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Chapter 1

Topological Spaces

SR G A R 0 ) e R S L B - e (e o
Topological Space £ 5 &), #F - & fchdpE 2 B 5d B 5 \ﬁ‘rﬁitﬁ"* fo 7R F 7 €
B (g ).

- BEHEEY o R 3 B & § open sets, APV LA AL EEF RS
B R TIF - B R & Dopen sets § VR £, P I fLiE B & & 2 - B topological space.

-4 % topological space 2 B el i S et R {o A AR, R 4 % subspace
s 4

1.1. Standard Topology on R

MRS g riE B F B BF 00 LEGF S A0 topology. 1A R AR < RATHE D
- &, #73} e standard topology, ™ i{ i~ % 7 fE4 % topology I &.

BANP WA B i Sl R AR PR S R & Y R, ’T‘“
PREEPPLETRDLRT .

Definition 1.1.1. ¥ g & # f: R > R. & a € R, 2§ f is a continuous function at a
(raB@dF) s HELhe>0FFwd>0RFF [x—a<sFFdL|f(x) - fla) <e
Fum 2 f AR FE - g, B # f is a continuous function on R.

BBA R ESTE, APT BT g;e,mv i B g <6TF xe
(@=6,a+6) TRB®EEXRLZ7F, |f( - |<E,T.%?’** f(x) € (f(a) — € f(a) + ¢€)
% 4 7. #7102 Definition 1.1.1 enid & A P ¥ :c B *: $#97F x € (a-Sa+0) &% &
f(x)e(fla)—€ fla)+e€). P H 27 4% 3 B S8 image 12 %2 inverse image 7% j2
BB AR LA FAA PR - T Sfkd image 1 % inverse image &,

¢ % - 1 function f : X — Y 14 % X ¢ subset A, *T3} A & f HiEF 2 T AT iR
imagei&{»]'{%At’_&’n%%ﬁ%fféﬁ*%i’;u;%ﬁ?&é‘. A f(A) k&7 T
f(A) ={f(a) | a € A}. # %, the image of X under f, ¥ f(X) 5 f mmnge(_ﬁ_ﬁ“) JL
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2 1. Topological Spaces

f(A) ik, & ipaeig f(A) LH S Y i subset. i
;“‘%-3—-"“‘? FETEHE L EE, AR :
£7 0§ AR f() € f(A) 27 acA A P
fzif(b) € (A). BT f(A) - Bt e ;{, BRf(A) A E ALY ¢ A
b€ f(A) 47 b acA ® 9y = f(a) F2, % yEA 2 hbacA ¥
irﬁﬁTyEﬂM S0 f(A) F T - B EGRE L
fA)={yeY|TacAy= f(a)
THETERLERT PR, FEF A REIRAPEIE f(A) hRE.
FT ok, A R AT 0 inverse image. #f B kR, ¥ % - B function f: X > ¥ 1
% Y fhsubset C, #r3} C & f e0i®* 27T “7{f inverse image ,Tﬁ{q&:;ag?mggig feEtn
C o mrgetdmp s, Ann f7H0) kiR, £ Ak fH(C) = e X : f(x) € ). L
fUC) s, Apaeig f7Y(C) B2 & X ihsubset. i& B inverse image shE_&K © A
figE AR, AT L E A B L&KL inverse image T

4% & i image 14 %2 inverse image A P E P05 M F iy - B,

*mj} ‘_
(qv
Ll
f%? :
f‘m
&
T\
Y=
3
i
9(

Proposition 1.1.2. ¥ g &8k f:R >R X aeR. 7T it £ 5 0

(1) f is a continuous function at a
(2) Ve>0,36>0 #8 f((a-0d.a+06))C (fla) e fla) +e).
(3) Ve>0,36>0 # 1 (a—5,a+06)C f‘l((f(a) -6 f(a) + 6))

Question 1.1. #EP Proposition 1.1.2. (x5 #F11 % (2) & (3) ©&7?)

HEA R Fdkrns, Fr<s APFPHEEE (L) =eR|r<x<s - B
open interval (B % B). #14 (a —6,a+06) ¥ MFEE - B¢ 7 a7 open interval, @
(f(a) —€,f(a) +¢€) )j}{_ B & 7 f(a) 0 open interval. % i & ;3 & Proposition 1.1.2 (2)
FALR A - B e 7 aopen mterval TR Ed fBEF- B 7 fla) ’rf’Jopen interval.
*BEF X 2bhept ) F1E & Proposition 1.1.2 (2) ¢, AP ERiEBe L d 2B e 0, &
BUEEAER. 4 ﬁ&{;fu e LM HREE? - B& % f(a) 9 open interval, @ § F_A *°
HRF? - B¢ 3 aopeninterval. AP & LA RE? TB- B2 7 f(a) e open
interval (f(a) — € f(a) +€), £ d TH I T HKEF ¥ - B # 7 a 7 open interval (a—6,a+ 6)
i ® f((a—é,a—i—é)) C(f(a)—€ fla)+e). @A HFE, R erh’v" BRI T .
Corollary 1.1.3. 4 g d#c f:R—>R ¥ 3% aeR. M T &if % § o

(1) f is a continuous function at a.
(2) EB~— B¢ 3 f(a) e open interval I ¢ ¥ 53— B & 7 a 7 open interval J #
@ fU)CL

(3) EB~— B¢ z f(a) e open interval I ¢ ¥ 35 %]- B & z a 1 open interval J &
® Jc Y.



1.1. Standard Topology on R 3

Proof. AP (1) © (3), H & dz@p ,T* Ly 1Ty Ak

(1) = (3): #®* f is a continuous function at a. EB - B ¢ 7z f(a) 7 open interval
I=(rs), d 3 f(a) el :’—i r<f( ) <s. 2L e =min{f(a) —r,s— f(a)}. & Proposition
112 (1) = (3) % &6 >0 @ (a-da+0) C fH(fla)-efla)+e) #%2
J=(a-6,a+96), Pl J ¥—- B & 3 a ¢ open interval ¥ & &_

I FY((Fla) - e fla) + &) € £1(0).

(3) = (1): 22 & P Proposition 1.1.2 (3) & 2. EB €> 0, d ** I = (f(a)—¢, f(a)+€)
{“ B® & z f(a) ehopen interval, ttd BEEX w7 H |- B @
#EJICFI). 4 r<a<s, &4 d=minfa-r,s—a}, FI7F 6>0 ¢ % &

(a=d.a+08)CJC (1) =f((fla) - e fla)+e)).

A

Z a 1 open interval J = (r, s)

Question 1.2. :#f|* + & dngp 2 2P Corollary 1.1.3 (1) & (2).

#L% Proposition 1.1.2 4= Corollary 1.1.3, # f 2V i §_% |7 B ** open interval - B &
NighgF = | S ,Tf‘u{éﬁLT{B’»— B ¢ z a 7 open interval I = (r,5) 3¢ IF“’E”#& F-®vy>0
#® (a-v,a+y)CI (4 y=minfa-r,s—a} 7). ERiehdFes2 L 7F (ns)
iz tk ¢0 open interval 4 7 . TﬁlHir (2,00) ={xeR|x>2}, (-0,2) ={xeR|x<2} %

(2.1) U (3,5) it § £ 30F e Pl . B 2T A,

Definition 1.1.4. ##% S CR B X4} aeS ¥
3

hy>0@® (a-—y,at+y)CS, Rl
S - open set. * FaeRE SCRE- B¢ 7 a

7 open set, FIF S & a - B

open neighborhood.

T sk RA¥H openset. ¥o45 84L& 0+ F openset. iTHEF|2 0%¢& 2iEm~
%, T BIE ¥ AEF openset (HE K. T 0 i openset, 7 WABIEY B FED, U4
17 open set BB H 2 T i RPN SEEEAPE R T

BB F N, G TR (2,00), (-00,2) 122 (=2,1)U(3,5) i f & 82 open set. ¥ 7
R ,Fuﬂ}; 1T 2 ,&%ﬁ'_

Proposition 1.1.5. &k {S;,, i€ l} ¥4 I 5 index set &9 indexed family 2 # * B S; CR
% open set. R US,' 7t % open set.
i€l
Proof. % g € USi’ d3 3 kel B aeSy ® Sy ¥_open set, X PFF U T y>0
i€l
% (a—y,a+y)C S =¥ (a—y,a+y)§SkQUS,~. O
i€l

B g

-

1+ % Proposition 1.1.5 # 7 index set I ¥ & i i@ "’ﬁ? ’T} ERFEAF U B
&1 2 B open set, v 8 & & R &_open set. ¥ I 7 ¥ #c i B open set (hE kL £
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%_open set. * His B ;%Bfifk% ¥, trnHir%j}ﬁ index set & N, %73 neN £
Sp=(-1/n,1/n), P S, % 5 open set, it mSn = {0}, # ¥_open set.
neN

Question 1.3. %t 3P ﬂ(—l/n,l/n) ={0} ¥ % #_open set *§7

FF N3 &3 TS B open sets B B PFV UAEIL- €€ ¥ open set. AP U T e

Proposition 1.1.6. &3 S1,...,5, 5 R 7 open set, P ﬂ S; 7* 5 open set.

1<i<n
Proof. T5 g c ﬂ S, @ %iEd ie{l,...,n},aeS; ¥ S; 5 open set, by >0
1<i<n
% (a-via+y) €Si. £ y=min{y;,...,¥}, 2P F y>0 2 g5 ie{l,....n}
w—%a+yﬂﬂa—%ﬁ+70§&.ﬁ@%im—%a+yﬂzf)Sf O
1<i<n

R g R At G PEM A k5 T ae ﬂ Si, 7w () Si=0 LR HA
1<i<n 1<i<n

FAHF P awHEZI 2, TR RECREI A2 TFFHigr AP0 5

open set R F].

Question 1.4. E & % B a = open neighborhoods 8 & 7 ¥_a 1 open neighborhood

t57 X % B a 1 open neighborhoods 72 & % ¥_a 1 open neighborhood *%?

d open set ePPE L, AP E ¥ | * Proposition 1.1.3 I & 13 % % Proposition
1.1.2 B & ™ a5\
Corollary 1.1.7. ¥ g3 #c f:R—>R ¥ K aeR. M T &t £ 5§ .

(1) f is a continuous function at a.

(2) =B~ B f(a) = open neighborhood U % ¥ 35 3| - B a £ open neighborhood V
#® f(V)CU.

(3) EB— B f(a) 1 open neighborhood U ¥ ¥ 35 |- B a < open neighborhood V
®® Ve ).

Question 1.5. :## P Corollary 1.1.7.

BTk, AP KEH A B B el ok ¥ fiRoR LAY sk Lk ond

T Of AR - BR B . Y E R aeR, ¢ Corollary 1.1.7 2 i i, 2
E& % f(a) } =B~ i open neighborhood U % ¥ 35 ¥~ # a ¢ open neighborhood V it
" f( )Q U. % i@ﬂi?ﬁ&?é”} d 3 f &% - %4 _oneto-one, Vit 3beRT b#a

¢ f ( ‘]} A2 2 &P I g - B open neighborhood % ¥ & &, + &

J b #h— B open nelghborhood V@@ f(V)cU £F ke rlgar 1((f(a)
e F Kiﬁiﬁﬁm FPL AP E &Y g inverse image YR I AP F U T E R %,
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Theorem 1.1.8. % jg & ¥ f: R > R. B| f is a continuous function % ¥ *& % ¥ 1T &
opens set U CR ‘¢ i 8 f~1(U) £~ B open set.

Proof. 7 &£ Bk f i i, EB— openset U, P& P f1(U) ¥_open set. iz
a%:fualﬁ FPHEL xe YU, $7HF y>0 @8 (x—y,x+7y) C fUU). md
xef YU), =% f(x) e U, #xd U %_open shigk izt e>0 # 7 (f(x)—€ f(x)+€) C U.
d K 4v f is continuous at x, ¥ f]* Corollary 1.1.2 A P F 6 >0 @&

(x=6,x+0) Cf((f(x) - & f(x) +€) < f(U).

Flt £y =06 TE AR,

F z, B $HE R opens set U C R, fH(U) .- 1 open set, & P& P f a4
S, WHEHIPEEL xe R APEEP fis continuous at x. = AP F ] * Corollary
1.1.7 k2. f]&{éﬁf—zﬁ’*— B f(x) ¢ open neighborhood U #* * & 35 |- B x £ open
neighborhood V # 8 V C f~L(U). # & U #_open set, #cd & f1(U) - % open
set, * F15 x e fY(U) (%] f(x) € U), & f~1(U) #_x #—  open neighborhood. F]y* 4
V=fHU) i O

Question 1.6. ¥ jg %k f: R - R. B f is a continuous function £ F % % ** 4 iz &

opens set UCR % ¢ # 7 f(U) &~ 1 open set *2 7

A e 24 * Theorem 1.1.8 # P identity map id : R » R ¥ . F| 5 @B R e
open set U, 2% f~H(U) = U % # %_open set. Theorem 1.1.8 i 2 F f it 24 v A2 -
Ll i Lm@'ﬁiﬂ\?@ Fenh AL, 2 BAE LG 2 H R ﬁiﬁﬂfiﬁ"%“ffﬁﬁ R, T
FEARE Y. blder RRE DS B F S fh s S5 Sk, ,*I.ﬁm " fRCgE e
Theorem 1.1.8 Z# M. 7 B & FP & B F 5 Fedp 4o 17 5 8§ Sk, 78A Theorem 1.1.8 i‘a
Vi A % 30 0 Theorem 1.1.8 enE & 4 % 4304 B30 F Sl o avgmp = %
mETEAP D, APTUREGCRMATELNEL. - BRELTRILG ﬁ,ﬁka‘\fm
Y, AETE A e %S P open set iR A, A lf“iﬁ»? IRE S B m@.@f& #. ¢Jj~*
AN ABPRTR it Rt S

Question 1.7. 3#4]* Theorem 1.1.8 P ¥ #icd F L@ F S 2 & B Idkms &

BN ASHE i EMA, BREAT AL P closed set.

Definition 1.1.9. B3X S CR, 4% § i f S =R\S &_open set, PI2V i H S &_ closed

set.

bldok FRE PP ERE (1,3, d 30 dt & £ (—00,—1) U (3,00) &_open, & [-1,3] £
closed set. =42 & F AT X R, (% % & 12 5 closed set ¥_open set ehip x| @ &1 5 - BB
& % 7 &_open set B E_closed set. iz H 45 %Lk, 7 F [-1,3) TJ%%% %_open » %
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4_closed. @ T & R -0 ;’IAK H_open » H_closed. %7 % 2, BFP - B & & F_closed,
AP E kT HFP HA4 E T open set T,

Question 1.8. E#csr ek & Z £ F 5 closed set?

Question 1.9. Bk {S;,i€ I} €7 I % index set # indexed family # # # B §; C R &_
closed set.
(1) #m ﬂSi % closed set.
i€l
(2) #M 4§ I - B finite set P, US,- % closed set.
iel

1.2. Open Sets and Closed Sets

B2 AR H il R & Soif Rt §_open sets )I*u? MEZNRF SR, CEET - B S
¢RI ip TIWL subsets AL open sets AL} % & . d Proposition 1.1.5 §= Proposition
1.1.6, A P arif &9 B! hopenset # & ERBMEMZ 5 UF BLEWL open (LF, @
PR AELME Q75 openset. #rU AP AR K open sets & 14T miﬁqﬁ?

Definition 1.2.1. ¥ g- £ & X, W32 T 5 X - 23 &0 & RN TF“?fﬁlT X
- B topology 4v% T & & 11T ik i,

(1) X,0 #&7 7.

(2) B& {Si, i€ I} ®_ 7 I % index set # indexed family # ¢ & i §; % & 7 ¢, B

US,"qT‘D‘_

i€l
(8) R St Sy BT O, B[]S RT 2.
i€l
T

x 11— T open

AP AEX P L= - B topology, RIFE X & — B topological space @
» Xchopenset. * F xeX ¥ SCX AT ?Pm&xeS, MIFHFS

P g

neighborhood.

Question 1.10. 3| * #c5 §f 4 2 % Definition 1.2.1 # topology i i (3) ¥ # *
(A E ) Bk S, S B AT YL R S1NSy FAET 7.

B RHFDX LA G TEZ F G topology, # AP ILE_ S F F i1 topological
space. #Trg AP E W TR P B% v & topology. B4e S & IE
Ae - FRA BV R ol B R T A737 40 open set, i & % & * R 0 standard
topology. # i " {8 F AP E - AR, S0 S (AL P EEIRRX S - B
topological space, m 7 4 & %2 T, i+ %0 NP3 E chih A4 * » iz @ b topology .

HE SR L X RN e FR w2 ad b & topology i 2 = 5 — B topological space.

e e X AT T H b topology 2 T = {X,0} i& itk 7 trivial topology = F-

indiscrete topology. » ¥ % T = P(X) (X 7 power set, F#rF X e+ f &7k &)
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&% e discrete topology. %% % ¥ &, &5 R i+ & Definition 1.2.1 * topology e Z_%.
A e o %ﬁ‘i«ﬁ Bl b+ B RP - T L HPARRSDEEET 3 F D topology, €
EAP CRET A -k BF AP K- B oopenset S fs AV AR - BB X D open
neighborhood, & vk F 3¢ 4§ FPBAL L & x T (RGFHL & TR - BOFFE
- f). * Fx1 €S, €82 ¥ §1,82 % % open sets % K S NSy =0, pPFIPET AR
LoX,xg BEY UAA BERERTRIER K. KD fﬁﬁg&%—g, ¥~ X £ # * indiscrete
topology, # 7t X } 7§ B:¥ § - i open neighborhood X @ * #75F BpyR il i . TR R
ThORSRFH A - B, 2R EF A Bk, gr AP v L5 indiscrete (&F ® 4 h) R F ¥
- 25, Bt & X £* discrete topology, % 7w ¥ & xe€ X, {x} £ &% x h- B open
neighborhood, i& % i&igv%%‘“ﬁ - B X AR s IR (8 R e )T B
= A v fiL i discrete (BB A $7ih) R F.

Question 1.11. 4% X = {1,2} “f 7 discrete topology {= indiscrete topology *, B3 H
is =11 topology v§ 7

AP A G- AL & 0 topological space. & R b, A ¥ * 0 standard topology, #_*
“REERT F & A Rih, - RGO &E%’p‘.fy&‘.? A vz 3 topology. iE k£ topological
space 3P FBIFE2 L metric space. F AN PRI T EK - T W R

Definition 1.2.2. ¥ - % & X, 3 ¥ d: XXX > [0,0) $3 T F a,b,ce X B ILT
A, RIfEd 5 X b - 1 metric.

(1) d(a,b)
(2) d(a,b)
(3) d(a,b) <d(a,c)+d(c,b).

d(b,a).

0 if and only if a = b.

WA (1) 47608 a 31 b BEH ST b 3 a SRR @ P (2) 450 EE - 8L 2 dE
L 0,07 b enBEIEgLe X300 F (3) TEA FR ANz £ BN B LA
Fend el G Ed S, 2R P AP LB HE la— bl =d(a,b) J FEMEZ BEE. ¥
hER? Y R d((x1,y2)s (%2.52)) = V(1 —x2)? + ()1 - y2)? 4 § AL R? ¥ - B metric. #
IAPER S F Y D d((v, %) = (01 0) = V=32 i —ya)? 4 LR

_+ &1 metric.

3 X, BT H P ahmetricd 8, AP T LA X b open ball. TR g € X,
r>0 AP Y& Blar) ={xeX:dxa) <r). i 7 4 Definition 1.1.4 T & X
1 open set. # BRI, F S CX BAHT] a€S ¥ hr>0E Blar)CS, MIFES
% — & open set. § #X 7 S FHP 1Tk ¥4 97 open set 7 & Definition 1.2.1 #= 18 &
F. ¥4 } H#7 Proposition 1.1.5 §= Proposition 1.1.6 g p | 2 P rad i ok & 1 eh
open sets F£F B+ X - B topology. » %&{;&‘" - BEELF - B metric, 2P Y
* B metric T & I H 49— B topology.
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Question 1.12. BX # & X 1 5 - metric d, :##EP
T ={SCX|VYaeS,Ar>0, B(a;r) € S}

% X _} e topology.

HAAPR 50 - BEELE X Fatopology, — B4a7 iv 72 — T F ki f £ Defini-
tion 1.2.1 ¢h= 35 #E 2 - LA ¢ LiL F A P& Reh open set wm—, st £ 3 A Lk
PR LR EF 2@ # 4 topology & f. Bldr i R} g standard topology, EN
PAAITRDEREFOME, 8 H T opensets. FFFAPFT gL, ARG
standard topology _} 1 open set T*u{— B (72 H & 5 5 B) open interval e & Al A
et enig 22 & metric space P 7 topology H ¢ ¢ open sets, F F F ~ $iAd — & open
ball #r8 & a 7. B #ﬁ topology ﬁxg ~enf &, VP fEZ 5 3% topology - 1B

]
basis. F T F 0T 50 .

Definition 1.2.3. B X &4 7 =& - B topological space. & B d T ¥ - it
open sets “rie Sk & R X EZR T Y 2T dhopenset ¥V B - B
Wk, BIA B 5 T < basis (% base).

¥ £ open sets 7

H 4 basis g & a3 ER2ET openset §, §F x €S B, ‘\IF““’K"’:ﬁ"JS €B
BEXES, P S CS, MPFATHS AL S, amE, TS =[S, blara R §

xeS

A+ g standard topology 7, o »t ¥t E g 25 dhopenset S € T F - g x € S,
PEeHI Yy, >0 EF (x—yux+y) CS, HTUFES :U(x—yx,x+'yx), Flm & aodt

xeS
7 ¢ open intervals #7= % & #_R 1 standard topology - ‘2 basis. 32, $*% metric

space, #T3 open ball #7= 18 & 22 Z ' metric space =7 topology _} - ‘& basis.
F

Question 1.13. & § ¥2£7% ﬁz LRI IEE xeS B, A PEvHI Sy ml xeS, ®

S, CS. #FHEM S = USX’ ¥k PP & metric space ¢ T3 £ T 5§ T #cH open ball
xe§

el 4 ijﬁ{t“ metric space £ topology F 71— % basis.

d  Question 1.13 ¥ #v— B topology 1 basis ¥ 7 v&— . 7 i F i k- & basis ¥ i T
4t — i topology. i&H_F] % & basis e ¥ _%, basis ¥ ¢+ % #% 6 4_open set, £ ‘v } open
sets e85 § 15 5 open set, F]yt F %  topology 7 48 I i basis, € i = i&% # topology
18 IF €71 open sets, 7* 1§ I 4p I €0 topology. iimerE ,T} 7TV AT

Question 1.14. 1;1\;{ X 422 &0 71,75 % % X ¥ éhtopology. % B % % 71,73
% T &% B 4 topological space X - % basis ¥, 15 X & £ F_open, : i §
X=[]S =25, #5.5682 xe81NSy, 43 §1NSy 7 5 open, &4 $1 18,

T BA-E B Lt Flprd xeS NS, @ HFAES eBHEL xeS T
SCSINSo. 3“7?“15'?]'417; i basis Fh'ﬁ’_%ﬁ
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Proposition 1.2.4. B3 B E_topological space X - 8 basis, B B & &1 T iE i

x=|Js.

SeB
(2) £ S1,52€B8 % xe€S1 NSy, Pl HAESeBHLxeS & SCS NSy

F2,% B 4% X ¢ - & subsets “T= e & i & F it (1),(2) » BIEF, Rl F drl- o
topology T, & (8 B 5 T - & basis.

Proof. A 1 & P 5 v~ & topology 7, @ 17 B 5 T ¢h— % basis. BHFP 5 &
Mo AP ER e T k. d 3 B R AL basis hE & 5 B openset ¥ E_B VY
—EAFIEE FIU T AR FpRYFIRS B - B AFAERERL A P Q. RN
PERJE O LR TF T B B - AF AR chsubsets R 5 T R EP T A

F 7 & topology eh& £¥¥. gL v QeT, £d X = US A X 7 ¢ ¥ oebd
SeB
WL HRFET RS B - R ARG T P ER - ARG RS B

Poeh- i E enm B ﬁ’x%éﬁf“ffwi"l‘“‘éf” PET,....,T, ¥ 7 B~ 8¢ - &~ F s
B ATIN--NT, *7 B+ BP - Aol T {17 FFpE, APren
Pon=2 R (%8 Questlon 1.10). iRk T1,T2 € T, % % & % f index sets [,J # ¥
Tl:US,-, TQZUS}, He S8, d B 1P ARSI, AP

i€l jeJ
T1NTy = U S[QS;.
iel, jeJ
LA BVEE N LT - - 4 LAY ns; AT BN B Y- A F R T KA I
xeSﬂS’. d 3 Si,S; PREBY  &wd BF (2) w3 S eB B xeS, SXQS,-HS;..
d v
sinsi= [ s.
XES,'QS}
Flpt AP EE T R s X - B Topology ® B 2 T - ‘& basis. o

B {8 2P A & topological space €71 closed set.

Definition 1.2.5. 3 X 7 topological space. 3+ § C X, 4r% S g & S =X\ S 4
open set, |3V i F S & closed set.

P HEHPEX R closed set # #_openset diip k| * BFLE - BB L FF H_open set P
4 H_closed set. iz q 4 A. FF 3V a- BEEEF L open » * & _closed. ¥ -
oA F P BEEFEE open £ closed. ¥ 33 ¥ it~ B topological space } £ open
sets fr closed sets 5 2 4p ¢ . Indiscrete topology fr discrete topology ,T&{f}l]—? R N I
LEP - BE & A closed, APk T KFEP AT R A open set WF . I g R,
4rfe Question 1.9, Vi 5 12T dhig %

Proposition 1.2.6. B3k X % - topological space, R 3% 5 1T |28,
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(1) X,0 % % closed.
n

(2) B3K S1,...,8, # & closed set, B USi 7 5 closed set.
i€l

(3) BK {S;,iel} 02 I % index set 0 indexed family 2 ¢ % B S; CX % 5 closed

set, R ﬂSi 7 4 closed set.
i€l
Question 1.15. # P & indiscrete topology = discrete topology ® open set ,T&,%?‘ closed

set, @ closed set ,T*u{ open set.

uestion 1.16. — i topological space ¥ , % #rig 773 7 closed sets 7 @, ¥ _F %7 M v
polog p ) F

i #TF 0 open sets?

Bofs & % fReNE_ % - 440 topological space td - B A F ARk S R - L E A
closed. ®|4r indiscrete topology ,7&5"— B o+, ot i i R I 0 standard topology
AE AR, T F g RE. 7 E AR, b4 R F i standard topology ¥ 3 { -

45 eh metric space ', TR - BAE oA g 4 i* - #_&_closed.
1.3. Continuous Functions and Open Maps

- B % &% 7 topology, # it ¥ H-F fic b 2 ZBeeHE W 2 F (Theorem 1.1.8) £ & F =
B ST K TF L, AP 2 E®Hk - B topological space p @ | p 2 g, APV

-2 3a R PR B topological spaces 2. B e i

Definition 1.3.1. % X,Y % topological spaces ¥ f:X — Y % — function. 4c% $3+ Y

FtiEghopenset U ¥ fH(U) 5 X * ¢hopen set, BIFE f 5 continuous function.

£ =% # f2, continuous function #IZ] E ¥R b eh open set 7 inverse image % i &
¥+ chopen set. @ 7 A ¥-% &K ¥F b e open set B~ image & € E ¥ &3 o open set.
Question 1.17. & X,Y % topological space, f: X —» Y % function. :#2| %712 7 35 —‘ﬁ
¥ FET_f % continuous.
1) X } eh topology % discrete topology.

)
2) Y } 1 topology 7 discrete topology.
3) X * e topology & indiscrete topology.
)

(
(
(
(

4) Y } éntopology % indiscrete topology.

Question 1.18. ## P — B F & X 1} o0 identity function idy : X — X 7 # i * &

continuous function.

d F - &7 closed set eha_&, & i Frig ¥ open sets 77 ﬁ'ir’?ﬁ:ﬁ e >+ 43 closed sets

07 fZ. FP A PL 741 closed set 0 inverse image k¥ % - B S#icd_F 5 continuous.
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Proposition 1.3.2. B3 X,Y 5 topological spaces ® f:X — Y % — function. P f &_

continuous & 2 vEE Y Y F E R 4 closed set C ¢ F f1(C) 5 X 0 closed set.

Proof. B3 f % continuous, EB Y ¢ i closed set C, & P& P f1(C) ¢ £ X 9
closed set, » ﬂk{;fm X\ fYC) & open. #a X\ f1(C)=fHY\C) 2 Y\C #_open,
4 f %_continuous #F#& f1(Y\C), 7 X\ f71(C) &_open.

Fz, BERHENY FEgdclosedset C#F fHC) 5 X +éhclosed set. =B Y +
e open set U, 5 Y\ U 5 closed. LLB*:;:E)\ o fHY\U) =X\ U) & X

closed set, #{# f1(U) 5 open. #3 f 5 continuous. o

% F &K, BHEP f:X > Y 5 continuous, % FH%E#F Y hopensets U %% & f1(U)
% X shopenset. ZAm ¥ Jg Y } #7F e open sets F PF § § BEE S, 2L PF basis A { T
Faviprg M- g, T - BIIR 2 HAP, 1;’ it 353 3 Y eh— 2 basis, PR & &5k

¥ basis €7 inverse image ¥ .

Proposition 1.3.3. BI& XY i topologz'cal space, ¥ B L Y 1 topology eh— B basis.
Bl f: X =Y 5 continuous ¥ 2 v ¥ 23 UeB, f1(U) % 5 X 1 open set.

Proof. % f % continuous, F|F]ix &, U € B % 5 Y s open set, i f~1(U) 5 X 1 open
set.

Fz2, 24333 UeB, fY(U) ¥ 5 X chopenset. B Y ¢ open set U, d 3+ B £_
basis, i f index I %2 S; € B, Viel #18 U= ;S #&d fHU) = Ui f1(S;) 12 %

f71(S;) & open ¥ f~Y(U) % open, #% f 5 continuous. o

¥ X,Y,Z &_topological spaces, f: X > Y, g:Y —> Z % functions AP ¥ # f,g¢ &
X gof:X>Z ¥F&1f% gof A F 5 continuous, # i JfArig go f 0 inverse
image fc f,g ¢ inverse image b 4. EB~ Z h- B subset S, g71(S) ¢ &_Y i subset,
o fHg1(S)) € 2 X thsubset. ¥ - 2 & (gof)H(S) 4 ¢ & X subset, #r1L e p
BB U gNS)) 4 (g0 )NS) LEME? F xe fl(gh(S)), £ A f() g l(S). A
d f(x) €g H(S) W goflx) =g(f(x) €S, iivxe(gof)(S). &2, % xe(gof)'(s),
27 g(f(x)) =gof(x) €S, i f(x) eg™(S), T xe fl(g7!(S)). AM@EM T ¥ EL
SCZ 43 fHgTHS)) = (gof)7N(S). F T BRY, APAT A EA BRIt

Proposition 1.3.4. B3k X,Y,Z &_ topological spaces. % f:X - Y, g:Y > Z &

continuous functions, B| go f: X —» Z 7% 5 continuous function.

Proof. 2 U % Z thopenset, ¥ & (go f) "N (U) = f (g (U)). 4 % g:Y - Z &
continuous, % i 7§ g ' (U) 5 Y shopen set. = d 3% f: X — Y ¥_continuous, 2 i (¥

f g (U)) #_X shopen set. ¥ go f:X — Z % continuous function. mi
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eHEFL FFARRERRIAREE, LG UPLFLEAPHISELET R
IR, AP EFY NG - B RRENERANTT. d T PE RO S, TR
—Fo T AT - Aeen E ,T*wk;fﬁ d function, m ® iz function & f fo 2 iP5 3¢ m]“g‘_%‘r
AP RE. Gldo S Ecsm, S B group ,T*ué ks 720 B 90 group homomorphism. @ & &
® group 2 B 5 — ¥f- ¥ p& 2 5 group homomorphism (¥ isomorphism), % i i i
% group % isomorphic. ¥3% topological spaces, # i® & 4r#® 3224 B topological spaces
TR A AP et ? § ZRie S B spaces 3% F - - DRSS RM R, 2 EE
s T IRFIeEaR %, AP iRp A i Bi%E continuous function v ! # ifiE (7
RF R bRk X - Bz eB &, ¥ g identity map idy : X - X, H ¢ z & B @
* discrete topology, @ ¥t &% i@ * indiscrete topology. #i&tk e topology 2.7 idy #-
B continuous function, 2 % X 77 - B~Zk, APFE 72 €305 &3 f4 topologies §
WE. EF A 35, 2 X, Y & topological spaces m f: X > Y ¥ - #- ¥ g
continuous function. 3% Y F &1 open set U, ¢ ** f &_continuous, £ i F f1(U) & X
T open. MFF ¥ - B3 Fh Y +openset U, d* f & onto, & § @5 (V) fr
FUU) RAp B e (why?). # PR AT B EETAPES - B- H- PR %Y o
open sets i ¥| X €0 open sets; & 7 i #E 7§ X 1 open sets FARE BT TR L X
e open sets 3 ¥ i ' Y fhiopen sets ¥ (GefAf) e #cE P € 4 X F stronger topology),
SOFR AR R RS RE XY G AR . Ra dek HNE R X hopenset S, f(S)
EF % Y e open set, st PFEd 3T f B - F- i AP F - B- - 97 U3 X 0 open sets

# 3] Y coopen sets (why?). FJ#t gt iR TR XY F AR R R EE £ . -
R - BB f XSV REHERE X ropenset S ¥ € #F f(S) ALY 7 open set

(# % one-to-one and onto ™ % continuous K ), AP f 5 - B open map.

Question 1.19. %k X, Y % topological spaces ¥ f : X — Y #_onto 7 continuous

function @ g: X — Y #_one-to-one 7 open map.

(1) 3##M % Up,Uy 5 Y ¥ 4p & chopen sets, B f~1(U1), f1(Uz) 5 X @ 48 B chopen

sets.

(2) #F#EPE S1,52 % X ¥ 488 hopen sets, R g(S1),8(S2) % Y ¢ 4p B <h open sets.

B4 Bemed R XY 3 topological spaces T 7,77 455 X,¥ 4 topology. 4
% f:X—>Y - ¥- F p 5 continuous function ¥ 3 open map, A ig ¥ 41 f F
Tl- @ T 2T (qurP X ! fhopen sets #r= enfk £ 3| #7F Y It chopen sets #7 ek &)
dh— - - 2P ch¥H M R T X dhopen set S $E T Y ¢ open set f(U).
SREAGEA F T ST A REL S €T pigr] f(S) (T F(S) = f(S)). 4 * f L open
map, &P f(S) e T’ w4 F &_well-defined. * #] f & - -, #xd Question 1.19 (2)
o FE-%-. Y- 2%ER UeT’ 4> f & continuous, 4§ f1(U)eT. pprs
S=fHU) 1% f Lonto (T fX)=Y) 78 S €T %L

F($)=£(S) = (U) =UnfX)=UNY = U.
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-\1 \

% F & _onto. TAREF X chfpfe Y dp 2 B 5 F - - D P S M R, PR
L)

fARE G ELSREX B Y AR IR R, TN T R,

ig

Definition 1.3.5. % X,Y % topological spaces. 4% — B a3 f: X >V & - - *
Ph = Y L open map, RIFE f Z X, Y 2 fF ¢ homeomorphism. 4% & i topological space
X,Y 2 B % &% homeomorphism, B|f X,Y % homeomorphic topological spaces.

F_k

BE-B-fH-2pimd ol F JficA @ A Sl (AP g TS ’ﬁ
Prrendpi2 T4 g2 ) ftdok f:X > Y L openmap PF, £ g: Y 5 X L f ek S
B (27 @RRFA, AP L Ag feonk Sdk). LR ERP X hopenset S, o
3t g7 1(S) = f(S) (why?) ® f ®_open map, 2 7 g 1(S) & Y ¢ open set. &4r g %
continuous. ¥ 2_4r% f @k S#c g ¥ continuous, * F¥YIE R X 4 open set S, ¥
3 f(S)=g'(S) & Y #hopen set, &4 f 5 open map. F PREE LT %,

Proposition 1.3.6. & X,Y % topological spaces, f : X > Y % one-to-one and onto. B f

4_open map F E *EE f 7 inverse function 3 continuous.

