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2.1. B g ¥

LAge APRGEr v M ELSE A, - BkE - BELEd B (F) 7 (row)

2 (2) {7 (column) enficie . F- ELd m B row v n B column fcsrle & i

T HRZEL LS - B mxn matrix. %0, - B nxn matrix (7 row 91 #F 3 column

), PR L square matriv. AR NPEH My, KE TG BEER Smxn
EH AR A HARAPE T A RE T A kA - BEL. Glhod

1 0

A=10 1

2 1

—_ N

3
8 1, (2.1)
0

Bl A 52— B 3x4 matrix, = A€ Mzyy. § AP R3 GfHit- Badpr, APy § 2
A=la;j] Tthen™ 2 k. efiniE L4 A ® 2% 0 B row {r j B column i i A
P og; K& R, T2 LB (7 f)-th entry. F]@t F AP E A=[g;;] 5 mxn EL,
Sh A 1<i<m® 1<j<n bldefbnfs (21) ¢ et A % A= [a;], P

ai1=1, a2=0, a;3=2, ajs4=3,

a1 =0, axp=1, axz3=5, a4 =38,
a31:2, a32:1, a33:1, a34:O.

TS AR, Aiee g R A ihR - B orow fr column * o £ 07 2 k4T
T HE A 7 row vectors fo column vectors. A FEZ N § KB A=g;;] ¥ i B row
7 e row vector * ;a kK& 7, @ % j B column #f = &7 column vector * a; K& F. B
do¥Pt N3 (2.1) ¢ oHEER A AP

ja=[1 0 2 3], ,a=[0 1 5 8], 3a=[2 1 1 0]
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2. Matrix
A

1 0 2 3

ai=| 0|, a=|[1|, aa=|5]|, a=1| 8

2 1 1 0
;j_‘—gs d oAy s B .?]_ = ¥ - BAE'L 1542 o0 row vectors fv column vectors ‘*F"? * A

7558 & IR,

ﬂwﬁ%%ﬁ—%@E,%ﬁiﬁﬁﬁﬁgﬁ%wﬁﬁﬁﬁ.%”ﬂﬁﬁiii@ﬁ%

Wochigp %

Definition 2.1.1. B3X% A

=la;j] % - B mxnmatrix ¥ A'=[d}] &
APTRA=A FIEE m

s - % m' x n' matrix.
=min=n 23 H1<i<mnE 1<j<n %} aj=a;

ERFE AL RO R I BRI OUN. Ar B R R AR e AP
HAZFHE, IABR P e BT LT B E aF - BipR R BT AR, IR
NG My ELA X ETAE, 2 A B My, » TELAPE L 755 BELALS -
APl B iy 4p &

A W B i 2 A R KRR e 2 A ¢ R

T A Y
A )i Fl»:' el
Mipsin BN P T E U

P2 BendeE P A ARk T e d BARE AR 8 gl

dedr k. @ - BREES - B TIMEE s - Bl b ok e EHEA
PF T .

Definition 2.1.2. B3X A= [a;j], B=[b;;] ¥ % mxn matrix. =& A+B=[c;;], & 7 7
3 l1<i<mmMz 1<j<n%%

jocij=aij+bij. HELF Er, AP LK rA=[dy] £ ¢
$i73 h 1<i<mnm % 1<j<n%3} dij=ra;

Definition 2.1.2 £ 3734 i &

aypy ayp -+ Aaip b]l by - bln
an azy -+ Ap bzl b22 b2n
= . ,B:
aml QaQm2 - QAagmn bml bml bmn
Y
ajr+byr arptbia - aytbin
a1 +bx1  axa+byy - axtbog
A+B= . . . .
A1 +bm1 am2+bpy 0 Ayt byg
v
rayy raiz -+ raip
ray razz -+ rdap
rA =
rami1 Framz2 -+ Tlmn

A e i 8 R D RA T MG
GBcfh e om R, AP T R

)

Fd L RREARIR che £ (H 3 RY) chdeiz &2
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Proposition 2.1.3. ¥ M, } % A ip g 0T e i

1) 24 ABEMuxn, 3 A+B=B+A.

2) 2R AB,CEMyxn, ¥*1 (A+B)+C=A+(B+C).

3) it BL OCEMyun HEHER AEMunn 7 O+A=A.

5) Hi=E R rsER M3 A€ Myxn, 3 r(sA):(rs)A.

L
6) HEZR rnseER IIE AEMyxn, ¥F (r+s)A=rA+sA.
L

) HiER reR WA ABEMy, ¥

(1)

(2)

(3)

(4) HER AcMyxn ¢ 757 A €Myxn % L A+A =0.
()

(6)

(7) r(A+B) =rA+rB.
(8)

8) HiZR AcMyun, ¥ 7 1A=A.

Proposition 2.1.3 sz * 3|9 # R Ap$H IR, blde (1) senf 42 ch s
T, v 3lend Repdez 2kt 9 254 A=a],B=[bij] ¥ * A+B=c;j],B+A=d;j].
&EE, NPT cj=aij+bij 1 E dij=bijta;j. @ F Beinhe i AN a;j+ b =bij+aij,
Ft gy =dij, iR B E PR A @R ATB=B+A H @ LAETF - gk
R RT3 8 (3), (4) A GRS AT P T e
u@_wwoﬁaj%i’x%{iozkﬂﬁﬂc”:QWja(QﬁnVﬁéAﬁ
R F A E, CARF A AR dok A=(o] M4 A =gl B¢ a; = —ay, %‘ug‘}%i
A+A =0 7. - kR, LR ANPEBA 2Rl 24" —A k457,
BEFAPIRELTF DR gAVEFAPLER S e

X1 2x = 1
—x1 +lxp, = 2
2)(1 —2)62 = 3

APgyvnS

1 2 .
HEA P EELT | -1 ] ffm]ﬁ%éﬁ
) B
1 I 1 2
-1 1 Lq::xl —1|+x |1
2 2| 2 2 -2

W fpfoE i ang B A 4

)

FRB-BS 2 S A7 ke 89 Ap G f,",sir%z R LIRS e
j'f%ﬁvfa@ i%.

BB AR N, AP T R,
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Definition 2.1.4. & A ={[q;j|] # mxn matrix 1% b=[b;] & nx 1 matrix (¥ R" ¢

column vector). % a; %77 A 7 i-th column B T &

ay1 aix -+ Qip by by
ay ax -+ by | | ’ by

Ab = . . ) . |l =1la; a --- a, | =braj+bray+---+b,a,.
am1 Aam2 - Amn by, by

AR RS TR, T ACEM,yy, column FBEHcn 23X beM, Frrow HiEHEn, 1A

¥ & Ab ® ppF Ab ¢ & m x 1 matrix (% R™ # &9 column vector). BL% #* column vector,
ey

ar ap ain biai1 +braiy +---+byai,
as) axy anxy biay1 +braxn +---+b,az,
Ab=b | | +ba| | +tb| L | = . (2:2)
anl am? Amn birami +brapmy + - + bpam,
by
v bz v
Fulag, ¥ a= [al a - an] » Ixnmatrix m b= | . | % nx 1 matrix, & Definition
b,
9.1.4 Bt ok 2k
by
by
ab= [al a - an] : =bia; +byar +---+bya,. (2.3)
by,

(LZ, % ab LR ¢ s £, Pl ab A PHE ab SR 4 (ab)) e fi, o 25
(2.2), & ¥ ¥ Ab B &

1ab

zab
Ab=|"|. (2.4)

nab
» TT&«E{'\;;‘, Ab iz- B mx 1 matrix 7 i-th entry % ;ab » ,T.*-L%’—\A e i-th row ;a fo b 9 .
A kg - B mxnmatrix 72 R" 0 column vector &yt ki T KL T AR LR
Lemma 2.1.5. % A =[a;], A" =[a;;] 3 mxn matrices "' %2 b=[b;], b'=[p"] 5 R" ¢
7 column vectors (% nx 1 matrices) ™% c€R. 345 T G B
(1) A(b+b) = Ab+Ab'.
(2) A(cb) = c(Ab) = (cA)b.
(3) (A+A")b=Ab+A’b.

Proof. £ A 1 column vectors &=t % aj,...,a, ¥ A’ &7 column vectors &=t % aj,...,a),.
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(1) = 2T &

e
A(b+b') = a‘l a‘,, : = (b1 +b))a+ -+ (by+b),)a,. (2.5)
b+ b,
@ Ab+Ab’ %
| 715 T 1%
a‘l a‘n S+ a|1 a‘,, t| = (biay+- -+ bya,) + (Blag + -+ ba,).  (2.6)
by v,

d ABrL 4o 2 etk dcff 04 fie 2 (Proposition 2.1.3 a2 5 (7),(8)), A i @& + (2.5) fri
3 (26) i %
(2) i %% c(Ab) 3

by
c( a‘1 J : ):c(b1a1+bzaz+~-+bnan). (2.7)
| ars
@ cA =1 column vectors &= % cay,...,ca,. & (cA)b 3
| ik
cay -+ ca,| | | =bi(ca)+---+by(cay,). (2.8)
| | 1 (b,
ch |
Bfeirei cb 5 | 1|, & A(Dh) &
cbn_
B | ‘ cby
ap - ay| || = (ch)ar -+ (chp)ay. (2.9)
| |1 |cbs

d ZB 4o 2 e i Bcff h% & 2 (Proposition 2.1.3 2 8 (6)), 2 i F & (2.7), (2.8), (2.9)
BT ERE S

(3) &% & A+A’ & column vectors & =% 5 aj +al,...,a,+al, #71!

by
(A+A"b = alJ‘ra’l anq’La; : | =bi(ay +a})+---+by(a, +a)). (2.10)
| 1 b
¥- 35, Ab+Ab %
| 7 T 7>
ap - oa,| ||+ ]a) - a ||| =(ba+ - +bua,)+ (b1a) +---+ba),). (2.11)
| |1 6] L 11 {6,
JZd Bk oG B A i, AP EREAS (210) o3 (2.11) 4pE. m

Lemma 2.1.5 (1),(2) 2 354 (e L o £ g i § 5004 fe B enfh BB IL T E &
(refe e g L H/FILFE2L 5 linear cHF), AP ERF 0T ZIL L T
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v

Proposition 2.1.6. &% A€ M,,, £ b,b i R" ¢ &1 column vectors, 11 % ¢,c’ €R. B
A(cb +c'b') = c¢(Ab) + ¢/ (AD).

