӝ, Ψ൩ࢂᇥӸӧ b ∈ B ٬ள g(b) = a. ٣ჴ΢ b ൩ࢂ ⟨a⟩ ,ಃΒ໨ޑ ӢԜӵ前܌
ॊ, ⟨b⟩ ஒࢂ ⟨a⟩ ,ள܌ಃ΋໨ନѐޑ Ψ൩ࢂᇥ ⟨b⟩ ϝԖคጁӭ໨, ӢԜள b ∈ B∞. ॺ᛾ளך
ΑჹҺཀ a ∈ A∞, ࣣӸӧ b ∈ B∞ ٬ள g(b) = g|B∞(b) = a. ӢԜޕ A∞ ⊆ g|B∞(B∞), Ψள᛾Α
g|B∞ ޑ range g|B∞(B∞) ൩ࢂ A∞. ඤ言ϐ, g|B∞ ёаຎࢂࣁ΋ঁவ B∞ ډ A∞ ޑ one-to-one
and onto function. ॺ᛾ளΑך |B∞|= |A∞|.

നࡕӢ Ao,Ae,A∞ ࣁ A ޑ partition аϷ Bo,Be,B∞ ࣁ B ޑ partition, ΞӢ |Ao| = |Be|,
|Ae|= |Bo| аϷ |A∞|= |B∞|, ճҔ Lemma 5.4.3 ள᛾ |A|= |B|. �
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Question 5.14. Theorem 5.4.6 ,᛾ܴύޑ |Ae| = |Bo| ԵቾࢂՖࣁ᛾ܴޑ g ӧ Bo ޑ

restriction ԶόࢂԵቾ f ӧ Ae ޑ restriction? ऩԵቾ f ӧ Ae ޑ restriction f |Ae : Ae → B,
ځ range ?Ֆࣁ Ξ |A∞|= |B∞| ᛾ܴёаԵቾޑ f ӧ A∞ ΢ޑ restriction f |A∞ : A∞ → B ༏?

Example 5.4.7. Եቾ A = {1,2, . . .} ,໣ӝޑԋ܌᏾數҅ࣁ B = {−1,−2, . . .} ԋ܌᏾數ॄࣁ
.໣ӝޑ Եቾ f : A → B ࣁကۓ f (a) = −1− a, ∀a ∈ A аϷ g : B → A ࣁကۓ g(b) = 1−b,
∀b ∈ B. ηᇥܴٯॺճҔ೭ঁך Theorem 5.4.6 ύࡌᄬ數ӈޑБݤ. २ӃךॺҔаΠკҢٰ
:৔ᜢ߯ࢀޑ數ڄঁٿҢ೭߄

..

1

.

2

.

3

.

4

.

· · ·

.
−1

.
−2

.
−3

.
−4

.
· · ·

ࢂ৔ࢀޑཀ΢კύҗ΢۳Πݙ f , ԶҗΠ۳΢ࢂޑ g.

౜Եቾ 3 ∈ A, җ g−1({3}) = {−2}, f−1({−2}) = {1} аϷ g−1({1}) = /0, ၰճҔޕॺך
3 數ӈޑᄬࡌ܌ ⟨3⟩ ࣁ 3,−2,1. ӢࣁԜ數ӈԖ 3 ໨, ޕа܌ 3 ∈ Ao. ӕ౛, җ΢კ࣮זࡐр
ճҔ 4 數ӈޑᄬࡌ܌ ⟨4⟩ ࣁ 4,−3,2,−1, ள 4 ∈ Ae. ,ॺёаᘜયрךޑזࡐ ྽ a ∈ A ڻࣁ

數ਔ a ∈ Ao, Զ྽ a ∈ A ଽ數ਔࣁ a ∈ Ae. ΨӢԜޕ A∞ = /0. ٣ჴ΢Ԝਔ Ao,Ae ൩ࢂ A ΋ޑ

ঁ partition ޑ數ᆶଽ數ڻࢂӳ൩࡞) partition).

Զჹܭ −3 ∈ B, җ f−1({−3}) = {2}, g−1({2}) = {−1} аϷ f−1({−1}) = /0, ၰճޕॺך
Ҕ −3 數ӈޑᄬࡌ܌ ⟨−3⟩ ࣁ −3,2,−1. ӢࣁԜ數ӈԖ 3 ໨, ޕа܌ −3 ∈ Bo. ӕ౛, җ΢კ
рճҔ࣮זࡐ −4 數ӈޑᄬࡌ܌ ⟨−4⟩ ࣁ −4,3,−2,1, ள −4 ∈ Be. ,ॺёаᘜયрךޑזࡐ
྽ b ∈ B 數ਔڻࣁ b ∈ Bo, Զ྽ b ∈ B ଽ數ਔࣁ b ∈ Be. ΨӢԜޕ B∞ = /0. ٣ჴ΢Ԝਔ Bo,Be

൩ࢂ B ΋ঁޑ partition.

ௗ๱ךॺ࣮ f ዴჴ΋ჹ΋ޑஒ Ao ԋԿࢀ Be (मЎᆀϐࣁ one-to-one correspondence).
२Ӄ྽ a ∈ Ao Ң߄ aڻ҅ࣁ數,ճҔ f (a) =−(1+a)ޕ f (a)ॄࣁଽ數,ջ f (a)∈ Be. ӢԜ f

ዴჴ΋ჹ΋ஒ Ao ৔Կࢀ Be. Զჹܭ b ∈ Be, ޕॺך b .ଽ數ॄࣁ ϞԵቾ a =−b−1, ॺԖך
a > 0 (Ӣ b ≤−2) Ъ a ,數ڻࣁ ջ a ∈ Ao. ஒ a =−b−1 ∈ Ao жΕ f ள f (a) =−(1+a) = b.
ޕࡺ f ዴჴ΋ჹ΋ஒ Ao ԋԿࢀ Be. ཀݙ f คݤஒ Ae ԋԿࢀ Bo. ЬाচӢࢂ Bo ύԖёૈ

Ԗϡનځ inverse image .໣ӝޜࢂ ॺԖךӵ೭္ٯ −1 ∈ Bo Ъ f−1({−1}) = /0. ךа೭္܌

ॺࢂҔ gٰளډ Bo Կ Ae ϐ໔ޑ one-to-one correspondence. ٣ჴ΢ჹҺཀ b∈ Bo,ךॺԖ b

數,ӢԜڻॄࣁ g(b) = 1−b҅ࣁଽ數,ջ g(b)∈Ae. ϸϐ,ჹҺཀ a∈Ae,ךॺԖ b= 1−a< 0

(Ӣ a ≥ 2) Ъڻࣁ數. Ԝਔஒ b = 1−a ∈ Bo жΕ g, ள g(b) = 1−b = 1− (1−a) = a, ள᛾ࡺ
g ዴჴ΋ჹ΋ஒ Bo ԋԿࢀ Ae.

Question 5.15. ၂ճҔ Example 5.4.7 ύޑ f ک g ቪΠ΋ঁ A ډ B ޑ bijective function
h : A → B ᅈى h|Ao = f |Ao.

നࡕ, ကۓॺགྷך cardinal number ϐ໔ޑ “strict order”. ྽ A,B ࣁ sets, ᅈى |A| ≤ |B|
Ъ |A| ̸= |B| ਔ, ॺ൩Ҕך |A| < |B| .Ң߄ٰ 前य़ςޕ྽ m,n ᏾數Ъ҅ࣁ m > n ਔ, ॺԖך
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|In| ≤ |Im| Ъ |In| ̸= |Im|, ॺԖךа܌ |In|< |Im|. ќѦ྽ A ࣁ infinite set, ကჹҺཀۓ٩ n ∈ N
ࣣԖ |In| ≤ |A| ՠ |In| ̸= |A|, ӢԜךॺԖ |In|< A. ౜ऩ B ࣁ finite set, Ӹӧޕॺך n ∈ N ٬
ள |B|= |In|, аள܌ |B|< |A|. ӢԜ೭ኬޑ strict order ሥ಄ӝךॺޔᢀჹ໣ӝी數ޑགྷݤ.

