


Chapter 6

Linear Transformations

AR ¢ AP AL A vector spaces 2. B £ & ¢ fic, “73} ¢ linear transformation. 3t
7 ¢ /i % linear transformation #p M ik A (L F. {512 2 EL & 5572, ¥ linear
transformation ¥ 4" 4p g &,

6.1. Basic Properties

BE Y SEEAAPFY A R BRSO E R L. AR AT, AP
B4R en iR ﬁ}.,{ vector space, m linear transformation ,T* e J_JT et AP 4R 2 1282 vector
spaces fp 3 2. el hehE & Sy 1 £

6.1.1. Function. % %_vector spaces V, W. &3 — BV e E R IV de & D
W e, PHEIZ veV, P HBEERVHEI WY - B g w. FHEF- B veV, “1H
Brlenw ipr T(v) k&7, 5“71’"27‘&'»’** T:V>W, T(v)y=weW,VveV kiTie- B
WM G, £ T - BV 3| W @ function (3%k). T2V f 5 T 9 domain (% &
#), @ WAL T 0 codomain ($Je#). AR kS gehT &, 8 T:V oW L- Bk,
PIEFER veV, T(v) - 2 B8 EZ W ¥ dh- Brazehw B, ih{;:sb T(v)eW, @ ® 7 i -
T3S T(V)=w, - TIXEHE T(V) =W, & WAW, E 3 - RePFAHE A
A R A - BATEDS P, - AR AT B o AR, SR RRE L Rk S e
well-defined.
FOHRIE, GBEOTRY TG RRELESYF - BAFREHRING R F S

,]}uipfuz:T VoW E - Bolk, £337FV ¢ 3aBeg vV, & T(v)=T(). %
APFERTERFY - BAFFRPRINIRDAF, TV ERAPRE R VAV, AT
SR T() o T(V) RAPE (7 T(V) AT(V), P2 P hdndic- B ok en 4, it
Hend s one-to-one (- ¥-), 7 B4 ,‘hia injective. ¥ ¢, ShBihT &P 4 LG & R
A’%iﬁﬂﬁ—fﬁi%‘ﬁ’ﬂlﬁ%ﬁ;%ﬁ%ﬂ 1* HET: VoW E- Bad, L33 aWP 5w
Ew i EeVaeBeHBEIN W (T2 5hveV REF T(V)=w). FAF 58 L8R
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140 6. Linear Transformations

=

&

%

- BAZRFEBREREI, W EZR R W, FVHIVEV REFT(V)=w, RI2F
g dic- BEARDELH, fLothhalici onto (B =), 3 B+ fLi surjective.

+ - & 3 #cE_one-to-one * onto (LL PE— A5 Dijective), ?Kﬁ‘&i Pull. BPFIE- T
TSI - BAR RS EOHEEET R RS EDTRBDFE p Sl (P RSk
inverse (F Sn¥k)), @ 2 & * {5 € {%4 - Bk p e peI g Sl (O3 o0 identity
function). #12 gt pEA L Fis R S B i invertible (Vi3 i),

6.1.2. Linear Transformation. & 7 f% vector spaces, %’fﬁ“éf;“’ Jo— fendi e, 3o E )
o B2 BAuE Y, JTes A0 fRiz 4 vector spaces ¥ o B i, A F & o ol
TAEe B Y e, AT T 2 TR

v

Definition 6.1.1. B*) V.W ¥ % vector spaceover F ¥ T :R" -R™ % - B ade, 2 T /&
EHER vi,..., g€V 0 E ¢p,...,cc€F %3

T(C]V] +--- —I—Cka) = C1T(V1) +--- +CkT(Vk).

P T % — B linear transformation. F P%3% i f§ T % linear.

BAZEE v+ tev VP wEaomBE s A oT(vi)++al(v) €W
P dddpte s R RAGE. AHA VAW BLEFRLEL. FULY 0cV LV &
zero vector P, i& linear transformation ez &, &3 T(0)=T7T(04+0)=T(0)+T7(0).
a4 b T(0) ehsei2F ~ %, 7 T0) 5 W ¥ & zero vector. ~ ﬁ%{;ﬁu— B linear
transformation T:V W, € %V ¢ hE e Ep i3 W ¢ hE e &, BRF VAW BV
fe W mgra-"ﬂ"l VA A F, A - ﬂ,t;hirﬂ‘;rw 0 k&7, @2 BRAT. TN
T(0)=0 % %57 linear transformation ¢ %V ¢ chE e E@&I| W P chEw 2. o B
BEARME, edpg g r, A PR B A AT

Lemma 6.1.2. X T:V =W i - B linear transformation. B| T € %V ¢ h% » § pt
I W ¢ R R, 7 T(0) =0,

L AR SEs BOV- BEYV hFe g, v- BEW SEed, - TR FTAFL

*EELEWHRAE T:V—->W EFE L linear transformation, 4P FX g V ¢ @ g3 "5
BB s &0 TP £ F % & linear transformation & & g A=k fpf. £ 7
4ol & & subspace e & (% 2 Corollary 3.3.3), T - B EIRL AP, R Rk LT

Bredamitie s e,

tpz 2

Proposition 6.1.3. B V.W ¢ i vector space over F ¥ T:V —-W 5 - B ¥, B T
% linear transformation F 2 vEF ¥ E L uyveV, reF %5 T(u+rv)=T(u)+rT(v).

Proof. (=): & T % linear chz &, iz L uveV,relF %3 T(u+rv)=T(u)+rT(v).

(e):APrEfl*rHzL uveV,reF ¥ 3 Tut+rv)=T)+rT(v) & BEF REP
HEZL vi,..., g€V 1% ¢, €F %3 T(C1V1+"'+Cka):ClT(Vl)‘|‘"'+CkT(Vk)'
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Ao BBk FEREFRE FATRTG - Be RO (Y hk=1), AL
HFPE VvIER, c;eR P T(crvy)=c1T(vy). *BH B u=0 v=vy, r=cy, % Lemma
6.1.2, 275 T(evi)=T@+rv)=T)+rT(v)=0+rT(v)=c1T(vi). F# k=1 D
xRz, RBERG kBe L2 7PWFEE v, eV LE ¢ €F ¥
Teivi+ - 4ave)=caT(vi)+-4aT(v). A PEEPHETL V..., Vi, Vi1 €V 1L Z
ctyeesCiyCr1 €F 85 T(evit-+avi+cp1Vip1) = 1T (vi) +- -+l (Vi) +cx1 T (Viy 1)
B HEFELS u=ovit gV VEV M E r=cgn. RFREXRAPT T() =
alT(vi)+-+caT (i), &

T(civi+- 4 Vi + Crp1Vir1) =
Ta+rv)=T)+rT(v)=c1T(vi)+ -+l (Vi) + 1 T (Virr)-

wd #cH fiff.fép 725 T % linear transformation. O

xq
Example 6.1.4. (1) T R T:R* -R2 2 &5 T(| x» |)= [ 1t

]. NipsE T §- B

X1 —Xx3
X3
a by ay +rby
linear transformation. B u= |ay|,v= |by| €R3 1z reR. i 3 utrv= |ay+rby|.
az b3 az+rbs

ik T ha sk, 20

ar+rb
B ~ [(ar+rby) +(az+rb2)| a1 +ax+rby +rby
T(ut+rv)=T(|ax+rb2|) = [(a1+rb1)—(a3—|—rb3) a1 —az+rby—rb3]’
az+rbs
aj b
S A — _|ata = = |l
by AP F T(u)=T(|a|) L“_@ , T(v) =T(|b2]) by —bs|’

b3

ar+az - bi+by| |ai+ay+rby+rby
a) —as b1 — b3 o ay—az+rby —rbs|’

% T(u+rv)=T(u)+rT(v), ¥ T % linear transformation.

as

T(u)+rT(v) = [

- % x1+x+1
2) TR TR SR 245 T(| x ):[ .
1 — A3

]. N T % & linear
x3

transformation. & T ehE &, X3 T(0)= [(1)] #0, #=d Lemma 6.1.2 7=, T % #_linear
transformation.

M ): [ x%+x2

X2
X1 —X3
X3

B+ Rk T:RP—-R* &5 T( } A e T 7 E_linear transfor-

mation. B&XptpF T(0) =0, e T(

SO R

2 1 1
T(|o|)=T|0|)£27(|0]).
0 0 0
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# 27 linear transformation 7% 2 % &, & T # &_linear transformation.

P =R O L i—ﬁ — % 2 9 linear transformation, ¥ § F 12 {5 3 i ¢ froig 75 F" 3

F™ ¢ linear transformation #% &gk e3¢

Lemma 6.1.5. B®X F % field ¥ A€ Myn(F). F g T:F"—=F" & 5: T(v)=Av,

VYveV. B T i - % linear transformation.

Proof. # £ A4k & T 4 well-defined, ~ ,Th{;ﬁ, T /8 8- BE_F* pr 3] F" ek
EP-vel" k3 &k T(v)=Av. RA A 5 mxn matrix, EZELRZE TH Av £- B mx1
matrix (LR 2w & FMFL % column vector, #7127 ve€F" % nx 1 matrix), # Av € F”. &
T 7ed A - BE_F" 3] F™ < function.

MEHEM T 5 linear, " T T uyvelF" W2 reF, AP EREP Tu+rv) =
T(a)+rT(v). #iEi& T chE & T(u)=Au, T(v)=Av, @ T(u+rv)=A(u+rv). FixsELk
2 4v 2 eh& et (Proposition 2.1.9 4 Proposition 2.1.10) #% i {8

T(u+rv) =A(u+rv) =Au+A(rv) =Au+rAv="T(u)+rT(v).
U

#€_Lemma 6.1.5 2\ i 4vig ¥ 123 113% 0 linear transformations. ¥ %+, &7 4|

* I 7 0 linear transformations g ) { % ¢ linear transformations. F’ LE T, %5V

3| W i linear transformation, #% i # x4 41 * Ty, T, i 41 #7¢0 linear transformation, 77 + 1.
B S RiB, § i SRR ARM AR ot LU A BRAP A 4T 05
VIWmadk #$3Eg veV, AP i (+L)(v)=T(V)+ (). & TE, T1+1D
FER RV e BRI W ¢ ST LREX, HEL vEV, APd TI(v)eW 1z
L(v)eW, #rip 2235 (M +1)(v) = Tl(V)—I—TQ(V) eW. #tl T1+T:V—>W g % well-
defined function. # T kA PR HP E TV W, H:V =W ¥ i linear transformation,
Pl T +T,:V—W 7~ 4 linear transformatlon % T&»{@mé}%’v? FR uveV Ui rel, 3Aip
E#P (M +D)(a+rv)=(N1+D)w)+r(Ti +T)(v). B LikTHNPF

(T +T)(a+rv)=Ti(a+rv)+ H(a+rv).
£F* N, T, % linear 1

Ti(u+rv)+T(u+rv) =Ti(w)+rTi (v) + Ta(u) + rTa(v).

(Ti + ) () + r(Ty + T2)(v) = Ti () + Ta(w) + +(T1(v) + T2(V)),
red w BERET, FR (M +D)(ut+rv) =T+ D) () +r(Ti+D)(v), = T1+T 5 V 3

W e linear transformation.

()

Ti(v)=Av, h(v)=Av, VveF". Bl T1+ T, €_Ethenddk?

