Chapter 7

Linear Operators

hip- R ¢, APFEHE R - A ¥ * 9 linear transformation, # % linear operator.
v EE %;ﬁ\.v_ ¥k AP P 0 linear transformation. i&—- F AP A LB A AP T- F 1
T ie— HAF R AT

7.1. Change of Basis

fiz- &Y, AP 4R change of basis % 4, 7 f&#3| - B linear operator 4 7 ordered
basis & # % RAEL B} 5. o BREA A FT S A P01 R AR 4 & T R 3R

A 4rig - B linear transformation, § 2% i * 7 F¢ 9 ordered bases #f ## 7 matrix
representation § 7 . % B, 5 V 3 & ordered bases, m v,y & W 13 ‘2 ordered

.
EN T

basis. #t*% linear transformatlon T:V—W, 248 # ordered bases =7 matrix
representations [T ] fe [T] B/ 2 e HBEMGR? AR F“* J& identity map id:V — V.
A X B2 2R E_identity map, & # matrix representation A & ¢ &_identity matrix. ¥ F 1,

B AR E B o B RE - 2 ordered basis = {V], Vn} pld > id(vy) = vy, r-t—ﬂ

matrix representation {1dent1ty matrix. 2 T EEF L+ f &- & ordered basis, @
HisE i p' ={v|,...,v,} i&- 2 ordered basis, identity map ¥ &>" B,B’ ¢ matrix

representation [1d]g # i-th column 82 7R m{e id(v;) =v; 7 B, 7 BIr L& B v; § =
{¥l,...,v,} % ordered basis & &% 71 % [vi]g. #T ¥ B o B’ ip R PF, [id]gl # &_identity
matrix. REFE L veV, Flv #3t B ehd 44 7% 5 [v]g, % matrix representation s
B (Proposition 6.3.14) ¥ #

[id)§ [V]p = lid(v)]p = [Vp-

fiw%ﬁ‘f—[] TV P AR Btk o S Bt A R, 4 T

PN E [1d]ﬁ % change-of-basis matrix.

£71 % id:V =V &_isomorphism, #r14 ¢ Theorem 6.4.7 3% ¥ [id]g/ % invertible *
(fid]f )" = [id™"15, = [id]f, (7.1)
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174 7. Linear Operators

5 ffh{;fuﬂf*— B e R4 o g4k 2 Y B4R & 7 i change-of-basis matrix #7 inverse
)’I-*'uaa B’ endi R & T i 2 ¥ B oahd R & T ¢h change-of-basis matrix.

Aipw PR AR 48, K T:V —> W % linear transformation ¥ B B iV s e
ordered bases, m y,Y & W 3 ‘2 ordered basis. # & #5324 [T ]ﬁ e [T }ﬁ/ 2_ [ enhf k.
2idy: V>V, T: VW ‘ff’ldW.W—>W 2 &% idyoToidy: V=W m5 T: VW, %
r2d Theorem 6.3.19 (2) #

lidw]} (71} lidv]5, = [T]}.
4;7* H_#73) 0 change-of basis formula, #% ¥ #-2_ = F&if 4o .
Theorem 7.1.1 (Change—of—basis Formula). B3k T:V =W & linear transformation *
B,B' 5 V ed & ordered bases, m y,¥Y & W e % ordered basis, |3 t invertible matrix
PQ #1# [T ]g/ =Q([TpP, &% P 2 # B chdfhd m i+ B odfh & 7 h change-of-
basis matriz [idv]g,, Q¥ y i n kS Y ehd i T i change-of-basis matrix
idw ]}

Example 7.1.2. % Example 6.3.13 ¥ 2 i ¥ jg linear transformation 7 : P2(R) — B(R),
HY T(px)=(x+1)phkx—1),Vpkx) e L(R). ¥ i+ g P(R) #d %2 ordered bases
£=(¥x,1), B=(pi1(x),p2(x),p3(x)) £ *

1 1
p1<x>=5<x2—x>, pa(x) =41, pal) =5 +)
12 Py(R) 73 2 ordered bases & = (x*,x%,x,1), B’ = (q1(x), 42(x), q3(x),q4(x)) # *
—x3 +3x% - 2% —x+2 —x3 x% 4 2x X —x
() = TR () = TR = TR =T
# Example 6.3.13 ¢ 2 i {8 1]
1 0 O 000
/ -1 1 0 B’ 1 00
& _ —
1 -1 1 0 0 3
1/2 ~1 1/2
F [p1(x)]e = |—1/2], [P2(0)]le=| 0 |, [p3(x)]e = |1/2| &2 & B F| € 1 change-of-basis
0 1 0
12 -1 1/2
matrix 3 [idpz(R)]E: —1/2 0 1/2 |. ¥ 2 =ci1q1(x)+c2g2(x) +c3g3(x) +caga(x),
0 1 0
PR qi(—1)=1,q2(—1) =q3(—=1) =qa(—1) =0, #x=—1 & » 5 ;4 {8 ¢; = —1, LA P
—1
THE =0,c3=1c=8, 7T [X]p = (1) B 3 S BRI I S ol s = cE . A
8
-1 1 -1 1
218 ¢ 3| B’ e change-of-basis matrix % [idp, (g )]ﬁ/ = (1) (1) (1) i Al A
8§ 4 2 1
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—1/6 1/2 —1/2 1/6

LB T B 7] € ¢ change-of-basis matrix [idPs(R)]f;, = _11//23 __1}2 1{2 —?/6 i

0 1 0 0
B~ inverse ¥ [1dp3 ] Bots A gy
-1 1 -1 1 1 0O O % i %
. e 00 0 1|]|-1 1 of]f?2 /
fidpy )12 [T1E fidpy i)y = B 20 =
1 1 1 1 1 0 1 5 Lo
8 4 2 1 1 -1 1

wom i, AP E Y % - 44 linear transformation ¥ H ¥ AR B2 HRE L A0 D
vector space. ittt i linear transformation #% i 3 &) %,_\ % linear operator. M ** linear
operator # il ¥ ¥t &K 2 HRBF §E F - & ordered basis. ¢ FF{|* Theorem
711, AT 2

bases. B3 & invertible matriz P & {8 [T ]g, =p! ([T]g)P, He P LB kR4 o

= B e &k T i change-of-basis matrix [ldv]g,-

Corollary 7.1.3. % T:V =V % linear transformation ® B, 5 V & 2 ordered

Proof. % & Theorem 7.1.1 ¢ W=V, y=0 1% ¢y =" chlFa;. ppF Q= [ldv]gl g
F(1.1), 4w Q= (lidy]p) ' = P!, Wik L, 0

LE - B nxnmatrix A AP Ao v F 0L~ & % - B dimension 5 n €7 vector space V
e linear operator T:V — V, 3t V &% - ‘% ordered basis 7 matrix representation.
% P % nxn invertible matrix, |3 P H B = P'AP 4o A 3 similar. RAEA P4 ¥ ¥ B
M i T:V =V d- B matrix representation ¥ 3B~ V 7 e 1 ordered basis @ ¢ .

3 P — 1 linear operator, % if B~43 4% c¢r— ‘2 ordered basis, 3% 7* ¥ 1 {% 3| { 4% £ matrix

representation 1 1 3t { 7 % 7 f#iz # linear transformation. %]4r Orthonormal basis »
v F B4 A EJ2 linear operator (AR 48, 4 g T:V —V % linear operator. § # i % 2
B=(v1,...,vs) » V ehrordered basis, 20 P if ¥ # 3| T $t B ch& REL A=[T|g. £ 7 A

RAT(v;) * B BT hdiR 4 ifh‘{:m-‘g T(vj)=civi+---+cpv,, Bl A 5 j-th
Cl

Jj-th column,

column BI‘JL‘EL L FFB R vy, Y, AV 69— % orthonormal basis, 2 {<F % #-T(v;)

Cn
B v,V e e E R Proposition 4.3.6 4353 T(vj) =civi+--+cyVn, B

?oci=(T(v;),vi) = (vi,T(v)). %}L{?ﬁa A & j-th column # i-th entry 5 ¢; = (v;,T(v;)),
F1 (T]p £ (i,j)-th entry 2 (v, T(v;).