5.5. Countable and Uncountable Sets

΋ঁ finite set ޑ cardinal number, ,數ঁޑϡનځࢂၰ൩ޕॺך ՠჹܭ infinite set, ځ
cardinal number ٠όࢂѝԖ΋ᅿ “ คጁε” Զς. ٣ჴ΢཮Ԗคጁӭঁ infinite set Ѭॺޑ
cardinal number ೿࣬౦, Ψ൩ࢂᇥճҔ cardinal number, עॺԖёаך “คጁε” ୔ϩԋӳ
൳ᅿ. όၸӧҁᖱကύ, .૸論೭ঁୢᚒޑॺό཮ుΕך ,ݤ୔ϩБޑॺ໻ፋ論നᙁൂך ջ
ϩԋ countable set ک uncountable set .ᅿٿ

Definition 5.5.1. ଷӵ S ΋ঁࢂ set ᅈى |S| ≤ |N|, ᆀ߾ S ࣁ countable set. ϸϐ߾ᆀࣁ
uncountable set.

Question 5.16. ଷ೛ S,T ࣁ setsЪ |S| ≤ |T |. ऩ T ࣁ countable, ޕցёࢂ S ࣁ countable?

ᙁൂٰᇥ, ऩӸӧ΋ঁ one-to-one function f : S → N, ߾ S ൩ࢂ΋ঁ countable set. җ
Ԝۓကךॺޕၰऩ S ࢂ finite set, ٗ΋ࢂۓ countable. όၸԖёૈ΋ঁ infinite set Ψࢂ
countable,ٯӵ Nҁࢂ܈,يӵ 2N ࢂ೿,(໣ӝޑԋ܌ଽ數ޑ҅) infinite setЪࣁ countable.
όၸ uncountable set ൩΋ۓ཮ࢂ infinite set. а྽΋ঁ܌ infinite set ࢂ countable ਔ, ך
ॺ཮ஒϐᆀࣁ countably infinite ੝ձஒ೭ᅿ infinite set ک uncountable set ୔ϩрٰ.

२Ӄךॺाᜢࢂޑݙ, ӧ finite set ک N ϐ໔ࢂցᗋԖځдޑ cardinal number? เਢࢂ
ցޑۓ. Ψ൩ࢂᇥჹܭ infinite set ٰᇥ |N| ൩ࢂനλޑ cardinal number. ౜ଷ೛ S ΋ঁࢂ

infinite set Ъ |S| ≤ |N|. ကӸӧ΋ঁۓ٩ one-to-one function f : S → N. Եቾ T = f (S), ך
ॺёаஒ f ຎࢂࣁ΋ঁҗ S ډ T ޑ one-to-one Ъ onto ,數ڄޑ а܌ |S|= |T |. җܭ T ࢂ

N ޑ infinite subset, ॺऩૈ᛾ܴԜਔךа܌ |T |= |N|, ٗሶ൩Ԗ |S|= |T |= |N|, Ψ൩ࢂᇥ܌
Ԗޑ countably infinite set ځ cardinal number ࣣ฻ܭ |N|.

Lemma 5.5.2. ଷ೛ T ⊆ N Ъࣁ infinite set, ߾ |T |= |N|.

Proof. җܭ T ⊆ N, ޕॺך |T | ≤ |N|. ౜ѝा᛾ܴӸӧ f : N→ T ࣁ one-to-one function,
ޕҗԜ߾ |N| ≤ |T |, җࡺ Theorem 5.4.6 (Cantor–Schröder–Bernstein) ள᛾ |T |= |N|.

೭္ךॺाճҔ N ӧ΋૓ޑ order ≤ ϐΠࢂ΋ঁ well-ordered set (Well-ordering
Principle) ٰ᛾ܴ. ӣ៝΋Π, ೭߄Ң؂΋ঁ N ޑ nonempty subset ೿Ԗ least element ܈)
minimum element). ऩ S ࣁ nonempty subset of N, ॺҔך min(S) Ң߄ S ޑ least element,
Ψ൩ࢂᇥ, ऩ a = min(S), Ң߄ a ∈ S ЪჹܭҺཀ S ύޑϡન s, ऩ s ̸= a, ߾ a < s.

२Ӄз f (1) = min(T ), ॺԖך f (1) ∈ T . ӵՖۓ f (2) ?ګ ॺԵቾךޑԾฅࡐ T2 =

T \{ f (1)}, ฅࡕз f (2) = min(T2). ཀԜਔݙ T2 ̸= /0, ց߾཮Ԗ T ⊆ { f (1)} Ԝک T ࣁ infinite
setϐ前ᚒ࣬ҟ࣯,܌аךॺளډ f (2)∈ T . ӵԜ΋ޔΠѐ,ךॺз Tn+1 = T \{ f (1), . . . , f (n)}
Ъз f (n+1) = min(Tn+1), ೭ኬ “εठ” ൩ۓကр΋ঁҗ N ډ T ޑ function f : N→ T Α.
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྽ฅךॺाᇥܴ೭ኬۓрޑ੿ࢂޑ΋ঁ “well-defined” function, Ъा᛾ܴࣁځ one-to-
one. २Ӄᔠࢗ well-defined. Ψ൩ךࢂॺाᇥܴჹܭҺཀ n ∈ N ࣣӸӧ୤΋ޑ tn ∈ T ᅈ

ى f (n) = tn. җܭ྽ך߃ॺۓက f ,ޑကۓݤЋޑݤᜪ՟ҔᘜયࢂݤБޑ ᛾ޑа೭္܌
.ݤ數學ᘜયډाҔࢂޑԾฅࡐܴ Ԗ܌᛾ܴჹݤॺाҔ數學ᘜયך n ∈ N, ࣣӸӧ୤΋
ޑ tn ∈ T ᅈى f (n) = tn. ྽ k = 1 ਔ, ޕॺך t1 = min(T ) ࢂ T ύ୤΋ᅈى t1 ≤ t,∀ t ∈ T

,ϡનޑ аዴჴ܌ f (1) = t1 ∈ T ԶЪࢂ୤΋ޑ. ౜ଷ೛ჹܭҺཀ k = 1, . . . ,n ࣣԖ୤΋ޑ

tk ∈ T ٬ள f (k) = tk. ౜Եቾ f (n+1), ကۓ٩ Tn+1 = T \{ f (1), . . . , f (n)}= T \{t1, . . . , tn} Ъ
f (n+1) = min(Tn+1). җܭ T ࣁ infinite set, ޕॺך Tn+1 ̸= /0, ց߾཮೷ԋ T ⊆ {t1, . . . , tn} Ԝ
ᆶ T ࣁ infinite set ࣬ҟ࣯. ΞӢ前य़ᘜયݤଷ೛ Tn+1 ໣ӝޑۓ΋ঁёа೏୤΋ዴࢂ (Ӣ
t1, . . . , tn ࣣς೏୤΋ዴۓ), аճҔ܌ N ޑ well-ordering principle, ޕॺך tn+1 = min(Tn+1)

Ѹឦܭ T Ъ୤΋. ӢԜҗ Strong Mathematical Induction (Corollary 2.3.6) ள᛾ჹ܌Ԗ
n ∈ N, ࣣӸӧ୤΋ޑ tn ∈ T ᅈى f (n) = tn.