Proof. %] c¢b,cb’ ¥ 5 R" ¥ & column vectors, ¢ Lemma 2.1.5 (1) 4 A(cb+c'b) =
A(cb) +A(D). £ 4 Lemma 2.1.5 (2) & A(cb) = ¢(Ab),A(c'Y) = /(AY'), & 8 & ~ =
iz, ]

Question 2.1. B3& A€ M,x,, £ by,....,by 5 R" ? &1 column vectors, ci,...,cp € R. iF
I B F b2 EP . .
A(Y cbi) =) ci(Ab;

i=1

Question 2.2. B& AA €M,y,, ¥ b i R" ¢ & column vectors, " % c¢,c e R. E_%
(cA+'A")b = c(Ab) +'(A'b) ¢

RpnipREt gt da g 31 - KPR, § A=[a;] - B mxn matrix, B = [bji]
¥ - B nxI matrix. d **¥t B % — B column vector by € M1, 1 <k <[, e 757
Ab, 2@, AN T K AB 7 mx [ matrix, 2 ? AB ¢ k-th column vector 7 Abg. i

ARG T DR

Alb; by --- b;| = |[Ab; Ab, --- Ab
| ! | |

d > Aby & mx 1 matrix, & T &AF AB 2 mx [ matrix. s lF“?é"F%ﬁ;“ﬁ’Ji%.

2

Definition 2.1.7. 3% A =[a;;] % mxn matrix ™ 2 B=[by] % nxIl matrix, R <&
AB=C=[cy| 5 mxI matrix, & ® ¥ 1 <k <[, C ¢ k-th column ¢; 3

ayl1 aix -+ Qip b1k
a1 axy -+ Ay by

¢y = Aby = ) . . . | =buar+byary+---+byra,. (2.12)
am1 Aam2 - Amn bk

bt AP 1<i<m, 1 <k<I, AB 1 (i,k)-th entry & 5 # k-th column (=
Aby) JE_F AT E % 0 B entry. d ;83 (24) AP At T A ¢ i-th row a v B i k-th
column by | &% B B ff. 3 2, F AB= [cul, B| AB 9 (i,k)-th entry ¢;; =

cir = aby =ai1bir+ainbr+- -+ ainbpr = Zalj jk- (213)

£ A -, £ ERA BAELRT LT R RE, LA FAEL D column B e
+ e chrow B A ARk,

Example 2.1.8. %
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¥ BAEE R E AB. R TEE'L AB ¢ 3-1d column &

2 4 5 -2 4 0
Abs;=|3 6 L] =2a;+lap=2|3 |+1]|6]=|12
2 2 2 2 6

71l AB €0 (2,3) entry 5 12 %3t A ¢ 2-nd row 4v B 1 3-rd column —F;‘ X R2 P e B oo
@ebp g, T (3,6)-(2,1) =12 £ 1 A

97 4 4 2 0 -6
AB=| 3 6[;t _01??]:30 -3 12 21
2 2 14 -2 6 12

i

SERA G G (213) F AEE KA PTE. APEY I (212) hr R, 48
LR B E e kP L. T L column ki BEL gk, hEm &
fHEF MAELREEFRE, 5 3 (213) F1* entry K72 € F 0. bldet g 0T D
lrﬂ:‘?ﬁ"

Proposition 2.1.9. B3k AA" € My, BB €M,y 34 F 1T T,
(1) A(B+B') = AB+AB'.
(2) (A+A")B=AB+A'B.

Proof. 7 £/1 & 7 A+A" 55 mxn®EE® B+B 4 nxl| B, #rrig et a0 anfd #ic
@ Lt e . AP K B 0 column vectors &=t i by,...,b; ¥ B’ ¢ column
vectors &= & b},...,b].

(1) Afperzmd 1<k<IpF, A(B+B’) 1 k-th column ¢ % ** AB+AB' ¢ k-th column.
% % & A(B4+B') @ k-th column 3 A e+ ¥k + B+ B @ k-th column. @ d B 42
%%, B+ B ¢ k-th column % bg+b), ¥ B e k-th column 4t + B’ ¢ k-th column. F]g* 3¢
™% A(B+B') e k-th column 3 A(bg+b}). ¥ - * &, AB+AB' &7 k-th column % AB
k-th column Aby 4r + AB' & k-th column Ab), #]#* AB+AB' ¢ k-th column % Aby+Ab;.
d Lemma 2.1.5 (1), A P EFET P ip %,

(2) iR § 1<k<IpF (A+A")B e k-th column ¢ %+ AB+A'B &7 k-th column.
% % % (A+A")B thk-th column 3 A+A’ e+ 8%+ B e k-th column, ¥ (A+A")b;. ¥ -
3 %, AB+A'B 1 k-th column % AB 9 k-th column Aby 4t + A’'B ¢ k-th column A'bg, %]
#* AB+A'B ¢ k-th column 5 Abg+A’b;. F]ptd Lemma 2.1.5 (3), A P @H v rpE. O

B 3k 2 {r scalar multiplication (% #cff) » F 74T B %
Proposition 2.1.10. X c€ R, A€ M,,x,,BE M. Bl
c(AB) = (cA)B = A(cB).

Proof. B3k B &7 column vectors &=t % by,...,b;. B 4£/LE c(AB), (cA)B fr A(cB) ¥ %
mx [ matrix, P T EZP § 1 <k<[ ¥ c(AB), (cA)B f= A(cB) 1 k-th column ¥ 4p %.
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c(AB) 1 k-th column % ¢ 3+ AB i1 k-th column, # 5 c(Abg). @ (cA)B 1 k-th column
5 cA +# 3%k B e k-th column, # 5 (cA)by. B {89 > ¢B ¢ k-th column 5 cby, #®
A(cB) ¢ k-th column & A(cbg). Fl#td Lemma 2.1.5 (2), 2N E & T P % 40 £ O

Question 2.3. &k A,A" € My, BB €M,y 3% ¢, €R. ¥ #P (cA+A)B=cAB+
cA'B 113 A(cB+'B')=cAB+AB' 5 ?

d Proposition 2.1.9 f= Proposition 2.1.10 ezE ¢ IF“ DRI IS5l o (E Y e gl

EFIBCLLEEL Y - B ocolumn A IR, '}J’* row k5 4B gk iE
iy *, 2 BB EFT - &4 KL transpose (ﬁﬂ s ¢4

SUREE A S 3 SR ;;\,;,,a;s %L (T (AB )C:A(BC)). TARER
A, B, C iy & 4 '34] (AB)C fo A(BC) 1 € 3 2 4.

Proposition 2.1.11. 33X A € Myyxn,B € M,«;,C € My, P] (AB)C =A(BC).

Proof. iz %% AB € M, #& (AB)C € M. m BC € My, #& A(BC) € My« 2 (AB)C F
FE.

3 1< j<k P& #EP (AB)C {v A(BC) & j-th column 4p%. 4 ¢; 5 C & j-th
column #* ¥ & (AB)C 7 j-th column % (AB)c;. I *" A(BC) 7 j-th column, i& € & 5 A
+ %+ (BC) ¢ j-th column (T Bej). #7143 i i & 3P (AB)c; =A(Bc)), ¥ H# @ % &

e K- B ocolumn, 30 ER, A P H- ABAE, L ¢ =

c
W¥EE i=1,...,1, ¥ AB érvi—th column % p;, P

} 71
(AB)c; = p}] pll S| =api+tapr
9]

R % b; % B ¢ i-th column, % T_% p; » AB ¢ i-th column # ¥ p; =Ab;. F]* 2 (¥

(AB)CJ' = Cl(Abl) + - +C[(Abl).

¥->%
| 1«
A(Bej)=A(|br -+ b |1 ]|)=A(cibi+---+ciby).
| 1
AR AP E-b; AR5 R" P i column vector, st * Proposition 2.1.6 (¢ Question 2.1)
¥ # A(ciby+---+ b)) =ci(Aby) + - +¢;(Aby). #1110 E (AB)CJ A(Bcj). ]

3 1 aELakiE g & & (Proposition 2.1.11), mis Ak 5 Baedipgp, 501 2 f{:‘),g
BN g FERGAeE B ABC 4. $ue A L2 P AR (AA)A =A(AA), #
iy AS kAT R E n B AAPERE %wﬂm A" kAo
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&%éﬂfr”&%@g’;ﬁv{iﬁ@%jé&éi —frﬁﬁx%,ééxp uzm}ﬁ‘?’f e v Ar *}‘; QT E.
7 "”};?;EA%”B”}; 3‘;% i £r Jib-"l{\.'l A, Bldc A€ M3, BE M3y A5, & ”ﬁ
¥ o T léA?hluB'frBif\uA ’ﬁ”‘“;& ed 2rk ) MESFFET B, v g 1T AB#BA, ¥
4o A € Myy3,B € My, 035, rijé W AB RSP 44 ¥ i ®F AB - BA itk
iple. EptpFiv g ¥ i AB# BA, blde

a b 1 0 a —b a b
e ) R R
ARG eb=c=0PpF, 1 €% AB=BA. ") b JR B i PR F U)oL b
4oy A,B i FFEZ pFd Proposition 2.1.9 4= Proposition 2.1.10 ¥ 4% (A—B)(A+B) =
A2 —AB+BA—B? fed %7 it AB#BA, 1% L8 ¢4 (A-B)(A+B)=A>-B?

