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Chapter 1

Basic Logic

學 數學 學 言. “ ” , logic
“ ”. 學 學 ,

, 學 .
, 學 數學 .

數學 論 statement. 2 > 0 statement,
3 < 2 statement x > 0 statement ( x ).

1.1. Connectives

數 statements statement, statements connec-
tives. connectives statement .

1.1.1. And. “and” connective. connective
. P Q statement, P∧Q P and Q

statement. P∧Q ? “and” “ ”
, P Q P∧Q , P Q

, P∧Q . 2 > 0 and 2 < 7 , 2 > 0

2 > 7 .

truth table connectives statements
. T (true), F (false). true table.

P Q P∧Q
T T T
T F F
F T F
F F F

Truth table P,Q , P,Q ,
. P T, Q F P∧Q F.
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2 1. Basic Logic

P,Q P∧Q Q∧P . P∧Q

Q∧P . logically equivalent.

Truth table statements connectives
, (P∧Q)∧R truth table

P Q R P∧Q (P∧Q)∧R
T T T T T
T F T F F
F T T F F
F F T F F
T T F T F
T F F F F
F T F F F
F F F F F

Question 1.1. P∧ (Q∧R) truth table ?

(P∧Q)∧R P∧ (Q∧R) . (P∧Q)∧R P∧Q

R ; P∧ (Q∧R) Q∧R P . truth table
(P∧Q)∧R P∧ (Q∧R) logically equivalent.

1.1.2. Or. P Q statement, P∨Q P or Q statement.
“or” “ ” . “ ” :

, . “ ” , ;
105 . “ ”

105 , 105
. 數學 , “or” , P Q

P∨Q ( P Q ). 言 , P Q

, P∨Q .

, 4 < 5 or 4 < 3 statement , 4 < 5 . 4 > 5 or 4 > 6

statement , . 4 < 5 or 4 > 3 statement
, and , , .

P∨Q truth table.
P Q P∨Q
T T T
T F T
F T T
F F F

Question 1.2. P∨Q Q∨P logically equivalent? (P∨Q)∨R P∨ (Q∨R)

logically equivalent?

and, or connectives, . P,Q,R statements
(P∧Q)∨R, (P∨Q)∧R,... statements.
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? (P∧Q)∨R (P∧Q) R . R ,
(P∧Q)∨R , R P,Q , (P∧Q)∨R . ,

(P∧Q)∨R P∧ (Q∨R) logically equivalent. P∧ (Q∨R)

P Q∨R . R , Q Q∨R ,
P P∧ (Q∨R) . R , (P∧Q)∨R ,
(P∧Q)∨R P∧ (Q∨R) logically equivalent. truth

table logically equivalent.
P Q R P∧Q (P∧Q)∨R
T T T T T
T F T F T
F T T F T
F F T F T
T T F T T
T F F F F
F T F F F
F F F F F

P Q R Q∨R P∧ (Q∨R)
T T T T T
T F T T T
F T T T F
F F T T F
T T F T T
T F F F F
F T F T F
F F F F F

, (P∨R)∧ (Q∨R) truth table, (P∧Q)∨R (P∨R)∧
(Q∨R) logically equivalent.

P Q R P∨R Q∨R (P∨R)∧ (Q∨R)
T T T T T T
T F T T T T
F T T T T T
F F T T T T
T T F T T T
T F F T F F
F T F F T F
F F F F F F

Question 1.3. truth table (P∨Q)∧R (P∧R)∨ (Q∧R) logically
equivalent.

truth table logically equivalent. logic
logical equivalences .

connectives truth table . 論 logical equivalences
, logical equivalences.

“or” 數學 ≥ ≤. 數學 x ≥ y x > y or x = y,
4 ≥ 3 statement or . 4 ≤ 5, .

1.1.3. If - Then. 數學 connective 學

connective, . P Q statement, P ⇒ Q if P

then Q statement, P Q . P ⇒ Q 數學

. , 數學 P ⇒ Q P,Q (
P,Q ). P,Q statement, x 數 “ ”.
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⇒ connective P,Q ( ). 數學

“if x > 3 then x2 > 9” statement ( x > 3 x2 > 9 statement,
if-then , statement). x > 3 x2 > 9 .

“if 3 > 2 then 2 is even” statement ( 3 > 2 2 數 ).
P ⇒ Q 前, 數學 論 論 .

數學 , if P then Q “ P , Q ”. ( :
statement, , .) ,
if P then Q P , Q . P ,

Q . 數學 論 if P then Q P , Q

“ ”, P . if P then Q

P,Q statements connective , if P then Q

statement, P,Q P ⇒ Q .
P ⇒ Q Q ⇒ P 數學 . 學 P ⇒ Q Q ⇒ P.

, P ⇒ Q P Q , P

Q . if x > 3 then x2 > 9, x ≤ 3 x2 > 9.
Q P . 言 , P ⇒ Q Q ⇒ P.

if P then Q , P ⇒ Q Q ⇒ P

equivalent.

Question 1.4. P Q . Q ,
言 P ?

P ⇒ Q . 前 數學 , P,Q

statements , P Q , P ⇒ Q ,
P ⇒ Q . P Q , P ⇒ Q ,

P ⇒ Q . P , P ⇒ Q ? P ⇒ Q 論

P , Q , P , Q 前 P ⇒ Q ,
P ⇒ Q . 2 > 3 22 > 9 , 前

if x > 3 then x2 > 9 statement. , −4 > 3 , (−4)2 > 9

, 前 if x > 3 then x2 > 9 statement. 言 , P ⇒ Q

truth table.
P Q P ⇒ Q
T T T
T F F
F T T
F F T

Question 1.5. truth table Q ⇒ P P ⇒ Q logically equivalent?
(P ⇒ Q)⇒ R P ⇒ (Q ⇒ R) logically equivalent?

學 P ⇒ Q , “if and only if”
connective .
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P ⇒ Q . if P then Q ,

• Q if P

• P implies Q

• P is sufficient for Q ( P Q )

• Q is necessary for P ( Q P )

• P only if Q ( Q P )

• Q whenever P ( P Q )

1.1.4. If and Only If. P ⇒ Q Q ⇒ P and , (P ⇒ Q)∧ (Q ⇒ P),
“P if and only if Q”, P ⇔ Q .

數學 P ⇔ Q . 數學 P ⇔ Q P ⇒ Q

Q ⇒ P. P Q , Q P . P,Q

. 言 , P ⇔ Q Q P

Q P ( P Q ).
P ⇔ Q “P Q ” ( P Q) .

P ⇔ Q . 前 數學 ,
P ⇔ Q P Q Q P . . P,Q

. P ⇔ Q P Q

. P ⇔ Q truth table.
P Q P ⇔ Q
T T T
T F F
F T F
F F T

Question 1.6. P ⇒ Q Q ⇒ P truth table P ⇔ Q truth table.

Question 1.7. P ⇔ Q Q ⇔ P logically equivalent? (P ⇔ Q)⇔ R P ⇔ (Q ⇔ R)

logically equivalent?

P ⇔ Q , 數學 , .
P ⇔ Q P , Q , P ⇒ Q .

, (P ⇒ Q)∧ (Q ⇒ P) P ⇔ Q, P,Q , P ⇔ Q ,
P ⇒ Q Q ⇒ P . P,Q , P ⇒ Q .

P Q , Q ⇒ P , P ⇒ Q P ⇔ Q .
P ⇒ Q , 導 P ⇒ Q, Q ⇒ P P ⇔ Q truth table (

equivalent), 前 數學 P ⇒ Q Q ⇒ P , P Q ,
P ⇒ Q .

P ⇔ Q . P if and only if Q ,
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• P iff Q

• P is equivalent to Q

• P is necessary and sufficient for Q

1.2. Logical Equivalence and Tautology

前 logical equivalence . logical equivalence
導 logical equivalences. Truth table

logical equivalence .

. P,Q statements , P∧Q Q∧P

statements ( ), P∧Q Q∧P logically
equivalent . P,Q 數 , statement

, P∧Q P,Q , P∧Q statement
. , ( ) P,Q ,

connectives “statement form”, P∧Q Q∧P

statement forms logically equivalent. “∼” statement forms
logically equivalent, (P∧Q)∼ (Q∧P).

logical equivalence : logically equivalent
statement forms 數 statement form , logical

equivalence. (P∧Q)∼ (Q∧P), P P ⇒ Q

((P ⇒ Q)∧Q)∼ (Q∧ (P ⇒ Q)).

, logically equivalent statement forms truth
table, 數 statement forms
truth table. , 數 ( ) logically equivalent

statement forms , statement forms logically equivalent.
(P∧Q)∼ (Q∧P) (R∨S)∼ (S∨R), (P∧Q)∼ (Q∧P) P R∨S

, P S∨R

((R∨S)∧Q)∼ (Q∧ (S∨R)).

, statement forms A,B logically equivalent B

statement form C logically equivalent, A C logically equivalent.
((P∧Q)∨R)∼ ((Q∧P)∨R), ((Q∧P)∨R)∼ (R∨ (Q∧P)),

((P∧Q)∨R)∼ (R∨ (Q∧P)).

truth table .

truth table statement forms
logically equivalent. logically equivalent “ ” . 前
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學 logical equivalences, ∧ ∨ ,

(P∧Q)∼ (Q∧P), (P∨Q)∼ (Q∨P) (1.1)

∧ ∨ ,

((P∧Q)∧R)∼ (P∧ (Q∧R)), ((P∨Q)∨R)∼ (P∨ (Q∨R)) (1.2)

∧,∨ ,

((P∧Q)∨R)∼ ((P∨R)∧ (Q∨R)), ((P∨Q)∧R)∼ ((P∧R)∨ (Q∧R)) (1.3)

導 logical equivalences .

Example 1.2.1. (P∧Q)∨ (P∨Q) statement form. (1.3)
((P∧Q)∨R)∼ ((P∨R)∧ (Q∨R)), R P∨Q ,

(P∧Q)∨ (P∨Q)∼ ((P∨ (P∨Q))∧ (Q∨ (P∨Q))). (1.4)

(P∨ (P∨Q))∼ ((P∨P)∨Q) (Q∨ (P∨Q))∼ (Q∨ (Q∨P))∼ ((Q∨Q)∨P)

((P∨ (P∨Q))∧ (Q∨ (P∨Q))∼ (((P∨P)∨Q)∧ ((Q∨Q)∨P)). (1.5)

(P∨P)∼ P (P∧P)∼ P,

(((P∨P)∨Q)∧ ((Q∨Q)∨P))∼ ((P∨Q)∧ (Q∨P))∼ (P∨Q). (1.6)

(1.4), (1.5), (1.6),

((P∧Q)∨ (P∨Q))∼ (P∨Q).

statement form truth table , statement form
tautology. . P ⇔ P truth table

P P ⇔ P
T T
F T

,

P ⇔ P tautology.

Question 1.8. P ⇒ P tautology? P ⇒ (P ⇒ P) tautology?

Tautology , .
logically equivalent. statement forms A,B logically equivalent ,

A,B , A ⇔ B . A ⇔ B tautology. , A ⇔ B

tautology , A,B , truth table. A ∼ B.
.

Proposition 1.2.2. A,B statement forms. A B logically equivalent
A ⇔ B tautology.
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前 , A ∼ B A ⇔ B tautology ( A ∼ B

A ⇔ B tautology), A ⇔ B tautology A ∼ B. Proposition 1.2.2
A ∼ B A ⇔ B tautology.

Question 1.9. A,B statement forms. A ∼ B A ⇒ B tautology?
A ⇒ B tautology A ∼ B?

Question 1.10. A,B,C statement forms. A ⇔ B B ⇔C tautology,
A ⇔C tautology?

tautology contradiction ( ). statement form
. contradiction, “not” .

Question 1.11. A,B statement forms.

(1) A tautology, (A∧B)∼ B A∨B tautology.

(2) A contradiction, (A∨B)∼ B A∧B contradiction.

1.3. Not and Contradiction

“not” not equivalences. 前 ,
. , ,

.

Not , statement P, ¬P, not P,
“ P”. P , ¬P . , P , ¬P .

¬P truth table.
P ¬P
T F
F T

.

,
P ∼ ¬(¬P). (1.7)

Not P , connectives statement not ,
. ¬(P∧Q), (¬P)∧ (¬Q),

truth table
P Q P∧Q ¬(P∧Q)

T T T F
T F F T
F T F T
F F F T

P Q ¬P ¬Q (¬P)∧ (¬Q)

T T F F F
T F F T F
F T T F F
F F T T T

, P Q P Q , ¬(P∧Q) (¬P)∧ (¬Q) . ,
truth table,

¬(P∧Q)∼ (¬P)∨ (¬Q). (1.8)
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數學 . 0 ≤ x ≤ 1, x ≤ 1 and
x ≥ 0. , x > 1 or x < 0. 數 x P x ≤ 1

statement, Q x ≥ 0, ¬P, ¬Q x > 1, x < 0. 0 ≤ x ≤ 1 P∧Q

x > 1 or x < 0 (¬P)∨ (¬Q). ¬(P∧Q) (¬P)∨ (¬Q) logically
equivalent, (¬P)∧ (¬Q) ( x > 1 and x < 0 ).

statement form logically equivalent not.
(1.8) P, Q ¬P ¬Q ,

¬((¬P)∧ (¬Q))∼ (¬(¬P))∨ (¬(¬Q)).

¬(¬P)∼ P,

¬((¬P)∧ (¬Q))∼ (P∨Q).

not,

¬(P∨Q)∼ (¬P)∧ (¬Q). (1.9)

x ≥ 0 , x < 0. P, Q x > 0, x = 0, x ≥ 0

P∨Q. ¬P x ≤ 0, ¬Q x ̸= 0. (¬P)∧ (¬Q) x ≤ 0 and x ̸= 0, x < 0

x ≥ 0 .

(1.7), (1.8), (1.9) 導 not statement forms logical equiva-
lence . (1.8), (1.9) DeMorgan’s laws.

, statement form ¬(P ⇒ Q) logically equivalent ?
P ⇒¬Q, truth table , P P ⇒ Q

P ⇒¬Q , P . ¬(P ⇒ Q) P ⇒¬Q

logically equivalent, .

Question 1.12. x≥ 0⇒ x≥ 1 數 x, x≥ 0⇒ x< 1

數 x. ?

P ⇒ Q P , , .
, A, B statement form A tautology, ¬(A ⇒ B) A ⇒¬B logically

equivalent. , A , A ⇒ B B

.

Question 1.13. x2 ≥ 0 ⇒ x > 0 數 x, x2 ≥ 0 ⇒
x ≤ 0 數 x. ?

¬(P ⇒ Q) logically equivalent, P ⇒ Q.
P ⇒ Q P Q . Q , P

. Q , P . Q∨¬P statement
form. truth table
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P Q ¬P Q∨¬P
T T F T
T F F F
F T T T
F F T T

(P ⇒ Q)∼ (Q∨¬P). (1.10)

(Q∨¬P) ∼ ((¬P)∨Q) ¬(¬Q) ∼ Q, (P ⇒ Q) ∼ ((¬P)∨¬(¬Q)),
(1.10) ((¬P)∨¬(¬Q))∼ ((¬Q)⇒ (¬P)),

(P ⇒ Q)∼ ((¬Q)⇒ (¬P)). (1.11)

P ⇒ Q , Q P , .

(1.10), ¬(P ⇒ Q)∼ ¬(Q∨¬P). DeMorgan’s laws

¬(Q∨¬P)∼ ((¬Q)∧¬(¬P))

¬(P ⇒ Q)∼ (P∧ (¬Q)). (1.12)

(1.10), (1.11), (1.12) “ P Q” 論 logical
equivalences.

(1.10) , statement form logical equivalence
¬,∧,∨ . P ⇔ Q ,

(P ⇔ Q)∼ (Q∨ (¬P))∧ (P∨ (¬Q)). (1.13)

∧,∨ ( (1.3))

(P ⇔ Q)∼ (P∧Q)∨ ((¬P)∧ (¬Q)). (1.14)

DeMorgan’s laws, (1.7), ∧,∨ ( (1.1),(1.2),
(1.3)), 導 statement form not logical equivalence. (1.13)
not

¬(P ⇔ Q)∼ ((¬Q)∧P)∨ ((¬P)∧Q).

, (1.14) Q ¬Q ,

¬(P ⇔ Q)∼ (P ⇔¬Q).

A statement form , ¬A A , A ⇔ ¬A truth
table , A ⇔¬A contradiction. , B statement form

A ⇔ B contradiction, A B , B ∼ ¬A.
Proposition 1.2.2 .

Proposition 1.3.1. A,B statement forms. ¬A B logically equivalent
A ⇔ B contradiction.
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1.4. Quantifiers

statement connective not
, statement form . statement,
, . 數學 statement quantifier

( ) , . quantifiers,
.

數學 quantifiers :

• “for all”, “for every” ( ), ∀ .

• “there exists”, “there is” ( , ), ∃ .

• “there is a unique” ( ), ∃! .

∃! , 論 , ∀ ∃.
, 論 quantifiers .

數 數 , 數 數

. quantifiers , .
數. ∀x ∃x, for all x in

R there exists an x in R, 數 .

: ∀x, x2 ≥ 0. 數 x x2 ≥ 0.
statement , 數 x , . statement

“∀x, P(x)”. P(x) x ( P(x) x2 ≥ 0).
x P(x) . statement x ,

. ∀x, x2 > 0 (x = 0 ).

, “∃x, P(x)” , x P(x) . statement ,
x P(x) . , ,

, ( there exists ). ∀x, x2 > 0

, ∃x, x2 > 0 ( x = 1, ).

∀ ∃ , “∀x, P(x)” , “∃x, P(x)” (
x ). . x P(x), x

P(x). ∀ ∃ . “∀x, P(x)” ,
? 前 “∀x, P(x)” x P(x) ,

, x P(x) . ∃x, ¬P(x). 前 ∀x,
x2 > 0 , ∃x, x2 ≤ 0.

學 “∀x, P(x)” “∀x, ¬P(x)”. “∀x, ¬P(x)”
“∀x, P(x)” . “∀x, P(x)” , “∀x, ¬P(x)” .

“∀x, P(x)” “∀x, ¬P(x)”. ∀x, x2 > 0 , ∀x, x2 ≤ 0 ,
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∃x, x2 ≤ 0 . , . 言 logical equivalence

¬(∀x,P(x))∼ (∃x,¬P(x)). (1.15)

“∃x, P(x)”, x P(x) . x

P(x), ∀x, ¬P(x). , 學 “∃x, P(x)” “∃x,
¬P(x)”. , x P(x) x P(x).

“∃x, ¬P(x)” “∃x, P(x)”. 言 logical equivalence

¬(∃x,P(x))∼ (∀x,¬P(x)). (1.16)

Question 1.14. (1.15) logical equivalence 導 (1.16).

Quantifier 數 , 數 ,
數 數 . 數 , “∀x,∃y,P(x,y)”
statement, P(x,y) x,y . , 數 f (x) x = a

l ( limx→a f (x) = l) “∀ε > 0,∃δ > 0,0 < |x−a|< δ ⇒ | f (x)− l|< ε”
數 . statement.

(1)∀x,∃y,P(x,y) (2)∃x,∀y,P(x,y) (3)∀x,∀y,P(x,y) (4)∃x,∃y,P(x,y).

(1) : x y P(x,y) . x ,
y, y , x . ∀x,∃y,x+ y = 0

statement . x, y x+ y = 0. y x

, y =−x. x = 1 y =−1, x = 2 y =−2. x,y ,
.

(2) : x y P(x,y). x ,
y, x , y . ∃x,∀y,x+ y = y

statement . x y x+ y = y. x

, x = 0. (1) ∀x,∃y,x+ y = 0 statement
, ∀x ∃y ∃y,∀x,x+ y = 0 statement .

y x x+ y = 0. , ,
“∀x,∃y,P(x,y)” “∃y,∀x,P(x,y)” ∀x ∃y ,

.

Question 1.15. ∃x,∀y,x+ y = y statement , ∀y,∃x,x+ y = y,
? ∀x,∃y,x+ y = y ∃y,∀x,x+ y = y, ?

Question 1.16. f (x,y),g(x,y) 數 . “∀x,∃y, f (x,y) = 0”
“∃y,∀x,g(x,y) = 0” . f (x,y) = 0 g(x,y) = 0

, x = 101 ?

(3) (4) . (3) x, y P(x,y)

. , (x,y) P(x,y) ,
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∀x ∀y statement. (4) x y

P(x,y). , (x,y) P(x,y) .
∃x ∃y statement. x = 3 , y = 7

P(3,7) , y = 7 , x = 3 P(x,y) . 言

(3), (4) 數 quantifier , x,y . (3) ∀x,y,
P(x,y), (4) ∃x,y, P(x,y).

數 statement quantifier . (1)
, “∀x,∃y,P(x,y)”. , “∃y,P(x,y)” H(x) .

statement ∀x,H(x). (1.15), ∃x,¬H(x).
(1.16) ¬H(x)∼ (∀y,¬P(x,y)),

¬(∀x,∃y,P(x,y)) ∼ (∃x,∀y,¬P(x,y)).

¬(∃x,∀y,P(x,y)) ∼ (∀x,∃y,¬P(x,y))

¬(∀x,∀y,P(x,y)) ∼ (∃x,∃y,¬P(x,y))

¬(∃x,∃y,P(x,y)) ∼ (∀x,∀y,¬P(x,y)).

前 , 數 f (x) limx→a f (x) = l

∃ε > 0,∀δ > 0,¬(0 < |x−a|< δ ⇒ | f (x)− l|< ε).

(1.12)

¬(0 < |x−a|< δ ⇒ | f (x)− l|< ε) ∼ ((0 < |x−a|< δ )∧ (| f (x)− l| ≥ ε)).

limx→a f (x) = l

∃ε > 0,∀δ > 0,(0 < |x−a|< δ )∧ (| f (x)− l| ≥ ε).

, ∀ ∃ . , ∀x.
x ≥ 3 ⇒ x2 ≥ 9, statement ∀x,x ≥ 3 ⇒ x2 ≥ 9. ,

statement 數 x . 數 x, x ≥ 3,
x2 ≥ 9. x < 3, x ≥ 3 前 , x ≥ 3 ⇒ x2 ≥ 9

. ∀x,x ≥ 3 ⇒ x2 ≥ 9 ( P P ⇒ Q

, 學 ). ∃x , ∀x ∃x

. 言 , x P(x) Q(x) statement ,
∀x,P(x)⇒ Q(x) , ∀x P(x)⇒ Q(x) . x

P(x) Q(x) , ∃x. , ∃x ,
∃x,P(x)⇒ Q(x) , ∃x,P(x)∧Q(x) . , ∃x,P(x)⇒ Q(x)

x P(x)⇒ Q(x) , P(x) x P(x)⇒ Q(x) .
x P(x), ∃x,P(x)⇒ Q(x) , x

P(x) Q(x) . 3 數 x, x2 = 10
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∃x,(x > 3)∧ (x2 = 10) ( x =
√

10), ∃x,(x > 3)⇒ (x2 = 10) ( x = 2

).

Question 1.17. f (x,y) 數 . 數 a > 0 f (a,y) = 0

statement, 數學 ? statement .



Chapter 2

Methods of Proof

學 , 學 . .
, ,

.

2.1. IF-Then

數學 P ⇒ Q statement. statement,
direct method, contrapositive method contradiction method .

2.1.1. Direct Method. direct method , P

Q . ( , P , Q ). P ⇒ Q

, P , . .

Example 2.1.1. p,a,b 數. if p | a and p | b, then p | a+b.

Proof. p | a, p | b, 數 m,n a = pm,b = pn.

a+b = pm+ pn = p(m+n).

m+n 數, p | a+b. �

, .
P ⇒ Q, P ⇒ R R ⇒ Q, P ⇒ Q .

P ⇒ R, P R , R ⇒ Q R Q ,
P Q , P ⇒ Q. .

Example 2.1.2. a 數 a ̸= 1. x,y 數 ax = ay, x = y.

Proof. 數 y, ay ̸= 0, ax = ay, ay ax−y = 1.
數 z, az = 1, z = 0, x− y = 0, x = y. �

15
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, (ax = ay)⇒ (ax−y = 1), (ax−y = 1)⇒ (x = y)

(ax = ay)⇒ (x = y). , a 數 a ̸= 1,
az = 1, z = 0. direct method , contradiction
method .

direct method , P ,
Q. proof in cases. .

Example 2.1.3. x 數. if x2 −3x+2 < 0, then 1 < x < 2.

Proof. x2 −3x+2 = (x−1)(x−2)< 0, 2 ,

(1) (x−1)< 0 and (x−2)> 0;

(2) (x−1)> 0 and (x−2)< 0.

