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Disjoint union topology e% 4+ ¥ 1U4E R | X1, X0 F X Henfia). A PT ¢ 3X
B X, ={(n1) | xeXi), 2 ¥ X B hd X = {(1.2) | xe Xy} ifhing & (P8 s
universal set X # = X' = {(x,i) | x € X, i € {1,2}}). 4t 2T X|,X) fr"‘u;‘l’ﬁ B, NPT
P EE X UXy =X uX,, » f2 5 Xy, X e disjoint union. d 3t Xy X, i disjoint
union FEE Y X1, Xo T EAAIXAEM, T F X1, X0 FAIAFE X{UXy B - R AT 4 4s
Wik X, Xo AR, As g* X Xy &7 Xp, Xp ¢ disjoint union.

£ 1 % B & ¢ disjoint union fr#v 712 {8 & 2 enfk & &0 product # k. H]4e RIIR e
22 (1) & (5,2), 279 rnseR; @ RxRenxi i & (r,s), 87 rseR AP 2 RIOR
FAELETH A ETFEMR, A RXRAFBLHRTH, A F LB 291,

4

Question 1.28. ¥ BE % & I, = (-1,0), I, = (0,1), Is = (=0.5,0.5). & #& L, UL, 1,111,
LU, LT3 5hi 84+

% X1 &_topological space ¥ 71 & # topology, &4 i~ 7 # X = {(x,1) | x € X1} 4 &
topological space. 7= % S €71, £ S ={(s,1)|seS}, * YR T, ={(S"1S €T}, i%
FEEE T ,Tfug E_X| @ topology. @ F i F 5 4rig {1 * iz topology, ik f: X; — X]
TEE f(x) = (x1) ii‘;g F-B-¥-2p3adfS#k? 5 open map, 7 f & - B
homeomorphism. + ,Tki;“fu X1 & X] &_homeomorphic, #* ¥ 1 #-2 AR 5 H AR R 7
F. % Xo & topological space, #% it = # X) AR5 £Av Xo Apfe cndp i 2 &, Fpt A
= F1* X7, X ¢ disjoint union topology ¥ ] X1 L1 X3 ¢ topology. & 7 = i, 2\ i iﬁ:}i P23
#-i& B topology = Xi,Xs ¢ disjoint union topology. * d ** Vi X1, Xo 4R 5 Xy L Xy e
subset, X!, X}, #7143 & Proposition 1.4.5 2 Proposition 1.4.6 1.5 % WE LR BEE
TAL AR R TR e 7'}” -3

Proposition 1.4.7. B3 Xi,Xs &_ topological spaces, & T1,T2 » % & B topology.
& X = Xi 11X, + & disjoint union topology T, 14 1% 2 &% .

(1) X1, Xy @& * T ¢ subspace topology » | § £ T1, T2.

(2) & Y 5 topological space. % J&
F={f1f:X Y is continuous), F'={(fi,2) | fi: X1 Y, fo: X — Y are continuous)

Bl F > (fln flx,) %5 = BHCF 3] F & — - $f— 3 pb & e B 1%,

Question 1.29. ¥ i I = (-1,0), I, = (0,1), I3 = (-0.5,0.5) 5 R _} &1 standard topology
e subspaces. #FF [ UL, I; Ul3 @ * R & subspace topology, @ Iy I I, I; 1115 & *

disjoint topology, i&# topological spaces 784& ¢ %_homeomorphic?

B {6 A PRI ELP — T disjoint union topology &#_¥ ™M iE R I| % i topological spaces
R, B¢ RIEE M A G Bl - e, ir“,ifm £ 3
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1.5. Product Space Topology and Quotient Space Topology

A A g s 6% iE 370 topological spaces ¥ * fh i, H ¥ product space
topology # &ir B Z BB P * | @ quotient space topology ¥ # “iF it #- Bir
R oh- 8“3 B AspEig

1.5.1. Product Space Topology. B#* X1,Xo 2 £ &, 2 2% T i 40 Cartesian product
X1 X X9 = {(xl,x2) | x1 € X1, x9 € Xo}. "ﬁ TOXy X Xo Biep f’;\'})i % 1B projection maps:

m X1 X X9 > X1, mo: X1 XXo— Xo,

B mi(xg,x2) = x1,m2(x1, x2) = x2, ¥V (x1,x2) € X1 X Xo. ¥ X1,Xo 5 topological spaces, #
v oL & X1 X Xy o topology € 7 my,me ¥ % continuous function. X7 X Xy *F # ¥ i&
= 2 533 endp 1*»@ product space topology.

