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3.6. Column Space and Nullspace

=

A -4 2 - B 4L fh column space, row space ™ % nullspace I £ 3t4c e 45 I v O oen
basis. 2% i ¢ 4 I column space fr row space =7 dimension ¥ 48 f¢ ¥ % 4B i rank.
s VP EE 4o 17 3] - 4& subspace 0 basis.

¥¥ - BAE, ¥ e column space fr nullspace fril iZ4E 5 (A fE i o7 A) S g = 3

AR TEFfEMEEETEE- L 44, J 3 column space - nullspace ehE & 4, 3 i K-

2o N E AT

Definition 3.6.1. B3x% A= |a; a --- a,| 2% F" ¢ e & ap,...,a, & column

vectors 7 m X n matrix.

(1) #v i # Span(ay,...,a,) = A 3 column space, £ * Col(A) * % & A &1 column
space.

(2) #% i homogeneous linear system Ax =0 *73 f##r =k & & A e nullspace *
* N(A) %7 A 1 nullspace.  N(A) ={u € F"|Au=0}.

E3R % AEMy,(F), Bl A 5 column space Col(A) ¢ &_F" &1 subspace, m A
nullspace N(A) ¢ #_F" ¢ subspace. §]* Lemma 3.4.1 7 % Theorem 3.4.5 247§ + 5 14

T g

Proposition 3.6.2. X A 5 mxn matrix * beF", 4 g > 2% Ax=Db.

(1) Ax=b } ja 2 s b e Col(A).

(2) B3k Ax=b j fap| 4 i F ¥ ey N(A) = {0}.

BT ok )*I.%{ﬂé 3 7| - B 2B &0 column space ' % nullspace iz ® B £ & &7 sub-
spaces £ basis. — 4 kF® & 45 3| " 9 subspace V - & basis, 24 € L35 V -
spanning vectors. X {s . H ¥ F P i i%3F L spanning vectors P i linearly independent
- R FRIABeERE APTUE D v PET LT F AT S ln-
early independent. % i§i ¥ 7 = Bt ehe £8P, ¥ 2 F 2 E g AV » £ ¢ linearly

independent, ‘,ﬁ:? 2ol T k]S,

Example 3.6.3. ¥ 5 R3 ¢

0 2 0
3 -5 7
Vi = 0 , V2 = 0 ,V3 = —1
1 0 0
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BIRP Vvi,v2,v3 & linearly independent, 34 % FRP F 3 § cir=c=c3=0F, 1 ¢ i¢

2

#Fvit+ceavot+ce3vz=0. A

0 2 0 2¢)

3 -5 7 3c1 —5¢y+7c3
C1V1 + Vo +c3V3 = ¢y 0 +c 0 +c3 1 = s

1 0 0 cq

Sl & B 1F v+ evy +e3vy; =0, 328 B3R V) + Vo +c3vs 7 1-st entry 2c¢p, 3-rd entry
—c3 W% 4thentryc; %% 0, P ey=c0=c3=0. #FE"F % ci=c2=c3=0F, 1 it

8 c1vi + v +c3v3 =0, #7 v, v, v3 & linearly independent.

HCExample 3.6.3 27 2 F K, F vi,. v, ¢ - B v T B - B entry
20 AHEwE AiZentry ¥ 5 0, P vy,...,v, 5 linearly independent. (i]4- Example
3.6.3 ¢ vy éhd-thentry 3 1, @ vy,v3 ehd-thentry 3 0; vy e 1-st entry % 2, @ vy,v3 e

I-st entry 2 0; v3 0 3-rd entry 2 —1, @ vy,vp e 3-th entry 2 0, T"H LB iEE). pLpE

B E B v, 978 B 2L 0 e sk entry 5 a;, ¥ 3 cvi+--+cpv, RIEEE hentry & ocia;,
BT E Vit eV =0, B ca; =0, BE - B ¢ ¥ E 0. F ovy,...,v, & linearly
independent.