Question 6.1. & A,A> ¥ % mxn matriz. 3 T :F'—F", T :F' - ", & &3 & 5
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% ¥ - 1% linear transformation 7:V — W, 1% ceF, &4 7 3.5 38 cT: VW,
H ?;%’:; (cT)(v)=c(T(v)),VveV (+ #.{ﬁg;wai« BV g vEED ¢ B T(v)).
%3 —é TV —W g &~ ® function. ¥ F +, v+ &_linear transformation. iz4&_
AP EL uveV uE relF, AP

(cT)(u+rv) =c(T(u+rv)) =cT(a)+rcT(v).
@ (cT)(a) +r(cT)(v) = c(T(u)) +re(T(v)), #&4v (cT)(a+rv) = (cT)(u) +r(cT)(v), #&

cT :V =W % linear transformation.

Question 6.2. X A 52 mxn matriz. % Jg T:F"—>TF" & 5 T(v)=Av, VveF". RI¥
W ceF, T E_EHednk?

% Ti,---, T, % V 3| W & linear transformations. cy,...,cx € F, | d o 5 o1Tq,...,cc Tk
w5 V 3| W i linear transformations. #1712 ¢;Th + 2T % linear transformation. £ 1 *

BFFpE, F ali+-+oT & linear transformation. Flpt A5 T 5 2 55 %,

Proposition 6.1.6. % Ti,---,T; % V ¥| W &7 linear transformations, cy,...,cy € F B

cai+- 4l 5V 3| W i linear transformation.

¥ - A& 4 linear transformation 7= 232 & f1* “& = S¥” F U,V,W 5 vector
spaces ¥ T:U =V o T': VoW 5 Sfi, d " E g uel, B2 & T(u)eV, » ,T‘u{;”ru
T(u) ¢ 6T hE &P A PT L T) & r T 9, %@ T'(T(w) eW. &
e 2 FA P RN - BRU I W ik, fiz 5 T,T" &7 composite function (& = &
), AP H T'oT k7. 4 PR T'oT:U—W thE % 5 T'oT(u)=T'(T(u)), VueU.

EAN AR IR R

Proposition 6.1.7. B&X T:U =V o T':V - W % linear transformation, B T'oT :

U—W 7% linear transformation.

Proof. ¢ &+ T'oT % function, & P # & F P T'oT % linear, * T¥ > =E F uveclU

i reR, A PG (T'oT)(u+rv)=(T'oT)(u)+r(T'oT)(v). & EH (T'oT)(utrv) =

T'(T(u+rv)). 2@ B 5 T, T % linear, #7

T'(T(u+rv)) =T (T(a)+rT(v)) =T (T(0))+rT'(T(v)).

A4 T(T(a)=(T"oT)(u) 22 T(T(v))=(T'oT)(v) ¥% T'oT % linear transformation.
]

Question 6.3. % A % mxn matriz, B 5 kxm matriz. % T :F"—F" T':F" — FX,

AulEE s T(v)=Av,VvelF" ¥ T'(w)=Bw,Vwel". B T'oT &_Etkehdndk?

% V...,V ZV eh- % basis BF, HEZR veV, ¥ 3 hrE- g- 2B ocp,...,c,€F, #1F
Vv=ciVi+-+cpvy. BE T:V — W &_linear transformation, B]+d linear transformation
TR, BTV =cT(vi)+-+cnT(vy). PR, B R S i T(vi),...,T(vy) W
Pt e g BT ERL vEV, APRT ey T(v) AR B ARG T L
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Theorem 6.1.8. B3k V.W i wvector spaces over F ® vq,...,v, €V, 3 V &1 & basis. ¥
Wi,...,Wy, €W, B33 Brti— i1 linear transformation T:V — W, & & T(vi) =wy,...,T(v;) =
Wi,...,T(Vvy) =w,.

Proof. 7 £ &M 5 . X T:V W Z T(avi+ -+ cVa) = W + -+ Cy Wy,
Ver,.o..,cp € F. 2 2 2@ it ¥ well-defined function. = %h{?mﬁ EZR veV, T(v) ¥
T EEKE T(V)EW. a Flvy,...,v,, & V th— ‘& basis, i3 ari— h- 2 cy,...,¢, €F,
BE v=cVvi+ vy R TWV)=T(CVi++cpVy) =W+ +c,w, €W.
BEFAPLEP T 5 linear transformation, ,Tfuapfu #HiIErg uveV NE rel, &
PEZEP Ta+rv)=TM)+rT(v). &3 vy,...,v, 5 V éh— % basis, ¥ & c1,...,¢y
ME dy,...d€eF BB u=cvi+-+cVy B v=divi+-+dyv, FwEFE utry=
(cr4+rd\)vi+- -+ (cntrdy)vy. & T che &

Tu+rv)=(ci1+rd)T(Vi)+- -+ (cn+rdy)T(vy) = (c1 +rd))Wi+ -+ (¢ + rdy) Wy

-5
T(w)+rT(v)=T(c1Vi+-+cyvy) +rT(dyvi+ - +dpyvy) =
(c1wi+ -+ cuWy) +r(diWi + -+ +dyWy) = (€1 +rd1)Wi + -+ (¢ + 1dy )Wy
B Ta+rv)=T)+rT(v).

BEHEPE- M NP EEE S ,T‘u{?h%’ T':V—>W £_% — i linear transformation
BT (vi) =wy,.. ,T’(vn):wn, ET#T, R+ 5. e &, T'#T 275 0veV
BET(V)AT(V). »FEFFRcC,... o 8 v=cvi+- -+ eV, #i& T,T' ¥ % linear
g, 2P

T'(V) =T (c1vi+-+cuVn) =1 T' (Vi) + - +cuT (vp) = Wy + -+ W, = T(V).

p8 TV AT(V) 405, RE e 0

£ ;1 % Theorem 6.1.8 ® e wy,...,w, €W {? MiEREP A F & F - % basis &

&_linear independent. &% 32, £ XA P rr 3 _basis chE 8. v 2 HFAPL IV 4
- % basis {§, AP ¥ UKzl basis e EHEI W P ZE 5w g, ’T} gEI- BV
3| W &b linear transformation. { £ & ¢h&, - 4L k@S B IHB P v P EAp E o, A
SRR A TR DE BAFLTRES BIBEHEIERESERE DAF. B ERL
A een Fli- LRRIBZBPRDAFZFT AL IR, APEZ- B- BHkE. &L linear
transformation i*u’ﬁ 1% B 43 i, Theorem 6.1.8 £ 374 i % & % & & B linear transformations
fe— % basis 27 7Rt 4 LS B £ - Reh, 7RAES B linear transformation ¥ §

rj-&g AP e B
2. Range and Null Space

Linear transformation ¢ ** 3 # 4% linear combination ¥ 8L #7121 v € iF T & B &2

# R B ¥ 0 subspaces. fiz- & ¢ AP F & F3H- B linear transformation #7 {8 T
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3 B £ & o0 subspaces, “null space” f= “range”, I 4| * &% # subspace k431 linear
transformation # ¥ i gk,

PAHY - SO TV oW, BBTRFV P a3 e S APRpRadgd
B TS)={T(v)eW|veS} - BE&E, ?iﬁkiﬁ-b#p S ¢
B A BAE R TSR L. R HUHEE W ¢ s
T-YS)={veV|T(v)eS} cthot &, RSy b T_E B
s BRF LA TS) §EHBEBEW P L AT
ELART WET(S) P, 2B 427 WASY FBAZLTRHNE mTFFrhveV
REw=T(v). #70 T(S) » V47 = T(S)={weW|w=T(v), for someveS}, 7 P35
Wit T(S) # Wend B & Ny g% gfddni.

d *»* linear transformation «4% ¢ | % T:V — W 5 linear transformation P, 2% % & /3
% g V' &V e subspace PR, 4 )I" FHRAPE T FZ

TV)={T(v)eW |veV'}={weW |w=T(v), for some veV'}
gidF. B ikaE Wi W e subspace, 2P s & T2
T'\W)={veV|T(v)eW'}
Gk BR L ARG LT 2 Bk
Proposition 6.2.1. B3k V,W ¥ % wvector space over F = T:V —W % linear transforma-

tion. & V' 5 V & subspaces, Bl T(V') & W ¢ subspace. ¥ ¢, 3% W' 5 W e subspaces,
Bl T-Y(W') E_V ¢ subspace.

Proof. % &2 P T(V) § LW ch3 & &, & T-I(W) g TVt g & RmE3
#HM v P L subspaces, 4| * Corollary 3.3.3 AP &M, 2 ww eT (V) 2 reF, B
wHrw eT(V) s g vwveT Y (W)2 reF, Bl v+rv eT™ (W)

-‘ﬁ’iﬁ%é?%— K, FAPRW - B E W ATV)MR 2a30veV @8
w=T(v). FlFwweT(V), RlstvweV @@ Tv)=wTK¥)=w. L“F‘*%‘?relﬁ“,
A w+rw =T (v)+rT (V). £41* T 5 linear, ¥ wH+rw =T(v+rv/). R &iEx V/
% V e subspace, tgd v,V eV v eV, BF w+rw =T(v+rv') e T (V).

F-=ag, 2 vwWweT '\(W), 275 T(v),T(V)eW' ppgs reF, 4 * T % linear,
AipEs T(v+ry')=TV)+rT (V). 225 &gk W 5 W ¢ subspace, t&cd T(v),T(V)eW’
G T(V)+rT(V)eW. Flitd T(v+rV)=TV)+rT(V)eW', @& v+rvV eT ' (W), O

Fuleh, &V =V e W ={0} &7 BERIT I, T
T(V)={weW|w=T(v) forsomeveV} and T '({0})={veV|T(v)=0}

i@ i subspaces, ¥ ¥ 1 f& T i& 1 linear transformation 2L % 7 §et. AP LLES B
subspace 7k & Fi.

Definition 6.2.2. HE3X V,W ¥ % vector spaceover F ¥ T:V — W 5 linear transformation.
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(1) AP H W e subspace T(V) & T 9 range (» #-% dmage). & F 2@ * R(T) (&
im(T)) % #57 T 1 range.

(2) 2 4L V e subspace T ({0}) 5 T ¢ null space (# F£ 5 kernel), & ¥ 24 *
N(T) (& ker(T)) % %5 T 1 null space.

B £ Ak —’F% linear transformation ¢ range. #B33& T:V — W 3 linear transformation.
d Proposition 6.2.1 2% i T = range R(T) 4_W 1 subspace, r,'—-‘cﬁ.‘r’ dim(R(T)) < dim(W).
- dim(R(7)) = dim(W), B i Proposition 3.6.10 =t p¥ R(T) = »' ‘T‘JL%L;H.H%‘ = ’E, 22
eEW,d*weR(T) ZTiFveV 7 w=T(v). ~ ,ﬁiwbﬁiﬂamm ¥y
, % T 5 onto, Pl T HH»?ETL weW, 5hveV EF T(v)=w &# weR(T), #
W CR(T). £41% = 5 R(T) CW, #% R(T)=W. 294 11T o i,

942ﬁ

£

p

a

Proposition 6.2.3. B&X T:V - W % linear transformation. Bl T % onto ¥ F &%
dim(R(T)) = dim(W).

— R, AR N - B o EETE S onto i A& FEILHE range £ F i*u—fx'-\ codomain
(HIE8). $30- LS Bt iR E 3 5 onto § PP 2 % 5. 7 i Proposition 6.2.3 £ %
A i 4>t linear transformation, ¥ 11 ® #d U ¢ range 7 dimension * ¥|%r%_F 2 onto.