Bk 71,72 # %l & X1, Xz fhtopology, 24 i ¢ ¢ 4o e T X1 XXy h1topology § i ¥ 7y, 7o
% continuous. & m 1 X1 XXo — X1 T8 R ¥HIER X F ehopenset U, iR
i :T‘\ﬂl (U) = UxXa % X1 xXo cfiopen set. ¥ & Xo cfropens set V, LV) = X1 xV
» BAE_X1 X Xo ihopen set. *TILfp FRDA P €T R (UxXo |[U e T1HUX1 XV |V eTa),
3 iWEieH € 2 - B topology. BEZR Xy XXy fr 0 i@ EEP (F: (Z)XXg =0), i
EF U eT,VeTey Bl UxX)N(XyxXV)=UXV A& papgs »%{;mé
T B 0 open sets ¥ 7 # & topology & (3) (& o AT i JE 3F L AP L
PR &5 (UxV|IUe€eT,VeTa k- kg UU € T, VV € To, X3
(UxV)N(U' xV)=(UNU)X(VAV) R et g &¢ (AUNU €T, VAV €T).
7 it PFEE AR topology T & (3) chE& KA 20 B T K (2) hE K AL FETFE
(UxV)U(U' xV') AT B X U XV )38 sp i AR - APz e g
UXV g7 i #2722 AP ZREN B={UXV|U€T,VeET, 5 basis
£ topology.

Question 1.30. B#% X, Y 2 & £. ¥ & Cartesian product X x Y.
(1) 3EPHEL SCX, S x0=0.
(2) B#FEPE S, S'CX, T,T"CY, Bl (SXT)N(S'XT")=(SNS")x(TNT").

B) #FHIHF S, S'CX, T,T'CY #F (SXT)U(S'XT") iz B~ S”"xT", S"” CX,
T” CY )5\,

EF 50 B={UxXV|UE€T1,Ve T, i basis e topology *i? i 2 & iz g e
¥ £ 387 A % B topology 1 basis, w A - T Proposition 1.2.4 { &2 378 P F 12
= — i topology 1 basis th v & if 2, KA X; € Ty, Xo € To, #T1 X1 X Xo € B, F] M
Proposition 1.2.4 i (1) .2 & ¥4 FE S =UXV, So=U XV ¥ & B° 5
d S NSy =(UNU)Xx(VAV) 4 & B ¢, # Proposition 1.2.4 i # (2) & & &. 7
Mg F - BrE- a1 Xy X X £ topology E_1 B % basis. * Fl i dew g frit, & @ (7
m X1 XXo > X1 M3 19 : Xy X X9 > X9 5 continuous, B ¥ g2 ¥ & E_open set, ¥t
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"zt d) oo topology € H_ Xy X Xo % % my,my ¥ & continuous function & 33 chip .
A F A i «); 1T T

Definition 1.5.1. % X1,Xo % topological spaces ® 771,72 4 5| 5 2 topology. % Jg !/
B={UxV|Ue€T1,VeTa i basis #73) = e X1 X Xp 7 topology, #* i 4+ topology
% X1, X5 =0 product space topology. X1 X Xo 11 product space topology 3 = 7 topological
space, { & X1, X2 9 product space.

Example 1.5.2. ¥ g R 512 @& * di(x,x) = |x—x/| 5 metric 7 metric space, R?
" do((xy), (¢,Y) = Jx—x)2+ (y—y)? & metric 7 metric space. {1 * &3 B

ES

topology, %% % %% projection 71 : RZ > R % continuous. &8 F] 5 $30#7F F#r<s

BERE{xeR|r<x<s}A;= R & basis, @
”Il({XER|r<x<s}):{(x,y)€R2|r<x<s,y€R}

H_R? hopenset. TF 4 S={(x,y)eR?|r<x<s,yeR}), S ¢ ETi-2 pxyes,
T A=minfx—r,s—x}>0, B p &2 p Z X2 5 A SFF B(p;A) P2 B(p;A) CS.
& d metric space topology hE_% 4 § #_R? 1 open set.

