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2.2. The Closure of a Set

- B & & & closure %:}E} frig B g & “2AF L gl i &L RipE P APAY
closure sPz & | 2\ i %3 I closure fv interior 11 % exterior 4_% % 40 B .

% R ¢ standard topology ® , 7Rt gL ¢ o B L B & [1,2) 224 Tt ? § R0
[1,2) & & ehghfrp & § 22 jo’ﬁ‘m B - B E, ,T*n-\Q 4 e [1,2) 2 . A FL =
¢ 7 2 hopeninterval - € fr [1,2) 4B, AT APT U T & [1,2) ¥ FiT. “ﬁ%
phzoth B ehghat g [1,2) ehthn (T exterlor), AR e [L2) 5 - BEEd

v I - i topological space X. B S C X. ¥t X - B oa, 4o% E & a {1 open
neighborhood U # & X_UNS # 0, 7% -3¢ TI’“T‘??#K% afe§ RFEiT. FF 0T e A,
Definition 2.2.1. &% X 5 topological space, S C X. ¥*" a € X, % i & a 1 open
neighborhood U ¥ % & UNS #0, Rl a = S 0 closure point (2 &_ adherent point). *7

$ S ¢ closure points 7% h &4z 5 S ¢ closure, 2P * cl(S) k& F (FhE S

22 F S hclosure B /T FHE X 2 S g fiTengE, ot et B
e, #7t8 e closure § ¥ it g AR, ¥ ek interior (AR, & * % F &9 topology #71F i

closure ~ ¢ % Ip. #712 h3dsh closure pF 1w iLp 5 ¥ 47 & c5 topological space & i®

%3 4&eh, closure fr interior 3 ¥ 4p # & d B.o# AT A 55 M closure s
FF M fea - & B interior i ﬁ;ﬂﬁ . AN g e Lemma 2.1.2 4p $H s et
Lemma 2.2.2. ¥ Jg topological space X 12 % S, T 5 X + F &, 05 0T b jr,

(1) Bk S % X ¢ closed set, B] cl(S) =8. 4%, 23 cl(X)=X 112 cl(0) =0.

(2) # SCT, Bl cl(S) Cc(T).

(3) B3XR T % X ¢ closed set, ] S CT % *

=1

g cl(S) CT.

Proof. 5 22 &, ¥ x € §, @ x 1 open neighborhood U, ¥ % & x e UNS, F|*
UNS #0. #&i% closure en#E &, 2 E xecl(S). F S Ccl(S).

(1) BEP cl(S) =S8, AP TEERP cl(S)CS, ¥, RixEXR S 5 X 1 closed set,
7 §¢ % open. “F‘U‘\'F"FS@X P SCCcel(S). # xeS, d S¢ & _open iz

% x 1 open neighborhood B & U C S 7~ UNS =0. iz T & x *» S 0
closure point, ¥ x € cl(S)°. A PHEM T S Ccl(§), &=F cl(§)C S, » FprEFHE
S=cl(§). » F1 X 5 X & closed set, ¢ ¥ cl(X) = X. FIZ cl(0) =0.

(2) B S CT. miEP aecl(S), FH** T3 a 1 open neighborhood U ¥ i &
UNS 0. FISCT, &8 UNT 0. F|} 8% a 7~ 5 T & closure point, =
aecl(T). ## cl(S) C cl(T).

(3) @& T 5 X ehriclosedset. g SCT d (1), (2 &wcl(S)Cc(T)=T. 2%
c(S§)cT,RIFIS Ccl(S), ®F#E S CT.
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O

Question 2.5. - &k, ¥ Fd int(S) Cint(7T) HEH ST 2? ¥ Fd cl(S) Ccl(T)
HEN ST w?

Lemma 2.2.2 (1) 4 3734 TF‘%J S &_closed P¥ cl(S) =S, Flt 2t pF cl(S) € E_X ¢ closed
set. R@ - A iEa) cl(S) € 4 closed W§7 & w g¢llﬁ PORE, AT EFRCS) &+
- & X hclosed sets 2 . FF AP G 12T fe Theorem 2.1.3 4p b cnd .

