
Exercise

Chapter 1. �ù Group ÝP²

(1) E��ÑJó n, &Æ� Z/nZ �î/) {0, 1, . . . , n− 1} ¬�LÍ�ÝË
ËºÕ ⊕, ¯. Í�L5½Aì: 
E�� a, b ∈ Z/nZ, u a + b õ a · b t
| n Ýõó5½
 r õ s, J� a⊕ b = r |C a¯ b = s.

(a) �® Z/5Z 3 ⊕ ÝºÕ�ìÎÍ
×Í group? Í identity 
¢?

(b) �® Z/5Z 3 ¯ ÝºÕ�ìÎÍ
×Í group? u�Îgroup, �0Õ

Z/5Z t�Ý�/)¸Í3 ¯ ÝºÕìÎ×Í group.

(c) �® Z/6Z 3 ⊕ ÝºÕ�ìÎÍ
×Í group? Í identity 
¢?

(d) �® Z/6Z 3 ¯ ÝºÕ�ìÎÍ
×Í group? u�Î group, �0
Õ Z/6Z t�Ý�/)¸Í3 ¯ ÝºÕìÎ×Í group.

(2) E��ËÍb§ó a, b ∈ Q, &Æ�L×Í±ÝºÕ a ∗ b = a + b + ab.

(a) �® Q 3 ∗ 9×ÍºÕìÎÍÎ closed (�TP)?

(b) �JE�� a, b, c ∈ Q /b a ∗ (b ∗ c) = (a ∗ b) ∗ c.

(c) �0Õ e ∈ Q ��E��Ý a ∈ Q /b e ∗ a = a ∗ e = a.

(d) �0Õ Q �t�Ý�/)¸Í3 ∗ ÝºÕ�ìÎ×Í group.

(3) �' S Î×Í/)v ∗ Î S �Ý×ÍºÕ��:

(GP1): u a, b ∈ S J a ∗ b ∈ S.

(GP2): u a, b, c ∈ S J (a ∗ b) ∗ c = a ∗ (b ∗ c).

(GP3’): 3 S �D3×Í-ô e ¸ÿ S �Xb-ô a Kb e ∗ a = a.

(GP4’): E S �×-ô a K�3 S �0ÕØ×-ô a′ ¸ÿ a′ ∗ a = e.

(a) �J�u a′ ∗ a = e, J a ∗ a′ = e.

(b) �J�E�� a ∈ S /b a ∗ e = a.

(!Û:ã|îËFÿá S 3 ∗ ÝºÕ�ìÎ×Í group.)
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2 Exercise

(4) |ìÎbn abelian group ×°��ÝP²:

(a) �' G Î×Í abelian group, �¿àó.hû°J�E�� a, b ∈ G

/b (ab)n = anbn, Í� n Î��ÝÑJó.

(b) �' G Î×Í group, vE�� a ∈ G /�� a2 = e, �J� G ×�
Î×Í abelian group.

(5) �' G Î×Í finite group. |ìÎbn finite group ×°��ÝP²:

(a) �J�E�� a ∈ G, D3×ÑJó n ∈ N ¸ÿ an = e.

(b) �J�D3×ÑJó n ∈ N ¸ÿE�� a ∈ G /b an = e.

(6) �J�Xb order (Ç-ôÍó) 
 2, 3, 4, 5 Ý finite group /
 abelian

group.

———————————–
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Chapter 1. �ù Group ÝP² 3

(7) ' G Î×Í group. H1, . . . , Hn, . . . Î G Ý subgroups.

(a) �J
∞⋂

i=1

Hi Î G Ý×Í subgroup.

(b) u�' H1 ⊆ H2 ⊆ · · · ⊆ Hn−1 ⊆ Hn ⊆ Hn+1 ⊆ · · · , �J�
∞⋃

i=1

Hi Î

G Ý×Í subgroup.

(8) ' G Î×Í group. �� a ∈ G, � C(a) 
 a 3 G Ý centralizer. u

Z(G) Î G Ý center, �J

Z(G) =
⋂

a∈G

C(a).

(9) &Æá¼	 G Î abelian group `, �Ê C(a) õ Z(G) ¬�º¯&Æÿ
Õ%�b¶Ý subgroup. |ì&Æ+Û×°	 G Î abelian group `�|

�ÊÝ×° subgroup. �¥�|ì9°»�3 abelian group `��1J
Î subgroup, 3×�Ý��¬�×�ºÎ subgroup.

(a) u G Î×Í abelian group, �Ê/)

H = {a ∈ G | a2 = e}.
�ß H Î G Ý×Í subgroup.

(b) u G Î×Í abelian group, E�� n ∈ N, �Ê/)

An = {an | a ∈ G}.
�ß An Î G Ý×Í subgroup.

(c) u G Î×Í abelian group, �Ê/)

F = {a ∈ G |D3 n ∈ N ¸ÿ an = e}.
�ß F Î G Ý×Í subgroup.

(d) u G Î×Í abelian group, v H1, H2 Î G Ý subgroups. �Ê/)

H1H2 = {ab | a ∈ H1, b ∈ H2}.
�ß H1H2 Î G Ý×Í subgroup.

(10) |ìÎbn cyclic group Ý��P².

(a) �' G Î×Í cyclic group. �J� G Î×Í abelian group.

(b) �' G Î×Í cyclic group. �J� G XbÝ subgroup KÎ cyclic

group.