fe 4% 1 projection mp : R?2 — R + #_continuous. *71 d product space topology e%_%
& R? 7 % RxR 1 product space topology %33 ** # metric space topology. ~ ik{;m R?
i# * product space topology ! 1 open set »+ € #_metric space topology 7 open set. #
WERAPERR NI, TR BIEEIAR O, » ,Th{;fu R2 ¢ metric space topology
¢ open set + ¢ &_product space topology * ¢ open set. &€ _F 5 $ R? iz B[]
B(p,A) M — B q(x,y), d " do(p,q) <ARPF 1B >0 4] (bl4e £ < (A-da(p.q))/ V2)
#EF L xlhe 73 BpA) ¢, 2 IILh 5 iRB%ERF (x—-gx+e), y-&y+e). » i*u
3 R? ¥ metric space topology 1 basis th< % (7 B ) AR B = RXR # product
space topology # basis ¥ — #* % 0¥ & | iTI P 7 metric space topology £ open set i}u
¥_product space topology =7 open set, #711iz® BipHE Z4p F .

Question 1.31. M R2 ¥ 2 3, FB) 0 - BLE ¥ 2% 3585 Flo b B & § 203540
A5 FRenF], kP RxR #% * product space topology £ open set )*I‘u{ R? ¢ i *

metric space topology =7 opens set.

Product space topology 7 & §_# projection maps 3 continuous. L% Z % topological
space, m X1 XXy & topological spaces X1, X5 7 product space, % - ¥ g:Z - X1 XX
APETEINS Bafikcg ZoX frge:Z->Xy, BY gi=mog ga=mog. Fliit*
product space topology, #7141 m,mo #_continuous. #x4r% g % continuous, ¥ Proposition

1.3.4 & g1,g2 ¥ % continuous.

Question 1.32. %% Z % topological space, m X; X Xy % topological spaces Xi,Xy ¢
product space. & B g:Z > X1 XXy % open map, & F g1 =mo0g, g =M0g 7T A

open map?
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BT ORAPREP, v oG ot h, F i k4 £4Hh T product space topology F At i -
B BTEPER Y Bl - B sk A ,7&{';;;%% Z,X1,Xy % % topological
spaces, * :Z > X1,80:Z o Xo 5 38, APF A Xy, Xe 0 product space
X1 XXQ lf?_—f'] BT g:Z > Xy xXo B &5 gz) = (g1(2),82(2), Yz € Z. %%
% 5 1 g & well-defined function, & B S Hcid ¥ 20§ * g1 X gy k&7, 2 HERLZ T B
Bens i APt o kAT, BiEH ¢ £.F @4, d Proposition 1.3.3, AP R F 3
% product space X1 X Xo ehbasis eh+% UxV (¢ U,V » % i X1,X2 9 open set) &_
Te@ g (UxV) 5 Zdopenset. £F 1 gl (UxV) € % gH(U)ngyt (V). &4
Fla zeg (U><V) Fhg(z) = (81(2).82(2)) € UXV, 7 g1(z) €U 2 go(z) €V,
zegM(U) F zegM (V). @& g (UxV) =g (U)ngy (V). #d *t g1,80 5 continuous,
teie g N (U), g1 (V) # 5 Z “hopen set, # g1 (Ux V) =g (U)Nngy (V) 5 Z 1 open set,
#3# g:Z—> X1 XXy & continuous. i T g IL
Proposition 1.5.3. 3% Z,X1,Xs &_ topological spaces, % J& X1,Xo 7 product space
X1xXo. 2 g1:Z—> X1, 8 :7Z— Xo & continuous, P75 & g:Z — X1 XXy 5 continuous,
MmE_ g =mog g =m0g8.
Question 1.33. % Z % topological space, m X; X Xy % topological spaces Xi,Xy ¢
product space. & S¥c g1 : Z > X1, g2 : Z — Xo ¥ 5 open map. i Proposition 1.5.3 ¥ #1
Fendidkg:Z > Xy xXo 4.F % open map? (Hint: 4 g X1,X2,Z 5 R ¥ g1,g9 5 identity

map =)

Proposition 1.5.3 &_product space £ & s B, 20§ * 0T hfr k& d i B

Xy

etk B, P2 5 commutative diagram.