BRI, PDRFFLI L oy ORI LRIV . - B iﬁvfjﬁizem
matric (R EL) O (¥ O=la;;| % &+ - B entry q;j =0). XF > %%EF O Z- B nxn
square matrix, FI¥E & A€My, ¥ 7 OA=A0=0. ¥ - B ¥ L i 413} 0 ddentity
matriz. 3 ¥ nxn F§ 0 identity matrix, 2V ¢ * [, X & 55 . I, ¢ i-th column % e;, ¥ R”
¢ column vector, # ¢ jthentry 2 1, 2% entry 2 0. £9 } ef,es,....e, )]*ﬂ—\/ PR
7 R” &7 standard basis (#8 2 & ). &4e

100 Yo g
=101 0 .L=|0 o | ¢
0 01 000 1

”N? :*f_'ﬁiga&/;‘ r‘ﬁﬁf;;&, ?‘Z&? % i‘riﬁ}"rj‘f_{,% A € Myyxn, B € Myx; 2 PElh")g Al :AylnB:B- "}%
Weh, § A i onxnmatrix, 305 AL =LA =A.

Question 2.4. BX AcM,y,, & (A—21n)2=A2—4A+4I,, 4ty

Question 2.5. FHEMP [, §ri—- dnxn B EHEL AeM,, ¥ HE A=A

— B nxn ¢ square matrix # (i,i)-th entry # % diagonal entry. % "f 7 diagonal
entries 12 *t B i chentry ¥ 5 0, 3 2 5 diagonal matriz. Identity matrix ;*I.%{—
% diagonal matrix. %] 5 T ¢ diagonal entry ¥ % 1, B # chentry % 5 0. ¥ ¢b, 3tz &

b

reR, rl, 7 5 diagonal matrix. %] 3 v diagonal entry ¢ 5 r, # ¥ entry ¥ 5 0. ¥3tix
B AEMyn,BEM, P {F % %% rA=A(rl,), rB= (rl,)B.

Question 2.6. :#J1* Proposition 2.1.10 S%# ¥ E & nxn square matriz A, & F (rl,)A=
A(rl,).

1 Z, &2 A %F nxn e diagonal matrix FK ¢ fr nxn 1 square matrix JpE ¥ 2

e e R LS [(1) _OJ F o] S 2x2 R T L
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2.2. Transpose Operation
- &P APRA ZELE transpose (TR EL) oA, THARB R, Rl vk
Fitde P i row d R kfaELip k.

¥~ B mxn matrix, i E kL ﬁﬁ%“ﬁi&{#&-ﬁb B row ¥ column %rd 3

e, » ﬁk{;mﬂ%- row vectors & & 4 & column vectors. # i F M T T K.

Definition 2.2.1. 23 A€M, ,. T & A'EM,y,, B ¥ ¥t 1 <i<m, A' ¥ i-th column

;‘I*u{ﬂff— A ¢ i-th row B = column vector. #% i At L A 7 transpose.

12 3
A_[l ) 3]’

T E& A BE 3x2matrix. 7 A' 7% - B column & A 9% — B row [1 2 3] B o

Example 2.2.2. %

1
column vector, ¥ [2|. FIZ A' &% = B column 7 A &% = B row [—1 -2 —3] B
E
[—1
column vector, T | —-2|. & @
-3
1 —1
At=12 =2
3 -3

AR, A e 1-st, 2-nd e 3-rd row # {5 5 A ¢ 1-st, 2-nd fr 3-rd column B = row @ .

d 1 A AR E A€ Myn, $20 1< j <, A 0 joth row 3 ER-A 1 jith

column % = row vector. ¥ F + F# A B A=[q;;]. ¥+ 1<i<m, A" & i-th column jj%
a1

H_# A e i-th row [ail a,-n} B = column vector | i |. F|pt A" 1 (1,i)-th entry fj*u
Aim

Z_A & (i,1)-th entry a;1, @ A" #7 (2,i)-th entry )T.‘-L{A 7 (i,2)-th entry a;;. &t #g4a 3

P I 1S <, A (] entry Je LA 4 (i, j)th entry gy 4 P F A

PHEAHF A =], B 1<s<n 1<k<m, ¥ d,=ag. Fl 3 1<j<n, A" 7 j-th

row [a’jl a’jm] I L [a1j amj], ¥ 5 A £ j-th column B & row vector. #% i #-

e
WF T A T i

Lemma 2.2.3. B3* A=[a;j] € Myxn & A'=[d;] € Myxm. BRI 1<s<n, 1 <k<m,

a;k =ap, ® Al 0 s-th row ,T&{i%— A 1 s-th column & = row vector.

d Lemma 2.2.3, 1115 & 3% A fo A' B enff %, AP ¥ 12 % row # = column, column
¥+ row ™% (i, j)-th entry # & (j,i)-th entry = ff 5 i L. R &Pk giELs
transpose 7k A |2

Proposition 2.2.4. BX A,B & mxn matriz, C % nxI| matriz. 35 12T 2 (L5,
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(1) () =A.
(2) (A+B) =A'+B.
(3) (AC)' = C'A".

Proof. 7 £@E% A' & nxm matrix, = (A")' & mxn matrix, & A F8cAp . F fk o,
A'+B' i nxmmatrix & (A+B) éhidfcip k. ¥ - 2 5 C' 5 [xn matrix, 7 C'A' 3
I xm matrix. @ AC % m X[ matrix, #71 (AC)' % [xm matrix 2 C'A' F§ #cip .

(1) 1 (AY' &2 A % 5 mxnmatrix, >t 1 <i<n, AP 2 &% % (AY)' & i-th column
,T&L{A £ i-th column. A (A")' &1 i-th column * % & frTL{At 1 j-th row B = column
vector, @ A' ¢ i-th row % Lemma 2.2.3 ,T}'u—fx'-\A &1 j-th column. ##F# (A")' =A.

(2) F1A'+B' & (A+B)' % 5 nxmmatrix, #>* 1 <i<m, AP 2 2 & A'+B' ehi-th
column ,T*u{ (A+B)' & i-th column. & T_& A'+ B' &1 i-th column J’I&L{At 4 B' &1 i-th
column 2_ 4. & transpose T_& 4v7v ,T&«ELA e B e i-throw 2 fr. ¥ - * &, (A+B)' o
i-th column i!r‘n‘?‘A + B 1 i-th row, » ,T.%%LA fe B e i-th row 2. fr. ## (A+B)'=A"+B"

(3) d@ * (AC)' & column & d AC throw #7i&-%, @ AP & A3k A fo C 4% row
SR B, STILEALA ALY entry 4Bl R ZEP AR R, AP R-EE B A W A = [q],
A'=[d}], C=[ca], Ct=c},] %7, #2 1<1 <1, 1<i<m, (AC)' 01 (k,i)-th entry 3 AC
e (i,k)-th entry, d ¥+ (2.13) & & 5

aj1Cix +ainCok + -+ + AinCnk-
¥ - 3 5, C'A e (k,i)-th entry %
Chadl; + Cloth;++ + .
41* Lemma 2.2.3 Fwpt T 4
Clk@il + C2xai2 * * + + Cpilin.

L@ (AC) = CA", O
Question 2.7. B& A 5 mxn matriz, r e R. FEM (rA)' = rA".

- % nxn square matrix, %% L A'=A, A PH A 5 symmetric matriz. F - & 4 5iE
1 diagonal matrix TI‘U—EL symmetric matrix. ™ {s 3 P € & | symmetric matrix HE & |+
U I SE L L —F% {r symmetric matrix F B % B @ H 535,

Corollary 2.2.5. B3k A 5 nXxn square matriz, B 3 mxn matriz. ™ 7T ¥ 5 symmetric
matriz.

A+A', BB, B'B.

Proof. ¢ Proposition 2.2.4, 4 5 (A+A")' =A'"+ (A)' =A'"+A, #4r A+A" 5 symmetric
matrix. ¥ - 2 &, (BB")' = (B")'B' = BB', & ¥ BB' i symmetric matrix. |32 ¥ {¥ B'B 7

% symmetric matrix. 0
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F1* Proposition 2.2.4, 34 ¥ ¢ _row hd R RJLAEL hkE. g AN —Fq - B 1lxm

matrix & } — B m X n matrix (35, B A€ My, B € Myyn, %

bi1 bia -+ by
byi by -+ by
A:[al ay - am],B: . . .
bml bm2 bmn

Ald (AB)'=B'A', 12 2 52 4 8 3k column vector E_%& {8

bi1 by - by |ar bi1 by bm1

. bi2 by -+ byl |a2 b1> by b2
(AB) = . : . =da . +612 . +"'+a;n

bin by - bpn Am b1y ban bmn

% (AB) = a1 (1) + a2 (D) + -+ (4b)', L ()} Fy 0Lk B 51 icth row B R (B
= column #9753%). #& 1 * Proposition 2.2.4 #- (AB)' £ P~ % R R ¥

AB =aj (1b) +az (5b) + -+~ +ap (mb).

biy -+ b
[al am] =daj [bll b]n]++am [bml bmn] (214)
bml bmn

AP Ry - RDFA), K A=[a;] # mxnmatrix 2% B=[by] 5 nxImatrix. ¥
J& (AB)' = B'A'. & % & B'A' ¢ i-th column, 3 B' +# 3%kt A' ¢hri-th column. Xa A' e»
i-th column, 3 A & i-throw B=#& % | 7 (;a)'. = )‘I‘u{?ru (AB)" ¢ i-th column % B'(;a)'. 11
* Proposition 2.2.4 & B~ % B R 17, AB 1 i-th row %

(B'(:a))' = ((:a))'(B)" =i aB.