(1) x < 1 x > 2. 數 x x < 1 x > 2, (1)
, (2), x > 1 x < 2. 1 < x < 2. �

, , 學 (1), (2)
x2−3x+2 < 0 ? . : x x2−3x+2 < 0,

x (1) (2). (1) (2) , x x2−3x+2< 0,
x (2). x (2) x2 −3x+2 < 0, (1),

if 1 < x < 2, then x2 −3x+2 < 0, if x2 −3x+2 < 0, then 1 < x < 2. .

Question 2.1. x 數.

(1) “If x2 −3x+2 < 0, then 0 < x < 3.” “If x2 −3x+2 < 0, then 1.3 < x < 1.7.”
statements ?

(2) “If 0 < x < 3, then x2 −3x+2 < 0.” “If 1.3 < x < 1.7, then x2 −3x+2 < 0.”
statements ?

2.1.2. Contrapositive Method. (¬Q)⇒ (¬P) P ⇒ Q statement con-
trapositive statement. , P ⇒ Q (¬Q)⇒ (¬P) logically equivalent
( (1.11)). P ⇒ Q (¬Q)⇒ (¬P) . ,
(¬Q)⇒ (¬P) P ⇒ Q .

P ⇒ Q , P , ¬Q

contrapositive method. (¬Q)⇒ (¬P).
. , 導

, statement , contrapositive statement .
contrapositive method . .

Example 2.1.4. x,y 數. if x ̸= y, then x3 ̸= y3.
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, f (x) = x3 , .
. contrapositive method , ¬(x3 ̸= y3) (

x3 = y3), ¬(x ̸= y) ( x = y).

Proof. contrapositive method, x3 = y3, 0 = x3 − y3 = (x− y)(x2 + xy+ y2).

x2 + xy+ y2 = (x+
1
2

y)2 +
3
4

y2.

x2 + xy+ y2 > 0, x = 0 and y = 0 ( x = y). (x− y)(x2 + xy+ y2) = 0

x− y = 0, x = y. if x ̸= y, then x3 ̸= y3. �

statement x , x ,
contrapositive method . .

Example 2.1.5. x 數. if x2 is even ( 數), then x is even.

Proof. contrapositive method, x 數, x2 數. x 數, x

x = 2n+1, n 數. x2 = (2n+1)2 = 4n2 +4n+1 = 2(2n2 +2n)+1

數. �

Question 2.2. x,y 數. contrapositive method if x+ y is even, then x

and y are both even or odd ( 數).

proof in cases , contrapositive method . Example
2.1.3 contrapositive method . , ¬(1 < x < 2) ( x ≥ 2 or
x ≤ 1) ¬(x2 −3x+2 < 0) ( x2 −3x+2 ≥ 0). .

Example 2.1.6. x,y,a 數. if xy = a, then x ≤
√

a or y ≤
√

a.

Proof. contrapositive method, ¬((x ≤
√

a)∨ (y ≤
√

a)) ( x >
√

a and y >
√

a)
¬(xy = a) ( xy ̸= a). x,y,a , x >

√
a and y >

√
a xy > (

√
a)2 = a,

xy ̸= a. �

Question 2.3. x,y,a 數. if xy = a, then x ≥
√

a or y ≥
√

a ?
, Example 2.1.6, ?

2.1.3. Contradiction Method. (1.10) P ⇒ Q Q∨¬P logically
equivalent. , Q∨¬P P ⇒ Q. Q∨¬P “ ”

, 前 proof in cases, . ¬(P ⇒ Q),
(¬Q)∧P logically equivalent ( (1.12)). (¬Q)∧P

, P ⇒ Q . contradiction method ( ).

Contradiction method , (¬Q) P , 導

statement . (¬Q) P , P ⇒ Q.
P ¬Q , 導,
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direct method P , contrapositive method ¬Q . ,
direct method contrapositive method 導 ( P 導 Q

¬Q 導 ¬P), 導 “ ” .

P ⇒ Q , P ¬Q

, P ¬Q contradiction method.
.

Example 2.1.7. r 數, if r2 = 2, then r is irrational ( 數).

數 數, direct method.
contrapositive method r 數, r2 ̸= 2 . 前

導 , contradiction method .

Proof. , r 數 r2 = r, . r 數,
r r = (m/n), m,n 數. m,n 數, 2,

, m,n 數. r2 = 2, m2 = 2n2, Example
2.1.5 m 數. m m = 2m′, m′ 數. 4m′2 = 2n2,
n2 = 2m′2. Example 2.1.5 n 數. m,n 數

. if r2 = 2, then r is irrational. �

Example 2.1.7 , r = (m/n) 2 ,
. contradiction method “ ”.

Example 2.1.2 , , a ̸= 1 數 , z

數 az = 1, z = 0. contradiction method statement.

Example 2.1.8. a ̸= 1 數. z 數 az = 1, z = 0.

, z ̸= 0 az = 1 . ?
statement a = 1 前 ( ), a ̸= 1.

Proof. contradiction method, z ̸= 0 az = 1. z ̸= 0, 1/z

, (az)1/z = a az = 1,

a = (az)1/z = 11/z = 1.

a ̸= 1 , az = 1, z = 0. �

2.1.4. If and Only If . P ⇔ Q P ⇒ Q Q ⇒ P.
, 導 P ⇒ Q ,

P ⇔ Q. , ,
, P ⇔ Q. , 導

. P ⇔ Q P ⇒ Q Q ⇒ P

.
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a 數 “a2 數 ⇔ a 數”, ⇐ .
a = 2n, n 數, a2 = (2n)2 = 4n2 數. 導 ,

. a2 數, a2 4n2 ? ⇒
導 ( Example 2.1.5 ).

(P ⇒ Q)∼ ((¬Q)⇒ (¬P)) (Q ⇒ P)∼ ((¬P)⇒ (¬Q)) P ⇔ Q (¬P)⇔
(¬Q) logically equivalent. 學 P ⇔ Q , (¬P)⇔
(¬Q). , . a,b 數,

“ab is even ⇔ a is even or b is even” “ab is odd ⇔ a and b are odd”
. , , .

學 (¬Q)⇒ (¬P) P ⇒ Q. ,
, . statement ,

前 . , .
, ?

數學 statement:

The following are equivalent. (1)P; (2)Q; (3)R.

( P,Q,R , ).

P ⇔ Q, Q ⇔ R and R ⇔ P.

, “ ” ⇒ .

P ⇒ Q, Q ⇒ R and R ⇒ P

. Q ⇒ P , Q ⇒ R R ⇒ P , R ⇒ Q , R ⇒ P

P ⇒ Q . P ⇒ R , P ⇒ Q Q ⇒ R . ,
,

R ⇒ Q, Q ⇒ P and P ⇒ R.

, P ⇔ R ,

P ⇔ Q and Q ⇔ R

. P ⇒ R , P ⇒ Q Q ⇒ R , R ⇒ P , R ⇒ Q

Q ⇒ P . , , 導 , statement
. 前 statement 導 statement, .

2.2. Existence and Uniqueness

Existence , uniqueness . 數

學 . , existence uniqueness .
. , . ,
論 existence uniqueness .
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2.2.1. Existence. existence . constructive
method . nonconstructive method
論 導 , .

數 x 6x2 −x−1 = 0. 6x2 −x−1 (2x−1)(3x+1)

x = 1/2 ( x = −1/3) 數 6x2 − x−1 = 0. construct
method. 數 f (x) = 6x2 − x−1, f (0) = −1 < 0 f (1) = 4 > 0.

數 數 數 , f (x) = 0 0 < x < 1

, . , x

6x2 − x−1 = 0, nonconstructive method. .

Example 2.2.1. there exists irrational numbers a,b such that ab is rational.

Proof. Constructive Method: a =
√

2 b = log2 9. a 數.
b 數. m,n 數 log2 3 = n/m.

2m = 3n, 3 數 數, . b = log2 9 數.

ab = 2
1
2 log2 9 = 2log2 3 = 3,

數 a,b ab 數.

Nonconstructive Method: a′ =
√

2 b′ =
√

2. a′,b′ 數.
c = (a′)b′ . c 數, a =

√
2,b =

√
2 . c 數, a = c,b =

√
2,

ab = (
√

2
√

2
)
√

2 =
√

2
2
= 2.

數 a,b ab 數. �

nonconstructive method
√

2
√

2
數.

a = b =
√

2 a =
√

2
√

2
,b =

√
2 ,

, nonconstructive method.
√

2
√

2
數,

a =
√

2
√

2
,b =

√
2 constructive method.

√
2
√

2
數 (

). , , nonconstructive
method .

Question 2.4. , construct method there exists
irrational numbers a,b such that ab is rational.

constructive method ,
, .

, 學 導 ,
. 學 , . 導 ,

, 導 “ ”. , 導 “ ”
, , , , (
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P Q ). ,
, . .

Example 2.2.2. 數 x
√

3−2x = x−2?

, 3−2x = x2 −4x+4, x2 −2x+1 = 0. x = 1.
, x = 1. x = 1 , 數

. x = 1 , 1 =−1 . 數 x
√

3−2x = x−2.

nonconstructive method , . 前

數 數 x 6x2 − x−1 = 0.
, .
, pigeonhole principle ( ). “Dirichlet’s drawer principle”,

pigeonhole principle .

Theorem 2.2.3 (Pigeonhole Principle). n 數. n n

. , .

Proof. , constructive method. , statement
,

n n , n

. . �

pigeonhole principle . ,
, . 6 數, 數 5

數 . 6 數 6 , 0 4 . 5

數 0 0 , 數 1 1 , . 數 6

數 5, , . 數

5 數 .

. 16 數, 4

數 5 數. 數 5 數 0,1,2,3,4 3 ,
數 15 , 16 數 .

Theorem 2.2.3 , .

Theorem 2.2.4. k,n 數. n kn .
, k .

Question 2.5. Theorem 2.2.4

, 數 數 ( ).
數 數 .

數 數 . ,
.
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2.2.2. Uniqueness. 前 .
. , ,

. Example 2.2.2 x x = 1 ,
. , .

. 前 ,
. ,

. R2 .

Example 2.2.5. R2 −→
O R2 −→

V
−→
V +

−→
O =

−→
V , −→

O .

(1) : −→
O = (x,y), −→

V = (a,b) ∈ R2. −→
O

−→
V +

−→
O =

−→
V ,

(a,b) + (x,y) = (a+ x,b+ y) = (a,b). a+ x = a,b+ y = b,
x = 0,y = 0. −→

O , (0,0).

(2) : −→
O ,

−→
Q ∈ R2 −→

O ̸=−→
Q

−→
V ∈ R2,

−→
V +

−→
O =

−→
V (2.1)

−→
V +

−→
Q =

−→
V (2.2)

−→
Q =

−→
V (2.1) −→

Q +
−→
O =

−→
Q . −→

O =
−→
V (2.2)

−→
O +

−→
Q =

−→
O . −→

Q +
−→
O =

−→
O +

−→
Q , −→

Q =
−→
O . −→

O ̸=−→
Q ,

.

Question 2.6. −→
V ∈ R2 : R2 −→

W
−→
V +

−→
W =

−→
O , −→

W .

Example 2.2.5 , −→
O , −→

O = (0,0).
, −→

O = (0,0) , . .
. , .

數學 , .
.

Example 2.2.6. 數 r , r3 = 3, 數 r .

Proof. Example 2.1.4 , x,y 數 x ̸= y, x3 ̸= y3.
r ∈ R , r3 = 3 s ̸= r 數 s3 = 3, Example 2.1.4

3 = s3 ̸= r3 = 3. 數 s s3 = 3. �

Example 2.2.6 x ̸= y , x,y ,
. . , Example 2.2.6

數 r r3 = 3, . ,
數 ( 數 f (x) = x3 ) .

31/3 r3 = 3 數 r.
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2.3. Mathematical Induction

“數學 ”. 數學 數

axiom ( ), 論 . 數學

. 數學 , , ,
.

數學 論 axiom ( ). 數學

前, well-ordering principle. ,
前 . well-ordering principle

. , .

well-ordering “ ” ,
數 , .

principle ( ) ! , 數 1 , .
. ,

, .

, 數學 .

Theorem 2.3.1 (Mathematical Induction). statement

(1) P(1)

(2) k ∈ N P(k) , P(k+1)

數 n, P(n) .

Proof. 數 n P(n) , .
(1), (2) 數 n, P(n) .

數 n, P(n) , 數 n, P(n) .
P(n) 數 n . , well-ordering

principle , 數 m P(m) . (1) P(1) ,
m ̸= 1. m 1 數. m−1 數 m−1 < m, m

P(m) 數 P(m−1) . (2) , P(m−1) ,
P((m−1)+1) = P(m) . P(m) . 數 n,

P(n) , 數 n, P(n) . �

數學 , (1) P(1) , (2) k = 1 ,
P(1) P(2) . k = 2 , P(2) P(3) .

. P(1) . (2) P(k) P(k+1)

. P(k) , P(k) ,
P(k) P(k+ 1) . P(k) P(k+ 1)

, 數學 . f (x) = x2 + x+ 41.
x = 1 f (1) = 43 數. x = 2, f (2) = 47 數. f (3) = 53, f (4) = 61,
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f (5) = 71 數. x 數 n f (n) 數.
x = 39 數. , f (k)

數 f (k+1) 數, 數學 . , x = 40 ,
f (40) = 402 +40+41 = 40(40+1)+41 41 , 數.

數學 .

Example 2.3.2. a,b 數, 數學 : 數 n

an −bn a−b 數.

Proof. an − bn (a− b)(an−1 + an−2b+ · · ·+ bn−1), an − bn a− b

數. 數學 . n = 1 a−b.
a−b 數, . ak −bk a−b 數, ak+1 −bk+1

a−b 數. ak+1 −bk+1 ak −bk . ak+1 −bk+1

ak −bk ,

ak+1 −bk+1 = aak −bbk = aak −abk +abk −bbk = a(ak −bk)+(a−b)bk.

ak −bk a−b 數, ak −bk (a−b)m, m 數.
ak+1 −bk+1 = a(a−b)m+(a−b)bk = (a−b)(am+bk). ak+1 −bk+1 a−b 數.
數學 , 數 n, an −bn a−b 數 �

, 數學 , . P

Q , 前 2.1 . P(k)

P(k+1) , P(1),P(2) , P(2),P(3) , . P(k)

P(k+1) . , P(k) P(k+1),
. .

Example 2.3.3. 數學 n 數 . 論

, 論 .

: 數, .

: k 數 , k+1 數 . k+1

數, 數 a, k 數 . k 數

b. 數, 數 a . k 數

, a = b. 數學 , n 數 .

. 數 k− 1 數 .
k = 1 , , 數 a 數 ,

a = b. 論 k ≥ 2 , P(k) P(k+1) , k = 1

P(k) P(k+1) . 數學 數 k,
P(k) , P(k+1) . 論 .
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n = 1 , n ≥ 5 , 2n > n2. 數學

1 , . , Theorem 2.3.1 論,
數學 .

Corollary 2.3.4 (Extended Mathematical Induction). m 數. state-
ment

(1) P(m)

(2) k ≥ m 數 P(k) , P(k+1)

m 數 n P(n) .

Proof. Q(n) = P(m+ n− 1). P(m) , Q(1) = P(m) . k ∈ N
Q(k) , m+ k − 1 ≥ m 數, P(m+ k − 1) = Q(k) , (2)
P(m+k) = Q(k+1) . , k ∈N Q(k) , Q(k+1) . Theorem
2.3.1 n ∈ N, Q(n) = P(m+n−1) . n m 數 ,
P(n) . �

“extended mathematical induction” Corollary , Theo-
rem 2.3.1 . m = 1 Corollary 2.3.4 Theorem 2.3.1,

Theorem 2.3.1 Corollary 2.3.4 equivalent .

Example 2.3.5. 數 n, n ≥ 5 , 2n > n2.

Proof. extended mathematical induction m = 5 P(n) 2n > n2 .
n = 5 , 25 = 32 > 25 = 52, P(5) . k ≥ 5 數 2k > k2. 2k+1 = 2× 2k,

2k > k2 2k+1 > 2k2. (k + 1)2 = k2 + 2k + 1 2k2 > k2 + 2k + 1,
2k+1 > (k + 1)2, P(k + 1) . 2k2 > k2 + 2k + 1 k2 − 2k > 1,

k2 −2k = k(k−2), k ≥ 5 k2 −2k > 1. k ≥ 5 數 P(k) ,
P(k+1) , extended mathematical induction (Corollary 2.3.4)

5 數 n P(n), 2n > n2 . �

數學 P(k) P(k+1) .
數 , 前 . P(1)

P(2) , P(2) P(3) , P(1) , P(2)

前 , P(1) . P(3) P(4) , P(1),P(2)

, 數學 .

Corollary 2.3.6 (Strong Mathematical Induction). m 數. statement

(1) P(m)

(2) k ≥ m 數 P(m),P(m+1), . . . ,P(k−1),P(k) , P(k+1)
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m 數 n P(n) .

Proof. m 數 n, Q(n) = P(m)∧P(m+1)∧·· ·∧P(n−1)∧P(n). P(m)

, Q(m)=P(m) . k≥m 數 Q(k) , P(m), . . . ,P(k−1),P(k)

, (2) P(k+ 1) . P(m),P(m+ 1), . . . ,P(k− 1),P(k)

, Q(k+1) = P(m)∧P(m+1)∧ ·· ·∧P(k)∧P(k+1) . , k ≥ m 數

Q(k) , Q(k+1) . Corollary 2.3.4 m 數 n

Q(n) . Q(n) P(m),P(m+1), . . . ,P(n−1),P(n) , P(n)

, n m 數 , P(n) . �

Corollary 2.3.4 Corollary 2.3.6. P(k) ⇒ P(k + 1)

P(m),P(m + 1), . . . ,P(k − 1),P(k) ⇒ P(k + 1) ,
Corollary 2.3.6 Corollary 2.3.4. strong mathematical induction extended
mathematical induction .

Question 2.7. Corollary 2.3.6 Corollary 2.3.4.

前 extended mathematical induction mathematical induction
, 數學 .

. strong mathematical induction .

Example 2.3.7. 1 數 數 .

學 . n 1 數, n 數, n

數 . n 數, n n 1 數 ,
數 .

. , “ ”
( 數 ) . 數學 ,

. , k 數

, k+1 數 , strong mathematical
induction .

Proof. n = 2 , 2 數, . k ≥ 2 i = 2,3, . . . ,k, i

數 . k+ 1 . k+1 數 ,
k+1 數 . k+1 = ab, 1 < a,b ≤ k. 前 a,b

數 , k+1 = ab 數 . strong
mathematical induction 1 數 數 . �

數學 , P(k)

( P(m),P(m+1), . . . ,P(k) ) P(k+1) . 導 k

. Example 2.3.3 , “ k 數

k+1 數 ” k ≥ 2 . k = 1 ,
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( Example 2.3.3 ).
, k , k ,

, . , 數學 ,
, .

Example 2.3.8. Fibonacci sequence {F0,F1,F2, . . .}, F0 = 0,F1 = 1

i ≥ 2, Fi Fi = Fi−1 +Fi−2. Fn < 2n−2, for n ≥ 4.

, Fk+1 Fk Fk−1 , Fk Fk+1.
strong mathematical induction . F2 =F1+F0 = 1, F3 =F2+F1 = 1+1= 2,
n = 4 , F4 = F3 +F2 = 2+ 1 = 3, F4 = 3 < 24−2 = 4 . k ≥ 4

4 ≤ i ≤ k, Fi < 2i−2. Fk+1 = Fk + Fk−1. Fk < 2k−2

Fk−1 < 2(k−1)−2 = 2k−3 Fk+1 < 2(k+1)−2 = 2k−1. k = 4 , i = k−1

4 ≤ i ≤ k, Fk−1 < 2k−3 ( Fk−1 = F3 = 2 = 24−3).
k = 4 , Fk+1 = F5 = F4 +F3 = 5 < 25−2 = 8, .

Proof. F4 = 3 < 24−2,F5 = 5 < 25−2.

k ≥ 5 i = 4,5, . . . ,k Fi < 2i−2. 4 ≤ k−1 ≤ k 4 ≤ k ≤ k,
Fk < 2k−2,Fk−1 < 2(k−1)−1 = 2k−3,

Fk+1 = Fk +Fk−1 < 2k−2 +2k−3 = 2k−3(2+1)< 4×2k−3 = 2k−1 = 2(k+1)−2.

數學 Fn < 2n−2, for n ≥ 4. �

, 20 數 4 5 數 .
n > 20, 數 l,m n = 4l +5m. 學 1 = 5−4,

k = 4l +5m, k+1 = 4l +5m+(5−4) = 4(l −1)+5(m+1). ,
數 4 數 5 數 , 4 5 數

. , k = 4l+5m, k+4 = 4(l+1)+5m,
21,22,23,24 4 5 數 , 數學

.

Example 2.3.9. n 數 n > 20, l,m 數 n = 4l +5m.

前 , n ≥ 0 數 , 21+ 4n,22+ 4n,23+ 4n,24+ 4n

4l + 5m, l.m 數 . 20 數 .
21 = 4× 4+ 5× 1, . k ≥ 0 21+ 4k = 4l + 5m, l.m 數.

21+4(k+1) = (21+4k)+4= 4l+5m+4= 4(l+1)+5m, . n≥ 0 數 ,
21+4n 4l +5m, l.m 數 . 22 = 4×3+5×2,
23 = 4×2+5×3 24 = 4×1+5×4, 數學 . 數學

, strong mathematical induction.

Proof. 21 = 4×4+5×1, 22 = 4×3+5×2, 23 = 4×2+5×3 24 = 4×1+5×4

n = 21,22,23,24 . k ≥ 24 21 ≤ i ≤ k 數 i,
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數 l,m i = 4l +5m. k+1 , k+1 = (k−3)+4, i = k−3

21 ≤ i ≤ k, 數 l,m k−3 = 4l+5m, k+1 = 4l+5m+4 = 4(l+1)+5m.
數學 , n 20 數, l,m 數 n = 4l +5m. �

Question 2.8. 數 4 數 5 數 .

數學 數學 . 數 ,
數 數學 . 數 ,

數 數學 . 數 , row
數 column 數 數學 .
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Set

論 數學 論 .
論. 論, .

3.1. Basic Definition

, .

數學 , .
, . ( set)

, , ( element).
set, A,B,S , set . 數學

. : N 數 , Z 數

, Q 數 , 數 R . x

S , x ∈ S , x belongs to S ( x S). x

S , x ̸∈ S .

數學 , set element element.
S, x, x ∈ S . ,

, . S = {1,2,3}
3 , 1,2 3. S , 1 ∈ S,

4 ̸∈ S. , set-builder notation
. {x : P(x)} , : x

x , : P(x) x P(x).
{x : P(x)} P(x) x .

前, , .

Definition 3.1.1. A,B . B element A element, B A

subset ( ), B is contained in ( ) A, B ⊆ A. B ⊆ A A ⊆ B,
A,B equal, A = B. B ⊆ A B ̸= A, B A proper subset, B ⊂ A.

29
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subset proper set “⊆” “⊂”, ,
.

B ⊆ A, B x, A , 數學

“x ∈ B ⇒ x ∈ A”. A = B “x ∈ B ⇔ x ∈ A”.
, , ,

. :

Example 3.1.2. A = {1,2,2}, B = {1,2,3}, C = {3,3,1,2}, D = {n ∈ N : 1 ≤ n ≤ 3},
E = {2,4}.

A 1,2 , 1 ∈ B 2 ∈ B, A ⊆ B. 3 ∈ B 3 ̸∈ A, B

A, A ⊂ B. B =C.

x ∈ B, x ∈ N 1 ≤ x ≤ 3, x ∈ D. B ⊆ D. , x ∈ D

x ∈ N 1 ≤ x ≤ 3, x = 1,2,3 B , D ⊆ B, B = D.

1 ∈ B 1 ̸∈ E, B E subset. , 4 ∈ E 4 ̸∈ B, E

B subset.

A,B sets, B A subset , B * A . B ⊆ A

A * B, B ⊂ A.

Question 3.1. P(x), Q(x) statement form. P = {x : P(x)} Q = {x : Q(x)}
:

(1) P ⊆ Q P(x)⇒ Q(x).

(2) P = Q P(x)⇔ Q(x).

, . ,
subset , universal set (

). 論 數, R universal set.
x ∈ R . universal set

, a,b 數 , universal set Q 論 ax+b = 0 . 論

ax2 +b = 0, universal set R 數 C . ,
, universal set .

universal set , 論 set universal set subset.

empty set ( ). ,
/0 . /0 ?

, “ x ∈ /0 ” .
operations, /0

. universal set empty set, .

