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6.5. Direct Sum

% V H - B vector space ¥ Wi, W, i V e subspaces, 4% 4 i Wi+ W, e 4.
FEW+W, 84 W, Wa ¥ e £ 97 E S e £ 2 B 32 2 Wy 40 basis ¢ Wy 0 basis
BEAL KT B S W +Wo. 2 BT P8 LAk A € linearly independent. #7142
- € AW+ W, s basis. £ %[ § &% 2 basis - 42 ¢ &_linearly independent, % i ,T*u;ru
Wi +W, E_W, W, & direct sum 2 % Wi OW, % 77.

Lk 4 V ¢ subspace W EE 5 W, Wy o direct sum Wy &W,, § 2R p A& & &
Wi+Wo. & B3RAM G W fo W,W, ~ J*I“L{?’uf‘\ PEEHE W P ha R AT T
Witwy, B¢ W CW, WaCWs (547 WCW +Ws). ¥— =&, Rt Ei weW,
W EW, ¥ B E wi+weW (&% F WOW +W). #&%ﬂ%ﬁﬁﬁﬂ—sw»}*&frw # B
oA ERAE WL W, RAB GG AN A B ERERLE R E WOW = {0}, @

A F 5 Aok (W, Wa,...,W,) & W) - & ordered basis, (W)....,w}) & W, - & ordered

W =
B o

/
N

P2E 0 RE Wit oW AW 4 dswy =0, T w4 oW, = —(diW) +
cdgW) EWINWa. FlCE WinWa ={0}, ¥ {8 cywi+--+ W, =diw) +---diw,=0. £
4+ {wy,...,w,} % linearly independent 14 2 {w/,...,w,} 7 % linearly independent, ¥
He==c=d=-=dy=0 &%+ EXCc,. . .,cnd,....dg 7 25 04073 7,

W / /
(Wi, W WL W

basis. % (Wi,...,W,,W|,...,w,) % linearly dependent, i& % 7= % & ci,...,¢nd1,...,ds €F

) % linearly independent. » i &, ¥ (Wi,...,W,,W|,...,w,) 3

linearly independent, g WiNWh # {0}, 2 7 53 A vEW NWL, & v£0. Ra FlveWw, *

{wi,...,w,} 5 Wy éh— % basis, &3 cp,...,c, EF 8 8 v=ciwi+--+c,W,. * F]vA£0,
Lo, 0 P25 0 FEYEFAL,...,dyeF 3 25 0@ F V:dlwll—f-“-—f—dswg. 7R
m =Wt oW =diW -+ doW, B (WL, W, WL W) 5 linearly independent

i a e WiNWs # {0},
AR A B subspaces € direct sum 485 I { % B subspaces 7 direct sum. &4

Wi,...,W & V & subspaces, 38 ¥ 114 B

Wit W= (Wit we | w e Wi Vi= 1, k)

>

- B subspace (f£& Wi,..., W &1 sum). foiv 6 — fheh, B 475 hi=1,... k 2P
7 Bi = W chibasis. Vi F F Rigd By, B B 'A"ii‘%g{wl"i_'”—FWk 7 basis. %
oA B subspace fFin- fk, B- WA - g2 FREFEZ AT P 7 ¢4 linearly
independent. 4% ¢ i § £ linearly independent, # i* 45 Wi+ + W L Wi,... . Wy &
direct sum, * Wi @--- oW k& 7. F5 Bi,.... [ te- Al e L chipi g L5 B [ 7
w8 B d (T dim(W,)) 4o - A2 (T dim(Wh) +- -+ dim(We)). #7003 Bryoo e A2 g
Wi+ + W i basis, BI¥

dim(W1 +--- 1t Wk> = dim(Wl) + -t dim(Wk).

f{«z'rj‘:’_i&’* T %N IT 5 direct sum PEE.



6.5. Direct Sum 167

Definition 6.5.1. B3k V % vector space ® Wi,...,W, & V ¢ subspaces. &
dim(W; +--- + W) = dim(W;) + - - - + dim(Wg ),

PIFE Wi+ + W Wy, W i direct sum, * Wi @--- W, k% 7.