Question 1.20. &% X, Y % topological spaces, f: X —» Y % one-to-one and onto. i#FiLp

f % continuous function % ¥ *& 3 f 7 inverse function % open map.
f1* Proposition 1.3.6 #* F* p 85 M T g %

Corollary 1.3.7. % X

homeomorphism % & ¢

,Y % topological spaces, f : X - Y & X ¥ Y éhd¥c. P| f &
v E f 4_one-to-one, onto Y1 % continuous @ ® f 7 inverse function
7 & continuous.

Question 1.21. %k X,Y % topological spaces, #*i** X ~Y %5 X,Y 5 homeomorphic.

FEHEM “~” ¥ - B topological spaces 2. [F ¢11 equivalent relation.
Homeomorphisms 7 3 % & & e 5, 1 fe 3V i ¢ L 355k
1.4. Subset Topology and Disjoint Union Topology

piga Y AP A S B A]d ATe0 topological space =1 . H ¢ — B T & topological
space 1+ & & F afp fﬁu_? subset topology. ¥ — i #_#-% B % 4p M & topological

spaces & & = — {# topological space, fi % disjoint union topology.

1.4.1. Subset Topology. %z - B d#c f: X > Y, # X' E_X & subset, & IF“ fp Ry

— 1 restriction function flx : X' =Y. @ 5 k& fly )T} L E - f T EBRT A X, Tw{
WAPET R X renadigd fEIEL Y. f:X > Y & continuous PF, £ g K

# ¥ fly : X’ > Y 4 &_continuous. # i X’ # &_topological space, 2 " & 4rie T & H

R F R S Bot? fp RN PR L& X e topology, @ P i BARHE -
X cdpiiAn bl &8 38 & D topology { % X F e subspace topology.
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AN EAs NS fﬁﬁﬂ?@_*fe@ RAE, B ARSI X ¥ open sets 3%
VR R F AR P 2 “F i o0 open sets E #0320 Xt &7 topology. F oA, & i {7
flx : X’ > Y &_continuous, { & f & f£¥F3+975 ¥ + & open set U ‘,é.’fig it 7 fl;(,l(U) i
X' 1 éopenset. KA flih(U) = fHU)NX, 28 %5 xe fly(U) #ErgEF xeX =
fx)eU (AR ey & U AY i subset Few * ., %% open (HEK). RaE fX->Y
%_ continuous, f‘l(U) ¢ £_X hopen set. #TI0E NP E AT T il Folk XY,
flx : X > Y » Z: 5 Sdc, &4 mé’a‘&,ﬁkiﬁ F X’ &0 open sets 84X } 1 open set
B X g F! APPSR X e B L R E openset (8, BT AT EREP
TP RZA, > X e topology. » 3E A PR M, F T E_X 4 topology, B T
T'={SNX:SeT}), Al T €A X topology. ¥ &7, EE&K T L o~imid X o
subset, *TM AP R L A T 2 F # & Definition 1.2.1 F 0= B & &7 5 LF] X,0 ¥
BT, T ERX =XNnX,0=0NnX" » BT’ #2 (1) #&. 23 (2) ? #3t- &
index set I, 4v% Si €T/, Viel, PPFRITE, v S, €T BLS =5;nX. #f1

Usi=Jsinx)=(Js)nx.

iel iel iel

-

X d 3 7 E_ X 0 topology, “T1 Ui Si €T, ¥ Ui S; €T 6% S1.5,€T’, %
TFRESLSeT RE ST =S1nX,S,=8nX,w&d §1nS,=(S1nS2)NnX, 3z
SINSoeT @& S, NSL,eT’, T (3) 2. d 3B RF, AP LT Hk.

Definition 1.4.1. 3% X % topological space ¥ 7 % # topology. #¥t3% X = subset X',
Y R T X - & subsets TR e f 4
T ' ={8"ePX'):8"=SNnX, for some S € T}.

T’ € #_X' 1 topology, 2\ i F et topology = X ¢ subspace topology. § X' & * X ih

subspace topology #71¥ &1 topological space FF, 2 i if ® &3 X’ 5 X 7 subspace.

Question 1.22. X X' CX. #F E X' # * X ¢ indiscrete topology #7# 17 subspace
topology & 7?7 * % X’ ¢ * X i discrete topology #71¥ ¢ subspace topology & i#®7

Question 1.23. &A% & [-1,1) % & R } 1 standard topology = subspace topology. #
Wt pF [-1,0) 2% % open? [0,1) % 5 closed?

Question 1.24. B3& X 7 topological space ¥ X’ 5 H subspace. #F#FEM C £ X
closed set & 2 v % 3 & X hclosedset C # {8 C' =CnX.

% Question 1.23 ¢ 24 i* 5 1 %, % subspace topology ¥ 7 open set {x¥ it frk % i
topology =1 open set £ 1 {%% — &, &8/~ % BRF. 7 i § subset » £ E_open FF, 7&7}.;

7€ R R

Lemma 1.4.2. B3& X &_topological space T X' E_X & open subset. & X' F @ % X e
subspace topology. ] § &_X' & open set & P rEx S #_X e open set ¥ S CX'.
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Proof. B#% S ¥_X’ ¢ open set, & subspace topology 1% 3, i& 4 7 1% &= X # open set
UR{ES=UnNX. HmaixEX X X dopenset, #&wv§ =UNX CX 7* % X shopen

[

set. 2% § #_ X topenset © SCX, &% S =8nNX, * & subspace topology &1

T &, @40 S 5 X' 1 open set. O
Question 1.25. % X &_topological space ¥ X’ &_X ¢ open subset. & X' +F# % X
1 subspace topology. #F X' I i closed set ¢ #_X F ¢ closed set #§7 :#% i ¢ Lemma

1.4.2, # # % closed set i & ¥,

£ F AP w I 5% subspace topology =R . § X' % topological space X 7 subset,
A E Al X fhtopology # A X fhtopology @ @¥HE R G FIE X oY, ik
g% fly : X’ > Y % continuous. @ subspace topology ﬁjt»f‘* tieRE R AX HE3 K
e topology 7 M ¢ EiptR DR F AR APT U FG Y Sl f 07 it X ddp
B, 7B EAAPLED APFFEAAERIFATT RO EF AR, V- S hdok
X' i ehdp b subspace topology %, 7RA flx % #X4_continuous. (¥ k- T, BXK 7,7
5 X e topologies. 4% T £ open set 384T ¢ open set, T T C T, RIFE T At
T { % (stronger) # { M (finer) 7 topology. # if*= ¥ . 7T A b 77 { 33 (weaker) 2 {
42 (coarser) 1 topology.) 4= X’ i£ discrete topology ,T.%'v“' R fly Bad e, 2 &
AR, A E ARE Y F ARG endx4F. £ F 1+ subspace topology ,T*u{é Fliz B P e
T 33 eh topology. iR _FE R AP Y B f & identity mapid: X — X, 2 fly : X > X
B e % R Eer X ehopenset U, flH(U) =UNX E_X' hopenset. #7% 2, &3
flx : X' — X 238 § 38, X'+ &1 topology A ¢ 7 subspace topology _+ £ open set.
+ Tt subspace topology i{ E##7 & 2 F 42 5 33 ¢ topology. #4115 ™ T G H.

Proposition 1.4.3. B& X,Y &_ topological space * X' C X. & X' # * X e subspace
topology, P ¥ i & 7 continuous function f : X — Y, fly : X' - Y 7 % continuous
function. ¥ — > % subspace topology ®_ weakest topology % X_ continuous function =
restriction 7% & continuous. ,T*u{;fu—? T’ A_X' ch— B topology i X ¥H1E &, 11 continuous
function f: X > Y, flx : X’ > Y ¢ % continuous function, B| subspace topology +“ 42 T

¢ _ weaker topology.

Question 1.26. E*% X &_topological space ¥ X’ C X. & X’ ¢ * X £hsubspace topology,
Pl dhopenmap f: XY, fly : X' > Y £F 7 5 open map?

Subspace topology % — i 4F i Z_F 2 i 4= 5 B continuous functions “ZL =7 - &

continuous function.

Proposition 1.4.4. B*x X #_ topological space ® X1,Xo % X €11 open subsets & &_
X1 UXe = X. %k Y i topological space ® X1,Xo # * X e subspace topology, B3k
fi: X1 =Y, fo:Xo =Y ¥ & continuous £ fi(x) = fo(x), VxeXiNXy. £ f: XY i
Soficl T &G

. fl(x), X €X1,'
f(x) o { fg(x), X € X2.
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B f & continuous function.

Proof. L1 &, 4 * fi(x) = fo(x), Vx € X1 N Xy, #7174 f & well-defined. & ZEP f
%_continuous, § £ A P &P F S A Y @rsubset, fTHS) = f7HS) U LHS). AT
SExefFMS)ULNS) 27 xe f7HS) & xe f,1(S). mg xe ffU(S) 2 27 xeXy

(s
P A(x)eS, MR AE xeX T f(x) €S, FT xe fAS). BRI xe f;1(S) FVE
xefUS). Fzdok xe fIS), 27 xeX 2® fx) €S. EF X=X UXy, 2%
xeX; & xeXy. RaF xeX, MG f(x) = fi(x), r] PRET 4T xe f] LS). g
Xx€Xo, W xe f31(S). T EH US) = HS) U HS).

Wi

ME P Y }oehopen set U, 4 % 4w fH(U) = f; ( YU LNU). #%a F AL S
continuous, # i iv fl‘l(U),fQ‘I(U) & W 5 X1,Xo 1 open set. Flprd X,Xo 2 X &
open sets 12 % Lemma 1.4.2, ¥ @ f7H(U), f;1(U) ? % X # open set. #&d fHU) =
AUV ENU) @5 fYU) 5 X ehopen set, Fla @& f:X > Y 5 continuous. o

1.4.2. Disjoint Union Topology. # # B2 % (R E 538 &) chE &8 EA k| i}“ﬁ‘
= #_disjoint union. § X1, Xo A5 B % g2 £, 3 frajfﬁ;if%‘?dj XpUXe Kk 4oom i i g
By PAGLERERLT XiUXe fr XiUXy B2 e, AP EHIT X UXo 2B H5
P X1, Xo E 7 4P 2 e,

T X1,Xo 7 B 7 4p R #0 topological spaces ¥ 71,72 & 4| 5 X1, Xy ¢ topologies. 2%
i p A7 # X1, Xy 0 topologies B 4=k, T T3 U T, # % it 35 X U Xy &0 topology.
3BT § L X UXe 4 topology, T % XiUXo 73 & T1UTe ¢ . L& dh Bl Lix
TET1UT2={S|SeTrorS €T} *11E S§1€T1,S2€ T2, B $1,S2€T1UT, &
S1USy T2 € 2T UT2 ¢ . BiFAGBRFET 4L T =(S1US2(51€71,52€ T2} &tk
- j‘ﬂ}"g * = X1 UXy 0 topology, # # X; LU Xy = & topological space, #* * # % disjoint
union topology.

RAENPRP DG TR T ={S1US2|S1€T1,S2 € T2} /25 X; UXo 7 topology. &
L Q0eT, TEFL0eTT 2 0T * 1L 0=0U0cT. ¥—>6 X1 €T1,Xo €Ty #F1Y
X1 UXg €T . i3 7 Definition 1.2.1 i i (1) H A2 BE T 5 index set ® ¥ ix
RielLbU€eT, "5t Si1€T1,Si0€T2 BB U;j=8;1US;2. s P

UUiIU(Si,lLISi,z):U( i1USi2) = UStl (USi,2)-

i€l i€l iel i€l i€l
d 3 77,72 # topologies 2 15 Ui/ Si1 €71 2 UiesSi2 € T2, e & Ui Ui € T, ™ %
i (2) R = e (3), APHFEEME U e¢T M UNU €T TF. Ra st
S]_,SiETl,SQ,SéETQ it ¥ U=S5,1US,, U,:S,1|_|S’2, =

UNnU =(S1uS2)Nn(SjusSy) =(S1nSHUS2nS))

(L& S1nS, =8NS =0), FIL £ 4 71,72 % topologies #* P 3 S NS €Ty *
SQHSQGTQ,&fdﬁiUﬂU’eT
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3 X1,Xo A7 B * 4p 2 e topological spaces, 34 7 ¥ 1 X7, X 4L 5 X7 UXs 57 subsets.
PFE Y s Xp U Xy e disjoint union topology, £ 1% * topology ¥ J& X1 7 subspace
topology, £ % ¢ f= X1 /& L0 topology p e *2? ¥ % H 4 T, @ E F 5 Xy UXy F e
open set ’F’K{Sl USo H¥ Sy, 89 &% E_X;,Xo chopen set. Fltd (S1US2)NXy =84,
(S1US2)NXy =8y, Aiarig Xi, Xo 8% X; UXo } e subspace topology #7% 77 open
set ‘Fﬁg £ X1,Xo A& kdopenset. ¥ b Xy Y R Adhopenset Sq, kY g S10U0
¢ £ X;UX, + disjoint union topology 77 open set. B (S1LU0)NX; =81 + € £ X1UXo
# X1 € * subspace topology i open set. #7121 X; R & 0 open set 4 € Hig * X UXo
subspace topology 7 open set. #7141 X; i f& topology # - XK. 1L Xo iy €

SR AP LT

Proposition 1.4.5. #B3*% X1,Xo 2.3 B % 4p R &0 topological spaces, ® T1,T2 4~ W] & H
topology. 3% J& X1UXo ¥ &1 disjoint union topology 7. B| X1 #& * T &1 subspace topology
,T»%{ T1, m Xo % T 0 subspace topology T‘-{ Ta.

Question 1.27. H3& X i topological space T 3 H topology. * B& X1,Xo C X ® & &_
X1NXo=0, % X=X,UXs. BT g X1,Xo + & * X & subspace topology, &% H 4 %] 3
T1,72. #BE T 2% 52 71,72 0 disjoint union topology?

Proposition 1.4.5 24 #2383 X1, Xo .7 % 4p R 7 topological spaces, % 3 ¥ 12 & *
X7, U Xy + disjoint union topology =7 subspace topology “:& & ” X7, X, €7 topology. » 7]
¥t ix R, 40 topological space Y & X = X; U X, i * disjoint union topology, B R, i
FaBf XY, LTI D fly, X1 oY NE flg,  Xo > YV, A B Sk ¥
- 23 m,d 3 X1, X & X = X; UX, 7 disjoint union topology ® ‘¥ 5 open sets, #7141 F
fi: X1V, fo:Xoo Y ¥ 5 Sdk, PId > X UXy =0, §1* Proposition 1.4.4 2 i ¥

, J— Cox o x , € X1; w
FI- B X=X UXo 3 Y i i and, £ X o Y, f(x) :{ 28 iexi F g A
*}; TLTE 2 s ’

Z_ SEEm.

Proposition 1.4.6. #3% X1,X2,Y 5 topological spaces. £ X =XjUXy * # % X1,Xo e

disjoint union topology. % J&
F={f|f:X—>Y is continuous}, F ={(fi,fo)|f1:X1 >V, fo:Xo > Y are continuous}

Bl f e (flxs flx,) %7 — BH_F 3] F/ F - - $— 3 po X b o B 12,

Disjoint union topology 4 » # M4E g ¥l X1, Xo F L Eenfi ). A RET ¢ X
B X, ={(rn1)|xeXi}, 2 % X £ ihd X, = {(1.2) | xe Xo} ifhinf & (0 pFa P
universal set X # = X' = {(x,i) | x € X, i € {1,2}}). 4t 27 X|, X )*J-.*L;}Z*ﬁ TE, AP
fEE X IX, = XjuXg, » fiiz % X1,Xs ¢ disjoint union. ¢ *% X; I X5 = # disjoint
union FHEEE X1, Xy LFAAILAM, T F X1, Xo PAAIFE X; UXy B - Reh, TS

TR X1,Xo AR, NS ‘ISK’** X, Xy 457 Xq,Xo # disjoint union.
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&1 % B & 0 disjoint union et P2 {2 & W enfk & ¢ product 7 . B4e RIR e~
24 (rnl) & (5,2), 27 rnseR; @ RxRer~2 4 (r,s), H? rnseR. AP¥ 2 RIR
FAELETR AT EFER A RXR LFBLET G, ﬁﬁiﬂ?b#*.

Question 1.28. ¥ BE % & I, = (-1,0), I, = (0,1), Is = (=0.5,0.5). & #& I, UL, 1,111,
LU, LI i 84+

% X1 &_topological space ¥ 771 & # topology, 24 i~ 7 # X| = {(x,1) | x € X1} 4 &
topological space. =% S €Ty, £ S' ={(s,1)|seS}, »*FH g T, ={S"|S €T}, i%
FEESE T ,T*ug E_X] ¢ topology. @ ® {%% % 4vif §I* &1 topology, Si#ic f: X1 — X
& f(x)=(x1) ﬁkg F-B-%-rpAadfsdk? 5 openmap, * ¥ f F - B
homeomorphism. + ,T*u{?u X1 & X] & homeomorphic, #* ¥ -2 AR 5 H AP R 7
. % Xo & topological space, #% i+ # X) AR5 £Av Xo Apfe cndp iz &, Ft A4

= 4% X{,X) ¢ disjoint union topology # | X1 LI X3 7 topology. & 7 > if, 3 TF“II‘&:E =
#i& B topology = Xi,X» ¢ disjoint union topology. * d ** Vi X1, Xo 4R 2 Xy L Xy e
subset, X!, X}, #1473 & Proposition 1.4.5 2 Proposition 1.4.6 1.5 % /e L BEE

EALA PR R AT R R T
Proposition 1.4.7. &3k X1, Xo #_ topological spaces, £ 71,72 » % & & topology. #~
B X =X\ 11Xy } v disjoint union topology T, # 9§ 11 2 4% .
(1) X1, Xo & * T ¢h1 subspace topology » % § £ T1, Ta.
(2) & Y 5 topological space. % Jg&
F={f|f:X—>Y is continuous}, F ={(fi.fo)|fi: X1 =Y, fo:Xo— Y are continuous)

Bl fo (flxs flx,) &7 — BILF 3] F/ 1+ — - % 2 g ch¥ b %,

Question 1.29. ¥ g I = (-1,0), I = (0,1), Is = (-0.5,0.5) 5 R } ¢ standard topology
e subspaces. #FF [ UL, [; U3 #& * R & subspace topology, @ Iy I, [; 115 i *

disjoint topology, iz# topological spaces 78& ¢ %_homeomorphic?

b {8 PP PRI — 7 disjoint union topology & ¥ 42 R F| § % topological spaces
i, Y R E P F A S B iR - feh, A TF“;T»’V’* £ A5

1.5. Product Space Topology and Quotient Space Topology

1

AP 4 %A fA %8 3¢ #7490 topological spaces ¥ * 1 2. H ¢ product space topology
¥ AdeB 2 MR PR | @ quotient space topology ¥ ¥ fiFit#— Bipf 5 B -
B CRRT B ATPER O
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1.5.1. Product Space Topology. B#* X1,Xo 2 & &, 2 2% v i ¢h Cartesian product
X1 X X9 = {(xl,xg) | x1 € X1, x9 € Xo}. ”}; TOXyx Xy g f/’k”ﬁ % B projection maps:

m X1 X Xo > X1, m:XiXX9— Xo,

B mi(x1,x2) = x1,m2(x1, x2) = x2, YV (x1,x2) € X1 X Xo. ¥ X1,Xo 5 topological spaces, #
¥ g & X)X Xo + e topology 1 B my,me ¥ 5 continuous function. X; X Xo + # #:&
[N A g7 - 4 7%«5'\ product space topology.

Bk 71,72 # B & X1, Xo fhtopology, 24 i ¢ ¢ 4o P T X1 XXs h1topology § i ¥ my, 7o
% continuous. & 7y : X1 xXXo —» X; 7@ F % &, #3Z L Xy ¥ chopenset U, 2 i R
£ £ 17 (U) = UxXo 5 Xy1xXo chopenset. 4T R Xo thopens set V, m,! (V) = Xy xV
» JEE_X1 X X ehopen set. I RN e (UXXo | U e THU{X1 XV |V € Ta},
% i § 2 - B topology. BEAR XiXXo fr 0 iz B EERN (F15 0xXy =0), &
TF UeT,VeTy Bl UxX)N (X1 xXV)=UXV A&t &EEERQ, & ,T*u{;rwé
T B ¢ open sets ¥ 7 # & topology & (3) (& F Arou i JE 3 AP L
P &5 (UxVI|IUe€eT,VeTa k- kg UU € T, VV € To, X3
(UxV)NUxV)=UnNU)X(VAV) m2Rap e (FJUNU €T, VNV €Ty).
# i ) PFEE X topology T & (3) ¢ e x| B E & (2) en® fivg B4 2 E T
(UxVIU(U'XV') 27 LB U XV’ ha 80, 4 A fic APk 836 5
UXV ehV N el 72 8P F8ad 0 B={(UXV|U€eT1,VeTs} # basis
£ topology.

Question 1.30. B*% X, Y 2 & £. ¥ & Cartesian product X x Y.
(1) #P#EL SCX,Sx0=0.
(2) ##EPE S, S'CX, T,T"CY, Bl (SXT)N(S'XT")=(SNS")x(TNT").

(3) # NHF S, CX, T.T'CY # 8 (SXT)U(S'XT') &2 B+ S”"XT", S CX,
T CY 7558

EF e B={UxV|Uce€T1,V e Ty} % basis ¢ topology *2? # % & iz &
B £ ¢8¥ 2 E % B topology 1 basis, ® #f - T Proposition 1.2.4 i £.2 38 P F 23]
= — i topology ¢ basis (hv & i 2. Am X; € T1, Xo € Ta, #7140 X1 X Xy € B, Fpt
Proposition 1.2.4 i+ (1) . @# & ¥4 E S =UXV, So=UxV ¥ &B8° §
d 3 S NSy=UnU)x(VNV') 4 & B ¥ & Proposition 1.2.4 i5# (2) = #&. 7
g s - BrE- i1 Xy X Xo 0 topology E_11 B i basis. * Fli dewm g frit, & @ (7
m X1 XXo > X1 ME m9: X1 XXo > Xo 5 continuous, B ¢ i & ¥ & JF E_open set, #T
riz g 4 e topology € 2 X X Xo F 18 my,mp ¥ % continuous function 33 chdr .
WE PG T R,

Definition 1.5.1. &% X1,Xo % topological spaces ® 771,72 4 4| 5 2 topology. ¥ Jg !/
B={UXV|UE€T1,Ve€Ta} & basis #77; =% 1 X1 X Xy 7 topology, #' * " topology
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% X1,Xo =0 product space topology. X1 X Xo 11 product space topology 3 = &7 topological
space, { & X1, X2 9 product space.

Example 1.5.2. ¥ g R 512 # * di(x,x) = |x—x/| 5 metric 7 metric space, R?> 3
L dy((x,9), (¥,y)) = V(x=%)2+ (y—))? 5 metric & metric space. f|* i&F B
topology, %% % %% projection 71 : RZ > R % continuous. &8 F] 5 >0 #7F Fdr<s
BERT (xeR|r<x<s} 252 R &1 basis, @

mlixeR|r<x<s) ={(xy) eR?*|r<x<syeR}

H_R?hopenset. £F 4 S={(x,y)eR?’|r<x<s,yeR}), $S ¢ xTi-2 pxyes,
TR A=min{x—r,s—x}>0, R p & p ZR<EEL ADRF B(p;A) P2 B(p;A) CS.
#d metric space topology #1%_& v § £_ R2 & open set.

f¢ % 1 projection my : R?2 — R + #_continuous. *7/ d product space topology e%_%
fr R? 7 % RxR 1 product space topology %33 ** # metric space topology. = i*u{;m R?
i# * product space topology 1 open set »+ € #_metric space topology 7 open set. #
WERAPERR NI, TR BIEEINNR G, » ,Th{;su R2 ¢ metric space topology
+ chropen set »+ € #_product space topology ! 7 open set. & & _F] & ¥ R2 F iz 3 enf? F
B(p.A) M - B q(x,y), ¢ %" da(p.q) <A R PF 1B £>0 3] (bldhe & < (1-da(p.q))/ V2)
#E L xlhe 73 BpA) ¢, 27 IIh »8iRBR%RF (x—-¢gx+e), y-&y+e). » i*u
3 R? ¢ metric space topology ¢ basis ch~ % (T B JF]) ¥ 2+ R xR 7 product
space topology # basis ¥ — #* % 0¥ & | iTI P 7 metric space topology £ open set )T}u
4_product space topology £ open set, #7141 i&7 B E_4p o,

Question 1.31. FRp R2 ¢ i3 s, 30— BEY ¥ U * REEY Flw - B & 7 33%4E
A5 FRNF], ikt P RXR @& * product space topology &7 open set q}uﬂ; R2 LTI

metric space topology 7 opens set.

Product space topology i & §_#& projection maps » continuous. JL%E Z % topological
space, m X X Xs % topological spaces X1, Xo ¢ product space, 7 - d#icg: Z > X1 XXy
ApET RIS BIEg ZoX frge:Z > Xo, BY gr=mog, ga=mpog. Fliit#
product space topology, #711 w1, 19 %_continuous. #4r¥ g % continuous, ¢ Proposition

1.3.4 & g1,g2 ¥ % continuous.

Question 1.32. % Z % topological space, m X; X Xo % topological spaces X1, Xy 7
product space. & S8 g:Z > Xy XXy 5 open map, &.F gy =m10g, g =208 7*

open map?

T ORAPREP, WG D, £ ke B, T product space topology F A i K-
G ESANE R SR B - B S 4 A% Z XXy ¥ 5 topological
spaces, £ g1 :Z — X1,82 1 Z = Xo H @ Sk, AP F 4+ X, X 0 product space
Xy xXo, W3- BATNIH ¢ Z > Xy xXop B & G: g(2) = (81(2).82(2)), Y2 € Z. %%
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3 - P i g _well-defined function, & S8l ¥ AP € * gy xgy k&7, 2 EiELE T #
Bl Gk, APt o kAo, R4E3 g £ F @Y, J Proposition 1.3.3, AR F 3

f% product space X1 X Xp ef1basis sh~% UxV (HE*¢ U,V » % i X;1,X2 7 open set) &_
TER® g (UxXV) 5 Z i openset. £ g H(UxV) ¢ %3 g/l (U)ng (V). w4
i zeg HUXV) £ g(z) = (91(2),82(2)) e UXV, =¥ g1(2) e U * ga(z) €V, T
z€g'(U) ® zegy (V). ®& gl (UxV) =g (U)ngy (V). Mo *t gi,g2 5 continuous,
veiv g (U), g5 (V) ' 5 Z ¢hopen set, tx g (UX V) = gIl(U) Ng,' (V) 5 Z ¢ open set,

H# g:Z > X1 xXo & continuous. i3 T e IT

Proposition 1.5.3. & Z X1,Xs &_ topological spaces, % J& X1,Xo = product space
XiXXo. & g1:Z—>X1,8 :Z— Xy 5 continuous, P| 5 & g:Z > X1 XXo % continuous,

HE g =mog, g =mog.

Question 1.33. % Z % topological space, @ X; X Xo % topological spaces Xi,Xy 7
product space. % Si¥c g1 : Z — X1, g0 : Z — Xo ¥ % open map. i Proposition 1.5.3 ¥ #1
Benddicg: Z - X1 xXo £.F 5 open map? (Hint: % jg X1,X2,Z 5 R ¥ g1,g2 5 identity

map FIR.)

Proposition 1.5.3 £_product space & & et 7, 2§ % 0T hw ok A B

T
X1 xXo — X
gl\ 1 2 " 2

. l

X

ki

PRl , AP H2Z & commutative diagram.

Kahm o anthAPag s s X=X1 XX, ¥ B

G={glg:Z— X is continuous}, G’ = {(g1,82) | g1 : Z — X1, g2 : Z — X5 are continuous}
Al g (mogmog) %7 - B .G I G I - B¥EM G 5 35S HEMGL-
H-h Flir g8 eCGr g+g RlixsitzeZ #1 ();&g'(z)inXlXXg.JlkaL{gi
(r1(g(2)), m2(g(2)) # (m1(g'(2)), m2(8(2))). @ Proposition 1.5.3 & 77 iz B 43~ A pr =
e, Flpt Ay T gk
Corollary 1.5.4. B3& Z,X1,Xo &_ topological spaces, % Jg X1,Xo ¢ product space
X=X;xXo. ¢

G=1{glg:Z— X is continuous}, G' ={(g1,82) | g1 : Z > X1, g2 : Z — X2 are continuous}
Pl g (mogmeog) %7 - BIE_G I G ¥ - - - 2 X cn¥Fhd k.

Question 1.34. 3% I Proposition 1.4.7 = Corollary 1.5.4 7 B i@ f S ficend fFend £

F#E¥FF 15 B Proposition 1.4.7 7 commutative diagram.
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Product space (£ 4 ¥ 3 B F| & B 12+ e topological spaces efFiR. B 4o
X1, X5, X3 ®_topological spaces ¥ 71,792,773 » 4 5 2 topology, #% i* ¥ 12 ¥_product space
X1 X Xox X3 B topology 2 {UXVXW|U€T1,VeTy,WeT3} & basis 7 topology.
TP AP Y AT B topological spaces 7 product space. ¥ [ &_index set, ¥ ¥
xR i€l X; 5 topological space 2 7; % # topology, # i T_& v * ¢ product space 3
[Tie; Xi. * iBi&# & 1R, T & topology 1 basis ¥ % £11 B ={[];e; Ui | Ui € T3} & basis
1 topology. @ |_1U

={[ Ui 1U: e T3, and U; = X; for almost all i € I}
i€l

= basis £ topology. i&42 U; = X; for almost all i € I & 4p B #75 hiel —FKQ F U = X;,
(PR L1 U5 B (RARIIILB) Ui e T 703 X 4, Aaah U ¥
T5iX. & §¢iVu7 BASFRGE %, 5 [ & finite set PF, B’ = B. » i]*u{;mé_;i’ﬁ
*T % B topological spaces #7 product space &, 11 B & B % basis #7{¥ 9 topology &_—
¥, e Z_§ I 4 infinite set ¥, B hr Z @ B § 5 EF 5 1*{?»@ HHELS B
topological spaces 7 product space F¥, 2 B’ i basis #71§ e topology g B L basis
#7118 &1 topology 58 18 5. wAE— T 4§ 47 i 2_product space topology FF& FenF_ [ Xi
I B endr i W Z R j e I, projection map 7 : [[;c; Xi — X; &_ continuous. » F|pt ¥t
W UjeT; (" U; & Xj hopen set) 24 i & f 7rj_.l(Uj) 5 [lies Xi e9 open set. % i ﬂ;l(Uj)
PR jeni=3 U, Euehiel thi=¥ ¥ 5 X; 1 subset. i%%%‘;’rﬁsubset £ Rt
P 3 rUE Bt B 5258 o subset, P AP SRR R LS R 4 YU)) e4en
subset #2 & 7 5 open set. ik 2 %T‘anﬁ“p PSR jel ehiz} 7 mXJ, 2w jel
Gix ¥ F L X 2R A58 G subset. FUt I F 4o~ de B ¢ e F i e subsets, { B A
* Proposition 1.2.4, & ¥ B % % B topology 1 basis. 71/ %3e ., § [ & infinite set p¥,
product space 7 basis & 5 B iota g &. ¥ ¢t 5 B topological spaces 7 product space
< § 7 %2 Proposition 1.5.3 &, 3= hp (THA .

1.5.2. Quotient Space Topology. # & & X # % % - i equivalence relation ~ {, % i
¥ 124 * g equivalence relation #- X g F A 5 i%{ﬁf*- iz relation 2. T K Ap M
MEFRH. FAPRFEOAZIRIF- B2, ShicEBEITOA ok &) 437
g B4l * Bt equivalence relation 4 # (s, & HpN o L. e B & A IF“T%'” X/~ %1
X/~fe X R R A pehE &, 28T P2 B3 &R0 k. 4 X 4 topological space ¥,
AP -E Y efe 2% X/~ 0 topology, T quotient space topology.

A i ¥ e BE- T equivalence relation. # & X t erelation, F @ & 10T = BLF,

AIFEet relation & equivalence relation
Reflexive: %75 xe X, ¥3 x~x.
Symmetric: & x,ye X B x~y, Bl y~x.

Transitive: & x,y,z€e X %X x~y * y~z, Bl x~z.
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a—

3 7 — B equivalence relation ~ 2 &, AP T KX AR F A HE. AR N L B
X~y Bl oy LA FA. HEA xeX, AP#iid &y R A fC A kS g 4
*ox] KEAF, T x]={yeX|y~x}). &BEEHLZ x D equivalence class. Tk equivalence

relation 2, 34 i frig equivalence class § M e B
(1) xe[x], VxeX.

0, otherwise.
&yt 42 B g8 equivalence classes #-f & X A RS- BRI A phF L. wEF RS
ﬁﬂﬁﬁ%i&{X,_‘?fiZ#BQ THRA B NS X - B opartition. F B R, Aok bR &
X + 3 - B partition (A B, APF YT L Ak - B3 E LA F E R, SR
i en rela‘mon » ¢ & - B equivalence relation. # 3 2. %7 - ® f & X I 0 partition ¥

_,/\,-,

¥ 3% 7 X - B equivalence relation.

AP L H equivalence class [x] P A F ARG AR, B F I - BATAE, P Xk

FoT . A ,]*—«Lgux—y”}’ﬁ*"x~y£ ER>¥ [x] =)@ x£y EFRT xry s TR
[X] # [y]. A PREL A FERERIAPE IO E b Ak TTFREL (X xeX) *
X/~ %7, A&, 3 %3 T HEE X/~ 7 F 5% equivalence class [x] % 7. @ B4

g

T e (o] 607 R, T AR R X/~ ¢ ha k) [x] 4 e X b
Example 1.5.5. ¥ g X * R ? 0B % & [0,1], <& H # 7 equivalence relation 3
X~y x—-yeZ.

- J’j‘&{?’u %t equivalence relation zZ T, § 0 < x <1 P, equivalence class [x] = {x} &3 -
Bag, A [0 =[=(01)F 3B~k & RLEF O<x<lFIeX/~ TiEAKEX
FeEk A 0=1€X/~ Pl X 10,1 a8 R F - g AT R X~
“p 7 - BF (circle).

TR X HRpenp A2 AR [0,1]x[0,1] ={(xy)|0<x<1,0<y<1}. & X

_t &1 equivalence relation &
(xy)~,y)ex=x,y-y €Z.

% 0<x<1p, F0<y<l, 235 (xy) 7 equivalence class [(x,y)] = {(x,y)}, T35 - &
~%; @ (x,0) e equivalence class [(x,0)] = {(x,0), (x,1)}, 7 = B ~F. #7121 X/~ ijﬁﬁ% e
X 4 owd BE {(00) [0 x <1, {(n1) [0 x <1} ¢ dpsand B (x,0), (x,1) A7 & -

gL 41l X/~ i};igqu T T AA R, AP e X~ “—ﬁ *7 - B
(cylinder).

Question 1.35. ¥ & X 52 R? + chr =3 252 Hp 2% [0,1]x[0,1] = {(x,y) |0 <x<1,0 <

y <1}, @& X } ¢ equivalence relation 3

(xy)~(,y)e(x=xandy=y)or (x+x"=1and [y-)y|=1).
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% 0<x<1,0<y<1, #8 T equivalence class [(x,y)]. * equivalence class [(x,0)] & @7
@ X/~ Z 73 e Mobius band w7

Iz
[N

'm\\

#_Example 1.5.5 2 Question 1.35, g ! X {fr X/~ &2 272 FchiE &, F§ 7 &
FIG X/~ § X fhsubset. MK X/~ - e X § M ORTOR &, § X A topological
space FF, AP R AR A X/~ 7 2 dl- B2 X 4R <0 topology.

% X #_topological space * 7 5 H topology, % %X } &1— B equivalence relation

6 F - BERPRDOIBILX ED] X/~ T g X o X/~ TEE qlx) =%, VxeX i@
o0 BH 5 quotient map 2 & nature map. P F H T X/~ Fendpi i E g A
continuous. # iF & 3z H, X/~ hdp A%, &7 H open set AX0, F]p £ AXF F R g A
continuous (#]4r X/~ i£ # 33 ¢ indiscrete topology, ;IJL— T_¢ & g 4 continuous). #71MiE
AANPE P g X/~ + @ g & continuous m:};%! v ﬁx&g £ topology. TR H_& 35 B 5
e, A g AR E T AR X/~ b esubset S 7 ¢ (S) € X ¢ open set, F]t i ¢
YRT ={SCX/~1qg(S)eT) %%, TKX/~ e topology, i B topology,T‘a
i 18 ¢ ¥_continuous # 3 ¢ topology. HH F 5 T 11 heh S/ C X/~ % i # 18 ¢ 1(S7) £
X hopen set, #T1dr% § 47 Bl §T ik ¢ ,T* .7 £ &_continuous 7. F|pt AR FH
T 725 X/~ 1} 0 topology.