% A 5 mXxnmatrix, A 1 nullspace N(A 1* % §_homogeneous linear system Ax = 0 %7
FofEATR R &L d AP KAy de P45 D) AX =0 hfE, A7 A PR e P 45 nullspace
£ basis B 4.

wREAN P Ax=0 i £ > 2 5, 1 * elementary row operations # A it %
echelon form (2 reduced echelon form) A’. }* ¥ A'’x =0 fz2 & & i&«fx’-\Ax =0z g &,
¥ ,ka‘i’;;ﬁ; A v A" 3 48 I &0 nullspace. # % 2 735 1) free variable, £ #-% B free variable
RrE R i, KT A E - w2 AR e BiEAARY , pivot variable g § 4 free
variables g 1&g, #r0 © & 2 ) free variable g, fr“u’v" MR D - e fE RBEK free
variables & xj,...,x;,. ¥% - B j=1,...k 23 g x, =1, # # free variable 3 0

itk E ARl v, d v hi-thentry 2 1, 7 # &8 vi, @ i;-th entry 50,4
WA vy,..., V¢ & linearly independent. @ ¥ Z & ri,...,rx €F, rivi+--- 4+ rpvi %*u:l;
fe 3t §-5 B free variables x;,...,x;, A B & X =rp,...,x, =r (TEGfE T L F BfE
‘FK" TUB S vy e Vg 50A558 ) i&{ﬁu Vi,...,V¢ #_A @ nullspace - % spanning
vectors. PP T vy,...,V; ,T.*-Ln»\A eh nullspace - % basis, + F]pt {7 5 A 9 nullspace
e dimension % free variables i #c, 7 ¥ A 5 column i3 #jpt 2 pivot i #e, Ft j
[PRENES 5
Proposition 3.6.4. X A 5 mXxn matriz. % §1* row operations # A i* % echelon
form A’ 18, A" & pivot B¥#cE r, Pl A 0 nullspace 1 dimension 5 n—r. BEE Ax=0
free variables & x;,....x;. ¥+ - B j=1,... 0k, 2P x, =1, & free variable 3 0, £

TR E N RDfEL v Bl vy, v & A 0 nullspace - 2 basis.
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d 3t — B aELhnullspace 3 § F1 5 # it 5 echelon form 97 f @ :x %, @ ¥ nullspace
¢ dimension &_F % ¢, #7121 Proposition 3.6.4 » A 7 “% # - BELF|* clementary
row operations #7 i ¥ 7 echelon form % @, 2 pivot B LR, » i‘u‘{g B e e

rank.

Example 3.6.5. ¥ & A 7 nullspace, & ¥

211 0 0O
1 00 1 00O
A= 111 0 1 2
1 22 =212

#-A 1 2-nd row A %k =2, —1, —1 4r I l-st, 3-rd v 4-th row, X {s £ #- I-st, 2-nd

rows & 1¥

1 00 1 00
011 -2200
011 —-11 2
022 =312

% ¥ % 2-nd row A S FF —1,-2 4 3 3-rd fr 4-th row #

1 00 1 0O
011 -2020
000 1 1 2
000 1 12

B fé#-3-rd row k+ —1 4¢3 4-th row, ¥ echelon form

1 00 1 00

011 -2 00

000 1 12

000 0 0O

2 e ,*T%—ELQ # I homogeneous linear system

xq +x4 =0
Xy +x3 —2x4 =0
+x4 +x5 +2x% = 0

“73 ihf%. 4 echelon form 5 i x1,x,x4 % pivot variable, x3,xs5,x5 & free variable. 3 4

X6=1x5=0,x3=0, fF0 x4y =2, 00=—4x1=2,m % x6=0,x5=1,x3=0 f& x4y =—1,
Xo=-2,x1=1,51% x=0,x5=0x3=1f%3 x4=0,x,=—1,x, =0. #&i¥
2 1 ] 0 T
—4 -2 —1
. 0 v, — 0 . 1
V= ) y V2 — -1 ,V3 = 0
0 1 0
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% A @ nullspace - % basis. ¥ F +, & % Xe,Xs5,x3 & B 5 T & F B o, PV E

X4 =—-2r—s,x=—4r—2s—1t, x; =2r+s. » ,T*u{;’suA #7 nullspace ® e ‘_E‘F'W’ rUE
[ 2r+s T [ 2 ] 1 ] [0 ]
—4r—2s—t —4 -2 —1
t 0 0 1
o =r ) +s . +1 0 =rvi+svy+1v3.
K 0 1 0
i r i |1 | 0 | | 0 |

FCAT V1,V2,V3 » A 0 nullspace £ spanning vectors, * %% % 7 1 vi,v2,v3 & linearly

independent, ¥ vi,v2,v3 5 N(A) - ‘& basis.