B &S B2+ o subspaces #.F ¥ A5 2 direct sum I # ik & B B subspaces
MEZHATVIPSRETT. B4 A subspaces Wi, Wo, W3 £_F ¥ 25 = direct sum % it
WHELE WINWanWs={0}. F1id WinWanWs = {0} %<7 @ W,NW, = {0}, ~
,»I»ugjb Wi, Wy 37 i #7225, direct sum ¥l B W Wo,Ws 1. R RGRE K
WinW, ={0}, WinWs; ={0} 4= W3NW, = {0} TJ’C? M H @2 R Blde V =R?2 il
a5, %4 e =(1,0), e=1(0,1), ¥ & W, = Span(e;), W, = Span(e;) 12 %2 W, = Span(e; +e;).
HELAWREF i£]BEWNW={0}. LEELT W,W ¥3;3% direct sum T R? =
Wi+ W, =W, oW, & &z 47 W,Wo,Ws ¥ 3= direct sum. £ F + RZ=W,+Wr +W;
e dim(R?) = 2 # dim(W;) +dim(Wp) +dim(W3) = 1 +1+1=3. HF & - skenfhm, 4
W=W+W,, Bld WinWa={0} #xW=W, W, e EE3 W +Wo+W;=WaW;, B
FERE WNWs =W +Wo) W3 = {0}, iefrd Mg & WiNW; = {0} v WonWs = {0} (r
WiUWL)NW3 ={0}) 2.7 - tkern. d L ¥ 2o 4 { % subspaces €_F ¥ 352 direct sum ﬁ}u

[4edf e, AT hRILLA P - BiF skeh kgD

Proposition 6.5.2. E3& V i wvector space & Wi,....W & V & subspaces. B Wi +---+
We=W@®---OW, FErEE TP W,..., W, ? 2L E w £ % 5 linearly independent.

Proof. 5 L X Wi+ +We =W &---®&Wi. %3 & Wi,...,W; & linearly dependent #
Pow,eW, Eowi£0,Vie{l,... k}, ig& 74 W,..., W 0 basis #7 B & £ linearly
dependent. izfe dim(Wi +---+ W) = dim(Wy) +--- +dim(Wy) 2 BK ARG 5, #5050 Wi,..., Wy

% linearly independent.

F2, B8P Wi+ AWe=W - oW, AP EEEPF Wip,....,Wim = W -

% basis. # Wi,..., W ehiz k 2 basis Jc 8 - A28 T 1 Wi, o, Wimseo s Wil oo, Wom,
i &_linearly independent. P& I§ &, 2% L B3R Wi, ..., Wi, s Wil,. .., Wi, 2 linearly
dependent. 7 ¥ F &3 2% 0 ¢ 1,....Clmyy--vs Chds---sChom, €F & 18

CLAWL L+ Clm Wi+ C i Wi 1+ =+ Clom, Wiem, = 0.

PEFEEIER IE {1,...,/{}, AP L ow, = Ci Wil + -+ Cim;Wim;- Fptod A Wils-esWim EY
linearly independent, 4v% c¢ii,....Cim » 2% 0, ¥ & w; #0. 2 d > w,eW,. &2 7
Wi,...,W; w - 2 w;eW; 3 5 0 it ¢ & linearly dependent. e i higk 2 #, =& ¥
AT I, O

% Proposition 6.4.1 #% i &rig ¥t - B 4EL (& linear operator) # eigenvalue 4p £
e eigenspaces 2. i T E 2% » § (I eigenvector) #% ¢ A linearly independent, %]
d  Proposition 6.5.2 3% if* 5r eigenvalue 4p £ =7 eigenspaces ¥ 75 = direct sum. IR K

My, €F 5 A€My, #77F 0 eigenvalues, R iP 7 1214 g iz it eigenvalue #7¥ Ji& eh



168 6. Eigenvalues and Eigenvectors

eigenspace ¢ direct sum Eq(A4) @ - ©Ea(A). F15 E X A ¢ eigenvector 3% § & & B
Es(Ai) @, #7141 A %75 eigenvectors *TB e £ 2 B € ¢ 7 & Eg(M)® - - DEA(Ak). ¥
Tl 3 Eg(M) @ DEA(A) ¢ bR e ERELA - i elgenvectors L’fr R