B3 2, AP T R

— 14 — 1aB —
— qoa — — jLaB —

AB = . B = . . (2.15)
— ma — — maB —

BENG (214), A G T2 RS

Proposition 2.2.6. % A =[a;j] 5 mxn matric "1 %2 B=[by] % nxIl matriz, ] ¥t
1<i<m, AB 1 i-th row %
by - by
aB = [a,-l am] =daj1 [bll bll]+"'+ain [bnl bnl]~
bnl bnl
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2.3. Elementary Matrix

T VR, AP S RN e Ax=b kAT, LB B gk kAL 2 g

7. ¥ 9 1 elementary row operation @ ¥ ©f & L hk2EL. AL g nxn H

L L, (W iRy S 1, 28 5 0). F* i-th row {r j-th row 2 # 5

type 1 elementary row operation #- I, #& & = &L E|, ¥ {%
1

E = " . (2.16)

1

F % @ * type 2 elementary row operation #- I, 9 i-th row 3k ' 2% 9 #ic r 3% = 25
R, v 8

E, = r . (2.17)

1
B {6 % # * type 3 elementary row operation #- I, ¢ i-th row 3k + 9 & r 4c 3| I,, 9 j-th

row #FF e L E3, ¥ {7

E3 = : (2.18)

1

B A P2 S elementary matriz. @ 3 A WL E Ex Es 5 type 1, type 2 14 %

type 3 ¢ elementary matrix.

AP el A 2 Bf PV -BLE, VRS E dhrow HAEL A GhiEF LK A=g;]

m X n matrix. § A% identity matrix I, ¥ A ehi®* . d 3t [, gri-th row 3

[0 e 1 - 0]

~

l

E'DS

v

T i-thentry % 1, 2 i entry ¥ % 0. #712 & Proposition 2.2.6, I,,A &1 i-th row 3%

[() e 1 - o}A:013+...+1ia+...+0ma:ia’
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xj‘aﬂﬁ—l f+ Adrithrow, @ # 0%k} A chH & row £ sede k)t 5 A 0 i-th row.) 3%
T, ML, R A Sz, §RA SR - B orow SRATI R, AT [,A=A RE jAI
P E 32# 1, hithrow i j-thentry 2 1 2# entry 2 0, @ i-th row 2 ¢t ehH & row
73 m'ﬁ %4 EA i i-th row € £ A 7 j-th row, » :j‘k{';m EA ¢ £ A e i-th
row # = A ¢ j-th row, m H ¥ drrow # # GaEiL,

¥ * i-th row {r j-th row < # ¢ type 1 elementary row operation #- [, i = 41
E, BRI * 30 it ez ;2 ) EA 0 i-th row £_A 7 j-th row, @ EA 9 j-th row #_A 7 i-th row,
@ H g row 7 #.#32EA ,]*n»\ﬂ%-A‘f | * i-th row = j-th row < #% &4k 0 type 1
elementary row operation % 3 #1{§ chagrL,

F ¥k e # I, 0 i-th row 3k 25% 9 & r 9718 90 type 2 elementary matrix » E, B|i%
FEa Amzthrow;j}i%—Amzthrowiﬂ @ H A d row % ,T‘{Fsu,EA
1} L ¥ A e i-th row 3kt 22F F #ic r &4 9 type 2 elementary row operation % ¥ ¥ e
K

{8 F ¥ I, 9 ithrow £+ F # r 43| I, o0 j-th row #71 #1 type 3 elementary
matrix = E, | %] E 7 j-th row &7 i-th entry % r, j-thentry % 1. #cd Proposition 2.2.6,
EA .’rﬁj—th row ,T}u{:if»—r %+ Adristhrow (8 £ 4c b A &9 j-th row, @ H & & row AR
#3732 EA q*n—\i%-A e i-th row 3k + § &) r 4 ¥ A 0 j-th row &3 &0 type 3 elementary
row operation %3 #7{8 dhsprL,

JEF & G AP i ¥ - B om X n matrix #- B elementary row operation, ¥ §
fﬁ:%’\%—ﬁ“ B 2 B3k b AP ¥k 0 elementary matrix. (2.16), (2.17), (2.18) ,Th{ elementary
matrix 1= f87)5%.

+ AP - B mxn matrix A, £{7 % = ¢ elementary row operations, ik{i%‘ A Zi¥
& =X ek 4P R 0 elementary matrix. M % FL AR X elementary row operations, i‘u{
#-A chZ Bk ¥ - X elementary row operation #7¥t & ¢ elementary matrix E;. #% =
EN E%,T*u T ¥ EA 23 E k% - = elementary row operation #7¥t & ¢ elementary matrix
Ey. ##71 et By (EA) %{%—A #iz® X elementary row operations #71§ aEr, x
d R kR N AR AP R T LR E(EIA) B (BENA. B, - BAEE AT
- i# # ¢ elementary row operations, i}u{iﬂ- Az#f-BaEE @ i%f]}%‘i:i‘&ii%~

i@t 8 elementary row operations #1¥t & ¢ elementary matrices z’v'ﬁfcyf% FiEE LR, e

elementary matrices 3k f— A28 B (x € & ) F] 5 elementary matrices 2. ¥ ek £ 4 — T
BRI 3
Question 2.8. #3511 7RE = FF e elementary matrices B 4p 3k .7 ¥ 11 2 e,

Example 2.3.1. ¥ & Example 1.1.1 &35, A £ 3 x4 matrix * B ##- A &% - B row
frs = B row HEHTE. Y RHE L % - B orow fv¥ = B row #4710 elementary
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matrix
010
Ei=[1 0 0
0 01
w18
01 offr1 2 3 4 21 -1 3
EA=11 0 0|2 1 -1 3|=1|1 2 3 4|=8B.
00 1|4 0 1 2 4 0 1 2
e C 8d Bendk = B row k1 2578, AP gL oahd - B orow kb 2478

£1 elementary matrix

100
E=10 2 0
00 1
¥
10021 -1 3 21 -1 3
EB=10 2 0| |1 2 3 4|=12 4 6 8|=cC
00 1|40 1 2 40 1 2

BfE DEAMR-Caoy =B row kt —345d%- B row, /TUNPY KR L % = B orow

I =3 4P % - B row #7117 e elementary matrix

10 -3
Es=10 1 0
00 1
w8
10 -3][21 -13] [-101 -4 -3
ExC=101 0|24 6 8 =|2 4 6 8|=D.
00 1[[40 1 2 4 0 1 2

} o TR B fE#— B 4L i elementary row operation VAR A -t ARt S Bk H

£1 elementary matrix m—g PERNES S S EANIAE s it mﬁi?"{m i Hes e, :i«;f;é_—p R IgE
S FERBEAPED G ARDE S, Mo n k- BELGD - B elementary row operation
RV - BaErdis APT LR * pk type 0 elementary row operation #-H &4k v

kense, BB EF * elementary matrices chd R kg, ¥4 T dhg

(1) % E, A_#¥ I, 7 i-th row v j-th row 3 # 0 type 1 elementary matrix. % i
#- E| &0 i-th row v j-th row £ 3 4% i'.%’v" # 3 v identity matrix . #7145
E\E\=1,.

(2) & Ey ## I, 0 i-th row &k 2£F 7 ¥ r =0 type 2 elementary matrix. #% i #- E,
1 i-th row 3 + 7! B Wi w [, #T10FE 4 E) ¥ 1, hithrow k1t r!eh
type 2 elementary matrix, 2 3 ESE, =1,. 327 {8 EyE) =1,.

(3) & E3 &1, eni-throw 3k 7 #icr 4o 3 j—th row #7{8 en4E " i type 3 elementary
matrix. # ¥ E3 ¢ i-th row &+ —r £ 4c 7] j-th row 1*»? wiew [, STl E 4
E} % #-1, ehi-throw &+ —r 7 type 3 elementary matrix, & 3 E{E3 =1,. F
BE R BE, =1,
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Apiei - B omxm hEL A ETHSFEL B @@ BA=AB=1,, BIFL A 5 - B
invertible matriz (¥ 3 4E*L), ¥ B & A 1 inverse (K %B'L). & F 6 R AP G 0T 28
o
P .

Proposition 2.3.2. B& E ¥ - B elementary matriz, B| E 5 invertible ® E & inverse

H4c E 40k type 7 elementary matriz.

F X5 “73) 7 elementary row operations % X+ € 7 elementary column operations. v
L A T E_%- row operation ¥t row i Tz i ¥ column #hds (T, AP - BaEL e -th
column {r j-th column ¥+3%, i&- B & (¥2 L 5 type 1 ¢ elementary column operation.
F #-42'L i j-th column } ehdicd f F 22 F F #ic r, RIAL type 2 9 elementary column
operation. I ** type 3 #7 elementary column operation 7&{:}3 &' i i-th column 3k *+ r
{64 |2 j-th column. ¢ *% column operations I A * A fE55 > = 3k 2 nff 4, 7l ie
ApEEgr Ak o s, 2R b o RRFEE. 9+ column operations £ 4
row operations ¥ AprF e, x 7RI M mod FiF a0 N e 5.

#- identity matrix [, & elementary column operation f¢ ¢ |3 A-fk Lot ? & %

= € AW $& 7| 0 elementary matrix (i&+ #_elementary matrix ;2§ % 4 row {fr column
g1 F]). Gl4o# [, 9 i-th column fr j-th column 3 3 #7118 e “ii&{ﬂ& I,, 7 i-th row
{e j-th row 3 #% &7 type 1 elementary matrix. @ # [, 7 i-th column 3k * 22 % 9 #c r ch4E
o I]UD{;L%- I, 0 i-th row 3k} r &0 type 2 elementary matrix. % i & /1 g, # I, 1 i-th
column 3 ' F #ic r 4c 3| j-column #7{# eh4E"E 2 41, 0 i-th row 3+ 4 # r 4 3| j-th
row #7¥ e1 elementary matrix, @ §_#- [, 0 j-th row 3k } § # r 4c 7] i-th row #7{& ¢
"L 1 type 3 elementary matrix. i&— 84 AR R, ij»*‘uié 1fRE ¢ R F]
3
elementary column operation, 8 & 4ei@ F A *2? B3 7, B k2 £ L w oo
AP v, § - B elementary matrix E %k - BAEL A 2@ pF, A1 aEL EA € 24
A W E #T¥ & e elementary row operation. @ # # E 3k f B B end if, Pl AT et
BE ¢ &4t B i E 7% &7 elementary column operation. & 7 3 428, AP SEE X T

R
rﬂ...p .