———————————–

05 October, 2006



4 Exercise

Chapter 2. �ù Group ÝP²

(1) ' G Î×Í group v H 
Í subgroup. &Æ¿à H E G �-ô�ËË

relation. Ï×Ë relation | “∼” �î, ÎAýL�X�: E�� a, b ∈ G

&Æ�L a ≈ b uv°u a−1 · b ∈ H. ÏÞË relation | “≈” �î: �L

a ≈ b uv°u b · a−1 ∈ H.

(a) �J� ≈ Î G �Ý×Í equivalent relation.

(b) �� a ∈ G �J� b ≈ a uv°u b ∈ H · a = {h · a | h ∈ H}.
(c) ��¼1 ≈ õ ∼ Î�!Ý5v. �Ju H ��E�� g ∈ G, /b

g ·H · g−1 = H, J ≈ õ ∼ Î!øÝ5v: ôµÎ1 a ≈ b uv°u

a ∼ b.

(d) �Ju≈õ∼Î!øÝ5vJH ��E�� g ∈ G,/b g·H ·g−1 = H.

(e) �' G/H �î3 ∼ 5vìÍ equivalent classes XWÝ/) (×�
Ì
 left cosets of H in G) � H\G �î3 ≈ 5vìÍ equivalent

classes XWÝ/) (×�Ì
 right cosets of H in G). �J� G/H

õ H\G  D3×Í×E×vÌWÝÐó.

(2) �' G Î×Í cyclic group of order n v G = 〈a〉. �J G = 〈b〉 uv°
uD3 m ∈ N �� gcd(m,n) = 1 ¸ÿ b = am.

(3) �' G Î×Í abelian group of order n vD3 a, b ∈ G �� a 6= b C

ord(a) = ord(b) = 2. �J� 4 | n.

(4) �' G Î×Í abelian group of order n v G = {a1, a2, . . . , an}. �
g = a1 · a2 · · · an.

(a) �' G �^b-ô�� b 6= e v b2 = e, �J g = e.

(b) �' b ∈ G Î G �°×Ý×Í-ô�� b 6= e v b2 = e, �J g = b.

(c) �' G �b9y×Í|îÝ-ô�� b 6= e v b2 = e, �J g = e.

(5) E��Jó n > 1, &Æ� (Z/nZ)∗ = {m | 1 ≤ m ≤ n− 1, gcd(m, n) = 1}
¬�LÍ�ÝºÕ “·” Aì: 
E�� a, b ∈ (Z/nZ)∗, u a · b t| n Ý

õó5½
 r, J� a · b = r.

(a) �J� (Z/nZ)∗ Î×Í group.

(b) � φ �î
 Euler φ-function. ÇE��ÑJó n, φ(n) �îXb+y

1 õ n � v� n !²ÝJóÝÍó. �J� Euler �§: u a ∈ N
v gcd(a, n) = 1, J aφ(n) ≡ 1 (mod n) (Ç aφ(n) t| n Ýõó
 1).

(c) �J� Wilson �§: u p Î×Í²ó, J (p− 1)! ≡ −1 (mod p) (Ç

(p− 1)! t| p Ýõó
 p− 1).

(6) �' G Î×Í abelian group, a, b ∈ G. Í� ord(a) = m, ord(b) = n v

gcd(m,n) = 1. �J� ord(a · b) = m× n.

———————————–
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Chapter 2. �ù Group ÝP² 5

(7) ' G Î×Í group v M, N KÎ G Ý normal subgroup.

(a) �J� M ∩N Î G Ý×Í normal subgroup.

(b) u� MN = {m · n | m ∈ M, n ∈ N}, �J MN Î G Ý×Í normal

subgroup.

(c) �' M ∩N = {e}, �J�E�� a ∈ M , b ∈ N /b a · b = b · a.

(8) ' G Î×Í group. H Î G Ý×Í subgroup. �Ê

N(H) = {a ∈ G | a−1Ha = H}.
(a) �J N(H) Î G Ý×Í subgroup.

(b) �J� H Î N(H) Ý×Í normal subgroup.

(c) �' K Î G Ý×Í subgroup ¸ÿ H Î K Ý normal subgroup. �
J� K ⊆ N(H). (;ð&ÆÌ N(H) Î H Ý normalizer, ¸Î G �

¸ÿ H 3Í�º normal Ýt�Ý subgroup.)

(9) ' G Î×Í group v N Î G Ý×Í normal subgroup. �' M Î G/N

Ý×Í subgroup. � M = {a ∈ G | a ∈M}.
(a) �J� M Î G Ý×Í subgroup.

(b) �J�M Î G/N Ý×Í normal subgroup uv°u M Î G Ý ×
Í normal subgroup.

(10) ' G Î×Í group v N Î G Ý×Í normal subgroup.

(a) �J�u G Î×Í cyclic group J G/N ôÎ×Í cyclic group.

(b) �J� G/N Î×Í abelian group uv°uE�� a, b ∈ G /��

aba−1b−1 ∈ N .

(11) ' G Î×Í group v Z(G) = {a ∈ G | ag = ga, ∀ g ∈ G} 
Í center.

(a) �J� Z(G) Î G Ý×Í normal subgroup.

(b) �J�u G/Z(G) Î×Í cyclic group, J G Î×Í abelain group.

(12) �' φ : G → G′ Î×Í onto (ÌW) Ý group homomorphism.

(a) �' G Î×Í abelain group. �J G′ ôÎ×Í abelian group.

(b) �' N Î G Ý×Í normal subgroup. �J φ(N) Î G′ Ý×Í

normal subgroup.

———————————–

26 October, 2006



6 Exercise

(13) � G 
×Í group v N 
Í normal subgroup. �ÊÐó π : G → G/N

�L
 π(a) = a, ∀ a ∈ G.