ޕॺςך f : N→ T ΋ঁࢂ function, ௗ๱ा᛾ܴ f : N→ T ࢂ one-to-one. Ψ൩ࢂᇥҺ
ڗ n1,n2 ∈ N Ъ n1 ̸= n2, ॺाᇥܴך f (n1) ̸= f (n2). όѨ΋૓܄, ॺଷ೛ך n1 < n2. Ԝਔ
җܭ Tn2 = T \{ f (1), . . . , f (n1), . . . , f (n2 −1)}, ҭջ f (n1) ̸∈ Tn2 , ྽ฅҗ f (n2) = min(Tn2) ∈ Tn2

ளޕ f (n2) ̸= f (n1). ள᛾ f : N→ T ࢂ one-to-one. �

ӵ前܌ॊ, җ Lemma 5.5.2 .౛ۓॺ᛾ளΑаΠך

Theorem 5.5.3. ଷ೛ S ΋ঁࣁ set. ߾ S ࣁ countably infinite ऩЪ୤ऩ |S|= |N|.

Question 5.17. ଷ೛ S ࣁ infinite set. ၂᛾ܴ S ࣁ uncountable ऩЪ୤ऩ |S| ̸= |N|.

٩ྣ countable set ,ကۓޑ ၰҺཀ΋ঁޕॺך countable set ޑ subset ϝࣁ countable.
೭ࢂӢࣁऩ S ࣁ countable, ॺԖךကۓ٩߾ |S| ≤ |N|, ΨӢԜऩ S′ ⊆ S, җ߾ |S′| ≤ |S| аϷ
|S| ≤ |N|, ёள |S′| ≤ |N|. όၸाݙཀࢂޑК countable set εޑ໣ӝ, ϝԖёૈࢂ countable.
.׎௃ޑॺԖаΠך

Proposition 5.5.4. Ԗज़ӭঁ countable set ࣁᖄ໣ϝޑ countable set. ҭջऩ S1, . . . ,Sn ࣁ

countable set, ߾ ∪n
i=1 Si ϝࣁ countable set.

Proof. .᛾ܴݤॺҔ數學ᘜયך २Ӄ᛾ܴऩ S1,S2 ࣁ countable, ߾ S1 ∪S2 ࣁ countable.

ကۓ٩ S1,S2ࢂ countable,ࡺӸӧ f1 : S1 →NаϷ f2 : S2 →Nࣣࣁ one-to-one functions.
౜ۓကཥޑ function f : S1 ∪S2 → N, ࣁကۓځ

f (s) =
{

2 f1(s), if s ∈ S1;
2 f2(s)+1, if s ∈ S2 \S1.

,ޑమཱࡐ f ࢂ well-defined function, Ӣࣁ S1 ∪S2 = S1 ∪ (S2 \S1) аϷ S1 ∩ (S2 \S1) = /0, Ӣ
ԜჹҺཀ s ∈ S1 ∪S2, s ΋ۓ཮ӧ S1 ک S2 \S1 ,ύ΋ঁځ Ъό཮ӕਔࣣӧځύ. Զ྽ s ∈ S1,
f1(s) ޑۓዴዴܴࢂॶڗޑ (Ӣ f1 : S1 → N ΋ঁࢂ function), аԜਔ܌ f (s) ॶڗ 2 f1(s) ҭ

ዴۓ. ӕ౛྽ s ∈ S2 \S1, Ӣ s ∈ S2, f2(s) ,ޑۓዴዴܴࢂॶڗޑ аԜਔ܌ f (s) ॶڗ 2 f2(s)+1

ҭዴۓ. ॺഭΠा᛾ܴך f : S1 ∪S2 → N ࢂ one-to-one, Ψ൩ࢂा᛾ܴҺڗ s, t ∈ S1 ∪ S2 ځ
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ύ s ̸= t, ࣣ཮Ԗ f (s) ̸= f (t). ᅿٿॺϩԋך cases. ಃ΋ᅿ௃׎൩ࢂ s, t ӕឦܭ S1 ࢂ܈

ӕឦܭ S2 \ S1. ԜਔךॺϩձԖ f (s) = 2 f1(s) ̸= 2 f1(t) = f (t) (Ӣ f1 ࣁ one-to-one), аϷ
f (s) = 2 f2(s)+1 ̸= 2 f2(t)+1 = f (t) (Ӣ f2 ࣁ one-to-one). ಃΒᅿ௃ࢂݩ s ∈ S1 ՠ t ∈ S2 \S1

ࢂ܈ t ∈ S1 ՠ s ∈ S2 \S1. Ԝਔҗܭ f (s), f (t) Ѹࣁ΋ڻ΋ଽ, ҭளࡺ f (s) ̸= f (t). ॺ᛾ளך
Α f : S1 ∪S2 → N ࣁ one-to-one, ᛾ளࡺ S1 ∪S2 ࣁ countable.

ௗ๱ךॺाҔ數學ᘜયݤ᛾ܴ, ჹܭҺཀ n ∈ N Ъ n ≥ 2, ऩ S1, . . . ,Sn ࣁ countable
set, ߾ ∪n

i=1 Si ϝࣁ countable set. ॺԵቾך n = k+1 .׎௃ޑ ճҔᘜયଷ೛, S1, . . . ,Sk ࣁ

countable set, а܌ ∪k
i=1 Si ࣁ countable set. ౜Ξऩ Sk+1 ࣁ countable set, ճҔ΢य़᛾ၸ

k = 2 ,׎௃ޑ ޕॺך (
∪k

i=1 Si)∪Sk+1 ࣁ countable set. җࡺ ∪k+1
i=1 Si = (

∪k
i=1 Si)∪Sk+1 ள᛾∪k+1

i=1 Si ࣁ countable set. �

Proposition 5.5.4Ԗ೚ӭᔈҔ,നᙁൂޑ΋ᅿ൩ࢂ᛾ள܌Ԗ᏾數܌ԋޑ໣ӝࣁ countable.
೭ࢂӢ܌ࣁԖޑ᏾數ёຎ҅ࣁ᏾數, ॄ᏾數аϷ 0 .ᖄ໣ޑ໣ӝޑԋ܌ ฅԶॄ᏾數܌ԋޑ໣
ӝ҅ک᏾數܌ԋޑ໣ӝ N Ԗ΋ঁ΋ჹ΋ޑჹᔈᜢ߯ (ջ −n 7→ n), ࢂа܌ countable. Զ {0}
ࢂ finite set, ҭࣁ countable, ӢԜள᛾

Corollary 5.5.5. Z is countable.

໣ӝޑԋ܌ჴԖ౛數ځ Q Ψࢂ countable, .౛ۓޑॺ२Ӄ࣮΋ঁᙁൂך

Lemma 5.5.6. The Cartesian product N×N is countable.

Proof. ӣ៝΋Π N×NޑϡનࣁҺཀޑ數ჹ (n1,n2),ځύ n1,n2 ∈N,ԶЪ (n1,n2) = (n′1,n
′
2)

ऩЪ୤ऩ n1 = n′1 Ъ n2 = n′2. ౜Եቾڄ數 f : N×N→ N, ࣁကۓځ

f (n1,n2) = 2n13n2 , ∀n1,n2 ∈ N.

ၰޕ৒ܰࡐ f :N×N→Nࣁ function,ךॺ໻ाᔠᡍ f ࣁ one-to-one. ౜ऩ (n1,n2) ̸=(n′1,n
′
2),

җ᏾數ޑ୤΋ϩှ܄፦ךॺޕ

f (n1,n2) = 2n13n2 ̸= 2n′13n′2 = f (n′1,n
′
2).

ள᛾ f : N×N→ N ࣁ one-to-one, ࡺ N×N ࢂ countable. �

Lemma 5.5.6 ᛾ܴΑ |N×N| ≤ |N|, όၸךॺࡐ৒ܰ౛ှ N×N ࣁ infinite set, а܌
N×N ࣁ countably infinite, ҭջ |N×N| = |N|. Proposition 5.5.6, നதޑـᔈҔࢂёа௢
ளԖज़ӭঁ countable set ޑ Cartesian product ϝࣁ countable.