I ¥ 4o drig - B linear transformation £ range ¥ 7 iy 10T e
Proposition 6.2.4. B3X V.W ¥ i wvector space over F ® T:V =W % linear transfor-
mation ® vi,...,v, €V & V &— 2 spanning vectors. P
R(T) = Span(T(vy),...,T(vy)).
Proof. X weR(T), 47 3 toveV ##®# w=T(v). * F]vy,...,v, £V g % spanning
vectors, ¥ iF ¢y, L, €EF, B 7 v=civi+--+ v, Flt 41 T 5 linear 7
T(v)=T(civi+-+cpvn) =c1T(vi)+--+c,T(vy) € Span(T(vy),...,T(v,)),

2 R(T) € Span(T (v1),..., T (Va)).
¥ - 25, % weSpan(T(vy),...,T(vy)), 7 & & cp,--,cpn €F, @ 8 w=cT(v))+
ey T(vy). F1H1* T 5 linear F

w=cT(vi)+--+c, T (vy) =T(c1Vi+ -+ cnvn) € R(T),

#% Span(T(vy),...,T(vy)) CR(T). Fl #P 1 = Span(T(vy),...,T(vy)). O

Example 6.2.5. (1) ¥ & T: R3 5 R? 7.% % T( = il—i_;cz ] # Example 6.1.4
1—A3

¢ e e T F— B linear transformatlon & Zr’;%;i* R3 ¢ standard basis {e},ez,e3},

I N T T

! 1
ﬁW@T(O):[
0
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spanning vectors, ¢ Proposition 6.2.4 #% 3 R(T) = Span( [1], [1}, { 01]> =R% &@®T

11710]" |-
% onto.
xq
(2) ¥ & T:R* =R 2% : T([x1 }): x1+x |, xF 52 %% T - B linear
2 X1 — X2
1' ! 0
transformation. ¥ J& ¥_#% % R? & standard basis {e,e,}, # 7§ T [0 =|1|,T( =
- 1
0 1 0 1]
1 {. 4 Proposition 6.2.4 245 R(T)=Span( (1|, | 1 |). d 3 |1 ] % linearly
-1 1 -1 1

independent, # ¥ dim(R(7T)) =2. 4 Proposition 6.2.3 5= T % #_onto.

Question 6.4. BEX T:V - W % linear transformation. & dim(W) >dim(V), BRI T 3 7

it 2_onto g 7

Question 6.5. BEX F 4_field ¥ A€ Myn(F), % J& linear transformation Ty : F" — F™ =_
£ 5 Ta(v)=Av,VveF'. 4 g F* ¢ standard basis {ey,...,e,}. F#HP R(Ty) (F Ty
rang) = Col(A) (F A 3 column space) 2- & b %

£1 % 4F ¥ & - B linear transformation 7' e range = {0}. p &7 T #9773 T HZE
e R0, 75T T(v) =0, VveV. izt linear transformation, 2% i iz 1§ b, A

2_ 5 zero mapping.

Question 6.6. BEX T:V =W % linear transformation ® vq,...,v, €V % V ih— 8 basis.

a—

WREM T 5 zero mapping &2 v&EE T(vy)=---=T(v,) =0.

BT ok A e —fg null space £ linear transformation ek . #B&K T:V — W % linear
transformation. % T % one-to-one, d 3t ¢ 5 T(0) =0, gx4v 7 7 sb”ﬁ 2E g v ieFE

T(v)=0. 1@ 7 8 N(T)={0}. 27 F:E* N(T)={0}, » ¢ @ T 5 one-to-one, & i*

"ﬁ T m‘g%

Proposition 6.2.6. BX&X T:V —W % linear transformation. B| T % one-to-one % F *&
% dim(N(T)) =0, ¥ N(T) = {0}.

Proof. st i ¢ 4§ T % one-to-one P¥F, 7 ¢ 5 2£F w E P 54| 0, x4 N(T) = {0}, 7
dim(N(7))=0. * 2., % dim(N(T)) =0, ¥ N(T)={0}, »* % T # &_one-to-one, % 7 %
EvvVeVBEVAY & T(v)=T(). 43 T % linear, ¥ T(v—V)=T(v)—-T(V)=0,
T y—v eT({0})=N(T)={0}. BFlv=v 24 §, &#® T 5 one-to-one. O

Example 6.2.7. # ¥ 3¢ Example 6.2.5 ¥ 7 linear transformation £_F % one-to-one.
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X1
)4 T:RoR %45 T(| x ):[J‘IHZ].;VZ eEN(T), %7 T(v)=

a
X1 —X3 b
X3 C
a - |
T(|b]|)= [Z—_Hj = [8 ,#=m®a+b=0"% a—c=0, F]} 7 # 1] eN(T), & N(T) # {0}
c - 1
[ 1
(FF 2+ N(T)=Span(|—1])). #r2 % T * E_one-to-one.
1
X1
(2) % TR SR 4 T([Z ]): x4 | E V= m EN(T), 47 T(v) =
X1 — X2
a 0
T([Z]): atb| = [0|. %® a=0,a+b=01"2%2 a—b=0, Ta=b=0 Fprv @
a—>b 0

N(T)={0}, #rr2 d Proposition 6.2.6 = T &_one-to-one.

& ;1 & Proposition 6.2.6 2 T % linear transformation 4 if * . &[4r f(x) = x> lf
A, 8% fH0)={0} (1273 % x=01 ¢R©FF¥=0) i flx) » - H- (bl
f)y=f(-)=1). FF A APg f(x) » & linear. #7120 § f # &_linear transformation
P73 oacd f1({0}) k2% 8 F 5 one-to-ome.

Question 6.7. Proposition 6.2.6 » 98— @B e Z % 3| T 5 linear ik ? ¥4 T 3

one-to-one &8 N(T)={0} B &d N(T)={0} & T 3 one-to-one?

Question 6.8. X T:V - W & linear transformation. & Question 6.6 ¥ 3 sy T
= zero mapping o T 0 range & M . (nag T 5 zero mapping fr T 7 null space
EEE N B

Question 6.9. BX F 4_field * A€ Myn(F), % J& linear transformation Ty : F" — F™ =_

&5 Ta(v)=Av,VveF". Z2EP N(Ty) (T Ty & null space) v N(A) (F A & null space)
2_ R enid 1%,

¥t - A die, & X% H £ F 5 onto & #_one-to-one ¥ 2 3 %, e F T % linear
transformation F¥, Proposition 6.2.3 f= Proposition 6.2.6 #% =2\ 7 — & § { e ;2 2% T

4_%F % onto £ &_one-to-one. -~ if‘u—i’\?ﬁji i R(T) 42 N(T) enla g 77 . %2R R(T) v
N(T) i e A €8, AP T T i k.

Definition 6.2.8. B3 V,W ¢ i vector spaceover F ¥ T:V — W % linear transformation.
(1) AP # T orange R(T) sk 5 T 7 rank, 35 rank(T).
(2) 24 T o null space N(T) sha g & T <0 nullity, 3=t nullity(T).

Question 6.10. Bk F &_field * A € Myyn(F), % & linear transformation Ty : F" — F"

&G Ta(v) =Av, VveF". ZEP rank(Ty) {v rank(A) ™~ %2 nullity(7y) f= nullity(A) 2= &

PRk T



6.3. Matrix Representation 149

% Question 6.10 # 2% ¢ F| matrix £ rank {o nullity - linear transformation £ rank
fe nullity B % 7. " matrix 5 rank v nullity #* 3 #73} 9 Dimension Theorem (%

2L Theorem 3.7.14), %% linear transformation % % 3 127 g 3@

Theorem 6.2.9 (Dimension Theorem). #3%X V,W % & wvector space over F, £ ¢ V %

finite dimensional. % T :V —W % linear transformation R
rank(7') 4 nullity(7') = dim(V).

v

Proof. 3% uy,...,u, € N(T), 5 T e null space é1—- ‘% basis. F]5 uy,...,u, &2V ¢ ¥ 3

linearly independent, # ¢ Proposition 3.6.5 3

A Vi,V €V R E {uy,.. o, v, V)
% V en- e basis. LR PF nulhty( ) = dlm(N(T))—n " dim(V)=m+n. APERFEP
{T(v1),....,T(v)} € E_R(T) c— ‘2 basis.

B A#EP Span(T(vy),...,T(vy)) =R(T). @ Proposition 6.2.4, 2% i &

R(T) = Span(T (uy),...,T(w,),T(v1),...,T(Vp)).

Ra uy,...,w, € N(T), =% T(ay),...,T(u,) &5 W?*°ahEeg, &F
R(T) = Span(T (vi),...,T(Vm)).

BT RAPEP {T(v),.. T(Vm)} % linearly independent. B3 {T(vi),...,T(Vy)} #
¥_linearly independent, 7 ¥ 3 & c1,...,cy €EF 2 25 0 @87 ¢/ T(vi) 4+ +cnT (V) =0.
ppEd T % linear transformation 4 (C1V1 + 4 cmVm) =0, FI 7 v+ -+ Vi € N(T).

Ko {uy,...,u,} 5 N(T) ehrbasis, t2 5 & dy,...,d, €F # {8 c\vi+-+cuVm =diug +-+dyuy,

diay+---+dyu, —c1vi— - — Vi = 0.
Ra {up,...,u,,v],...,V,} & linearly independent, #x#® dy=---=d,=c1=---=¢, =0.
BB, en P25 0405 5, & ®# {T(V1),...,T(v)} % linearly independent.
R AT (vV1),...,T(Vm)} #_R(T) ¢— % basis, # 73 rank(7)=dim(R(T)) =m, =& &
rank(7") + nullity(7') = dim(V'). O

W om Y- S, 8 3F3FEF 5 onto & 4_one-to-one ¥ # F 4. @ ¥t linear
transformation, #% i ¥ 12 %’ﬁ d $£H range % null space i&3 & subspaces % 7 fFiZ Lt B A5
@ Dimension Theorem 2 %24 %, = & 7 f# range % null space i& B subspaces ¥ # ¢
- B, ;I.};? MG ORREY - B

Question 6.11. B3k V,W % & vector space over F ¥ dim(V)=dim(W). # T:V—-W 3

linear transformation, @M T &_ one-to-one & 2 *&E T % onto.
6.3. Matrix Representation

B F - B matrix A € Myy,(F), % & 2 ¢ v 12 2 &% - B linear transformation T :
F" —F", H % % 5 T( ) Av,Vvel " #Aiz- &9 APE P "'“r’ﬁ e F? 3] F™ & linear
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transformations $87 11 B & 5k 07750, 3 L & B F|- #& linear spaces 2. ¥ &7 linear
transformation. + ,T‘u{;“fu, # PR linear transformation fe matrix fp S e - L £ &

6.3.1. F* 3| F" ¢h linear transformations. % & Theorem 6.1.8 £ ZF 3 P 8 7 — B
linear transformation, ¥ & %rig }* linear transformation #-— %= F" & basis ¥ & | 7R &
£, ,T%Tf“ rivE -~ g € iz - B linear transformation. & F" ¢ | AP 5 - & f§ ¥ 0 basis, ¥
standard basis {er,...,e,}. & T :F" —F" § - # linear transformation, d # & #7if, i
W& g T(ey),...,T(e,) £ ¥R F" i vectors, i&? MAivg E R vel", T(v) 5@ 7.
FRLHNE - B Ve, BT
C1

2
ZE v=|_|. F1¥d T % linear, ¥ T(v)=T(cre1+ -+ cuey) =

¥l cp,...,cn€F %7 v=cre;+---+cue,, + ,T*u{

WY R A

l,h

Cn
ciT(e))+---+c,T(e,). Fo® % J& mxn matrix A, 2 ¢ A ¢ i-th column 5 T(e;), P

C1

| | 7 e
Av=|T(e) T(e) - T(en)| |, | =ciT(er)++cT(e) =T(v).

I |

4 ;jf;g\gwﬁa@ vel, ’t’,s T(V):Av. F Tﬁﬁ%ﬁ Ftdev 2 8% A- BT

e linear transformation. 24 i3 M T - BE & T IL.