Proposition 3.1.3. X universal set A set. A ⊆ X /0 ⊆ A.
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Proof. X universal set, A X subset, A ⊆ X . , /0 ⊆ A

x ∈ /0 x ∈ A. x ∈ /0 , P P ⇒ Q

“x ∈ /0 ⇒ x ∈ A” /0 ⊆ A. �

Question 3.2. Question X universal set. universal set ?
empty set ?

數學 , ,
論 subset .

Proposition 3.1.4. A,B,C sets, .

(1) A ⊆ A.

(2) A ⊆ B B ⊆C, A ⊆C.

Proof. (1) x ∈ A, x ∈ A, A ⊆ A.

(2) x ∈ A, A ⊆ B x ∈ B. B ⊆C x ∈C. 言 , x ∈ A x ∈C,
A ⊆C. �

Question 3.3. Proposition 3.1.4 A = B B =C, A =C.

Question 3.4. A,B,C sets, ?

(1) A ⊂ B B ⊆C, A ⊆C.

(2) A ⊆ B B ⊆C, A ⊂C.

(3) A ⊂ B B ⊂C, A ⊆C.

(4) A ⊂ B B ⊆C, A ⊂C.

, A = B A ⊆ B B ⊆ A .
, 數 , 學

. .

Example 3.1.5. A = {(x,y) ∈ R2 : x2 − x = y = 2} B = {(2,2),(−1,2)}. A = B.

Proof. (x,y) ∈ A, x2 − x = 2 y = 2, x = 2 x = −1 y = 2.
(x,y) ∈ A, (x,y) = (2,2) (x,y) = (−1,2). x ∈ B, A ⊆ B. (x,y) ∈ B,

(x,y) = (2,2) (x,y) = (−1,2) x2 −x = y = 2, (x,y) ∈ A. B ⊆ A,
A = B �

Question 3.5. A = {x ∈ R :
√

x = x−2}, B = {1}, C = {4}, D = {1,4}. A,B,C,D

.

Venn diagrams . ,
universal set, ( )

set. X set A.
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..
A

.

X

Venn diagrams A,B .

..A .B.
X

. A. B.
X

. A.
B

.
X

A,B , A,B

, A ⊆ B.

Venn diagrams ,
. Proposition 3.1.4 (2) A ⊆ B B ⊆C, A ⊆C

.

..A.
B

.
C

.

X

Venn diagrams , .

Question 3.6. A,B,C sets. A ⊆ B. B C ,
Venn diagrams. A C ? B C ,

Venn diagrams, A C ? , A,C

Venn diagrams, B,C .

“∈” ( ) “⊆” ( ) . “∈”
, “⊆” . A ⊆ B B ⊆C A ⊆C

, A ∈ B B ∈C A ∈C.

A = {1}, B =
{
{1}

}
, C =

{{
{1}

}}
.

A ∈ B B ∈C, A ̸∈C.
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3.2. Set Operations

set operation, .
operations, intersection, union set difference, set

operations .

3.2.1. Intersection and Union. intersection union.

Definition 3.2.1. A,B sets. A∩B = {x : x ∈ A and x ∈ B} the intersec-
tion of A and B (A B ). A∪B = {x : x ∈ A or x ∈ B} the union of A and
B (A B ).

A∩B A,B , A∪B A,B

. .

Example 3.2.2. A = {1,2,3}, B = {2,4,6}. 2 A B,
A∩B = {2}. 1,3 B A, A B 1,3

A∪B. 4,6 A∪B. 2 A B A

B , 2 A∪B. 數 A B ,
A∪B = {1,2,3,4,6}.

. A∩B = {2} ⊆ A =

{1,2,3} B = {2,4,6} ⊆ A∪B = {1,2,3,4,6}. , x ∈ A∩B, x ∈ A x ∈ B,
x A x B,

(A∩B)⊆ A and (A∩B)⊆ B. (3.1)

A∩B , A,B disjoint. ,
A,B disjoint . x ∈ A, x A B, x ∈ A∪B

.
A ⊆ (A∪B) and B ⊆ (A∪B) (3.2)

Question 3.7. (A∩A) = A (A∪A) = A.

, .

Proposition 3.2.3. A,B,C,D sets A ⊆ B C ⊆ D.

(A∩C)⊆ (B∩D) and (A∪C)⊆ (B∪D).

Proof. A ⊆ B, x ∈ A x ∈ B. C ⊆ D, x ∈C x ∈ D. x ∈ A∩C,
x ∈ A x ∈C. x ∈ B x ∈ D. (A∩C)⊆ (B∩D). , x ∈ A∪C,

x ∈ A x ∈ C. x ∈ A x ∈ B, x ∈ C x ∈ D. x ∈ A∪C

x ∈ B∪D. (A∪C)⊆ (B∪D). �
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, A ⊆ B A ⊆ D , C = A Proposition 3.2.3
(A∩A)⊆ (B∩D). (A∩A) = A, A ⊆ (B∩D). , A ⊆ B C ⊆ B ,

(A∪C)⊆ (B∪B). (B∪B) = B, (A∪C)⊆ B. .
Proposition 3.2.3 導 , corollary ( ) .

Corollary 3.2.4. A,B,C,D,E sets.

(1) A ⊆ B A ⊆C, A ⊆ (B∩C).

(2) D ⊆ A E ⊆ A, (D∪E)⊆ A.

Question 3.8. Corollary 3.2.4, 導 Proposition 3.2.3.

. .

Proposition 3.2.5. A,B sets. equivalent.

(1) A ⊆ B.

(2) (A∩B) = A.

(3) (A∪B) = B.

Proof. (1)⇔ (2) (1)⇔ (3).

(1) ⇔ (2): A ⊆ B, (A∩B) = A. (3.1) (A∩B) ⊆ A,
A ⊆ (A∩B). A ⊆ A A ⊆ B, Corollary 3.2.4 A ⊆ (A∩B).
(1)⇒ (2). , (3.1) (A∩B) ⊆ B. A = (A∩B)

A ⊆ B, (2)⇒ (1).

(1)⇔ (3): A ⊆ B, (A∪B) = B. (3.2) B ⊆ (A∪B),
(A∪B) ⊆ B. A ⊆ B B ⊆ B, Corollary 3.2.4, (A∪B) ⊆ B.
(1)⇒ (3). , (3.2) A ⊆ (A∪B). (A∪B) = B

A ⊆ B, (3)⇒ (1). �

Definition 3.2.1 “ ” “and” , “ ” “or” .
:

(1) A∩B = B∩A.

(2) A∪B = B∪A.

(3) (A∩B)∩C = A∩ (B∩C).

(4) (A∪B)∪C = A∪ (B∪C).

(3) , ,
A∩B∩C. (4), ,

A∪B∪C.
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∧,∨ ,

((P∧Q)∨R)∼ ((P∨R)∧ (Q∨R)), ((P∨Q)∧R)∼ ((P∧R)∨ (Q∧R)),

.

Proposition 3.2.6. A,B,C sets,

((A∩B)∪C) = (A∪C)∩ (B∪C), ((A∪B)∩C) = (A∩C)∪ (B∩C).

Proof. (A∩B)⊆ A C ⊆C Proposition 3.2.3 ((A∩B)∪C)⊆ (A∪C).
((A∩B)∪C)⊆ (B∪C). Corollary 3.2.4 ((A∩B)∪C)⊆ (A∪C)∩ (B∪C).

x ∈ (A∪C)∩(B∪C) x ∈ A∪C x ∈ B∪C. proof in cases, x ∈C

x ̸∈C . x ∈C, x ∈ (A∩B)∪C. x ̸∈C, x ∈ A∪C x ∈ B∪C,
x ∈ A x ∈ B, x ∈ A∩B. x ∈ (A∩B)∪C. ,

x ∈ (A∪C)∩ (B∪C) x ∈ (A∩B)∪C, ((A∪C)∩ (B∪C))⊆ (A∩B)∪C.
((A∩B)∪C) = (A∪C)∩ (B∪C).

((A∪ B)∩C) = (A∩C)∪ (B∩C) , A ⊆ (A∪ B) C ⊆ C

Proposition 3.2.3 (A ∩C) ⊆ ((A ∪ B)∩C), (B ∩C) ⊆ ((A ∪ B)∩C).
Corollary 3.2.4 (A∩C)∪(B∩C)⊆ ((A∪B)∩C). , x∈ (A∪B)∩C, x∈A∪B

x∈C. x∈A∪B, x∈A x∈B. x∈A , x∈C, x∈A∩C.
x ∈ (A∩C)∪(B∩C). , x ∈ B , x ∈ B∩C. x ∈ (A∩C)∪(B∩C),

((A∪B)∩C)⊆ (A∩C)∪ (B∩C). ((A∪B)∩C) = (A∩C)∪ (B∩C) �

Question 3.9. Proposition 3.2.5 (1)⇒ (2) Proposition 3.2.6
Proposition 3.2.5 (2)⇒ (3).

3.2.2. Set Difference. set difference.

Definition 3.2.7. A,B sets, A \ B = {x : x ∈ A and x ̸∈ B}, the set
difference of B in A (B A ). X universal set, Ac = X \A = {x : x ̸∈ A}

the complement of A (A ).

Ac {x : x ∈ X and x ̸∈ A}, X universal set,
X , x ∈ X x ̸∈ A.

, . Q , Qc = /0, R ,
Qc 數 .

, A\B = A∩Bc, A\B B\A

. (A\B)∩ (B\A) = /0. A∩Ac = /0 B∩Bc = /0,

(A\B)∩ (B\A) = (A∩Bc)∩ (B∩Ac) = (A∩Ac)∩ (B∩Bc) = /0.

Example 3.2.8. X = {1,2,3,4,5,6},A = {1,2,3},B = {2,4,6}. 1,3 ∈ A 1 ̸∈ B

3 ̸∈ B, 1,3 ∈ A \B. 2 ∈ A 2 ∈ B, 2 ̸∈ A \B. A \B = {1,3}.
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B\A = {4,6}. (A\B)∩ (B\A) = {1,3}∩{4,6} = /0. 1,3,5 ∈ X 1,3,5 B

, 1,3,5 ∈ Bc. 2,4,6 ∈ B 2,4,6 Bc, Bc = {1,3,5}. A∩Bc

A∩Bc = {1,2,3}∩{1,3,5}= {1,3}= A\B.

set difference . A,B,C sets A ⊆ B,
x ̸∈ B, x ̸∈ A. x ∈ A, A ⊆ B x ∈ B, x ̸∈ B .

A ⊆ B x ∈C \B, x ∈C x ̸∈ B, x ∈C x ̸∈ A, x ∈C \A.
(C \B)⊆ (C \A). , A ⊆C, .

Proposition 3.2.9. A,B,C sets. A ⊆ B (C \B)⊆ (C \A).

A ⊆C, A ⊆ B (C \B)⊆ (C \A).

Proof. 前 A ⊆ B C \B ⊆C \A ( A ⊆C ).
A ⊆C (C \B)⊆ (C \A), A ⊆ B, x ∈ A x ∈ B. C \B,C \A

“not” , contradiction method. x ∈ A, x ̸∈ B, . A ⊆C

x ∈ A x ∈ C, x ̸∈ B, x ∈ C \B. 前 (C \B) ⊆ (C \A),
x ∈C \A, x ∈C x ̸∈ A. x ∈ A . x ∈ A x ̸∈ B,

A ⊆ B. �

Question 3.10. A ⊆C A ⊆ B (C \B) ⊆ (C \A) ?
A ⊆C , ?

C = X , A ⊆C = X , Proposition 3.2.9, A ⊆ B

(X \B)⊆ (X \A). .

Corollary 3.2.10. A,B sets. A ⊆ B Bc ⊆ Ac.

Definition 3.2.7 set difference “not” ,
導 set difference , .

Proposition 3.2.11. A,B,C sets, .

(1) (C \ (C \A)) = (C∩A). , (Ac)c = A.

(2) C \ (A∩B) = (C \A)∪ (C \B). , (A∩B)c = (Ac ∪Bc).

(3) C \ (A∪B) = (C \A)∩ (C \B). , (A∪B)c = (Ac ∩Bc).

Proof. 前 equivalence 導,
.

(1): x ∈ C \ (C \A) x ∈ C x ̸∈ C \A. x ̸∈ A, x ∈ C \A

( x ∈ C), x ̸∈ C \A , x ∈ A. x ∈ (C \ (C \A)),
x ∈C X ∈ A ( x ∈C∩A). (C \ (C \A))⊆ (C∩A). , x ∈C∩A, x ∈C,

x ̸∈ (C \A), x ∈C \ (C \A). x ∈ (C \A) x ∈C x ̸∈ A,
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x ∈C∩A , x ̸∈ (C \A). (C∩A)⊆ (C \ (C \A)),
(C \ (C \A)) = (C∩A).

C = X , X \A = Ac, X \ (X \A) = X \Ac = (Ac)c.
X ∩A = A, (Ac)c = A.

(2): (A∩B)⊆A, Proposition 3.2.9 (C\A)⊆ (C\(A∩B)). (A∩B)⊆ B

(C \B) ⊆ (C \ (A∩B)). Corollary 3.2.4 (2) (C \A)∪ (C \B) ⊆ C \ (A∩B).
, x ∈ C \ (A ∩ B), x ∈ C x ̸∈ A ∩ B. x ̸∈ A, x ∈ C \ A,

x ∈ (C \A)∪ (C \B). x ∈ A, x ̸∈ B, x ∈ B x ∈ A x ∈ B, x ∈ A∩B

. x ∈C \B, x ∈ (C \A)∪ (C \B). C \ (A∩B)⊆ (C \A)∪ (C \B).

C = X , X \A = Ac, X \B = Bc X \ (A∩B) = (A∩B)c

(A∩B)c = (Ac ∪Bc).

(3): (2) (Ac∩Bc)c =((Ac)c∪(Bc)c), (1), (Ac∩Bc)c =(A∪B).
complement (1) (Ac ∩Bc) = (A∪B)c.

C \ (A∪B) =C∩ (A∪B)c =C∩ (Ac ∩Bc) and (C \A)∩ (C \B) = (C∩Ac)∩ (C∩Bc),

C∩ (Ac ∩Bc) = (C∩Ac)∩ (C∩Bc),

C \ (A∪B) = (C \A)∩ (C \B).

�

Question 3.11. Proposition 3.2.11 (2) C \ A = C \ (C ∩ A).
Proposition 3.2.9 (C∩A)⊆ (C∩B) (C \B)⊆ (C \A).

operations , ,
connectives , .

operations 導. ,
operations 導 , . ,

, 導 , 導.
, 學

導 . .

Example 3.2.12. A,B,C Bc ⊆ A, ((C \A)∪B) = B.

: . B ⊆ ((C \A)∪B),
((C \A)∪B)⊆ B. x ∈ ((C \A)∪B), x ∈ B. x ∈ ((C \A)∪B)

x ∈C \A x ∈ B. x ∈ B, , 論 x ∈C \A , x ∈C

x ̸∈ A. x ∈ B, , x ̸∈ B .
x ̸∈ B, x ∈ Bc, Bc ⊆ A x ∈ A. x ̸∈ A , x ∈ B.

((C \A)∪B)⊆ B.

: 前 . B,
Proposition 3.2.5. (C \A) ⊆ B, ((C \A)∪B) = B.
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(C \A)⊆ B ? Bc ⊆ A . C \A =C∩Ac,
Corollary 3.2.10 Bc ⊆ A Ac ⊆ (Bc)c, Proposition 3.2.11 (1)

Ac ⊆ B.

(C \A) = (C∩Ac)⊆ (C∩B)⊆ B.

3.3. Indexed Family

前 , , operation.
, 論 . ,
, . 前

, . ,
, .

論 , 數 , 5

A,B,C,D,E , A∩B∩C ∩D∩E .
, .

, . . 數 ,
前 . , ,

100 , A1,A2, . . . ,A100 ( , Ai ).
“summation” ,

100∩
i=1

Ai,
100∪
i=1

Ai . Ai = [i− 1, i] ( i− 1 i 數),

100∩
i=1

Ai = /0,
100∪
i=1

Ai = [0,100]. ? 前 , 數

i ∈ N, Ai , Ai . 學

數 ,
∞∩

i=1

Ai,
∞∪

i=1

Ai. , i

數 , , A5, A6, A7, A8
8∩

i=5

Ai,
8∪

i=5

Ai . i m n Ai ,
n∩

i=m

Ai,
n∪

i=m

Ai . i m Ai ,
∞∩

i=m

Ai,
∞∪

i=m

Ai . , 學
∞∩

i=m

Ai,
∞∪

i=m

Ai

n∩
i=m

Ai,
n∪

i=m

Ai n

∞ . , “ ”.

. , 數 數

數 . 數, 數. 數 , (−r,r)

r > 0, , ? ,
index set . index set “ ” . 前

Ai = [i− 1, i] , i 數 N, N index set.
[−r,r] , 數 R+ index set,
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Ar = [−r,r]. Ar,r ∈ R+ , indexed
family . , index set .
index set , indexed family. I index set,

Ai , {Ai, i ∈ I} indexed family.

, indexed family . ,
, indexed family. A,B, index

set I = {1,2} indexed family, A1 = A, A2 = B. index family
. A,B ,

; A,B . .

Definition 3.3.1. I index set, {Ai, i ∈ I}, I index set indexed family.
indexed family intersection

∩
i∈I

Ai = {x : x ∈ Ai, ∀i ∈ I}.

indexed family union
∪
i∈I

Ai = {x : x ∈ Ai, ∃i ∈ I}.

, .

Example 3.3.2. index set I 1 數. i ∈ I, Ai = {m/i : m ∈ Z}.

∩
i∈I

Ai = Z,
∪
i∈I

Ai =Q.

, n ∈ Z, n = ni/i. ni ∈ Z, n ∈ Ai, ∀ i ∈ I.
Z ⊆

∩
i∈I

Ai. , x ∈
∩
i∈I

Ai, i ∈ I x ∈ Ai. x ∈ A2 x ∈ A3,

x = m/2 x = m′/3, m,m′ ∈ Z. 3m = 2m′, 3m 數.
m 數 2n, n ∈ Z. x = m/2 = n ∈ Z.

∩
i∈I

Ai ⊆ Z,
∩
i∈I

Ai = Z.

x ∈Q, 數 , x m/n, m ∈Z, n ∈N. n = 1, x = m ∈Z.
x x = 2m/2, x ∈ A2. n ≥ 2, n ∈ I, x ∈ An.

Q⊆
∪

i∈I Ai. , x ∈
∪

i∈I Ai, n ∈ I, x ∈ An. x = m/n,
m ∈ Z. x ∈Q,

∪
i∈I

Ai ⊆Q,
∪
i∈I

Ai =Q.

Question 3.12. Ai Example 3.3.2 . m ∈ Z , p,q 數

p mq, p m , p,q 數, Ap ∩Aq = Z.

m ∈ N,
∞∩

i=m

Ai = Z.
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Question 3.13. Ai Example 3.3.2 , m ∈ N,
∞∪

i=m

Ai =Q.

數 m < n
n∩

i=m

Ai =Q?

, indexed
family . Proposition 3.2.3 .

Proposition 3.3.3. {Ai, i ∈ I}, {Bi, i ∈ I} I index set indexed family.
i ∈ I Ai ⊆ Bi,∩

i∈I

Ai ⊆
∩
i∈I

Bi and
∪
i∈I

Ai ⊆
∪
i∈I

Bi.

Proof. x ∈
∩
i∈I

Ai, i ∈ I, x ∈ Ai, Ai ⊆ Bi, x ∈ Bi.

i ∈ I , x ∈
∩
i∈I

Bi.
∩
i∈I

Ai ⊆
∩
i∈I

Bi.

x ∈
∪
i∈I

Ai, i ∈ I x ∈ Ai, Ai ⊆ Bi, x ∈ Bi. x ∈
∪
i∈I

Bi,∪
i∈I

Ai ⊆
∪
i∈I

Bi. �

, i ∈ I, Ai = A,
∩
i∈I

Ai = A
∪
i∈I

Ai = A.

Proposition 3.3.3 Corollary 3.2.4 .

Corollary 3.3.4. A,B set {Ai, i ∈ I}, {Bi, i ∈ I} I index set indexed
family.

(1) i ∈ I A ⊆ Ai, A ⊆
∩
i∈I

Ai.

(2) i ∈ I Bi ⊆ B,
∪
i∈I

Bi ⊆ B.

Ai 數 N index set indexed family A1 ⊇ A2 ⊇ ·· · ⊇ Ai ⊇ ·· · (

Ai+1 ⊆ Ai, ∀ i ∈N). n ∈N, An ⊆ Ai, ∀ i ≤ n, Corollary 3.3.4, An ⊆
n∩

i=1

Ai.

,
n∩

i=1

Ai ⊆ An,
n∩

i=1

Ai = An. , i ∈ N,

Ai ,
n∩

i=1

Ai . ,

. .

Example 3.3.5. 數 N index set indexed family

{Ai, i ∈ I}, i ∈ N Ai+1 ⊆ Ai Ai ,
∞∩

i=1

Ai = /0.
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i ∈ N Ai (0,1/i). Ai Ai ̸= /0 Ai+1 ⊆ Ai.
∞∩

i=1

Ai = /0. x ∈
∞∩

i=1

Ai, x > 0. n ∈ N n > 1/x.

x > 1/n, x ̸∈ (0,1/n) = An. x ∈
∞∩

i=1

Ai ,
∞∩

i=1

Ai = /0.

, ,
, .

, Proposition 3.2.6 .

Proposition 3.3.6. B set, {Ai, i ∈ I} I index set indexed family.

(
∩
i∈I

Ai)∪B =
∩
i∈I

(Ai ∪B) and (
∪
i∈I

Ai)∩B =
∪
i∈I

(Ai ∩B).

Proof. k ∈ I (
∩
i∈I

Ai) ⊆ (Ak ∪B) B ⊆ (Ak ∪B), Corollary 3.2.4 (2)

((
∩
i∈I

Ai)∪B)⊆ (Ak ∪B). k ∈ I , Corollary 3.3.4 (1)

((
∩
i∈I

Ai)∪B)⊆
∩
i∈I

(Ai ∪B).

, x ∈
∩
i∈I

(Ai ∪B), i ∈ I, x ∈ Ai x ∈ B. x ∈ B x ̸∈ B

論. x ∈ B, x ∈ (
∩
i∈I

Ai)∪B. x ̸∈ B, x ∈ Ai

i ∈ I , x ∈
∩
i∈I

Ai, x ∈ (
∩
i∈I

Ai)∪B.
∩
i∈I

(Ai ∪B)⊆ ((
∩
i∈I

Ai)∪B),

(
∩
i∈I

Ai)∪B =
∩
i∈I

(Ai ∪B).

, k ∈ I (Ak ∩B) ⊆ (
∪
i∈I

Ai) (Ak ∩B) ⊆ B, Corollary 3.2.4 (1)

(Ak ∩B)⊆ (
∪
i∈I

Ai)∩B. k ∈ I , Corollary 3.3.4 (2)

∪
i∈I

(Ai ∩B)⊆ (
∪
i∈I

Ai)∩B.

, x ∈ (
∪
i∈I

Ai)∩B, x ∈
∪
i∈I

Ai x ∈ B. i ∈ I, x ∈ Ai x ∈ B.

i ∈ I x ∈ Ai ∩B. x ∈
∪
i∈I

(Ai ∩B), ((
∪
i∈I

Ai)∩B)⊆
∪
i∈I

(Ai ∩B),

(
∪
i∈I

Ai)∩B =
∪
i∈I

(Ai ∩B).

�

Question 3.14. Ai,Bi, i ∈ I I index set indexed family.

(
∩
i∈I

Ai)∪ (
∩
i∈I

Bi) =
∩
i∈I

(Ai ∪Bi) and (
∪
i∈I

Ai)∩ (
∪
i∈I

Bi) =
∪
i∈I

(Ai ∩Bi)?
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DeMorgan’s laws (Proposition 3.2.11 (2)(3)).

Proposition 3.3.7. C sets {Ai, i ∈ I} I index set indexed family,
.

(1) C \ (
∩
i∈I

Ai) =
∪
i∈I

(C \Ai). , (
∩
i∈I

Ai)
c =

∪
i∈I

Ac
i .

(2) C \ (
∪
i∈I

Ai) =
∩
i∈I

(C \Ai). , (
∪
i∈I

Ai)
c =

∩
i∈I

Ac
i .

Proof. (1): k ∈ I,
∩
i∈I

Ai ⊆ Ak, Proposition 3.2.9 (C\Ak)⊆ (C\
∩
i∈I

Ai).

Corollary 3.3.4 (2)
∪
i∈I

(C \Ai) ⊆ (C \
∩
i∈I

Ai). , x ∈ C \
∩
i∈I

Ai, x ∈ C

x ̸∈
∩
i∈I

Ai, x Ai. i ∈ I x ̸∈ Ai, x ∈C x ∈C \Ai.

x ∈
∪
i∈I

(C \Ai), (C \
∩
i∈I

Ai)⊆
∪
i∈I

(C \Ai).