R - B elementary matrix F PF¥ $ & I elementary row operation » ¥ ¥ &

[

Theorem 2.3.3. B33& A £ - B mxn matriz. % E 3% I, # elementary row operation
#1118 e elementary matriz, B] EA ﬁ}ug A ¥ A T4p H k0 elementary row operation #7118
e, B E B ¥ 1, # elementary column operation #7189 elementary matriz, B AE’

)*I*ug ¥ A (T4 ko0 elementary column operation #1718 ehaerd

Example 2.3.4. ¥ g

1 00 10 0 O 1 0 10 1 2 3
Ey=10 01 |,Eb=010]|,E5=]01 0 |,A=| -1 -2 -3
010 0 01 0 0 1 11 22 33
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E\ ¥4 % # I3 ¢ 2-nd row {r 3-rd row < 4%, » ¥ 4R 2 #- I3 9 2-nd column = 3-rd column
THLFER AT

1 00 1 2 3 1 2 3
ELA=]10 0 1 -1 -2 -3 |=| 11 22 33 |,
ot o1 o2 3| [-1 -2 3]
1 2 3 1 0 0] [ 1 3 2 ]
AE;=| -1 -2 -3 001 |=]-1 -3 =2
11 2 3 |o1 o] [ 11033 2
E) ARG #- L3 ¢ 1-st row %12 10, » ¥ AR 5 #- [ i0 1-st column 312 10. FF F A0
10 0 O 1 2 3 10 20 30
EEA=] 0 1 0 -1 -2 3 |=|-1 -2 -3 |,
0 01 11 22 33 11 22 33
1 2 3 10 0 O 10 2 3
AE,=| -1 -2 -3 01 0|=]-10 =2 -3
11 22 33 0 01 110 22 33

3 VAL R ¥ L e 3-rd row 3k 12 10 4 F] 1-st row, » ¥ AR 5 # L3 &0 1-st column 3k 14 10 4c

J 3-rd column. ¥ § + A i

1 0 10 12 3] 111 222 333
EA=|0 1 0 || -1 =2 =3|=| -1 -2 =3[,

00 1 11 22 33 | 11 22 33

1 0 10 ] 12 13

AE| = —2 —3 01 0 |=|-1 -2 —13

2 33 |[00 1| 11 22 143

TRAPLEP - T F AE- B mxnmatrix, F15 A F m B row, #7141 f bz if
£ elementary matrix (i‘#)’%" elementary row operation) & & — B m F§ > L. ke,
Fl5 A 3 n B column, #7123k t+ & ¢ elementary matrix (¥ & F| elementary column
operation) & JE 4~ B n FE > L,

FREAP T e - BaLiEd - @8 o elementary row operations, H Z i | & E 3k
FoR— AR F RN P T U 4ew i RS R 0 elementary matrices 3k - A2 T E | (e
T H g RV ‘4" 2 - S CRF AT - ¥ % “clever” #7 j2, ¥ 12 A # elementary
row operation P i{ %Tff\ PR edrT k. BB 2 fr“u{, = & ¥ - # mxn matrix
A % elementary row operations, 2 i 4L 8 T — i augmented matmx A|I i‘ - B
mx (n+m) R EL B 28 n B columns (T n B columns) 3 EL A 7 +Em B

columns (1 m B column) % I,. F# A % - = &0 elementary row operation, 3k #
¥ & 9 elementary matrix & Ep, B A i 2 E1A B ¥ [AlL,] #4p FF £ elementary
row operation 7%, “TiB etk § A_E|[A|L)]. KA Lt RA A GRS § RS2 EIA A L, D

R4 5 e 4% e elementary row operation, #7141 L, #3884~ § £_EL,. F|t A

Ei[A|L] = [E\A|E L) = [E\A|E].
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. ﬁk—&!\;h, % 2P [A|L] %k % o0 elementary row operation, #7i¥ ey B i H 2
it ik{i%— A ¢t elementary row operation #7{ thiEr & 4 if iﬁ{tb elementary row
operation #T¥t /& 9 elementary matrix. # % § # LT — B elementary row operation, i
2% ¢t elementary row operation #7#f J& £ elementary matrix 3 E;, B elementary row
operation ¥t [E1A|E)] 7% {71 chie'd f 8. Eb[E\A|E|| = [E2(E\A)|ELEy]. & ™ 2
B AR L [A]L,] i 17- & 8 <0 elementary row operations i, #7{8 ehaprL [A'|E],
2R A ,T&{A & iz- i B & elementary row operations (7% {8 ¢ {F aErd @ L b
E %&{gg elementary row operations *7%t /& 7 elementary matrices % B i€ % ¥| = 4p %k #7

Fenik %, Flpt EA=A A4 0T .

Lemma 2.3.5. B3&X A 3 mXxn matriz. % # A 5d - & 8 1 elementary row operations
s A Pl - B omxmmatric E @18 EA=A', 8¢ E Lit- @8 elementary row
operations 7 ¥t & e elementary matriz 4 + @ = & B AP R DRMH. FF L FH# augmented
matriz [A|l,] 54 F k7 elementary row operations €% {5 #717 e11 augmented matric i}u

1_[A|E].

Example 2.3.6. #-5ErL

2 —4 4 —6
A=|1 —2 1 -1
4 -8 4 —4

it % reduced echelon form, i #5 ¥| elementary matrices 3k E & ¥ EA 5 }* reduced

echelon form.

B £ BT augmented matrix

2 -4 4 —6|1 0 0
ABl=|1 -2 1 —-1/0 1 0
4 —8 4 —4/0 0 1
-t augmented matrix £ 1-st v 2-nd row 2 #, {#

1 21 —-1]0 1 0

2 4 4 —6|1 0 0

4 -8 4 —4/0 0 1
£ F A P % augmented matrix 0 1-st row 3k} —2 4c ¥] 2-nd row }, {#

1 -2 1 —1]/0 1 0O

0O 0 2 —4|1 -2 0
4 -8 4 4]0 0 1
X {4 # augmented matrix 7 1-st row 3k + —4 4 | 3-rd row ¥
1 -2 1 —1]/0 1 0
0 0 2 —4|1 -2
(0 0 0 00 —4 1
#4 # augmented matrix 1 2-nd row k + 1/2 &

1 21 -1]0 1 0
0 0 1 -2/ —-10
L0 0 0 0|0 —4 1
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B {4 #- augmented matrix 7 2-nd row 3k + —1 4c F| 1-st row ¥
-2 0 1 |- 2 0

1
0 0 1 2|4 —-10
00 0 0|0 —4°1

D=

£ & {8 #1718 ¢ augmented matrix 3 [A'|E], 2 & & . F A ¢ reduced echelon form A’ i}“
HA_EA FF 1, AP

-1 2 0][2 -4 4 -6 1 -2 0 1
EA=| 1 -1 0 1 21 -1 |=]0 0 1 -2
0 —4 1]]|4 -8 4 —4 0 0 0 0

]}

¥ b I E FE 5 &7 B elementary row operations #7¥ & ¢ elementary matrices 0

*F. F15 A 5 3 x4 matrix, #72 % - B elementary row operation ”Tﬁiﬁ%m elementary

matrix E; i} kg K- 3 x 3 e identity matrix 3 7 1-st v 2-nd row 2 4%, @ % = B elementary

matrix E, & #- I3 ¢ 1-st row kb —2 4c ¥ J 2-nd row . % = i elementary matrix E3 %

#- I 0 1-st row 3k —4 e ] 3-rd row F. T k& elementary matrix Ey 3 #- I3 ¢ 2-nd

row 3kt 1/2, @ & {4 - B elementary matrix Es % # I3 ¢ 2-nd row 3k + —1 4 3| 1-st row
- »T*b{?fu, EAl A

010 1 00 1 00
Ei=|100|,Eb=|-210]|,E5=| 0 1 0|,
00 1| 0 0 1 -4 0 1
1 0 0 1 -1 0
Es=|0 3 O0|,Es=|0 1 0
[0 0 1 0 0 1
#-i&7 B elementary matrices & + @ = & 5 4p3f, 27 @
-3 2 0
EsEJE3E>E) I -1 0|=E
0 —4 1

Question 2.9. B& A i mxn matriv. # & w8¥ A #1805 column operations ¥ &
57 elementary matrices Pk F 0 B R EL fhoP Hi ?

2.4. Matrix fr System of Linear Equations g 3

Ay =41 * elementary row operations #-3 B 4£'L it % echelon form X #F3FH AT
WA A PG R0 R R e R RAAPR R A 2 R e R T
L R E R AL, e &Y A IFBT*»’«;J% AT BELBEE - KM R e PG 21
ZfE_FovE-

BAd AR TI’”%"S‘% e R, B0 ARLEN R P e g ’fjhff»—*"iﬁlﬁ‘ﬂg

% row vector, # - &% column vector k & 7. ,T* KRBT AR 5 - B nx1 matrix.



38 2. Matrix

T, R AT R

anxy + apxa + - 4+ apx, = b
anxy + anxa + -+ awx, by
amx1 + amxy + - A+ Auxn = by
Ao £
apn  app - di X1 by
a1 axp -+ a4y X2 by
A= ) ) ) ] Xx=| . b=
. . . . ’ . ’ ?
aml am2 - Amp Xn b,

Rzt ez 3 2% Ax=b K& 7. ¥ X1 =C1, 00 =C2,.... X0 =Cp, 5 LT 3 42

ki miz- BfE, A Xx=cCR" 3 Ax=Db - 23 RELEZIRTER DB AT

B mxn matrix 3k ™ ¢ i&- B nx 1 matrix § %> b i&- B mx | matrix, ¥ Ac=b.

2.4.1. fRehF el APL - IHFEFEHR S mxnmatrix A §BEHEIL P beR”, B

Sl Ax=b ¥ 7 f2.