Cn

Theorem 6.3.1. %% — I F" 3] F™ 0 function T. B T 3 linear transformation % & *&
F53 - B mxn matric A # 18 T(v)=Av, VveF". »* mxn matriz A Zr&— &, FF

Wizd i=1,...,n, A chi-th column 5 T(e;), 27 {ey,...,e,} 5 F" e standard basis.

Proof. ¢ Lemma 6.1.5 3P4, & T(v) =Av, VveF" R T % linear transformation.
kK2 ,% T:F"—=F" % linear transformation, 4r# & b’”réf} e AP o d B A L i-th
column % T(e;) 77 mxn matrix, B d Lk F L F = T(v) =Av, Vve "

J.¥ B 5 mxn matrix 7% & T(v) = By, :zaxwif;{\,z TETHER i=1,...,n Be; &
B i1 i-th column. & d 3K Be; =T(e;), ™ ¥ B ¢ i-th column i T(e;). Fl# B i¥53

column ‘¥ ¥ it A &7 column fp— 3R, FHFra - |4, O

fi &k Theorem 6.3.1 % 37 & _F" 3| " & linear transformations v m x n
matrices 22 7§ — B - $- HEMN & (LA ELHEE 228, FRS2Z Bl k). d4 2

- 1 linear transformation fr# ¥ /&7 m X n matrix M g% gr A Py T HE_E .

Definition 6.3.2. 3k T :F" — F" 5 linear transformation * {ey,...,e,} % F" & stan-
dard basis. R|$t*t i=1,...,n, & i-th column % T(e;) 7 mxn matrix % T P standard

Y

matrix representation.
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d 3 T b standard matrix representation £ r&— ¢h2 fo T § B, v {8 P g0 [T] %

# 57 T ¢ standard matrix representation. » )’I*u{;w‘ﬁ EZ velF Am5 T(v)=[T]v.

Example 6.3.3. 2* " 4534 Example 6.2.5 ¥ ¢ linear transformation # standard matrix

representation.
A X1 +x
() 2A TR SR 245 T(| o ):[ 1 ] g
X1 — X3
X3
1 | 0 | 0 0
rte) =70y =] .1 =1(|1)) = || men =7c|o]) = | |
0 0 1
- o
11 0
= [ 7 7| =[] g %
TR AP
X1 X1 X1
- 0 X1 +x3
77| x2 _[ —1] 2 _{xl—m]_T( x )
X3 X3 X3

¥ 1 0 X X1 X
[T]H: Lol H: %14+ :T([ 1]).
X X2 X2
1 —1 X1 — X2
% 7 standard matrix representation, # ¥ 3EF 2] * 12T F I EF LA P D v gen

range f- null space.

Proposition 6.3.4. & T :F* - " % linear transformation * 4 [T] € Myxn(F) 5 2
standard matriz representation. B T &1 range %3t [T] < column space, @ T 71 null space

A5

%% [T] 0 null space.

Proof. d >t e|,...,e, 5 F" er1— & basis, 4 Proposition 6.2.4 2% & T < range,
R(T) = Span(T(ey),...,T(e,)). k@ T(ey),...,T(e,) H‘H{:‘,T&{[T] e n B column, std F_
# Span(T(ey),...,T(e,)) %%—EL [T] &7 column space. ## T &1 range ;*IJL%L [T] & column

space.
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¥-2a,% veN(T), 47 T(v)=0. X iz standard matrix representation 2. ¥ &
T(v)=[Tlv, #&® [Tlv=0, 7 ¥ v >t [T] ¢ null space. ## N(T) & ’g‘ * [T] &1 null
space. k 2_, % v >t [T] cinull space, 25+ [Tlv=0, =¥ T(v)=0, #F# ve N(T). #M

i [T] v null space & 7% N(T), Fl#t T 0 null space %>t [T] 7 null space. O

wEE - B A 1 column space (P A, AP AL A Hrank, * rank(A) kK& T @
A & null space R F 5 A 0 nullity, * nullity(A) & % 75 (%2 Definition 3.7.13). d
Proposition 6.3.4, 2P drig T oo range & ¥ rank([T]), @ T 7 null space e g %
»* nullity ([T ,T* AR T hg k.

Corollary 6.3.5. B*k T :F" —F" % linear transformation ® % [T] € Mpyxn(F) 5 2

standard matrix representation. B

rank(7) = dim(R(7')) =rank([T]) and nullity(7) = dim(N(7)) = nullity([T]).

FliieB R Fl- BAPL T chrange ha R 2 T 0 rank, » T <0 null space sk
ﬁ-; T &0 nullity. & :&— # 5% 3 7 linear transformation '™ % matrix 2. & e 2. 5|
4oV i e (% %5 41 * linear transformation 7 Dimension Theorem (Theorem 6.2.9) #& {7 4&

L e1 Dimension Theorem (Theorem 3.7.14).

Example 6.3.6. #* 4] * Example 6.3.3 ¥ ¢ linear transformation 2 # standard matrix

representation #£ 3t H range f= null space.

X1
M FTRTR R 2x5:T(| x|)= [ xltz ], 1 2 # standard matrix repre-
X3

sentation [T] = { i (1) _01 ] d ** [T] ¢ column space % Span( [ ] [ ] [ ] =R2. 7

#* 4 Proposition 6.3.4 # 4 R(T) =R? (* &2 Example 6.2.5(1) - ). =G, [T)]
null space % B * = fg% [T|x=0,
X1 +x = 0 X1 +x =0
X1 —X3 = 0 —X2 —X3 = 0
1
fz &, F]ytd Proposition 6.3.4 2 i3 N(7)=Span(|—1|) (+* £ Example 6.2.7(1) -
1
R).
x A
(2) 4B T:R? >R 2% 5 T([ xl }): x1+xy |, % # standard matrix represen-
2 X1 — X2
1 1
tation [T]=| 1 1 |.d 3 [T] ¢ columnspace 5 Span(|1|,| 1 [). Fl#t d Proposition
-1 1 -1
1 0
6.3.4 25 R(T)=Span(|1|,| 1 |) (#*¥ Example 6.2.5(2) - &). ¥ - = 6, [T] <5 null
1 —1
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space & B> > feke [T|x=0, ¥

X1 =
X1 +x2
Xy —X2 =

I
o oo
o

X1 =
XZZO

hfz & . ¥t d Proposition 6.3.4 & F N(T) = {[ ]} {0} (#+ ¥ Example 6.2.7(2) -

®).

% T, ¢ % F" 3| ™ &0 linear transformation p%, 2 & cj,co € F, 4w 4] #
mE D - AT F" 3| " &0 linear transformation ¢;7) + ¢ Th (% 2 Proposition 6.1.6).
mpRe Barg o) +ch 0 standard matrix representation fv 71,7, 5 standard matrix
representation £ F 3 B. ¥ b, F T 5 " 3| F* &1 linear transformation, 2% ¥ {# & = I
B ToTy & F* 7] FX & linear transformation (% % Proposition 6.1.7). F tken, 2 P& 47
)

3+t ToT; ¢ standard matrix representation - 77,7 ¢ standard matrix representation &_
Lemma 6.3.7. % 7,7 5 F* 3| F™ & linear transformations, m T 5 F" 3| F* ¢ linear
transformation. £ [T1],[Tx] ™1 2 [T] » % 5 T1,T v T 0 standard matriz representation.
(1) =2 & c1,2€F, ¥ 3 a1+ F" = F" 0 standard matriz representation &
||+ ca[B), 7
[ciTh + o) = i [T1] + 2 [ 1)
(2) ToTy :F" — Fk 5 standard matriz representation % [T][Ty], 7 ¥

[ToTh] = [T]|[Th].

Proof. (1) @z &HE L velF", 213 (aT1+h)(v)=c1Ti(v)+cTa(v). * i& standard
matrix representation nE & T1(v) = [T1]v, Ta(v) = [Ta]v, s ik )% am e 21

(1T + ) (V) = c1[T|v+ e[ ]V = (e1[Th] + 2 [T2))v.

#7 2, c[]+ell] - B mxnmatrix ¥ & & ¢y + T : F" — F” & standard matrix
representation 2. & f #xd standard matrix representation &~ 4 (Theorem 6.3.1) +—
[c1Ti + o) = ci[T] + [ T).

(2) BEHEHETL vel", &G (Toly)(v)=T(Ti(v)). * i& standard matrix rep-
resentation 1 E_& Ty (v ) [Ni)v, & ® (ToT)(v)=T([T]v). * &z &, HZZ wel™”
$3 T(wW) = [Tlw, & @ (ToT)(v) =T(Tilv) = [TI(TY). £ o o2 cni § =19
[T)([T1)v) = ([T][T1])v. ¥ 2, [T][T1] - B kxnmatrix 2 & & ToT; :F" — F* i standard
matrix representation 2. & ¥ (T oTy)(v) = ([T][T1])v, #d standard matrix representation
g~ 4 (Theorem 6.3.1) &= [T o 71| = [T|[T1]. O

Example 6.3.8. #* 4] * Example 6.3.3 ¥ ¢ linear transformations 2 # standard matrix

representations $x 31 v e é = Gk
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X1
YRT RSR 243 T(| o ):[xri—xz

] . 2P ae T &0 standard matrix repre-

X3 9
L 11 0 [ o
sentation i [T]= Lo -1 |- dr R TR >R & i T = | x1+x
X1 — X2
1
A i s T' 0 standard matrix representation i [T'] = | 1 NS
1
T'oT:R3 > R3 % &
X1 Y tx X1 +x2 X1 +x2
@on| w =1 22 )= | s | = | 2040
X1 —X3
X3 (x1+x2) — (x1 —x3) X +x3
1 1
Tt E% AP E T oT ¢ standard matrix representation 5 [T'oT]=| 2 1 —1 ¥
01 1
0 11 0 1 0
s, L RELgE, Apd [TT]=|1 1 =21 -1 |. au
—1 o =i 01 1

@3] [T'oT) = [T')[T].

A4 % matrix k 24 AP 3 f2 linear transformation. & ik, A e v o
linear transformation % 242 ¥ 1 {2 matrix 2§, Gléoy T:F' > F", T/ F" - F* 4
linear transformations. @ ** T &7 range &_F™ 1 subspace, R( )=TR") CR™, 245
(T'oT)(R") =T'(T(R") CT'(R™). # j&3& T'oT :R" — RF iz— % linear transformation
grrange §_¢ 3 3t T’ ehirange, T R(T'oT) CR(T'). 41* subspace 2. & dimension ik %
(Proposition 3.6.10(4)), #% i {¥ rank(7’ o T) <rank(7T’). F]}* § A € Myun(F), B € My (F),
A w48 8 Col(BA) C Col(B) * rank(BA) < rank(B) (Proposition 3.7.16(1)).

Question 6.12. X T:F* = F" T :F" - F* % linear transformations. 7P N(T) C
N(T'oT), & & L ZH P E A € Mysn(F), BE Mys(F), Bl N(A) CN(BA) * rank(BA) <rank(A).