C = X , X \Ai = Ac
i X \ (

∩
i∈I

Ai) = (
∩
i∈I

Ai)
c

(
∩
i∈I

Ai)
c =

∪
i∈I

Ac
i .

(2): (1) (
∩
i∈I

Ac
i )

c =
∪
i∈I

(Ac
i )

c, Proposition 3.2.11 (1),

(
∩
i∈I

Ac
i )

c =
∪
i∈I

Ai. complement Proposition 3.2.11 (1) (
∪
i∈I

Ai)
c =

∩
i∈I

Ac
i .

C \ (
∪
i∈I

Ai) =C∩ (
∪
i∈I

Ai)
c =C∩ (

∩
i∈I

Ac
i ) and

∩
i∈I

(C \Ai) =
∩
i∈I

(C∩Ac
i ),

C∩ (
∩
i∈I

Ac
i ) =

∩
i∈I

(C∩Ac
i ),

C \ (
∪
i∈I

Ai) =
∩
i∈I

(C \Ai).

�

Question 3.15. C sets {Ai, i ∈ I} I index set indexed family.
(
∩
i∈I

Ai)\C
∩
i∈I

(Ai \C)
∪
i∈I

(Ai \C), ? (
∪
i∈I

Ai)\C ?

3.4. Power Set and Cartesian Product

前 ( , ) ,
(

), .
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3.4.1. Power Set. power set.

Definition 3.4.1. A set. A power set A subsets ,
P(A) .

P(A) = {S : S ⊆ A}.

set A, /0 ⊆ A A ⊆ A, /0 ∈ P(A) A ∈ P(A).
, /0 , /0 ⊆ P(A). /0 ∈ P(A)

/0 ⊆ P(A) . a ∈ A, {a} ⊆ A, {a} ∈ P(A). set
power set “ ” “ ” , . .

Example 3.4.2. /0 , P( /0) = { /0}.

A = {1,2,3}, 前 /0, A, {1}, {2}, {3} P(A) . {1,2}, {1,3}, {2,3}
A,

P(A) =
{

/0, {1}, {2}, {3}, {1,2}, {1,3}, {2,3}, {1,2,3}
}
.

A , finite set. #(A) A

數. Example 3.4.2 #(A) = 3, #(P(A)) = 23 = 8.
finite set, 數, power set 數.

Proposition 3.4.3. A finite set #(A) = n. #(P(A)) = 2n.

Proof. #(P(A)) = 2n. 論

, 數學 . A 數 #(A) 數學 . #(A) = 0 ,
A , A = /0. Example 3.4.2, #(A) = 1 = 20. #(A) = 1 ,

A , a, A = {a}. P(A) = { /0,{a}}, #(A) = 2 = a1.
n = 0,1 .

數 k . #(A) = k+1 , A = {a1, . . . ,ak,ak+1}.
A′ = A\{ak+1}. #(A′) = k, P(A′) = 2k, A′ 2k

. A′ ⊂ A, A′ subset A subset. P(A) 2k .
A subset A′ , ak+1 subset. S subset,
Ak+1 ∈ S. S′ = S\{ak+1}, S′ ⊆ A′. , S′ ⊆ A′, S = S′∪{ak+1},

S A subset, A′ subset. 言 , A subset, A′ subset,
A′ subset {ak+1} . A subset 數 2k +2k = 2k+1,

#(P(A)) = 2k+1. 數學 , #(A) = n, #(P(A)) = 2n. �

論 power set set .
, power set . power set , A set,

S ∈ P(A) S ⊆ A. , power set
. , power set .

Proposition 3.4.4. A,B sets. A ⊆ B P(A)⊆ P(B).



44 3. Set

Proof. (⇒): A ⊆ B. S ∈ P(A), S ⊆ A. A ⊆ B S ⊆ B, S ∈ P(B).
P(A)⊆ P(B).

(⇒): P(A)⊆ P(B). A ∈ P(A), P(A)⊆ P(B), A ∈ P(B). power set
, A ⊆ B. �

Question 3.16. A,B sets. A ⊂ B P(A)⊂ P(B) ?

Power set , .

Proposition 3.4.5. A,B sets. P(A∩B) = P(A)∩P(B).

Proof. (A∩B) ⊆ A (A∩B) ⊆ B Proposition 3.4.4 P(A∩B) ⊆ P(A)

P(A∩B)⊆ P(B). Corollary 3.2.4 P(A∩B)⊆ P(A)∩P(B).

, S ∈ P(A)∩P(B) S ∈ P(A) S ∈ P(B), S ⊆ A S ⊆ B.
Corollary 3.2.4 S ⊆ (A∩B), S ∈ P(A∩B). P(A)∩P(B)⊆ P(A∩B),
P(A∩B) = P(A)∩P(B). �

Question 3.17. {Ai, i ∈ I} I index set indexed family. P(
∩
i∈I

Ai)∩
i∈I

P(Ai)?

Power set . P(A)∪P(B) ⊆ P(A∪B) (
A ⊆ (A∪B) B ⊆ (A∪B) Proposition 3.4.4 P(A) ⊆ P(A∪B)

P(B) ⊆ P(A∪B)), P(A∪B) ⊆ P(A)∪P(B) .
S ∈ P(A∪B) S ⊆ (A∪B), S ⊆ A S ⊆ B. A = {1}, B = {2},

S = {1,2} ⊆ A∪B, S * A S * B. P(A) = { /0,{1}},P(B) = { /0,{2}},
P(A)∪P(B) = { /0,{1},{2}}. P(A∪B) = { /0,{1},{2},{1,2}}. P(A∪B) ̸=

P(A)∪P(B), P(A)∪P(B)⊂ P(A∪B).

P(A)∪P(B) = P(A∪B), A∪B

A B . A ⊆ B B ⊆ A,
P(A) ⊆ P(B) P(B) ⊆ P(A). (A∪B) = B (A∪B) = A,

P(A)∪P(B) = P(A∪B). , A * B B * A ( , A ⊆ B B ⊆ A ),
a ∈ A \B b ∈ B \A. S = {a,b}, S ⊆ A∪B S * A S * B,

S ∈ P(A∪B) S ̸∈ P(A) S ̸∈ P(B), S ̸∈ (P(A)∪P(B)).
P(A∪B) ̸= P(A)∪P(B). .

Proposition 3.4.6. A,B sets.

(P(A)∪P(B))⊆ P(A∩B).

(P(A)∪P(B)) = P(A∩B) A ⊆ B B ⊆ A.

, Power set . A,B sets ,
/0 ∈ P(A), /0 ∈ P(B). /0 ̸∈ P(A) \P(B). /0 ∈ P(A \B),
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(P(A) \P(B)) ̸= P(A \B). S ̸= /0 , S ∈ P(A \B), S ⊆ (A \B).
(A\B)⊆ A, S ⊆ A ( S ∈P(A)). S * B ( S ̸∈P(B)). S

, x ∈ S, S ⊆ B, x ∈ B. S ⊆ (A\B), x ∈ A\B,
x ̸∈ B, . S ∈ P(A) S ̸∈ P(B) S ∈ P(A)\P(B).

P(A\B) , P(A)\P(B) ,

(P(A\B)\{ /0})⊆ (P(A)\P(B)).

. S ∈ P(A) \P(B) S ⊆ A S * B.
S ⊆ (A \B). A \B ̸= /0 A∩B ̸= /0, a ∈ A \B b ∈ A∩B

S = {a,b}. {a,b} ⊆ A {a,b} * B ( S ∈ P(A) \P(B)), {a,b} * (A \B) (
S ̸∈P(A\B)\{ /0}). (P(A)\P(B))* (P(A\B)\{ /0}). , A\B= /0 A∩B= /0,

(P(A)\P(B))⊆ (P(A\B)\{ /0}), 前 Lemma.

Lemma 3.4.7. A,B sets.

(1) A\B = /0 (P(A)\P(B)) = /0.

(2) A∩B = /0 (P(A)\P(B)) = (P(A)\{ /0}).

Proof. (1): A\B = /0, A ⊆ B. A * B, a ∈ A a ̸∈ B, a ∈ A\B

. Proposition 3.4.4 , P(A)⊆ P(B). (P(A)\P(B)) = /0.

(2): /0 ∈ P(B), { /0} ⊆ P(B). Proposition 3.2.9 (P(A) \P(B)) ⊆
(P(A)\{ /0}). , S ∈ P(A)\{ /0} S ∈ P(A) S ̸∈ { /0}, S ⊆ A S ̸= /0.

A∩B = /0 , S ̸∈ P(B). S ∈ P(B) S ⊆ B, S ⊆ A Corollary
3.2.4(1) S ⊆ (A∩B) = /0, S ̸= /0 . A∩B = /0 , S ∈
P(A) \ { /0} S ∈ P(A) \P(B), (P(A) \ { /0}) ⊆ (P(A) \P(B)). A∩B = /0

(P(A)\P(B)) = (P(A)\{ /0}). �

Question 3.18. A,B sets. A \B = /0 (P(A) \P(B)) = /0?
A∩B = /0 (P(A)\P(B)) = (P(A)\{ /0})?

Lemma 3.4.7, .

Proposition 3.4.8. A,B sets.

(P(A\B)\{ /0})⊆ (P(A)\P(B)).

(P(A\B)\{ /0}) = (P(A)\P(B)) A\B = /0 A∩B = /0.

Proof. 前 (P(A\B)\{ /0})⊆ (P(A)\P(B)). A\B ̸= /0 A∩B ̸= /0

(P(A)\P(B))* (P(A\B)\{ /0}). (P(A)\P(B)) = (P(A\B)\{ /0}) A\B = /0

A∩B = /0. , A\B = /0 A∩B = /0

(P(A\B)\{ /0}) = (P(A)\P(B)).
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A \ B = /0, Lemma 3.4.7(1) (P(A) \P(B)) = /0. ,
P(A\B) = P( /0) = { /0},

(P(A\B)\{ /0}) = { /0}\{ /0}= /0 = (P(A)\P(B)).

A∩B = /0, Lemma 3.4.7(2) (P(A)\P(B)) = (P(A)\{ /0}). ,
A\B = A\ (A∩B) = A\ /0 = A,

(P(A\B)\{ /0}) = (P(A)\{ /0}) = (P(A)\P(B)).

�

3.4.2. Cartesian Product. ,
{1,2} {2,1} . S1 = {{1},{1,2}} S2{{2},{1,2}},

{1} ∈ S1 {1} ̸∈ S2, S1 ̸= S2. , 1, 2

. .

Definition 3.4.9. A,B sets. a ∈ A,b ∈ B, ordered pair

(a,b) = {{a},{a,b}}.

A×B = {(a,b) : a ∈ A,b ∈ B},

the Cartesian product of A and B.

ordered pair, 數 , ,
. 前 , (1,2) = {{1},{1,2}}, (2,1) = {{2},{1,2}}, (1,2) ̸= (2,1).

a,a′ ∈ A, b,b′ ∈ B. a = a′, b = b′, ,

(a,b) = {{a},{a,b}}= {{a′},{a′,b′}}= (a′,b′).

(a,b) = (a′,b′) {{a},{a,b}}= {{a′},{a′,b′}}. a ̸= b, {a,b}
, (a,b) = (a′,b′), {a′,b′} ( {{a′},{a′,b′}}

, {{a},{a,b}}). , ,
{a}= {a′} {a,b}= {a′,b′}. a = a′ b = b′. {a,b}

, a = b. {a,b}= {a},

(a,b) = (a,a) = {{a},{a,b}}= {{a},{a}}= {{a}}.

, (a,b) = (a′,b′) b′ = a′ = a, a = a′ b = b′.
.

Proposition 3.4.10. A,B sets, a,a′ ∈ A b,b′ ∈ B (a,b) = (a′,b′)

a = a′ b = b′.
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, a ∈ A, b ∈ B, {{a},{a,b}} . {a,b}
, A∪B . {a}, {a,b} A∪B subset, {a} {a,b}

P(A∪B) . {{a},{a,b}} P(A∪B) , {{a},{a,b}} ∈P(P(A∪B)).
(a,b) P(P(A∪B)) . (a,b) {{a},{a,b}}

, . Proposition 3.4.10 , (a,b)

. (a,b) A×B , (a,b) = (a′,b′)

A×B .

Example 3.4.11. (1) A = {a,b}, B = {1,2,3}. A×B

A×B = {(a,1),(a,2),(a,3),(b,1),(b,2),(b,3)}.

A×{ /0}= {(a, /0),(b, /0)}.

(2) S = {(x,y) ∈ R×R : x2 + y2 ≤ 1}. S R×R subset, A ⊆ R,
B ⊆ R S = A×B. , S = A×B, (1,0) ∈ S, 1 ∈ A. (0,1) ∈ S,

1 ∈ B. (1,1) ∈ A×B. 12 +12 = 2 > 1, (1,1) ̸∈ S. S = A×B

, A ⊆ R, B ⊆ R S = A×B.

A× /0 A×{ /0} . (x,y) ∈ A×{ /0} x ∈ A y ∈ { /0},
{ /0} /0 , y = /0. (x,y) ∈ A× /0 x ∈ A

y ∈ /0, /0, y . A× /0 ,
A× /0 = /0. /0×B = /0. .

Proposition 3.4.12. A,B sets, A×B = /0 A = /0 B = /0.

Proof. A×B = /0, A = /0 B = /0. contrapositive method,
A ̸= /0 B ̸= /0. a ∈ A b ∈ B, (a,b) ∈ A×B. A×B ̸= /0. �

A,B finite sets , Example 3.4.11 A×B .
a ∈ A , (a,y) ∈ A×B. Proposition 3.4.10 , y B

, (a,y) . A×B (a,y) #(B)

. a , A×B

#(A)×#(B) , .

Proposition 3.4.13. A,B finite sets. #(A×B) = #(A)×#(B).

#( /0) = 0, Proposition 3.4.13 #(A× /0) = #(A)×#( /0) = 0. 論 Propo-
sition 3.4.12 A× /0 = /0 論 .

Cartesian product . , set
A, B = /0 , A×B = /0 A×B A′×B A,A′ .

A×B A,B /0 . .

Proposition 3.4.14. A,B,C,D sets A ̸= /0 B ̸= /0. A ⊆C B ⊆ D

(A×B)⊆ (C×D).
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Proof. (⇒) : A ⊆C B ⊆ D. (x,y) ∈ A×B, x ∈ A y ∈ B, A ⊆C

B ⊆ D x ∈C y ∈ D. (x,y) ∈C×D, (A×B)⊆ (C×D).

(⇐) : (A×B) ⊆ (C ×D). x ∈ A, B ̸= /0, b ∈ B.
(x,b) ∈ A×B. (A×B)⊆ (C×D), (x,b) ∈C×D. x ∈C, A ⊆C.

, y ∈ B, A ̸= /0, a ∈ A. (a,y) ∈ A×B. (A×B) ⊆ (C×D),
(a,y) ∈C×D. y ∈ D, B ⊆ D. �

Question 3.19. Proposition 3.4.14 , A ̸= /0 B ̸= /0 ?
A ⊆C B ⊆ D ?

Cartesian product intersection .

Proposition 3.4.15. A,B,C,D sets.

(A∩C)×B = (A×B)∩ (C×B) and A× (B∩D) = (A×B)∩ (A×D).

Proof. (A∩C) ⊆ A (A∩C) ⊆ C Proposition 3.4.14 ((A∩C)×B) ⊆ (A×B)

((A∩C)×B)⊆ (C×B) ( Proposition 3.4.14 ). Corollary
3.2.4(1) ((A∩C)×B)⊆ (A×B)∩ (C×B).

, (x,y) ∈ (A × B)∩ (C × B), (x,y) ∈ A × B (x,y) ∈ C × B.
x ∈ A x ∈ C y ∈ B, x ∈ A∩C y ∈ B, (x,y) ∈ (A∩C)×B.

(A × B)∩ (C × B) ⊆ (A ∩C)× B, (A ∩C)× B = (A × B)∩ (C × B).
A× (B∩D) = (A×B)∩ (A×D). �

Proposition 3.4.15 (A∩C)× (B∩D). Proposition 3.4.15
B B∩D , (A∩C)× (B∩D) = (A× (B∩D))∩ (C × (B∩D)). A× (B∩D) =

(A×B)∩ (A×D) C× (B∩D) = (C×B)∩ (C×D),

(A∩C)× (B∩D) = (A×B)∩ (A×D)∩ (C×B)∩ (C×D). (3.3)

(x,y) ∈ (A×B)∩ (C×D) (x,y) ∈ A×B ( x ∈ A, y ∈ B) (x,y) ∈C×D ( x ∈C,
y ∈ D), (x,y) ∈ A×D ( x ∈ A, y ∈ D) (x,y) ∈ C ×B ( x ∈ C, y ∈ B).
(x,y) ∈ (A×D)∩ (C×B), ((A×B)∩ (C×D)) ⊆ ((A×D)∩ (C×B)). Proposition
3.2.5 (3.3)

(A∩C)× (B∩D) = ((A×B)∩ (C×D))∩ ((A×D)∩ (C×B)) = (A×B)∩ (C×D).

.

Corollary 3.4.16. A,B,C,D sets.

(A∩C)× (B∩D) = (A×B)∩ (C×D).

Question 3.20. Corollary 3.4.16 (A∩C)× (B∩D) = (A×D)∩ (C×B) ?
Corollary 3.4.16 .
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, Cartesian products operations
Cartesian product. , Cartesian products

Cartesian product. (A×B)∩ (C×D)

Cartesian product S×T . Corollary 3.4.16 .
S = A∩C, T = B∩D, (A×B)∩ (C×D) = S×T . , Cartesian
products Cartesian product.

Question 3.21. (A×B)∩ (C×D) = (A×D)∩ (C×B).

Question 3.22. {Ai, i ∈ I}, {Bi, i ∈ I} I index set indexed family.∩
i∈I

(Ai ×Bi) = (
∩
i∈I

Ai)× (
∩
i∈I

Bi).

Cartesian product union Proposition 3.4.15 .

Proposition 3.4.17. A,B,C,D sets.

(A∪C)×B = (A×B)∪ (C×B) and A× (B∪D) = (A×B)∪ (A×D).

Proof. A ⊆ (A∪C) C ⊆ (A∪C) Proposition 3.4.14 (A×B) ⊆ ((A∪C)×B)

(C×B)⊆ ((A∪C)×B). Corollary 3.2.4(2) (A×B)∪ (C×B)⊆ ((A∪C)×B).

, (x,y) ∈ (A∪C)×B, x ∈ A∪C y ∈ B, x ∈ A x ∈C

y∈B. x∈A, y∈B (x,y)∈A×B, x∈C, y∈B (x,y)∈C×B. (x,y)∈
A×B (x,y) ∈C×B, (x,y) ∈ (A×B)∪ (C×B). ((A∪C)×B)⊆ (A×B)∪ (C×B),

(A∪C)×B = (A×B)∪ (C×B). A× (B∪D) = (A×B)∪ (A×D) �

Proposition 3.4.17 (A∪C)× (B∪D). Proposition 3.4.17
B B∪D , (A∪C)× (B∪D) = (A× (B∪D))∪ (C × (B∪D)). A× (B∪D) =

(A×B)∪ (A×D) C× (B∪D) = (C×B)∪ (C×D), .

Corollary 3.4.18. A,B,C,D sets.

(A∪C)× (B∪D) = (A×B)∪ (A×D)∪ (C×B)∪ (C×D).

(A∪C)× (B∪D) Corollary 3.4.16 .
(A∪C)×(B∪D) (A×B)∪(C×D) . A×D

(A×B)∪ (C×D) ( A ⊆C D ⊆ B). A *C D * B,
. A,D /0 B =C = /0, (A∪C)×(B∪D) = A×D /0 ( Proposition

3.4.12), (A×B)∪ (C×D) = /0∪ /0 = /0. (A∪C)× (B∪D) ̸= (A×B)∪ (C×D).

Question 3.23. (A∪C)× (B∪D) ̸= (A×B)∪ (C×D).

Cartesian product Cartesian product.
(A×B)∪ (C×D) Cartesian product S×T ? A,B,C,D

/0, (A×B) (C×D) /0, . , Corollary
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3.4.18 . S,T (A×B)∪ (C×D) = (S×T )

s ∈ S, t ∈ T , (s, t) ∈ (A×B)∪ (C ×D), s ∈ A, t ∈ B s ∈ C,
t ∈ D. s A C t B D , s ∈ A∪C t ∈ B∪D.

S ⊆ A∪C T ⊆ B∪D. x ∈ A∪C, x ∈ A x ∈ C

論. x ∈ A, b ∈ B ( B ̸= /0), (x,b) ∈ A×B,
(x,b) ∈ (A×B)∪ (C×D) = (S×T ) x ∈ S. x ∈ C, D ̸= /0, x ∈ S.
A∪C ⊆ S, S = A∪C. T = B∪D. A,B,C,D

/0 , (A×B)∪ (C×D) = (S×T ) S = A∪C T = B∪D. Corollary 3.4.18
(A×B)∪(C×D) = (A∪C)×(B∪D) (A×D)∪(C×B)⊆ (A×B)∪(C×D).

A*C D* B, a∈ A\C d ∈D\B. (a,d)∈ A×D (a,d) ̸∈ A×B

(a,d) ̸∈C×D, (a,d) ̸∈ (A×B)∪ (C×D). (A×D)⊆ (A×B)∪ (C×D) .
(A×B)∪(C×D) = (A∪C)×(B∪D) , A ⊆C D ⊆ B. C * A B * D,

(c,d) ∈C×D, c ∈C \A b ∈ B\D, (C×D)⊆ (A×B)∪ (C×D)

. (A×B)∪ (C×D) = (A∪C)× (B∪D) , C ⊆ A B ⊆ D .
.

Proposition 3.4.19. A,B,C,D sets. S,T sets (A×B)∪ (C×D) =

S×T A,B,C,D :

(1) A,B,C,D /0.

(2) A =C

(3) B = D

(4) A ⊆C B ⊆ D

(5) C ⊆ A D ⊆ B

Proof. (⇒): (1) , A,B,C,D /0 , 前 S,T (A×
B)∪ (C×D) = S×T , S = A∪C T = B∪D. (A×B)∪ (C×D) = (A∪C)× (B∪D),
前 論 A ⊆C D ⊆ B C ⊆ A B ⊆ D .(

(A ⊆C)∨ (D ⊆ B)
)
∧
(
(C ⊆ A)∨ (B ⊆ D)

)
. ∨,∧ ( 1.3),(

((A ⊆C)∨ (D ⊆ B))∧ (C ⊆ A)
)
∨
(
((A ⊆C)∨ (D ⊆ B))∧ (B ⊆ D)

)
. ,

((A ⊆C)∧ (C ⊆ A))∨ ((D ⊆ B)∧ (C ⊆ A))∨ ((A ⊆C)∧ (B ⊆ D))∨ ((D ⊆ B)∧ (B ⊆ D)).

(A ⊆C)∧ (C ⊆ A) A =C, (D ⊆ B)∧ (B ⊆ D) B = D, (2),
(3), (4), (5) .

(⇐): (1) , (A×B) (C×D) /0, S,T (A×B)∪
(C×D) = S×T .

(2) Proposition 3.4.17

(A×B)∪ (C×D) = (A×B)∪ (A×D) = A× (B∪D),
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S = A,T = (B∪D) .

(3) Proposition 3.4.17

(A×B)∪ (C×D) = (A×B)∪ (C×B) = (A∪C)×B,

S = (A∪C),T = B .

(4) Proposition 3.4.14 (A×B)⊆ (C×D), (A×B)∪ (C×D) = (C×D).
S =C, T = D .

(5) Proposition 3.4.14 (C×D)⊆ (A×B), (A×B)∪ (C×D) = (A×B).
S = A, T = B . �

Cartesian product set difference .

Proposition 3.4.20. A,B,C,D sets.

(C \A)×B = (C×B)\ (A×B) and A× (D\B) = (A×D)\ (A×B).

Proof. (x,y) ∈ (C \A)×B, x ∈ C \A y ∈ B. x ∈ C x ̸∈ A

y ∈ B. (x,y) ∈C×B (x,y) ̸∈ A×B ( (x,y) ∈ A×B 導 x ∈ A ).
(x,y) ∈ (C×B)\ (A×B), (C \A)×B ⊆ (C×B)\ (A×B).

