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前言

ҁᖱက׆ఈᙁൂϟಏӕᏢ拓樸Ꮲ的ཷۺ. ᆶ࣬ᜢ性質Ǵۺ᛽໻ᙁൂ的໣ӝཷޕሡा的୷ҁ܌
όၸჹܜܭຝ的ኧᏢၲ߄及論᛾БԄѸ໪Ԗى୼的౛ှ (以΢ࣣёୖـኧᏢ導論ᖱက).

ҁᖱကᗨฅЬा以ύЎኗቪ, όၸ྽ੋ及ۓက܈஑ԖӜຒਔ, խᙌ᝿的֚ᘋஒ以मЎࣁ
.жڗ ӢԜஒ以ύम֨ᚇၨό໺಍的БԄᡉ౜, ऩԖόߡፎـፊ.

ҁᖱကጓቪ຤ਔ, ጓቪֹ٠ࡕ҂࿶ၸᝄᙣ的ਠჹ. ౧ᅅӧ܌ᜤխ, ᗨόԿܭԖ౛論性΢ᝄ
ख़的ᒱᇤ, ՠ᠐ޣϝᔈݙཀόࡴཷەӄԏ. ऩว౜ᒱᇤ, ៿߆ගрᝊ຦的ཀـ.
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Chapter 1

Topological Spaces

拓樸Ꮲᙁൂٰᇥ൩ࢂஒךॺዕ஼的ჴኧ΢的ೱុڄኧཷۺ௢ቶ׳ډ一૓的ݩރ (ջ܌ᒏ的
Topological Space 拓樸ޜ໔), ௖૸一૓ܜຝ的拓樸ޜ໔࿶җೱុڄኧբҔٗࡕ些性質ό཮
ᡂׯ .(ᡂׯ཮܈)

ӧ一ঁ໣ӝύޕၰΑٗ些η໣ӝࢂ open sets, ကӧ೭些໣ӝ໔的ۓёߡॺך “ೱុڄ
ኧ”. ೕۓӳ一ঁ໣ӝ的 open sets Ԗব些ࡕ, 一ঁࢂᆀ೭ঁ໣ӝߡॺך topological space.

ॺஒϟಏך topological space 及ځ΢的ೱុڄኧ的ۓကک୷ҁ性質, ฅࡕϟಏ subspace
的ཷۺ.

1.1. Standard Topology on R

以ךࡕॺ཮ޕၰӧჴኧጕ΢ࢂё以ۓက೚ӭᅿ的 topology. ೭္ךॺӃӣ៝εৎ܌ዕ஼的
一ᅿ, ᒏ的܌ standard topology, 以ߡ຾一؁Αှܜຝ topology 的ཀက.

२Ӄךॺӣ៝ჴኧ΢的ೱុڄኧ的ۓက. ೭္ךॺଷ೛εৎჹܭԜۓကςߚதΑှ, ൩
όӆᇥܴԜۓက的ཀကΑ.

Definition 1.1.1. Եቾڄኧ f : R → R. ऩ a ∈ R, ॺᆀך f is a continuous function at a

(ӧ aᗺೱុ)ӵ݀ჹҺཀ的 ϵ > 0ࣣӸӧ δ > 0٬ள྽ |x − a| < δਔࣣᅈى
∣∣∣ f (x) − f (a)

∣∣∣ < ϵ.
特ձ的, ऩ f ӧ R ΢的؂一ᗺࣣೱុ, ᆀ߾ f is a continuous function on R.

೭ঁεৎዕ஼的ۓက, .ၲ߄ॺё以ஒѬҔ໣ӝ的БԄך ύځ |x − a| < δ ёҔ x ∈
(a − δ, a + δ) ೭ঁ໒୔໔ٰ߄Ң, Զ

∣∣∣ f (x) − f (a)
∣∣∣ < ϵ ൩ёҔ f (x) ∈ ( f (a) − ϵ, f (a) + ϵ)

.Ң߄ٰ 以܌ Definition 1.1.1 的ࡕय़ךॺёׯቪԋ: ჹ܌Ԗ x ∈ (a − δ, a + δ) ࣣᅈى

f (x) ∈ ( f (a) − ϵ, f (a) + ϵ). ኧ的ڄॺࣗԿё以ճҔԖᜢך image 以及 inverse image 的ቪݤ
ஒѬቪԋ໣ӝ的׎Ԅ. २Ӄךॺӣ៝一Π, ኧ的ڄ image 以及 inverse image 的ۓက.

๏ۓ一ঁ function f : X → Y 以及 X 的 subset A, ᒏ܌ A ӧ f 的բҔϐΠ܌ள

image ൩ࢂԏ໣ A ύ的ϡનжΕ f .ளϡન的໣ӝ܌ࡕ ॺҔך f (A) ,Ң߄ٰ Ψ൩ࢂᇥ
f (A) = { f (a) | a ∈ A}. 特ձ的, the image of X under f , ջ f (X) ᆀࣁ f 的 range (ॶୱ). வ
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2 1. Topological Spaces

f (A) 的ۓက, ၰޕॺך f (A) ჹᔈୱࢂ Y 的 subset. ೭ঁۓကޔࡐௗ, ৒ܰᡣΓ౛ှ೭ঁࡐ
ϡન的ಔԋϡન. όၸѬࠅό৒ܰඓඝ, Ьाࡐࢂᜤඔᛤځϡન. ќ外ाݙཀ的ࢂ, Ԗ的ӕ
Ꮲёૈ཮ᇤှ f (a) ∈ f (A) Ң߄ a ∈ A. ,ᒱᇤ的ࢂჴ೭ӧᡄᒠ΢ځ ӢࣁԖёૈԖϡન b < A

ՠࢂ f (b) ∈ f (A). ᜢܭ f (A) 一ঁКၨӳ的ቪࢂݤ, ௗஒޔ f (A) ္的ϡન࣮ԋࢂ Y ύ的ϡ

ન. Ψ൩ࢂԵቾ y ∈ f (A), ҢӸӧ߄ a ∈ A ٬ள y = f (a). ϸϐ, ऩ y ∈ A ЪӸӧ a ∈ A ٬ள

y = f (a) Ң߄က൩ۓ٩ y ∈ f (A). 以܌ f (A) Ԗќ一ঁ฻ሽ的ۓကࢂ

f (A) = {y ∈ Y | ∃ a ∈ A, y = f (a)}.

೭ঁۓကག᝺ၨόԾฅ, όၸϸԶКၨ৒ܰᡣךॺඓඝ f (A) 的ϡન.

ௗΠٰ, ᒏ的܌ॺٰ௖૸ך inverse image. ᙁൂٰᇥ, ๏ۓ一ঁ function f : X → Y 以

及 Y 的 subset C, ᒏ܌ C ӧ f 的բҔϐΠ܌ள inverse image ൩ࢂԏ໣ٗ些࿶җ f ཮ပӧ

C ύ的ϡન܌ԋ的໣ӝ. ॺҔך f −1(C) ,Ң߄ٰ Ψ൩ࢂᇥ f −1(C) = {x ∈ X : f (x) ∈ C}. வ
f −1(C) 的ۓက, ၰޕॺך f −1(C) ကୱۓࢂ X 的 subset. ೭ঁ inverse image 的ۓကςкϩ
ඔᛤځϡન, ကೀ౛ۓௗճҔ೭ঁޔॺё以ך以܌ inverse image 的性質.

ճҔڄኧ的 image 以及 inverse image .ݤ以ΠԖᜢೱុ性的ќ一ቪډॺளך

Proposition 1.1.2. Եቾڄኧ f : R→ R Ъ೛ a ∈ R. 以Π௶ॊࢂ฻ሽ的.

(1) f is a continuous function at a

(2) ∀ ϵ > 0, ∃ δ > 0 ٬ள f
(
(a − δ, a + δ)

)
⊆ ( f (a) − ϵ, f (a) + ϵ).

(3) ∀ ϵ > 0, ∃ δ > 0 ٬ள (a − δ, a + δ) ⊆ f −1
(
( f (a) − ϵ, f (a) + ϵ)

)
.

Question 1.1. ၂᛾ܴ Proposition 1.1.2. (գ࣮ளрٰ (2)⇔ (3) ༏?)

ჹҺཀ࣬ٿ౦ჴኧ r, s, ऩ r < s, ॺᆀ໣ӝך (r, s) = {x ∈ R | r < x < s} 一ঁࣁ
open interval (໒୔໔). 以܌ (a − δ, a + δ) ൩ё以ᇥࢂ一ঁх֖ a 的 open interval, Զ
( f (a) − ϵ, f (a) + ϵ) ൩ࢂ一ঁх֖ f (a) 的 open interval. όၸाݙཀ Proposition 1.1.2 (2)
࣮ଆٰࢂᇥ一ঁх֖ a 的 open interval ࣣё࿶җ f ໺ଌډ一ঁх֖ f (a) 的 open interval.
όၸ٣ჴߚ٠ӵԜ, Ӣࣁӧ Proposition 1.1.2 (2) ύ, ڗॺ٣ӃҺך ϵ ӆҗ೭ঁ ϵ рפ δ, ೭
ঁ໩ׇࡐख़ा. Ψ൩ࢂᇥ ϵ ჹᔈୱύ一ঁх֖ܭᜢࢂ f (a) 的 open interval, Զ δ ܭᜢࢂ

ჹᔈୱύ一ঁх֖ a 的 open interval. 一ঁх֖ڗाӃӧჹᔈୱύҺࢂॺך f (a) 的 open
interval ( f (a) − ϵ, f (a) + ϵ), ӆҗѬۓډפကୱύ一ঁх֖ a 的 open interval (a − δ, a + δ)

٬ள f
(
(a − δ, a + δ)

)
⊆ ( f (a) − ϵ, f (a) + ϵ). ೭္׋మཱΑ, .以Π的่論ډॺ൩ёளך

Corollary 1.1.3. Եቾڄኧ f : R→ R Ъ೛ a ∈ R. 以Π௶ॊࢂ฻ሽ的.

(1) f is a continuous function at a.

(2) Һڗ一ঁх֖ f (a) 的 open interval I ࣣёډפ一ঁх֖ a 的 open interval J ٬

ள f (J) ⊆ I.

(3) Һڗ一ঁх֖ f (a) 的 open interval I ࣣёډפ一ঁх֖ a 的 open interval J ٬

ள J ⊆ f −1(I).
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Proof. ॺஒ᛾ܴך (1)⇔ (3), !៷д的᛾ܴ൩྽բಞᚒځ

(1) ⇒ (3): ଷ೛ f is a continuous function at a. Һڗ一ঁх֖ f (a) 的 open interval
I = (r, s), җܭ f (a) ∈ I, ࡺ r < f (a) < s. Ԝਔз ϵ = min{ f (a) − r, s − f (a)}. җ Proposition
1.1.2 ((1) ⇒ (3)) Ӹӧޕ δ > 0 ٬ள (a − δ, a + δ) ⊆ f −1

(
( f (a) − ϵ, f (a) + ϵ)

)
. ऩзࡺ

J = (a − δ, a + δ), ߾ J 一ঁх֖ࢂ a 的 open interval Ъᅈى

J ⊆ f −1
(
( f (a) − ϵ, f (a) + ϵ)

)
⊆ f −1(I).

(3)⇒ (1): ॺा᛾ܴך Proposition 1.1.2 (3)ԋҥ. ౜Һڗ ϵ > 0,җܭ I = ( f (a)−ϵ, f (a)+ϵ)

一ঁх֖ࢂ f (a) 的 open interval, 一ঁх֖ډפёޕҗଷ೛ࡺ a 的 open interval J = (r, s)

٬ள J ⊆ f −1(I). җܭ r < a < s, ऩз δ = min{a − r, s − a}, ёள߾ δ > 0 Ъᅈى

(a − δ, a + δ) ⊆ J ⊆ f −1(I) = f −1
(
( f (a) − ϵ, f (a) + ϵ)

)
.

�

Question 1.2. ၂ճҔ΢य़的᛾ܴБݤ᛾ܴ Corollary 1.1.3 (1)⇔ (2).

ᢀჸ Proposition 1.1.2 ک Corollary 1.1.3, ܭΑᜢډҔࢂॺךჴځ open interval 一ঁख़
ा的特ᗺ. Ψ൩ࢂᇥҺڗ一ঁх֖ a 的 open interval I = (r, s) 一ঁډפॺ೿ёך γ > 0

٬ள (a − γ, a + γ) ⊆ I (з γ = min{a − r, s − a} ջё). ѝԖࢂჴ೭ኬ的特ᗺ٠όځ (r, s)

೭ኬ的 open interval ωԖ. ӵٯ (2,∞) = {x ∈ R | x > 2}, (−∞, 2) = {x ∈ R | x < 2} 以及
(−2, 1) ∪ (3, 5) ೭些໣ӝ೿Ԗ೭ኬ的性質. ӢԜךॺԖ以Π的ۓက.

Definition 1.1.4. ଷ೛ S ⊆ R ᅈىჹ܌Ԗ a ∈ S ࣣӸӧ γ > 0 ٬ள (a − γ, a + γ) ⊆ S , ߾
ᆀ S 一ঁࣁ open set. Ξऩ a ∈ R Ъ S ⊆ R 一ঁх֖ࢂ a 的 open set, ᆀ߾ S ࣁ a 的一ঁ

open neighborhood.

ကۓ٩ྣ R ҁࢂي open set. ќ外ޜ໣ӝ ∅ Ψࢂ open set. ೭ࢂӢࣁ ∅ όх֖ҺՖϡ
ન, 以ᡄᒠ΢٠҂ၴङ܌ open set 的ۓက. ۓ ∅ ࣁ open set, ό໻ӧᡄᒠ΢҅ࢂዴ的, ѬΨ
٬ள open set ӧڗҬ໣ϐΠૈ࠾࡭ߥഈ性. ೭ᗺ以ךࡕॺ཮ӆፋډ.

,৒࣮ܰрࡐ 前य़܌ග (2,∞), (−∞, 2) 以及 (−2, 1) ∪ (3, 5) ೭些໣ӝ೿ࢂ open set. ٣ჴ
΢ךॺԖ以Πϐ性質.

Proposition 1.1.5. ଷ೛ {S i, i ∈ I} 以ࢂ I ࣁ index set 的 indexed family ύ؂ঁځ S i ⊆ R
ࣁ open set. ߾

∪
i∈I

S i ҭࣁ open set.

Proof. Һڗ a ∈
∪
i∈I

S i, җܭӸӧ k ∈ I ٬ள a ∈ S k Ъ S k ࢂ open set, ډפॺё以ך γ > 0

٬ள (a − γ, a + γ) ⊆ S k. ளࡺ (a − γ, a + γ) ⊆ S k ⊆
∪
i∈I

S i. �

ཀݙ Proposition 1.1.5 ύ的 index set I ٠คҺՖज़ڋ, Ψ൩ࢂᇥόᆅࢂԖज़ӭঁ܈
คज़ӭঁ open set, Ѭॺ的ᖄ໣٩ฅࢂ open set. ࣗԿόёኧӭঁ open set 的ᖄ໣Ψ཮
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ࢂ open set. όၸ೭ӧڗҬ໣ਔ൩όჹΑ. ӵԵቾٯ index set ࣁ N, ჹ܌Ԗ n ∈ N з
S n = (−1/n, 1/n), Ԝਔ S n ࣁࣣ open set, ՠࢂ

∩
n∈N

S n = {0}, όࢂ open set.

Question 1.3. գૈᇥܴ
∩
n∈N

(−1/n, 1/n) = {0} Ъόࢂ open set ༏?

٣ჴ΢ѝԖӧԖज़ӭঁ open sets ࢂ཮ۓҬ໣ਔё以ዴᇡ一ڗ open set. ॺԖ以Π的ך
่݀.

Proposition 1.1.6. ଷ೛ S 1, . . . , S n ࣁ R 的 open set, ߾
∩
1≤i≤n

S i ҭࣁ open set.

Proof. Һڗ a ∈
∩
1≤i≤n

S i, җܭჹҺཀ i ∈ {1, . . . , n}, a ∈ S i Ъ S i ࣁ open set, Ӹӧࡺ γi > 0

٬ள (a − γi, a + γi) ⊆ S i. з γ = min{γ1, . . . , γn}, ॺԖך γ > 0 Ъჹ܌Ԗ i ∈ {1, . . . , n},
(a − γ, a + γ) ⊆ (a − γi, a + γi) ⊆ S i. ள᛾ࡺ (a − γ, a + γ) ⊆

∩
1≤i≤n

S i. �

,೚գ཮ୢӧ΢य़的᛾္ܴ܈ ӵ݀פόډ a ∈
∩
1≤i≤n

S i, ҭջ
∩
1≤i≤n

S i = ∅ ࡛ሶᒤ? ჴځ

ऩפࢂόډ a 前ගคݤԋҥ, .ԋҥ的ࢂ以೭ঁ論ॊӧᡄᒠ΢܌ ٣ჴ΢೭Ψךࢂॺۓ ∅ ࣁ
open set 的চӢ.

Question 1.4. Һཀӭঁ a 的 open neighborhoods 的ᖄ໣ϝࢂ a 的 open neighborhood
༏? Һཀӭঁ a 的 open neighborhoods 的Ҭ໣ϝࢂ a 的 open neighborhood ༏?

җ open set 的ཷۺ, ॺଭ΢ё以ճҔך Proposition 1.1.3 ӕኬ的Бݤஒ Proposition
1.1.2 .Ԅ׎ቪԋ以Πׯ

Corollary 1.1.7. Եቾڄኧ f : R→ R Ъ೛ a ∈ R. 以Π௶ॊࢂ฻ሽ的.

(1) f is a continuous function at a.

(2) Һڗ一ঁ f (a) 的 open neighborhood U ࣣёډפ一ঁ a 的 open neighborhood V

٬ள f (V) ⊆ U.

(3) Һڗ一ঁ f (a) 的 open neighborhood U ࣣёډפ一ঁ a 的 open neighborhood V

٬ள V ⊆ f −1(U).

Question 1.5. ၂᛾ܴ Corollary 1.1.7.

ௗΠٰ, .ኧڄॺٰ௖૸ӧ᏾ঁჴኧ΢的ೱុך ऩ f : R→ R ,ኧڄೱុࢂ ߄က೭൩ۓ٩
Ң f Ѹ໪ӧ؂一ঁჴኧ΢的ᗺࣣೱុ. Һཀܭ以ჹ܌ a ∈ R, җ Corollary 1.1.7 ,ޕॺך Ѹ
໪ाӧ f (a) ΢Һڗ一ঁ open neighborhood U ࣣёډפ一ঁ a 的 open neighborhood V ٬

ள f (V) ⊆ U. όၸ౜ӧୢᚒٰΑ, җܭ f ٠ό一ࢂۓ one-to-one, ԖёૈӸӧ b ∈ R Ъ b , a

٬ள f (b) = f (a), Ψ൩ࢂᇥךॺόѝाډפ a 的一ঁ open neighborhood ᅈىा؃, Ψाפ
ډ b 的一ঁ open neighborhood V ′ ٬ள f (V ′) ⊆ U. ٣ჴ΢೭ঁ୏բࢂჹҺՖ f −1({ f (a)})
΢的ϡન೿ाᔠࢗ的, ӢԜךॺޔௗԵቾ inverse image КၨБߡ. .ॺԖ以Πख़ा的่݀ך
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Theorem 1.1.8. Եቾڄኧ f : R → R. ߾ f is a continuous function ऩЪ୤ऩჹҺཀ
opens set U ⊆ R ࣣ٬ள f −1(U) 一ঁࢂ open set.

Proof. २Ӄଷ೛ f ,ኧڄೱុࢂ Һڗ一 open set U, ॺा᛾ܴך f −1(U) ࢂ open set. ٩
ा᛾ܴჹҺཀࢂက൩ۓ x ∈ f −1(U), ࣣёډפ γ > 0 ٬ள (x − γ, x + γ) ⊆ f −1(U). ౜җܭ
x ∈ f −1(U),ҭջ f (x) ∈ U,ࡺҗ U ࢂ open的ଷ೛ޕӸӧ ϵ > 0٬ள ( f (x)−ϵ, f (x)+ϵ) ⊆ U.
җଷ೛ޕ f is continuous at x, ճҔࡺ Corollary 1.1.2 Ӹӧޕॺך δ > 0 ٬ள

(x − δ, x + δ) ⊆ f −1
(
( f (x) − ϵ, f (x) + ϵ)

)
⊆ f −1(U).

ӢԜз γ = δ ջள؃܌.

ϸϐ, ଷ೛ჹҺཀ opens set U ⊆ R, f −1(U) 一ঁࢂ open set, ॺा᛾ܴך f ೱុࢂ

,ኧڄ ջჹܭҺཀ x ∈ R ॺाᇥܴך f is continuous at x. ೭ԛךॺё以ճҔ Corollary
1.1.7 ٰೀ౛. Ψ൩ࢂᇥҺڗ一ঁ f (x) 的 open neighborhood U 一ঁډפॺाך x 的 open
neighborhood V ٬ள V ⊆ f −1(U). ฅԶ U ࢂ open set, ޕҗଷ೛ࡺ f −1(U) 一ঁࢂ open
set, ΞӢࣁ x ∈ f −1(U) (Ӣ f (x) ∈ U), ࡺ f −1(U) ࢂ x 的一ঁ open neighborhood. ӢԜз
V = f −1(U) ջ؃܌ࣁ. �

Question 1.6. Եቾڄኧ f : R → R. ߾ f is a continuous function ჹҺཀ的ܭց฻ሽࢂ
opens set U ⊆ R ࣣ཮٬ள f (U) 一ঁࢂ open set ?ګ

ॺё以ճҔך Theorem 1.1.8 ᛾ܴ identity map id : R → R .ೱុ的ࢂ ӢࣁҺڗ R 的

open set U, ॺԖך f −1(U) = U ྽ฅࢂ open set. Theorem 1.1.8 ٠ؒԖᙁϯךॺೀ౛一
些ჴኧ΢特ۓ的ڄኧࢂցೱុ的ୢᚒ, όၸӵ݀ؒԖ౐ੋ΢ჴኧ的у෧४ନၮᆉୢᚒ, Ѭ
Ԗਔ࣬྽ԖҔ. ,ኧڄೱុࣁኧ的ӝԋϝڄೱុঁٿӵεৎዕ஼的ٯ ൩ё以ࡐᇸ᚞的ճҔ
Theorem 1.1.8 ᛾ܴ. όၸा᛾ܴঁٿೱុڄኧ࣬уϝࣁೱុڄኧ, ٗሶ Theorem 1.1.8 ൩
ёૈࢴό΢Ҕ൑Α. Theorem 1.1.8 的ख़ा性, ٠όӧܭගٮჹܭೱុڄኧܜຝ的᛾ܴБݤ,
ԶࢂѬᡣךॺΑှډ, .Һཀ的໣ӝډۺॺё以௢ቶ೭ঁཷך 一ঁ໣ӝջ٬ؒԖу෧४ନ的
ၮᆉ, όၸѝाӧ΢य़๏ϒՖᒏ open set 的ཷۺ, .ኧڄॺ൩ё以௖૸Ѭ΢य़的ೱុך ೭൩
.ा௖૸的ፐᚒࡕॺ以ךࢂ

Question 1.7. ၂ճҔ Theorem 1.1.8 ᛾ܴதኧڄኧࢂೱុڄኧ以及ঁٿೱុڄኧ的ӝԋ
ϝࣁೱុڄኧ.

,ۺд的拓樸ཷځϟಏߡБࡕΑ以ࣁ നךࡕॺϟಏՖᒏ closed set.

Definition 1.1.9. ଷ೛ S ⊆ R,ӵ݀ S 的ံ໣ S c = R \S ࢂ open set,ך߾ॺᆀ S ࢂ closed
set.

ӵεৎዕ஼的ഈ୔໔ٯ [−1, 3], җܭѬ的ံ໣ࢂ (−∞,−1) ∪ (3,∞) ࢂ open, ࡺ [−1, 3] ࢂ
closed set. ೭္ाගᒬεৎ, ࣁӭӕᏢ以ࡐ closed set ࢂ open set 的࣬ϸ, Զᇤ以ࣁ一ঁ໣
ӝऩόࢂ open set ࢂѸ߾ closed set. ೭ࢂᒱᇤ的ཷۺ. ٣ჴ΢ [−1, 3) ൩ࡽόࢂ open Ψό
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ࢂ closed. Զۓ٩က R ک ∅ ൩Ξࢂ open Ψࢂ closed. ᕴԶ言ϐ, ा᛾ܴ一ঁ໣ӝࢂ closed,
ࢂ໣ံځက᛾ܴۓॺѸ໪٩ך open set ջё.

Question 1.8. ᏾ኧ܌ԋ的໣ӝ Z ࣁցࢂ closed set?

Question 1.9. ଷ೛ {S i, i ∈ I} 以ࢂ I ࣁ index set 的 indexed family ύ؂ঁځ S i ⊆ R ࢂ
closed set.

(1) ᛾ܴ
∩
i∈I

S i ࣁ closed set.

(2) ᛾ܴ྽ I 一ঁࢂ finite set ਔ,
∪
i∈I

S i ࣁ closed set.

1.2. Open Sets and Closed Sets

ᗨฅךॺᙁൂ的ᇥѝाޕၰব些ࢂ open sets ൩ё以ۓကрೱុڄኧ, ՠࢂᒿߡӧ一ঁ໣ӝ
ύᒿٗۓࡰߡ些 subsets ࢂ open sets .Ԗཀက的ؒࢂ җ Proposition 1.1.5 ک Proposition
1.1.6, ၰӧჴኧ΢的ޕॺך open set ಄ӝҺཀᖄ໣以及Ԗज़ӭঁҬ໣ϝࣁ open 的性質, Զ
Ъ R ҁي以及 ∅ ҭࣁ open set. Ծฅा؃ࡐॺך以܌ open sets ಄ӝ以Π的ೕጄ.

Definition 1.2.1. Եቾ一໣ӝ X, 以及 T ࣁ X 的一些η໣ӝ܌ԋ的໣ӝ. ॺᆀך T ࣁ X

的一ঁ topology ӵ݀ T ಄ӝ以Πచҹ.

(1) X, ∅ ࣣӧ T ύ.

(2) ଷ೛ {S i, i ∈ I} 以ࢂ I ࣁ index set 的 indexed family ύ؂ঁځ S i ࣣӧ T ύ, ∪߾
i∈I

S i ҭӧ T ύ.

(3) ଷ೛ S 1, . . . , S n ࣣӧ T ύ, ߾
n∩

i∈1
S i ҭӧ T ύ.

྽ךॺӧ X ύ๏ۓΑ一ঁ topology, ᆀ߾ X 一ঁࣁ topological space ԶЪᆀ T ύ的ϡન
ࣁ X 的 open set. Ξऩ x ∈ X Ъ S ⊆ X ӧ T ύᅈى x ∈ S , ᆀ߾ S ࣁ x 的一ঁ open
neighborhood.

Question 1.10. ၂ճҔኧᏢᘜયݤᇥܴ Definition 1.2.1 ύ topology 的చҹ (3) ฻ሽܭ
(ҭջёׯԋ): ଷ೛ S 1, S 2 ࣣӧ T ύ, ߾ S 1 ∩ S 2 ҭӧ T ύ.

ाݙཀӕኬ的 X, ё以ӧ΢य़ۓကόӕ的 topology, Ԝਔךॺᇡࣁۓόӕ的 topological
space. Ҕব一ᅿࢂਔѸ໪ᇥܴݩ的௃ۓॺा૸論特ך以྽܌ topology. ॺा௖ךӵٯ
૸ӵ΢一കჴኧسಞᄍҔ的ճҔ໒୔໔ु܌的 open set, ाமፓ٬Ҕߡ R ΢的 standard
topology. όၸ以ࡕ྽ךॺፋ論的ࢂ一૓的ݩރਔ, ௗᇥޔॺ཮ךـଆߡΑБࣁ X 一ঁࣁ

topological space, Զόѐග及 T , ೭Ψ߄Ңךॺ௢ள的่論ࢂ፾ҔܭҺՖ的 topology 的.

ჹܭҺཀ的໣ӝ X ကрۓ΢ځॺ೿ё以ӧך topology 一ঁࣁԋځ٬ topological space.
໣ӝۓӵ๏ٯ X ΢的ځۓॺёך topology ࣁ T = {X, ∅} ೭ኬ的 trivial topology ᆀ܈
indiscrete topology. Ψёۓ T = P(X) (X 的 power set, ջ܌Ԗ X 的η໣ӝ܌ԋ的໣ӝ)
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೭ኬ的 discrete topology. ,ࢗ৒ܰᔠࡐ ೭ٿᅿ೿಄ӝ Definition 1.2.1 ύ topology 的ۓက.
ϙሶӕኬ的໣ӝ๏Αόӕ的ࣁᇥܴ一Πߡη໩ٯᆄ的ཱུঁٿॺё以ᙖ೭ך topology, ཮
ᡣךॺ “ ག᝺” ό一ኬ. ॺஒ一ঁךჴځ open set S ᆀࣁӧѬ္य़的一ঁᗺ x 的 open
neighborhood, ཀښ๱ךॺஒ S ΢的ᗺຎࣁӧ x ߈ߕ (൩Ⴝჴኧ΢х֖ࢌ一ᗺ的໒୔໔
一ኬ). Ξऩ x1 ∈ S 1, x2 ∈ S 2 Ъ S 1, S 2 ࣁࣣ open sets ᅈى S 1 ∩ S 2 = ∅, Ԝਔךॺёຎ
ࣁ x1, x2 .୔႖໒ٰ܌໒୔໔ঁٿᗺё以೏ٿ வ೭ঁᢀᗺٰ࣮, ჹܭ X ऩ٬Ҕ indiscrete
topology, Ң߄ X ΢的܌ԖᗺѝԖ一ঁ open neighborhood X ԶЪ܌Ԗᗺ೿ӧ္य़. ೭ཀښ
೭εৎ೿ᔒԋ一ი, คݤ೏୔ϩ໒ٰ, ೭ΨעࢂѬᆀࣁ indiscrete (คݤ୔ϩ的) 的চӢ. ќ
一Бय़, ӕኬ的໣ӝ X ऩҔ discrete topology, ҢჹҺཀ߄ x ∈ X, {x} يҁࢂ x 的一ঁ open
neighborhood, ೭ό൩ཀښ๱؂一ঁ X ΢的ᗺ೿೏ϩளࡐ໒ୟ (གྷႽჴኧ΢的᏾ኧᗺ)? ೭
ΨעࢂѬᆀࣁ discrete (ᚆ໒ϩණ的) 的চӢ.

Question 1.11. ӵ݀ X = {1, 2} ନΑ discrete topology ک indiscrete topology 外, ᗋԖځ
д的 topology ༏?

ॺϟಏ一ᅿख़ा的ך topological space. ӧ R ΢, ॺதҔ的ך standard topology, Ҕࢂ
“ຯᚆ” ,ကрٰ的ۓ 一૓ٰᇥԖΑຯᚆ൩ё以ճҔѬۓр topology. ೭ኬ的 topological
space ࣁॺ特ձᆀϐך metric space. २Ӄךॺᗋۓࢂက一ΠՖᒏ “ຯᚆ”.

Definition 1.2.2. ๏ۓ一໣ӝ X, ऩڄኧ d : X × X → [0,∞) ჹܭҺཀ a, b, c ∈ X ᅈى以Π

性質, ᆀ߾ d ࣁ X ΢的一ঁ metric.

(1) d(a, b) = d(b, a).

(2) d(a, b) = 0 if and only if a = b.

(3) d(a, b) ≤ d(a, c) + d(c, b).

性質 (1) ࢂ的ࡰ a ډ b 的ຯᚆ฻ܭ b ډ a 的ຯᚆ. Զ性質 (2) Ծρ的ຯډ؂一ᗺࢂ的ࡰ
ᚆࣁ 0, Զόӕ的ᗺຯᚆѸεܭ 0. 性質 (3) .ό฻Ԅفεৎዕ஼的Οࢂߡ 以಄ӝ೭Ο໨性܌
質的ڄኧᆀࣁຯᚆڄኧ. ӧ R ύךॺۓ的๊ჹॶ |a − b| = d(a, b) ൩಄ӝ以΢Οঁ性質. ќ
外ӧ R2 ύۓ d((x1, y2), (x2, y2)) =

√
(x1 − x2)2 + (y1 − y2)2 Ψ཮ࢂ R2 ΢的一ঁ metric. ࣗ

Կךॺӧ Rn ύதҔ的 d((x1, . . . , xn) − (y1, . . . , yn)) =
√
(x1 − y1)2 + · · ·+ (xn − yn)2 Ψࢂ R

n

΢的 metric.

ჹܭ X, ๏ځۓ΢的 metric d ,ࡕ ကۓё以ߡॺך X ΢的 open ball. ҭջჹܭ a ∈ X,
r > 0 ကۓॺך B(a; r) = {x ∈ X : d(x, a) < r}. ฅךࡕॺߡёӵ Definition 1.1.4 ကۓ X ΢

的 open set. Ψ൩ࢂᇥ, ऩ S ⊆ X ᅈىჹ܌Ԗ a ∈ S ࣣӸӧ r > 0 ٬ள B(a; r) ⊆ S , ᆀ߾ S

一ঁࣁ open set. ྽ฅΑךॺѸ໪ᇥܴ೭ኬۓр的 open set ಄ӝ Definition 1.2.1 的Ο໨ा
؃. ٣ჴ΢ኳү Proposition 1.1.5 ک Proposition 1.1.6 的᛾ܴ, ကр的ۓၰ೭ኬޕॺዴჴך
open sets ዴჴ፟ϒ X 一ঁ topology. Ψ൩ࢂᇥѝा一ঁ໣ӝ΢Ԗ一ঁ metric, ճૈߡॺך
ҔԜ metric ΢的一ঁځကрۓ topology.
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Question 1.12. ଷ೛໣ӝ X ΢Ԗ一 metric d, ၂᛾ܴ

T = {S ⊆ X | ∀ a ∈ S , ∃ r > 0, B(a; r) ⊆ S }

ࣁ X ΢的 topology.

ကр一ঁ໣ӝۓॺाךჴځ X ΢的 topology, 一໒ۈёૈคݤ一Πη൩ૈ಄ӝ Defini-
tion 1.2.1 的Ο໨చҹ, 一૓ךॺ཮Ӄݙཀךॺा؃的 open set ,ሶࣗࢂሡ的特性܌ Ӄԏ໣
೭些໣ӝฅࡕӆᘉεϐځ٬಄ӝ topology 的ा؃. ӵӧٯ R ΢的 standard topology, ך
ॺ୷ҁ΢܌ा的ࢂ໒୔໔的ཷۺ, നࡕωᘉкډ open sets. ٣ჴ΢ךॺё以࣮р, ӧ R 的
standard topology ΢的 open set ൩ࢂ一些 (ё以ࢂคጁӭঁ) open interval 的ᖄ໣܌ಔԋ.
ӕኬ的ၰ౛, ӧ metric space ύ的 topology ύ的ځ open sets, ٣ჴ΢Ψ೿ࢂҗ一些 open
ball .ᖄ໣Զள܌ Զ೭些ࡌᄬ topology ന୷ҁ的໣ӝ, ၀ࣁᆀϐߡॺך topology 的一ঁ
basis. .ကۓॺԖ以Π҅Ԅ的ך

Definition 1.2.3. ଷ೛ X җࢂ T ကр的一ঁۓ topological space. ऩ B җࢂ T ύ的一些
open sets ,ಔԋ的໣ӝ܌ ᅈىҺཀ T ύޜߚ的 open set ࣣёቪԋ一些 B ύ的 open sets 的
ᖄ໣, ᆀ߾ B ࣁ T 的 basis ܈) base).

ჴځ basis 的ཀကӧܭჹܭҺՖޜߚ的 open set S , ྽ x ∈ S ਔ, ډפॺ೿ёך S x ∈ B
ᅈى x ∈ S x Ъ S x ⊆ S , Ԝਔߡёஒ S ቪԋ೭些 S x 的ᖄ໣, ջ S =

∪
x∈S

S x. ӵӧٯ R ύ, ྽

ॺԵቾך standard topology T , җܭჹܭҺཀޜߚ的 open set S ∈ T ΢的一ᗺ x ∈ S , ך
ॺࣣёډפ γx > 0 ٬ள (x − γx, x + γx) ⊆ S , 以ёள܌ S =

∪
x∈S

(x − γx, x + γx). ӢԶள܌ޕ

Ԗ的 open intervals ࢂԋ的໣ӝ܌ R 的 standard topology 的一ಔ basis. ӕ౛, ჹܭ metric
space, Ԗ܌ open ball Ԝࢂԋ的໣ӝ൩܌ metric space 的 topology ΢的一ಔ basis.

Question 1.13. ଷ೛ S Һཀܭ໣ӝЪჹޜߚࢂ x ∈ S ਔ, ډפॺ೿ёך S x ᅈى x ∈ S x Ъ

S x ⊆ S . ၂᛾ܴ S =
∪
x∈S

S x, ٠٩Ԝᇥܴӧ metric space ύ܌Ԗъ৩ࣁԖ౛ኧ的 open ball

Ԝࢂԋ的໣ӝ൩܌ metric space 的 topology ΢的一ಔ basis.

җ Question 1.13 ёޕ一ঁ topology 的 basis ٠ό୤一. όၸϸၸٰ一ಔ basis ໻ૈۓ
р一ঁ topology. ೭ࢂӢ٩ࣁ basis 的ۓက, basis ύ的ϡન೿ᔈࢂ open set, ӆу΢ open
sets 的ᖄ໣ϝࣁ open set, ӢԜऩঁٿ topology Ԗ࣬ӕ的 basis, ཮೷ԋ೭ঁٿ topology Ԗ
࣬ӕ的 open sets, ҭջள࣬ډӕ的 topology. ၁ಒ的᛾ܴ൩੮բಞᚒ៷.

Question 1.14. ଷ೛ X 的໣ӝЪޜߚࣁ T1,T2 ࣁࣣ X ΢的 topology. ౜ऩ B ࣁࣣ T1,T2
的一ಔ basis. ၂᛾ܴ T1 = T2.

က྽ۓ٩ B ࢂ topological space X 的一ಔ basis ਔ, Ӣࣁ X ҁࢂي open, ॺ཮Ԗך
X =

∪
S∈B

S . ќ一Бय़, ऩ S 1, S 2 ∈ B Ъ x ∈ S 1 ∩ S 2, җܭ S 1 ∩ S 2 ҭࣁ open, ޕࡺ S 1 ∩ S 2

Ѹёቪԋ一些 B ύ的໣ӝ的ᖄ໣, ӢԜҗ x ∈ S 1 ∩ S 2 ளѸӸӧ S ∈ B ᅈى x ∈ S Ъ

S ⊆ S 1 ∩ S 2. 以ΠԖᜢډॺளך basis 的性質.
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Proposition 1.2.4. ଷ೛ B ࢂ topological space X 的一ಔ basis, ߾ B ᅈى以Πచҹ:

(1) X =
∪
S∈B

S .

(2) ऩ S 1, S 2 ∈ B Ъ x ∈ S 1 ∩ S 2, Ӹӧ߾ S ∈ B ᅈى x ∈ S Ъ S ⊆ S 1 ∩ S 2.

ϸϐ, ऩ B ࣁ X ύ的一些 subsets ΢ॊىԋ的໣ӝЪᅈ܌ (1), (2) ,性質ঁٿ Ӹӧ୤一的߾
topology T , ٬ள B ࣁ T 的一ಔ basis.

Proof. ॺ໻ഭा᛾ܴӸӧ୤一的ך topology T , ٬ள B ࣁ T 的一ಔ basis. ा᛾ܴӸӧ
性, рۓᡏڀॺѸ໪ך以܌ T ٰ. җܭ B ाԋࣁ basis 的ۓက؂ঁࣁ open set ࢂࣣ B ύ的
一些ϡન的ᖄ໣, ӢԜ T 的ϡનԾฅࣣሡёቪԋ B ύ的一些ϡન的ᖄ໣ӆу΢ ∅. ך以܌
ॺѝाԏ໣ ∅ 以及܌Ԗё以ቪԋ B ύ的一些ϡન的ᖄ໣的 subsets ࣁϐۓ T ӆ᛾ܴ T ዴ
ჴ಄ӝ topology 的ा؃ջё. २Ӄςޕ ∅ ∈ T , ӆҗ X =

∪
S∈B

S , ޕࡺ X ӧ T ύ. ќ外җ

ܭ T 的ϡનࣣёቪԋ B ύ的一些ϡન的ᖄ໣, 以܌ T ύҺཀ一些ϡન的ᖄ໣ϝёቪԋ B
ύ的一些ϡન的ᖄ໣. നךࡕॺѝഭΠा᛾ܴऩ T1, . . . , Tn ࣣёቪԋ B ύ的一些ϡન的ᖄ
໣, ߾ T1 ∩ · · · ∩ Tn ҭёቪԋ B ύ的一些ϡન的ᖄ໣. ٣ჴ΢ճҔኧᏢᘜયݤ, ॺѝा᛾ך
ܴ n = 2 的௃ݩ ـୖ) Question 1.10). ౜ଷ೛ T1,T2 ∈ T , ကӸӧۓ٩ index sets I, J ٬ள

T1 =
∪
i∈I

S i, T2 =
∪
j∈J

S ′j, ύځ S i, S ′j ࣣӧ B ύ. ճҔᖄ໣Ҭ໣的ϩଛ性質, ॺԖך

T1 ∩ T2 =
∪

i∈I, j∈J

S i ∩ S ′j.

ॺ໻ሡा᛾ܴך以܌ S i ∩ S ′j ҭё以ቪԋ B ύ的一些ϡન的ᖄ໣ջё. ฅԶჹܭҺՖ
x ∈ S i ∩ S ′j, җܭ S i, S ′j ࣣӧ B ύ, җ性質ࡺ (2) Ӹӧޕ S x ∈ B ᅈى x ∈ S x Ъ S x ⊆ S i ∩ S ′j.
җԜё௢ள

S i ∩ S ′j =
∪

x∈S i∩S ′j

S x.

ӢԜךॺள᛾ T ዴࣁ X 的一ঁ Topology Ъ B ࣁ T 的一ಔ basis. �

നךࡕॺϟಏ topological space ΢的 closed set.

Definition 1.2.5. ଷ೛ X ࣁ topological space. ჹܭ S ⊆ X, ӵ݀ S 的ံ໣ S c = X \ S ࢂ

open set, ॺᆀך߾ S ࢂ closed set.

ӆԛගᒬεৎ, closed setόࢂ open set的࣬ϸ, όाᇤ以ࣁ一ঁ໣ӝऩόࢂ open set߾
Ѹࢂ closed set. ೭ࢂᒱᇤ的ཷۺ. ٣ჴ΢Ԗёૈ一ঁ໣ӝࡽόࢂ open Ψόࢂ closed. ќ一
Бय़ΨԖёૈ一ঁ໣ӝࢂࡽ open ࢂ closed. ࣗԿԖёૈ一ঁ topological space ΢的 open
sets ک closed sets ֹӄ࣬ӕ. Indiscrete topology ک discrete topology ൩ٯࢂη. ᕴԶ言ϐ,
ा᛾ܴ一ঁ໣ӝࢂ closed, ࢂ໣ံځက᛾ܴۓॺѸ໪٩ך open set ջё. ճҔਂ໣的性質,
ӵӕ Question 1.9, .ॺԖ以Π的่݀ך

Proposition 1.2.6. ଷ೛ X 一ࣁ topological space, .ॺԖ以Π性質ך߾
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(1) X, ∅ ࣁࣣ closed.

(2) ଷ೛ S 1, . . . , S n ࣁࣣ closed set, ߾
n∪

i∈1
S i ҭࣁ closed set.

(3) ଷ೛ {S i, i ∈ I} 以ࢂ I ࣁ index set 的 indexed family ύ؂ঁځ S i ⊆ X ࣁࣣ closed
set, ߾

∩
i∈I

S i ҭࣁ closed set.

Question 1.15. ၂ᇥܴӧ indiscrete topology ک discrete topology ύ open set ൩ࢂ closed
set, Զ closed set ൩ࢂ open set.

Question 1.16. 一ঁ topological space ύ, ऩޕၰ܌Ԗ的 closed sets ,Ֆࣁ ޕց൩ё以ࢂ
ၰ܌Ԗ的 open sets?

നࡕाගᒬ的ࢂӧ一૓的 topological space ΢җ一ঁϡન܌ԋ的໣ӝ, ό一ۓ཮ࢂ
closed. ӵٯ indiscrete topology ൩ࢂ一ঁٯη. ೭ךکॺӧ R ΢ಞᄍ的 standard topology
࣬྽όӕ, .ཀݙ以ί࿤ा܌ όၸӧ特殊的௃ݩ, ӵٯ R ΢的 standard topology ࣗԿ׳一
૓的 metric space ΢, Һཀ一ঁϡન܌ԋ的໣ӝ൩一ࢂۓ closed.

1.3. Continuous Functions and Open Maps

一ঁ໣ӝԖΑ topology, ኧ的฻ሽ性質ڄёஒჴኧ΢ೱុߡॺך (Theorem 1.1.8) ٰ৾྽ԋ
ೱុڄኧ的ۓက. ٣ჴ΢, ॺόѝፋ論一ঁך topological space ԾρډԾρ的ڄኧ, ॺёך
以ஒϐ௢ቶঁٿډ topological spaces ϐ໔的ڄኧ.

Definition 1.3.1. ଷ೛ X,Y ࣁ topological spaces Ъ f : X → Y 一ࣁ function. ӵ݀ჹܭ Y

΢Һཀ的 open set U ࣣள f −1(U) ࣁ X ΢的 open set, ᆀ߾ f ࣁ continuous function.

ӆԛගᒬ, continuous function ჹᔈୱ΢的ࢂ的ࡰ open set 的 inverse image ϝۓࣁက
ୱ΢的 open set. Զόࢂஒۓကୱ΢的 open set ڗ image ჹᔈୱ的ࢂ཮ࡕ open set.

Question 1.17. ೛ X,Y ࣁ topological space, f : X → Y ࣁ function. ၂ղᘐ以Π௃׎Ֆޣ
ёዴۓ f ࣁ continuous.

(1) X ΢的 topology ࣁ discrete topology.

(2) Y ΢的 topology ࣁ discrete topology.

(3) X ΢的 topology ࣁ indiscrete topology.

(4) Y ΢的 topology ࣁ indiscrete topology.

Question 1.18. ၂ᇥܴ一ঁ໣ӝ X ΢的 identity function idX : X → X Ԗёૈόࢂ

continuous function.

җ΢一࿯ύ closed set 的ۓက, ၰჹޕॺך open sets 的Αှ൩฻ӕܭჹܭ closed sets
的Αှ. ӢԜךॺΨёճҔ closed set 的 inverse image ٰղۓ一ঁڄኧࢂցࣁ continuous.
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Proposition 1.3.2. ଷ೛ X,Y ࣁ topological spaces Ъ f : X → Y 一ࣁ function. ߾ f ࢂ

continuous ऩЪ୤ऩჹܭ Y ΢Һཀ的 closed set C ࣣԖ f −1(C) ࣁ X ΢的 closed set.

Proof. ଷ೛ f ࣁ continuous, Һڗ Y ύ的 closed set C, ॺाᇥܴך f −1(C) ཮ࢂ X 的

closed set, Ψ൩ࢂᇥ X \ f −1(C) ࢂ open. ฅԶ X \ f −1(C) = f −1(Y \C) Ъ Y \C ࢂ open, ࡺ
җ f ࢂ continuous ள᛾ f −1(Y \C), ҭջ X \ f −1(C) ࢂ open.

ϸϐ, ଷ೛ჹܭ Y ΢Һཀ的 closed set C ࣣԖ f −1(C) ࣁ X ΢的 closed set. Һڗ Y ΢

的 open set U, ॺԖך Y \ U ࣁ closed. Ԝਔ٩ଷ೛ޕ f −1(Y \ U) = X \ f −1(U) ࣁ X ΢的

closed set, ளࡺ f −1(U) ࣁ open. ள᛾ f ࣁ continuous. �

က,ा᛾ܴۓ٩ f : X → Y ࣁ continuous,Ѹ໪ᡍ᛾܌Ԗ Y 的 open sets U ࣣᅈى f −1(U)

ࣁ X 的 open set. ฅԶԵቾ Y ΢܌Ԗ的 open sets Ԗਔ཮Ԗᗺᕷᚇ, Ԝਔ basis 的ཷߡۺё
ᔅךॺफ़ե一些ፄᚇࡋ. Π一ঁۓ౛ࢂߡ֋ນךॺ, ऩૈډפ Y 的一ಔ basis, ॺѝाᔠᡍך
Ԝ basis 的 inverse image ջё.

Proposition 1.3.3. ଷ೛ X,Y ࣁ topological space, ύځ B ࣁ Y 的 topology 的一ಔ basis.
߾ f : X → Y ࣁ continuous ऩЪ୤ऩჹܭҺཀ U ∈ B, f −1(U) ࣁࣣ X 的 open set.

Proof. ऩ f ࣁ continuous, ӢҺཀ߾ U ∈ B ࣁࣣ Y 的 open set, ޕࡺ f −1(U) ࣁ X 的 open
set.

ϸϐ, ऩჹܭҺཀ U ∈ B, f −1(U) ࣁࣣ X 的 open set. Һڗ Y 的 open set U, җܭ B ࢂ
basis, Ӹӧ index I 以及 S i ∈ B, ∀ i ∈ I ٬ள U =

∪
i∈I S i. җࡺ f −1(U) =

∪
i∈I f −1(S i) 以及

f −1(S i) ࣁ open ޕ f −1(U) ࣁ open, ள᛾ f ࣁ continuous. �

྽ X,Y,Z ࢂ topological spaces, f : X → Y, g : Y → Z ࣁ functions ёஒߡॺך f , g ӝ

ԋள g ◦ f : X → Z. ऩाΑှ g ◦ f ࣁցࢂ continuous, ၰޕॺѸ໪ך g ◦ f 的 inverse
image ک f , g 的 inverse image 的ᜢ߯. Һڗ Z 的一ঁ subset S , g−1(S ) ཮ࢂ Y 的 subset,
ࡺ f −1(g−1(S )) ཮ࢂ X 的 subset. ќ一Бय़ (g ◦ f )−1(S ) Ψ཮ࢂ X 的 subset, ॺԾך以܌
ฅ཮ୢ f −1(g−1(S )) ک (g ◦ f )−1(S ) ?ց࣬฻ࢂ ऩ x ∈ f −1(g−1(S )), Ң߄ f (x) ∈ g−1(S ). Ξ
җ f (x) ∈ g−1(S ) ள g ◦ f (x) = g( f (x)) ∈ S , ޕࡺ x ∈ (g ◦ f )−1(S ). ϸϐ, ऩ x ∈ (g ◦ f )−1(S ),
Ң߄ g( f (x)) = g ◦ f (x) ∈ S , ளࡺ f (x) ∈ g−1(S ), ջ x ∈ f −1(g−1(S )). Һཀܭॺ᛾ܴΑჹך
S ⊆ Z, ࣣԖ f −1(g−1(S )) = (g ◦ f )−1(S ). ԖΑ೭ঁ性質, ኧ的ӝڄೱុঁٿё以௢ளߡॺך
ԋҭࣁೱុڄኧ.

Proposition 1.3.4. ଷ೛ X,Y,Z ࢂ topological spaces. ऩ f : X → Y, g : Y → Z ࣁ

continuous functions, ߾ g ◦ f : X → Z ҭࣁ continuous function.

Proof. Һڗ U ࣁ Z 的 open set, Եቾ (g ◦ f )−1(U) = f −1(g−1(U)). җܭ g : Y → Z ࢂ

continuous, ॺԖך g−1(U) ࣁ Y 的 open set. Ξҗܭ f : X → Y ࢂ continuous, ॺளך
f −1(g−1(U)) ࢂ X 的 open set. ள᛾ g ◦ f : X → Z ࣁ continuous function. �
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ӧኧᏢ΢, ྽Ԗঁٿ໣ӝᗨฅࢂόӕ໣ӝ, ՠࢂ྽Ѭॺӧࢌ些ךॺᜢݙ的特ۓ性質ٰ࣮
ਔ࣬ࢂӕਔ, .׎ඔᛤр೭ᅿ௃ݤఈૈԖ一ঁБ׆ॺ཮ך җܭѬॺࢂόӕ的໣ӝ, 以୤܌
一עѬॺᘍܫӧ一ଆ的Бݤ൩ࢂᙖҗ function, ԶЪ೭些 function Ѹ໪ךکॺ௖૸的性質
࣬ᜢ. ,ӵӧжኧ္ٯ ঁٿ group ॺ൩཮ፋ論дॺϐ໔的ך group homomorphism. Զऩٿ
ঁ group ϐ໔Ԗ一ჹ一Ъࢀԋ的 group homomorphism (ջ isomorphism), ٿᆀ೭ߡॺך
ঁ group ࣁ isomorphic. ჹܭ topological spaces, ঁٿۓॺाӵՖᇡך topological spaces
Ѭॺ的拓樸࣬ࢂӕ的ګ? ྽ฅ೭ঁٿ spaces ᔈ၀Ԗ一ჹ一Ъࢀԋ的ڄኧჹᔈᜢ߯, όၸ೭
,拓樸的ᜢ߯࡭ߥኧѸሡڄঁ ࢂᔈ၀ࣁԾฅӦᇡࡐॺך continuous function փ! όၸ೭ϝ
ฅԖୢᚒ. ӵ೛ٯ X .的໣ӝޜߚ一ঁࢂ Եቾ identity map idX : X → X, ကୱ٬ۓύځ
Ҕ discrete topology, Զჹᔈୱ٬Ҕ indiscrete topology. ӧ೭ኬ的 topology ϐΠ, idX 一ࢂ

ঁ continuous function, όၸऩ X ֖Ԗӭܭ一ঁϡન, ᅿٿ೭ࣁॺ๊ό཮ᇡך topologies ཮
࣬ӕ. ٣ჴ΢ӧ一૓௃׎, ऩ X,Y ࢂ topological spaces Զ f : X → Y ԋ的ࢀ一ჹ一Ъࢂ

continuous function. ჹܭ Y ΢的 open set U, җܭ f ࢂ continuous, ॺԖך f −1(U) ӧ X

ࢂ open. ౜ऩԖќ一ঁόӕ的 Y ΢的 open set U′, җܭ f ࢂ onto, ډॺ཮ளך f −1(U) ک

f −1(U′) ౦的࣬ࢂ (why?). ඤѡ၉ᇥӧ೭ঁచҹΠךॺ໻Ԗ一ঁ一ჹ一的ჹᔈБԄஒ Y 的

open sets ଌډ X 的 open sets; ՠόૈߥ᛾܌Ԗ X 的 open sets ೿೏ჹᔈډ. 以ག᝺΢܌ X

的 open sets ԖёૈК Y 的 open sets ӭ (೭ᅿ௃׎ӧኧᏢ΢཮ᆀ X Ԗ stronger topology),
ΨӢԜךॺόૈ٩Ԝᇡۓ X,Y Ԗ࣬ӕ的拓樸性質. ฅԶӵ݀ჹܭҺཀ X 的 open set S , f (S )

ࣁࣣ Y 的 open set, Ԝਔҗܭ f ,一ჹ一的ࢂ Ԗ一ঁ一ჹ一的БԄஒߡॺך X 的 open sets
ଌډ Y 的 open sets (why?). ӢԜӧԜ௃ݩϐΠᇡۓ X,Y Ԗ࣬ӕ的拓樸性質ࢂሥӝ౛的. 一
૓ٰᇥ྽一ঁڄኧ f : X → Y ᅈىჹҺཀ X 的 open set S ࣣ཮٬ள f (S ) ࢂ Y 的 open set
(όሡ one-to-one and onto 以及 continuous 的ଷ೛), ᆀߡॺך f 一ঁࣁ open map.

Question 1.19. ଷ೛ X,Y ࣁ topological spaces Ъ f : X → Y ࢂ onto 的 continuous
function Զ g : X → Y ࢂ one-to-one 的 open map.

(1) ၂᛾ܴऩ U1,U2 ࣁ Y ύ࣬౦的 open sets,߾ f −1(U1), f −1(U2)ࣁ X ύ࣬౦的 open
sets.

(2) ၂᛾ܴऩ S 1, S 2 ࣁ X ύ࣬౦的 open sets,߾ g(S 1), g(S ࣁ(2 Y ύ࣬౦的 open sets.

