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4.2. Kernel and Range

Linear transformation d ** 3 i ## linear combination 4% B, #7111 v § i T &K ¥ &
# R ¥E ¥ 9 subspaces. iz - & ¢ NP F & F3H - B linear transformation #7 {8 F|
5% i & & o subspaces, “null space” v “range”, I f|* &% § subspace k4% 3t linear
transformation # ¥ &3 gk,

BAHEY - LD T VW, BT RFP VP aF LS APRp Rdgd
BTS)={T(V)eW|veS)} - f&%@,?,ﬁ&q\ﬂ%—%p saﬁm? 14
GthA e A kT E R L. B HONHEE W P hT B A S APy gL
T1(S)={veV|T(v)cS} ki &, T"T*bk”l(ﬁ%”rﬂ EEREY s 2 &
SR RFAET(S) §EAHRBEW P 3B E A T () §

LA T WET(S) P, e xTd7 wWAS? EBAZET pstorid,
#HE w=T(v). *T2 T(S)» ¥ 47 = T(S)={weW |w=T(v), for some v
A TS) 5 Wahr g AP «g LTS - e

m
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d »* linear transformation e4% ¢ | % T:V — W % linear transformation pF, 2% i & /3
% g V) &V ¢ subspace PR, 4 1*5'\?&;\ E 2

TV)={T(v)eW |veV'}={weW |w=T(v), for some veV'}
. R ikahE Wi W g subspace, s & T f2
T'\W)={veV|T(v)eW'}
Gl R ARG T B

=]

Proposition 4.2.1. &3&X V,W % i vector space over F 2 T:V —W % linear transforma-
tion. & V' 5V & subspaces, Bl T(V') £_W &1 subspace. ¥ ¢+, & W' 5 W =1 subspaces,
Pl T-Y(W') E_V & subspace.

Proof. 2 2 & AP T(V) § LW h3 B &, a T/(W) €8V ch3 B £, @miE3
HM v i 5 subspaces, 4| * Corollary 2.3.3 AP &M, 2 ww eT (V) 2 reF, Bl
wHrw eT(V) s g vwveT Y (W) 2 reF, ol v+rv e T-H(W).

FALHA -, FAPRW P - pe B wAT(V) P, 27hhveV #
w=T(v). ¥ ”*—Zz’w,w ETV), RlEvveV @8 T(v)=w,T(V)=w. }FEH" rek,
A w+rw =T(v)+rT (V). £41* T 5 linear, ¥ wH+rw =T(v+rv/). R &iEx V/
% V e subspace, tgxd v,V eV vt eV BF& w+rw =T(v+rv') e T (V).

F-23ag, 2 vwWweT '\(W), 275 T(vV),T(V)eW' ppEgtsr reF, d * T 5 linear,
A T(v+rV)=T(V)+rT(V). 2Ra &KX W 5 W i subspace, wed T(v),T(V)eW
G T(V)+rT(V)eW. Flptd T(v+rV)=TNV)+rT(V)eW', @& v+rvV eT ' (W), O

Ful, a2V =V e W ={0} &3 BHEHRETE, T

T(V)={weW|w=T(v) forsomeveV} and T '({0})={veV|T(v)=0}
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i¢® B subspaces, 7 1 f2 T i& B linear transformation 22§ 7 §er. AP LLiea B
subspace 7k 1 & fi.
Definition 4.2.2. B3 V,W ¢ i vector spaceover F ¥ T:V —W % linear transformation.
(1) i H W e subspace T(V) & T 0 range (» #-% dmage). & F 2 * R(T) (&
im(7T)) *#%5 T 7rang.
(2) 2L V o subspace T ({0}) 5 T ¢ null space (5 #5 kernel), 3 ¥ 24
N(T) (2 ker(T)) k %57 T = null space.

B A2k linear transformation i range. B3k T:V — W 5 linear transformation.

d Proposition 4.2.1 2V i & T 3 range R(T) W ¢ subspace, w4 dim(R(7)) < dim(W).

% dim(R(T)) = dim(W), R iz Proposition 2.6.11 & LLB% R(T)=WwW. ~ )*Ih{;n.ﬁ%‘ xR e
weW,d 3 weR(T) #z&aFhveV @8 w=T(v )J‘*n—\éﬁaﬁ‘“l%T % onto. ¥ -
%, % T % onto, Pliz TLEHINETZ weW, veV @@ T(v)=w#&® weR(T), #
# WCR(T). £41*% ¢ & R(T)CW, #% R(T ):W. A T el

Proposition 4.2.3. Bx T:V - W % linear transformation. B T % onto & F v& %
dim(R(T)) = dim(W).