, (x,y) ∈ (C ×B) \ (A×B), (x,y) ∈ C ×B ( x ∈ C, y ∈ B)
(x,y) ̸∈ A×B ( x ̸∈ A y ̸∈ B). (x,y) ∈C×B y ∈ B, (x,y) ̸∈ A×B x ̸∈ A

( x ∈ A y ∈ B (x,y) ∈ A×B ). x ∈C x ̸∈ A y ∈ B,
(x,y) ∈ (C\A)×B, (C×B)\ (A×B)⊆ (C\A)×B. (C\A)×B = (C×B)\ (A×B).

A× (D\B) = (A×D)\ (A×B). �

Proposition 3.4.20 (C \A)× (D\B). Corollary 3.4.16

(C \A)× (D\B) = ((C \A)∩C)× (D∩ (D\B)) = ((C \A)×D)∩ (C× (D\B)).

Proposition 3.4.20 (C \A)×D = (C×D)\ (A×D) C× (D\B) = (C×D)\
(C×B).

(C \A)× (D\B) = ((C×D)\ (A×D))∩ ((C×D)\ (C×B)).

Proposition 3.2.11(3),

((C×D)\ (A×D))∩ ((C×D)\ (C×B)) = (C×D)\
(
(A×D)∪ (C×B)

)
.

.

Corollary 3.4.21. A,B,C,D sets.

(C \A)× (D\B) = ((C \A)×D)∩ (C× (D\B)) = (C×D)\
(
(A×D)∪ (C×B)

)
.

Cartesian product Cartesian product.
(C×D)\ (A×B) S×T ? ,
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. , (C×D)\ (A×B) = (C×D)\ ((C×D)∩ (A×B)) ( Question 3.11).
Corollary 3.4.16, (C×D)∩ (A×B) = (C∩A)× (D∩B) = (C×B)∩ (A×D).

(C×D)\ (A×B) = (C×D)\ ((C×B)∩ (A×D)). (3.4)

Proposition 3.2.11(2)

(C×D)\ ((C×B)∩ (A×D)) = ((C×D)\ (C×B))∪ ((C×D)\ (A×D)). (3.5)

Proposition 3.4.20

(C×D)\ (C×B) =C× (D\B) and (C×D)\ (A×D) = (C \A)×D. (3.6)

(3.4), (3.5), (3.6) .

Corollary 3.4.22. A,B,C,D sets.

(C×D)\ (A×B) = (C× (D\B))∪ ((C \A)×D).

Corollary 3.4.21 Corollary 3.4.22 .

Corollary 3.4.22, Proposition 3.4.19 S,T S×T =

(C×D)\ (A×B) . Proposition 3.4.19 (C× (D\B))∪ ((C \A)×D)

S×T , : (1) C,D,(D\B),(C \A) /0,
D ⊆ B C ⊆ A ( C D /0 ). (2) C =C \A, A∩C = /0. (3)
D = D\B, B∩D = /0. (4) C ⊆ (C \A) (D\B)⊆ D. (D\B) D,

C ⊆ (C\A), C =C\A, (2) . (5) D ⊆ (D\B) (C\A)⊆C.
(4) . (3) . 論 .

Proposition 3.4.23. A,B,C,D sets. S,T sets (C×D)\ (A×B) =

S×T A,B,C,D :

(1) D ⊆ B.

(2) C ⊆ A.

(3) A∩C = /0.

(4) B∩D = /0.

Question 3.24. Proposition 3.4.23 S,T ?

論 Cartesian product complement . ,
Cartesian product .

A X , B Y , 論 A×B. A×B

X ×Y . A complement Ac X complement,
Ac = X \A. Bc B Y complement, Bc = Y \B. A×B complement
(A×B)c, A×B X ×Y complement, (A×B)c = (X ×Y )\ (A×B).
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, complement universal sets complement. ,
Corollary 3.4.22 C = X D = Y

(A×B)c = (X ×Y )\ (A×B) = (X × (Y \B))∪ ((X \A)×Y ) = (X ×Bc)∪ (Ac ×Y ).

X = A∪Ac Y = B∪Bc, Proposition 3.4.17

X ×Bc = (A∪Ac)×Bc = (A×Bc)∪ (Ac ×Bc),

Ac ×Y = (Ac ×B)∪ (Ac ×Bc). .

Proposition 3.4.24. A,B sets. (A×B)c = (A×Bc)∪ (Ac ×Bc)∪ (Ac ×B).

, 論 Cartesian product.
, .
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Relation and Order

relation. Relation relation
relation. set relation.

relation, equivalence relation. Equivalence relation
, equivalence relation

set . 學 relation .
relation, order. Order ( ),

set .

4.1. Relation

sets X ,Y . S X ×Y nonempty subset, S relation
from X to Y . , X ×X nonempty subset S relation on X .

relation S , x ∼ y (x,y) S .
x ∼ y x y , relation .

relation , (x,y) ∈ S , .

Example 4.1.1. (1) X = {1,0,−1}, Y = {0,1,2}. S = {(x,y) ∈ X ×Y : y = x2 +1}.
S X Y relation. relation 1 ∼ 2, 0 ∼ 1 −1 ∼ 2.

(2) X = {1,0,−1}. S = {(x,x′) ∈ X ×X : x > x′}. S X relation.
relation 1 ∼ 0, 1 ∼−1 0 ∼−1.

Question 4.1. X nonempty set. X relation S. S = X ×X

x,y ∈ X x ∼ y.

relation ,
Example 4.1.1(1) X ,Y 數 f (x) = x2 +1 relation.

relation, , Example 4.1.1(2)
X relation.

55
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relation X ×Y , S

X ,Y . X ,Y ,
S X ×Y . 論 relation .

Example 4.1.1 ( 數, ) S .
.

Example 4.1.2. X relation X “ ”
?

relation X , X power
set P(X) relation. S ⊆ P(X)×P(X) A ⊆ B

(A,B) ∈ S. S = {(A,B) ∈ P(X)×P(X) : A ⊆ B}. relation
A ∼ B A ⊆ B .

, 論 relation. S relation
on X , , relation.

Reflexive: S x ∈ X x ∼ x,

(x,x) ∈ S, ∀x ∈ X ,

relation reflexive.

Symmetric: S x,y ∈ X x ∼ y, y ∼ x,

(x,y) ∈ S ⇒ (y,x) ∈ S,

relation symmetric.

Transitive: S x,y,z ∈ X x ∼ y y ∼ z, x ∼ z,

((x,y) ∈ S)∧ ((y,z) ∈ S)⇒ (x,z) ∈ S,

relation transitive.

, .

(1) S reflexive x ∈ X (x,x) S. x ∈ X

(x,x) ∈ S reflexive. (x,y) ∈ S x = y. 言 , S

reflexive, X x, (x,x) S ,
(x,y) x ̸= y .

(2) S symmetric (x,y) ∈ S (y,x) S.
(x,y) (y,x) S symmetric. 言 , S symmetric,

(x,y) ∈ S (y,x) ̸∈ S . symmetric,
symmetric.

(3) S transitive (x,y) (y,z) S , (x,z) S.
(x,y),(y,z) (x,z) S transitive. (x,y) ∈ S

z ∈ X (y,z) ∈ S. S (x,y) S transitive. 言
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, S transitive, (x,y),(y,z) ∈ S (x,z) ̸∈ S

. transitive, transitive.

Example 4.1.3. X = {1,2,3}, relation S ⊆ X ×X reflexive, symmetric
transitive.

(1) S = {(1,1),(2,2)}, S reflexive, 3 ∈ X (3,3) ̸∈ S.
S = {(1,1),(2,2),(3,3),(1,2)}, S reflexive. S (x,y)

x ̸= y ( (1,2) ∈ S) reflexive .

(2) S = {(1,1),(2,2)}, S reflexive, S symmetric. (1,2),
S = {(1,1),(2,2),(1,2)}, (1,2) ∈ S (2,1) ̸∈ S, S symmetric. S

(2,1) ( S = {(1,1),(2,2),(1,2),(2,1)}) symmetric.

(3) S = {(1,1),(2,2),(1,2)}, S reflexive, symmetric, tran-
sitive. (2,3), S = {(1,1),(2,2),(1,2),(2,3)}, (1,2),(2,3) ∈ S (1,3) ̸∈ S,

S transitive. S (1,3) ( S = {(1,1),(2,2),(1,2),(2,3),(1,3)})
transitive.

Example reflexive, symmetric transitive .
. relation ,

. relation reflexive symmetric transitive.
, relation , .

relation reflexive symmetric transitive.
論 symmetric transitive reflexive.

Example 4.1.4. X set, S X relation. S symmetric
transitive, S reflexive? 論 ?

x ∼ y, S symmetric, y ∼ x. , x ∼ y y ∼ x,
transitive , x ∼ x.

論 , S reflexive. , x ∈ X ,
y ∈ X x ∼ y, x ∼ x. reflexive , x ∈ X , x ∼ x.

X x , y ∈ X x ∼ y,
x ∼ x . X = {1,2,3} , S = {(1,1),(2,2),(1,2),(2,1)},

S symmetric transitive. 1 (
1 ∼ 2), 2 1 ( 2 ∼ 1), S symmetric transitive (1,1),
(2,2) S . , 3 , (3,3) S .
(3,3) ̸∈ S, S symmetric transitive, S reflexive.

Question 4.2. X = {1,2,3} relation on X reflexive symmetric
, transitive . relation on X reflexive

transitive , symmetric .
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Example 4.1.2 relation .

Example 4.1.5. X nonempty set. S = {(A,B) ∈ P(X)×P(X) : A ⊆ B}
P(X) relation. S reflexive. A ∈ P(X),

A ⊆ A ( Proposition 3.1.4(1)), (A,A) ∈ S. S reflexive. S

transitive. (A,B) ∈ S (B,C) ∈ S, A ⊆ B B ⊆ C, A ⊆ C (
Proposition 3.1.4(2)). (A,C) ∈ S, S transitive. S symmetric.

, A,B ∈ P(X) (A,B) ∈ S (B,A) ̸∈ S . A = /0 B = X

. /0 ∈ P(X) X ∈ P(X) /0 ⊆ X , ( /0,X) ∈ S. X ̸= /0, X * /0,
(X , /0) ̸∈ S. S symmetric.

Question 4.3. X nonempty set. S = {(A,B) ∈ P(X)×P(X) : A∪B = X}
P(X) relation.

(1) S reflexive ? , S reflexive ?

(2) S symmetric ? , S symmetric ?

(3) S transitive ? , S transitive ?

4.2. Equivalence Relation

relation , equivalence relation.
, equivalence classes, .

數學 , .

cd, cd ?
. , 數學, ,

. . ,
, ;

; , .
X , , x,y ,

x ∼ y . , 前 : ,
x ∈ X x ∼ x. relation reflexive. :

, x ∼ y y ∼ x.
relation symmetric. : ,

, x ∼ y y ∼ z x ∼ z. relation transitive.
, X relation S reflexive, symmetric transitive
, relation ( x ∼ y, x,y ),

. reflexive, symmetric
transitive relation . X

relation X ×X subset , , ∼ X

relation .
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Definition 4.2.1. ∼ X relation, , relation
equivalence relation

Reflexive: x ∈ X , x ∼ x.

Symmetric: x,y ∈ X x ∼ y, y ∼ x.

Transitive: x,y,z ∈ X x ∼ y y ∼ z, x ∼ z.

equivalence relation ? reflexive
. symmetric transitive

, ; A,B

, x A B . A a x a ∼ x B

b x b ∼ x. symmetric transitive a ∼ b.
A B . A B

∼ X equivalence relation. x ∈ X ,
{y ∈ X : y ∼ x}, X x . , x

equivalence class, [x] . , [x] x

. reflexive , [x] , x ∼ x,
x ∈ [x]. y ∼ x, [x] = [y]. , z ∈ [x], z ∼ x.

y ∼ x, symmetric transitive z ∼ y, z ∈ [y]. [x]⊆ [y]. [y]⊆ [x],
[y] = [x]. y ̸∼ x ( (y,x) ̸∈ S), 前 /0

, [y]∩ [x] = /0. 言 , X equivalence relation ∼, X

equivalence classes . X/∼ X

equivalence relation equivalence classes. X/∼ ∼
X . X subsets ,

X partition, .

Definition 4.2.2. X set, I index set. i ∈ I, Ci X nonempty
subset X =

∪
i∈I

Ci Ci ∩C j = /0, for i ̸= j, {Ci : i ∈ I} X partition.

X partition, X . 前 ,
X equivalence relation, equivalence relation equivalence classes (

) X partition. , X

partition X =
∪
i∈I

Ci, x,y ∈ X , x ∼ y x,y ∈Ci, for some i ∈ I (

), , ∼ equivalence relation.
X =

∪
i∈I

Ci, x ∈ X , i ∈ I, x ∈ Ci, x ∼ x (

reflexive). x ∼ y, x,y ∈ Ci, for some i ∈ I, y,x ∈ Ci, y ∼ x (
symmetric). x ∼ y, y ∼ z, i, j ∈ I x,y ∈Ci, y,z ∈C j. y ∈Ci ∩C j,

i ̸= j Ci ∩C j = /0 i = j. x,z ∈Ci, x ∼ z ( transitive).
.
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Theorem 4.2.3. X set.

(1) ∼ X equivalence relation, {[x] : [x]∈X/∼} X partition.

(2) I index set {Ci : i ∈ I} X partition, x,y ∈ X , x ∼ y

x,y ∈Ci, for some i ∈ I, ∼ X equivalence relation.

Example 4.2.4. 數 Z 2 數 C1 = {2n : n ∈ Z}, 3 數

C2 = {3n : n ∈ Z} 5 數 C3 = {5n : n ∈ Z}, {C1,C2,C3}
Z partition. 7 2, 3 5 數 ( 7 ̸∈ C1 ∪C2 ∪C3),

Z ̸=C1 ∪C2 ∪C3. C1 ∩C2 ̸= /0, 6 ∈C1 ∩C2. C1 ∩C3 ̸= /0, C2 ∩C3 ̸= /0.

Z 3 subset C1 = {n : n = 3m,m ∈ Z},C2 = {n : n = 3m+ 1,m ∈ Z}
C3 = {n : n = 3m+ 2,m ∈ Z}, {C1,C2,C3} Z partition. ,

C1,C2,C3 3 數 0, 1 2 .
Z=C1 ∪C2 ∪C3, C1 ∩C2 =C1 ∩C3 =C2 ∩C3 = /0. partition, Z

equivalence relation x ∼ y x,y ∈Ci, for some i ∈ {1,2,3}. x,y ∈C1

x = 3m,y = 3m′ for some m,m′ ∈ Z x−y = 3(m−m′), 3 | x−y ( 3

x− y). x,y ∈C2 x,y ∈C3, 3 | x− y. equivalence relation
x ∼ y 3 | x− y. ∼ equivalence relation. x ∈ Z,
3 | x−x, x ∼ x. x ∼ y, 3 | x−y, 3 | −(x−y). 3 | y−x,

y ∼ x. x ∼ y y ∼ x, 3 | x−y 3 | y− z. 3 | (x−y)+(y− z), 3 | x− z.
x ∼ z. C1 = [0] = [4], C2 = [1] = [−3] C3 = [2] = [11]... .

Z/∼= {[0], [1], [2]}.

Question 4.4. 數 m, I = {0,1, . . . ,m−1} index set. Z partition,
Ci = {mk+ i : k ∈ Z}, i ∈ I. partition equivalence relation ?

equivalence relation partition ,
學 數學 論 . 前 .

數. .

Proposition 4.2.5. X finite set, equivalence relation
equivalence classes C1, . . . ,Cn. #(X) #(Ci) 數,

#(X) =
n

∑
i=1

#(Ci).

Proof. 前 i ̸= j , Ci ∩C j = /0. Ci .
X Ci , X 數 C1, . . . ,Cn

數 . �

Example 4.2.6. A = {1,2,3} X = P(A). X relation,
B,C ∈ X , B ∼ C #(B) = #(C). ∼ X equivalence relation.

, B ∈ X , #(B) = #(B), B ∼ B. B ∼ C, #(B) = #(C),
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#(C) = #(B), C ∼ B. B ∼ C C ∼ D, #(B) = #(C) #(C) = #(D)

#(B) = #(D). B ∼ D.

equivalence relation equivalence classes X = P(A) parti-
tion. partition:

: { /0}

: {{1},{2},{3}}.

: {{1,2},{1,3},{2,3}}.

: {{1,2,3}}.

equivalence classes 數
(3

0

)
,
(3

1

)
,
(3

2

)
,
(3

3

)
. Proposition

4.2.5 (
3
0

)
+

(
3
1

)
+

(
3
2

)
+

(
3
3

)
= #(X) = #(P(A)) = 23 = 8.

Question 4.5. n 數, A = {1,2, . . . ,n} X =P(A). X relation,
B,C ∈ X , B ∼C #(B) = #(C). m ∈N 0 < m < n, {1,2, . . . ,m}

equivalence class 數 ?(
n
0

)
+

(
n
1

)
+ · · ·+

(
n

n−1

)
+

(
n
n

)
= 2n.

4.3. Order Relation

數學 relation order relation, .
relation, relation ,

order relation.

relation , “ ”
. , ∼ ,

“ ”, “≼” .

Definition 4.3.1. X nonempty set ≼ X relation. ≼
, ≼ X partial order.

(1) x ∈ X , x ≼ x.

(2) x,y ∈ X x ≼ y y ≼ x, x = y.

(3) x,y,z ∈ X x ≼ y y ≼ z, x ≼ z.

Definition 4.3.1 (1) reflexive , (3) transitive
. (2) symmetric . x ̸= y,

x ≼ y y ≼ x. S ⊆ X ×X relation, x ̸= y ,
(x,y) (y,x) S , anti-symmetric. ≼ X

partial order, (X ,≼) poset.
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Example 4.3.2. A nonempty set, X = P(A). X

relation ⊆, (X ,⊆) poset.

Question 4.6. A nonempty set, X = P(A). X relation ⊇,
(X ,⊇) poset?

Question 4.7. 數 R ≤, (R,≤) poset? (R,≥)

poset?

poset (X ,≼) , x,y∈X x≼ y y≼ x, x,y comparable
( ). Definition 4.3.1 “partial” order,

X comparable. A = {1,2} , ⊆ P(A)

partial order. {1},{2} ∈ P(A) comparable, {1} ⊆ {2} {2} ⊆ {1}
. 數 (R,≤) poset comparable .

order relation.

Definition 4.3.3. X nonempty set ≼ X relation. ≼
, ≼ X total order.

(1) x,y ∈ X x ≼ y y ≼ x, x = y.

(2) x,y,z ∈ X x ≼ y y ≼ z, x ≼ z.

(3) x,y ∈ X , x ≼ y y ≼ x.

Definition 4.3.3 (3) comparable, total
. (3) , reflexive, x,y ,

, x ≼ x. total order partial order (
). ≼ X total order, (X ,≼) total ordered set.

total order linear order simple order.

Question 4.8. 數 R <, (R,<) total ordered set?

前 order ≼ “ ”, x ≼ x x = x.
數 ≤ < order ? , (X ,≼)

total ordered set, x ≺ y x ≼ y x ̸= y. , ≺
X strict total order. .

Definition 4.3.4. X nonempty set ≺ X relation. ≺
, ≺ X strict total order.

(1) x,y,z ∈ X x ≺ y y ≺ z, x ≺ z.

(2) x,y ∈ X , x = y, x ≺ y y ≺ x , .

Definition 4.3.4 , (2) trichotomy ( ).
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Example 4.3.5. 數 C strict order.
a + bi,c + di ∈ C, a,b,c,d ∈ R i2 = −1. (a + bi) ≺ (c + di)

(1) a < c (2) a = c b < d. (C,≺) strict total ordered set.
transitive . a+ bi,c+ di,e+ f i ∈ C a,b,c,d,e, f ∈ R (a+ bi) ≺ (c+ di)

(c+ di) ≺ (e+ f i). ≺ , a ≤ c c ≤ e, a ≤ e.
論: ( ) a < e, ≺ (a+ bi) ≺ (e+ f i); ( ) a = e,

a = c = e. (a+bi) ≺ (c+di) b < d, (c+di) ≺ (e+ f i) d < f .
b < f , ≺ (a+bi)≺ (e+ f i). ≺ transitive . ,

a+bi ̸= c+di, 數 a ̸= c b ̸= c. a ̸= c, 數 a < c

c < a, (a+bi)≺ (c+di) (c+di)≺ (a+bi). a = c, b ̸= d,
數 (a+bi)≺ (c+di) (c+di)≺ (a+bi). 數 ≺
comparable, ≺ trichotomy .

(C,≺) strict total ordered set 數 < order.
數 ? . , 數 數

sets, . order
. 數 :

A: a < b, c a+ c < b+ c.

M: a < b, 0 < c ac < bc.

數 ≺ A. M.
0 ≺ i, M , 0× i ≺ i× i, 0 ≺−1. ≺ , ≺

M.

, C strict total order ≺
數 A M. (C,≺) , ,
0 ≺ i i ≺ 0 . 0 ≺ i, M 0 ≺−1, 數

. i ≺ 0, A i+(−i)≺ 0+(−i), 0 ≺−i. M,
0× (−i)≺ (−i)× (−i), 0 ≺−1, 數 . C

strict total order , 數 .

Question 4.9. (C,≺) strict total ordered set Example 4.3.5 A
M, C z, 0 ≺ z2.

strict total order total order. 前 , total ordered set
(X ,≼), strict total order.

Proposition 4.3.6. (X ,≼) total ordered set. x ≺ y x ≼ y

x ̸= y, , ≺ X strict total order.

Proof. transitive , x,y,z ∈ X x ≺ y y ≺ z, x ≺ z.
x ≺ y x ≼ y x ̸= y, y ≺ z y ≼ z y ̸= z. ≼ total order transitive



64 4. Relation and Order

, x ≼ z. x ̸= z. , x = z, x ≼ y z ≼ y.
y ≼ z, ≼ total order anti-symmetric , y = z. y ≺ z ( y ̸= z)

, x ̸= z. x ≺ z.

trichotomy . ≼ total order total , x,y ∈ X ,
x ≼ y y ≼ x. x = y, x,y x = y. x ̸= y, x ≼ y y ≼ x,

x ≺ y y ≺ x. x,y x = y, x ≺ y y ≺ x. x,y x = y, x ≺ y

y ≺ x . x = y, ≺ x ≺ y y ≺ x . x ̸= y

x ≺ y, y ≺ x . x ≺ y, y ≺ x , ≺
x ≼ y y ≼ x. anti-symmetric , x = y. x ̸= y .

x ≺ y, y ≺ x . �

, ≺ X strict total order, x,y ∈ X , x ≼ y

x = y x ≺ y, ≼ X total order.

Question 4.10. X nonempty set ≺ X strict total order.
x,y ∈ X , x ≼ y x = y x ≺ y, ≼ X total order.

, X total order strict total order,
. 論 total order , strict total order .

, ≼ total order, ≺ strict total order,
.

order , , . (X ,≼)

poset. X T , u ∈ X T upper bound, T

t t ≼ u. u ∈ X T upper bound T upper bound u′,
u ≼ u′, u T least upper bound. , l ∈ X T lower

bound, T t l ≼ t. l ∈ X T lower bound
T lower bound l′, l′ ≼ l, l T greatest lower bound.

, poset (X ,≼) nonempty subset upper bound lower
bound. upper bound lower bound, least upper bound greatest
lower bound . :

Example 4.3.7. (A) (R,≤) total ordered set. T = {x ∈ R : 0 < x < 1}.
1 數 T upper bound, 1 T least upper bound.

0 數 T lower bound, 0 T greatest lower bound. {x ∈ R : x ≥ 0},
upper bound. {x ∈ R : x < 1}, lower bound.

(B) (Q,≤) total ordered set. T = {x ∈Q :
√

2 < x <
√

3}.
√

3

數 T upper bound,
√

2 數 T lower bound. T

least upper bound. u ∈Q T least upper bound,
√

3 < u,
√

3

u 數 ( ), u′ ∈ Q
√

3 < u′ < u.
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u′ T upper bound u, u T least upper bound ,
T least upper bound. T greatest lower bound.

(C) nonempty set A, (P(A),⊆) poset. P(A) nonempty
subset T , A T upper bound, B ∈ T , B ⊆ A. /0 T

lower bound. T least upper bound , U =
∪

B∈T

B T least

upper bound. B ∈ T , B ⊆ U , U T upper bound.
U ′ ∈ P(A) T upper bound, B ∈ T , B ⊆U ′, Corollary 3.3.4,
U =

∪
B∈T

B ⊆U ′. U =
∪

B∈T

B T least upper bound. A = {1,2,3,4} ,

T = {{1,2},{1,3}}. {1,2}∪{1,3}= {1,2,3} T least upper bound.

Question 4.11. nonempty set A, (P(A),⊆) poset. P(A)

nonempty subset T , T greatest lower bound .