୷ܭ΢ॊ的౛җ, ଷ೛ X,Y ࣁ topological spaces Ъ T ,T ′ ϩձࣁ X,Y 的 topology. ӵ
݀ f : X → Y ԋ的ࢀ一ჹ一Ъࣁ continuous function Ъࣁ open map, ё以ճҔߡॺך f ள

一ঁډ T ډ T ′ (ջ܌Ԗ X ΢的 open sets܌ԋ的໣ӝ܌ډԖ Y ΢的 open sets܌ԋ的໣ӝ)
的一ঁ一ჹ一Ъࢀԋ的ჹᔈᜢ߯. ҭջஒ X ΢的 open set S ჹᔈډ Y ΢的 open set f (U).
Ψ൩ࢂᇥз F : T → T ′ ஒࣁကۓځ S ∈ T ډ৔ࢀ f (S ) (ջ F(S ) = f (S )). җܭ f ࢂ open
map, ॺԖך f (S ) ∈ T ′ ޕࡺ F ࢂ well-defined. ΞӢ f ,一ჹ一ࢂ җࡺ Question 1.19 (2)
ޕ F .一ჹ一ࢂ ќ一Бय़ჹҺཀ U ∈ T ′ җܭ f ࢂ continuous, ॺԖך f −1(U) ∈ T . Ԝਔз
S = f −1(U) ճҔ f ࢂ onto (ջ f (X) = Y) ёள S ∈ T ᅈى

F(S ) = f (S ) = f ( f −1(U)) = U ∩ f (X) = U ∩ Y = U.
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ள᛾ F ࢂ onto. ฅԜਔࡽ X 的拓樸ک Y 的拓樸ϐ໔Ԗ๱一ჹ一Ъࢀԋ的ჹᔈᜢ߯, ࡐॺך
ԾฅӦ཮٩Ԝᇡۓ X ᆶ Y Ԗ࣬ӕ的拓樸่ᄬ, ӢԜԖ以Π的ۓက.

Definition 1.3.5. ೛ X,Y ࣁ topological spaces. ӵ݀一ঁೱុڄኧ f : X → Y 一ჹ一Ъࢂ

ࣁԋ的Ъࢀ open map, ᆀ߾ f ࢂ X,Y ϐ໔的 homeomorphism. ӵ݀ঁٿ topological space
X,Y ϐ໔Ӹӧ๱ homeomorphism, ᆀ߾ X,Y ࣁ homeomorphic topological spaces.

ኧڄೱុࢂኧ҂Ѹڄϸځኧڄԋ的ೱុࢀჴ一ঁ一ჹ一Ъځ (以ךࡕॺ཮ፋډ೭ѝԖӧ
特殊的拓樸ϐΠω཮ԋҥ). ՠӵ݀ f : X → Y ࢂ open map ਔ, з g : Y → X ࣁ f 的ϸڄ

ኧ ,Αᗉխషౄࣁ) ೭္ךॺόҔ f −1 Ң߄ f 的ϸڄኧ). ԜਔჹܭҺՖ X 的 open set S , җ
ܭ g−1(S ) = f (S ) (why?) Ъ f ࢂ open map, ॺளך g−1(S ) ࣁ Y 的 open set. ޕࡺ g ࣁ

continuous. ϸϐӵ݀ f 的ϸڄኧ g ࢂ continuous, ԜਔჹܭҺཀ X 的 open set S , ॺࣣך
Ԗ f (S ) = g−1(S ) ࣁ Y 的 open set, ޕࡺ f ࣁ open map. .ॺ᛾ள以Π่݀ך

Proposition 1.3.6. ೛ X,Y ࣁ topological spaces, f : X → Y ࣁ one-to-one and onto. ߾ f

ࢂ open map ऩЪ୤ऩ f 的 inverse function ࣁ continuous.

Question 1.20. ೛ X,Y ࣁ topological spaces, f : X → Y ࣁ one-to-one and onto. ၂ᇥܴ
f ࣁ continuous function ऩЪ୤ऩ f 的 inverse function ࣁ open map.

ճҔ Proposition 1.3.6 .ॺԾฅԖ以Π的่݀ך

Corollary 1.3.7. ೛ X,Y ࣁ topological spaces, f : X → Y ࣁ X ډ Y 的ڄኧ. ߾ f ࣁ

homeomorphismऩЪ୤ऩ f ࢂ one-to-one, onto以及 continuousԶЪ f 的 inverse function
ҭࣁ continuous.

Question 1.21. ଷ೛ X,Y ࣁ topological spaces,ךॺҔ X ≃ Y Ң߄ X,Y ࣁ homeomorphic.
၂᛾ܴ “≃” 一ঁࢂ topological spaces ϐ໔的 equivalent relation.

Homeomorphisms Ԗ೚ӭख़ा的性質, 以ךࡕॺ཮ӆ၁ፋ.

1.4. Subset Topology and Disjoint Union Topology

ӧ೭࿯ύךॺϟಏঁٿബ೷ཥ的 topological space 的Бݤ. ကۓࢂύ一ঁځ topological
space 的η໣ӝ΢的拓樸, ᆀࣁ subset topology. ќ一ঁࢂஒঁٿό࣬ᜢ的 topological
spaces ӝٳԋ一ঁ topological space, ᆀࣁ disjoint union topology.

1.4.1. Subset Topology. ๏ۓ一ঁڄኧ f : X → Y, ऩ X′ ࢂ X 的 subset, ԾฅԖࡐॺך
一ঁ restriction function f |X′ : X′ → Y. ᙁൂٰᇥ f |X′ ൩ࢂஒ f 的ۓကୱज़ۓӧ X′, Ψ൩ࢂ
ᇥךॺ໻Եቾ X′ ΢的ϡન࿶җ f ଌډ໣ӝ Y. ྽ f : X → Y ࢂ continuous ਔ, ॺ྽ฅΨך
ఈ׆ f |X′ : X′ → Y Ψࢂ continuous. όၸ X′ όࢂ topological space, ΢ځကۓॺाӵՖך
的ڄኧࢂցࣁೱុڄኧګ? ကۓॺѸ໪ךԾฅ的ࡐ X′ ΢的 topology, ԶЪ೭ঁ拓樸一کۓ
X 的拓樸࣬ᜢ. ೭ᅿБԄۓကр的 topology ࣁᆀߡ X ΢的 subspace topology.
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౜ӧךॺѸ໪ϩԋ؁ঁٿᡯೀ౛೭ঁୢᚒ, २Ӄࢂाפр X′ ΢的 open sets ᔈ၀Ԗ
ব些, ௗ๱ࢂߡᇥܴ೭些 “ёૈ的” open sets ੿的׎ԋ X′ ΢的 topology. २Ӄ, ा٬ள
f |X′ : X′ → Y ࢂ continuous, Ԗ܌ܭѸ໪ा؃ჹߡ Y ΢的 open set U ೿཮٬ள f |−1X′ (U) ࢂ

X′ ΢的 open set. ฅԶ f |−1X′ (U) = f −1(U) ∩ X′, ೭ࢂӢࣁ x ∈ f |−1X′ (U) ऩЪ୤ऩ x ∈ X′ Ъ

f (x) ∈ U ཀ೭္ѝाݙ) U ࢂ Y 的 subset ൩ёԋҥ, όሡ open 的ଷ೛). ฅԶऩ f : X → Y

ࢂ continuous, f −1(U) ཮ࢂ X 的 open set. ኧڄԖ的ೱុ܌ఈჹ׆ॺך以ऩ܌ f : X → Y,
f |X′ : X′ → Y Ψࢂೱុڄኧ, നӳ的ᒧ᏷൩ࢂा؃ X′ 的 open sets ೿ࢂ X ΢的 open set
ᆶ X′ 的Ҭ໣. ӳΑ! Αډפॺך X′ ΢ٗ些໣ӝᔈ၀ࢂ open set ,ࡕ ௗΠٰࢂߡाᇥܴ
Ѭॺᔈ၀׎ԋ X′ 的 topology. Ψ൩ࢂᇥךॺा᛾ܴ, ྽ T ࢂ X 的 topology, ऩךॺۓက
T ′ = {S ∩ X′ : S ∈ T }, ߾ T ′ ཮ࢂ X′ 的 topology. ྽ฅΑ, ကۓ٩ T ′ ΢的ϡન೿ࢂ X′ 的

subset, ࢗॺѝाᔠך以܌ T ′ ց಄ӝࢂ Definition 1.2.1 ΢的Οঁा؃ջё. २ӃӢ X, ∅ ࣣ
ӧ T , 以྽ฅ܌ X′ = X ∩ X′, ∅ = ∅ ∩ X′ Ψӧ T ′. 以܌ (1) ಄ӝ. Կܭ (2) ?ګ ჹܭ一ಔ
index set I, ӵ݀ S ′i ∈ T ′, ∀ i ∈ I, Ԝਔۓ٩က, Ӹӧ S i ∈ T ᅈى S ′i = S i ∩ X′. ∪以܌

i∈I
S ′i =

∪
i∈I

(S i ∩ X′) = (
∪
i∈I

S i) ∩ X′.

Ξҗܭ T ࢂ X 的 topology, 以܌ ∪i∈I S i ∈ T , ள᛾ ∪i∈I S ′i ∈ T ′. നࡕऩ S ′1, S
′
2 ∈ T ′, ߄

ҢӸӧ S 1, S 2 ∈ T ٬ள S ′1 = S 1 ∩ X′, S ′2 = S 2 ∩ X′, җࡺ S ′1 ∩ S ′2 = (S 1 ∩ S 2) ∩ X′, 以及
S 1 ∩ S 2 ∈ T ள᛾ S ′1 ∩ S ′2 ∈ T ′, ջ (3) ԋҥ. җܭ೭ঁচӢ, .ကۓॺԖ以Π的ך

Definition 1.4.1. ଷ೛ X ࣁ topological space Ъ T ځࣁ topology. ჹܭ X 的 subset X′,
Եቾ以Π X′ 的一些 subsets ԋ的໣ӝ܌

T ′ = {S ′ ∈ P(X′) : S ′ = S ∩ X′, for some S ∈ T }.

T ′ ཮ࢂ X′ 的 topology, ॺᆀԜך topology ࣁ X 的 subspace topology. ྽ X′ ٬Ҕࢂ X 的

subspace topology ள的܌ topological space ਔ, ௗᇥޔߡॺך X′ ࣁ X 的 subspace.

Question 1.22. ଷ೛ X′ ⊆ X. ၂ୢऩ X′ ٬Ҕ X 的 indiscrete topology ள的܌ subspace
topology ?Ֆࣁ Ξऩ X′ ٬Ҕ X 的 discrete topology ள的܌ subspace topology ?Ֆࣁ

Question 1.23. ӧ୔໔ [−1, 1) Եቾ R ΢的 standard topology 的 subspace topology. ၂
ୢԜਔ [−1, 0) ࣁցࢂ open? [0, 1) ࣁցࢂ closed?

Question 1.24. ଷ೛ X ࣁ topological space Ъ X′ ځࣁ subspace. ၂᛾ܴ C′ ࢂ X′ 的

closed set ऩЪ୤ऩӸӧ X 的 closed set C ٬ள C′ = C ∩ X′.

ӧ Question 1.23 ύךॺ࣮рٰ, ӧ subspace topology ύ的 open set চٰ的کёૈࡐ
topology 的 open set ,ό一ኬࡐளߏ ाλЈόाషౄ. όၸ྽ subset ҁࢂي open ਔ, ٗ൩
ό཮Ԗషౄ的௃ݩΑ.

Lemma 1.4.2. ଷ೛ X ࢂ topological space Ъ X′ ࢂ X 的 open subset. ӧ X′ ΢٬Ҕ X 的

subspace topology. ߾ S ࢂ X′ 的 open set ऩЪ୤ऩ S ࢂ X 的 open set Ъ S ⊆ X′.
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Proof. ଷ೛ S ࢂ X′ 的 open set, ٩ subspace topology 的ۓက, ೭߄ҢӸӧ X 的 open set
U ٬ள S = U ∩ X′. ฅԶ٩ଷ೛ X′ ࢂ X 的 open set, ޕࡺ S = U ∩ X′ ⊆ X′ ҭࣁ X 的 open
set. ϸϐऩ S ࢂ X 的 open set Ъ S ⊆ X′, ೭߄Ң S = S ∩ X′, Ъ٩ subspace topology 的
,ကۓ ளޕ S ࣁ X′ 的 open set. �

Question 1.25. ଷ೛ X ࢂ topological space Ъ X′ ࢂ X 的 open subset. ӧ X′ ΢٬Ҕ X

的 subspace topology. ၂ୢ X′ ΢的 closed set཮ࢂ X ΢的 closed set༏? ၂๱অׯ Lemma
1.4.2, ӧځ٬ closed set 的௃ࢂݩჹ的.

ௗ๱ךॺӣۓډက subspace topology 的Ҟ的. ྽ X′ ࣁ topological space X 的 subset,
ఈճҔ׆ॺך X 的 topology рӧۓ X′ 的 topology ٬ளჹҺཀ的ೱុڄኧ f : X → Y, ೿
཮٬ள f |X′ : X′ → Y ࣁ continuous. Զ subspace topology൩಄ӝ೭ঁा؃. ӧ X′ ΢ᗋԖ࡛

ኬ的 topology ё以಄ӝ೭ኬ的性質ګ? ྽ฅΑךॺё以Ӣೱុڄኧ f 的όӕׯᡂ X′ 的拓

樸, όၸ೭όךࢂॺा的. Πٰ的ό཮Ӣۓڰࢂఈᒧ的拓樸׆ॺך f Զᡂ. ќ一Бय़ӵ݀ӧ
X′ ᒧ的拓樸К subspace topology ம, ٗሶ f |X′ ྽ฅࢂ continuous. (ӣ៝一Π, ଷ೛ T ,T ′

ࣁ X ΢的 topologies. ӵ݀ T 的 open set ೿ࢂ T ′ 的 open set, ջ T ⊆ T ′, ᆀ߾ T ′ Кࢂ
T ம׳ (stronger) ಒ׳܈ (finer) 的 topology. ॺΨёᇥך T Кࢂ T ′ ১׳ (weaker) ׳܈
ಉ (coarser) 的 topology.) ӵٯ X′ ᒧ discrete topology ൩ё以ᡣ f |X′ .ೱុ的Αࢂ ೭όࢂ
,ॺགྷा的ך .ຫ১的ຫӳࢂఈ׆ॺ྽ฅך ٣ჴ΢ subspace topology ൩ډၲࢂ೭ঁҞ的ϐ
Πന১的 topology. ೭ࢂӢࣁ྽ךॺԵቾ f ࢂ identity map id : X → X, Ԝਔ f |X′ : X′ → X

ाೱុѸ໪ᅈىჹ܌Ԗ X 的 open set U, f |−1X′ (U) = U ∩ X′ ࢂ X′ 的 open set. ඤ言ϐ, ाᡣ
f |X′ : X′ → X ,ೱុ的၉ࢂ X′ ΢的 topology ೿Ѹ໪х֖ subspace topology ΢的 open set.
ΨӢԜ subspace topology ᏱԖ೭ঁ性質္ന১的ࢂߡ topology. .ॺԖ以Π的่論ך

Proposition 1.4.3. ଷ೛ X,Y ࢂ topological space Ъ X′ ⊆ X. ऩ X′ ٬Ҕ X 的 subspace
topology, ჹҺཀ的߾ continuous function f : X → Y, f |X′ : X′ → Y ҭࣁ continuous
function. ќ一Бय़ subspace topology ࢂ weakest topology ᅈى continuous function 的
restrictionҭࣁ continuous. Ψ൩ࢂᇥऩ T ′ ࢂ X′ 的一ঁ topologyᅈىჹҺཀ的 continuous
function f : X → Y, f |X′ : X′ → Y ࣁࣣ continuous function, ߾ subspace topology Кଆ T ′

཮ࢂ weaker topology.

Question 1.26. ଷ೛ X ࢂ topological spaceЪ X′ ⊆ X. ऩ X′ ٬Ҕ X 的 subspace topology,
ჹҺཀ的߾ open map f : X → Y, f |X′ : X′ → Y ࣁցϝࢂ open map?

Subspace topology 的ќ一ঁӳೀࢂᔅךॺঁٿע continuous functions “ᗹԋ” 一ঁ
continuous function.

Proposition 1.4.4. ଷ೛ X ࢂ topological space Ъ X1, X2 ࣁ X 的 open subsets ᅈى
X1 ∪ X2 = X. ೛ Y ࣁ topological space Ъ X1, X2 ٬Ҕ X 的 subspace topology, ଷ೛
f1 : X1 → Y, f2 : X2 → Y ࣁࣣ continuous Ъ f1(x) = f2(x), ∀ x ∈ X1 ∩ X2. з f : X → Y ࣁ

ࣁကۓځኧڄ

f (x) =
{

f1(x), x ∈ X1;
f2(x), x ∈ X2.
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߾ f ࢂ continuous function.

Proof. २Ӄݙཀ, җܭ f1(x) = f2(x), ∀ x ∈ X1 ∩ X2, 以܌ f ࢂ well-defined. ౜ा᛾ܴ f

ࢂ continuous, २Ӄךॺाᇥܴ྽ S ࢂ Y 的 subset, f −1(S ) = f −11 (S ) ∪ f −12 (S ). ೭ࢂӢ
ऩࣁ x ∈ f −11 (S ) ∪ f −12 (S ) Ң߄ x ∈ f −11 (S ) ܈ x ∈ f −12 (S ). Զ྽ x ∈ f −11 (S ) Ξ߄Ң x ∈ X1

Ъ f1(x) ∈ S , ԜਔԾฅள x ∈ X Ъ f (x) ∈ S , ҭջ x ∈ f −1(S ). ӕ౛җ x ∈ f −12 (S ) ҭёள

x ∈ f −1(S ). ϸϐӵ݀ x ∈ f −1(S ), Ң߄ x ∈ X Ъ f (x) ∈ S . ԜਔӢ X = X1 ∪ X2, ॺԖך
x ∈ X1 ܈ x ∈ X2. ฅԶऩ x ∈ X1, ॺԖך f (x) = f1(x), ӢԜԜਔё௢ள x ∈ f −11 (S ). ӕ౛྽
x ∈ X2, ё௢ள x ∈ f −12 (S ). ӢԜள᛾ f −1(S ) = f −11 (S ) ∪ f −12 (S ).

౜Һڗ Y ΢的 open set U, җ前ޕ f −1(U) = f −11 (U) ∪ f −12 (U). ฅԶӢ f1, f2 ࣁ

continuous, ޕॺך f −11 (U), f −12 (U) ϩձࣁ X1, X2 的 open set. ӢԜҗ X1, X2 ࣁ X 的

open sets 以及 Lemma 1.4.2, ёள f −11 (U), f −12 (U) ࣁࣣ X 的 open set. җࡺ f −1(U) =

f −11 (U) ∪ f −12 (U) ளޕ f −1(U) ࣁ X 的 open set, ӢԶள᛾ f : X → Y ࣁ continuous. �

1.4.2. Disjoint Union Topology. ྽ঁٿό࣬Ҭ (Ҭ໣ޜࣁ໣ӝ) 的໣ӝᖄ໣ଆٰ, ൩ᆀ
ࢂࣁ disjoint union. ྽ X1, X2 ,ό࣬Ҭ的໣ӝঁٿࢂ ॺ൩特ձҔך X1 ⊔ X2 Ңдॺ的ᖄ߄ٰ

໣, Ψ൩ࢂᇥӧ೭௃ݩϐΠ X1 ⊔ X2 ک X1 ∪ X2 ,一ኬ的ࢂჴځ ॺ໻ճҔך X1 ⊔ X2 ೭ঁ಄ဦ

மፓ X1, X2 .ό࣬Ҭ的ࢂ

྽ X1, X2 ό࣬Ҭ的ঁٿࢂ topological spaces Ъ T1,T2 ϩձࣁ X1, X2 的 topologies. ך
ॺࡐԾฅёஒ X1, X2 的 topologies ᖄ໣ଆٰ, ջ T1 ∪ T2, ԋ׎ఈૈ׆ X1 ⊔ X2 的 topology.
όၸ೭ኬό཮ࢂ X1 ⊔ X2 的 topology, ԿϿ X1 ⊔ X2 ൩όӧ T1 ∪ T2 ύ. Ьा的চӢ൩٩ࢂ
ကۓ T1 ∪ T2 = {S | S ∈ T1 or S ∈ T2}. 以ऩ܌ S 1 ∈ T1, S 2 ∈ T2, ߾ S 1, S 2 ∈ T1 ⊔ T2 ՠ
S 1 ∪ S 2 ٠ό཮ӧ T1 ⊔ T2 ύ. ाှ،೭ঁୢᚒёз T = {S 1 ⊔ S 2 | S 1 ∈ T1, S 2 ∈ T2} ೭ኬ
一ٰ൩཮ԋࣁ X1 ⊔ X2 的 topology, ٬ள X1 ⊔ X2 ԋࣁ topological space, ࣁॺᆀך disjoint
union topology.

౜ӧךॺᇥܴ前य़܌ග T = {S 1 ⊔ S 2 | S 1 ∈ T1, S 2 ∈ T2} ዴࣁ X1 ⊔ X2 的 topology. २
Ӄ ∅ ∈ T , ೭ࢂӢࣁ ∅ ∈ T1 Ъ ∅ ∈ T2 以܌ ∅ = ∅ ⊔ ∅ ∈ T . ќ一Бय़ X1 ∈ T1, X2 ∈ T2 以܌
X1 ⊔ X2 ∈ T . ೭ᇥܴΑ Definition 1.2.1 的చҹ (1) .ԋҥ的ࢂ ౜ऩ I ࣁ index set ЪჹܭҺ
ཀ i ∈ I, Ui ∈ T , ջӸӧ S i,1 ∈ T1, S i,2 ∈ T2 ٬ள Ui = S i,1 ⊔ S i,2. Ԝਔ∪

i∈I
Ui =

∪
i∈I

(S i,1 ⊔ S i,2) =
∪
i∈I

(S i,1 ∪ S i,2) = (
∪
i∈I

S i,1) ∪ (
∪
i∈I

S i,2).

җܭ T1,T2 ࣁ topologies ॺԖך ∪i∈I S i,1 ∈ T1 Ъ
∪

i∈I S i,2 ∈ T2, ள᛾ࡺ
∪

i∈I Ui ∈ T , ҭ及
చҹ (2) ԋҥ. Կܭచҹ (3), ॺ໻ा᛾ܴऩך U,U′ ∈ T ߾ U ∩ U′ ∈ T ջё. ฅԶӸӧ
S 1, S ′1 ∈ T1, S 2, S ′2 ∈ T2 ٬ள U = S 1 ⊔ S 2, U′ = S ′1 ⊔ S ′2, ࡺ

U ∩ U′ = (S 1 ⊔ S 2) ∩ (S ′1 ⊔ S ′2) = (S 1 ∩ S ′1) ∪ (S 2 ∩ S ′2)

ཀݙ) S 1 ∩ S ′2 = S 2 ∩ S ′1 = ∅), ӢԜӆҗ T1,T2 ࣁ topologies ॺԖך S 1 ∩ S ′1 ∈ T1 Ъ
S 2 ∩ S ′2 ∈ T2, ள᛾ࡺ U ∩ U′ ∈ T .
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྽ X1, X2 ό࣬Ҭ的ঁٿࢂ topological spaces,ךॺё以ஒ X1, X2 ຎࣁ X1⊔X2 的 subsets.
ԜਔऩԵቾ X1 ⊔ X2 ΢的 disjoint union topology, ӆճҔԜ topology Եቾ X1 的 subspace
topology, کց཮ࢂ X1 চӃ的 topology ࣬ӕګ? เਢۓޭࢂ的, ೭ࢂӢࣁ X1 ⊔ X2 ΢的

open set ೿ࢂ S 1 ⊔ S 2 ύځ S 1, S 2 ϩձࢂ X1, X2 的 open set. ӢԜҗ (S 1 ⊔ S 2) ∩ X1 = S 1,
(S 1 ⊔ S 2) ∩ X2 = S 2, ၰޕॺך X1, X2 ΢٬Ҕ X1 ⊔ X2 ΢的 subspace topology ள的܌ open
set೿཮ࢂ X1, X2 ҁيচٰ的 open set. ќ外ჹܭ X1 ΢চҁ的 open set S 1, ӵ݀Եቾ S 1⊔∅
཮ࢂ X1⊔X2 ΢ disjoint union topology的 open set. Ԝਔ (S 1⊔∅)∩X1 = S 1 Ψ཮ࢂ X1⊔X2

ჹ X1 ٬Ҕ subspace topology 的 open set. 以܌ X1 চҁ的 open set Ψ཮٬ࢂҔ X1 ⊔ X2

subspace topology 的 open set. 以܌ X1 ΢೭ٿᅿ topology .一ठ的ࢂ ӕ౛ X2 的௃ݩΨ཮

一ठ. .ॺԖ以Π的่݀ך

Proposition 1.4.5. ଷ೛ X1, X2 ό࣬Ҭ的ঁٿࢂ topological spaces, Ъ T1,T2 ϩձځࣁ
topology. ౜Եቾ X1⊔X2 ΢的 disjoint union topology T . ߾ X1 ٬Ҕ T 的 subspace topology
൩ࢂ T1, Զ X2 ٬Ҕ T 的 subspace topology ൩ࢂ T2.

Question 1.27. ଷ೛ X ࣁ topological space T ځࣁ topology. Ξଷ೛ X1, X2 ⊆ X Ъᅈى

X1 ∩ X2 = ∅, ջ X = X1 ⊔ X2. ౜Եቾ X1, X2 ΢٬Ҕ X 的 subspace topology, ೛ځϩձࣁ
T1,T2. ၂ୢ T ࣁցࢂ T1,T2 的 disjoint union topology?

Proposition 1.4.5 ֋ນךॺ྽ X1, X2 ό࣬Ҭ的ঁٿࢂ topological spaces, ॺё以٬Ҕך
X1 ⊔ X2 ΢ disjoint union topology 的 subspace topology “ᗋচ” X1, X2 的 topology. ΨӢ
ԜჹҺཀ的 topological space Y ऩ X = X1 ⊔ X2 ٬Ҕ disjoint union topology, Һཀ的ೱ߾
ኧڄុ f : X → Y, ё以 ”ှܨ“ ԋ f |X1 : X1 → Y 以及 f |X2 : X2 → Y, .ኧڄೱុঁٿ ќ
一Бय़, җܭ X1, X2 ӧ X = X1 ⊔ X2 的 disjoint union topology ύࣣࣁ open sets, 以ऩ܌
f1 : X1 → Y, f2 : X2 → Y ,ኧڄೱុࣁࣣ ܭҗ߾ X1 ∪ X2 = ∅, ճҔ Proposition 1.4.4 ॺёך

ளډ一ঁவ X = X1 ⊔ X2 ډ Y 的ೱុڄኧ, f : X → Y, f (x) =
{

f1(x), x ∈ X1;
f2(x), x ∈ X2.

ӢԜךॺ

Ԗ以Πϐ่論.

Proposition 1.4.6. ଷ೛ X1, X2,Y ࣁ topological spaces. з X = X1 ⊔ X2 Ъ٬Ҕ X1, X2 的

disjoint union topology. Եቾ

F = { f | f : X → Y is continuous}, F′ = {( f1, f2) | f1 : X1 → Y, f2 : X2 → Y are continuous}

߾ f 7→ ( f |X1 , f |X2) ๏Α一ঁவ F ډ F′ ΢一ঁ一ჹ一Ъࢀԋ的ჹᔈᜢ߯.

Disjoint union topology 的ཷۺΨё以௢ቶډ X1, X2 ԖҬ໣的௃׎. Ԝਔךॺёςஒ X1

གྷႽԋ X′1 = {(x, 1) | x ∈ X1}, Ъஒ X2 གྷႽԋ X′2 = {(x, 2) | x ∈ X2} ೭ኬ的໣ӝ (Ԝਔךॺஒ
universal set X ඤԋ X′ = {(x, i) | x ∈ X, i ∈ {1, 2}}). ӵԜϐΠ X′1, X

′
2 ൩ؒԖҬ໣Α, ॺӢך

Ԝۓက X1 ⨿ X2 = X′1 ⊔ X′2, Ψᆀϐࣁ X1, X2 的 disjoint union. җܭ X1 ⨿ X2 ೭ঁ disjoint
union 的ۓကᆶ X1, X2 ,ց࣬Ҭคᜢࢂ Ъ྽ X1, X2 ό࣬Ҭਔᆶ X1 ⊔ X2 ,一ठ的ࢂ ࡕ以Ϟ܌
ջ٬ X1, X2 ό࣬Ҭ, ॺΨ೿Ҕך X1 ⨿ X2 Ң߄ X1, X2 的 disjoint union.
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ाݙཀ໣ӝ的 disjoint union ाፋ的໣ӝ的ࡕॺ以ךک product όӕ. ӵٯ R ⨿ R 的ϡ
નࢂ (r, 1) ܈ (s, 2), ύځ r, s ∈ R; Զ R × R 的ϡનࢂ (r, s), ύځ r, s ∈ R. ॺё以ஒך R ⨿ R
࣮ԋ֤ࢂ኱ѳय़΢ٿచѳՉޔጕ, Զ R × R ,᏾ঁ֤኱ѳय़ࢂ .தεߚৡ౦ޣٿ

Question 1.28. Եቾ໒୔໔ I1 = (−1, 0), I2 = (0, 1), I3 = (−0.5, 0.5). ၂Кၨ I1∪ I2, I1⨿ I2,
I1 ∪ I3, I1 ⨿ I3 的ৡ౦性.

྽ X1 ࢂ topological space Ъ T1 ځࣁ topology, ॺΨёஒך X′1 = {(x, 1) | x ∈ X1} ຎࣁ
topological space. ҭջऩ S ∈ T1, з S ′ = {(s, 1) | s ∈ S }, ԜਔԵቾ T ′1 = {S ′ | S ∈ T1}, ࡐ
৒ܰ᛾ள T ′1 ൩཮ࢂ X′1 的 topology. ԶЪࡐ৒ܰޕၰճҔ೭ঁ topology, ኧڄ f : X1 → X′1
ࣁကۓ f (x) = (x, 1) ൩཮ࢂ一ঁ一ჹ一Ъࢀԋ的ೱុڄኧЪࣁ open map, ҭջ f 一ঁࢂ

homeomorphism. Ψ൩ࢂᇥ X1 ᆶ X′1 ࢂ homeomorphic, ޜӕ的拓樸࣬ࢂࣁॺё以ஒϐຎך
໔. ӕ౛ऩ X2 ࣁ topological space, ॺΨஒך X′2 ຎکࢂࣁ X2 ࣬ӕ的拓樸ޜ໔. ӢԜךॺ
ΨճҔ X′1, X

′
2 的 disjoint union topology ளډ X1 ⨿ X2 的 topology. ,ߡΑБࣁ ௗޔॺ൩ך

ᆀ೭ঁ topology ࣁ X1, X2 的 disjoint union topology. Ξҗךܭॺஒ X1, X2 ຎࣁ X1 ⨿ X2 的

subset, ջ X′1, X
′
2, 以前य़܌ Proposition 1.4.5 及 Proposition 1.4.6 的่݀೿ё以ޔௗ঺Ҕ.

೭္ךॺஒ่݀᏾౛ӵΠ, ൩όӆ᛾ܴΑ.

Proposition 1.4.7. ଷ೛ X1, X2 ࢂ topological spaces, Ъ T1,T2 ϩձځࣁ topology. ౜Ե
ቾ X = X1 ⨿ X2 ΢的 disjoint union topology T , .ॺԖ以Πϐ่݀ך

(1) X1, X2 ٬Ҕ T 的 subspace topology ϩձ཮ࢂ T1, T2.

(2) ೛ Y ࣁ topological space. Եቾ

F = { f | f : X → Y is continuous}, F′ = {( f1, f2) | f1 : X1 → Y, f2 : X2 → Y are continuous}

߾ f 7→ ( f |X1 , f |X2) ๏Α一ঁவ F ډ F′ ΢一ঁ一ჹ一Ъࢀԋ的ჹᔈᜢ߯.

Question 1.29. Եቾ I1 = (−1, 0), I2 = (0, 1), I3 = (−0.5, 0.5) ࣁ R ΢的 standard topology
的 subspaces. ၂ୢ I1 ∪ I2, I1 ∪ I3 ٬Ҕ R 的 subspace topology, Զ I1 ⨿ I2, I1 ⨿ I3 ٬Ҕ

disjoint topology, ೭些 topological spaces ٗ些཮ࢂ homeomorphic?

നךࡕॺߕຏᇥܴ一Π, disjoint union topology ӭঁډё以௢ቶࢂ topological spaces
的௃ݩ, ,一ኬ的ࢂݩ的௃ঁٿύ的চ౛及性質ᆶځ .ॺ൩όӆᙧॊΑך

1.5. Product Space Topology and Quotient Space Topology

ᅿᇙ೷ཥ的ٿॺᝩុϟಏך topological spaces தҔ的Бݤ. ύځ product space topology
தӧ拓৖ޜ໔的ᆢࡋਔ٬Ҕ, Զ quotient space topology ததӧ௖૸ஒ一ঁ拓樸ޜ໔΢的一
些ᗺ “ᗹ” ӧ一ଆਔ٬Ҕ.
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1.5.1. Product Space Topology. ଷ೛ X1, X2ࣁ໣ӝ,ךॺۓကѬॺ的 Cartesian product
X1 × X2 = {(x1, x2) | x1 ∈ X1, x2 ∈ X2}. ԖΑ X1 × X2 ঁٿॺԾฅԖך projection maps:

π1 : X1 × X2 → X1, π2 : X1 × X2 → X2,

ύځ π1(x1, x2) = x1, π2(x1, x2) = x2, ∀ (x1, x2) ∈ X1 × X2. ྽ X1, X2 ࣁ topological spaces, ך
ॺё以ۓက X1 × X2 ΢的 topology ٬ள π1, π2 ࣁࣣ continuous function. X1 × X2 ΢٬ள೭

ঁԋҥന১的拓樸൩ࢂ product space topology.

ଷ೛ T1,T2ϩձࣁ X1, X2的 topology,ךॺ࣮࣮ӵՖۓ X1×X2的 topology཮٬ள π1, π2

ࣁ continuous. ٩ π1 : X1 ×X2 → X1 ሡೱុ的ा؃, ჹܭҺཀ X1 ΢的 open set U, ॺѸ໪ך
ा؃ π−11 (U) = U×X2 ࣁ X1×X2 的 open set. ӕ౛ჹҺཀ X2 的 opens set V, π−12 (V) = X1×V

Ψᔈࢂ X1 × X2 的 open set. ॺ཮ԏ໣ךԾฅ的ࡐ以܌ {U × X2 | U ∈ T1} ∪ {X1 × V | V ∈ T2},
όၸ೭ό཮ࢂ一ঁ topology. ᗨฅ X1 × X2 ک ∅ ӧ೭ঁ໣ӝ內 (Ӣࣁ ∅ × X2 = ∅), ՠ
ऩࢂ U ∈ T1,V ∈ T2, ߾ (U × X2) ∩ (X1 × V) = U × V ҂ѸӧԜ໣ӝ內, Ψ൩ࢂᇥ೭
ኬԏ໣的 open sets ٠ό಄ӝ topology ကۓ (3) 的ा؃. ॺԏךॺѸ໪ᘉεך以܌
໣的໣ӝࣁ {U × V | U ∈ T1,V ∈ T2}. ೭ኬ一ٰ྽ U,U′ ∈ T1, V,V ′ ∈ T2, ॺԖך
(U × V) ∩ (U′ × V ′) = (U ∩ U′) × (V ∩ V ′) ϝฅӧԜ໣ӝύ (Ӣ U ∩ U′ ∈ T1, V ∩ V ′ ∈ T2).
όၸԜਔᗨฅ topology ကۓ (3) 的ा؃ԋҥΑ, ՠۓࢂက (2) 的ा؃ϝԖୢᚒ. ೭ࢂӢࣁ
(U × V) ∪ (U′ × V ′) ҂Ѹё以ቪԋ U′′ × V ′′ 的׎Ԅ. ॺ的໣ӝሡх֖ךॺᗋѸ໪ᘉεך以܌
U ×V ೭ኬ׎Ԅ的໣ӝ的ᖄ໣, ඤ言ϐךॺሡा的ࢂ以 B = {U ×V | U ∈ T1,V ∈ T2} ࣁ basis
的 topology.

Question 1.30. ଷ೛ X,Y .໣ӝࣁ Եቾ Cartesian product X × Y.

(1) ၂᛾ܴჹҺཀ S ⊆ X, S × ∅ = ∅.

(2) ၂᛾ܴऩ S , S ′ ⊆ X, T,T ′ ⊆ Y, ߾ (S × T ) ∩ (S ′ × T ′) = (S ∩ S ′) × (T ∩ T ′).

(3) ၂פрٯη S , S ′ ⊆ X, T,T ′ ⊆ Y ٬ள (S ×T )∪ (S ′ ×T ′)คݤቪԋ S ′′ ×T ′′, S ′′ ⊆ X,
T ′′ ⊆ Y 的׎Ԅ.

ցӸӧ以ࢂ B = {U × V | U ∈ T1,V ∈ T2} ࣁ basis 的 topology ?ګ ٠όࢂҺཀ的
໣ӝ೿ё以ঁࢌࢂ topology 的 basis, ӣ៝一Π Proposition 1.2.4 ׎ॺё以ך֋ນࢂߡ
ԋ一ঁ topology 的 basis 的кाచҹ. ฅԶ X1 ∈ T1, X2 ∈ T2, 以܌ X1 × X2 ∈ B, ӢԜ
Proposition 1.2.4 చҹ (1) .಄ӝ的ࢂ ќ外ऩ S 1 = U × V, S 2 = U′ × V ′ ࣣӧ B ύ, ߾
җܭ S 1 ∩ S 2 = (U ∩ U′) × (V ∩ V ′) Ψӧ B ύ, ࡺ Proposition 1.2.4 చҹ (2) Ψ಄ӝ. Ӣ
Ԝ཮Ӹӧ一ঁ୤一的 X1 × X2 的 topology 以ࢂ B ࣁ basis. ΞӢࣁӵ前य़܌ॊ, ा٬ள
π1 : X1 × X2 → X1 以及 π2 : X1 × X2 → X2 ࣁ continuous, B ύ的ϡનࣣѸ໪ࢂ open set, ܌
以೭ኬ೷р的 topology ཮ࢂ X1 × X2 ΢٬ள π1, π2 ࣁࣣ continuous function ന১的拓樸.
.ကۓॺԖ以Π的ךࢂܭ

Definition 1.5.1. ଷ೛ X1, X2 ࣁ topological spaces Ъ T1,T2 ϩձځࣁ topology. Եቾ以
B = {U × V | U ∈ T1,V ∈ T2} ࣁ basis ԋ的׎܌ X1 × X2 的 topology, ॺᆀԜך topology
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ࣁ X1, X2 的 product space topology. X1 × X2 以 product space topology ԋ的׎ topological
space, ࣁᆀߡ X1, X2 的 product space.

Example 1.5.2. Եቾ R 以٬Ҕࣁ d1(x, x′) = |x − x′| ࣁ metric 的 metric space, R2 ࣁ
以٬Ҕ d2((x, y), (x′, y′)) =

√
(x − x′)2 + (y − y′)2 ࣁ metric 的 metric space. ճҔ೭ঁٿ

topology, ৒ܰᡍ᛾ࡐ projection π1 : R2 → R ࣁ continuous. ೭ࢂӢࣁჹ܌ܭԖჴኧ r < s

໒୔໔ {x ∈ R | r < x < s} ԋ׎ R 的 basis, Զ

π−11 ({x ∈ R | r < x < s}) = {(x, y) ∈ R2 | r < x < s, y ∈ R}

ࢂ R2 的 open set. ٣ჴ΢з S = {(x, y) ∈ R2 | r < x < s, y ∈ R}, ჹ S ύҺཀ一ᗺ p(x, y) ∈ S ,
Եቾ λ = min{x − r, s− x} > 0, ߾ p ӧ以 p ࣁ༝Јъ৩ࣁ λ 的໒༝ B(p; λ) 內Ъ B(p; λ) ⊆ S .
җࡺ metric space topology 的ۓကޕ S ࢂ R2 的 open set.

ӕኬ的 projection π2 : R
2 → R Ψࢂ continuous. 以җ܌ product space topology 的ۓက

ޕ R2 ࣮ԋ R × R 的 product space topology ځܭ১ࢂ metric space topology. Ψ൩ࢂᇥ R2

٬Ҕ product space topology΢的 open setΨ཮ࢂ metric space topology΢的 open set. ό
ၸ೭㚊ךॺाᇥ的ࢂ, ٣ჴ΢೭ঁٿ拓樸࣬ࢂӕ的, Ψ൩ࢂᇥ R2 的 metric space topology
΢的 open set Ψ཮ࢂ product space topology ΢的 open set. ೭ࢂӢࣁჹ R2 ΢Һཀ的໒༝
B(p, λ) 內一ᗺ q(x, y), җܭ d2(p, q) < λ ڗॺё以ך ε > 0 ୼λ ӵٯ) ε < (λ− d2(p, q))/

√
2)

٬ள I1 × I2 х֖ܭ B(p, λ) ύ, ύځ I1, I2 ϩձࣁ໒୔໔ (x − ε, x + ε), (y − ε, y + ε). Ψ൩
ᇥࢂ R2 ύ metric space topology 的 basis 的ϡન (ջ໒༝) ೿ё以ቪԋ R × R 的 product
space topology 的 basis ύ一些ϡન的ᖄ໣, ೭ᇥܴΑ metric space topology 的 open set ൩
ࢂ product space topology 的 open set, .ӕ的࣬ࢂ拓樸ঁٿ以೭܌

Question 1.31. ၂ᇥܴ R2 ύҺཀ的ં׎內部一ᗺࣣё以Ҕ၀ᗺࣁ༝Ј଺一ঁх֖ܭ၀ં
,內部的༝׎ ٠٩Ԝᇥܴ R × R ٬Ҕ product space topology 的 open set ൩ࢂ R2 ύ٬Ҕ
metric space topology 的 opens set.

Product space topologyЬाࢂᡣ projection mapsࣁ continuous. ౜ऩ Z ࣁ topological
space, Զ X1 ×X2 ࣁ topological spaces X1, X2 的 product space, ๏ۓ一ڄኧ g : Z → X1 ×X2

ኧڄঁٿډॺёளך g1 : Z → X1 ک g2 : Z → X2, ύځ g1 = π1 ◦ g, g2 = π2 ◦ g. Ӣ٬ࣁҔ
product space topology, 以܌ π1, π2 ࢂ continuous. ӵ݀ࡺ g ࣁ continuous, җ Proposition
1.3.4 ޕ g1, g2 ࣁࣣ continuous.

Question 1.32. ೛ Z ࣁ topological space, Զ X1 × X2 ࣁ topological spaces X1, X2 的

product space. ऩڄኧ g : Z → X1 × X2 ࣁ open map, ցࢂ g1 = π1 ◦ g, g2 = π2 ◦ g ҭࣁ

open map?

ௗΠٰךॺाᇥܴ, 前य़܌ග的, ϸၸٰΨࢂჹ的, ջ product space topology ᔅךॺஒ
.ኧڄኧೱ่ԋ一ঁೱុڄကୱ࣬ӕ的ೱុۓঁٿ Ψ൩ࢂᇥӵ݀ Z, X1, X2 ࣁࣣ topological
spaces, Ъ g1 : Z → X1, g2 : Z → X2 ,ኧڄೱុࣁ ॺёճҔך X1, X2 的 product space
X1 × X2, ளډ一ঁཥ的ڄኧ g : Z → X1 × X2 :ࣁကۓځ g(z) = (g1(z), g2(z)), ∀ z ∈ Z. ৒ࡐ
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࣮ܰр g ࢂ well-defined function, ೭ঁڄኧ೯தךॺ཮Ҕ g1 × g2 ,Ң߄ٰ όၸ೭္ࣁΑ಄
ဦ的Бߡ性, ॺኩਔҔך g .Ң߄ٰ ा௖૸ g ,ցೱុࢂ җ Proposition 1.3.3, ॺѝሡΑך
ှ product space X1 × X2 的 basis 的ϡન U × V ύځ) U, V ϩձࣁ X1, X2 的 open set) ࢂ
ց཮٬ள g−1(U × V) ࣁ Z 的 open set. ٣ჴ΢ g−1(U × V) ཮฻ܭ g−11 (U) ∩ g−12 (V). ೭ࢂ
Ӣࣁ z ∈ g−1(U × V) ฻ӕܭ g(z) = (g1(z), g2(z)) ∈ U × V, ҭջ g1(z) ∈ U Ъ g2(z) ∈ V, ջ
z ∈ g−11 (U) Ъ z ∈ g−12 (V). ள᛾ g−1(U × V) = g−11 (U) ∩ g−12 (V). ౜җܭ g1, g2 ࣁ continuous,
ޕࡺ g−11 (U), g−12 (V) ࣁࣣ Z 的 open set, ࡺ g−1(U × V) = g−11 (U)∩ g−12 (V) ࣁ Z 的 open set,
ள᛾ g : Z → X1 × X2 ࣁ continuous. .౛ۓॺԖ以Π的ך

Proposition 1.5.3. ଷ೛ Z, X1, X2 ࢂ topological spaces, ౜Եቾ X1, X2 的 product space
X1 × X2. ऩ g1 : Z → X1, g2 : Z → X2 ࣁ continuous, Ӹӧ߾ g : Z → X1 × X2 ࣁ continuous,
ᅈى g1 = π1 ◦ g, g2 = π2 ◦ g.

Question 1.33. ೛ Z ࣁ topological space, Զ X1 × X2 ࣁ topological spaces X1, X2 的

product space. ऩڄኧ g1 : Z → X1, g2 : Z → X2 ࣁࣣ open map. ӧ Proposition 1.5.3 ύ܌
ள的ڄኧ g : Z → X1 ×X2 ࣁցࢂ open map? (Hint: Եቾ X1, X2,Z ࣁ RЪ g1, g2 ࣁ identity
map 的௃ݩ.)

Proposition 1.5.3 ࢂ product space ख़ा的性質, :೭ঁ性質ၲ߄ॺதҔ以Π的კҢٰך

Z

g1

��

g2

&&

g

##

X1 × X2

π1
��

π2
// X2

X1

೭ኬ的კҢ, ࣁॺᆀϐך commutative diagram.

வ前य़的૸論ךॺޕၰऩз X = X1 × X2, Եቾ

G = {g | g : Z → X is continuous}, G′ = {(g1, g2) | g1 : Z → X1, g2 : Z → X2 are continuous}

߾ g 7→ (π1 ◦ g, π2 ◦ g) ๏Α一ঁவ G ډ G′ ΢一ঁჹᔈᜢ߯. 一ࢂ৒࣮ܰр೭ঁჹᔈᜢ߯ࡐ
ჹ一的, Ӣࣁऩ g, g′ ∈ G Ъ g , g′, ҢӸӧ߄߾ z ∈ Z ٬ள g(z) , g′(z) in X1 × X2. Ψ൩ࢂᇥ
(π1(g(z)), π2(g(z)) , (π1(g′(z)), π2(g′(z))). Զ Proposition 1.5.3 ֋ນךॺ೭ঁჹᔈΨࢀࢂԋ
的, ӢԜךॺԖ以Π的่݀.

Corollary 1.5.4. ଷ೛ Z, X1, X2 ࢂ topological spaces, ౜Եቾ X1, X2 的 product space
X = X1 × X2. з

G = {g | g : Z → X is continuous}, G′ = {(g1, g2) | g1 : Z → X1, g2 : Z → X2 are continuous}

߾ g 7→ (π1 ◦ g, π2 ◦ g) ๏Α一ঁவ G ډ G′ ΢一ঁ一ჹ一Ъࢀԋ的ჹᔈᜢ߯.

Question 1.34. ၂ᇥр Proposition 1.4.7 ک Corollary 1.5.4 Ԗᜢೱុڄኧ的性質的ৡ౦.
٠၂๱ฝрԖᜢ Proposition 1.4.7 的 commutative diagram.
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Product space 的ཷۺё以௢ቶঁٿډ以΢的 topological spaces 的௃ݩ. ӵ྽ٯ
X1, X2, X3 ࢂ topological spaces Ъ T1,T2,T3 ϩձځࣁ topology, ۓॺё以ך product space
X1 × X2 × X3 ځ topology 以ࣁ {U × V ×W | U ∈ T1,V ∈ T2,W ∈ T3} ࣁ basis 的 topology.
٣ჴ΢ךॺё以ۓကҺཀӭঁ topological spaces 的 product space. ྽ I ࢂ index set, Ъჹ
Һཀ i ∈ I, Xi ࣁ topological space 及 Ti ځࣁ topology, ကѬॺ的ۓॺך product space ∏ࣁ

i∈I Xi. όၸ೭္ाݙཀ, Ѭ的 topology 的 basis ٠όࢂ以 B′ = {∏i∈I Ui | Ui ∈ Ti} ࣁ basis
的 topology. Զࢂ以

B = {
∏
i∈I

Ui | Ui ∈ Ti, and Ui = Xi for almost all i ∈ I}

ࣁ basis 的 topology. ೭္ Ui = Xi for almost all i ∈ I ཀࡰ൳Я܌Ԗ的 i ∈ I ೿ा؃ Ui = Xi,
ନΑԖज़ӭঁࢂݤዴ的ᇥܴ׳ (ՠόೕٗࢂۓ些ঁ) Ui ∈ Ti ё以όࢂ Xi 外, Ꭹ的ځ Ui ࣣ

ሡࣁ Xi. ?ګՖ཮೭ኬࣁ २ӃεৎሡΑှ, ྽ I ࣁ finite set ਔ, B′ = B. Ψ൩ࢂᇥӧፋԖ
ज़ӭঁ topological spaces 的 product space ਔ, 以 B′ ܈ B ࣁ basis ள的܌ topology 一ࢂ
ኬ的. ՠࢂ྽ I ࢂ infinite set ਔ, B′ 的ϡનᇻК B ཮ӭளӭ, Ψ൩ࢂᇥ྽ፋ論คज़ӭঁ
topological spaces 的 product space ਔ, 以 B′ ࣁ basis ள的܌ topology ཮К以 B ࣁ basis
ள的܌ topology மளӭ. ӣ៝一Π྽ך߃ॺۓ product space topology ਔा؃的ࢂ ∏i∈I Xi

΢ന১的拓樸٬ளჹҺཀ j ∈ I, projection map π j :
∏

i∈I Xi → X j ࢂ continuous. ΨӢԜჹ
ܭ U j ∈ T j (ջ U j ࣁ X j 的 open set)ךॺा؃ π−1j (U j)ࣁ

∏
i∈I Xi 的 open set. όၸ π−1j (U j)

ӧࢂჴځ j 的Տ࿼ࢂ U j, д的ځ i ∈ I 的Տ࿼ࣣࣁ Xi 的 subset. ೭ኬ的 subset ค࡭ߥݤ拓
樸ύԖज़ӭঁ的Ҭ໣ϝࣁ೭ኬ׎Ԅ的 subset, ॺѸ໪ा؃Ԗज़ӭঁך以܌ π−1j (U j) ೭ኬ的

subset 的Ҭ໣ϝࣁ open set. ೭ኬ的Ҭ໣൩ࢂ໻ԖԖज़ӭঁ j ∈ I 的Տ࿼όࢂ X j, дځ i ∈ I

的Տ࿼ࣣࣁ Xi ೭ኬ׎Ԅ的 subset. ӢԜ໻ሡуΕӵ B ύ的ϡન೭ኬ的 subsets, 以ճىߡ
Ҕ Proposition 1.2.4, ٬ள B ঁࢌࣁ topology 的 basis. ,以ፎ૶Ր܌ ྽ I ࣁ infinite set ਔ,
product space 的 basis ᔈࣁ B ೭ኬ的໣ӝ. ќ外ӭঁ topological spaces 的 product space
Ψ཮Ԗᜪ՟ Proposition 1.5.3 的性質, ፎεৎԾՉ௢ቶ.

1.5.2. Quotient Space Topology. ӧ໣ӝ X ύ๏ۓ一ঁ equivalence relation ∼ ,ࡕ ॺך
ё以ճҔԜ equivalence relation ஒ X 的ϡનϩᜪ: ൩ࢂஒӧ೭ relation ϐΠ࣬ࢂᜢ的ϡન
ຎࣁӕᜪ. ऩךॺஒӕᜪ的ϡનຎࣁӕ一ঁϡન, ೭ኬԏ໣೭些ཥ的ϡન܌ԋ的໣ӝ, ֋ນ
ॺԖᜢճҔԜך equivalence relation ϩᜪࡕ, Ӛᜪձ的ૻ৲. ೭ঁ໣ӝךॺ൩Ҕ X/∼ .Ң߄
X/∼ ک X ,ᄒฅόӕ的໣ӝࢂ όၸѬॺϐ໔Ԗ೭ஏϪ的ᜢ߯. ྽ X ࢂ topological space ਔ,
ကۓॺஒᏢಞӵՖך X/∼ 的 topology, ջ quotient space topology.

ॺᙁൂ的ӣ៝一Πך equivalence relation. ໣ӝ X ΢的 relation, ऩ಄ӝ以ΠΟঁ性質,
ᆀԜ߾ relation ࣁ equivalence relation

Reflexive: ჹ܌Ԗ x ∈ X, ࣣԖ x ∼ x.

Symmetric: ऩ x, y ∈ X ᅈى x ∼ y, ߾ y ∼ x.

Transitive: ऩ x, y, z ∈ X ᅈى x ∼ y Ъ y ∼ z, ߾ x ∼ z.
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ԖΑ一ঁ equivalence relation ∼ ϐࡕ, ё以ஒߡॺך X 的ϡનϩᜪ. ϩᜪ的БԄࣁ: ऩ
x ∼ y, ஒ߾ x, y ຎࣁӕᜪ. ჹҺཀ x ∈ X, Ԗᆶ܌ॺஒך x ӕᜪ的ϡનԏ໣ଆٰ܌ԋ的໣ӝ

Ҕ [x] ,Ң߄ٰ ջ [x] = {y ∈ X | y ∼ x}. ೭ঁ໣ӝᆀࣁ x 的 equivalence class. ٩ equivalence
relation 的性質, ၰޕॺך equivalence class Ԗ以Π的性質:

(1) x ∈ [x], ∀ x ∈ X.

(2) [x] ∩ [y] =
{

[x](= [y]), if x ∼ y;
∅, otherwise.

٩Ԝ性質, ೭些 equivalence classes ஒ໣ӝ X ϩപԋ一ঁঁϕό࣬Ҭ的η໣ӝ. ೭些η໣ӝ
的ᖄ໣൩ࢂ X, Ъϕό࣬Ҭ, ೭ኬ的ϩപБԄᆀࣁ X 的一ঁ partition. ϸၸٰ, ӵ݀ӧ໣ӝ
X ΢Ԗ一ঁ partition 的ϩപ, ,ӕᜪࣁё以зӧϩപ的ӕ一ঁη໣ӝ的ϡનߡॺך ೭ኬۓ
р的 relation Ψ཮ࢂ一ঁ equivalence relation. ඤ言ϐ๏Α一ঁ໣ӝ X ΢的 partition ฻ӕ
ကΑۓܭ X ΢的一ঁ equivalence relation.

ॺё以ஒך equivalence class [x] 內的ϡન೿ຎ࣬ࣁӕ, Զளډ一ঁཥ的ϡન, Ҕ x ٰ

.Ң߄ Ψ൩ࢂᇥ x = y ฻ӕܭ x ∼ y Ψ฻ӕܭ [x] = [y]; Զ x , y ฻ӕܭ x / y Ψ฻ӕܭ

[x] , [y]. ள的໣ӝ܌฻的ཥ的ϡનԏ໣ଆٰ࣬ࣁӕᜪຎࡕॺஒ೭些ϩᜪך {x | x ∈ X} Ҕ
X/∼ .Ң߄ ,ཀݙ Ԗ的ୖԵਜᝤஒ X/∼ 的ϡનϝҔ equivalence class [x] .Ң߄ Զ೭္ךॺ
ཀ୔ϩڅ x ک [x] 的όӕ, x ࢂҢ的߄ X/∼ ύ的ϡન, Զ [x] ࢂҢ的߄ X 的η໣ӝ.

Example 1.5.5. Եቾ X ࣁ R ύ的ഈ୔໔ [0, 1], ύ的ځကۓ equivalence relation ࣁ

x ∼ y⇔ x − y ∈ Z.

Ψ൩ࢂᇥӧԜ equivalence relation ϐΠ, ྽ 0 < x < 1 ਔ, equivalence class [x] = {x} ໻Ԗ一
ঁϡન, Զ [0] = [1] = {0, 1} Ԗঁٿϡન. Ψ൩ࢂᇥ྽ 0 < x < 1 ਔ x ∈ X/∼ ёຎࣁচٰӧ X

΢的ᗺ, όၸ 0 = 1 ∈ X/∼ ൩ӳႽע X ΢ 0, 1 ೭ٿᗺ “ᗹ” ԋ一ᗺ. ॺё以ஒך以܌ X/∼
“࣮ԋ” 一ঁ༝ࢂ (circle).

Եቾ X ࣁ R2 ΢的҅Б׎及ځ內部 [0, 1] × [0, 1] = {(x, y) | 0 ≤ x ≤ 1, 0 ≤ y ≤ 1}. ကۓ X

΢的 equivalence relation ࣁ

(x, y) ∼ (x′, y′)⇔ x = x′, y − y′ ∈ Z.