Proposition 5.5.7. ऩ S1, . . . ,Sn ࣁ countable set, ߾ S1 ×S2 ×·· ·×Sn ϝࣁ countable set.

Proof. २Ӄךॺ᛾ܴ S1 ×S2 ࣁ countable. ճҔ S1,S2 ࣁ countable ,ଷ೛ޑ ၰӸӧޕॺך
f1 : S → N, f2 : S2 → N ࣁࣣ one-to-one function. ౜Եቾ f : S1 ×S2 → N×N ࣁကۓځ

f (s1,s2) = ( f1(s1), f2(s2)), ∀s1 ∈ S1,s2 ∈ S2.
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ၰޕ৒ܰࡐ f : S1 × S2 → N×N ࣁ function, ॺ໻ाᔠᡍך f ࣁ one-to-one. ჹܭҺཀ
(s1,s2),(s′1,s

′
2) ∈ S1 × S2 Ъ (s1,s2) ̸= (s′1,s

′
2), ޕॺך s1 ̸= s′1 ܈ s2 ̸= s′2. ౜ऩ s1 ̸= s′1, җ

f1 : S1 → N ࣁ one-to-one, ޕ f1(s1) ̸= f1(s′1), Ԝਔࡺ

f (s1,s2) = ( f1(s1), f2(s2)) ̸= ( f1(s′1), f2(s′2)) = f (s′1,s
′
2).

ӕ౛྽ s2 ̸= s′2 ਔ, ҭёள f (s1,s2) ̸= f (s′1,s
′
2). ள᛾ f : S1 ×S2 → N×N ࣁ one-to-one. ҭջ

|S1 ×S2| ≤ |N×N|= |N|, ӢԜ᛾ܴΑ S1 ×S2 ࣁ countable.

Կܭ྽ S1, . . . ,Sn ࣁ countable set, ճҔ߾ S1 × S2 ×·· ·× Sn = (S1 × S2 ×·· ·× Sn−1)× Sn

аϷ數學ᘜયݤё᛾ܴ S1 ×S2 ×·· ·×Sn ࣁ countable set, .ॺ൩όӭ଺ᇥܴΑך �

Question 5.18. ๏ۓ n ∈ N, ၂᛾ܴ܌Ԗԛ數λܭ n ࣁ໣ӝޑԋ܌᏾߯數ӭ໨Ԅޑ

countable.

ॺёаճҔך Proposition 5.5.7 ᛾ܴԖ౛數܌ԋޑ໣ӝ Q ࣁ countable. ೭ࢂӢࣁԖ
౛數ନΑ 0 аѦ೿ёа୤΋ቪԋ a/b ύځ a ∈ Z, b ∈ N Ъ gcd(a,b) = 1 Ԅ׎ޑ ॺᆀך)
Ԝࣁനᙁϩ數). аԵቾ܌ f : Q → Z×N, ࣁကۓ f (0) = (0,1); Զ྽ q ∈ Q, q ̸= 0 Ъ a/b

ࣁ q ,നᙁϩ數ਔޑ ကۓ߾ f (q) = (a,b). җߚ႟Ԗ౛數നᙁϩ數ޑݤ߄୤΋܄, ޕॺך
f : Q→ Z×N ࣁ function. Զऩ q ̸= q′, ྽ q,q′ ࣁύԖ΋ঁځ 0 ਔ, ࣁၰќ΋ঁόޕॺך 0,
നᙁϩ數όёૈቪԋځࡺ 0/1, ӢԜԜਔ f (q) ̸= f (q′). Զऩ q,q′ ࣣόࣁ 0 ਔ, ೛ځനᙁϩ數
ϩձࣁ q = a/b,q′ = a′/b′. җܭ a/b ̸= a′/b′, ޕॺך f (q) = (a,b) ̸= (a′,b′) = f (q′). ӢԜޕ
f : Q→ Z×N ࣁ one-to-one, ள᛾ |Q| ≤ |Z×N|. җ Z ࣁ countable аϷ Proposition 5.5.7
ޕ Z×N ࣁ countable, Ξ Z×N ࣁ infinite set, ࡺ |Z×N|= |N|. ӢԜ |Q| ≤ |N|, ள᛾аΠ
.౛ۓޑ

Corollary 5.5.8. Q is countable.

ճҔ Lemma 5.5.6, ॺΨёஒך Proposition 5.5.4 ௢ቶ׳ډ΋૓௃ݩ.

Proposition 5.5.9. ऩჹҺཀ i ∈ N, Si ࣁࣣ countable set, ߾ ∪∞
i=1 Si ϝࣁ countable set.

Proof. ٩ଷ೛,ჹҺཀ i ∈N,ࣣӸӧ fi : Si →Nࣁ one-to-one function. ౜Եቾ f :
∪∞

i=1 Si →
N×N ,ࣁကۓ ჹҺཀ s ∈

∪∞
i=1 Si, ऩ i ى᏾數ᅈ҅ޑനλࣁ s ∈ Si, з߾ f (s) = (i, fi(s)). ࡐ

৒ܰᡍ᛾ f :
∪∞

i=1 Si → N×N ࣁ function. ౜ჹҺཀ s,s′ ∈
∪∞

i=1 Si, ଷ೛ i, i′ ϩձࣁനλ҅ޑ

᏾數ᅈى s ∈ Si,s′ ∈ Si′ . ऩ i ̸= i′, Ծฅள f (s) = (i, fi(s)) ̸= (i′, fi′(s′)) = f (s′). Զऩ i = i′, Ӣ߾
s,s′ ∈ SiЪ fi : Si →Nࣁ one-to-one,ךॺԖ fi(s) ̸= fi(s′),ࡺ f (s)= (i, fi(s)) ̸=(i, fi(s′))= f (s′).
ள᛾ f :

∪∞
i=1 Si →N×Nࣁ one-to-one,ջ |

∪∞
i=1 Si| ≤ |N×N|= |N|. ᛾ள ∪∞

i=1 Si ࣁ countable
set. �

Question 5.19. ၂᛾ܴ܌Ԗ᏾߯數ӭ໨Ԅ܌ԋޑ໣ӝࣁ countable.

Ҟ前ךॺೀ౛ޑ೿ࢂ countable sets, ցӸӧ๱ࢂ uncountable set ?ګ เਢޑۓޭࢂ.
ӵٯ Proposition 5.5.7 ύ Cartesian product ٠όૈӵᖄ໣΋ኬ௢ቶډคጁӭঁ໣ӝޑ௃
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.׎ Ψ൩ࢂᇥԖёૈ S1, . . . ,Sn, . . . ࣁ countable ՠࢂ S1 ×·· ·×Sn ×·· · ࣁ uncountable. ᗋԖ
N ޑ power set P(N) Ψࢂ uncountable. ӣ៝΋Π, ΋ঁ໣ӝ A ޑ power set P(A), ջࣁ A

Ԗ܌ޑ subsets .໣ӝޑԋ܌ २ӃךॺԖаΠ่݀ޑ.

Theorem 5.5.10. ଷ೛ A ΋ঁࣁ set, P(A) ࣁ A ޑ power set, ߾ |A|< |P(A)|.

Proof. Եቾڄ數 ı : A → P(A) ࣁကۓ ı(a) = {a}, ∀a ∈ A. ৒࣮ܰрࡐॺך ı : A → P(A)

ࣁ one-to-one function, ӢԜள |A| ≤ |P(A)|. аा᛾ܴ܌ |A| < |P(A)|, ൩ࢂा᛾ܴ |A| ≠
|P(A)|.