, poset (X ,≼) nonempty subset T , least upper bound
, . u,u′ ∈ X T least upper

bound, u least upper bound u′ upper bound, u ≼ u′. u′ ≼ u,
partial order anti-symmetric u = u′. T greatest lower bound

, . .

Proposition 4.3.8. (X ,≼) total ordered set T X nonempty subset. T

least upper bound , . T greatest lower bound , .

(X ,≼) total ordered set , least upper bound greatest lower bound
. u ∈ X T least upper bound, x ≺ u,

x T upper bound. x T upper bound u ≼ x

( ≺ strict total order, , x ≺ u u ≼ x ).
論.

Proposition 4.3.9. (X ,≼) total ordered set, T X nonempty subset u ∈ X

T least upper bound. x ∈ X x ≺ u, t ∈ T x ≺ t.

Proof. , t ∈ T x ≺ t , t ∈ T x ≺ t.
≺ X strict total order, , x ≺ t, t ≺ x x = t .

t ∈ T x ≺ t t ∈ T t ≼ x. x T upper bound.
u T least upper bound, u ≼ x. x ≺ u 前 .

t ∈ T x ≺ t. �

Question 4.12. (X ,≼) total ordered set, T X nonempty subset l ∈ X

T greatest lower bound. x ∈ X l ≺ x, t ∈ T t ≺ x.

poset (X ,≼) nonempty subset T . ,
poset . poset comparable,
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T , maximal element of T , T

. µ ∈ T t ∈ T µ ≺ t, µ T maximal element.
, greatest element of T ( maximum element), T

. g ∈ T t ∈ T t ≼ g, g T greatest
element. . m ∈ T t ∈ T t ≺ m, m T

minimal element. l ∈ T t ∈ T l ≼ t, l T least element
( minimum element). , T upper bound lower bound
T , T maximal element, greatest element minimal element, least element

T . upper bound lower bound, ,
. .

Example 4.3.10. (A) (R,≤) total ordered set. T = {x ∈ R : 0 < x < 1}.
T maximal element. µ ∈ T 0 < µ < 1,

t = (µ +1)/2, 0 < t < 1, t ∈ T µ < t. T maximal element. T

minimal element. T ′ = {x ∈ R : 0 ≤ x ≤ 1}. 1 T ′

maximal element greatest element, 0 T ′ minimal element least element.

(B) A = {1,2,3} (P(A),⊆) poset. T = {{1},{1,2},{2,3},{1,2,3}}.
{1,2,3} T maximal element greatest element. {1} T minimal element

B ∈ T B ⊂ {1}. {1} T least element, {2,3} ∈ T

{2,3} {2,3} ⊆ {1}. {2,3} T minimal element, B ∈ T

B ⊂ {2,3}. T ′ = {{1},{1,2},{2,3}}. T ′ greatest element,
{1,2} {2,3} T ′ maximal element. {2,3} T ′

maximal element minimal element.

Example 4.3.10 maximal element minimal element .
greatest element least element , . .

Proposition 4.3.11. (X ,≼) poset, T nonempty subset T greatest
element . T greatest element . T maximal element

, T maximal element T greatest element, T least upper bound.

Proof. , greatest element . g,g′ ∈ T T greatest
element g ̸= g′. g′ ∈ T g T greatest element, g′ ≼ g.
g ≼ g′. ≼ partial order anti-symmetric , g′ ≼ g g ≼ g′ g = g′

. .

g ∈ T T greatest element. t ∈ T g ≼ t, reflexive g = t.
言 , t ∈ T g ≺ t. g T maximal element. T maximal

element . µ ∈ T T maximal element. µ ∈ T , µ ≼ g.
maximal element g ∈ T µ ≺ g , µ = g.
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T maximal element T greatest element g, T maximal
element .

greatest element , t ∈ T t ≼ g, g T upper bound.
T upper bound u, g ∈ T , upper bound , g ≼ u, g

T least upper bound. �

Question 4.13. (X ,≼) poset, T nonempty subset T least element
. T least element , T minimal element .
T minimal element T least element, T greatest lower bound.

Question 4.14. (X ,≼) poset T nonempty subset. T least upper
bound u u ∈ T T greatest element . , T greatest
lower bound l l ∈ T T least element .

(X ,≼) poset, T nonempty subset, Proposition 4.3.11 Question
4.13 T greatest element T maximal element greatest element,

T least element T minimal element least element. (X ,≼)

partial ordered set total ordered set , comparable
maximal element greatest element minimal element least element.

(X ,≼) total ordered set maximal element greatest element ,
minimal element least element .

Proposition 4.3.12. (X ,≼) total ordered set, T nonempty subset. T

maximal element , T maximal element T greatest element.

Proof. µ ∈ T T maximal element. t ∈ T , µ ≺ t ,
t ≼ µ. µ T greatest element. �

Question 4.15. (X ,≼) total ordered set, T nonempty subset. T

minimal element , T minimal element T least element.

, well order, .

Definition 4.3.13. (X ,≼) total ordered set. X nonempty subset T

least element , (X ,≼) well-ordered set.

數 , well-ordered set.
數 , well-ordered set. 數

least element.

數學 , Well-ordering
Theorem . nonempty set X , total order
≼ (X ,≼) well-ordered set.
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Example 4.3.14. 數 Z, well-
ordered set. total order ≼ (Z,≼) well-ordered set.

relation: a,b ∈ Z, a ≼ b (1) |a| < |b| (2) |a| = |b| a ≤ b.
(Z,≼) total ordered set. a ≼ b b ≼ a, |a| = |b| ( |a| < |b|

|b|< |a| ) a ≤ b b ≤ a, a = b, ≼ anti-symmetric .
a ≼ b b ≼ c, |a| ≤ |b| |b| ≤ |c|, |a| ≤ |c|. |a|< |c| a ≼ c.

|a|= |c|, |a|= |b|, a ≼ b a ≤ b. |b|= |c|, b ≼ c

b ≤ c. |a| = |c| a ≤ c, a ≼ c. ≼ transitive
. total , a,b ∈ Z |a|, |b| , |a| = |b|,
a,b , a,b ∈ Z comparable, ≼ total . ,

數

0 ≺−1 ≺ 1 ≺−2 ≺ 2 · · · .

(Z,≼) total ordered set well-ordered set. Z nonempty
subset T , T . , ≼

T least element. , T

least element. ≼ order , T least element. (Z,≼) well-ordered
set.

Question 4.16. Z relation: a,b ∈ Z a ≼ b (1)
ab ≥ 0 |a| ≤ |b| (2) ab < 0 a ≤ b. 數

0 ≺−1 ≺−2 ≺−3 · · · ≺ 1 ≺ 2 ≺ 3 · · · .

(Z,≼) total ordered set. (Z,≼) well-ordered set?

Well-ordering Theorem Zorn’s Lemma Axiom of Choice ,
function 論.
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Function

function ( 數). Function 數學 學 數

學 . 數 . ,
, 數 . 數 ,

數 , 論 數, 數. ,
, 論 .
數 , , 論 數

學 數. , 數 , .
數, 數.

數 .

5.1. Basic Definition

nonempty sets X ,Y . function X ,Y

relation. relation, X Y ,
X Y , “function”.

f ⊆ X ×Y X Y relation, ?
, x ∈ X , y ∈ Y

(x,y) ∈ f . , ,
, ? , x ∈ X , y ∈ Y

(x,y) ∈ f . 數學 (x,y) ∈ f (x,y′) ∈ f , y = y′.
function :

Definition 5.1.1. X ,Y nonempty sets f ⊆ X ×Y , from X to Y relation.
f , f from X to Y function ( 數). function
mapping map ( ).

(1) x ∈ X , y ∈ Y (x,y) ∈ f .

(2) x ∈ X , y,y′ ∈ Y (x,y) ∈ f (x,y′) ∈ f , y = y′.

69
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relation function “ ” ,
f : X → Y , f X Y function. x ∈ X ,

f (x) = y x f “ ” y . f (x) = y

(x,y) ∈ f . f function f

function, (1), (2) ( Example 5.1.2).
f : X →Y . f : X →Y , f

, .
X ,Y . X f domain ( ),

. Y f codomain ( ), “ ”
. “ ” , function

Y X .
function “well-defined function”,
function ( ). , “well-defined”

, function well-defined.

Example 5.1.2. relations, well-defined function.

(A) X = {x ∈ R : x ≥ 0}, Y = R relation f ⊆ X ×Y f = {(x,y) ∈ X ×Y :

y2 = x}. relation f function (1), x ∈ X , x ≥ 0,
y =

√
x, y ∈Y =R y2 =

√
x2

= x. x ∈ X , y ∈Y (x,y)∈ f .
f (2). 12 = (−1)2 = 1, (1,1) ∈ f (1,−1) ∈ f .

f function.

(B) X = {x ∈ R : x ≥ 0}, Y = {y ∈ R : y ≤ 0} relation f ⊆ X ×Y

f = {(x,y) ∈ X ×Y : y2 = x}. relation f function (1) ,
x ∈ X , x ≥ 0, y =−

√
x, y ∈ R y ≤ 0, y ∈ Y . y2 =

√
x2

= x,
x ∈ X , y ∈Y (x,y) ∈ f . f (2). x ∈ X , y,y′ ∈Y

(x,y) ∈ f (x,y′) ∈ f , y2 = x = y′2. (y− y′)(y+ y′) = 0, y = y′

y =−y′. x = 0, y = y′ = 0. x ̸= 0, y ̸= 0 y′ ̸= 0, y,y′ ∈ Y ,
y < 0 y′ < 0. y =−y′ , y = y′. f : X → Y function.

(C) (B) X X = R, f = {(x,y) ∈ X ×Y : y2 = x} function.
−1 ∈ X , y ∈Y ⊆R y2 =−1. y ∈Y (−1,y)∈ f .
f (1), f function. , (B) Y

Y = {y ∈R : y < 0}, f = {(x,y) ∈ X ×Y : y2 = x} function. 0 ∈ X ,
y ∈ Y y2 = 0, y ∈ Y (0,y) ∈ f . f function.

(D) X = R, Y = P(R) function f : X → Y x ∈ X ,

f (x) = {y ∈ R : y2 = x}.

f well-defined function. x ∈ X = R, x

x > 0,x = 0,x < 0 . x > 0 , f (x) = {
√

x,−
√

x} R subset,
Y = P(R) . x = 0 , f (0) = {0}, Y = P(R) .
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x < 0 , f (x) = /0, Y = P(R) . x ∈ X ,
R subset A ∈ Y (x,A) ∈ f . , x < 0 , f (x) = /0,

, /0 ∈ Y (x, /0) ∈ f . y ∈ Y , (x,y) ∈ f , f

(1). f (2). , x ∈ X ,
R subset A f (x) = A. , x > 0, f (x) {

√
x,−

√
x}

Y . (x,{
√

x,−
√

x}) ∈ f ; (x,
√

x) ∈ f (x,−
√

x) ∈ f .
f (2) .

Example 5.1.2 , ,
, 數. , 數 f : X → Y f ′ : X ′ → Y ′

X = X ′, Y = Y ′ x ∈ X , f (x) = f ′(x) , f f ′

數. Example 5.1.2 (D) , f

. 數 . 數 ,
數 .

數 . 論 數 , 論 .

數 , 數, identity function. ,
數. :

Definition 5.1.3. X nonempty set. idX : X → X , idX(x) = x, ∀x ∈ X . idX

function, the identity function on X .

Question 5.1. f : X → X function. f relation on X .
f : X → X identity function? f identity

function, X = {1,2} , f identity function.

(1) f is reflexive.

(2) f is symmetric.

(3) f is transitive.

數, 數 . 數 f : X → Y ,
X Y , “ ” 數. ,

數 . , X nonempty subset X ′,
f |X ′ : X ′ → Y , 數. f |X ′ : x ∈ X ′, f |X ′(x) = f (x).

f |X ′ f X ′ subset, f .
f X Y function f |X ′ X ′ Y function. f |X ′ the

restriction of f to X ′. Example 5.1.2 (B) , X ′ = {x ∈ R : x > 1},
f |X ′ : X ′ → Y , function. function . ,

. , 數

. ,
( Example 5.1.2 (C) ). Example 5.1.2 (D) ,

Y ′ = {A ∈ P(R) : #(A)≤ 2}, f : X → Y ′ function.
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f : X →Y g : Y → Z functions, f ,g X Z function,
g◦ f : X → Z. g◦ f : x ∈ X , g◦ f (x) = g( f (x)). g◦ f (x) Z

x f f (x) Y , f (x) g Z

g( f (x)). x
f7−→ f (x)

g7−→ g( f (x)). g◦ f : X → Z function.
(1): x ∈ X , f : X → Y function y ∈ Y f (x) = y.

y, g : Y → Z function, z ∈ Z, g(y) = z. z ∈ Z,
g◦ f (x) = g( f (x)) = g(y) = z. (2), x ∈ X z ∈ Z

g◦ f (x) = z. f : X →Y function, x ∈ X , y ∈Y f (x) = y.
z,z′ ∈ Z g◦ f (x) = z g◦ f (x) = z′, g◦ f (x) = g( f (x)) = g(y),

z,z′ ∈ Z g(y) = z g(y) = z′. g : Y → Z function ,
z = z′. g◦ f : X → Z 數, 數 f g composite function

( 數). 數 composition.

, 數 , 數 數

. 數 數 ,
. , 數 , ,
數 數 . 數 .

, 數 . x f f (x),
f (x) g g( f (x)). 數 數 ,

, .

Example 5.1.4. X = {1,2,3}, Y = {a,b,c,d}, Z = {α,β ,γ}. f : X → Y :
f (1) = a, f (2) = a, f (3) = c g : Y → Z : g(a) = γ,g(b) = β ,g(c) = γ,g(d) = α,

g ◦ f : X → Z : g ◦ f (1) = g( f (1)) = g(a) = γ, g ◦ f (2) = g( f (2)) = g(a) = γ,
g◦ f (3) = g( f (3)) = g(c) = γ.

identity function 數, 數 ,
“ ”, 數 . .

Lemma 5.1.5. f : X →Y function. X identity function idX : X → X

Y identity function idY : Y → Y , :

f ◦ idX = f , idY ◦ f = f .

Proof. f ◦ idX f . idX : X → X

f : X → Y , 數 , f ◦ idX : X → Y . x ∈ X ,
f ◦ idX(x) = f (idX(x)) = f (x). f ◦ idX = f .

idY ◦ f f . f : X →Y idY : Y →Y ,
數 , idY ◦ f : X → Y . x ∈ X , idY ◦ f (x) = idY ( f (x)).

f (x) ∈ Y , idY ( f (x)) = f (x). idY ◦ f = f . �
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composition . f : X → Y g : Y → Z functions,
g◦ f f ◦g. , Z ̸= X , f ◦g ( ),

. Z = X g◦ f f ◦g .

Question 5.2. X = {1,2}, f : X → X , g : X → X g◦ f ̸= f ◦g.

composition , composition .
.

Proposition 5.1.6. X ,Y,Z,W nonempty sets. f : X → Y , g : Y → Z

h : Z →W functions,
h◦ (g◦ f ) = (h◦g)◦ f .

Proof. h ◦ (g ◦ f ) (h ◦ g) ◦ f .
g ◦ f : X → Z, h ◦ (g ◦ f ) : X → W . h ◦ (g ◦ f ) X , W .
h◦g : Y →W , (h◦g)◦ f : X →W . (h◦g)◦ f X , W .

, x ∈ X h◦ (g◦ f )(x) = (h◦g)◦ f (x). h◦ (g◦ f )(x)

g◦ f (x) h h((g◦ f )(x)). g◦ f (x) = g( f (x)),

h◦ (g◦ f )(x) = h((g◦ f )(x)) = h(g( f (x))).

h ◦ (g ◦ f )(x) x f f (x), g g( f (x)),
h h(g( f (x))). (h◦g)◦ f (x) f (x) h◦g (h◦g)( f (x)).

(h◦g)( f (x)) f (x) g g( f (x)) h,

(h◦g)◦ f (x) = (h◦g)( f (x)) = h(g( f (x))).

h◦ (g◦ f ) (h◦g)◦ f 數. �

數 , 數 , .

5.2. Image and Inverse Image

前 數 數 ,
數 . 數

, image . , ,
, inverse image .

數學 , image inverse image 數 論 .

, function f : X → Y X subset A, A f

image A f . .

Definition 5.2.1. f : X → Y function A ⊆ X . f (A) = { f (a) : a ∈ A},
f (A) the image of A under f . , the image of X under f , f (X) f range
( ).
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f (A) , f (A) Y subset. ,
. , (

Example 5.2.2). , 學 f (a) ∈ f (A) a ∈ A.
, b ̸∈ A f (b) ∈ f (A). ,

f (A) Y . y ∈ f (A), a ∈ A y = f (a).
, y ∈ A a ∈ A y = f (a) y ∈ f (A). f (A)

f (A) = {y ∈ Y : ∃a ∈ A,y = f (a)}.

, f (A) . .

Example 5.2.2. X = R\{3}, f : X → R f (x) = (x+1)/(x−3), ∀x ∈ X .
, f well-defined function. f range, f (X). ,

f (X) = {(x+ 1)/(x− 3) : x ∈ X}, f (X) .
, y ∈ f (X), y ∈ R x ∈ X y = f (x) = (x+1)/(x−3).

y 數, y = (x+ 1)/(x− 3) X . y

數, x 數, y(x−3) = x+ 1 (y−1)x = 3y+1, x = (3y+1)/(y−1).
, , y ∈ R x ∈ X y = (x+ 1)/(x− 3),

x = (3y+1)/(y−1). x , x .
x f (x) = y.

x = (3y+ 1)/(y− 1), y ̸= 1. y = 1, x ∈ X

1 = (x+ 1)/(x− 3), x+ 1 = x− 3, 1 = −3 . y ̸= 1,
x = (3y+1)/(y−1),

x+1
x−3

=

3y+1
y−1 +1
3y+1
y−1 −3

=

4y
y−1

4
y−1

=
4y
4

= y.

, y ̸= 1 , x = (3y+ 1)/(y− 1) ∈ R (x+ 1)/(x− 3) = y.
x ̸= 3, x ∈ X . x = (3y+ 1)/(y− 1) = 3, 3y+ 1 = 3y− 3,

1 =−3 , x ∈ X . , y ̸= 1 , x ∈ X y = f (x).
y = 1 x ∈ X y = f (x). f (X) = R\{1}.

, image .

Lemma 5.2.3. f : X →Y function A,B X subsets. A⊆B, f (A)⊆ f (B).

Proof. , y ∈ f (A), a ∈ A, y = f (a). A ⊆ B, a ∈ B.
a ∈ B y = f (a), y ∈ f (B). f (A)⊆ f (B). �

X subsets A,B, A ⊆ A∪B B ⊆ A∪B. Lemma 5.2.3,
f (A)⊆ f (A∪B) f (B)⊆ f (A∪B). Corollary 3.2.4, f (A)∪ f (B)⊆ f (A∪B).

, y ∈ f (A∪B), x ∈ A∪B, y = f (x). , x ∈ A, y = f (x)∈ f (A),
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x ∈ B, y = f (x) ∈ f (B). y ∈ f (A) y ∈ f (B). y ∈ f (A)∪ f (B),
f (A∪B)⊆ f (A)∪ f (B). .

Proposition 5.2.4. f : X → Y function A,B X subsets.

f (A)∪ f (B) = f (A∪B).

, A∩B ⊆ A A∩B ⊆ B, Lemma 5.2.3, f (A∩B)⊆ f (A)

f (A∩B)⊆ f (B). Corollary 3.2.4, f (A∩B)⊆ f (A)∩ f (B). f (A)∩ f (B)

f (A∩B). y ∈ f (A)∩ f (B), y ∈ f (A) y ∈ f (B), a ∈ A

b∈ B y= f (a) y= f (b). a= b, a∈ A∩B.
數 f : {1,2}→ {0} f (1) = f (2) = 0. A = {1}, B = {2}, A∩B = /0,

f (A∩B) = /0. f (A) = f (B) = {0} f (A)∩ f (B) = {0}. f (A)∩ f (B)

f (A∩B). f (A∩B)⊆ f (A)∩ f (B) .

, f (A \B) f (A) \ f (B) . y ∈ f (A) \ f (B),
a ∈ A y = f (a) y ̸∈ f (B). a ∈ B, y = f (a) ∈ f (B) .

a ∈ A \B, y = f (a) ∈ f (A \B). f (A) \ f (B) ⊆ f (A \B). ,
y ∈ f (A \B), a ∈ A \B. (A \B) ⊆ A, f (a) ∈ f (A).

a ̸∈ B, y = f (a) ̸∈ f (B), b ∈ B f (a) = f (b). 前

f : {1,2}→ {0} f (1) = f (2) = 0 . A = {1},B = {2}, A\B = A,
f (A\B) = f (A) = {0}. f (A) = f (B) = {0}, f (A)\ f (B) = /0. f (A\B)

f (A)\ f (B). f (A)\ f (B)⊆ f (A\B) .

Question 5.3. X , A ⊆ X f : X → X function. f (Ac)⊆ f (A)c

? f (A)c ⊆ f (Ac) ?

, inverse image. , function f : X → Y

Y subset C, C f inverse image f C

. .

Definition 5.2.5. f : X → Y function C ⊆ Y . f−1(C) = {x ∈ X : f (x) ∈C},
f−1(C) the inverse image of C under f .

f−1(C) , f−1(C) X subset. inverse image
, inverse image .

, , inverse image image .

Proposition 5.2.6. f : X → Y function C,D Y subsets.

(1) C ⊆ D, f−1(C)⊆ f−1(D).

(2) f−1(C∪D) = f−1(C)∪ f−1(D).

(3) f−1(C∩D) = f−1(C)∩ f−1(D).
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(4) f−1(C \D) = f−1(C)\ f−1(D).

Proof. (1) x ∈ f−1(C), f (x) ∈C. C ⊆ D, f (x) ∈ D, x ∈ f−1(D).
f−1(C)⊆ f−1(D).

(2) C ⊆C∪D D⊆C∪D, (1) f−1(C)⊆ f−1(C∪D) f−1(D)⊆ f−1(C∪D).
Corollary 3.2.4 f−1(C)∪ f−1(D) ⊆ f−1(C∪D). , x ∈ f−1(C∪D),

f (x) ∈ C∪D, f (x) ∈ C f (x) ∈ D. x ∈ f−1(C) x ∈ f−1(D),
x ∈ f−1(C)∪ f−1(D). f−1(C∪D) ⊆ f−1(C)∪ f−1(D), f−1(C∪D) =

f−1(C)∪ f−1(D).

(3) C∩D⊆C C∩D⊆D, (1) f−1(C∩D)⊆ f−1(C) f−1(C∩D)⊆ f−1(D).
Corollary 3.2.4 f−1(C∩D)⊆ f−1(C)∩ f−1(D). , x ∈ f−1(C)∩ f−1(D),

x ∈ f−1(C) x ∈ f−1(D), f (x) ∈ C f (x) ∈ D. f (x) ∈ C ∩D,
x ∈ f−1(C ∩D). f−1(C)∩ f−1(D) ⊆ f−1(C ∩D), f−1(C ∩D) =

f−1(C)∩ f−1(D).

(4) x ∈ f−1(C\D), f (x)∈C\D, f (x)∈C f (x) ̸∈ D. x ∈ f−1(C).
x ∈ f−1(D), f (x) ∈ D, 前 f (x) ̸∈ D , x ̸∈ f−1(D). x ∈ f−1(C)

x ̸∈ f−1(D), x ∈ f−1(C) \ f−1(D). f−1(C \D) ⊆ f−1(C) \ f−1(D). ,
x ∈ f−1(C) \ f−1(D), x ∈ f−1(C) x ̸∈ f−1(D). f (x) ∈ C. f (x) ∈ D,

x ∈ f−1(D), 前 x ̸∈ f−1(D) , f (x) ̸∈ D. f (x) ∈ C f (x) ̸∈ D,
f (x) ∈ C \D, x ∈ f−1(C \D). f−1(C) \ f−1(D) ⊆ f−1(C \D),

f−1(C \D) = f−1(C)\ f−1(D). �

Question 5.4. X , A ⊆ X f : X → X function. f−1(Ac)⊆ ( f−1(A))c

? ( f−1(A))c ⊆ f−1(Ac) ?

f : X → Y function A X subset , f (A) Y subset,
f−1( f (A)). a ∈ A, f (a) ∈ f (A), inverse image

a ∈ f−1( f (A)), A ⊆ f−1( f (A)). , x ∈ f−1( f (A)), f (x) ∈ f (A),
x ∈ A. 前 f : {1,2} → {0} f (1) = f (2) = 0 . A = {1},

f (A) = {0}, f−1( f (A)) = f−1({0}) = {1,2} ̸= A. f−1( f (A)) A.
A ⊆ f−1( f (A)) .