྽ 0 ≤ x ≤ 1 ਔ, ऩ 0 < y < 1, ॺԖך (x, y) 的 equivalence class [(x, y)] = {(x, y)}, ໻Ԗ一ঁ
ϡન; Զ (x, 0) 的 equivalence class [(x, 0)] = {(x, 0), (x, 1)}, Ԗঁٿϡન. 以܌ X/∼ ൩ӳႽ
ஒ X ΢ஒٿጕࢤ {(x, 0) | 0 ≤ x ≤ 1}, {(x, 1) | 0 ≤ x ≤ 1} ΢࣬ჹ的ٿᗺ (x, 0), (x, 1) “ᗹ” ԋ一
ᗺ. 以܌ X/∼ ൩Ⴝ҅עБ׎΢Πٿჹ邊ᗹଆٰ, ॺё以ஒך以܌ X/∼ “࣮ԋ” ࢊ一ঁ༝ࢂ
(cylinder).

Question 1.35. Եቾ X ࣁ R2 ΢的҅Б׎及ځ內部 [0, 1] × [0, 1] = {(x, y) | 0 ≤ x ≤ 1, 0 ≤
y ≤ 1}. ကۓ X ΢的 equivalence relation ࣁ

(x, y) ∼ (x′, y′)⇔ (x = x′ and y = y′) or (x + x′ = 1 and |y − y′| = 1).
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྽ 0 ≤ x ≤ 1, 0 < y < 1, ၂ቪΠ equivalence class [(x, y)]. Ξ equivalence class [(x, 0)] ?Ֆࣁ
գ࣮ளр X/∼ ᒏ的܌ࢂ Möbius band ༏?

வ Example 1.5.5 及 Question 1.35, ॺ࣮рך X ک X/∼ ,ӄόӕ的໣ӝֹࢂ ί࿤όा
ᇤ以ࣁ X/∼ ཮ࢂ X 的 subset. ฅࡽ X/∼ ک一ঁࢂ X Ԗᜢ的ཥ的໣ӝ, ྽ X ࢂ topological
space ਔ, ॺԾฅགྷӧך X/∼ ύۓр一ঁᆶ X ࣬ᜢ的 topology.

྽ X ࢂ topological space Ъ T ځࣁ topology, ๏ۓ X ΢的一ঁ equivalence relation
∼, ཮Ԗ一ঁࡐԾฅ的ڄኧவ X ଌډ X/∼. ջ q : X → X/∼ ࣁကۓ q(x) = x, ∀ x ∈ X. ೭
ࣁኧ一૓ᆀڄঁ quotient map ࢂ܈ nature map. ကۓఈ׆ॺך X/∼ ΢的拓樸٬ள q ࢂ

continuous. όၸा૶ள, X/∼ 的拓樸ຫ১, ځҢ߄ open set ຫϿ, ӢԜ཮ຫ৒ܰᡣ q ࢂ

continuous ӵٯ) X/∼ ᒧന১的 indiscrete topology, ൩一ۓ཮ᡣ q ࢂ continuous). 以೭܌
ࢂ的פॺाך္ X/∼ ΢٬ள q ࢂ continuous 的拓樸ύനம的 topology. നமפाࢂฅࡽ
的, ԏ໣ٗ些ࢂॺ྽ฅך X/∼ ΢的 subset S ٬ள q−1(S ) ཮ࢂ X 的 open set, ӢԜךॺ཮
Եቾ T̃ = {S ⊆ X/∼ | q−1(S ) ∈ T }. ྽ฅΑ, ऩ T̃ ࢂ X/∼ 的 topology, ೭ঁ topology ൩ࢂ
٬ள q ࢂ continuous നம的 topology. ೭ࢂӢࣁ T̃ 以外的 S ′ ⊆ X/∼, όૈ٬ள q−1(S ′) ࢂ

X 的 open set, 以ӵ݀ӭуΑ೭些܌ S ′ ຾ٰ, q ൩όӆࢂ continuous Α. ӢԜךॺ໻ा᛾ܴ
T̃ ዴࣁ X/∼ ΢的 topology.

,ـଆߡΑБࣁ ॺҔך X̃ Ң߄ X/∼. ा᛾ܴ T̃ ዴࣁ X̃ ΢的 topology, २Ӄᔠࢗ X̃ ک ∅.
Ӣࣁ q−1(X̃) = X ∈ T Ъ q−1(∅) = ∅ ∈ T , ޕࡺ X̃ ∈ T̃ ک ∅ ∈ T̃ . ջ topology 的性質 (1) ԋ
ҥ. Կܭ性質 (2), ॺԵቾך index set I, ЪჹܭҺཀ i ∈ I, ࣣԖ S i ∈ T̃ , ջ q−1(S i) ∈ T . Ԝ
ਔճҔ T ࣁ X 的 topology ள

q−1(
∪
i∈I

S i) =
∪
i∈S

q−1(S i) ∈ T ,

ջ
∪

i∈I S i ∈ T̃ . നࡕ, ऩ S 1, S 2 ∈ T̃ , Ң߄ q−1(S 1), q−1(S 2) ∈ T . 以ӆԛճҔ܌ T ࣁ X 的

topology ள
q−1(S 1 ∩ S 2) = q−1(S 1) ∩ q−1(S 2) ∈ T ,

ள᛾ S 1 ∩ S 2 ∈ T̃ , ջ性質 (3) ԋҥ. .ကۓॺԖ以Π的ך

Definition 1.5.6. ଷ೛ X ࢂ topological space Ъ T ځࣁ topology, ๏ۓ X ΢的一ঁ

equivalence relation ∼. Եቾ X/∼ ΢٬ள quotient map q : X → X/∼ ࣁ continuous നம的
topology T̃ = {S ⊆ X/∼ | q−1(S ) ∈ T }. Ԝ topology ᆀࣁ quotient space topology, Զ X/∼
ճҔ quotient space topology ԋ的׎܌ topological space, ࣁᆀߡ X ӧ quotient ∼ ϐΠ的
quotient space.

Question 1.36. ೛ X,Y .໣ӝޜߚࣁ ๏ڄۓኧ f : X → Y.

(1) ଷ೛ X ࢂ topological space Ъ T ځࣁ topology. ၂ୢ Y ΢٬ள f : X → Y ࣁ

continuous നம的 topology ?Ֆࣁ

(2) ଷ೛ Y ࢂ topological space Ъ T ′ ځࣁ topology. ၂ୢ X ΢٬ள f : X → Y ࣁ

continuous ന১的 topology ?Ֆࣁ
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Example 1.5.7. Եቾ X ࣁ R ύ的ഈ୔໔ [0, 1], ύ的ځကۓ equivalence relation ࣁ

x ∼ y⇔ x − y ∈ Z.

ஒ X ຎࣁ R 的 standard topology 的 subspace. ॺ၂๱ඔᛤך quotient space X/∼ 的 open
set. ྽ S ⊆ X/∼ Ъ 0 < S , Ԝਔ q−1(S ) = {x ∈ X | x ∈ S } ⊆ X \ {0, 1} ൩ࢂ (0, 1) ೭ঁ໒

୔໔的η໣ӝ. Ԝਔҗ Lemma 1.4.2 ޕ q−1(S ) ࢂ open ऩЪ୤ऩ q−1(S ) ໒୔໔ࢂ (0, 1)

ύ一些໒୔໔的ᖄ໣. Ψ൩ࢂᇥ, ӧ೭ᅿ௃ݩ, S җࢂ Ir,s = {x ∈ X/∼ | r < x < s}, ځ
ύ 0 < r < s < 1 ೭ኬ的໣ӝᖄ໣Զԋ. Կܭќ一ᅿ௃ݩ, Ψ൩ࢂ S ⊆ X/∼ Ъ 0 ∈ S .
Ԝਔ {0, 1} ⊆ q−1(S ) = {x ∈ X | x ∈ S }. ӢԜऩ q−1(S ) ӧ X ࢂ open, Ң߄ q−1(S ) Ѹ

х֖ 0 ک 1 的 open neighborhood. ٩ subspace topology 的ۓက, ೭߄Ң q−1(S ) Ѹх

֖ [0, r) ک (s, 1], ύځ 0 < r, s < 1 ೭ኬ的ъ໒ъഈ的୔໔. ӢԜӧ೭ᅿ௃ݩ, S җࢂ

Cr,s = {x ∈ X/∼ | 0 ≤ x < r or s < x ≤ 1} ೭ኬ的໣ӝᆶ Ir,s ೭ኬ的໣ӝ (0 < r < s < 1) ᖄ໣
Զԋ. ඤ言ϐ, X/∼ ೭ঁ quotient space topology 的 basis ё以җ Ir,s,Cr,s ύځ 0 < r < s < 1

೭ኬ的໣ӝ܌ಔԋ. ӵ݀ךॺஒ X/∼ ࣮ԋࢂ一ঁ circle, ೭些 basis 的ϡન, ൩ࢂӧԜ༝΢
Һཀ的໒୔໔ (όѸӧཀ 0 = 1 ӧব္), ӵΠკ܌Ң.

Question 1.37. ၂ඔᛤ Example 1.5.5 ύ的 quotient space “cylinder” ک Question 1.35 ύ
的 quotient space “ Möbius band”, Ѭॺ的 basis ύ的ϡનࣁՖ.

྽ X ࢂ topological spaceЪ ࣁ∽ X ΢的 equivalence relation,Եቾ quotient space X/∼.
ӵ݀Ԗ一ঁ topological space Y 及一ڄኧ h : (X/∼) → Y ࢂ continuous, ڄԾฅёளࡐॺך
ኧ f : X → Y, ࣁကۓځ f (x) = h(x), ∀ x ∈ X (ҭջ f = h ◦ q). ኧڄ f Ԗঁٿ特性. २Ӄ,
җܭ q 以及 h ࣁࣣ continuous, җ Proposition 1.3.4 ޕ f : X → Y ҭࣁ continuous. ќ外
ӵ݀ x ∼ x′, Ԝਔҗܭ x = x′ ٩ࡺ f 的ۓက, ள f (x) = h(x) = h(x′) = f (x′). Π一ঁԖᜢ

quotient space ख़ा的性質ࢂᇥ, ϸၸٰΨࢂჹ的.

Proposition 1.5.8. ଷ೛ X ࢂ topological spaces Ъ ∼ ࣁ X ΢的 equivalence relation, Ե
ቾ quotient space X/∼. ऩ Y ࣁ topological space Ъڄኧ f : X → Y ࢂ continuous ᅈى
f (x) = f (x′), ∀ x ∼ x′, ኧڄӸӧ߾ h : (X/∼)→ Y ࣁ continuous Ъᅈى f = h ◦ q.

Proof. २ӃךॺѸ໪ڄډפኧ h : (X/∼) → Y ᅈى f = h ◦ q, ӆᇥܴ h ࢂ continuous ջ
ё. җܭा؃ f = h ◦ q, ჹܭҺཀ x ∈ X/∼, ఈ׆ॺԾฅך h(x) = h(q(x)) = f (x). όၸ೭ኬ
က的ۓ h ёૈ཮Ԗୢᚒ, ࢂॺѸ໪ᇥܴѬך well-defined. Ψ൩ࢂᇥ, Һཀ的 X/∼ ύ的ϡન,
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ᗨฅ೿ё以Ҕ x ύځ x ∈ X ೭ኬ的БԄ߄Ң, όၸ೭ኬ的٠ݤ߄ό୤一, Ψ൩ࢂԖёૈӸӧ
x′ ∈ X Ъ x′ , x ՠӧ X/∼ ύ x′ = x. Ԝਔऩ f (x) , f (x′) ཮೷ԋߡ h ஒӕኬ的ϡન x = x′

όӕ的ϡનډ৔ࢀ h(x) = f (x) ک h(x′) = f (x′), ೭ᅿ一ჹӭ, ό಄ӝڄኧۓက的௃ݩ. ฅԶ
ӧ f 的性質ύ, ֋ນךॺӵ݀ x = x′, ջ x ∼ x′, Ԝਔ f (x) = f (x′). Ψ൩ࢂᇥ, ॺᏼЈ一ך
ჹӭ的௃ݩό཮วғ, ӢԜ೭ኬۓကр的 h ዴڄࣁኧ.

ௗΠٰךॺ᛾ܴ h : (X/∼) → Y ࣁ continuous. ჹҺཀ Y 的 open set U, ॺाᇥܴך
h−1(U) ӧ X/∼ ύࢂ open. ٩ quotient space topology 的ۓက, ाᔠࢗ h−1(U) ցӧࢂ X/∼
ύ open, ൩฻ӕܭᔠࢗ q−1(h−1(U)) ցӧࢂ X ύ open. ฅԶ q−1(h−1(U)) = (h ◦ q)−1(U) =

f −1(U), җࡺ f ࢂ continuous 的ଷ೛, ளޕ q−1(h−1(U)) ࢂ X 的 open set, ӢԜޕ h−1(U)

ࢂ X/∼ 的 open set. ள᛾ h : (X/∼)→ Y ࢂ continuous. �

Proposition 1.5.8 ё以ҔΠय़的 commutative diagram .Ң߄ٰ

X

q
��

f

!!B
BB

BB
BB

BB

X/∼
h

// Y

வ前य़的૸論ךॺޕၰ྽ X,Y ࣁ topological spaces, ∼ ࣁ X ΢的 equivalence relation
以及 X/∼ ځࣁ quotient space. Եቾ H = {h | h : (X/∼)→ Y, h is continuous} 以及

F = { f | f : X → Y, f is continuous and f (x) = f (x′), ∀ x ∼ x′}

߾ h 7→ h ◦ q ๏Α一ঁவ H ډ F ΢一ঁჹᔈᜢ߯. 一ჹ一ࢂ৒࣮ܰр೭ঁჹᔈᜢ߯ࡐ
的, Ӣࣁऩ h, h′ ∈ H Ъ h , h′, ҢӸӧ߄߾ x ∈ X/∼ ٬ள h(x) , h′(x) in Y. Ψ൩ࢂᇥ
h ◦ q(x) , h′ ◦ q(x). Զ Proposition 1.5.8 ֋ນךॺ೭ঁჹᔈΨࢀࢂԋ的, ӢԜךॺԖ以Π的
่݀.

Corollary 1.5.9. ଷ೛ X,Y ࣁ topological space, ∼ ࣁ X ΢的 equivalence relation 以及
X/∼ ځࣁ quotient space. з H = {h | h : (X/∼)→ Y, h is continuous} 以及

F = { f | f : X → Y, f is continuous and f (x) = f (x′), ∀ x ∼ x′}

߾ h 7→ h ◦ q ๏Α一ঁவ H ډ F ΢一ঁ一ჹ一Ъࢀԋ的ჹᔈᜢ߯.

Question 1.38. ଷ೛ Z, X ࣁ topological space, ࣁ∽ X ΢的 equivalence relation以及 X/∼
ځࣁ quotient space. ଷӵڄኧ g : Z → X ࣁ continuous, ߾ q ◦ g : Z → X/∼ ࣁ continuous;
ՠࢂϸၸٰჹ༏? Ψ൩ࢂᇥऩڄኧ h : Z → X/∼ ࢂ continuous, Ӹӧۓց一ࢂ g : Z → X ࢂ

continuous ᅈى h = q ◦ g? (Hint: Եቾ Example 1.5.7 的 X 以及 ∼, ٠Եቾ Z = X/∼ Ъ h

ࣁ identity 的௃׎.)

Example 1.5.10. ྽ X ࣁ topological space, X1, X2 ࣁ X 的 open set. Եቾ X1 ∪ X2 ࣁ X

的 subspace (٬Ҕ subspace topology). ॺΨёԵቾך X1, X2 的 disjoint union X1 ⨿ X2, Ե
ቾځ disjoint union topology. ኧڄॺԖך f1 : X1 → X1 ∪ X2, ࣁကۓ f1(x) = x, ∀ x ∈ X1. ך
ॺᗋԖڄኧ f2 : X2 → X1 ∪ X2, ࣁကۓ f2(x) = x, ∀ x ∈ X2. җܭ f1, f2 ࣁࣣ continuous, җ
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Proposition 1.4.7, ኧڄ一ঁೱុډॺளך f : X1 ⨿ X2 → X1 ∪ X2, ᅈى f |X1 = f1, f |X2 = f2.
ኧڄ f ٣ჴ΢Ψ཮ࢂ open map, ೭ࢂӢࣁ X1⨿X2 的 open setёࣁ߄ U1⨿U2, ύځ U1,U2

ϩձࣁ X1, X2 的 open set. ӢԜҗ f (U1⨿U2) = U1 ∪U2, ޕ f (U1⨿U2) ࣁ X1 ∪ X2 的 open
set.

౜Եቾ X1⨿X2΢的一ঁ equivalence relation ჹҺཀࣁကۓځ,∽ i, j ∈ {1, 2}, (x, i) ∼ (y, j)

ऩЪ୤ऩ x = y. Ψ൩ࢂᇥ一૓ٰᇥऩ x ∈ X1 (resp. x ∈ X2) Ԗ߾ (x, 1) ∼ (x, 1) (resp.
(x, 2) ∼ (x, 2)). Զऩ x ∈ X1∩X2,߾ନΑ (x, 1) ∼ (x, 1)Ъ (x, 2) ∼ (x, 2)外,ᗋԖ (x, 1) ∼ (x, 2).
ࢂ৒ܰᡍ᛾೭ࡐ X1 ⨿ X2 的一ঁ equivalence relation. ౜Եቾ quotient space (X1 ⨿ X2)/∼.
җܭ྽ (x, i) ∼ (x, j) ਔ, ॺԖך f (x, i) = f (x, j) = x, җࡺ f ࢂ continuous 以及 Proposition
1.5.8, ኧڄ一ډॺளך h : ((X1 ⨿ X2)/∼) → X1 ∪ X2 ᅈى f = h ◦ q, ύځ h ࣁ continuous.
ΞӢ f ࢂ open map, җࡺ Exercise 1.19 ޕ h ҭࣁ open map. നךࡕॺࡐ৒ܰᔠࢗ h

ࣁ one-to-one 以及 onto, ளޕ X1 ∪ X2 ک (X1 ⨿ X2)/∼ ೭ঁٿ topological space ٣ჴ΢ࢂ
homeomorphic.

Question 1.39. ଷ೛ X,Y ࣁ topological space, X1, X2 ࣁ X 的 open set. ჹܭ X1, X2 的

disjoint union X1 ⨿ X2, Եቾځ disjoint union topology. ϞԖٿೱុڄኧ f1 : X1 → Y,
f2 : X2 → Y ᅈى f1(x) = f2(x), ∀x ∈ X1 ∩ X2. ၂ډפ X1 ⨿ X2 ΢的 equivalence relation
∼, 以及一ڄኧ f : ((X1 ⨿ X2)/∼) → Y ᅈى f

(
(x, i)
)
= fi(x), ∀ i ∈ {1, 2}, x ∈ Xi, ٠᛾ܴ f ࣁ

continuous, ύځ (X1 ⨿ X2)/∼ ٬Ҕ quotient space topology. ၂ᇥܴԜ่݀ᆶ Proposition
1.4.4 的ᜢ߯.

Exercise

Excecise 1.1. ଷ೛ X ,໣ӝޜߚࣁ ကۓ d : X × X → [0,∞) ࣁ d(x, y) =
{

0, x = y;
1, x , y. ၂᛾

ܴ d ࣁ X ΢的一ঁ metric ٠ᇥܴճҔԜ metric р的ۓ܌ topology ൩ࢂ discrete topology.

Excecise 1.2. ଷ೛ T ࢂ X 的 topology Ъ B ࣁ T 的一ಔ basis. ၂᛾ܴऩ T ′ ҭࣁ X 的

topology Ъ B ⊆ T ′, ߾ T ⊆ T ′, ٠٩Ԝ᛾ܴ X ΢܌Ԗх֖ B 的 topology 的Ҭ໣൩ࢂ T .

Excecise 1.3. Եቾ R2 ύ的 standard topology, ջ以

d((x1, y1), (x2, y2)) =
√
(x1 − x2)2 + (y1 − y2)2

က的ۓ܌ metric space. ჹҺཀ一ᗺ p = (x0, y0) ∈ R2 以及 r > 0, ကۓॺך

Sq(p, r) = {(x, y) ∈ R2 : |x − x0| < r, |y − y0| < r}.

᛾ܴ {Sq(p, r) : p ∈ R2, r > 0} ࢂ R2 的 standard topology 的一ಔ basis

Excecise 1.4. ଷ೛ X 一ঁࢂ metric space. ၂᛾ܴჹܭҺཀ x ∈ X, ໣ӝ {x} ࢂ closed set.

Excecise 1.5. ჹҺཀ a ∈ Z, b ∈ Nз Na,b = {a+ nb : n ∈ Z}. Եቾ B = {Na,b : a ∈ Z, b ∈ N}.

(1) ճҔύ୯ഭᎩۓ౛ᇥܴ B ё以ԋࣁ Z ύࢌ一ঁ topology T 的 basis.
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(2) ᇥܴӧ T ೭ঁ topology ϐΠ, U ∈ T (ջ U Ԝ拓樸ϐΠ的一ঁࣁ open set) ऩЪ
୤ऩ ∀ a ∈ U, ∃ b ∈ N ٬ள Na,b ⊆ U.

(3) ᇥܴӧ T ೭ঁ topology ϐΠ Na,b ࢂ open Ψࢂ closed.

Excecise 1.6. Եቾ P ⊆ N ,ԋ的໣ӝ܌Ԗ質ኧ܌ࣁ ӧԜୢᚒύךॺஒճҔۓက P ύ的

closed set ٰ๏р P 的一ঁ topology. ჹҺཀ᏾ኧ m ∈ Z, ကۓॺך V(m) = {p ∈ P : p | m}.

(1) ᛾ܴӸӧ m,m′ ∈ Z ٬ள ∅ = V(m), P = V(m′).

(2) ჹҺཀ的 index set I, Һڗ mi ∈ Z, ∀ i ∈ I. ᛾ܴӸӧ m ∈ Z ᅈى∩
i∈I

V(mi) = V(m).

(3) ჹҺཀ a, b ∈ Z ᛾ܴӸӧ m ∈ Z ᅈى V(a) ∪ V(b) = V(m).

(4) з T = {U ⊆ P : P \ U = V(m), for some m ∈ Z}. ᇥܴ T ࢂ P 的一ঁ topology.

Excecise 1.7. ଷ೛ X,Y ࣁ topological space, f : X → Y ࣁ X ډ Y 的ڄኧ. ऩჹҺཀ X ΢

的 closed set C ࣣԖ f (C) ࣁ Y 的 closed set, ᆀ߾ f ࣁ closed map.

(1) ၂ډפ topological spaces X,Y 以及 f : X → Y ࢂ one to oneЪ onto的 continuous
function ՠόࢂ open map 的ٯη.

(2) ၂ډפ topological spaces X,Y 以及 f : X → Y ࢂ open map ՠόࢂ closed map 的
.ηٯ

(3) ၂᛾ܴऩ X,Y ࣁ topological spaces Ъ f : X → Y ࢂ one to one Ъ onto 的 open
map ߾ F : X → Y ࣁ closed map.

Excecise 1.8. ଷ೛ X,Y ࣁ topological spacesз CX,Y Ԗ܌ࣁ Xډ Y 的 continuous functions
.ԋ的໣ӝ܌ ౜ଷ೛ X, X′,Y ࣁ topological spaces, ύځ X ک X′ ࣁ homeomorphic.

(1) ၂᛾ܴ CX,Y ک CX′,Y ϐ໔Ӹӧ๱一ჹ一Ъࢀԋ的ჹᔈᜢ߯ (ջӸӧ๱一ঁ one-to-
one and onto function from CX,Y to CX′,Y ).

(2) ၂᛾ܴ CY,X ک CY,X′ ϐ໔Ӹӧ๱一ჹ一Ъࢀԋ的ჹᔈᜢ߯.

Excecise 1.9. Եቾ R ΢的 standard topology ЪჹҺཀ໒୔໔ (a, b) Եቾځ topology ࣁ
standard topology Π的 subspace topology.

(1) ೛ a, b ∈ R ᅈى a < b. ᛾ܴ໒୔໔ (0, 1) ک (a, b) ࣁ homeomorphic.

(2) ೛ a, b, c, d ∈ R ᅈى a < b Ъ c < d. ᛾ܴ໒୔໔ (a, b) ک (c, d) ࣁ homeomorphic.

(3) ᛾ܴ (0, 1) ک R ࣁ homeomorphic.

Excecise 1.10. ଷ೛ X,Y ࢂ topological space. ๏ۓ一ڄኧ f : X → Y. з Y ′ = f (X) Ъ

Եቾࣁځ Y 的 subspace (٬Ҕ subspace topology). зڄኧ g : X → Y ′ ࣁကۓ g(x) = f (x),
∀ x ∈ X. ᛾ܴ f : X → Y ࢂ continuous ऩЪ୤ऩ g : X → Y ′ ࣁ continuous.
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Excecise 1.11. ଷ೛ X ࢂ topological space Ъ B ځࢂ topology 的一ಔ basis. ऩ X′ ⊆ X,
Եቾ subspace topology, ᛾ܴ B′ = {B ∩ X′, B ∈ B} Ԝࢂ subspace 的一ಔ basis, ٠٩Ԝ᛾ܴ
྽ X′ ࢂ X 的 open set ਔ, ჹҺཀ X 的 topology 的 basis B, ࣣӸӧ subset B′ ⊆ B ࣁ X′ 的

subspace topology 的 basis.

Excecise 1.12. ၂᛾ܴऩ X1, X2 ࣁࣣ X 的 closed sets, Proposition 1.4.4 ٩ฅԋҥ. (Hint:
ճҔ Proposition 1.3.2 以及 Question 1.25.)

Excecise 1.13. ଷ೛ X1, X2 ό࣬Ҭ的ঁٿࢂ topological spaces, Ъ B1,B2 ϩձځࣁ basis.
၂᛾ܴ {S 1 ⊔ S 2 | S 1 ∈ B1, S 2 ∈ B2} ࢂ X1 ⊔ X2 ٬Ҕ disjoint union topology 的一ಔ basis.

Excecise 1.14. ଷ೛ X1, X2 ࣁ topological spacesЪ B1,B2 ϩձځࣁ basis. ၂᛾ܴ {S ×T |
S ∈ B1,T ∈ B2} ࣁ product space X1 × X2 的 basis.

Excecise 1.15. ଷ೛ X1, X2 ࣁ topological spaces. Եቾ product space X1 × X2. ᛾ܴ
π1 : X1 × X2 → X1, π2 : X1 × X2 → X2 ࣁࣣ open map.

Excecise 1.16. Եቾ R 的 standard topology, 以及 S = {1, 2} ٬Ҕ discrete topology.
၂᛾ܴ R × S ٬Ҕ product space topology 以及 R ⨿ R ٬Ҕ disjoint union topology ࢂ
homeomorphic.

Excecise 1.17. ଷ೛ I ࢂ index set, ЪჹҺཀ i ∈ I, Xi ࣁ topological space 及 Ti ځࣁ

topology.

(1) з B = {∏i∈I Ui | Ui ∈ Ti, and Ui = Xi for almost all i ∈ I}, ၂᛾ܴ B ಄ӝ Propo-
sition 1.2.4 ύ, ёԋঁࢌࣁ topology 的 basis 的చҹ.

(2) Եቾ ∏i∈I Xi ΢的 product space topology, ၂௢ቶ Proposition 1.5.3.

Excecise 1.18. 以ΠࢂԖᜢ quotient space 的ᢀۺᙶమ.

(1) ӧ Example 1.5.7 ύ S = [0, 1/2) ࢂ X = [0, 1] 的一ঁ open set, ၂ᇥܴ q(S ) ցࢂ

ࣁ X/∼ 的 open set?

(2) ྽ X ࢂ topological spaceЪ ࣁ∽ X ΢的 equivalence relation, Եቾ quotient space
X/∼. ၂ᇥܴ The quotient map q : X → X/∼ ҂Ѹࣁ open map.

(3) ଷ೛ U ࢂ topological space X 的一ঁ open set, ၂ᇥܴ҂ѸӸӧ V ࣁ quotient
space X/∼ 的 open set V ᅈى q−1(V) = U.

(4) ၂ճҔ Example 1.5.7 ᇥܴӵ݀ B ࢂ topological space X 的一ಔ basis, Եቾ
B̃ = {V ⊆ X/∼ | q−1(V) ∈ B}. ߾ B̃ ҂Ѹࢂ X/∼ 的一ಔ basis.

Excecise 1.19. ଷ೛ X,Y ࣁ topological space, ∼ ࣁ X ΢的 equivalence relation 以及 X/∼
ځࣁ quotient space. ၂᛾ܴऩ f : X → Y ࣁ open map ᅈى f (x) = f (x′), ∀ x ∼ x′, Ӹӧ߾
ኧڄ h : (X/∼)→ Y ࣁ open map ٬ள f = h ◦ q.





Chapter 2

內部, 外部以及邊界

๏ۓ一ঁ topological space X ,ࡕ ၰޕॺך X 的 open sets ک closed sets Ԗব些, ᗋૈӆፋ
論ࣗሶګ? ٣ჴ΢ԖΑ topology ,ࡕ ჹܭ一ঁߚࡽ open Ψߚ closed 的η໣ӝ, ϝฅԖ೚ӭ
Ԗ፪的性質ё以૸論. ӧ೭一ക, ,௖૸Ֆᒏ一ঁ໣ӝ的內部ࢂߡॺЬा的ך 外部以及邊界.
ҁക內৒ᗨฅε部ϩ೿ࢂ一些Ӝຒ, όၸ׆ఈεৎૈ๱ख़ܭΑှ೭些Ӝຒ的ཀက. 以ߡஒٰ
ၶـ೭些Ӝຒਔૈඓඝځ特性, ຾ԶૈၮҔ೭些Ӝຒೀ౛一些拓樸的性質.

2.1. The Interior of a Set

Interior .ࡘ內部的ཀࢂ ӧ೭࿯ύ, ॺஒᇥܴ一ঁך topological space ύ的η໣ӝ, Ֆᒏځ內
部, 以及࣬ځᜢ的性質. ,ॺΨ཮ϟಏՖᒏ一ঁ໣ӝ的外部ך 及࣬ځᜢ性質. ఈεৎჹ೭׆
些Ӝຒ的ۓကᆶ性質, Ԗၨޔᢀ的࣮ݤ, Զόൂࢂપ的૶Ꮻ.

ӧ R ΢٬Ҕ standard topology, Ֆᒏഈ୔໔ [1, 2] 內部ګ? ,᝺΢ޔ ໒ࢂࣁॺ཮ᇡך
୔໔ (1, 2). ೭ࢂӢࣁऩ a ∈ (1, 2), Ң߄ a “਒邊” 的ᗺ೿ӧ [1, 2] ύ, 以ག᝺܌ a ӧ [1, 2]

的內部, ฅԶऩ a = 1 ܈ a = 2, ߾ a 的 “਒邊” Ԗ些ᗺόӧ [1, 2] ύ, 以Ѭॺό၀ᆉ܌
[1, 2] 的內部. ೭္的 “਒邊” ?ګሶࣗࢂ的ࡰ ٣ჴ΢ऩ a ∈ (1, 2), ջ 1 < a < 2, ऩз
ε = min{a − 1, 2 − a} > 0, ߾ a ∈ (a − ε, a + ε) Ъ (a − ε, a + ε) ⊆ [1, 2]. ೭္ (a − ε, a + ε)

΢的ᗺ൩ךࢂॺᇥ a ᗺ的߈ߕ, Ψ൩ࢂ a 的一ঁ open neighbor hood. ྽ฅΑ೭ঁ open
neighborhood ёεёλ, όၸऩډפ一ঁ a 的 open neighborhood х֖ܭ [1, 2], КѬλ߾
的 open neighborhood Ψ཮х֖ܭ [1, 2]. :ॺё以೭ኬᇥך以܌ ӧ [1, 2] ύ的ᗺӵ݀ё以פ

一ঁډ open neighborhood х֖ܭ [1, 2] ൩ᆀࣁ [1, 2] 的 “內ᗺ”.

౜ӧךॺӣډ一૓的 topological space X. ,ډॺම࿶ගך ऩ a ∈ X, Ъ U х֖ࢂ a 的

open set, ᆀߡ U ࣁ a 的 open neighborhood. ୷ܭ以΢的࣮ݤ, .ကۓॺԖ以Π的ך

Definition 2.1.1. ଷ೛ X ࣁ topological space, S ⊆ X. ჹܭ a ∈ S , ऩӸӧ a 的一ঁ open
neighborhood U ᅈى U ⊆ S , ᆀ߾ a ࣁ S 的一ঁ interior point. Ԗ܌ S 的 interior points
ࣁԋ的໣ӝᆀϐ܌ S 的 interior, ॺҔך int(S ) Ң߄ٰ (Ԗ的ਜҔ S̊ .(Ң߄ٰ

31
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ाݙཀջ٬ S , ∅, int(S ) Ԗёૈ཮ࢂ ∅. ӵӧٯ R Եቾ standard topology ਔ, ྽ a ∈ R,
S = {a} ਔ, int(S ) ൩ࢂ ∅. Ξऩ X Եቾ indiscrete topology, Ӣ߾ X 的ޜߚ୤一ࢂ open set,
ܭ以ҺՖό฻܌ X 的η໣ӝ S ځ interior .໣ӝޜࣁࣣ ќ外ाݙཀऩ X′ ࢂ X 的 subspace
Ъ S ⊆ X′ ߾ S ࣮ԋ X 的η໣ӝ的 interior ԋ࣮ک X′ 的η໣ӝ的 interior Ԗёૈόӕ. ٯ
ӵ [1, 2] Ҕ R 的 subspace topology ٰ࣮ [1, 2] 的 interior ൩ࢂ [1, 2] Զόࢂ (1, 2). 以ӧ܌
૸論 interior ਔሡᇥܴమཱ܌ӧ的 topological space .Ֆࣁ

Question 2.1. Եቾ R 的 standard topology. S ⊆ R ࣁ finite set. ၂ୢ int(S ) ?Ֆࣁ Ξ
int(N) ?Ֆࣁ

ௗΠٰךॺ࣮一些Ԗᜢ interior 的ᙁൂ性質.

Lemma 2.1.2. Եቾ topological space X 以及 S ,T ࣁ X η໣ӝ, .ॺԖ以Π的性質ך

(1) ଷ೛ S ࣁ X 的 open set, ߾ int(S ) = S . 特ձӦ, ॺԖך int(X) = X 以及

int(∅) = ∅.

(2) ऩ S ⊆ T , ߾ int(S ) ⊆ int(T ).

(3) ଷ೛ S ࣁ X 的 open set, ߾ S ⊆ T ऩЪ୤ऩ S ⊆ int(T ).

Proof. २Ӄݙཀ, ٩ interior 的ۓက, ၰޕॺך int(S ) ⊆ S .

(1) ा᛾ܴ int(S ) = S , ॺ໻ाᇥܴך S ⊆ int(S ), ջё. ౜٩ଷ೛ S ࣁ X 的 open set.
ჹҺཀ a ∈ S , S ࣁࣣ a 的 open neighborhood Ъᅈى S ⊆ S , ကۓ٩ࡺ a ࣁ S 的

一ঁ interior point, ள a ∈ int(S ). ள᛾ S = int(S ). ΞӢ X ࣁ X 的 open set, ࡺ
ள int(X) = X. ӕ౛ int(∅) = ∅.

(2) ଷ೛ S ⊆ T . ౜Һڗ a ∈ int(S ), ջӸӧ a 的 open neighborhood U ᅈى U ⊆ S .
Ӣ S ⊆ T , ளࡺ U ⊆ T . ӢԜள᛾ a ҭࣁ T 的 interior point, ջ a ∈ int(T ). ள᛾
int(S ) ⊆ int(T ).

(3) ςޕ S ࣁ X 的 open set. ౜ऩ S ⊆ T җ (1), (2) ޕ S = int(S ) ⊆ int(T ). ϸϐऩ
S ⊆ int(T ), Ӣ߾ int(T ) ⊆ T , ள᛾ S ⊆ T .

�

Question 2.2. Lemma 2.1.2 (3) ύ的ऩЪ୤ऩ, ব一ঁБӛόሡҔډ S ࣁ X 的 open set
೭ঁଷ೛?

Lemma 2.1.2 (1) ֋ນךॺ྽ S ࢂ open ਔ int(S ) = S , ӢԜԜਔ int(S ) ཮ࢂ X 的 open
set. ฅԶӧ一૓的௃׎ int(S ) ཮ࢂ open ༏? ाӣเ೭ঁୢᚒ, ॺѸሡ࣮࣮ך int(S ) ёց
ቪԋ一些 X 的 open sets 的ᖄ໣. ฅԶჹҺཀ x ∈ int(S ), ࣣӸӧ X 的 open set Ux ᅈى

Ux ⊆ S . ӢԜךॺԾฅ཮Եቾ೭些 Ux 的ᖄ໣, ջԵቾ

U =
∪

x∈int(S )
Ux.
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ӢࣁჹҺཀ x ∈ int(S ) ࣣԖ x ∈ Ux, ޕࡺ int(S ) ⊆ U. ќ一Бय़ჹҺཀ x ∈ int(S ) ࣣԖ
Ux ⊆ S , ޕࡺ U ⊆ S . ΨӢԜҗ U ࣁ open 以及 Lemma 2.1.2 (3) ளޕ U ⊆ int(S ). ॺ᛾ך
ளΑ U = int(S ), ளࡺ int(S ) ࢂ X 的 open set. ٣ჴ΢ךॺԖ以Πᜢܭ interior 的฻ሽ性
質.

Theorem 2.1.3. ଷ೛ X 以ࣁ T ࣁ topology 的 topological space Ъ S ࣁ X η໣ӝ.

(1) int(S ) ܭԖх֖܌ࢂ S 的 open sets 的ᖄ໣. ҭջ

int(S ) =
∪

{U∈T |U⊆S }
U.

(2) int(S ) ܭԖх֖܌ࢂ S 的 open sets ္നε的 open set. ҭջ int(S ) ∈ T Ъऩ
U ∈ T ᅈى U ⊆ S , ߾ U ⊆ int(S ).

Proof. ॺзךـଆߡΑБࣁ V =
∪
{U∈T |U⊆S }U. ౜ऩ x ∈ int(S ), ҢӸӧ߄ U ∈ T ᅈى

x ∈ U Ъ U ⊆ S , ࡺ x ∈ V. ᛾ள int(S ) ⊆ V. ϸϐ, ऩ x ∈ V, ҢӸӧ߄ U ∈ T ᅈى U ⊆ S ٬

ள x ∈ U. ӢԜޕ x ∈ int(S ). ӢԜ V ⊆ int(S ). ᛾ܴΑ V = int(S ), ջ (1) ԋҥ.

Կܭ (2), җ (1) ޕॺך int(S ) ࣁ open set. Ξςޕ int(S ) ⊆ S . Ψ൩ࢂᇥ int(S ) 一ঁࢂ
х֖ܭ S 的 open set. ౜ऩ U ⊆ S , Ъࣁ open set, җ߾ (1) ள U ⊆ int(S ). �

ཀݙ Theorem 2.1.3Ψ֋ນךॺऩ W ࣁ X 的 open setᅈى W ⊆ S ЪჹҺཀᅈى U ⊆ S

的 open setࣣԖ U ⊆ W,߾ W = int(S ). ೭ࢂӢࣁ int(S ىᅈࣁ( int(S ) ⊆ S 的 open set,ࡺ
int(S ) ⊆ W. ϸϐ, W ҭࣁᅈى W ⊆ S 的 open set, җࡺ Theorem 2.1.3 (2) ޕ W ⊆ int(S ).
ӢԜள᛾ W = int(S ).

྽ S ࣁ open ਔ, ྽ฅ S ҁࢂيх֖ܭ S നε的 open set, җࡺ Theorem 2.1.3, ޕॺך
ၰԜਔ S = int(S ). ϸϐ, ऩ S = int(S ), ܭҗ߾ int(S ) ࣁ open set, ளࡺ S ࣁ open set. Ψ
൩ࢂᇥ S ࣁ open ฻ሽܭ S = int(S ). Կܭჹܭ一૓的໣ӝ S , Ӣࣁ int(S ) ࣁ open, ٩Ԝࡺ
่݀ёள int(int(S )) = int(S ). .ॺ᛾ளΑ以Π่݀ך

Corollary 2.1.4. ଷ೛ X ࣁ topological space Ъ S ࣁ X η໣ӝ.

(1) S ࢂ X 的 open set ऩЪ୤ऩ S = int(S ).

(2) int(int(S )) = int(S ).

ፋ論Α內部, .ॺ྽ฅΨёፋՖᒏ外部ך ,ကۓ٩ 一ঁ໣ӝ外部的ᗺᔈ၀کࢂ၀໣ӝό࣬
Ҭ的, ԶЪѬ ”߈ߕ“ 的ᗺΨک၀໣ӝό࣬Ҭ. ӢԜךॺԖ以Π的ۓက.

Definition 2.1.5. ଷ೛ X ࣁ topological space, S ⊆ X. ჹܭ a < S , ऩӸӧ a 的一ঁ open
neighborhood U ᅈى U ∩ S = ∅, ᆀ߾ a ࣁ S 的一ঁ exterior point. Ԗ܌ S 的 exterior
points ࣁԋ的໣ӝᆀϐ܌ S 的 exterior, ॺҔך ext(S ) .Ң߄ٰ

٩ exterior 的ۓက, x ∈ ext(S ) 的ᗺࣣ໪ᅈى x < S , ջ x ∈ S c, ޕॺך以܌ ext(S ) ⊆ S c.
ќ外ჹܭҺཀ x ∈ ext(S ), ࣣӸӧ x 的 open neighborhood U ᅈى U ∩ S = ∅, ջ U ⊆ S c.
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以܌ S 的 exterior ࢂჴ൩ځ S c 的 interior. Ψ൩ࢂᇥ

ext(S ) = int(S c). (2.1)

ӢԜճҔ interior 的性質, .ॺԖ以Πϐ่݀ך

Proposition 2.1.6. ଷ೛ X 以ࣁ T ࣁ topological space Ъ S ,T ࣁ X η໣ӝ.

(1) S ࢂ closed ऩЪ୤ऩ ext(S ) = S c.

(2) ऩ S ⊆ T , ߾ ext(T ) ⊆ ext(S ).

(3) ext(S ) Ԗᆶ܌ࢂ S ό࣬Ҭ的 open sets 的ᖄ໣. ҭջ

ext(S ) =
∪

{U∈T |U∩S=∅}
U.

(4) ext(S ) Ԗᆶ܌ࢂ S ό࣬Ҭ的 open sets ္നε的 open set. ҭջ ext(S ) ∈ T Ъऩ
U ∈ T ᅈى U ∩ S = ∅, ߾ U ⊆ ext(S ).

Question 2.3. ၂᛾ܴ Proposition 2.1.6.

ाݙཀ, ᗨฅ int(int(S )) = int(S ) ՠࢂ ext(ext(S )) ٠ό཮฻ܭ ext(S ). ٣ჴ΢җܭ
ext(S ) ⊆ S c, 以җ܌ Proposition 2.1.6 (2), ॺԖך ext(S c) ⊆ ext(ext(S )). ӆҗԄη (2.1),
ޕ ext(S c) = int((S c)c) = int(S ), ӢԜ௢ள

int(S ) ⊆ ext(ext(S )). (2.2)

,內部ܭ外部的外部฻ࣁ೚գ཮ᇡ܈ ջ ext(ext(S )) = int(S ), όၸ೭ࢂᒱ的. ೭ࢂӢࣁᗨฅ
ext(ext(S )) ࢂ open set, ՠࢂ一૓ٰᇥ ext(ext(S )) ό一ۓ཮х֖ܭ S 以Πـୖ) Question
2.4), ډளݤॺคך以܌ ext(ext(S )) ⊆ int(S ), Ψ൩ࢂᇥ int(S ) ҂Ѹ཮฻ܭ ext(ext(S )).

Question 2.4. Եቾ R ΢的 standard topology. ճҔ Question 2.1 以及Һཀޜߚ的 open
interval (r, s) ѸԖԖ౛ኧ及ค౛ኧӧځύ, ᛾ܴ int(Q) = ∅. Ξ၂ୢࣗሶ཮ࢂ ext(Q) ?ګ ٩
Ԝ่論ᇥܴ ext(ext(Q)) , int(Q).

2.2. The Closure of a Set

一ঁ໣ӝ的 closure ཀکࡰ೭ঁ໣ӝ ”߈த᎞ߚ“ 的ᗺ܌ԋ的໣ӝ. ӧ೭࿯ύךॺϟಏ
closure 的ཷۺ, ॺஒว౜ך closure ک interior 以及 exterior .ᜢ的࣬৲৲ࢂ

ӧ R 的 standard topology ύ, ٗ些ᗺ཮کъ໒ъഈ的୔໔ [1, 2) ?ګ߈த᎞ߚ ྽ฅΑ
[1, 2) ҁي的ᗺکԾρߚࢂத᎞߈的. ᗋԖ一ঁᗺ, ൩ࢂ 2 Ψک [1, 2) .߈த᎞ߚ ೭ࢂӢࣁҺ
Ֆх֖ 2 的 open interval 一ۓ཮ک [1, 2) ࣬Ҭ, Ѭᆶۓॺё以ᇡך以܌ [1, 2) .߈த᎞ߚ ନ
Ԝϐ外, д的ᗺ೿ӧځ [1, 2) 的外部 (ջ exterior), کࣁॺ೿ᇡך [1, 2) Ԗ一ࢤຯᚆ.

౜ӧӣډ一૓的 topological space X. ଷ೛ S ⊆ X. ჹܭ X 的一ᗺ a,ӵ݀Һཀ a的 open
neighborhood U ࣣᅈى U ∩ S , ∅, ٗሶךॺ൩ຎࣁ a ک S .߈᎞ࡐ ӢԜԖ以Π的ۓက.
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Definition 2.2.1. ଷ೛ X ࣁ topological space, S ⊆ X. ჹܭ a ∈ X, ऩҺཀ a 的 open
neighborhood U ࣣᅈى U ∩ S , ∅, ᆀ߾ a ࣁ S 的 closure point ࢂ܈) adherent point). ܌
Ԗ S 的 closure points ࣁԋ的໣ӝᆀϐ܌ S 的 closure, ॺҔך cl(S ) Ң߄ٰ (Ԗ的ਜҔ S

.(Ң߄ٰ

ाݙཀ S 的 closure Ԗӹ໣܌ाԵቾࢂ X ΢ᆶ S ࣬྽᎞߈的ᗺ, 以Եቾ的ӹ໣ό܌
ӕ, ள的܌ closure Ԗёૈ཮࣬౦, ќ外ӵӕ interior 的௃ݩ, ٬Ҕόӕ的 topology ள的܌
closure Ψ཮όӕ. 以ӧ૸論܌ closure ਔϝሡᇥܴమཱ܌ӧ的 topological space .Ֆࣁ

,Ԗ፪的ࡐ closure ک interior Ԗ๱࣬ჹᔈ的性質. ჹۭܭΠϟಏԖᜢ closure 的性質, ε
ৎё以ک前一࿯Ԗᜢ interior 的性質࣬ჹྣ. २Ӄךॺ࣮ک Lemma 2.1.2 ࣬ჹᔈ的性質.

Lemma 2.2.2. Եቾ topological space X 以及 S ,T ࣁ X η໣ӝ, .ॺԖ以Π的性質ך

(1) ଷ೛ S ࣁ X 的 closed set, ߾ cl(S ) = S . 特ձӦ, ॺԖך cl(X) = X 以及 cl(∅) = ∅.

(2) ऩ S ⊆ T , ߾ cl(S ) ⊆ cl(T ).

(3) ଷ೛ T ࣁ X 的 closed set, ߾ S ⊆ T ऩЪ୤ऩ cl(S ) ⊆ T .

Proof. २Ӄݙཀ, ऩ x ∈ S , ҺՖ x 的 open neighborhood U, ࣣᅈى x ∈ U ∩ S , ӢԜ
U ∩ S , ∅. ٩ࡺ closure 的ۓက, ॺளך x ∈ cl(S ). ӢԜ S ⊆ cl(S ).

(1) ा᛾ܴ cl(S ) = S , ॺ໻ाᇥܴך cl(S ) ⊆ S , ջё. ౜٩ଷ೛ S ࣁ X 的 closed set,
ҭջ S c ࣁ open. ॺϸၸٰ᛾ܴך以܌ S c ⊆ cl(S )c. ऩ x ∈ S c, җ S c ࢂ open Ӹޕ
ӧ x 的 open neighborhood ᅈى U ⊆ S c, ҭջ U ∩ S = ∅. ကۓ٩ࡺ x όࢂ S 的

closure point, ջ x ∈ cl(S )c. ॺ᛾ܴΑך S c ⊆ cl(S )c, ளࡺ cl(S ) ⊆ S , ΨӢԜள᛾
S = cl(S ). ΞӢ X ࣁ X 的 closed set, ளࡺ cl(X) = X. ӕ౛ cl(∅) = ∅.

(2) ଷ೛ S ⊆ T . ౜Һڗ a ∈ cl(S ), ջჹ܌ܭԖ a 的 open neighborhood U ࣣᅈى

U ∩ S , ∅. Ӣ S ⊆ T , ளࡺ U ∩ T , ∅. ӢԜள᛾ a ҭࣁ T 的 closure point, ջ
a ∈ cl(T ). ள᛾ cl(S ) ⊆ cl(T ).

(3) ςޕ T ࣁ X 的 closed set. ౜ऩ S ⊆ T җ (1), (2) ޕ cl(S ) ⊆ cl(T ) = T . ϸϐऩ
cl(S ) ⊆ T , Ӣ߾ S ⊆ cl(S ), ள᛾ S ⊆ T .

�

Question 2.5. 一૓ٰᇥ, ёցҗ int(S ) ⊆ int(T ) ௢導р S ⊆ T ?ګ ёցҗ cl(S ) ⊆ cl(T )
௢導р S ⊆ T ?ګ

Lemma 2.2.2 (1) ֋ນךॺ྽ S ࢂ closed ਔ cl(S ) = S , ӢԜԜਔ cl(S ) ཮ࢂ X 的 closed
set. ฅԶӧ一૓的௃׎ cl(S ) ཮ࢂ closed ༏? ाӣเ೭ঁୢᚒ, ॺё以၂๱ஒך cl(S ) ቪԋ
一些 X 的 closed sets 的Ҭ໣. ٣ჴ΢ךॺԖ以Πک Theorem 2.1.3 ࣬ჹᔈ的性質.

Theorem 2.2.3. ଷ೛ X 以ࣁ T ࣁ topology 的 topological space Ъ S ࣁ X η໣ӝ.
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(1) cl(S ) Ԗх֖܌ࢂ S 的 closed sets 的Ҭ໣. ҭջ

cl(S ) =
∩

{Zc∈T |S⊆Z}
Z.

(2) cl(S ) Ԗх֖܌ࢂ S 的 closed sets ္നλ的 closed set. ҭջ cl(S ) ࢂ closed Ъऩ
Z ࢂ closed ᅈى S ⊆ Z, ߾ cl(S ) ⊆ Z.

Proof. ॺзךـଆߡΑБࣁ C =
∩
{Zc∈T |S⊆Z} Z. җܭ೭္؂ঁ Z ࣁࣣ closed Ъᅈى S ⊆ Z,

ޕࡺ C ࢂ closed Ъᅈى S ⊆ C. ӢԜճҔ Lemma 2.2.2 (3), ॺளך cl(S ) ⊆ C. Կܭ
C ⊆ cl(S ), ೀ౛ݤॺҔϸ᛾ך (Ӣࣁ open set ၨܰೀ౛), Ψ൩ࢂᇥӵ݀ x < cl(S ), ॺाᇥך
ܴ x < C. ฅԶ x < cl(S ҢӸӧ߄( x的 open neighborhood U,ᅈى U ∩S = ∅,ҭջ U ⊆ S c,
Ψ฻ӕ S ⊆ Uc. ೭֋ນךॺӸӧ๱一ঁ closed set Uc Ѭᅈى S ⊆ Uc ՠ x < Uc (Ӣ x ∈ U),
以ள᛾܌ x < C. ॺ᛾ܴΑך C = cl(S ), ջ (1) ԋҥ.

Կܭ (2), җ (1) ޕॺך cl(S ) ࣁ closed set. Ξςޕ S ⊆ cl(S ). Ψ൩ࢂᇥ cl(S ) 一ঁхࢂ
֖ S 的 closed set. ౜ऩ S ⊆ Z, Ъࣁ closed set, җ߾ (1) ள cl(S ) = C ⊆ Z. �

ཀݙ Theorem 2.2.3Ψ֋ນךॺऩ C ࣁ X 的 closed setᅈى S ⊆ C ЪჹҺཀᅈى S ⊆ Z

的 closed set Z ࣣԖ C ⊆ Z, ߾ C = cl(S ). ೭ࢂӢࣁ cl(S ) ىᅈࣁ S ⊆ cl(S ) 的 closed set,
ࡺ C ⊆ cl(S ). ϸϐ, C ҭࣁᅈى S ⊆ C 的 closed set, җࡺ Theorem 2.2.3 (2) ޕ cl(S ) ⊆ C.
ӢԜள᛾ C = cl(S ).

Question 2.6. ଷ೛ X ࣁ topological space Ъ S ࣁ X η໣ӝ. ܭՖόፋ論х֖ࣁ S നε

的 closed set, 以及х֖ S നλ的 open set ?ګ (၂๱Եቾ X = R, Զ S ъഈъ໒的୔໔ࣁ

[1, 2) 的௃׎.)

྽ฅΑ Corollary 2.1.4 ΨԖ࣬ჹᔈ的่݀, җܭ᛾ܴ的Б࣬ݤӕ, ೭္൩όӆ᛾ܴΑ.

Corollary 2.2.4. ଷ೛ X ࣁ topological space Ъ S ࣁ X η໣ӝ.

(1) S ࢂ X 的 closed set ऩЪ୤ऩ S = cl(S ).

(2) cl(cl(S )) = cl(S ).

Question 2.7. ၂᛾ܴ Corollary 2.2.4.

Closure ک interior Ԗ೚ӭ࣬ჹᔈ的性質, ٣ჴ΢ closure ک exterior 的ᜢ߯׳ஏϪ. җ
ܭ ext(S ) ࢂ open set Ъ ext(S ) ⊆ S c, ډॺளך ext(S )c ࢂ closed Ъ S = (S c)c ⊆ ext(S )c.
以җ܌ Theorem 2.2.3 (2), ॺ௢ளך cl(S ) ⊆ ext(S )c. ќ一Бय़, ऩ x ∈ ext(S )c, Ң߄
x < ext(S ), ҭջჹ܌Ԗ x 的 open neighborhood U, ࣣόᅈى U ⊆ S c, Ψ൩ࢂᇥ U ∩ S , ∅,
ள᛾ x ∈ cl(S ). .౛ۓॺ᛾ܴΑ以Πך

Proposition 2.2.5. ଷ೛ X ࣁ topological space Ъ S ࣁ X η໣ӝ. ߾

cl(S ) = ext(S )c = int(S c)c.
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Question 2.8. Ԗ的ୖԵਜᝤࢂҔ Proposition 2.2.5 的Ԅηࣁۓ closure 的ۓက. ၂ճҔ
Proposition 2.2.5 ᛾ܴ Lemma 2.2.2, Theorem 2.2.3 以及 Corollary 2.2.4.

ک closure Ԗᜢ的ཷۺ൩ࢂ dense (࿨ஏ) 的ཷۺ. ॺᇥ໣ӝך S ӧ X ,࿨ஏ的ࢂ ៝Ӝࡘ
က೭߄Ң܌Ԗ X ΢的ᗺ೿ک S ҭջჹҺཀ,߈᎞ࡐ x ∈ X 以及 xҺཀ的 open neighborhood
کࣣ S ԖҬ໣. Ψ൩ࢂᇥ X = cl(S ). ӢԜךॺԖ以Π的ۓက.

Definition 2.2.6. ଷ೛ X ࣁ topological space Ъ S ࣁ X η໣ӝ. ऩ cl(S ) = X, ᆀ߾ S is
dense in X, Ψᆀ S ࢂ X 的一ঁ dense set.

Question 2.9. Եቾ R 的 standard topology, ၂᛾ܴ Q ࢂ R 的一ঁ dense set.

Question 2.10. ӧ discrete topological space ύ的 dense set Ԗব些? ӧ indiscrete topo-
logical space ύ的 dense set Ԗব些?