(a) �J� π Î×Í group homomorphism.

(b) �O im(π).

(c) �O ker(π).

(14) �' φ : G1 → G2 |C ψ : G2 → G3, KÎ group homomorphism.

(a) �J� ψ ◦ φ : G1 → G3 ôÎ×Í group homomorphism.

(b) �J� u φ Î 1-1 v onto, J φ−1 : G2 → G1 ôÎ×Í group

homomorphism.

(c) �1� groups � isomorphic Ýn;Î×Í equivalent relation.

(15) �' G1 õ G2 KÎ cyclic groups.

(a) u G1 Î×Í finite group. �J� G1 õ G2 Î isomorphic uv°u

|G1| = |G2|.
(b) u G1 bPM9Í-ô. �J� G1 õ G2 Î isomorphic uv°u G2

bPM9Í-ô.

(16) �' G Î×Í abelian group. E��ÝÑJó n, �ÊÐó φn : G → G

�L
 φn(a) = an. � Gn = {a ∈ G | an = e}.
(a) �J� φn Î×Í group homomorphism.

(b) �J� Gn Î G Ý×Í subgroup v ker(φn) = Gn.

(c) u |G| = mn, �J� im(φn) ⊆ Gm.

(d) u |G| = mn v gcd(m, n) = 1. �J�3 G/Gn �u an = e, J

a ∈ Gn (Ç a = e).

(17) � G 
Xb@;óÝ94P, H 
Xbðó4
 0 Ý@;ó94P (Ç

H = {f(x) ∈ G | f(0) = 0}). *3 G ��Ê×�94P�°Ý�x.

(a) �J� G 3�°Ý�xìÎ×Í group v H 
Í subgroup.

(b) �J� G/H õ R 3×��°Ý�xìÎ isomorphic.

(18) � G1 õ G2 
 groupsÍºÕ5½à ·õ ∗¼�î¬� e2 
 G2 Ý identity.
*�Ê G = {(a, b) | a ∈ G1, b ∈ G2} ¬�Ê G �-ô (a, b) õ (c, d) � 
ÝºÕ
 (a, b)(c, d) = (a · c, b ∗ d).

(a) �J� G 3hºÕ�ìÎ×Í group.

(b) � N = {(a, e2) | a ∈ G1}. �J� N Î G Ý subgroup v N õ G1

Î isomorphic.

(c) �J� N Î G Ý normal subgroup v G/N õ G2 Î isomorphic.

———————————–

02 November, 2006



Chapter 2. �ù Group ÝP² 7

(19) �Ê Z 
Jó3�°ºÕì� group.

(a) �J�

4Z/12Z ' 2Z/6Z.

(b) �' m,n 
ÑJóv m,n Ýt�2.ó
 d, t�2¹ó
 l. �J
�

nZ/lZ ' dZ/mZ.

(20) � G1 = Z 
Jó3�°ºÕì� group, G2 = Z/6Z v φ : G1 → G2 Î

�L
 φ(n) = n Ý group homomorphism. �Ê H2 = 2Z/6Z 
 G2 Ý

subgroup.

(a) � H1 = {n ∈ Z | φ(n) ∈ H2}. �O H1.

(b) �Ê H ′
1 = 4Z. �J� φ(H ′

1) = H2.

(c) �® H1 õ H ′
1 ÎÍ8!? u�!J� correspondence theorem Ý°

×P8Àe, Íæ.
¢?

(21) �' φ : G1 → G2 Î×Í epimorphism (ÌWÝ group homomorphism).
�Ê

S1 = {H1 ⊆ G1 | H1 Î G1 Ý subgroup v ker(φ) ⊆ H1}
N1 = {N1 ⊆ G1 | H1 Î G1 Ý normal subgroup v ker(φ) ⊆ N1}
S2 = {H2 ⊆ G2 | H2 Î G2 Ý subgroup}
N2 = {N2 ⊆ G2 | N2 Î G2 Ý normal subgroup}

(a) �0Õ×Í×E×vÌWÝÐóÞ S1 Ì Õ S2.

(b) �0Õ×Í×E×vÌWÝÐóÞ N1 Ì Õ N2.

———————————–

09 November, 2006



8 Exercise

Chapter 3. �°ð�Ý Groups

(1) � G Î×Í cyclic group of order n v� φ �î
 Euler φ-function. ÇE
��ÑJó m, φ(m) �îXb+y 1 õ m � v� m !²ÝJóÝÍ
ó.

(a) �J�u m - n J G ��D3 order 
 m Ý-ô.

(b) �J�u m | n J G �D3 φ(m) Í order 
 m Ý-ô.

(c) �J� n =
∑

m|n φ(m).

(2) �' G Î×Í cyclic group of order n. �Ju m ∈ N v m | n JD3°
×Ý H ⊆ G Î G Ý subgroup �� |H| = m.

(3) u G1, . . . , Gn Î groups, �Ê

G1 × · · · ×Gn = {(a1, . . . , an) | ai ∈ Gi, ∀ 1 ≤ i ≤ n}.
E�� (a1, . . . , an), (b1, . . . , bn) ∈ G1 × · · · ×Gn �L

(a1, . . . , an) · (b1, . . . , bn) = (a1 · b1, . . . , an · bn).

�J� G1 × · · · ×Gn Î×Í group.

(4) u G1, G2 Î groups �J� G1 ×G2 ' G2 ×G1

(5) u G Î×Í group � T = {(g, g) ∈ G×G | g ∈ G}.
(a) �J� T Î G×G Ý×Í subgroup.