Proposition 7.1.4. B3 V i inner product space & Vi,...,v, = V 1= 2 orthonormal
basis. & T :V =V 5 linear operator ® % Jg V ¢ ordered basis B = (Vi,...,V,), B T *

B #7% 0 matriz representation [T]g B (i, j)-th entry & (vi,T(v;)).
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Question 7.1. # Proposition 7.1.4 ® % ordered basis B = (vi,...,v,) &_4 orthogonal
basis #72;%, R [T]g i (i, j)-th entry s & #® ¢

¥ ¢k 3 h linear operator ¥ 1145 F|4% hk & # # matrix representation i%qL e 3
Mo BHSE, S pEsitpAPLE- HiFd. AP ”'ﬁ" - B HE S

Ox+12y

=4 2 2 = -1 2
Example 7.1.5. % Jg linear operator T :R* — R* @& 5 T( [y]) = 5= [12x+16y]' =1

1|l |0 9 12 , 31 |[—4
4L E H — 2\ fpe 2 € _ 1 SR @ — >
coun - el 2] o o
4 — 0 H ﬁf 1 0 3\ g8 22, 5%
ordered basis ¥ [] [] [3})—[0],15’ [T]ﬁ_[o 0].,\11“1‘5%’»2*
2
10 1 0
rer=arhh= g o] =0 o] =11
#EFToT=T. £F KB i rdered basis # i {x % % 7 ! T;T*K%Rz P € 8

m . Vs P=idg = E) _34 ] e
oo |- mh=maburoiag =g ) 12 e

A7 12 [(1) O} ‘fr { 192 ié] % similar.

Corollary 7.1.3 £ z7 24 i » — i linear operator i P~ 7 F 1 ordered basis, 2 % B4
g similar B k. KR, FHRTAEM,(F), v g Ly F' - F 2 2%
% La(v) =Av, Vv € F" iz - 1 linear operator. ¢ pF Ly ¥ F" 7 standard ordered basis
€= (eq,...,e,) i RAEL [L4]E )TLU{A HE BEMyu(F) 2 B gr A similar, 7= ¥ 5 &
invertible matrix U /% & B=U"'AU. 3.4 J& ordered basis B = (vi,...,v,), £ ¢ v; £ U
i-th column, | & %% U = [idpz]l‘é, % Tt d Corollary 7.1.3 &= B #_Ly * B #7i8 ch4 B4E
W B= [LA]g. FEEEA AP i SRR A B AP B Rt R, AP IO L2 AR 4
4_JF - 1B linear operator 4] * % ¢ 5 ordered basis #7{% e B,

7.2. Characteristic Polynomial

BEAEM(F), 22 velF", a#® P ¥ ¢33 Alv 29 k 3 3 & Fikak 4L

|4 Fibonacci sequence Fi,F,.... ¥ - 2% &_F 1 =F +F_, i #&7]. AP 4
11 F
T HER k> 1
A= [1 O] #Hixzg k>2 4 [Fk—l}’ Al
|1 1| B Fe+Fe| _ [Frna
A= L 0] [Fk—l] a [ | e
FR A PG v =Av), va =Avs; = A(AVy) :A2v2,..., FH-ETL78 v =4y, 4 e

AR EE h>2, APR Ry YD Ak_IVZ, #ery Fodl By 5 0.
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- R EE kAxA pE by Aly ﬁ*‘uftﬁfﬂﬁéﬁ. - EERER TEFAEAER @
HAV=AV P, A F A2V=A(AV) =AAV) = A(AV) = A%v. FIZA P ¢ 5 Adv= 21,
Akv = Aky. iﬁ{?ﬁ&éﬁ;ﬁ_%ﬁi“ﬂ FeiE BB Ay, MR APt gy € A
AER 18 Av=Av £u|F 246, #1010 F 10T P K.

Definition 7.2.1. X A€M, (F). 222 Ew E vel", 3 A eF # % Av=Av, B

#v i Ad— B eigenvector, @ 2 A fi A - B eigenvalue.

AR, R T_HK A fheigenvector - TH2EEw E. X 2 v #_A 41— B eigenvector, *®
AAVERBEAV=AV=AV, Bld (A-A)v=0 1% v£0, 7 {8 A =A1". FQ 3t A e—
¥ eigenvector v — % j » Wj - BFHEA €% L Av=Av. s AP A eigenvector v #TH

J& i eigenvalue 5 A.

Question 7.2. Bx A€M, ,(F), veF" 2222w R Av=0. . F v 5 eigenvector?
H ¥t o0 eigenvalue 5 @ 7

o[y Joue [ -]
et Y1) [F) [
|

Example 7.2.2. ¥4 g

11l vy §_A ¢1- B eigenvector, —2 H_H ¥k 0 eigenvalue. F % eh

welt -+l

2110 vy H_A eh— B eigenvector, m 5 H_H ¥ e eigenvalue. A @

ol - s

#1010 vy * H_A - i eigenvector.
—‘Fﬁ' ERE NN —ﬁ - & eigenvector {r eigenvalue m}é‘_?ﬁ .

Proposition 7.2.3. X A € M,«,(F), ve F*" _A ¢ eigenvector £ 2 eigenvalue 3 A.
(1) FceF 2 c#£0, Bl cv 7~ 5 A eh— B eigenvalue 5 A €7 eigenvector.
(2) £ VeF" 7= 5 A eh— B eigenvalue 5 A & eigenvector & v+v #£0, B] v+v 7%
% A ih— B eigenvalue 3 A 1 eigenvector.
Proof. i A Farig v#£0 2 Av=Av.
(1) 4§ w=cv,d 3t c£0 2 v£0, AP w#£0. Y g
Aw = A(cv) = c(Av) = ¢(Av) = A(cv) = Aw.

B w=cv 2 A - B2 A 5 eigenvalue 7 eigenvector.
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(2) £ u=v+V. BEXKAV=AV ¥ u#£0. Ry R
Au=A(V+V)=Av+AV = Av+ AV = A (v+V) = Au.
B u=v+V i A - B2 A 5 eigenvalue = eigenvector.

O

Question 7.3. fi?}i AeMy,(F) 2 vi,vpeF* % 5 A ch— B2 eigenvalue 5 A 9
eigenvector. &M % w € Span(vy,vy) ¥ w#£0, Bl w » Z_A - B eigenvalue 3 A 0

eigenvector.

&1 %, Question 7.3 ¥ % 3T, B B eigenvector ena |+ % & ™ % eigenvector. & Jf
AU PR e eigenvalue B - ki € #. Glde & Example 7.2.2 ¢ 8228 vy, v, JF’K A
eigenvector, & v3 =v|+Vy ,T}nJ 4_A h eigenvector.

% Example 7.2.2 ¢ A€ Myyo(R), @ vi,va * L {7, #5120 vy, vo 452 R? - ‘& basis.
- a3 v,V ?]"3 H_A ¢ eigenvector. e AR A E g wan, AP e R F G

matrix &7 T R,

Definition 7.2.4. H3X A€ M, (F). &3 & F" ¢0- 2 basis vi,...,v, H? 2B v; ¥ 5
7 eigenvectors, RIfE A % diagonalizable (¥ ¥4 1t ).

& H AL diagonalizable 27 & F15 F vi,...,veF" Z F" ch- 2 basis ¥ ¥ 5 A h
eigenvectors, * B3k v P A4 R e eigenvalues A %] 5 Aq,..., A, 7RI Avy = Aivq,. LAY, =
V. 2* PR 2B gk h R R A

Alvi vo o v, | = [Avy Avp - Av,| = | A4ivi Ave - AV,

| | . | . |
¥- 2w %4 g (i,i)-thentry 5 A4 % nxn diagonal matrix D(T¥ & 5% | B=g 5 A
A gtk AR Y S 0), RIS

L 0 - 0
| | | 110 2% - o I
Vi V2 oo V| D= |V vy ooV, T AMve Lve e A3y,
A 1 R N 1 IS SR B A
| | |
FlptF 4 C=|vi v2 -+ Vu|, RI3P3 AC=CD. ®* %] C ¢ column 2 fF % linearly
|

independent * 3 n % column, ¥ C & rank 5 n, Fl#td C i nxn matrix #
C % invertible (% £ Theorem 2.5.2). F]p AP 7 # AC=CD <% = D=C'AC. F 2,
%% t— B nxn invertible matrix & ¥ C'AC % diagonal matrix D, P| %] C 3 nxn
invertible matrix, #72 C ¢ n  column vectors 2; = F" #— % basis. * F] 5 AC =CD,
d b B el 4 C e i-th column ;*Ilag 4_A 11 D e (i,i)-th entry % eigenvalue

77 eigenvector. #7114 C &7 column vectors 3 2_F" - % basis * & A &7 eigenvectors
b
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5 if‘u ¥ 3% A 5 diagonalizable. 7 & ¥ 54§, 254c U AU (X ¢ U 5 nxn invertible
matrix) iE#k 7 matrix ,T*uﬁ-; fr A % similar 7 matrix. FJot d AR R H, AP AOE A
% diagonalizable ,T*uit fe %t A fo— 1 diagonal matrix #_similar. ig+ fI‘a{ diagonalizable
BB LR F.

