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Example 1.5.10. % X 3 topological space, X1,Xo » X ehopenset. ¥ g X1 UXy 5 X
11 subspace (8 * subspace topology). # % ¥ 4 g X1, Xo ¢ disjoint union X; I X5, %
J& ¥ disjoint union topology. # 3 Jn#ik fi : X1 > X1 UXs, T& 5 fi(x) =x, YxeX;. &
PRy Sl fo:Xo > X UXy, THE G fo(x) =x,VYxeXo. o3 fi, fo ¥ 5 continuous,
Proposition 1.4.7, & P @ 5- B F S ¥c f: X1 LU Xo > X1 UXa, i 5 flx, = fi, flx, = fo.
Sofic f £F ++ ¢ A openmap, i=E Fi X1 UXy chopenset ¥ £ 5 Ui Uy, # ¢ Uy, Us
A w5 X1, Xg chopen set. F]ptd f(U U Uy) = Uy UU,y, &= f(U I U2) 5 X1 UXy €9 open
set.
¥ J& X11IX, * - B equivalence relation ~, # 2 & 5 HZ & i, € {12}, (x,0) ~ (y,))
FEEE x =y & ,T%a{:suﬁ ok E x € Xy (resp. x € Xo) BlF (%, 1) ~ (x,1) (resp.
(x 2) ~(x,2)). m & xe€ XiNXy, E?'J"f Tl ~(61)F (1,2)~ (x,2) BTG (1 1) ~ (1,2).
7 % %FEE A X)Xy eh— B equivalence relation. L% Jg quotient space (X7 I X3)/~.
d g (i) ~ (6 )) B, A5 f(xi) = f(x,j) =x, #d f E_continuous /2 2 Proposition
158, AP - Sdch: (X1 UXa)/~) > X1UXy & f=hog, 27 h 5 continuous.

a

x F] f §_open map, #xd FExercise 1.19 4 h 7% & open map. ﬁxfé AP REEBE A
% one-to-one 12 % onto, 4 X; UXs v (X3 U Xs)/~ & B topological space ¥ § + &_

homeomorphic.

Question 1.39. E* X,Y i topological space, X1,Xs # X &7 open set. ¥t X1, Xy e
disjoint union X; II X, % jg # disjoint union topology. 4 3 = i ff S¥c f1 : X; — 7Y,
fo:Xo > Y & E fi(x) = fa(x), Vx € X1 N Xy, #4357l X3 U Xy } &0 equivalence relation
~ E = e f (X U Xo)/~) > Y % & f((x0) = £i(x), Vie(L,2hxe X, T@#P f 5
continuous, # ¢ (X; I X3)/~ i * quotient space topology. i#F3.F 4t % % ¥ Proposition
1.4.4 #0d %,
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% % - B topological space X &, # & X 7 open sets fr closed sets 3 7R, B iy
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2.1. The Interior of a Set

Interior £_p #RenE L. figéh @ | AP P - B topological space ¥ g+ & &, 73
HpFR, R H AR RE PR S %’/T - BREEDUI 2 HAApMMET. F Y < T
gl LT ERERT, FREBDRE, 0 3 LE B li.

& R F i * standard topology, ™3} B ® B [1,2] p3R¥2? E X+, AP €3G AR
FEO(L2). 2&F5F ae(l,2), 27 a 2" e [L2] ¢ g R a & (1,2
IR, RAF a=12a=2 BlaS 3R G HE [1,2] ¢, LT PR
[1,2] e 3%, igden “3 7 4y e f d A ? ?i? rFEae(1,2), Fl<a<?2 %
e=minfa-1,2-a} >0, Flaec(a-ca+e) ¥ (a-ga+e¢) C[l,2]. &4 (a—8a+s)
o+ ﬁvg‘!ﬁ.}c{ﬂ M a BEenbgiT, » ,T*{a t1— B open neighbor hood. § #X 7 iz open
neighborhood ¥ + ¥ -], % #6% 45 ¥| - ® a 1 open neighborhood ¢ 7 3t [1,2], R+ ¥ -}
&7 open neighborhood » ¢ & 7 % [1,2]. #7 P F igtkd: & [1,2] ¢ gk he % T U $S
F|- i open neighborhood # 7 *% [1,2] )]*756_; [1,2] e “p 8L,

AP w I - 4 en topological space X. AP g SR/ T, FaeX, P U A& F aih
open set, i # U % a 7 open neighborhood. &1 Fehg it AP 5 T hE &,