(b) �J� T ' G.

(c) �J� T ÎG×GÝ×Í normal subgroupuv°uGÎ×Í abelian

group.

———————————– 30 November, 2006
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(6) �' G Î×Í finite group v N1, N2 Î G Ý normal subgroups.

(a) �á G = N1N2. �Ju |G| = |N1| |N2| J G ' N1 ×N2.

(b) �á N1 ∩N2 = {e}. �Ju |G| = |N1| |N2| J G ' N1 ×N2.

(7) �' G Î×Í abelian group v |G| = m × n Í� gcd(m,n) = 1. �J
� G Î×Í cyclic group uv°uD3 a, b ∈ G �� ord(a) = m v

ord(b) = n.

(8) u G1, G2, G3 
 groupsÍ� e1, e2, e3 5½
Í identity. � G = G1×G2×
G3. �Ê N1 = {(a, e2, e3) ∈ G | a ∈ G1}, N2 = {(e1, b, e3) ∈ G | b ∈ G2}
|C N3 = {(e1, e2, c) ∈ G | c ∈ G3}.
(a) �J N1, N2, N3 /
 G Ý normal subgroup v G = N1N2N3.

(b) �J� N1 ∩N2 = N1 ∩N3 = N2 ∩N3 = {(e1, e2, e3)}.
(c) �J� N1 ∩N2N3 = N2 ∩N1N3 = N3 ∩N1N2 = {(e1, e2, e3)}.
(d) 3×�Ý�µ (2) õ (3)¬�Î��Ý. �¾\ (2) õ (3) ÝP²ø
×ÍÎ´úÝ.

(9) �' G Î×Í group v N1, N2, N3 
Í normal subgroups �� G =

N1N2N3 v

N1 ∩N2N3 = N2 ∩N1N3 = N3 ∩N1N2 = {e}.
�J� G ' N1 ×N2 ×N3.

(10) �' G Î×Í group v N 
Í normal subgroup. �Ê G/N 9×Í

quotient group.

(a) �' a ∈ G v ord(a) = p, Í� p Î×Í²ó. �J ord(a) = p uv

°u a 6∈ N .

(b) �' b ∈ G v gcd(ord(b), |N |) = 1. �J� ord(b) = ord(b).

(c) �' c ∈ G v gcd(ord(c), |N |) = d. �J� ord(c)
d | ord(c).

———————————– 07 December, 2006
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(11) �' G Î×Í finite abelian group v |G| = pnm Í� p Î×Í²óv

p - m. �JE��Ý r ∈ N v 1 ≤ r ≤ n /D3×Í G Ý subgroup Pr

�� |Pr| = pr.

(12) �' G Î×Í finite abelian group v |G| = m, E�� n ∈ N �Ê
Gn = {a ∈ G | an = e}. �J� Gn = {e} uv°u gcd(m,n) = 1.

(13) �' G Î×Í finite abelian group v |G| = pn1
1 · · · pnr

r Í�9° pi Î8

²Ý²ó. � Pi 
 G Ý Sylow-pi subgroup. �J� G ' P1 × · · · × Pr.

(14) �' G Î×Í finite abelian group v p Î×Í²ó. �J� G Î×Í

p-group uv°u G ÝN×Í subgroup KÎ p-group.

———————————– 14 December, 2006
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(15) �' G Î×Í finite abelian group.

(a) �á M,N Î G Ý subgroup v G ' M ×N . êá a ∈ M , b ∈ N 5

½Î M õ N � order t�Ý-ô, �J� a · b Î G � order t�
Ý-ô.

(b) �' M Î×Í p-group v ord(a) = pr, �J�E�� x ∈ M /��

xpr
= e.

(c) �' α ∈ G Î G � order t�Ý-ôv ord(α) = n. �J�E��

x ∈ G /�� xn = e.

(16) ã Lagrange’s Theorem &Æáu |G| = n, a ∈ G v ord(a) = m, J m | n.

Lagrange’s Theorem ÝD'Î�EÝôµÎ1u |G| = n v m | n ¬��
îD3 a ∈ G ¸ÿ ord(a) = m. 4Q&Æá9E cyclic group ÎEÝ¬E

abelian group µ�EÝ. �Ê

G = (Z/2Z)× (Z/4Z)× (Z/3Z)× (Z/3Z)× (Z/25Z).

(a) ¯�|0Õ m ∈ N �� m < 1800 = |G| v m | 1800 ¬Î0�Õ

a ∈ G ¸ÿ ord(a) = m [?

(b) ��� G �-ôXb��Ý order.

(17) u G1, G2 /
 finite abelian groupv |G1| = |G2|. �á a, b5½Î G1, G2

� order t�Ý-ôv ord(a) = ord(b). �®ÎÍ�ÿ G1 ' G2? uÎJ
��, ÍJ�è�D».

(18) ���Xb order 
 600 Ý abelian groups ¬3N×Í group ���×Í

order t�Ý-ôCÍ order.

(19) u S1, S2 /
b§/), � A(Si) �î
Xb Si Õ Si Ý×E×vÌWÝ
ÐóXWÝ group. �J� A(S1) ' A(S2) uv°u |S1| = |S2|.

(20) � G Î×Í group. ×Í G Õ G Ý group isomorphism Ì
 G Ý

automorphism. �Ê Aut(G) 
Xb G Ý group automorphisms XWÝ

/)v�Ê)W
Í ÝºÕ.

(a) �J� Aut(G) Î×Í group.