2 A Eg(M) @ DEA(A) € ¢ 7 73% A 1975 eigenvectors #7E =& the £ C Fp Ay

P i

Corollary 6.5.3. & A€My, £ A1,..., 4k €F 5 A #7% 9 eigenvalues. B] A %7 F
eigenvectors #TE = e £ 2 B E 3 EA(L) @ - DEA( ). #Wlen, 5 A 5 diagonalizable,
Al F" = Ep(M1) @ D Ea(Ah)-

Proof. # i &M A diagonalizable i, rEFRITE YIS - 2d A h
eigenvectors #73) = e basis. %3 2. " ¢ 2t E i‘%"ﬁ? B = A - & eigenvectors 2.
fe, 7w " if H_A 975 eigenvectors *TE 2w E 3 F. @R F'=E,ML)&---&
Ea(A). O

Question 6.7. % V 5 wvector space over F & T:V —V % diagonalizable linear operator.
£ M,..., M €F 5 T %75 0 eigenvalues ® Ep(A4) ={veV|T(v)=Av} & A “TH kD
eigenspace. 7#FFEM V=Er(M)®---DEr(A).

¥ Vi, Vo LV - basis B4 vy, FES VP R R 4RE LR
Vi,...,Vy 5@ e L X d v, ..V, {linearly independent ¥v V ¢ g% B = vi,...,v,
PR M e L ErE— h @ F V7 48 & subspaces Wi,..., W, ¢ direct sum FF, o
V=W + - +W, v EV? mm—%i‘rﬁ?u B o Wl,...,Wk P E 2 qes A W, W
¢t 7w £ & linearly independent i B4 H 4 ¥ hVEsaEgEs W, W ®
A F 2 fenB s frE- g f§ H kR direct sum P A F LR A _HE- basis P A d

vectors 42§ ¥| subspace. i G T 2 g 3L,

Proposition 6.5.4. & V i wvector space * Wy,...,Wi % V &1 subspaces. B V =
WD OW, EErEE ¥ TR veV ¢ feri - w,eW,i=1,....k @8 v=w;+---+wW,.

Proof. A BEX V=W @---dW. ¢ P BRI V=W +---+W, FILHETIL veV
P EweW BE v=wi 4+ +wW REPE-M TEXGFALEY - EZweW @
Bov=w+-+w APEHEFTE. LEFETE (Wi—w) -+ (W—w)=0. @
wi—wieW, 2 irEk e e je{l,... k} @8 w;—w,£0, & ¢ @ 32 Proposition 6.5.2 #f
# Wy, Wy @ 025 % % £ € linearly independent 4p 3 F. Flut 73 rE - 2

F2  BRHERL veV ¥ Fhri-hw,eW,i=1,... kT v=w +---+w. Bld 5
APV =W+ W, IREEFEP W,... W, ¥ 3= direct sum. §|* Proposition
6.5.2, AP REP W,... W ¥ 2% % & € & linearly independent. 2% i iv 2k # & 352
Bk - 2 W, W ¥ 922 % w £ & linearly dependent. i#4 7zt E e ¢ 5 &
-Bw,eW; 886 W, ndap@mMmides 22w, €572 (- ALw,
V- fBE W, thchg £2 4e), BiF A EvE- 2 BRARE, @B W, W, ¥ 353 direct

sum. 0
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% — B linear operator T :V — V #_diagonalizable p¥, % Question 6.7 2 &g V #
B = T e eigenspace 7 direct sum. Flpt § %2 veV, d Proposition 6.5.4 % ¥ 12 -
VEBS v+t 2P v eEr(A). B

T(V) = T(Vl +~--+Vk) :T<V1)+--~+T(Vk) =AMvi+- v

d 3> T:V —V &_linear operator, H &3 Z 3B, FIpAPv L F g T s . i
¥FaAper T2 k47 T T ihe *adk, ¥ T2=ToT. + RS T?(v) =T(T(v)). F&
B G eht 3 E I T A linear st i, ¥ 8 T2(v) = APvi+- -+ A2V T ke, $430
meN, A4 T" 474 m B T & =42 %k linear operator, #7123 ¥ {7