Example 7.2.5. ¥ g Example 7.2.2 ¥

o[t e[ ]

d 3% v, vy & A ¢ eigenvectors P ¥ 5% R? ch- % basis, A 5 A % diagonalizable. ¥

. 1 3
yiErC= [_1 4}, Al

S B OO | P B

L H —1 —
7L 1 CAC |:0 5

} % diagonal matrix.

& 4o® 35 Fl - B nxn matrix &0 eigenvector 2 H 4 R ¢ eigenvalue ¥ 7 H F - 4k
1372 445 7| eigenvalue, 22 {5 £ 35 112 # g o5 eigenvector. § LB ZF A cF £ A &
cigenvalue, % 77 7 - B2LF 2 £ veF" @7 Av=Av. d ¥ [v=yv, 711 ¢ S LT Y
AV = (AL)v. F]} Av=Av ,?ufﬁ B (A—AL)v=0. # 3 2., A §_A ¢ eigenvalue % 3t
d nxn matrix A — AL, #*T¥ & linear system (A —AL,)x =0 3 nontrivial solution x =v.
d Theorem 2.5.9, i#* % F > A— AL, # 4_invertible, £ ¢ Theorem 5.2.6(1) iz~ £
* det(A—AlL)=0. &7 2, £ 3| A 9 eigenvalue A ifu{‘ﬁ H I A % & det(A—AlL) =0.

B ERDBI A K det(A—AL) =027 BR A=|a], FAPERL S8 YR
det(A —1tl,). d *

ayr—t ap ain
ar azp—1t - azp
A—tl, = .
an1 an?2 crr App—t

FI* EF s, 207 P det(A—1l,) § 8- Bl Z RBechn XF Gl A E
t=A 5 53N eh- FHAT, R A P &_det(A—AlL,) =0, ~ ARG A g g LA - B
eigenvalue. ¥ 2_, & A )‘I‘ug H_A - 1B eigenvalue, i&%\» T ot=A €& 5385 det(A—1l,)
- BT d T Ao d I 5N det(A—1l,) FOUEA R 2 I A D eigenvalue, 3P Fla LT
- BEEHTEK.

Definition 7.2.6. B#& A€ My,(F), % &4 1 5 S8 ? 3858 pa(r) = det(A—1l,). 2

# pa(t) % A 0 characteristic polynomial (¥ #c 5 78 3% )..

P m et i A €F 5 characteristic polynomial pa(f) sh— B3F 2 reE A 5
A & eigenvalue. &4 & 1 7 & 4% eigenvalue §_% Jf 533 &vi— B field 7 eigenvalue. |
4oF A€My, (R), # characteristic polynomial ps(t) .- B h#ic? 535, 73 pa(t) 3 7
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B F AR B R, MR ERT E LA AR P ﬁ?eigenvector #T ¥R 60 eigenvalue. ¥
Frack AeC\R A_pa(t) ov- Bmi?, PRFEXFTEVER” 7 Av=Av. d 3t Ave R,
T AVER" #7100 Av=Av 2 F i 2 2. 2w DFEHAPE - 265 weC' s
EAw = Aw. ﬁ_i%f@; WAL, F AP HAEL A € My, (F) 0 eigenvalue B, £ 2 3 # 5]
PP, FREEA & F o0 eigenvalue. B Yo NPt F ELp, AP g eigenvalue 4 B

characterlstlc polynomial &7 2.

-1 4 2
Example 7.2.7. ¥ g B=| —1 3 1 |, $* ¥ A ¢ characteristic polynomial 3
-1 2 2

—1—-r 4 2
pp(t) =det(B—1tl3) = det 1 3—r 1

-1 22—t
% - B row e kizrNE
3— -1 1 -1 3-
pa(t) =(—1—1) det[ ] —4d t[ 1 2 }—i—Zdet[ 1 a ]
L@ FE palt) = ( 2( 2). » F]P r=14v =2 % A ¢ characteristic polynomial

- R s NP P % i eigenvalues 1,2.

BT RAAPEP F AcMy,(F) 7, 2 characteristic polynomial det(A—1tl,) F& R H_t

153858 B AABEE AP A" FF R determinant PF, B R B - B A2 e I & F
ﬁfﬁf‘:ﬁx;‘%’v" Bzt kfFEd & - B column ¥ % B m%#ﬁ%m @m¥v IF“‘FKZ g k- B
row. Gl4cg 2t E 2 x 2 matrix J £ characteristic polynomial det [ a-t db ; ]

PP R G TR 1 ﬁv&%:’ziﬁ%ﬁﬁv{(a—z)(d—t) moF - R 2 L W
Bh, FPE BB P SRt mn‘*&;jhm d (a—t)(d—t) 1> &t hithieT

\

a b c
at> —(a+d)t “rix-%. B4 B 3x3 matrix A= | d e f | ¢ characteristic polynomial.
g h i
1% % - B row " FEens AP
a—t b c
B e—t f d f d e—t
det| d e—t f |=(a t)det[ I '—t] bdet[g i_t]+cdet[g " ]

g h i—t

e 2x2 ﬁmﬁ-«ﬂ;;wrﬂ—g 4 det{e;t zit] 2 B E Rt Wﬁﬁ:%ﬁ;{i‘ﬁ
(e—t)(i—1t) eht* &1t niadorid g, F (a—t)(e—1t)(i—1) Fpe £} 4o 1?2 hinik.
det[g ift} ’fr’det[g eht} B W o1 och- S AR, F 8 det(A—1hy) 8 o p?

izdcz 2d (a—t)(e—1)(i—1t) #Ti-T. » i}b{;}“ A ¢ chacteristic polynomial ps (1) %
3 AT HBEFPd AL (—1)33+ (1) atet+i)? &4 aei > A 1 diagonal
entries, ¥ 2 v ate+i AP H 5 A trace, * w(A) KA 7. fI* EFfFpE, AP
¥ 8% A=a;j] 5 nxn matrix P, A 7 characteristic polynomial p(r) = det(A —t1,)
ten R SN, 2 HEF DA AL (a1 —1)(a2— 1) (@un —1) FTEFEFD

ETTRS

Wi



7.2. Characteristic Polynomial 181

(=) + (=1)"Yay; + -+ ap,)"'. 4 3% A ¢ diagonal entries 2 fo ajg + - +ay, i

5 t(A), Tl T 2 .

Proposition 7.2.8. B*k A € M,,(F). Bl A ¢ characteristic polynomial 5 t e n =X F
Gl s N, H el s (=) Gk s (1) r(A) A ¥ #oF il s det(A).

Proof. 4 pa(t) =det(A—1tl,), @ % & 3330 1 @343 pa(r) 0¥ #3m. o >0 pa(r) A
5 v e B8 2 pa(0) = det(A —01,) = det(A). O

Question 7.4. B3&X A€My, (F). 32K A% 75 2 BAE 9 eigenvalues?

Example 7.2.9. % & Example 7.2.2 * A= [411 g] 1 characteristic polynomial p4(z). d
W tr(A)=142=3 % det(A)=2—-12=—-10, 4]* Proposition 7.2.8 ¥ {7
pa(t) = (=12 +(=1)3t + (—10) = > — 3t — 10.

I ¥ 4% characteristic polynomial sz & & #3357
pa(t) = det [14t 23z] =(1-1)2—1)—12=¢>—3t—10.

L fRis ¥ E —2,5 3 A b eigenvalues.