Question 3.11. ##- Ezample 8.6.5 7 0 A i* & reduced echelon form. &3 L % % 5 !
N(A) - 2 basis *2 7

T kAP kg 4oie 45 matrix A 9 column space Col(A) 7 basis. § A - B E &l
JE: jj-‘ﬁ.{A 7 column space, fj.%{fé FH > % AX=V F fEchv AR enfk & p iR

E RURCE i}b—a 1218 3] A £ column space. 24 74T k]S

Example 3.6.6. ¥ g Example 3.6.5 # ¢4 x 6 matrix A. #* " £ 35 1 A ¢ column vectors
e- % basis. B#E b % A 7 column space - B e £, AP AriE L Ax=Db ﬂ)é iz, 7

»t

by
_| b
b= by |
by
NP RS T] by,by,b3 by IEEREF LTS S R G fE
2x1 +Xx2 +x3 = b
X +x4 = b
X1 “+Xx7 +x3 +x5 +2x¢ = b3
X1 +2x 4+2x3 —2x4 +x5 +2x¢ = by
%+ J& augmented matrix [A | b], 41* Example 3.6.5 4p F =7 elementary row operations % if®
m
211 0 0 0|h 1 00 1 00 by
1 00 1 0 0|b - 01 1 =2 0 0|b;—2b -
1 11 0 1 2|b3 01 1 =1 1 2|b3s—b
1 22 =21 2|by 0 22 -3 1 2|bs—b
1 00 1 0O by 1 00 0 0 by
011 -2200 by —2b; 01 1 —2 0 0 by —2b;

000 1 1 2| b3y+by—>by 000 1 12 b3+ by — by
000 1 1 2 b4+3b2—2b1 0 00 0 0 O0|byg—b3+2by—b
dOfRE e S et i (T 12 & (b) eff)) 4o, B+ = 2 Ax=b § 2% T
v % by —b3+2by—b; =0. *‘ép\7 2 "”'T)i by —2by+b3—by =0 03fz, #7iF ch b 7 h
8 £ ¥ A # column space. #7141 i w F| LipE B = [ 1 -2 1 -1 ] £ nullspace.
d 3% x; 5 pivot variable, xp,x3,x4 & free variable. 41 * % & F nullspace 7 basis 17
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PEIS X4:1,X3:0,X2:O ﬁgﬂi X1:1, mA x=0x=1Lx=07FE3x=—1, i 4

1 —1 2
0 0 1
1 0 0

% B &1 nullspace - % basis, + ,T*L{A £ column space #7— % basis..

AR EB 2, F mxnmatrix A it & echelon form {523 - % row > % 0, ff*u%fr
3 chbeF™ % g RE ARG fF P A 0 column space 5 7.

Example 3.6.6 35 column space #7 % 17 ;& #%#{&Q £ ¥ - 2L o nullspace
4 4t 45 ¥| column space =1 basis. #& 7T kAP 4 L B L HEE

BAALELFAPA* elementary row operatlons # A it % echelon form A’ {4, ho-
mogeneous linear system AX=0 f= A’x=0 7 o chfE & &. RLEK aj,...,a, 5 A
column vectors, @ aj,...,a, = A’ & column vectors. ¥ xj =cj,....x, =¢, » AX=0
- fR & clal+tcpa, =0, L EEd T xy=cp,x =0 7R AX =0 - B Rt
P oca o +ea, =00 BPEE ¢, €F 88T claj+---+c,a, =0, 2P E 5
cial+-+ea,=0. TEFAPGFAELT 2L 0che RiF claj+-+ca,=0 % FEE 5
A >E 0che 9% clal+---+cpa,=0. # 3% 2, aj,...,a, 5 linearly dependent % * *&
# a),...,a, % linearly dependent. i&+ % @ ** aj,...,a, & linearly independent % ® v& 3
aj,...,a, % linearly independent. f§ ¥ k3§ 4 4| * elementary row operations #-— i
ELRE T T - BAEL, 3 BEL column vectors 2 B R B Tk ¢ AR R F e, A g 1

T n] S

Example 3.6.7. % & Example 3.6.5 # #14 x 6 matrix A, ¥ 4] * elementary row operation