(b) ü� a ∈ G, �Ê Ta : G → G, �L
 Ta(x) = a · x · a−1, ∀x ∈ G. �
J� Ta ∈ Aut(G).

(c) �ÊÐó φ : G → Aut(G) �L
 φ(a) = Ta, ∀ a ∈ G. �J� φ Î×
Í group homomorphism ¬O φ � kernel.

———————————– 21 December, 2006
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(21) Þì� permutations ¶W disjoint cycles Ý¶�¬�ÕÍ order.

(a)
(

1 2 3 4 5 6 7
2 1 3 4 6 5 7

)

(b)
(

1 2 3 4 5 6
2 3 4 5 6 1

)

(c)
(

1 2 3 4 5 6 7 8 9
3 1 4 2 7 6 9 8 5

)

(d)
(

1 2 3 4 5 6
6 4 5 2 1 3

) (
1 2 3 4 5 6
2 3 4 5 6 1

)

(e)
(

1 2 3 4 5 6 7
7 6 5 3 4 2 1

)(
1 2 3 4 5 6 7
2 3 1 5 6 7 4

)

(f)
(

1 2 3 4 5
4 1 3 2 5

)−1 (
1 2 3 4 5
2 1 3 4 5

)(
1 2 3 4 5
4 1 3 2 5

)

(g)
(

1 2 3 5 7
) (

2 4 7 6
)

(h)
(

1 2 3 4 5
) (

1 2 3 4 6
) (

1 2 3 4 7
)

(i)
(

1 2 3
) (

3 5 7 9
) (

1 2 3
)−1

(j)
(

1 2 3
)−1 (

3 5 7 9
) (

1 2 3
)

(22) �Ê3 Sn �, Í� n ≥ 7

(a) �JD3 σ ∈ Sn ¸ÿ σ(1 2 3)σ−1 = (5 6 7).

(b) �J����D3 σ ∈ Sn ¸ÿ σ(1 2 3)σ−1 = (1 2 4)(5 6 7).

(23) �' σ, τ ∈ Sn v σ = σ1 · · ·σr õ τ = τ1 · · · τr 5½Î¸ÆÝ disjoint cycles

decomposition, Í�E�� i ∈ {1, . . . , r}, σi õ τi KÎ mi-cycle. �J�
D3 ρ ∈ Sn ¸ÿ τ = ρσρ−1.

(24) � τ1, τ2, τ3 Î Sn (n ≥ 3) �Ý 2-cycles (�×� disjoint ô�×�8²).

(a) �0� τ1τ2 ��Ý order.

(b) �J� τ1τ2τ3 ���Î Sn �Ý identity.

(c) �0� τ1τ2τ3 ��Ý order.
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(25) �' σ ∈ Sn Î×Í k-cycle. �J� σ ∈ An uv°u k Î�ó.

(26) �' m < n, &Æ�×|ìÝÐó Φ : Sm → Sn Í�LAì: u σ ∈ Sm,
J� Φ(σ) ∈ Sn ��

Φ(σ)(i) =
{

σ(i), if 1 ≤ i ≤ m;
i, if m < i ≤ n.

(a) �J� Φ Î×Í monomorphism.

(b) �J�E�� σ ∈ Sm, σ ∈ Am uv°u Φ(σ) ∈ An.

(27) �¾\ì�ø°Î even permutation.

(a)
(

1 2 3 4 5 6 7 8 9
2 4 5 1 3 7 8 9 6

)

(b)
(

1 2 3 4 5 6
) (

7 8 9
)

(c)
(

1 2 3 4 5 6
) (

1 2 3 4 5 7
)

(d)
(

1 2
) (

1 2 3
) (

4 5
) (

5 6 8
) (

1 7 9
)

(e) u
(

1 2 3 4 5 6 7 8 9
3 1 2 x y 7 8 9 6

)
Î even permutation,�® x, y �

Â.

(28) �' H Î Sn Ý subgroup v H * An. �J� H Äb�óÍ-ôv

|H ∩An| = 1
2 |H|.

(29) �Ê n ≥ 5.

(a) �0� σ ∈ An ¸ÿ σ · (1 2 3)σ−1 = (3 4 5).

(b) u σ = (1 2)(3 4) �0Õ×Í 2-cycle τ C×Í 3-cycle ρ ¸ÿ

στσ−1 6= τ v σρσ−1 6= ρ.

(c) u δ = (1 2)(3 4) �0×Í γ ∈ Sn ¸ÿ δγδγ−1 Î×Í 3-cycle.

(d) u δ = (1 2 3)(1 2 4) �0×Í γ ∈ An ¸ÿ δγδγ−1 Î×Í

3-cycle.

(e) u δ = (1 2 3)(1 4 5) �0×Í γ ∈ An ¸ÿ δ−1γδγ−1 Î×Í

3-cycle.

(30) �Ê n > 2.

(a) �J�u n Î�ó, JN×Í even permutation K�|¶W n− 1 Í

2-cycle Ý¶��NÍ odd permutation �|¶W n− 2 Í 2-cycle Ý

¶�. 	 n Î�ó�µêA¢�
(b) �J� An �Ý-ôK�|¶W×° n-cycle Ý¶�.

(c) �' σ Î×Í k-cycle. �J� σ2 )
×Í cycle uv°u k Î�

ó. 3?×�Ý��, Çu σ Î×Í k-cycle v σr Î×Í cycle, �Í
ÿÕ k õ r b¢n;�
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Chapter 4. 
$ Group ÝP²

(1) �' (G,S, ∗) Î×Í group action, x ∈ S, &Æ�L

Gx = {g ∈ G | g ∗ x = x}.
�J�u a ∈ G, J a ·Gx · a−1 = Ga∗x.