6.3.2. Coordinatization. # i #-4 % - &% & & 1 linear transformation, i%—f"—‘ﬁ&-— B
vector space L7 F L AR i I B4R i AT 0 4 % o0 vector space (R AR, 1t 2B
e T % e 5 AT

B2k V &_finite dimensional vector space, i T_V - % basis, 2 if* ¥ L #-p & basis
MO FRERE, T HIEBER DR, VARG B E R basis, 2P L2 L ordered
basis (F B A &), 242 & 5B, T basis e~ Z AP LA G B, AP ARG PR

i ordered basis. #7174 — 4 &34 % ordered basis FF, 4 € * (vy,...,v,) k&7, MEHH
Mg R BB R <[(1J, [ﬂ) fr <[(1)], [é}) ,T‘u{ R? ¢ & %7 Jp ¢ ordered basis.
PR AR, %7 - ¥ ordered basis {5, A€ * - B FELK A 75— 2 ordered

basis. #4cis Z B = (vi,...,v,) & V &1—- = ordered basis, # TFE,T.%% B k& TFiE- =&
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ordered basis (vy,...,V,). ¥ F" & standard basis, 2 P ¥ * € k&7 (er,...,e,) &-
% ordered basis.
3 7 vector space V - 2 ordered basis B = (vi,...,V,) {5, f]-&? MV A

“d AR Y7 (coordinatization). R, ‘E.,T}u{ﬁ ER veV, Apdl* B iz- ¥ ordered basis #- v
(6]

B v=ciVi+tov, 8, | ﬁ%%?'lw B #v LR i Bandi iR AR, B0 30,
Cn
sopger g RERJIT B RV ARG G L SR R AT R [V

—JF% XE e - B g, BN TFB:T‘AL? Il - b % 9 vector space P e & 'ﬁ‘ X F oo
e 8k EJE.

Example 6.3.9. 2\ {5 5 7 & & &8 B vector space kit cfia).
H

H ordered basis

(I BE)

(3 ¥ AP fie - 2 basis & Mo o(F) ¢ standard basis). #7312 & Myo(F) ¢ a9~ %

[a b};j%?
c d

—
—
o 9
QU
[E—
[
[}

Il
Lo &

bl4e i Mayo(R), 2 74

1
121 |2
3 4 || T |3
€
4
(B) & Poy(F) © i@ # 2 ¢ #£ 1,x,x? i basis 5 standard basis. 4 & € = (1,x,x?) i&
4
2 ordered basis. %% % F M & P(R) ¥, 2% —3x+4 % g #{Eehd iR | 3], Hrp
2

L

4
[2x% — 3x+ 4] = 3] :
=

gt DO

# e ¥ 4 Jg ordered basis f = (pi1(x), p2(x), p3(x))

pi(x)=—(x—=1)(x+1), p2(x)=(1/2)x(x+1) and p3(x)=(1/2)x(x—1)
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(%2 Example 3.6.11). d **

p1(0) =1,p1(1) = p1(=1) = 0; p2(1) = 1, p2(0) = p2(=1) = 0; p3(—1) = 1, p3(0) = p3(1) = 0,
F 2% =3x+4=c1pi(x) +capa(x) +c3p3(x), BIA S & x=0,1,—1, ¥ # ¢; =4,c0=3,c3=9.
2

4
20 —3x+4]5 = [3].
9
(C) 2 pe 7% F" ¢ ch % 2 b 7 ordered basis & &1, Hl4r e R3 ¢ ¥ & ordered
1 0 1 1
basis B = (|1],|1],]0]). #& &% & |2| 2 B % ordered basis e &4 7, NP2 L
1 1 1 3
D ocr,e0,0c3 ER B &
1 1 0 1 1 0 1 c1
2l = |1 4+ |1 +c3f{0f=]1 1 0 .
3 1 1 1 11 1| |es
ﬁ'iﬁél > fpeE, 1 =0,c0=2,c3=1, #i¥
1 0
21 =121.
3 8 1
1 1
BagaeaAry |2 =(2],827 €3 R3 ¢ standard ordered basis (e, e;,e3). i&%_F]
3 3

t
AR X,T‘u—fr'f* standard ordered basis £ & #-#77 R3 the B e J v

&2V - ¥ ordered basis B = (vy,...,V,), ¥V ¢ a1 * B LR ﬂ?ﬁﬁﬁ;ﬂ!
T BAELV B i TpiV o B iEd veV, AP Tp(v) =g 5 OGRS
- B S#R? FE vy, v, & V- ¥ basis, #7014 d {vy,...,v,} 4_V & spanning set, ¥
FagaveV R S G i, €F @B v=cvi+ - dcpVy. T2 Tp FER 7 115 B

C1
TEB? A E VHEINHERSE T P e g | 1] a2 & BHEM %A well-defined, ~
Cn
'T}VE‘!‘;;DZ E€FHRF- B VHEIF ?A B2 EFeE DR L5 vi,...,V, & linearly
independent, T & B veV, 5 - & cp,....c,€F § T v=civi+---+c,Vp.

IR Tg:V —F" & - i well-defined e, 78v € &_linear transformation #%? ¥ %
EF T TR vweV PR v=cVit AV, W=diVi+-+dyVy, B cr,0 B
... dy ¥ B F. i E AP

c d;
Tﬁ(v):[v}ﬁ: : and TB(W):[W]B: :
Cn dy

#x3aEg rel, d 3%

V+rw=(c;Vi+--+cpyVp) +r(dvi+--+dyvy) = (c1 +rd)vi+ -+ (cn + 1dy) Vi,
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E irﬂﬂ}s
c1+rd, c d
Tg(v+rw) = [v+rw]g = : =|:|+r| | =Tg(v)+rTg(w).
cn+rd, Cn d,
A Tg:V — " % linear transformation.

Tg:V — R" 2 5 &_linear transformation, A Tg:V — R" &_one-to-one ¥ onto.
L4 Tg 5 one-to-one, M P &4 A N(Tg) = {0} 7 (%2 Proposition 6.2.6). X
FVENTp), 27 v?* Bendifbd 2 L F ¢ e, T v=cvi++cVy, ¢
cr=-=c,=0. {%p R, A7 v=0, zx4 N(Tp) ={0}. £ & Tg = onto, & 7 11 7|
* Tg(vi) =e;, Vi=1,....,n, #&i¥#& R(Tg) = Span(Tg(v1),...,Tg(v,)) = Span(ey,...,e,) = "
(%% Proposition 6.2.4), ¥ Tg % onto. 3 iFzEE 1 11T HgIL,

Theorem 6.3.10. X V % vector space over F, dim(V)=n ¥ B 5 V - % ordered
basis. % J& Tg:V —F" €& 5 Tg(v)=1[v]g, Yve V. R Tg % linear transformation ® &_

one-to-one ™ % onto.

- 4z %34 — % linear transformation T :V — W £_one-to-one ¥ onto P, 2 7 > {
YR sg AR IR NP EH T 5 - B dsomorphism. Frig Tg:V —F" & isomorphism &
i’;‘/f@i-“?{, VSN PRIV P R F A, AP I T, BN AR S < FE
[ ¢ chp & B, blhe N PR HEF YV ¢ R F owy,...,wi F & linearly independent.

Aipw AP P~ 2 Voo ordered basis B, K1Y g [wl]ﬁ, JWilg, - 2" ¢ e &

I AP E % ¢ o 8 £ F 5 linearly independent 37 j2 %7 [wylg, ..., [wilg &
% & linearly independent. o ** ¥4+ i=1,... .k, [w;]g = Tg(w;), F]2* 4 Tg % isomorphism
Yfe AP g e wy,..., Wi & linearly independent F E r&E [wilg,...,[Wi]g = linearly
independent (% % Proposition 6.4.4). F]gt & FF r0d [wilg,..., [wi]g £ F 5 linearly
independent, % &% wy,...,w; £ F & linearly independent. i g 1 T i)+

Example 6.3.11. # i* 3 5 1 4Rt K g2 - & vector space €_F linear independent h
B AT

(A) ¥ B R(R) # 3 @22 585 fr(x),fi(x),folx), B s Bli i 2, 1,0 055550
B fo(x) =ax® +bx+e, filx) =dxte, folx)=r &7 ad,rd 3 %3 0. Apql* P(R)

¢ standard ordered basis € = (1,x,x%), ¥

[oxX)]e= ||, [fil)]e= |d| and [fo(x)]le= |0
a 0 0

dadr g R0, %F A F et
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grrank 3, 7 W [fa(x)]e, [[1(x)]e, [fo(x)]e 5 linearly independet. Fl B fH(x), filx),
fo(x) 5 linearly independent. £ 4 dim(P(R)) =3, ##& fo(x), fi(x), f2(x) & Py(R) en- &
basis.

AT e BEERRE T PR, # ﬁ‘t{}h%’ & P(R) ® n+1 2% 5 550
Jo(x),o o fulx), B2 83 i=0,...,n, fi(x) 25 i %3835, 1% # standard ordered
basis € = (1,x,...,x") & &it APEFE fi(x),..., [u(x) 5 P(R) & ‘& basis.

(B) B3k V 5 vector space over R, ¥ vy,vy,v3,v4 €V 5 linearly independent. 4

W = A% —Vy +2v; +Vv4
wy= 2vi —2vp +4vy +2v4
W3 = Vi +V3 +vy .
W4 = V2 +vy
Ws= —Vi +V2 —V3

AP E 5 W = Span(wy, Wp, W3, W4, Ws) 21— % basis.

% J& U =Span(vy,vy,v3,V4), 1 % v1,V2,V3,v4 5 linearly independent, 3% i* 5+ vi,v,,v3, vy
% U ¢h- ' basis. d 3t w,..., ws €U, P4 W 5 U 1 subspace. % i enjfg 2 g 4| *
B = (vi,v2,v3,v4) i&2 U ¢ ordered basis # U % & 4kit . d 3t wy,... . ws €U, AP F
e W, Ws SRR [wilp,., [Wslg 12 5 B RY P e B I i A aesf £ R
® Span([wilg,...,[Ws]g) = basis 17 & - % basis. £ #viPRRF U ¥ dad, %JL
B3] W eh— % basis.

Bd
1 2 1 0 —1
—1 -2 0 1 1
wilg =1 5 [sWalp=| 4 [:Walg= || |:[Walp = || [Wslp = | _;
1 2 1 1 0

AP /LT P A column 0 4 x5 matrix I 4] * elementary row operations #-2_ it %

echelon form #

1 2 1 0 -1 1 200 O
-1 -2 0 1 1 0010 —1
s
2 4 1 0 —1 000 1 1
1 2 1.1 0 00 0O0 O

d *% echelon form 7 1-st, 3-rd, 4-th column % pivot “T =¥ | &5 [wilg,[w3lg,[Walp =
Span([wi]g,...,[Ws]g) 1~ ‘& basis (%2 Proposition 3.7.8). ¢ ** Tg % isomprphism i+

spanning set ' % linearly independent {28, 2 i 7 wi,w3,wq 5= W - % basis.

Question 6.13. ¥ g FEzample 6.3.11 (B) ® &1 v,v3,v3,V4 % Wi W, W3, W4, W5. &R

dim(Span(wi, Wy, W3, W4, Ws)) 5 @ 2 T ¥ wy, W5 B = Wi, W3, Wy 7 [inear combination.

6.3.3. Matrix Representation of general linear transformation. § V,.W 4 & ;i
dimension % n,m &1 vector space over F. #ViF# ¥ 1158 V,W &1 ordered basis, # V,W &
~Z e " {o ™ o0 vector. Flpt 2 ¥ 108V 3| W a0 linear transformation 7 4R &

" 3] F™ &0 linear transformation, @ ## 7T 7 matrix representation.