C1
'F'[‘é'i‘lfi;‘t beR" ® AX:b”ﬁﬁ;'. £ ec= - f& LT Ac=Db. ‘f']’*—’fﬁ’i-fl{(ié
Cn

cia+---+cpa, =b,
HY ap,...,a, 2 A & column vectors. # @, b ¥ U H £ A 7 column vectors £
linear combination (# |+ % &). * {5 &k £ ﬁi&{bGSpan(al,...,an). k2., % be
Span(ay,...,a,), 27 F cl,...,c, €ER @@ b=cjaj+---+c,a,. &F x1=c1,...,%, =y

5 AX=Db - EfE. NPEEE T LT SR

Lemma 2.4.1. BX A€My, * beR". | AXx=Db 7 f#35% * *&% b€ Span(ay,...,a,), &

¥ aj,....,a, = A &7 column vectors.

A AR Sl Bk mxn matrix A § R FHEZ XS beR” B2 2 2e Ax=Db
TF R OATFIELFENSE PR, FRGF I R iR, §ARRd N
A 7 column vectors ¥ & R™ ¢ | #71up A3 Span(aj,...,a,) CR™. Xd d Lemma 2.4.1
o, FHNERDERT R €17 Ax=b } &, 274 ZR bER™ ¥ 3 beSpan(a,...,a,).
gr 4t pF Span(ai,...,a,) =R™. ¥ 2, % Span(aj,....,a,) =R", 27 HZZ beR”" ¥ 3
b € Span(ay,...,a,). F#d Lemma 2.4.1 5t T HZF beR” ¥ ¢ & ¥ Ax=Db F f2.
Fl e mB kg, HEL S bER”, B S el Ax=b ¥ 3 g
£,

f%{- Span(aj,...,a,) =R" &_
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FoaAmw Y g e Ax=¢, 27 e,...,e, €R" i R™ & standard basis. &
S hegtE R bERY, Bt ark Ax=b ¥ 2, BIHF i=1,..,m, AT
GER W x=¢ B WIS AR Ax=e - R fE 4 AR D=1 m ¥
Ac;=e;. B4 B nxm matrix C, & i-th column i&{ci. PR RAE R T AN

| 7 7 [ |

AC=A|c; ¢ - ¢u| = |Acp Acy - Ac,| = e e - e, =1,.
» ﬁ%{;’f», PE 3 A onxm matrix C @ 18 AC=1,. ¥ 2., % C 5 nxm matrix & &_
AC=1,, Pl#3% bER", A4 5 c=CbeR", % ¢ 4

Ac=A(Cb) = (AC)b=1I,b =Dh.

- fjfbiéitﬂf?f%fi% beR™, AT 155 c=CbeR", # ¥ x=c A2 M2k Ax=b
f- . F RGeSk G, HELSObDER, B 2 Ax=b ¥} fE{ci kaxm

P

matrix C & (¥ AC =1, &% i .

AR IR E, F A 5 d elementary row operations it 5 echelon form {&, # pivot ¢
B #icts £ 2% A o row 0B o m, %57 A & echelon form ;2 F - B row 25 0, wd 1.2 &
g2t (7 Case (1)) it iz g enbeR” B> > 42 Ax=Db % 7 f&. & 2, 4v% pivot
iFBcH E3 m, &7 A fdechelon form A” * B 5 - B row & > 5 0. pPERP- T
HI beR” & #@3 7 &L [Alb] it 5 echelon form [A'|b] &, b & ié- B entry 2 5 0 (r
Case 2(a)). s Ax=Db § &z Flp eI L7, HELPDER”, B2 342 Ax=b
% F f#fr A ¢ echelon form < pivot i #c i m (" rank(A) =m) 2% § .

FEIGEAEFE, APEE I T ERAY LR SR

Theorem 2.4.2. X A€ M,«,, £ ai,...,a, € R™ 5 A & column vectors. ™ T % &xit §_
£ i gl

1) 33 beR”, B 2% Ax=b ¥ } 2.
2) Span(ay,...,a,) =R™.
3

4

(1)
(2)
()rank() m.
(4)

A nxm matriz C # {8 AC =1,,.

Fu|FEfL- T Theorem 2.4.2, #F‘ m{i«i‘”"r’ﬁ beR" ®* 2 fele Ax=Db ¥ 3 fEF %,
A p W ArH - hb R EM S 2% Ax=Db 3 f#, Theorem 2.4.2 ¥ 7 i * (7 i Lemma
2.4.1 Hif ¥ £h).

NP E /L F AE My, # A it % echelon form & & pivot ehBHcF 7 it § > row fr
column i #i. )’I‘u{;m pivot ehip # i ] 3t %3 min{m,n} (2* dp L mn 7 & ] 70
B). #1701 % pivot B EE m, Bl T n>m. #7352, F n<m, 3P & pivot ehip 7

¥ i 3% m, #7020 Theorem 2.4.2 ¥ i Vi g 4. AP G 0T k.
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Corollary 2.4.3. B A€EMyup, B¢ n<m, |23 beR"” # 8= > 422 Ax=D>b
AEfF. P 2P 2 €5 e nxm matriz C & 18 AC = 1,.

Proof. ¢ # #1ift, % n<m PF A i* 5 echelon form 75, # pivot OB & ¥ it 5 m, 7~
rank(A) <m. #xd Theorem 2.4.2 &v3 ¥ ;i HEZ X O beR”, B> 3 222 Ax=Db ¥ j f%.
F G beR” @ W 2o Ax=b &% FIZ, Jd Theorem 242 5% § 5 & nxm
matrix C & # AC = I,. O

Question 2.10. B A€My, 27 m<n. £F FnxmmatrivsC # 1% CA=1,7
% G $% 18 Theorem 2.4.2 F BAE R HTIL, U7 A FAP - & 2o = ﬁz.ﬁgm A
)4 Corollary 2.4.3 ifu{{i ARG S AENDBEI A TR BEPF, § 5 bR @
FE S fee Ax=Db & f%.
2.4.2. fRefwd— W, 03 M S e le R e - M dp D E BRI 2 AR g R, R R
A FrE- L PTE- BT 2 2 fREE T R AL
E T AEMysy, M3 beR" 4%k Ax=Db 7 &, B| AX=D>b f2{r Ax=0 f% (iz42 0
LR hE e ®) LAARM, AP T2 2L
Lemma 2.4.4. 43 A€My, % bDbecR" ? B¥& x=ccR" 8> 3 4228 Ax=Db -
ez, Pl
(1) # x=c eR" & Ax=b e 2f Bl x=c —c 53 Ax=0 - 2fZF.
(2) #x=uecR" i Ax=0 - 2f% Pl x=c+u 4_Ax=Db - 2 fi.
Proof. (1) H®k x=c e R" & Ax=Db - 2f% § T Ac=b. d ¢ =+ Ac=b ¥
A(d'—¢)=Ac —Ac=b-b=0.
Fpr x=c —c¢ € H_Ax=0 - ejz
(2) # x=uelR" 5 Ax=0 - 2z p|
A(c+u)=Ac+Au=b+0=Dhb.

FHEx=ctu 28> 328 Ax=Db - &3, O
Lemma 244 2353 ¢ o x=c 3 Ax=b - 2j#, 2 o Ax=0 9T DfE, &
el e M2 Ax=0 %75 DfEE I AX=Db 7§ hfE. 7000 fE Ax=0 73 iR A

TR (AP EF ). A - T Ax =0 &k 0 linear system, P A2
homogeneous linear system. Homogeneous linear system — % 3 f&, £ F + § A € Myxn PF,
x1=0,...,x,=0 i&{AX:O - iR 2EfEX=0€R" Fli 73 Z EeEii @, A
ife ﬁ-a % Ax =0 7 trivial solution. ;* & trivial solution x = 0 i&42 ¢ () I R" g g,
M AX=0 2N 0 . R" hE s & UBAAPY FEDOBEAT, 2% ntgm PFT P
%L I eh, = 7% ® 45 % % — B homogeneous linear system Ax = 0 “,f 7 trivial solution
ot

H#5 H s grsolution (FFEH v ), AP iz 5 0 ¢hsolution = nontrivial solution.
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j&_Lemma 2.4.4 2 P4, & Ax=0 /2 F nontrivial solution (¥ f#r&— ), R4+t b e R",
FAX=Db F f#, HfRLrEo . pRE, AT 0 E R T MR S e - g
S ELN

Theorem 2.4.5. B A€My, M T &AL S A

1) # becR" 2= 3 fee Ax=Db F f%, PlfErE— .
2) Homogeneous system AXx =0 X3 nontrivial solution.

rank(A) = n.

F & nxm matriz B i 1¥ BA=1,.

Proof. (1)=(2): fI* F &2, B& x=u 5 Ax=0 - 2 nontrivial solution @ x=c¢ 3

=7

Ax=Db - 2f% Bld Lemma 244 frx=c+u#c ¢§ L AX=Db h¥ - 2jZ & Ax=Db
shfgri— 4p4 ', ¥~ Ax =0 2 F nontrivial solution.

(2) = (3): Ax=0 /2 3 nontrivial solution, % 7+ A i = echelon form {&iZ F free
variables. )TJ' %73 0 variables ¥ & pivot variables. F]#t pivot iR ﬁxi&{%\ Frfkn
% n, w1 rank(A) = n.

(3) = (4): B3k rank(A) =n, T A i* 5 echelon form ¢, # pivot hBE#cs n.
A i+ % reduced echelon form A’. p* % A’ d >t F n i pivot, #F12 % - B pivot & A W

' on B row . m* A" i mxn matrix, 3 n & column. *f14 A & - B pivot ®

/é’v,

44“
\

&L
- tm\; F‘*

ETR F_‘.