— AR, AP R e - BB F S onto i & FILH range £.F ,T*u{ codomain
(HEr). H3 - LS i F 5 onto 7 PP 7 % 5. 7 i Proposition 4.2.3 £ ¥
AP ¥4t linear transformation, ¥ 72 #d U &7 range 0 dimension k ¥|%r&_F % onto.
I el &g — B linear transformation 7 range ¥ 7 i T B
Proposition 4.2.4. B3X V.W ¥ i wvector space over F ® T:V —W % linear transfor-

mation & vy,...,v, €V 5 V &= 8 spanning vectors. B|
R(T) = Span(T (vy),...,T(Vy)).
Proof. %k weR(T), 27 5 veV @ # w=T(v). * F] vy,...,v, &V - % spanning
Fhcp,, e €F, BE v=cvi+ vy Flt I T 5 linear 7
w=TW)=T(c1vi+-+cvp) =c1T(vi)+ -+, T (vy) € Span(T(vy),...,T(vn)),

### R(T) CSpan(T(vy),...,T(Vs))-

¥ - 35, % weSpan(T(vy),....,T(Vn)), 27 F L cp,-,c, €F, ® @ w=cT(v]) +
4y T(vy). FltF1* T % linear ¥

w=c1T(vi)+-+c,T(vy) =T(c1vi+--+cuvn) € R(T),

#3 Span(T(vy),...,T(vy)) CR(T). Fl#*#P 7 R(T) = Span(T(vy),...,T(Vs))- O

X1
Example 4.2.5. (1) ¥ g T:R - R> 2% 5 T(| x |)= [Ei—ii

X3
¢ A e 5o T - % linear transformation. 4 j& % % % R3 ¢ standard basis {e},e,e3},

]. # Example 4.1.4
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cemn [ nf- -1 oo [ s s

spanning vectors, d Proposition 4.2.4 # i 5 R(T) = Span( } ,

% onto.

X1
2 ¥ m T:R> =R T 4% T([xl }): xi+x | xF b &% T £- B linear

X2
X1 — X2
1] ! 0
transformation. % & %_% % R? ¢ standard basis {ej,e)}, #* i 1 T( [O )= |1}, T( ):

- 1
0 1 1]
1 |. 4 Proposition 4.2.4 2 3% R(T)=Span(|1|,| 1 [). &3 |1 % linearly
-1 1 -1 1]

independent, # # dim(R(T)) =2. ¢ Proposition 4.2.3 %= T % £_onto.

Question 4.4. BX T:V =W & linear transformation. & dim(W) >dim(V), Bl T 3 #

i &_onto v ¢

Question 4.5. BX F A_field ¥ A€ M,«,(F), ¥ J& linear transformation Ty : F" — " 2_
& 5 Ta(v)=Av,VveF". 4 F" ¢ standard basis {ey,...,e,}. @F#HP R(Ty) (T Ty
rang) §= Col(A) (¥ A 7 column space) 2- B erif .

£71 % 4F ¥ & - B linear transformation T e range 3 {0}. p &7 T #9775 T HE
vy PRI 0, 7 T(v)=0,VveV. gk linear transformation, 2% i iz 1§ &, 7 4L

2_ 5 zero mapping.

Question 4.6. H&X T:V —W % linear transformation & vy,...,v, €V & V - 8 basis.

WEM T % zero mapping % £ v&g T(vi)=---=T(v,) =0.

BT ok A e —fg null space £ linear transformation ek . #B&K T:V — W % linear
transformation. % T % one-to-one, d 3t ¢ &= T(0) =0, zt53 ¥ it p $Ehm g v iegFE
T(v)=0. 1@ 7 8 N(T)={0}. 27 FEX N(T)={0}, » ¢ @ % T 5 one-to-one, & i*

yREAL m,ﬁfg%.

Proposition 4.2.6. H3X T:V =W i linear transformation. B| T % one-to-one ¥ T *&
% dim(N(T)) =0, 72 N(T) = {0}.

Proof. & ¢ &r§ T % one-to-one F¥, % ¢ 5 2% » £ p 3+ 3| 0, zx& N(T) = {0}, ¥
dim(N(T))=0. ¥ 2, § dim(N(T)) =0, ¥ N(T)={0}, ¢+ ¥ T # H_one-to-one, % 7+ %
hvvVeV BEvAY & T(v)=T(). & > T % linear, {8 T(v— ) T(v)—T()=0,

U

7r TR V_V’QT—I({O}): (T)={0}. B3] v=v 24 F’ ##E#E T % one-to-one.

Example 4.2.7. 2 834 Example 4.2.5 ¥ 7 linear transformation £_F % one-to-one.
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X1
)4 T:RoR %45 T(| x ):[J‘IHZ].;VZ eN(T), %7 T(v) =

X1 —X
X3 3

L—— o & 9

a ! 1
r(|b ):[Z“j:[g ,#& @ atb=011% a—c=0, F ¥ @ |1 €N(T), &= N(T) # {0}
c - 1
[ 1
(FF 2+ N(T)=Span(|—1])). #r2 % T * E_one-to-one.
1
X1
(2) ¥ B T:R* >R 4% T([i; ]): xXi+x2 | B V= [Z} eN(T), %+ T(v)=
X1 —X2
a 0
T([Z]): at+b| = [0|. %® a=0a+b=0112%2 a—b=0, ¥ a=b=0. Fp7 &
a—>b 0

N(T)={0}, #rr2 d Proposition 4.2.6 = T &_one-to-one.