6.3. Matrix Representation 159

A Bl VW dh- & ordered basis B = (vi,...,V,) M2 Y= (W,...,Wy). & Tg:V = TF"
BT WF" 2w Zfl* Bz yiV, Wik L4Rit i linear transformation. w g
- T, 4 Tg,T, ¥ & isomorphism. ¢ ** isomorphism #_one-to-one ¥ onto, #&H & I #&
A3 eh, ¥ RRSPE P K & L linear transformation (%2 Theorem 6.4.3). R

¥#>r iz 3V 3| W & linear transformation T, # i* 3 g & & S #c TyoToTﬁ L.pr 5, o
W T, T 112 Tﬁ L = Jinear transformation, #714 TyoToTﬁ L' 2 - & F* 3 F" & linear
transformation (Proposition 6.1.7). gt T,,OToTﬁ_1 3 — i standard matrix representation,
AP g & 5 B standard matrix representation & T p¥>% B, ¥y i&® % ordered basis #1%
&7 matriz representation, ¥ % [T ]13 k7. P& [T ]ﬁ A EfReaErden? RV I- B
m X n matrix, ¥ ¥ i= l,...,n, [T];; 7 i-th column & % TyoToTﬁ_l(ei). d 3 Tg(vi) =e;,
A Tﬁ’l(ei) =v;. F]ti

TyoTo T[;l(e,-) = Ty(T(T[;l(ei))) =T(T(vi)) = [T (vi)ly-

e i*u{;m [T]Z; 7 j-th column IT‘LT?—\% ordered basis B = (vi,...,V,) % i BAF v; &£ » T
PEEAT(v)EW, £ y HHE LR EART P e §L AP ARE T AR

N
=

Example 6.3.12. ¥ Jg %k V % finite dimensional vector space over F. % g V 1} &
identity map id: V=V, ATz g veV, AP & id(v)=v. (% % —F% 4 id ¥ - B linear
transformation. ¥ R, V ¢ ordered basis B = (vi,...,v,), A P BAvig id: V>V #H 2k
ii\“ff’i‘]'f% B+ B iz i® ordered basis #f 17 &1 matrix representation [1d]533 7 REBE S
3t i, AP A [1d]ﬁ 7 1-st column ,T‘Jflﬂ—\ld(vl) i B AR it @ fﬁréh'a. d 3

B
id(vi)=v, m v x £ B¢ &% - Be i, &irlidv)g=[vilp —el, ,T* rv"! 1-st
column i*u{ e. kBI1e [id]g 1 j-th column )j}u{ e. i} L B2 1d r {n X n & 1dent1ty
maptrix I,.

Example 6.3.13. % & P»(R) } ¢ standard ordered basis & = (1,x,x?) 2 2 P3(R) *
¢ standard ordered basis &3 = (I,x,x>,x%). ¥ g S #ic T : P(R) — P(R) %% 5, = &
p(x) € A(R), T(p(x))=(x+1)p(x—1). &P L%FE T 5 linear transformation. ¥ &,
p(x),q(x) € P(R) 112 reR, 2 i3

T(p(x)+rq(x)) =
(x+D(px—1)+rg(x—1)) = (x+ 1)p(x = 1) +r(x+ 1)g(x— 1) = T(p(x)) +rT (q(x)).
##% T % linear transformation. # 7 kA P& £ T ¥>% g,& 7 matrix representation

[T)g. &R G GfF3t, 2 4 [T]g & 1-st column ,&%;aﬁhkﬁ:&-l BT, @ T()=(x+1)-1
EAI* & #x+1 £ R e R d 20 x+ 1= 1+x+007 4003, #1208 [T]2 eh
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1-st column

[T(V)]ey = x+1]e; =

OO = =

A [T]E ¢ 2-nd, 3-rd column 4 %] 3

~1
T@le =[x+ D= Dles =2~ 1= | ] |,
0

1

T = [+ D= 17, = [~ 2~ 1oy = | |

1

Flyt

1 -1 1
M=y 7 O
0 O 1

A 4 P(R) 2 P3(R) 7 ordered basis. ¥ kg & Example 3.6.11 ¢ ] * La-
grange interpolation polynomial # —1,0,1 3, i w24 B P(R) - 2 basis

p1(x), p2(x),p3(x), & #

pi(=1)=1 pi(0)=0 pi(1)=0
p2(=1)=0 p(0)=1 p2(1)=0
p3(=1)=0 p;3(0)=0 p3(1)=1
£ B=(pi(x),p2(x),p3(x)) & PZ(R) & ordered basis. F #k 4] * Lagrange interpolation
polynomial # —1,0,1,2 2324 4 g P3(R) - & basis q1(x),q2(x),q3(x), qa(x), & #
gqi(-1)=1 ¢(0)=0 ¢(1)=0 ¢1(2)=0
@(—1)=0 ¢0)=1 ¢(1)=0 ¢(2)=0
g3(—1)=0 ¢3(00=0 g3(1)=1 ¢3(2)=0
g(-1)=0 :(0)=0 q(1)=0 gs(2)=1.
£ y=(q1(x),q2(x),q3(x),q4(x)) 5 P3(R) i ordered basis. #* & ¥ 3| T 3t B,y ¢ matrix

representation [T]E B
28 RY e B OIE (x4 1
—1,0,1,2, 2% i 18 5]

c1=(=1+1)p1(=2)=0,c0=(0+1)p1(=1) =1,c3 = (1 + 1)p1(0) =0,ca = (2+1)p1(1) = 0.

» ih{;ru [T]% &1 1-st column 3

[T(p1(x))ly =[x+ Dpi(x—=1)ly =

o O = O
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fo i e 2 Vi e 124 5 [T]z; e 2-nd, 3-rd column 4 %] 3

0 0
T2y = [+ Dpale— D]y = || [T (sl = [+ Dpste— D]y = | o]
0 3
g 1F
0 0O
=10 3 o
0 0 3

d Example 6.3.13 2\ i &rig I $% ¢ linear transformation * 7 I ¢ ordered basis € 7
% [ £ matrix representation. » Fyt & L F § & B T matrix representation pF- T & & [
# {32 0 ordered basis 5 @

T| & matrix representation F ® * jgrt? ﬁj‘*ﬁ\-"}]?' & " F ¢ standard matrix represen-

tation, ] * matrix representation ¥ 12 {icp-enF AP fod) linear transformation # % & #
G Ak B, A AP T Bl kAP R eehd s SR AL BE VW
e ordered basis B,y, "1 %2 — I V ¥] W &0 linear transformation T, 2% i ¥ 1 ] 57 407 :

T

% w
Tp l TTB’I T, ‘T lry
Fn Fln

et ARl - BH 5 commutative diagram. T % v AT F" 3] F" ik 5 TyoToTﬁfl,
ALY Tyl M F SRV, I T RV SR W, Bl T, %W st
F™. Commutative diagram 4F g & §Ter A i 4 Digt S g F 4o B, FF 2
commutative diagram :}F] ﬁﬂi&{%}ﬂjj F- BLF] Y - g@.;g’); F e T RS, D B 8
B @k AR, blich P BV W G BRI - BEI R T; V-
BEALY 2gd Tp 3 F' #RFJFd BoToly! JkF" 7| T, ﬁxxng’” iﬁd (PRIETE
Wo s pEEgER veV, 2rvd T @3 T(v). » 7 Ad Tg @3] Tp(v), #F 11"
TyoToTy ! # T3(v) # 2 TyoToTy (Tp(v) = T(T(v)), #i5 £ {17 Ty s T(T(v)) # 1
T, (TAT(v) =T (V).

PP VoF & SF T W ahdBRERAT R A TV FI W ki
5'11%75 ARt A& R FIEF - 7 e - BCR D, §ostandard matrix representation,
[ fmpf»ﬁ"‘“ ERF o g APn R Bk [T]IV3 FET ILATIE § Ak ph B3]
B F’" e . SIER VEV, AT LA By 4t @ Tp(v) = Vg, ¥
* V] € F", rﬂzﬂ o TyoToT M Vg 2R [T)) @- B matrix. 4 SR
TyoToT 1‘& ﬁx.gﬁ—} ] # Wmorderedbasmy:f&—[ ]13[]5 =B Fm Yo

&@mem—%T ( #{T 2., FR A LT 2 %

Proposition 6.3.14. Bx V,W i wvector space over F ® B = (vi,...,Vy), Y= (Wi,...,Wy)
A wl G VW i3 ordered basis. 3% T:V —W 5 linear transformation ® [T]g € Myxn(F) %
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T 0¥+ B,y 7 matriz representation. {3 EZZ vEV, F v=cVi+--+cuv, *

1 dy

Pl T(v) =dywyi+ -+ dpWy. 7=

1
Proof. Fl v=civi+---4c,V,, RETE VAIH B LR 0 T e & Tp(v) = | 1], &
Cn
1
45 i ToToTy (Tp(v) =TT (W) Je e | 1| 280 [T)) sh@en o ¢ 58
Cn
di d
cwd T (T(v)=| | "8 T(v)=diwi+-+dnWp. O
dm dm

Example 6.3.15. & i % i Example 6.3.13 e 3, T+ G T:PA(R) = A(R), # 7 %
#ER p) € AR), T(px) = (x+1)p—1). ¥/ plx)=2"—1 HfF2}. 5 px—1)=
(x—1)2—1, & T chz %1

T(p(x))=(x+Dpx—1)=(x+1D((x—1)>=1)=x —x* —2x.

% ¥ & P(R) ¢ ordered basis & = (1,x,x?) 2 %2 P3(R) ¢ ordered basis & = (1,x,x2,x%),

1 -1 1
e T s 5 . L e |10 -1,
s T ¥ &,6 o9 matrix representation 7 [T, = 0 1 -1 td [p(x)]e, =
0 O 1
—1
[x2_1]£2: 0 «
1
1 -1 1 1 0
1 0 -1 -2
[T(p(x))]&_ O 1 _1 0 = _1 )
0 O 1 ! 1

T T(p(x)) =x> —x* —2x.
¥ RAP. 7 ouql* Example 6.3.13 ¢V ¢ ordered basis B = (p1(x), p2(x), p3(x)) ™

% W ¢ ordered basis ¥ = (q1(x),q2(x),q3(x),qa(x)) &3 T(x2—1). »FEE px)=x>—1=
0

c1p1(x) +eapa(x) +e3ps(x), B x=—1,0,1 # ¢;=0,c2=—1,c3=0, 7 ¥ [p(x)]g = | —1].
0
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- [p(x)]g =# kP T $>° B,y 0 representation matrix [T]z; 7

0 0 0 0 0
1 00 0
[T<p(x))b’: 02 0 -1 = ]
0 0 3 0 0

#a T(p(x) = —2g3(x). ¥ 2 g3(=1) =¢3(0) = q3(2) =0 1 2 g3(1) =1, G g3(x) =
(x4 Dx(x—2)/(=2), & T(p(x)) = (x+ )x(x —2) = x* — x> — 2x.

4 T :F"—F" &_linear transformation p#, #* i# ¥ 4| * T ¢ standard matrix rep-
resentation [T] 7 null space &k 42 T 1 null space, » # J|* [T] 7 column space %k
A% T ehrange. ik, § T:V — W, & linear transformation, 2\ i# % # | * T h

matrix representation %4+ %_ T & null space f- range. » %|iE TV v W 1 ordered basis

B=(Vi,...,Vp) Fv Y= (W1,...,Wy). @ % & 7 commutative diagram, ] * V - W £ ¥
W F" e jcr 2 Vo ¥ " ai s, #5523 v=cvi+ -+, €V, A ip
L
C1
Qo (6.1)
Cn
0 cl 0
wE VENT), &7 T(v)=0, 5l d [Ty =[0l,= ||, @ [Tlg|:]|=[:], *F
0 Cn 0
1 C1
=[v]g » [T]g null space e . F 2., % || € 5 [T]g e null space e £
Cl’l cn
cl 0 0
o [Tl || = 5] wed &3 (6.1) 40, § v=cvit eV B, 200G [T(V)]y = |
Cn 0 0

pIrEaw T(v)=0, #F v=civi+-+c,v, € N(T).