S
B

iy
£

Definition 2.1.1. & X 5 topological space, S C X. ¥t a€ S, ¥ 3 % a #— B open
neighborhood U % &_ U C S, Rl a 5 S <1~ & interior point. 73 S ¢ interior points
S e A 4E2 A S ehinterior, A% int(S) kAT (F e S kA ).
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ZAR TR S #0,int(S) F 7 ar € 2 0. 4ot R ¥ g standard topology P, ¥ a €R,
= {a} P#, int(S ,T‘ L g_0. * % X ¥ Jg indiscrete topology, B %] X & r&— 217 &7 open set,
sl ER A EN X F B L S H ointerior 22 B L. YR EEFE X E X ¢ subspace
rSCcX plSs '?]— =% X 03 & £ 0 interior ’fr"é = X' i+ B & hinterior 7 ¥ ac A . B
4c [1,2] * R ¢ subspace topology ® g [1,2] £ interior ih{ [1,2] @ 2 &_(1,2). #711 &

13 interior PF 3§ HP i # 7 £ topological space & i®

Question 2.1. ¥ j& R 1 standard topology. S C R % finite set. ZF int(S) 5 @7 =
int(N) 5 @7

=R TFE—JF% - &5 B interior mﬁgﬁ]i?ff
Lemma 2.1.2. ¥ Jg topological space X 123 S, T 5 X + F &, N5 10T b FF,
(1) BX S 5 X 0 open set, B int(S) = §. #FHwH#E, AP G nt(X) = X 12
int(0) = 0.
(2) & SCT, B int(S) Cint(T).
(3) B S & X hopenset, F] S CT F2vigE S Cint(T).

Proof. § £/1 &, & interior (¥ &, # P4 int(S) CS.

(1) B&P int(S) =8, APTLRP S Cint(S), F¥. REEK S 5 X 9 open set.
Wiz aeS,S ¥ % a ¢ open neighborhood ¥ K& S CS, #&ix % &K a 5 S
- 1B interior point, ¥ a € int(S). F& S =int(S). * F] X 5 X ¢ open set, 7
# int(X) = X. 32 int(0) = 0.

(2) Bk S CT. iEP geint(S), T3 & a 7 open neighborhood U % & U C S.
F1SCT, &w®B UCT. FI!#EF# a 7 5 T 1 interior point, ¥ a € int(T). #F#
int(S) € int(7).

(3) 24 S % X chopenset. IE SCT d (1), (2) &5 =int(S) Cint(T). * 2 F
S Cint(T), B int(T) C T, #2 S C T.

O

Question 2.2. Lemma 2.1.2 (3) ® chg 2 rex, vi- B> » 2 % 1| § 5 X <1 open set
ie BB

Lemma 2.1.2 (1) 23724 4§ S &_open F¥ int(S) = S, FI* 4+ B int(S) € X < open
set. Am - HPfFA) int(S) ¢ L open BB R v FioB A, APLE g p nt(S) T E

B - X ehopen sets (B R, ARA HIZE xeint(S), ¥ 3 e X 9 open set Uy % &
UcCS. Flt i p R g4 izt Uy 8§, T g

x€int(S)
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FLi¥iEE xe int(S) ¥F xeUy, wwarint(S) CU. ¥- o HEL xeint(S) ¥ 7
U,CS, s UCS. » Fltd U 5 open M % Lemma 2.1.2 (3) # 4 U Cint(S). A Pz
#1 U=int(S), =% mt(S) H_X chopen set. ¥F F A F 0T BT interior (hE § 42
B

Theorem 2.1.3. B3X X 72 ™ T & topology = topological space * S 5 X + & &.

(1) int(S) &%7F ¢ 7 S 7 open sets ¥ . 7
int(S) = U U.
{UeTIUCS)

(2) int(S) %73 ¢ 73 S 9 open sets ¥ B~ 7 open set. W int(S) € T ¥ F
UeT %% UCS, ] UCint(S).