5 A=L, AP X &7 X/~ REP T /5 X F htopology, § £tk A X fr 0.
Fi g X)=XeT 2 ¢ 0)=0eT, (i XeT fr0eT. ¥ topology e (1)
FLORNEE (2), A Y g oindexset I, T ER iel, ¥F S €T, T g (S)eT.

FEAI* T 5 X 7 topology
sy =Jas)eT
iel ieS
T Ui Si €T Bts, £ S1,S0€T, %77 ¢ (S1),q (S2) € T. #ri L x4|* T 4 X b
topology ¥
H(S1nS2) =g (S1)Ng(S2) €T,
W S1NSaeT, TG (3) * 2. Ajpg T k.

Definition 1.5.6. 3% X 4_ topological space * 7 3 H topology, % % X } e1— i
equivalence relation ~. 4 g X/~ } # {¥ quotient map g : X — X/~ % continuous # 5z e
topology T = {S C X/~ | ¢ *(S) € T}. # topology #- % quotient space topology, ™ X/~
F1#* quotient space topology #72} = ¢ topological space, i{ % X % quotient ~ 2. T

quotient space.
Question 1.36. % X,Y 2225 8 &, L f: X > Y.

(1) B3k X &_topological space ¥ 7 5 H topology. #F Y + 8% f: X >Y &
continuous # 3 7 topology & @7
(2) B3k Y 4_topological space ¥ T’ % H topology. #F X + #%F f: X >Y i

continuous # 33 7 topology % @7
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Example 1.5.7. ¥ g X % R ? 0B % F [0,1], =& H # 7 equivalence relation 3
X~y x—-yeZ.

#- X AL 5 R 1 standard topology 7 subspace. # 7 3# % 45 5§ quotient space X/~ 7 open
set. ¥ SCX/~2 0¢S, g l(S)={xeX|xeScXx\{01} PR (0,1) BB
BEF L. g pEd Lemma 1.42 4v ¢ 1(S) ¥ open F 2y ¢ 1(S) £R % (0,1)
PR RFamE . )’J'*u{?’u, izfarw, S Ed Li=&xeX/~|r<x<s}, &
P 0<r<s<]1lizHEnELsmEn . ?%?f—f;é_'ﬁ‘ﬁ,»'fr“u{SgX/~f €
0,1} Cqgi(S)=xeX|XxeSh FrE g S) & X E open, 27 g l(S)
% 0 4r 1 & open neighborhood. i subspace topology % &, &4 7 ¢ 1(S) 2 &
Z00,r) o (s,1], 2P O0<rns<1 @henIBLIFORRF. Fr rehiEm
Crs={xeX/~|0<x<rors<x<l}izHhamE st [ gHanE s (0
Mo, #7372, X/~ iz # quotient space topology ¢ basis ¥ 14 d I, Cpg 1
SRR LA dodk A FWZ—X/~ = ¥ - B circle, =4 basis e
ERABEERER (P2 i 0=1 ave E—'_) 4o BT

<l

oy

lzt/\
TN
o
A
N
A
th
A
(=Y

ft

ét
uh
=

Question 1.37. #45 % Example 1.5.5 ¢ 7 quotient space “cylinder” §= Question 1.35 ¢

(1 quotient space ¢ Mobius band”, T i & basis * g% 5 @,

% X 4_topological space ¥ ~ % X } ¢ equivalence relation, 4 J& quotient space X/~.
4r% 3 — 1 topological space Y % — Ji#ic h: (X/~) — Y &_continuous, # X p A+ & I
BfX>V, BEa: f(x) =h(x),VxeX (7 f=hogq). SficfFa B 74,
d 3 g M E h ¥ i continuous, ¥ Proposition 1.3.4 v f : X —» Y 7* 5 continuous. ¥ ¢}
o x o~ X, PR T X =X ik f R, F f(x) =hF) =h(X) = f(X). T- BF B
quotient space & & P F E R, F i k- A ¥

Proposition 1.5.8. &% X #_ topological spaces * ~ 3 X } e equivalence relation, %
J& quotient space X/~. % Y % topological space ® & #c f: X — Y &_ continuous % &_
fx)=f(X),VYx~x, Bl3ddich: (X/~)>Y 5 continuous ® % %_f=hogq.

Proof. # £ X P& 45 F| Snlich: (X/~) > Y B & f=hogq, £ 3P h &_ continuous
F.ood g :]"\f:hoq HiEE xeX/~ AmpREE X =h(gx) =f(x). * Btk
THERA DT 6 R, AP ERp v A well-defined. # ﬁ}u{;fu, ERe X/~ ¢ i F
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BT o X H P xe X ket VAT, Zﬁéﬁrﬂ%% RS N 5 & S =
YeEXP X #Exeh X/~F ¥ =% FFE f(x)+f(X) T E3 ‘;\h’““f"}’?ﬁm;“? =x

Pt I3 e ek h(X) = f(x) fo (X)) = f(X'), s:gﬁ;é_— 5,208k KPR KA
b f PRI 23RA P =0, W x~ X P f(x) = f(X). 4 G, A -
$IhERa g e TR N h s ik

BT RAPEP b (X/~) > Y 5 continuous. ¥ E & Y 7 open set U, i & L p
W1 (U) t X/~ ¥ &_open. & quotient space topology «h% %, £ & h '(U) .7 & X/~
¢ open, #EF A ¢ (hH(U) LF & X ¢ open. KA ¢ (T (U)) = (hoq) M (U) =
FYU), #d f &_continuous thiExk, #40 ¢ H(hH(U)) E_X ¢ open set, F] &= h™H(U)
H_X/~ e open set. ¥ h:(X/~) —> Y &_continuous. i

Proposition 1.5.8 ¥ 12 * T § e commutative diagram * % 7=

X
f
1,

Ko m ot A P Aig X, Y 5 topological spaces, ~ 5 X} 7 equivalence relation

A X/~ i H quotient space. % Jg H={h|h:(X/~) - Y, h is continuous} 14 %
={f|f:X—>Y, fis continuous and f(x) = f(x"), Vx ~ x’}

Bl hi>hoq#1 -~ BF_HFIF 1~ BGHEM G “FhF NS BHEM G- isf.f—
i, FliE hWeH?Y h+H”, Bl&275kxeX/~ @ hX) # WX inY. T}-
hogq(x) # h ogq(x). ™ Proposition 1.5.8 £ 272\ i3 B 4~ TP = o) Fﬂ“ A LT e
SR
kS N

Corollary 1.5.9. 3% X,Y & topological space, ~ 5 X } i equivalence relation 11 %

X/~ % 2 quotient space. 4 H={h|h: (X/~)— Y, his continuous} 1 %
={f1|f:X—>Y, fis continuous and f(x) = f(x'), Vx ~ x'}
Bl hi>hoq 71 - B H FIF + - - $— 2 p & st bl 1.

Question 1.38. Bk Z,X 5 topological space, ~ 5 X } 1 equivalence relation ™ 2 X/~
% H quotient space. B4rdfc g:Z —> X % continuous, B gog:Z — X/~ % continuous;
e EFEREET? » EJ"*L»{;’L F S h:Z— X/~ &_continuous, £.F - Tzt g:Z—> X &
continuous 7% ¥_h = qog? (Hint: % g Example 1.5.7 ch X 1 %2 ~ ¥ G Z=X/~2 h

% identity eF35.)

Example 1.5.10. § X 3 topological space, X1,Xo » X ehopenset. 4 g X1 UXy 5 X
£ subspace (i * subspace topology). # is ¥ 4 g Xp,Xo #1 disjoint union X I Xy, ¥4
J& ¥ disjoint union topology. # 3 ¥ fi : X1 > X1 UXs, T& 5 fi(x) =x, Vxe X;. &
PEF Sdlic fHh:Xo > X UXy, THE G folx) =x,VYxeXe. 03 fi, fo ¥ 5 continuous, d
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Proposition 1.4.7, 2 P @ 5| - B Sk f: X1 UXo > X1 UXe, B 5 flx, = f1, flx, = fo-
Sl f ¥ ++ € £ openmap, T8 %5 X1 Xy chopenset ¥ & 5 Ui LUz, £ ¢ Uy, Us
w5 X1, Xo chopen set. F]ptd f(U U Uy) = Uy VU, &= f(U I U2) 5 X1 UXy €5 open
set.

M4 g X1 UXy ¥ eh— i equivalence relation ~, # 2 & 5 ¥ E & i, j € {1,2}, (x,i) ~ (, )
FEEE x =y =+ ,Tfu{;»u— LREE x Xy (resp. xeXy) B3 (x1) ~ (x,1) (resp.
(%,2) ~ (x,2)). @ % x € X1NXa, B o (x1)~(x1) 2 (62)~(x2) %t &F (x,1)~(x,2).
%7 % ®%FETA X UXy eh— B equivalence relation. 3% J& quotient space (X3 I X2)/~.
d 3ty (i) ~ (x,j) B, A5 f(xi) = f(x,j) =x, &d f &_continuous 12 2 Proposition
158, A #E P - S h: (X1 UXa)/~) > X1UXy % E f=hog, 27 h 5 continuous.
X ¥ f %_open map, #&cd Exercise 1.19 ¥ h 7% 5 open map. RS RA P {XE 2 & 4 h
% one-to-one 12 % onto, 4 X; UXse v (X1 U X2)/~ &3 B topological space ¥ § + &_

homeomorphic.

Question 1.39. B* X,Y % topological space, X1,Xs % X £ open set. ¥3% X1,Xo 1
disjoint union X; I X5, % jg # disjoint union topology. 4 3 & i ff ¥ fi : X1 — Y,
fo:Xo > Y & E fi(x) = falx), Yx € X1 N Xy, #4357 X3 U Xy } &0 equivalence relation
~ E = e f (X U Xo)/~) > Y % & f((x0) = fi(x), Vie(L,2hx e X, @M f 3
continuous, # » (X; I Xy)/~ @& * quotient space topology. :##F.F Jt % % £2 Proposition
1.4.4 &0 %,

Exercise

Excecise 1.1. B3 X 2222 B &, T&k d: XXX - [0,00) % d(x,y):{ (1) ﬁ:yy s

P d i X Fe— B metric 3P 4% U metric #7 2 ¢ topology )]* L &_ discrete topology.

Excecise 1.2. B3k 7 4_X s topology ¥ B 5 T - & basis. {##EM F 7' ™5 X 1
topology ® BCT', R T CT/, T ik &M X + 55 ¢ 7 B i topology 7% E:,?D{T

Excecise 1.3. ¥ & R? ¥ ¢ standard topology, T 14

d((x1.31) (x2.32)) = (x1 = 32)2 + (31 = y2)?

#7 ¥_% o metric space. 1T & - B p = (x0,y0) €ER? M E >0, A FK

Sq(p,r) = {(x,y) € R? : |x — xol < 1|y — yol < 1.

#P {Sq(p,r) : p € R%,r > 0} ¥ R? ¢ standard topology #1— % basis
Excecise 1.4. B33 X ¥ - B metric space. FHEM 3T E xe X, & & {x} £_closed set.

Excecise 1.5. 423 a€Z, beN £ N,y ={a+nb:ne€Z}. ¥ g B={N,p:a€Z beN}.

(1) 1% » WPl ETIERP BV Ui Z P - B topology 7 £ basis.



28 1. Topological Spaces

(2) 3P A& T =B topology 2 T, UeT (U 5 itz ™ - B open set) &
#E VaeU,IbeN & @ Ny C U.

(3) #P & T i& B topology 2. F N, %_open + &_closed.
Excecise 1.6. ¥ g PCN 5 %73 Fl#crmf &, G P3P AP R * 25 P ¥
closed set k¥ P ¢h— i topology. HZ X B meZ, APk Vim)={peP:p|m).

(1)

(2) iz indexset I, TB-meZ, Viel. HFP s meZ % &

ﬂ V(m;) = V(m).

B) HZzR a,beZ#PM FhmeZ iwE_ V(a)UV(b)=V(m).
(4) 4 T ={UCP:P\U=V(m),for some meZ} #P T H_P - i topology.

P gtemmeZ @18 0=V(m), P=V(m).

i

Excecise 1.7. 3% X,Y 5 topological space, f: X > Y 3 X 3| Y thandic. 2¥HEE X+
d1closed set C ¥ F f(C) % Y i closed set, RIFE f % closed map.
(1) #4345 7] topological spaces X,Y 2% f:X — Y #_one to one ¥ onto 7 continuous
function © 7 &_open map =]+
(2) #35 7| topological spaces X,Y 17 % f:X — Y &_open map & % &_closed map
EIEa
(3) ##M F X,Y & topological spaces ¥ f:X — Y &_one to one ¥ onto 7 open

map B F: X —>Y % closed map.

Excecise 1.8. 53k X,Y % topological spaces 4 Cxy = *T3 X ¥ Y ¢ continuous functions

T ehf £ RIBK X, XY & topological spaces, # ¥ X {r X" 5 homeomorphic.
( ) pf:‘ s CXY ’f‘-" CX'Y \FE'I&T? tt%‘;‘— ?JL— =z Bﬁ‘%\'m‘fﬁ)f&&é '/7‘ (r"v—l_?‘ ﬁ_:—f‘ f]?‘ one-to-
one and onto function from Cyy to Cxy ).
(2) 3#FEP Cyx v Cyx 2F 3 ¥ - H- 2 PR %
Excecise 1.9. % & R } &1 standard topology * ¥ 2% B % F (a,b) % Ja & topology &
standard topology T £ subspace topology.
(1) X a,beR B a<b. #PEFER (0,1) fv (a,b) 5 homeomorphic.
(2) X a,b,c,deR B  a<b® c<d #PR®RE (a,b) §v (c,d) 5 homeomorphic.
A

(3) #m (0,1) v R 5 homeomorphic.

F#c f:X->Y. £ Y =fX) =
S g X oV TE G gx) = f(x),
VxeX #P f:X—>Y #_continuous % * riE% g: X —» Y’ % continuous.

Excecise 1.10. %k X, Y #_topological space. ¥ 7 -
L%

+ B E % Y chsubspace (i * subspace topology)
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Excecise 1.11. 3% X ¥_topological space ¥ B &#_H topology - % basis. % X' C X,
% J& subspace topology, %M B = {BNX',B e B} ¥_}* subspace - % basis, ¥ & &M
¥ X' #_X #hopen set PF, ¥ix % X ¢ topology 1 basis B, ¥ F frsubset B C B i X' &h

subspace topology =7 basis.

Excecise 1.12. #F&#P % X1,Xo ¥ 5 X ¢ closed sets, Proposition 1.4.4 i #X & = . (Hint:
f1* Proposition 1.3.2 14 %2 Question 1.25.)

Excecise 1.13. 3%k X1, Xy £ 1 % 4p 2 e topological spaces, ¥ B, By 4~ 4| 2 H basis.
HFEP (S1US2|S1€81,52€ B} #_ X1 uX, i#* disjoint union topology #— ‘£ basis.

Excecise 1.14. 3% X1,Xo & topological spaces ¥ B1,8Bo 4 4] 5 H basis. :F#EP (ST |
S €81, T € By} i product space X; X Xy £ basis.

Excecise 1.15. 3% X1,Xy 5 topological spaces. % J& product space X1 X Xy, ZH P

m X1 X Xo = Xy, mo: X1 XXy — X9 ¥ 5 open map.

Excecise 1.16. % g R ¢ standard topology, ™ %2 § = {1,2} # * discrete topology.
FZEP RxS @ * product space topology 2 %2 RIIR # * disjoint union topology &_

homeomorphic.
Excecise 1.17. ®% [ ¥_index set, * =T & i € I, X; % topological space 2 7; & H
topology.
(1) £ B={[licUi| Ui € T;, and U; = X; for almost all i € I}, :#&FP B #* & Propo-
sition 1.2.4 ¥ | ¥ = 5 % B topology =1 basis #1if £,
(2) % J& [lies Xi + & product space topology, :#4& & Proposition 1.5.3.
Excecise 1.18. T & 3 B quotient space g4 %,ﬁ'—
(1) % Example 1.5.7 ¥ § =10,1/2) €. X = [0,1] - B open set, #HF ¢(S) L F
% X/~ ¢ open set?
(2) ¥ X #_topological space ¥ ~ % X } & equivalence relation, % J& quotient space
X/~. #F# P The quotient map g : X —» X/~ A& 5 open map.
(3) B3 U H_topological space X #1— i open set, 3FFP A& 5 & V 5 quotient
space X/~ ¢ open set V % & g '(V) = U.
(4) #4101 * Example 1.5.7 3P 4o % B 4_ topological space X - = basis, ¥ &
B={(VCX/~|qg (V)eB). Bl B %% E X/~ ih— & basis.
Excecise 1.19. 3k X,Y % topological space, ~ 5 X } &7 equivalence relation 2 X/~
% H quotient space. FFEMP & f: X > Y 3 open map & & f(x) = f(¥'), Vx~x, Bl % &
¥ h: (X/~)—>Y % openmap # % f=hog.
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R EIRU R ER

PR

% %~ B topological space X &, 2 i 4rig X 7 open sets fv closed sets 7 o8t | iy £ 3

wH A7 93 7 topology ?é, 3t - B2 open 4 2hclosed (3 F &, viRG F S
FABDIEET M. hie- F, AP R DT EAFEFF R - BRSSPI, h 2 R

v
¥

3 mzs«'%w%ﬂ“—&a;, HH LTI F LT B L kL Rk
8P PR R R B, A Y B LA - B R el

2.1. The Interior of a Set

Interior £_p FRenE L. fizé @ | AP RSP - B topological space ¥ i+ f & i Hp
IR, E BARRE R, AP g AR - BREEDI ZHPMET. FY S R
LGP R YR, §ORE g, A 4 LE Beanei.

& R+ i * standard topology, 3} B % & [1, 2] R B, AP gl AR
R (1,2). 2455 —7,: ae(1,2), %7 a“3#” gyt [1,2] ¢, g a & (1,2
PRI KA Fa=18 a=2 PlaD 3P J ELE}.Z B [1,2] ¢, P00t A
[1,2] e 3R, 342 en % B0 1h g HAEen? T Fae (l,2), Fl<a<2 #
e=minfa-1,2-a} >0, Flac(a-¢ca+e) ® (a—ga+e) C[l,2]. iz (a—8a+s)
B ﬁﬂ%,ﬁf‘u{ﬁ T a BEeHAT, 4 i&{a t1— B open neighbor hood. § #X 7 iz open
neighborhood ¥ = ¥ -], % ¥ 35 |- B a ¢ open neighborhood & % *t [1,2], Rl T /]
&7 open neighborhood » ¢ & 7 *% [1,2]. #7 P F igtRd: & [1,2] L= 2) SR NV
F|- i open neighborhood # 7 *% [1,2] )]*756_; [1,2] e “p 8L,

AP w I - 4 en topological space X. AP g SR/ T, FaeX, P U A& F aih
open set, i £ U & a 1 open neighborhood. A&t g ix, 3G T T k.

5
B

iy
£

Definition 2.1.1. & X 3 topological space, S CX. ¥t a€ S, ¥ 3 % a #— B open
neighborhood U % &_ U C S, Rl a 5 S <1~ & interior point. 73 S ¢ interior points
S e A 4E2 A S ehinterior, A% int(S) kAT (F e S kAT
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ZAR TR S #0,int(S) F 74w € 2 0. 4ot R ¥ Jg standard topology P¥, ¥ a €R,

= {a} P#, int(S ,T‘ua 0. ~ & X ¥ g indiscrete topology, B ¥] X & r&— 2L7% ¢ open set,
B ER A EN X 3 B4 S H interior ¥ 232 E L. YR EIZE X E_X ¢ subspace
rSCcX ps F1 = X 13 B £ 0 interior ’fr' = X' i+ B & hinterior 7 ¥ ac A . B
4= [1,2] * R & subspace topology % [1,2] &7 interior ﬂjik [1,2] & % &_(1,2). =t &

313 interior P ¢ 3P 7 Hearh en topologlcal space 3 ®.

Question 2.1. ¥ jg R 1 standard topology. S C R % finite set. ZFF int(S) 5 @7 =
int(N) 5 @7

=R TFE—JF% - &3 B interior mﬁgﬁ]i?ff
Lemma 2.1.2. ¥ Jg topological space X 2% S, T 5 X + F &, N5 10T b B,
(1) Bk S 5 X 7 open set, B int(S) = 8. #Fw», APFF int(X) =X M2
int(0) = 0.
(2) & SCT, B int(S) Cint(T).
(3) B S & X hopen set, F] S CT F2rigE S Cint(T).

Proof. § £/1 &, % interior (¥ &, # 4 int(S) CS.

(1) BZm int(S)=9, A PEEIP S Cint(S), 7. MiZEKX S 5 X 1 open set.
¥ixR aeS,S ¥ % a < open neighborhood ® % X_S CS, &% &k a » S
- 1B interior point, ¥ a € int(S). F& S =int(S). * F] X 5 X ¢ open set, 7
# int(X) = X. &I int(0) = 0.

(2) Bx S CT. MiEB geint(S), 5 & a 77 open neighborhood U % £ U C S.
F1SCT, &w®B UCT. FI!*#F# a 7 5 T 1 interior point, ¥ a € int(T). #F#
int(S) € int(7).

(3) @& S % X ehopenset. E S CT d (1), (2) v S =int(S) Cint(7T). ¥ 2 %
S Cint(T), Bl int(T) C T, #% S C T.

O

Question 2.2. Lemma 2.1.2 (3) ®» chg 2 vaF, vi- B> w2 3% 3| § 5 X 7 open set
e B K7

Lemma 2.1.2 (1) 23724 4§ S &_open F* int(S) =S, F* 4 B int(S) € £ X < open
set. Am - HPfFA) int(S) ¢ ¥ open BB R v FioB A, APLEHq nt(S) T E
B A - U X dopen sets PR, A TR xeint(S), ¥ 3 & X 9 open set U, % &
Uy CS. BtV p 2R g 4 pigdt Uy B, T4 g

U= U U,.

x€int(S)
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Fle¥HiEzd xeint(S) ¥3 xe Uy, wamint(§S) CU. ¥- o #HiEid xeint(S) ¥ 7
U, CS, s UCS. » Fltd U 5 open % Lemma 2.1.2 (3) #4 U Cint(S). A P
#3 U=1int(S), #=® int(S) £ X “ropen set. FF + 2§ 1T B3 interior 1% § 1%

B
Theorem 2.1.3. B3X X 7™ T & topology = topological space * S 5 X + & &.
(1) int(S) &%7F ¢ 7 * S 7 open sets ¥ f. 7

int(S) = U U.
{UeTUSS)

(2) int(S) %73 ¢ 73 S 7 open sets ¥ B~ 7 open set. W int(S) € T ¥ F
UeT %% UCS, ] UCint(S).

Proof. % 7 = ff 4= & & " 2V = Uperwes) U. BE xeint(S), 27 5 & UeT # L
xeUZ2 UCS, taxeV. #EBint(S)CV. Fz,FxeV, 2753 UecT BREUCS i
# xeU. Flt & x € int(S ) Flpt VCint(S). #P V=int(S), T (1) = =.

23 (2),d (1) APaint(S) 5 openset. * & frint(S)CS. ,T*u—«‘?\;’ru int(S) £- B

A

7% S hopenset. oy UCS, * 5 openset, Pld (1) ## U Cint(S). mi

]
g

72 & Theorem 2.1.3 » 23X FxE W 5 X shopenset X WCS P HzsX UCS
shopenset w3 UCW, B W=int(S). &8 %5 int(S) %% L int(S) C S & open set, #
int(S)cw. 2, W = 5% & WCS i open set, 7cd Theorem 2.1.3 (2) &= W C int(S).
Flpt B W =int(S).

%S 5 open PF,F RS AEH & 330 S B+ dopen set, tkd Theorem 2.1.3, # i 5o
FHPEES =int(S). F2,% S =int(S), Bld > int(S) 5 open set, #=¥ S 5 open set. ~
JI*“KP’LS % open ¥ S =int(S). TAEI - LnE & S, F]L int(S) & open, wik it
257 F int(int(S)) = int(S). NPEHEE T 0T E &

Corollary 2.1.4. 3% X 5 topological space 2 § % X + & &.
(1) S &_X 5 open set & X *&F S =int(S).
(2) int(int(S)) = int(S).

WP, AR RS T AR I R R, - BRE PG R £ AP
fET NI hBhs feizE AR AR FI A G T R

Definition 2.1.5. & X 5 topological space, S CX. ¥t a ¢ S, %3 % a “— B open
neighborhood U i . UNS =0, PIf£ a = S - B exterior point. 7% S 5 exterior
points “T= e & fE2 5 S 0 exterior, 3P H* ext(S) K& T

i% exterior NE_&K, x € ext(S) Y R x ¢S, T xe S A ext(S) € SC.
Vb iE R xeext(S), ¥ F & x 7 open neighborhood U % X UNS =0, F U C S°.
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#1110 S e exterior 2 F ﬁ*uﬂ‘i S¢ & interior. » ,T*"u‘fv'\”
ext(S) = int(S°). (2.1)
Ft 1 * interior e ET, VG 0T 2 B %
Proposition 2.1.6. H3X X 52 T % topological space & S, T % X + & &.
(1) S &_closed & r& % ext(S) = S¢.
(2) # S CT, Bl ext(T) Cext(S).
(3) ext(S) H#73 & S 7 4p X & open sets OB . 7w

ext($)= | ) U
{UeT1UNS =0)
(4) ext(S) A#73 82 S 7 4p % 9 open sets # B~ 7 open set. W ext(S)eT E F
UeT T UNS =0, Bl UCext(S).

Question 2.3. ## M Proposition 2.1.6.

L3R, B2 int(int(S)) = int(S) ® & ext(ext(S)) T 2 € F3t ext(S). FF L d 3
ext(S) € §¢, #fr1d Proposition 2.1.6 (2), 34 5 ext(S¢) C ext(ext(S)). £ ¢ ;*+ (2.1),
Froext(S9) = int((S9)°) = int(S), Flpt a8

int(S) C ext(ext(S)). (2.2)
B IR €3G IR IR TN IR T ext(ext(S)) = int(S), * Eie A4 T F) 5 EEAR
FARDIN) (%EL T Question

xt(ext(S)) & open set, i & - 4 k3 ext(ext(S)) * - T ¢ ¢
)’ I ik 9 3] ext(ext(S)) € int(S), S\I}“{;ﬂ» int(S) % § % ext(ext(S)).

Question 2.4. ¥ }ﬁ R } ¢ standard topology. FI* Question 2.1 12 2 i § 2£-7 1 open
interval (r,s) % 7 Z#c2 g2 EH ¢ HP int(Q) =0. * FN H A € & ext(Q) ¥ 7 ik
ek S ext(ext(Q)) # int(Q).

2.2. The Closure of a Set

- BB L closure LA friE BB & CHF AT B S NE L. LEHC APL L
closure ePPE & | #4743 I closure fv interior ™1 % exterior &_5 & 4p B .

% R & standard topology ¥ , 7Rt 8L & fo X B L P anF B [1,2) 224 FiTe? § AR
[1,2) & & cnghfop o b4 ijm - B, 24 0 [L2) AF R 2R
& 7 2 ¢openinterval - T g fr [1,2) 4p %, AT AP T R T & [1,2) 224 LiT. 7
g2 vk B bR [1,2) vk 3s (W exterlor), AP EERE e [L,2) 3 - B

It w P - 40 topological space X. K S C X. ¥t X - 8L g, 4o% I § a Hopen
neighborhood U % % X_UNS # 0, 78 A2 i TI&%FL; afe§ iz, FF T e K.



2.2. The Closure of a Set 35

Definition 2.2.1. ®3% X % topological space, S C X. ¥3~ a € X, & E & a 7 open
neighborhood U % % &L UNS # 0, PIf a = S 7 closure point (£ &_ adherent point). *7
% S ¢ closure points #7 & i & fL2 5 S 1 closure, 2% cl(S) k&7 (FhE ¥ S

Z2{ S chcloswre £ &4 /T R X HES 7}5%‘7’ Foifengh, ST p e £ A
e, “7# i closure § ¥ i § 4B R, ¥ ‘4o interior iR, & * % f < topology #TH ih
closure » € % f. #7™ &3¢ closure P % 3 P ,i**“Lr e topological space 7 @

%3 4&:h, closure fr interior 7 FAPE B AEF . AT 41 55 M closure (o, <
F*F MAewm - &3 M interior et ‘;T’T?Hﬂ R pAtirg A fr Lemma 2.1.2 4p ¥ s e 77

Lemma 2.2.2. ¥ Jg topological space X 113 S, T 5 X + F &, N5 10T b B,
(1) B3k S % X ¢ closed set, B] cl(S) =8. #F%|¥, 3G cl(X)=X 1% cl(0) =0.
(2) #SCT, Bl cl(S) Ccl(T).
(3) B T % X 1 closed set, | S €T &2 +&% cl(S)CT.

Proof. 5 A1 &, # x € §, ¥ #® x ¢ open neighborhood U, ¥ % & x € UNS, F]
UNS #0. #&i& closure sh@ &, A xecl(S). F S Ccl(S).

(1) BEEP cl(S) =8, AP FEZRP cl(S)CS, F¥. RixEKXR S 5 X 7 closed set,
7§ % open. P AP EFERFER SCCcl(S). F xe S d S¢ F_open iz
f x ¢ open neighborhood & X U CS¢, + 7 UNS =0. ik & x * £_§
closure point, ¥ x € cl(S)°. PP T S Ccl(S), =wF cl(S)CS, » FPrEE
S=cl(S). * F1 X i X ¢closed set, # ¥ cl(X) =X. k32 cl(0) = 0.

(2) Bk SCT. miEP aecl(S), PH¥* 43 a 1 open neighborhood U ¥ & &
UNS #0. FISCT, #B UNT 0. FIP#% a ™ 5 T 1 closure point,
aeclT). ## cl(S) Ccl(T).

(3) e & T 5 X ehclosedset. e SCTd (1), (2) wcl(S)Cc(T)=T. F 2%
cd(S)cT, plFIScel(S), #H#SCT.

O

Question 2.5. - &k, ¥ Fd int(S) Cint(7T) HE N ST 2? ¥ Fd cl(S) € cl(T)
HEDSCT Y

Lemma 2.2.2 (1) £ 37344 S &_closed P cl(S) =S, Fl# 2 B cl(S) ¢ £ X 1 closed
set. Ra f— Henita) cl(S) € L closed W57 B W Fip B, APT UREFRCAS) B F
- & X ¢closed sets (e . FF F A5 2T e Theorem 2.1.3 4p & chi2 .

Theorem 2.2.3. B3k X 7 ™ T & topology =1 topological space ® S 5 X + B &.
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(1) cl(S) %73 ¢ 7 S e closed sets cha §. 77
)= [\ z
{zeeT1SCZ)
(2) cI(S) &#75 ¢ 7 S 5 closed sets | 1 closed set. 7 cl(S) &_ closed * &
Z &_closed % ¥_S CZ, Bl cl(S) cZ.

Proof. 2 7 3 A2 A AP 4L C = Ngerseg Z. 3 *iz#25 B Z % 5 closed * % &S CZ,
fgeie C A_closed ¥ B & S € C. Flpf1* Lemma 2.2.2 (3), 2 F cl(S) € C. I
CcCcl(S), 3P * F i mt2 (ﬂp open set # % rJ2), ,T*{Fm&r% x¢cl(S), 2w
Poxg¢C. X xgcl(S) %7 1% t x 17 open neighborhood U, % X UNS =0, 7+ U C S¢,
» B SCU. 227 AP 5 ¥ - B closedset U ViR E_S CU it x¢ U (%] xeU),
“r @ x ¢ Co A PEM T C=cl(S), T (1) % 2.

2 (2),d (1) i cl(S) 5 closed set. * & & § Ccl(S f{@ c($) &~ e
z S chiclosed set. F S CZ, ¥ % closed set, #ld (1) # cl(S ) CcZ. m

;2R Theorem 2.2.3 4 £ A E C 5 X ehiclosedset B SCC F ¥z m&SCZ
siclosedset Z %3 CCZ Bl C=cl(S) EELFE cl(S) %M &S Ccl(S) & closed set,
g Cccel(S). F2,C 75w E S CC iclosed set, wtd Theorem 2.2.3 (2) # cl(S) C C.
Flp B C = cl(S).

Question 2.6. ;lt X % topological space ® § 5 X+ E&. A2 ke 2308 &=
¢

e closed set, > S B eopenset i? (BFHF R X=R, A S S LXPLROER

[1,2) m‘h%ﬂ;.)

¥ %0 Corollary 2.1.4 4 J ARl ehls %, o 03P ™ 2 dple, AL £ P T
Corollary 2.2.4. B3k X 3 topological space 2 § % X + & &.

(1) S &_X 1 closed set & = v&% S = cl(S).

(2) cl(cl(S)) = cl(S).
Question 2.7. :##E P Corollary 2.2.4.

Closure {r interior 3% % APt 57, £ F + closure v exterior «7ff % { %7, d
*t ext(S) 4_open set ¥ ext(S) C S¢, A E I ext(S) H_closed T S = (§9° C ext(S)".
#rr2d Theorem 2.2.3 (2), 2 i 4a 8 cl(S) Cext(S). ¥ - * 6, F x € ext(S), %7

x ¢ ext(S), 7 T ArF x 7 open neighborhood U, % 7 /& & U C S¢, » %‘L{ﬁu uns #0,
BHE xeclS). APEPM T T EIT

Proposition 2.2.5. B33& X 5 topological space 2 S % X + E &. P

cl(S) = ext(§)¢ = int(S°)°.
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Question 2.8. 7 %% % 4 £ * Proposition 2.2.5 é7;%F 2% closure ehE &. #Ff|*
Proposition 2.2.5 P Lemma 2.2.2, Theorem 2.2.3 11 %2 Corollary 2.2.4.

fr closure F Fﬁ@mi"d‘u"‘j*q;dense () e, APRELE S b X LB, L
BipA T X P OByie § AT, M THER x€X 1% x {9 open neighborhood
TS G kS R X =C(S). ARG T R,

Definition 2.2.6. B3k X % topological space * § & X + E&. & cl(S) =X, BIF S is
densein X, » £ § &_X - B dense set.

Question 2.9. % & R &1 standard topology, ## P Q &#_R #— B dense set.

Question 2.10. i discrete topological space ¥ 7 dense set 3 8?7 % indiscrete topo-

logical space ¥ 71 dense set 3 7R ?
2.3. The Boundary of a Set

/‘%”"J—T]};Q:L‘ﬁ?p\flir/.l?f i} r/.g‘:i:f‘»fﬂggﬁ“gﬁl”ﬁ rir T EHK- BE L
ER? REHE-BELERRZALTEREEPN LY RATEBE LS g AT
AP T PR,

Definition 2.3.1. 3% X % topological space * § 2 X + E&. ¥ ae X, #ET & a
open neighborhood U ¥ % & UNS #0 %2 UNS #0, R a 5 S ¢ boundary point.
#3 § & boundary points #7= ik & K2 L S 1 boundary, 2 * bd(S) k&7 (F
2% 39S k4&oT).

Y2 &% aE_S Hboundary point, #7F a 7 open neighborhood U % /% & UNS # 0
% a Iﬁ%x S 5 closure point (¥ a € cI(S)) @ #TF a 7 open neighborhood U % % &
UNSC#0 %7 % % % a % open neighborhood U % X UCS (FR UNS¢=0), ~ 7&{
#®oa * ¢ A_S hinterior point (7 a ¢ int(S)). F|t A bd(S) = cl(S) \int(S). * F i
cl(S) = ext(S)¢, #714

bd(S) = cl(S) N int(S)° = ext(S)° N int(S)° = X\ (ext(S) U int(S)).
AP T RIL
Proposition 2.3.2. B33& X 5 topological space ® S % X + & &, P
bd(S) =cl(S) \int(S) = X \ (ext(S) U int(S)).