2.3. The Boundary of a Set

ϟಏΑ一ঁ໣ӝ的內部以及外部, ځॺ൩ё以ፋ論Ֆᒏך “邊界” Α. ӵՖۓက一ঁ໣ӝ的
邊界ګ? ྣ౛ᇥ一ঁ໣ӝ邊界ᔈ၀ࡐ᎞߈೭ঁ໣ӝ內的ᗺΨࡐ᎞߈೭ঁ໣ӝ外的ᗺ. 以܌
.ကۓॺԖ以Π的ך

Definition 2.3.1. ଷ೛ X ࣁ topological space Ъ S ࣁ X η໣ӝ. ჹܭ a ∈ X, ऩҺཀ a 的

open neighborhood U ࣣᅈى U ∩ S , ∅ 以及 U ∩ S c , ∅, ᆀ߾ a ࣁ S 的 boundary point.
Ԗ܌ S 的 boundary points ࣁԋ的໣ӝᆀϐ܌ S 的 boundary, ॺҔך bd(S ) Ң߄ٰ (Ԗ的
ਜҔ ∂S .(Ң߄ٰ

٩Ԝۓက྽ aࢂ S 的 boundary point,܌Ԗ a的 open neighborhood U ࣣᅈى U∩S , ∅
Ң߄ a ᔈࢂ S 的 closure point (ջ a ∈ cl(S )) Զ܌Ԗ a 的 open neighborhood U ࣣᅈى

U ∩ S c , ∅ ҢόӸӧ߄ a 的 open neighborhood U ᅈى U ⊆ S (ց߾ U ∩ S c = ∅), Ψ൩ࢂ
ᇥ a ό཮ࢂ S 的 interior point (ջ a < int(S )). ӢԜךॺள bd(S ) = cl(S ) \ int(S ). ΞӢࣁ
cl(S ) = ext(S )c, 以܌

bd(S ) = cl(S ) ∩ int(S )c = ext(S )c ∩ int(S )c = X \ (ext(S ) ∪ int(S )).

.౛ۓॺԖ以Πך

Proposition 2.3.2. ଷ೛ X ࣁ topological space Ъ S ࣁ X η໣ӝ, ߾

bd(S ) = cl(S ) \ int(S ) = X \ (ext(S ) ∪ int(S )).

Proposition 2.3.2 ֋ນךॺ bd(S ) ∩ int(S ) = ∅. Ξҗܭ int(S ) ⊆ cl(S ),

bd(S ) ∪ int(S ) = (cl(S ) ∩ int(S )c) ∪ int(S ) = cl(S ) ∪ int(S ) = cl(S ).

ඤѡ၉ᇥ, ॺё以ஒך cl(S ) ቪԋ bd(S ) 以及 int(S ) 的 disjoint union, Ψ൩ࢂᇥஒ cl(S ) ϩ
പԋ S 的邊界ᆶ內部ٿ部ϩ. ӕ౛ךॺΨёע X ቪԋ int(S ), ext(S ) 以及 bd(S ) ೭Οঁ໣
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ӝ的 disjoint union. Ψ൩ࢂᇥךॺё以ஒ᏾ঁ拓樸ޜ໔ X ϩപԋ S 的內部, 外部ᆶ邊界Ο
部ϩ.

Question 2.11. ଷ೛ X ࣁ topological spaceЪ S ࣁ X η໣ӝ. ᛾ܴ bd(S ) = cl(S )∩cl(S c).

,ཀݙ ջ٬ S ό฻ܭ X ځ boundary Ԗёૈࢂ X. Ӣࣁ bd(S ) = cl(S ) \ int(S ), 以܌
bd(S ) = X ฻ሽܭ cl(S ) = X Ъ int(S ) = ∅. Ψ൩ࢂᇥ྽ S ӧ X ࢂ dense Ъ S 的內部

,໣ӝਔޜࢂ S 的 boundary ൩཮ࢂ᏾ঁ X. ӵӧٯ R 的 standard topology ϐΠ, ॺԖך
bd(Q) = R. ќ外 bd(S ) ΨԖёૈࢂ ∅. Ԝਔ߄Ң cl(S ) = int(S ), ՠ int(S ) ⊆ S ⊆ cl(S ),
ܭ೭฻ӕࡺ S = cl(S ) = int(S ). җܭ cl(S ) ࢂ closed, Զ int(S ) ࢂ open, ӢԜךॺޕၰ
bd(S ) = ∅ ฻ሽܭ S ࢂ open Ъࢂ closed. ೭ᅿࢂࡽ open Ξࢂ closed 的໣ӝ, Ԗ的ਜ཮ᆀ
ϐࣁ clopen set.

以Πךॺӈр一些Ԗᜢ boundary 的性質, ,่݀ځఈεৎόाӀ૶Ꮻ׆ ԶࢂӭΑှځ
ჴ質ཀက.

Proposition 2.3.3. ଷ೛ X ࣁ topological space Ъ S ࣁ X η໣ӝ.

(1) bd(S ) ࢂ X 的 closed set.

(2) bd(S ) = bd(S c).

(3) S ࢂ X 的 closed set ऩЪ୤ऩ bd(S ) ⊆ S .

(4) S ࢂ X 的 open set ऩЪ୤ऩ bd(S ) ∩ S = ∅.

Proof. Ӣࣁ cl(S ) ࢂ closed Զ int(S ) ࢂ open, җࡺ bd(S ) = cl(S ) \ int(S ) ளޕ bd(S ) ࢂ
closed, ջ (1) ԋҥ. Կܭ (2) Ӣࣁ ext(S ) = int(S c), җࡺ

bd(S ) = X \ (ext(S ) ∪ int(S )) = X \ (int(S c) ∪ int(S )) = X \ (int(S c) ∪ int((S c)c)) = bd(S c),

ள᛾ (2) ԋҥ.

Կܭ (3), ऩ S ࢂ closed, Ԝਔ cl(S ) = S ࡺ bd(S ) = cl(S ) \ int(S ) = S \ int(S ) ⊆ S . ϸ
ϐ, ӵ݀ bd(S ) ⊆ S Ң߄ cl(S ) = bd(S ) ∪ int(S ) ⊆ S (Ӣࣁ int(S ) ⊆ S ). ӆҗ S ⊆ cl(S ) ள
cl(S ) = S , ӢԜள᛾ S ࢂ closed (Corollary 2.2.4).

നךࡕॺೀ౛ (4). ऩ S ࢂ open, җ߾ Lemma 2.1.2 ޕ int(S ) = S , Ԝਔ bd(S ) =

cl(S ) \ int(S ) = cl(S ) \ S ӢԜ bd(S ) ∩ S = ∅. ϸϐ, ऩ bd(S ) ∩ S = ∅, Ң߄ S ⊆ bd(S )c =

ext(S ) ∪ int(S ), ӢԜҗ S ∩ ext(S ) = ∅ ள S ⊆ (ext(S ) ∪ int(S )) ∩ S = int(S ). ӆҗ
int(S ) ⊆ S ள int(S ) = S , ӢԜள᛾ S ࢂ open (Corollary 2.1.4). �

ाݙཀ的ࢂऩ S ⊆ T , bd(S ) ҂Ѹх֖ܭ bd(T ). ᗨฅךॺԖ cl(S ) ⊆ cl(T ) ՠࢂӢࣁ
int(S ) ⊆ int(T ), 以܌ bd(S ) = cl(S ) \ int(S ) ҂Ѹ཮х֖ܭ bd(T ) = cl(T ) \ int(T ). ӵӧٯ
R ύԵቾ standard topology, ໒୔໔ (1, 2) х֖ܭ໒୔໔ (0, 3), ՠࢂ (1, 2) 的 boundary ࣁ
{1, 2} ٠όх֖ܭ (0, 3) 的 boundary {0, 3}. ྽ฅΑӧ特殊ݩރϐΠ೭཮ჹ, ӵٯ int(S ) ⊆ S ,
ԶךॺዴჴԖ bd(int(S )) ⊆ bd(S ). όၸԖ፪的ࢂ S ⊆ cl(S ), ՠךॺࠅԖ bd(cl(S )) ⊆ bd(S ).
Ѭॺԋҥ的চӢӵΠ.
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Proposition 2.3.4. ଷ೛ X ࣁ topological space Ъ S ࣁ X η໣ӝ. ߾

bd(int(S )) ⊆ bd(S ), bd(cl(S )) ⊆ bd(S ).

Proof. җܭ int(int(S )) = int(S ) Ъ cl(int(S )) ⊆ cl(S ), ࡺ

bd(int(S )) = cl(int(S )) \ int(int(S )) = cl(int(S )) \ int(S ) ⊆ cl(S ) \ int(S ) = bd(S ).

ӕ౛җܭ cl(cl(S )) = cl(S ) Ъ int(S ) ⊆ int(cl(S )), ࡺ

bd(cl(S )) = cl(cl(S )) \ int(cl(S )) = cl(S ) \ int(cl(S )) ⊆ cl(S ) \ int(S ) = bd(S ).

�

ाݙཀ一૓ٰᇥ bd(S )҂Ѹ฻ܭ bd(int(S )). வ Proposition 2.3.4的᛾ܴךॺ࣮рٰ,ୢ
ᚒрԾܭ cl(int(S ))҂Ѹ฻ܭ cl(S ). ӵӧٯ RύԵቾ standard topology,Ԝਔ int(Q) = ∅Ъ
cl(Q) = R, ӢԜ cl(int(Q)) = cl(∅) = ∅ ό฻ܭ cl(Q). ӕኬ的, bd(cl(S )) Ψ҂Ѹ฻ܭ bd(S ),
౛җࢂ int(S ) ҂Ѹ฻ܭ int(cl(S )). ӵٯ int(Q) = ∅ ൩ό฻ܭ int(cl(Q)) = int(R) = R.

Question 2.12. Եቾ R 的 standard topology. ၂ቪΠ以Π的໣ӝ: bd(Q), bd(int(Q)),
bd(cl(Q)), int(bd(Q)) 以及 bd(bd(Q)).

ќ外ाݙཀ的ࢂόႽ interior ک closure ॺԖך int(int(S )) = int(S ), cl(cl(S )) = cl(S );
bd(bd(S )) ҂Ѹ฻ܭ bd(S ). ౛җࢂ bd(S ) = cl(S ) \ int(S ), ฅԶӢ bd(S ) ࢂ closed, ॺԖך

bd(bd(S )) = cl(bd(S )) \ int(bd(S )) = bd(S ) \ int(bd(S )).

೭္ int(bd(S )) Ԗёૈόޜࢂ໣ӝ ـୖ) Question 2.12), ॺԖך以܌ bd(bd(S )) ⊆ bd(S )
ՠ҂Ѹ bd(bd(S )) ཮฻ܭ bd(S ). όၸ bd(bd(bd(S ))) ൩཮฻ܭ bd(bd(S )). ॺԖ以Πϐך
่݀.

Proposition 2.3.5. ଷ೛ X ࣁ topological space Ъ S ࣁ X η໣ӝ. ߾

bd(bd(S )) ⊆ bd(S ), bd(bd(bd(S ))) = bd(bd(S )).

Proof. җܭ bd(S ) ࢂ closed, җࡺ Proposition 2.3.3 (3) ޕ bd(bd(S )) ⊆ bd(S ). ௗΠٰ, ך
ॺाᇥܴ bd(bd(S )) = bd(bd(bd(S ))).

२Ӄҗܭ bd(bd(S )) ࢂ closed, ॺԖך

bd(bd(bd(S ))) = cl(bd(bd(S ))) \ int(bd(bd(S ))) = bd(bd(S )) \ int(bd(bd(S ))).

౜җܭ int(bd(bd(S )) ⊆ bd(bd(S )), ा᛾ܴ bd(bd(S )) = bd(bd(bd(S ))), ฻ӕܭा᛾ܴ
int(bd(bd(S ))) = ∅. ฅԶӢ bd(bd(S )) ⊆ bd(S ), ॺԖך int(bd(bd(S ))) ⊆ int(bd(S )). ќ
一Бय़ int(bd(bd(S )) ⊆ bd(bd(S )), ӢԜள int(bd(bd(S )) ⊆ int(bd(S )) ∩ bd(bd(S )). ฅԶ,
bd(bd(S ))∩ int(bd(S )) = ∅,ள᛾ int(bd(bd(S ))) = ∅. ޕࡺ bd(bd(S )) = bd(bd(bd(S ))). �
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2.4. The Limit Points and Isolate Points of a Set

ӧ೭一࿯ύךॺϟಏՖᒏ一ঁ໣ӝ的 “ཱུज़” ᗺ以及 ”ҥې“ ᗺ. ၰёஒޕॺך cl(S ) ϩ
പԋ bd(S ) ک int(S ) ೭ό࣬Ҭ的ٿᜪη໣ӝ. ٣ჴ΢ cl(S ) ᗋԖځдԖཀࡘ的ϩᜪ. ऩ
x ∈ cl(S ), Ң߄ x Һཀ的 open neighborhood U کࣣ S ࣬Ҭ. ೭ӧ x ∈ S ਔ, 一ᗺ೿ό特ձ,
Ӣࣁ x ∈ U Ъ x ∈ S , ԾฅԖ x ∈ U ∩ S , 以܌ U ∩ S , ∅. όၸऩ x < S , ൩ࡐ特ձΑ, Ӣࣁ
x < S , 以܌ x ∈ cl(S ) ҢҺཀ߄ x 的 neighborhood ࣣӸӧ๱όࢂ x ՠࢂࢂ S 的ϡનӧځύ.
྽ךॺԵቾ的 open neighborhood ຫٰຫ “ ᕭλ”, ೭߄ҢӸӧ๱一些 S ύ的ᗺຫٰຫ᎞߈

x. ೭ঁ౜ຝࡐႽ༾ᑈϩύ一ঁኧӈ的ཱུज़, Ӣࣁ一ঁኧӈ {an} 的ཱུज़ limn→∞ an = a, ൩߄
ҢҺཀх֖ a 的 open interval ࣣх֖๱ an (྽ n .(୼εى ,以ӧ拓樸ύ܌ ॺஒԖԜ特性ך
的ᗺᆀࣁ S 的 limit point. ྽ฅΑ S 的 limit point ٠όֽज़ܭόឦܭ S 的ᗺ, ѝा x Һཀ

的 open neighborhood, ࣣх֖ନΑ x 以外ځд S 的ϡન, ࣣᆀࣁ S 的 limit point. ک limit
point ࣬ϸཀࡘ的ᗺࡰ的ࢂ x ∈ S ЪӸӧ x 的 open neighborhood U ᅈى U ∩ S = {x}, Ψ
൩ࢂᇥନΑ x 以外, дځ S ΢的ᗺ೿όӧ U ύ. ೭ኬ的ᗺᆀࣁ S 的 isolate point, ཀࡰ S

ύ的 ”ҥې“ ᗺ. ៝Ӝࡘက S 的 isolate point ک೭ঁᗺࢂߡ的ࡰ S ύځд的ᗺࢂ೏ “႖໒”
的. .ကۓॺ࣮҅Ԅ的ך

Definition 2.4.1. ଷ೛ X ࣁ topological space Ъ S ࣁ X η໣ӝ. ჹܭ a ∈ X, ऩҺཀ a 的

open neighborhood U ࣣᅈى S ∩ (U \ {a}) , ∅, ᆀ߾ a ࣁ S 的 limit point; ԶऩӸӧ a 的

open neighborhood U ᅈى S ∩ U = {a}, ᆀ߾ a ࣁ S 的 isolate point.

ॺҔך以ΠـଆߡΑБࣁ ℓ(S ) Ң߄ S 的 limit point ,ԋ的໣ӝ܌ ԶҔ ı(S ) Ң߄ S 的

isolate point .ԋ的໣ӝ܌ வ೭ঁۓကךॺޕၰ cl(S ) = ℓ(S ) ∪ ı(S ), ԶЪ ℓ(S ) ∩ ı(S ) = ∅.
வۓကٰ࣮, ၰޕॺך ı(S ) ⊆ S , Ψ൩ࢂᇥ S 的 isolate point ࣣӧ S ύ. ՠࢂ limit point
൩ؒԖज़ڋ, Ѭё以ӧ S ύ, Ψё以όӧ S ύ, ՠค論ӵՖ S 的 limit point 一ۓӧ S 的

closure cl(S ) ύ. ќ外ךॺाᇥܴ一Π, ӧ拓樸ύ limit point ύᗋԖ܌ᒏ的 accumulation
point, όၸӢࣁѬ౐ੋډ open neighborhood ᆶ S Ҭ໣的ϡનӭჲ, Ъک܂εৎଯ༾܌Ꮲ的
accumulation point ࣬షౄ, ೭္൩όӆϟಏΑ.

.ݩॺ࣮࣮一些特殊௃ך з S ࢂ X 的ޜߚη໣. ྽ X ٬Ҕ discrete topology, Һܭჹ߾
ཀޜߚ的 subset S , җܭҺཀ a ∈ S , {a} ࢂ a 的一ঁ open neighborhood Ъ {a} ∩ S = {a},
以܌ a ࢂ S 的 isolated point. Ψ൩ࢂᇥ, ӧ೭ঁ௃ݩ, Ԗ܌ S 的ᗺ೿ࢂ S 的 isolated
point. ќ一Бय़, ӵ݀ X ٬Ҕ indiscrete topology, ჹҺཀ߾ a ∈ X, X ࢂ a ୤一的 open
neighborhood, 以྽܌ S Ԗӭܭ一ঁϡનਔ, S ∩ (X \ {a}) = S \ {a} , ∅, Ψ൩ࢂᇥ, ӧ೭ঁ௃
,ݩ X ύ܌Ԗ的ϡન೿ࢂ S 的 limit point. .ηٯॺӆ࣮一ঁך

Example 2.4.2. Եቾ R 的 standard topology 以及 S = {1/n | n ∈ N}. җܭჹܭҺཀ 1/n ∈
S , ڗॺёך 0 < ε < 1/(n(n + 1)) ٬ள 1/n 的 open neighborhood I = ((1/n) − ε, (1/n) + ε)

ᅈى I ∩ S = {1/n}. ӢԜךॺޕၰ S ύ܌Ԗ的ᗺ೿ࢂ S 的 isolated point. ԶჹܭҺཀ
0 的 open neighborhood U, җܭ U Ѹх֖ open interval (−λ, λ), ύځ λ > 0, ЪჹܭҺཀ
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n ∈ N ᅈى n > λ, ࣣԖ 1/n ∈ (−λ, λ). Ψ൩ࢂᇥ一ۓӸӧ 1/n ∈ S ᅈى 1/n ∈ U. ඤ言ϐ,
S ∩ (U \ {0}) , ∅. ளޕ 0 ࢂ S 的 limit point.

ᗨฅ cl(S ) ё以ϩപԋ bd(S ) ک int(S ) ,部ϩٿ Ψёϩപԋ ℓ(S ) ک ı(S ) ,部ϩٿ ՠࢂ
ℓ(S ), ı(S ) ᆶ bd(S ), int(S ) ϐ໔ؒԖϼε的ᜢ߯. ,ӭӕᏢ཮೏Ӝຒᇤ導ࡐ ᇤ以ࣁ ”ҥې“
ᗺࡽฅ೏ېҥ൩όᔈӧ內部. ჴځ S 的 isolated point Ԗёૈࢂ S 的 interior point. ౜ऩ a

ࢂ S 的 isolated point Ψࢂ S 的 interior point, ҢӸӧ߄ a 的 open neighborhood U ᅈى

U ∩ S = {a}, ӢԜ U ∩ int(S ) ⊆ U ∩ S = {a}, ฅԶ a ∈ U ∩ int(S ) (Ӣଷ೛ a ∈ int(S )), Ԝࡺ
Ң߄ {a} = U ∩ int(S ) 一ঁࢂ open set. ၰऩޕॺך以܌ a ࢂ S 的 isolated point Ψࢂ S 的

interior point, ߾ {a} ࢂ X 的 open set. ќ一Бय़, ऩ a ∈ S Ъ {a} ࢂ X 的 open set, ߾ {a}
ࢂ a 的一ঁ open neighborhood Ъᅈى {a} ∩ S = {a}, ࡺ a ࢂ S 的 isolated point.

Կܭ S 的 limit point ྽ฅёૈӧ S 的內部, Ψёૈӧ S 的邊界΢. ाݙཀ的ࢂ, җܭ S

的 isolated point Ԗёૈวғӧ S 的 boundary ΢ ـୖ) Example 2.4.2) 以܌ boundary ΢
的ᗺ҂Ѹࢂ limit point. όၸ S 的 limit point Ԗک S 的 boundary 一ঁᜪ՟的性質, ё以
ᔅշךॺղᘐ S ࣁցࢂ closed ـୖ) Proposition 2.3.3 (3)). 以Πךॺӈр一些Ԗᜢ limit
point 的性質.

Proposition 2.4.3. ଷ೛ X ࣁ topological space Ъ S ࣁ X η໣ӝ.

(1) ऩ a ∈ cl(S ) \ S , ߾ a ࢂ S 的 limit point.

(2) a ࢂ S 的 limit point ऩЪ୤ऩ a ∈ cl(S \ {a}).

(3) S ࢂ X 的 closed set ऩЪ୤ऩ ℓ(S ) ⊆ S .

Proof. (1) a ∈ cl(S ) \ S ҢҺཀ߄ a 的 open neighborhood U ࣣᅈى S ∩ U , ∅, ฅԶ

S ∩ (U \ {a}) = S ∩ U ∩ {a}c = U ∩ (S \ {a}) (2.3)

以җ܌ a < S ள S ∩ (U \ {a}) = U ∩ S , ∅, ҭջ a ࣁ S 的 limit point.

(2) ଷ೛ a ࢂ S 的 limit point, ҺཀܭҢჹ߄ a 的 open neighborhood U ࣣᅈى

S ∩ (U \ {a}) , ∅, ฅԶҗԄη (2.3) Һཀܭჹܭ೭฻ሽޕ a 的 open neighborhood U ࣣᅈى

U ∩ (S \ {a}) , ∅, ջ a ∈ cl(S \ {a}).

(3) җܭ ℓ(S ) ⊆ cl(S ), ऩࡺ S ࣁ closed, җ߾ cl(S ) = S ள ℓ(S ) ⊆ S . ϸϐ, Ӣ
cl(S ) = ℓ(S ) ∪ ı(S ), җࡺ ı(S ) ⊆ S у΢ ℓ(S ) ⊆ S 的ଷ೛, ёள cl(S ) ⊆ S . ӢԜள cl(S ) = S

ள᛾ S ࢂ closed. �

നךࡕॺፋ論 limit point ک isolated point .໣ӝ的х֖ᜢ߯࡭ߥցࢂ Ψ൩ࢂᇥऩ
S ⊆ T , ցࢂ ℓ(S ) ⊆ ℓ(T )? Ξࢂց ı(S ) ⊆ ı(T )? җܭ S ⊆ T ॺԖך (S \ {a}) ⊆ (T \ {a}), ӢԜ
ள cl(S \ {a}) ⊆ cl(T \ {a}). җࡺ Proposition 2.4.3 (2) ёҗޕ a ∈ ℓ(S ), ௢ள a ∈ cl(T \ {a}),
ӆ௢ள a ∈ ℓ(T ), ҭջ

ℓ(S ) ⊆ ℓ(T ). (2.4)
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όၸ ı(S ) ⊆ ı(T ) .ό҅ዴ的ࢂ ೭ࢂӢࣁ a ∈ ı(S ), ҢӸӧ߄ a 的 open neighborhood U ᅈ

ى U ∩ S = {a}, ՠ S ⊆ T , ԜਔԖёૈԖځд T 的ϡનӧ U ϐύ, ᛾ߥݤ以ค܌ a ∈ ı(T ).
ฅԶऩ a ∈ ı(T ), ҢӸӧ߄ a 的 open neighborhood U ᅈى U ∩ T = {a}, 以ԜਔӢ܌
U ∩ S ⊆ U ∩ T , ऩࡺ a ∈ S , ёள߾ U ∩ S = {a}, ҭջ a ∈ ı(S ). ӢԜךॺԖ

S ∩ ı(T ) ⊆ ı(S ). (2.5)

Question 2.13. Եቾ R 的 standard topology. ၂؃ ℓ(Q), ℓ(Z), ı(Q) 以及 ı(Z). ٠ᡍ᛾Ԅ
η (2.4), (2.5) ᜢܭѬॺ的ϐ໔的х֖ᜢ߯.

Exercise

Excecise 2.1. ଷ೛ B ࢂ topological space X 的一ঁ basis. ऩ S ⊆ X. ၂᛾ܴ a ∈ int(S )
ऩЪ୤ऩӸӧ B ∈ B ᅈى a ∈ B Ъ B ⊆ S . ٠٩Ԝ᛾ܴ

int(S ) =
∪

{B∈B|B⊆S }
B.

Excecise 2.2. ଷ೛ X ࣁ topological space Ъ X′ ⊆ X. Եቾ X′ ΢的 topology ࣁ X 的

subspace topology. ଷ೛ S ⊆ X′, ॺзך intX(S ) ࣁ S ٬Ҕ X 的 topology ள的܌ interior,
Զз intX′(S ) ࣁ S ٬Ҕ X′ 的 topology ள的܌ interior.

(1) ᛾ܴ intX(S ) ⊆ intX′(S ).

(2) ၂ډפ一ঁٯηᇥܴ intX(S ) = intX′(S ) ҂Ѹԋҥ.

Excecise 2.3. ଷ೛ X ࣁ topological space Ъ S 1, . . . , S n ࣁ X 的 subsets. ᛾ܴ

cl(S 1 ∪ · · · ∪ S n) = cl(S 1) ∪ · · · ∪ cl(S n).

Excecise 2.4. ଷ೛ X ࣁ topological space Ъ X′ ⊆ X. Եቾ X′ ΢的 topology ࣁ X 的

subspace topology. ଷ೛ S ⊆ X′, ॺзך clX(S ) ࣁ S ٬Ҕ X 的 topology ள的܌ closure, Զ
з clX′(S ) ࣁ S ٬Ҕ X′ 的 topology ள的܌ closure. ᛾ܴ clX′(S ) = X′ ∩ clX(S ).

Excecise 2.5. ଷ೛ X ࣁ topological space Ъ S ⊆ X. ၂᛾ܴ int(bd(S )) ⊆ int(S ) ऩЪ୤
ऩ int(bd(S )) = ∅. ٩Ԝᇥܴ྽ S ࢂ closed ਔ, Ԗ內部的ؒࢂ邊界ځ (ջ int(bd(S )) = ∅) ٠
᛾ܴऩ S ࢂ closed, ߾ bd(bd(S )) = bd(S ).

Excecise 2.6. ଷ೛ X ࣁ topological space Ъ S ࣁ X η໣ӝ. ᛾ܴ int(S ) ∩ ı(S ) ࢂ X 的

open set.

Excecise 2.7. ଷ೛ X ࣁ topological space Ъ S ࣁ X η໣ӝ. ၂᛾ܴऩ S όࢂ closed, ߾
ℓ(S ) , ∅.



Chapter 3

一些特殊的拓樸性質

೭一കύ, ,ॺஒ௖૸一些特殊的拓樸性質ך хࡴ connectedness, compactness 以及 Haus-
dorff property. ೭些性質٠όࢂ一૓的 topological space ೿཮Ԗ的性質, όၸѬॺךࢂॺӧ
ኧᏢ΢தҔ的拓樸ޜ໔ύ܌தԖ的性質. ԖΑ೭些性質ё以ᡣךॺ׳మཱ的࣮ډ೭些拓樸
.໔ύ的೚ӭ特性ޜ

3.1. Connectedness

Connected ࢂ “ೱ೯” 的ཀࡘ, ၰჴኧޕॺ೿ך R ,ೱ೯的ࢂ Ψ൩ࢂᇥ᏾ঁჴኧ࣬ࢂسೱ的,
ؒԖᘐ௞的ӦБ. όၸӧ一૓ܜຝ的拓樸ޜ໔, ?ګցೱ೯的ࢂॺ࡛ሶѐᇥѬך ӧ೭一࿯ύ,
က一ঁۓॺஒΑှӵՖѐך topological space ࢂ connected, ٠Ꮲಞ࣬ځᜢ的性質.

3.1.1. Connected Topological Spaces. ाΑှ࡛ኬࢂ “ೱ೯”, ᔈ၀வ࡛ኬࢂ “όೱ೯”
๱ЋၨܰΑှ. வჴኧࢂॺᗋך R 的௃ٰ࣮ݩ. ӵ݀ჴኧس R ϿΑ 0 ೭一ᗺ, ٗడคᅪୢ
的, εৎ཮ᇡۓ೭一ঁ໣ӝ R \ {0} ,όೱ೯的ࢂ Ӣࣁӧ 0 ᘐ௞Α. Ԝਔ R \ {0} ё以ቪԋঁٿ
ό࣬Ҭ的 open interval 的ᖄ໣, ջ R \ {0} = (−∞, 0) ∪ (0,∞). ޜӧ一૓的拓樸ܫۺ೭ঁཷע
໔ٰᇥ一ঁޜ໔ࢂόೱ೯的, ՟Яᅈӝ౛的. Ψ൩ࢂᇥऩ᏾ঁޜ໔ё以೏ঁٿό࣬ҬЪޜߚ
的 open set ୔႖໒ٰ, .όೱ೯ࣁຎߡॺך ӢԜԖ以Π的ۓက.

Definition 3.1.1. ଷ೛ X ࢂ topological space, ऩӸӧޜߚঁٿ的 open sets U,V ᅈى

U ∩ V = ∅ Ъ X = U ∪ V, ᆀ߾ X ࣁ disconnected space. ց߾, (ջפόޜߚঁٿډЪό࣬Ҭ
的 open sets U,V ٬ள X = U ∪ V) ॺᆀך X ࣁ connected space.

ӵऩٯ X Ԗঁٿ以΢的ϡન, Եቾ X 的 discrete topology, җܭ X 的܌Ԗη໣ӝࣣ

ࣁ open, ڗ以Һ܌ X 的一ঁ nonempty proper subset S (ջ S , ∅, Ъ S ( X), ॺё以ך
ஒ X ቪԋ S , S c ೭ޜߚঁٿЪό࣬Ҭ的 open sets 的ᖄ໣ (ջ X = S ∪ S c), Ԝਔޕ以܌ X

ࢂ disconnected. ԶऩԵቾ X 的 indiscrete topology, Ԝਔ X ύ໻Ԗ一ঁ nonempty open
set, ջ X ҁي. ӢԜ X คݤቪԋঁٿό࣬ҬЪޜߚ的 open sets 的ᖄ໣, ӢԜԜਔ X ࢂ

connected. வ೭္ё以࣮р, 一ঁ topological space ࣁցࢂ connected Ѭ的拓樸Ԗᜢکࢂ

43



44 3. 一些特殊的拓樸性質

的. ,ᇥۈ以前य़一໒܌ R ,ೱ೯的ࢂ ೭ঁᇥݤԖᇤ. ᔈ၀ᇥ R ӧ standard topology ϐΠࢂ
ೱ೯的. όၸ೭ࢂा᛾ܴ的, Ѭ的᛾ܴӢၨמѯ性, .ӆ଺᛾ܴࡕॺᘍӧҁ࿯的നך

ௗΠٰךॺा௖૸一些ᆶ connected ܈) disconnected) topological space ฻ሽ的性質.
җܭ೭些性質౐ੋόӕ的ཷۺ, ,Ѭॺᘍӧ一ଆעॺόך ԶҔঁձ௖૸的БԄೀ౛. २Ӄך
ॺᢀჸ, ကۓ٩ X ࢂ disconnected, ҢӸӧ߄ U,V 的ޜߚࢂ open sets ᅈى U ∩ V = ∅ and
X = U ∪ V. Ԝਔ

Uc = X \ U = (U ∪ V) \ U = V \ U = V \ (U ∩ V) = V.

ฅԶ U ࢂ open, 以܌ Uc ࢂ closed, Ψ൩ࢂᇥ V ࢂ closed. ӣ៝一Πךॺමග及一ঁ໣ӝ
ࢂ open Ъࢂ closed ਔ, ࣁॺᆀϐך clopen. 以Ԝਔ܌ V ࢂ X 的 clopen set (ӕ౛ U Ψࢂ

clopen). ྽ޕॺளך X ࢂ disconnected ਔ, ନΑ X ک ∅ 外, X ύӸӧځд的 clopen set. ϸ
ϐ, ऩ U ( X 的ޜߚࣁ clopen set, Ԝਔз V = Uc, ߾ V 的ޜߚࣁ open set ᅈى U ∩ V = ∅
Ъ X = U ∪ V. .以Π的性質ډॺளך

Proposition 3.1.2. ଷ೛ X ࣁ topological space, ߾ X ࢂ connected ऩЪ୤ऩ X ύନΑ X

ک ∅ 外ؒԖࡽ open Ξ closed 的໣ӝ.

Question 3.1. ᛾ܴ topological space X ࢂ disconnected ऩЪ୤ऩӸӧ W,Z 的ޜߚࢂ

closed sets ᅈى W ∩ Z = ∅ Ъ X = W ∪ Z.

ॺමӧ΢一കϟಏך boundary ਔගډ拓樸ޜ໔ύ一ঁ໣ӝ S ࢂ clopen ऩЪ୤ऩ S 的

boundary ,໣ӝޜࢂ 以җ܌ Proposition 3.1.2, .ॺԖ以Πϐ่݀ך

Corollary 3.1.3. ଷ೛ X ࣁ topological space, ߾ X ࢂ connected ऩЪ୤ऩჹ܌Ԗό฻ܭ
X 的ޜߚη໣ S , ࣣᅈى bd(S ) , ∅.

ाፋ論 “ೱ೯” connected, ᚆό໒ፋ論 “ϩ႖” separated 的ཷۺ. ӧ拓樸ύ, ٿॺᇥך
໣ӝ S ,T ࢂ separated sets, όࢂѝࡰ S ∩ T = ∅ (೭໻ࢂ໣ӝ的ۓကคᜢ拓樸). ӵӧٯ R
ύ的ٿ୔໔ (0, 1) ک [1, 2), ᗨฅѬॺؒԖҬ໣, ՠࢂӧ 1 ೭一ᗺ, ག᝺Ѭॺࢂೱӧ一ଆ的.
όၸ໒୔໔ (0, 1) ک (1, 2), ೏ࢂॺ൩ག᝺Ѭॺך 1 ೭一ᗺ႖໒Α. Ψ൩ࢂᇥाᇥঁٿ໣
ӝ S ,T ,ϩ႖的ࢂ ॺόѝा؃ך S ό཮࿘᝻ډ T , ॺΨा؃ך S ό࿘᝻ډ T 的邊界, ཀ
ջ S ∩ (T ∪ (bd(T ))) = ∅. Ξҗܭ T ∪ (bd(T )) = cl(T ), ࢂఈ的׆ॺך以܌ S ∩ (cl(T )) = ∅.
όၸाݙཀ S ∩ (cl(T )) = ∅ ό฻ӕܭ T ∩ (cl(S )) = ∅. ӵӧٯ R 的 standard topology ϐ
Π, ྽ S = (0, 1), T = [1, 2) ਔ, cl(T ) = [1, 2] ࡺ S ∩ (cl(T )) = ∅. ՠ cl(S ) = [0, 1], ॺԖך
T ∩ (cl(S )) , ∅. Ψ൩ࢂᇥ, ॺᗋाा؃ך T Ψό࿘᝻ډ S ک S 的邊界, ωૈᇥ S ,T ϩ႖ࢂ

的ٿ໣ӝ. .ကۓॺԖ以Π的ך

Definition 3.1.4. ଷ೛ X ࣁ topological space, S ,T ࣁ X 的 subsets. ऩ S ∩ (cl(T )) = ∅ Ъ
T ∩ (cl(S )) = ∅, ᆀ߾ S ,T ࣁ separated sets.

ӆԛமፓ一ԛ, separated sets .拓樸Ԗᜢ的کࢂۺཷ Connected topological space ک
separated sets Ԗࣗሶᜢ߯ګ? ᙁൂ的ᇥ, X ࢂ connected ฻ӕךܭॺคݤஒ X ቪԋߚঁٿ

的ޜ separated sets 的ᖄ໣.
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Proposition 3.1.5. ଷ೛ X ࣁ topological space, ߾ X ࢂ connected ऩЪ୤ऩ X ύόӸӧ

的ޜߚ separated sets S ,T ᅈى X = S ∪ T .

Proof. ,ॺҔϸय़論᛾ך Ψ൩ࢂ᛾ܴ X ࢂ disconnected ऩЪ୤ऩ X ύӸӧޜߚ的 sepa-
rated sets S ,T ᅈى X = S ∪ T . २Ӄଷ೛ X ࢂ disconnected, җ Proposition 3.1.2 的᛾ܴ
ҢӸӧ߄Ԝջޕ U,V ࣁЪޜߚࣣ clopen ᅈى U ∩ V = ∅ Ъ X = U ∪ V. җܭ V ࢂ closed,
ࡺ V = cl(V), ӢԜҗ U ∩ V = ∅ ள U ∩ (cl(V)) = ∅, ӕ౛ள V ∩ (cl(U)) = ∅. ᛾ளӸӧޜߚ
的 U,V ࣁ separated sets ᅈى X = U ∩ V.

ϸϐ, ଷ೛ X ύӸӧޜߚ的 separated sets S ,T ᅈى X = S ∪ T . җܭ T ⊆ cl(T ), ך
ॺԖ S ∪ (cl(T )) = X, ջ cl(T )c ⊆ S . ΞӢ S ∩ (cl(T )) = ∅, ள S ⊆ cl(T )c. ӢԜ᛾ள
S = cl(T )c ࣁ X 的 open set. ӕ౛ޕ T ҭࣁ X 的 open set. җࡺ S ,T όޜࣁ໣ӝ, ள᛾ X

ࣁ disconnected. �

Proposition 3.1.5 ჴ᛾ܴΑ྽ځ topological space X ё以ቪԋঁٿ໣ӝ S ,T 的ᖄ໣,
Ԝਔ S ,T ࢂ separated sets ൩฻ӕܭ S ,T ࣁࣣ open sets. ӢԜ྽ךॺाᇥܴ拓樸ޜ໔ࢂ
disconnected ਔ, ऩԖ֚ᜤᇥܴᇂՐ X 的ঁٿό࣬Ҭ的໣ӝࢂ open ਔ, ё჋၂ᇥܴѬॺࢂ
separated.

拓樸的性質, ྽ฅکೱុڄኧಥόΑᜢ߯. ऩ Y = {0, 1}, Եቾځ discrete topology. ऩ
ኧڄ f : X → Y ࢂ continuous, ߾ U = f −1({0}) ک V = f −1({1}) ࣁࣣ X 的 open set, ᅈى
X = U ∪ V 以及 U ∩ V = ∅. ౜ऩΞଷ೛ f ࢂ onto, Ң߄ U,V ࣣόޜࣁ໣ӝ, ӢԜҗۓကޕ
Ԝਔ X ࢂ disconnected. ϸϐ, ऩ X ࢂ disconnected, ջӸӧޜߚЪό࣬Ҭ的 open sets U,V

ᅈى X = U ∪ V. ԜਔԵቾڄኧ g : X → Y, ࣁကۓ g(x) =
{

0, if x ∈ U;
1, if x ∈ V. җܭ X = U ∪ V

Ъ U ∩ V = ∅, ޕ g ࣁ well-defined function. Ξҗܭ Y, {0}, {1}, ∅ ࣁ Y ύ܌Ԗ的 open sets,
Ъ g−1(Y) = X, g−1({0}) = U, g−1({1}) = V, g−1(∅) = ∅ ࣁࣣ X 的 open sets, ޕࡺ g : X → Y

ࢂ continuous. ॺ᛾ளΑך X ࢂ disconnected ऩЪ୤ऩӸӧڄኧ f : X → {0, 1} ԋ的ೱࢀࣁ
.ኧڄុ ӢԜԖ以Π的ۓ౛.

Proposition 3.1.6. ଷ೛ X ࣁ topological space Ъ Y = {0, 1} Եቾځ discrete topology. ߾
X ࢂ connected ऩЪ୤ऩҺՖೱុڄኧ f : X → Y ࣣόࢂ onto.

Proposition 3.1.6 ֋ນךॺӵ݀ X ࢂ connected, ኧڄҺՖೱុ߾ f : X → {0, 1} ࣣόࢂ
onto; Զऩ X ࢂ disconnected, ኧڄӸӧೱុ߾ f : X → {0, 1} ࢂ onto. ೭ঁۓ౛࣮՟ᙁൂ,
.Ԗ一ঁख़ा的ᔈҔࠅ

Corollary 3.1.7. ଷ೛ X,Y ࣁࣣ topological space Ъ X ࢂ connected, Y ࢂ disconnected.
ኧڄҺՖೱុ߾ f : X → Y ࣣόࢂ onto.

Proof. .ೀ౛ݤॺҔϸ᛾ך ଷ೛Ӹӧೱុڄኧ f : X → Y ࢂ onto. з Z = {0, 1} ࣁ discrete
topological space, җ߾ Proposition 3.1.6 Ӹӧޕ onto的ೱុڄኧ g : Y → Z. ԜਔԵቾڄኧ
g ◦ f : X → Z. Ӣ f , g ࣁࣣ continuous, ޕॺך g ◦ f ҭࣁ continuous. Զҗ f , g ࣁࣣ onto,
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Ψޕ g ◦ f ҭࣁ onto. ॺ௢ளΑך g ◦ f : X → Z ࢂ continuous Ъ onto. Ԝᆶ Proposition
3.1.6 ࣬ҟ࣯, ள᛾ҁۓ౛. �

Question 3.2. ଷ೛ X,Y ࣁࣣ topological space Ъ X ࢂ connected, Y ࢂ disconnected. ࢂ
ցӸӧڄኧ h : Y → X ?ګԋ的ࢀೱុЪࢂ

,೚ӕᏢ཮ᅪୢ܈ ӧ Proposition 3.1.6 ύࣁՖा特ձԵቾ {0, 1} ೭一ঁ discrete topolog-
ical space ?ګ ᇥऀΑ, Ѭ܌ࢂԖ disconnected topological spaces ύ, ϡનঁኧനϿ的௃ݩ,
Ψ൩ࢂനᙁൂ的௃ݩ. Զ Corollary 3.1.7 ѝࢂஒനᙁൂ的 disconnected 的௃ݩ௢ቶډ一૓
的 disconnected 的௃ݩ. ٣ჴ΢ {0, 1} ೭ঁ discrete topological space ᗋԖ一ঁ特ᗺ, ൩ࢂ
Ѭࢂ discrete. ᜢܭ discrete topological space, .ॺԖ以Π的性質ך

Lemma 3.1.8. ଷ೛ X ࣁ discrete topological space Ъ Y = {0, 1} Եቾځ discrete topology.
ऩ X ύӸӧ࣬ঁٿ౦的ϡન, ኧڄӸӧೱុ߾ f : X → Y ࢂ onto.

Proof. ଷ೛Һڗ a ∈ X, җܭ X ύӸӧ࣬ٿ౦ϡન, ࡺ X \ {a} όޜࣁ໣ӝ. Եቾ f : X → Y

ࣁကۓ f (x) =
{

0, if x = a;
1, if x , a. ကۓ٩ f ࢂ onto ΞӢ X ࣁ discrete, f ࢂ continuous, ளࡺ

᛾ҁۓ౛. �

Question 3.3. ёցҗ Lemma 3.1.8 ,ޕ 一ঁ的ܭԖϡનঁኧӭ܌ discrete topological
space ࣁࣣ disconnected?

๏ۓ一ڄኧ f : X → Y, ӵ݀ f 的ॶୱ f (X) ໻Ԗ一ঁϡન (ջ f (x) = b, ∀ x ∈ X), ॺך
ᆀ f 一ঁࢂ constant function.

Proposition 3.1.9. ଷ೛ X ࣁ topological space. ߾ X ࢂ connected ऩЪ୤ऩჹܭҺཀ的
discrete topological space Y, ኧڄԖೱុ܌ f : X → Y ࣁࣣ constant function.

Proof. ଷ೛ X ࣁ connected topological space. Һڗ Y ࣁ discrete topological space. ଷ
೛Ӹӧೱុڄኧ f : X → Y όࢂ constant function. Ԝਔз Y ′ = f (X) ЪԵቾځӧ Y 的

subspace topology, ޕॺך Y ′ Ψࢂ discrete topological space, Ъڄኧ g : X → Y ′ ࣁကۓ

g(x) = f (x), ∀ x ∈ X ϝࣁ continuous ـୖ) Question 1.10). ฅԶ f όࢂ constant, Ң߄ Y ′

ύԿϿԖ࣬ঁٿ౦ϡન, ӢԜऩԵቾ discrete topological space Z = {0, 1}, җ Lemma 3.1.8
ኧڄӸӧೱុޕ h : Y ′ → Z ࢂ onto. ӢԜள h ◦ g : X → Z ࢂ continuous Ъࣁ onto. Ԝᆶ
Proposition 3.1.6 ࣬ҟ࣯, ӢԜள᛾ f Ѹࣁ constant function.

ϸϐ,ऩ X ࣁ disconnected topological space, Ԝਔҗ Lemma ऩзޕ3.1.6 Y ࣁ discrete
topological space {0, 1}, Ӹӧ߾ f : X → Y ࢂ continuous Ъࣁ onto, ள᛾ f όࢂ constant
function. �

Question 3.4. ଷ೛ X ࣁ connected topological space Ъ Y ࣁ discrete topological space.
၂ޔௗ (όҔ Lemma 3.1.8) ᛾ܴҺཀೱុڄኧ f : X → Y ࣁࣣ constant function.
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೯தךॺ௖૸一ঁ性質ਔ, ཮ѐᜢЈ೭ঁ性質ࢂց཮೏ homeomorphism ,࡭ߥ܌ Ψ൩
ᇥ྽一ঁࢂ topological space X ,一性質ਔࢌԖڀ ٗሶჹҺཀک X ࢂ homeomorphic 的
topological space Y, ?Ԗ၀性質ߥցࢂ ऩ၀性質ϝ࡭ߥՐ, 一ঁࢂᆀ၀性質ߡॺך “拓樸性
質”. வ前य़的ۓ౛, ၰޕॺך connected 的性質൩ࢂ一ঁ拓樸性質.

Question 3.5. ଷ೛ X,Y ࣁ topological spaces Ъ X,Y ࣁ homeomorphic. ၂᛾ܴ, ऩ X ࣁ

connected ߾ Y ҭࣁ connected.

ፋ論一ঁ拓樸的性質, ௗΠٰ཮ᜢЈ的ࢂ, ೭些性質ӧךॺ前य़ፋ的 subspace topology,
disjoint union topology, product space topology 以及 quotient space topology 的௃ݩ. ך
ॺٰ࣮࣮, ᜢܭ connected 的性質, ӧ΢ॊ௃ݩϐΠ, Ѭॺࢂց཮ׯᡂ.

ଷ೛ X,Y 的ޜߚࣁࣣ topological space. Եቾ disjoint union space X⨿Y. җܭҔ disjoint
union topology X ჹᔈ的ࢂ X ⨿ Y ΢ޜߚ的 clopen subset. җࡺ Proposition 3.1.2 ޕ X ⨿ Y

๊ό཮ࢂ connected topological space. Կܭ product space, .ॺԖ以Π的่݀ך

Proposition 3.1.10. ଷ೛ X,Y 的ޜߚࢂ topological spaces, Եቾ produce space X × Y. ߾
X × Y ࢂ connected ऩЪ୤ऩ X,Y ࣁࣣ connected.

Proof. २Ӄଷ೛ X,Y ࣁࣣ connected topological spaces. ॺा᛾ܴך product space X × Y

ҭࣁ connected. Եቾ discrete topological space Z = {0, 1}. ᙖҗ Proposition 3.1.9, ॺाך
᛾ܴҺཀ的ೱុڄኧ f : X × Y → Z ࣁࣣ constant function. २ӃҺڗ (x0, y0) ∈ X × Y, ό
Ѩ一૓性ךॺଷ೛ f (x0, y0) = 0. ౜Եቾڄኧ hy0 : X → X × Y, ࣁကۓځ hy0(x) = (x, y0).
ճҔ product space topology 的ۓက, ৒ܰᡍ᛾ࡐ hy0 ࢂ continuous. ӢԜ f ◦ hy0 : X → Z

,ኧڄ一ঁೱុࢂ ΨӢԜҗ X ࢂ connected 的ଷ೛以及 Proposition 3.1.9 ޕ f ◦ hy0 一ঁࢂ

constant function, ҭջ

f (x, y0) = f ◦ hy0(x) = f ◦ hy0(x0) = f (x0, y0) = 0, ∀ x ∈ X.

ௗΠٰךॺाᇥܴჹҺཀ (a, b) ∈ X × Y, ࣣԖ f (a, b) = 0, ӢԜள᛾ f ࣁ constant function.
٣ჴ΢Ӣ a ∈ X,җ΢Ԅךॺޕ f (a, y0) = 0. ౜Եቾڄኧ la : Y → X×Y,ۓကࣁ la(y) = (a, y).
ӕኬ的,җ la ࣁ continuous以及 Y ࣁ connected,ךॺள f ◦ la : Y → Z ࢂ constant function,
ҭջ

f (a, y) = f ◦ la(y) = f ◦ la(y0) = f (a, y0) = 0, ∀ y ∈ Y.

ӢԜҗ b ∈ Y ள᛾ f (a, b) = 0.

ќ一Бय़, ऩ X × Y ࢂ connected, җ π1 : X × Y → X 以及 π2 : X × Y → Y ࣁࣣ onto 的
continuous functions, Corollary 3.1.7 ֋ນךॺ X,Y Ѹࣁ connected. �

ஒݤॺё以ҔኧᏢᘜયך Proposition 3.1.10 ௢ቶډԖज़ӭঁ topological spaces 的
product space 的௃ݩ. ٣ჴ΢ѬΨё以௢ቶډคጁӭঁ topological spaces 的 product
space 的௃ݩ, όၸѬ的᛾ܴ౐ੋډ axiom of choice, ೭္൩όӭፋΑ.

ჹܭ connected ᆶ quotient space 的ᜢ߯, .ॺԖ以Π的่݀ך
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Proposition 3.1.11. ଷ೛ X ࢂ topological spacesЪ ࢂ∽ X ΢的一ঁ equivalence relation.
ऩ X ࢂ connected, ߾ quotient space X/∼ ҭࣁ connected.

Proof. җ quotient space topology 的ۓကޕ quotient map q : X → X/∼ ࢂ onto 的 contin-
uous function. ӢԜҗ X ࢂ connected 以及 Corollary 3.1.7 ޕ X/∼ ҭࣁ connected. �

Question 3.6. ଷ೛ X ࢂ topological spaces Ъ ∼ ࢂ X ΢的一ঁ equivalence relation. ऩ
quotient space X/∼ ࢂ connected, ցё௢ளࢂ X ҭࣁ connected?

ௗΠٰ, ॺा௖૸ך connected ᆶ subspace topology 的ᜢ߯.

3.1.2. Connected Subsets. 前य़ךॺ໻௖૸一ঁ topological spaceࢂցࣁ connected,ځ
ჴჹܭ一ঁ topological space΢的 subsetךॺϝё௖૸ࢂځցࣁ connected. ೭ঁБࡐݤᙁ
ൂ, ൩ࢂाஒԜ subset ຎࣁ topological space. ԿܭाӵՖஒځຎࣁ topological space ?ګ
྽ฅ൩٬ࢂҔ subspace topology Α.

Definition 3.1.12. ଷ೛ X ࢂ topological spaces Ъ S ځࣁ subset. ऩӧԵቾ subspace
topology ஒ S ຎࣁ topological space ϐΠ, S ࢂ connected, ᆀ߾ S ࢂ X 的 connected
subset; ցϐ߾ᆀࣁ disconnected subset.

ӵӧҺՖ的ٯ topological space X, 一ঁᗺ a ∈ X ԋ的໣ӝ܌ {a} 一ࢂۓ connected.
Զӧ R 的 standard topology ٰ࣮, (0, 1), (1, 2) ೭ঁٿ໒୔໔的ᖄ໣ (0, 1) ∪ (1, 2) ൩ࢂ

disconnected subset.

ӆԛமፓ一Π, subspace topology চٰ的ک topological space ΢的 topology ৲৲࣬
ᜢ, ࣁցࢂ以一ঁη໣ӝ܌ connected, ϝکচٰ的 space 的 topology Ԗᜢ. ٬Ҕ subspace
topology 的ӳೀࢂ྽ X,Y ࢂ topological spaces Ъ f : X → Y ࢂ continuous, ٩ subspace
topology 的ۓကёளჹܭҺՖ S ⊆ X ճҔ subspace topology, ኧڄ f |S : S → Y ϝ

ࣁ continuous. ќ外ΞӢ f (S ) ࢂ Y 的 subset, ऩךॺԵቾڄኧ g : S → f (S ), ࣁကۓ
g(s) = f (s), ∀ s ∈ S (ջஒ f |S ຎࢂࣁ一ঁ S ډ f (S ) 的ڄኧ), ჹܭ f (S ) ٬Ҕ subspace
topology, ޕॺך g : S → f (S ) ҭࣁ continuous ـୖ) Question 1.10). ۭΠךॺஒ一ޔҔډ
೭ঁ特性, ൩όӆঁձமፓΑ.

Proposition 3.1.13. ଷ೛ X,Y ࢂ topological spaces Ъ f : X → Y ࢂ continuous. ऩ S ࢂ

X 的 connected subset, ߾ f (S ) ࢂ Y 的 connected subset.

Proof. Եቾ S , f (S ) ϩձࣁ X,Y 的 subspace. ќ外Եቾڄኧ g : S → f (S ), ࣁကۓ
g(s) = f (s), ∀ s ∈ S . ౜ऩ S ࢂ connected, ޕ g வࢂ connected topological space S ډ৔ࢀ

f (S ) 的ೱុڄኧЪࣁ onto. җࡺ Corollary 3.1.7 ޕ f (S ) Ѹࣁ connected. �

Question 3.7. ଷ೛ X,Y ࢂ topological spaces Ъ f : X → Y ࢂ continuous. ऩ S ࢂ X 的

disconnected subset, ցࢂ f (S ) ࢂ Y 的 disconnected subset?
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ঁٿ৒ܰ౛ှࡐ connected subsets 的ᖄ໣ό一ࢂۓ connected (ѝाԵቾঁٿ໣ӝό࣬
Ҭ的௃׎ջё), όၸऩঁٿ connected subsets ԖҬ໣, ٗሶѬॺ的ᖄ໣൩཮ࢂ connected.

Proposition 3.1.14. ଷ೛ X ࢂ topological space Ъ S , S ′ ࢂ X 的 connected subsets. ऩ
S ∩ S ′ , ∅, ߾ S ∪ S ′ ࢂ X 的 connected subset.

Proof. २Ӄऩ S = S ′, ߾ S ∪ S ′ = S ࣁ connected. Զऩ S , S ′, җ S ∩ S ′ , ∅, ޕॺך
S ∪ S ′ Ԗӭܭ一ঁ的ϡન, ԜਔךॺҔϸ᛾ݤଷ೛ S ∪ S ′ ࢂ disconnected. җ Lemma 3.1.8
Ӹӧޕ continuous Ъ onto 的ڄኧ f : S ∪ S ′ → {0, 1}, ύځ {0, 1} ٬Ҕ discrete topology. ౜
Ӣ S ࢂ connectedЪ f |S : S → {0, ࢂ{1 continuous, җ Proposition ޕ3.1.9 f |S ࢂ constant
function. όѨ一૓性ךॺଷ೛ჹܭҺཀ s ∈ S f (s) = 0. ӕ౛ f |S ′ : S ′ → {0, 1} ҭࣁ
constant function. җܭ f : S ∪ S ′ → {0, 1} ࢂ onto, ԜਔךॺԖ f (s′) = 1, ∀ s′ ∈ S ′. όၸӸ
ӧ a ∈ S ∩ S ′, Ԝਔ཮Ԗ f (a) = 0 (Ӣ a ∈ S ) Ъ f (a) = 1 (Ӣ a ∈ S ′) ϐҟ࣯௃ݩวғ, ளࡺ
᛾ S ∪ S ′ Ѹࣁ connected. �

Question 3.8. ଷ೛ X ࢂ topological space. Եቾ以 I ࣁ index set的 indexed family {S i}i∈I,
ύځ S i ࣁࣣ X 的 connected subset. ଷ೛ჹ܌Ԗ i, j ∈ I, ࣣԖ S i ∩ S j , ∅. ᛾ܴ

∪
i∈I S i ࢂ

X 的 connected subset.

Question 3.9. ଷ೛ X ࢂ topological space Ъ S , S ′ ࢂ X 的 connected subsets. ցёளࢂ
S ∩ S ′ ࢂ connected ?ګ

前य़ೀ౛ connected 的性質, ,ኧٰᔅԆೀ౛ڄ٬Ҕೱុࢂॺεӭך όၸΠ一ঁख़ा的
性質, ൩ό৒ܰ೭ኬೀ౛Α.

Proposition 3.1.15. ଷ೛ X ࢂ topological space Ъ S ࢂ X 的 connected subset. ऩ S ′ ⊆ X

ᅈى S ⊆ S ′ ⊆ cl(S ), ߾ S ′ ࢂ X 的 connected subset.