#-2_ 1 % reduced echelon form A’. = fi‘u{%— Example 3.6.5 ¥ 7 echelon form ¢ 3-rd row
&k + 2 4c 7] echelon form 47 2-nd row, £ #- echelon form 71 3-rd row % *+ —1 4c | echelon

form # 1-st row &

211 0 00 100 1 0O 1 00 0 —1 -2
L 100 1t oo ot —200| , 01102 4
1111 0 12 000 1 1 2 10001 1 2

1 2 2 -2 1 2 000 O 0O 00 0 O0 O 0
A iE st A g3 B pivot #f ’é_r__'rﬁ column vectors a},a},a} % linearly independent.
P oajaya; F- BB LT - L 0 entry (7 pivot 2. entry) @ # # » € %% entry

» 0. 2 E g AR T] A 0 column vectors aj,ap,a4. U #+ ¢ &_linearly independent. &
EFEEFAPY RATH 43 matrix [a; a, ag] Hd BHAHES A - KW Ff i elementary
row operation # i ¢ (¥ 3| [a] a), a)]. T ikE oG @A, Fl L oa),a),a) 5 linearly
1ndependent 4 ap,ap,a4 + ¢ A linearly independent. ¥ - % &, & A" ¥ A iE AR b
7 41 a) =a), aj = —a| +-2a) +a; 1% ag=—2a) +4a) +2a;. T Aok B RIZd ik
elementary row operations % LR (kP B NG a3 =ap, as = —a; +2a+ag M %
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ag = —2a;+4ar+2a, TR I REKLE

1 2 1 0 0
0 1 0 1 0
a =az = BE —a;+2a)+as=— 1 +2 1 + 0 =1 =as,
2 1 2 -2 1
2 1 0 0
1 0 1 0
—2a; +4a, +2a4 = -2 1 +4 1 +2 0 =, = ag.
1 2 -2 2

H# 3 2 a3, as,ac € Span(a;,ay,as). #x+v A ¢ column space &
Span(al 732733,34735736) = Span(a17a27a4)'

£ 4c+ aj,ap,aq 5 linearly independent, %3 a;,ay,a4 ¥_A 7 column space 71— % basis.

1% 7 Example 3.6.7 # 40 5 7 3 [f 3P % A i 5 reduced echelon form. ¥ § * =
RAPE Frig column space 71 basis A_d & I pivot #T =¥ A 7 column vectors #7
=, #7120 it 2 echelon form #rig pivot #&7f# column ,]*’v" 1135 3] basis 7. Fpt “f 2E 2 fpe
BL ¥ AcH P column vectors * iz % basis k& 7, - & 7 F & i&- #H {* & reduced
echelon form. ¥ ¢F 2% P & 53 24 504 column space =7 basis # & = ¥| A 7 column vectors
friea @ 2 Hd A i echelon form (2 reduced echelon form) A’ 0 pivot #f ¢ column
vectors #rie . HH_Fl i - LA AR elementary row operations @ #- column vectors %
B entry #7 ##, #1712 echelon form A’ 47 column space © % £ _k % A #1 column space
3

A iz B R column space €0 basis 97 % - B AR, F L% mxn matrix A ] *
elementary row operation it 5 echelon form A’. 3k A’ ¢ pivot variables 5 x;,...,x;, B
d 3> A’ &1 pivot #7 & ¢ column vectors a ,agr % linearly independent * elementary
row operations ¢ #4¥ & column vectors 2 Fé‘* AR R, NP BT A 9 column
vectors a;,,...,a; 7* 5 linearly independent. F 32, d > A’ ehH # column vectors a/J v
& a € Span(a; ,...,a; ), & # A 8 © column vectors a; + {* & a; € Span(ay,,...,a;,).
¥4 ¥ Span(ay,...,a,) = Span(a;,,...,a; ). }* PEF T a;,...,a;, = A 7 column space 7

v

i Vi = :‘% i i H [1 900 i - _'/ _', - Q_—
spanning vectors ® linearly independent, # a;,...,a A &1 column space =1— %

Iy
basis. Vi T g IL,

Proposition 3.6.8. & A€ M, (F) * ay,...,a, € F" i A 7 column vectors. & F|*
elementary row operations #- A i i echelon form A’ {5, A’ & pivot B#c: r, B] A
column space 1 dimension 5 r. ®B3X A’ &1 pivot variables 5 x;,...,x;, B a;,...,a;, 5 A

r

£ column space 71— B basis.