Proposition 2.3.2 4 3724 7 bd(S) Nint(S) =0. = 4 >+ int(S) € cl(S),

bd(S) U int(S) = (cl(S) N int(S)¢) Uint(s) = cl(S) Uint(s) = cl(S).

o

PR, AT - cl(S) B bd(S) M2 int(S) 7 disjoint union, » iaa;uzk cl(§) »
A S GuEREARANAS. FRAPL TR X B2 int(S), ext(S) 2% bd(S) Bz B
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£ 1 disjoint union. » ,T*u{;mf\ PE LR RBIR TR X A3 S Gp R kg R =
2

Question 2.11. 3k X 5 topological space ¥ § % X + & &. #P bd(S) = cl(S)Ncl(S°).

AR, TR S * %2 X H boundary )a e A X, F15 bd(S) = cl(S) \ int(S), =T
bd(S) = X &> cl(§) = X & int(S) = q*mgué S % X & dense ¥ S p R
2.5 % &£, S e boundary T’ ¢ 2 E B X. tl4c e R o1 standard topology 2= T, i}
bd(Q) =R. ¥ ¢ bd(S) » 7 7 ac 0. p A7 cl(S) = int(S), & int(S) €5 < cl(S),
HpERN S =) = int(S). d 3t cl(S) 4 closed, @ int(S) &_open, F]pt i AeiE
bd(S) =0 % %+ S & open ¥ &_closed. :&f& ™ E_open * & _closed (hfk &, § hE ¢ H
2_ % clopen set.

AR A~ k5 B boundary e E, F Y X R Bk RH LS, A %0 2d
2 LA

Proposition 2.3.3. 3% X % topological space ® S 3 X 3+ & &.

(1

) bd(S) &_X ¢ closed set.

(2) bd($) = bd(S*).

(3) S &_X 1 closed set % F &% bd(S) C

(4) S E_X &1 open set & 2 rEE bd(S)NS =0.

Proof. #1% cl(S) 4_closed @ int(S) &_open, #xd bd(S) =cl(S) \int(S) 4 bd(S) 4
closed, (1) = = . 3 (2) F]5 ext(S) = int(S¢), = d

bd(S) = X\ (ext(S)Uint(S)) = X\ (int(S) Uint(S)) = X \ (int(S€) Uint((S))) = bd(S°),
@ (2) & =

23 (3), % S &_closed, s BF cl(S) =S # bd(S) =cl(S) \int(S) =S \int(S) CS. ¥
2, A% bd( )CS§ & cl(S)=bd(S)U int(S) S (F15 int(S)<cS). £d Sccl(s) #
c(§)=S8, Fp B S 4_closed (Corollary 2.2.4).

B i AP 2 (4). % S & open, Bld Lemma 2.1.2 & int(S) = §, ¢ pF bd(S) =
cl(S)\int(S) =cl(S)\S F bd(S)NS =0. x 2, F bd(S)NS =0, 27 S Chd(S) =
ext(S) U int(S), Fletd S Next(S) =0 F § C (ext(S) U int(S)) NS = int(S). £ d
int(S)cS # int(S) =S5, F #3% S 4_open (Corollary 2.1.4). i

ZAAPEE S CT,bd(S) A2 & 5% bd(T). BAAFF cl(S) C cl(T) & EF%
int(S) € int(7T), #12 bd(S) = cl(§) \int(S) A% € ¢ 2 bd(T) = cl(T) \ int(T). bl4e
R ¢ ¥ g standard topology, B % & (1,2) & z B % & (0,3), = &_(1,2) 1 boundary 3
{1,2} &2 & 7% (0,3) e boundary {0,3}. % 87 sk kiR T i €, blde int(S) C S,
A PFER 3 bd(int(S)) Cbd(S). # B4 4&HES Ccl(S), @A PE b(cl(S)) € bd(S).
TR 2 R Flhe T
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Proposition 2.3.4. B3 X 5 topological space 2 S % X + & &. P

bd(int(S)) € bd(S), bd(cl(S)) C bd(S).

Proof. ¢ *% int(int(S)) = int(S) & cl(int(S)) C cl(S), #
bd(int(S)) = cl(int(S)) \ int(int(S)) = cl(int(S)) \ int(S) € cl(S) \ int(S) = bd(S).
fPI3zd 3% cl(cl(S)) = cl(S) 2 int(S) Cint(cl(S)), &
bd(cl(S)) = cl(cl($)) \ int(cl(S)) = cl(S) \ int(cl(S)) C cl(S) \ int(S) = bd(S).
O
BLR - S KE bA(S) A % bd(int(S)). A _Proposition 2.3.4 s 2 5 0k B
R A el(int(S)) A& E 3 cl(S). bldc R R ¢ % g standard topology, #t pF 1nt(Q) =0=x

cl(Q) =R, F1* cl(int(Q)) =cl(0) =0 % %7t cl(Q). F e, bd(cl(S)) + * & &> bd(S),
2d F_int(S) A E3 int(cl(S)). H4e int(Q) =0 ﬁ.}-‘ﬂr % int(cl(Q)) = int(R) = R.

Question 2.12. ¥ g R 0 standard topology. # & T 12T éhfk &: bd(Q), bd(int(Q)),
bd(cl(Q)), int(bd(@) 2 bd(bd(Q).

¥ ¢h &3 F 0E 7 i interior fe closure 2 i int(int(S)) = int(S), cl(cl(S)) = cl(S);
bd(bd(S)) & & bd(S). =d E_bd(S) =cl(S) \int(S), @ F] bd(S) &_closed, ' i 3}
bd(bd(S)) = cl(bd(S)) \ int(bd(S)) = bd(S) \ int(bd(S)).

4 int(bd(S)) § ¥ 5 & & (%2 Question 2.12), #7122 3 bd(bd(S)) € bd(S)
it &% bd(bd(S)) & # 2 bd(S). 3 & bd(bd(bd(S))) & ¥+ bd(bd(S)). 2 F 11T 2
S

Proposition 2.3.5. B3k X 3 topological space * S 5 X 3 & &. B
bd(bd(S)) € bd(S), bd(bd(bd(S))) = bd(bd(S)).
Proof. d ** bd(S) &_closed, #xd Proposition 2.3.3 (3) ¥ bd(bd(S)) € bd(S). &~ k, &
& P bd(bd(S)) = bd(bd(bd(S))).
B £d 2 bd(bd(S)) A closed, % 5
bd(bd(bd(S))) = cl(bd(bd(S))) \ int(bd(bd(S))) = bd(bd(S)) \ int(bd(bd(S))).

Fd * int(bd(bd(S)) € bd(bd(S)), & %M bd(bd(S)) = bd(bd(bd(S))), % k * & &M
int(bd(bd(S))) = 0. #% @ F] bd(bd(S)) € bd(S), & 13 int(bd(bd(S))) C int(bd(S)). ¥
- = & int(bd(bd(S)) € bd(b ( ), 12+ # int(bd(bd(S)) C int(bd(S)) Nbd(bd(S)). # @ ,
bd(bd(S))Nint(bd(S)) = 0, ¥ int(bd(bd(S))) = 0. %+ bd(bd(S)) = bd(bd(bd(S))). O
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2.4. The Limit Points and Isolate Points of a Set

hig- @Y AP AEPR - BREED RV BRI B AP T R cl(S) A

* bd(S) frint(S) A 4p S g+ E & EF L cl(S) R HEF ARNDSEE F
xecl(S), %7 x T 7 open neighborhood U ¥ 4= S 4pR. iz xeS§ pF, - ,ﬂhfa’fi?# Ful,
Fla xeU X xe8S,pRGi xeUNnS,* 1 UNnS #0. 1@%‘x¢5,iﬁf%#rbj”l , Fl A
xgS, 1t xecl(S) £ X x drneighborhood ¢ 5 ¥+ & x B E S e~ .
¥ 2 73 Jg 0 open neighborhood 4% % 4% « 45 P74 o AE - § ¢ AR AR iT

0 P A Y - BT ETL, F1S - BT {a,) R limy e ay = a, ok
T ER F 7 aopeninterval ¥ & 7 F a, (§ n ’i;aﬂ') A Y AP
BEFE G S o0 limit point. F RS 0 limit point ¥ 2 £ P32 At § hgk R & x IR
£11 open neighborhood, % # g“ﬁi Tox bR RS A B AL S o0 limit point. fr limit
point #EF AR 8k 4n é‘f’!{x €S ¥ 33 f x & open neighborhood U i .U NS = {x}, »
,T* Tox M Hw § b mi'lé;’ﬂl U ¥ . iethenBA 5 S 0 isolate point, fgl#?; S

¢ “3'\* 7 BL. BR LA & S &hisolate point dp ehig FigBEAe S ¢ H i angh A48 “Ip R
£, ;ﬂ“ffu’?j‘_ll .

f—"’ﬁ‘;

Definition 2.4.1. 3% X % topological space ® § 2 X + 4. b aeX, 5 ix
open neighborhood U % % & S N (U \{a}) # 0, AIfL a = S <0 limit point; & %
open neighborhood U #% &S NU = {a}, Pl a = S ¢ isolate point.

a =
a e

F.* Cﬂ\i\-

30 AL T AMEY L(S) &7 S 0 limit point #r k& A (S) £ S 0
isolate point 7% tnf & . LE B 2& A P aeig cl(S) = £(S)U i(S), @ 2 €S)N 1(S) = 0.
KEEKg, Apaog (S)cs, i}u{;ru S & isolate point ‘¥ £ S ¢ . 2 &_limit point
,ﬁ&'}}.’ﬁ g, T AES P LA TR AS P, E@khie® S 0 limit point - LA S
closure cI(S) ? . ¥ ¢h AP R - T A 4p ¢ limit point ¢ B F #T3) P accumulation
point, * i F] 5 T % # I| open neighborhood ¥2 § 2 e % 5 &, ® tofo+ RF 78 en
accumulation point #p 78 7%, i%?ﬂ;fj&% EAh%0.

Apgg - BEAER 4 S L Xtz E§ X @@ * discrete topology, B ¥t iE
LG hsubset S, d 2 E R aes, {a} € a - B open neighborhood ® {a} NS = {a},
#r0l g H_ S &0 isolated point. i*umpru, Eip R, TE S g ’Sn-\S 1 isolated
point. ¥ — 2 &, 4r% X # * indiscrete topology, P|¥ i & a € X, X ¥_a v&— &1 open
neighborhood, #t % § 3 #* - B2, SN(X\{a}) =5 \{a} #0, ~ ,T*u{;fu, BB
i, X P Arg A FRELS e limit point. AR - B 6 F

Example 2.4.2. ¥ i R 1 standard topology ™2 S ={1/n|neN}. d >3 F 1/ne
S, PFE0<e<1/(n(n+1)) & 1/n & open neighborhood I = ((1/n) —&,(1/n) + €)
ABEINS ={1/n). FlPAPaeg § ¢ irg ﬁ?,é‘%‘,!.’fi{S e isolated point. @ #3tiE £
0 ¢ open neighborhood U, ¥ ** U % # 7 open interval (-4,4), 27 1 >0, ® 3tz F,
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neNZEn>A %3 1/ne(-A,1). » TTJL—EL;L— Txhl/neS BE 1/nel. #7 2,
SN(U\{0}) #0. ¥+ 0 4E_S < limit point.

BEZR cl(S) ¥ a2 bd(S) frint(S) B 3Ra, 4 T B[ L(S) foo(S) B A, e E
0S), (S) # bd(S), int(S) 2 Fg'mp S A B T P R F G LEE, G YR
B FRAR )J'* L3 e p 3% 2R S shisolated point § ¥ it S < interior point. RFE a
#_S§ #hisolated point » ®_S =0 interior point, % 77 ¥ = a £ open neighborhood U & %_
UNnS =fa}, A1 UnNnint(S) cUNS ={a}, &Kd ac UNint(S) (FIEXK a € int(S)), #*
%57 {a} =UNint(S) 4~ B open set. #7121 A srig & a £ S ¢ isolated point » &S

interior point, B {a} ¥_X & open set. ¥ - 3

.

#,% acS ? {a} ¥ X 1 open set, B {a}
4_a - % open neighborhood * & &_{a} NS = {a}, # a 4&_S ¢ isolated point.

2 S o limit point § A ¥ i 2 S ORI, L T S R BAR anE, d S
e isolated point 3 ¥ i # 2 & S ¢ boundary } (% 2 Example 2.4.2) #7141 boundary *
egh A % & limit point. % i § ¢ limit point 3 = § 7 boundary — i & 02 2 B, ¥ 14
et i igr § £ F 5 closed (4% Proposition 2.3.3 (3)). ™= A 74— # 5 B limit
point a2 Fr.

Proposition 2.4.3. B33 X 5 topological space 2 § % X + B &.
(1) #aecl(S)\S, Al a S 3 limit point.
(2) a &_8 1 limit point & * *&F a € cl(S \ {a}).
(3) S E_X 1 closed set & F &% ((S)
Proof. (1) aecl(S)\S #51 Z& a & open neighborhood U # & E_SNU #0,
NU\{a) =SNnUN{a) =Un(S \{a}) (2.3)

riud a¢gS B SN(U\{a) =UNS #0, 79 g 5 S 1 limit point.

—

2) B*X a 4 S 1 limit point, % 7+ > £ & a < open neighborhood U % & &
U\{a}) #0, X@ d 543 (2.3) frig ¥ % > 4202 & a 7 open neighborhood U % % &

(S\{a}) #0, ¥ aecl(S \{a}).
d 2 0(S) Ccl(S), /% S 5 closed, Bld cl(S) =S ®# £S)cS. F 2, 7
cl(S) = €(S) Ui(S), s 1(S)CS 4t €(S)CS ik, 7 cl(S)CS. FE c(S) =S
O

—

B {8 2V P 3% limit point fr isolated point & F W4F & & che 7 B TR 4 ;‘Ih{;rb%’
SCT, &F €S)ClT)? ~ 2F (S)Cu(T)? ¢ SCT 23 (S\{a}) C(T\{a}),

# cl(S \{a}) € cl(T \ {a}). #d Proposition 2.4.3 (2) =¥ d a € {(S), 188 a € cl(T \ {a}),
F4@ ael(T), =%

€8) c 1) (2.4)
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%8 1(S) Cu(T) &7 2 FEen. 28 %5 aeciS), £+ F & a 17 open neighborhood U 7%
R UNS ={a), & S CT, Eﬁ?”ﬁ FHIES T A d U 2d, gt msaeT).
k@ % aeT), 47 5 % a & open neighborhood U % X UNT = {a}, #711 }* pF 7]
UnScuUnT, é’{%"aeS, PMIv B UNS ={a}, " T aeuS). FIr AP

SNuT) cuS). (2.5)
Question 2.13. ¥ j& R & standard topology. # & €(Q), €(Z), 1(Q) ™ %2 (Z). & %75\
3 (24), (2.5) MY enz e 3B .

Exercise

Excecise 2.1. 3% B 4_topological space X - i basis. % § CX. ##PM a € int(S)
FrrEE 3 BeB B acBY BCS. ¥ ikpt#EP

mt(s)= ] B
{BeB|BCS}

Excecise 2.2. 3%k X % topological space * X' C X. % J& X' } & topology 5 X &
subspace topology. & § C X', &A1 £ intyx(S) 5 S & * X ¢ topology #7# ¢ interior,
@ 4 intx/(S) % S & * X’ 0 topology #71¥ 7 interior.

(1) ;ﬁpg intx(S) c intx»(S).

(2) #EB I - B H|FEP inty(S) = inty (S) 2 & 2.
Excecise 2.3. B33 X % topological space ¥ Sq,...,5, & X ¢ subsets. M

c(S1U---USy,) =cl(S1)U---Ucl(Sy).

Excecise 2.4. 3% X % topological space * X' C X. % J& X' } ¢ topology 7 X &
subspace topology. & S C X', 24 cly(S) 5 S # * X = topology #7¥ ¢ closure, @
£ocy(S) % § @& * X' ¢ topology 7% i closure. 7P cly(S) = X' Nclx(S).
Excecise 2.5. 3% X % topological space ¥ S C X. #F&EP int(bd(S)) Cint(S) & * *&
# int(bd(S)) =0. & HP F S & closed P, Hi@ A £275 p 380 (7 int(bd(S)) =0) *
7#M E S & closed, Bl bd(bd(S)) = bd(S).
Excecise 2.6. 3k X 5 topological space * S % X + & &. #P int(S)Nnu(S) £ X ¢»
open set.

Excecise 2.7. #33& X % topological space ¥ § 3 X + E &. ##EMP E S % &_closed, B
((S) #0.
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B ok cfp L

TR0, AP RE S - B Bk B, ¢ ¥ connectedness, compactness ¥4 % Haus-
dorff property. i 2§ 3 3 &~ 40 topological space #5 § F L, B T AP A
BEFFip T F Y Y G . R ET RN 7 km* Flig e ip
TR OHE S A

3.1. Connectedness

Connected &_“iil” ehg &, AP yRari F e R L@ o, » f‘%{?"u%’“ﬁ? Bk A4 e,
YrH e L 7 i B J%Hdv Fendp Z B, AP EAI R T L TR Y hip- &Y
AT fRd4oie 4 2 & - B topological space & connected, ¥ £ ¥ H 4p b o H

3.1.1. Connected Topological Spaces. & 7 f# L4 “#@d "7, B A LHRIL 2 @17

FI s APRIJEF IR D ,‘Clp ek FH AR ST 0iH- 8 REEFR
i, X R ERTE- BREER\() A2 Flo A 0%H 1. PEFR\{0} 7 NESA 0B
7 #p % <9 open interval F T R\ {0} = (—00,0) U (0,00). = iz BREA 3 - KendfpfE 3
k- B3 FE 7 i en, fJ'J\J’jﬁgﬂé’f‘l.Jv’fr&{?&, FREBIET RS BApRE LT
sropenset ®FEE K, AP LARL AL, FPF T DKL

Definition 3.1.1. &3 X &_topological space, % % =5 B 227 7 open sets U,V & &_
UNV=02 X=UUV, RIF X 5 disconnected space. % ﬂ‘], (P33 B2 T 24P
sropensets UV # 8 X =UUV) NPH X 5 connected space.

bldvdr X 38 Bt ek, 4 g X 0 discrete topology, d *t X hdr3 F Bk &
% open, #7121 ix B~ X - B nonempty proper subset § (S #0, ¥ S CX), Ap¥
#-X B §,5ia B2 ¥ 2 4p o open sets (hFE (T X =S USY), st pE X
#_ disconnected. @ % ¥ Jg X 7 indiscrete topology, ¢ F¥ X ¢ &5 — i nonempty open
set, T X X E . Fp X ﬂ/z”ﬁ,é»r'b B #4p 2 ¥ 2£% & open sets (F B Fppt pE X
connected. fEizA2 ¥ 1/ ’ﬁ - 1# topological space #_ % % connected & frv cdr i 7 M

43



) 3. — kiR A R

. AT m oG - BaeiR, R 283 oo, e B2 3 3 &% R & standard topology 2 T #_
B ch 2 WA REP D, v Ol FIRE I NP A A &kt L RGER .

T ORGP E - 2 27 connected (2% disconnected) topological space ¥ i 'r:"hlvif -
BN BT RN RS, AP A U PR Ao A, A% BRI RS F AR
P k& X & disconnected, % 7 3 & U,V #2L5 chopensets i E UNV = @ and
X=UUV. }p*

—X\U=(UUV)\U=V\U=V\(UNV)=V.
Ra U &_open, #7121 U¢ &_closed, » ﬁ{;ﬁu V & _closed. whg- TAPRT®RE - BEE
#_open ¥ #_closed ¥, 3V fL2 L clopen. #rri b PV &_X ¢ clopen set (P32 U » &_
clopen). #¢ i ¥ % X %_disconnected P#, 1 X1 0 b0 X P % & H i ahclopen set. &
2,7 UCX 227 clopenset, !4 V=U BV 2225 openset X UNV =0
P X=UUV. AP ERT

Proposition 3.1.2. B33& X i topological space, B| X &_ connected % ® v&% X ¥ “$ 70X

o 0 *tiZ 5 % open * closed hf £ .

=

uestion 3.1. # P topological space X #_ disconnected & F fii F 5 & W, Z £ 223 e
polog p

closed sets X WNZ=0* X=WUZ.

%)
a:

AP At - F 4% boundary R IIIEE T FY - BEE S & clopen ¥ rEE
boundary #_ 7 # &, #7124 d Proposition 3.1.2, 245 T 2 B %,

FA

Corollary 3.1.3. B3X X & topological space, Pl X &_ connected % & v&F ¥ 4573 7 &
Xbz 3+ F S, ¥is & bd(S) #0.

£ 3k “:i i connected, 3 B “4 IR separated LA . AR Y, AP ;’fuﬁ
B & S,T & separated sets, # £ F 4 SNT =0 (G EELE & PTREMIFE) blirk R
Ped B EO(0,1) fr [1,2), B v P v f, R A Lie- B BT AR A Aean
2R ER (0,1) 4o (1,2), 2 fr“i&},g\lﬁf? PEAM L - BIER . %{?ﬂﬂ B
EST AL NP3 8RS 2RI T, AP BRS 2RGH T iR, &
T SN(TUDAT))=0. * d 3 TU(bd(T)) =cl(T), #r2 i # 3 8 _S N (cl(T)) = 0.
PR AZ SN(C(T) =02 FF> TN((S)) =0. 54 R 7 standard topology 2
To% S=(0,1), T=[12) B, c(T)=1[1,2] &= SN (c|(T)) =0. & cl(S) =1[0,1], 2 F
TNn(cl(S)) #0. ~ ,T* AR, APREL RT 2 23S o8 @A, A RS, T EAAE
i g._b .t\.,ya»}; TR

Definition 3.1.4. 3% X % topological space, S,T 5 X ¢ subsets. & SN (cl(T)) =0 =
TN(cl(S)) =0, RIS, T 5 separated sets.

£ = - =&, separated sets L4 E_{rdr# 5 M . Connected topological space ﬂfv
separated sets 3 # &R (hvi? @ H o3, X §_connected E AP EZ K- X B LS B2

% ¢ separated sets 8 & .
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Proposition 3.1.5. B3 X % topological space, B| X &_ connected % ® vix X » % 3 &
227 e separated sets S, T % X_ X =S UT.

Proof. A % F ¢ #h#, » i‘{pr;ﬂg X ¥_disconnected & ¥ r&E X ? 3 2L % ¢ sepa-
rated sets S,T % & X =S UT. 7 &£ B3k X &_disconnected, ¢ Proposition 3.1.2 =g p
P TEA TR AUV 2252 S oclopen BEUNV =02 X=UUV. d >V & closed,
ZV=cl(V), Flptd UnV=0#FUnC(V)=0,FZE VN (cl(U)) =0 #F3ty
1 U,V % separated sets B X_ X=UNYV.

Fozo, B3R X ¢ 5ty g separated sets S, T % X X =S UT. d 3 T C cl(T), &
mF SU(T) =X, Fc(T)CS. »FSN(T)) =0, FS Cc(T). FArEX
S=c(T) 5 X cropenset. F®5 T 7+ 5 X ehopenset. tad S,T % 5 2% &, ##F X

% disconnected. O

Proposition 3.1.5 2 §F %P 7 § topological space X ¥ " B =d B & S, T hm &,
MRS, T n—\separated sets ,T*ui B> S, T ¥ % open sets. F|pt 3 A PR HP fp s B E
disconnected P¥, &3 FIEIP F A X hd B2 4p 2 chfk & _open PF, ¥ F FWmP v P AL
separated.

FEPEF, F AR S Bk F Y =1{0,1), ¥ g H discrete topology. ¥
Sn#c f: X > Y &_continuous, #| U = f1({0}) 4+ V = f1({1 ) % X ¢ open set, & &
X=UUV 1z UNV=0 Hep*BEX fALonto, #7 UV 7225k, Flptd 255

P X ¥_disconnected. 5 2, % X ¥_disconnected, 33 f2-% ® % 4p R 1 open sets U,V

+

=
f
BEX=UUV. Ppd Eolcg: X oY, 245 gkx) = { ;iig 43 X=UUV
2 UNV =0, & g % well-defined function. = ¢ ** ¥, {0 % Y ¢ ¥7% £ open sets,
gt =X,g'(10) =U, g (1) =V,g71(0) =0 ¥ % X 5 open sets, geir g: X —» ¥

#_continuous. # ¥ 7 X ¥_disconnected % F i 5 ¥ f: X — {0,1} & pt = aud
ol FL G T eIl

Proposition 3.1.6. 3%k X 3 topological space ® Y =1{0,1} % j& & discrete topology. B
X #_connected FE2vaFiEmig g Sl f: X > Y ¥ % E onto.

Proposition 3.1.6 £ 32 f4r% X ¥_connected, P iz i F 3#c f: X - {0,1} % » &_
onto; m % X #_disconnected, B % i S ¥ f: X — {0,1} £_onto. & iIEl."g g E,
P - BEE SR

Corollary 3.1.7. B3k X,Y ¢ 5 topological space * X &_ connected, Y ®_ disconnected.
Pl ol f: X>Y ¥ 7 & onto.

Proof. A% F ZiF RS2, BX 3 F ok f: X > Y & onto. £ Z={0,1} 7 discrete
topological space, B¢ Proposition 3.1.6 i3 A& onto dud i S#c g: Y —> Z. Y g Sl
gof:X—>Z 7| f,g ¥ % continuous, & 5 go f 7 5 continuous. @ 4 f,g ¥ % onto,
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s v gof 7F % onto. AiPFFHET gof: X —» Z &_continuous * onto. £ Proposition
3.1.6 4% 5, FEA TIL, O

Question 3.2. % X,Y ¥ 5 topological space ¥ X #_connected, ¥ &_disconnected. &_

Trhsfich: Y > X 20 g agrt?

BFF R €4, & Proposition 3.1.6 ¢ Z i & %4 g {0,1} i&- # discrete topolog-

ical space 2?7 % 7, U E#7F disconnected topological spaces ¥ , % i #cd > R,
- ﬁ%{ﬁx i 8 eofim. @ Corollary 3.1.7 % & #-3 f§ ¥ ¢ disconnected w4t § ¥l - 4&
e disconnected =i, £ F + {0,1} i& % discrete topological space B - BEE, T H_

v A_discrete. B ** discrete topological space, #% % T e T

Lemma 3.1.8. % X % discrete topological space * Y ={0,1} % g B discrete topology.
EFXVY 3hAABHAREOAE M vk X>Y {onto

Proof. B EPaeX, d X ¥ 3hadppB i, & X\{a} 2 52886 TR XY

e 0, ifx=a;, , . . v . .
&+ f(x) :{ 1 ifx;éa, i % & f % onto* F] X % discrete, f ¥_continuous, # ¥

AT O

Question 3.3. ¥ % d Lemma 3.1.8 #, #75 ~ % # #ic 7 ** - 1 5 discrete topological

space ¥ % disconnected?
B S [ X oY, Aok fREE f(X) BF - BRE (T f(x) = b, VxeX), A
# f - ® constant function.

Proposition 3.1.9. B3&x X 5 topological space. B X E_ connected & ® v& % ¥t 1T §, e
discrete topological space Y, #7% @ ¥ f: X > Y ¥ 5 constant function.

Proof. #3% X % connected topological space. B~ Y % discrete topological space. i
X3 Fad f: X > Y * & constant function. »*pF4 YV = f(X) 2 ¥ g H & Y en
subspace topology, #\ 4 ¥’ + &_discrete topological space, * & fic g : X > YV & &
g(x) = f(x), Yxe X v % continuous (% L Question 1.10). A f % &_constant, % 7= Y’
P3G e Ap R, T F 4 g discrete topological space Z = {0,1}, ¢ Lemma 3.1.8
wH ek h:Y 52 {onto. F]p ¥ hog: X - Z ¥E_continuous * 5 onto. ¥

Proposition 3.1.6 4p % 7, Fl* #3& f % & constant function.

k2., % X % disconnected topological space, ¢* FFd Lemma 3.1.6 7% 4 Y % discrete

topological space {0,1}, | % & f: X > Y ¥_continuous ¥ 3 onto, {¥ % f # 4_constant

function. O

Question 3.4. 3% X % connected topological space ¥ Y % discrete topological space.
FEHE (2% Lemma 3.1.8) #P T @ 3%k f: X > Y ¥ % constant function.
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LAH A PFEE - BT, § 2 Mo 2 BLTALE 4% homeomorphism “F F4F, 4 3
H #§ — B topological space X £ 3 % — (L B, 78 A $1iZ & fr X & homeomorphic
topological space Y, £ F 3 2 F7? 2T 0 iFF L, AP {HEZLETL- B Bl
A G e IR, 3P Arig connected s ;I.k{— [ 72 - e

Question 3.5. BE#*% X,Y % topological spaces ¥ X,Y % homeomorphic. #FFEM, £ X &

connected B Y 7 % connected.

W- BARRE MR, BT R € B oo g d B B AN P 5 i subspace topology,
dis301nt union topology, product space topology ™ % quotient space topology #hfij=.
%5, B> connected st T, A b a2 T v AT § i

B3k X, Y ¢ 5 227 dhtopological space. % Jg disjoint union space XIIY. d 3t * disjoint
union topology X ¥ /& =%_XIY } 227 ¢ clopen subset. #&d Proposition 3.1.2 &= XIIY

¥ 7 € &_connected topological space. I *" product space, % i3 12T 5 %

Proposition 3.1.10. 3% X, Y & 2L% & topological spaces, % J& produce space X X Y. B

v

X XY &_connected & £ v&%x X, Y % 5 connected.

v

Proof. 5 4B X,Y ¥ & connected topological spaces. % ¢ & 7P product space X x Y
7 % connected. ¥ Jg discrete topological space Z = {0, 1}. ;ﬁ d  Proposition 3.1.9, &t iF# £
P ER O Sl fXXY > Z ¥ % constant function B REP (x0,y0) EX XY,
A - AR f(xo,y0) =0, Y g Sd hy, X > X XY, BETEE hy(x) = (x0).
F1#* product space topology ehE &, {*% % % & hy, %_continuous. F]p f ohy, : X > Z
H - B odk, » Flptd X §_ connected 7k 12 2 Proposition 3.1.9 v foh, I - B
constant function, 7=
f(x.y0) = f o hy(x) = fohy(x0) = f(x0,50) =0, VxeX

BETRAPRRPHEIR (a,b) e XXY, ¥F fla,b) =0, FI2* ¥ f % constant function.
EF L FlaeX, d FAAPIT fla,y) =0 MY gl Y - XY, 2& 5 () = (a,y).

fe ke, d I, 5 continuous ™ % Y % connected, 3 i {8 fol, : Y — Z #_constant function,

eI

fla,y) = fola(y) = folalyo) = fla,yo) =0,VyeY
Food beY @ flab) =0
Y- 35 ,% XxY & connected, ¥ m : XXY >5X ME mp:XXY—>Y ¥ % onto 1

continuous functions, Corollary 3.1.7 £ 34 i X, Y & % connected. O

ENNURSIPE A - fyp’? 40 % ¥ Proposition 3.1.10 4& & ¥|F *¥ % # topological spaces 7
product space fFiR. EF v ¥ U AE Fl&E L % B topological spaces = product
space IR, * iV GEER & H | aziom of choice, L@@_ﬂ&% 52k

3% connected ¥ quotient space B %, AP F 0T kg %k
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Proposition 3.1.11. #3& X &_topological spaces T ~ &E_X + eh— B equivalence relation.

% X &_ connected, P] quotient space X/~ 7= 5 connected.

Proof. ¢ quotient space topology 1% %+ quotient map g : X — X/~ &_onto £ contin-

uous function. Fpt d X &_connected 11 %2 Corollary 3.1.7 = X/~ 7& 5 connected. O

Question 3.6. FE3* X ¥_topological spaces ¥ ~ #_X } e7— ¥ equivalence relation. %

quotient space X/~ &_connected, €_F ¥ &1 X 7 % connected?
ET Ok, AP R IFH connected £ subspace topology £k %,

3.1.2. Connected Subsets. = & # * % %24 - B topological space #_F % connected, H
F ¥t - B topological space } #1subset 2 i v 7 24 2§ F 5 connected. i 2 iE (%
H ifuiﬁ #¥-pL subset 4R % topological space. % * & 4rim #-H 4L % topological space ¥t 7
£ ’*fr‘a{ﬁé * subspace topology 7 .

Definition 3.1.12. 3% X #&_topological spaces ¥ § % # subset. % %% J& subspace

topology #- S 4R % topological space 2., § #_ connected, R|f£ S #_X ¢ connected

subset; F 2 R FE % disconnected subset.

b4 B F = 7 topological space X, — B8 a € X #t= 08 & {a} - T_H_ connected.
@ = R 0 standard topology % 5, (0,1), (1,2) & BF % F 5@ & (0,1) U (1,2) i}u‘{
disconnected subset.

£ =t 3% % - T, subspace topology fr /& % 7 topological space } 7 topology A A 4p
B, #tri—- B+ & & & F L connected, 7 frf %k 53 space 7 topology 7 Bf. i * subspace
topology 4+ e ®_% X,Y E_topological spaces * f: X — Y E_continuous, & subspace
topology fhz &7 # ¥ iE® § € X 1 * subspace topology, S8k flg : § — Y i?
% continuous. ¥ ¢t x ¥ f(S) E_Y “subset, FAPL Ik g: S o f(S), L&
g(s) = f(s), Vse§ (¥ flg R 5 E- B S5 3 f(S) cha k), ¥ f(S) & * subspace
topology, # P4 g : S — f(S) 7= 5 continuous (%% Question 1.10). & T A - & # 7|
T, ﬁ*ﬂ S At

Proposition 3.1.13. 3k X,Y &_topological spaces & f: X — Y &_continuous. % § &_

X 1 connected subset, R f(S) &_Y 7 connected subset.

Proof. ¥ & S,f(S) # %l 5 X,Y ¢ subspace. ¥ ¢4 gk g: S - f(S), &5
g(s)=f(s),¥seS. B¥E S &_connected, & g £j&_connected topological space S p b 3|
F(S) e S ® 5 onto. #&d Corollary 3.1.7 4= f(S) % 5 connected. i

Question 3.7. E3& X,Y &_topological spaces * f:X — Y #_continuous. & § &#_X
disconnected subset, _F f(S) &_Y ¢ disconnected subset?
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%% % 335 B connected subsets 18 7 — T H_connected (R & 4 A BE L H 4P
A, E ) 2 i E B B connected subsets R B, PRA-U P ,T‘u € _connected.

Proposition 3.1.14. & X 4_ topological space ® §,8’ &_X €11 connected subsets. &
SNS’ #0, B SUS’ ¥ X & connected subset.

Proof. L% § =8, Bl SUS’' =S % connected. m & § #8’, 4 SNS" #0, 34
SUS" 3 53— BennZ, JopFN i & 272 B3R S US’ & disconnected. ¢ Lemma 3.1.8
433 o continuous * onto Fdn B f:SUS’ — {0,1}, 2 ¢ {0,1} # * discrete topology. I
%] S &_connected * fl|s : S — {0,1} &_continuous, ¢ Proposition 3.1.9 = f|g &_constant
function. 7 %4 - P AP ERXFEE se S f(s) =0 FE flg : S" - {0,1} 7~ 5
constant function. d ** f: SUS’ — (0,1} #_onto, AP F f(s) =1,V eS". 2&EF
raeSNS, »FEF fla)=0(Flaesl) 2 fla)j=1(FlaeS’) 27 alrmadsd, «F

# SUS’ & % connected. -

Question 3.8. % X ¥_topological space. % g ™ [ 5 index set 7 indexed family {S}ics,
H¥ S, ¥ % X & connected subset. BXHTF i, jel, ¥F SinS;j#0. #F Ui Si 4

X &7 connected subset.

Question 3.9. & X _topological space ¥ §,S’ &_X 7 connected subsets. & F ¥ &

S NS’ #_connected ¥t 7

T i 2 connected e F, A A F A @k g B AF L, 2 ET - BEE D
X L R L Y S

Proposition 3.1.15. 3% X &_topological space ® S &_X & connected subset. % S’ C X
MmES CS Ccl(S), Pl S’ A_X £ connected subset.