T™(v) = A"y + -+ A"V, Vm € N (6.6)

wERWES AR E F T, T, 8V ¥| W i linear transformation, # ¢ V.W % over F
vector spaces, B|2 ¥ % T\, chsp e & @ His 5 V 3 W & linear transformation.
» /T*uf‘?;;’u, F e, eF, #3rEg veV, AP & (i +ahh)(v)=aTi(v)+ (V). §
T :V —V &_linear operator, # i 4 T2 73, T™ % idy % 5 & & V + 0 linear
operators. #T AL VLY B U P GRMEE LS WL T cp,Cn_t,...,C1,c0 €F, AN
B emT™ +cm1T" V4 ¢ T + coidy i& B linear operator d 2rie B R ELT Bk ;7,3‘ - L
LB T - BAREAETF 3AN f(X) =™ toma X+ Foxtog, RS HEF G KT

linear operator & =
F(T) = cnT™ + ey T™ '+ -+ 1 T +coid,.

EFV=vit+ootv, B¢ vie Er(A) (7 T(v;) =A4vy), Bl f(T)(V)=cnT"(V)+--+c1T(v)+
coidy (v). F1#* 383 6.6 112 coidy(V) =cov=co(Vi+---+ V), #F B v; ikt H7 (7

F(T)V = (cnA" 4 F 1A +co)Vi+ -+ (e + -+ 1 b +co) Vi = f(A) Vi + -+ F (M) vk

TS % & f(x) T ¢ characteristic polynomial PFiF 5|3 48, 5 10T g %

Proposition 6.5.5. X V i vector space ® T:V —V i diagonalizable linear operator.
4 T 0 characteristic polynomial pr(x), &3 pr(T):V =V & zero operator, 7 %t
Z& veV, pr(T)(v)=0.

Proof. F1%i T:V —V % diagonalizable, B3 A,...,. 4k € F & T 3973 eigenvalue, ¥ ix
LveV, ApaFhv,eEr(A) B F v=vi4+- 4V d a7 2SN P pr(T)(v) =
pr(A)vi+-+pr(A)ve. @ = B T & eigenvalue 3% ¢ £ T ¢ characteristic polynomial
pr(x) - B, TR pr(4)=0,Vi=1,....k. #% pr(T)(V)=0v;+---+0v=0. F%
pr(T) i& 1 linear operator #¥-#73 veV ¥ p &3] 0, 7cH 5 zero operator. O

#X Proposition 6.5.5 # % T &_ diagonalizable linear operator, ¥ § } v - 4&
9 linear operator » € = %, LE')I/D H 73} 0 Cayley-Hamilton Theorem. # i § & T - & 1
Fitie L - Sehfi A, B owm AP L Kk A #4731 diagonalizable linear operator e B i 4 =

diagonalizable matrix w33 .
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Bk A € Myy,(F) 5 diagonalizable, 2% i 5 7% % invertible matrix Q # ¥ Q~'AQ %
diagonal matrix D. 3= 2., A7 WA B2 A=0DQ" ! 4 FpApET E

A’ =(0DQ " (0D0™ ") = oD*Q 7.

PF' /EE'% EN P ngJ Am_QDmQ_l. Fé:’;\‘~E'ﬁ: LR n? "_].', F."f:j‘&-.frgﬂi
AP RT LE S B A D Fpt R & e Q e O,
0 A{Iﬂ
A FMIW um;r;z, Ed A" (7 QDO 7Y, A A B A T
—1 4
Example 6.5.6. ¥ g3 ¢ B=| —1 3 1 |. & Example 6.4.4 3¢ 7% 11 O0~'BQ =D,
-1 2
2 1 2 1 00 1 -1 -1
A9 Q=10 1|2 D=|010|[. Q=] 1 -2 0 |,"iFT
0 1 1 0 0 2 -1 2 1
2.1 2 1 0 0 I -1 -1 —61 124 62
B=0oD°0'=|1 0 1 01 0 1 -2 0 |=| -31 63 3l
01 1 0 0 32 -1 2 1 =31 62 32

#H3 A€ Mnxn(F), BEr- GBAF o fogss f(x) = mem—i-Cm,lxm*l +-4cix+c, P
PV A f(A) :CmAm‘l-Cm—lAm_l +"'+C1A+C()I » jl"}{,’i_ ijj Je CjAj Bl 2 iR
LHBIT o ¥ coly B et - K f(A) € £- B nxnmatrix. RE A=0DQ!, A i

J—g] m—‘—‘- a 2\ 'F“”ﬁ
F(A) =cwOD"Q ' +cp1OD" 1O+ +10DQ ! + ol

LAl * B2 kR e e

f(A) = 0(cuD" + 1 D" - +c1D+col,) 0 = 0f(D)O L.