Proof. ଷ೛ S ′ όࢂ connected,җ Proposition ӧ,ޕ3.1.2 S ′ ٬Ҕ X 的 subspace topology
ϐΠ, Ӹӧ๱ޜߚЪό฻ܭ S ′ 的 clopen subset T . ೭߄ҢӸӧ U ӧ X ࢂ open 以及 C ӧ

X ࢂ closed ᅈى U ∩ S ′ = C ∩ S ′ = T . ౜Ӣ T , ∅, Һڗ a ∈ T , җܭ a ∈ U (Ӣ T = U ∩ S ′),
ࡺ U ࢂ a ӧ X ύ的一ঁ open neighborhood, Ξҗ a ∈ cl(S ) (Ӣ T ⊆ S ′ ⊆ cl(S )), ѸӸӧޕ
s ∈ U ∩ S . ඤ言ϐ U ∩ S ࢂ S ύ一ঁޜߚ的 open set. ќ外

C ∩ S = C ∩ (S ′ ∩ S ) = (C ∩ S ′) ∩ S = (U ∩ S ′) ∩ S = U ∩ S ,

ள U ∩S ҭࣁ S ύ的 closed set, ҭջ U ∩S ࢂ S ύޜߚ的 clopen set. җࡺ S ࢂ connected
以及 Proposition 3.1.2 ޕ S = U ∩ S = C ∩ S , ҭջ S ⊆ C. ՠ cl(S ) ࢂ X ύх֖ S നλ的

closed set (Theorem 2.2.3), ளࡺ cl(S ) ⊆ C. ӢԜҗ S ′ ⊆ cl(S ) ள T = C ∩ S ′ = S ′. Ԝᆶ྽
ଷ೛߃ T , S ′ ࣬ҟ࣯, ޕࡺ S ′ Ѹࣁ connected. �

Question 3.10. ଷ೛ S ࢂ topological space X ύ的 connected subset. ၂ᇥܴ cl(S ) ࢂ
connected. ќ外 int(S ) ཮ࢂ connected ༏?
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Connected topological space Ԗࡐӭӳ的性質, КБᇥךॺё以Ԗჴኧ的ೱុڄኧ的ύ
໔ॶۓ౛ (ۭΠ཮௖૸). 以྽܌ topological space X όࢂ connected ਔ, ๏ۓ a ∈ X, ॺך
཮Եቾх֖ a നε的 connected subset, ᆀϐࣁх֖ a 的 connected component. ჹҺཀ的
ᗺ a ځ connected component 一ۓӸӧ༏? เਢۓޭࢂ的. εৎձבΑ {a} ൩ࢂх֖ a 的

一ঁ connected subset, 以х֖܌ a 的 connected subset 一ۓӸӧ. ౜ӧाډפх֖ a നε

的 connected subset, Ԗх֖܌ஒډॺԾฅ཮གྷך a 的 connected subset ೿ᖄ໣ଆٰ, Ψ൩
зࢂ S = {S ∈ P(X) | a ∈ S Ъ S is connected}, ॺԵቾך D =

∪
S∈S S . җܭ a ӧ؂一ঁ S

ύ, ॺ྽ฅԖך a ∈ D. όѝӵԜ, җܭჹҺཀ S , S ′ ∈ S ॺԖך a ∈ S ∩ S ′, ޕࡺ S ∩ S ′ , ∅.
ӢԜҗ೭些 S ೿ࢂ connected 以及 Question 3.8 的่݀, ޕॺך D ࢂ connected. җԜёޕ
х֖ a 的 connected component .ӸӧЪ୤一的ࢂ ௗΠٰךॺ๏ connected component ҅
Ԅ的ۓက.

Definition 3.1.16. ଷ೛ X ࢂ topological space Ъ S ࢂ X 的 connected subset. ऩ X ύନ

Α S 外ؒԖځд的 connected subset ཮х֖ S , ᆀ߾ S ࢂ X 的一ঁ connected component.

ाݙཀ,一些拓樸的ਜᝤࢂҔ “നε”的 connected subsetٰۓက connected component.
೭္നε٠όࡰࢂ཮х֖܌Ԗ的 connected subset, ԶؒࡰࢂԖځд的 connected subset ཮
х֖Ѭ. Ьा的চӢࢂ໣ӝ的х֖ᜢ߯όࢂ total order 的ᜢ߯ (ջҺཀঁٿ໣ӝ೿ёКε
λ), ϐΠ的ݩ以ӧ೭௃܌ “നε” .д的໣ӝКѬεځԖؒࢂߡ的ࡰ ӢԜձ的ਜᝤ的ۓကک
.一ठ的ࢂကۓॺ的ך όၸவ前य़的૸論ύךॺޕၰх֖ a 的 connected component ዴჴ
Ԗх֖܌ࢂ a 的 connected subset ೿཮х֖ܭѬ.

Connected component Ԗ以Π൳ঁख़ा性質.

Proposition 3.1.17. ଷ೛ X ࢂ topological space.

(1) X 的 connected components ԋ׎ X 的一ঁ partition.

(2) Ԗ܌ X 的 connected component ࣁࣣ X 的 closed subset.

(3) ऩ S ࢂ X 的 connected subset, Ӹӧ୤一的߾ connected component х֖ S .

Proof. (1) ाᇥܴ X 的 connected components ԋ׎ X 的一ঁ partition, ൩ࢂाᇥܴٿҹ
٣. ಃ一: Ԗ的ϡન܌ a ∈ X Ѹӧঁࢌ connected component ύ. ೭ӧ前य़的૸論ύς᛾ჴ
Α. ಃΒ: ౦的࣬ঁٿ connected component ό࣬Ҭ. ೭ࢂӢࣁऩ S , S ′ ౦的࣬ࣁ connected
component ᅈى S ∩ S ′ , ∅. Ԝਔҗ Proposition 3.1.14 ޕ S ∪ S ′ ࣁ connected. ՠӢ S ࢂ

connected component ,നε的性質ځ٩ ள S = S ∪ S ′, ջ S ′ ⊆ S . ӕ౛җ S ′ ࣁ connected
component, ள S ′ = S . Ԝᆶ S , S ′ ࣬ҟ࣯, ޕࡺ S ∩ S ′ = ∅.

(2) ଷ೛ S ࢂ X 的一ঁ connected component. җܭ S ࢂ connected, Proposition 3.1.15
֋ນךॺ cl(S ) Ψࢂ connected. ऩ S όࢂ closed (ջ S ( cl(S ), Ң߄ cl(S ) Кࢂ S ᗋε的

connected set, Ԝᆶ S ࢂ connected component ϐଷ೛࣬ҟ࣯, ᛾ளࡺ S ࢂ closed.

(3) ଷ೛ S ࢂ connected. Һڗ a ∈ S . ѸӸӧ一ঁޕॺך connected component C ᅈ

ى a ∈ C. ԜਔӢ S ∩ C , ∅ Ъ S ,C ࣁࣣ connected, җ Proposition 3.1.14 ޕ S ∪ C ࢂ
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connected. ӆҗ C ࢂ connected component ޕ C = C ∪ S , ள᛾ S ⊆ C, ҭջ S х֖ܭ

connected component C. ౜ऩ C,C′ х֖ࣁࣣ S 的 connected component Ӣ߾ S ⊆ C ∩ C′

ޕ C ∩C′ , ∅. ӆҗ C,C′ ࣁࣣ connected ள C ∪C′ ҭࣁ connected. ӢԜҗ C ࣁ connected
component ள C = C ∪C′, ջ C′ ⊆ C. ӕ౛ள C ⊆ C′, ள C = C′, ӢԜள᛾୤一性. �

Question 3.11. ଷ೛ Xࣁ topological spaceЪଷ೛ X໻ԖԖज़ӭঁ connected component.
၂᛾ܴ X 的 connected component ࣁࣣ X 的 open subset.

Question 3.12. ଷ೛ X ࢂ topological space Ъ S ⊆ X. з

E = {C ∈ P(X) | S ⊆ C Ъ C is connected}.

(1) ଷ೛ S ࢂ connected. ၂᛾ܴ ∪C∈EC ൩ࢂх֖ S ୤一的 connected component.

(2) ଷ೛ S ࢂ disconnected. ၂ᇥܴࣁՖ ∪C∈EC ό一ۓ཮ࢂх֖ S 的 connected
component?

வ Proposition 3.1.17 ၰޕॺך connected component 一ࢂۓ closed set. όၸԖ一ᅿ拓
樸ޜ໔ځ connected component ཮ࢂ open set. .ကۓ໔的ޜॺӃ࣮೭ᅿ拓樸ך

Definition 3.1.18. ଷ೛ X ࣁ topological space. ऩჹҺཀ a ∈ X 及ځҺཀ的 open
neighborhood U ࣣӸӧ a 的 open neighborhood V ᅈى V ⊆ U Ъ V ࣁ connected. ᆀ߾ X

ࣁ locally connected space.

ӵٯ R ӧ standard topology ϐΠ, ॺஒ཮ᇥܴך R ΢的໒୔໔೿ࢂ connected, 以܌
ӧ standard topology ϐΠ R ཮ࢂ locally connected space. ाݙཀ locally connected space
ࢂ “ֽ部” 的性質, ٠҂ा؃᏾ঁ space ा connected. ٣ჴ΢ locally connected space ک
connected space .ϕό࣬ᜢ的拓樸性質ঁٿࢂ 一ঁډפॺё以ך topological space όࢂ
connected ՠࢂࠅ locally connected. ໒୔໔的ᖄ໣ٿӵٯ (0, 1)∪ (1, 2) ຎࣁ R 的 standard
topology ϐΠ的 subspace ࢂ disconnected, ՠࢂࠅ locally connected. ќ外ΨԖёૈ一ঁ
topological space ࢂ connected ՠࠅόࢂ locally connected. ᒏ的܌ӵٯ “topologist’s sine
curve”ຎࣁ R2 的 standard topology的 subspace൩ࢂ connected,ՠόࢂ locally connected.
Topologist’s sine curve ,໔ޜ一ঁԖ፪的拓樸ࢂ Ԗᑫ፪的ӕᏢё以ୖԵ一૓拓樸ਜᝤ的ϟ
ಏ, ӧԜךॺ൩όӭբϟಏΑ.

ௗΠٰךॺᇥܴӧ locally connected space ύ的 connected component ཮ࢂ open set.
ଷ೛ X ࢂ locally connected space. ჹܭҺཀ X 的 connected component S , Һڗ a ∈ S . җ
ܭ X ࢂ a 的一ঁ open neighborhood, җ locally connected 的性質, Ӹӧޕॺך a 的 open
neighborhood V ࢂ connected. җܭ S ∩ V , ∅ Ъ S ,V ࣁࣣ connected, ॺளך S ∪ V ࢂ

connected. җࡺ S ࢂ connected component, ள S ∪ V = S , ӢԜள V ⊆ S . Ψ൩ࢂᇥჹҺཀ
a ∈ S , ډפॺࣣёך a 的 open neighborhood V ᅈى V ⊆ S , ӢԜள᛾ S ࢂ open set. ॺך
᛾ளΑ以Π的ۓ౛.

Proposition 3.1.19. ଷ೛ X ࢂ locally connected topological space, ҺՖ߾ X 的 connected
component ࣁࣣ X 的 open subset.
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ჴ΢य़ځ Proposition 3.1.19 的᛾ܴ, ډॺ໻Ҕך X ύҺ一ᗺ a ࣣӸӧ๱ connected
open neighborhood ೭ঁ性質, ё௢ளߡ X 的 connected component ࣁࣣ open. όၸा
,ཀݙ ؂一ঁᗺࣣӸӧ๱ connected open neighborhood, ٠όࢂ locally connected 的ۓက.
Locally connected space җܭచҹ׳ம, ٣ჴ΢ךॺё以௢ள以Π׳ӳ的性質.

Proposition 3.1.20. ଷ೛ X ࢂ topological space. ߾ X ࢂ locally connected ऩЪ୤ऩҺཀ
X 的 open set ೿ё以ቪԋ一些 X 的 connected open sets 的ᖄ໣.

Proof. ଷ೛ X ࢂ locally connected Ъ S ࢂ X 的 open subset. ჹҺཀ a ∈ S , җܭ S ࢂ

open Ъ X ࣁ locally connected, Ӹӧޕကۓҗࡺ Va ࣁ X ύ的一ঁ connected open set Ъ
ᅈى a ∈ Va 及 Va ⊆ S . ౜җܭ ∪a∈S Va = S , ள᛾ S ё以ቪԋ一些 X 的 connected open sets
的ᖄ໣.

ϸϐ, ऩҺཀ X 的 open set ೿ё以ቪԋ一些 connected open sets 的ᖄ໣. ౜Һڗ a ∈ X,
Ъз U ࣁ a 的 open neighborhood. ٩ଷ೛ U ё以ቪԋ一些 connected open sets 的ᖄ
໣, ҭջӸӧ indexed family {Vi}i∈I ύჹҺཀځ i ∈ I, Vi ࣁ X 的 connected open set, ٬ள
U =

∪
i∈I Vi. ӢԜӸӧ i ∈ I ٬ள a ∈ Vi. ջ Vi ࣁ a 的一ঁ connected open neighborhood

Ъᅈى Vi ⊆ U, ள᛾ X ࣁ locally connected. �

3.1.3. Connectedness of R. ॺा᛾ܴך R ӧ standard topology ϐΠࢂ connected. ჴ
ኧس的ࡌҥ, ሡҔډ一些Ϧ೛, όၸךॺ೭္ό௖૸೭ঁୢᚒ, ൩ޔௗଷ೛ჴኧڀسԖ܌ᒏ
的 least upper bound property. Ψ൩ࢂᇥҺཀჴኧ的ޜߚη໣ӝ, ӵ݀Ԗ΢界, ൩཮Ԗ “നλ
΢界”. ӕኬ的ऩԖΠ界, ൩཮Ԗ “നεΠ界”.

२Ӄךॺ᛾ܴҺཀ的໒୔໔ (a, b) ཮ࢂ connected. ೭္ךॺҔϸ᛾ݤ, Ψ൩ࢂᇥଷ೛Ӹ
ӧޜߚঁٿ的 open set U,V ᅈى (a, b) = U ∪ V Ъ U ∩ V = ∅, .ҟ࣯ډॺाளך २ӃҺڗ
c ∈ U, ॺԾฅԖך a < c < b. ౜Եቾ໣ӝ S = {r ∈ R | [c, r) ⊆ U}. җܭ U ࢂ open, Զ c ∈ U,
Ӹӧࡺ ε > 0, ᅈى (c − ε, c + ε) ⊆ U. ӢԜޕ c + ε ∈ S , Ψ൩ࢂᇥ S .的໣ӝޜߚࢂ ΞӢ
U ⊆ (a, b), ჹҺཀޕॺך r ∈ S , ࣣԖ [c, r) ⊆ (a, b), ӢԜள r ≤ b, Ψ൩ࢂᇥ b ࢂ S 的一ঁ΢

界. Ӹӧࡺ l ∈ Rࢂ S 的നλ΢界. S 的നλ΢界҂Ѹӧ S ύ,όၸௗΠٰךॺाᇥܴ l ∈ S ,
ҭջ [c, l) ⊆ U. ೭ࢂӢࣁჹҺཀ x ∈ [c, l), җܭ x < l Ъ l ࢂ S 的നλ΢界, Ӹӧޕॺך
r ∈ S ᅈى x < r < l (ց߾ x ཮ࢂ S 的΢界, Ԝᆶ l (നλ΢界࣬ၴङࢂ Ψ൩ࢂᇥ [c, r) ⊆ U,
ளࡺ x ∈ U, ᛾ܴΑ [c, l) ⊆ U. ाݙཀ, Ӣࣁ l ࢂ S 的΢界, 以܌ l < U. ೭ࢂӢࣁऩ l ∈ U,
ӆԛճҔ߾ U ࢂ open, ཮Ӹӧ ϵ > 0 ٬ள (l − ϵ, l + ϵ) ⊆ U, ΨӢԜ཮ளډ [c, l + ϵ) ⊆ U, ջ
l + ϵ ∈ S , Ԝᆶ l ࢂ S 的΢界࣬ҟ࣯. നךࡕॺाᇥܴ l = b. җܭςޕ l ≤ b (Ӣ b ࢂ S 的

΢界), ऩ l , b, Ң߄ l < b. ӢԜҗ l ∈ (a, b) = U ∪ V 以及 l < U, ள l ∈ V. ฅԶ٩ଷ೛ V

ࣁ open, ҭջӸӧ γ > 0 ᅈى (l − γ, l + γ) ⊆ V. ೭߄Ң [c, l) ∩ (l − γ, l + γ) ⊆ U ∩ V, ೷ԋ
ᆶ U ∩ V = ∅ 的ଷ೛࣬ҟ࣯. ӢԜள᛾ l = b, ΨӢԜள [c, b) ⊆ U. ӕኬၰ౛, ॺΨёளך
(a, c] ⊆ U. ΨӢԜளډ (a, b) = (a, c]∪ [c, b) = U ϐҟ࣯ (ӢԜਔ߄Ң V = ∅). ᛾ள (a, b) ࢂ

connected.
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ճҔ (a, b) ࢂ connected 以及 Proposition 3.1.15 ॺёள୔໔ך [a, b), (a, b] 以及 [a, b]

ࣁࣣ connected. ΞճҔ Question 3.8, ॺёளך (a,∞), [a,∞), (−∞, a), (−∞, a] 以及 R ࣣ
ࣁ connected. .౛ۓॺԖ以Π的ך

Proposition 3.1.21. Եቾ R 的 standard topology. ,Ԗ的໒୔໔܌ ഈ୔໔, ъ໒ъഈ୔໔,
以及 R ࣁࣣ connected.

Question 3.13. ፎֹԋ Proposition 3.1.21 的᛾ܴ.

ჴځ Proposition 3.1.21 的ϸӛΨࢂჹ的, Ψ൩ࢂᇥ R ύ的 connected subsets ൩܌ࢂԖ
的໒୔໔, ഈ୔໔, ъ໒ъഈ୔໔, 以及 R ҁي. ೭ࢂӢࣁ R ύ的 connected subsets Ԗ以Π
的性質.

Proposition 3.1.22. Եቾ R 的 standard topology. ଷ೛ S ࢂ R 的 connected subsets Ъ
a, b ∈ S ύځ a < b. ऩ a < c < b, ߾ c ∈ S .

Proof. ,ݤॺҔϸ᛾ך ଷ೛ c < S . ԜਔԵቾ R ύ的໒୔໔ U = (−∞, c), V = (c,∞). ӧ
subspace topology ϐΠ, U ∩ S ࢂ S ύޜߚ的 open set (Ӣ a ∈ U ∩ S ). ӕ౛ V ∩ S Ψࢂ S

ύޜߚ的 open set. Ξҗܭ S = (U ∩ S ) ∪ (V ∩ S ) Ъ (U ∩ S ) ∩ (V ∩ S ) = (U ∩ V) ∩ S = ∅,
ॺளך S ࢂ disconnected. Ԝᆶ S ࢂ connected 的่݀࣬ҟ࣯, ளࡺ c ∈ S . �

ॺё以Ҕך Proposition 3.1.22 Ԗ܌ډפ R 的 connected subsets. ,ӵٯ ӵ݀ S ࢂ R 的

connected subset Ъค΢界ᆶΠ界. ԜਔҺڗ R ύ一ᗺ c, җܭ S ค΢界, ϐѸӸӧࡺ b ∈ S

ᅈى c < b. ΞӢ S คΠ界, ΨӸӧ a ∈ S ᅈى a < c, ӢԜҗ Proposition 3.1.22, ள c ∈ S .
ॺ᛾ளΑԜਔך S = R. ाݙཀ, ೭όࢂ R ࢂ connected 的᛾ܴ. ೭္໻ᇥܴΑ, ӵ݀ S ࢂ

R ύค΢界ᆶΠ界的 connected subset, ٗሶ୤一ёૈ的௃ݩ൩ࢂ S = R. όၸԖёૈ R ύ
ؒԖࡽค΢界ΞคΠ界的 connected subset, 以೭٠҂ᇥܴ܌ R ࢂ connected. ा᛾ܴ R ࢂ
connected ᗋࢂाҔډӵ前य़ least upper bound property ೭ኬ的性質ωૈ଺ډ.

Question 3.14. ၂ճҔ Proposition 3.1.22 ᛾ܴӵ݀ S ࢂ R ύԖ΢Π界的 connected
subset, Ӹӧ߾ a, b ∈ R٬ள S ୔໔ࣁ (a, b), [a, b), (a, b]܈ [a, b] (ሡҔډ least upper bound
ک greatest lower bound). ӕኬଷ೛ S ࢂ connected, Ψፎᇥܴ྽ S ϩձࣁค΢界ՠԖΠ界

以及 S คΠ界ՠԖ΢界ਔ, S ёૈ的௃ݩ.

ၰޕ R ύ的 connected subsets Ԗব些, ኧڄॺ൩ё以௢ள一些εৎዕ஼的ჴኧೱុך
的性質. ॺё以ճҔךӵٯ Proposition 3.1.9 ᛾ܴऩ f : R → R ,ኧڄೱុࢂ Ъ f (R) ⊆ Z,
߾ f Ѹࣁ constant function; ΨёճҔ Proposition 3.1.13 ளډೱុڄኧ的ύ໔ॶۓ౛.

3.2. Compactness

Compact 的ཷۺ, ٠όϼޔᢀ, όၸ೚ӭख़ा的ኧᏢ性質೿کѬԖᜢ. ڄӵჴኧ的ೱុٯ
ኧӧഈ୔໔ѸԖཱུεཱུλॶ, ൩ࢂճҔ compact 的性質௢ள. ӧ೭࿯ύךॺஒΑှԖᜢ
compact 的ख़ा性質.
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3.2.1. Compact Topological Space. ӧ拓樸ύ compactness ࢂ的ࡰ “ᆙጏ” 的ཀࡘ, Ѭ
εठ的ཀܿࢂࡘՋ೿ёᆙ᎞ӧ一ଆՠΞࡐಒጏόష໶, ৒ܰ୔ϩ. ӧ拓樸ޜ໔ύा୔႖ܿ
Ջ྽ฅࢂճҔ open sets Α. 以ӧ܌ topological space X ύ, ॺ೯த཮Ҕ一些ך open sets,
ஒ X ቪԋ೭些 open set 的ᖄ໣. ೭ኬ的ቪݤ, ࣁॺᆀϐך X 的一ঁ open cover. 一૓ٰᇥ,
Αஒࣁ X ύ的一些ϡન୔႖໒ٰ, ёૈሡा೚ӭ open sets ωૈஒ X ᇂᅈ, ॺᒧ的ך以܌
open cover ёૈࡐፄᚇࡐష໶. ӵ݀ӧךॺ؂ԛᒧ的 open cover ύ, ೿ૈ௨ନ一些όѸा的
open sets, ໻ҔԖज़ӭঁ open sets ஒ X ᇂՐ. ೭ኬό໻ၲךډॺा୔႖೭些ϡન的Ҟ的,
ԶЪΨӢ໻ԖԖज़ӭঁ open sets ᡂளࡐ৒ܰೀ౛. ೭൩ࢂ compact 的ཷۺ. २Ӄ, ॺᗋך
.ကۓ๏҅Ԅ的ࢂ

Definition 3.2.1. ଷ೛ X ࢂ topological space, Ъ T ځࣁ topology. ऩ S ⊆ T (ջ S җࢂ
open sets .(ԋ的໣ӝ׎܌ ᅈى X =

∪
U∈SU, ᆀ߾ S ࢂ X 的一ঁ open cover. Ξऩ S′ ⊆ S

Ъ S′ ϝࣁ X 的 open cover (ջ X =
∪

U∈S′ U), ᆀ߾ S′ җࣁ S ள܌ X 的 subcover. 特ձ的,
྽ S′ ѝԖԖज़ӭঁϡનਔ, ॺΞᆀך S′ җࣁ S ள܌ X 的 finite subcover.

җۓကךॺޕ T ൩ࢂ X 的一ঁ open cover (Ӣࣁ X ∈ T , 以܌ X =
∪

U∈T U). ౜ऩ S
ࢂ X 的 open cover, җܭ S ⊆ T , ॺё以ᇥך以܌ S җࢂ T ள܌ X 的 subcover.

Example 3.2.2. Եቾჴኧ的 standard topology 以及 S = {(−n, n) | n ∈ N}. җܭჹҺཀ
x ∈ R, ࣣёډפ n ∈ N ᅈى x ∈ (−n, n), ޕࡺ R =

∪
U∈SU, Ψ൩ࢂᇥ S ࢂ R 的一ঁ open

cover. Զ S′ = {(−2n, 2n) | n ∈ N} җܭᅈى S′ ⊆ S Ъ R =
∪

U∈S′ U, 以܌ S′ җࢂ S ள的܌
subcover. όၸҗܭ S′ Ԗคጁӭঁϡન, ࢂ以Ѭό܌ finite subcover.

ќ外 S̀ = {(−n, n) | n ∈ N, n < 10} ᗨᅈى S̀ ⊆ S Ъ໻ԖԖज़ӭঁϡનՠӢόᅈى
R =

∪
U∈S̀U, җࢂ以Ѭό܌ S ள的܌ finite subcover (Ψόࢂ subcover). Զ S̆ = {(−n, 2n) |

n ∈ N} ᗨᅈى R =
∪

U∈S̆U ՠόᅈى S̆ ⊆ S, җࢂ以ѬΨό܌ S ள的܌ subcover.

Question 3.15. ၂᛾ܴӧ Example 3.2.2 ύ, คډפݤҗ S ள܌ R 的 finite subcover.

ௗΠٰךॺۓကՖᒏ compact topological space.

Definition 3.2.3. ଷ೛ X ࣁ topological space. ऩჹҺཀ X 的 open cover ࣣӸӧ finite
subcover, ᆀ߾ X ࣁ compact; ցߡ߾ᆀࣁ non-compact.

ाݙཀ X ࢂ compact 的ۓက, ٠όࢂᇥ X ё以೏Ԗज़ӭঁ open set ᇂՐջё, Զࢂᇥ
ҺՖҔ open sets ᇂՐ X 的Бݤύ, ೿ё以ӧ೭些 open sets ύډפԖज़ӭঁ open sets ᇂ
Ր X. ӵٯ R, ё೏ (−∞, 0) 以及 (−1,∞) ᇂՐ, ջ R = (−∞, 0) ∪ (−1,∞). όၸӧ Question
3.15 ύ, ӵ׎Ԗ܌ၰޕॺך (−n, n) 的 open sets ё以ᇂՐ R, ՠคݤӧѬॺύډפԖज़ӭঁ
ٰᇂՐ R. 以ӧ܌ standard topology ϐΠ, R όࢂ compact topological space.

྽ X ࢂ indiscrete topological space, җܭѝԖ一ঁޜߚ的 open set, ӢԜӧԛ௃׎ X 一

ࢂۓ compact. Կܭ྽ X ࢂ discrete topological space, җ؂ܭ一ঁᗺ܌ԋ的໣ӝࢂߡ open
set, ள的܌ԋ的໣ӝ܌ॺёԵቾҗ؂一ᗺך open cover, ջ X =

∪
x∈X{x}. Ԝਔ཮Ԗ finite
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subcover, ൩߄Ң X ໻ԖԖज़ӭঁϡન. ৒࣮ܰрऩ一ঁࡐ topological space ѝԖԖज़ӭঁ
ϡન, ٗѬ一ࢂۓ compact. ќ外ۭΠךॺ཮ፋ論ډӧ Rn 的 standard topology 的௃׎Ԗ一
ঁᙁൂղᘐࢂցࣁ compact 的Бݤ ᒏ的܌) HeineȉBorel Theorem). ନԜϐ外, 一૓ٰᇥ٠
όࢂϼ৒ܰղձ一ঁ topological space ࣁցࢂ compact. ᗨฅϝฅԖ一些฻ሽచҹٰղᘐ
ࣁցࢂ compact, όၸεӭ౐ੋډ一些ཥ的Ӝຒۓက, җܭ೭္ךॺ໻ϟಏԖᜢ compact ୷
ҁ的性質, ൩όѐ௖૸ѬॺΑ. ௗΠٰךॺ࣮一些Ԗᜢ compact topological space 的性質.

ӧ一૓的௃׎, ा૸論คጁӭঁ໣ӝ的Ҭ໣, ೯தךॺ཮ӃԵቾѬॺύԖज़ӭঁ໣ӝ的
Ҭ໣. όၸ೭த཮Ԗ一些όךࢂॺႣය的่݀р౜. ԋ的׎܌ӵԵቾჴኧύ一些໒୔໔ٯ
໣ӝ S = {(n,∞) | n ∈ N}. Һڗ S ύԖज़ӭঁ໒୔໔଺Ҭ໣, ໣ޜࢂό཮ۓၰѬ一ޕॺך
ӝ, όၸऩஒ S ύ܌Ԗ的໒୔໔଺Ҭ໣, ॺ཮Ԗך ∩U∈SU = ∅. ा࡛ኬᗉխ೭ኬ的௃׎วғ
?ګ 一૓ٰᇥӵ݀җ一些 X 的η໣ӝ׎܌ԋ的໣ӝ S ⊆ P(X), ӧځύҺڗԖज़ӭঁ໣ӝ଺
Ҭ໣ࣣό཮ޜࢂ໣ӝ (ջჹҺཀ n ∈ N, S 1, · · · , S n ∈ S ࣣԖ

∩n
i=1 S i , ∅), ᆀ߾ S Ԗ finite

intersection property (ᙁᆀ FIP). 前य़的ٯη S = {(n,∞) | n ∈ N} ൩Ԗ FIP, வ೭ٯηךॺ
Ψޕၰ一૓的௃ݩऩ S Ԗ FIP, όж߄Ѭ္य़܌Ԗ໣ӝ的Ҭ໣ ∩S∈S S ό཮ޜࢂ໣ӝ. όၸ
ჹܭ compact topological space, ൩Ԗ以ΠԖ፪的౜ຝ.

Proposition 3.2.4. ଷ೛ X ࢂ compact topological space Ъ F җࢂ X ύ一些 closed set ܌
ԋ的໣ӝ (ջऩ F ∈ F ߾, F ࢂ closed). ऩ F Ԗ finite intersection property,߾ ∩F∈F F , ∅.

Proof. ,ݤॺाҔϸ᛾ך Ӄଷ೛ ∩F∈F F = ∅. ౜Եቾ U = {Fc | F ∈ F }, ߾ U ္的ϡનࣣ
ࣁ X 的 open set, Ξ ∪

U∈U
U =

∪
F∈F

Fc = (
∩
F∈F

F)c = X.

ॺளך U ࢂ X 的一ঁ open cover. Ӣ X ࢂ compact, Ӹӧࡺ U1, . . . ,Un ∈ U ٬ள∪n
i=1 Ui = X. ԜਔჹҺཀ i ∈ {1, . . . , n}, Ӣ Ui ∈ U, Ӹӧࡺ Fi ∈ F ᅈى Ui = Fc

i , ॺԖך
n∩

i=1

Fi =
n∩

i=1

Uc
i = (

n∪
i=1

Ui)
c = Xc = ∅.

Ԝᆶ F Ԗ FIP ࣬ҟ࣯, ள᛾ ∩F∈F F , ∅. �

Question 3.16. Եቾ R 的 standard topology ЪԵቾ F = {[n,∞) | n ∈ N}. ၂ᇥܴ F җࢂ
R ύ一些 closed set ԋ的໣ӝЪԖ܌ finite intersection property. ၂ᇥܴ ∩F∈F F = ∅, ٠ᇥ
ܴԜ่論ࣁՖؒԖᆶ Proposition 3.2.4 ࣬ҟ࣯?

٣ჴ΢, Proposition 3.2.4 的ϸӛΨࢂჹ的, җܭ᛾ܴБ࣬ݤ՟, .ॺ൩੮଺ಞᚒך

ௗΠٰךॺԾฅ཮ୢೱុڄኧᆶ compactness 的ᜢ߯.

Proposition 3.2.5. ଷ೛ X,Y ࣁ topological spaces Ъ f : X → Y ࢂ onto 的 continuous
function. ऩ X ࢂ compact, ߾ Y ࢂ compact.

Proof. ाᇥܴ Y ࢂ compact,Һڗ Y 的 open coverU,ךॺाډפԖज़ӭঁ U1, . . . ,Un ∈ U
ᅈى Y =

∪n
i=1 Ui. ჹܭҺཀ U ∈ U, җܭ U ࢂ Y 的 open set Ъ f ࢂ continuous, ॺԖך
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f −1(U) ࢂ X 的 open set. ౜Ӣ ∪U∈U U = Y, ∪ॺԖך
U∈U

f −1(U) = f −1(
∪

U∈U
U) = f −1(Y) = X,

ҭջ { f −1(U) | U ∈ U} ࢂ X 的 open cover. ӢԜҗ X ࢂ compact, Ӹӧޕ n ∈ N, 以
及 f −1(U1), . . . , f −1(Un), ύ؂ঁځ Ui ∈ U ᅈى

∪n
i=1 f −1(Ui) = X. ॺा᛾ܴ೭些ך

U1, . . . ,Un ∈ U ᅈى Y =
∪n

i=1 Ui. ٣ჴ΢, Һڗ y ∈ Y, җܭ f : X → Y ࢂ onto, Ӹӧ x ∈ X

٬ள f (x) = y. Ξҗܭ ∪n
i=1 f −1(Ui) = X, Ӹӧޕॺך i = {1, . . . , n} ٬ள x ∈ f −1(Ui). ளࡺ

y = f (x) ∈ Ui, ள᛾ Y =
∪n

i=1 Ui. �

Question 3.17. ଷ೛ X,Y ࣁ topological spaces Ъ f : X → Y ࢂ onto 的 continuous
function. ऩ Y ࢂ compact ցёளࢂ X ࢂ compact.

җ Proposition 3.2.5 ॺёளך compactness .ӳ的拓樸性質ࡐࢂ

Corollary 3.2.6. ଷ೛ X,Y ࣁ homeomorphic topological space, ߾ X ࢂ compact ऩЪ୤
ऩ Y ࢂ compact.

Proof. Ӣ X,Y ࢂ homeomorphic, Ӹӧࡺ homeomorphism f : X → Y, 以及ځϸڄኧ
f −1 : Y → X ࣁࣣ continuous Ъࣁ onto. ӢԜҗ Proposition 3.2.5 ޕ X ࢂ compact ک Y ࢂ

compact .฻ሽ的ࢂ �

ௗΠٰךॺ௖૸ compactness ᆶ disjoint union topology, product space topology 以及
quotient space topology 的ᜢ߯. २ӃךॺԵቾ disjoint union. ଷ೛ X,Y ೿ࢂ compact
topological space, ցࢂ X ⨿ Y ٬Ҕ disjoint union topology ཮ࢂ compact ?ګ เਢۓޭࢂ
的.

Proposition 3.2.7. ଷ೛ X,Y ࣁ topological space. Եቾ disjoint union space X ⨿ Y, ߾
X ⨿ Y ࢂ compact ऩЪ୤ऩ X,Y ࣁࣣ compact.

Proof. ଷ೛ X ⨿ Y ࢂ compact. ౜Һڗ S ࢂ X 的 open cover. җܭჹҺཀ S ∈ S, з
S ′ = {(s, 1) | s ∈ S }. Ԝਔ S ′ 以及 Y ′ = {(y, 2) | y ∈ Y} ࣁࣣ X ⨿ Y 的 open sets, ॺளך
{S ′ | S ∈ S}∪ {Y ࢂ{′ X⨿Y 的 open cover (ջ X⨿Y =

∪
S∈S S ′∪Y ′). Ξҗ X⨿Y ࢂ compact,

Ӹӧҗޕॺך {S ′ | S ∈ S} ∪ {Y ′} ள的܌ finite subcover {S ′1, . . . , S ′n,Y ′}, ύځ S i ∈ S. Ψ൩ࢂ
ᇥ X ⨿ Y =

∪n
i=1 S ′i ∪ Y ′. ӢԜள X =

∪n
i=1 S i, ҭջӸӧ S ள܌ X 的 finite subcover, ள᛾

X ࢂ compact. ӕ౛ёள Y ҭࣁ compact.

ϸϐ, ଷ೛ X,Y ࣁࣣ compact topological space. Եቾ injective function ϕ1 : X → X⨿Y,
ࣁကۓ ϕ1(x) = (x, 1), ∀ x ∈ X. Ԝਔ٩ disjoint union topology 的ۓက, Һཀ X ⨿ Y 的 open
set S ࣣёࣁ߄ S = U ⨿ V, ύځ U,V ϩձࣁ X,Y 的 open set. ӢԜҗ ϕ−11 (S ) = U, ள ϕ1

ࢂ continuous function. ౜ԵቾҺཀ X ⨿ Y 的 open cover S, җܭ X ⨿ Y =
∪

S∈S S , ॺԖך

X = ϕ−11 (X ⨿ Y) = ϕ−11 (
∪
S∈S

S ) =
∪
S∈S

ϕ−11 (S ).
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Ψ൩ࢂᇥ {ϕ−11 (S ) | S ∈ S} ཮ࢂ X 的 open cover. ӢԜ٩ X ࣁ compact 的ଷ೛ޕ, Ӹӧ
S 1, . . . , S n ∈ S ٬ள ϕ−11 (S 1), . . . , ϕ

−1
1 (S n) җࣁ {ϕ−11 (S ) | S ∈ S} ள܌ X 的 finite subcover, ҭ

ջ

X =
n∪

i=1

ϕ−11 (S i) = ϕ−11 (
n∪

i=1

S i).

ӕ౛, з ϕ2 : Y → X ⨿ Y, ࣁကۓ ϕ2(y) = (y, 2), ∀ y ∈ Y. ޕॺך {ϕ−12 (S ) | S ∈ S} ཮
ࢂ Y 的 open cover. ӢԜ٩ Y ࣁ compact 的ଷ೛, ډפॺΨёך S ′1, . . . , S

′
m ∈ S ٬ள

ϕ−12 (S ′1), . . . , ϕ
−1
1 (S ′m) җࣁ {ϕ−12 (S ) | S ∈ S} ள܌ Y 的 finite subcover, ҭջ

Y =
m∪

j=1

ϕ−12 (S ′j) = ϕ−12 (
m∪

j=1

S ′j).

以ԜਔԵቾ܌ S 1, . . . , S n, S ′1, . . . , S
′
m ⊆ S, җܭ

ϕ−11 ((
n∪

i=1

S i) ∪ (
m∪

j=1

S ′j)) = X, ϕ−12 ((
n∪

i=1

S i) ∪ (
m∪

j=1

S ′j)) = Y,

ॺளך (
∪n

i=1 S i) ∪ (
∪m

j=1 S ′j) = X ⨿ Y. ඤ言ϐ, S 1, . . . , S n, S ′1, . . . , S
′
m җࢂ S ள܌ X ⨿ Y 的

finite subcover. ள᛾ X ⨿ Y ࢂ compact. �

ஒݤॺё以ҔኧᏢᘜયך Proposition 3.2.7 ௢ቶډԖज़ӭঁ topological spaces 的
disjoint union space 的௃ݩ. όၸ೭ӧคጁӭঁ的௃ݩ൩όჹΑ. ٣ჴ΢, คጁӭঁޜߚ的
topological spaces ԋ的܌ disjoint union space ،ό཮ࢂ compact.

Question 3.18. ଷ೛ I 一ঁคጁ的ࣁ index set, ЪჹҺཀ i ∈ I, Xi 的ޜߚࢂ topological
space. ၂ᇥܴ disjoint union space ⨿i∈IXi όࢂ compact topological space. (Hint: ჹ i ∈ I,
X′i = {(x, i) | x ∈ Xi} ࢂ ⨿i∈IXi 的 open set. Եቾ {X′i }i∈I ೭一ঁ ⨿i∈IXi 的 open cover.)

ௗΠٰךॺाፋ product space 的௃׎. Product space ၨഞྠϐೀӧܭѬ的 topology
໻ځޕ basis ,Ֆࣁ คڀݤᡏඔॊځ open sets. Զ compact 的性質ࢂԵቾ open cover, Ψ൩
一૓的ࢂ open sets 的ᙟᇂ௃׎, .以ೀ౛ଆٰԖ些඿Ћ܌ Π一ঁ性質൩ё以լܺ೭ঁ֚ᜤ,
Ѭ֋ນךॺόѸԵቾ܌Ԗ的 open cover, ѝाۓڰ一ಔ basis Եቾ܌Ԗҗ೭ಔ basis ԋ׎܌
的 open cover ջё.

Lemma 3.2.8. ଷ೛ X ࢂ topological space, Ъ B ࢂ X 的一ಔ basis. ऩჹҺཀ X 的 open
cover U ⊆ B ࣣёளډҗ U ள的܌ finite subcover, ߾ X ࢂ compact.

Proof. ჹҺཀࢂॺ的฼ౣך X 的 open cover S ाஒځჹᔈډ一ಔҗ B 的ϡન܌ಔԋ的
open cover U, ฅࡕճҔҗ U ள的܌ finite subcover, ளډҗ S ள的܌ finite subcover. Ӣ
Զள᛾ X ࢂ compact.

ჹҺཀ X 的 open cover S ύ的ϡન S ∈ S, җܭ S ࢂ open, ٩ࡺ basis 的ۓကޕӸӧ
US ⊆ B ᅈى S =

∪
U∈US U. җܭ S ࢂ X 的 open cover, ॺԖך

X =
∪
S∈S

S =
∪
S∈S

( ∪
U∈US

U
)
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ӢԜऩз U = {U ∈ B | U ∈ US , S ∈ S}, ߾ U ⊆ B ൩ࢂ X 的一ঁ open cover. ӢԜҗ
ଷ೛ޕӸӧԖज़ӭঁ U1, . . . ,Un ∈ U ཮ࢂҗ U ள的܌ finite subcover, ҭջ ∪n

i=1 Ui = X.
ΞჹҺཀ i = 1, . . . , n, Ui ∈ U, ҭջӸӧ S i ∈ S ᅈى Ui ∈ US i . ฅԶҗ྽߃ US i 的ۓက,
ॺԖך S i =

∪
U∈US i

U, ޕࡺ Ui ⊆ S i. ӢԜள
∪n

i=1 Ui ⊆
∪n

i=1 S i, ள᛾ X =
∪n

i=1 S i, ҭջ
S 1, . . . , S n ∈ S җࢂ S ள的܌ finite subcover. �

ک connected 的௃࣬׎ӕ, product space ٩ฅૈ࡭ߥ compact 的性質. Ψ൩ࢂᇥ, ऩ
X,Y ࣁࣣ compact topological space, ߾ product space X × Y ҭࣁ compact, ೭൩܌ࢂᒏ的
Tychonov’s Theorem. ٣ჴ΢೭ঁۓ౛ϸӛΨࢂჹ的, .౛ۓॺஒϐቪԋ以Π的ך

Theorem 3.2.9. ଷ೛ X,Y 的ޜߚࢂ topological spaces, Եቾ produce space X×Y. ߾ X×Y

ࢂ compact ऩЪ୤ऩ X,Y ࣁࣣ compact.

Proof. २Ӄೀ౛ X×Y ࢂ compact的௃׎,Ԝਔҗܭ projection π1 : X×Y → Xࢂ continuous
Ъࣁ onto, җ Proposition 3.2.5 ޕ X ࢂ compact. ӕ౛Եቾ projection π2 : X × Y → Y, ё
ள Y ҭࣁ compact.

ௗΠٰךॺ᛾ܴ Tychonov’s Theorem, ջऩ X,Y ࣁࣣ compact, ߾ product space X × Y

ҭࣁ compact. җ product space topology 的ۓက, ऩ TX ,TY ϩձࣁ X,Y 的 topology, ߾
B = {U × V | U ∈ TX , V ∈ TY } ൩ࢂ X × Y 的一ಔ basis. җ Lemma 3.2.8, ॺा᛾ܴҺՖҗך
B 的ϡન܌ಔԋ X × Y 的 open coverW ⊆ B, ೿ёډפҗW ள܌ X × Y 的 finite subcover.
ӣ៝, ჹܭҺཀ y0 ∈ Y, ॺԖך continuous function hy0 : X → X × Y, ࣁကۓ hy0(x) = (x, y0).
౜җW ࣁ X × Y 的 open cover, ॺԖך

X = h−1y0 (X × Y) = h−1y0 (
∪

W∈W
W) =

∪
W∈W

h−1y0 (W).

Ψ൩ࢂᇥ, ऩз U = {h−1y0 (W) | W ∈ W}, ߾ U ཮ࢂ X 的 open cover. ӢԜҗ X ࢂ compact
的ଷ೛, ॺёளך h−1y0 (W1), . . . , h−1y0 (Wn) ∈ U җࢂ U ள܌ X 的 finite subcover. җ؂ܭ
ঁ Wi ∈ W ⊆ B, ॺԖך Wi = Ui × Vi, ύځ Ui,Vi ϩձࣁ X,Y 的 open set. ॺΞёך
ଷ೛ y0 ∈ Vi, ∀ i = 1, . . . , n, ց߾ h−1y0 (Ui × Vi) ཮ޜࢂ໣ӝ, ё以௭ѐ. ٩Ԝଷ೛, ॺԖך
h−1y0 (Wi) = h−1y0 (Ui × Vi) = Ui, ∀ i = 1, . . . , n, ӢԜள ∪n

i=1 Ui = X. ќ外, җܭ೭္ளډ的 Wi

ࣣᆶ y0 Ԗᜢ, ॺзWy0ך = {W1, . . . ,Wn} ⊆ W. ཀݙ Vi ࣁࣣ y0 的 open neighborhood, Ӣ
Ԝךॺз Vy0 =

∩n
i=1 Vi. Ԝਔ Vy0 ϝࣁ y0 的 open neighborhood Ъᅈى

X × Vy0 ⊆ (
n∪

i=1

Ui) × Vy0 ⊆
n∪

i=1

(Ui × Vy0) ⊆
n∪

i=1

(Ui × Vi) =
∪

W∈Wy0

W.

౜ჹҺཀ y = Y, ॺࣣүྣ前य़ך y0 的௃ݩளډ一ঁ y 的 open neighborhood Vy 以及

一ಔԖज़໣ӝWy = {Wi ∈ W | i ∈ Iy}, ύځ Iy ,一ঁԖज़໣ӝࢂ ᅈى

X × Vy ⊆
∪

W∈Wy

W. (3.1)
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җܭჹҺཀ y ∈ Y,ࣣԖ Vy ࣁ y的一ঁ open neighborhood,ޕV = {Vy}y∈Y ࢂ Y 的一ঁ open
cover. җࡺ Y ࢂ compact 的ଷ೛ޕӸӧԖज़ӭঁ y1, . . . , ym ∈ Y, ᅈى Y = Vy1 ∪ · · · ∪ Vym .
നࡕ, ॺा᛾ܴWy1ך ∪ · · · ∪Wym ⊆ W ൩ࢂҗW ள܌ X × Y 的 finite subcover.

ჹҺཀ (a, b) ∈ X × Y. җܭ Y = Vy1 ∪ · · · ∪ Vym , ॺளך b ∈ Vyr , ύځ 1 ≤ r ≤ m. ΞWyr

ᅈىԄη (3.1), җࡺ (a, b) ∈ X × Vyr ள᛾ (a, b) ∈ ∪W∈Wyr
W. �

ஒݤॺё以ҔኧᏢᘜયך Theorem 3.2.9 ௢ቶډԖज़ӭঁ topological spaces 的 product
space 的௃ݩ. ٣ჴ΢ѬΨё以௢ቶډคጁӭঁ topological spaces 的 product space 的௃
,ݩ όၸѬ的᛾ܴ౐ੋډ axiom of choice, ೭္൩όӭፋΑ.

ჹܭ compact ᆶ quotient space 的ᜢ߯, .ॺԖ以Π的่݀ך

Proposition 3.2.10. ଷ೛ X ࢂ topological spacesЪ ࢂ∽ X ΢的一ঁ equivalence relation.
ऩ X ࢂ compact, ߾ quotient space X/∼ ҭࣁ compact.

Proof. җ quotient space topology 的ۓကޕ quotient map q : X → X/∼ ࢂ onto 的 contin-
uous function. ӢԜҗ X ࢂ compact 以及 Proposition 3.2.5 ޕ X/∼ ҭࣁ compact. �

Question 3.19. ଷ೛ X ࢂ topological spaces Ъ ∼ ࢂ X ΢的一ঁ equivalence relation. ऩ
quotient space X/∼ ࢂ compact, ցё௢ளࢂ X ҭࣁ compact?

3.2.2. Compact Subsets. ک connected subset 的ཷ࣬ۺӕ, ჹܭ一ঁ topological space
΢的 subset ॺϝճҔך subspace topology ஒϐຎࣁ一ঁ topological space, ӆٰ௖૸ࢂځ
ցࣁ compact.

Definition 3.2.11. ଷ೛ X ࢂ topological spaces Ъ S ځࣁ subset. ऩӧԵቾ subspace
topology ஒ S ຎࣁ topological space ϐΠ, S ࢂ compact space, ᆀ߾ S ࢂ X 的 compact
subset; ց߾ᆀϐࣁ non-compact subset.

ճҔ subspace ᆶೱុڄኧ的ᜢ߯以及 Proposition 3.2.5, .ॺଭ΢Ԗ以Π的่݀ך

Proposition 3.2.12. ଷ೛ X,Y ࣁ topological spaces Ъ f : X → Y ࣁ continuous function.
ऩ S ⊆ X ࢂ X 的 compact subset, ߾ f (S ) ࢂ Y 的 compact subset.

Ҕೱុڄኧٰ૸論一ঁ໣ӝࢂցࣁ compact ٠όࢂ࿤ૈ的, ঁٿॺा௖૸ךӵ྽ٯ
compact subsets 的ᖄ໣ࢂցࣁ compact ਔ, ൩ό৒ܰҔೱុڄኧ的Бݤೀ౛. 以ӧ௖૸܌
一些 compact subset 的性質ਔ, ۈॺϝाӣᘜচך compact 的ۓက. வ Definition 3.2.11,
ऩޕॺך S ⊆ X ࢂ compact, Ԗ܌Ңჹ߄ S 的 open cover U, ࣣӸӧ U1, . . . ,Un ∈ U ᅈى
S =

∪n
i=1 Ui. ೭္җ٬ܭҔ subspace topology, ऩ T ࣁ X 的 topology, ჹҺཀ߾ U ∈ U,

ࣣӸӧ U′ ∈ T ᅈى U = U′ ∩ S . ΨӢԜऩз U′ = {U′ ∈ T | U′ ∩ S ∈ U}, ߾ U ࢂ S 的

open cover, ջ S =
∪

U∈U U, Ψё߄ԋ

S =
∪

U′∈U′
(U′ ∩ S ) =

( ∪
U′∈U′

U′
)
∩ S ,
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ҭջ S ⊆ ∪U′∈U′ U′. ӕ౛, ऩз U′i ࣁ X 的 open set ᅈى Ui = U′i ∩ S , ߾ S =
∪n

i=1 Ui ൩

฻ӕܭ S ⊆ ∪n
i=1 U′i . ඤѡ၉ᇥ, U ࢂ S 的一ঁ open cover, ൩฻ӕܭӸӧ๱ X ΢的 open

set ԋ的໣ӝ܌ U′ ᅈى S ⊆ ∪U′∈U′ U′. ӕኬ的Ӹӧҗ U ள܌ S 的 finite subcover, ൩฻
ӕܭӸӧ U′1, . . . ,U

′
n ∈ U′ ٬ள S ⊆ ∪n

i=1 U′i . ӢԜ, ,ـଆߡΑБࣁ ॺஒך open cover 的ཷ
.໔的η໣ӝ΢ޜ一૓拓樸ډ௢ቶۺ

Definition 3.2.13. ଷ೛ X ࢂ topological space, Ъ T ځࣁ topology, Ξଷ೛ S ࣁ X 的

subset. ऩ U ⊆ T (ջ U җࢂ open sets .(ԋ的໣ӝ׎܌ ᅈى S ⊆ ∪U∈U U, ᆀ߾ U ࢂ S

的一ঁ open cover. Ξऩ U′ ⊆ U Ъ U′ ϝࣁ S 的 open cover (ջ S ⊆ ∪U∈U′ U), ᆀ߾ U′

җࣁ U ள܌ S 的 subcover. 特ձ的, ྽ U′ ѝԖԖज़ӭঁϡનਔ, ॺΞᆀך U′ җࣁ U ܌
ள S 的 finite subcover.

ӆமፓ一ԛ, ೭္ U ࢂ S 的 open cover ࢂ的ࡰ S ⊆ ∪U∈U′ U, Զόࢂ S =
∪

U∈U′ U (ց
߾ S ѝૈࢂ X 的 open set). ٩Ԝۓကךॺଭ΢Ԗ以Π compact subset 的฻ሽచҹ.

Proposition 3.2.14. ଷ೛ X ࢂ topological space, Ъଷ೛ S ࣁ X 的 subset. ߾ S ࢂ X 的

compact subset ऩЪ୤ऩҺཀҗ X 的 open sets ಔԋ S 的 open cover U ࣣӸӧ๱җ U ܌
ள S 的 finite subcover.

Question 3.20. ӧ topological space X ύޜ໣ӝ ∅ ࣁցࢂ compact subset?

ճҔ Proposition 3.2.14 ঁٿё以ೀ౛ߡॺך compact subset 的ᖄ໣ࢂցࣁ compact
的ୢᚒ. ଷ೛ S 1, S 2 ࣁࣣ topological space X 的 compact subset. ౜Եቾ S 1 ∪ S 2 的Һ

ཀ open cover U. җܭ U ҭࣁ S 1 的 open cover, ٩ࡺ S 1 ࢂ compact 的ଷ೛ޕ, Ӹӧ
U1, . . . ,Un ∈ U җࢂ U ள܌ S 1 的 finite subcover. ӕ౛ёள U′1, . . . ,U

′
m ∈ U җࢂ U ள܌

S 2 的 finite subcover. җࡺ S 1 ⊆
∪n

i=1 Ui 以及 S 2 ⊆
∪m

j=1 U′j, ள

S 1 ∪ S 2 ⊆ U1 ∪ · · · ∪ Un ∪ U′1 ∪ · · · ∪ U′m,

ҭջ U1, . . . ,Un,U′1, . . . ,U
′
m ∈ U җࢂ U ள܌ S 1 ∪ S 2 的 finite subcover. ॺ᛾ܴΑ以Πך

的ۓ౛.

Proposition 3.2.15. ଷ೛ X ࣁ topological space Ъ S 1, S 2 ࣁ X 的 compact subsets. ߾
S 1 ∪ S 2 ࢂ X 的 compact subset.

Question 3.21. ଷ೛ X ࣁ topological space ЪჹܭҺཀ i ∈ N, S i ࣁ X 的 compact subset.
၂᛾ܴჹ܌Ԗ n ∈ N, ∪n

i=1 S i ࢂ X 的 compact subset. ցࢂ ∪∞i=1 S i ࢂ X 的 compact subset
?ګ

ঁٿ compact subsets 的Ҭ໣ࢂցࣁ compact 的ګ? 一૓ٰᇥࢂցۓ的. όၸӢࣁӧ一
૓εৎಞᄍ的 metric space ύ೭཮ࢂჹ的 (ۭΠ཮ϟಏ), .ηό৒ܰٯ的ۓցډפ以ा܌ ӧ
Ԝךॺ特ձϟಏ一ঁٯη.
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Example 3.2.16. Եቾ᏾ኧ Z ӆу΢ٿᗺ x+∞, x−∞ ԋ的໣ӝ܌ X. ॺӧך X ΢ۓက拓樸 T
ӵΠ:

T = {S | S ⊆ Z} ∪ {{x+∞} ∪ Z} ∪ {{x−∞} ∪ Z} ∪ {{x+∞, x−∞} ∪ Z}.
৒ܰᡍ᛾ࡐ T ࢂ X 的 topology. Եቾ S + = {x+∞} ∪ Z 以及 S − = {x−∞} ∪ Z. җܭ X ύх֖

x+∞ 的 open set ໻Ԗ S + 以及 X, 以ҺՖ܌ S + 的 open cover U Ѹх֖ S + ܈ X, ӢԜӧ
U ύѝाᒧр S + ܈ X җࢂύ一ঁ൩཮ځ U ள܌ S + 的 finite subcover, ள᛾ S + ࢂ X 的

compact subset. ӕ౛ S − Ψ཮ࢂ X 的 compact subset. όၸךॺԖ S + ∩ S − = Z, ฅԶჹ
Ԗ܌ z ∈ Z, {z} ࢂ X 的 open set. ӢԜ V = {{z} ∈ T | z ∈ Z} ࢂ Z 的一ঁ open cover, ՠࢂӧ
V ύόёૈډפ Z 的 finite subcover (Ӣ Z Ԗคज़ӭঁϡન). ӢԜ Z όࢂ X 的 compact
subset. ٩Ԝঁٿޕ compact subsets 的Ҭ໣҂Ѹࢂ compact.

,ॺම࿶ග及ך 一૓ٰᇥό৒ܰղۓ一ঁ໣ӝࢂցࣁ compact, όၸԖ些特殊ݩރϐΠ,
.৒ܰղձ的ࢂ २Ӄךॺ࣮以Π的௃ݩ.

Proposition 3.2.17. ଷ೛ X ࢂ compact topological space Ъ S ࢂ X 的 closed subset, ߾
S ࢂ X 的 compact subset.