FTORAP AL - Bio eigenvalue § BT &, F A€ F §_A heigenvalue. d T =24
¢ #_A ¢ characteristic polynomial ps(t) =det(A —tl,) - B2 d Fl¥ 2@ r—A ¢
&’”,f pa(t). & t—A)" ¥ Zé;“,f pa(t), & (t—2A)"t 2 5 fg‘f pa(t), BRIV iP 4L eigenvalue 4
1 algebraic multiplicity (B E438K) 5 m. § 287 % t =1 &_pa(t) eh- BEF, A fr“i&
#. A & algebraic multiplicity % 1. &[4- Example 7.2.7 ¥ B 3 & i eigenvalue 1 f= 2, #
® eigenvalue 1 &7 algebraic multiplicity 5 2, @ eigenvalue 2 1 algebraic multiplicity 3
1. @ Example 7.2.9 # A 3 i eigenvalue —2,5 # algebraic multiplicity ¥ 5 1. 7 B
algebraic multiplicity 2 5, {5 3% i@ € 8- 343k,

Question 7.5. Identity matriz I, 7 eigenvalue 3 ¥8& ¢ B qalgebraic multiplicity % # ¢

B {6 34 A 5% - & o characteristic polynomial 3 B e {2 H. - S KRS B nxn
matrices £ characteristic polynomial # it 7 40 . 7 i - AHFFRETRZL T, UV P
characteristic polynomial ¢ - #&. # & & § A,B 5 nXxn matrices, % ¥ = nxn
invertible matrix U, # ## B=U"'AU, R|2* 4L A,B 3 similar (B> B T & 0k F A P

s g L), B AP F 1 A fr B 0 characteristic polynomial &_4p Fe .

Proposition 7.2.10. B33& A,B % nxn matrices & 5 = nxn &7 invertible matriz U & %_
B=U'AU. p| A = B 3 48 F c7 characteristic polynomial.

)

Proof. i 5% B 5 characteristic polynomial % det(B—tI,) = det(U'AU —1tI,). # @ i&
N SELEA
U N A—th)U=U"AU -U (t1,)U =U'AU —tU ' L,U = U AU —11,.
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Ft £ d  determinant 2 (Theorem 5.2.6) #
det(B—1tl,) = det(U ' (A —t1,)U) = det(U ") det(A —11,,) det(U) = det(A —t1,).

## A - B 7 48 F ¢ characteristic polynomial. ([l

¥ - 1 € 7 4P F e characteristic polynomial ﬁﬂﬁ"ﬂifu H_A v A' 3 #p F i characteristic

polynomial.
Proposition 7.2.11. & A€ M, (F), Bl A fv A" § 4p & & characteristic polynomial

Proof. 4] * trnaspose e (A —1tl,)' = A'—tl), = A' — 11, (Proposition 2.2.4), #& ] *
Theorem 5.2.6 (3), 2 i 3

Py (t) = det(A' —t1,) = det((A —tl,)") = det(A —tI,) = Pa(t).
([l

Question 7.6. #H.P A fr A' 3 48 7 eigenvalues ® 5 B eigenvalue £ & A fr A" e
algebraic multiplicity » 4p e .

7.3. Eigenspace §= Eigenvector

[

AP fE0 4o 35 Il - B 1 xn matrix 0 eigenvalue 2. {8, F T kK § & 35 i eigen-
value 7% J& ¢ eigenvectors.

BE AeMy,(F) 2 AeF 5 A - B eigenvalue. d 3t det(A —AlL,) =0, 2% i 5o =
S A2k (A—AL)x =0 75 %22 F & nontrivial solution. iEK velF" 22 F w2 x=vV
PA-AL)x=0:- fE T EAT VEEL (A—AL)V=0, 7T Av=Av. F&PLF vV i
A - B2 A 5 eigenvalue 0 eigenvector. & 2., F v & A - B2 A i eigenvalue =0
eigenvector, ] x=v & i (A—AlL,)x =0 - % nontrivial solution. F]} 2 i 7 & ¥ 37
n x n matrix A — AL, s nullspace (¥ {veF"|(A—AL)v=0}) ¢ 2Lt % E"TPU € 2_A ApE

3t A i eigenvector. d % nullspace &_ vector space, FJpt S F T T K.

Definition 7.3.1. B& A€ M, (F) ¥ A €F i A - B eigenvalue. B| A— AL,

nullspace i 5 A 3% eigenvalue A 5 eigenspace. 37 * Es(A) k% 7.

B3R A fheigenspace I 4 H.d 14 A 5 eigenvalue 0 eigenvectors #t s, iE
F1: Ew £ 07 H_eigenvector, & vector space & Jf # 7 0. #7111 ¥3 A é0eigenspace J& 3%
Hd 975 11 A G eigenvalue £ eigenvectors fr 0 #rie =, FR L A& R T A= vector space
¥i? ¥ % vector space § H > i 1, #l4cF 7 vector space # ﬂ"%&l? 41 #* dimension %k &+
Fovoenx ol Ft AP ek Eqx(A) 0 dimension 5 eigenvalue A i1 geometric multiplicity
(% fe £428c). & 1L eigenvalue A 1 algebraic multiplicity & % 3 P50 A “TH B

eigenvectors e1% %, @ &_A ¢ geometric multiplicity ¥ 172 #% #ie— B 4.
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1 3

1 4 2
,B=| -1 3 1 |. d %% Example 7.2.7, Example
42 1 2 2

Example 7.3.2. ¥ g A= [

729 A qp e 28 4 A o B &0 characteristic polynomial & %] 5 pa(t) = (x+2)(x —5),
p(t) = —(t—1)2(t—2). &7 kA A w3+ 5 A o B 1 eigenspace.

B AT R A ¥ eigenvalue —2 7 eigenspace, 7 W45 11 A — (—2h) = [ i i ] X

v 1 1 ,
null space. 5 d elementary row operations, ¥ i* % echelon form [ 0 0 ] i Ex(1) =

Span( [_IJ) 5 ,T}U—E'.\;L A #3% eigenvalue 7 —2 £ eigenvector iﬁ{”{tﬁfr {_11] T i3
£ nonzero vector. d ** dim(E4(—2)) =1, 2V i~ 73] A $3* eigenvalue —2 7 geometric

, . p . : —4 3
multiplicity 5 1. I 3% A ¥t eigenvalue 5 =7 eigenspace, 7* 5 41 A —5I) = [ ]
&1 null space. 5 d elementary row operations, ¥ i* % echelon form [ ] L

E4(5) = Span( [i] ‘T} A A 7 eigenvalue 5 5 0 eigenvector ,]* L g PR e [i] T iFen

nonzero vector, # i » 1F I A ¥ eigenvalue 5 7 geometric multiplicity % 1. # Example
7.2.2 ¢ 3\ i I A 7 eigenvector |+ H F H gk F Bl eh
-2 4 2
B F Y B B >t eigenvalue 1 0 eigenspace, 7 5 3 B—L=| -1 2 1 =X
1 -2 —
null space. ¢ elementary row operations, ¥ i* 3 echelon form | 0 0 0 v "
0 0 O

2 1
Ep(1) =Span(|1],|0]). = ﬁ‘n‘{;m B #>% eigenvalue 5 1 7 eigenvector i&{?’fié‘f d [1
0
%

1
1 4 2 1
= [0| ¢ linear combination *#7 ¥ 5 nonzero vector. l4rv= |1| = |1]| +2|0 ,Tfu, X
1 2 0 1
-1 4 2 4 4
Bv=| -1 3 1 [ |1l|=]|1|=VW.
-1 2 2 2 2
d 3t dim(Eg(1)) =2, &P » # 3] B #>* eigenvalue 1 7 geometric multiplicity 3 2. %
-3 4 2
B ¥ eigenvalue 2 0 eigenspace, 7~ 45 B—2 = | —1 1 1 | < null space.
-1 2 0
1 -2 0
A& d elementary row operations, ¥ i* i echelon form [ 0 1 —1 [. F]p ¥ Ep(2) =
0 0 O
2
Span(|1|). = ifu{;ru B # 3t eigenvalue 3 2 0 eigenvector ifu{?figﬁﬂfr 1| &7
1

nonzero vector, # if'» 1# 3| B ¥t eigenvalue 2 7 geometric multiplicity % 1.
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% Proposition 7.2.3 ¢ A i 4rig 3 i § 49 o eigenvalue 7 eigenvectors # Rt & ¥
%72 E_0, JI‘ ¢ 2.7 Itk eigenvalue i eigenvector. *7 ™ — L H4FF - B nxn ELD
eigenvector pF, 2 ¥ & B T H eigenspace e- E I KTV

w3 iE B matrix 0B e ##& & = linear transformation & F 4, & 2.
R, whE- T % V & over F ¢ vector space, |- # linear transformation T:V — V, #
% — 1% linear operator. # %|# § dimp(V)=mn, ¥ B AV - % ordered basis, | T §|
* iz % ordered basis *T{¥ 7 matrix representation [T]|g € £ - B nxn matrix. 1§ 4
Fli AERBPIHES *K{V #0018 B E F 4 eh ordered basis, F]#t 2 K A matrix
representation % 7 ;2 [T ]g Bk B [T)]g. > 'L [T]g £ eigenvalue {r eigenvector §
1