A,l 0
wRa D= , B ¥ AR (()-thentry 53 A et & il AP cP-du @
0 An
f(A) 0
f(D) = , k&S (i0)-th entry 5 f(A) i & B, HulE
0 f(An)

f(x) 5 A & characteristic polynomial ps(x), d 3t A & eigenvalue A; ¥ & & pa(4;) =0, 7]
PAPTE py(D)=0 (T FEL). Fa Py(A)=0(pa(D)Q ' =0. AP iF T L,

Proposition 6.5.7. & A € M,,(F) 5 diagonalizable * pa(x) 5 A 7 characteristic
polynomial. B pa(A)=0.

etk gt ae L s 5 973} 0 Cayley-Hamilton Theorem, ™ ¥t iE & A € M,x,(F), &
pa(x) % A &0 characteristic polynomial. B] psa(A)=0 (% % A 3 dlagonahzable IR ).
Sy ET - &1
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6.6. Cayley-Hamilton Theorm

s A%

figd ¢ AP -4 8 Cayley-Hamilton Theorem. § £ 2% 7 & /1 % linear operator £ invari-
ant subspace, £ | * invariant subspace £ 4 7E P linear operator ¢ Cayley-Hamilton
Theorem, £ F]* 32 ¥ 48 e Cayley-Hamilton Theorem.

AR S BoehTE R PE, K § AR B A PF, AP T U YT o0 restriction #-30 #cfT
1 ] g B % 1 ﬁ’*gzsxvﬁz. BE- Bal X oY, NE X P s B S, 43 S eh
restriction on S, * f|g % 7T, fj‘u{ﬂz—f m”«r;%zi*‘?ﬁ" S, H i ¥ f cnp b “’K RF
R4 AR s - BRER L S nade fls:S oY, D HREL sES, flsls )—f<s), #
WBE xeX e xgS, B fls(x) & &k ME T:V —V E_linear operator, W % V e

subspace, B| T|y i& X ¢ £~ # linear transformation (¥ £ 2 &#F & W ). 28 Tly *

&% ¢ F - i linear operator, |52 T A € W ¢ ha Fp s3] W, 4ot - %, 2 TFE,T.%%

it #-iE 3 #5373 linear operator (2 HE* A Ty + 7. 57 F 5 T|W i» % linear operator

P, NP FEF ERETOW (T 8 W i Zpitd W), L@;f}i,jknt # * linear
7

operator ePIZG 7 . Fpt Ay T TR

Definition 6.6.1. B3 V & - B vector space over F * T :V —V £_linear operator. %
W E_V esubspace £ L. T(W)CW (% T(w)eW,VYweW), RIF£ W % - B T-invariant

subspace.

;1% % T:V—V &_linear operator,, Definition 6.6.1, £ 3¢ i W &_T-invariant, %
A TW)CW, £3 R T(W) =W, 4 3 L% T(w) =w, YweW. = 73 &8 # i
#EL 4 V drsubspace W #.F i T-invariant subspace, #% i & %ﬁ HETE G Wk
wigd T epdd (v T(w)) &ZARAEW? . FK7, %] T 5 linear operator, #Z g veV,
w3 T(v)eV, &V ~ 2% & T-invariant. :#3 F15 T 4_linear tansformation, #' i Frif
T(0) =0, #rr4 zero space {0} » &_T-invariant. ¥ *t & A € F &_T ¢ eigenvector, ] A #7
¥ & <1 eigenspace Er(A) ={veV |T(v) =Av} » € & T-invariant subspace. &4 %]z &
vEEr(A), Bl T(v)=Av. & ** Er(A) &_V ¢ subspace ¥ veEr(d), p %% AveEr(d),
7 T(v) € Ep(A). & Er(A) 7& 5 T-invariant. ¥ ¢t Pigd 80 % «0 T 7 range R(T),
+ F_T-invariant, e £ Fl s HEZ L veV, p KR35 T(v)eT(V)=R(T). % %% veR(T),
d 2 T:V —V &_linear operator, 7t R(T) CV, Flpt A i X3 T(v) € R(T). T 7 null
space N(T) » &_T-invariant. =8 F i #HZ & veN(T), d 3+ T(v)=0 2 0 N(T) (%~
T T(0)=0), #& T(v) € N(T).