Theorem 2.2.3. B3k X 5™ T 5 topology 1 topological space * S % X + & &.
(1) cI(S) %73 & 7 S & closed sets s f. 77
@)= (] z
(ZeeT1S <Z)
(2) cI(S) &#7F ¢ 7 S 5 closed sets -] 7 closed set. 7 cl(S) &_ closed ® &
Z 8_closed % ¥_ S CZ, Bl cl(S)cZ

Proof. 27 3 A2 A AP L C = Ngersegy Z- 9 iz 5 B Z % 5 closed * % &S CZ,
geie C A_closed ¥ B &E S € C. Flpf1* Lemma 2.2.2 (3), 7 cl(§) € C. I
Cccl(S), 2 i * & % d2 (F15 open set # % fod?), T*{Fsm&r% xgcl(S), AP E R
P ox¢C. Rm x¢cl(S) %7 % & x e open neighborhood U, i &_.UNS =0, 7+ U C S¢,
» Ef SCU 2247 AP 5 F- B closedset U Vi A_S CU it x¢ U (%] xeU),
LR x g Co NPEEP T C=cl(S), T (1) ==,

23 (2),d (1) Aiprarcl(S) 5 closed set. * & & § Ccl(S i‘ip’b cl($) - B e
z S ficlosed set. IE S CZ, ¥ % closed set, Bld (1) # cl(S) ccz o

713 Theorem 2.2.3 5+ £ #AE C 5 X ehiclosedset BESCC Pz HESCZ
1 closed set Z ’ﬁ CCZ Rl C=clS). 22 F5 cl(S) 5w &S Ccl(S) 7 closed set,
g Cccl(S). F2.,C 75 %S CC hclosed set, #td Theorem 2.2.3 (2) v cl(S) C C.
Flt 7 C = cl(S).

Question 2.6. H33& X 7 topological space * S 32 X F E&. @2 #she 7308 &
¢

e closed set, 1% & 7 S B | chopenset i? FEEFFT R X=R, A § i LXFLHROHERF

[1,2) #F25.)
% 787 Corollary 2.1.4 = F AP RS S, d 3WEP 2 240k, {Zf“')?tﬂr LM

Corollary 2.2.4. B3& X % topological space = S 5 X + & &.
(1) S &_X i closed set & ¥ vix S =cl(S).
(2) cl(cl(S)) = cl(S).

Question 2.7. ##&F P Corollary 2.2.4.
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Closure {r interior F 3% % AR 2 57, £ F + closure {r exterior ff % { %7, d
*t ext(S) 4_open set ¥ ext(S) C S, AP E I ext(S)S A closed T S = (59° C ext(S)°.
#rrid Theorem 2.2.3 (2), 2 4a 8 cl(S) Cext(S)°. ¥ - * 6, F x € ext(S), %7
x ¢ ext(S), ™ T #F x 7 open neighborhood U, % 7 /& & U C §¢, » i.u{;;u uns +#0,
Bz xeclS) APEP T LT I

Proposition 2.2.5. 3% X 3 topological space * S % X 3+ & &. B
cl(S) = ext(§)° = int(S°)°.

Question 2.8. 3 %% & £ * Proposition 2.2.5 é1;8 3 2 % closure eh@ &. Ff|*
Proposition 2.2.5 ## P Lemma 2.2.2, Theorem 2.2.3 11 %2 Corollary 2.2.4.

fe closure # ﬁgﬁvfﬂx@i&{dense (fe%) k. APHREES A X e, BEER
RizE T4 X L gk e S fxFhiT, A THIE R x€X M E x TR 7 open neighborhood
TS Rkl i&{éﬂX:CI(S). Fpt A T R .

Definition 2.2.6. 3k X % topological space ¥ § % X + k&, F cl(S) =X, RIFL S is

dense in X, » fL § H_X #- % dense set.
Question 2.9. ¥ & R 1 standard topology, ##HM Q ¥_R #— B dense set.

Question 2.10. & discrete topological space ¥ 7 dense set 3 87 % indiscrete topo-

logical space ? 7 dense set 3 7R ?
2.3. The Boundary of a Set

Al — BB L) ML Z oh3R, :k,rs)l};a NEHmHPGE CERT T TR - BRE
i hei? BRI - BREERBIRLTEBEE N DBy RATEB RS R T
YIRS L T EER.

Definition 2.3.1. 3k X % topological space * § 2 X + & &. ¥ aeX, FER a
open neighborhood U %% & UNS #0 112 UNS#0, RIfa = S & boundary point.
“75 § ¢ boundary points #f =k &2 L S 7 boundary, 2 * bd(S) k&7 (F P
2% 39S k4 oT).