ҺՖܭॺा᛾ܴჹך function f : A → P(A) ೿όёૈࢂ onto. ऩ᛾ள೭ঁ่݀൩߄Ң
όёૈӸӧ function f : A → P(A) ࢂ one-to-one Ъ onto ,ޑ ӢԜள᛾ |A| ̸= |P(A)|. ౜ჹ
ҺՖܭ function f : A → P(A), Եቾ A ΋ঁη໣ӝޑ S = {s ∈ A | s ̸∈ f (s)}. ཀݙ S Ԗёࢂ

,໣ӝޜࣁૈ όၸόᆅ࡛ኬךॺ೿Ԗ S ∈ P(A). ॺाᇥܴόёૈӸӧ΋ঁϡનך a ∈ A ٬ள

f (a) = S. Ψ൩ࢂᇥ S ό཮ӧڄ數 f : A → P(A) ޑ image ύ, ӢԜளډ f : A → P(A) όё

ࢂૈ onto. ճҔϸ᛾ݤ, ଷ೛ a ∈ A ٬ள f (a) = S. ցࢂࢗॺᔠך a ∈ S. ଷ೛ a ∈ S, Ң߄
a ∈ f (a) (Ӣ f (a) = S), ՠ٩ S ကऩۓޑ a ∈ S Ң߄ a ̸∈ f (a), ӢԜளډҟ࣯, ޕࡺ a ̸∈ S. ό
ၸҗ a ̸∈ S, ள a ̸∈ f (a), Ξ٩ S ကளۓޑ a ∈ S ϐҟ࣯. Ψ൩ࢂᇥऩӸӧ a ∈ A٬ள f (a) = S,
཮೷ԋ a ∈ S ک a ̸∈ S ೿όёૈวғޑҟ࣯ ཀջ٬ݙ) S ,໣ӝޜࣁ ೭٩ฅόԋҥ). а᛾܌
ள S ∈ P(A) όӧ f : A → P(A) ޑ image ύ, ள᛾ f : A → P(A) όࢂ onto. �

Question 5.20. з A = {1,2,3}, Եቾ f : A → P(A) ࣁကۓ

f (1) = {1,2}, f (2) = {1,3}, f (3) = {2}.

з S = {s ∈ A | s ̸∈ f (s)}. ၂ቪΠ S ?Ֆࣁ ٠ᔠᡍ S όӧ f : A → P(A) ޑ image ύ.

Corollary 5.5.11. N ޑ power set P(N) ࢂ uncountable.

Proof. җ Theorem 5.5.10 ޕ |N| < |P(N)|, аӢ܌ cardinal number ϐ໔ࢂ΋ঁ partial
order, |P(N)| ≤ |N| όёૈԋҥ. ள᛾ P(N) ࣁ uncountable. �

Theorem 5.5.10 數學ৎࢂݤ᛾ܴБޑ Cantor .ޑගр܌ ճҔᜪ՟ޑགྷݤΨёа᛾рჴ
數܌ԋޑ໣ӝ R ࣁ uncountable.

Proposition 5.5.12. R is uncountable.

Proof. Եቾ S ࣁԖ᏾數೽ϩ܌ࣁ 0, Զλ數ᗺࡕӚՏ數ࢂ 0 ܈ 1 ໣ޑԋ܌ჴ數ޑಔԋ܌

ӝ. ӵٯ 0.1011010 ک 0.101101 ೿ࢂ S ύޑϡન. ाݙཀךॺஒ S ύޑϡન೿ቪԋคज़λ

數 (ऩࢂԖज़λ數, ࣁࣣࡕॺஒϐቪԋനך 0 .คज़ൻᕉλ數ޑ ӵٯ 0.101101 = 0.1011010).
Ψाݙཀ S ύόѝԖคज़ൻᕉλ數, ΨԖคज़όൻᕉλ數 ჴคज़όൻᕉλ數՞Αεӭځ)
數). ॺा᛾ܴך S ࢂ uncountable, аճҔ܌ S ⊆R, ёள |S| ≤ |R|, ӢԜ |R| ≤ |N| όёૈԋ
ҥ (ց߾཮೷ԋ |S| ≤ |N| .(ҟ࣯ޑ ள᛾ R ࣁ uncountable.

Ӄଷ೛ݤॺճҔϸ᛾ך S ࣁ countable. җܭ S ࣁ infinite set, ೭߄Ң S ࢂ countably
infinite. җ Theorem 5.5.3 ޕ |S| = |N|, Ψ൩ࢂᇥӸӧ΋ঁ one-to-one and onto function
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f : N→ S. ౜Եቾ S ύޑϡન s = 0.a1a2a3 . . .ai . . . , ύჹҺཀځ i ∈ N, ॺзך s ࡕλ數ᗺޑ

ಃ i Տޑॶ ai ࣁ

ai =

{
1, ऩ f (i) λ數ᗺࡕಃ i Տࣁ 0;
0, ऩ f (i) λ數ᗺࡕಃ i Տࣁ 1.

ॺाᇥܴך s όӧ f : N→ S ޑ image ύ, ΨӢԜள f : N→ S όࢂ onto ,ҟ࣯ޑ Զ᛾ளҁ
.౛ۓ ౜ӆ٬Ҕ΋ԛϸ᛾ݤ, ଷ೛Ӹӧ n ∈ N ٬ள f (n) = s. ԜਔԵቾ s ӧλ數ᗺࡕಃ n Տ

數 an. ကۓ٩ s λ數ᗺࡕಃ n Տ數཮ᆶ f (n) ಃࡕλ數ᗺޑ n Տ數࣬౦. Ԝᆶ f (n) = s ϐଷ

೛࣬ҟ࣯, ӢԶள᛾ s όӧ f : N→ S ޑ image ύ. �

Question 5.21. ၂ᇥܴค౛數܌ԋޑ໣ӝࣁ uncountable.

നךࡕॺाமፓ, ΋૓ٰᇥा௖૸΋ঁ infinite set S ࢂ countable ࢂ܈ uncountable
٠ό৒ܰ. २ӃךॺѸ໪ӃҔ΋٤ၗૻٰղᘐѬࣁ countable ࢂ܈ uncountable. ऩղᘐ
ࢂ countable, ൩Ѹ໪᛾ܴѬ, Ψ൩ډפࢂ΋ঁ S → N ޑ one-to-one function. Զऩղᘐࣁ
uncountable, ा᛾ܴࣁځ uncountable, ΋૓೿ࢂҔϸ᛾ݤ, Ψ൩ࢂᇥଷ೛ࣁځ countable,
ฅࡕளډҟ࣯. ,᛾ܴޑӵ前य़ࢂ൩ݤБޑύനதҔځ ᇥܴ܌Ԗ S → N ޑ function ೿ό཮
ࢂ onto.





Chapter 6

Axiom of Choice,
Well-ordering Theorem
and Zorn’s Lemma

Axiom of choice ჹܭε೽ϩ數學ৎ೿ᇡޔࣁ᝺ࢂჹޑ, όၸࠅёаҔѬ௢導р΋٤зΓ
᝺ளు༫ၨόӝЯޔ᝺ۓޑ౛܄܈፦, ӵٯ Well-ordering Theorem ک Zorn’s Lemma (٣
ჴ΢೭Οঁ܄፦ࢂ฻ሽޑ). ܭаჹ܌ axiom of choice ,٬Ҕޑ .᝼ݾԖ٤ࢂ όၸҗܭၸѐ
΋٤數學ޑ᛾ܴதόԾޑޕҔډ axiom of choice, ԶЪ೭ঁ axiom ޑ數學ک٬Ҕ٠ؒԖޑ
౛論೷ԋҺՖޑҟ࣯, ڙௗࢂ數學ৎޑаҞ前๊ε೽ϩ܌ axiom of choice аϷᆶځ฻ሽޑ
Well-ordering Theorem ک Zorn’s Lemma. ΨӢԜஒٰεৎӧ學ಞ຾໘ޑ΋٤數學ፐำਔ
཮ၶډሡाҔ೭Οঁ܄፦ځύϐ΋܌ளۓޑډ౛, .፦܄ॺ੝ձϟಏ೭Οঁךа܌ ाݙཀ,
ޑ฻ሽࢂ፦܄ा᛾ܴ೭Οঁࢂॺ٠όך (Ԗᑫ፪ޑӕ學ёୖԵ໣ӝ論࣬ᜢޑਜᝤ), Զࢂ๱
ख़ܭᕕှ೭Οঁ܄፦аϷӵՖၮҔ.