Question 5.5. f : X → Y function. f−1( f (X)) = X .

C Y subset , f−1(C) X subset, f ( f−1(C)).
y ∈ f ( f−1(C)), x ∈ f−1(C) y = f (x). inverse image

x ∈ f−1(C) f (x) ∈ C, y = f (x) ∈ C. f ( f−1(C)) ⊆ C. , y ∈ C,
y ∈ f ( f−1(C)), x ∈ X y = f (x). 數

f : {1,2} → {3,4} f (1) = f (2) = 3. C = {3,4}, f−1(C) = {1,2},
f ( f−1(C)) = f ({1,2}) = {3} ̸=C. C f ( f−1(C)). y ∈C

x ∈ X y = f (x), . .
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Proposition 5.2.7. f : X → Y function C Y subset,

f ( f−1(C)) =C∩ f (X).

Proof. 前 f ( f−1(C)) ⊆ C, f−1(C) ⊆ X , f ( f−1(C)) ⊆ f (X),
f ( f−1(C))⊆C∩ f (X). y ∈C∩ f (X), y ∈C x ∈ X y = f (x).

, x f (x) = y ∈C, x ∈ f−1(C). y = f (x) ∈ f ( f−1(C)), C∩ f (X)⊆
f ( f−1(C)). f ( f−1(C)) =C∩ f (X). �

Proposition 5.2.7, . 數 f : X → Y X subset A.
f (A) Y subset, f (A)⊆ f (X). Proposition 5.2.7 (C = f (A) ),

f ( f−1( f (A))) = f (A)∩ f (X) = f (A).

Question 5.6. f : X → Y function C Y subset. Proposition 5.2.7,
Proposition 5.2.6 Question 5.5

f−1( f ( f−1(C))) = f−1(C).

5.3. Onto, One-to-One and Inverse

Onto one-to-one 數 . 數

數. 數學 . 學 onto
one-to-one 數, .

onto ( ) 數, ,
. 數 range ( ) codomain ( ) onto 數.

:

Definition 5.3.1. f : X → Y function. f (X) = Y , f onto.
y ∈ Y x ∈ X f (x) = y. onto 數 surjective function.

inverse image f : X → Y onto y ∈ Y , f−1({y}) ̸= /0.
數 onto, 前 image .

.

Example 5.3.2. (A) Example 5.2.2 數 f : R \ {3} → R f (x) =

(x+1)/(x−3), ∀x ∈ X . f range R\{1}. f onto. “ ”
數 g : R\{3}→ R\{1} g(x) = (x+1)/(x−3), ∀x ∈ X , g(x) onto.

(B) 數 f : Z→ N∪{0}

f (n) =
{

2n, if n ≥ 0;
−2n−1, if n < 0.

f onto. f f

數 數. k ∈ N∪{0} 數, k/2 ∈ Z k/2 ≥ 0. n = k/2,
f (n) = 2n = k. k ∈ N∪{0} 數, k+ 1 ∈ Z 數 k+ 1 > 0.
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n =−(k+1)/2, n ∈Z n < 0, f (n) =−2n−1 = (−2(−(k+1)/2)−1 = k.
f onto.

數 ( 數 ) , onto .
數 onto .

Theorem 5.3.3. f : X → Y function. f onto g : Y → X

function f ◦g = idY .

Proof. (⇒) f : X →Y onto , f 數 g : Y → X f ◦g = idY .
Axiom of Choice , ,

. . f

onto, y ∈Y , f−1({y}) ̸= /0. y ∈Y , g(y)

f−1({y}) . Y X 數 g.
f ◦g : Y → Y y ∈ Y , g(y) = x, x ∈ f−1({y}), f (x) = y.

f ◦g(y) = f (g(y)) = f (x) = y. f ◦g = idY .

(⇐) g : Y → X function f ◦g = idY , f : X → Y onto,
y ∈ Y , x ∈ X y = f (x). y ∈ Y , g(y) ∈ X .

x = g(y) ∈ X , f (x) = f (g(y)) = f ◦g(y) = idY (y) = y. x ∈ X y = f (x),
f : X → Y onto. �

Example 5.3.4. X = {1,2,3}, Y = {a,b} f : X → Y , f (1) = f (2) = a,
f (3) = b. f : X → Y onto. g : Y → X f ◦g = idY .

Y X 數, Y . f−1({a}) = {1,2},
f−1({a}) , 2, g(a) = 2. f−1({b}) = {3}

, g(b) = 3. g : Y → X function
f ◦g(a) = f (g(a)) = f (2) = a f ◦g(b) = f (g(b)) = f (3) = b. f ◦g = idY .

Theorem 5.3.3 onto onto .
.

Proposition 5.3.5. f1 : X → Y , f2 : Y → Z onto function, f2 ◦ f1 : X → Z

onto.

Proof. ( ) onto , z∈ Z, x∈X f2◦ f1(x)=

z. f2 : Y → Z onto, z∈ Z, y∈Y f2(y)= z. f1 : X →Y onto,
y ∈Y , x ∈ X f1(x) = y. x, f2 ◦ f1(x) = f2( f1(x)) = f2(y) = z.

f2 ◦ f1 : X → Z onto.

( ) Theorem 5.3.3, f2 ◦ f1 : X → Z onto, g : Z → X

( f2 ◦ f1)◦g = idZ . f1 : X →Y , f2 : Y → Z onto, Theorem 5.3.3
g1 : Y → X , g2 : Z → Y f1 ◦g1 = idY f2 ◦g2 = idZ. g = g1 ◦g2 : Z → X ,
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( f2 ◦ f1) ◦ g = ( f2 ◦ f1) ◦ (g1 ◦ g2). 數 (Proposition 5.1.6)
Lemma 5.1.5, ( f2 ◦ f1)◦ (g1 ◦g2) = f2 ◦ ( f1 ◦g1)◦g2 = f2 ◦ (idY ◦g2) = f2 ◦g2 = idZ.

( f2 ◦ f1)◦g = idZ. �

Proposition 5.3.5 , f2 ◦ f1 onto f1, f2

onto. Example 5.3.4 g : {a,b}→ {1,2,3} g(a) = 2,g(b) = 3, onto.
f ◦g = id{a,b} onto. .

Corollary 5.3.6. f1 : X → Y , f2 : Y → Z function f2 ◦ f1 : X → Z onto, f2

onto.

Proof. f2◦ f1 : X → Z onto, Theorem 5.3.3 g : Z →X ( f2◦ f1)◦g= idZ.
數 f2 ◦ ( f1 ◦ g) = idZ. g2 = f1 ◦ g, g2 : Z → Y

f2 ◦g2 = f2 ◦ ( f1 ◦g) = idZ. Theorem 5.3.3 f2 : Y → Z onto. �

Question 5.7. onto Corollary 5.3.6.

Corollary 5.3.6 , f2 onto
f2 ◦ f1 onto.

Question 5.8. X = {a,b}, Y = {1,2,3}, f1 : X →Y , f2 : Y → X functions
f2 onto, f2 ◦ f1 onto.

one-to-one ( ) 數,
. :

Definition 5.3.7. f : X → Y function. X x1 ̸= x2,
f (x1) ̸= f (x2), f one-to-one. one-to-one 數 injective function.

inverse image f : X → Y one-to-one y ∈ Y ,
#( f−1({y})) ≤ 1 ( f−1({y})) = /0). ,

one-to-one , Definition 5.3.7 contrapositive .
x1,x2 ∈ X f (x1) = f (x2), x1 = x2. .

Example 5.3.8. Example 5.3.2 數 one-to-one.

(A) 數 f :R\{3}→R f (x)= (x+1)/(x−3), ∀x∈X . x1,x2 ∈R\{3}
f (x1)= f (x2), (x1+1)/(x1−3)= (x2+1)/(x2−3), (x1+1)(x2−3)= (x2+1)(x1−3).

x2 −3x1 = x1 −3x2, x1 = x2. f one-to-one.

(B) 數 f : Z→ N∪{0}

f (n) =
{

2n, if n ≥ 0;
−2n−1, if n < 0.

n1,n2 ∈ Z f (n1) = f (n2). n1,n2 0

0, f f (n1) f (n2) , f (n1) = f (n2) .
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n1 ≥ 0,n2 ≥ 0 n1 < 0,n2 < 0. n1 ≥ 0,n2 ≥ 0, f (n1) = 2n1, f (n2) = 2n2,
f (n1) = f (n2) n1 = n2. , n1 < 0,n2 < 0, f (n1) = −2n1 − 1, f (n2) =

−2n2 −1, f (n1) = f (n2) n1 = n2. f one-to-one.

onto , 數 one-to-one .

Theorem 5.3.9. f : X → Y function. f one-to-one h : Y → X

function h◦ f = idX .

Proof. (⇒) f : X → Y one-to-one , f 數 h : Y → X

h ◦ f = idY . f one-to-one, y ∈ Y , #( f−1({y})) ≤ 1.
y ∈ Y , f−1({y}) = /0 h(y) X . f−1({y}) ̸= /0,

f−1({y}) . f−1({y}) = {x} h(y) = x.
Y X 數 h. h◦ f : X → X x ∈ X , f (x) = y,

x ∈ f−1({y}), h(y) = x. h◦ f (x) = h( f (x)) = h(y) = x. h◦ f = idX .

(⇐) h : Y → X function h ◦ f = idX , f : X → Y one-
to-one, x1,x2 ∈ X f (x1) = f (x2), x1 = x2. x1 ∈ X ,

x1 = idX(x1) = h ◦ f (x1) = h( f (x1)). x2 ∈ X , x2 = h( f (x2)).
f (x1) = f (x2) ∈ Y h : Y → X function h( f (x1)) = h( f (x2)).

x1 = h( f (x1)) = h( f (x2)) = x2.

�

Example 5.3.10. X = {a,b}, Y = {1,2,3} f : X → Y , f (a) = 3, f (b) = 1.
f : X → Y one-to-one. h : Y → X h ◦ f = idX .

Y X 數, Y . f−1({2}) = /0,
X , a, h(2) = a. f−1({1}) = {b}
h(1) = b. f−1({3}) = {a} h(3) = a h : Y → X

function h◦ f (a) = h( f (a)) = h(3) = a h◦ f (b) = h( f (b)) = h(1) = b.
h◦ f = idX .

Theorem 5.3.9 one-to-one one-to-one .
.

Proposition 5.3.11. f1 : X →Y , f2 : Y → Z one-to-one function, f2 ◦ f1 : X → Z

one-to-one.

Proof. ( ) one-to-one . x1,x2 ∈ X f2 ◦ f1(x1) =

f2 ◦ f1(x2). f2( f1(x1)) = f2( f1(x2)), f2 : Y → Z one-to-one, f1(x1) =

f1(x2). f1 : X → Y one-to-one, x1 = x2

( ) Theorem 5.3.9, f2 ◦ f1 : X → Z one-to-one,
h : Z → X h ◦ ( f2 ◦ f1) = idX . f1 : X → Y , f2 : Y → Z one-to-one,
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Theorem 5.3.9 h1 : Y → X , h2 : Z → Y h1 ◦ f1 = idX h2 ◦ f2 = idY .
h = h1 ◦ h2 : Z → X , h ◦ ( f2 ◦ f1) = (h1 ◦ h2) ◦ ( f2 ◦ f1). 數

(Proposition 5.1.6) Lemma 5.1.5, (h1 ◦ h2) ◦ ( f2 ◦ f1) = h1 ◦ (h2 ◦ f2) ◦ f1 =

h1 ◦ (idY ◦ f1) = h1 ◦ f1 = idX . h◦ ( f2 ◦ f1) = idX . �

Proposition 5.3.11 , f2 ◦ f1 one-to-one
f1, f2 one-to-one. Example 5.3.10 h : {1,2,3} → {a,b} h(1) =

b,h(2) = a,h(3) = a, one-to-one. h◦ f = id{a,b} one-to-one.
.

Corollary 5.3.12. f1 : X →Y , f2 : Y → Z function f2 ◦ f1 : X → Z one-to-one,
f1 one-to-one.

Proof. f2 ◦ f1 : X → Z one-to-one, Theorem 5.3.9 h : Z → X h ◦
( f2 ◦ f1) = idX . 數 (h ◦ f2) ◦ f1 = idX . h1 = h ◦ f2,
h1 : Y → X h1 ◦ f1 = (h◦ f2)◦ f1 = idX . Theorem 5.3.9 f1 : X → Y

one-to-one. �

Question 5.9. one-to-one Corollary 5.3.12.

Corollary 5.3.12 , f1 one-to-one
f2 ◦ f1 one-to-one.

Question 5.10. X = {a,b}, Y = {1,2,3}, f1 : X → Y , f2 : Y → X

functions f1 one-to-one, f2 ◦ f1 one-to-one.

one-to-one and onto 數. 數 bijective
function bijection. f : X → Y bijective, f onto g : Y → X

f ◦ g = idY (Theorem 5.3.3). f one-to-one h : Y → X h ◦ f = idX

(Theorem 5.3.9). Lemma 5.1.5,

h = h◦ idY = h◦ ( f ◦g) = (h◦ f )◦g = idX ◦g = g.

f : X → Y bijective , g : Y → X , f ◦ g = idY

g◦ f = idX . 數 g . g : Y → X g′ : Y → X

f ◦g = f ◦g′ = idY g◦ f = g′ ◦ f = idX ,

g′ = g′ ◦ idY = g′ ◦ ( f ◦g) = (g′ ◦ f )◦g = idX ◦g = g.

數 g f , f−1, f

inverse. , bijective function invertible function.

Question 5.11. f : X → Y injective. g : Y → X f ◦ g = idY ,
g = f−1. h : Y → X h◦ f = idX , h = f−1.
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, f−1 inverse image . 數 inverse image,
f : X →Y bijective, Y subset C, inverse image f−1(C)

. Y y, f bijective f−1(y) . ,
y ∈ Y , f−1({y}) , f−1(y) f bijective .

f : X → Y bijective , inverse image f−1 : Y → X . ,
y ∈Y , f onto one-to-one, #( f−1({y})) = 1. f−1({y})

. f−1({y}) = {x}, f−1(y) = x. , f (x) = y

f−1(y) = x, f ◦ f−1 = idY f−1 ◦ f = idX .

Example 5.3.13. Example 5.3.2 bijective function inverse .

(A) 數 g : R \ {3} → R \ {1} g(x) = (x+ 1)/(x− 3), ∀x ∈ X , g(x)

onto. Example 5.2.2 y ∈ R\{1}, g−1({y}) = {(3y+1)/(y−1)}.
g−1 : R\{1}→ R\{3} g−1(x) = (3x+1)/(x−1), ∀x ∈ R\{1}.

(B) 數 f : Z→ N∪{0}

f (n) =
{

2n, if n ≥ 0;
−2n−1, if n < 0.

Example 5.3.2 k ∈N∪{0} 數, f−1({k}) = {k/2}. k ∈N∪{0}
數, f−1({k}) = {−(k+1)/2}. f−1 : N∪{0}→ Z

f−1(n) =
{

n/2, if n is even;
−(n+1)/2, if n is odd.

f : X → Y bijective , f inverse . , f inverse ,
f−1 : Y → X f ◦ f−1 = idY f−1 ◦ f = idX , Theorem 5.3.3 Theorem 5.3.9

f bijective. .

Theorem 5.3.14. f : X →Y function. f bijection f−1 : Y → X

f ◦ f−1 = idY f−1 ◦ f = idX .

Question 5.12. f : X →Y bijective function. f−1 : Y → X bijective
( f−1)−1 = f .

Proposition 5.3.5 Proposition 5.3.11 :

Proposition 5.3.15. f1 : X →Y , f2 : Y → Z bijective function, f2 ◦ f1 : X → Z

bijective function.
( f2 ◦ f1)

−1 = f−1
1 ◦ f−1

2 .

Proof. ( f2 ◦ f1)◦ ( f−1
1 ◦ f−1

2 ) = idZ ( f−1
1 ◦ f−1

2 )◦ ( f2 ◦ f1) = idX .
Theorem 5.3.14 f2 ◦ f1 : X → Z bijective. inverse function ,

( f2 ◦ f1)
−1 = f−1

1 ◦ f−1
2 .

( f2 ◦ f1)◦ ( f−1
1 ◦ f−1

2 ) = f2 ◦ ( f1 ◦ f−1
1 )◦ f−1

2 = ( f2 ◦ idY )◦ f−1
2 = f2 ◦ f−1

2 = idZ,
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( f−1
1 ◦ f−1

2 )◦ ( f2 ◦ f1) = f−1
1 ◦ ( f−1

2 ◦ f2)◦ f1 = f−1
1 ◦ (idY ◦ f1) = f−1

1 ◦ f1 = idX .

. �

Question 5.13. f1 : X → Y , f2 : Y → Z function f2 ◦ f1 : X → Z bijective.
f1 : X → Y , f2 : Y → Z bijective? f1, f2 bijective,
bijective?

5.4. Equivalent Sets and Cardinal Number

數 , 數

數 . A n , 數 A

, {1, . . . ,n} A bijective function.
.

Definition 5.4.1. A,B set, bijection f : A → B, A is equivalent to
B, |A|= |B| .

A finite set, |A| A 數 #(A).
A finite set , |A| , A cardinal number.

A is equivalent to B A B cardinal number.

Equivalent set equivalence relation.

Proposition 5.4.2. sets A,B,C, .

(1) |A|= |A|.

(2) |A|= |B| |B|= |A|.

(3) |A|= |B| |B|= |C|, |A|= |C|.

Proof. (1) A, idA : A → A. idA bijective, |A|= |A|.

(2) |A|= |B|, f : A → B bijective. f−1 : B → A, bijective (
Question 5.12), |B|= |A|.

(3) |A|= |B| |B|= |C|, f : A→B, g : B→C bijective, Proposition
5.3.15 g◦ f : A →C bijective. |A|= |C|. �

, , 數 n, In 1 n 數

, I1 = {1}, I2 = {1,2},…, In = {1, . . . ,n}. A n finite set,
|A|= |In|. A B n , |A|= |In| |B|= |In|,

Proposition 5.4.2 |A|= |B|.

A, B finite set A 數 n B 數 m,
|A|= |B| ? |In| |Im| . n ̸= m, ,
m > n. |Im|= |In|, bijection f : Im → In. Theorem 2.2.3 (
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Im m , In n ), f : Im → In one-to-one
( 數 數, 1 ), f bijective

, |In| ̸= |Im|. |A|= |B|, |A|= |In|, |B|= |Im| Proposition 5.4.2
|In|= |Im| , |A| ̸= |B|.

前 , finite set , cardinal number
數 數 . cardinal number infinite set. ,

, 數 , nonempty set A, n ∈ N,
|A| ≠ |In|, A infinite set.

cardinal number 數 , A∩B = /0, C ∩D = /0,
|A|= |C|, |B|= |D|, 數 , |A∪B|= |C∪D|. ,

.

Lemma 5.4.3. I index set, {Ai, i ∈ I}, {Bi, i ∈ I} A, B partition.
i ∈ I, |Ai|= |Bi|, |A|= |B|.

Proof. , {Ai, i ∈ I} A partition A =
∪
i∈I

Ai i, j ∈ I, i ̸= j,

Ai ∩A j = /0. , i ∈ I, |Ai| = |Bi|, fi : Ai → Bi bijective
function. fi, bijective function f : A → B. |A|= |B|.

f : A → B : a ∈ A, {Ai, i ∈ I} A partition,
i ∈ I a ∈ Ai, f (a) = fi(a) ∈ Bi. {Ai, i ∈ I} A partition, f

A Bi ⊆ B. A B

function. f : A → B one-to-one and onto.

b ∈ B, {Bi, i ∈ I} B partition, i ∈ I, b ∈ Bi.
fi : Ai → Bi onto, a ∈ Ai fi(a) = b. f , b,

a ∈ A, a ∈ Ai, f f (a) = fi(a) = b. f : A → B onto.

a,a′ ∈ A f (a) = f (a′). f (a) ∈ B, i ∈ I f (a) = f (a′) ∈ Bi.
f , a ∈ A j, f (a) = f j(a) ∈ B j. f (a) ∈ Bi ∩B j i = j,

a ∈ Ai. a′ ∈ Ai. f f (a) = fi(a) f (a′) = fi(a′).
f (a) = f (a′) fi(a) = fi(a′), fi one-to-one a = a′. f

one-to-one. �

cardinal number 數 , . finite
set , one-to-one .

.

Definition 5.4.4. A,B set, |A| ≤ |B| one-to-one function
f : A → B.

. A ⊆ B, f : A → B, f (a) = a,
∀a ∈ A. f one-to-one function, |A| ≤ |B|. ,
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m,n ∈ N m > n, In ⊆ Im, |In| ≤ |Im|. 前

one-to-one function f : Im → In, |Im| ≤ |In| .

數 ,
cardinal number . .

Proposition 5.4.5. A,B set. |A| ≤ |B| onto function h : B → A.

Proof. (⇒) |A| ≤ |B|, one-to-one function : A → B. Theorem 5.3.9
h : B → A h◦ f = idA. idA : A → A onto function, Corollary 5.3.6

h : B → A onto.

(⇐) h : B → A onto , g : A → B h◦g = idA (Theorem 5.3.3). idA

one-to-one g : A → B one-to-one (Corollary 5.3.12). |A| ≤ |B|. �

Definition 5.4.4 cardinal number partial order. (
cardinal number total order, Axiom of Choice

, .) reflexive , A,
idA : A → A, idA one-to-one, |A| ≤ |A|. transitive ,

|A| ≤ |B| |B| ≤ |C|, f : A → B g : B →C one-to-one, g◦ f : A →C

one-to-one (Proposition 5.3.11). |A| ≤ |C|. anti-symmetric ,
, Cantor–Schröder–Bernstein Theorem.

Theorem 5.4.6 (Cantor–Schröder–Bernstein). A,B sets |A| ≤ |B| |B| ≤ |A|,
|A|= |B|.

Proof. |A| ≤ |B| f : A → B one-to-one function. |B| ≤ |A|,
g : B → A one-to-one function. f ,g A,B partition, Lemma
5.4.3 |A|= |B|.

a ∈ A, A∪B 數 . :
x1 = a, inverse image g−1({a}). g one-to-one, g−1({a})

. g−1({a}) = /0, 數 x1 . g−1({a}) = {b},
x2 = b. b ∈ B, f−1({b}). , f one-to-one, f−1({b})

. f−1({b}) = /0, 數 x1,x2 . f−1({b}) = {a′},
x3 = a′. a′ ∈ A, g−1({a′}), 前 . ⟨a⟩

a 數 ( 數 ,
Example 5.4.7). a ∈ A 數 ⟨a⟩= x1,x2, . . . , .

數 數 . a ∈ A g−1({a}) = /0, ⟨a⟩ , 數

. 數 數 . a ∈ A g−1({a}) = {b} f−1({b}) = /0, ⟨a⟩
a,b , 數 . 數 , a ∈ A

數 inverse image .

Ao = {a ∈ A : ⟨a⟩ 數 }, Ae = {a ∈ A : ⟨a⟩ 數 }, A∞ = {a ∈ A : ⟨a⟩ }.



86 5. Function

a ∈ A, 數 ⟨a⟩, a Ao,Ae,A∞

, . Ao,Ae,A∞ A partition.

數 , 數 A , 數 B

. ⟨a⟩ = x1,x2, . . . , i 數 xi ∈ A. xi ∈ f−1({xi−1}),
f (xi) = xi−1. i 數 xi ∈ B. xi ∈ g−1({xi−1}), g(xi) = xi−1.

b ∈ B, b 數 , y1 = b,
f−1({b}) , . ⟨b⟩ b 數 .
, B partition B0,Be,B∞,

Bo = {b ∈ B : ⟨b⟩ 數 }, Be = {b ∈ B : ⟨b⟩ 數 }, B∞ = {b ∈ B : ⟨b⟩ }.

restriction map f |Ao : Ao → B, a ∈ Ao, f |Ao(a) = f (a). f

one-to-one, f |Ao one-to-one. f |Ao range f |Ao(Ao) Be.
a ∈ Ao, f |Ao(a) = f (a) ∈ B. f (a) sequence, y1 = f (a),

f−1({ f (a)}) = {a} ( f (a) ∈ { f (a)}), ⟨ f (a)⟩ y2 = a. 言 ,
數 ⟨ f (a)⟩ 前 y1 = f (a),y2 = a, ( ) y3 g−1({a})

. a 數 ⟨a⟩ x2 . 言 , 數 ⟨ f (a)⟩ 數

⟨a⟩ 前 f (a) . a ∈ Ao, ⟨a⟩ 數 , ⟨ f (a)⟩
數 , f (a) ∈ B f (a) ∈ Be. f |Ao(Ao) ⊆ Be. , b ∈ Be, b 數

⟨b⟩ 數 . ⟨b⟩ ( , ). ⟨b⟩
f−1({b}) , a ∈ A f (a) = b. a ⟨b⟩

, 前 , ⟨a⟩ ⟨b⟩ = ⟨ f (a)⟩ , ⟨a⟩ 數 ,
a ∈ Ao. b ∈ Be, a ∈ Ao f (a) = f |Ao(a) = b.