¥F-2m, 2 w=dw++d,w, €ER(T), 27 Fv=cvi+ -+, €V, ¢ ¥

dj C1 d
T(v)=w. Ftd 5 (6.1) &0, | 1 | =[TW)]y=1[T]g|: |, 7% |+ | L[]} % column
dy, Cn dm
dq €1
space e B, F 2 % | 1| €F" i [T]Z; £ column space % £, 2w F A || €F" @
dm Cn
dl C1l dl
@l =g ] e 5 (61) T E A vEavibe v, AP [T = 0,
dn Cn dm

B2 dywy + - —I—dmvm—T( )E R(T) AiEEE T UT RS

Proposition 6.3.16. Bk V.W % wvector space & B = (Vi,...,Vn), Y= (Wi,..., W) & 4

Y
= V,W 3 ordered basis. 3% T:V —W & linear transformation * [T]g EMpyxn(F) 5 T 4p
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1
¥t B,y =1 matriz representation. B c;vi+---+c,v, EN(T) E 2 g | 0| B3 [T}E e
Cn
di
null space. @ diywi+--+duw, ER(T) F vz | 1| B3 [T]g e column space.
dp

Example 6.3.17. # i3 & Example 6.3.13 e0t] 3+ % ¥ g P(R) ¢ ordered basis & =
1,x,x?) 12 2 P3(R) 1 ordered basis & = (1,x,x2,x3), & P arig T #3Y &,6 7 matrix
( Ny Ny 9 9 lﬁ )

. & . v s
representation 7z ] * elementary row operations i % echelon form ¥ #

1 -1 1 I -1 1
1 0 -1 - 0o 1 -2
0 1 -1 0 0 1
0 O 1 0 O
0
d *% pivot i e % *t column iR di, A e T shnull space 3 { |0}, &4 N(T) = {0},
0
1 —1 1
. . - & . . y 1 0 -1 .
7 T % oneto-one. ¥ - % & [T]g hrank & 3, #& { ol 117121 } % column
0 0 1

space #1— 2 basis. Fp # {x+1,x2 -1, —x* —x+1} 5 R(T) #h— % basis. ¢ *

dim(P;(R)) =4 #dim(R(T)) =3, &4 i 4 R(T) # P3(R), # T % %_onto.

Example 6.3.18. 4 & My.»(R) #7735 = ¢ vector space (% L Example 3.2.2 (A)). ¥ &
So¥kc T . szz(R) — szz(R) EE T(A) :A—At, VA € M2><2<R). Apw T 4 linear
transformation. =8 F1 5 HiZ & A, BEMyo(R) 12 reR, i3

T(A+rB)=(A+rB)—(A+rB)'=A+rB—A'"—rB'= (A—A"Y)+r(B—B') =T(A) +rT(B).

%@szzm)ﬁﬂorderedb%i”:qé 8“8 éH(l) 8”8 (I)Dd
o op=lo o) o ep=[5 o]

(ap=[v ) e ip=lo o)

0O 0 0 O
T e o . e O 1T —100
AR T 3 g,€ 0 matrix representation 3 [T)8 = 0o -1 1 o0l f1* elementary
0O 0 0 O
01 -1 0
. € w2 00 0 0] £ L,
row operation #- [T]§ it % echelon form 00 0 ol # 3| [T]¢ & null space - &
00 0 O
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basis » { % N(T) ¢h- ‘e basis. *

?

, 1 0
RN

—
]
O =
[E—
—
oS O
- O
[ I
—
<

1 0 |0
o |1 0
01”1 0
0] (O 1

[T)é & column space - % basis & { 1 b, = {[ _01 (1) }} % T ehrange R(T) -
0

& basis. A E A3 dim(R(T))+dim(N(7)) =143 =4 =dim(Mr2(R)). ¥ ?t 35 A e N(T)

% T(A)=A—A"=0, " A=A" F 277K )T*u{;“qu eN(T) £t A 5 symmetric

matrix. F|ptd dim(N(7T)) =3, 2 P 5975 2 x 2 7 symmetric matrices #7 = 7 subspace

Question 6.14. R4 3 x3 & symmelric matrices #7 = 11 subspace FHRE G 0 7

% T, b ¥ 5 F" 3| F” ehlinear transformation FF, $#Z & c1,c2 €F, A P arig o/ Ti +e b
e standard matrix representation [ci Ty + c2Tz] 4+ Ti, T <9 standard matrix representations
[N],[T] M %5 [aTh + ) =[] +c|] (%2 Lemma 6.3.7). &%t — 40 linear
transformations 71 : V. —W 12 % T, :V — W &7 matrix representations » & _#f&7. 7% iF &
FuL R, - 40 linear transformation 7 matrix representation &_fr T & 3 11 2 ¥ /i
e ordered basis 7 M, T EF ¥ T, I JF’K“; J& ¥ & 4p F &9 ordered basis #7 {8 ¢ matrix
representation, itk iEEE L 4§ L &, ~ ITVL{;R.@% kw2 V,W e ordered basis, 8,7,
Sa

1T -I—Csz}E =c [Tl]g —I—Cz[Tz]g-

WA e S Sfiey 3R, $ T: VW, T':W—=U % linear transformations. %
A8l % T V,W,U i ordered basis o, B,y, Vi3 T ]

!
v —L w w—TL .y
T,,HT,;‘ Tﬁ’lT lTﬁ TBHT,;‘ T, |1y
" I [F*

AL 0 T e T B A e, T A PP U g & A S T 0T, * d 38 W 48
* # % ¢ ordered basis B, #r14A if W | F" chz B ehdndicAp e (9 5 Tg). Flt AP w1

¥+ 5 % B commutative diagrams & # = — i commutative diagram 4-7 :

/
v — L —w—T .y
Ao ol ol
F" - Fk

d 3t &8 " — F™ &7 matrix representation A [T]g, @ F™ — F* ¢ matrix representation
) [T’]g, ot d Lemma 6.3.7 ¥, v ¥ 14 = #7417 matrix representation [T’]};[T]g.
Flph iy

[T]e:

T o Tl = [T']
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e andik, A3 1T 5 B Lemma 6.3.7 e

Theorem 6.3.19. Bk V.W,U 5 finite dimensional vector space over F 2 £ a,B,y » %]
% V,W,U 1 ordered basis.

(1) B3k T,T» % V 3| W & linear transformations. RI¥E & cj,co €F, 3473
[C]Tl +62T2]g = Cl[Tl]g —|—C2[T2]g.
(2) X T: VW 2 T :W—=U i linear transformation. B

[T o T} = [T']}4[T]5.

B3k V,W 5 finite dimensional vector space over F, # # dim(V) =n,dim(W) =m. £
ZL(V,W) %13 V 3| W 7 linear transformations #7= 7% & . Proposition 6.1.6 % 373t
P LV,W) G i foindicff ot P (3 2R ZL(V,W) £~ B over F £ vector space.
£ B,y ~ % i VW 1} éordered basis, 2 ¥ 3m— di— Bd L(V.W) 3| My, (F) e
B M LVW) = Myn(F), B3 & E8EL TeLVW), #(T)=[T ]B. Theorem 6.3.19
23NE M LVW) = Myn(F) - B linear transformation. % 5 7 el % .

Theorem 6.3.20. X V,W i ﬁmte dimensional vector space over F, # ¢ dim(V) =
ndim(W)=m. %z B, y » % 5 VW } & ordered basis, & & 3 ¥ M : .i”(V,W) —
Myn(F), 29 VTGZ(V,W), ///(T) = [T]g. Pl A L VW) = Mysn(F) - B one-to-
one ¥ onto 0 linear transformation. ¥ ¥ 17 dimp(ZL(V,W)) =

Proof. #tiz %, Tl,Tze.Z(V W) Mz cel, 3¢ f]”"ﬁ %(T]-‘rCTz) [T1+CT2] , ™ %(T])—i-
C%[Tz] [TI]B +C[T2]ﬁ, #zd Theorem 6.3. 19( ) v ,//(Tl +CT2) = %( 1) C./Z(Tz).
B B= Vi, V) R Y= (Wi,...,Wy), $ER A=a;j] € Mpn(F), 4 > A 7 i-th
ai
column A L, HER =1L, n AP R TeZL(V,W) 5riE— 0 linear transformation
Ami
wET(vi)=a1wi+-+auwy (%2 Theorem 6.1.8). & T & [T ]E e j-th column % [T(v;)]y
2 A e j-th column 4, @& ® 4 (T)=[T ]ﬁ =A. BEET M LVW) = Mpyn(F) £
onto, » # ¥ v &_one-to-one, F| 5 itk n T € L(V,W) r&- en.
B {6 91 * Dimension Theorem (Theorem 6.2.9), #% i &= if rank(.#) + nullity(.#) =
dimp(L(V,W)). & 3 # &_one-to-one, nullity(.#) =0. * o > .# #_onto, &
rank (. ) = dimp (M5, (F)) = mn. #&83 dimp(Z(V,W)) = mn. O

Theorem 6.3.20, 2 #F3% i3 42 ]’a‘ﬁi&ﬂrﬁ“ﬁiﬁ“mﬁ)@&é . TJ- RN U VE Ve )
SEE kT R ST, S T RSk BaEE. A K2 BT APl AL RUE AR 6.
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6.4. Invertible Linear Transformation

- SRR, ¥ — B S#icd invertible (7 one-to-one ¥ onto) BF, ¥ % % % #-H inverse (5 &
) BB T k. iB- & ¢ AP REEE ] H invertible linear transformation, 1% matrix
representation # ¥ 12 (X% 5 G2 inverse B T .

i A K FF T P BF - B linear transformation € &_ invertible. X T:V W &
invertible linear transformation. d ** T % onto, #* i % & rank(7) = dim(W) (Proposition
6.2.3). @ T 5 one-to-one, % dim(N(7")) = nullity(7) = 0 (Proposition 6.2.6). | *

Dimension Theorem for linear transformation (Theorem 6.2.9) 2% i (¥
dim(V') = rank(7") + nullity(7") = dim(W) + 0 = dim(W).

A AP R G 2dim(V)=dim(W) P, T 4 3 ¥ & & invertible. JREK dim(V) = dim(W)
* T:V—W % oneto-one, ¢ nullity(7) =0, 2 # rank(7) = dim(V) = dim(W), 7= T
5 onto. FFtker, & T 5 onto, Bld rank(7) =dim(W)=dim(V) # nullity(T) =0, = T 5
one-to-one. g2 #FA P F dim(V) =dim(W) p¥, % linear transformation 7:V - W, T %

one-to-one fv 7' 3 onto #_% e Fla R L HY - BED ,T}u'v"’ 8P T % invertible.

Lemma 6.4.1. B3*% VW % finite dimensional vector spaces over F 2 T:V - W %
linear transformation. B &3 % dim(V)=dim(W) P, T A 5 ¥ i 4 invertible. * §
dim(V) =dim(W) P, T % invertible v T % onto .3 % ch» fo T % one-to-one & ¥ .

d Lemma 6.4.1 P& T:V —W 5 invertible, B dim(V) =dim(W). # @538 %F
dim(V) #dim(W), 1% # i 33 &— B V | W 0 invertible linear transformation. i& i 5

ke B e APy 0T eI

Proposition 6.4.2. % V.W % finite dimensional vector spaces over F. |5 & T:V =W

% invertible linear transformation % £ r&% dim(V) =dim(W).