Fo T 3 AAMGR? BX B=(v,...,vn), @ || €F" & [T]g h— 1 eigenvector ¥ H

Cn

lCl
Acy
& Pr

roposition 6.3.14 ¥ £ FA Pz LT T(v) * B iE

eigenvalue = A, pPFA 5

FL Vv=cvi+-- +cnvn7‘?ﬂ}§p——f

Acy
@ ordered basis e &4 7 Bz A | |, i&'{":ﬁ“
Acy
T(v)=Acivi+--+Acyvyp =A(c1vi 4+ +cpVy) = AV.
C1
F2,FvVv=ciVi+--+cyVa €V i & T(v)=Av, Bld Proposition 6.3.14 4+ | : | € F" &_
Cn

[T]g eh— 1 eigenvector ® H eigenvalue 7 A. » Flp Vi g T ha &,

Definition 7.3.3. 3% V ¥ - B vector spaceover F ¥ T:V —V & - B linear operator.
FH2AEFw B veV, 5L AcF R ET(vV)=Av, RIfL v 5 T #— B eigenvector, * A %

2 eigenvalue.
Example 7.3.4. % J& Linear operator T : P,(R) — P (R) 2% %
T(f(x))=fx)+x+1Df'(x), Vflx)€P(R).
BEEL g(x) =x2+2x+ 1, B
T(g(x)) = (P +2x+ 1)+ (x+1)(2x+2) = 3(x* +2x+ 1) = 3g(x).
& x> +2x+1 T th— B eigenvector * # eigenvalue % 3.
% Proposition 7.2.3, #% " 4% 3| B %+ = L o eigenvalue fr eigenvector et . £ iz

15 $F linear operator » H_ ¥fef, AP T P T d NP 2 F frE A - R, A

SR LD



7.3. Eigenspace fr Eigenvector 185

Proposition 7.3.5. 3% V #_— B wvector space over F * T:V —V & - B linear
operator. * B3K vi,vo » T &7 eigenvectors ® B eigenvalue & % A €F. & c,co€F ®

civi+eva #0, Bl civi+cevy » € E T ch— B2 A L eigenvalue 7 eigenvector.

T RE— T e My (F) enfia), 343 #73) diagonalizable matrix, # ih{ﬁblgﬁ gL 5ds
L " 45 3] - e d eigenvectors #73 = i1 basis. e & (0¥t linear operator, # 04
TR .

Definition 7.3.6. 3% V ¥ - B vector spaceover F ¥ T:V —V ¥ - B linear operator.
FV e Eh- wbasisvy,...,v, B¢ & B v; ¥ i T cheigenvectors, RIFE T % diagonalizable

GE XS]

% P i&#k+ 7 linear operator ¢ #i- % diagonalizable ¥27 H f Flit i el { 7 % 3R
ARfEFR Aok B=(vy,...,V,) E_V - = ordered basis ¥ v; ¥ 5 T £ eigenvector.
Bk A ,Tk‘.{vi T4t s e eigenvalue, 75 % T(v;) =Av;, Vie{l,...,n}. LR T 1% B

#7 18 eh matrix representation [T]g. ® A~ T [T|g ¢ I-st column £_T(vi)=A; * B BT 1

M
0
gL, T |l =Ae. A E- e {1,...,1’1}, [T]B £ {-th column :1‘%5’-\ T(V,’) = Aivy
0
A 0 - 0
0 A -~ 0 A
B BT kR, T de. » Flt [Tl ,T*u{ L ) itk 7 diagonal
0O 0 0 A,

matrix.
& E145 - B linear operator T :V — V &1 eigenvalue {r eigenvector ¥ ? & & — B
I L T o grig, Z BV oih- 2 ordered basis B, ¥ & % g # matrix representation [T]g

£ eigenvalue {v eigenvector if‘u? & B T 0 eigenvalue fr eigenvector 7, 2 i g 11T

] .

Example 7.3.7. ¥4 g Example 7.3.4 ¥ & linear operator T : P,(R) — P»(R), 12 2 P5(R)
¢ standard basis € = (1,x,x%). & ** 22 & T(1) =1, T(x) =2x+1, T(x*) = 3x> +2x, &

1 10
PE[Tle=10 2 2. %5 [T]e £+ = 4L % %5 £{FH characteristic polynomial
0 0 3

= (1-02-1)3

t). B35 [T|e 7 eigenvalue % 1,23 (FF + ig» 4T < eigenvalue).
T RAP I fR [T]e 7 eigenspace ¥ [T]e ¢ eigenvectors. ¥t eigenvalue 1 #7% eh

010 1 1

eigenspace ,T*u‘{ 0 1 2| cnull space, ¥ Span( [0]). & (0 2.1 & P(R) J1* € #f
00 2 0 0

@endi 4 7. ¢4 Span(l) ¥ 22 0 ~ % §_T 1 eigenvector ¥ # eigenvalue 5 1. ¢

-1 1 0
A T(1) =1, 3 [T]g 7 eigenvalue 2 #7 7 &1 eigenspace ,Tk{ 0 0 2| #inul
0 01
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space, T Span( i ). R i L x+1 & PR) f1* & #iFend 4% 7. # Span(x+1)

¢ozb ) 3 —EL(Y)" ﬁ’!eigenve(gtor »d elgenvalue 3 2 i?’ 2R Tx+1)=2(x+1), ¥

*t [Tl ¢ eigenvalue 3 #7717 ¢ eigenspace fr'u{ 7 null space, ¥ Span( % )
1

ma 2] A2+ 2x+1 e B(R) JI* e #r @ ehd 4 n. g Span(x® +2x+1) ¢ b
1

L0 =% & T ¢ ecigenvector ¥ H eigenvalue 3 3. ¥4 + & Example 7.3.4 ¢ 3 ¥ i
T(x®+2x+1) =302 +2x+1),
i {1,x+1,x>+2x+1} E_T eigenvectors £ £_Py(R) e— 2 basis, #7124 40 T &_
00

1
diagonalizable. ¥ 4 + £ % j& ordered basis B = (1,x+ 1, +2x+1), B [T]g= |0 0
0 3

S N

B fs A& 533, AR linear operator T :V — V i1 eigenvalue fr eigenvector pF, % &
¥ E PV e ordered basis % ®. iz 4 %] % eigenvalue fr eigenvector (nE & e T F M,
@ fo V &1 ordered basis & M. #71 @& E B V 1 ordered basis 7 F § i & 7 b i 4
i+, #7 % &9 eigenvalue fr eigenvector ¥ AR I & T 1 eigenvalue {r eigenvector. ¥ §
F A s, § V EP3 i ordered basis B, 8258 [T]g fr [Tl € 7 b, e v * ¢ £
similar, #712 ¢ i € § I f& ¢ characteristic polynomial (Proposition 7.2.10), F]* 3 & &9
eigenvalues. # & ¥ RenE, %3 B~ V b ordered basis & * % B kR elgenvalue fe
eigenvector fF, T_& # ot i FERE i % e 4% ¢ ordered basis, F Ttk e AR T K17

& eigenvalue fr eigenvector f= T 1 eigenvalue v eigenvector @ _& 4 % v & i,

£ b g oagE, AP F 2 ¥ % - B linear operator T :V — V ¢ characteristic poly-
nomial Pr(r). H @ & > 2 ,T* A_iZB-— i V i ordered basis B, # A= [T ]g, Pl &
Pr(t) = Pa(t). L& &k & & ka0 characteristic polynomial v f e P~ g M. 1 &

FIE F BV 0¥ - 2 ordered basis, # % RAEL ¢ fr A &_similar. #7127 §]* Proposition
7.2.10 #r, similar matrix 7 characteristic polynomial ¥ - & ¢, #7120 Pp(t) * € Flig B
e ordered basis 2 @ F TR . L E, ww APk E, T 0 eigenvalue ,T‘u{ﬁ % AE

P

"L A ¢ characteristic polynomial &3, #7102 & gt T & A % ¥ 12 H T 40 eigenvalue ,T*u{
T &0 characteristic polynomial #43. iz4@ri — & ji g 7E_T &0 eigenvector ¥ % §_A
eigenvector. £ F + T ¢ eigenvector & F * ordered basis B & = F" } end 4 4 71 i {5

1 ¢ £_A ¢ eigenvector.