Proof. Һڗ S 的一ঁ open cover U, ջ U җࢂ X 的一些 open sets ىಔԋЪᅈ܌
S ⊆ ∪U∈U U. ౜Ӣ S ࢂ closed, ࡺ S c ࢂ X 的 open set. Ԝਔ

X = S ∪ S c ⊆
(∪
U∈U

U
)
∪ S c,

Ψ൩ࢂᇥU∪{S c}ࢂ X的一ঁ open cover,ࡺҗ Xࣁ compactϐଷ೛,ޕӸӧ U1, . . . ,Un ∈ U
ᅈى X ⊆ U1 ∪ · · · ∪ Un ∪ S c (ёૈόሡ S c όၸӭ一ঁϝࣁԖज़, ٠ค֫ᛖ). Ԝਔ
S ⊆ U1∪· · ·∪Un,ޕࡺ {U1, . . . ,Un}ࢂҗU܌ள S 的 finite subcover,ள᛾ S ࢂ compact. �

ջ٬ X όࢂ compact, ॺϝё঺Ҕך Proposition 3.2.17 ډ X 的 compact subset ΢Ӣ
ࣁ X 的 compact subset ऩճҔ subspace topology ൩ࢂ一ঁ compact topological space.

Corollary 3.2.18. ଷ೛ X ࢂ topological space, S ࣁ X 的 compact subset. ऩ C ࢂ X 的

closed subset ߾ C ∩ S ࢂ X 的 compact subset.

Proof. Եቾ S ࣁ X 的 subspace, ٩ compact subset 的ۓက S 一ঁࢂ compact topological
space. Ξ٩ subspace topology 的ۓက C ∩ S ཮ࢂ S 的 closed subset, ӢԜҗ Proposition
,ޕ3.2.17 C ∩ S ཮ࢂ S 的 compact subset. ඤѡ၉ᇥऩ C ∩ S ٬Ҕ S 的 subspace topology,
C ∩ S ཮ࢂ compact topological space. ՠࢂ C ∩ S ⊆ S ⊆ X, ஒ C ∩ S ຎࣁ X 的 subspace
ࢂ܈ S 的 subspace, ځ topology ࣣ࣬ӕ. ΨӢԜޕ C ∩ S ࢂ X 的 compact subset. �

Question 3.22. ၂ޔௗճҔ open cover ࣣӸӧ๱ finite subcover 的論ॊ᛾ܴ Corollary
3.2.18

Compact topological space Ԗ೚ӭ的ӳೀ, ྽一ঁ topological space όࢂ compact ਔ,
,ԛځॺ཮ଏԶ؃ך ௖૸ࢂځցࣁ locally compact. Locally compact topological space ӧኧ
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Ꮲϩ݋ሦୱύࢂதၶډЪख़ा的 topological space, ӵٯ R ӧ standard topology ϐΠόࢂ
compact ՠࢂࢂ locally compact. ѬԖ೚ӭϩ݋΢ख़ा的性質, Ӣᆶҁፐำคᜢ, ӧԜךॺ
໻ϟಏۓځက. εৎό֫Кၨ一ΠѬک locally connected 的ۓက (Definition 3.1.18)

Definition 3.2.19. ଷ೛ X ࣁ topological space. ऩჹҺཀ a ∈ X 及ځҺཀ的 open
neighborhood U ࣣӸӧ a的 open neighborhood V 以及 compact subset C ᅈى V ⊆ C ⊆ U.
ᆀ߾ X ࣁ locally compact space.

3.2.3. HeineȉBorel Theorem. ӧ Rn 的 standard topology ϐΠԖ一ঁղᘐ一ঁ໣ӝࢂ
ցࣁ compact Бݤ, ջ HeineȉBorel Theorem. җܭ Rn ,໔ޜεৎനதௗ᝻的拓樸ࢂ ೭္
.ॺ特ձϟಏѬך

ӣ៝ӧ Rn 的 standard topology, ஒѬ࣮ԋࢂॺך metric space. ೭္ךॺҔ的 metric
ࢂ d(x, y) =

√
(x1 − y1)2 + · · ·+ (xn − yn)2, ύځ x = (x1, . . . , xn), y = (y1, . . . , yn). ΞჹҺཀ

a ∈ Rn, r > 0, ကۓॺך B(a; r) = {x ∈ Rn | d(x, a) < r}. ճҔ೭ኬ的܌Ԗёૈ的 a ∈ Rn, r > 0

ள的܌ B(a; r) ࣁ basis ԋ的׎܌ topology ࢂߡ Rn 的 standard topology, 一૓ךॺᆀ೭ᅿ
特ۓ的拓樸ޜ໔ࣁ Euclidean Space. HeineȉBorel Theorem ᇥࢂ Euclidean space Rn ΢的

一ঁη໣ӝ S ࢂ compact ऩЪ୤ऩ S ࢂ closed Ъ bounded. ೭ঁ฻ሽచҹ的一ঁБӛόሡ
Euclidean Space, ѝाࢂ一૓的 metric space ൩཮ԋҥ, ॺவ一૓的ך以܌ metric space ໒
.ፋଆۈ २ӃךॺሡۓကՖᒏ bounded (Ԗ界).

Definition 3.2.20. ଷ೛ X 以ࣁ metric d ள的܌ metric space Ъଷ೛ S ࣁ X 的 subset.
ऩӸӧ a ∈ X 以及 r > 0 ٬ள S ⊆ B(a; r) = {x ∈ X | d(x, a) < r}, ᆀ߾ S ࣁ bounded.

εৎाݙཀ bounded 的ཷۺѝԖӧ metric space ωԖ, ӧ一૓的 topological space ࢂ
ؒԖ的. җԜۓက, ӧ R 的௃ݩ, ၰޕॺך S ⊆ R ࢂ bounded ൩฻ӕܭ S Ԗ΢界 (upper
bound) ΨԖΠ界 (lower bound). ќ外 S ⊆ B(a; r) 的 a, r ,ۓڰߚ٠ ڗӵऩٯ r′ > r, ߾
S ⊆ B(a; r′) ٩ฅԋҥ. ќ外ךॺΨёҺڗ b ∈ X, Ԝਔз r′ = r + d(a, b) > 0, ҭёள
S ⊆ B(b; r′), ೭ࢂӢࣁऩ x ∈ B(a; r), Ң߄ d(x, a) < r, ளࡺ d(x, b) ≤ d(x, a) + d(a, b) < r′, ҭ
ջ B(a; r) ⊆ B(b; r′). ௗΠٰ, ॺ௖૸ך compact ک bounded 的ᜢ߯.

Proposition 3.2.21. ଷ೛ X ࣁ metric space Ъ S ࣁ X 的 compact subset, ߾ S ࢂ X 的

bounded subset.

Proof. Һڗ一ۓڰ r > 0, Եቾ U = {B(s; r) | s ∈ S }, Ӣࣁ೭些 B(s; r) ࢂ X 的 open
set, Ъ S ⊆ ∪B∈U B, ࡺ U ࢂ S 的 open cover. ӢԜҗ S ࢂ compact 的ଷ೛ޕ, Ӹӧ
s1, . . . , sn ∈ S ٬ள S ⊆ B(s1; r)∪ · · · ∪ B(sn, r). з r′ = r +max{d(s1, s2), . . . , d(s1, sn)} > 0, ߾
B(si; r) ⊆ B(s1; r′), ∀ i = 1, . . . , n. ள᛾ S ⊆ B(s1; r′), ջ S ࢂ bounded. �

ௗΠٰ, ॺ௖૸ך compact ک closed 的ᜢ߯.

Proposition 3.2.22. ଷ೛ X ࣁ metric space Ъ S ࣁ X 的 compact subset, ߾ S ࢂ X 的

closed subset.
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Proof. ॺ᛾ܴך S c ࢂ X 的 open subset. Һڗ x ∈ S c, ჹܭ s ∈ S , з rs = d(x, s)/2. җ
ܭ s , x, ॺԖך rs > 0. Եቾ U = {B(s, rs) | s ∈ S }, Ӣࣁ೭些 B(s; rs) ࢂ X 的 open set,
Ъ S ⊆ ∪B∈U B, ࡺ U ࢂ S 的 open cover. ӢԜҗ S ࢂ compact Ӹӧޕ s1, . . . , sn ∈ S ٬

ள S ⊆ B(s1; rs1) ∪ · · · ∪ B(sn, rsn). ཀჹҺཀݙ i = 1, . . . , n, B(si, rsi) ∩ B(x, rsi) = ∅, ऩзࡺ
U = B(x; rs1) ∩ · · · ∩ B(x; rsn), ߾ U = B(x; r) ύځ r = min{rs1 , . . . , rsn} > 0 Ъᅈى

U ∩ (B(s1; rs1) ∪ · · · ∪ B(sn, rsn)) = ∅.

ӢԜள U ∩ S = ∅, ҭջ U ࢂ x ∈ S c 的 open neighborhood Ъᅈى U ⊆ S c. ள᛾ S c ࢂ X

的 open subset, ҭջ S ࢂ X 的 closed subset. �

่ӝ Proposition 3.2.21以及 Proposition ၰӧޕॺך,3.2.22 metric spaceύ的 compact
subset ࢂ closed Ъ bounded. ॺஒך Proposition 3.2.21 以及 Proposition 3.2.22 ϩ໒ٰ૸
論的চӢࢂ Proposition 3.2.21 一ۓाӧ metric space ω཮ԋҥ (Ӣࣁ bounded 的ۓက);
Զ Proposition 3.2.22 ٠όሡाҔډ metric space ೭ሶம的ଷ೛. ٣ჴ΢வѬ的᛾ܴךॺ
ё以࣮рѝा拓樸ޜ໔ύ的࣬౦ٿᗺ೿ё以ډפό࣬Ҭ的 open neighborhood, ൩ё以ள᛾
compact subset 一ࢂۓ closed. ೭ኬ的性質, ൩܌ࢂᒏ Hausdorff 的性質, 以ךࡕॺ཮၁ፋ.

ӧ R ύ closed Ъ bounded 的໣ӝ, Ԗ一ঁ特性, ൩ࢂ཮Ԗཱུεॶᆶཱུλॶ. ॺा᛾ܴך
೭ঁ性質, ٠௢ளೱុڄኧ的ཱུॶۓ౛ (Extreme Value Theorem).

Lemma 3.2.23. Եቾ R 的 standard topology. ଷ೛ S ࢂ R 的 compact subset, Ӹӧ߾
a, b ∈ S ᅈى a ≤ s ≤ b,∀ s ∈ S .

Proof. ჴኧډॺ٩ฅाҔך least upper bound 以及 greatest lower bound 的性質. ౜Ӣ S

ࢂ compact, ޕॺך S ࢂ closed Ъ bound, ӢԜ S Ԗ΢界及Π界. з a, b ∈ R ϩձࣁ S 的

greatest lower bound ک least upper bound. ӢԜள a ≤ s ≤ b. ௗ๱ךॺाճҔ S ࢂ closed
᛾ள a, b ∈ S . җܭ aࢂ S 的 greatest lower bound,ӢԜჹҺཀ ε > 0, a+εόࢂ S 的 lower
bound, ҭջӸӧ s ∈ S ᅈى a ≤ s ≤ a+ ε, Ψ൩ࢂᇥ (a− ε, a+ ε)∩ S , ∅. ჹҺཀ a 的 open
neighborhood U, җܭѸёډפ ε > 0 ᅈى (a − ε, a + ε) ⊆ U ޕࡺ U ∩ S , ∅. ඤѡ၉ᇥ, ך
ॺԖ a ∈ cl(S ). ՠӢ S ࢂ closed, ॺԖך S = cl(S ), ள᛾ࡺ a ∈ S . ӕ౛ё᛾ b ∈ S . �

ჹڄܭኧ f : X → Rऩךॺёډפ a ∈ X ᅈى f (a) ≤ f (x), ∀ x ∈ X, ᆀ߾ f Ԗཱུλॶ (ว
ғӧ a). ӕኬ的ऩёډפ b ∈ X ᅈى f (x) ≤ f (b), ∀ x ∈ X, ᆀ߾ f Ԗཱུεॶ (วғӧ b). 一
,ኧ的ཱུεॶڄঁ ཱུλॶߡᆀځࣁ extreme value. ೱុڄኧ的 Extreme Value Theorem ᇥ
的ࢂ一ঁࢀ৔ډჴኧ的ೱុڄኧ, ऩज़ڋӧۓကୱ的 compact subset ϐΠ, ཱུॶѸۓӸӧ.

Theorem 3.2.24 (Extreme Value Theorem). ଷ೛ X ࣁ topological space ЪԵቾ R 的
standard topology. ऩ f : X → R ࢂ continuous, Ъ S ࢂ X 的 compact subset, Ӹӧ߾
a, b ∈ S ᅈى f (a) ≤ f (s) ≤ f (b), ∀ s ∈ S .

Proof. ٩ S ࣁ compact 的ଷ೛, Proposition 3.2.12 ֋ນךॺ f (S ) ཮ࢂ R 的 compact
subset. ӢԜҗ Lemma 3.2.23 Ӹӧޕ r, t ∈ f (S ) ᅈى r ≤ f (s) ≤ t, ∀ s ∈ S . Ӣ r, t ∈ f (S ), ࡺ
Ӹӧ a, b ∈ S ᅈى f (a) = r, f (b) = t. ள᛾ҁۓ౛. �
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ाݙཀ Proposition 3.2.21 以及 Proposition 3.2.22 的ϸӛ٠ό҅ዴ, Ψ൩ࢂӧ一૓的
metric space ύ一ঁ closed and bounded subset ҂Ѹ཮ࢂ compact (ۭΠךॺ཮๏一ঁٯ
η). ೭ѝԖӧ Rn 的 standard topology ϐΠωޭۓ཮ԋҥ. २Ӄךॺ࣮ӧ R 的௃ݩ.

Lemma 3.2.25. Եቾ R 的 standard topology. ऩ a, b ∈ R Ъ a < b, ഈ୔໔߾ [a, b] ࢂ R

的 compact subset.

Proof. ೭္, ډॺाҔך R complete 的性質 (ֹഢ性). Ψ൩ࢂᇥ一ঁҗჴኧ܌ಔԋ的
Cauchy sequence {an}n (ջᅈىჹҺཀ ϵ > 0, ࣣӸӧ N ∈ N ᅈى |an − am| < ϵ, ∀ n,m > N),
ࣣӸӧ a ∈ R ٬ள limn→∞ an = a.

౜ଷ೛ [a, b] όࢂ compact. Ψ൩ࢂᇥӸӧ一ঁ [a, b] 的 open cover U җډόפ U ள܌
[a, b] 的 subcover. ౜ஒ୔໔ [a, b] ϩԋ [a, (b − a)/2] 以及 [(b − a)/2, b] .ࢤٿ ೭ࢤٿύ一ۓ
Ԗ一ࢤคݤҔ U ύԖज़ӭঁη໣ӝஒϐᙟᇂ, зϐࣁ I1 = [a1, b1]. ௗΠٰஒ I1 ϩԋࢤٿ,
ջ [a1, (b1 − a1)/2] 以及 [(b1 − a1)/2, b1]. ӕኬ的೭ࢤٿύ一ۓԖ一ࢤคݤҔ U ύԖज़ӭঁ
η໣ӝஒϐᙟᇂ, зϐࣁ I2 = [a2, b2]. ӵԜ一ޔΠѐךॺள In = [an, bn] คݤҔ U ύԖज़
ӭঁη໣ӝஒϐᙟᇂ, ύځ bn − an = (b − a)/2n. ډ৒ܰளࡐ {an}n 一ঁࢂ Cauchy sequence.
з limn→∞ an = λ, ॺԖך ∩∞n=1 In = {λ}.

౜җܭ λ ∈ [a, b]Ъ U ࢂ [a, b]的 open cover,ࡺӸӧ U ∈ U ࢂ λ的 open neighborhood.
Ξ܌Ԗ R 的 open interval ࢂ R 的 standard topology 的一ಔ basis, Ӹӧࡺ ϵ > 0, ٬ள
(λ − ϵ, λ+ ϵ) ⊆ U. ౜ڗ n ∈ N ᅈى (b − a)/2n < ϵ, Ԝਔךॺள In ⊆ (λ − ϵ, λ+ ϵ) ⊆ U. Ψ൩
ᇥࢂ In ё以೏ U ύ U ೭一ঁ open set .ᙟᇂ܌ ೭ᆶ྽߃ In ᒧڗਔคݤҔ U ύԖज़ӭঁ
η໣ӝஒϐᙟᇂ的చҹ࣬ҟ࣯, ள᛾ࡺ [a, b] ࢂ R 的 compact subset. �

ௗΠٰ, ाһᒘࢂߡॺך Lemma 3.2.25 ٰᔅךॺ᛾ܴ HeineȉBorel Theorem. җܭ
Lemma 3.2.25 的᛾ܴҔډΑჴኧ的ֹഢ性, ೭Ψࢂ HeineȉBorel Theorem ӧ一૓ metric
space ό一ۓԋҥ的চӢ.

Theorem 3.2.26 (HeineȉBorel Theorem). Եቾ Euclidean space Rn. ऩ S ⊆ Rn ࢂ closed
and bounded, ߾ S ࢂ Rn 的 compact subset.

Proof. २Ӄךॺ૸論 R 的௃׎, ᡣεৎКၨΑှ᏾ঁ᛾ܴ的གྷݤ. ऩ S ⊆ R ࢂ bounded
Ң߄ S Ӹӧ๱΢界 b ᆶΠ界 a, ӢԜޕ S ⊆ [a, b]. Ξҗ Lemma 3.2.25 ޕ [a, b] ࢂ R 的

compact subset, җࡺ S ࣁ closed 以及 Corollary 3.2.18 ޕ S ∩ [a, b] = S ࢂ R 的 compact
subset.

౜ჹ一૓ Rn 的௃ݩ, җ S ࢂ bounded Ӹӧޕ a = (a1, . . . , an) ∈ Rn 以及 r > 0 ٬ள

S ⊆ B(a; r). ౜ჹ܌Ԗ i = 1, . . . , n, з Ii = [ai − r, ai + r]. ԜਔჹҺཀ (x1, . . . , xn) ∈ B(a; r), ך
ॺԖ |ai − xi|2 ≤

∑n
j=1(a j − x j)

2 < r2, ջ xi ∈ Ii, ∀ i = 1, . . . , n. Ψ൩ࢂᇥ B(a; r) ⊆ I1 × · · · × In.
ӢԜޕ S ⊆ I1 × · · · × In. ௗΠٰ, ॺஒᇥܴך I1 × · · · × In ࢂ R

n 的 compact subset, ӢԜҗ
S ࢂ closed 的ଷ೛, ঺Ҕ Corollary 3.2.18 ൩᛾ளΑ S ࢂ Rn 的 compact subset.
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ा᛾ܴ I1 × · · · × In ࢂ R
n 的 compact subset, ॺགྷҔך᝺的ޔࡐ Theorem 3.2.9 (Ty-

chonov’s Theorem). όၸ೭္Ԗٿᗺाᇥܴ. ಃ一: ஒࢂॺך Ii ຎࣁ R 的 subspace (ջҔ
subspace topology) ளډ Ii ࣁ compact space, ӆճҔ Theorem 3.2.9 ளډ I1 × · · · × In ೭ঁ

product space ࢂ compact topological space. ౜ӧୢᚒࢂ I1 × · · · × In ೭ঁ product space ࢂ
ցࢂ R × · · · × R︸        ︷︷        ︸

n

೭ঁ product space的 subspace? ٣ჴ΢؂ঁ Ii ΢的 open set, ೿ࢂ Ii∩Ui,

ύځ Ui ࢂ R 的 open set ೭ኬ的׎Ԅ. ΨӢԜ I1 × · · · × In ೭ঁ product space 的 open set
೿ࢂ (I1 ∩ U1) × · · · × (In ∩ Un) ೭ኬ的׎Ԅ. Կܭ I1 × · · · × In ӧ R × · · · × R︸        ︷︷        ︸

n

೭ঁ product

space 的 subspace topology ᔈࢂ (I1 × · · · × In) ∩ (V1 × · · · × Vn) ೭ኬ的׎Ԅ, ύ؂ঁځ Vi ࢂ

R 的 open set. όၸҗ Cartesian product 的性質, ၰޕॺך

(I1 × · · · × In) ∩ (V1 × · · · × Vn) = (I1 ∩ V1) × · · · × (In ∩ Vn),

ӢԜள I1 × · · · × In ٬Ҕ product space topology ԋ࣮ࢂ܈ R × · · · × R︸        ︷︷        ︸
n

的 subspace topology

.一ठ的ࢂ

ၰΑޕॺך I1 × · · · × In ࢂ product space R × · · · × R︸        ︷︷        ︸
n

的 compact subset. όၸךॺ੿

҅ाޕၰ的ࢂ I1 × · · · × In ࣁցࢂ R
n 的 standard topology (ջ࣮ԋ metric space) ϐΠ的

compact subset? :ࢂߡॺाᇥܴ的ಃΒᗺך以܌ Rn ࣮ԋ product space R × · · · × R︸        ︷︷        ︸
n

࣮ک

ԋ metric space .ցԖ࣬ӕ的拓樸ࢂ ೭ঁୢᚒךॺම࿶ӧ Example 1.5.2 ௖૸ၸ n = 2, ջ
R2 的௃ࢂ׎ჹ的. Կܭ一૓的 n ∈ N Ψࢂӕኬ的௃׎. Rn ٬Ҕ metric space topology, ځ
basis ࣁ B(a; r), ύځ a ∈ Rn, r > 0, Զ product space topology ځ basis ࣁ U1 × · · · ×Un, ځ
ύ؂ঁ Ui ೿ࢂ R 的 open interval. ٣ჴ΢ჹҺཀ (x1, . . . , xn) ∈ B(a; r), ࣣӸӧ ϵ > 0 ٬ள

(x1 − ϵ, x1+ ϵ)× · · · × (xn − ϵ, xn + ϵ) ⊆ B(a; r). ԶჹܭҺཀ x = (x1, . . . , xn) ∈ U1 × · · · ×Un, ҭ
Ӹӧ ε > 0 ٬ள B(x; ε) ⊆ U1 × · · · ×Un. ٩Ԝёள Rn ࣮ԋ product space ک metric space Ԗ
๱࣬ӕ的 topology, ᛾ܴΑࡺ I1 × · · · × In ӧ R

n 的 standard topology ϐΠࢂ compact. �

ॺමග及ך Theorem 3.2.26 ӧ一૓的 metric space ٠ό一ۓԋҥ. .ηٯॺԖ以Π的ך

Example 3.2.27. Եቾ Q ࣁ R 的 standard topology ϐΠ的 subspace. ӧԜ拓樸ϐΠ Q
ҭࣁ metric space. ҭջჹҺཀ x, y ∈ Q, ကۓ d(x, y) = |x − y|, ߾ d ࢂ Q ΢的 metric Ъჹ
ܭ a ∈ Q, r > 0, B(a; r) = {x ∈ Q | |x − a| < r} ཮ࢂԜ metric topology 的一ಔ basis. Եቾ
S = [0, 3]∩Q, ၰޕ৒ܰࡐ S ࢂ Q 的 closed Ъ bounded subset, ॺाᇥܴך S ٠όࢂ Q 的

compact subset.

ॺाճҔך Proposition 3.2.4 ٰೀ౛, Ψ൩ࢂӧ S ύפ一ಔڀԖ finite intersection
property 的 closed sets F , ᅈى ∩F∈F F = ∅, ёள߾ S όࢂ compact. ჹҺཀ n ∈ N,
з In = [

√
2 − (1/n),

√
2 + (1/n)], Եቾ F = {In ∩ Q | n ∈ N}. җܭ In ⊆ [0, 3], ள In ∩ Q ⊆

[0, 3]∩Q = S ,Ψ൩ࢂᇥ F ύ的ϡન೿ࢂ S 的 closed subset. ჹҺཀԖज़ӭঁ F ύ的 closed
set F1, . . . , Fk,җܭჹ i ∈ {1, . . . , k},ࣣӸӧ ni ∈ N٬ள Fi = Ini∩Q,ऩз m = max{n1, . . . , nk},
߾ F1 ∩ · · · ∩Fk = Im ∩Q. җԖ౛ኧ的࿨ஏ性ޕ Im ύѸӸӧ๱Ԗ౛ኧ, ޕࡺ F1 ∩ · · · ∩Fk , ∅,
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Ψ൩ࢂᇥ F Ԗڀ finite intersection property. όၸ∩
F∈F

F =
∞∩

n=1

(In ∩ Q) =
∞∩

n=1

[
√
2 − 1

n
,
√
2 +

1

n
] ∩ Q = {

√
2} ∩ Q = ∅,

᛾ܴΑ S όࢂ compact.

Question 3.23. Եቾ Zࣁ R的 standard topologyϐΠ的 subspace. ӧԜ拓樸ϐΠ Zύ的
closed Ъ bounded subset ࣁցࢂ compact? ΞԵቾ Qc = R \ Q ࣁ R 的 standard topology
ϐΠ的 subspace. ӧԜ拓樸ϐΠ Qc ύ的 closed Ъ bounded subset ࣁցࢂ compact?

3.3. Hausdorff Space

一ঁ topological space ࢂ Hausdorff space 的ཀࢂࡘҺ࣬౦ٿᗺࣣёҔঁٿ open sets ႖܌
໒. ჹ的ࢂᢀ΢ޔӭ拓樸的性質ࡐ ,(ჹۓჴ一૓ٰᇥό一ځ) ೿ࢂӢࣁу΢Α Hausdorff 的
性質ω཮ԋҥ. ӧ೭一࿯ύ, .ॺ特ձ௖૸Ѭ的特性ך

Definition 3.3.1. ଷ೛ X ࢂ topological space. ჹҺཀ X ύ࣬౦ٿᗺ a, b, ऩϩձӸӧ a, b

的 open neighborhood U,V ᅈى U∩V = ᆀ߾,∅ X ࣁ Hausdorff ᆀ܈) separated, T2) space.

,৒࣮ܰрࡐ discrete space 一ࢂۓ Hausdorff, Զ indiscrete space ൩όࢂ Hausdorff.
Կܭ以 d ࣁ metric 的 metric space, җ࣬ܭ౦ٿᗺ a, b ࣣԖຯᚆ, ջ d(a, b) > 0. ӢԜ
ё以ᒧ r = d(a, b)/2 > 0, Ԝਔ B(a; r), B(b; r) ϩձࣁ a, b 的 open neighborhood Ъᅈى
B(a; r) ∩ B(b; r) = ∅, 以܌ metric space 一ࢂۓ Hausdorff space.

җ Hausdorff 的性質ךॺࡐ৒ܰ௢導р一ঁᗺ܌ԋ的໣ӝࢂ closed. ೭ࢂӢࣁऩ X ࣁ

Hausdorff space, Եቾ a ∈ X 以及 S = X \ {a}. ԜਔჹҺཀ b ∈ S , җܭ b , a, җࡺ Hausdorff
的ଷ೛ޕ, ϩձӸӧ a, b 的 open neighborhood U,V ᅈى U ∩ V = ∅, ӢԜளډ a < V, ҭջ
V ⊆ S . ॺ᛾ளΑך S ύ的Һ一ᗺ b ࣣӸӧځ open neighborhood V ᅈى V ⊆ S , ҭջ S ࣁ

X 的 open set. ޕࡺ S c = {a} ࣁ X 的 closed set. όၸ೭္ךॺҔډ的性質К Hausdorff 的
性質׳১Αᗺ, ჹҺཀډॺ໻Ҕך a ∈ X ྽ b , a ਔ, Ӹӧ b 的 open neighborhood U ᅈى

a < U ջё (೭ኬ的 space ᆀࣁ T1 space). ྽ฅΑ Hausdorff 的性質׳ம, ӳ׳ॺᔈ၀Ԗך
的่݀.

Proposition 3.3.2. ଷ೛ X ࢂ topological space ЪჹҺཀ a ∈ X, з Ua ࢂ a 的܌Ԗ open
neighborhood .ԋ的໣ӝ܌ ߾ X ࢂ Hausdorff ऩЪ୤ऩჹҺཀ a ∈ X, ∩U∈Ua cl(U) = {a}.

Proof. २Ӄଷ೛ X ࢂ Hausdorff. ॺाᇥܴऩך b , a, ߾ b <
∩

U∈Ua cl(U). ٣ჴ΢җ
Hausdorff 的性質, ϩձӸӧޕॺך a, b 的 open neighborhood U,V ᅈى U ∩V = ∅. ฅԶԜ
ਔ U ∈ Ua, ЪӢ V ࣁ b 的 open neighborhood ᅈى V ∩ U = ∅, ޕࡺ b < cl(U), ӢԜள᛾
b <
∩

U∈Ua cl(U). നࡕӢჹҺཀ U ∈ Ua, ॺԖך a ∈ U ⊆ cl(U), ޕࡺ a ∈ ∩U∈Ua cl(U). ӢԜ
ள᛾

∩
U∈Ua cl(U) = {a}.

ϸϐ, ჹҺཀ a, b ∈ X Ъ a , b, җܭ b <
∩

U∈Ua cl(U) = {a}, Ӹӧ U ∈ Ua ٬ள

b < cl(U). Ψ൩ࢂᇥ, Ӹӧ b 的 open neighborhood V ᅈى V ∩ U = ∅. ΞӢ U ࣁ a 的
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open neighborhood, ள᛾ U,V ϩձࣁ a, b 的 open neighborhood ᅈى U ∩ V = ∅, ޕࡺ X

ࣁ Hausdorff. �

ௗΠٰ, ኧჹڄॺा૸論ೱុך Hausdorff space 的ቹៜ. ଷ೛ X,Y ࣁ topological space
Ъ f : X → Y ࣁ continuous function. ӵ݀ X ࢂ Hausdorff, ኧ的特性ڄճҔೱុݤॺคך
ளޕ Y ࢂ܈ f (X)ࢂցࣁ Hausdorff. ฅԶऩ Y ࣁ Hausdorff,Һڗ X ΢࣬౦ٿᗺ a, b,ଷӵ f

όࢂ一ჹ一, Ԗёૈ f (a) = f (b) ∈ Y, ԜਔךॺΞคݤճҔ Y ࣁ Hausdorff ௢導. ॺך以܌
ӆଷ೛ f ёҗߡ一ჹ一,Ԝਔࣁ f (a), f (b)ࣁ Y ΢࣬౦ٿᗺ以及 Y ࣁ HausdorffޕӸӧ U,V

ϩձࣁ f (a), f (b)的 open neighborhoodᅈى U∩V = ∅. ӢԜҗ f ࣁ continuousޕ f −1(U),
f −1(V)ϩձࣁ a, b的 open neighborhoodᅈى f −1(U)∩ f −1(V) = f −1(U ∩V) = f −1(∅) = ∅.
ள᛾ X ࣁ Hausdorff, ӢԜԖ以Π的ۓ౛.

Proposition 3.3.3. ଷ೛ X,Y ࣁ topological spaces Ъ Y ࣁ Hausdorff. ऩӸӧ一ঁவ X

ډ Y 的一ჹ一的ೱុڄኧ, ߾ X ࣁ Hausdorff.

ଷ೛ X,Y ࢂ homeomorphic topological spaces, ҢӸӧ๱߄ f : X → Y 一ঁ一ჹ一Ъࢂ

ኧڄϸځኧЪڄԋ的ೱុࢀ f −1 : Y → X ҭࣁ一ჹ一Ъࢀԋ的ೱុڄኧ,ӢԜҗ Proposition
3.3.3 ள以Π的ۓ౛, ΨҗԜޕ Hausdorff .ӳ的拓樸性質ࡐࢂ

Corollary 3.3.4. ଷ೛ X,Y ࢂ homeomorphic topological spaces, ߾ X ࣁ Hausdorff ऩЪ
୤ऩ Y ࣁ Hausdorff.

ௗΠٰךॺ௖૸Hausdorff的性質ᆶ subspace topology, disjoint union topology, product
space topology 以及 quotient space topology 的ᜢ߯. २Ӄऩ X ࢂ Hausdorff space Ъ S ࣁ

X 的 subspace, җ subspace topology 的ۓကךॺޕၰ identity function idX : X → X ज़ڋ

ӧ S ΢, ջ idX |S : S → X ,ೱុ的ࢂ Ξҗ idX ,一ჹ一ࢂ җࡺ Proposition 3.3.3 ள S ࣁ

Hausdorff. Ψ൩ࢂᇥ一ঁ Hausdorff space 的 subspace ҭࣁ Hausdorff.

ௗ๱ךॺԵቾ disjoint union. ଷ೛ X,Y ೿ࢂ Hausdorff space, ցࢂ X ⨿ Y ٬Ҕ disjoint
union topology ཮ࢂ Hausdorff space ?ګ เਢۓޭࢂ的. ೭ࢂӢࣁऩ a′, b′ ࣁ X ⨿ Y ΢

࣬౦ٿᗺ, Ԗёૈ a′, b′ ϩձٰԾܭܭ X,Y, ҭջόѨ一૓性ךॺԖ a′ = (a, 1), b′ = (b, 2)

ύځ a ∈ X, b ∈ Y. Ԝਔ X′ = {(x, 1) | x ∈ X}, Y ′ = {(y, 2) | y ∈ Y} ϩձࣁ a′, b′ 的 open
neighborhood Ъᅈى X′ ∩ Y ′ − ∅. ќ外ऩ a′, b′ ٰࣣԾܭ X, ջ a′ = (a, 1), b′ = (b, 1), ځ
ύ a, b ∈ X. Ԝਔҗܭ X ࣁ Hausdorff, Ӹӧ U,V ϩձࣁ a, b 的 open neighborhood ᅈى
U ∩V = ∅, ޕࡺ U′ = {(r, 1) | r ∈ U}, V ′ = {(s, 1) | s ∈ V} ϩձࣁ a′, b′ 的 open neighborhood
ᅈى U′ ∩ V ′ = ∅. ӕ౛྽ a′, b′ ٰࣣԾܭ Y, ॺΨёճҔך Y ࣁ Hausdorff ډפ a′, b′ ό࣬

Ҭ的 open neighborhood, ӢԜள᛾以Π的ۓ౛.

Proposition 3.3.5. ଷ೛ X,Y ࣁ Hausdorff topological spaces. ߾ X⨿Y ٬Ҕ disjoint union
topology ҭࣁ Hausdorff space.

Proposition 3.3.5 的ϸӛΨࢂჹ的 ـୖ) Question 3.24), Ψ൩ࢂᇥ X,Y ࣁ Hausdorff
spaces ऩЪ୤ऩ X ⨿ Y ࣁ Hausdorff space.
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Question 3.24. ଷ೛ X,Y ࣁ topological spaces. ճҔڄኧ f1 : X → X ⨿ Y, ࣁကۓ
f1(x) = (x, 1), ∀ x ∈ X, ᇥܴऩ X ⨿ Y ࣁ Hausdorff space ߾ X ࣁ Hausdorff space.

Կܭ product space ک disjoint union Ԗ࣬ӕ的௃ݩ. ӣ៝྽ X,Y ࣁ topological spaces
ਔ, Եቾ product space X × Y. ۓڰ y0 ∈ Y, ኧڄॺԖೱុך hy0 : X → X × Y ࣁကۓ

hy0(x) = (x, y0), ∀ x ∈ X. ৒ܰᡍ᛾ࡐ hy0 ,ኧڄ一ჹ一ࣁ ӢԜऩ X × Y ࣁ Hausdorff, җ߾
Proposition 3.3.3 ёޕ X ࣁ Hausdorff. ӕ౛ X × Y ࣁ Hausdorff ҭё௢ள Y ࣁ Hausdorff.
೭ঁ่݀的଍ӛΨࢂԋҥ的, ӢԜךॺԖ以Π的ۓ౛.

Proposition 3.3.6. ଷ೛ X,Y ࣁ topological spaces, Եቾ product space X × Y. ߾ X × Y ࣁ

Hausdorff space ऩЪ୤ऩ X,Y ࣁࣣ Hausdorff space.

Proof. ॺ໻ഭΠा᛾ܴऩך X,Y ࣁࣣ Hausdorff space, ߾ X × Y ࣁ Hausdorff space. Һ
ڗ a = (x, y), b = (x′, y′) ࣁ X × Y ύ࣬౦ٿᗺ. όѨ一૓性, ॺଷ೛ך x , x′. Ԝਔҗܭ X

ࣁ Hausdorff, Ӹӧ U,U′ ϩձࣁ x, x′ ӧ X ύ的 open neighborhood ᅈى U ∩U′ = ∅. Ԝਔ
Һڗ V,V ′ ϩձࣁ y, y′ ӧ Y ύ的 open neighborhood. ёள U × V, U′ × V ′ ϩձࣁ a, b ӧ

X × Y ύ的 open neighborhood. Ξ U × V ک U′ × V ′ ᅈى

(U × V) ∩ (U′ × V ′) = (U ∩ U′) × (V ∩ V ′) = ∅ × (V ∩ V ′) = ∅.

ள᛾ X × Y ҭࣁ Hausdorff space. �

Question 3.25. ૈցճҔ׫ቹڄኧ π1 : X × Y → X ࣁကۓ π1(x, y) = x, ∀ (x, y) ∈ X × Y ࢂ

ೱុ的, ٰ᛾ܴऩ X ࣁ Hausdorff ߾ X × Y ࣁ Hausdorff?

ჹܭ quotient space ൩ؒԖႽ前य़的௃ݩΑ. 一૓ٰᇥ一ঁ Hausdorff space Ԗёૈפ
ډ equivalence relation ள的܌ځ٬ quotient space όࢂ Hausdorff space. ϸϐ, ΨԖёૈ一
ঁ topology space όࢂ Hausdorff ՠڗࢂ quotient ࢂࡕ Hausdorff. .ηٯॺ࣮以Π的ך

Example 3.3.7. (1) Եቾ一ঁԖΟঁϡન的໣ӝ X = {a, b, c}. ကۓ X ΢的 topology
ࣁ T = {∅, {a, b}, {c}, {a, b, c}}. җܭ a , bЪ a的 open neighborhoodࣣх֖ b,ӢԜ
ӧԜ拓樸Πޕ X όࢂ Hausdorff. ౜Եቾ X ΢的 equivalence relation ∼, ύځ a ∼ b

Ъ x ∼ x, ∀ x ∈ X. Ԝਔ quotient space X/∼ = {a, c} ཀݙ) a = b), Ъځ topology
ࣁ T̃ = {∅, {a}, {c}, {a, c}}. Ψ൩ࢂᇥ X/∼ ࣁ discrete topological space ΨӢԜځޕ
ࣁ Hausdorff space. வ೭ঁٯηךॺޕၰ一ঁ topological space ᗨόࢂ Hausdorff
ՠځ quotient space Ԗёૈࢂ Hausdorff.

(2) Եቾ R 的 standard topology ЪԵቾ Y = R⨿R ٬Ҕ disjoint union topology. җܭ
R ࣁ metric space ࣁޕࡺ Hausdorff, ӢԜҗ Proposition 3.3.5 ޕ Y ࣁ Hausdorff.
౜Եቾ Y ΢的 equivalence relation ∼, ύځ (x, i) ∼ (x, j), ∀ x ∈ R \ {0}, i, j ∈ {1, 2}
Ъ (0, 1) ∼ (0, 1), (0, 2) ∼ (0, 2). Ԝਔ quotient space X/∼ = {(x, 1) | x , 0} ∪
{(0, 1), (0, 2)} ཀ྽ݙ) x , 0 ਔ (x, 1) = (x, 2)), ЪԜ quotient space topology ύҺ
ཀ (0, 1) 的 open neighborhood U, ѸӸӧ ϵ > 0 ٬ள {(x, 1) | −ϵ < x < ϵ} ⊆ U ЪҺ
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ཀ (0, 2) 的 open neighborhood V, ѸӸӧ ϵ′ > 0 ٬ள {(x, 2) | −ϵ′ < x < ϵ′} ⊆ V. Ӣ
Ԝޕ U ∩V , ∅ ـୖ) Question 3.26), Ψ൩ࢂᇥ Y/∼ όࢂ Hausdorff space. வ೭ঁ
ၰ一ঁޕॺךηٯ topological space ᗨࢂ Hausdorff ՠځ quotient space Ԗёૈό
ࢂ Hausdorff.

Question 3.26. ӧ Example 3.3.7 (2) ύз ε = min{ϵ, ϵ′}. ၂ᇥܴऩ 0 < x < ε, ߾
(x, 1) ∈ U ∩ V.

྽一ঁ topological space ࢂ compact Ъࣁ Hausdorff, .Ԗ࣬྽ᙦ൤的性質ߡ ࡕ以ന܌
.ݩॺ特ձٰፋ論೭一ᅿ௃ך ӧϐ前 Proposition 3.2.17 ၰ྽ޕॺך X ࢂ compact ਔ, X

Ԗ的܌ closed subset ೿ࢂ compact subset. 一૓ٰᇥϸӛࢂᒱ的, Ψ൩ࢂᇥ X 的 compact
subset ҂Ѹࢂ closed. όၸऩ X Ξࢂ Hausdorff, வ前य़ Proposition 3.2.22 的᛾ܴύךॺ
ၰޕ X 的 compact subset ཮ࢂ closed. ೭൩ࢂ一ঁ compact Ъࣁ Hausdorff 的 topological
space ཮ԖԖ፪的性質的ЬाচӢ. .೭ঁ性質ӈрעॺ特ձך

Proposition 3.3.8. ଷ೛ X 一ঁࢂ compact topological space Ъࣁ Hausdorff space. ߾
S ⊆ X ࣁ X 的 closed subset ऩЪ୤ऩ S ࣁ X 的 compact subspace.

Proposition 3.3.8 的നЬाᔈҔ൩ࢂё以ᔅךॺΑှঁٿ topological spaces ϐ໔ࢂց
ࣁ Homeomorphic. ӆӣ៝一Π, ྽ X,Y ࣁ topological spaces, ऩ X,Y ໔Ԗ一ঁ一ჹ一Ъࢀ

ԋ的ೱុڄኧ f : X → Y, ٠όж߄ f 一ঁࢂ homeomorphism. ᗋाᡍ᛾ f ࢂ open map
(Ԝ฻ሽܭ f 的ϸڄኧ f −1 : Y → X (ೱុ的ࢂ ωՉ. όၸӧ以Π的特殊௃ݩ, ೭ঁᡍ᛾ࢂӭ
Ꭹ的.

Theorem 3.3.9. ଷ೛ X,Y ࣁ topological space ύځ X ࣁ compact space Ъ Y ࣁ Hausdorff
space. ऩ f : X → Y ,ኧڄԋ的ೱុࢀ一ჹ一Ъࢂ ߾ f 一ঁࢂ homeomorphism.

Proof. ॺा᛾ܴך f : X → Y ࢂ open map. Ψ൩ࢂᇥ,Һڗ U open in X,ךॺा᛾ܴ f (U)

ࢂ open in Y. २Ӄݙཀ,Ӣࣁ f ࢂ continuousЪ X ࢂ compact,ࡺҗ f ࢂ ontoޕ f (X) = Y

ࢂ compact. ќ外 f ,一ჹ一ࢂ җࡺ Y ࢂ Hausdorffёள X ҭࣁ Hausdorff. ඤ言ϐ, Ԝۓ౛
的前ග֋ນךॺ X,Y ࣁࣣ compact Ъࣁ Hausdorff. ӢԜךॺё以঺Ҕ Proposition 3.3.8.

౜Һڗ X ύ的 open set U җܭ X \ U ࢂ closed җࡺ Proposition 3.3.8 ޕ X \ U

ࢂ compact. ΨӢԜҗ f ࢂ continuous ள f (X \ U) ࢂ Y ύ的 compact subset. ӆҗ
Proposition 3.3.8 ள f (X \ U) ࢂ Y 的 closed subset. നࡕӆճҔ f ԋளࢀ一ჹ一Ъࢂ

f (X \ U) = f (X) \ f (U) = Y \ f (U) ЪӢࣁځ closed ޕࡺ f (U) ࢂ Y 的 open subset. ள᛾
ҁۓ౛. �

ჴӧځ Hausdorff spaceύ的 compact subset཮ࢂ closed的᛾ܴύךॺ᛾ܴΑჹҺཀ的
compact subset C 以及 x < C ཮Ӹӧ open sets U,V ᅈى C ⊆ U 以及 x ∈ V ٬ள U ∩V = ∅,
೭ࡐࢂԖҔ的่݀, .ॺ特ձஒѬӈрך

Lemma 3.3.10. ଷ೛ X ࢂ Hausdorff topological space Ъ C ࢂ X 的 compact subset. ऩ
x ∈ X \C, Ӹӧх֖߾ C 的 open set U 以及 x 的 open neighborhood V ᅈى U ∩ V = ∅.
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Question 3.27. ၂᛾ܴ Lemma 3.3.10, ٠٩Ԝᇥܴ C ࢂ closed.

ӧϟಏ compact的ཷۺਔ,ךॺϟಏΑ locally compact的ཷۺ (Definition 3.2.19). ೭ঁ
的ӧـကКଆ一૓εৎதۓ metric space ύ的 locally compact 的ۓက (ջჹҺཀ a ∈ X Ӹ

ӧ a 的 open neighborhood V 以及 compact subset C ᅈى V ⊆ C) ம. ٣ჴ΢٩ Definition
3.2.19 的ۓက, ॺѝाԵቾך U = X 的௃׎, གྷा的ډёளߡ V 以及 C. ཮Ԗ೭ᅿ௃ݩวғ
ЬाࢂӢࣁӧ Hausdorff 的௃׎, ೭ٿᅿۓကࢂ一ኬ的. നךࡕॺ൩ٰᇥܴ೭ҹ٣.

Proposition 3.3.11. ଷ೛ X ࢂ Hausdorff topological space, ߾ X ࢂ locally compact ऩЪ
୤ऩჹҺཀ a ∈ X, ࣣӸӧ a 的 open neighborhood V 以及 compact subset C ᅈى V ⊆ C.

Proof. ॺ໻ा᛾ܴऩჹҺཀך a ∈ X, ࣣӸӧ a 的 open neighborhood V 以及 compact
subset C ᅈى V ⊆ C, ߾ X ࢂ locally compact. ҭջा᛾ܴჹҺཀ a 的 open neighborhood
U, ࣣёډפ a 的 open neighborhood U′ 以及 compact subset C′ ᅈى U′ ⊆ C′ ⊆ U.

зࢂߡݤௗ的གྷޔॺനך U′ = U ∩ V 以及 C′ = cl(U′). Ԝਔ U′ ϝࣁ a 的 open
neighborhood. Զ U′ ⊆ V ⊆ C, ΞӢ C ࢂ closed (Question 3.27), ள C′ = cl(U′) ⊆ C Ъࣁ

compact (Proposition 3.2.17). όၸ C′ ⊆ U ҂Ѹԋҥ. ӢԜךॺाགྷᒤݤᡣ U′ ӆλ一ᗺ,
以ዴߥ C′ = cl(U′) ⊆ U.

Եቾ bd(U′) = cl(U′) \ U′, җܭ a ∈ U′ ࡺ a < bd(U′). ӆу΢ C′ = cl(U′) ࢂ compact,
җࡺ bd(U′) ځࢂ closed subset ளޕ bd(U′) ҭࣁ compact. җࡺ Lemma 3.3.10 Ӹӧޕ V ′

ࢂ a 的 open neighborhood 以及 open set W ᅈى bd(U′) ⊆ W Ъ V ′ ∩ W = ∅. ཀԜਔݙ
cl(V ′)∩bd(U′) = ∅. ೭ࢂӢࣁ V ′ ⊆ X\W Ъ X\W ࢂ closed,ࡺள cl(V ′) ⊆ X\W ⊆ X\bd(U′).
౜з U′′ = V ′ ∩ U′, Ԝਔ

cl(U′′) = cl(V ′ ∩ U′) ⊆ cl(V ′) ∩ cl(U′) = cl(V ′) ∩ (bd(U′) ∪ U′) = cl(V ′) ∪ U′ ⊆ U′.

ளࡺ U′′ ࢂ a 的 open neighborhood ᅈى U′′ ⊆ cl(U′′) ⊆ U, Ъ cl(U′′) ࢂ compact (Ӣࣁځ
closed subset of C). �

Question 3.28. ଷ೛ X ࢂ Hausdorff topological space. ၂᛾ܴ X ࢂ locally compact ऩЪ
୤ऩჹҺཀ a ∈ X, ࣣӸӧ a 的 open neighborhood V ٬ள cl(V) ࢂ compact.

Exercise

Excecise 3.1. ᛾ܴ topological space X ࢂ disconnected ऩЪ୤ऩӸӧό฻ܭ X 的ޜߚη

໣ӝ S ᅈى S ک S c ࢂ separated.

Excecise 3.2. Եቾჴኧ R 的 standard topology. Եቾ以Π୔໔ I1 = [0,∞), I2 = (−∞, 0),
J1 = [

√
2,∞), J2 = (−∞,

√
2).

(1) з S 1 = Q ∩ I1, S 2 = Q ∩ I2. ၂ᇥܴ S 1, S 2 ࣁցࢂ seperated.

(2) з T1 = Q ∩ J1, T2 = Q ∩ J2. ၂ᇥܴ T1,T2 ࣁցࢂ seperated.
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Excecise 3.3. ԵቾԖ౛ኧ Q ΢的 topology ࣁ R 的 standard topology ϐΠ的 subspace
topology. ଷ೛ X ࣁ connected topological space. ᛾ܴऩ f : X → Qࣁ continuous function,
߾ f ࣁ constant function. ཀݙ) Q όࢂ discrete, ௗ঺Ҕޔ以όૈ܌ Proposition 3.1.9)

Excecise 3.4. ଷ೛ X,Y,Z ࣁ topological spaces ύځ X ࣁ connected. ଷ೛ f : X → Y ⨿ Z

ࣁ continuous. ᛾ܴ either f (X) ⊆ Y or f (X) ⊆ Z.

Excecise 3.5. ଷ೛ X ࣁ disconnected topological space. ᛾ܴӸӧޜߚ的 topological
spaces Y,Z ٬ள X ک Y ⨿ Z ࣁ homeomorphic.

Excecise 3.6. ଷ೛ X ࣁ topological space Ъ S 1, S 2, . . . , S n, . . . ࣁ X ύ的 connected sub-
sets. ଷ೛ S i ∩ S i+1 , ∅, ∀ i ∈ N, ᛾ܴ ∪i∈N S i ࢂ X 的 connected subset.

Excecise 3.7. ଷ೛ X ࢂ locally connected topological space, 一૓ٰᇥ X 的ޜߚη໣҂Ѹ

ࢂ locally connected. Եቾ R ύ的 standard topology Ъ Q ٬Ҕځ subspace topology. ၂ᇥ
ܴ Q ࣁցࢂ locally connected.

Excecise 3.8. ଷ೛ X ࣁ topological space Ъ S ࢂ X 的一ঁ nontrivial open set. Եቾ S

΢ X 的 subspace topology.

(1) ଷ೛ U ⊆ S . ၂ᇥܴ U ࢂ S 的一ঁ connected open set ऩЪ୤ऩ U ࢂ X 的一ঁ

connected open set.

(2) ଷ೛ X ࢂ locally connected. ᛾ܴ S ҭࣁ locally connected.

(3) ଷ೛ X ࢂ locally connected. ᛾ܴ S ёቪԋ一些 X ύϕό࣬Ҭ的 connected open
sets 的ᖄ໣, ٠ᇥܴ೭ኬ的ቪࢂݤ୤一的.

Excecise 3.9. ၂ᇥܴ locally connected .一ঁ拓樸性質ࢂցࢂ

Excecise 3.10. ଷ೛ X ࢂ connected topological space Ъ f : X → R ύځኧڄೱុࣁ R ٬
Ҕ standard topology. ଷ೛Ӹӧ x, x′ ∈ X ᅈى f (x) > 0, f (x′) < 0. ᛾ܴѸӸӧ a ∈ X ᅈى

f (a) = 0.

Excecise 3.11. ଷ೛ X ࢂ topological space. ၂᛾ܴऩჹܭҺՖҗ X ύ一些 closed set
ಔԋЪԖ܌ finite intersection property 的໣ӝ F ࣣᅈى ∩F∈F F , ∅, ߾ X ࢂ compact
topological space.

Excecise 3.12. ၂ঁٿפ topological spaces X, Y. ύځ X ࢂ connected ՠόࢂ compact;
Զ Y ࢂ compact ՠόࢂ connected.

Excecise 3.13. ଷ೛ X,Y ࣁ topological spaces ύځ X ࣁ compact, Y ࣁ metric space. ଷ
೛ f : X → Y ࣁኧЪڄೱុࢂ one-to-one and onto.

(1) ऩ C ⊆ X ࢂ closed, ᛾ܴ f (C) ⊆ Y ࢂ bounded.

(2) ऩ W ⊆ X ᅈى f (W) ⊆ Y ࢂ closed, ᛾ܴ W ࢂ compact.
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Excecise 3.14. ଷ೛ X ࣁ topological space ЪԵቾ R 的 standard topology. ᛾ܴऩ
f : X → R ࢂ continuous, Ъ S ࢂ X 的 connected Ъ compact subset, Ӹӧ߾ a, b ∈ S ٬ள

f (S ) = [ f (a), f (b)].

Excecise 3.15. ଷ೛ X ࣁ compact topological space Ъࣁ Hausdorff. ೛ S ⊆ X. ᛾ܴ S

ࢂ compact ऩЪ୤ऩ S ࢂ closed.



Chapter 4

Homotopy Theory

வ೭一ക໒ۈ, .ۺॺाᙁൂϟಏ一些жኧ拓樸的ཷך ၸѐךॺම࿶ճҔ homeomorphic 的
.໔ϩᜪޜஒ拓樸ۺཷ ೭ঁϩᜪݤᗨฅࡐᆒྗӦᔅךॺஒڀԖ࣬ӕ拓樸性質的ޜ໔ᘜࣁ一
ᜪ, όၸԖਔ೭ኬ的ϩᜪݤӢࣁϼಒΑ, 以ԿܭԖਔό৒ܰೀ౛. Homotopy 的ཷۺ, ჹ拓ࢂ
樸ޜ໔ќ一ᅿ的ϩᜪБԄ. ӧ೭ঁϩᜪϐΠ, 一ঁډ໔ჹᔈޜॺё以ஒӕᜪ的拓樸ך group
(ဂ). ΨӢԜё࿶җжኧ的ᏹբ, ٰᒣ᛽೭些拓樸ޜ໔ϐ໔的ᜢ߯. ӢࣁЇ຾೭ኬ的жኧБ
,ݤ ࣁॺᆀϐך以܌ “жኧ拓樸”.

4.1. Homotopy of Paths

२Ӄךॺϟಏӧ一ঁ拓樸ޜ໔ύ的 paths (ၡ৩) ϐ໔的 homotopy 的ཷۺ. Ӣࣁவ path р
วၨ৒ܰᡣεৎ౛ှ homotopy 的ཷۺ, ฻ډεৎዕ஼Α, Π一࿯ךॺߡ཮ϟಏ一૓拓樸ޜ
໔ύ的ೱុڄኧ的 homotopy.

๏ۓ一ঁ topological space X, ᒏ一ঁ܌ X ΢的 path ኧڄ一ঁೱុࢂ的൩ࡰ σ : I → X,
೭္ I ࢂ [0, 1] ೭ঁഈ୔໔ (ϐךࡕॺ೿Ҕ I (Ң೭ঁഈ୔໔߄ Ъځ΢的拓樸ڗࢂ R 的
standard topology 的 subspace topology.

Question 4.1. ଷ೛ X ࣁ topological spaceЪ x0 ∈ X. ကۓ٩ {x0}ࢂցёຎࣁ X ΢的 path
?ګ

ऩҔڄኧ的ࡑ࣮ࡋف path Ԗᗺϼᝄ਱Α, КБᇥऩ σ ࢂ X ΢的 path Զз τ : I → X Ψ

ࣁ X ΢的 path ࣁကۓځ τ(t) =
{
σ(2t), 0 ≤ t ≤ 1/2;
σ(1), 1/2 < t ≤ 1. Ԝਔ σ, τ வঁٿࢂ I ډ X όӕ的

,ኧڄ όၸவ path (ၡ৩) 的ٰࡋفᇥ, Ѭॺ的ৡ౦όε (ѝࢂ τ КၨԐډጝΑ). ॺך以܌
གྷჹ path ϩᜪ, ӢԜԖ以Π的ۓက.

Definition 4.1.1. ଷ೛ X ࣁ topological space Ъ σ, τ ࣁ X ΢的 paths. ऩԵቾ I × I ࣁ I

ک I 的 product space, Ӹӧ一ঁೱុڄኧ F : I × I → X, ᅈى F(s, 0) = σ(s), F(s, 1) = τ(s),
∀ s ∈ I, ॺᆀך߾ σ, τ ࢂ homotopic, ЪҔ σ ≃ τ .Ң߄ٰ Զڄኧ F ᆀϐࣁ σ, τ ϐ໔的

homotopy function.