(2) �' G Î×Í group, � S = G vE�� g ∈ G, s ∈ S, &Æ�L

g ∗ s = g · s · g−1. � Ê (G,S, ∗) 9×Í group action.

(a) �J�E�� s ∈ S, Gs = C(s) = {g ∈ G | g · s = s · g}.
(b) u a, b ∈ G vD3 g ∈ G ¸ÿ b = g · a · g−1, &ÆµÌ b õ a 3 G �

conjugate. 3 G �Xbõ a conjugate Ý-ôXWÝ/)µÌ
 a Ý

conjugacy class. u� [a] = {g · a · g−1 | g ∈ G} �î a Ý conjugacy

class, �J�	 G Î×Í finite group `

|[a]| = |G|
|C(a)| .

(c) �J� [a] = {a} uv°u a ∈ Z(G).

(d) �' G Î×Í finite group v [a1], . . . , [az], . . . , [am] Î G �Xb8²

Ý conjugacy class, Í� Z(G) = {a1, . . . , az}. �J�|ì� “class

equation”

|G| = z +
m∑

i=z+1

|G|
|C(ai)| .

(e) �¿à class equation |Có.hû°J� Cauchy’s Theorem.

(3) |ì&Æ"D Sn �Ý conjugacy classes.

(a) �0� S4 õ S5 &b9KÍ8² conjugacy classes. ¬�JÍ class

equation.

(b) u�b p(n) Ë]°(uGÎ5��!Õ8!]°)Þ n ¶W×°ÑJ
óõ. �J� Sn �Xb8²Ý conjugacy classes ÝÍó�y p(n),
¬J� Sn �Xb8²Ý conjugacy classes ÝÍó�yXbÍó
 2n

v�!8 isomorphic Ý abelian groups ÝÍó.

(c) u σ ∈ Sn Î×Í m-cycle, ��Õ3 Sn ��|õ σ øðÝ-ôÍó

(Ç |C(σ)|).
(4) �' GÎ×Í order
 p3 Ý group (Í� p
²ó). �J� GÎ abelian
uv°u |Z(G)| ≥ p2.

(5) |ìÎbn p-group Ý¥�P².

(a) �J�GÎ×Í p-groupuv°uGÝN×Í subgroupKÎ p-group.

(b) �J�u GÎ×Í p-group,JE��m | |G|/D3 GÝ×Í normal

subgroup N �� |N | = m.
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Chapter 5. �ù Ring ÝP²

(1) �' R Î×Í ring. E�� a ∈ R, 	 n ∈ N `�
na = a + · · ·+ a︸ ︷︷ ︸

n

v (−n)a = −na.

(a) �¿àó.hû°J�	 m,n ∈ N `E�� a, b ∈ R /b

(ma) · (nb) = (mn)(a · b).
(b) �J�	 m,n ∈ Z `E�� a, b ∈ R /b

(ma) · (nb) = (mn)(a · b).
(2) �' R Î×Í ring.

(a) u a ∈ R �� a2 = a, �J�E�� b ∈ R /b

(b · a− a · b · a)2 = (a · b− a · b · a)2 = 0.

(b) �J�uE�� a ∈ R /b a2 = a, J R Î×Í commutative ring.

(3) �' R Î×Í integral domain vGbb§9Í-ô.

(a) �J� R Î×Í field.

(b) �J�D3×Í²ó p ¸ÿE�� a ∈ R /b pa = 0.

(c) ¿à (b)|C Cauchy’s TheoremJ�u Rb q Í-ô, JD3 n ∈ N
¸ÿ q = pn.

(4) � p ∈ N Î×Í²ó. R ⊆ Q Îb§ó�¶Wt�5ó`Í5Ò��� p

JtÝ-ôXWÝ/), ùÇu m/n ∈ R Í� m,n ∈ Z v gcd(m,n) = 1,
J p - n.

(a) �J3×�b§óÝ�°õ¶°�ì R Î×Í ring.

(b) �J� R Î×Í integral domain.

(c) �1� R �Î×Í field ¬0� R �XbÝ unit.

(5) � R = {
(

a b
−b a

)
| a, b ∈ R} �J�3×�ÎpÝ�°õ¶°�ì R Î

×Í field.

(6) �' R Î×Í ring with 1 v a, b ∈ R �� a · b = 1.

(a) �J�u a �Î R Ý zero divisor, J a Î R �Ý unit.

(b) u bÎ R �°×Ý-ô�� a · b = 1, �J� a�Î R Ý zero divisor
.�ÿá a Î R �Ý unit.
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(7) �' R Î×Í ring v r, s ∈ R. ì�ø°bny zero divisor ÝB�ÎE
Ý?

(a) u r, s KÎ zero divisor, J r + s Î zero divisor.

(b) u r, s KÎ zero divisor, J r · s Î zero divisor.

(c) u r, s K�Î zero divisor, J r + s �Î zero divisor.

(d) u r, s K�Î zero divisor, J r · s �Î zero divisor.

(e) u r, s �©�b×Í�Î zero divisor, J r · s õ s · r �Äb×Í�
Î zero divisor.

(f) u r, s �©�b×ÍÎ zero divisor, J r · s õ s · r �Äb×ÍÎ zero

divisor.

(8) �' R Î×Í ring with 1 v r, s ∈ R. ì�ø°bny unit ÝB�ÎE
Ý?

(a) u r, s KÎ unit, J r + s Î unit.

(b) u r, s KÎ unit, J r · s Î unit.