0¥ 4B i column space, 2 s ¥ 4 g 4B i row space. PG YT T K.

i
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Definition 3.6.9. B A= : EF" ¢ g § jag,...,,a 5 row vectors
7 m X n matrix. B] A 7 row space » Span(ia,...,pa), ® * Row(A) k% 7.

4r i@ R A 7 row space £ basis Fi? AP E U B A ¢ transpose AT, Fl i AT h
column vectors ,T.%{A e row vectors, ) AT ¢ column space 5 basis i*uﬁﬁ B3t g A e
row space 9 basis. #7123 ¥ 12 % f column space 1 basis > & #3 AT 1 column space
£ basis, i ¥ ¥ A & row space 7 basis. % iBi& B > BB, FlaAPEET - B
i AT {4 row operations, F]pt ,Tjtdﬂ Z2EIACR KA o column space 2 B B Tk . LT A
fZens 2 i . B¥ A # elementary row operations % F1# A 1 row space #7 basis, #7

AR E R B A row space fo column space 2o B B %

EB 3 Eai BiA A 5B elementary row operations ## % A’ {5, A fr A’ 0

row space ¥ AP . HH_F|EH E qa,...,,a = A 7 row vectors, (4, ,ma LA h
row vectors, B & i ;a’ —,’Ei.‘*'{la Smd ¥ e I AR, AR XBEO0F
AE R EBIEESNDNT - BB 4 1&%5&4 B a 29 % ja,..., a0 REE
& A i&%“r)a i=1,...,m ¥ 3 ;a’ €Span(ja,...,,a). Fl#d Span(ia,...,,a) L F"
subspace # Span(ja’,..., ,a’) C Span(a,..., ,a). FIZ %] elementary row operation &_¥
i e, A4 ¥ 5 d elementary row operations ## = A, #7143 4 F Span(ja,..., ma) C

Span(;a’,..., ,a’). # & Span(ja,...,,a) = Span(;a’,..., ,a’), " T A fv A" § 4 F 1 row

space. #1155 11T ehi]

Example 3.6.10. % & Example 3.6.5 ¥ 74 x 6 matrix A, ¥ §]* elementary row opera-
tion #-2_ it % reduced echelon form A’ (% % Example 3.6.7), £ ja,7a,3a,4a 5 A 1 row

vectors, 1a’,,a’,3a’, 42" 5 A’ & row vectors. 7*
a=[211000),a=[100100,,5a=[111012,5a=[122 21 2],
—[1000 —1 —2],,8'=[011024],;8=[000112,42=[00000 0).

41* Example 3.6.5 ¢ elementary row operations, #* * &= A’ &1 3-rd row za’ €4 A 1 3-rd

row F4 A e 2ndrow ($ & jE2 A &1 2-nd row k F —2 4 3| 1-st row e £, 7R
(3a—sa)—(ja—2a)=3a+,a—1a=[111012]+[100100]—[211000]=3a.

@ 41* Example 3.6.7 ¢ elementary row operations, A’ ¢ 2-rd row 2’ &4 A 1 2-nd row

b —24cF] A l-st row {5 R 4et 2 Ben A ¢ 3ord row e B, 75
(1a—25a)+2(a+2a—a)=23a—;a=[222024/—-[211000]=,a.
@ Al Lt row 12’ £ A 9 2nd row 2 A” 9 3ad row e R, R
—(3a+2a—ja)=1a—3a=0211000—-[111012]=,a"

JEaE A 3 0 17 Span(y@’,,a’, 3@, 4a’) C Span(ja,,a, 3a,4a). F I2 ¥ Span(ia,,a, 3a, sa) C

Span(;a’,2a’,3a’,42") (#* wé 2 7 # & 7). < ¥ Span(ia,a, 3a,4a) = Span(ja’, »a’, 3a’, 4a’),
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79 ja’,a’ 3@’ 4" 5 A f0row space 7 spanning vectors. - echelon form ¥, i3 pivot

girow & 5 Fwe®. A drpivot BHEE 3, T pivot & 24 3w 3 B row ja’,a’ za’, @
4 5 F e, AT pivot #7 B row (4, a’, 34’ ifu? M= A A 7 row space £ spanning

9

vectors. FL* d ** A" % reduced echelon form, # — B row ? pivot #7 =% H © &5
vk Y

row Bi%iE ¥ 5 0, #7121 1a’,a’, 34’ 3 linearly independent. ¥ (a’,,a’,3a" 5 A Frrow

space 17— % basis.