73
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,ཀݙ ྽ךॺۓڰ一ঁ t0 ∈ I, ԜਔԵቾ Ft0(s) : I → X, ࣁကۓ Ft0(s) = F(s, t0), ∀ s ∈ I.
Ft0 一ঁவࢂ I ډ X 的ೱុڄኧ, ࢂ以཮܌ X ΢的 path. ӢԜ σ ک τ ࢂ homotopic ൩߄
Ң, 一ಔډפॺё以ך “ೱុᡂ୏” 的 paths Ft, வ F0 = σ “ᡂ׎” Կ F1 = τ. ϞࣁࡕΑБ
,ـଆߡ ྽ F : I × I → X ,ኧڄೱុࢂ ჹҺཀ t0 ∈ I, ॺ೿Ҕך Ft0 Ң߄ٰ F(s, t0) ೭ঁӧ X

΢的 path.

Example 4.1.2. Եቾ S 1 = {(cos θ, sin θ) : 0 ≤ θ < 2π} ࣁ R2 的 standard topology
ϐΠ的 subspace. з σ, τ ࣁ S 1 ΢的 paths, ύځ σ(t) = (cos(tπ), sin(tπ)), Ъ τ(t) =

(cos(−tπ), sin(−tπ)), ∀ t ∈ I. Եቾ

G(s, t) = (1 − t)σ(s) + tτ(s), ∀ (s, t) ∈ I × I.

ᗨฅ G(s, 0) = σ(s), G(s, 1) = τ(s), όၸךॺόૈӢԜᇥӧ S 1 ΢ࢂ σ, τ ࢂ homotopic. ೭
ࣁӢࢂ G(s, t) ٠όࢂவ I × I ډ S 1 的ڄኧ (ፎᒃԾᔠࢗ྽ 0 < t0 < 1/2 ਔ Gt0(s) = G(s, t0)

όࢂ S 1 的 path). όၸऩஒ G(s, t) ຎࣁ I × I ډ R2 的ڄኧ, ӢࣁѬࢂೱុ的, ॺё以ᇥך
σ, τ ӧ R2 ࢂ homotopic.

όၸ٣ჴ΢ σ, τ ӧ S 1 ΢ϝࣁ homotopic. ाᇥܴ೭一ᗺ, 一ঁவډפॺѸ໪ाך I × I

ډ S 1 的ೱុڄኧ. ॺё以Եቾך

F(s, t) = (cos((1 − 2t)sπ), sin((1 − 2t)sπ)), ∀ (s, t) ∈ I × I.

җܭ F : I × I → S 1 ዴࣁ I × I ډ S 1 的ೱុڄኧЪ F0(s) = σ(s), F1(s) = τ(s). ޕॺך σ, τ

ӧ S 1 ΢ዴࣁ homotopic.

Question 4.2. ӧ Example 4.1.2 ύ的 F(s, t), ӧ t = 1/2 ਔ F1/2 ӧࢂ S 1 ΢ব一ঁ path?
၂๱ᇥܴ F ӵՖஒࢂ σ ᡂ׎Կ τ.

Question 4.3. ଷ೛ X ࣁ topological space, Ъ σ ࣁ X ΢的 path.

(1) з τ(t) =
{
σ(2t), 0 ≤ t ≤ 1/2;
σ(1), 1/2 < t ≤ 1. ၂᛾ܴӧ X ύ σ ≃ τ.

(2) ଷ೛ F : I× I → X ኧЪڄೱុࢂ F0 = σ,၂᛾ܴӧ X ύჹҺཀ t0 ∈ I ࣣԖ σ ≃ Ft0 .

一૓ٰᇥ, ाᇥܴঁٿ path ࢂ homotopic ᄬрϐ໔的ࡌॺѸ໪ך homotopy function.
җܭ homotopy function Ѹ໪ࢂೱុ的, ӢԜाዴߥೱុ性, ኧ的ӝڄॺ೯த཮ճҔೱុך
ԋϝࢂೱុ的೭ኬ的БԄٰࡌᄬ. ќ外தҔ的Бࢂߡݤஒ I × I ቪԋ一些 closed sets 的ᖄ໣,
ฅࡕӧ೭些 closed set ΢ۓကೱុڄኧ, όၸाዴߥ೭些ڄኧӧҬௗೀࢂ一ठ的, ൩ё以ճ
Ҕ Gluing Lemma ளۓډကӧ I × I 的ೱុڄኧ. ॺමӧך Proposition 1.4.4 ೀ౛ open sets
ᖄ໣的௃ݩ, Զஒቪԋ closed sets ᖄ໣的௃ݩ੮଺ಞᚒ (Question 1.12). Ӣࣁቪԋ closed
sets ᖄ໣的௃ݩ, ᄬࡌஒٰࢂ homotopy function தҔ的Бݤ, ೭္ࣁΑБߡଆךـॺஒѬ
ӈр.

Lemma 4.1.3 (Gluing Lemma). ଷ೛ X ࢂ topological space Ъ X1, X2 ࣁ X 的 closed
subsets ᅈى X1 ∪ X2 = X. ೛ Y ࣁ topological space Ъ X1, X2 ٬Ҕ X 的 subspace topology,
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ଷ೛ f1 : X1 → Y, f2 : X2 → Y ࣁࣣ continuous Ъ f1(x) = f2(x), ∀ x ∈ X1∩X2. з f : X → Y

ࣁကۓځኧڄࣁ

f (x) =
{

f1(x), x ∈ X1;
f2(x), x ∈ X2.

߾ f ࢂ continuous function.

ჹܭ X ΢的 path ฅҔࡽ homotopic ٰϩᜪ, ٗѬᔈ၀ࢂ equivalence relation ω཮ࢂӳ
的ϩᜪ, Π一ঁۓ౛֋ນךॺ homotopic ዴჴࢂӳ的ϩᜪ,

Proposition 4.1.4. ଷ೛ X 一ঁࢂ topological space, homotopy relation ≃ ࢂ X ΢的 paths
的一ঁ equivalence relation.

Proof. २Ӄ᛾ܴჹҺཀ X ΢的 path σ, ࣣԖ σ ≃ σ. Եቾ F(s, t) = σ(s), ∀ t ∈ I. Ԝਔ F

ዴࣁ I × I ډ X 的 continuous function Ъ F0 = F1 = σ, ᛾ளࡺ ≃ ࢂ reflexive.

౜ऩ σ ≃ τ, ջӸӧ F : I × I → X ىኧᅈڄೱុࣁ F0 = σ, F1 = τ. Եቾ G(s, t) =

F(s, 1 − t), Ԝਔ G Ψࢂ I × I ډ X 的 continuous function Ъ G(s, 0) = F(s, 1) = F1 = τ Ъ

G(s, 1) = F(a, 0) − F0 = σ, ᛾ளࡺ τ ≃ σ, ջ ≃ ࢂ symmetric.

നךࡕॺा᛾ܴऩ σ ≃ τ Ъ τ ≃ γ, ߾ σ ≃ γ. Ψ൩ࢂᇥऩ F,G ࣁࣣ I × I ډ X 的

continuous function Ъ F0 = σ, F1 = τ, G0 = τ, G1 = γ, ډפॺाך H : I × I → X ࣁ

continuous Ъᅈى H0 = σ, H1 = γ. з

H(s, t) =
{

F(s, 2t), 0 ≤ t ≤ 1/2
G(s, 2t − 1), 1/2 ≤ t ≤ 1.

Ӣࣁ୔໔ [0, 1/2], [1/2, 1] ࣁࣣ I 的 closed subset, ӢԜ I × [0, 1/2], I × [1/2, 1] ࣁࣣ I × I 的

closed subset. җܭ (I × [0, 1/2]) ∩ (I × [1/2, 1]) = I × {1/2} 以及 F(s, 1) = G(s, 0) = σ, ճҔ
Gluing Lemma (4.1.3) ॺளך H ,ኧڄೱុࢂ Ъᅈى H0 = σ, H1 = γ. ᛾ளࡺ σ ≃ γ, ҭջ
≃ ࢂ transitive. �

໔ޜၰ拓樸ޕ X ύ path ϐ໔的 homotopy relation 一ঁࢂ equivalence relation ӳࡐࢂ
的٣, ೭ኬךॺ൩ё以ע paths ᙖҗ homotopy relation ٰϩᜪ. Ԗ൩ࢂᇥ σ, τ ӕᜪ, Ң߄
σ ≃ τ. Π一࿯ךॺ཮Ҕ一ኬ的 homotopic 的ཷۺஒঁٿ拓樸ޜ໔ϐ໔的ೱុڄኧϩᜪ, ຾
Զჹ拓樸ޜ໔๏Α一ঁཥ的ϩᜪБݤ. όၸ೭ঁϩᜪݤჹ一ঁ拓樸ޜ໔΢的 paths ٰᇥϼ
ಉΑ, .ωӳҔڋॺाӭу一ᗺज़ך 以Πךॺஒჹ೭一ᗺӭ଺ᇥܴ.

२ӃךॺݙཀჹܭҺཀ x0 ∈ X, constant function c(t) = x0, ∀ t ∈ I 一ঁவࢂ I ډ X 的

ೱុڄኧ, ,ကۓ以٩܌ 一ঁᗺΨࢂ X ΢的 path. ౜ऩ σ ࣁ X ΢的 path Ъ೯ၸ x0, ҭջ
Ӹӧ t0 ∈ I ٬ள σ(t0) = x0. ԜਔԵቾ F(s, t) = σ(tt0 + s(1 − t)), ∀ (s, t) ∈ I × I. җܭ F ࢂ

T × I ډ X 的ೱុڄኧЪᅈى F0(s) = σ(s) Ъ F1(s) = σ(t0) = x0. ډॺளך σ ΢的ځک

一ᗺ x0 ࢂ homotopic. ඤ言ϐ, ӧ೭ኬ的ϩᜪБԄϐΠҺՖ path ӕࢂ΢的Һ一ᗺځکࢂ
ᜪ的. ӆӢࣁ homotopy relation 一ঁࢂ equivalence relation, Һٿᗺ x0, y0 ӵ݀ё以Ҕ一

ঁ path σ ೱ่, җܭ x0 ≃ σ Ъ σ ≃ y0, ډॺளך x0 ≃ y0. Ψ൩ࢂᇥ homotopy relation ό
ѝஒ paths ϩᜪ, ٣ჴ΢ࢂჹ X ΢的ᗺ଺ϩᜪ. ѝाٿᗺё以Ҕ path ೱௗ, ೭ٿᗺ൩ࢂӕ
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ᜪ. ӧ೭ኬϩᜪϐΠӕᜪ的ᗺ܌ԋ的໣ӝߡᆀࣁ X 的一ঁ path component. ӆமፓ一ԛ, ӕ
一ঁ path component ύҺٿᗺё以Ҕ path ೱ่; ϸϐ, όӕ path component 的ᗺ൩คݤ
Ҕ path ࣬ೱ. ,ޣԖࣗ׳ ӕ一ঁ path component ΢的 path ೿ࢂ homotopic; Զόӕ path
component 的 path ൩ό཮ homotopic. ΨӢԜ, ӧჹ X ΢的 path Ҕ homotopy relation 的
ϩᜪϐΠ׎܌ԋ的 equivalence class ൩ک X ΢的 path component Ԗ一ჹ一Ъࢀԋ的ჹᔈ
ᜢ߯. ന特ձ的௃ݩ൩ࢂ X ໻Ԗ一ঁ path component, .ကۓॺԖ以Π的ך

Definition 4.1.5. ଷ೛ X ࢂ topological space ЪჹҺཀ a, b ∈ X ࣣӸӧ一ঁ path σ ᅈى

σ(0) = a, σ(1) = b, ᆀ߾ X ࢂ path connected space.

Question 4.4. X = {a, b} ЪԵቾ indiscrete topology ࣁցࢂ path connected? ൂՏ༝ S 1

ຎࣁ R2 standard topology 的 subspace ࣁցࢂ path connected?

X ࢂ path connected space ൩ࡰࢂҺཀ X ΢ٿᗺ೿ૈډפ X ΢的 path ஒϐೱௗ. ॺך
Ծฅ཮ୢ path connected ࣁցࢂ connected ?ګ เਢۓޭࢂ的, .౛ۓॺԖ以Π的ך

Proposition 4.1.6. ऩ X ࢂ path connected topological space, ߾ X ࢂ connected.

Proof. ,ݤॺҔϸ᛾ך ଷ೛ X ࢂ disconnected. ҢӸӧ߄ X 的ޜߚ open set U,V ᅈى

U∪V = XЪ U∩V = ∅. ౜җܭ U,V ѸӸӧ,ޜߚ a ∈ U Ъ b ∈ V. ӆҗ Xࢂ path connected,
ኧڄӸӧೱុޕॺך σ : I → X ᅈى σ(0) = a, σ(1) = b. ౜Եቾ σ−1(U), σ−1(V),җܭ σࢂ

ೱុڄኧ, ॺԖך σ−1(U), σ−1(V) ࣁ I ΢的 open set Ъޜߚ (Ӣࣁ 0 ∈ σ−1(U), 1 ∈ σ−1(V)),
ΞԖ

σ−1(U) ∪ σ−1(V) = σ−1(U ∪ V) = I, σ−1(U) ∩ σ−1(V) = σ−1(U ∩ V) = ∅.

೭ᆶ I = [0, 1] ࢂ connected (Proposition 3.1.21) ࣬ҟ࣯, ள᛾ࡺ X ࢂ connected. �

ाݙཀ Proposition 4.1.6 的ϸӛό一ۓԋҥ, Ψ൩ࢂᇥ connected space ҂Ѹࢂ path
connected. ॺම࿶ϟಏၸ的ךӵٯ “topologist’s sine curve”. ࢂॺගၸѬך connected, ՠ
όࢂ locally connected. ٣ჴ΢ѬΨόࢂ path connected. Ԗᑫ፪的ӕᏢё以ୖԵ一૓拓樸
ਜᝤ的ϟಏ, ӧԜךॺ൩όӭբϟಏΑ.

྽ךॺஒ一ঁ topological space ϩᜪԋ一ঁঁ path component ,ࡕ ؂一ঁ path com-
ponent Եቾԋ subspace ࢂ཮ߡࡕ path connected. ჹܭ path connected space җ٬ܭҔ
homotopy relation ԖཀကΑؒߡ (ӢࣁӧԜޜ໔ύ܌Ԗ的 path ࣣ homotopic), ॺሡך以܌
ाԵቾ׳ಒ的ϩᜪБݤ.

྽ σ, τ ࢂ X ΢的 paths Ъ σ(1) = τ(0) (ջ σ ೭ঁၡ৩的ಖᗺࢂ τ ೭ঁၡ৩的ଆᗺ), Ԝ
ਔךॺԾฅё以ஒঁٿၡ৩ “ೱ” ଆٰ. ॺзך σ ∗ τ ࣁ path ࣁကۓځ

σ ∗ τ(t) =
{
σ(2t), 0 ≤ t ≤ 1/2;
τ(2t − 1), 1/2 ≤ t ≤ 1.

ӕኬ的ճҔ Question 1.12, σ ∗ τ 一ঁவࢂ I ډ X 的ೱុڄኧ. ౜ӧୢᚒٰΑ, ऩ σ′, τ′ ࣁ

X ύ的 path ᅈى σ ≃ σ′, τ ≃ τ′. Ԝਔ σ′(1) ҂Ѹ฻ܭ τ′(0), Ψ൩ࢂᇥ σ′, τ′ ҂Ѹё以
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“ೱ” ଆٰ. ӢԜӧҔ homotopy relation ϩᜪϐΠ, ஒঁٿ path “ೱ” ଆٰ೭ঁ୏բόࢂ
well-defined. ाլܺ೭ঁୢᚒ, .уᝄ਱一ᗺ׳ݤॺ的ϩᜪБךॺѸ໪ஒך ٿကۓॺё以ך
ঁ path σ,σ′ ाӕᜪόѝा homotopic ᗋाӆу΢Ѭॺଆᗺा࣬ӕ, ᗋԖಖᗺाಖᗺ. Ψ൩
ኧڄᇥନΑচӃӸӧೱុࢂ F : I × I → X ᅈى F0 = σ, F1 = σ′ 外, ᗋा σ(0) = σ′(0) 以

及 σ(1) = σ′(1). ೭ኬ的ϩᜪݤᗨฅှ،Αখωග的ೱௗঁٿ path 的ୢᚒ, ՠϝؒࢂԖӭ
εҔೀ. ӵӧٯ path connected space, Һঁٿ path ѝाԖ一ኬ的ଆᗺک一ኬ的ಖᗺ൩཮ࢂ
ӕᜪ. ೭ኬ的ϩᜪ, ѝࢂஒԜޜ໔΢的 paths ٩ଆᗺکಖᗺٰϩᜪԶς. ܌以೭ኬ的ϩᜪ܌
ԋ的 equivalence classes ѝکࢂ X ΢Һٿᗺ a, b ∈ X ಔԋ的ኧჹ܌ (a, b) ࢀԋ一ჹ一Ъ׎

ԋ的ჹᔈᜢ߯, ჹךॺؒԖࣗሶᔅշ.

ӧ Question ၰ྽ޕॺך4.3 σ ≃ τਔ, σ, τϐ໔的 homotopy function F ӧҺ一 t0 ∈ I,܌
的ۓ، path Ft0 کࣣ, σک τࣁ homotopic. ॺόѝा؃ך,ݤ以ӧ೭္ཥ的ϩᜪБ܌ σ ≃ τ,
σ(0) = τ(0) 以及 σ(1) = τ(1), ॺᗋा؃ך σ, τ ϐ໔的 homotopy function F : I × I → X ໪

ᅈى F(0, t) = σ(0) = τ(0) Ъ F(1, t) = σ(1) = τ(1), ∀ t ∈ I. Ψ൩ࢂᇥӧ σ ᡂԋ τ 的ᙯᡂၸ

ำύଆᗺکಖᗺ೿Ѹ໪࡭ߥό୏, ೭ኬךॺωࣁࢂӕᜪ. ೭ᅿၨ “খ性” 的ा؃ٰϩᜪ, 以ࡕ
,ၰޕॺё以ך ᡣךॺԖΑќ一ᅿ࣮ݤΑှ拓樸ޜ໔, .தԖҔߚ 以Π҅Ԅۓက೭ᅿϩᜪБ
.ݤ

Definition 4.1.7. ଷ೛ X ࣁ topological space Ъ σ, τ ࣁ X ΢的 paths ᅈى σ(0) = τ(0)

Ъ σ(1) = τ(1). ऩӸӧ一ঁೱុڄኧ F : I × I → X, ᅈى F(s, 0) = σ(s), F(s, 1) = τ(s),
∀ s ∈ I 以及 F(0, t) = σ(0), F(1, t) = σ(1), ∀ t ∈ I. ॺᆀך߾ σ, τ ࢂ homotopic with end
points fixed, ЪҔ σ ≃{0,1} τ .Ң߄ٰ Զڄኧ F ᆀϐࣁ σ, τ ϐ໔的 homotopy function with
end points fixed.

Example 4.1.8. ӧ Example 4.1.2 ύךॺԵቾ σ, τ ࣁ R2 ΢的 paths, ύځ σ(t) =

(cos(tπ), sin(tπ)), Ъ τ(t) = (cos(−tπ), sin(−tπ)), ∀ t ∈ I ЪԵቾ

G(s, t) = (1 − t)σ(s) + tτ(s), ∀ (s, t) ∈ I × I.

Ԝਔόѝ G(s, 0) = σ(s), G(s, 1) = τ(s), ॺԖך G(0, t) = σ(0) = τ(0) Ъ G(1, t) = σ(1) =

τ(1), ∀ t ∈ I. 以܌ G ࢂ σ, τ ϐ໔的 homotopy function Ъ࡭ߥᆄᗺۓڰ. ӧޕॺך以܌ R2

ύ σ ≃{0,1} τ.

ॺӧך Example 4.1.2 ύΨஒ σ, τ ຎൂࣁՏ༝ S 1 ΢的 paths. ॺԖ一ঁӧך S ΢ σ, τ

ϐ໔的 homotopy function, ջ

F(s, t) = (cos((1 − 2t)sπ), sin((1 − 2t)sπ)), ∀ (s, t) ∈ I × I.

ᗨฅ F(0, t) = σ(0) ՠ྽ t , 1 ਔ, F(1, t) = (cos(1 − 2t)π, sin(1 − 2t)π) , σ(1), 以܌ F ٠ό

ᆄᗺۓڰࢂ σ, τ ϐ໔ӧ S 1 ΢的 homotopy function. ٣ჴ΢以ךࡕॺ཮ޕၰ, ӧ S 1 ΢ σ

ک τ όёૈࢂ homotopic with end points fixed.

வ΢य़ΑٯηךॺޕၰҔۓڰᆄᗺ的 homotopy relation ٰϩᜪ, ёஒ R2 ک S 1 ୔ϩ໒

ٰ,όၸा৾Ѭٰϩᜪ྽ฅाࢂ equivalence relationωՉ. εৎё以ԾՉᡍ᛾ӧ Proposition
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4.1.4 的᛾ܴύ的 homotopy function ऩᆄᗺࣣۓڰ, 的ۓཥٰࡕ homotopy function 的ᆄ
ᗺΨ཮೏ۓڰ. 以܌ ≃{0,1} Ψ཮ࢂ一ঁ equivalence relation. ೭္᛾ܴ൩࣪ౣΑ.

Proposition 4.1.9. ଷ೛ X 一ঁࢂ topological space, ᆄᗺ的ۓڰ homotopy relation ≃{0,1}
ࢂ X ΢的 paths 的一ঁ equivalence relation.

നךࡕॺӣډஒঁٿ path ೱ่的ୢᚒ. ଷ೛ σ, τ ࣁ X ΢的 paths Ъ σ(1) = τ(0), ॺך
Α一ঁཥ的ۓ path σ ∗ τ ஒ σ, τ ೱଆٰ, ҭջ

σ ∗ τ(t) =
{
σ(2t), 0 ≤ t ≤ 1/2;
τ(2t − 1), 1/2 ≤ t ≤ 1.

౜ऩ σ′, τ′ ࣁ X ΢的 paths ᅈى σ ≃{0,1} σ′ Ъ τ ≃{0,1} τ′, Ԝਔҗܭ σ′(1) = σ(1) = τ(0) =

τ′(0), ॺ྽ฅё以Ԗך σ′ ∗ τ′. ౜ӧ的ୢᚒࢂ, ցࢂ σ ∗ τ ≃{0,1} σ′ ∗ τ′? Ψ൩ࢂᇥऩ F,G ϩ

ձࢂ σ ډ σ′ 以及 τ ډ τ′ 的 homotopy function with end points fixed, ᄬрೱࡌॺૈցך
ኧڄុ H : I × I → X, ࢂ σ ∗ τ ډ σ′ ∗ τ′ 的 homotopy function with end points fixed?

Եቾ

H(s, t) =
{

F(2s, t), 0 ≤ s ≤ 1/2;
G(2s − 1, t), 1/2 ≤ s ≤ 1.

җܭ H ኧЪڄೱុࢂ H0 = F0 ∗ G0 = σ ∗ τ, H1 = F1 ∗ G1 = σ′ ∗ τ′, ၰޕॺך H ࢂ

ӧ X ΢ σ ∗ τ ډ σ′ ∗ τ′ 的 homotopy function. ΞჹҺཀ t ∈ I, H(0, t) = F(0, t) = σ(0),
H(1, t) = G(1, t) = τ(1), ॺளך H ࢂ homotopy function with end points fixed, ޕࡺ
σ ∗ τ ≃{0,1} σ′ ∗ τ′. .౛ۓॺ᛾ܴΑ以Πך

Proposition 4.1.10. ଷ೛ σ, τ ࣁ topological space X ΢的 paths Ъ σ(1) = τ(0). ऩ σ′, τ′

ࣁ X ΢的 paths ᅈى σ ≃{0,1} σ′ Ъ τ ≃{0,1} τ′, ߾ σ ∗ τ ≃{0,1} σ′ ∗ τ′.

Proposition 4.1.10 ύ的 ∗ ӳႽ๏Αӧ X ΢一些 paths ϐ໔的ၮᆉ. όၸӧжኧၮᆉύ
നख़ा的൩ࢂाԖ่ӝࡓ (associativity),٣ჴ΢ऩ σ, τ, γ ࣁ X ΢的 pathsᅈى σ(1) = τ(0)

Ъ τ(1) = γ(0), ԜਔԵቾ

F(s, t) =


σ( 4s

t+1), 0 ≤ s ≤ (t + 1)/4;
τ(4s − t − 1), (t + 1)/4 ≤ s ≤ (t + 2)/4;
γ(4s−t−2

2−t ), (t + 2)/4 ≤ s ≤ 1.
.ॺԖ以Πϐ่݀ך

Lemma 4.1.11. ଷ೛ σ, τ, γ ࣁ topological space X ΢的 paths ᅈى σ(1) = τ(0) Ъ τ(1) =

γ(0). ߾ (σ ∗ τ) ∗ γ ≃{0,1} σ ∗ (τ ∗ γ).

Question 4.5. ଷ೛ σ, τ, γ ᅈى Lemma 4.1.11 的ଷ೛, ϩձቪΠ (σ ∗ τ) ∗ γ 以及 σ ∗ (τ ∗ γ)
ϐۓက. ٠٩Ԝ᛾ܴ Lemma 4.1.11.

Question 4.6. ଷ೛ σ ࢂ topological space X ΢的 path. з σ(0) = a Ъ c ࣁ constant
path c(t) = a, ∀ t ∈ I.

(1) ၂᛾ܴ c ∗ σ ≃{0,1} σ.
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(2) ၂ډפ一ঁ path τ ᅈى σ ∗ τ ≃ c.

(3) ၂ډפ path γ ᅈى σ ∗ γ ≃{0,1} σ.

ԖΑ Lemma 4.1.11 以及 Question 4.6, ډפॺё以ך X ΢一些特ۓ的 paths ٬ளѬॺ
ӧ homotopic with end points fixed ೭ኬ的ϩᜪΠ׎ԋ一ঁ group. ᜢܭ೭一ᗺ, ॺ཮ӧך
ϟಏ fundamental group ਔӆ၁ፋ.

4.2. Homotopy of Functions

一ঁ拓樸ޜ໔ X ύ的 path ,໔ޜ拓樸ঁٿࢂჴځ ջ I ᆶ X ϐ໔的ೱុڄኧ. ೭一࿯ύךॺ
ஒ paths ϐ໔的 homotopic ,ۺཷ ௢ቶډೱុڄኧϐ໔的 homotopic ,ۺཷ ຾Զ௖૸拓樸ޜ
໔的 homotopic .ۺཷ

๏ٿۓ拓樸ޜ໔ X,Y, २Ӄךॺۓကவ X ډ Y 的ೱុڄኧ໔的 homotopic.

Definition 4.2.1. ଷ೛ X,Y ࣁ topological space. Եቾ X ډ Y 的ೱុڄኧ f , g : X → Y.
ऩӸӧ F : X × I → Y ኧڄೱុࣁ (೭္ X × I ࣁ X, I 的 product space), ᅈى F(x, 0) =

f (x), F(x, 1) = g(x), ∀ x ∈ X,߾ᆀ f , gࣁ homotopic૶ࣁ f ≃ g. ٠ᆀ F ࣁ f , g的 homotopy
function.

,ཀݙ ྽ךॺۓڰ一ঁ t0 ∈ I, ԜਔԵቾ Ft0 : X → Y, ࣁကۓ Ft0(x) = F(x, t0), ∀ x ∈ X.
Ft0 一ঁவࢂ X ډ Y 的ೱុڄኧ. ӢԜ f ک gࢂ homotopic൩߄Ң, 一ಔډפॺё以ך “ೱ
ុᡂ୏” 的ೱុڄኧ Ft, வ F0 = f “ᡂඤ” Կ F1 = g. ӵӕ΢一࿯的௃ݩϞࣁࡕΑБߡଆ
,ـ ྽ F : X × I → Y ,ኧڄೱុࢂ ჹҺཀ t0 ∈ I, ॺ೿Ҕך Ft0 Ң߄ٰ F(x, t0) ೭ঁவ X ډ

Y 的ೱុڄኧ.

Example 4.2.2. ଷ೛ Y ࢂ Rn 的一ঁ convex subset,ջჹҺཀ a, b ∈ Y ࣣԖ ta+(1−t)b ∈ Y,
∀ t ∈ I. ԜਔჹҺཀೱុڄኧ f : X → Y, 以及ۓڰҺ一ᗺ y0 ∈ Y, Եቾ

F(x, t) = ty0 + (1 − t) f (x), ∀ (x, t) ∈ X × I.

җܭ F ىኧЪᅈڄೱុࢂ F0(x) = F(x, 0) = f (x) 以及 F1(x) = F(x, 1) = y0, ∀ x ∈ X, ॺך
ޕ f (x) ≃ cy0 , ύځ cy0 : X → Y, ى一ঁᅈࢂ cy0(x) = y0, ∀ x ∈ X 的 constant function.

Example 4.2.2 ύ的拓樸ޜ໔ Y ,໔ޜ特ձ的拓樸ࡐࢂ Ѭᅈ܌ىԖࢀ৔ډѬ的ೱុڄኧ
೿཮ک constant function ࢂ homotopic. 特ձ的, ྽ X = Y, Ъ f ࢂ identity function (ջ
f = idY), ॺԖך idY ≃ cy0 . .ကۓ໔๏一ঁޜॺ特ձஒ೭ᅿ拓樸ך

Definition 4.2.3. ଷ೛ X .໔ޜ一ঁ拓樸ࢂ ऩӸӧ一ঁ constant function c : X → X ᅈى

idX ≃ c, ᆀ߾ X ࣁ contractible space.

Example 4.2.2 ֋ນךॺ Rn ύ的 convex sets ࣁࣣ contractible. ஒٰךॺ཮᛾ܴ S 1 ό

཮ࢂ contractible.

Question 4.7. ၂᛾ܴҺཀ indiscrete topological space ࣁࣣ contractible space.
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Question 4.8. ଷ೛ X ࢂ discrete topological space. ᛾ܴऩ f : X → X ىኧᅈڄೱុࢂ

f ≃ idX, ߾ f = idX. ٩Ԝךॺޕၰ, ऩ discrete space X Ԗঁٿ以΢的ϡન, ߾ X ό཮ࢂ

contractible.

ӧ΢一࿯ Proposition 4.1.4 ύ, ၰޕॺך path ϐ໔的 homotopy relation 一ঁࢂ equiv-
alence relation. ೭ჹܭೱុڄኧٰᇥΨ҅ࢂዴ的. җܭ᛾ܴک Proposition 4.1.4 ࣬ӕ, ॺך
൩όӆ᛾ܴΑ.

Proposition 4.2.4. ଷ೛ X,Y ࣁ topological space. ߾ X ډ Y ϐ໔的ೱុڄኧ的 homotopy
relation 一ঁࢂ equivalence relation.

,ၰޕॺ೿ך ྽ঁٿೱុڄኧё以ӝԋਔ, .ኧڄೱុࣁኧϝڄӝԋځ ౜ӧୢᚒࢂӝԋڄ
ኧ, ӧ homotopy equivalence ϐΠࢂցё以࡭ߥ? 以Πۓ౛֋ນךॺเਢۓޭࢂ的.

Proposition 4.2.5. ଷ೛ f0, f1 : X → Y, g0, g1 : Y → Z ىኧЪᅈڄೱុࣁࣣ f0 ≃ f1,
g0 ≃ g1. ߾ g0 ◦ f0 ≃ g1 ◦ f1.

Proof. з F : X × I → Y, G : Y × I → Z, ϩձࣁ f1, f2 以及 g1, g2 的 homotopy function, ջ
F,G ىೱុЪᅈࣁࣣ F0 = f0, F1 = f1 以及 G0 = g0,G1 = g1. ౜Եቾ H : X × I → Z ကۓځ

ࣁ H(x, t) = G(F(x, t), t), ∀ (x, t) ∈ X × I. Ԝਔ

H(x, 0) = G(F(x, 0), 0) = G( f0(x), 0) = g0( f0(x)),

ӕ౛ H(x, 1) = g1( f1(x)), ӆу΢ H ࣁ continuous, ॺ᛾ளΑך g0 ◦ f0 ≃ g1 ◦ f1. �

特ձӦ, ྽ Y ࢂ contractible, ӢӸӧ Y ΢的 constant function c : Y → Y ᅈى idY ≃ c,
җࡺ Proposition 4.2.5 ,ޕ ჹҺཀ X ډ Y 的ೱុڄኧ f : X → Y, ࣣԖ

f = idY ◦ f ≃ c ◦ f .

җܭ c ◦ f : X → Y 一ঁࢂ X ډ Y 的 constant function, .౛ۓॺள᛾以Π的ך

Corollary 4.2.6. ଷ೛ X,Y ࣁ topological spaces, ύځ Y ࣁ contractible. ڄჹҺཀೱុ߾
ኧ f : X → Y, ࣣӸӧ一ঁ X ډ Y 的 constant function c ٬ள f ≃ c.

Question 4.9. җ Corollary 4.2.6 的᛾ܴύࢂցё以௢ளӸӧ一ঁ X ډ Y 的 constant
function c ٬ளჹҺཀೱុڄኧ f : X → Y, ࣣԖ f ≃ c. 特ձ的྽ Y ࢂ contractible space,
၂ᇥܴҺཀ constant function c : Y → Y ࣣᅈى c ≃ idY .

Question 4.10. ၂᛾ܴऩ X ࣁ contractible space ߾ X ࣁ path connected.

྽ X,Y ࢂ topological spaces, ॺҔך [X,Y] ҢճҔ߄ٰ X ډ Y ϐ໔的ೱុڄኧ的

homotopy relation ٰϩᜪϐࡕ, ள的܌ equivalence classes. ा特ձݙཀ, җܭ X ډ Y 的ڄ

ኧک Y ډ X 的ڄኧঁٿࢂό࣬ᜢ的໣ӝ, [X,Y] ҂Ѹ฻ܭ [Y, X].

Question 4.11. ଷ೛ Y ࢂ topological space, ၂᛾ܴ以Πࢂ฻ሽ的:
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(1) Y is contractible.

(2) [Y,Y] ໻Ԗ一ঁϡન.

(3) ჹҺཀ拓樸ޜ໔ X ࣣᅈى [X,Y] ໻Ԗ一ঁϡન.

നךࡕॺᇥܴ一Π, ॺΨёӵך path 的௃ݩ, ௦ڗᜪ՟ᆄᗺۓڰ೭ᅿၨᝄ਱的 homo-
topy equivalence, Ψ൩ࢂჹೱុڄኧ的ᙯඤၸำу以ज़ڋ. ჹܭೱុڄኧ, ॺԖ以Πך
Definition 4.1.7 的௢ቶ.

Definition 4.2.7. ଷ೛ X,Y ࣁ topological spaces. ۓڰ X 的一ঁ subset A, ଷ೛ f , g :

X → Y ىኧᅈڄೱុࣁ f (a) = g(a) ∀ a ∈ A. ऩӸӧ一ঁೱុڄኧ F : X × I → Y, ᅈى
F(x, 0) = f (x), F(x, 1) = g(x), ∀ x ∈ X 以及 F(a, t) = f (a) = g(a), ∀ a ∈ A, t ∈ I. ॺᆀך߾
f , g ࢂ homotopic with A fixed, ЪҔ f ≃A g .Ң߄ٰ Զڄኧ F ᆀϐࣁ f , g ϐ໔的 homotopy
function with A fixed.

,ݩ一ኬ的௃ۓڰᆄᗺک ≃A Ψ཮ࢂ一ঁ equivalence relation, Ӣࣁ᛾ݤ೿࣬ӕ, ൩όӆ
၁ॊΑ.

Proposition 4.2.8. ଷ೛ X,Y ࣁ topological spaces Ъ A ࣁ X 的 subset. ߾ ≃A ࢂ X ډ Y

的ೱុڄኧϐ໔的一ঁ equivalence relation.

Question 4.12. ྽ A = ∅ ਔ, ≃A ཮࡛ࢂኬ的 equivalence relation?

4.3. Homotopy Equivalence of Spaces

ၸѐךॺճҔঁٿ拓樸ޜ໔ϐ໔ࢂցԖ一ঁ homeomorphism ٰղۓѬॺࢂցӕᜪ的Б
,ϼၸᝄ਱Αݤ 以Կܭჹ拓樸ޜ໔的ϩᜪୢᚒᡉளፄᚇ. ΢一࿯ύ, ኧҔڄॺஒೱុך
homotopy 的ཷۺϩᜪ, ӧԜϩᜪϐΠঁٿ拓樸ޜ໔的ೱុڄኧୢᚒᡂளᙁൂӭΑ. ܌ӵٯ
Ԗ R ډ R 的ೱុڄኧ೿ёᘜࣁ一ᜪ (Ӣࣁ R ࢂ contractible). ೭一࿯ύ, ೭ᅿុۯॺஒך
.ݤ໔๏Α一ঁཥ的ϩᜪБޜჹ拓樸ۺཷ

ଷ೛ X,Y ,໔ޜ拓樸ࣁ Զ f : X → Y ,ኧڄೱុࣁ ऩӸӧೱុڄኧ g : Y → X ᅈى

g ◦ f ≃ idX 以及 f ◦ g ≃ idY , ॺ཮᝺ளך g(x) “ӳႽ” f (x) 的ϸڄኧ. ԿϿऩ f (x) 一ჹ一ࢂ

Ъࢀԋ的၉, ӧ homotopy 的ٰ࣮ࡋف, g(x) ཮ک f (x) 的ϸڄኧࢂӕᜪ的. ۓॺԖ以Π的ך
က.

Definition 4.3.1. ଷ೛ X,Y ,໔ޜ拓樸ࣁ ኧڄॺᆀೱុך f : X → Y 一ঁࣁ homotopy
equivalence function ӵ݀Ӹӧೱុڄኧ g : Y → X ᅈى g ◦ f ≃ idX 以及 f ◦ g ≃ idY . ӧԜ௃
,ϐΠ׎ ॺᆀך X,Y ࣁ homotopy equivalent ЪҔ X ≃ Y .Ң߄ٰ

Question 4.13. ଷ೛ٿ拓樸ޜ໔ࣁ homeomorphic ցѬॺ཮ࢂ homotopy equivalent?

Question 4.14. ଷ೛ X,Y ࢂ topological spaces Ъ Y ࢂ contractible. ၂᛾ܴ X ≃ Y ऩЪ

୤ऩ X ࢂ contractible.
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Question 4.15. Եቾ X = R2 \ {(0, 0)} ࣁ R2 的 standard topology ϐΠ的 subspace. Եቾ
ೱុڄኧ f : X → S 1 ࣁကۓ

f (x, y) =
1√

x2 + y2
(x, y), ∀ (x, y) ∈ X.

၂᛾ܴ f ࣁ homotopy equivalence function.

,৒࣮ܰрࡐ homotopy equivalent ≃ ໔ύ的ޜ拓樸ࢂ equivalence relation. ٣ჴ΢ჹҺ
ཀ的 topological space X, ॺࣣԖך idX 一ঁࢂ X ډ X 的 homotopy equivalence function,
以܌ X ≃ X. ќ外ऩ X ≃ Y, ኧڄҢӸӧೱុ߄ f : X → Y 以及 g : Y → X ᅈى g ◦ f ≃ idX,
f ◦ g ≃ idY . Ψ൩ࢂᇥ g : Y → X ࢂ Y ډ X 的 homotopy equivalence function, 以܌ Y ≃ X.
നࡕऩ X ≃ Y Ъ Y ≃ Z, ऩ f : X → Y, h : Y → Z ϩձࣁ homotopy equivalence functions Ъ
g : Y → X, l : Z → Y ᅈى g ◦ f ≃ idX, f ◦ g ≃ idY , l ◦ h ≃ idY , h ◦ l ≃ idZ, Ԝਔҗ Proposition
4.2.5 ॺԖך

(h ◦ f ) ◦ (g ◦ l) = h ◦ ( f ◦ g) ◦ l ≃ h ◦ idY ◦ l = h ◦ l ≃ idZ .

ӕ౛ёள (g ◦ l) ◦ (h ◦ f ) ≃ idX. ҭջ h ◦ f : X → Z ࢂ X ډ Z 的 homotopy equivalence
function, ள᛾ X ≃ Z. ӢԜךॺԖ以Π的่݀.

Proposition 4.3.2. ჹܭ topological spaces, homotopy equivalent ≃ 一ঁࢂ equivalence
relation.

ाݙཀ, 一ঁೱុڄኧک identity ࢂ homotopic ٠ό߄ҢѬࢂ一ჹ一Ъࢀԋ的. ٯ
ӵӧ contractible space ύ identity ൩ک constant function ࢂ homotopic. ӢԜ, ྽ךॺ
ᇥ f : X → Y 一ঁࢂ homotopy equivalence function, ٠ό߄ҢѬࢂ一ჹ一Ъࢀԋ的. வ
೭ঁٰࡋفᇥ拓樸ޜ໔Ҕ homotopic ٰϩᜪ൩КҔ homeomorphic ٰϩᜪၨόᝄ਱. ٯ
ӵऩ X, Y ࣁࣣ indiscrete topological space, ՠԖόӕ的ϡનঁኧ, ߾ X,Y όёૈ཮ࢂ

homeomorphic ՠࢂӢࣁѬॺ೿ࢂ contractible space (Question 4.7), җࡺ Question 4.14 ޕ
X,Y ࣁ homotopic equivalent. όၸќ一Бय़ homotopic equivalent Ξό཮ϼ᚞ණ, Π一ঁ
ಞᚒ֋ນךॺ discrete spaces ሡԖ࣬ӕ的ϡનঁኧω཮ homotopic equivalent.

Question 4.16. ଷ೛ X,Y ࣁ discrete topological space ЪϩձԖ m, n ঁϡન. ၂᛾ܴ
X ≃ Y ऩЪ୤ऩ m = n.

ќ外ाݙཀ, ॺाᇥך f : X → Y 一ঁࢂ homotopy equivalence function ൩Ѹ໪ډפ
ೱុڄኧ g : Y → X ӕਔᅈى g ◦ f ≃ idX 以及 f ◦ g ≃ idY , ໻಄ӝൂ邊 g ◦ f ≃ idX ܈)
f ◦ g ≃ idY) .ό୼的ࢂ ӵ྽ٯ Y ࢂ contractible Һཀೱុڄኧ f : X → Y 以及 g : Y → X,
ॺ೿Ԗך f ◦ g ≃ idY ,(?ϙሶࣁ) ՠࢂऩ X όࢂ contractible, όёૈ཮Ԗ߾ X ≃ Y ـୖ)
Question 4.14),Ψ൩ࢂᇥ g◦ f όёૈک idX ࢂ homotopic. όၸऩჹܭೱុڄኧ f : X → Y,
Ӹӧೱុڄኧ g, h : Y → X ϩձᅈى g ◦ f ≃ idX 以及 f ◦ h ≃ idY , ॺё௢ளך߾ g ≃ h (ճҔ
Proposition 4.2.5), ӢԜԜਔϝёዴۓ f ࣁ homotopy equivalence function.

Question 4.17. ଷ೛ f : X → Y ,ኧڄೱុࣁ ЪӸӧೱុڄኧ g, h : Y → X ϩձᅈى

g ◦ f ≃ idX 以及 f ◦ h ≃ idY . ၂᛾ܴ f ࣁ homotopy equivalence function.
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前य़ךॺගၸ拓樸ޜ໔的 connected, compact 以及 Hausdorff 的性質ࢂ཮ӧ homeo-
morphic ϐΠ࡭ߥ的 (೭ኬ的性質ᆀࣁ topological invariant). ௗΠٰךॺགྷୢ೭Οᅿ性質
ց཮ӧࢂ homotopic equivalent ϐΠ࡭ߥ (ऩё以࡭ߥ, ࣁᆀ߾ homotopic invariant). Ψ൩
ᇥऩࢂ X ≃ Y Ъ X ࢂ connected ցёளࢂ Y ࢂ connected? ӕኬ的ऩ X ࢂ compact, ցࢂ
Y ཮ࢂ compact? Ξऩ X ࢂ Hausdorff, Y Ψ཮ࢂ Hausdorff ༏?

٣ჴ΢ connected 的性質ࢂ homotopic invariant. .ॺԖ以Π的่݀ך

Proposition 4.3.3. ଷ೛ X,Y ࣁ homotopic equivalent. ߾ X ࢂ connected ऩЪ୤ऩ Y ࢂ

connected.

Proof. җܭ homotopic equivalent ࢂ equivalence relation ࣁࡺ symmetric, ӢԜךॺѝा
᛾ܴ, ऩ X ࣁ connected ߾ Y ࣁ connected ջё. ٩ଷ೛, ኧڄॺԖೱុך f : X → Y,
g : Y → X ک F : Y × I → Y ᅈى F(y, 0) = f ◦ g(y) 以及 F(y, 1) = y, ∀ y ∈ Y.

౜ၮҔϸ᛾ݤ,ଷ೛ Y ࣁ disconnected,ҭջӸӧ Y 的ޜߚ open set U,V ᅈى Y = U∪V

以及 U ∩ V = ∅. җܭ f : X → Y ࣁ continuous Ъ X ࣁ connected, ࡺ f (Y) ࣁ connected
(Corollary 3.1.7), όѨ一૓性ךॺଷ೛ f (X) ⊆ U, Ԗࡺ F(y, 0) = f (g(y)) ⊆ U, ∀ y ∈ Y. ౜
Һ一ۓڰ b ∈ V (Ӣ V (ޜߚ Եቾೱុڄኧ h : I → Y ࣁကۓ h(t) = F(b, t), ∀ t ∈ I. Ӣࣁ
I ࣁ connected, h(I) Ѹࣁ connected, ΨӢԜ h(I) ⊆ U ܈ h(I) ⊆ V. ܭཀҗݙ U ∩ V = ∅,
h(I) ⊆ U ܈ h(I) ⊆ V .ύѝԖ一໨཮ԋҥځ ଷ೛ h(I) ⊆ U, ೭ᆶ h(1) = F(b, 1) = b ∈ V ࣬

ҟ࣯. Զ h(I) ⊆ V Ξᆶ h(0) = F(b, 0) = f (g(b)) ∈ U ࣬ҟ࣯, ள᛾ Y ࣁ connected. �

Question 4.18. Path connected 的性質ࢂցࢂ homotopic invariant? ൩ࢂᇥऩ X ≃ Y Ъ

X ࣁ path connected ցёளࢂ Y Ψࢂ path connected?

Կܭ compact ک Hausdorff 的性質೿όࢂ homotopic invariant. ӵҔٯ R 的 standard
topology, ഈ୔໔ [0, 1] ໒୔໔ک (0, 1) 一ঁࢂ compact, ќ一ঁόࢂ compact, ՠޣٿ
೿ࢂ contractible space, җ Question 4.14, ёளѬॺࣁ homotopic equivalent. ԶԵቾ R
的 standard topology, Ѭࢂ Hausdorff, ԶԖঁٿϡન的 indiscrete topological space όࢂ
Hausdorff, ՠдॺ೿ࢂ contractible space, ӢԜϝࣁ homotopic equivalent.

ाղᘐޜঁٿ໔ࢂցࣁ homotopic equivalent ϝόࢂ৒ܰ的٣. ྽ฅΑ, җ Proposi-
tion 4.3.3, ၰऩޕॺך X ࢂ connected, Y ࢂ disconnected, ߾ X, Y όёૈࢂ homotopic
equivalent. όၸ一૓௃ݩ, ൩ሡा׳ӭ的౛論ٰೀ౛. ӵٯ S 1 Ѭᗨฅک I = [0, 1] 一ኬࢂ

connected, compact 以及 Hausdorff, ՠѬ൩όႽ I 一ኬࢂ contractible. ΨӢԜ S 1 ک I ٠

όࢂ homotopic equivalent. Π一കךॺஒᏢಞཥ的౛論, ٰೀ౛೭ঁୢᚒ.





Chapter 5

Fundamental Groups

ࣁցࢂ໔ޜٿΑाլܺ௖૸ࣁ homotopic equivalent 的֚ᜤ, ೭一കύךॺஒϟಏ funda-
mental group 的ཷۺ. ࿶җղᘐ೭些 groups, ໔ޜё以୔ϩ໒ٗ些拓樸ڀॺӭΑ一ঁπך
ό཮ࢂ homotopic equivalent. ྽ฅΑ, ӧ一૓௃ݩ, ाीᆉ fundamental group Ψόࢂ৒ܰ
的٣. ॺஒ௖૸ך S 1 的 fundamental group, բ؁߃ࣁ的ϟಏ.

5.1. Fundamental group of a pointed topological space

ॺම࿶ჹ一ঁך topological space ΢的 paths ճҔ homotopic with end points fixed 的Б
.ϩᜪݤ ӧԜϩᜪϐΠךॺё以ۓကၮᆉஒ一ঁಖᗺکќ一ঁଆᗺ࣬ӕ的ঁٿ paths ೱ่
ଆٰ. ೭ኬ的ၮᆉ಄ӝΑ一些ӵ่ӝࡓ฻ख़ा的ၮᆉ. όၸ೭όى๏ϒ೭些 paths ӳ的ж
ኧ่ᄬ. Ӣࣁ一ঁӳ的жኧ่ᄬѸ໪܌Ԗϡનϐ໔ࣣૈၮᆉ. ӢԜךॺѸ໪ज़܌ڋԵቾ的
paths. ӧ፾྽的ज़ڋϐΠ, ೭些 paths ԋΑ一ঁ׎ group. ೭࿯ύךॺஒ௖૸ӵՖளډ೭一
ঁ group 及ځ一૓的性質.

前य़ග及ाԖӳ的жኧ่ᄬ, Ѹ໪؂ঁϡન࣬ϕϐ໔ૈ୼ၮᆉ. 特ձ的ࢂ, ԾρکԾρ
Ψाૈၮᆉ. ӢԜऩ σ : I → X ࢂ X ΢的一ঁ path, ा σ ∗ σ Ԗۓက, ࢂကѸ໪ۓ٩ σ 的

ಖᗺ σ(1) ሡ฻ܭ σ 的ଆᗺ σ(0), ҭջ σ(0) = σ(1). ౜ऩ τ : I → X ќ一ঁࢂ path, ा τ

ک σ 以及 τ ҁૈيၮᆉ, ྽ฅΨሡा τ(0) = τ(1) = σ(0). ӢԜۓڰ X ΢的一ᗺ x0 ∈ X,
ࢂॺाԵቾ的ך X ΢܌Ԗவ x0 ډ x0 的 paths. ॺԵቾ的ךܭཀҗݙ homotopy function
F : I → I → X, ,ᆄᗺ的ۓڰࢂ 以ჹҺཀ܌ t ∈ I, F ӧ t ကр的ۓ܌ path Ft 的ଆᗺکಖᗺ

ࣁࣣ x0. ඤ言ϐ, ӵ݀ךॺԵቾ X ΢ଆᗺکಖᗺࣣࣁ x0 的 paths, ٗሶ ≃{0,1} ϝฅۓကр೭
些 paths ϐ໔的 equivalence relation.

೭္җܭ x0 ॺ特ձҔך,ݩќ一ᗺ的௃ۓڰΑமፓ೭一ᗺ٠୔ϩࣁ,的ۓڰࢂ (X, x0)ٰ

໔ޜ拓樸ࢂॺ௖૸的ךҢ߄ X ΢ځۓڰ΢一ᗺ x0 的௃ݩ, ٠ᆀϐࣁ一ঁ pointed topological
space. ཀݙ (X, x0) 的拓樸ک X 的拓樸ࢂ一ኬ的, ࢌۓڰࢂॺ௖૸的ךҔѬٰமፓࢂॺѝך
一ᗺ x0 的௃ݩ. Զჹܭ X ΢ଆᗺکಖᗺࣣࣁ x0 的 path, ࣁᆀϐߡॺך (X, x0) ΢的一ঁ

loop.
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౜Եቾ homotopic with end point fixed ೭ኬ的 equivalence relation ≃{0,1} 的ϩᜪ, җܭ
Ԗӕᜪ的܌ path ೿Ԗ࣬ӕ的ଆᗺ࣬کӕ的ᆄᗺ, ک以܌ (X, x0) 的一ঁ loop ӕᜪ的 path Ψ
཮ࢂ (X, x0) 的 loop, ӢԜ ≃{0,1} Ψ཮ࢂ (X, x0) ΢的 loops 的一ঁ equivalence relation. ஒ
(X, x0) ΢的 loops Ҕ ≃{0,1} ϩᜪ܌ࡕள的 equivalence classes ԋ的໣ӝҔ܌ π1(X, x0) ߄ٰ

Ң.

ௗΠٰךॺԵቾ前य़܌ගӧ X ΢的ೱௗঁٿ paths 的ၮᆉ, ज़ڋӧ (X, x0) ΢的 loops
的௃ݩ, Ψ൩ࢂᇥऩ σ, τ ࣁ (X, x0) 的 loops, ॺԖך σ ∗ τ ࣁကۓ

σ ∗ τ(t) =
{
σ(2t), 0 ≤ t ≤ 1/2;
τ(2t − 1), 1/2 ≤ t ≤ 1.

ޕॺςך σ ∗ τ ཮ࢂ X ΢的 path (Ӣ σ(1) = τ(0) = x0), ӆу΢ σ ∗ τ(0) = σ(0) = x0,
σ ∗ τ(1) = τ(1) = x0, ள σ ∗ τ Ψࢂ (X, x0) ΢的 loop. Ξऩ σ′, τ′ ҭࣁ (X, x0) 的 loops ᅈ
ى σ ≃{0,1} σ′ Ъ τ ≃{0,1} τ′, ߾ Proposition 4.1.10 ֋ນךॺ σ ∗ τ ≃{0,1} σ′ ∗ τ′, ӢԜ ∗ ੿҅
๏Αךॺ一ঁӧ π1(X, x0) ΢的ၮᆉ. ௗΠٰךॺाᇥܴ೭ঁၮᆉ፟ϒ π1(X, x0) 一ঁ group
structure. Ψ൩ࢂᇥ π1(X, x0) ӧ ∗ ೭ঁၮᆉϐΠࢂ一ঁ group.

前य़ς࿶ޕၰჹҺঁٿ π1(X, x0) 的ϡન σ, τ (೭္ךॺҔ σ کҢ߄ σ ӕᜪ܌ԋ的

equivalence class), σ ∗ τ ࣣԖۓက, Ъۓက σ ∗ τ = σ ∗ τ ࢂ well-defined. Ξ Lemma 4.1.11
֋ນךॺ, ऩ σ, τ, γ ࣁ (X, x0) ΢的 loops, ߾ (σ ∗ τ) ∗ γ ≃{0,1} σ ∗ (τ ∗ γ), ҭջ

(σ ∗ τ) ∗ γ = σ ∗ τ ∗ γ = (σ ∗ τ) ∗ γ = σ ∗ (τ ∗ γ) == σ ∗ τ ∗ γ = σ ∗ (τ ∗ γ).

Ψ൩ࢂᇥ ∗ ಄ӝ่ӝࡓ (associative law). ࣗሶ཮ࢂ π1(X, x0) 的 identity ?ګ Եቾ c ࣁ

constant path c(t) = x0, ∀ t ∈ I. ჹҺཀ (X, x0) ΢的 loop σ, ॺԖך σ ∗ c ≃{0,1} σ Ъ
c ∗ σ ≃{0,1} σ ـୖ) Question 4.6), ޕࡺ c ∗ σ = σ = σ ∗ c, Ψ൩ࢂᇥ c ൩ࢂ π1(X, x0) ΢的

identity.

ԖΑ identity ځॺԾฅ཮ୢჹҺཀϡનך inverse ?ցӸӧࢂ ऩ σ ࢂ (X, x0) ΢的 loop,
ကۓॺך σ−1(t) = σ(1 − t), ∀ t ∈ I ཀݙ) σ−1 όࢂ σ 的ϸڄኧ). җܭ σ−1 : I → X ϝࣁ

continuous Ъ σ−1(0) = σ(1) = x0 以及 σ−1(1) = σ(0) = x0, ॺளך σ−1 Ψࢂ (X, x0) ΢的

loop. ౜Եቾ F : I × I → X ࣁကۓځ

F(s, t) =


σ(2s), 0 ≤ s ≤ t/2;
σ(t) t/2 ≤ s ≤ 1 − (t/2);
σ−1(2s − 1), 1 − (t/2) ≤ s ≤ 1.