Proof. #3% S’ % &_connected, ¥ Proposition 3.1.2 &, % S’ & * X = subspace topology
2. 3 hET P A XS hiclopen subset T. g4 73 2 U & X _ open % C &
X Z closed mEUNS' ' =CNS'=T. RFT+0, 2P~aeT,d*aclU (F]T=UNS’),
#x U #_a % X ¥ e— B open neighborhood, * 4 a€cl(S) (F1 T C S’ Ccl(S)), &< 5
seUNS. #Z2 UNS &S ¢ - 27 dopen set. ¥ ¢t

CNS=CnE"'NS)=(CnS')NS=UNS)NS=UnNS,
BUNS 5% S 7 dhiclosedset, > UNS &_S§ # 2% errclopen set. #&d S &_connected
1 % Proposition 3.1.2 &v S =UNS =CNS, #F SCC. e cl(§) X *¥® &z S 5] en

closed set (Theorem 2.2.3), #&# cl(S)CC. Flitd S'Ccl(S) B T=CNS' =8§". pt&F
A B T#S 403 ', ¥ S’ % 5 connected. m]

Question 3.10. #& S 4_topological space X ¥ 1 connected subset. #FP cl(S) A

connected. ¥ “F int(S) ¢ &_connected %7
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Connected topological space F X 5 AF N L AW AP T 1 R ﬁ:fﬁ@ K ghs ek

EEIL (KT §IF #7014 ¥ topological space X # &_ connected LT aeX, P
YR Z at e connected subset, fLZ % ¢ 7 a 0 connected component. ¥f1E E H
2 a H connected component — T_F ArE? ¥R EF Ten * REL T {a) i&{é" Z ah
— & connected subset, #7141 ¢ 7 a ¢ connected subset — T3 . MAEFH I ¢ 7 a B+

1 connected subset, 2V i p X ¢ B F| 75 ¢ 7 a ¢ connected subset ‘]‘;'3‘53%%%:%, » J?u
24 G={§ePX)|aeS * S isconnected}, 2% g D= JgecS. & > a ox- B S
PORPE R aeD. 3 RAet d WHER S, S€eC A PG aeSNS, wawSnS £0.
Flptd iz S jF’K{connected 1 % Question 3.8 e %, A i D &_connected. d gt ¥ A

A

% a ¢ connected component &_iF A ¥ vE— . FH T kAP % connected component it

o

IR

Definition 3.1.16. &3k X #_topological space * S #_X ¢ connected subset. & X ¥ “ﬁ%

78 x5 # b connected subset € ¢ 7 S, BIFE S H_X - B connected component.

B3R, - Bipfand B “B X7 g connected subset % ¥ & connected component.
T E R TR ‘{:}% g€z b“r;a £ connected subset, @ £47iXF 7 H i ¢ connected subset §

V. AR FEE L 2 B % 7 E_total order R % (E’T’fi,’%ﬁﬂ}?ﬁé‘.?&? AN
+%%u¢&ﬁﬁ’Tﬁ”ﬁ‘”ﬁﬂ@m@pﬁwmﬁgb?*,f&%ﬁ%%ﬁiiﬁ
AP I - Ren, A AT G RFH P AP Aig £ 7 oa o0 connected component F&2F

A

A %75 ¢ % a 7 connected subset ”Kg 4

Connected component F 7 & i & & |+ 5.

73U,

Proposition 3.1.17. &3& X #_topological space.
(1) X 7 connected components 75 = X - & partition.

(2) #7F X i connected component ¥ % X 1 closed subset.

(3) & S &_X 1 connected subset, B| 7 ter&— ¢ connected component & 7 S.

Proof. (1) & 3P X &1 connected components ;= X 11— i partition, TI.%%LJQ ER

¥. % %3 % aeX % &k B connected component ¥ . e Ewm oG gtHm T ¢ EHR
T, % Z: % B4p R e connected component # #p 2. iHE F|E E S,S’ & 4p R ¢ connected

component ;& & S NS’ #0. »*PFd Proposition 3.1.14 =+ S US’ % connected. it ] § §_
connected component & &+ L F F S =SUS’, T S'CS. F=™d S’ L connected
component, ¥ §'=S§. p & S £S5 494 7, i S NS =0.

(2) B3k S 4_X ¢— B connected component. ¥ ** § §_connected, Proposition 3.1.15
230 cl(S) » 4 connected. & S #* A_closed (¥ S Ccl(S), &7 cl(§) £t § B~
connected set, #* ¥ S ¥_connected component 2_ E3K 48 5 ’ﬁ, w7 S H_closed.

(3) B3& S &_connected. B ae . NiPpir 5 - B connected component C %
X aeC. *»EFFSNC+0=r S,C % % connected, ¢ Proposition 3.1.14 = S U C &_
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connected. # ¢ C #_ connected component =+ C = CUS, #% S CC, =& § ¢ 73
connected component C. 3% C,C’ ¥ 5 & 7 S & connected component f]%] § cCnC’
T CNC' +#0. 24 C,C’ % % connected i CUC’ 7* & connected. F]ptd C % connected

component # C=CUC’, ¥ C'CC. FREF CCC,F C=C, FlPEFErE- 4. |

Question 3.11. &3 X % topological space ® 3K X &3 7 *T % i connected component.

FEM X ¢ connected component ‘¥ % X €7 open subset.
Question 3.12. B3k X &_topological space ¥ § C X. 4
={CeP(X)|S cC * C is connected}.

(1) B3k S 4_connected. :#FFEF Uceg C ﬁ*{s S *&— &1 connected component.

(2) #% S A disconnected. #FHP i P UeesC * - % § £.¢ 7 S & connected

component?

J&_Proposition 3.1.17 2\ i* &rif connected component — Z_&_closed set. 7 3 — fir
# 2 B2 connected component ¢ &_open set. 3% ’t’ﬁ A Fae k.

Definition 3.1.18. lE)s;k X 5 topological space. # ¥ T % a € X 3 H iz £ ¢ open
neighborhood U % i % a 7 open neighborhood V i & VC U ® V % connected. R X

% locally connected space.

54 R % standard topology 2. 7, i k-¢ 5P R F hfF T F""”K—EL connected, #7141
. standard topology 2. F R ¢ 4&_locally connected space. & /i & locally connected space
R e F, T A& RE B space & connected. ¥ F + locally connected space fr
connected space .7 3 7 4p M chdp L F. AP F 35 3 - B topological space # &
connected e #r&_locally connected. &40 B % B g & (0,1)U(1,2) 4R 5 R ¢ standard
topology 2. F ¢ subspace #_ disconnected, i #r&_locally connected. ¥ ¢t» 3 ¥ i -
topological space #_ connected i #7% &_locally connected. &|4c-#73} 9 “topologist’s sine
curve” 4 5 R? ¢ standard topology 1 subspace ,T.%—«"ilconnected, e 2 _locally connected.
Topologist’s sine curve £~ B § A& dp 2 F, 3 BAEDF F7 1 44 - Sqp 3 B
B fpt xreﬁfu% AR,

#FT RSP P A locally connected space ¥ 1 connected component € & open set.
B3k X ¥_locally connected space. ¥1*tix £ X ¢ connected component S, B aqgeS. d
%t X &_a - 1 open neighborhood, ¥ locally connected et §, 2 i %35 & a 7 open
neighborhood V #_connected. & ** SNV 0 * S,V ¥ 52 connected, #* i#{F S UV &_
connected. #d § &_connected component, # SUV =S, FI*x # VCS. » ,T*u{;fuéf 3
aesS, AP Y ¥ 3] a e open neighborhood V i& &_VCS, Fpt (83 S H_open set. i

p&fg 3 I"( R m‘LIj‘fl

Proposition 3.1.19. B3k X &_locally connected topological space, B|ix i@ X €1 connected

component ¥ 5 X €71 open subset.
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% connected

F_k

H @ 5 Proposition 3.1.19 ehzEp, AP * 3 X ¢ T- 84q ¥ 3
open neighborhood iz @} %, { ¥ & ¥ X 5 connected Component ¥ % open. # iF &
AR, F - BEY 3 ¥ connected open neighborhood, i # ¥_locally connected # % _%.
Locally connected space d ** i { 55, FF F AP ¥ a8 10T { 4F e fT

Proposition 3.1.20. B*x X #_topological space. P] X &_locally connected % ® v& 3% ix &,

X £ open set Ta’ﬂ’v’ OB A - e X e connected open sets 85 B

Proof. 3% X ¥_locally connected ¥ § #_X #1open subset. ¥ xR ae S, d 3§ &
open ® X % locally connected, #cd % &% &V, & X ¢ #— i connected open set *
HwE aeV, %2 V,CS8. Bd 3 UV, =8, 8% S ¥ 11§ = - & X ¢ connected open sets
egs B
F 2, %1% X &1 open set JF’K? 8 s — i connected open sets FEE R, TP~ g€ X,
U % a 0 open neighborhood. & 3k U ¥ 11 & = — & connected open sets =5
, 7% % A indexed family {Vilie; 2 ® =2 R i€, V; 5 X & connected open set, & {¥
=UieggVi- FI* 5 icl @ acV,. TV, 5 a - B connected open neighborhood
PREV,CU, #% X % locally connected. m|

Qf.tmllﬂ

3.1.3. Connectedness of R. # " & z# P R % standard topology 2. = %_ connected. 7
fo s, B0 R M A, B EA PR F R T RERT S )
e least upper bound property. » T‘-Lq\?ul{,‘g,.“?@:m bz + R E kg PR )T*ug”ﬁ “ho
R P?'fiﬁ%”*"fﬂ,ij‘!tg" “Eox TR

BFAAPEP EL DR HRT (a,b) § 5 connected. TR A £ Fix 4 %&5":5,1;5,\;&:,’;
e B2y openset UV s & (a,b) =UUV 2 UNV=0, *FLEDG 5. §hLizd
ceU, 2 PpRF a<c<b. REY gk & S={reR|[c,r)CU}. 43 U &_open, @ ceU,
HErre>0, B (c—gc+e)CU. Flitdvcte€ S, JJ)T*{P&.S{ b2l £ X )
UcC(ab), iz reS, ¥3 [cr) C(ab), rﬂth%ff r<b,~ #KP"‘bKS - it

BotagtleRES chg [ PR, S ehd | R A4 LA ERT RAPERP (e85,
7 [c,]) C U. %*{rﬂé}*ﬁii x€le]),d 3 x<l] ¥ I{S ﬁ‘!ﬁ’:«]‘ L 5“?1“3&',"; A
reS BE x<r<l(FRIx ¢ES et R @ Z5)pF RpEd ,TL )c U,

“® xeU, #P 0 [cl)CU BAR,Fl5 1AS gt ?},b’“r,"lleEU {{ﬂr«r leU,

IR = f1* U & open, § 3 e>0% (I-€l+e)CU,» F ¢ 73 [c,l+e)CU, T
I+eeS, EIES D Ripa F. REAPFPREP [=b. d 32 w]<b(FlbAS h
DR), ElEb 2 l<b FPd le(ab)=UUV 2 [gU, @ lcV. %a #Ex V
Lopen, " T H A y>0 R E (I-yl+y)CV. 247 [,)n({-yl+y)cUNV, &=
B UNV =0 hiBRAS S TR I=b 4 FL T b)) CU. FRFER AP 7@
(a,c]cU. » T 835 (a,b) = (a,c]U[c,b) =U 2.5 § (Fl &5 V=0). #F (a,b) L

connected.
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f1* (a,b) A_connected 1 2 Proposition 3.1.15 & ¥ # % & [a,b), (a,b] 1 % [a,b]
#® % connected. * §* Question 3.8, & ¥ & (a,00), [a, ) (—0,a), (—o0,a] 112 R ¥

connected. #*F T EIL

i<

Proposition 3.1.21. ¥ g R 7 standard topology. *73 hBE % F, PR F, TR LPF®F,

v

M E R % 5 connected.

Question 3.13. = = Proposition 3.1.21 &g .

H 5 Proposition 3.1.21 ehk » & § $Fan, 4 ik{;ru R *® 7 connected subsets Ii‘u%’-\“r’ﬁ
SRER, PR, LEFLPFRF, NE R AP 2H 5 R P a1 connected subsets 3 14T

Proposition 3.1.22. ¥ & R 7 standard topology. B3k S &_R & connected subsets ®
a,beS B¥ a<b. Fa<c<b, Pl ceSs.

Proof. A% F 22 B c¢S. *FAR R P OB ®FRF U= (-0, V= oo) [
subspace topology 2. 7, UNS &_§ © 27 openset (FlaeUNS). FRE VNS » &8
® 2L 7 ¢ open set. * d%:“S:(UﬂS) VnS) 2 UNS)N(VNnS)=UnV)nS =0,
i ig § §_ disconnected. ¥ S §_ connected %A f g, ®&i®@ ceSs. O

FA i w 0 Proposition 3.1.22 45 $]#73 R £ connected subsets. #]4r, 4% § £_R
connected subset * @& F AT R MUpEEBERY g d S g R k2 F3AbeS
HBE c<bh 2FS ETRh, 2 FhaeS BE a<c, 'ﬂﬁ'“r* Proposition 3.1.22, i¥ c€ S.
AfprEE T LS =R O£71F, 3% £ R F_connected TR . B EEP T ok § A
R # &+ % &7 R i connected subset, 7R A& — ¥ it e1)d 7‘%%{5 =R. 777 R
K3 TE L hx & T %o connected subset, #7ig AP R E_connected. & P R A

connected B & & * $|4rav & least upper bound property gk et B A v (AT

Question 3.14. ;#4|* Proposition 3.1.22 P 4% § £ R 7 3 } T } & connected
subset, Pl 5 & a,beR € F S 5 % & (a,b), [a,b), (a,b] & [a,b] (7 * F| least upper bound
fr greatest lower bound). Fr k3% S & connected, + #P F S A Bz /gt Fiey TR
ME S TRy RS T iR

Zeif R ¢ &1 connected subsets § ¥Rt 4 i ;T%? RELALESE S & R ST S
EE. Blhe i F ] Proposition 3.1.9 3P F f R - R Hif. Fadkk, * fR)CZ
Pl f =& % constant function; » ¥ 4] * Proposition 3.1.13 % ¥|if 5 S feen® B B 232,

3.2. Compactness

Compact sPE4, 7 % BB, 3 @3 5 £ & i F T8 {ov § M. bl4e R S o
HLeFREFLG S &) & ,JI\‘L—«L‘PQ* compact R F AT, Aip & ¢ AP 25 B
compact € & | F.
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>

3.2.1. Compact Topological Space. & iF# ¥ compactness 3 P8 “B &K hg L, v
ARDLLEALT RT ,T, Fh-Aelex RmgA R, 5 RA. RIFEIFY 2 REL
& 4 RE A" open sets 1. #714 f topological space X ¥, A il § € * — & open sets,
#-X B igd open set (FFf k. Btk ehBE, APAL L X - B open cover. — H KR,
IR X P - B AFRIER K VL F &S opensets 4 i X F &, AT PE

open cover ¥ i

2

A JE TR BL. 4o % 2 & =0 ¢D open cover ¥ "‘"KE‘E#WTT— B® 7R
7 '1% B open sets # X F. 7 TR F|APE FRIRTE A F PP n
T4 FE3 5 TS B open sets R AF b L. LET%KCOIHP&Ct g, gk, AR

SN .

open sets, - #*

3

(e

i)
)
3

Definition 3.2.1. 3 X &_topological space, £ 7 % £ topology. # SCT (¥ S 4_d
open sets *73;% 1fk &). B E X =Upes U, RIFE S £ X - & open cover. * 5 S8 C S
2 8 w5 X chopencover (W X =pes U), RIFES 54 S #r# X e subcover. %],
%S R33NI BAARE, AN s 2 d S #7118 X & finite subcover.

d RN T ,T.%{X e— 1 open cover (¥1% X e T, *1t X =y U). F S
H_X ehopen cover, d 3 SCT, A ipEw um S Hd T #71# X ¢ subcover.

Example 3.2.2. ¥ g 7 # standard topology ™ %2 S = {(-n,n) | n € N}. d 3t F,
xeR, #vH I neNBZBE xe (-nn), t== R = Upes U, » )*Ik{;;bs #_R th- i open
cover. m 8 ={(-2n,2n)|ne N} dRE S CS Y R=Upesg U, #7171 8 Ed S #ri8en
subcover. # id 3t & F &8 § B~ 4%, #7 v 2 &_finite subcover.

y o S:{(—nn)|neNn< 10 8255 L. SCS ¥4 415 @Al
R=UpyesU, #74v 3 &4 8 #718 i finite subcover (» 7 n—‘subcover) A S ={(-n2n) |
neN} BB L R=, U 234 iSQS, v s A & d S 971 en subcover.

Question 3.15. #F# M & Example 3.2.2 # |, &/ F]d S #1{¥ R ¢ finite subcover.
T kAP K 3 compact topological space.

Definition 3.2.3. % X % topological space. & ¥ ix & X ¢ open cover ¥ % 7 finite
subcover, RI# X & compact; & R 5 non-compact.

T ™ * opensets A X 1 2@ FOF 2 g open sets ¥ 35 I i# open sets &

Ty
i, T R=(-0c0,0)U(-1,00). 7 it QueStlon
PUEFGR LEREET Y HIG IR

*EF G R, #717 & standard topology 2. 7, R % &_compact topological space.

>
i

F_

£2 % X 4 compact (hE &, T4 3R X ¥ UG TS B open set :{ﬁ_?"“?, A R
1 T35
-
*

X, blde R, ¥ A& (—00,0) 112 (=1,00) F
3.15 ¢, A s “1F Aj4e (—n,n) 0 open sets

% X &_indiscrete topological space, @ ** 5 3 — i 2L 7% ¢ open set, F]yt = FA) X -
% _%_compact. I *§ X ¥_discrete topological space, d **# — @B gLor= ek & { ¥_open
set, AP T F gd & - BAr S enf & A7 0 open cover, T X = Jx{x}). P ¢ F finite
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subcover, ,T*z\ X &5 3R BAE. AFEFF - B topological space ¥ 3 'S B
~ %, 78T - T H_compact. ¥ ¢hRT A €T & R i standard topology FAF -
i E 2% F 5 compact 97 % (#73) ¢ Heine-Borel Theorem). ot b - R
3R b

4 F 5 compact, 7 B R NP - EATH L AL, J AP EA L F M compact &
EaRarlEa U %‘LZ LA TP T KNP H- &5 B compact topological space g .

LSRN

W - B topological space #_% % compact. B8 {7 A5 — & & ik i & | 7

- iR, R AER B EE DS, ‘Eﬁ?*\'lf“ﬁij/% Pe 3 REBREED
TH.AEEH EF - LA AN IF“?Eﬁme#%; . Glde FHc? - LR ERFTA A

B& S={(now)|neN). ES*¥ 315 BH Evﬁ'ﬁl;-k{% Aprgr - 22 AT H
£, 7R RSP 7 B R R E;, A EF NuesU =0. & EHRELishani 82
P -k Arkd - B X hF B AR R S SCPX), BB ERG U BE LR
RETFEAZTEE (TPHELZ nEN,S,---,5,€S ¥ F N Si#0), FIFE S F finite
intersection property (# # FIP). # & 0+ S = {(n,00) | n € N} i&‘ﬁ FIP, j&4% b+ 24 i
v - iR E S OFIP, 2 KA v G G AP NgesS 2§ FHE. 718
#13t compact topological space, ,Tk”ﬁ PR AR IR K

]7.

Proposition 3.2.4. B3 X €_ compact topological space 2 F &_d X ¢ — & closed set #7
X & (FE FeF, Bl F & _closed). & F 3 finite intersection property, B Nper F # 0.

Proof. A E* F it LER Nper F=0 BB U={F|FeF), Pl Umh4 %

% X #hopen set, *
Juv=F=(Fr=x
Uel FeF FeF
Aie iR Y §_ X - B open cover. %] X #_compact, &% & Uy,...,U, € U # &

nU=X rERELie(l,...n), AU eU, &kt FeF %R Ui=FS, A

n n n
(F=u=(Ju)r=x =0
i=1 i=1 i=1
B8 F 3 FIP 43 %, B3 Nper F # 0. D

Question 3.16. ¥ & R ¢ standard topology ® ¥ & F = {[n,) |n e N}. F#HEpP F {4
R ¢ — & closed set *f= ¢ & ¥ 5 finite intersection property. :## P Nper F =0, T3

Pyt B & @i 3 &2 Proposition 3.2.4 484 57
¥ 9 1}, Proposition 3.2.4 ¢k &+ ¥t d M 3 240y, 2 TF“)‘T.*-L@’ Y 4.
FTORAP P AR E R S8 compactness PR k.

Proposition 3.2.5. % X,Y i topological spaces ® f : X — Y &_ onto = continuous

function. & X &_ compact, B Y &_ compact.

Proof. & 3. Y ¥_compact, P~ Y hropen cover U, X P& 535 X5 B Uy,...,.U, e U
BEY=UL U $#»E UeU,d > U EY shopenset ¥ f & continuous, ' 7§
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FHU) 2.X sropen set. F] Uyey U =Y, 25
Urito=rJu=rtr=x
Uel Ueu

s (YU | U e U) {X _'rﬁopen cover. F|ptd X ¥_compact, &% & n € N,

2 N UL, f N U), B9 B U e U U, fHUU) =X Ripkzpge
U,....,.Upe U ZEY=U_ U ¥+, 3B yeY, 4 f:X>Y £ onto, 3xeX
#4F fx)=y. = d 3 UL 1f WUy =X, Arasii={l...,n & xefYU) @&

y=f(x)eU;, @& Y=UL, U

O

Question 3.17. B.#*% X, Y % topological spaces * f : X — Y #_onto #7 continuous
function. % Y #_compact 2 % ¥ ¥ X &_compact.

d Proposition 3.2.5 2% i ¥ ¥ compactness &_{i4+ hdp L H

Corollary 3.2.6. B3 X,Y & homeomorphic topological space, B] X E_ compact & ® *&
%= Y &_ compact.

Proof. #] X,Y &_ homeomorphic, # ¥ % homeomorphism f : X — ¥, m 2 H F ¥k
f 1Y — X ¥ 5 continuous ¥ % onto. F|#* 4 Proposition 3.2.5 4 X #_compact fr ¥ &_

compact &_% i . O

T kAP IE 3 compactness ¥ disjoint union topology, product space topology 14 %
quotient space topology ¢k . B &£ ¥ g disjoint union. X XY & %_ compact
topological space, £ % XY # * disjoint union topology ¢ #_compact *2? % % & ¥ 2

Proposition 3.2.7. & X, Y % topological space. % Jg disjoint union space X 1Y, B
XY & compact 2 vz X, Y ¢ 5 compact.

Proof. 3% XY &_compact. IEZE S §_X ¢ open cover. d > T g § € S,
S"={(s,1) | se S} »mES uE Y ={y,2)|yeY} ¥ i XUY 7 open sets, f«hr“?«
(1S € SJU{Y’} E_XTIY #hopen cover (T XIIY = JgegS'UY’). x4 XY &_compact,
A ad {S7]S € SJU{Y’} #7i7 i finite subcover {S7,...,5,,Y}, ¢ S;€8. ~ Tﬂr‘
WXTY =L, SiuYy. 7t X = UL 73 A S 918 X &0 finite subcover, 1§ 3%
X #_compact. FIEFE Y i compact.

F 2, B3k X,Y ¥ 5 compact topological space. % Jg injective function ¢ : X — XIIY,
&5 01(x) = (x,1), VxeX. ptpFix disjoint union topology eh% &, & XU Y ¢ open
set S #¥ &5 S=ULV, &9 UV 255 XY dopenset. Flptd ¢71(S)=U, # ¢
#_continuous function. L% },ﬁ Z & XIY shopen cover S, d 3+ XY = Jges S, #4177

X=¢r'xuy)=er'((Js)=[Jor's).

SeS SeS
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5 ijh—f"—‘;“m {¢II(S) | S €8} € & X e open cover. F| & X 5 compact K, F R
"Sn 7T

€S # @ ¢7M(S1),..- 07 (Sw) 294 {¢71(S)|S €8} #r1® X & finite subcover,

X = Jor' ) =er"(( S0
i=1 i=1

FIZ, 4 gy Y > XUY, &5 d2(y) = (,2), Vye Y. Aipae {(¢;1(S) 1S €S} ¢
#_Y # open cover. F]pt ik Y 5 compact ik, AL T IS5, €S ®F
¢3' (7). 871 (S7) 58 {#5'(S) 1S €8) #718 Y & finite subcover, 7= ¥

v =[Je' s =" $).
j=1 j=1

ST PEY R ST, S ST, S, C S, d 3

=

m

s ((sovUsm=x s Jsoul s =x
1 j=1 j=1

i= i=1
A (UL S)U (UL S) =XTY. #3F 2, S1,...,8,5,....8, £d S§#® XY @

finite subcover. ¥ X 1IY &_compact. m|

A E L g §F 4 ¥ Proposition 3.2.7 £ 3 313 *T % B topological spaces
disjoint union space iR, F iz &5 5 B ﬁﬂl]’%‘jE,TA;Z ¥}o.FF L, &2E BT

topological spaces *f = 1 disjoint union space /47 € &_compact.

Question 3.18. B3X& [ 5 - B & 3 e index set, ® T & i€ [, X; .27 ¢ topological
space. #F#F.P disjoint union space L X; # &_ compact topological space. (Hint: % i€ I,

X! ={(x,i) | x € X;} & ie/X; 0 open set. ¥ g {X/}ie; i&— B L/ X; 5 open cover.)

KT

% T kAP & 2E product space 35, Product space #ff 2 f 3 U 60 topology

arH basis & @, £/ £ W4 open sets. @ compact 2 F & 4 g open cover, ~ i&
H - #hopen sets (IR F ), T AIZAT R G RS T - B I’iﬁ;ﬁﬁ%? MR PRAE B )R,
T A FFA A % g AT 0 open cover, ¥ & B % - % basis ¥ Jg¥7F ¢ &k basis #77) =

&7 open cover ¥,

Lemma 3.2.8. B3k X &_topological space, * B E_X - %2 basis. ¥ ZE X 71 open

cover U C B ¢ ¥ B3 d U »t18 & finite subcover, Bl X &_ compact.

Proof. sV it enifez 4 E 8 X ehopen cover S & #-H ¥R T - od B A F frledn
open cover U, R f1* d U #717 e finite subcover, ¥ 3|d S #7117 finite subcover. 7]
@ 1% X 4_compact.

¥ixR X opencover S ¥ e E S €8, d 3 S E_open, s#xik basis FE_&H ITF o
Us B iw &S =Uyey, U. ¢ * S X 7 open cover, ' i3

x=Us=U(U v)

SeS SeS UelUs
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FllrE 4L U={Ue€B|UeUs,S €S8}, 7 (LIQBT%{X eh- B open cover. F]gtd
BRAwr ad ' LEB U,...,U, e U €24 U #7{7 <0 finite subcover, ¥ JI_, U; = X.
~HER i=1L...nU el »T5h S, eSHEUeUs,. Rad §i Us, HI&,
i3 Si=Uveus, U, /e U €8 FIF UL Ui UL S E X =UL S, ™7
S1,...,8, €S &4 S #71¥ & finite subcover. O

fr connected 35 4p I, product space i& #X i 4% compact I E . 4 ,T*u{;ru, =
X,Y ‘¢ % compact topological space, B product space X X Y 7* & compact, féi}&g—"""r;ﬁ =T
Tychonov’s Theorem. £ 3§ + i& B TILF w5 F4teh, A sz B80T g e,

Theorem 3.2.9. B3k X,Y & 217 & topological spaces, % J& produce space X XY. B XXY

&_compact 2 *&E X,Y ¥ 5 compact.

Proof. 7 % &JZ XxY &_compact eF775, p* BFd % projection 71 : XxXY — X &_continuous
2 i onto 4 Proposition 3.2.5 ¥+ X &_compact. F ¥ g projection mo : X XY > Y, ¥
7Y 7 & compact.

% T kA PP Tychonov’s Theorem, % X,Y ¥ % compact, P] product space X XY
7 % compact. ¥ product space topology ¥ &, & Tx,Ty ~ % » X, Y & topology, B
B={UXV|UeTx, VeTy} ,TA{XX Y #h— ‘% basis. ¥ Lemma 3.2.8, A P& ZFEM iz d
B E A X XY 7 open cover W C B, T;K‘v" HId W 18 X xY &7 finite subcover.
wRE, HAE R yo eV, A3 continuous function Ay, : X — X XY, T& G hy(x) = (x,y0).
Bd W 5 X XY ¢ open cover, % i3

X =h (Xx¥)=hl(| ] W)= ) g (w).

WeWw WeWw
5 i&{;ﬁ,, £ U=k, ( ) I We W} Bl U € E_X 7 open cover. F|td X &_compact
K, v hyo (Wl) ..,hyol(Wn) € U &4 U *i8 X 0 finite subcover. d 3t &

BW,eWCB APt W =U xv,, #¢ U,V #» 8 5 XY 5 open set. 2 i x +
B yo € Vi, Vi=L...n, BRI U x V) € Bz B4, 7 usd. kgt Bx, A
h;ol(W,-)=h;01(U,-><vi)=Ui,vi—1,---, T UL Ui = X §0h, d 3t g g @ 3050 W,
T8 oy F B, AL W, =W, . W)W, AR V; ¥ 5 yo 7 open neighborhood, %]
AL V= (YL, Vi BV, 7 5 yo ¢ open neighborhood ® % &

n n n

XxVy, ¢ ((Juyx vy, e Jwixvy) e Jwixvy = | ) w

i=1 i=1 i=1 WeWy,

BHEEZ y=Y, NPF¥ PR e y O R# 5 - B y ¢ open neighborhood Vy 1%
~mF B E W = (WieWliel), 8¢ I, - B3 U8 &, %L

xxvyc | ) w (3.1)
WeWw,
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d ¥ EE yeY, ¥ 3 V, i y— B open neighborhood, =V = {V,},ey £_Y - i open
cover. #xd Y H_compact KT 2 LI B oy, €eY, B Y=V, U---UV, .
BiS, AP REP W, U--UW, CW ﬁ"»{r’ W #+{8 X x Y 4 finite subcover.

HEL (ab)eXxY. d Y=V, U---UV, AiPEr@EbeV, H?¢ 1<r<m * W,
BESCF (3.1), &4 (a,b) e XxVy, #&E (a,b) € Uwew, W. o

AT L e F §F 42 % Theorem 3.2.9 2R 315 *T % B topological spaces 7 product
space R, EF P U4 ¥ iR T & 5 5 B topological spaces £ product space
R, A BT M R T aziom of choice, fg%‘E—’_i&Z S .

¥+% compact & quotient space B %, P F LT g k.

Proposition 3.2.10. B33k X #_topological spaces * ~ #_X } en—  equivalence relation.

% X &_compact, B quotient space X/~ 7* i compact.

Proof. ¢ quotient space topology 1% %+ quotient map ¢ : X — X/~ &_onto £ contin-

uous function. F]*d X §_compact 2 %2 Proposition 3.2.5 4+ X/~ 7= 5 compact. m|

Question 3.19. #H3*% X &_topological spaces ¥ ~ &#_X } eh— i equivalence relation. &

quotient space X/~ &_compact, & F ¥ $&£{8 X 7* 5 compact?

3.2.2. Compact Subsets. fr connected subset 7 #% 4 4p ¢, 3t -  topological space
¢ subset # i i 4 * subspace topology #-2 4R i - 1 topological space, £ k4F3tH

% % compact.

Definition 3.2.11. 3% X &_ topological spaces ¥ § % H subset. % % J& subspace
topology #- S 4R 5 topological space 2. 7, § &_compact space, R|f S & X 7 compact

subset; & PIFE2 % non-compact subset.
f1* subspace ¥ i@ § & e (22 2 Proposition 3.2.5, 2 § * P T g

Proposition 3.2.12. B3k X,Y 5 topological spaces ® f:X — Y & continuous function.

* S CX &_X ¢ compact subset, B f(S) E_Y < compact subset.

g B kith- B R L ET L compact I EF i eh, bldog AP RIFS B
compact subsets #5 & ¥ % 7 compact F¥F, fr%% AP RN S B R RJIE. T AR
— & compact subset AR ETTT R 42 compact e1F_&. f¢_Definition 3.2.11,
APireE § C X & compact, % 5T éﬂ"’ﬁ"ﬁ S e open cover U, ¢ i 7 Uy,...,U, € U % X
S =UL, U iz4d 3t * subspace topology, & 7 & X 1 topology, RI¥tiZ & U € U,
TE U eT BAEXU=UNS. » x4 U=UecT|UNSecU}, Bl U ZS
open cover, ¥ § = Jyeqy U, » ¥ % =

s=Jwns)=(J v)ns,

U'eld Ueld
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WS CUpe U B, F4 Ul & X fopenset B L Ui =UiNS, B S = Ui, Ui

FR»ScUL Ul #o%%%, U S - B open cover, i}bi 3 ® X 0 open

set Tk & U B XS C Upew U P\»’“fiﬁ”ﬁ ted Y #71® S 0 finite subcover, i*uiﬁ

B3 e Ul,..., U el #E8 S UL UL Flet, 509 3 422, 2% open cover f%
L1 R ‘J“J“K#E*X;FF'&'—”"'*&A g

Definition 3.2.13. #3% X #_topological space, * 7 i H topology, * B& S 5 X
subset. & U CT (7 U E_d open sets “7a) = ek &), BES C Upeqy U, BIFE U &S
- & open cover. * F U' CU 2 U 55 S & open cover (7 S C Jyeqr U), BIFE U
ad U8 S e subcover. FBleh, § U 75 F L5 BAZp, AP gL U L4 U AT

S o finite subcover.

£ 3B - X, @8 U LS open cover g E S C Upeqp U, @ 3 .S = Uyewr U (3

Al S ¥ i 4_X eopen set). & 2 EZAPS 5 4T compact subset 1% g

Proposition 3.2.14. 3k X &_topological space, ® B3K S 5 X & subset. Bl S E_X e
E3

158
compact subset & F FEE E R d X 7 open sets = S 1 open cover U ¥ wEL U 57

# S & finite subcover.

Question 3.20. % topological space X » 7 & & 0 €_F 5 compact subset?

41 * Proposition 3.2.14 # i if ¥ 1 23 B compact subset 08 & £ F 5 compact
IR AR B S1,892 % & topological space X #1 compact subset. JE g S US, iz
% open cover U. o > Y 7~ % S, 1 open cover, & S| &_compact FiEK I, F A
Ui,...., U, e U &4 U *t# Sy > finite subcover. =¥ & U!,...,U;, € U &4 U “717

So ¢ finite subcover. yxd S C UL, U; 1% SpC szl U;., i

S1uS,clUyv---UU, VU U---UT,

m>

" Uy, U U, U, € U 24 U 4718 S USy = finite subcover. 2 Fggm 7 2T

Proposition 3.2.15. BX X & topological space & S1,S2 5 X 7 compact subsets. B
S1USy & X & compact subset.

Question 3.21. Xk X 5 topological space * ¥>r i & i e N, §; 5 X 1 compact subset.
WHEP T neN, L, S; £ X ¢ compact subset. £ F (J2,S; X ¢ compact subset
R ?

& & compact subsets 7% & £ F 5 compact i ? - LR EFE T A EF)E -
L~ RS I 0 metric space ¥ iz g A ¥ (AT 4 £), MBI E T FE A
PR PEER A S - BHF
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Example 3.2.16. ¥ g &# Z £ 4t A 8L xl x, #r3ehB & X AP A X TR H T
4o
T ={S|S cZ}U{{x5} UZ} U {{x ) UZ} U ({xE, x,} U Z).

fn BBz T B X chtopology. ¥ B ST={LluZ mz S"=(xJUZ d3 X 7P ¢ 3
x5 thopen set 0 ST 1wz X #rriizie ST odhopen cover U % & 5 ST & X, Flp
UP rRELST R XHY - T&iﬁgiﬂ U #718 ST & finite subcover, ## ST £_X
compact subset. FIZ S~ » ¢ & X ¢ compact subset. % @ STNS™ =27, %m %t
#r3 z€Z,{z} #_.X chopenset. Flpt V={{z} €T |z€Z} Z_Z - i open cover, & & _#
YV ¢ 2 ¥ 5453 Z i finite subcover (F1Z 3 &£ % B ~4%). ] Z 2 £_X £ compact

subset. i % B compact subsets #12 & X % ¥_compact.

APEERE, - HKRT - BEEET 5 compact, B B L HARKITL T
L5 b Huleh, § AP g T iR

Proposition 3.2.17. B3k X &_ compact topological space ® S H_X e closed subset, P

S &_X & compact subset.