-

I m gt A 1)’5{?@%’{,‘ X = X1 X Xo, Jr;},%
G={glg:Z— X is continuous}, G’ = {(g1,82) | g1 : Z — X1, g2 : Z — X3 are continuous}
Pl g (mogmaog) %7 - B .G PG - BHEM G 7525 BN L
Mo FlLF g8 €G 2 g#g RAmHbreZ R F g(a) #8(x) in Xy x Xp. + AR
(71(8(2)). m2(8(2)) # (m(g/(2)),ma(g(2)). 7 Proposition 1.5.3 % 3% 4% i # s L pk
G, FIR A G T
Corollary 1.5.4. 3K Z,X1,Xo #_ topological spaces, % Jg X1,Xo ¢ product space
X=X xXy. %

G={glg:Z— X is continuous}, G’ ={(g1,82) | g1 :Z — X1, g2 : Z — X5 are continuous}
818
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Pl g (mogmog) 71 - BIE.G I G - B-H- 2R %,

Question 1.34. 3#3! Proposition 1.4.7 4= Corollary 1.5.4 7 B i 4§ S e Fend R

F#¥FF 15 B Proposition 1.4.7 7 commutative diagram.

Product space sh¥E 4 ¥ M & B F| & B 11+ &9 topological spaces iR, B 4o F
X1, X2, X3 #_topological spaces ¥ 71,72,73 » 5] & 2 topology, #* i* ¥ 12 Z_product space
X1 X Xox X3 2 topology 2 W {UXVXW|UE€T1,VeTo,WEeT3} & basis 7 topology.
TP FAPT LT EETZ 5B topological spaces #1 product space. 4 I &_index set, ® ¥t
xR i€l X; 5 topological space 2 7; % # topology, &' if* T_%& v i & product space 3
[Tic; Xi. # B4 &1L F, U 0 topology 7 basis I % 101 B ={[1;; Ui | U; € T3} % basis
e topology. @ &_4

B={| |Ui1U; e T, and U; = X; for almost all i € I}
iel

& basis 1 topology. &4 U; = X; for almost all i € I £ 4g 8- #75 thiel & F U =X,
§ P OFE e 2 k"f TFNEB (R A REEIREB) U, €T VA AKX ), B U ¥
24X, L §¢%§V~. LA RZ 3, % I 5 finite set PF, B’ = B. ,Tki?uit?i”ﬁ

*T % B topological spaces 1 product space fF, 11 B & B % basis #7{¥ 9 topology &_—

e e E_§ I & infinite set ¥, B’ chx F g B ¢ 518 % ,T*%L;fui# HHETS B
topological spaces 7 product space FF, 2 B’ % basis #7{8 e topology g B % basis
#7118 e topology % 18 5. wEE— T § 47 2 i 2_product space topology FF& fehf_ [ X
r B hip @ WHE R jel, projection map 7 : [y Xi — X; & continuous. » F]yt %
> U;eT; (7 Uj 5 Xj hopen set) 3% i & T»n]_l( Uj) & Ilier Xi 5 0open set. 7 i 7 (N
BR A jent=y U, Euehiel éhi=¥ ¥ 5 X, 9 subset. &k subset &2 F4¥5 3
FPF S B F 5 SR, chosubset, T A L F R KGOS B n—,l(Uj) EHeh
subset e72 & % 5 open set. &R %%&{@_‘ FREB jel oy 2 A X;, His jel
iR W A X Btk o subset. Flpt W F Ao » de B P o F ik o0 subsets, i &7 )

* Proposition 1.2.4, i ## B % % B topology 7 basis. 71 %3s @, § [ & infinite set p¥,
product space # basis & & B izEafE &. ¥t 5 B topological spaces 7 product space
< § 7 % 02 Proposition 1.5.3 & 7, 3= Fp (TA .

v

Excecise 1.14. 3% X1,Xy 5 topological spaces ® B1,By ~ W] 5 H basis. F#EP (S XT |
S € B1,T € By} & product space Xy X Xo £ basis.

Excecise 1.15. 3% Xi1,Xy 5 topological spaces. % Jg product space X1 X Xp. #HP

i

m X1 XXy > X1, m9: X1 XX = Xo ¥ 5 open map.

Excecise 1.16. % g R ¢ standard topology, ™ % S = {1,2} # * discrete topology.
FEM RXxS # % product space topology 4 %2 RIIR # * disjoint union topology _

homeomorphic.
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Excecise 1.17. B [ ¥_index set, * ¥ =T & i € I, X; % topological space 2 7; & H
topology.
(1) £ B={[licqUi| Ui € T;, and U; = X; for almost all i € I}, :#&F P B ## & Propo-
sition 1.2.4 ¢ | ¥ = & X 1 topology 1 basis eif i*.

(2) ¥ J& [lies Xi 2+ =9 product space topology, :#4& & Proposition 1.5.3.
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