3% % Example 3.6.10 ® 2™ 5 7 3 § 3P % A i* 4 reduced echelon form. ¥ §F
F X A 0 echelon form §r reduced echelon form 3 #p e 7 row space, @ T i pivot i
= Ap ke, “712d dimension 2, F echelon form P pivot #7 1 row vectors 4 € &
A £ row space #1— 2 basis. i = reduced echelon form #4F g A b & F % K A P #- row
space ¥ e £ B = iz % basis shafdE & Fpt T “,% LA B R - A 0 row space P
#7 vectors * &% basis k& 7, B 84 | row space 7 basis - 4L F F F R i
= reduced echelon form. ¥ ¢t 2% i & 33 34 0% row space 7 basis # ¥ 1w 3| A & row
vectors 2 $5. & H_F] 5 - A P AL elementary row operations @ #- row vectors 1 fen

> ¥ 0 P E, 7 row operation I X F #3F row vectors 2o B eP&RUIERE Tk
A -3 B F row space 0 basis 77 % - B RS, F A% mxn matrix A ] *

v

elementary row operation * % echelon form A’. #% A’ “pivot B#ci: r, Pjd 3> A" 3

echelon form, A’ # r & row vectors 1a’,...,,a % nonzero vectors. A’ H & ¢ row vectors
% % zero vectors. d *t elementary row operations ¢ #4% row space, # ¥ ja’,... a’ %

A & row space 1 spanning vectors. * d it % reduced echelon form f§-3; R e A oo
row space 1 dimension % r, #&d Proposition 2.6.11 ¥ ja’,...,,a" 5 A &1 row space -

% basis. 2\ i}’“’ﬁ W e I,

Proposition 3.6.11. &3&X A 5 mxn matriz. &F1* elementary row operations #- A it
% echelon form A’ ¢, A" &1 pivot BEcE r, Pl A 9 row space 0 dimension % r & A’ &
 r B row vectors ja’,... " ( A" ¥ &1 nonzero row vectors) i A £ row space - &

basis.

AP F A * 35 column space fr row space £ basis 7 2 45 — 4 " 7 subspace V

1 basis. 7 £ AP LI IV eh- & spanning vectors vi,...,v,, RisdE - B4 vy v
2 IREEERS S s ¥n

% column vectors 4 EL A= vy -+ v,|[. REELJI* I A 5 column space 7 basis
g7 2 B3]V eh- % basis. A s T BLovl, V)

. » Trow vectors €7 n X m matrix
VT

RiEE A1* 3 B 7 row space £ basis 1™ 2 ¥ 3] V - & basis.

.q

I RPES J’K" TP e e 1 column vectors €07 x| d B {845 e basis AR ken
spanning vectors vi,...,v, ® &g € 74 a fr L if & RJ2 F . basis 0 vectors #_d Rk

spanning vectors ® i Jchf 3. @ | * row vectors 17 ;% d ¥ it L reduced echelon
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form, @ basis #_d ¢ reduced echelon form ¥ 7 nonzero vectors 7% = #7121 g R 4r K ch
spanning vectors & B, 7 if {%if & £ k | %rvnit 5 £ A subspace ™ % &2 #- subspace

il

¢ £ F M basis £ o1 R REL Bdol T k]S

Example 3.6.12. % & R® ¢ s £

2 1 1 1 1
1 0 1 2 -2
V] = 1 V) = 0 V3 = ! V4 = 2 and w= 2
0|’ 1|’ 0|’ -2 3
0 0 1 1 -2
| 0 ] L 0 | | 2 ] | 2 | | 4 |
4V =Span(vy,v2,v3,V4), 3#35 1 V eh- & basis, ¥ % 2 H|¥rw £F AV ¢

o om it A P Ao AL £ % row space 507 3V aJdR ) Al R I VLV, V3,V A
row vectors sh4E'E A, JLPF A ifu{ Example 3.6.10 ® 5 A, 4] * Example 3.6.10 e
T