Proof. @2 § - i open cover U, o U H_d X &r1— & open sets #72 = ¥ j§ &_
S CUpeqyU. BF1 S &_closed, #& S¢ €_X 1 open set. p*pF
x=susc(| Ju)uss,
UelU
" i&{;:m UU{S) E_X #— 1 open cover, x4 X % compact 2 B, 3 2 U,...,U, €U
BEXCUU---UU,US (Fae?F SC285- BmL3 ", LaELE). LRI
S CUU---UU,, & {Uq,...,U,} €4 U #718 § e finite subcover, {F3 § 4_compact. O

¢ X # H_compact, # i 7 ¥ £ * Proposition 3.2.17 ¥ X & compact subset } F]

% X ¢ compact subset % f1* subspace topology ﬁ!‘u{— i# compact topological space.

Corollary 3.2.18. B3k X &_ topological space, S % X €1 compact subset. % C Z_X &
closed subset ] C NS H_X &1 compact subset.

Proof. ¥ & S % X ¢ subspace, & compact subset #7%_% S ¥ - # compact topological
space. * i subspace topology (7€ & CNS € &S 7 closed subset, F]#* d Proposition
3.2.17 &, CNS ¢ &_S < compact subset. # 3£ F CNS & * § 3 subspace topology,
CNS ¢ & compact topological space. £ CNS CS CX, ¥ CNS 4 5 X < subspace
2 H_S & subspace, 2 topology #4p k. = FlHt & CNS &_X 1 compact subset. O

)

Question 3.22. #® &1 * open cover ¥ 3 ¥ finite subcover & i F Corollary

3.2.18

F % ey, % — B topological space # _ compact PF,

~=de

Compact topological space

AP g ia kB EHE LT

locally compact. Locally compact topological space 7 #c

e
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B o54p ¢ %852 £ & 40 topological space, |4 R % standard topology 2. % &_
compact e § 8 locally compact. vV F 3 5 AT £ & D, F1E AR E B, Gt AP
WALH TR <RI L R- T T e locally connected 1 & (Definition 3.1.18)

Definition 3.2.19. #33* X 5 topological space. # ¥ T & a € X 2 H i § & open
neighborhood U ¥ % f a 7 open neighborhood V 12 % compact subset C 7% & VC C CU.
RIFE X & locally compact space.

3.2.3. Heine-Borel Theorem. % R" 1 standard topology 2. T 3 — i 2|%r— B & & &
% % compact > %,  Heine-Borel Theorem. # ** R" #_+ 7& ¥ & oip 7 7, &4
ApgEu 4 e

¥ Af & R" 1 standard topology, #% " £ #-v 4§ + metric space. &AL * 1 metric
Ld(xy) = -y + -+ n-y)% £79 x= (), y = 0neyn). * HER
aeR", r>0, P E&K Bla;r) ={xeR"|d(x,a) <r}. JI* iethe?t3 ¥ icciaeR", r>0
#7185 c0 B(a;r) % basis #7712 7 topology i{ #_R" ¢ standard topology, — 4k 2% i fLiz &

e ndr ¥ 5 B 5 Fuclidean Space. Heine-Borel Theorem #_i# Euclidean space R" } ¢
- B+ % &S & compact % EE S & closed ¥ bounded. & F W iEiEh- B2 F
Euclidean Space & § - ke metric space ﬁkg &AL —~ A8 6P metric space B
deifds. FARPF TR P bounded (3 7).

Definition 3.2.20. #*% X % ™ metric d #7{¥ & metric space * 3K S % X & subset.
FrtaeX M2 r>0®%E SCBa;r)={xeX|d(x,a)<r}, RIF S % bounded.

< & 2 & bounded F¥EL ¥ F - metric space 1 F, - £k topological space &_
RF b d &, bR DR, x\,,aﬂrmgSCRq\bounddq* FR*S 3+ R (upper
bound) ~+ F T A (lower bound). ¥ ¢ S C B(a;r) cha,r T 22H 2, Gl4eE B~ > r, B
S CBar) m#4ds. FHAPLFER DX, ML P =r+dab) >0, »7 @
S C B(b;r'), fg{'ﬂ =% x€B(ayr), %7 d(x,a) <r, #&8 d(x,b) <d(x,a) +d(a,b) <r, 7=
¥ Bla;r) CB(b;r'). &7 %, 2P 4F 3t compact v bounded B .

Proposition 3.2.21. B33&% X 5 metric space £ S % X &0 compact subset, P] S E_X ¢
bounded subset.

Proof. % - Hz r >0, ¥ g U = {B(s;r) | s € S}, ¥l 5 &2 B(s;r) X 1 open
set, ¥ S C UpeyB, ¥&= U &_S 1 open cover. Flptd S H_compact ehiE X ir, 5 B
S1y.-.,5n €S 18 S CB(s1;r)U---UB(sp, 7). £ r =r+max{d(s1,s2),...,d(s1,5,)} >0, B
B(si;r) CB(sy;r),Yi=1,...,n. #% S C B(s1;r'), * S E_bounded. mi

&7 ok, AP compact fr closed B .
Proposition 3.2.22. B3 X % metric space £ S 5 X 0 compact subset, P] S &_X

closed subset.
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Proof. A & P S £_X ¢ open subset. EB x € §¢, >t s€ S, £ ry=d(x,s)/2. ¢
WsEx, AP F org >0 Y U=(B(s,rs) | s €S}, Fli izt B(s;ry) 4 X £ open set,
* S CUpeuB, #&= U &_S = open cover. F]ptd § H_compact 7% & 51,...,5, €S i#
S CB(s1;ryq)U---UB(sp,rs,). AZHEZL i =1,...,n, B(si,rs;) N B(x,rs,) =0, 7xF £
U=B(x;rs,)N---NB(x;rs,), Bl U=B(x;r) 2 ¢ r=min{ry,...,rs} >0 % & &

UN (B(s1;rs,) U---UB(sy,rs,)) =0.
FIREUNS =0, % U H_xeS° & open neighborhood * % X U CS¢ #% S 4.X

1 open subset, 7* ¥ § §_X £ closed subset. m]

& Proposition 3.2.21 12 2 Proposition 3.2.22, #' i* &g # metric space ¥ 7 compact

subset &_closed ® bounded. # i #- Proposition 3.2.21 12 % Proposition 3.2.22 & B % 34
m hp F]1 & Proposition 3.2.21 - & % metric space 1 ¢ = = (F15% bounded ez 5 );

@ Proposition 3.2.22 ¥ % 2 & * 3| metric space it A5 K. T F b KU e A
FUEA R kIR pRa BLgRF 1135 7 4p 2 £ open neighborhood, 3 ¥ 11 i3 3
compact subset — ¥_&_closed. itk L, ?u%’-g“r;ﬁ Hausdorff e F, 11 1s 24 & 3534
. R ¥ closed ¥ bounded e7g &, 5 - BaFid, %‘u{%*y Bt BEER] B AR ERN

T REE, 4P ki@ €2 (Extreme Value Theorem).

Lemma 3.2.23. ¥ & R ¢ standard topology. B3% S &_R ¢ compact subset, P| 5 A
abelS BE a<s<bV¥seS.

Proof. # i ix 78 & * |9 # least upper bound 1 2 greatest lower bound UL EL ORF] S
4_compact, 4 4 S &_closed ¥ bound, Flp* S Ft A2 TR, £ gbeR AW L S
greatest lower bound 4r least upper bound. F]}* ¥ a <s<b. #FAPE{* § & closed
i abeS. d > g &S & greatest lower bound, Fl ¥ iz R £>0,a+e * £_S 0 lower
bound, * T F & seS HE a<s<ateg + ;I*u{gu (a—e,a+e)NS #0. HTE a < open
neighborhood U, d »* & F H 5 e>0 % & (a—ga+e)CU s UNS # 0. 3 o355, 3
M3 accl(S). ®F S A closed, 243 S =cl(S), mwFHFH aecS. PEFTFE beS. o

Hwo# [ XoRFAPTHIN acX B fla)<f(x),VxeX, A f 7 &) E
Ata) PEDOETHIbeX BE f(x) < f(b),VYxeX, RIFEfFAE (F2 D). -
BB~ B, &) BT ff-p H extreme value. i 3§ S #ceh Extreme Value Theorem
- BRI R B Sl 2084 A ¥ ¢ compact subset z B (B4 T R

(%

Theorem 3.2.24 (Extreme Value Theorem). #3% X % topological space ® % Jg R &h
standard topology. %# f : X — R &_ continuous, ¥ S H_X ¢ compact subset, P| 5
a,beS B & f(a) < f(s)<f(b),VseS.

Proof. % S % compact 3K, Proposition 3.2.12 4 %34 f(S) € 4. R ¢ compact
subset. F]}*d Lemma 3.2.23 =5 e r,re f(S) & r<f(s)<t,VseS. Flrnre f(S),
FrabeS BE fla)=r, f(b)=1 F&HF I i
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+). &7 F & R" chstandard topology 22 7 4 # g F 2. g AN PG &R R

Lemma 3.2.25. ¥ jg R 7 standard topology. & a,b € R ¥ a<b, PIF % F [a,b] & R

1 compact subset.

Proof. iz#42, A i & * 3| R complete 2 F (= & %), » frkfx'-\;k— Bd F BT
Cauchy sequence {a,}, (THEZHZEZZ €>0, ¥ 3 NeN & |a,—au <€, Yn,m>N),
*HfracR #F lim,Le0a, =a.

JLIBEK [a,b] * &_compact. ﬁk{;}m’% t— 1 [a,b] e open cover U $5 # Fld U #7i8
[a,b] e subcover. I#-® B [a,b] » = [a,(b—a)/2] 112 [(b—a)/2,b] & . i@ B ¥ - 2
LB EEY UPF U BI R LML RE, 225 h=aLb)) BT AR ASA R,
T lar, (br —a1)/2] 12 [(by—a1)/2,b1]. F¥eenies BP9 - 2 - BEEY UP FUE B
FEMRZBE, £ 25 Lh=agby] 4pt - E T2 APEL =la,b,| £2F U G
BFEER2ZBE E° by—a,=(b-0a)/2". xF % #7F| {a,), £- B Cauchy sequence.
I g = A, & F (2, Iy = {A).

d * A€fa,b] 2 U A_[a,b] e open cover, #15 & U € U H_A ¢ open neighborhood.
A #t% R 1 open interval £ R 7 standard topology - & basis, w75 & € > 0, & &
(A-€d+e)CU. REB-neN B (b—a)/2"<e p*FAPE L C(1-€d+e) CU. + i}u
AR L, 7R U Uiz— B openset “ThZE. &8 F4 L, EBpFFaE* YUY 35 B

FRERZ BENIEENT G, < [a,b] £ R 1 compact subset. O

4

S ENN

Tk AP AL i Lemma 3.2.25 kK F A PP Heine - Borel Theorem. o 3t
Lemma 3.2.25 ¢z p * 3|7 F ez & ¢4, i&+ ¥_Heine-Borel Theorem f— £& metric

space #* — F_= * e F.

Theorem 3.2.26 (Heine-Borel Theorem). % Jg FEuclidean space R". & S CR" &_ closed

and bounded, 7] S E_R" &7 compact subset.

Proof. 7 £ P4z R 0ifa), -~ 7o RFEBEP cH2. % S CR 4 bounded
27 S AaFrRA bE TR g Faw S Cla,bl. * 4 Lemma 3.2.25 4+ [q,b] £_R
compact subset, #td S i closed 11 %2 Corollary 3.2.18 %= S N [a,b] = S 4_R 7 compact
subset.

- &R ehffm, d S & bounded 75 & a = (a1,...,a,) €ER" 1212 >0 @ {F
S CBa;r). m¥#tF i=1,....,n, & L=|ai—-ra+r]. *FHEL (x1,...,x,) € Bla;r),
P olai—xl <Y j(aj-x)P < T xel,Vi=1,...,n RS B(a;r) S X -+ X 1.
Flpt e S C L XX, &7 &, Ap#p [ x---x 1, £ R" & compact subset, ¥ ¢
S &_closed i3k, £ * Corollary 3.2.18 ,T*u;iéng' 7§ #_R" & compact subset.
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BEHP I X---x I, & R" ¢ compact subset, {2 % 734 £ * Theorem 3.2.9 (Ty-
chonov’s Theorem). 7 i#Fiz42F & BE& P . % - AP I 4L 5 R 0 subspace (f"’ *
subspace topology) # ¥| I; % compact space, £ §]* Theorem 3.2.9 #5] I x--- X I, & B
product space ®_compact topological space. L &R 48 4_I1 X --- X I, i& 1B product space &_
F A_RX-- xR igf# product space " subspace? % + # & I; } ¢hopen set, #*E_L;NU;,

e U; {R e open set itk A58, & Fp I X --- x I, i B product space =7 open set
‘r‘,’ (LNnUy)X---x([,NU,) igtheA;38. 23 [ x--- X1, & Rx---xR iz product

n

space £ subspace topology B&E_(I1 XX I,) N (Vi X---XV,) &thenA);8 B¢ TRV, I
R ¢ open set. # i d Cartesian product e B, 24 i i

(i x--XL)N(Vix---xV,)=(LNnVy) XX (I,NV,),
L /F' g = 4
%] Iy x---x1I, & * product space topology & { = RX--- xR &1 subspace topology

- R,

Apaeig 7 x---x I, € product space R X --- X R &7 compact subset. % i i E

&y end L x-o-x I, £.F 5 R" ¢ standard topology (-5 = metric space) 2. T P
? PPN PR Py -2 - R £ & =
compact subset? #71 & P e - B A A product space RX---XR frj

= metric space 4. F 3 40 IF rdp . =B F AP Y 5 & Example 1.5.2 45 gq‘gﬁ? n=2 9
R2 chfF2, 8 4en, 23 - hneN+» Ik # z’ﬁriq' R" i * metric space topology, #
basis » B(a;r), #7® a€R" r>0, m product space topology £ basis 3 Uy X---xU,, &
¢ &R U ‘%’KKR e open interval. FF P HEZ R (x1,...,x) €B(a;r), ¥ 5 e>0 7
(x1—€,x1+€) XX (x,—€, xn—l—e) CBa;r). ¥ EE x=(x1,...,%) €U X+ XUy, 7
#iee>0 @ Blxe) CUL X~ XUy, &+ # R" 7 & product space fr metric space #

3 4p I 20 topology, ##E P 1 I; x---x I, & R" i standard topology 2. F ¥_compact. O
i i $% 2 Theorem 3.2.26 - 47 metric space I 7 — & 2. AP G 10T k]

Example 3.2.27. ¥ i Q 2 R ¢ standard topology 2. F ¢ subspace. #3r# 2 T Q
7 % metric space. 7 WHIEE x,y € Q, Tk d(x,y) =|x—yl, Bl d €. Q } & metric ¥ ¥#
*aeQ r>0, Bla;r) ={xe€Q||x—al <r} § A" metric topology - ‘& basis. ¥ Jg
S =10,3]nQ, ix% % & § ¥ Q rclosed ¥ bounded subset, & P& FpP § I 2 § Q
compact subset.

A i & 4] * Proposition 3.2.4 Kk 2, » )I* &S ¢ - %2f 5 finite intersection
property 1 closed sets F, & & (per F = 0, BRI ¥ # S % 4_compact. T Z n e N,
£ L =[V2-(1/n), V2+(/n)], ¥ F ={[,nQ|neN}). 4 [,c[03], #,nQC
[0,3]NQ =S5, = ,Th{;m?—‘ ¢ lrﬁ;w%*ﬂ{S ¢ closed subset. $+Z &3 25 B F ¢ 1 closed
set Fi,....,Fy, d 34 ie{l,... .k}, ¥ 5neN®#F =100, %4 m=max{ny,...,m},
RlFiN--NFr=1,NQ. d 3 M#eehfe it [, » &5 ¥ 2, (xw FiNn---NF 0,
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£ 7 finite intersection property. # i

(M F= ﬂ] nQ):ﬁ[\/_—%,\/?Jr%]mQ:{\/?}ﬁQ:@,
n=1

FeF n=1

4;
&
\ﬁ

M1 S # E_compact.

Question 3.23. ¥ & Z % R s standard topology 2. F s subspace. ftipE 2 T Z ¢
closed * bounded subset ¥_F 5 compact? * ¥ g Q° =R\ Q % R ¢ standard topology
2. T ¢ subspace. At dEf 2 T Q° ¥ s closed * bounded subset ¥ % i compact?

3.3. Hausdorff Space

— 1B topological space ¥_Hausdorfl space ehg L E_Z/p B & g% ¥ * & B open sets #T§
Bt dpfantt e gt 40 (B - ke - 24), 384515 4+ 7 Hausdorff e
B g3, hig- &9 AP EulE v i

Definition 3.3.1. &% X #_topological space. ¥ ix % X ¥ 4pR & 8 a,b, & » %3 2 a,b
¢ open neighborhood U,V i& & UNV =0, PIF X & Hausdorﬁ (2% # separated, T2) space.

% % 5 4, discrete space - T & Hausdorff, @ indiscrete space i&% %_ Hausdorff.
I ¥ d i metric 0 metric space, d **ip R 3 B a, b ¥ F FEYE, T d(a,b) > 0. Fp
¥ iE r = d(a,b)/2 > 0, ¢ ¥ B(a;r),B(b;r) # % 5 a,b 1 open neighborhood * & %_
B(a;r) N B(b;r) = 0, #7174 metric space — %_%_Hausdorff space.

d Hausdorff et By » a4 - Bkt £ 8 closed. &4 %5 % X &
Hausdorff space, ‘-‘,’)ﬁ aeX Wi S=X\{a). *FHEI beS, d N b+a, #d Hausdorfl
FIEZK S, A W% & a,b 9 open neighborhood U,V % X UNV =0, F]}* @5 agV, 7~
VCS. ApEiET § ¢ ehiz- 8 b %3 8 open neighborhood V& & VCS, =~ § 4
X P open set. & §¢ = {a} 5 X ¢ closed set. 7 g4 P 3| chft Fvt Hausdorff 9
MEFL30 8, APEFHER aeX § b#a P, & b 7 open neighborhood U % &
a¢ U ¥ (izk 7 space T space). % 27 Hausdorff e B 5, P R3%F L 4
ey

Proposition 3.3.2. :EJ\;{ X #_topological space ® 2% ae X, £ U, E_a %75 open
neighborhood *7= ihfk & . B X &_ Hausdorff # 2 ve 2 #E & ae X, Nyey, cl(U) = {a}.

Proof. 7 £ X X {Hausdorff APFREPE b #a, B b ¢ Nyey, cl(U). i‘*’ Fod
Hausdorff erj B, 24 i 504 %] 5 & a, b 0 open neighborhood U,V i L. UNV =0. R ¢
B UeU,, * FIV 5 b = open neighborhood % &_VNU =0, &+ b ¢ cl(U), rh”“ R
b ¢ Nyey, l(U). Bt FIFERL UeU,, T3 acUCcl(U), w4 aec Nyey, l(U). F*
B Nyey, L(U) = la).

1,%71% abeX ® a#b 4 bé¢ NyeycdU) ={a, 3UcecU, #F
b ¢ cl(U ﬁ}{"h’?} # b 9 open neighborhood V & X VNU =0. * F1U 5 a 9

N
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open neighborhood, {2 U,V & % 5 a,b i open neighborhood & & UNV =0, & X
% Hausdorff. m|

5T ok, AP E 2 S e Hausdorff space e 58, B3K X, Y 5 topological space

® f:X —> Y % continuous function. 4=% X ¥_Hausdorff, 2 i & ] % i§ § S Feendd o

LE S {f(X) ¥ 7 % Hausdorff. 2 % Y % Hausdorff, @3~ X F 4 £ & 8L a, b, Bdr f

2 E-%-, 474 fla)=fb)eY, PREAPA &2 1% Y 5 Hausdorff 4 . #5014

RSN ,?—QH'— LEEFd fla), f(b) 3 Y FipE A 822 Y 5 Hausdorff 775 & U,V

& 6] % f(a), f(b) 7 open neighborhood i% & UNV = 0. Fp 4 f % continuous v f~1(U),

fY(V) &% 5 a,b &1 open neighborhood i & f~H(U)nfFH(V) = fFH(UNV) = f1(0) =0.
#3# X & Hausdorff, F]pt 5 T g 12,

Proposition 3.3.3. #B3& X,Y % topological spaces ® Y % Hausdorff. &% te— BiA_X
3| Y th- - e F ol Pl X 5 Hausdorff.

B3 X,Y &_homeomorphic topological spaces, %7 5 &2¥ f: X >Y & - B- ¥-*
Pl oy BF Sk Y o X i - - e o Sk, Fletd Proposition
3.33 BT g2, 2 d b Hausdorfl & _fids chdp 44

Corollary 3.3.4. B3k X, Y &_ homeomorphic topological spaces, B] X % Hausdorff & *
*& % Y 5 Hausdorff.

£ kNP3 Hausdorff «hf2 B £2 subspace topology, disjoint union topology, product
space topology 1 % quotient space topology ¢k ©. & L% X & Hausdorff space * § &
X ¢ subspace, 4 subspace topology 1E_& # i 4rig identity function idy : X — X "1
S b, Tidyls : S - X Had e, 2 d idy .- ¥ -, #&d Proposition 3.3.3 ¥ § 3
Hausdorff. » ,Th{;h— % Hausdorfl space &1 subspace 7¢ 3 Hausdorff.

EF A3 g disjoint union. X X,Y ?K{Hausdorff space, #.F XY # * disjoint
union topology € #_ Hausdorff space 27 % % & = A Fi % a0 5 XIY
RSB G TR A ABREIRRXY, A - BEAPG o = (a,1), 0 = (b2)
He geX,beY. !X ={x)|xeX,Y ={02)|yeY} »% i d, b 1 open
neighborhood ® B & X' NY —-0. ¥t F a0 % *kp*» X ¥ d =(al),d =(bl),H
P oa,be X ppEd 3t X 5 Hausdorff, % & UV & % 5 a,b 41 open neighborhood % &_
UnV =0, &= U ={(r,1)|reU},V ={(s,1)| se V} » % i da,b = open neighborhood
BEUNV =0 FE a0 ¢ Xp> Y, AL 4% Y 5 Hausdorff 35 3] o/, 7 4p
% £ open neighborhood, |t (B3 11 F g I,

Proposition 3.3.5. B3k X,Y 5 Hausdorff topological spaces. ] XIIY & * disjoint union
topology 7~ 5 Hausdorff space.

Proposition 3.3.5 ¢k % 5 F # (% L Question 3.24), /jj' X3 X, Y 5 Hausdorff
spaces % * rEx XIIY % Hausdorff space.
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Question 3.24. & X,Y 5 topological spaces. | * &n#c fi : X - XUY, 2% 35
filx) =(x,1),YVxeX, M % XUY 5 Hausdorff space P] X % Hausdorff space.

ES

I ** product space = disjoint union F gk . *AE % X,Y % topological spaces
FF, % & product space X X Y. B E ygeV, AP F Ilich, X > XxY T&H:
hyo(x) = (x,y0), Vx € X. (%% % %3# hy, 5 - #- Sk, Flp*F XxY % Hausdorff, A4
Proposition 3.3.3 ¥ 4 X i Hausdorff. &2 X xY % Hausdorff 7=+ 36 {¥ Y 3 Hausdorff.
TR EDg ey A2 FpiEg 0T e

Proposition 3.3.6. B#*% X,Y 3 topological spaces, % J& product space X XY. B] XX Y %
Hausdorff space & ® vi% X,Y ¢ 5 Hausdorff space.

Proof. i W™ &P % X,V ¥ 5 Hausdorff space, B] X XY % Hausdorff space. i
Pra=(xy),b=(x,y) 5% XXY " RS2 74 - M NPER xEx MR X
% Hausdorff, % & U, U’ # % 5 x,xX % X ¥ &1 open neighborhood % & UNU = 0. *pF
EB V,V & u i y,y &Y ¢ 41 open neighborhood. ¥ UxV, U XV &% i ab
X XY ¢ ¢ open neighborhood. * U XV fr U’ XV’ /& &

(UXV)N (U XxV)=UNU)x(VAV)=0x(VAV)=0.

®2 X xY 7 % Hausdorff space. o
5 p

Question 3.25. it FAI* T I m  XXY > X x5 m(ny) =x, V(xy) e XXY &
@i en kP E X 5 Hausdorff ] X x Y 2 Hausdorff?

#3t quotient space )*I.*L;‘A B g el 0 . - k- B Hausdorff space 3 ¥ it 4%
3 equivalence relation & H #7117 17 quotient space # &_ Hausdorff space. ¥ 2., + F ¥ it -

i topology space # &_Hausdorff iz £ 3~ quotient {¢ & Hausdorff. 245 T b5 .

Example 3.3.7. (1) ¥ - B3 =B~EDE s X=1{ab,cl. & X } & topology
5= T =1{0,{a,b},{c},{a,b,c}}. & ** a+ b * a & open neighborhood ¢ & Z b, Fl
it e T X 2 ¥ Hausdorff. 34 g X } 40 equivalence relation ~, 2 ¢ a~b
P x~x,VYxeX ppF quotient space X/~ = {a,¢} (73 a=b), * H topology
LT = {0,{a}, {c}, {a,c}} 1* # X/~ 5 discrete topological space » F]pt s H
% Hausdorff space. 5z i ]+ 2V i %3¢ — i topological space 82 7 &_Hausdorff

e # quotient space 3 ¥ it 4_Hausdorff.

(2) % J& R ¢ standard topology * 4 & ¥ =RIR # * disjoint union topology. ¢ 3%
R % metric space #&* 3 Hausdorfl, ¥]#* ¢ Proposition 3.3.5 %+ ¥ 3 Hausdorfl.
B4 Ja Y + e equivalence relation ~, # ® (x,i) ~ (x,j), Yx € R\ {0}, i,j € {1,2}
* (0,1) ~ (0,1), (0,2) ~ (0,2). # PF quotient space X/~ = {(x,1) | x # 0} U

0,2)) GLRE x#0 ¥ (x,1) ) ( 2)), 2 ¢ quotient space topology * i

% (0,1) =1 open neighborhood U, e>0®%F {(x,1)|-e<x<eCU=*ix
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% (0,2) 7 open neighborhood V, % % & € >0 & # {(x,2) | —€' <x<€}CV. 7
e UNV#0 (%2 Question 3.26), ~ %‘L{?fu Y/~ % %_Hausdorff space. iz B
B+ 2 deig — B topological space 82 & Hausdorff @ # quotient space 3 # it 7

®_ Hausdorff.

.ﬂ}

Question 3.26. % Example 3.3.7 (2) ¥

(x,1)eUNV.

¢ = minfe,€’}. FHRP E 0 < x < g B

% — & topological space #_compact £ % Hausdorff, i{ 5 #p § & % DL, 710812
ApgFu kFHie- AR, 2w Proposition 3.2.17 i frig § X #_ compact B, X
#r5 1 closed subset JF"? ¥_compact subset. — 4k KIF w § 45 4 jj-‘}u{;“su X &7 compact
subset & & #_closed. # i#8% X * &_Hausdorfl, /¥ & Proposition 3.2.22 e p # 2\ s
Frig X ¢ compact subset ¢ &_ closed. LE,T&{— i# compact ¥ 3 Hausdorff 7 topological
space € F F ABDEE hI & R F] AP Full BT

Proposition 3.3.8. & X & - B compact topological space ® 5 Hausdorff space. B

S CX % X & closed subset &2 v S 5 X &0 compact subspace.

Proposition 3.3.8 e i & g * Ij%{? m ¥ f25 B topological spaces 2. B E_E
% Homeomorphic. £ k- T, § X,Y % topological spaces, & X, Y B3 — - - ¥ pt
T ik f: X > Y, ¥ 3 %4 f ¥ - B homeomorphism. & & %% f ¥ open map
(LEG feor Sl oY S X o) 47 2B T kR, hRELS

Theorem 3.3.9. H3X X,Y % topological space 2 » X % compact space £ Y % Hausdorff
space. & f:X oY - - 2 paagug f ol B f £- B homeomorphism.

Proof. & P& #FP f:X - Y &_open map. ~ ,T‘u{;”h, ZP Uopenin X, X P& M f(U)
# openinY. § £/A R, F]& f & _continuous ¥ X #_compact, #xd f & onto 4r f(X) =Y
&_compact. ¥ ¢ f & - $- F#d Y ¥ Hausdorflf ¥ ¥ X 7= 5= Hausdorff. # 3 2., s 232
g k4 FAP XY % 5 compact ¥ % Hausdorff. F]pt #4 i ¥ 12 2 % Proposition 3.3.8.
JEP X ¥ chopen set U d 3 X\ U #_closed #& ¢ Proposition 3.3.8 7= X \ U
4_compact. » F|pd f & continuous ¥ f(X\ U) € Y *® 1 compact subset. £ d
Proposition 3.3.8 # f(X\ U) 4_Y ¢ closed subset. & {& £ fl* f & - %- 2 p 3@
fX\U)=fX)\f(U) =Y\ f(U) £ F1& % closed # 4 f(U) &_Y 7 open subset. ¥
I, O

# 4 & Hausdorff space ® &7 compact subset € &_closed szl ¢ A pEEp 7 $#ix g o
compact subset C 122 x¢ C € 75 e opensets UV % CCU M2 xeV @#@EF UNV =0,
ARG P gk, AP ERET 0

Lemma 3.3.10. #33& X &_ Hausdorff topological space * C &_X €1 compact subset. %
x€X\C, Bl 5 té 7 C e open set U 123 x & open neighborhood V % X_U NV = 0.
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Question 3.27. #F#M Lemma 3.3.10, ¥ it 2P C £_closed.

A % compact (OREL PF, AP 4 % 7 locally compact %4 (Definition 3.2.19). & 1
T& A S RA A e R metric space ® 1 locally compact GhE & (THER aeX &
% a 1 open neighborhood V 11 2 compact subset C & &_V C C) 5. ¥ § t i& Definition
3219 2 &, AP R REL G U=X D), {7 @3 ERHV U2 C. €7 AFREFD
1 & § %% & Hausdorff 025, 128 2 & £- . is frﬂi.mkg’mm BEE.

Proposition 3.3.11. 3k X &_ Hausdorff topological space, B] X &_locally compact & *

PEEHIER ae X, ¥ 5t a 7 open neighborhood V 11 % compact subset C % X_V CC.

Proof. A P& FHP ¥ TR ae€ X, ¥ % A a 7 open neighborhood V 12 2 compact
subset C & &V C C, P] X &_locally compact. 7~ & & ! % iZ &, a " open neighborhood
U, ¥ ¥ 45 | a 5 open neighborhood U’ 2 32 compact subset C' 8 &_ U’ CC' C U.

APERERDEZTLL U =UNV 12 C =cl(U). B U ™% a & open
neighborhood. @ U’ €V C C, ~ %] C &_closed (Question 3.27), i C’ =cl(U’) CC * 3
compact (Proposition 3.2.17). 2 i C' CU A& &=, FIpPrAPEL Eye2R U L) - B,
MEE R C = cl(U') C U.

T bd(U) =c(U)\U', d 3 acelU & ag¢bd(U). £+t C' =cl(U’) & compact,
t#x=d bd(U’) . # closed subset # 4 bd(U’) 7= 7 compact. #=d Lemma 3.3.10 435 & V’
&_a 7 open neighborhood 1 %2 open set W & & bd(U') CW 2 V' NW =0. L& " PF
A(V)NbA(U’) = 0. H8_F13 V/ CX\W 2 X\W _closed, & @ cl(V') € X\W C X\bd(U").
WL U =V NnU,

c(U")=cl(V'nU) Ccl(V)Ncl(U") =cl(V)n (bd(U") v U") =c(V)UU CU’.
#< 8 U” 4_a 1 open neighborhood /% & U” C cl(U”) C U, ® cl(U”) #_compact (F1& %

closed subset of C). o

Question 3.28. & X #_Hausdorfl topological space. :##% M X ¥_locally compact & *
FEE ¥ IZR aeX, ¥ 5 & a ¢ open neighborhood V # # cl(V) 4_ compact.

Exercise

Excecise 3.1. %M topological space X %_disconnected % ¥ v 5 % £33 X g2ty &

#E S wES 4o §¢ A_separated.

Excecise 3.2. ¥4 g # R 1 standard topology. % g1 F % & I = [0,00), Iy = (—0,0),
Ji = [V2,0), Jy = (~c0, V2).
(1)
(2)

.QW},

S1=QnhL,S2=Qnh. #FRP 51,59 #_F 5 seperated.
T1=QNJ;, To=QnNJy. :3#HM T1,To £ F 5 seperated.

AN
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Excecise 3.3. ¥ jg 7 ®#i Q } ¢ topology % R ¢ standard topology 2. T 1 subspace
topology. 3%k X % connected topological space. # M % f: X —» Q % continuous function,

B f % constant function. (7 & Q # &_discrete, #7)4 7 it E ¥ £ * Proposition 3.1.9)

connected. BEX f: X —->YUZ

B

Excecise 3.4. B#* X,Y,Z % topological spaces # # X
% continuous. P either f(X) C Y or f(X) C Z.

Excecise 3.5. 3% X 5 disconnected topological space. #H P 5 2t % 40 topological
spaces ¥,Z # ¥ X 4v YU Z % homeomorphic.

Excecise 3.6. % X % topological space * §1,59,...,8,,... & X ® ¢ connected sub-
sets. B SiNSip1#0,VieN, ZPF UianS: 4 X 7 connected subset.

Excecise 3.7. 3% X &_locally connected topological space, — £k k3 X eizb5 3+ & A
&_locally connected. ¥4 g R ® ¢ standard topology * Q & * H subspace topology. &3
M Q #_% % locally connected.

Excecise 3.8. 3k X 5 topological space ¥ § #_X #— i nontrivial open set. % g S

+ X s subspace topology.
(1) B3k UCS. ##_pP U 4_S - i connected open set & ¥ v&EE U &_X eh- B
connected open set.
(2) B X 4_locally connected. 7 S 7= & locally connected.
(3) B3k X #_locally connected. Z#M S ¥ B = - # X ¥ 3 % 45 % 1 connected open
sets DB TP o RN B E A rE- o,
Excecise 3.9. #3#.# locally connected #_F & - B4 2.
Excecise 3.10. % X #_connected topological space ¥ f: X - R 2@t d#cH @ R i@
* standard topology. B 3 % x,x € X & & f(x) >0, f(X) <0. M &5 aecX ik
fla)=0.
Excecise 3.11. % X &_topological space. ##H M F ¥ iz md X ¥ - & closed set

#r4e 2 ¥ 3 finite intersection property e & F ¥ % & (per F # 0, Bl X & compact

topological space.

Excecise 3.12. :#4 % B topological spaces X, Y. 27 X &_connected £ % #_compact;

@m Y ¥_compact & % ¥_connected.
Excecise 3.13. B#* X,Y % topological spaces 2 ¥ X % compact, Y 3 metric space.
X f:X->Y i3 #HY 5 one-to-one and onto.

(1) & Cc X #_closed, &P f(C) <Y 4_bounded.

(2) # WCX ®E f(W)CY E_closed, %P W &_compact.
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Excecise 3.14. 3% X 5 topological space ®* %4 & R &1 standard topology. #H M %
f:X —> R &_continuous, * § #_X &1 connected ¥ compact subset, P 3 % a,be S ¢ 1¥

f(8) = [f(a). f(b)].

Excecise 3.15. 3% X % compact topological space * % Hausdorff. 3% S C X. P S

%_compact %= F r&EE S %_closed.



Chapter 4

Homotopy Theory

e - R B4, APEHE AL - e d. B2 AP Y 549 * homeomorphic &
PRA MR T B AN, SR AMERARHESFAPRL S RO F S -
B, 2 G RFRROSETS w1 NI G A F 5 d2. Homotopy (4, . ¥4r
%‘lq_F'“F ffé?m&\ N AGBAKL T, APT R ESirE T FHRT - B group
(¥). = gl R ek iF X*J“;%Lgﬁhah_aﬁ;? Y enB %, T]% 30 in bk e
EIES SRR 7&‘6—’\ FERRE =720 -

4.1. Homotopy of Paths

Yook

BANPAL - BipE Z F Y 0 paths (B/Z) 2 B 9 homotopy %4 . F % j€_path
FRF E RS TILfE homotopy HEL, FF X FRET, T- @R PT €15 - SfpfE R
BF ¢ s 4§ S e homotopy.

% %~ 1 topological space X, *i#} — 1 X t ¢ path 45 m,i)u_f;\_ BaFado: - X,
] E[0,1] xRFwRF (i%é:‘“ﬂ’“?“* I 27 &BPF®RE) 2H P adpfEd B R 5
standard topology 7 subspace topology.