) thentry, # ¢ 1<i<n. * %15 A’ 3 reduced echelon form, # n B prOts 22 E_ -
H ¢

/\

=
E

1. 22 reduced echelon form # — i pivot # f#7 column, ‘ﬁr‘ 7 pivot #r iz g ¢h,
v ’ pe 2 v ’ 2 . I s 2z Ve

EFR A0, #ri A A % 50T o matrix A = [ 61 ] , A won B orow ,T&{In. d

Lemma 2.3.5, 34 4% & mxm matrix E # 1§ EA=A". ¥4 E ¢ ithrow % ;€ o

row SELEF ELFE (L LEF (2.15)), 2

[ — e — ] [ — 1A — ] L0
EFA=| — ,¢6 — |A=| — ,6A — | =10 --- 1
| — € — | — mEA — | 0
BE 4 B i nxmmatrix, > i=1,...,n, # i-throw 5 ;£ (7 B 5 #£5 E &% n B row
£ n X m matrix), Pld @ it ffﬂff?'“i%/z e U
— e — — eA — 1 0
BA — : A= : =|: | =1,
— € — — €A — 0o --- 1

v

4)=(1): APf* FEZ2EZXcAIER" ¥ x=c¢,x=¢ ¥ 57 Ax=Db - 2f3.
T, Ac=b * Acd=b. R 5 BEM,x, &1 BA=1,, +#xi8 Bb=B(Ac) = (BA)c =

By
4

g
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Bb=B(Ac)=(BA)d' =¢. t* %% c=Bb=c @ § i BK cAc 5§, x@EE Ax=Db
4 13, PlfRLsE - 0

P = 2, Theorem 2.4.5, I 7 iy Frig B = > fe e Ax=b £.F 7 f#. v
Ax =0 7 nontrivial solution, B] Ax=b & 7 A& f& & 72 X €3 £ 5 } f&.

Question 2.11. B3k A € My, b, eR". F2 v Ax=b, Ax=b' ¥ 7 &
frrr- . LF Ax=b s gr- 7

Wt ki, §F AE My, ¥ At % echelon form & H pivot i g o] T E A
min{m,n}. #7121 3% pivot N BEE n, P& 7 m>n #3 2, F m<n, 3P & pivot B
#H ¥ i £330 n, 771 Theorem 2.4.5 ¢ enfiR2 ¥ a4 . AP 0T B H%.

Corollary 2.4.6. B3X A€My, B¢ m<n. F beR" 2 8= > fe Ax=Db 7 f%, B|f2
ArE- (WG oA Bl enfE) @2 R 2 €3 & nxm matric B @ ¥ BA=1,.

Proof. ¢ #= #1it, ¥ m<n PF A i* 5 echelon form {&, H# pivot hB#* ¥ it 5 n. :i-ftt}
Theorem 2.4.5 4r homogeneous linear system Ax =0 37 nontrivial solution. 7* % & R" 73

pEegd cii¥ x=ci Ax=02 - ®jz 7t Lemma 2.4.4 £ 373, F Ax=Db 3 ﬁ”,
RIfE7 v~ .

¥ — » & Theorem 2.4.5 » £ 37 % pivot eniE#ic? _n, B 7 € 5 & n X m matrix B
¢ ¥ BA=1,. [l

g

Theorem 2.4.5 » 4= Theorem 2.4.2 - i & A& & T IT, v 7 M2 70— & 38~
= fg b 4. bl4e Corollary 2.4.6 1/'& A AN R IR LY m'ﬁﬁi"" A Fricen B P B
e AX=Db * ¥ iy j rE- fE

2.5. Invertible Matrix

“r#f invertible matrix :T‘*u{ “F AR AP € IR R square matrix 4 F ¥ i AL
invertible matrix, i ¥ % #_#75 ¢ square matrix FK %_invertible matrix. i&H- & ¢ A g
#3173 M invertible matrix cfp B {2, & A 5 A %r- B2 L E F L invertible ¥ 45 1 H
Erent ik
FATRNPRI S S et mrE Rk E g 3V Ax=b k&g, HP 5 - Bixxanp m,ik—f‘!\
MR S RN R O AR B R ax=b A AR BN, F a#£0
El?, ax=>b mﬁiijhamﬁs? Hehx=ba!. i paErcnlFa; Az ",/T? ESNEL SR IR PE
kg, d g Ecr o 3 ala=aa =1 SR TR R e BREA T B AP E Y
HrEE BRY_BA % AB identity. HiEE AEMyx, ¥ m#n fF, 4 Corollary 2.4.3
12 % Corollary 2.4.6, A 4 3 ¥ it 7 & B F PFi% &_BA {v AB % % identity matrix (%]
% rank(A) 2 ¥Rt RS mfon). TR PR m=n, T A L square matrix FFF T e

=

F_&
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Definition 2.5.1. 3k A€ M,, & nF¥ square matrix, & 3 = BEM,y, ¢ # AB=BA=1,,

RIFE A & dnvertible. & 2, 2N F A & non-invertible

B-aad A2 AL, Apa A% H72 L invertible. Fp § S 3 srapit A
HFFBCPE, B4 H a0t 0 & B % R BA i identity ki A 3 invertible, % itk B ¥ - if
AB 7 % identity 4 ¥. 7 4 A i nxnsquare matrix, FEF & & H l%ﬁ}“? MIFEEA G
invertible. % 1 T e BT
Theorem 2.5.2. B3 A€ M,y, » n ¢ square matriz. )™ 7| Z % §

1
2
3
4

% invertible matriz.
FtBeEM,, #i% BA=1I,.

(1) A
(2)
(3) rank(A) = n.
(4) %t CEMyxn # @ AC =1,
Proof. ix A % invertible &0 3 &, 3 " 5r%E A % invertible, B 5 & BEM,, # ¥ BA=1,.
7= (1)=(2).

d A % nxnmatrix ¥ %2 Theorem 2.4.5 5t = BEM,y, %% BA=1, £ rax A it
% echelon form {¢ pivot B #E n. = (2) & (3).

FI2 d A i nxnmatrix "4 % Theorem 2.4.2 o33 &+ CEM,y, 18 AC=1, & 2 v %
A i* % echelon form {¢ pivot MR #E n. &= (3) & (4).

B is, d A i % echelon form {4 pivot B #c i n o35 & B.CeEM,y, # i BA=1, !
2 AC=1,. %" C=B, P|]d BA=AB=1, 8% A % invertible. Am d BA=1,, ¥
(BA)C=1,C=C. ~ d (BA)\C=B(AC)=BI,=B, 8% B=C. # 3)=(1). #&# 4+ 332. O

% — B nxnmatrix shrank 3 n P, F hE 57 8RB rank forddiolp £ sk
M, FEFL2 5 nonsingular matriz. #tr2d Theorem 2.5.2 2% ¥ &+ invertible matrix )?u{
nonsingular matrix. * 2, non-invertible matrix %JL%L singular matrix. % i 5 7 ®E* 3
MAEAE S LA R, M AP - 24 invertible fv non-invertible &k ez A 7 *
nonsingular f singular &k ez % .

d Theorem 2.5.2 ZEP AN P ivgr Ac My, * 5B CeM,y, #i{8 BA=1I, * AC=1,,
FB=C. AP AREFT LI Vi rr kBB eMy, #HE BA=1, 1% BA=I,

T - B iﬂ 2, PfF:\. 'F°£ffm1 uitl Kpa’._ .
Corollary 2.5.3. B#% A€M, * B,B€M,., %X BA=1, "% BA=1I, B B=FH.

Proof. ¢ Theorem 2.5.2 3 * & A % invertible ¥ d B M &+ BA=AB=1, "1 %2 B'A=
AB =1,
B=1,B=(BA)B=B(AB)=B1,=8B.
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d Corollary 2.5.3, 24 P 5rig & A % nxn invertible matrix, B| % ¢ 5 frE - - B
nxnmatrix B % & BA=AB=1,. vqc A c0bf (4ol b3 #ict 227 F Fh(/z i1 inverse

(ki2F ~F), "THUANPET T E.

Definition 2.5.4. B3k A € M,x, » invertible matrix. % i fvk - /& & BA =AB =1,

nxn matrix B 3 A ¢ inverse (F sE'), = % A7l & 3

%%~ nxninvertible matrix A d *H F B FrE- o U E BT B=A"" APE
BHELT BA=I, & AB=1, ¥¥ . AP j T 2B
Proposition 2.5.5. B3k A,B€ M,x,. 34 P F m T 2 {5
(1) & A % idnvertible, B] A~! 7= 5 invertible ®
A H1=A.
(2) A % idnvertible ¥ £ v&% A' i invertible ® it pF
(At)fl — (Afl)t‘
(3) A,B ¥ % invertible % £ *&3% AB % invertible. ¥ st pF
(AB)"'=B71A71
Proof. ¢ Theorem 2.5.2, #* 7 & 3.~  nxn matrix 5 invertible, ¥ & 45 3| B € My, i¢
¥ BA=1, & AB=1, ® p* pFd vii— 1+ (Corollary 2.5.3) s+ B=A"1.
(1) = 2T & A1 7t % 5 xn matrix % Theorem 2.5.2 LI AT A=1, #x A1 7
% invertible * (A~h)~! =A.
(2) &% & A' 7 5 nxn matrix # Theorem 2.5.2 if * . 4 A~'A=1, §/* Proposition
2.2.4 ¥
In — (AflA)t :At(Afl)t
tcir AU 4 invertible ¥ (AY) 7! = (A"1L £ 2% A" % invertible, ¢ i 4v (A')' % invertible,
#d §1* Proposition 2.2.4 (A")' =A ¥ A % invertible.
(3) & %_& AB 5 nxn matrix = Theorem 2.5.2 if * . % A,B ‘¥ % invertible, A4
(ABB'A'=ABB HA ' =ALAT' =4A" =1,

- =

Fd (AB)C =1, ¥ A(BC)=1,, r{d B3k A 5 nxnmatrix 742 Theorem 2.5.2 3% A 3
invertible. 32 d C(AB)=1,, ¥ (CA)B=1,, {## B % invertible.