7.4. Cayley-Hamilton Theorm

pipd P A R4 5 Cayley-Hamilton Theorem. 7 - #% i 5L 4 % linear operator 7 invari-
ant subspace, £ | * invariant subspace L 4 P linear operator i Cayley-Hamilton
Theorem, £ %]yt 42 {7 4£*L ¢ Cayley-Hamilton Theorem.
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AR S BIR P, L F F LARB A P, AT 973 60 restriction #-d it
Flapol SRRk Baot $2- Bk XY, 13 X V3 LS g f eh
restriction on S, * fl|g % 7%, )’I‘u‘{ﬁ&f RIS, B W f ahph s SR
R4 AR fls Lo BRERL S D fls S oY, DR ER €S, fls(s) = f(9), 3
BE xeX £ xS, Bl fls(x) & T&x e ME T:V -V E_linear operator, W 5 V eh
subspace, B| Tly %X ¢ £ - B linear transformation (¥ . 2 &AW V). 28 Tlw A
& ¢ § — 1 linear operator, F15 T A& § 4 W ¢ hx Zpsrd| W, 4ot - %, 2 TF“,T%%

it #-iE 3 #5371 linear operator (2 HE* A Ty + 7. 5 7 F 5 T|W i % linear operator
Gp e, AP IEE G BIRET W (T %W chrZpits W), ::Evﬁt,?uﬁb £ * linear
7

operator eI G . FPL AP G 0T T A

Definition 7.4.1. B3 V ¥ - B vector space over F ¥ T :V —V &_linear operator. %
W E_V cisubspace 2 B L T(W)CW (% T(w)eW,YweW), RIFEW 5 - & T-invariant

subspace.

;1% % T:V—V &_linear operator,, Definition 7.4.1, £ 32 i W &_T-invariant, %
7 TW)CW, £3 R T(W) =W, 4 3 L5 T(w) =w, YweW. = 73 &85+ i
# L4 V drsubspace W #.F i T-invariant subspace, #% i i & %ﬁ HETE G Wi
wigd T epdt (v T(w) &ZRAEW?. FK7, %] T 5 linear operator, #Z g veV,
3 T(v)eV, &V & & & T-invariant. #3 %1% T 4_linear transformation, #% i frlﬁ
T(0) =0, #7112 zero space {0} » &_T-invariant. ¥ *t & A € F 4_T ¢ eigenvalue, B| 4 ¥
¥ & < eigenspace Er(A) ={veV |T(v) =Av} » € & T-invariant subspace. &4 %z &
vEEr(A), Bl T(v)=Av. & ** Er(A) &_V ¢ subspace ¥ veEr(d), p %% AveEr(d),
7 T(v) € Ep(A). #& Er(A) 7& 5 T-invariant. ¥ ¢t P2 80 % c0 T 7 range R(T),
+ H_T-invariant, e £ Fl s HEZ L veV, p X3 T(v)eT(V)=R(T). % %% veR(T),
d 2 T:V —V &_linear operator, 7t R(T) CV, Flpt A iz X3 T(v) € R(T). T 7 null
space N(T) » &_T-invariant. =8 F 3 #HZ & veN(T), d ** T(v)=0 2 0 N(T) (%~
T T0)=0), &= T(v) € N(T).

% T om B R )+ eb B R T-invariant subspace ¥t ? % 6 4% 18 ¥ Jg T-invariant
subspace i}q‘t‘%— T HHEK B el ATHB I veEV, AR g A d -85 3 v o]
T-invariant subspace. B3k W &_¢ 7 v ¢ T-invariant subspace. % X7, 243 veW.
*dd W & T-invariant, AP p A& 5 T(v)eW (FlveW). £d T(v)eW M2 W &
T-invariant, 24 73 T(T(v))=T>(v)EW. 4opt - E T AP T"(v) €W, VmeN. d g &
P, % W E_# 7 v ¢ T-invariant subspace, B| W & g & 2 {V,T(V),TZ(V),... "(v),.
TBELE (T {TI(v)|ieN}) ? #74 cha%. 2 8 W £ subspace, #7114 & ¢ “r*ﬁ :

i % 97 span 0 subspace, #7I AP F LT R,

G‘"Hf—/

Definition 7.4.2. 3% T:V —V &_linear operator. iz & veV,

C(T,v) = Span{v,T(v),T*(v),...,T"(v),...}.
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AP H C(T,v) % the T-cyclic space generated by v.

b
o
%]
o
—=h

% span e E_&K, C(T,v) = Span(S) =i kg,
w e C(T,v) =Span(S), % 7 F & co,C1,...,cn €F B 8 w=cov+c1T(V)+---+ ¢ T™(v
PR L ¢ =0). #&i@ T(w) :cOT(v)+c1T2(v)+---+cme+1( )eSpan( ) =C(T,

Ft (B c(T,v) 4_T-invariant subspace. ' & i ¢ 7 v 7 T-invariant subspace &g

.

S, A PFEDT e T gL

Proposition 7.4.3. Xk T:V —V &_linear operator ® veV. B C(T,v) . 7 v B]

i1 T -invariant subspace.

Question 7.7. Bk V E_ vector space over F, T :V —V &_ linear operator £ veV.
HEPHEL weC(T,yv), ¥ 5 hitlka Fhimsd fly) @ @ w=f(T)(v). ®p@
C(T,v) ={f(T)(v) | f(x) € Flx]}.

4 V &_finite dimensional vector space over F, C(T,v) % £ subspace, #& C(T,v) » &_
finite dimensional. 4cf seig C(T,v) AR 2? 247, % v=0, B T/(v) = T/(0) =0,
VieN, g pF C(T,v) = {0}, ¥ dim(C(T,v)) =0. Flpr AP EL g v£0 chfin. g4
i d F'e’_ v,T(v) % % linearly independent. % v,T(v) #* &_independent, ¥ 3% v #£ 0,
ez ceF @ T(v)=cv. 9 ¢ 4 Ti(v) =c'v € Span(v), Vi e N. F] 1 C(T,v) =
Span(v), ¥ dim(C(T,v))=1. @ % v,T(v) % independent, B|#* ¥ & v,T(v),T?(v) .3 %
independent. % v i % ¥_independent, P|d v,T(v) 5 independent ¥ T?(v) € Span(v,T(v))
(Lemma 3.5.4). F]pt 3 & c,d €F i 17 T>(v) =cv+dT(v).

T3(v) = T(T?(v)) = T (V) +dT*(v) = ¢T (V) + d(cv+dT (V) = dev+ (c+d*)T(v).
F] gt @ T3(v) € Span(v,T(v)). £ §1* #& & o, AT e Ti(v) € Span(v,T(v)),
Vie N, F|pt st pF C(T,v) = Span(v,T(v)), ¥ dim(C(T,v)) =2. P ¥ 11— & i2HRiFHT

2 I T e IE

Proposition 7.4.4. B33 V &_vector space overF, T :V —V &_linear operator £ veV. R
dim(C(T,v))=m £ 2rex m &+ i @8 v,T(v),....,T"(v) % linear independent: +

P v,T(V),...,T" Y (v) &_linear independent & v,T(v),..., T" 1 (v),T™(v) * &_linearly
independent.

9 E dim(C(T,v)) =m, Bl v,T(V),...,T" (v) £_C(T,v) - ‘& basis.
Proof. # L3\ * i jF 02 P ¥ T"(v) € Span(v,T(v),...,T"'(v)), Rl
Ti(v) € Span(v,T(v),...,T" '(v)),Vie N.

dore dvi<m F R, AP E R ER THv) € Span(v,T(v),...,T" 1(v)) & 2. R
B THU(v). 4 * TK(v) € Span(v,T(v),...,T" 1 (v)), % t co,c1,...,cm1 EF # 1 TK(v) =
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cov+aT(V)+-+cu T (V). &
T () = T(TH(V)) = coT(¥) +c1T*(V) + -+ 2T V) + 1 T (V).
4 3 T(v),...,T"Y(v) 4o T™(v) ‘% B> Span(v,T(v),...,T" 1(v)), #&
T (v) € Span(v,T(v),...,T" 1 (v)).
S FRER S TY(v) € Span(v, T(v),...,T" !(v)),Vie N. Fla {4
C(T,v) = Span(v,T(v),..., T 1(v)).

R BK dim(C(T,v)) =m, & L3P v, T(v),...,T" (v) £_linearly independent. & v
"% ¥_independent, % 7 % & k<m—1 & (¥ TX(v) € Span(v,T(v),...,T*"1(v)), & & 3%
#, 2t %% C(T,v) =Span(v,T(v),...,T*"1(v)), 7= C(T,v) &4 v,T(v),...,T"'(v) & k B
wREATE S RA k<m—1, ## dim(C(T,v)) =m hEEApI F, o v,T(v),...,T" 1 (v)
#_linearly independent. #E#% v,T(v),...,T" !(v) &_independent * ¥ & & C(T,v), <4
v A, % C(T,v) eh— % basis. #a T"(v) € C(T,v), & v,T(v),...,T"1(v),T"(v) * &_
linearly independent.