SO O -

up

=

w

Il
—_——_= 0 O O

PO = =0

-1
-2 | 4 ] | 2 ]

LV é— % basis. AR Fla R KXV ¢ e g 5 column vector eh353% ) &7 - R MIE

AP A ¢ row space £ basis B % % column vectors. &t R P weV F P rEE T

c1,c3,c3 ER # 7 w=ciu; +coup +c3uz. &K

Cl

(&)

(&)

ciu] + w4 c3u3 = ,
C3

—c1+2c+c¢3

| —2c1+4c+2c3 |

NPEIRERE w=Cu + coup + c3ugs, B 1-st, 2-nd ’ff' 3-rd entry Hpe 3 (fé{k_éi”l - ZT\}L{
reduced echelon form hpivot s> %) F 7 ci1=1,c0=—2,c3=3. &#-c1=1,c0=—-2,c3=3

B~ FIE B oentry ¥ &, & w=u —2u+3u3, FoweV.

FAPHES D basis X F HFARE R APT NERESFH P T R FELD row
R e b R - f R R, T G do gt 7 F o0 elementary row operations 4p #H4 % §
it o fRoP-35 F] - % basis. Bdr® - B 53 Example 3.6.12 ¥ H1vy,v2,V3,v4 5 G
= column vectors, #71# &4E 5 6 x4 matrix, @ ¥ J§ = row vectors, 78 B 5 4x6
matrix. #7 FFEE B4 0 Span(vy,v2,v3,V4) - % basis, * row vectors iR T €
W

%z~ BAEL A j¥_Proposition 3.6.8 4= Proposition 3.6.11 % if* i A £ column space

fr row space 3 #p I 57 dimension, 7 ¥ A | * elementary row operations i* % echelon
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form i # pivot (W #c, T A &1 rank. A 7 column space 1% a‘.fi,j* L q_A errank, 33 A

e nullspace R, AP s B4 - FIRD LA, TUT HE R,

Definition 3.6.13. 3 A & m xn matrix. A ¢ nullspace 7 dimension £ & A 7 nullity,
2z 5 null(A), 7 % null(A) = dim(N(A)).

& ¥ &, ¢ Proposition 3.6.8 v Proposition 3.6.11 # i* #rif rank(A) T 5 A | *
elementary row operations i* 3 echelon form 7é 2 pivot =i #, m ¢ Proposition 3.6.4 #
7 &rig null(A ,T* %_homogeneous linear system Ax = 0 7 free variables =i &, T A
column i #jF 4 echelon form 7 pivot T #c, F|t 2V 5 12 T v Dimension Theorem (&
#-5 rank equation).

Theorem 3.6.14 (Dimension Theorem). B3k A i mxn matriz. B

rank(A) +null(A) =
Question 3.12. B3}k A i nXxn invertible matriz. 3# % rank(A) 142 null(A).
Question 3.13. BE& A € My, (F).

(1) #H>»Eg veF" Bz > e AXx=v ¥ 3 f&, #& % rank(A) /2 % null(A).
(2) Frtvel" #Em> > e AX=V F *&- f#, ¥ % rank(A) ™ 2 null(A).

Proposition 3.6.8 4 37 #% * A ¢ column space (58 :T‘!rL{A sirank, 7 dim(Col(A))
rank(A), @ Proposition 3.6.11 2 3 2% i dim(Row(A)) = rank(A), %] ¢ ## dim(Col(A ))
dim(Row(A)). = 'T}uﬂ"‘éh— B 4E "L e column space fv row space F 4B R . Y BE
A ¢ transpose AT. 4 ** A ¢ column space %{AT e row space (¥ A €7 row space ,T‘ e §_
AT ¢ column space), #7172 2 i 4 rank(A) = dim(Col(A)) = dim(Row(AT)) = rank(AT). #3
v e T
Proposition 3.6.15. EX A € M, (F). R

dim(Col(A)) = dim(Row(A)) = rank(A) = rank(AT).
7] % elementary row operations # A 12 % AT v 5 echelon form &, v e pivot B

#oAp e

Question 3.14. B3k A 3 mxn matriv. F#EP null(AT) = m —rank(A).