(c) u r, s K�Î unit, J r + s �Î unit.

(d) u r, s K�Î unit, J r · s �Î unit.

(e) u r, s �©�b×ÍÎ unit, J r · s õ s · r KÎ unit.

(f) u r, s �©�b×Í�Î unit, J r · s õ s · r K�Î unit.

(9) �' R Î×Í nontrivial ring. � M2(R) = {
(

a b
c d

)
| a, b, c, d ∈ R}.

3 M2(R) �&Æ�Ê×�Îp��°C¶°.

(a) u A, B,C ∈ M2(R) �J� (AB)C = A(BC) |C

A(B + C) = AB + AC and (A + B)C = AC + BC.

(b) �Ñ R ÎÍb zero divisor �3 M2(R) �0Õ×Í zero divisor.

(c) �' R ^b¶°Ý identity. �J� M2(R) ô^b¶°Ý identity.

(d) �J� T = {
(

a b
0 c

)
| a, b, c ∈ R} Î M2(R) Ý×Í subring.

(e) �' R b¶°Ý identity. �J�
(

a b
0 c

)
∈ T Î T Ý×Í unit

uv°u a, c /
 R �Ý unit.

(10) � H = {a + bi + cj + dk | a, b, c, d ∈ R} Î Hamilton quaternion ring. u

u = a + bi + cj + dk ∈ H &Æ� u = a− bi− cj− dk.

(a) u u = a + bi + cj + dk ∈ H �J� uu = uu = a2 + b2 + c2 + d2

(b) u u, v ∈ H �J� uv = v u.

(c) �' (a1 + b1i+ c1j+ d1k)(a2 + b2i+ c2j+ d2k) = a3 + b3i+ c3j+ d3k.
�J� (a2

1 + b2
1 + c2

1 + d2
1)(a

2
2 + b2

2 + c2
2 + d2

2) = a2
3 + b2

3 + c2
3 + d2

3.
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Chapter 6. �ù Ring ÝP²

(1) �' R Î×Í ring, I Î R Ý ideal v A Î R Ý subring. �J� I ∩A

Î A Ý ideal.

(2) �' R Î×Í ring, I Î R Ý ideal v a ∈ R. �Ê

La(I) = {x ∈ R | xa ∈ I}.
(a) �J�u R Î×Í ring with 1 v a Î R Ý unit, J La(I) = I.

(b) �J�u R Î commutative J La(I) Î R Ý×Í ideal.

(c) �1�	 R �Î commutative `, La(I) b���Î R Ý×Í ideal.

(d) �®u�Ê Ia = {x ∈ R | xa ∈ I or ax ∈ I}, J	 R �Î

commutative `, Ia ÎÍ×�Î R Ý×Í ideal?

(3) �' R õ S KÎ ring. �Ê R õ S Ý direct sum

R⊕ S = {(r, s) | r ∈ R, s ∈ S}.
�L R⊕ S �Ý�°õ¶°
:

(r1, s1) + (r2, s2) = (r1 + r2, s1 + s2), (r1, s1) · (r2, s2) = (r1 · r2, s1 · s2).

(a) �J�3h�°õ¶°Ý�L�ì R⊕ S Î×Í ring.

(b) �Ê R′ = {(r, 0) | r ∈ R} ⊆ R ⊕ S õ S′ = {(0, s) | s ∈ S} ⊆ R ⊕ S.
�J� R′ õ S′ /
 R⊕ S Ý ideal.

(4) �' R Î×Í ring. 3 M2(R) ��Ê

T = {
(

a b
0 c

)
| a, b, c ∈ R} and I = {

(
0 a
0 0

)
| a ∈ R}.

�J� I Î T Ý ideal ¬�Î M2(R) Ý ideal.

(5) �' R Î×Í ring with 1. �Ê M2(R) 9Í ring. E�� i, j ∈ {1, 2} &
Æ� Eij ∈ M2(R) �îÏ (i, j) �HÎ 1 Í��HÎ 0 ÝÎp.

(a) �J�E�� A = (aij) ∈ M2(R) (aij ∈ R �î A 9ÍÎpÏ (i, j)
Í�HÝ-ô), i, j, k, l ∈ {1, 2} /b EijAEkl = ajkEil.

(b) �' I Î M2(R) Ý×Í ideal. �Ê I = {a11 | A = (aij) ∈ I}. �J
� I Î R Ý×Í ideal.

(c) �J� I = M2(I) = {
(

a b
c d

)
| a, b, c, d ∈ I}

(d) �J�uRÎ×Í division ringJM2(R)�Ý ideal©b {
(

0 0
0 0

)
}

õ M2(R).
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(6) �' R Î×Í ring ¬�Ê R⊕R = {(a, b) | a, b ∈ R} 9Í ring.

(a) � I = {(a, 0) | a ∈ R} �J� I Î R⊕R Ý×Í ideal.

(b) �J� (R⊕R)/I ' R.

(c) u R Î×Í division ring �0� R⊕R �Xb�â I Ý ideal.

(7) �' φ : R → R′ Î×Í ring homomorphism.

(a) � 1R, 1R′ 5½
 R õ R′ ¶°Ý identity. u φ Î onto Ý�J�

φ(1R) = 1R′ .

(b) �Ü×Í»� φ �Î onto ¬ φ(1R) 6= 1R′ .

(c) u�á R Î×Í division ring vD3 a ∈ R ¸ÿ φ(a) 6= 0. �J�

φ Î×E×.