٩ྣ Lemma 4.1.3, ,Ҭௗೀࢗॺᔠך ջ s = t/2 以及 s = 1 − (t/2), Ӣ σ(2(t/2) = σ(t) Ъ

σ−1(2(1− (t/2)− 1)) = σ−1(1− t) = σ(t), ளޕ F(s, t) .ኧڄೱុࣁ Ξ F(s, 0) = σ(0) = x0 =

c(s), F(s, 1) = σ ∗ σ−1(s) 以及 F(0, t) = σ(0) = x0, F(1, t) = σ−1(1) = σ(0) = x0, ॺளך
σ ∗ σ−1 ≃{0,1} c. ӕ౛ёள σ−1 ∗ σ ≃{0,1} c. ඤ言ϐ, ॺ᛾ளΑך σ 的 inverse ࣁ σ−1. Ψ൩
ᇥऩҔࢂ (σ)−1 Ң߄ٰ σ 的 inverse, ॺԖך (σ)−1 = σ−1. ॺ᛾ளΑך π1(X, x0) ӧ ∗ 的ၮ
ᆉϐΠ, 一ঁࢂ group. όၸाݙཀ, π1(X, x0) ҂Ѹࢂ abelian group. ॺᆀך π1(X, x0) ࢂ

pointed topological space (X, x0) 的 fundamental group.
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ाݙཀऩ x1 ∈ X ࢂ X ΢ᆶ x0 ࣬౦的一ᗺ, (X, x1) 的 fundamental group ୷ҁ΢کࢂ
(X, x0) 的 fundamental group όӕ (Ӣࣁ一ঁࢂଆᗺಖᗺࣣࣁ x1 的 loop, ќ一ঁࢂଆᗺಖ
ᗺࣣࣁ x0 的 loop Ѭॺϡન的ಔԋҽηόӕ). όၸӧፋ論жኧ่ᄬਔ, ॺ一૓όᜢЈ໣ך
ӝ΢的ৡ౦, Զݙࢂख़่ځᄬ. Ψ൩ࢂᇥ, ঁٿ೭ࢂॺ཮ᜢЈ的ך fundamental group ցࢂ
ࣁ isomorphic. ӣ៝一Π, ྽ G,G′ ঁٿࣁ group, ऩ h : G → G′ ࣁ group homomorphism
(ջ G ډ G′ 的ڄኧᅈى h(ab) = h(a)h(b), ∀ a, b ∈ G) ᅈى h ,ԋࢀ一ჹ一Ъࣁ ᆀ߾ h 一ࣁ

ঁ group isomorphism, Ъᆀ G,G′ ࣁ isomorphic. ۭΠךॺ௖૸྽Ԗ一ঁ X 的 path ёೱ
่ x0, x1 ,ᗺਔٿ π1(X, x0) ک π1(X, x1) ࢂ isomorphic.

ाᇥঁٿ group ࢂ isomorphic 一૓ٰᇥ཮Ӄࡌ೷一ঁ group homomorphism, ฅࡕӧ
ᇥܴѬࢂ一ჹ一Ъࢀԋ的. ॺाճҔӸӧ一ঁך X ΢的 path θ ᅈى θ(0) = x0, θ(1) = x1
ٰ೷р π1(X, x0) ک π1(X, x1) ϐ໔的 homomorphism. २Ӄ, ऩ σ ࢂ (X, x0) ΢的 loop,
Եቾ τ = (θ−1 ∗ σ) ∗ θ. җܭ θ−1(t) = θ(1 − t), ॺԖך τ(0) = θ−1(0) = θ(1) = x1 Ъ

τ(1) = θ(1) = x1. 以܌ τ ࢂ (X, x1) ΢的 loop. Ξऩ σ ≃{0,1} σ′, җ߾ Proposition 4.1.10, ך
ॺޕ (θ−1∗σ)∗θ ≃{0,1} (θ−1∗σ′)∗θ. ӢԜ σ 7→ (θ−1 ∗ σ) ∗ θۓကΑ一ঁவ π1(X, x0)ډ π1(X, x1)

的 well-defined function. ,ـଆߡΑБࣁ ࣁኧ૶ڄॺஒ೭ঁך θ∗ : π1(X, x0)→ π1(X, x1).

ௗΠٰ, ॺा᛾ܴך θ∗ 一ঁࢂ group homomorphism, ҭջჹҺཀ (X, x0) ΢的 loops
σ, τ, ॺा᛾ܴך θ∗(σ ∗ τ) = θ∗(σ) ∗ θ∗(τ). ,ကۓ٩ ೭൩ࢂा᛾ܴ

(θ−1 ∗ (σ ∗ τ)) ∗ θ ≃{0,1} ((θ−1 ∗ σ) ∗ θ) ∗ ((θ−1 ∗ τ) ∗ θ). (5.1)

ฅԶҗ Lemma 4.1.11, ޕॺך ∗ ೭ঁၮᆉӧ ≃{0,1} ೭ঁ equivalence relation ϐΠࢂԖ่ӝ
,的ࡓ ҭջ ((θ−1 ∗ σ) ∗ θ) ∗ ((θ−1 ∗ τ) ∗ θ) ≃{0,1} ((θ−1 ∗ σ) ∗ (θ ∗ θ−1) ∗ (τ ∗ θ). ྽ σ ࢂ (X, x0)

的 loop ਔ, ॺම᛾ܴΑך σ−1 ཮ᅈى σ−1 ∗ σ ≃{0,1} c ≃{0,1} σ ∗ σ−1, ύځ c ۓڰࢂ x0 的

constant. ӕኬ的Бך,ݤॺΨё᛾ள θ∗θ−1 ≃{0,1} c (೭္ cϝۓڰࣁ θ(0) = x0 的 constant).
Ξҗܭ σ ∗ c ≃{0,1} σ, ӆճҔ่ӝࡓ, ॺ᛾ளΑԄηך (5.1) ԋҥ, ҭջ θ∗ 一ঁࢂ group
homomorphism.

ฅࡽ θ∗ ࢂ group homomorphism, ࢗॺѝाᔠך θ∗ 的 kernel ࣁցࢂ identity, ൩ёޕ θ∗

.一ჹ一ࣁցࢂ ٣ჴ΢ଷ೛ σ ࣁ (X, x0) ΢的 loop ᅈى θ∗(σ) ≃{0,1} c′, ύځ c′ ۓڰࣁ x1
的 constant (ҭջ c′ ࢂ π1(X, x1) 的 identity). ೭߄Ң (θ−1 ∗ σ) ∗ θ) ≃{0,1} c′. ӆҔ一ԛ่ӝ
以及ࡓ θ ∗ θ′ ≃{0,1} c, θ−1 ∗ θ ≃{0,1} c′, ॺளך σ ≃{0,1} (θ ∗ c′) ∗ θ−1. നࡕҗ θ ∗ c′ ≃{0,1} θ ள
(θ ∗ c′) ∗ θ−1 ≃{0,1} θ ∗ θ−1 ≃{0,1} c, ॺ᛾ளΑך σ ≃{0,1} c, ҭջ σ ࢂ π1(X, x0) 的 identity, 以܌
θ∗ ࢂ one-to-one. Կܭ᛾ܴ θ∗ ,ԋࢀࢂ ჹҺཀ τ ࣁ (X, x1) 的 loop, ॺԖך σ = (θ ∗ τ) ∗ θ−1

ࢂ (X, x0) 的 loop. ӵ前य़的Бݤ, ޕॺך (θ−1 ∗ σ) ∗ θ ≃{0,1} τ, Ψ൩ࢂᇥ θ∗(σ) = τ. ᛾ܴΑ
θ∗ ࢂ onto. .౛ۓॺ᛾ܴΑΠय़的ך

Theorem 5.1.1. ଷ೛ x0, x1 ໔ޜ拓樸ࣁ X ΢ٿᗺ. ऩӸӧ X ΢的 path θ, ᅈى θ(0) =

x0, θ(1) = x1. ߾ π1(X, x0) ᆶ π1(X, x1) ࢂ isomorphic groups. ٣ჴ΢Եቾ θ∗ : π1(X, x0) →
π1(X, x1), ࣁကۓ θ∗(σ) = (θ−1 ∗ σ) ∗ θ, ߾ θ∗ 一ঁࢂ group isomorphism.
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ӣ៝一Π, ऩ拓樸ޜ໔ X Һٿᗺࣣёډפ X ΢的 path ஒϐ࣬ೱ, ᆀ߾ X ࢂ path
connected. Theorem 5.1.1 ֋ນךॺჹ X ΢Һٿᗺ x0, x1 ځ fundamental groups π1(X, x0)
ک π1(X, x1) ࢂ isomorphic, ҭջѬॺ的жኧ่ᄬࢂ一ኬ的, .的ᗺคᜢڗ܌ک ӢԜӧԜ௃׎
ϐΠךॺ൩όѸҔ pointed topological space,ޔௗҔ π1(X)ٰ߄Ң೭ঁ fundamental group,
٠ᆀϐࣁ X 的 fundamental group.

྽ X ࢂ contractibleਔ,ךॺޕၰѬࢂ path connected. ൂՏ༝ S 1 Ψࢂ path connected.
以ךࡕॺ཮ፋ論೭ٿᅿ特ձ的拓樸ޜ໔Ѭॺ的 fundamental group.

5.2. Induced Homomorphism

ӧ前一࿯ύ, ໔的ޜΑ一ঁ拓樸ډॺ࣮ך path ё以ᔅշךॺளډ一ঁӧ೭ঁ path 的ଆ
ᗺᆶಖᗺ的ঁٿ fundamental groups ϐ໔的 group homomorphism. ೭一࿯ύ, ॺஒճך
Ҕঁٿ拓樸ޜ໔ϐ໔的ೱុڄኧ, ౢғ೭ޜঁٿ໔的 fundamental groups ϐ໔的 group
homomorphism.

ଷ೛ X,Y ࣁ topological space Ъ f : X → Y .ኧڄೱុࣁ җܭ一૓௃׎ funda-
mental group ჹࢂ pointed topological space ,ကۓ܌ ӢԜ๏ۓ x0 ∈ X, ࢂॺाԵቾ的ך
(X, x0), (Y, f (x0)) ೭ঁٿ pointed topological spaces. ౜ऩ σ ࢂ (X, x0) ΢的 loop, Ծฅ的ࡐ
ኧڄॺ཮Եቾӝԋך f ◦ σ : I → Y. җܭ f ◦ σ ޕॺךኧڄೱុࣁ f ◦ σ ࢂ X ΢的 path.
зـଆߡΑБࣁ τ = f ◦ σ. җܭ τ(0) = f (σ(0)) = f (x0) 以及 τ(1) = f (σ(1)) = f (x0),
ډॺளך τ ࢂ (Y, f (x0)) ΢的 loop. ӢԜ f : X → Y ᔅշךॺளډΑ一ঁவ (X, x0) ΢的

loops ډ (Y, f (x0)) ΢的 loops ϐ໔的ڄኧ. ೭ঁڄኧૈցᔅշךॺۓက一ঁவ π1(X, x0) ډ

π1(Y, f (x0)) 的ڄኧګ? Ψ൩ࢂᇥѬૈ࡭ߥ homotopic equivalence 的ᜢ߯༏?

౜ऩ σ,σ′ࣁ (X, x0)΢的 loopsᅈى σ ≃{0,1} σ′,ךॺाޕၰ f ◦σ, f ◦σ′࣮ԋ (Y, f (x0))΢

的 loops, ցёளࢂ f ◦σ ≃{0,1} f ◦σ′. җܭӸӧೱុڄኧ F : I × I → X ᅈى F0 = σ, F1 = σ′

以及 F(0, t) = F(1, t) = x0, ∀ t ∈ I, ॺԵቾך G : I × I → Y, ࣁကۓ G(s, t) = f (F(s, t)). ࡐ
Ծฅ的, G ىኧЪᅈڄೱុࢂ G(s, 0) = f (F(s, 0)) = f (σ(s)), ∀ s ∈ I, ॺԖך G0 = f ◦ σ.
ӕ౛ள G1 = f ◦ σ′. Ξ G(0, t) = f (F(0, t)) = f (x0) = f (F(1, t)) = G(1, t), ∀ t ∈ I, ॺளך
f ◦ σ ≃{0,1} f ◦ σ′. ӢԜޕ f ёᔅךॺۓကр一ঁவ π1(X, x0) ډ π1(Y, f (x0)) 的 well-defined
function. ॺҔךـଆߡΑБࣁ f∗ ,ኧڄҢ೭ঁ߄ٰ Ψ൩ࢂᇥ f∗ : π1(X, x0) → π1(Y, f (x0))

的ۓကࣁ f∗(σ) = f ◦ σ. ௗΠٰךॺाᇥܴ的ࢂ f∗ ዴࣁ π1(X, x0) ډ π1(Y, f (x0)) 的 group
homomorphism.

ჹܭҺཀ (X, x0) ΢的 loops σ, τ, ॺा᛾ܴך f∗(σ ∗ τ) = f∗(σ) ∗ f∗(τ). ѰԄۓ٩က
f∗(σ ∗ τ) = f∗(σ ∗ τ) = f ◦ (σ ∗ τ) ࢂ的߄以Ѭж܌ (Y, f (x0)) ΢的 loop f ◦ (σ ∗ τ) ӧ的܌
equivalence class. ӕ౛ѓԄж߄的ࢂ ( f ◦ σ) ∗ ( f ◦ τ) ӧ的܌ equivalence class. ӢԜךॺा
᛾ܴ的ࢂ

f ◦ (σ ∗ τ) ≃{0,1} ( f ◦ σ) ∗ ( f ◦ τ).

ကۓ٩

σ ∗ τ(t) =
{
σ(2t), 0 ≤ t ≤ 1/2;
τ(2t − 1), 1/2 ≤ t ≤ 1.
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以܌

f ◦ (σ ∗ τ)(t) = f (σ ∗ τ(t)) =
{

f (σ(2t)), 0 ≤ t ≤ 1/2;
f (τ(2t − 1)), 1/2 ≤ t ≤ 1.

Ξ

( f ◦ σ) ∗ ( f ◦ τ)(t) =
{

f ◦ σ(2t), 0 ≤ t ≤ 1/2;
f ◦ τ(2t − 1), 1/2 ≤ t ≤ 1.

ॺளך f ◦ (σ ∗ τ) = ( f ◦σ) ∗ ( f ◦ τ), 以܌ f ◦ (σ ∗ τ) ≃{0,1} ( f ◦σ) ∗ ( f ◦ τ) ྽ฅԋҥ. ॺஒך
前य़่論ቪԋ以Πۓ౛.

Theorem 5.2.1. ଷ೛ X,Y ࣁ topological spaces Ъ f : X → Y .ኧڄೱុࣁ ۓڰ X ΢一ᗺ

x0, Եቾ f∗ : π1(X, x)) → π1(Y, f (x0)) ჹҺཀࣁကۓ (X, x0) ΢的 loop σ, f∗(σ) = f ◦ σ. ߾
f∗ 一ঁࢂ group homomorphism.

Question 5.1. Եቾ topological spaces X,Y,Z. ऩ f : X → Y, g : Y → Z ,ኧڄೱុࣁ ჹ߾
ܭ x0 ∈ X, (g ◦ f )∗ : π1(X, x0) → π1(Z, g( f (x0))) ک g∗ ◦ f∗ : π1(X, x0) → π1(Z, g( f (x0))) ೭ٿ

ঁ group homomorphisms ?ց࣬ӕࢂ

ኧڄฅ一ঁೱុࡽ f : X → Y ёۓကр group homomorphism f∗ : π1(X, x0) →
π1(Y, f (x0)), ౜ऩ g : X → Y ى一ঁᅈࢂ f ≃ g 的ೱុڄኧ, ௗΠٰךॺᜢЈ的ࢂ
f∗ : π1(X, x0) → π1(Y, f (x0)) ک g∗ : π1(X, x0) → π1(Y, g(x0)) ೭ঁٿ group homomorphism
཮Ԗࣗሶᜢ߯. २Ӄݙཀ, ऩ σ ࣁ (X, x0) ΢的 loop, ߾ f∗(σ) = f ◦ σ, g∗(σ) = g ◦ σ. 以܌
ࢂॺᜢЈ的ך f ◦ σ ೭一ঁ (Y, f (x0)) ΢的 loop ک g ◦ σ ೭一ঁ (Y, g(x0)) ΢的 loop 的ᜢ
߯. җךܭॺё以ஒ σ : I → X ຎࣁ I ډ X 的ೱុڄኧ, ӢԜ f ◦ σ, g ◦ σ ࣁࣣ I ډ Y 的

ೱុڄኧ. வೱុڄኧ的 homotopic equivalence ٰ࣮, Proposition 4.2.5 ֋ນךॺऩ f ≃ g,
߾ f ◦ σ ≃ g ◦ σ. όၸ೭္ךॺፋ的ࢂ fundamental groups, ाஒ f ◦ σ ک g ◦ σ ϩձຎࣁ
(Y, f (x0)) ک (Y, g(x0)) ΢的 loop, ЪԵቾ的 homotopic equivalence ,ᆄᗺ的ۓڰाࢂ ӢԜ
f ◦σ ≃ g ◦σ όךࢂॺ܌ᜢЈ的ᜢ߯. ࢂॺᜢЈ的ך f ◦ σ ک g ◦ σ ϩձຎࣁ π1(Y, f (x0)) ک

π1(Y, g(x0)) ೭ঁٿ groups 的ϡન的ᜢ߯.

ाӵՖډפ π1(Y, f (x0))ک π1(Y, g(x0))೭ঁٿ groupsϐ໔的ᜢ߯ګ? ӣ៝前य़ Theorem
5.1.1 ֋ນךॺӵ݀ Y ΢Ԗ一ঁ path ё以ೱௗ f (x0) ک g(x0), ٗሶ൩ёளډѬॺࢂ
isomorphic. ౜Ӣଷ೛ f ≃ g, ҭջӸӧೱុڄኧ F : X × I → Y ᅈى F(x, 0) = f (x), F(x, 1) =

g(x), ∀ x ∈ X. ॺԵቾך θ : I → Y ࣁကۓ θ(t) = F(x0, t), ∀ t ∈ I. Ӣࣁ θ ,ኧڄೱុࢂ
ၰޕॺך θ ࢂ Y ΢的 path, ΞӢࣁ θ(0) = F(x0, 0) = f (x0) Ъ θ(1) = F(x0, 1) = g(x0),
ډॺளך θ ࣁ X ΢ೱௗ f (x0) ک g(x0) ೭ٿᗺ的 path. ӢԜҗ Theorem 5.1.1 ளډ
θ∗ : π1(Y, f (x0))→ π1(Y, g(x0)) ࣁကۓ) θ∗(σ) = (θ−1 ∗ σ) ∗ θ), 一ঁࢂ group isomorphism.

ฅࡽ θ∗ ᔅշךॺډפ π1(Y, f (x0)), π1(Y, g(x0))ϐ໔的ᜢ߯, ऩ σࢂ (X, x0)΢的 loos, ך
ॺԾฅ཮ୢӧ π1(Y, f (x0)) ΢的ϡન f∗(σ) = f ◦ σ ࿶җ θ∗ ள܌ࡕ

θ∗( f∗(σ)) = θ∗( f ◦ σ) = (θ−1 ∗ ( f ◦ σ)) ∗ θ

ک g∗(σ) = g ◦ σ ೭ঁٿ π1(Y, g(x0)) ΢的ϡનϐ໔的ᜢ߯. ٣ჴ΢Ѭॺ࣬ࢂ฻的, Ψ൩ࢂᇥ
θ∗( f∗(σ)) = g∗(σ). ा᛾ܴ೭一ᗺ, ൩฻ӕܭ᛾ܴ (θ−1 ∗ ( f ◦ σ)) ∗ θ ≃{0,1} g ◦ σ. ॺԵቾೱך
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ኧڄុ G : I × I → Y ࣁကۓ

G(s, t) =



g(x0), 0 ≤ s ≤ t/4;
θ(1 + t − 4s), t/4 ≤ s ≤ 1/4;
F(σ(4s − 1), t) 1/4 ≤ s ≤ 1/2;
θ(2s + t − 1), 1/2 ≤ s ≤ 1 − (t/2);
g(x0), 1 − (t/2) ≤ s ≤ 1.

ाᇥܴ G ,ኧڄೱុࢂ ٩ྣ Lemma 4.1.3, ,Ҭௗೀࢗॺᔠך ྽ s = t/4, θ(1 + t − 4s) =

θ(1) = g(x0); ྽ s = 1/4, θ(1+ t−4s) = θ(t),Զ F(σ(4s−1), t) = F(σ(0), t) = F(x0, t) = θ(t);
྽ s = 1/2, F(σ(4s − 1), t) = F(σ(1), t) = F(x0, t) = θ(t), Զ θ(2s + t − 1) = θ(t); ന
྽ࡕ s = 1 − (t/2), θ(2s + t − 1) = θ(1) = g(x0). ೭᛾ܴΑ G ዴࣁೱុڄኧ. ӆу΢
G(0, t) = G(1, t) = g(x0), ∀ t ∈ I, ၰޕॺך G ஒࢂ G0 ᡂඤԋ G1 的ۓڰᆄᗺ的 homotopy
function. ฅԶࣗሶࢂ G0 ?ګ ॺԖך

G0(s) = G(s, 0) =


θ(1 − 4s), 0 ≤ s ≤ 1/4;
F(σ(4s − 1), 0), 1/4 ≤ s ≤ 1/2;
θ(2s − 1), 1/2 ≤ s ≤ 1.

җܭ Fࢂ f , gϐ໔的 homotopy function,ךॺԖ F0 = f ,ӢԜ F(σ(4s−1), 0) = f (σ(4s−1)).
Ψ൩ࢂᇥ G0 = (θ−1 ∗ ( f ◦ σ)) ∗ θ. ќ一Бय़

G1(s) = G(s, 1) =


g(x0), 0 ≤ s ≤ 1/4;
F(σ(4s − 1), 1), 1/4 ≤ s ≤ 1/2;
g(x0), 1/2 ≤ s ≤ 1.

җܭ F1 = g, ॺԖך F(σ(4s − 1), 1) = g(σ(4s − 1)). Ψ൩ࢂᇥ G0 = (c ∗ (g ◦ σ)) ∗ c, ύځ c

ࢂ (X, g(x0)) ύ的 constant loop. җܭ G : I × I → Y 的ۓڰᆄᗺעࢂ homotopy function,
ॺளך (θ−1 ∗ ( f ◦ σ)) ∗ θ ≃{0,1} (c ∗ (g ◦ σ)) ∗ c. ӆу΢ჹҺཀ (Y, g(x0)) ΢的 loop τ, ࣣԖ
τ ∗ c ≃{0,1} τ Ъ c ∗ τ ≃{0,1} τ, ӢԜךॺ᛾ளΑ (θ−1 ∗ ( f ◦ σ)) ∗ θ ≃{0,1} g ◦ σ, ΨӢԜԖΑ以Π
ख़ा的่݀.

Theorem 5.2.2. ଷ೛ X,Y ࣁ topological spaces Ъ f , g : X → Y .ኧڄೱុࣁ ऩ f ≃ g Ъ

F : X × I → Y ىኧᅈڄೱុࣁ F(x, 0) = f (x), F(x, 1) = g(x), ∀ x ∈ X. ๏ۓ x0 ∈ X, з
θ : I → Y ࣁ Y ΢的 path ࣁကۓځ θ(t) = F(x0, t), ∀ t ∈ I. ߾ f∗ : π1(X, x0) → π1(Y, f (x0)),
θ∗ : π1(X, f (x0)) → π1(Y, g(x0)), g∗ : π1(X, x0) → π1(Y, g(x0)) Οঁ group homomorphisms ᅈ
ى g∗ = θ∗ ◦ f∗. ҭջჹҺཀ (X, x0) ΢的 loop σ, ࣣԖ

θ∗( f∗(σ)) = (θ−1 ∗ ( f ◦ σ)) ∗ θ = g ◦ σ = g∗(σ).

ॺதճҔ以Π的ך commutative diagram ٰᇥܴ Theorem 5.2.2.

π1(X, x0)

g∗
& &NN

NNN
NNN

NNN

f∗
// π1(Y, f (x0))

θ∗
��

π1(Y, g(x0))

ӣ៝一Π, Theorem 5.1.1 ֋ນךॺ θ∗ 一ঁࢂ isomorphism, Ψ൩ࢂᇥѬࢂ一ჹ一Ъࢀ
ԋ的. ౜ऩ f∗ ,ԋࢀ一ჹ一Ъࢂ җ߾ g∗ = θ∗ ◦ f∗ ёள g∗ ҭࣁ一ჹ一Ъࢀԋ. ϸϐ, җܭ
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f∗ = θ−1∗ ◦ g∗, ӵ݀ g∗ ,ԋࢀ一ჹ一Ъࢂ ߾ f∗ ҭࣁ一ჹ一Ъࢀԋ. ӢԜךॺԖ以Π Theorem
5.2.2 ख़ा的ᔈҔ.

Corollary 5.2.3. ଷ೛ X,Y ࣁ topological spaces Ъ f , g : X → Y ىኧᅈڄೱុࣁ f ≃ g.
ۓڰ x0 ∈ X, Եቾ f∗ : π1(X, x0) → π1(Y, f (x0)), g∗ : π1(X, x0) → π1(Y, g(x0)). ߾ f∗ ࣁ group
isomorphism ऩЪ୤ऩ g∗ ࣁ group isomorphism.

྽ٿ拓樸ޜ໔ X,Y ࣁ homotopy equivalent (ջ X ≃ Y), ኧڄҢӸӧೱុ߄ f : X → Y,
g : Y → Xᅈى g◦ f ≃ idX 以及 f ◦g ≃ idY . ۓڰ x0 ∈ X,җܭ (idX)∗ : π1(X, x0)→ π1(X, x0)ࢂ

isomorphism, Corollary 5.2.3֋ນךॺ (g◦ f )∗ : π1(X, x0)→ π1(X, g( f (x0)))ࢂ isomorphism.
җܭ (g ◦ f )∗ = g∗ ◦ f∗ ـୖ) Question 5.1), җࡺ g∗ ◦ f∗ ,一ჹ一ࢂ ёள f∗ ;一ჹ一ࢂ ೚܈
εৎ཮ᇡࣁӕ౛, җ f ◦ g ≃ idY ёள f∗ ◦ g∗ ࢂ isomorphism, 以܌ f∗ ◦ g∗ ,ԋࢀࢂ җԜள
f∗ ,ԋࢀࢂ ӢԜޕ f∗ ࢂ isomorphism. ೭ঁᇥࢂݤᒱᇤ的, ЬाচӢࢂ f∗ ᒧ的ᗺ܌کࢂ (ջ
pointed topological space) Ԗᜢ, ௗΠٰךॺࢂߡाஒ೭ঁᢀۺᙶమ.

२Ӄ๏ۓ x0 ∈ X ,ࡕ ကۓ٩ f : X → Y ғ的ౢ܌ induced homomorphism ࢂ f∗ :

π1(X, x0) → π1(Y, f (x0)). ௗΠٰाک g : Y → X ӝԋ, ॺाᒧך Y ύ的ᗺ྽ฅࢂᒧ

f (x0) ∈ Y, ೭ኬ g∗, f∗ ωё以ӝԋ. ॺԖ以Πך (g ◦ f )∗ 的ϩှკҢ.

π1(X, x0)
f∗−−−−−−→ π1(Y, f (x0))

g∗−−−−−−→ π1(X, g( f (x0))) (5.2)

ќ一Бय़ჹܭ f ◦ g : Y → X, ॺҭёԵቾך f∗ ◦ g∗, όၸୢᚒࢂ໒ۈाᒧ Y ύব一ᗺ? Ψ
൩ࢂᇥѸ໪ᒧр y0 ∈ Y, ډॺωёளך induced homomorphism g∗ : π1(Y, y0)→ π1(X, g(y0)),
ฅࡕӧԵቾ f∗ : π1(X, g(y0)) → π1(Y, f (g(y0))), ωё以ஒ f∗, g∗ ӝԋள f∗ ◦ g∗ : π1(Y, y0) →
π1(X, f (g(y0))). ೭္ᗨฅ f∗ ◦ g∗ ཮ࢂ一ჹ一Ъࢀԋ, 以܌ f∗ ,ԋ的ࢀࢂ ՠ೭ঁ f∗ 的ۓကୱ

ࢂ π1(X, g(y0)), ନךߚॺᒧ的 y0 ᅈى g(y0) = x0, ց߾Ѭک前य़ (5.2) კҢύ的 f∗ ကୱۓ)
ࢂ π1(X, x0)) .ኧڄόӕ的ࢂ ฅԶᗨฅ g ◦ f ≃ idX, 前य़ගၸ೭όж߄ g : Y → X ,ԋ的ࢀࢂ
以όૈӢԶᇥ܌ f∗ : π1(X, x0)→ π1(Y, f (x0)) .ԋ的ࢀࢂ όၸձבΑ (5.2) კҢύ的 g∗ 的ۓ

ကୱࢂ π1(Y, f (x0)), ॺё以ᒧך以܌ y0 = f (x0), ೭ኬಃΒঁ g∗ کߡ (5.2) კҢύ的 g∗ ཮

,ኧڄӕ一ঁࢂ Ԝਔाک f∗ ӝԋ, ॺाᒧך X ύ的ᗺ྽ฅࢂᒧ g( f (x0)) ∈ X, ೭ኬ f∗, g∗ ω

ё以ӝԋ. ॺԖ以Πך ( f ◦ g)∗ 的ϩှკҢ.

π1(Y, f (x0))
g∗−−−−−−→ π1(X, g( f (x0)))

f∗−−−−−−→ π1(X, f (g( f (x0)))) (5.3)

ԜਔճҔ Corollary 5.2.3 ၰޕॺך (5.2) ύ的 g∗ ◦ f∗ 以܌ԋ的ࢀࢂ g∗ ,ԋ的ࢀࢂ Զ (5.3) ύ
的 f∗ ◦g∗ 以܌一ჹ一的ࢂ g∗ .一ჹ一的ࢂ ख़ᗺࢂ೭ঁٿ g∗ ӕ一ঁࢂ group homomorphism,
ၰޕॺך以܌ (5.2) ύ的 g∗ 一ঁࢂ isomorphism (ջ一ჹ一Ъࢀԋ), ΨӢԜҗ (5.2) ύ的
g∗ ◦ f∗ ,ԋࢀ一ჹ一Ъࢂ ё௢ள (5.2) ύ的 f∗ : π1(X, x0)→ π1(Y, f (x0)) ԋࢀ一ჹ一Ъࢂ (ջ
isomorphism). .౛ۓॺԖ以Π的ך

Theorem 5.2.4. ଷ೛ X,Y ࣁ topological space Ъ X ≃ Y (ջ X,Y ࣁ homotopy equivalent).
ऩ f : X → Y ࢂ X,Y ϐ໔的 homotopy equivalence function, ჹҺཀ߾ x0 ∈ X, f∗ :

π1(X, x0)→ π1(Y, f (x0)) 一ঁࢂ group isomorphism.
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Theorem 5.2.4֋ນךॺঁٿ homotopy equivalent的 pointed topological space,Ѭॺ的
fundamental group ୷ҁ΢ࢂ一ኬ的. ճҔ೭ঁ่݀ךॺࡐ৒ܰᆉр contractible space 的
fundamental group, ٣ჴ΢Ѭࢂ໻Ԗ一ঁϡન的 group (ջ identity). ᛾ܴ൩੮଺ಞᚒΑ.

Question 5.2. ଷ೛ X ࢂ contractible space. ᛾ܴ π1(X) ໻Ԗ一ঁϡન ࣁཀӢݙ) X ࢂ

path connected, ॺҔך以܌ π1(X) Ң߄ٰ fundamental group). ٠ճҔԜ่݀᛾ܴऩ σ, τ

ࣁ X 的 path ᅈى σ(0) = τ(0) 以及 σ(1) = τ(1), ߾ σ ≃{0,1} τ.

ӧ拓樸Ꮲύ, ऩ一ঁ topological space ࢂ path connected Ъځ fundamental group ໻Ԗ
一ঁϡન, ࣁ໔ޜᆀԜ߾ simply connected. வ೭္ךॺޕၰ contractible space ࢂ simply
connected.

Question 5.3. ଷ೛ X,Y ࣁ topological spaces, x0 ∈ X. ऩ f : X → Y ڄ一ჹ一的ೱុࣁ

ኧ, ցࢂ f∗ : π1(X, x0) → π1(Y, f (x0)) ࣁ monomorphism (一ჹ一的 homomorphism)? ऩ
g : X → Y ,ኧڄԋ的ೱុࢀࣁ ցࢂ g∗ : π1(X, x0) → π1(Y, f (x0)) ࣁ epimorphism ԋ的ࢀ)
homomorphism)?

Question 5.4. ଷ೛ X,Y ࣁ topological spaces. Եቾ product space X × Y 以及 projection
maps pr1 : X × Y → X ࣁကۓ) pr1(x, y) = x, ∀ (x, y) ∈ X × Y), pr2 : X × Y → Y. ჹܭ
x0 ∈ X, y0 ∈ Y, Եቾڄኧ (pr1)∗ × (pr2)∗ : π1(X × Y, (x0, y0)) → π1(X, x0) × π1(Y, y0) ࣁကۓ
(pr1)∗ × (pr2)∗(σ) = ((pr1)∗(σ), (pr2)∗(σ)), ∀σ ∈ π1(X × Y, (x0, y0)). ᛾ܴ (pr1)∗ × (pr2)∗ ࢂ
一ঁ group isomorphism.

5.3. Fundamental Group of the Unit Circle

ၰൂՏ༝ޕॺך S 1 ࢂ path connected ԶЪම࿶ග及Ѭόࢂ contractible. ӧ೭一࿯ύך
ॺஒፋ論೭ঁፐᚒ, ճҔीᆉځ fundamental group ளޕ S 1 όࢂ contractible. ఈ೭׆
一࿯的ϟಏ, εৎૈ؁߃Αှ一些ीᆉ fundamental group 的Бݤ, ΨૈΑှډӵՖճҔ
fundamental group ௖૸一些拓樸ޜ໔࣬ϕ的ᜢ߯.

ӣ៝一Π S 1 = {(x, y) ∈ R2 | x2 + y2 = 1}, ೭္ךॺࢂճҔ R2 的 standard topology Ъ
ஒ S 1 ຎࣁ R2 的 subspace. ኧڄၰޕॺ೿ך ρ : R→ S 1 ࣁကۓ

ρ(x) = (cos x, sin x), ∀ x ∈ R

,ኧڄԋ的ೱុࢀࢂ ٣ჴ΢ ρ Ψࢂ一ঁ open mapping (ջע R 的 open set ଌډ S 1 的 open
set). ρ ё以ᔅշεৎҔஒၨዕ஼的 R ک S 1 ࣬ೱ่. ೭္ךॺᆀ R ࢂ S 1 的 covering space.
以ࡕऩԖᐒ཮, ᏾的ϟಏֹ׳ॺ཮ך covering space 的ཷۺ. ӧ೭࿯ύ, ೲז׳Αᡣεৎࣁ
Αှ S 1 的 fundamental group, ॺஒך S 1 ຎࣁፄኧ (complex numbers) ѳय़ C ΢的ൂՏ
༝. Եቾ ϕ : R→ S 1 ࣁကۓ

ϕ(x) = cos x + i sin x, ∀ x ∈ R.

৒࣮ܰрࡐ ρک ϕ୷ҁ΢ࢂ一ኬ的 (Ӣࣁ x+iy 7→ (x, y)ࢂ Cک R2ϐ໔的 homeomorphism),
以܌ ϕ ΨࢀࢂԋЪೱុ的 open mapping. ॺԵቾך ϕ 的ЬाচӢࢂѬࢂவ R 的уݤဂډ
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S 1 的४ݤဂ的 group homomorphism (ջ ϕ(x + x′) = ϕ(x) · ϕ(x′)). ќ一Бय़ ϕ ஒ໒୔໔

(π/2, π/2) 一ჹ一ЪࢀԋӦଌԿ C ΢的 S 1 \ {−1}, ॺԖך以܌ ψ : S 1 \ {−1} → (−π/2, π/2)
ᅈى ψ ◦ ϕ(x) = x, ∀x ∈ (−π/2, π/2) 以及 ϕ ◦ ψ(s) = s, ∀s ∈ S 1 \ {−1}. ाݙཀ ψ ϝࣁೱុ的

open mapping, όၸѬόࢂ group homomorphism (Why?). ϕ, ψ ೭ڄঁٿኧё以ᡣךॺࡐ
Бߡ᛾ܴ以Π的ঁٿ Lemma.

Lemma 5.3.1 (Lifting Lemma). ऩ σ 一ঁࢂ S 1 ΢以 1 ଆᗺ的ࣁ path, Ӹӧ一ঁ߾ R ΢
以 0 ଆᗺ的ࣁ path σ′ ᅈى ϕ ◦ σ′ = σ, Ъᅈى೭些性質的 path .୤一的ࢂ

Proof. Ӣࣁ σ : I → S 1 ኧЪڄೱុࢂ I ࢂ compact, 以܌ σ ࢂ uniformly continuous. ҭ
ջӸӧ δ > 0 ٬ள྽ |t − t′| < δ ਔ

∣∣∣σ(t) − σ(t′)∣∣∣ < 1. 特ձ的, Ԝਔ σ(t)/σ(t′) ∈ S 1 \ {−1},
ց߾ σ(t′) = −σ(t) ཮೷ԋ

∣∣∣σ(t) − σ(t′)∣∣∣ = 2
∣∣∣σ(t)∣∣∣ = 2 的ҟ࣯. ౜з N ∈ N ୼εᅈى

ى 1/N < δ, ԜਔჹҺཀ t ∈ I ࣣᅈى (kt/N) − ((k − 1)t/N) = t/N < δ. ,ॊ܌以ӵ΢܌
σ((kt/N))/σ((k − 1)t/N) ∈ S 1 \ {−1}. ӢԜךॺё以Եቾڄኧ σ′ : I → R ࣁကۓ

σ′(t) =
N∑

k=1

ψ
( σ( k

N t)

σ( k−1
N t)

)
.

ཀݙ σ′ ࢂ well-defined ೱុڄኧ, 以܌ σ′ ࢂ R 的 path Ъᅈى σ′(0) = Nψ(1) = 0. Ԝਔჹ
Һཀ t ∈ I,

ϕ(σ′(t)) =
N∏

k=1

ϕ(ψ
( σ( k

N t)

σ( k−1
N t)

)
) =

N∏
k=1

σ( k
N t)

σ( k−1
N t)

= σ(t).

ӢԜ᛾ள ϕ ◦ σ′ = σ.

Կܭ୤一性, ॺԵቾך R ΢ќ一ঁ path σ′′ ᅈى ϕ ◦ σ′′ = σ 以及 σ′′(0) = 0. ԜਔӢ
ϕ ◦ σ′ = ϕ ◦ σ′′ ॺԖך

ϕ ◦ (σ′ − σ′′) = (ϕ ◦ σ′)/(ϕ ◦ σ′′) = 1.

ӢԜჹҺཀ t ∈ I, ॺࣣԖך σ′(t) − σ′′(t) ∈ 2πZ. Ӣࣁ σ′ − σ′′ : I → R ኧЪڄೱុࢂ I ࢂ

connected, ள σ′ − σ′′ ࢂ constant. ӢԜҗ σ′(0) = σ′′(0) = 0 ޕ σ′ = σ′′, ᛾ள୤一性. �

Question 5.5. ёցஒ Lemma 5.3.1 ௢ቶډ一૓ σ ΢的 path, ջଆᗺόࢂ 1 的௃ݩ?

Lemma 5.3.1 ֋ນךॺ ϕ : R → S 1 ᔅךॺ “induced” வ R 以 0 ଆᗺ的ࣁ paths ډ S 1

΢以 ଆᗺ的ࣁ1 pathsϐ໔的一ঁ一ჹ一Ъࢀԋ的ჹᔈᜢ߯. όၸךॺӧཀ的ࢂ homotopic
with end points fixed 的 equivalence classes, 以Π的ࢂ以ा௖૸的܌ Lemma.

Lemma 5.3.2 (Covering Homotopy Lemma). ଷ೛ F : I × I → S 1 ىኧЪᅈڄೱុࢂ

F(0, t) = 1, F(1, t) = c, ∀ t ∈ I, ύځ c ∈ S 1. Ӹӧ୤一的߾ F′ : I × I → R ىኧЪᅈڄೱុࢂ
ϕ ◦ F′ = F 以及 F′(0, t) = 0, F(1, t) = c′, ∀ t ∈ I, ύځ c′ ∈ R.

Proof. Ӣࣁ F : I × I → S 1 ኧЪڄೱុࢂ I × I ࢂ compact, 以܌ F ࢂ uniformly con-
tinuous. ҭջӸӧ δ > 0 ٬ள྽

∣∣∣(s, t) − (s′, t′)
∣∣∣ < δ (ջ

√
(s − s′)2 + (t − t′)2 < δ) ਔ∣∣∣F(s, t) − F(s′, t′)

∣∣∣ < 1. ӕ前य़的౛җ, Ԝਔ F(s, t)/F(s′, t′) ∈ S 1 \ {−1}. ౜з N ∈ N ى
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୼εᅈى
√
2/N < δ, ԜਔჹҺཀ (s, t) ∈ I × I ࣣᅈى

∣∣∣(k/N)(s, t) − ((k − 1)/N)(s, t)
∣∣∣ =

(1/N)
√

s2 + t2 < δ. 以܌ F((k/N)(s, t))/F(((k − 1)/N)(s, t)) ∈ S 1 \ {−1}. ӢԜךॺё以Եቾ
ኧڄ F′ : I × I → R ࣁကۓ

F′(s, t) =
N∑

k=1

ψ
( F( k

N (s, t))

F( k−1
N (s, t))

)
.

ཀݙ F′ ࢂ well-defined ೱុڄኧᅈىჹҺཀ (s, t) ∈ I × I,

ϕ(F′(s, t)) =
N∏

k=1

ϕ(ψ
( F( k

N (s, t))

F( k−1
N (s, t))

)
) =

N∏
k=1

F( k
N (s, t))

F( k−1
N (s, t))

=
F(s, t)
F(0, 0)

= F(s, t).

ӢԜ᛾ள ϕ ◦ F′ = F. Ξ F′(0, t) = Nψ(1) = 0, ԶჹҺཀ t ∈ I, ϕ(F′(1, t)) = F(1, t) = c, Ӣ
Ԝ F′({1} × I) ҭࣁ R 的 discrete subset. ฅԶӢ {1} × I ࢂ connected, F′({1} × I) ҭࣁ R 的

connected subset, ளჹҺཀࡺ t ∈ I, F′(1, t) = F′(1, 0) 一ঁࢂ constant c′.

Կܭ୤一性, ऩ F′′ : I × I → R ҭᅈى ϕ ◦ F′′ = F 以及 F′′(0, 0) = 0. ԜਔӢ

ϕ ◦ (F′ − F′′) = (ϕ ◦ F′)/(ϕ ◦ F′′) = 1.

ӢԜჹҺཀ (s, t) ∈ I, ॺࣣԖך F′(s, t) − F′′(s, t) ∈ 2πZ. Ӣࣁ F′ − F′′ : I × I → R ڄೱុࢂ
ኧЪ I × I ࢂ connected, ள F′ −F′′ ࢂ constant. ӢԜҗ F′(0, 0) = F′′(0, 0) = ޕ0 F′ = F′′,
᛾ள୤一性. �

特ձ的, ऩ σ, τ ࢂ S 1 ΢的 paths ᅈى σ ≃{0,1} τ Ъ σ(0) = τ(0) = 1, ኧڄҢӸӧೱុ߄
F : I × I → S 1 ᅈى F0 = σ, F1 = τ 以及 F(0, t) = σ(0) = 1, F(1, t) = σ(1), ∀ t ∈ I. ӢԜճ
Ҕ Lemma 5.3.2 Ӹӧೱុڄኧ F′ : I × I → R ᅈى ϕ ◦ F′ = F Ъ F′(0, t) = 0, F′(1, t) = c′,
∀ t ∈ I, ύځ c′ ∈ R. ,以܌ ӵ݀ךॺз F′0 = σ′ 以及 F′1 = τ′, ߾ σ′, τ′ ࣁࣣ R ΢以 0 ଆࣁ

ᗺ的 paths ᅈى σ′ ≃{0,1} τ′ Ъ ϕ ◦ σ′ = ϕ ◦ F′0 = F0 = σ, ӕ౛ ϕ ◦ τ′ = τ. ӢԜ่ӝ Lemma
5.3.1 .ॺԖ以Πϐ่݀ך

Proposition 5.3.3. ଷ೛ σ, τ ࢂ S 1 ΢以 1 ଆᗺ的ࣁ paths Ъᅈى σ ≃{0,1} τ, Ӹӧ୤一߾
R ΢以 0 ଆᗺ的ࣁ paths σ′, τ′ ᅈى ϕ ◦ σ′ = σ, ϕ ◦ τ′ = τ Ъ σ′ ≃{0,1} τ′.

ऩךॺஒ R΢以 ଆᗺ的ࣁ0 pathsک S 1 ΢以 ଆᗺ的ࣁ1 pathsҔ ≃{0,1} (ջ homotopic
with end points fixed) 的Бݤϩᜪ, ߾ Proposition 5.3.3 ֋ນךॺ ϕ induced 一ঁ೭ঁٿ
equivalence classes ϐ໔一ჹ一Ъࢀԋ的ჹᔈᜢ߯. όၸाݙཀ྽ σ ࢂ (S 1, 1) ΢的 loop,
Proposition 5.3.3ύ的 σ′ ҂Ѹࢂ (R, 0)΢的 loop,܌以 Proposition 5.3.3٠҂ᇥ ϕ : R→ S 1

ள的܌ induced homomorphism ϕ∗ : π1(R, 0)→ π1(S 1, 1), ࢂ isomorphism. ٣ჴ΢೭ࢂόჹ
的.

Question 5.6. ၂ඔॊ ϕ∗ : π1(R, 0)→ π1(S 1, 1) ኬ的࡛ࢂ mapping.

Lemma 5.3.1 ё以ᔅշךॺۓက一ঁ (S 1, 1) ΢的 loop 的 winding number. ๏ۓ (S 1, 1)

΢的 loop σ, з σ′ ࢂ R ΢以 0 ଆᗺ的ࣁ path ᅈى ϕ ◦ σ′ = σ. ကۓॺך σ 的 winding
numberࣁ w(σ) = (1/2π)σ′(1). җܭ σ′的୤一性 (Lemma ၰޕॺך,(5.3.1 winding number
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ࢂ well-defined. ΞӢࣁ σ ࢂ (S 1, 1) ΢的 loop, σ(1) = 1, ӢԜҗ ϕ(σ′(1)) = σ(1) = 1, ך
ॺޕ σ′(1) ∈ 2πZ, ӢԜளډ (S 1, 1) ΢的 loops ځ winding number 一ࢂۓ᏾ኧ.

Question 5.7. Winding number 的ۓကёց௢ቶډ一૓ S 1 ΢的 paths (ؒԖज़ۓଆᗺ, Ψ
όज़ࢂۓ loop)?

ॺё以ճҔך winding number က一ঁۓ π1(S 1, 1) ډ Z 的ڄኧ. ջ χ : π1(S 1, 1) → Z,
ࣁကۓځ χ(σ) = w(σ), ∀σ ∈ π1(S 1, 1). २ӃךॺѸ໪ᇥܴ χ ࢂ well-defined function. ౜
ऩ σ = τ in π1(S 1, 1), ջ߄Ң σ, τ ࢂ (S 1, 1) 的 loops, Ъᅈى σ ≃{0,1} τ. Ԝਔ Proposition
5.3.3 ֋ນךॺӸӧ୤一 R ΢以 0 ଆᗺ的ࣁ paths σ′, τ′ ᅈى ϕ ◦ σ′ = σ, ϕ ◦ τ′ = τ, ԶЪ
σ′ ≃{0,1} τ′, ҭջ σ′(1) = τ′(1). ӢԜ٩ winding number 的ۓက, ॺԖך w(σ) = w(τ), ள᛾
χ ࣁ well-defined function.

ௗΠٰךॺԾฅ཮ୢ χ : π1(S 1, 1) → Z ࣁցࢂ group homomorphism. ܭཀҗݙ 0 ∈ Z,
೭္ Z 的ဂ่ᄬࡰ的ࢂ “уݤဂ” (όࢂ “४ݤဂ”). ჹҺཀ (S 1, 1) ΢的 loops, σ, τ, २Ӄ
ճҔ Lemma 5.3.1, ډפॺך R ΢以 0 ଆᗺ的ࣁ paths σ′, τ′, ᅈى ϕ ◦ σ′ = σ, ϕ ◦ τ′ = τ.
ԜਔӢ σ(1) = 1, ॺԖך σ′(1) = 2mπ, ύځ m ∈ Z. з τ′′ ࣁ R ΢的 path ࣁကۓځ
τ′′(t) = τ′(t) + 2mπ, ∀ t ∈ I. ԜਔӢ τ′(0) = 0, σ′(1) = 2mπ = τ′′(0), 以܌ σ′ ∗ τ′′ ࣁ R ύ以
0 ଆᗺ的ࣁ path ᅈى

ϕ ◦ (σ′ ∗ τ′′) = (ϕ ◦ σ′) ∗ (ϕ ◦ τ′′) = (ϕ ◦ σ′) ∗ (ϕ ◦ τ′) = σ ∗ τ.

٩ࡺ winding number 的ۓကள

w(σ ∗ τ) = 1

2π
σ′ ∗ τ′′(1) = 1

2π
(τ′(1) + 2mπ) =

1

2π
(τ′(1) + σ′(1)) = w(σ) + w(τ).

ள᛾ χ ࣁ π1(S 1, 1) ډ Z 的 group homomorphism. നࡕ᛾ܴ χ ,ԋࢀ一ჹ一Ъࣁ ள以Πࡺ
的ۓ౛.

Theorem 5.3.4. χ : π1(S 1, 1)→ Z 一ঁࢂ group isomorphism. Ψ൩ࢂᇥ S 1 的 fundamen-
tal group ဂݤуک Z ࣁ isomorphic.

Proof. ॺ໻ഭ᛾ܴך χ .ԋࢀ一ჹ一Ъࢂ ౜ऩ σ ∈ ker(χ), ջ χ(σ) = w(σ) = 0, Ң߄
Ӹӧ R ΢以 0 ଆᗺ的ࣁ path σ′, ᅈى ϕ ◦ σ′ = σ Ъ w(σ) = (1/2π)σ′(1) = 0. ҭջ
σ′(1) = 0, Ψ൩ࢂᇥ σ′ ࢂ (R, 0) ΢的 loop. җܭ R ࢂ contractible, ၰޕॺך π1(R, 0) ໻Ԗ

一ঁϡન, ҭջ σ′ ≃{0,1} c0, ύځ c0 ࢂ R ύۓڰӧ 0 的 constant loop. з F′ : I × I → R
ࣁ σ′, c0 的 homotopy function with end points fixed. ߾ ϕ ◦ F′ : I × I → S 1 ࣁ σ, c1 的

homotopy function with end points fixed, ύځ c1 ࣁ S 1 ύۓڰӧ 1 的 constant loop. ӢԜ
ள σ ≃{0,1} c1, ҭջ σ = c1, ள᛾ ker(χ) = {c1}, ҭջ χ .一ჹ一ࣁ

Կࢀܭԋ,ჹҺཀ m ∈ Z,Եቾ R΢以 ଆᗺ的ࣁ0 path σ : I → R,ۓځကࣁ σ′(t) = 2mπt.
Ԝਔз σ = ϕ ◦ σ′, ॺளך σ ࢂ (S 1, 1) ΢的 loop Ъᅈى χ(σ) = w(σ) = (1/2π)σ′(1) = m.
ள᛾ χ .ԋࢀࣁ �
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Question 5.8. ςޕ一ঁ cylinder (༝฿߄य़) ک S 1 × I ࢂ homeomorphic, Զ一ঁ torus
(ౡౡ୮߄य़) ک S 1 × S 1 ࢂ homeomorphic. ၂ᇥܴѬॺ的 fundamental group ?Ֆࣁ Ξஒ
R2 \ {0} ຎࣁ R2 的 subspace, R2 \ {0} 的 fundamental group ?Ֆࣁ

Αှ S 1 的 fundamental group π1(S 1) ک Z ӕᄬ, ё以ᔅշךॺΑှ一些ᆶ S 1 ࣬ᜢ的

拓樸性質. ၰޕॺё以ךӵٯ S 1 όࢂ contractible (Why?). ќ外一ঁԖ፪的ᔈҔࢂ S 1 ό

ࢂ closed unit disc D2 = {(x, y) ∈ R2 | x2 + y2 ≤ 1} 的一ঁ retract. ࢂॺᇥܴ一Πࣗሶך
retract. ଷ೛ X ࢂ topological space Ъ S ⊆ X ځࢂ subspace. ኧڄॺᇥೱុך f : X → S

一ঁࢂ retraction ӵ݀ f |S = idS . ऩჹܭ S ⊆ X Ӹӧ retraction f : X → S , ᆀ߾ S ࢂ X 的

一ঁ retract.

Corollary 5.3.5. S 1 όࢂ closed unit disc D2 的一ঁ retract.

Proof. .ݤॺճҔϸ᛾ך ଷ೛ f : D2 → S 1 ࢂ retraction. ऩз inc : S 1 ↪→ D2, ࢂ S 1 ډ D2

的 inclusion map (ջ inc(x) = x ∈ D2, ∀ x ∈ S 1). ٩ retraction 的ۓက f ◦ inc = f |S 1 = idS 1 .
ӢԜճҔ induced homomorphisms,ڗ x0 = (1, 0) ∈ S ॺԖך,1 inc∗ : π1(S 1, x0)→ π1(D2, x0)

以及 f∗ : π1(D2, x0) → π1(S 1, x0) 的ӝԋᅈى f∗ ◦ inc∗ = ( f ◦ inc)∗ = (idS 1)∗. ฅԶ
D2 ࢂ contractible, ࡺ π1(D2, x0) ໻Ԗ一ঁϡન, Զ π1(S 1, x0) ک Z ࣁ isomorphic, ӢԜ
inc∗ : π1(S 1, x0)→ π1(D2, x0) όёૈࢂ一ჹ一. ೭ک f∗ ◦ inc∗ = (idS 1)∗ ,一ჹ一࣬ҟ࣯ࢂ ࡺ
ள᛾ҁۓ౛. �

Question 5.9. ଷ೛ X ࢂ contractible topological spaceЪ f : X → S 1 .ኧڄೱុࢂ ցӸࢂ
ӧೱុڄኧ g : S 1 → X ٬ள f ◦g ≃ idS 1? ΞࢂցӸӧೱុڄኧ h : S 1 → X ٬ள h◦ f ≃ idX?

Corollary 5.3.5 一ঁख़ा的ᔈҔ൩ࢂ Brouwer Fixed Point Theorem for D2. ೭ঁۓ౛
ᇥ的ࢂऩ f : Dn → Dn ,ኧڄೱុࢂ ύځ Dn ࣁ Rn ΢的 closed unit disc, ջ

Dn = {(x1, . . . , xn) ∈ Rn | x21 + · · ·+ x2n ≤ 1},

Ӹӧ一ᗺ߾ x0 ∈ Dn ᅈى f (x0) = x0 (೭ኬ的 x0 ᆀࣁ f 的 fixed point). ೭ӧ n = 1, ջ
D1 = {x ∈ R | −1 ≤ x ≤ 1} 的௃׎ё以Ҕ୎ਥۓ౛ೀ౛. ೭္ךॺҔ Corollary 5.3.5 ೀ౛
n = 2 的௃׎.

ଷ೛ g : D2 → D2 ,ኧڄೱុࢂ Ъค fixed point (ջჹҺཀ x ∈ D2, ࣣԖ g(x) , x). Ԝ
ਔჹҺཀ (x, y) ∈ D2, Եቾҗ g(x, y) рวೱௗ (x, y) 的৔ጕ, җܭ (x, y) 以及 g(x, y) ࣣӧ

D2, Ԝ৔ጕѸҬࡺ S 1 ࣁ一ᗺзϐܭ f (x, y). ӢԜ f ကΑ一ঁவۓ D2 ډ S 1 的ڄኧ. җܭ
g ,ೱុ的ࢂ Զ f (x, y) ёҗ一些жኧၮᆉှள, ё以௢ள f ,ኧڄ一ঁೱុࢂ ԶЪۓ٩က,
ऩ (x, y) ∈ S 1, ߾ f (x, y) = (x, y), ҭջ f : D2 → S 1 ࢂ retraction function. Ԝᆶ Corollary
5.3.5 ࣬ҟ࣯, ӢԜԖ以Π的่݀.

Corollary 5.3.6 (Brouwer Fixed Point Theorem for D2). ଷ೛ f : D2 → D2 ,ኧڄೱុࢂ
Ӹӧ߾ (x0, y0) ∈ D2 ᅈى f (x0, y0) = (x0, y0).
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Կܭ Brouwer Fixed Point Theorem ჹܭ n > 2 的௃׎, ॺϝёճҔך S n−1 όࢂ Dn

的一ঁ retract (ջ Corollary 5.3.5 的௢ቶ), ฅ٬ࡕҔک Corollary 5.3.6 ӕኬ的Бٰݤ᛾
ܴ. ฅԶ S n−1 όࢂ Dn 的一ঁ retract 的᛾ܴၨ֚ᜤ, 一૓ё以Ҕ “homology” 的౛論ೀ
౛, όၸ೭ςຬрҁᖱက的ጄൎ. Ԗᑫ፪的ӕᏢё以ӧዕ஼ homotopy 的౛論ࡕ຾一؁Ꮲಞ
homology 的౛論.