T & a S hboundary point, #7F a 7 open neighborhood U % i & UNS # 0
%57 a JEHE_S & closure point (¥ a € cl(S)) & #7F a 7 open neighborhood U % % &
UNS®#0 %5 7% 3% & a % open neighborhood U % X UCS (FR UNS“=0), » ifu{
#oa * ¢ A_S hinterior point (7 a ¢ int(S)). F|t A F bd(S) =cl(S) \int(S). * F i
cl(S) = ext(S)e, #r

bd(S) = cl(S) N int(S) = ext(S)° N int(S)" = X\ (ext(S) U int(S)).

Adpg T gL
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Proposition 2.3.2. B33 X 5 topological space ® S % X + & &, P

bd(S) = cl(S) \ int(S) = X \ (ext(S) U int(S)).

Proposition 2.3.2 £ 734 7 bd(S) Nint(S) = 0. = ¢ ** int(S) € cl(S),
bd(S) U int(S) = (cl(S) N int(S)) Uint(S) = cl(S) Uint(S) = cl(S).

R, APF UE-cl(S) B F bd(S) 2 Z int(S) 0 disjoint union, » %z‘?‘;mﬁ&— cl(§) »
B S R ENIRS IS, RIEAPL T X G2 int(S), ext(S) 1% bd(S) iz B &
£ ¢ disjoint union. + ,Tk{;;we\ PE SR X AR S g JR, IR R =
204

Question 2.11. X X & topological space ¥ S 5 X + & &. &P bd(S) = cl(S)Ncl(S).

AR, TR S 3 %> X 2 boundary 7 )a it A X, F15 bd(S) = cl(S) \ int(S), #rv
bd(S) =X &3 cl(S) =X & int(S) = T‘mpﬁai% S % X € dense ® S e 2w
£z £/, S i boundary /j‘ ¢ B X. b4- i R 7 standard topology 2. F, 2 i3
bd(Q) =R. ¥ ¢ bd(S) » F 7 ac 0. AT cl(S) = int(S), & int(S) €S C cl(S),
izE RS =c(S) = int(S). d 3 cl(S) & closed, @ int(S) &_open, F]t 2 i i
bd(S) =0 % %+ S & open ¥ &_closed. :&fE ™ E_open * & _closed hfk &, F hE ¢4
2_ % clopen set.

A — 24 M boundary SR, F 2 A RO R Rl % 6 50 Rl
FHRL&.

Proposition 2.3.3. B33 X 3 topological space ® § % X + & &.

(1) bd(S) &_X ¢ closed set.

(2) bd(S) =Dbd(S5°).

(3) S &_X & closed set %2 &% bd(S) CS.
(4) S Z_X 1 open set & 2 v&%E bd(S)NS = 0.

Proof. #]% cl(S) 4_closed @ int(S) &_open, #xd bd(S) =cl(S) \int(S) #F 5 bd(S) 4
closed, (1) = = . 3 (2) F]5 ext(S) = int(S¢), = d
bd(S) = X\ (ext(S)Uint(S)) = X\ (int(S) Uint(S)) = X \ (int(S°) Uint((S))) = bd(S°),
R (2) ~ =

23 (3), % S &_closed, s pF cl(S) =S # bd(S) =cl(S) \int(S) =S \int(S) CS. ¥
2 ek bd(S) CS 47 cl(S) =bd(S)U int(S)CS (F s int(S)CS). £4 §Ccl(S) @
c(S) =S, #1171 S 4_closed (Corollary 2.2.4).

B fs AP 2 (4). # S 4_open, Bld Lemma 2.1.2 4v int(S) = S, #* BF bd(S) =
cl(S) \int(S) = cl(S)\ S F bd(S)NS = 0. £ 2, % bd(S)NS =0, 7 § Cbd(S) =
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ext(S) U int(S), Fldtd S Next(S) =0 7 S C (ext(S) U int(S)) NS = int(S). £ ¢
int(S)cS # int(S) =S5, Fl #3#% S 4_open (Corollary 2.1.4). i

‘%'}iiﬁv{—?SQT,bd(S)%@é/M:»“bd( ). BIRA P (S
int(S) Cint(7), #72 bd(S) = cl(S) \int(S) 2= € & 7z * bd(T) = cl(T) \int(T). bl i

® ¥ J& standard topology, B % & (1,2) é’ R wRE (0,3), A (1,2) ¢ boundary
{1,2} & 72 & 33 (0,3) &1 boundary {0,3}. § X7 fdFrR kw2 € ¥, bl4eint(S) C S,
@ A PR § bd(int(S)) Cbd(S). * G ABDES Ccl(S), ©APE LG bd(cl(S)) C bd(S).
TR 2 R FlAe T

) € Cl(T) & 25

f‘ﬂ 1

T i

Proposition 2.3.4. 3% X i topological space ® S % X + & &. B
bd(int(S)) € bd(S), bd(cl(S)) C bd(S).