A&, #73t Proposition 3.6.15 ez P | F E & & &HFP {1 * elementary row operations
#-A v 2 AT i % echelon form {5, ¥ 0 pivot BHARR, € F A0 F DFEA. © R B
B 4E4E 5 column space 1 % row space =7 dimension # 4, )J'* RE b fRl HRF I HER
R, G R R AR LA A LA has- wrmmm

¥ g Jr@ﬁ;fh.\,-x?*‘ HAEH iR Fl. B A P il kT s BB
AR 3k 14 rank g BE R
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Proposition 3.6.16. H&X A € M, (F), B € M, (F). R

1) Col(AB) C Col(A) ® rank(AB) < rank(A).

3) # E € Myxn(F) % invertible, #] Col(AE) = Col(A) * rank(AE) = rank(A).

(1)
(2) Row(AB) CRow(B) * rank(AB) <rank(B).
(3) #
(4) #

= H € Myyxm(F) & invertible, B] Row(HA) =Row(A) * rank(HA) = rank(A).

Proof. £ A 4v B & column vectors & % 5 aj,...,a, f= by,....b; ® £ A v B &7 row

vectors & B 5 1a,...,na fv 1b,...,b.

by
(1) & % % Col(AB) = Span(Aby,....Ab;), a iz b=| @ |, A7
bn
| [7 |2
Ab= |a; --- a, : | =bja;+---+bya, € Span(ay,...,a,) = Col(A).
| |1 |

F]pt Ab; € Col(A), V1 <i<I. ¥ ## Col(AB) = Span(Aby,...,Ab;) C Col(A). # % 2
Col(AB) % Col(A) 71 subspace, #xd Proposition 2.6.11 (4) 4 rank(AB) = dim(Col(AB)) <
dim(Col(A)) = rank(A).

(2) & % % Row(AB) =Span(1aB,...,,aB), a 5 & a=[a; - a,), &7
aB=[a; - a : =ai(1b)+---+ay(,b) € Span(;b,...,,b) =Row(B).
N b —
n

714 ;aB € Row(B), V1 <i<m. F]}* ## Row(AB) = Span(jaB,...,,aB) C Row(B). # % 2
Row(AB) % Row(B) ifisubspace, #xd Proposition 2.6.11 (4) % rank(AB) = dim(Row(AB)) <
dim(Row(B)) = rank(B).

(3) fI* m & (1) hjg % 3% i & Col(AE) C Col(A).
A(EE~"Y=A. £4]* (1) % Col(A) = Col((AE)E~") C
* d dimension {¥ rank(AE)dim(Col(AE)) = dim(Col(A

% invertible, ¥ & (AE)E~! =

Co ( E). T3t 8% Col(AE) = Col(A)
)) rank(A).

(4) ﬂ@v TG (2) ik % A i 4o Row(HA) CRow(A). F] H 4 invertible, % & H™'(HA) =

(H'H)A=A. £ 41* (2) % Row(A) = Row(H ' (HA)) C Row(HA) Ft 7% Row(HA) =

Row(A) ¥ ¢ dimension & rank(HA)dim(Row(HA)) = dim(Row(A)) = rank(A). O

A&, & Proposition 3.6.16 (3) ¢ A 4 § E & invertible ¥ rank(AE) =rank(A), +

p F dim ( W(AE)) = rank(AE) = rank(A) = dim(Row(A)). # iz % * % Row(AE) =
Row(A). A_% % Row(AE) v Row(A) A« 3 & 7 B %, | ¢ dim(Row(AE)) =
dlm(Row(A)), » & ;%1818 Row(AE) =Row(A). kI % Proposition 3.6.16 (4) ¥ i 4
ig § H 5 invertible p¥ dim(Col(HA)) = dim(Col(A)), iz Col(HA) = # « %% Col(A).
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Question 3.15. #4576+ AE € M3,3(R) ## E i invertible & ¥ Row(AE) # Row(A),
Col(EA) # Col(A). (Hint: ¥ g E 5 elementary matriz.)

Question 3.16. #* B~ ¥ &' ch 2 1% Proposition 3.6.16 (1) ™M (2), = 1% (3)
#E(4).

Question 3.17. #Ef* Proposition 3.5.7, ¥ invertible matriz & ¥ % = elementary ma-
trices sk f4, @M Proposition 3.6.16 (3), (4).

22 November, 2018