& ;1 & Proposition 4.2.6 2 T % linear transformation 4 if * . &l4r f(x) = x> lf
2, 828 f10)={0} (M5 73 % x=014 @ L=0) & f(x) 3 L- #- (o4
f)y=f(-)=1). FF A APg f(x) » & linear. #7120 § f # &_linear transformation
P73 oacd f1({0}) k2% 8 F 5 one-to-ome.

Question 4.7. Proposition 4.2.6 ¢ 98— B 7% 3| T 5 linear 0k ¢ &4 T 5
one-to-one 1818 N(T)={0} B &d N(T)={0} & T 3 one-to-one?

Question 4.8. X T:V - W & linear transformation. & Question 4.6 » 3 sy T
= zero mapping o T 0 range hE W M . (i3 T 5 zero mapping fr T ¢ null space
ZEE N B

Question 4.9. BX F 4_field * A€ Myn(F), % J& linear transformation Ty : F" — F™ =_

H 5 Ta(v)=Av,Vve " 2Zmp N(Ty) (7 Ty 0 null space) v N(A) (7 A 7 null space)

2 %,

HA - g fie, & X% H F 7 5 onto & &_one-to-one I F F 5, e d T % linear
transformation P¥, Proposition 4.2.3 fr Proposition 4.2.6 #% 2\ 7 — B @ { 0= ;2 2% T
4_%F % onto £ #_one-to-one. -~ if‘u—i’\?ﬁji i R(T) 42 N(T) enla g 77 . %2R R(T) v
N(T) it e € &, S f 11T hi k.

Definition 4.2.8. B3& V,W ¢ i vector spaceover F ¥ T:V — W % linear transformation.
(1) AP # T orange R(T) sk 5 T 7 rank, 35 rank(T).
(2) 2474 T hnull space N(T) g & T 9 nullity, 32 nullity(T).
Question 4.10. BX F &_field * A € Myyn(F), % J& linear transformation Ty : F* — F"
&G Ta(v) =Av, VveF". ZEP rank(Ty) {r rank(A) ™~ %2 nullity(7y) = nullity(A) 2= @&

PRk T
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% Question 4.10 # 2% i 5 F| matrix £ rank {o nullity - linear transformation £ rank
fe nullity B % 7. " matrix 5 rank v nullity #* 3 #73} 9 Dimension Theorem (%

2L Theorem 3.6.14), %% linear transformation %+ 3 17 g 3@

Theorem 4.2.9 (Dimension Theorem). #&&x V,W % i vector space over F, 2 ¢ V 3

finite dimensional. % T :V —W % linear transformation B

rank(7') 4 nullity(7') = dim(V').

Proof. 3% uy,...,u, € N(T), 5 T ¢rnull space g1- % basis. ¥l uy,...,u, 2V ? P A
linearly independent, #d Proposition 2.6.6 533 & vy,...,v, €V & & {uy,...,u,,v,...,Vy}
% V eh- & basis. VL PF nulhty( ) = dim(N(T )) n® dm(V)=m+n. }PEHEMD
{T(v1),....,T(vn)} € E_R(T) c— ‘& basis.
B A#EP Span(T(vy),...,T(vy)) =R(T). @ Proposition 4.2.4, 2% i &
R(T)=Span(T (uy),...,T(w,), T(vi),....,T(Vp)).
Ao ap,...u, €N(T), = T(wy),...,T(u,) # 5 W7 ke, @

R(T) = Span(T(v1),...,T(Vm))-

=T kAP EP {T(vy),...,T(vy)} % linearly independent. &3k {T(vy),...,T(vy)} #
¥_linearly independent, 7 5 & c,...,cy €F 2 25 0 @ 7 ;T(vi) 4+ +cnT (V) =0.
P pEd T % linear transformation 4v T(c1vy + -+ Vi) =0, F1#* 1 c1V) + -+ ¢V € N(T).
Aa {uy,...,u,} 5 N(T) enbasis, #&c35 e dy,...,d, €EF @& 7 c;vi+-+ Vi = diug + - +dyuy,
g
du +---+du,—civi——cpV = 0.
ko {uy,...,u,,Vy,...,Vy} 5 linearly independent, ¢ {8 dj =---=dy=c1 =+ =c¢n =0.
B, em P25 04F 5, & ®# {T(v1),...,T(v)} # linearly independent.
FR AT (v1),...,T(Vm)} #_R(T) ¢~ % basis, # 73 rank(7)=dim(R(T)) =m, =& &
rank(7') + nullity(7) = dim(V). O

Tom R - LSk, BFHEFE 5 onto & E_one-to-one I F F 5. @ 3% linear
transformation, 2% i ¥ 12 %%'r* FH range 2 null space &% i subspaces * 7 fFigudt BF 4.
@ Dimension Theorem £ %3\, © £ 7 f% range % null space &/ # subspaces ¥ H ¢
- 11}7TJ&E’J1 THAY - B

Question 4.11. X V,W ¥ 5 vector space over F * dim(V)=dim(W). & T:V W i

linear transformation, 3 T &_ one-to-one ¥ £ &% T % onto.
)V
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