Proof. d ** int(int(S)) = int(S) & cl(int(S)) Ccl(S), #

bd(int(S)) = cl(int(S)) \ int(int(S)) = cl(int(S)) \ int(S) € cl(S) \ int(S) = bd(S).
frr2d >+ cl(cl(S)) =cl(S) & int(S) € int(cl(S)), =

bd(cl(S)) = cl(cl(S)) \ int(cl(S)) = cl(S) \ int(cl(S)) € cl(S) \ int(S) = bd(S).
O

LA E - K bA(S) &2 %3 bd(int(S)). 4 Proposition 2.3.4 &g 2 7 5 ) kB
R A cl(int(S)) A E 3 cl(S). blde A R ? % g standard topology, ¢t BF int(Q) =0 *
cl(Q) = R, T+ cl(int(Q)) = cl(0) = 0 7 £ cl(Q). k #, bd(cl(S)) < % & %% bd(S),
2d F_int(S) A~ E int(cl(S)). Hl4e int(Q) =0 i’-}-‘al % int(cl(Q)) = int(R) = R.

Question 2.12. ¥4 g R 7 standard topology. #® T 2 T e g &: bd(Q), bd(int(Q)),
bd(cl(Q)), int(bd(Q)) " % bd(bd(Q)).

¥ eb &3 { en 8 7 i interior fr closure # 7 3 int(int(S)) = int(S), cl(cl(S)) = cl(S);
bd(bd(S)) 4 ¢ % bd(S). d L bd(S) = cl(S) \ int(S), # & F bd(S) L closed, 2 i 4

bd(bd(S)) = cl(bd(S)) \ int(bd(S)) = bd(S) \ int(bd(S)).
A2 int(bd(S)) 7 ¥ i * A7 & & (£ 2 Question 2.12), #7122 5 bd(bd(S)) € bd(S)
e A bd(bd(S)) ¢ % bd(S). # & bd(bd(bd(S))) )’Ihg %% bd(bd(S)). A T 2
Py
Proposition 2.3.5. 33X X 5 topological space 2 S & X + & &. P
bd(bd(S)) € bd(S), bd(bd(bd(S))) = bd(bd(S)).

Proof. ¢ ** bd(S) &_closed, #zd Proposition 2.3.3 (3) ¥ bd(bd(S)) € bd(S). #&™ k,
i & P bd(bd(S)) = bd(bd(bd(S))).
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B & d 2 bd(bd(S)) £ closed, 2% 3
bd(bd(bd(S))) = cl(bd(bd(S))) \ int(bd(bd(S))) = bd(bd(S)) \ int(bd(bd(S))).
#d ** int(bd(bd(S)) € bd(bd(S)), & #M bd(bd(S)) = bd(bd(bd(S))), & I ** & F @
int(bd(bd(S))) = 0. 2@ %] bd(bd(S )) C bd(S), # ™3 int(bd(bd(S))) C int(bd(S)).
- > % int(bd(bd(S)) € bd(bd(S)), Fl1#+ # int(bd(bd(S)) C int(bd(S)) N bd(bd(S)).
bd(bd(S))Nint(bd(S)) = 0, ¥ int(bd(bd(S))) = 0. #&+bd(bd(S)) = bd(bd(bd(S))). O

Excecise 2.3. B33 X % topological space ¥ Sq,...,5, & X ¢ subsets. M
c(S1U---USy,) =cl(S1)U---Ucl(S,).
Excecise 2.4. 3%k X % topological space * X' C X. % J& X' } & topology 7 X &

subspace topology. B S C X', 24 cly(S) 5 S # * X = topology #7¥ ¢ closure, @
£ocly(S) 5 S #* X' & topology #7i¥ i1 closure. P cly (S) = X' Nclx(S).

Excecise 2.5. 3% X % topological space ¥ S C X. #FFP int(bd(S)) Cint(S) & * *&
% int(bd(S)) =0. &} FEP § S 4 closed pF, H B R £ p 3% (T int(bd(S)) = 0) &
#ME S & closed, Rl bd(bd(S)) = bd(S).
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