‘ﬁ T om B RS ek i?”ﬁ PRI T-invariant subspace 2 7 % & $% i % }F’@ T-invariant
subspace ifq\t,:l&—T T J Mg E veV, AP Y AI e 7 ove]

T-invariant subspace. 3K 3

ﬁﬂml

v &1 T-invariant subspace. % 28 7, # Tr“’ﬁ vew.
*idgd W & T-invariant, 2P p A& 5 T(v)eW (FlveW). £d T(v)eW M2 W &
T-invariant, 24 73 T(T(v))=T*(v) EW. 4opt - E T & 2 IJ’“ T T™v)eW,VmeN. d gt
P, & W 4. 7 v ¢ T-invariant subspace, f] W & 7 {v,T(V),T?(v),...,T™(v),...}
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A a2

BHEL (F {T(v)|ieN}) @ #1} chx 4. # i W &_subspace, #7115 & & 7 %7} i&

#7 span 7 subspace, #7121 F LT R,

Definition 6.6.2. 3% T:V —V ¥_linear operator. iz % veV, 4
C(T,v) = Span{v,T(v),T*(v),...,T"(V),...}.

AP H C(T,v) % the T-cyclic space generated by v.

3 T
w e C(T,v) =Span(S), % 7+ % t co,C1,...,cn €EF @& w=cov+c1T(V)+-- +cuT™(v) (
PR L =0) & T(w) = coT(V) +01T2(v) + -+ e T™ 1 (v) € Span(S) = C(T,v).
F ot 1B % ¢(T,v) 4_T-invariant subspace. @ & # i & 7 v 1 T-invariant subspace & &

.

S, #=APERT G T IR,

Proposition 6.6.3. &3x T:V —V &_linear operator * veV. Bl C(T,v) 4.¢ 3 V B]

e T-invariant subspace.

Question 6.8. B*k V &_ vector space over F, T :V —V &_ linear operator £ veV.
HFPHEEL welC(T,v), # 3l F oial fx) @ @ w=f(T)(v). & #
C(T,v) ={f(T)(v) | f(x) € Flx]}.

% V #_finite dimensional vector space over F, C(T,v) % £ subspace, ¥z C(T,v) » &_
finite dimensional. 4 4vif C(T,v) thi &k w? § &1, % v=0, B T(v)=T(0) =0,
VieN, q it pF C(T,v) = {0}, ¥ dim(C(T,v)) =0. Fp AP EH g v£0 chfim. 54
A s v,T(v) £ % linearly independent. # v,T(v) % &_independent, ¢ % v #£ 0,
it c€F # 8 T(v)=cv. d 5 Ti(v) =c'v € Span(v), Vi e N. F]* {# C(T,v) =
Span(v), ¥ dim(C(T,v))=1. @ % v,T(v) 5 independent, F|#* 7 ¥ g v,T(v),T?(v) %
independent. % v i % £_independent, F|d4 v,T(v) 5 independent *~ T?(v) € Span(v,T(V))
(Lemma 2.5.4). F]* % o c,d €F & 88 T?(v) = cv+dT(v). s p*

T3(v) = T(T?(v)) = T (V) +dT*(v) = cT (V) + d(cv+dT (V) = dev+ (c+d*)T(v).

Fpt 1 T3(v) € Span(v,T(v)). & 1 * # % xS e i@ T(v) € Span(v,T(v)),
VieN, Bt oot 7 C(T,v) = Span(v,T(v)), ¥ dim(C(T,v)) =2. AP ¥F 10— B igthig 37

2 E@ER T IR
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