Question 4.1. B3k X 5 topological space * xg € X. & T & {xo} €.F ¥ 4L 5 X } e path

v ?

FHofehd R g Fpath § BB, P REF oA X P eéhpath @ £ 701> X
. - 2t), 0<r<1/2; )

X b % %3 _J ol o Ra BT F X H o
5 X Y epath 2 2& 5 7(r) {0_(1)’ 12<r<1. Lo, A BT X R
e, 7 i@ﬁ;path (Bfr) b B ok, viPaL B2 % (R 7y wmE D). A Ap
18 % path & %, F)' 3 2T K.

Definition 4.1.1. &% X % topological space ® o,7 5 X } epaths. 3 g IXI 5 I
4v I ¢ product space, % te— B F I8 F:Ix] > X, %5 F(s,0) =0(s),F(s,1) =7(s),
Vs el PRIV o, & homotopic, £ % o =1 k& 7. o Sl F Lz 5 o7 2 F b

homotopy function.
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AR, FAPHEET- B roel, EFY R F(s): I - X, T& 5 Fy(s) = F(s,10), Vs e
Fry - BT 3] X o 3§ Sofie, #72 € X } 0 path. F]* o v v 4_homotopic ,T*u%
T, AT S - e R E” chpaths Fy, 8 Fo=0 “%37 2 Fr=17. £{ 57>
fden, § FilxI—>X Ldd ol HEL el MPHY Fy ka7 Fsio) &8t X
_+ & path.

v

Example 4.1.2. ¥ & S! = {(cosf,sinf) : 0 < 6 < 27} % R? ¢ standard topology
2. F ¢h subspace. 4 o,7 & S! 1} ¢hpaths, 2 ¢ o(f) = (cos(tn),sin(tr)), & 1(t) =

(cos(—tn),sin(-tn)), Vtel. ¥
G(s,t) = (1—-t)o(s)+1t7(s), YV (s, 1) eI X1

522 G(5.0) = o(s), G(s.1) = 7(s), # BA 7 & Fr 3w S' + £ oo L homotopic. i
LG Glst) 23 LI X 7] ST e (A REF 0<10 <1/2 FF Gy(s) = G(s,10)
# H_S! ehpath). % %% G(s,0) AR5 IX] 3| R* ehandie, F15 v L@ e, AP 7
0,7 & R? £_homotopic.

2EEF oot &S 7% homotopic. & P iE- B AP RS T - BE_IXI]
ISt g adk AP YR

F(s,t) = (cos((1 — 2t)sm),sin((1 — 2t)sm)), ¥ (s,1) € [ X I.

d3 FiIxl— S s IxIF) ST e i &dic? Fo(s) = o(s), Fi(s) =1(s). A ipdr o,

& S' 1} x£ % homotopic.

Question 4.2. & Example 4.1.2 # 0 F(s,1), et =1/2 BF Fypp £ % S1 1 wi— { path?
BREWRP F F4cmd-o 8953 1.
Question 4.3. B3k X % topological space, ¥ o & X _t & path.
- _ o(2t), 0<t<1/2 ... b
W = { T 05 EYY e e x e o
(2) B F:IxI»>X T f ok Fo=—o, #EP X P HEdnel ¥ o=~F,.

- KGR, RP A B path & homotopic # i & 2 4 11 2. B ¢h homotopy function.
d ** homotopy function & f Z:f e, F]t B Flb, Aed 4 § 1 2 F S ehé
R e Rt = s pia R i‘céﬁ_. Fobgw e 2 i 8- Ix] B - & closed sets 8 &
R1s izt closed set F T &AM Sofi, 7 B R RS E BB A Fad - R, ,T*‘JP" A
* Gluing Lemma 8 3| %3 t I X I #%d 5 S, 347 ¥ A& Proposition 1.4.4 AJZ open sets
B iR, @ -8 2 closed sets B B iR F iy 42 (Question 1.12). F1 5 B = closed
sets B f e, K-k & homotopy function FH 3R AL 3 AL A PR

.

Lemma 4.1.3 (Gluing Lemma). #3® X & topological space * X1,Xo % X ¢ closed

subsets % E_X1 UXo =X. 3K Y % topological space * X1,Xo @& % X &0 subspace topology,
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BE fi: X1 oV, fo:Xo—o Y ¥ 5 continuous * fi(x) = fo(x), VxeXiNXe. £ f:X>Y

- fl(x), X EXl,‘
f(X) B { fg(x), X € XQ.

Rl f &_ continuous function.

¥t X e path X * homotopic k 4 #f, 78 ¥ J&3% 4_ equivalence relation 4 ¢ 4%

ik #g, T - B FILL 2R P homotopic FEF F4F A 5F,

Proposition 4.1.4. 3% X .- B topological space, homotopy relation ~ £_X } 7 paths

- B equivalence relation.

Proof. # £#M $EZ R X t chpatho, ¥F o~o. T g F(s,t) =0(s),Vtel »pFF
F& i IxI ] X &1 continuous function * Fop = F| = 0, &% ~ &_reflexive.

BE o=21, T3 F IX]I>X ;3 §38E L Fy=0,F =1 % G(s,1) =
F(s,1—1), ** P G » #_IxI | X 1 continuous function * G(s5,0) = F(s,1) =Fy =1

G(s,1) = F(a,0) - Fy =0, ##® =0, T ~ £ symmetric.

o

RsAPREP E o172 72y, o=y =+ ﬁk{;ﬁa—f{? FG %3 IxI 3 X e
continuous function * Fo =0, F1 =7, Gy =717,G1 =y, A PEPH I H:IxI > X &
continuous £ % & Hy=o0, Hi =vy. 4

<t<
H(s.1) :{ giigi)— 0, 2/_2 oy Z?
F 5% B [0,1/2], [1/2,1] % % I ¢ closed subset, Fl Ix[0,1/2], Ix [1/2,1] % 5 Ix1 h
closed subset. d ** (I'x[0,1/2])N(Ix[1/2,1]) =Ix{1/2} 112 F(s,1) =G(s,0) =0, f]*
Gluing Lemma (4.1.3) 2 1% H ¥ § Sdc, * W& Hy=o0,H =y. ##{® o=y, 7*F

~ §_transitive. O

i fr 2 B X ¢ path 2 @ o9 homotopy relation ¥ - i equivalence relation &_{%4F
E, RN ﬂ“i&:? 32 paths ;%%E' homotopy relation & & #g. F ,T}u{?fu o, T BEE, &7
oxT. T - &N E T — i homotopic FREL R BARHE T B2 B enid f S0ofes 4, i
AHIEE L RL T - BATOAS S 2. AR B A H- BipE 2 B dhpaths kA
AB T, PR S A BRI A L T A PR - BRSO RGRPY .

BAAPZRHWE L xo € X, constant function c(f) = xo, Ve € I £~ B I F| X 1
B Sl TR T A, - BEY X Feopath. IE o 2 X Fepath ¥ W iE xg, T
Ftgel 1 o(ty) =x0. YR F(s,t) =o(tto+s(1—1)), V(s,0) e Ix1. d 3 F §_
TxI 3 X e ff S0d? & E_Fo(s) =o0(s) £ Fi(s) =o0(tg) =x0. 2 PED o el
- 2L xo Z_homotopic. # 3 2, Azt A > N2 T T path Efcf + iz - LI
# . £ % homotopy relation € - i equivalence relation, =% B xg,yp 4o% ¥ 12 * —
i patho 2%, d 3 xgx0 ¥ o=y, APEFI xg =y » ,ka‘i;ru homotopy relation %
Fo#-paths 48, T 7 F A4 X P enghiis g, D& 5 BF U % path @i, 5 g@;jﬁgﬁ
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B e AL T RGBT PR I H S X - B path component. £ A - =, B
- B path component ¢ B 4 F path i % F 2., 3 F path component mfg‘bi‘k% PES
* path 4pid. { 5 ¥ %, B - B path component } 5 path ‘,&’K{homotopic; A % F path
component 7 path ,T* 7r ¢ homotopic. + F|*, &%t X } ¢ path * homotopy relation
k3 2T #7A5 A e equivalence class ,T*wfr X 1t ¢ path component § — $f- ¥ pr = cO¥t i
B BodF ﬁv'r%;Ri&L{X # 3 - B path component, &4 5 M T T K.

Definition 4.1.5. B3 X &_topological space * ¥ Z & a,be X ¥ 5 f— B path o /& &
o(0) = a, o(1) = b, BIF X &_path connected space.

Question 4.4. X = {a,b} ¥ ¥ J& indiscrete topology ¥ % % path connected? ¥ =[] S!
A 5 R? standard topology 7 subspace #_% % path connected?

X &_path connected space ,Tfu{a‘ﬂ EL XA ,i‘—Z‘!;‘I‘SE Ay P X Foenpath #-2 i@ A
p #X € B path connected #_F % connected ¥¢7 ¥ k& HF 2, A 0T e

Proposition 4.1.6. & X &_ path connected topological space, P] X &_ connected.

Proof. 22 * & 2+, Bk X &_disconnected. % 77 5 & X 2L %5 open set U,V & &
UuV=X2*2UNV=0.3Rd>>UVZT &30aclUZr beV. 4 X E_path connected,
Aprzrdfaolico: I >XHEo0)=a,0(1)=b RY K o (U),c7(V), d % o £
B, AP oY (U),oc7 (V) 5 I+ ehopenset ® 2% (F15 0eoc(U),1eo1(V)),
o

cHU)urt(V)=ct(UuV)=1, s U)ne (V)= (UnV)=0.

¥ I =10,1] & connected (Proposition 3.1.21) 484 5, # ¥ # X &_connected. O

£ 7+ R Proposition 4.1.6 e7F & % — T >, 4 ,Th{;’fu connected space & = §_ path
connected. b|4o# i 5 4 5 i 9 “topologist’s sine curve”. # i % i T 4_ connected,
% &_locally connected. ¥ % + v~ # &_path connected. 3 #2457 11 53 - Sir
T RN, R arﬂ,j.}uz FiEh .

3 #iP#-— B topological space 4 #f = - i % path component {&, % —  path com-
ponent ¥ Jg = subspace { i € #_path connected. #* path connected space d *t i *
homotopy relation X3 & & 7 (F1 5 et 2 & ¢ #75 &2 path ¥ homotopic), #7123 F
L L wmehe 5

% oot X tehpaths ¥ o(1) =7(0) (7 o i BRAENS I 17iE BRI A28 M
El’—‘*:*\lfufl “"’L'"‘lz;%—& B i L,_“j”i\j\ ..L\,[Jael‘ TxT & path kﬁﬁ

_J o(2), 0<t<1/2

o *7(t) { T(2-1), 1/2<t<1.
F 4 4] * Question 1.12, ox7 - BT 7| X g F S e, MARIEXRT, % o/, 7 3
X ¢ ehpath & oc~o', =7, B o'(1) 2 %3 7( ,»ﬁ&{aua,r’%'%?,"l
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“@7” 4= k. F] &% homotopy relation 4 #F 2. T, -7 B path “id” 42 Kz B H T A H_
well-defined. & SUPRiE B R AR, AP FRAP L 73 2 L 4o fefe- B APV LT ES
B path 0,0’ & F# 7 & & homotopic :B& £ 4¢ } IF“:’L%Q iple, By M BEER MERE i*u
L R4S ARF S F IXI > X B Fo=0,F1=0 *, #& ¢(0) =0'(0) ™
2 0(l) =0'(1). oA $i2 e R340 b4 & hi 455 B path chR 3E, v 25 §
< % . Bl4e fe path connected space, =7 B path ¥ & § - e gh{o— ¥t E‘L%&g oy
. otk 8, ¥ A0t 2 B b paths RABE e b BER A SE M © L AT AR e BT
= ¢ equivalence classes ¥ & fc X } % 8L g, b € X frie A k¥t (a,b) A5 - - T g
S g IR G, HA P AT
% Question 4.3 A P Fif § o ~ 71 FF, 0,7 2 & 9 homotopy function F & iE - 15 €I, #7
¥_ehpath Fyy, % fv o fv 7 5 homotopic. #711 figf@ATea > 2 AP 3 R & o ~r1,
0'(0) =71(0) 12 o(1) =71(1), 2 PR L& & 0,7 2 F ¢ homotopy function F : I X[ — X 7
HE_F0,0)=0(0)=7(0) 2 F(1,1) =0(1) =1(1),Vtel. = T}UQ“:“L hoo % 1 i RiE
AR SEE S S T,R—:f?% B, i 1‘ XA G PR SR YR f“’”’ sk kg,
AT A, RAPG T - g0 BRI, A NT IR

K%
= .

Definition 4.1.7. 3% X % topological space * o,7 % X _} ¢ paths % & o(0) = 7(0)
Pol)=7(1). FEr - BREIBEF:IXI]I > X, &5 F(s,0) = o(s),F(s, 1) = 7(s),
Vsel 2 F(0,1) = 0(0), F(1,t) = (1), Yt € I. R3¢ rFHﬁ;- o, 7 A_ homotopic with end
points fived, 2 * o ~py T K& w. @ S#c F 2 i oo, 2 F 5 homotopy function with
end points fized.

Example 4.1.8. % Example 4.1.2 ¥ &t 7 ¥ 5 ot 2 R? } ¢ paths, ¢ o(t) =
(cos(tn),sin(tr)), £ 7(t) = (cos(—tn),sin(-tn)),Vtel ® ¥ &

G(s,t) = (1—-1t)o(s)+r(s), YV (s, 1) eI X1

72 R G(s,0) = o(s), G(s 1) =1(s), &7 3 G(0,1) =0c(0) =7(0) £ G(1,1) =0(1) =
(1), Ytel. #tr2 G #_o,1 2 F 7 homotopy function ¥ i3 =487 7. #712 A 9 e R?
¥ oo =01} T

A 4 Example 4.1.2 ¢ 2 # o, 7 5 H =F] S! } dhpaths. 2 F - BaS + o7
Z_ ¥ e1n homotopy function,

F(s,t) = (cos((1 — 2t)sm),sin((1 — 2t)sm)), ¥ (s,1) € [ X I.

B2 2% F(0, t):o'() eg r#1p% F(1,1) = (cos(l — 2t)m,sin(1 — ) ) # o (1), b'L'r"lFﬁ"AZ
LA TAE o7 2 & ST+ b homotopy function. FF F 1278 2 i ¢ oif 1o

e v E_% ¥ i homotopic with end points fixed.

P& 0 b3 A aeiE % F 28 Beh homotopy relation kA %7, ¥ #-R2 o S R AP
k, B8 £v kL Uy AL & equivalence relation 4 7. < ®F " p {78 % . Proposition
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4.1.4 ez P ¢ 1 homotopy function % =48 F 7, {8 X #7 T homotopy function 13
B EAME T T >0 » € - B equivalence relation. iTALE P :j‘ﬁ.’éf LE I

Proposition 4.1.9. B3k X ¥ - B topological space, 7] % 211 homotopy relation =~ 1,

HA_X ¥ ehpaths ch— 1 equivalence relation.

B fg AP w Pl#-a B path @ BenfP 48, BXK o,7 5 X } ¢ paths ¥ o(1) = 7(0), 4
T_1 - BATe path o+ 7 % 0,7 @4k, 7
rert)={ 750 ?fz et
BE 0,7 5 X Yehpaths B E o> 07 F T T, B 2 0/(1) =0(1) =7(0) =
7(0), AP F AT UG ol RAEDRFEE, T oxTt g0 x 77 4 if*u—«‘?\;h%’ F.G ~»
WA o I o ME 1 3] 7 &7 homotopy function with end points fixed, 2% i &t & 2 H 1 id
Fo¥H:IXI—> X, & ox*1 ¥ 0 7 ¢ homotopy function with end points fixed?

o (2s.1) /
F(2s,1), 0<s<1/2
H(s.1) = { G(2s-1,1), 1/2<s<1.
d 3 H {@%‘\Zvﬁtf Hy=FyxGy =017, H = F1 %G, =0 7, &Py H A
t X } ox1 F| 0 %7 ¢ homotopy function. * ¥ & re I, H,7) = F(0,1) = o(0),
H(1, ) = G(1,1) = 7(1), 2 7 # H &_ homotopy function with end points fixed, #x 4w

oET o kT NPEEP T T gL

Proposition 4.1.10. & o,7 5 topological space X * 1 paths ¥ o(1) =71(0). & o/, 7

X _'rﬁpaths f%&o‘ﬁ{o’l} o * T (0,1} 7, B O *T =1 o’ =7

Proposition 4.1.10 ® e« 45 %% 7 A X + — & paths 2 B 8. 2 B A HFH v
TR ﬁﬂfjﬁliﬁ 3 % & & (associativity), ¥ F + & 0,7,y % X } e paths ;?& _o(1) =7(0)
2 or(1) =y(0), Y R

o(3%) 0<s<(t+1)/4
F(s,t) =3 t(4s tl, (t+1)/4<s<(1+2)/4
y(3552), (t+2)/4<s<1.

ST s
Lemma 4.1.11. B3k 0,7,y & topological space X * 0 paths % & o(1) =7(0) & 7(1) =
y(0). Bl (o *7) %y =01, 0% (T*7y).

Question 4.5. B3k 0,7,y % ¥ Lemma 4.1.11 i3k, A B BT (ox7)*y ME o*(Tx7y)
2. E&. T ik FEP Lemma 4.1.11.

Question 4.6. B3k o 4_topological space X } ¢ path. £ o0(0) =a ¥ ¢ % constant
path ¢(t) =a, Yt e L

(1) #F#EP cxo o0
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(2) #3537 - B patht B ox7=c.
(3) #4 l pathy & & o xy =1 0.

7 7 Lemma 4.1.11 12 2 Question 4.6, 34 P 7 145 3| X ¥ - &3 % 0 paths # F T
& homotopic with end points fixed & 4 5T 25 = — & group. B * ie— B, NP € &

4 % fundamental group PFf 33,
4.2. Homotopy of Functions

- BIFELTREF X P hpath B9 275 BIpfE LR, T 12 X 2 o f S, i2- &9 A
#- paths z_ f¥ 7 homotopic 24, &£ & F|:d 4 S B2 & ¢ homotopic ¥£4 , & FitipE 5
¥ & homotopic #£4 .

LA LR XY, AN TEMX Y il 4 30 B ¢ homotopic.

Definition 4.2.1. 3% X,Y % topological space. % g X ¥| Y e i S f,g: X > Y.
FAEF XXI->Y 535 38 (24 XxI 5 X, I e product space), i& & F(x,0) =
f(x),F(x,1) = g(x),VxeX, RIF f.g = homotopiciz s f~g T H F % f,g 0 homotopy

function.

AR, FAPRAET- B el PELYR Fr, X>Y, ©&5 Fi(x) = F(x,1), YxeX.
Fr, 8- BAX 7Y s 3. 7] f v g € homotopic )’I*u%\ﬁ‘, AT U - B
FR o F, K Fo=f“S#%” 3 F1=g ¥k}t -FdnFRsissii >4
B, % F:XxI->Y #:od 323 nel, 3 IP“‘FE’” Fi, %% 7 F(x, 1) & B _X 3|
Y g S
Example 4.2.2. 3K Y £ R" ch- i convex subset, ¥ Z & a,beY ¥ F tat+(l-t)beY,
Viel pEgziafadicfX>Y, N2 HILE-ByeY, TR

F(x,t) =tyo+ (1 -1)f(x), VY(xt)eXxI

d 3t F £ 308k B & Fo(x) = F(x,0) = f(x) Mm% Fi(x) =F(x,1) =yp, Yxe X, 0
T f(x) 2cyy, B ¢y X =Y, - Bis & ¢y, (x) =yo, ¥x €X & constant function.

Example 4.2.2 ¢ thfp ¥ 2 B Y £ uladp 2 &, v 8 K475 pot o] v g o 90ofic
¥t € fr constant function &_homotopic. # %, § X =Y, f &_identity function (
f —idy), A4 idy =y, A PELHSAIEE TR - B

Definition 4.2.3. 3% X ¥ - B 5 . 275 &— % constant function ¢ : X — X /& &_
idy ~ ¢, RIF X 5 contractible space.

Example 4.2.2 £ 32 f* R" ¢ 1 convex sets ' 5 contractible. #-% st im0 ¢ p §!
¢ #_contractible.

B Y

Question 4.7. #F# P iz . indiscrete topological space ¥ % contractible space.
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Question 4.8. E3& X &_discrete topological space. P % f: X — X Fid 4§ S8k &
f=idx, B] f =idy. &P, F discrete space X 3 7 B v F, Bl X 7§ A

contractible.

%t — & Proposition 4.1.4 # | 2 i 4rig path 2. & <9 homotopy relation £ - B equiv-
alence relation. iF¥>t @ § S Bk s 1 Fren. d 20 F P {r Proposition 4.1.4 4p ke, 34 i
,T*'uﬂ LEP .

Proposition 4.2.4. 3% X,Y i topological space. B X ¥| Y 2_ B e 4§ & e homotopy

relation € - B equivalence relation.

APRieig, F A BEF ST e S B A A Sk F Sk AR S

#ic, % homotopy equivalence 2. & & F 7 1M i%4F?7 1T I L AP E XA ¥ 2.
Proposition 4.2.5. B& fo,fi : X > Y, go,g1: Y > Z ¥ i S8 B fH = fl,
go=g1- Rl goofo=giofi.

Proof. £ F:XXI—>Y,G:YXI—>Z » %55 f1,fa 1% g1,g9 77 homotopy function, =
FGéildF 2w Fo=fo,Fi=fi "% Go=g0,G1=g1. RY g H: XxI>Z 2 2%
% H(x,t) =G(F(x,1),1), Y (x,1) € X X I. p*p*
H(x,0) = G(F(x,0),0) = G(fo(x),0) = go(fo(x)),

B2 H(x,1) =g1(fi(x)), £ 4}t H 5 continuous, # P& T 7 goo fo~g10fi. o

Fulk, ¥ Y & contractible, F]7% & Y } &0 constant function ¢ : Y — Y % &_idy =~ ¢,
txd Proposition 4.2.5 #v, iz & X I| Y e ok [ X > Y, ¥ 3

f:idyof:cof,

d3 cof:X—>Y &~ B X ¥ Y ¢ constant function, #\ i {FZ 1 T g L,

Corollary 4.2.6. B3& X,Y 5 topological spaces, 2 ¥ Y % contractible. P|¥tix R i 5 &

B f: XV, ¥ 50— B X I Y 7 constant function ¢ & 1 f~c.

Question 4.9. ¢ Corollary 4.2.6 enzEm ¢ § 27 m 4w 5 - B X | Y & constant
function ¢ ® FHEZ LR F I8 [ X >V, ¥F f=c #F% 5§ Y & contractible space,

FUP T R, constant function ¢ : Y = ¥V ¥ % & ¢ ~idy.

Question 4.10. #F# P & X % contractible space f] X % path connected.

% X,Y &_topological spaces, & i * [X,Y] k&7 4l * X ¥| Y 2 FF el § S feeh

homotopy relation % & #f2_ {5, #7{¥ ¢ equivalence classes. & #Fw;1 3, d 3 X ] Y e
A Y Pl X cndn e d 3 B2 ApRE cnE &) [X, Y] A ET (Y X].

Question 4.11. B3X Y &_topological space, #FE M 11T % i o
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(1) Y is contractible.
(2) [v,Y] &% - BAE.
(3) HERAFELIF X FRHL[XY] ©F - BA%.

Bofs P — T A T o path R, 4 B AT 0228 B B ¥ 46 RUB F 49 homo-
topy equivalence, = 7&{%‘%@ Fo B AR ] W Sk, AP T
Definition 4.1.7 e i .

Definition 4.2.7. B3& X,Y % topological spaces. % %X 71— B subset A, BE& f,g:
X->V i@ Fadks® f(a)=gla)VaeA F5h- BaFadcF: XX oY, %E
F(x,0) = f(x),F(x,1) = g(x),Vxe X 12 F(a,t) = f(a) = gla), Vaec At e I. P3NP H
f.& &_ homotopic with A fived, = * f~pg k4. @ ¥ F 2 5 f,g 2 B homotopy
function with A fized.

frsp B F - e, 24 » § £- B equivalence relation, %] 4 32 040 Tj};% P

Proposition 4.2.8. B3& X,Y % topological spaces T A 5 X ¢ subset. B] ~4 & X 3| Y

g i Sz B eh— B equivalence relation.

Question 4.12. § A =0 B, =, ¢ 4§ #&c equivalence relation?

4.3. Homotopy Equivalence of Spaces

WA AP S BT A2 P AT F - B homeomorphism & 2| 2 v 7 T F #f
= ERR, M *?*Hgﬁ B R TR - &9 AP ol
homotopy SEAL AN, B AN TR BIEE TRl oK ESETHE 5 0. bdorr

7 RIIR m@-ﬁimﬁt’w fF 5 - # (%15 R 4 contractible). i&— & ¢, 5 #at Fipfh
PEAHIF T B LT - BRTA S 2.

B XY S4pHEZR, A f:X oY il 5 r‘:@ﬁi&ﬁxg (Y - X % &
gof=idy M2 fog=idy, ¥ § ¥ g(x) “# i f(x) hrF S 1~ F fx) 8- $-

® P e, homotopy 1k A ki, g(x) § v f(x) F @Ml B A g 1 e

Definition 4.3.1. & X,V Z4p# 2 F, Arfdfodlic f: X > Y 2 - B homotopy
equivalence function 4% % i 3Bk g: Y > X B X gof~idy M3 fog=~idy. fp
A52. T ANPH XY & homotopy equivalent £ * X =Y k4 %,

Question 4.13. B3 A ¢ 7 B 5 homeomorphic ¥ % v i ¢ homotopy equivalent?

Question 4.14. & X,Y &_topological spaces ¥ Y #_contractible. :#ZE M X ~Y &
v £ X #_contractible.
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Question 4.15. ¥ & X = R? \ {(0,0)} % R2 & standard topology 2. F &1 subspace. ¥ Jg
BF S X oS! vE L

flxy) = .

—(x,Y),
VX2 +y2

FEM f % homotopy equivalence function.

Y (x,y) € X.

%% % 5 1, homotopy equivalent ~ ¥ 4z # 7 & ¢ ¢ equivalence relation. ¥ § + $i=
% £ topological space X, & % 3 idy ¥~ % X ¥| X ¢ homotopy equivalence function,
Al X > X T E XY, A a e Sl f X5V MR gV > X % & gof=~idy,
fog=~idy. » ﬁ%{;m g:Y > X &Y ¥ X ¢ homotopy equivalence function, #712 Y ~ X.
BisE XY ® Y=Z & f:X>Y, h:Y—>Z %% 52 homotopy equivalence functions *
g: Yo X 1:Z->Y BhE gof=~idy, fog=idy, loh=~idy, hol~idy,  PFd Proposition
425 2%

(hof)o(gol)=ho(fog)ol~hoidyol=hol=~idy.

12w 8 (gol)o(hof) ~idy. ™% hof:X — Z &_X ¥| Z ¢ homotopy equivalence

function, ## X = Z. Flpt AP35 T g%k,

Proposition 4.3.2. # 3% topological spaces, homotopy equivalent ~ &_— B equivalence

relation.

E1E, - B Y S #cfe identity & homotopic ¥ 7 % 7 v - - ¥ p A B
4 & contractible space ® identity ,Tk’fr constant function %_ homotopic. %]}, % ' i
# f: X > Y - B homotopy equivalence function, i % % 57 T ¥ - #—- & pr = e, JE_
T AR K IpHE S B * homotopic k & zﬁgi&;»b * homeomorphic % 4 #F# F Bte.
4r# X, Y ¥ 5 indiscrete topological space, & F % e & B, Bl XY 7 7 iy § &
homeomorphic ® £_%] 5 T %’K{contractible space (Question 4.7), txd Question 4.14 v
X,Y % homotopic equivalent. 7 # ¥ — > & homotopic equivalent * 7 € ~ £t4g, T - B
¥ AL 772V discrete spaces 3§ F 4P e~ % B #c4 € homotopic equivalent.

Question 4.16. X X,Y % discrete topological space ¥ A4 W3 m,n B ~ 4. F#EP

XY F2v8E m=n.

YURAR,APRE f: X > Y ¥ - B homotopy equivalence function fr‘uJ» VYR
I g: Y > X FERE gof~idy M2 fog=idy, ¥H £ H# gof ~idy (&
fog=~idy) .7 33en. 4§ Y E_contractible TR @ FIfc f X >V ME g: ¥V > X,
EN f]’“]é.’ﬁ*ﬁ fog=~idy (% " /A&7), @& % X % & contractible, ]2 ¥ it § 7 X =Y (%2
Question 4.14), » )T‘u{;ru gof # ¥ it fridy 4_homotopic. * EF ¥ F I B f: X > Y,
G ofcgh: Y o X AuEE gof~idy W% foh=idy, RIAPTHRE g=h (f1*
Proposition 4.2.5), F]yt g pFiv ¥ g 2_ f % homotopy equivalence function.

Question 4.17. BX f: X > Y i@l * ThdF ol gh: Y > X & 8%
gof~idy M2 foh=~idy. ##M f 5 homotopy equivalence function.
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wom AP E 4R 7 B o0 connected, compact ™ 2 Hausdorff 2 F & ¢ % homeo-

morphic 2. T 45 (TR D FH S topological invariant). T KA PR &= A
L3 g % homotopic equivalent 2. &3 (57 1% PIF 5 homotopic invariant). » e

M E X~Y ¥ X & connected #_F ¥ ## Y ¥_connected? F %% X ¥_compact, £_F
Y ¢ #_compact? * & X #_Hausdorft, Y »+ ¢ & Hausdorff v§?

% 9 + connected 4 B E_homotopic invariant. i 5 12T g %

Proposition 4.3.3. B33& X,Y i homotopic equivalent. B] X ¥_ connected & ® v&% Y &_

connected.

Proof. ¢ 3% homotopic equivalent #_equivalence relation # 5 symmetric, F]pt 3¢ ip# © &
#M, % X % connected B Y % connected ¥ . &K, NG Fadk f: X oY,
g: Yo XAr F:YXI>Y BE F(y,00=fog(y) "% F(y,1)=y,VyeY.

JLIFE* F 2, BX Y i disconnected, 7 T3 & Y e12L% openset UV & &Y = UUV
ME UNV=0. 4> f:X—>Y 5 continuous ¥ X i connected, ¥ f(Y) % connected
(Corollary 3.1.7), * 4 - AP EX f(X)CU, &3 F(y,0)=f(gl)cU,VyeY. 3R
Hiix- beV (FVz) T padFadch:I>Y T8 5 h(t)=Fb,t),Vtel %
I % connected, h(I) % 5 connected, » F]p* h([) CU & h(I) CV. A& d > UNV =0,
h(I)cU & h(I)CcV #¢ v - gz, BRI CU, &8 h(l)=F(b,1)=beV ip
G 5. @ h(I)CV ~ 2& h(0)=F(b,0)=f(gb)eU 4+ %, B& Y % connected. O

Question 4.18. Path connected &+ ‘;fr ¥_% ¥_homotopic invariant? T’ WwE XY ¥
X % path connected #_% ¥ 1 Y » &_path connected?

I * compact fr Hausdorff s B ‘FK % %_homotopic invariant. #]4-* R & standard
topology, # % & [0,1] fv# % * (0,1) - # &_ compact, ¥ — & 7 &_ compact, & 3 —'F*f

" #_ contractible space, ¥ Question 4.14, ¥ {¥ v #* 2 homotopic equivalent. m % g R

i standard topology, v #_ Hausdorff, @ 3 » i =~ % ¢ indiscrete topological space % &_
Hausdorff, e & *‘,‘5’3{ contractible space, F]#* i 5 homotopic equivalent.

£ X%r3 B3 B S F 5 homotopic equivalent %% £ % % eh¥E. % X7, ¢ Proposi-
tion 4.3.3, % i* &rig & X & connected, Y &_ disconnected, B] X, ¥ 7 ¥ i 4_ homotopic
equivalent. 7 i — 4 Fiw, #% B 5 eI kASE. Glde ST vaERIe 1 =1(0,1] - # A
connected, compact ' 2 Hausdorff, e v ,T!'H I — t% €_contractible. » F|gt St o [ ¥
# ¥_homotopic equivalent. F — F P E-E P 2008 4 ka2 i B R 4R






Chapter 5

Fundamental Groups

20 R SIRFHS 7 FFEF 5 homotopic equivalent (F|EE, - & ¢ AP HE-4 % funda-
mental group FEA . Sd HETiEE groups, A S T - BLEFT U RA BN RS
4

% ¢ %_homotopic equivalent. % X7, - i, &3 ¥ fundamental group » * &% %

. A PR3t ST oeh fundamental group, 1T 5 4 4 4

5.1. Fundamental group of a pointed topological space

A - B topological space t £ paths 41 * homotopic with end points fixed 7
BT B AR T AT LAEE A B 0T - BAB 205 B paths B 5
Aok, BHROEE P LT - BAeB L EEER SUFE. A B H AT B paths 4 eh i
B T - BEOR RS F T A AL B R A EE. TR A P Y e
paths. fif ¥ e 24]2 T iE# paths 352 7 — B group. i&& ¢ A PRI 4ol Pl
i group % # - Lt

BERERGEARGRI, CFF BRI 2 WEHEE. Bl § e fop ¢
4 EBGNEY. P E o> X X - B opath, 8B oxo F LE, RTELCFIL oD
#go(l) %% o a2 0(0), 7 * o(0) =0o(l). RE 7:1—> X ¥ - B path, & 7
fromz r 2 EREY, §2R 58 70) =711) =0(0). FFrATX - 8 x€X,
NP R g eE X T i xg 3 xp ¢ paths. A& d ¥ P g ¢ homotopy function
Fil->1-X, LRATHRD, STURER te€l, F ot “T & N ehpath Fy chdehfek gk
F 5 oxo T2, AR AP YR X bAcB e By § X opaths, TRE =gy A EE N

paths z_ B e7 equivalence relation.

A

hs

e o

TARd 3 xg AH TN, L7 R - BRI R A B Y - BRenfiR, AR (X, xg) R
Foon AP OE R X P REH - B x DR, TR L - B pointed topological
space. L E (X, xo) PdpHe X dupf E - e, AP R v KR ANPHEHOLHTE
- B oxo PR A OEY X P AsB e BLY L xo 0 path, AP L2 5 (X, xo) F - B
loop.
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7% Ja homotopic with end point fixed i&#k £ equivalence relation =g 1) &4 #f, d 3%
“TF I g0 path $55 40 mﬁ’r&‘#‘ff#ﬁ I g B, e (X, xo) 91— 1 loop Ik #f 5 path =

€ 2 (X,x0) 0 loop Flet =01 » € A (X, x9) Lt P loops - B equivalence relation. #-
(X, x0) * e loops * =~ ;T’ #1718 en equivalence classes #7= el & * (X, x9) Kk %
7T

BTRAPL g R TR A X g s B paths @ B, U4 & (X, x0) L+ e loops

HIFR, 4 ,Th{;h%’ 0,7 % (X,x0) e loops, A oxT TE G

o (21), 0<t<1/2
o+ 1(t) Z{ r(20-1), 1/2<1<1.

A oxtr ¢4 X Fopath (%] o(1) = 7(0) = xp), £ *r + o*7(0) = 0(0) = xo,

ox17(l) =71(1) = x0, # ox1» & (X,x9) * ¢ loop. * & o/, 7" ™ i (X,x9) =7 loops &

X o~ 0 F o101 7, B Proposition 4.1.10 2 38 ox1 xgqy 07 « 7/, Fl# « E 1

BAP - B (X x) F HuE Y. ;a%:f KA RGP S BE RS 1 (X x) - # group

)

structure. ~ ‘TJE‘T‘K;"-‘ m (X, xp) te* = BEFEYL 2T F - B group.

wo g HES B omXx) PE o T (BRAPY T & T o FEEATS

equivalence class), oc*7 ¥ 3 T &, ¥ T&H 0+7T =0 7 & well-defined. * Lemma 4.1.11

AT, F ony 5 (Xx0) L fhloops, B (0# 1) xy =1y ok (THy), W
(C*xT)xy=0%1xy=(0*T)xy=0x(T*y)==0*xTxy=0*(Tx%y).
i}mg\, * 7 & % & & (associative law). H & ¢ & (X xo) £ identity *i? ¥ g ¢ 3
constant path c(f) = xp, Yt € I. & (X,x9) + e loop o, &P F o *xc ~p1 o *

cxo =1 0 (%8 Question 4.6), 75 c*x0 =0 =T *C, » ,T*u{;fu c ,Tfu{m(X,xo) =)
identity.
F 7 identity A p R E R HIZE ~F H inverse £F 5 &7 F o £ (X,x9) } 7 loop,

AP E o () =0o(l-1), Vel (AR o' A Lo HE @) 4o T X v
-1

¥

continuous * o 1(0) = (1) =x9 %2 o71(1) =0(0) = x9, AP E o A (X,x0) F

loop. ¥ g F:IxI—>X 2 % %%

o(2s), 0<s<t/2
F(s,t) =% o(1) t/2<s<1-(t/2);
12s-1), 1-(t/2)<s<1.