6.1. Axiom of Choice

Axiom of choice ໣ӝޜߚޑҺཀܭჹࢂޑࡰ S, က΋ঁۓॺ೿ёаך “Бݤ” ӧ S Һޑ

ཀޜߚη໣ύࡷр΋ঁж߄ϡન. ೭ঁ܄፦ӧ S ࢂ finite set ਔό཮Ԗୢᚒ, ӢࣁԜਔ S ޑ

,η໣ѝԖԖज़ӭঁޜߚ ϡ߄жޑη໣ޜߚᒧ؂ঁࡷ֋ນεৎӵՖݤБޑॺёаҔӈᖐך
ન. ќѦჹܭ΋٤੝ձޑ infinite set, Ψёૈؒୢᚒ. ӵ྽ٯ S ࣁ N ਔ, ܭॺёаჹך N ޑ
η໣ճҔޜߚ؂ঁ well-ordering principle, ٬Ҕᒧ least element .ϡન߄ржࡷݤБޑ όၸ
ჹ׳ܭ΋૓ޑ infinite set, ൩ёૈ཮ԖୢᚒΑ, ӢךࣁॺёૈคܴݤዴӦ೷р ”ᒧࡷ“ Бޑ
.ݤ όၸඤ΋ঁٰࡋفᇥ, ,η໣ޜߚࢂฅࡽ !ϡનୟ߄ᒧ΋ঁϡન྽жࡷॺёаҺཀך ܌
аᗨฅคݤႽ finite set ,ݤҔӈᖐݩ௃ޑ όၸԿϿᔈ၀ᗋࢂ΋ᅿ ”ᒧࡷ“ .ݤБޑ ӢԜ΋૓
ܭჹࢂ፦ѝ܄೭ঁࣁ數學ৎᇡޑ finite set ,՜Զٰۯ׎௃ޑ ሥ಄ӝޔ᝺, ΨᔈԜϦᇡѬࢂჹ
.ޑ
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ाݙཀ, 前ॊӧޜߚη໣ύҺཀࡷᒧ΋ঁϡન྽ж߄ϡનޑᇥځݤჴࢂԖज़ޑڋ. ฅࡽ
ाࡷж߄ϡન, .܄ाԖ΋ठߡ Ψ൩ࢂᇥჹܭӕ΋ঁޜߚη໣, όૈ΋Πηࡷ΋ঁϡન, ΋Π
ηΞࡷќ΋ঁϡન. ೭ᅿ΋ठ܄ճҔ function .നӝ፾Αߡၲ߄ٰ ӣ៝΋Π໣ӝ S η໣ޑ

ӝ܌ԋޑ໣ӝ, ջ܌ᒏ S ޑ power set, ॺҔך P(S) .Ң߄ٰ ॺགྷஒך P(S) ύҺ΋ঁޜߚ

η໣ A ჹᔈډ A ,΋ঁϡનࢌޑ ΋ঁډפࢂᢀᗺٰ࣮൩ޑ數ڄаҔ܌ function f ٬ளჹҺ

ཀ S η໣ޜߚޑ A ࣣԖ f (A) ∈ A. ೭΋ঁ function f , җࡷࢂܭᒧ S ύ؂΋ঁޜߚη໣ޑж

,ϡન߄ ࣁॺΨᆀϐךа΋૓܌ choice function. ௗΠٰ, ॺቪΠך axiom of choice ዴ҅ޑ
௶ॊ.

Axiom of Choice: For any nonempty set S, there exists a choice function f : P(S)\ /0 → S

such that for every nonempty subset A of S (ջ A ∈ P(S)\ /0), we have f (A) ∈ A.

ाݙཀ, ೭္ A ᗨฅࢂ΋ঁ໣ӝ, ՠ choice function ჹځբҔ܌ࡕளࢂޑ A ύޑ΋ঁϡ

ન, Զόࢂ໣ӝ. Ψ൩ࢂᇥ choice function f ࢂကୱۓޑ S ,η໣ӝޜߚޑ Զόࢂ S, ί࿤ό
ाᇤаࣁ f (A) 前΋കࢂ Section 5.2 ޑග܌ “image of A under f ”. ќѦाᇥܴࢂޑ axiom
of choice ύ໻ፋډ choice function ,܄Ӹӧޑ ٠҂論ϷӵՖډפԜ choice function. а΋܌
૓ճҔ axiom of choice ,่݀ޑள܌ ѬޑӸӧ܄೿ό཮ࢂ constructive.

前य़ගϷ, ډॺதό࿶ཀӦҔך axiom of choice. ӵӧٯ Proposition 5.5.9 ,᛾ܴύޑ ך
ॺ٣ჴ΢ҔډΑ axiom of choice. Ψ൩ࢂӧ S1, . . . ,Sn, . . . ࣁࣣ countable set ,ଷ೛΢ޑ ჹܭ
؂΋ঁ i ∈ N, җܭ |Si| ≤ |N|, ӭࡐॺ൩ӧёૈך Si → N ޑ one-to-one function ύࡷᒧΑ΋
ঁ fi : Si → N, .߄жࣁ аᝄ਱ٰᇥ܌ Proposition 5.5.9 ډाҔࢂ axiom of choice ωૈԋҥ
.ޑ നࡕ, ॺӆ࣮΋ঁճҔך axiom of choice .่݀ޑள܌

Proposition 6.1.1. ଷ೛ S ࣁ infinite set, ߾ S ύӸӧ subset ࢂ countably infinite.

Proof. ଷ೛ f : P(S) \ /0 → S ࣁ choice function. Եቾ g : N→ S, ࣁကۓ g(1) = f (S). з
S2 = S\{ f (S)},җܭ Sࣁ infinite set,ךॺԖ S2 ̸= /0,Ψ൩ࢂᇥ S2 ∈P(S)\ а܌,0/ f (S2)ࢂԖ

౜з,ޑကۓ g(2) = f (S2). ౜ճҔ數學ᘜયݤჹܭ k ≥ 2з Sk+1 = S\{ f (S), f (S2), . . . , f (Sk)}.
җ S ࣁ infinite set, ޕॺך Sk+1 ∈ P(S) \ /0, ကۓࡺ g(k+ 1) = f (Sk+1). ٩Ԝ, ကΑۓॺך
΋ঁ g : N→ S ೭ኬޑ΋ঁ one-to-one function, ΨӢԜ g ޑ image, ջ g(N) ൩ࢂ S ΋ঁޑ

countably infinite ޑ subset. �

6.2. Well-ordering Theorem

ӣ៝΋ঁ partial ordered set (X ,≼), ࣁ total ordered Ң߄ X ύҺཀঁٿϡન೿ёаК

ၨελ, ҭջऩ a,b ∈ X , ߾ a ≼ b ܈ b ≼ a, .ύϐ΋Ѹԋҥځ Զ΋ঁ poset (partial ordered
set) (X ,≼), ᆀࣁ well-ordered Ң؂΋ঁ߄ X η໣ޜߚޑ T ೿཮Ԗ least element, Ψ൩ࢂᇥ
Ӹӧ t0 ∈ T ᅈى t0 ≼ t, ∀ t ∈ T . ॺҔךـଆߡΑБࣁ min(T ) Ң߄ T ޑ least element. ᒏ܌
Well-ordering Theorem, ൩ࢂᇥჹܭ΋ঁޑޜߚ໣ӝ X , ΋ঁډפॺ೿ёаך order ≼, ٬ள
(X ,≼) ΋ঁࢂ well-ordered set.
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όाஒWell-ordering TheoremکWell-ordering Principleషౄ. Well-ordering Principle,
ᙁൂٰᇥࢂޑࡰҔךॺ΋૓ޑ order ≤ ཮٬ள (N,≤) ࢂ well-ordered set. Զ Well-ordering
Theorem, ໣ӝޜߚޑҺཀࢂޑࡰ X , ќѦѬ٠คࡰрব΋ᅿ order ≼ ཮٬ள (X ,≼) ࢂ