Be ⊆ f |Ao(Ao), f |Ao range f |Ao(Ao) Be. 言 , f |Ao Ao

Be one-to-one and onto function. |Ao|= |Be|.

, g : B → A Bo restriction g|Bo : Bo → A, |Bo| = |Ae| (
f , g ). g B∞ restriction g|B∞ ( f

A∞ restriction). g|B∞ one-to-one. b ∈ B∞, g(b)

數 ⟨g(b)⟩. g(b) ∈ A, g−1({g(b)}) = {b}, ⟨g(b)⟩ g(b),
b, ⟨b⟩ . b ∈ B∞ ⟨b⟩ ⟨g(b)⟩ .

g(b) ∈ A∞, g|B∞ range g|B∞(B∞) A∞. , a ∈ A∞, a

數 ⟨a⟩ . ⟨a⟩ . ⟨a⟩ g−1({a})
, b ∈ B g(b) = a. b ⟨a⟩ , 前

, ⟨b⟩ ⟨a⟩ , ⟨b⟩ , b ∈ B∞.
a ∈ A∞, b ∈ B∞ g(b) = g|B∞(b) = a. A∞ ⊆ g|B∞(B∞),

g|B∞ range g|B∞(B∞) A∞. 言 , g|B∞ B∞ A∞ one-to-one
and onto function. |B∞|= |A∞|.

Ao,Ae,A∞ A partition Bo,Be,B∞ B partition, |Ao| = |Be|,
|Ae|= |Bo| |A∞|= |B∞|, Lemma 5.4.3 |A|= |B|. �
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Question 5.14. Theorem 5.4.6 , |Ae| = |Bo| g Bo

restriction f Ae restriction? f Ae restriction f |Ae : Ae → B,
range ? |A∞|= |B∞| f A∞ restriction f |A∞ : A∞ → B ?

Example 5.4.7. A = {1,2, . . .} 數 , B = {−1,−2, . . .} 數

. f : A → B f (a) = −1− a, ∀a ∈ A g : B → A g(b) = 1−b,
∀b ∈ B. Theorem 5.4.6 數 .

數 :

..

1

.

2

.

3

.

4

.

· · ·

.
−1

.
−2

.
−3

.
−4

.
· · ·

f , g.

3 ∈ A, g−1({3}) = {−2}, f−1({−2}) = {1} g−1({1}) = /0,
3 數 ⟨3⟩ 3,−2,1. 數 3 , 3 ∈ Ao. ,

4 數 ⟨4⟩ 4,−3,2,−1, 4 ∈ Ae. , a ∈ A

數 a ∈ Ao, a ∈ A 數 a ∈ Ae. A∞ = /0. Ao,Ae A

partition ( 數 數 partition).

−3 ∈ B, f−1({−3}) = {2}, g−1({2}) = {−1} f−1({−1}) = /0,
−3 數 ⟨−3⟩ −3,2,−1. 數 3 , −3 ∈ Bo. ,

−4 數 ⟨−4⟩ −4,3,−2,1, −4 ∈ Be. ,
b ∈ B 數 b ∈ Bo, b ∈ B 數 b ∈ Be. B∞ = /0. Bo,Be

B partition.

f Ao Be ( one-to-one correspondence).
a ∈ Ao a 數, f (a) =−(1+a) f (a) 數, f (a)∈ Be. f

Ao Be. b ∈ Be, b 數. a =−b−1,
a > 0 ( b ≤−2) a 數, a ∈ Ao. a =−b−1 ∈ Ao f f (a) =−(1+a) = b.

f Ao Be. f Ae Bo. Bo

inverse image . −1 ∈ Bo f−1({−1}) = /0.

g Bo Ae one-to-one correspondence. b∈ Bo, b

數, g(b) = 1−b 數, g(b)∈Ae. , a∈Ae, b= 1−a< 0

( a ≥ 2) 數. b = 1−a ∈ Bo g, g(b) = 1−b = 1− (1−a) = a,
g Bo Ae.

Question 5.15. Example 5.4.7 f g A B bijective function
h : A → B h|Ao = f |Ao.

, cardinal number “strict order”. A,B sets, |A| ≤ |B|
|A| ̸= |B| , |A| < |B| . 前 m,n 數 m > n ,
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|In| ≤ |Im| |In| ̸= |Im|, |In|< |Im|. A infinite set, n ∈ N
|In| ≤ |A| |In| ̸= |A|, |In|< A. B finite set, n ∈ N

|B|= |In|, |B|< |A|. strict order 數 .

5.5. Countable and Uncountable Sets

finite set cardinal number, 數, infinite set,
cardinal number “ ” . infinite set
cardinal number , cardinal number, “ ”

. , 論 . 論 ,
countable set uncountable set .

Definition 5.5.1. S set |S| ≤ |N|, S countable set.
uncountable set.

Question 5.16. S,T sets |S| ≤ |T |. T countable, S countable?

, one-to-one function f : S → N, S countable set.
S finite set, countable. infinite set

countable, N , 2N ( 數 ), infinite set countable.
uncountable set infinite set. infinite set countable ,

countably infinite infinite set uncountable set .

, finite set N cardinal number?
. infinite set |N| cardinal number. S

infinite set |S| ≤ |N|. one-to-one function f : S → N. T = f (S),
f S T one-to-one onto 數, |S|= |T |. T

N infinite subset, |T |= |N|, |S|= |T |= |N|,
countably infinite set cardinal number |N|.

Lemma 5.5.2. T ⊆ N infinite set, |T |= |N|.

Proof. T ⊆ N, |T | ≤ |N|. f : N→ T one-to-one function,
|N| ≤ |T |, Theorem 5.4.6 (Cantor–Schröder–Bernstein) |T |= |N|.

N order ≤ well-ordered set (Well-ordering
Principle) . , N nonempty subset least element (
minimum element). S nonempty subset of N, min(S) S least element,

, a = min(S), a ∈ S S s, s ̸= a, a < s.

f (1) = min(T ), f (1) ∈ T . f (2) ? T2 =

T \{ f (1)}, f (2) = min(T2). T2 ̸= /0, T ⊆ { f (1)} T infinite
set 前 , f (2)∈ T . , Tn+1 = T \{ f (1), . . . , f (n)}

f (n+1) = min(Tn+1), “ ” N T function f : N→ T .
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“well-defined” function, one-to-
one. well-defined. n ∈ N tn ∈ T

f (n) = tn. f ,
數學 . 數學 n ∈ N,

tn ∈ T f (n) = tn. k = 1 , t1 = min(T ) T t1 ≤ t,∀ t ∈ T

, f (1) = t1 ∈ T . k = 1, . . . ,n

tk ∈ T f (k) = tk. f (n+1), Tn+1 = T \{ f (1), . . . , f (n)}= T \{t1, . . . , tn}
f (n+1) = min(Tn+1). T infinite set, Tn+1 ̸= /0, T ⊆ {t1, . . . , tn}

T infinite set . 前 Tn+1 (
t1, . . . , tn ), N well-ordering principle, tn+1 = min(Tn+1)

T . Strong Mathematical Induction (Corollary 2.3.6)
n ∈ N, tn ∈ T f (n) = tn.

f : N→ T function, f : N→ T one-to-one.
n1,n2 ∈ N n1 ̸= n2, f (n1) ̸= f (n2). , n1 < n2.

Tn2 = T \{ f (1), . . . , f (n1), . . . , f (n2 −1)}, f (n1) ̸∈ Tn2 , f (n2) = min(Tn2) ∈ Tn2

f (n2) ̸= f (n1). f : N→ T one-to-one. �

前 , Lemma 5.5.2 .

Theorem 5.5.3. S set. S countably infinite |S|= |N|.

Question 5.17. S infinite set. S uncountable |S| ̸= |N|.

countable set , countable set subset countable.
S countable, |S| ≤ |N|, S′ ⊆ S, |S′| ≤ |S|

|S| ≤ |N|, |S′| ≤ |N|. countable set , countable.
.

Proposition 5.5.4. countable set countable set. S1, . . . ,Sn

countable set, ∪n
i=1 Si countable set.

Proof. 數學 . S1,S2 countable, S1 ∪S2 countable.

S1,S2 countable, f1 : S1 →N f2 : S2 →N one-to-one functions.
function f : S1 ∪S2 → N,

f (s) =
{

2 f1(s), if s ∈ S1;
2 f2(s)+1, if s ∈ S2 \S1.

, f well-defined function, S1 ∪S2 = S1 ∪ (S2 \S1) S1 ∩ (S2 \S1) = /0,
s ∈ S1 ∪S2, s S1 S2 \S1 , . s ∈ S1,

f1(s) ( f1 : S1 → N function), f (s) 2 f1(s)

. s ∈ S2 \S1, s ∈ S2, f2(s) , f (s) 2 f2(s)+1

. f : S1 ∪S2 → N one-to-one, s, t ∈ S1 ∪ S2
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s ̸= t, f (s) ̸= f (t). cases. s, t S1

S2 \ S1. f (s) = 2 f1(s) ̸= 2 f1(t) = f (t) ( f1 one-to-one),
f (s) = 2 f2(s)+1 ̸= 2 f2(t)+1 = f (t) ( f2 one-to-one). s ∈ S1 t ∈ S2 \S1

t ∈ S1 s ∈ S2 \S1. f (s), f (t) , f (s) ̸= f (t).
f : S1 ∪S2 → N one-to-one, S1 ∪S2 countable.

數學 , n ∈ N n ≥ 2, S1, . . . ,Sn countable
set, ∪n

i=1 Si countable set. n = k+1 . , S1, . . . ,Sk

countable set, ∪k
i=1 Si countable set. Sk+1 countable set,

k = 2 , (
∪k

i=1 Si)∪Sk+1 countable set. ∪k+1
i=1 Si = (

∪k
i=1 Si)∪Sk+1∪k+1

i=1 Si countable set. �

Proposition 5.5.4 , 數 countable.
數 數, 數 0 . 數

數 N ( −n 7→ n), countable. {0}
finite set, countable,

Corollary 5.5.5. Z is countable.

數 Q countable, .

Lemma 5.5.6. The Cartesian product N×N is countable.

Proof. N×N 數 (n1,n2), n1,n2 ∈N, (n1,n2) = (n′1,n
′
2)

n1 = n′1 n2 = n′2. 數 f : N×N→ N,

f (n1,n2) = 2n13n2 , ∀n1,n2 ∈ N.

f :N×N→N function, f one-to-one. (n1,n2) ̸=(n′1,n
′
2),

數

f (n1,n2) = 2n13n2 ̸= 2n′13n′2 = f (n′1,n
′
2).

f : N×N→ N one-to-one, N×N countable. �

Lemma 5.5.6 |N×N| ≤ |N|, N×N infinite set,
N×N countably infinite, |N×N| = |N|. Proposition 5.5.6,

countable set Cartesian product countable.

Proposition 5.5.7. S1, . . . ,Sn countable set, S1 ×S2 ×·· ·×Sn countable set.

Proof. S1 ×S2 countable. S1,S2 countable ,
f1 : S → N, f2 : S2 → N one-to-one function. f : S1 ×S2 → N×N

f (s1,s2) = ( f1(s1), f2(s2)), ∀s1 ∈ S1,s2 ∈ S2.
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f : S1 × S2 → N×N function, f one-to-one.
(s1,s2),(s′1,s

′
2) ∈ S1 × S2 (s1,s2) ̸= (s′1,s

′
2), s1 ̸= s′1 s2 ̸= s′2. s1 ̸= s′1,

f1 : S1 → N one-to-one, f1(s1) ̸= f1(s′1),

f (s1,s2) = ( f1(s1), f2(s2)) ̸= ( f1(s′1), f2(s′2)) = f (s′1,s
′
2).

s2 ̸= s′2 , f (s1,s2) ̸= f (s′1,s
′
2). f : S1 ×S2 → N×N one-to-one.

|S1 ×S2| ≤ |N×N|= |N|, S1 ×S2 countable.

S1, . . . ,Sn countable set, S1 × S2 ×·· ·× Sn = (S1 × S2 ×·· ·× Sn−1)× Sn

數學 S1 ×S2 ×·· ·×Sn countable set, . �

Question 5.18. n ∈ N, 數 n 數

countable.

Proposition 5.5.7 數 Q countable.
數 0 a/b a ∈ Z, b ∈ N gcd(a,b) = 1 (

數). f : Q → Z×N, f (0) = (0,1); q ∈ Q, q ̸= 0 a/b

q 數 , f (q) = (a,b). 數 數 ,
f : Q→ Z×N function. q ̸= q′, q,q′ 0 , 0,

數 0/1, f (q) ̸= f (q′). q,q′ 0 , 數

q = a/b,q′ = a′/b′. a/b ̸= a′/b′, f (q) = (a,b) ̸= (a′,b′) = f (q′).
f : Q→ Z×N one-to-one, |Q| ≤ |Z×N|. Z countable Proposition 5.5.7

Z×N countable, Z×N infinite set, |Z×N|= |N|. |Q| ≤ |N|,
.

Corollary 5.5.8. Q is countable.

Lemma 5.5.6, Proposition 5.5.4 .

Proposition 5.5.9. i ∈ N, Si countable set, ∪∞
i=1 Si countable set.

Proof. , i ∈N, fi : Si →N one-to-one function. f :
∪∞

i=1 Si →
N×N , s ∈

∪∞
i=1 Si, i 數 s ∈ Si, f (s) = (i, fi(s)).

f :
∪∞

i=1 Si → N×N function. s,s′ ∈
∪∞

i=1 Si, i, i′

數 s ∈ Si,s′ ∈ Si′ . i ̸= i′, f (s) = (i, fi(s)) ̸= (i′, fi′(s′)) = f (s′). i = i′,
s,s′ ∈ Si fi : Si →N one-to-one, fi(s) ̸= fi(s′), f (s)= (i, fi(s)) ̸=(i, fi(s′))= f (s′).

f :
∪∞

i=1 Si →N×N one-to-one, |
∪∞

i=1 Si| ≤ |N×N|= |N|. ∪∞
i=1 Si countable

set. �

Question 5.19. 數 countable.

前 countable sets, uncountable set ? .
Proposition 5.5.7 Cartesian product
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. S1, . . . ,Sn, . . . countable S1 ×·· ·×Sn ×·· · uncountable.
N power set P(N) uncountable. , A power set P(A), A

subsets . .

Theorem 5.5.10. A set, P(A) A power set, |A|< |P(A)|.

Proof. 數 ı : A → P(A) ı(a) = {a}, ∀a ∈ A. ı : A → P(A)

one-to-one function, |A| ≤ |P(A)|. |A| < |P(A)|, |A| ≠
|P(A)|.

function f : A → P(A) onto.
function f : A → P(A) one-to-one onto , |A| ̸= |P(A)|.

function f : A → P(A), A S = {s ∈ A | s ̸∈ f (s)}. S

, S ∈ P(A). a ∈ A

f (a) = S. S 數 f : A → P(A) image , f : A → P(A)

onto. , a ∈ A f (a) = S. a ∈ S. a ∈ S,
a ∈ f (a) ( f (a) = S), S a ∈ S a ̸∈ f (a), , a ̸∈ S.

a ̸∈ S, a ̸∈ f (a), S a ∈ S . a ∈ A f (a) = S,
a ∈ S a ̸∈ S ( S , ).

S ∈ P(A) f : A → P(A) image , f : A → P(A) onto. �

Question 5.20. A = {1,2,3}, f : A → P(A)

f (1) = {1,2}, f (2) = {1,3}, f (3) = {2}.

S = {s ∈ A | s ̸∈ f (s)}. S ? S f : A → P(A) image .

Corollary 5.5.11. N power set P(N) uncountable.

Proof. Theorem 5.5.10 |N| < |P(N)|, cardinal number partial
order, |P(N)| ≤ |N| . P(N) uncountable. �

Theorem 5.5.10 數學 Cantor .
數 R uncountable.

Proposition 5.5.12. R is uncountable.

Proof. S 數 0, 數 數 0 1 數

. 0.1011010 0.101101 S . S

數 ( 數, 0 數. 0.101101 = 0.1011010).
S 數, 數 ( 數

數). S uncountable, S ⊆R, |S| ≤ |R|, |R| ≤ |N|
( |S| ≤ |N| ). R uncountable.

S countable. S infinite set, S countably
infinite. Theorem 5.5.3 |S| = |N|, one-to-one and onto function
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f : N→ S. S s = 0.a1a2a3 . . .ai . . . , i ∈ N, s 數

i ai

ai =

{
1, f (i) 數 i 0;
0, f (i) 數 i 1.

s f : N→ S image , f : N→ S onto ,
. , n ∈ N f (n) = s. s 數 n

數 an. s 數 n 數 f (n) 數 n 數 . f (n) = s

, s f : N→ S image . �

Question 5.21. 數 uncountable.

, infinite set S countable uncountable
. countable uncountable.

countable, , S → N one-to-one function.
uncountable, uncountable, , countable,

. 前 , S → N function
onto.





Chapter 6

Axiom of Choice,
Well-ordering Theorem
and Zorn’s Lemma

Axiom of choice 數學 , 導

, Well-ordering Theorem Zorn’s Lemma (
). axiom of choice , .

數學 axiom of choice, axiom 數學

論 , 前 數學 axiom of choice
Well-ordering Theorem Zorn’s Lemma. 學 數學

, . ,
( 學 論 ),

.

6.1. Axiom of Choice

Axiom of choice S, “ ” S

. S finite set , S

,
. infinite set, . S N , N

well-ordering principle, least element .
infinite set, , “ ”

. , , !
finite set , “ ” .

數學 finite set , ,
.

95
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, 前 .
, . , ,

. function . S

, S power set, P(S) . P(S)

A A , 數 function f

S A f (A) ∈ A. function f , S

, choice function. , axiom of choice
.

Axiom of Choice: For any nonempty set S, there exists a choice function f : P(S)\ /0 → S

such that for every nonempty subset A of S ( A ∈ P(S)\ /0), we have f (A) ∈ A.

, A , choice function A

, . choice function f S , S,
f (A) 前 Section 5.2 “image of A under f ”. axiom

of choice choice function , 論 choice function.
axiom of choice , constructive.

前 , axiom of choice. Proposition 5.5.9 ,
axiom of choice. S1, . . . ,Sn, . . . countable set ,

i ∈ N, |Si| ≤ |N|, Si → N one-to-one function
fi : Si → N, . Proposition 5.5.9 axiom of choice

. , axiom of choice .

Proposition 6.1.1. S infinite set, S subset countably infinite.

Proof. f : P(S) \ /0 → S choice function. g : N→ S, g(1) = f (S).
S2 = S\{ f (S)}, S infinite set, S2 ̸= /0, S2 ∈P(S)\ /0, f (S2)

, g(2) = f (S2). 數學 k ≥ 2 Sk+1 = S\{ f (S), f (S2), . . . , f (Sk)}.
S infinite set, Sk+1 ∈ P(S) \ /0, g(k+ 1) = f (Sk+1). ,

g : N→ S one-to-one function, g image, g(N) S

countably infinite subset. �

6.2. Well-ordering Theorem

partial ordered set (X ,≼), total ordered X

, a,b ∈ X , a ≼ b b ≼ a, . poset (partial ordered
set) (X ,≼), well-ordered X T least element,

t0 ∈ T t0 ≼ t, ∀ t ∈ T . min(T ) T least element.
Well-ordering Theorem, X , order ≼,
(X ,≼) well-ordered set.
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Well-ordering Theorem Well-ordering Principle . Well-ordering Principle,
order ≤ (N,≤) well-ordered set. Well-ordering

Theorem, X , order ≼ (X ,≼)

well-ordered set. 數 Q ≤, well-ordered (
{r ∈ Q | 0 < r < 1} 數). Q countable (Corollary
5.5.8), N Q , Q , Q

well-ordered. Well-ordering Theorem, countable set, N
Well-ordering Principle . uncountable set, Well-ordering Theorem

. 前 , 數 R order ≼ (R,≼)

well-ordered.

Well-ordering Theorem Zermelo’s Theorem, Zermelo Axiom of Choice
. Well-ordering Theorem Axiom of Choice.

, . Well-ordering Theorem axiom ( ).
前 , Axiom of Choice ,

Well-ordering Theorem, , Axiom of Choice
. .

Theorem 6.2.1 (Well-ordering Theorem). Let X be a nonempty set. Then there exists an
order relation ≼ on X such that (X ,≼) is well-ordered.

Well-ordered Theorem order ≼, (X ,≼) well-ordered.
Axiom of Choice , 前 Axiom of Choice

constructive, Well-ordered Theorem (X ,≼) well-ordered
set order ≼ .

Axiom of Choice Well-ordering Theorem.
, Well-ordering Theorem Axiom of Choice. nonempty

set S, Well-ordering Theorem, order ≼ (S,≼) well-ordered.
A ∈ P(S) \ /0, f (A) = min(A). f : P(S) \ /0 → S, choice function ,

f (A) ∈ A. Axiom of Choice.

Well-ordering Theorem , N Well-ordering principle
, mathematical induction transfinite induction.
Corollary 2.3.6, mathematical induction P(n) n ∈ N ,

(i) P(1) ; (ii) i < k, P(i) , P(k) .
(i), (ii) P(n) n ∈ N . transfinite induction (X ,≼)

well-ordered, (1) P(min(X)) ; (ii) α ≺ β , P(α) , P(β )
. P(x), x ∈ X . :

Theorem 6.2.2 (Transfinite Induction). (X ,≼) well-ordered set x1 = min(X).
statement , x ∈ X , P(x) .



98 6. Axiom of Choice, Well-ordering Theorem and Zorn’s Lemma

(1) P(x1) .

(2) β ∈ X . α ∈ X α ≺ β , P(α) , P(β ) .

Proof. , x ∈ X P(x) . S = {x ∈ X | P(x) }.
S ̸= /0. (X ,≼) well-ordered, β ∈ S β = min(S). (1) β ̸= x0.
β = min(S), α ∈ X α ≺ β , α ̸∈ S, P(α) . (2)

P(β ) . β ∈ S , S = /0, x ∈ X , P(x) . �

Well-ordering Theorem N .
學 . 學 well-ordered,

. 1, 2,
infinite set N , countable

? , well-order
, . N

order ≼: a,b ∈ N , a ≼ b a ≤ b; a 數 b 數,
a ≼ b. (N,≼) well-ordered set, ,

2 ( 數) ( 數 數).

6.3. Zorn’s Lemma

Zorn’s Lemma Axiom of Choice . 前 partial ordered
set , . 數學 ,
Lemma. , Zorn’s Lemma 前 , Axiom

. 論 Zorn’s Lemma Axiom of Choice ( Well-ordering Theorem)
, Lemma.

order . partial ordered set (S,≼) , T

S subset T ≼ (T,≼) total ordered set ( t, t ′ ∈ T

t ≼ t ′ t ′ ≼ T ), T (S,≼) chain. S nonempty subset S′,
u ∈ S S′ upper bound, s′ ∈ S′ s′ ≼ u. µ ∈ S S

maximal element, µ ∈ S S s µ ≼ s ( S s,
s ≼ µ µ ). Zorn’s Lemma.

Lemma 6.3.1 (Zorn’s Lemma). (S,≼) partial ordered set. S

chain S upper bound, S maximal element.

Zorn’s Lemma , partial ordered set maximal
element, Zorn’s Lemma. , poset (S,≼) maximal
element, S chain, S chain upper
bound. chain S upper bound, poset (S,≼)

maximal element. , , chain upper bound S

, S maximal element.
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Zorn’s Lemma 論 . Axiom of Choice
Well-ordering Theorem , constructive. ,

maximal element , maximal element . Zorn’s
Lemma 數學 . 數 , ring maximal
ideal; 數 , (infinite dimensional) vector space basis,

Zorn’s Lemma. Zorn’s Lemma , 前

.

Proposition 6.3.2. S sets .
⊆ partial ordered set (S ,⊆). S chain

S , S M S S M ⊂ S.

Proof. S . S chain
chain , S chain S

chain upper bound. Zorn’s Lemma (S ,⊆) maximal element M,
M S , S M “ ” (

M), . �

, ,
學 Proposition 6.3.2 chain S ?
前 Zorn’s Lemma chain upper bound S .

upper bound , S .
Proposition 6.3.2 “chain” , S .

Zorn’s Lemma , .