%P Lemma 4.1.3, A P a2 Ed, T s=1/2 1% s=1-(t/2), Fl c(2(t/2) = o(t)

12(1-(t/2)-1) =0 (1-1) =0(t), ®5 F(s,1) 2@ F a#k * F(5,0)=0(0) =x0 =
c(s), F(s,1) = o+ o7 t(s) 22 F(0,t) = 0(0) = xo, F(1,2) = 07 }(1) = o(0) = xp, 2 i &
ocro gy FRFE oo oy e #32, APRE T T Sinverse 3 oL 4 e

Lol S w1 (X, x0) fe o« i@

LmEr ()7 k47 T hinverse, £ P} (7)
¥ 27, 8- 1 group. & AR, (X, x0) * & & abelian group. i 1 (X, x0) A

pointed topological space (X, xg) 7 fundamental group.



5.1. Fundamental group of a pointed topological space 87

BARF e X L X & x40 B eh- 2 (X,x) o fundamental group % » F £ 4r
(X, xp) 1 fundamental group # ¢ (%] 5 - B EAZLH 8L L xq 0 loop, ¥ — B fA2ZL %
BE 5 xg hloop TP AR ER DI AR, FiE eih S BEHER, AP - MR
Erend B oA LA B4 4 ,T‘u{;ru, A ¢ B w8 ie S B fundamental group 4%
% isomorphic. W AE—- T, ¥ G,G’ 5% B group, & h: G — G’ % group homomorphism
(7 G 3] G' hdfcid & h(ab) = h(a)h(b),Va,beG) m & h 5 - - 2 p S R L -
® group isomorphism, ® # G,G" % isomorphic. KT NP HEtE F - B X 0 path ¥ i
% x0,x1 @ BEFF (X, x0) fv m1(X, x1) &_isomorphic.

£ 3 B group &_isomorphic — 4k l?rug 3% 3¢ — B group homomorphism, #X {$ #

WH U E - - A APLAIFFA- B X dpath 6 % & 0(0) = xo, 0(1) = x1
kig M om(X xo) v mi(X,x1) 2 B homomorphism. A, % o 4 (X,x0) * ¢ loop,
TRTt=(01xo)x0. 4% 0)=01-1), 27 F 70) =610 =6(1) = x *

7(1) =60(1) = x1. #7174 7 &_(X,x1) + 71loop. * & o =1, 0, Bld Proposition 4.1.10,
e (071 50) %0 =01y (67 %07 ) %0, FI T (0L x0) %0 2k T — BAEm(X, x0) Bl (X, x1)
e well-defined function. 3 7 2 {42 L, A PRGBSz 5 0, m (X, x0) & m (X, x1).

BT A APEEP 0, - B group homomorphism, 7 ¥tz F, (X, x9) + 7 loops
o7, NP EER 0,(TT) =0.(0) *0.(T). & T&, SR EP

(O % (0x7) %0 =01 (071 %) *0) % (07" *7) % 0). (5.1)
@ 4 Lemma 4.1.11, # if* 4w « ig B 1E ~0,1) i& B equivalence relation 2. T & F % &
T'—-f”’’“’”((91>'<fr)>*<0)*((91='< T) * )—{01 (( x0) % (00 ) % (t%0). ¥ o L (X, x)

“rloop P, AP Y EM T o §B L o ko oy expyoxo, Y e LA x 0
constant. e E, AL T HE 0x07 ~0q) ¢ (B4 c v 5 F 7 0(0) = xo 7 constant).
Al oxe oy o, £ REE, A ;%_5"1 $$3 (5.1) =2, A g, § - B group
homomorphism.

%X 0, 4_group homomorphism, #* 7 ¥ & # % 6, ¢ kernel 4_% 3 identity, i‘%? i 6,
EE s -#-. FFLEXR o & (X,x0) Fhloop i & 0.(0) o1 ¢, 27 ¢ ZHLx
¢ constant (7 ¥ ¢/ &_m(X, x1) ¢ identity). &4 7 (071 x0)*6) =1 /. £ ¥ - &L
BILE 050 ~o1c, 0«0 =1 ¢/, RPE o2y (0x)x071 Bisd 0xc =1 0 F
(Oxc") %07 =1y 007 =1 ¢, :“\ PEE T o> c, T o A m(X, x) 9 identity, #7.2
0. #_one-to-one. I ¥ M 0, A HEZZ 7 5 (X,x1) P loop, AP F o= (0x*71) %01
(X, x0) e loop. 4ot & th jE | A iae (07w o)« 0 2 T, 4 YLKFL 0.(0) =7. FM
0, &_onto. NP 1T G HFIT,

Theorem 5.1.1. B& xp,x; »FHEZEF X 232, 25 4& X Fapath 0, % 5 60) =
x0,0(1) = x1. B m(X,x0) & m(X,x1) &_isomorphic groups. FF + % & 0. : m (X, x0) —
m(X,x1), & 5 0.(0)=(0"1x0) =0, B 0, £~ B group isomorphism.
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WA - T, FIRELZE X 24 BF T4 F X b oohpath #2 4pid, RIAE X A path
connected. Theorem 5.1.1 2 32 P4 X + =3 2L x0,x; 2 fundamental groups 71 (X, xq)
fr m1(X, x1) & isomorphic, 7 T ik Fo ﬁ‘{— Hoeh, fodrBeengh g ML ] At A
2. TR ?f’“f]%ﬂ & * pointed topological space, & ¥ * m(X) &k % 7 &% fundamental group,
Tz % X ¢ fundamental group.

% X 4&_contractible pF, 3\ i 4rig v §_path connected. ¥ = [f] S 1) 2_path connected.
1418 A e g ke s fAsF N adp i 7 B v i eh fundamental group.

5.2. Induced Homomorphism

2

mh

T &Y APLE T - AR Benpath e AP @ H] - B AiE B path e

2 % 8hend B fundamental groups 2. B £ group homomorphism. - & ¢ | i -1

® F

A BIREIF2ZF o ok, 24 2a B2 R o fundamental groups 2. F £ group
homomorphism.

B3k X,Y % topological space ® f : X — Y % i@ 4§ S#. d > - 4§35 funda-
mental group ®_%t pointed topological space #7 T &, F]p LT xg € X, A P& & e q
(X, x0), (Y, f(x0)) i&" % pointed topological spaces. & o 4_ (X, x9) * 1 loop, (X p R
EN g%’;ﬁ@ X foo: oY 4 foor i ANP i foo X } & path.
S5 R T = foo 4% 1(0) = £(0(0) = flxo) 12 (1) = Flo(1)) = fx0)
AR n v A (Y, f(xg)) + ehloop. F]P f:X oY FeAAPEEDT - BE_(Xx) F
loops ¥ (Y, f(x0)) * & loops 2. B éhdndic, & Sdiear B §es 0 2k - B m (X, xo) T
m1(Y, f(xg)) e dere 7 & i&{;su? it #3*F homotopic equivalence £k} %5 ?

WE 0,0 & (X, x0) t chloops i Ko =01y 07, P& g foo, foo 7+ (Y, f(xo))
gloops, 4. FF & foo =~y fool. 4 N eI K F IXI->X B Fo=0,F =0
3 F(0,1) = F(L,t) =xo, Ytel, AP H g G:IxI > Y, 245 G(s,1) = f(F(s,1)). %
frhen G ol % 5 G(s.0) = f(F(s.0) = flo(s), Vsel, £} Gy = foo.
FIE Gy = foo. & G(0,1) = f(F(0,1)) = f(xo) = f(F(L1)) = G(L1), Yt el, &P F
foo =gy foo'. Flpar f 7 §FAP & - B 1 (X, x0) ¥ (Y, f(x0)) 7 well-defined
function. 3 7 3 AR AP f, kLT B S#K, 4 i&{;ﬁd fu i m(X, x0) = m (Y, f(x0))
T KL fi(0)=foo BT RANPREM A f FEi m(X,x0) ¥l m (Y, f(x0)) 7 group
homomorphism.

iz g (Xox) 2+ hloops o1, APEER fi(o*+T) = fi(0) * £i(T). =ik LK
f(@%T) = fu(@w7) = fo(ox1) “1 v & & ehd_ (Y, f(xg)) L éhloop fo(o*T1) # heh
equivalence class. 32+ ;8 & 98 (foo)* (fo1) #f i1 equivalence class. Fpt 34 i &
ANt

folont) ~om (Fo) (f o).

X E
| o(2r), 0<t<1/2;
"*T(t)—{T(m—n, 1/2<r<1.
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LV
flo(2r)), 0<t<1/2
fo(o*7)(t) = flo*7(1)) = { fET((2tt)_) 1)), 1/2; t g/l.

foao(2), 0<t<1/2;
(foa)*(fo‘r)(t):{ For(i-1). 1/2s1<1

APE fo(ont)=(foo)x(for). %11 folosr) ~on (Foa)x(for) § 442, A
TR BB T T,
Theorem 5.2.1. &% X,Y 5 topological spaces ® f:X > Y 2 d¥c. FT X F- &

x0, % e fu:m(X,x) = m(Y f(x)) T&HEZL (X, x0) L+ 7 loop o, fu(C) = foo. R
f. ®— B group homomorphism.

Question 5.1. ¥ g topological spaces X,Y,Z. & f: X > Y, g:Y > Z 24 3%, 7

Al
*xo €X, (g0 f)e : m(X,x0) = m1(Z,8(f(x0))) v g« 0 fi : m (X, x0) = m1(Z,g(f(x0))) &
i# group homomorphisms %_% 4p ¢ ?

21
r?)i

FR- BRF S f: X > Y ¥ 2& D group homomorphism f, : 71(X, x9) —
mY, f(x0)), m¥E g: X o Y & - BidE f~g i ffodfic, £7 KNP <hi
fo imi(X,x0) = m(Y, f(x0)) v g« : m(X, x0) = m1(Y,8(x0)) &7 B group homomorphism
§FHAMG. FAAL, ¥ o s (Xx) L loop, Al £(5) = fo, g.(F) = go0. “
A foo @- B (Y f(x)) t #hloop fr goor - # (Ygx)) 2t loop ik
B AP T R > XAARE TP X i Sk, FIP foo,goo ¥ 5 I3 Y e
i e jGR S Biceh homotopic equivalence % 4, Proposition 4.2.5 2 372 5 f ~ g,
Pl foo=goo. # iz P crE_ fundamental groups, & # foo fr goo A B4R &
(Y, f(x0)) f= (Y, g(x0)) * e loop, ® % J& 1 homotopic equivalence &_& ¥ Z 34 Bhe, F]pt
foo=goo 3 LAMAH <l B, A PNl foo fo goe A uits m(Yf(x) fr
(Y, g(x0)) &5 B groups e} enbf .

& 4o 45 3 m (Y, f(x0)) frm1 (Y, g(x0)) i&= B groups 2. B cnff (v ? whgm G T
511 2 3FA P 4% Y + 5 - B path ¥ Mg & f(xo) v g(xo), 7% 1"3‘)?»? [EEUR N
isomorphic. IF)EK f~g, 75 @ FIEKF: XXI>Y B EF(x,0)=f(x),F(x,1) =
gx),Vxe X P4/ o:1->Y TL&EE 0(1) = F(xo,t), Ve € 1. Fli 0 238 5 3 ¥k,
Ay 0 .Y F oo path, * F15 6(0) = F(x0,0) = f(x0) & 6(1) = F(x0,1) = g(x0),
AP ER 0 E X PR f(x) fo g(xo) i&A 20 path. F]pt 4 Theorem 5.1.1 # 3|
0, : m (Y, f(x0)) » m(Y,g(x0)) (%% 5 6.(7) = (0-L + o) % 6), £~ % group isomorphism.

TR O FTeAPHI (Y f(x0)),m(Y,g(x0)) 2 Fenbd ix, F o (X, x9) } ¢ loos, 3
PpRER Em(Y, flx)) Hehnd filo)=foo d 6, (5571

0.(fu(0)) = 0u(foo) = (071 % (foo))«0

o g.(7) =goo &d B m(Yg(x)) t hrh L Bl i R 2 v ¥ e, 4 G
Ou(fo(T)) = 8.(0). BEP T— B, JLEF RGP (07 5 (foo)) w00 goo. #1F 5l

Theorem
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Fo#k G IXI>Y T8 5

g(xo), 0<s<t/4

0(1+1r—4s), t/4<s<1/4;

G(s,t) =4 F(o(4s—-1),1) 1/4<s<1/2;

02s+r-1), 1/2<s<1-(t/2);

g(xo0), 1-(t/2) <s<1.
BHP G A S, 2R Lemma 4.1.3, A P A 24k § s =1/4, 0(1 +1—4s) =
(1) =g(x0); & s=1/4,0(14+1t-4s) =0(r), @ F(o(4s—-1),1) = F(0(0),1) = F(xo,1) = 6(1);
% s =1/2, Flo(4ds = 1),1) = F(o(1),t) = F(xo,t) = 0(t), @ 025 +1t—1) = 6(r); B
% s=1-(1/2),02s+1t-1) = 0(1) = g(xo). THEP T Gz R F Ik £ 4t
G(0,1) = G(1,1) = g(xo), Ve € l, o G % Gy %4 = Gy #'H 724 2 homotopy

function. @ # A E Gy *2? NP5

6(1 —4s), 0<s<1/4
Go(s) = G(s,0) = { F(o(4s-1),0), 1/4<s5<1/2;
0(2s—1), 1/2<s<1

d 3t F &_f, g 2 & ciihomotopy function, 2 i 5 Fo = f, F1* F(o(4s-1),0) = f(o(4s-1)).
AR Go = (07 (fo0)) 0. T -

8(x0), 0<s<1/4
Gi(s) =G(s,1) =4 F(o(4s—-1),1), 1/4<s<1/2;
g(xo0), 1/2<s<1.
d 3t Fp=g 23 Flo(4ds—-1),1) = g(o(4ds—1)). T‘q\guGo—(c*(gocr))*c 2 ¢

4_(X,g(xg)) ® 1 constant loop. d ** G : I X[ — Y & 4 242 % % 1 homotopy function,
A iE (0 _1*(f00'))*92{01 (cx(goo))*c. £4t¥iEzr (Y,g(xo)) e loop 1, ¥ 3
Trexoy T2 cxTony T, FIMAPEET (07 x(foo))x0 01 go0, # FPF LT
&%,

Theorem 5.2.2. &k X,Y % topological spaces & f,g: X > Y 2§ S ¥ f~g ¥
F:XXI—->Y 5@ 3k F(x,0) = f(x),F(x,1) = gx), Vxe X. b2 xeX, £
0:1—>Y 5 Y +enpath B 2&5 0(t) = F(xo,t), Veel. Bl fo:m(X,x0) = m1(Y, f(x0)),
0. : m (X, f(x0)) = mi(Y, g(Xo)); g+ m(X,x0) = m (Y. g(x0)) = % group homomorphisms %
L go=0,0fi. "THEIR (X, x0) L+ D loop o, & F

0.(f:(0) = (01*(foo))x0 =goo = g.(0).

A 41 * 1T 0 commutative diagram k. Theorem 5.2.2.

71 (X, x0) — my (Y, £(x0)

e b

m1(Y, g(xo))
% gf— T Theorem 5.1.1 £ #FAi# 0, - B isomorphism % ,T*%L;L”’ "’d'— o
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fi=01og, 4%k g . - - TP P fi i - - T pd. FP A4 2T Theorem
522 £ BT .

Corollary 5.2.3. & X,Y i topological spaces * f,g: X > Y 22 8B f~g.
FAZLx€X, T8 fi:m(X,x0) > mi(Y, f(x0)), g : m1(X, x0) = m1(Y.g(x0)). Rl fi & group

isomorphism & ® Y&E g. & group isomorphism.

AT X, Y 5 homotopy equivalent (F X ~Y), 47 3 ol f: X > Y,
g: Yo XdA gof ~idy W% fog=~idy. T xg € X, d 3 (idy). : m (X, x0) = 11 (X, x0) %
isomorphism, Corollary 5.2.3 2 374 ¥ (go f). : m1(X, x0) = m1 (X, g(f(x0))) &_isomorphism.
d 3 (gof) =gvofu (%2 Question 5.1), tcd g,of, - $t—, ¥ & f, £ $-; 837
SR ERERE d fog~idy ¥ F fiog, & isomorphism, #7114 f,og, £pk =, d &
fo B Fptse f, ¥ isomorphism. i B 3% 48, 3 & R FIEf, EorE chgk (T
pointed topological space) 7 B, 3T k2P L& Bz BREL R i

PAET xpeX (, ®BTAK f:X - Y “TA 2 D induced homomorphism &_ f; :
mX,xo) & m(Yf(x)). BT kB gV 5 X &5, AP RE Y ¢ gy RLE
fro) €Y, 4 g f 47 L E S ARG T (go f), A RRIA

71 (X, x0) —— 71 (¥, £(x0)) —s 71 (X, 8(f (%)) (5.2)

F-2 a8 fog: V> X, AP 7T 4R fuog, P BFAEAF L RE Y ¢ vi- g7 »
R D yg e Y, A4 ¥ 7 3] induced homomorphism g, : 71(Y, y0) = m1(X, g(0)),
e S m(Xg(v)) = m(Y f(g(o)), 47 ¥ fig. &5 F fuog.:m(Yy) —
). TAEEER fiog, §E - - TS T f, P Bigh fi DTRE
), 2SI E iy % B g(yo) = xo, BRI e G (5.2) BP0 f, (REE
L m(Xoxp)) €7 Fendfic. RmBeiR gof~idy, "o %iEizd & gV 5 X &
700 A e Fld g feo (X x0) = m(Y fxo)) AP 2R (5.2) BT Y g chE
8L (Y, f(xo)), #T AT F M yg = fxo), &t d = B g T (5.2) Bw ¥ chg, §
- Badic, PR f, &, APRE X Y gy RAEE ¢(f(x)) €X, B fige
FUAS. ARG LT (fog), A fRRT.

ey
C
N ul
G
~
N\

m (Y. f(x0)) — 71 (X, 8(£(x0))) —2— m(X. £((f(x0)))) (5.3)

ppEf]* Corollary 5.2.3 2 i srig (5.2) ¥ dhg,of, EpSehii g, EpFeh @ (5.3) ¢
i fog, - $t— i1l g, H - ¥- b £84&5 B g, £ F - 1 group homomorphism,
A Aip seig (5.2) ¢ e g, - B isomorphism (- #- P opa) » Fptd (5.2) ¢
geofi B-%t- @A FhE (5.2) ¢ b fiim(Xox) o (Y flxg)) £ $- 2 gL (>

isomorphism). # i § 1T g I,

Theorem 5.2.4. & X,Y % topological space & X ~Y (¥ X,Y % homotopy equivalent).

= f: X > Y Z_XY 2 e homotopy equivalence function, P ¥ =E & xg € X, fi :

m1(X, x0) = m (Y, f(x0)) €— B group isomorphism.
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Theorem 5.2.4 £ 3% i % B homotopy equivalent e pointed topological space, v 1
fundamental group &~ & - ke 1% 2B S AP AF 5 B 4 contractible space ¢

fundamental group, ¥ ¢ *+ v £ %35 - B m;% &1 group (7 identity). # r LS R BE .

Question 5.2. & X &_contractible space. M m(X) % - B~% (LI F 5 X &
path connected, #7142 i * 7;(X) k % ;& fundamental group). T | * pt 2% ZFP E o7
5 X ehpath % & 0(0) =7(0) 22 o(1) =7(1), Bl o= 7T

2

wip ¢ - B topological space &_path connected ¥ # fundamental group # 7
- B A&, Pl 2 B 5 simply connected. JE3e42 3 ¥ i contractible space & simply

connected.

Question 5.3. 3% X,Y 3 topological spaces, xo € X. & f: X oY % - ¥- dud F o
¥, .F fi: m(X,x0) = m1(Y, f(x9)) % monomorphism (- # - £ homomorphism)? &
g: XY ipaaddfafk LF g:m(Xx) o m(Y,f(x)) 5 epimorphism (pt =

homomorphism)?

Question 5.4. B3k X, Y % topological spaces. % Jg product space X X Y 11 % projection
maps pr; : X XY - X (& 5 pri(x,y) = x, V(x,y) € X XY), pryg : X XY = Y. #3%
Xo € X,y0 € ¥, % Jg F 8k (pry). X (pra)s : m(X X Y, (x0,y0)) = m1(X,x0) X m1(Y,y0) T &
(pri)s X (pro)«(0) = ((pr1)«(0), (pr2)«(7)), YT € m(X X ¥, (x0,¥0)). P (pry)« X (pra)-

— 1B group isomorphism.

fln i

5.3. Fundamental Group of the Unit Circle

Apiey H R ST A path connected @ ¥ ¥ 53 2 v 7 §_contractible. fiz- & ¢ A
7Rk S B AT, 1% 3B 2 fundamental group ¥4 S % #_ contractible. # ¥ i
- Ff e %bpﬁj 7

fundamental group #£3t— L 7z B Ap 3 b .

f3- ¥ 3+ ¥ fundamental group &= 2, » TR T e ] ¥
whAE- T ST ={(x,y) eR? | x% +y? =1}, @A P E | * R? 4 standard topology *

# S A L R? ¢ subspace. 3 i A e p R > St %%

p(x) = (cosx,sinx), YxeR
IpLong sl 9+ p+ - B open mapping (?»’P:jm R ¢ open set i¥ F] S! ¢ open
set). p ¥ A FTEs 2 R BB AR o ST pid . B APH R L ST o covering space
MiEEFWE, AP E L R EF DAL covering space FPEA . Riz& ¢, L0 S R P
1R S 1 ¢ fundamental group, #% ¢ #- S1 4L % 4f # (complex numbers) L & C } ih¥ =
Fl. ¥ ¢:R—>St %3

#(x) = cosx+isinx, YxeR.
mEEFApIre ARt E- e (F13 x+iy o (xy) £.C o R? 2 ¢ homeomorphism),
P I {Bﬁ. & ¥ id 3 ¢0 open mapping. R P B ¢ A B R FIE T EAER s 2 T



5.3. Fundamental Group of the Unit Circle 93

St 3k 2 3 ¢h group homomorphism (7 ¢(x + x') = ¢(x) - ¢(¥)). ¥ - > 5 ¢ ¥BFF
(n/2,m)2) - $f- 2@ arET C S\ (-1}, #1u PG g S\ (-1} > (-n/2,7/2)
HBE Yop(x)=x,Yxe (-n/2,m/2) 1% poy(s)=s,VseSI\{-1}. Bi1g ¢y 2@
open mapping, # i v * &_group homomorphism (Why?). ¢,y &3 B S Hcw 12138 A

> FEP LT g% B Lemma.

Lemma 5.3.1 (Lifting Lemma). % o #- % S' *+ v 1 54220 path, B35 - B R
"0 G ACBE path o B X oo’ =0, B ik KAGE EF D path A rE— o

Proof. Fli o:1— S! ¥ a8 [ % compact, *71 o ¥_uniformly continuous. 7=
THFEO>0REF r-r|<opF |o'(t)—0'(t’) <1. #Fule B @ o(t)/o) e ST\ {1},
R o) =-o(t) g2+ o@t)—c()| =2|c()] =2 53 F. m4 NeN £+
TN <6, wREHE el #% L (ke/N) = ((k=1)t/N) = t/N < 6. “Fr24et o5if,
o((kt/N))/o((k=1)t/N) e ST\ {-1}. Flpr A v 4 gadico’ : 1 >R T& 5

N o(Lr)
o ()= ) W —2=)
]; (o’(let))
AR o Z_well-defined & 4 S8, #7141 o E_R #path ® & & o0/(0) = Ny(1l) = 0. - pF¥
Ex tel,

Fp#EE poo’ =0
IavE- b APEE R VY- B patho” %L goc” =0 1E ’(0) =0. p*pET
poo’ =poo” HiPd
Bo(o’ o) = (poo)/($oc”) = 1.
FprHEg rel, NPy F o(t)-o"(t)e2nZ. 15 o' —0c” 1 >R ZpFIfkr [ 4
connected, ¥ o’ —o” &_constant. F]td o’(0) =0”(0) =0 o’ =0”, #iBrE- 3. O

Question 5.5. ¥ % # Lemma 5.3.1 & & ¥|- 4k o } ¢ path, 4287 §_1 dFim?

Lemma 5.3.1 23 ¢ : R — §! 24 7 “induced” £ _R ™ 0 % 4=BLe paths 3] S1
1 L AsBEchpaths 2 B e— B — $— 2 pr 2 ¥t B 2. 2 B2 P A Z +0¥_homotopic

with end points fixed 7 equivalence classes, #7141 & #£ 33 eh¥_11 T &1 Lemma.

Lemma 5.3.2 (Covering Homotopy Lemma). #3% F : Ix1 — S' 8@ 4 &#ic® % &
F(0,t) =1,F(1,t) =c,Vtel, #?¢ ceS'. Pl tri- eh F' 1 Ix] >R Z8 5§ 30 8? % L
poF' =F 1% F(0,1)=0,F(L,f)=c, Vrel, £¢ ¢’ eR.

Proof. 5% F:IxI — St #:a 4 s#ic? IxI & compact, *71 F &_uniformly con-
tinuous. 7 W F A 5 > 0 @ FF |(s,t)—(s’,t’)’ <0 (T Js=-§)2+(-1) <o) p*
|F(s,) = F(s',¢)| < 1. k& ch32d | g B F(s,1)/F(s, ) € ST\ {-1}. 4 NeN &
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AR V2N <6, BEHER (s1) € IxT F %A |(k/N)(s,0) - ((k- )/ )(s,1)] =
(1/N)Vs2 + 2 < 6. #732 F((k/N)(s,0))/F(((k=1)/N)(s,1)) € ST\ {=1}. FIp- A7 04 g
S FIx] >R &5

= P (s
1R F' #_well-defined i ‘é“mﬁ’i/% E¥ER (s,1)elxI,
= sO) Yy F(k(s.0)  F(st)
D=]lew ( ,t>>)) e ~ o ~ 70
FIMFEE poF' =F. *~ F'(0,1)=Ny(1) =0, aix& tel, ¢(F'(1,1)) = F(1, t)—c 7]

o F'({1} x I) 7= 5 R & discrete subset. 28 @ %] {1} x I 4_connected, F'({1} xI) 7= 5 R
connected subset, = F xR rel, F'(1,1) = F'(1,0) £~ B constant ¢’.

ZavE- b F F IXI >R 7B goF”’ =F 1% F’(0,0)=0. ¥

bo ('~ F") = (4o F)/($o F") = 1.
FIHEE (s,0)el, NP %F F(s,t)-F'(s,t)€2nZ. F15 F' —F" :Ix] >R 355
* IxI #_connected, ¥ F'—F” &_constant. Flptd F’(0,0) = F"”(0,0) =0+ F' = F”",

E_,E,’\:gr—- f’f". O

HFueh, & 0,7 25! It b paths B ooyt o(0)=1(0) =1, % 7 7 bl i Sk
F:IxI->S' %8 Fo=0,Fi=1 7% F0,1)=0(0) =1, F(1,t) = o(1),Vte I. F* I
* Lemma 5.3.2 3 @ S8 F:IXI >R B goF/ =F * F'(0,1) =0, F'(L,1) =
Viel, B9 ¢ eR. #9714, 4ok NP £ FE):a-' R Fi:r’, Bl o7 %5 R P20 G4
.-«émpaths BE 0 =T 2 poo’ =¢oFy=Fy=0, FE o7 =71. F]} & & Lemma
5.3.1 &t f}“”ﬁ [V RS

Proposition 5.3.3. 3% o,7 £.S! 72 1 5 428h paths ¥ % & o~ 7, B 5 feri—
R 1200 %A paths o/, 7" B & _¢poo’ =0, ot =72 o o 7.

FAAPH-R 20 5ABapaths fo ST+ 2 1 5 A2 Zahpaths * ~(oq) (T homotopic
with end points fixed) ¢ ;% » #8, B| Proposition 5.3.3 £ 3% ¢ induced - Biz= B
equivalence classes 2. ¥ — $f— ¥ pt X chst M . 2 B A A% o £ (SL,1) 2 4 loop,
Proposition 5.3.3 ¢ 10’ 4 % £_(R,0) + ¢ loop, *714 Proposition 5.3.3 ¥ A# ¢ : R — §1
#1718 ¢h induced homomorphism ¢, : 71(R,0) — m (S ,1), #_isomorphism. ¥ §F } &4 7 %

Question 5.6. #4 it ¢, : 11 (R,0) —» m1(S1, 1) €_E # 9 mapping.

Lemma 5.3.1 ¥ 2§+ A p g - B (S, 1) + e loop e winding number. % %_(S1,1)
rtaloopo, £ o AR I 0 2ABagipath B _poo’ =0, AP T_& o 7 winding

number & w(o) = (1/2m)o’(1). d ** o’ dwik- | (Lemma 5.3.1), 2 ¥ 4rif winding number



5.3. Fundamental Group of the Unit Circle 95

% well-defined. * %1% o 4 (Sl,l) +eloop, o(1) =1, F]pd @0’ (1)) =0o(l) =1, 2
P o’ (1) € 27Z, F1 17 5] (S, 1) F hloops H winding number — ¥ E_E #ik.

Question 5.7. Winding number 7% %7 % 424 F|- 4 S! F ¢ paths (X LEAEL,
7 2L %_4_loop)?

A v )% winding number & - B mi(S1,1) ¥l Z shandke. Ty im(SL1) - Z,
Hx2E 5 x(©@) =wlo), Yo em(Sh1). A2 g®p y £ well-defined function.
Fo=tinm(SHL1), &7 o1 £ (S4,1) hloops, ¥ % B o~ #t FF Proposition

347G hrE—- R 02 0 5 428keh paths o/, 7 ,%’igﬁoo —0'¢0T =1, @
o o T, 7T o’(1) =7(1). FI* & winding number HEH, AP F w(o) =w(r), THE
x % well-defined function.

ST kAP RER vy om(SL1) > Z &% 5 group homomorphism. ARd N 0eZ,
A Z A A S ¥ (B AR E). #HaEd (§,1) & loops, onT, F A
f1* Lemma 5.3.1, 2 P43 5] R 11 0 5 428 paths 0/, 7/, % & oo’ =0, po7 =1.
PEFol) =1 2r3 o’(1) =2mr, B® meZ £ 7 i R} épath # 2% 5
() =7(t) + 2mr,Vtel % 7(0) =0, 0'(1) =2mr =7"(0), #72 o’ %7 5 R ? 1
0 % 428k path % &

po(0’x7") = (pod’)x(po7") = (po0)x(po7) =0oxT.

# % winding number #E_& {8

’ ’7 _ 1 1 / / _
w(o*1) = 50 «77(1) = 271( /(1) 4 2mr) = 27r( (1) + 0'(1)) = w(o) + w(r).
#% xy & m(SH1) ] Z ¢ group homomorphism. &8 %M y 5 - $- 2 @A Z@FEUT

Theorem 5.3.4. y : m1(S',1) = Z #— B group isomorphism. % )T‘u{ﬁb S1 e fundamen-

tal group fr4ei2 ¥ Z 5 isomorphic.

Proof. A P &P y ¥ - - T p . BE T € ker(y), * x©) =wlo) =0, 27
FARERFMO0 LZ4AgED path o, B oo’ =0 2 wlo) = (1/2r)0’(1) = 0. 7~
o’'(1)=0, ~ fxpm o’ #_(R,0) } crloop. d ** R E_contractible, #* * 4rif m1(R,0) &3
- BAE, "W o g c0, B o R ¥ FHEA 0 constant loop. £ F':IxI - R
% 07,co 7 homotopy function with end points fixed. B] ¢o F' : IxI — S! 4 o,¢1 9
homotopy function with end points fixed, # ¢ ¢; 52 S' ? B 2_{& 1 5 constant loop. F]p
# oo c1, T o =cr, #& ker(y) = 1} R S

IvpLE HEImeZ YR M0 E4gmpatho: I >R H 2 &5 o/ (1) = 2mar.
WL c=¢oo’, A FE o £ (S1,1) 2} hloop B ik A x(T) =w(o) = (1/27)0” (1) = m.
HE y 5P O
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Question 5.8. ¢ - { cylinder (F1F % & ) fv S x I &_homeomorphic, @ — f torus
(A7 B4 5 ) fr S! xS #_homeomorphic. F#A ¥ i fundamental group % w? * #-
R2\ {0} 48 5 R? ¢ subspace, R? \ {0} ¢ fundamental group 5 #®?

7 f# S1 ¢ fundamental group m1(St) v Z F e, 7o RIS R 4 St Ap b e
FEEF. 4o T g St % #_contractible (Why?). ¥ ¢b— 5 B 25l 2
%_closed unit disc D? = {(x,y) € R? | 2 +y? < 1} ¢h— B retract. 2 PP - T 24 B
retract. 3% X E_topological space ¥ S C X ¥ _H subspace. A P adic f: X > S
H - B retraction 4v% flg =ids. F ¥ § CX ¥ & retraction f: X - §, BIFE S &£ X o

— i retract.

Corollary 5.3.5. S' % #_ closed unit disc D* 05— % retract.

Proof. 2 i * F 2. X f: D? —» S #_retraction. £ 4 inc:S' < D? #_S! 3] D?
¢ inclusion map (7 inc(x) = x € D?, Vx € S1). i retraction (% & foinc = flg1 = idg1.
F]t 41* induced homomorphisms, B~ xo = (1,0) € S, & 3 inc, : 11 (S, x0) — m1(D?, x0)
A fr (D x) o m(Shx) ¢4 2% R fioine, = (foinc), = (idg1),. # @
D? _ contractible, #& m1(D?, xo) - BAE, W n1(St,x0) 4= Z % isomorphic, F]p
inc, : m (St x0) > m (D% x0) * ¥ i - $- . iz fioinc, = (idg1), - $#- 493 F, #&
(A N L O

Question 5.9. &% X &_contractible topological space ¥ f:X — S! £ sfic. ¥.7 3
b adcg: S > X 1 fogridg? * R EF ol adikch: St > X ## hof~idy?

Corollary 5.3.5 - B &£ & g # ,T*u{ Brouwer Fized Point Theorem for D?. i& i %32
g E D' > D" Eip ol 2P D' i R" 1} closed unit disc, T

D' ={(x1,..., %) €ER" | xI -+ x2 <1},

Bl - B xg € D" % X f(xo) = xo (itheh xo 25 f D fized point). &t n =1, ¥
D' ={xeR|-1<x<1} PF7 2% BAIRILRJE. 425t i * Corollary 5.3.5 fZ
n =2 hifaj.

Bk g:D? > D? Rt i dd, ¥ @& fixed point (T¥iE R xe D ¢ F g(x) #x). &
B3 iE R (xy) e D% Hmd glry) NHEFdEE (xy) PER, 43 (xy) 2E glny) ¥R
D?, oyt btae 2 SUt- B2 2% f(xy). Bl f RE D - BACD? 5] S endde d %
g E A A flxy) vd - L EEELERE, FURE fL- BRF I A2 RTE,
¥ (x,y) €8, Bl f(x,y) = (x,y), % f:D? - S! &_retraction function. ¢* £ Corollary
5.3.5 484 F, FlptF T hk k.

Corollary 5.3.6 (Brouwer Fixed Point Theorem for D?). 3% f: D? —» D? £ig i & ¥k,
R & (x0,0) € D* % & f(x0,y0) = (%0.0)-
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3 * Brouwer Fixed Point Theorem %3t n > 2 ¢hf-25 e 4% §7-1 2 § pn
- i retract ( Corollary 5.3.5 éq4g g ), 22 (¢ ¢ * {o Corollary 5.3.6 I ke 2 k3
p.o#kam S 2 B D' eh— B retract PP RCFIEL, - 47 2% “homology” HIE %
W, A EEE AN AEAR PR § 24EOF ST L AR E homotopy FIH ik HE Y

homology 32 ;.