F 2., B3% v,T(V),...,T"'(v) €_linearly independent, & v,T(v),...,T" '(v),T"(v) %
%_linearly independent. d Lemma 3.5.4, % i &= T™(v) € Span(v,T(v),...,T" '(v)). 7
R G 3% @ C(T,v) = Span(v,T(v),...,.T" (V). 7= ¥ v, T(v),...,T" ' (v) 2 © &_
independent * ¥ & & C(T,v). & v,T(V),...,T" Y(v) 25 & C(T,v) #— % basis, ¥ %
dim(C(T,v)) = m. O

Question 7.8. %M dim(C(T,v))=1 % = v&% v 4T & eigenvector.

%X C(T,v) & T-invariant, 2 +v T|c(ry) : C(T,v) — C(T,v) &_linear operator. 7%
T|c(ry) £ characteristic polynomial § £ # A+2? & & T|¢(p ) 7 characteristic polynomial,
& AT Tlery) & E C(T,v) - & ordered basis, &{]* &% ordered basis #
3| Tleery) 03 RAEL, £ K324 5 characteristic polynomial. 1334 Proposition 7.4.4, #
dim(C(T,v)) =m, i ixp R FuE (v,T(v),...,T" 1(v)) i&- % C(T,v) # ordered basis.

BEAPRE Tlegy * B=W,T(v),...,T"1(v)) &~ % ordered basis # % R4E"L
Tlerwlp » ®?7 F & [Tlerwlp 0 1-st column & % - B & (T v) 5d T prif
g @ e £ (7 T(v)) * ordered basis B #7# k& £ 7. d 3 T(v) {545 E_ B

0
1

FoBeE, ZELELATE o= | . BIEE [T|erylp o i-th column 7 e, 2 7
0

1<i<m—1. 22 [T|eirylp 516~ B column, Bz 2 B dis—- B g (7 T (v

Fd T pitisor@ae £ (% T(T"(v))=T"(v)) * ordered basis B #7i7 chd ff 4 7. &

il Tm(v) € Span(v,T(V),...,T’”_l(v)), %Tﬁf\"‘/{ Tm(v) = COV+CIT(V)+"'+Cmfle_1(V)a "ﬁ‘

~—
~—

N
y
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€0
1
¢ co,Clyen e Cmmt €T, B [Tlery]p 816 -  column i‘u{ F]p
Cm—1
0 0 --- 0 ¢ |
1 0 --- 0 C1
Tleawlp=1: Do
00 -+ 0 cpo
00 1 i)

o fe iz gh%E L ¢ characteristic polynomial *27 Vi F A4 g 2x2 B A F

0 ¢ o o . _ C
Ay = [1 0 , 438 ¥ 1% A, 0 characteristic polynomial 3

det(Az —t]z) = det [_lt c co l] = l2 —cCi1t —¢p.
1 —
0 0 ¢ -t 0 €0
e Az=11 0 c¢|, T RELA—tLh=|1 -t ¢ #1 determinant, o 3t ¥
01 0 1 cp—t
z

PO B RN AL, TR B AR B m AR IR 0D SRR $ A3 —th 0 st row

F# F determinant
o —t cl 1 —t
det(As —th3) = (—t)det [ 1 o _J + codet [O | ] .

B

He §- B dag 2x2 iR #H determinant % 12 —cyt —cp, @ % = e ;N

= &4 2z H determinant & 1. F)pt ¥ @
det(A3 —t]3) = (—l‘)(l‘2 — Cot —Cl) +c1 = —(2‘3 —Czl‘2 —cyt —Co).
FI* B E AP T LT 2

Proposition 7.4.5. B3k V E_vector space over F, T :V —V &_linear operator ¥ veV.
% dim(C(T,v))=m 2 T"(v)=cov+c1T(V)+--+cm 1 T™(v), B T|¢(r,) €7 characteristic
polynomial %

(—l)m(lm —Cm_ltmil — - —cyt —Co).

Proof. s s b4 andih, 11 &8 ETTTP‘ F R mxm e

[0 0 -« 0 «o

1 0 -« 0 ¢

(Tlcervlp = : oo
0o o0 - 0 cnu
0 0 1 e
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e characteristic polynomial. ¥ 1-st row & B (¥

[t 0 - 0 Co
1 = - 0 c
det | : : : =
0O 0 -+ —t cpoa
0 0 1 cpg—t]
[—t 0 - 0 cr | (1 =t -+ 0 0]
1 = -+ 0 2 o1 - 0 O
(—r)det| 1 P D eedet |1 Lo
0O 0 - —t cpoa o o0 - 1 —t
0 0 1 ep—t] 0 0 0 1]
ALEN P FAEL I (m—1) x (m—1) matrix. £ ¢ % - BEIFREK S 2D
(m—1) x (m— 1) matrix, *7 2 # determinant 5 (—1)""'(#" ! — ¢, 1t" 2 —--- —cot — ).

Moy - BAEE N E RS 1 9 upper triangular matrix &2 determinant 3 1. F]p FHH

characteristic polynomial % (—1)"(t" —cp_1t" ' —---—cat> —c1t — ). O
f1* Proposition 7.4.5, 75 ¥ {F 0T 25,

Corollary 7.4.6. B3 T:V —V % linear operator ® veV 2 22%Fw €. £ gx) 3
T|c(r,y) : C(T,v) — C(T,v) & characteristic polynomial. R] g(T)(v) =0.

Proof. B dim(C(T,v))=m 2 T"™(v)=cov+c1T(V)+-+-+cm_1T™ 1(v). Proposition 7.4.5

2 #F 2411 T|c(r,y) £ characteristic polynomial & g(x) = (=) (X" — X" - —cix—cp).
Flp
gT)(v) = (1)"(T" =cpuaT™ " = = 1T = coide(ry) (V)
= (=D)™T™V) = cp 1T (¥) = =1 T(V) — cov) = 0.
]

Question 7.9. X T:V =V & linear operator 2 veV 3 22%w 2. £ g(x) & Tlemy

£ characteristic polynomial. &/ g(T)|c(ry) = 0.

Linear operator 14| f#& -] ¢ T-invariant subspace # #* } f=/r &k &7 operator &_4p I
e, F]t v i i characteristic polynomial 2. B &3% 3 B %, 4&7 k, AP ELIESTIP
2k k. B3R T:V —V &_linear operator, ¥ W % T-invariant subspace. £ 31# T
4v T|w ¢ characteristic polynomial, 2 i* % 3 W 4r V ¢ ordered basis, #X i 7 340 ¥ /&
i A B 17 F| U 7 &0 characteristic polynomial. %] 5 W #_V & subspace, % i x
#p F T 2. & e0 characteristic polynomial Ap . p #Aéh, AP ¥ 1 LP W - %2 ordered
basis B = (Wi,...,wx) £ # B #H~ = V - = ordered basis Y= (Wi,..., Wi, Wii1,...,Wy).
RiEX A=[T|wlg, i & A e i-th column L T(w;) * Btk igdn (% FK 9 che
®). BY g T * ordered basis y *T# chiE"L £ 57 [T],. £ X % 1<i<k P, [T]y 5 ith

column v A 7 i-th column - #E_T(w;), # F 8T BFZLT(v;) * yendigir (v
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Ping g) dN T(w)eW, 2% yB TP es TF& 5w £k Beid, T s
Mg A T(w) * yend g daAAbfor B AiRdqiplk, RS k+1,....m &
m—k % entry 4} 0. I3 [T]y & ki-th column 2 & &9 columns 3t Tr“,i%‘u% i € 2%
’, 7Bl gHFEAPREF ORI B 52, % [Tw]f=A4, 217 &[T, B+
[A M
0| M
Y G kx(n—k) f (n—k) x (n—k) matrix. F]* [T], 7 characteristic polynomial J& %
A —tl M
det[ 0 -1l

] AN LR e A €k xk matrix, 0 2_ (n—k) X k matrix, @ M;,M, %

e e A|B
W RE A G i it B e [ e

(n—k) x (n—k) matrix PF2 ¥ 12 L5 k B row * elementary row operations # A f*

TR e 0 determinant PF, F A, C 2 B 5 kxk e

= echelon form, £ #-{¢ % n—k B row * elementary row operations #- C it % echelon
form. %] % iztk & {6 #_—- B upper triangular matrix, # determinant i}u{*ﬁ & A%k,

Al|B

L
F] gt & det [ 0l C
det(A —tly)det(My —tl, ). F15 det(A—1tly) i} E_Tlw ¢ characteristic polynomial, F]yt #t

T gk

= (detA)(detC). F)yt % & & T 5 characteristic polynomial i{ ¢ &_

Proposition 7.4.7. B3% V i wvector space over F, T:V —V % linear operator * W
% T-invariant subspace, B T|w 7 characteristic polynomial € E_ T < characteristic
polynomial 1F)5%. = TIJL{’F%, % f(x) T ¢ characteristic polynomial ® g(t) &_Tly
characteristic polynomial, P73 % 8ic e F 0% 38 5% h(x) & & f(x) =h(x)g(x).