83 AB % invertible ¥ (AB)~' =B 'A"!. ¥ 2., % AB % invertible, ¥ £ C= (AB)~!. »

O

& ;2 % Proposition 2.5.5 (3) * ¢ ABinvertible 42 ¥ A,B ¥ % invertible £ % & * 7| A,B
¥ % nxnmatrix. R4 m#n ¥, & Theorem 2.4.2 ¥ AP 5 5 7 iy A€ Myxn,C € Myxm
B E_AC=1,. *P I, % invertible, it A,C ‘¥ % non-invertible. F 7, § A,B % & 'L pF
¥l d AB % invertible ¥ #81F A,B ‘¢ 3 invertible, #z7 BA 7* i invertible. ,Tfu{;;ufg‘;
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A,B 5 2 'LpF AB L invertible v BA % invertible £ % i . ® & A B % L > LpF F AB
% invertible ¢ ¥ BA # % invertible.

Question 2.12. F#E & A,B * % invertible & AB % invertible. F PF+ 7 B BA A

non-invertible.

ET RN P IE AR YW - B E MG nxn matrix £ F 5 invertible, ¥ £ % invertible
4o U H inverse. =B AV %% d -2 w4 * elementary row operations i i reduced

v

echelon form 7\}?@5‘1’ 1 F 2, % A 5 nxn matrix, ¢ Theorem 2.5.2 i &rig A 5
invertible % ¥ r&% A * 5 echelon form ¢ # pivot (hiFHE > n FP AP TR B A L
echelon form 3+ 8 # pivot e, T ¥ 11 7vig A % 5 invertible. % A 5 invertible, ¥
pivot enB#c: n,  PFd >t A & reduced echelon form % n X n matrix, #{¥ A &7 reduced
echelon form 3 I,. = T}Un‘?‘j\ 7 ¥ 12 * elementary row operations # A i 3 I,. #d
Lemma 2.3.5 2 i 473 e E € My, 5 — % elementary matrix snfk ff @ 7 EA=1,. ¥7 }

# #- augmented matrix [A|l,] 41 * elementary row operations i* % [I,|E], B] EA=1,, &
PE R AT A T b

Example 2.5.6. ¥ gL

1 0 1 -1
0O -1 -3 4
1 o -1 2
-3 0 0 -1

A &g §F A EFE L invertible. & % invertible, £ 4% 4 A~

A=

AP E ¥ B augmented matrix [A|ly], §1* elementary row operation #- A 3% 4 i
# = echelon form. § £ % l-st row & %3k —1,3 4 3 3-rd, 4-th row, ¥
1 0 1 —-1j1 0 0 O 1 O 1 —-1]1 O
0—1—340100W0—1—3401
1 0 -1 210010 0O 0 -2 3|—-10
-3 0 0 —-1/0 0 0 1 0O 0 3 —4|3 0
FFH# 3rdrow 3k F 3/2 42 4-th row ¥
1 0 1 —-1]1 O
-1 -3 4 0 1
0O -2 3 |-10
1 3
0 0 3 5 0
P PF augmented matrix = £ ¥% % echelon form, # pivot (i #c i 4, #& A % invertible.
A -2 LRt % reduced echelon form i 7 7 5] AL

SO = O O
- o O O

S O O
Nw = O O
- o O O

& #- 4-th row 3k 12 2, 2R 18 #9717 &9 augmented matrix 1 4-th row & %3k + -3, —4,
1 4¢3 3-rd, 2-nd {r 1-st row,

1 0o 1 —-1|{1 0O0O 1 0 1 0 4 0 3 2
0 -1 -3 4|0 100 0O -1 -3 0—-12 1 —-12 -8
00 —2 3|-1tot1o0| |0 o0 —20[-100 -8 -6
o 0 o0 1|3 032 0o 0 o 1} 3 0 3 2
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FF ¥ 3-rd row F 2 —1/2, 2R {8 #4717 &0 augmented matrix 7 3-rd row & B F 3, —1

‘v 2 2-nd v 1-st row,

1 0 1 0| 4 0 3 2 1 0 00]-1 0 -1 -1
0O -1 -3 0,-12 1 —-12 -8 0 -1 003 1 0 1
o o 1 o0, 5 0 4 3 1710 0o 105 0 4 3
o o o0 1,3 0 3 2 0 0 013 0 3 2

v

B & #- augmented matrix 7 2-nd row F + —1. P FFA7E augmented matrix z E 3R 5

reduced echelon form (% ), s&c# & X35 A~ W
0

—1 -1 -1
-3 -1 0 -1
-1

A 5 0 4 3

3 0 3 2
d @ mdHmA Py AeM,y, » invertible, P| % # elementary matrices Ey,...,E; #
@ (Ex---E))A=1, % A~ =F;.--E;, ¢ Proposition 2.5.5 (3), & P 4r Ey,... . E ¥ %
invertible, ® ¢ (A_l)_1 =A, A :El_1 Ek_1 ¥ F 1} izd elementary matrix E; ¢ inverse

,T&iﬂ?}— E; & R = I, e1 elementary row operation #7¥f /& ¢ elementary matrix. = ,T)u{;;u

E7' 7 5 elementary matrix. F]pt 2§ 0T ch 3L,

Proposition 2.5.7. A 5 invertible matriz & £ v&F A i — ¥ elementary matrices 3k
-

Example 2.5.8. 3 gL

0 2 0
A=|1 -1 0
0 2 1

wR A inverse (R AEY , F A A K 1-st row fr 2-nd row T 3. 4 ¢ elementary row
operation #7¥ J& 9 elementary matrix 3 E;. F]* 4p F &9 elementary row operation ¥ #-
Ey B R b, & E| =E; ', ¥

0 2 01 0O 1 -1 0j]0 1 O 010
1 -1 0|01 O|~]0O0 2 O|1 OO ,El—El_lz 1 00
0 2 1]0 0 1 0 2 1]0 0 1 0 01

# ¥ # augmented matrix 7 2-nd row F + —1 4¢ & 3-rd row. £ ' elementary row
g y

operation #7%f J& ¢ elementary matrix 3 E,. %]#- 2-nd row ¥ + 1 4 X 3-rd row 9

1

elementary row operation ¥ #- E & & & I3, 2 #7 {7 ¢ augmented matrix 2 E,E, b

¥
a

1 =1 0] 0 10 1 0 0 1 00
0 2 0|1 0O0|,E2=|0 1 0|,E5'=|010
0 0 1|—-1 01 0 -1 1 011

X {4 #- augmented matrix 7 2-nd row F + 1/2. £ }* elementary row operation #7¥} /&

elementary matrix 3 Es. F]#- 2-nd row 3%k } 2 &7 elementary row operation ¥ #- E5 & &
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= I3, #& #7181 augmented matrix % E3,E3_1 AR

1 -1 0/0 10 1 00 1 00
0 1 0|1 00/|,B5=]{0 % 0|,E5'=]|020
0 0 1|—-1 01 0 0 1 0 0 1

B {é # augmented matrix 9 2-nd row 3k + 1 4c I 1-st row. 4 #* elementary row operation
144 & ¢0 elementary matrix 3 E4. F1#- 2-nd row 3k} —1 4¢3 3-rd row ¢ elementary

1 Y

row operation ¥ # E4 B f = L, #&#71¥ ¢ augmented matrix % E4,E4_1 A S|

10ool4 10 110 1 -1 0
0101 oo|,Es=|010],Ef'=|0 1 0
00 1|—-1 01 0 0 1 0 0 1
AP hTE
;10 0 2 0
A'=EEEE=| 1 0 0| ,A=E'E;'E;'E;]' =1 -1 0
-1 0 1 0 2 1

BISEAP® PR 2 e 4. Bk AE M, g #EEEL beR” B >
Azl Ax=D>b ¥ F 2 f&rg- 2?7 d Theorem 2.4.2 fv Theorem 2.4.5 #rJ* p¥ rank(A) =m
* rank(A)=n, " m=n. » ih{;ru AREA nxn ® rank(A)=n. Fl* d Theorem 2.5.2 4+
A % nxn invertible matrix. ¥ F A F 0T B H B 5. d 20T P2 R 2% Theorem

2.4.2 4r Theorem 2.4.5 T‘u'v" g, A TF“,T*W £EM .

Theorem 2.5.9. B3X A€ M,x,, 4 ai,...,a, €R" & A 1 column vectors. R]™ 7| & %

A i invertible matriz.

2) Span(ay,...,a,) =R".

B 3 fele Ax=0 273 nontrivial solution.

(1)
(2)
(3) #1** =X beR", W= = 22 Ax=Db %} 2.
(4)
(5)

#wiEd beRY, B> 428 Ax=b ¥ F 22 fara— .

% AEM,y, 5 invertible matrix, P4t E & b R" AT % A chE £ A7 (73]
Wi ek Ax=Db wk- 2. TF L E 4 x=A"'b, ¥ Ax=A(A"'b)=(AA")b=b. =
d Theorem 2.5.9 4rpt P Ax=b Fjigri— . o x=A"'b L8> 3 2% Ax=Db vi— - &

.

Example 2.5.10. ¥ g% > > 2%

X1 +x3 —X4 = b 1
—Xy —3x3 +4x4 = by
X1 —x3 +2x4 = b3
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B bi,bybyby 5 TR A H A VPR e 5 Ax=b, #7¢ A 5 Example 2.5.6 ¥
14 x4 matrix A * b= [b; by b3 by]'. F] A ;i invertible, #cd Theorem 2.5.9 =, = &,

?&b17b27b37b47 i—‘-———)‘5ﬁ;‘:f'_l‘_'?_AX:b ‘L/""ﬁ ﬁ;f —',Eﬁiver——
X1 -1 0 -1 -17[n
X2 _ Al -3 -1 0 -1 by
x3 =ATh= s o 4 3 bs
X4 30 3 2 by

LR rE- RS
—by —b3—by
—3b1 —by — by
5bi +4b3+3by
3b] +3b3 +2b4