΋ঁ well-ordered set. ӵԖ౛數ٯ Q ճҔ΋૓ޑ ≤, ٠ό཮ࢂ well-ordered ӧݤॺคך)
{r ∈ Q | 0 < r < 1} ೭ঁ໣ӝύډפനλޑԖ౛數). όၸճҔ Q ࢂ countable (Corollary
5.5.8), ॺёаճҔך N ک Q ,ჹᔈޑ΋ჹ΋ޑ ஒ Q வཥ௨ׇ, ԶճҔԜཥޑ௨ׇளډ Q
ࣁ well-ordered. аᇥ܌ Well-ordering Theorem, ჹܭ countable set, ၰёҗޕॺך N ޑ
Well-ordering Principle ௢ள. όၸჹܭ uncountable set, Well-ordering Theorem ൩ၨᜤ
зΓ౛ှ. ٣ჴ΢ډҞ前ࣁЗ, ᡏᖐрჴ數ڀݤॺϝคך R ΢ޑ order ≼ ٬ள (R,≼) ࢂ

well-ordered.

Well-ordering TheoremΞᆀࣁ Zermelo’s Theorem,Ѭࢂ ZermeloճҔ Axiom of Choice
᛾рޑ. ӦճҔזࡐॺёаך Well-ordering Theorem ᛾р Axiom of Choice. аᡄᒠ܌
΢, Ѭॺࢂ฻ሽޑ. ӢԜךॺΨёаஒ Well-ordering Theorem ຎࢂࣁ΋ᅿ axiom (Ϧ೛).
όၸӵ前܌ᇥ, ΋૓Γޔ᝺΢ၨૈ᝺ள Axiom of Choice ,ޑჹࢂ Զޔ᝺΢ၨคݤ౛ှ
Well-ordering Theorem, ,Ϧ೛ࣁॺόᆀѬךа΋૓܌ ᝺ளѬࢂҗ Axiom of Choice ௢р܌
.౛ۓޑ .Ԅ׎౛ۓځॺ҅ԄቪΠך

Theorem 6.2.1 (Well-ordering Theorem). Let X be a nonempty set. Then there exists an
order relation ≼ on X such that (X ,≼) is well-ordered.

Well-ordered Theorem மፓࢂޑёаډפ order ≼, ٬ள (X ,≼) ࣁ well-ordered. όၸ
җܭ೭ঁӸӧࢂ܄ճҔ Axiom of Choice ,ډள܌ 前य़மፓၸҔ Axiom of Choice Ӹޑள܌
ӧ܄όࢂ constructive, а܌ Well-ordered Theorem ٠คݤගр٬ள (X ,≼) ࣁ well-ordered
set ޑ order ≼ .Ֆࣁ

ӧ೭္ךॺόѐ௖૸ӵՖҗ Axiom of Choice ளډ Well-ordering Theorem. όၸϸӛ
,ޑ৒ܰࢂ ջճҔ Well-ordering Theorem ௢ள Axiom of Choice. ჹܭҺཀޑ nonempty
set S, ճҔ Well-ordering Theorem, Եቾ order ≼ ٬ள (S,≼) ࣁ well-ordered. ԜਔჹҺ
ཀ A ∈ P(S) \ /0, з f (A) = min(A). ߾ f : P(S) \ /0 → S, ᅈى choice function ,ा؃ޑ ջ
f (A) ∈ A. ௢ளࡺ Axiom of Choice.

ԖΑ Well-ordering Theorem ೭ঁமεޑπڀ, ൩ӵӕ N Ԗ Well-ordering principle ΋
ኬ, ॺёаԖᜪ՟ך mathematical induction ࣁᆀϐݤБޑ transfinite induction. ӣ៝΋
Π Corollary 2.3.6, ा٬Ҕ mathematical induction ᛾ܴ P(n) ჹ܌Ԗ n ∈ N ࣣԋҥ, ॺך
Ӄ᛾ܴ (i) P(1) ;ޑჹࢂ ฅࡕӆ᛾ܴ (ii) ऩჹҺཀ i < k, P(i) ࣣԋҥ, ߾ P(k) ҭԋҥ. ᛾
ܴΑ (i), (ii) ᛾ளߡ P(n) ჹ܌Ԗ n ∈ N ࣣԋҥ. Զ transfinite induction ճҔࢂ (X ,≼) ࣁ

well-ordered,Ӄ᛾ܴ (1) P(min(X))ԋҥ;ӆ᛾ܴ (ii)ऩჹҺཀ α ≺ β , P(α)ࣣԋҥ,߾ P(β )
ҭԋҥ. ӵԜߡ᛾ளΑ P(x), ჹ܌Ԗ x ∈ X ࣣԋҥ. :౛௶ॊӵΠۓॺஒԜך

Theorem 6.2.2 (Transfinite Induction). ଷ೛ (X ,≼) ࣁ well-ordered set Ъз x1 = min(X).
ଷ೛аΠঁٿ statement ,ޑჹࢂ ٗሶჹҺཀ x ∈ X , P(x) ࣣ཮ԋҥ.
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(1) P(x1) ԋҥ.

(2) ଷ೛ β ∈ X . ऩჹҺཀ α ∈ X ᅈى α ≺ β , P(α) ࣣԋҥ, ߾ P(β ) ԋҥ.

Proof. ճҔϸ᛾ݤ, ଷ೛Ӹӧ x ∈ X ٬ள P(x) όԋҥ. Եቾ S = {x ∈ X | P(x) όԋҥ }. ٩
ଷ೛ S ̸= /0. җࡺ (X ,≼) ࣁ well-ordered, Ӹӧޕ β ∈ S ٬ள β = min(S). җ (1) ޕ β ̸= x0.
ΞӢ β = min(S), ჹҺཀޕॺך α ∈ X ᅈى α ≺ β , ࣣԖ α ̸∈ S, ҭջ P(α) ࣣԋҥ. җࡺ (2)
ޕ P(β ) ԋҥ. Ԝᆶ β ∈ S ϐଷ೛࣬ҟ࣯, ޕࡺ S = /0, ҭջჹҺཀ x ∈ X , P(x) ࣣԋҥ. �

Well-ordering Theorem ॺӵӕೀ౛ךёаᡣࢂӳೀ൩ޑ N ΋ኬӦೀ౛΋૓ޑ໣ӝ. ό
ၸ೭ϸԶ཮೷ԋӕ學ޑᇤှ. ೚ӭӕ學཮ᇤаࣁ΋ঁ໣ӝࢂ well-ordered, Ңёаҗനλ߄
.௨ׇۈϡન໒ޑ ऩஒനλޑϡનჹᔈډ 1, ಃΒλޑϡનჹᔈډ 2, ೭ኬ΋ޔΠѐό൩߄Ң
Ԗ܌ infinite set ೿ёаک N ,ԋ΋ჹ΋ჹᔈ׎ Զ೷ԋ܌Ԗޑ໣ӝ೿ࢂ countable ೭ኬڻޑ
?౜ຝ܁ ೭ኬځݤ࣮ޑჴࢂᒱޑ, ЬाޑচӢךࢂॺዴჴёаճҔ well-order ፦ஒ໣ӝ܄ޑ
ύޑϡનவλ௨ډε, ՠ೭٠όж߄ёаஒ؂΋ঁϡન೿௨ډ. ܭӵჹٯ N ॺёаԖаך
Πޑ order ≼: ऩ a,b ∈ N Ъӕڻӕଽ, ۓ߾ a ≼ b ऩЪ୤ऩ a ≤ b; Զऩ a 數ڻࣁ b ,ଽ數ࣁ
ۓ߾ a ≼ b. ӧԜۓကϐΠךॺϝёள (N,≼) ࣁ well-ordered set, ՠࢂऩவλډε௨ׇ, ߾
2 (ଽ數ޑҺՖ܈) ҉ᇻ೿คݤ೏௨ډ (ӢࣁѸ໪ஒڻ數Ӄ௨ֹωૈ௨ଽ數).