Fulg, g veV AP w w4 g Proposition 7.4.7 ¢ W =C(T,v) e i*{‘;u—g
g(x) & Tl¢(r,y) 9 characteristic polynomial @ pr(x) & T ¢ characteristic polynomlal ]
F RS IEN h(x) B pr(x) =h(x)gx). fl* iR AN DI, AP EEERT A g

B
5, A EA P FARG A(T)(T) LH AR, § 20, &% & h(T), g(T) L

# % V i linear operator. 2 & frif chE, 4ok d B 5950 h(x), g(x) AA %k € £ f(x)
78 f(T),h(T),g(T) i&= & linear operator ¢ F # AR %. § % & % & ¥ linear operator
T & - B3N, APr 38T & r ) ¢FF T, i £ 38 hki2
T! &_linear operator 14 . i ¥ % v’b'j} H_% 38 ;8 4p 3k % > linear operator & ¢ 7 3]
&_linear operator #& =, N PER|F| T BRRERN, 2B S AN ZHE N fpe, @ 5
Bt fe i 3 ) 8 e (% A(AW) +H) = A +AAE). linear
operators & & F i) cha et (Y E 1,0, T3 ¢ 5 T&F 5 V 0 linear operators. R
T; O(T2+T3) =ToTh+TioTs.) » ’?“‘5';;’!‘ % 78 ;% ¢h3k j2 v linear operator 14 = I % & I
A8 B AR, Bl h(x) =X —2x, g(x) =x+1 2 f(x) =h(x)g(x) =x° —x* —2x. 4
b W(T) g g(T) e +. ik Tk

WT)og(T) = (T*—2T)o (T +idy) = T?*o (T +idy) — 2T o (T +idy).

w s @ T34 T2 272 2T = T3 — T2 —2T = £(T).
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d @k 3t A A g g(x) & Tlcoery) 0 characteristic polynomial @ pr(x) £ T
characteristic polynomial, B # % 38 5% h(x) & & pr(x) = h(x)gx). # T & » pr(x) =
h(x)g(x) 2@ %387 #& pr(T)=h(T)og(T). 7 7 i& 1 linear operator «1f %3¢, 4 i ,T}L'v"
¥ P Cayley-Hamilton Theorem.

Theorem 7.4.8 (Cayley-Hamilton Theorem). & V % wvector space over F ® T:V —V
5 linear operator. % Jg T i characteristic polynomial pr(x), & ¥ % pr(T):V =V 5
zero operator, 7+ T EF veV, pr(T)(v)=0.

Proof. d ** % v=0, FFp X35 pr(T)(v) =0 (%] pr(T) &_linear transformation), #x &
TR veEV I v#EO. ;TR Vv AA D e T-cyclic space C(T,v), * £ g(x) & Tlery)
e characteristic polynomial. & Proposition 7.4.7 7% % h(x) % # % F ¢ polynomial
€ # prx) = h(x)g(x). F1 5w pr(T) =h(T)og(T). B pr(T)(v) = (M(T)og(T))(v) =
h(T)(g(T)(v)). & d Corollary 7.4.6 4= g(T)(v) =0, #= # & pr(T)(v) = h(T)(g(T)(v)) =
h(T)(0) = 0.

O

Bk V _over F ¢ vector space ¥ dim(V)=n, & i &g 2% & V &0 linear operators
UL e My (F) e enld 55 Ap $H R chb 2. #72 Cayley-Hamilton Theorem #+4E
W% Y A4 7R pa(x) H_A &9 characteristic polynomial, B] pa(A) € £ % 4L 0.
B RE T RBEED, F1E E TR palx) = det(A —xl,), 714 pa(A) = det(A —Al,) =
det(0) = 0. ietRamg P L3 Hh. 2 TR pa(A) AHR-A B r py(x) BB A TE Snxn
) TP IR I pa(A) Enxn nEEE. A 2 BEP AT det(A-A)=0 I F 0%
).

AE.ABHANEIROE (Hhn=1Fipk). STHBHEP DFELE A PE B det(A—xl,)
ap—x - ain

PR, g e Adveh F P cha & Bt det(A—xl,) ¥ OB % det | N

anl Tt dpp —X
LRz ERE xchi B Fpr - ARG xAERF Y hrper bidopl {50
ajl—A - aipn
Weh, w8 x A i A raE A TG det ; : ARAHD S jﬁiA—xln
an1 g —A

APERL A ATRELRELHENY Z x o EEEL X, STEEL. T x AR
xl, 2 AL, =A 3 T &, T €A FI L etk e U#EP Cayley-Hamilton Theorem.

& P 48 A) 5% 0 Cayley-Hamilton Theorem, ¥ 2 4] #* adjoint matrix §= determinant
R TR IR, A i d AR P e P linear operator A5, A7 1 g 4R S ’f!] *  linear
operator fv matrix R % &2, "8 { &+ 73 E linear operator fv matrix 2. rﬂﬁ; $= B
. pAETAEMu(F), ¥ &= T F B o linear transformation 7:F" — F", # % & %
T(v)=Av,VvelF" &tz &2 7, #* " o standard ordered basis € 2\ i* g i T ehz
FAEE [T]e =A. F]t ik T & T 0 characteristic polynomial pr(x) )*J'&{A ¢ characteristic
polynomial p4(x). §|* linear operator 7 Cayley-Hamilton Theorem (Theorem 7.4.8),

i pr(T) = pa(T) &_zero operator, #712 ps(T) * € #7{8 chd AL [py(T T/- i R4
oo Ra [pa(T)le v pa(A) 3 FAM 2? whgE- T, % T:V—-W, T':W—U 5% linear
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transformation B4 & o, B,y 4 & 5 V,W,U 1 ordered basis, F| 2 % [T'oT]y =T ]%[T]
ot T:F"—F" % linear operator, (% jg a=L=y=¢€ %2 T' =T, 72,28 ¢ 3
[T%)e = [T o T]e = [T]e[T]e = A”.

LA A =Ak ¥ b Ay &ed B linear transformations shA M & * 4p
e ¢ ordered ba81s H L L, i*u—fx'—;i‘ PREPELEE AR PR E LS. FpE
pa(x) = (=1)"("+---+cix+co), Bl pa(T) = (*1)”(T"+-~+C1T+COidw)' Fet pa(T) 1
* standard ordered basis € #71 éhd BAEL [pa(T ,T* g 2_

(=D)"([T]E 4+ c1[T)e+coly) = (1) (A" + - +c1A+coly) = pa(A).

B pa(A) =0, Flp 4 T e

Theorem 7.4.9 (Cayley-Hamilton Theorem). B3k A € M,x,(F) £ pa(x) 5 A 3 charac-
teristic polynomial, B] pa(A) 5 % 4E'L.

% A€My, (F) 5 diagonalizable P, 24 /7 r/#- A $t & it K7 A 13 = > AF
% B h#-5 B A AP (% L Example 8.1.7). 4 A % £_diagonalizable, & 3+ & A* A jp+
7141 % Theorem 7.4.9 112 £ th ik B X' ™ %, ipfks 7 foped dy AR AP T G b
Example.

Example 7.4.10. ¥ g A= [ 12 ?

AR &AL i A & R 7 & diagonalizable. 7 #8d Cayley-Hamilton Theorem, #*
P A2 =244 5L =0. AP F )% BN B A R L Bldedt B A F A £p i,
# X ‘L pa(x) =x>—2x+5 7 X = +2% —x—12)(x* = 2x+5) — 19x+60. & f
~ A A= (A3 4242 — A — 12D) (A2 —2A+50) — 19A+ 60L,. & ** A2 —24+ 5L =0, # ¥
AS = —19A+ 601, = [41 _38}

4 ** A 5 characteristic polynomial pa(x) = x> —2x+5

38 41