Proof. ¢ Lemma 6.4.1, & i W& %P ¥ dim(V) =dim(W) B % & linear transformation
T:V—W 5 invertible. £ vi,...,v, fewy,...,w, & %] & V - % basis fv W - % basis.
%+ Ja— linear transformation 7:V —W & &_T(v;) =w;, Vi=1,...,n (% L Theorem 6.1.8).
A& EP T 5 invertible. 2@ d Proposition 6.2.4 = R(T) = Span(T'(vy),...,T(v,)) =

Span(wy,...,w,). * d wi,...,w, 5 W - % basis 4 Span(wy,...,w,) =W. @ F#
R(T)=W, ¥ T % onto. £ ¢ Lemma 6.4.1 #3% T % invertible. O

% T:V—W &_one-to-one ¥ onto FF, #* i ig v &_invertible, 7= ¥ 35 & T~ 1. W=V,
AT vV F5 10T =TI v X S weW § 1 ToT I(w)=
T(T7'(w))=w. - & kEAPH T 5 T 9 inverse (F &), 2 i i T-':W -V
i % one-to-one ¥ onto, # ¥ £ A 4+ # & v A F 5 linear transformation? i G 14T
s B
2%,
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Theorem 6.4.3. B3&X V,W % wvector spaces over F & T:V —W % linear transformation.

£ T % invertible, B] T & inverse T~':W —V 7= % linear transformation.

Proof. >tz &, we W, d 3 T §_one-to-one ¥ onto, #& 5 fri— chveV & & T(v)=w.
EFE ST ELPE T (W =v. #7020 TV g & - BHEW IV ok APE
%P T-':W—>V ¥ - B linear transformation. - :T‘h{?ru EZB w,wyeW, rel,
PEFER T Y wi+rw) =T Yw)+rT Y wa). RERK T '(w)=vy, Tl (w) =vp. 7=
T T(vi)=w 2 T(va)=wy. % & T Y wi+rwy) £F & T (w)+rT" 1 (w) e
FRHRELE T Witrwy) =vitrvy, 4 RELE T(vitrvg) =witrwy. 24

o T % linear transformation, 2% 7 5 T(vi+rvy) =T (vi)+rT(v2) =wi+rwy. = # &

T (wi4+rwa) =vi+rvo =T (wy)+rT~'(wy), 7 % T~! ¥~ % linear transformation. [J

P4

% Proposition 6.2.4 2 4vig § T:V — W H_onto PF § i%3¥ spanning set. %‘u{;ru

Vi,...,V, &_V - %= spanning set, B] T(vq),...,T(v,) € £ W - ‘2 spanning set. X

3 ﬁy

E 1% ¢ linear transformation {:’] %3 linearly independent i vt ? lI’““ﬁ WTE 27 IR,

Proposition 6.4.4. 3% V.W i wvector spaces over F ® B T:V —-W i one-to-one
linear transformation. B] vi,...,v, €V & linearly independent % * v&%& T(vy),...,T(v,) €

W % linearly independent.

Proof. (=) BX vi,...,v, €V % linearly independent, 3% i % ¥ 3P T(vy),...,T(v,) €W
% linearly independent. * * Z ;2 3Kk T(vy),...,T(v,) € W 5 linearly dependent, 7+
TEF R, n€F 225 0% i T(vi)+-+cyT(vy) =0. IF T 5 linear, #
3 0=c1T(vi)+ - +caT (Vo) =T(c1Vi+---+cpVy). FJI* T % one-to-one, ¥ 3
Eovi+odevy=00F4 378 @EF Tlavi++cv,) =0 &d v,...,v,eV 35
linearly independent #4r ¢j=---=¢,=0. *frcr,...,cp, €F 2 25 0 HIRE AP A ’ﬁ, =
= T(vi),...,T(v,) €W 5 linearly independent.

(<) B> e ad@EP 2 T & T 5 one-to-one, &% & T 5 linear transformation. I
& T(v1),...,T(vy) €W 5 linearly independent. 2\ i* * & 2% K vy,...,v, €V % linearly
dependent, 7 3 & cf,...,c, €F 2 25 0 # % c;vi+--+c,v, =0. ILF| T % linear, 3

P3 alT(vi)+-+cT(v n) =T(c1vi+-+cyvy)=T(0)=0. iwd > T(vy),....,T(v,) €W
% linearly independent, P {F 3] ¢y =---=¢, =0 2.4 ﬁ # 8% vi,...,v, €V % linearly
independent. O

?,’f T:V —W 4_invertible ¢ linear transformation F, & P4 T % — & isomorphism.
LAYV {o W 5 & vector space FF} 4p i inigHEa T ifﬁ{fﬁ?#ﬁi% TR REhslk ¥
Fd T % onto, M Parig T € 4% V f W & spanning set, @ ¢ T % one-to-one #% i
i T ¢ 4% linearly independent R %, #7103V i 5 T e %

Theorem 6.4.5. 2% V.W % wvector spaces over F 2 T:V —W % isomorphism. B vi,...,V,
5 V a- e basis 2 vaE T(vi),...,T(v,) = W - ‘2 basis.



6.4. Invertible Linear Transformation 169

Proof. (=) B*k vi,...,v, 5 V - % basis. ¥]% T % onto, &7 F R(T)=W. * 7]
{v1,...,vu} 5 V chspanning set, §1* Proposition 6.2.4 %= Span(7'(v;),...,T(v,)) =R(T) =
W, 7% {T(vy),...,T(v,)} 5 W éhspanning set. * 1% T % one-to-one * vi,...,v, €V &
linearly independent, 4] * Proposition 6.4.4 4= T (vy),...,T(v,) €W % linearly independent.
= ® T(vq1),...,T(vy) & W eh— % basis.

(<) B3K T(v1),...,T(v,) & W eh— ‘2 basis. @ * T~1:W =V % linear transformation
(Theorem 6.4.3), ® T:V —W % & inverse, ¢x%r T~! % one-to-one * onto, + ,Tk—fx'—\;m
T-':W —V % isomorphism. #d T(vy),...,T(v,) & W - ‘& basis, 2 * % & 1%+« @
T-YT(w1)),....,T N (T(vy)) 5 V #h= ‘& basis. & >t i=1,...n %3 T YT(V))=vw,

HATV],...,V, & V &= % Dbasis. O

=3

B3k V. 5 vector space over F 2 B % V ¢h- % ordered basis. 4 Tg:V — R” &
= Tg(v) =[v]g, VveV, & Theorem 6.3.10 #* if* &rif Ty #_isomorphism. @ % Proposition
6.3.16 ¥ i srig & V,W & vector space over F & B,y » W] i V,W &1—- ‘e ordered basis,
R $+3% linear transformation T:V — W, ve N(T) % 2 s& % Tg(v) € N([T]%), m weR(T)
# 2 vy Ty(w) € Col([T]p). Flut Tp k417 - ®HCN(T) 2] N([T]}) ¢~ isomorphism

Ty & - BAR(T) 7 Col([T]g) 1 jsomorphism. 4]* Theorem 6.4.5, #% {8 3|11 T
Hd %

Corollary 6.4.6. V.W % wvector space over F ® B,y & %W i V,W - % ordered basis.
Al {vi,...,v,} & N(T) ¢h- ‘& basis & 2 &g {[vi]g,...,[V/]g} = EL [T]Z; e null space
N([T]};) e1- 2 basis. @ {wi,...,ws} 5 R(T) e— % basis 7 *EF {[Wily,...,[Ws]y} &

st [TVY e column space Col([T 7Y eh— % basis. 4 F]p 18 T
B B

nullity(7) = nullity([T]%), rank(7T) = rank([T]%).

# T:V W % isomorphism p¥, A f* ¢ & T ¢ inverse T : W — V 7& % linear
transformation ¥ dim(V)=dim(W). s g V o W & %|iE 27 27 ordered basis B,y &,

#4314 9 commutative diagram.

—1
v — .w—T .y
T,;HT/;' ! lT,, Ty ‘T lTﬁ
" - " "

d 3@ @5 Vo9t % 9 ordered basis £ - X, #rud T loT E_V 3| V ¢ identity map
id:V —V. & Example 6.3.12, ' * Frif [id]g =1I,, #&f|* Theorem 6.3.19 & {¥

[T 5IT)) = (17 o T} = [id)} = 1.
RIZ, 3 ToT™! 5 W E| W hidentity map, 2 i @ [T14 [T =1, @a 171 5 (1]}
HiE B

SFE L A, PG T g
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v

Theorem 6.4.7. X VW 3 finite dimensional vector spaced over F 2 & By & % &
V.W e ordered basis. 3% T :V —W % linear transformation. Bl T % isomorphism & ¥ v&

a

* [T]Z; 5 dnvertible matriz. * P TV W =V $ >t B,y 0 matriz representation 5

18 = (1))~

Proof. ¢ # & itk ¢ &vdg T % isomorphism ¥ H % &> ordered basis B,y ¢ matrix
representation [T]g % invertible matrix. # & E P [T}g % invertible matrix P#¥,
T:V—W 5 isomorphism, ™ ¥z T % one-to-one ¥ onto. A d [T]E % invertible
matrix, ' [T]z; w3 7 dim(V) =dim(W). F15 invertible matrix 7 null space 4_

{0}, #=d Proposition 6.3.16 = N(T) ={0}, = ¥ T 5 one-to-one. {5 d dim(V)=dim(W)

% Lemma 6.4.1 22 ®#z% T 7 % onto. O
X1 2)62
Example 6.4.8. ¥ g T: R’ >R 255 T(| x |)=| xi—x |. 2PFE T h
X3 2x7 +x3
0O 2 0
standard matrix representation 3 [T]= |1 —1 0 |. % Example 2.5.8 ¢ &
0 2 1
% 1 0 X1 %x1—|—x2
T '=] 3 00| . &@T "R R DTHZT (| x |)= x| Arm
-1 0 1 X3 —X1 +x3
A - _ . _ o
X1 2xp 5(2)62) + (x1 —XZ) X1
(T7'eT)(| % )=T(] n—x |)= 3(2x2) = x|
x3 | 2x)+x3 | | —(2x2) + (22 +x3) | | X3 |
I X1 i %X1 —+x2 i 2(%)61) i -x1-
(TOTfl)( X2 ):T( %xl ): (%X1+XZ)—(%XI) = [X2],
| X3 —Xx1+x3 | | 2(3x1) + (—x14x3) | [
®a T g2 5 T ¢ inverse.
6.5. ¥#%
A &Y R P E & S #e, linear transformation. — B #_3& 7 R” &9 linear transfor-
mation ¥ M d — & R" & basis #Tpt (7 o § rE - g T, A0 AN P E ] A1) o0 standard

matrix representation. 4| * standard matrix representation, ¥ 14 ¥ 24 2 i 3 % linear
transformation. F]yt 3% ¥ 12| * B ot B e (93F 5 5 B linear transformation 3 BT

=3

d ** linear transformation ¥ 14 d — % basis #ri/4 % T 2 ¥ 12 % linear transfor-
mation G HE T - g h F ¥ 0 basis kAT linear transformation. % & GPE S
AL 7 oud - % basis £d g linear transformation 3% it 35 #-— B 4 5240 linear
transformation 47 %= — #* & % % ¥ £ linear transformations 14 = .

A A %27 - 40 finite dimensional vector spaces ™ % U 4 2 B 07 linear transforma-
tions. d ** finite dimensional vector space » € 3 basis ¥ f, #T/4 N F 204 T P kR

MLE A HET P Ao PR E SR KL, » Flt gk 40 linear transformation $8F 02 * SRR



~

6.5. % 171

K. AP AP T L B @ 4k { - 0 fEiE 2 linear transformations. # i &
/2% - B linear transformation 7 matrix representation fv ordered basis % 5 M. 3

pF iE B~4F i1 ordered basis ¥ 143K AP 17 I { 4% ¢ matrix representation 14 3 3L F % 7 f#
iz % linear transformation. %] — B linear transformation i * % F order basis #7¥ e

matrix representation 2. FF enff x4 h £ B F Y K RECEAF T fRU P2 el k.