6.3. Zorn’s Lemma

Zorn’s Lemma ک Axiom of Choice Ψࢂ฻ሽޑ. җܭѬޑ前ᚒჹ΋૓ޑ partial ordered
set ೿ё٬Ҕ, .аၨٰܰ৾ᔈҔ܌ ΨӢԜԖ೚ӭ數學΢ۓޑ౛ࢂҔѬ௢ளޑ, ࣁ΋૓ᆀϐࡺ
Lemma. ٣ჴ΢, аࡕεৎӧၶډ಄ӝ Zorn’s Lemma ,前ᚒਔޑ ёаӵ٬Ҕ Axiom ΋ኬޔ
ௗ঺Ҕ. ॺόѐ論᛾ךа܌ Zorn’s Lemma ک Axiom of Choice Well-ordering܈) Theorem)
ϐ໔ޑ฻ሽᜢ߯, Զ஑ܭݙΑှ೭ঁ Lemma.

२Ӄךॺӧӣ៝΋٤Ԗᜢܭ order .ကۓޑ ӧ΋ঁ partial ordered set (S,≼) ύ, ଷ೛ T

ࢂ S ޑ subset Ъ T ӧ ≼ ϐΠ (T,≼) ΋ঁࢂ total ordered set (ཀջჹҺཀ t, t ′ ∈ T ࣣԖ

t ≼ t ′ ܈ t ′ ≼ T ), ॺᆀך T ࣁ (S,≼) ΋ঁޑ chain. ჹܭ S ΋ঁޑ nonempty subset S′, ॺך
ᇥ u ∈ S ࢂ S′ ΋ঁޑ upper bound, ҢჹҺཀ߄ s′ ∈ S′ ࣣԖ s′ ≼ u. Զךॺᇥ µ ∈ S ࢂ S ޑ

maximal element, Ң߄ µ ∈ S Ъ S ύؒԖҺՖϡન s ཮ᅈى µ ≼ s (Ψ൩ࢂᇥ S ύޑϡન s,
ाόࢂᅈى s ≼ µ ൩کࢂ µ όૈКၨελ). ౜ӧךॺёа௶ॊ Zorn’s Lemma.

Lemma 6.3.1 (Zorn’s Lemma). ଷ೛ (S,≼) ΋ঁࢂ partial ordered set. ऩ S ύ؂΋ঁ

chain ࣣӧ S ύԖ upper bound, ߾ S Ԗ maximal element.

வ Zorn’s Lemmaޑ௶ॊёޕ,྽ךॺा᛾ܴ΋ঁ੝ޑۓ partial ordered setԖ maximal
element, ёаԵቾ٬Ҕ Zorn’s Lemma. Ψ൩ࢂᇥ, ऩा᛾ܴ΋ঁ poset (S,≼) Ԗ maximal
element, ॺёаԵቾך S ύҺཀޑ΋ಔ chain, ฅࡕ၂๱ӧ S ύډפԜಔ chain ޑ upper
bound. ӵ݀ૈ᛾ܴ܌Ԗޑ chain ࣣӧ S ύёډפ upper bound, ٗሶ poset (S,≼) ཮Ԗ

maximal element. ाݙཀ, ೭္ךॺ੝ձமፓ, ؂΋ঁ chain ޑ upper bound Ѹ໪ӧ S ύפ

,ډ ց߾όૈዴߥ S Ԗ maximal element.
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ёа࣮р Zorn’s Lemma ϝฅࢂፋ論Ӹӧୢޑ܄ᚒ. җܭѬک Axiom of Choice аϷ
Well-ordering Theorem ,ޑ฻ሽࢂ ࢂΨό܄Ӹӧޑள܌аѬ܌ constructive. Ψ൩ࢂᇥ, ך
ॺё᛾ள maximal element ,܄Ӹӧޑ ՠคவளޕ೭٤ maximal element Ԗব٤. Zorn’s
Lemma ཮ӧஒٰ೚ӭ數學ፐำύҔډ. ,ӵж數ύٯ ा᛾ܴ؂ঁ ring ࣣӸӧ๱ maximal
ideal; ጕ܄ж數ύ, ा᛾ܴ܌Ԗޑ (infinite dimensional) vector space ࣣӸӧ΋ಔ basis, ೿
ाҔډ Zorn’s Lemma. ೭္ךॺ੝ձᖐр΋ঁதத٬Ҕ Zorn’s Lemma ,ݩ௃ޑ ٣ჴ΢前
य़܌ᖐޑ೭ٿᅿٯη൩ࢂӧ೭ᅿ௃ݩϐΠள᛾ޑ.

Proposition 6.3.2. ଷ೛ S ޑ፦܄ۓ੝ࢌԖڀҗ΋٤ࢂ sets .໣ӝޑԋ܌ Եቾ΋૓໣ӝ
х֖ᜢ߯ޑ ⊆ ޑԋ׎܌ partial ordered set (S ,⊆). ऩ S ύҺཀޑ΋ಔ chain ᖄ໣ϝӧޑ
S ύ, ӧ߾ S ύѸӸӧ΋໣ӝ M ٬ள S ύҺ΋໣ӝ S ࣣό཮ᅈى M ⊂ S.

Proof. ཀݙ S ೭΋ঁ໣ӝ္ޑϡનϝࣁ໣ӝ. ޑᡉܴࡐ S ύҺ΋ಔ chain ᖄ໣Ѹх֖ޑ
Ԝ chain ύҺ΋໣ӝ, җࡺ S ύҺཀޑ΋ಔ chain ᖄ໣ϝӧޑ S ύϐଷ೛ޕԜᖄ໣ࢂߡ

Ԝ chain ΋ঁޑ upper bound. ӢԜҗ Zorn’s Lemma ޕ (S ,⊆) Ԗ maximal element M, ҭ
ջ M ࢂ S ύޑ΋ঁ໣ӝ, ԶЪ S ύؒԖځдޑ໣ӝ཮К M “ε” (Ψ൩ࢂᇥؒԖځдޑ໣
ӝ཮х֖ M), .౛ۓள᛾ҁࡺ �

೭္ךॺा੝ձᇥܴࢂޑ, Һཀޑ΋ಔ໣ӝޑᖄ໣྽ฅх֖ځύҺ΋໣ӝ, ೚ӕ܈а܌
學཮ᅪୢࣁՖ Proposition 6.3.2 ύाଷ೛Һཀޑ΋ಔ chain ᖄ໣ϝӧޑ S ύ? ೭൩ךࢂ
ॺ前य़மፓޑाճҔ Zorn’s Lemma ؂΋ঁܭख़ᗺӧޑ chain ޑ upper bound ाӧ S ύ.
ᖄ໣ᗨё಄ӝڗаӀ܌ upper bound ,ा؃ޑ ՠёૈό಄ӝӧ S ύޑा؃. ӢԜ΋૓٬Ҕ
Proposition 6.3.2 ӵՖճҔܭख़ᗺӧޑ “chain” ,܄੝ޑ ᛾ܴஒѬॺڗᖄ໣ࡕϝ཮ӧ S ύ.
೭΋ᗺஒٰၶډҔ Zorn’s Lemma ᛾ܴୢᚒਔ, ୍Ѹ੮ཀ.