Proof. 3 7 & 4z 8 2 fj”’ﬁ V = Uwerves)U- ¥ x eint(S), 27 3 & U e T & &
xeUP UCS,txxeV. ZF int(S)CV. 2, % xeV, %/?EU T mEUCS #
# xeU. F] 5 x € int(S ) Flpt VCint(S). #P 1 V=int(S), T (1) = =

23 (2),d (1) AP int(S) 5 openset. * & Frint(S)CS. ,T*—«x-\vn. int(S) - B
# 7% S dopenset. E UCS, ¥ 5 openset, Fld (1) {7 U Cint(S). i

72 % Theorem 2.1.3 » 23X xE W 5 X shopenset X WCS P Hizg s UCS
shopenset w3 UCW, B W=int(S). &4 %5 int(S) %% L int(S) C S & open set, #
int(S)cw. 2, W= 5% & WCS i open set, 7cd Theorem 2.1.3 (2) &= W C int(S).
FEE W =int(S).

% S % open BF, ¥ RS A¥F & 73S & =< chopen set, ttd Theorem 2.1.3, 2 i &
FHPEES =int(S). F2,% S =int(S), Bld > int(S) 5 open set, #x¥ § 5 open set. ~
)I‘*“KP’LS % open ¥ ¥ S =int(S). TAEI- L & S, FL int(S) & open, wik it
257 F int(int(S)) = int(S). APEHEE T 0T E &

Corollary 2.1.4. B3 X % topological space * § % X 3+ & &.

(1) S #_X 1 open set & & v&E S = int(S).
(2) int(int(S)) = int(S).

Wemo PR, AP R Tk IR K, - BRE DB E R £ AP
fET I hBhs feizF AR AR FI A G T R

Definition 2.1.5. % X 5 topological space, S CX. ¥t a ¢ S, %3 % a #— B open
neighborhood U i . UNS =0, PIf£ a = S - B exterior point. 7% S 5 exterior
points “T= e & fE2 5 S & exterior, 3P * ext(S) K& T

i% exterior eNE &K, x € ext(S) Y R x ¢S, T xe S #rA i ext(S) C S
Vbt iz R ox e ext(S), 75 & x 1 open neighborhood U % E_UNS =0, I U C S°.
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#5100 § ¢ exterior H F ﬁ*u{ S¢ ¢ interior. » ,T?‘u—fy'\”
ext(S) = int(S°€). (2.1)
St 41 interior SR A G T 2 i %
Proposition 2.1.6. H3X X 52 T % topological space ® S, T % X + & &.
(1) S &_closed ¥ ® % ext(S) =S¢.
(2) # S CT, Bl ext(T) Cext(S).
(3) ext(S) &#7F & S * 4p 2 1 open sets O . A

ext(S) = U U.
(UeT|UNS =0}
(4) ext(S) 575 & § 7 40 2 7 open sets A I~ 1 open set. 7 W ext(S) e T E F
UeT BEUNS =0, B UCext(S).

Question 2.3. :##&PM Proposition 2.1.6.
£ 1R, B int(int(S)) = int(S) f &_ ext(ext(S) € F3 ext(S). FF LI

) IR
ext(S) € §¢, #fr1d Proposition 2.1.6 (2), 24 5 ext(S¢) C ext(ext(S)). £ d ;*+ (2.1),
Fext(S¢) = int((S€)¢) = int(S), Flet 4

int(S) C ext(ext(S)). (2.2)

RFF IR E NG M IRE TP IR T ext(ext(S)) = int(S), * iz A 4 en B E_F LA

xt(ext(S)) 4_open set, £ &~ 4 Kk ext(ext( ) * ?;g Z23 S (%2 T Question
), A 2 2 17 3] ext(ext(S)) C int(S ,T} ) A% g F 3 ext(ext(S)).

Question 2.4. ¥ }é’y, R _F &1 standard topology. F1* Question 2.1 1 % X § 2L 7 7 open
interval (r,s) % 7 Z#c2 g2 HAEH ¢ HP int(Q) =0. * FN H A € & ext(Q) ¥ 7 ik
e S ext(ext(Q)) # int(Q).

Excecise 2.1. 3% B 4_topological space X - B basis. & S CX. FFP a € int(S)
FYWHEFALBeB B aeB® BCS. TirptrtHp

mt(s)= ] B
{BeB|BCS }

Excecise 2.2. 3% X 5 topological space * X' C X. % g X' } &1 topology % X &
subspace topology. B#* S C X', A £ intx(S) 5 S # * X 1 topology #f1¥ ¢ interior,
M 4 inty(S) 5 S #* X' & topology #71¥ ¢ interior.

(1) #P intx(S) Cintx ().

(2) 245 F]— B 65 0P inty(S) = inty (S) & &+ 2.
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