(8) � R = {a + b
√

2 | a, b ∈ Z}, R′ = {
(

c 2d
d c

)
| c, d ∈ Z}. �Ê R �Ý�

°õ¶°
×�@óÝ�°�¶°, � R′ �Ý�°õ¶°
×�ÎpÝ
�°�¶°.

(a) �J� R 
×Í ring v I = {2a + b
√

2 | a, b ∈ Z} Î R Ý×Í ideal.

(b) �J� R′ Î×Í ring v0Õ×Í ring isomorphism φ : R′ → R.

(c) ã (b) �Ý φ, �¶ì φ−1(I). ¬�JÍ@
 R′ Ý ideal.

(9) �' R Î×Í ring. � R′ = {
(

a b
0 c

)
| a, b, c ∈ R}, �á3×�ÎpÝ

ºÕ�ì R′ Î×Í ring. *�Ê

I = {
(

0 d
0 0

)
| d ∈ R} and I ′ = {

(
e 0
0 f

)
| e, f ∈ R}.

(a) �J� I Î R′ Ý ×Í ideal v R′/I ' R⊕R.

(b) �Ê φ : R′ → R �L
 φ(
(

a b
0 c

)
) = b. �® φ ÎÍ
×Í group

homomorphism? ÎÍ
×Í ring homomorphism?

(c) �J�:WÎ group R′/I ′ õ R Î isomorphic; ¬l� I ′ �Î R′ Ý

ideal (X| R′/I ′ �Î×Í ring).

(d) �0Õ R′ �Ý×Í ideal J �� R′/J ' R (as a ring).

(10) �' R Î×Í ring, I, J , /
 R Ý ideal.

(a) �J� R/(I ∩ J) ºõ R/I ⊕R/J Ý×Í subring isomorphic.

(b) �J�u m,n ∈ N �� gcd(m,n) = 1 J

Z/mZ⊕ Z/nZ ' Z/mnZ.

(c) �J��»yõ�§: u m,n ∈ N �� gcd(m,n) = 1, J����Ý

a, b ∈ Z /D3×ÍJó x �� x ≡ a (mod m) v x ≡ b (mod n).
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(11) u R Î commutative ring with 1 v a ∈ R. �J�u I Î R Ý ideal v

a ∈ I, J
(
a
) ⊆ I.

(12) � Z[i] = {a + bi | a, b ∈ Z} 
 C Ý subring (Í� i2 = −1).

(a) �J�3 Z[i] �u I Î×Í ideal v a + bi ∈ I, J a2 + b2 ∈ I.

(b) �¶ì3Z[i]�
(
5
)
9Í principle ideal�-ôÝ�P¬.ÿ 2−i 6∈ (

5
)
.

(c) �J� Z[i] �
(
5
)
�Î×Í prime ideal.

(d) �J�u I Î Z[i] �Ý×Í ideal v
(
3
)
( I, JÄD3 n ∈ Z ��

n ∈ I v 3 - n.

(e) �J�3 Z[i] �
(
3
)
Î×Í maximal ideal.

(13) �' φ : Z[i] → Z/5Z⊕ Z/5Z Î×Í ring epimorphism.

(a) �J� φ(1) = (1, 1) v φ(−1) = (4, 4).

(b) �¿à i2 = −1 J� φ(i) = (u, v) Í� u, v ∈ {2, 3}.
(c) u�' φ(i) = (2, 3) �1� φ(a + bi) = (a + 2b, a + 3b) ¬�JAh�
L� φ @
 Z[i] Õ Z/5Z⊕ Z/5Z Ý×Í ring epimorphism.

(d) �J� Z[i]/
(
5
) ' Z/5Z⊕ Z/5Z.

(e) �1�
(
5
)
�Î Z[i] Ý prime ideal.

(f) u φ(i) = (3, 2), ÎÍ���×Í Z[i] Õ Z/5Z ⊕ Z/5Z Ý×Í ring

epimorphism? u��¶ìÍ�P¬OÍ kernel.

(g) u φ(i) = (2, 2), ÎÍ���×Í Z[i] Õ Z/5Z ⊕ Z/5Z Ý×Í ring

epimorphism?

(14) �' φ : Z[i] → Z/5Z Î×Í ring epimorphism.

(a) �J� φ(i) = 2 T φ(i) = 3.

(b) �1�u φ(i) = 2 `@@���×Í Z[i] Õ Z/5Z Ý×Í ring

epimorphism. �¶ìÍ�P¬J� ker(φ) =
(
2− i

)
.

(c) �1�
(
2− i

)
Î Z[i] Ý×Í maximal ideal.

(d) u φ(i) = 3, ÎÍ���×Í Z[i] Õ Z/5Z Ý×Í ring epimorphism.
�¶ìÍ�P¬OÍ kernel.

(15) �á3 Z[i] �
(
3
)
Î×Í maximal ideal.

(a) �0Õ×Í Z[i] Õ Z/3Z⊕ Z/3Z �°Ý group epimorphism.

(b) 1� Z[i]/
(
3
)
Î×Íb 9 Í-ôÝ field.

(c) �1�Z[i]/
(
3
)
:WÎ�°Ý group`�|õ Z/3Z⊕Z/3Z isomorphic

¬��õ Z/9Z isomorphic.

(d) �1� Z[i]/
(
3
)
:WÎ ring `��|õ Z/3Z⊕ Z/3Z isomorphic ô

��|õ Z/9Z isomorphic.

(e) �1����0Õ×Í Z[i]Õ Z/3Z⊕Z/3ZÝ×Í ring epimorphism
ô���0Õ×Í Z[i] Õ Z/9Z Ý×Í ring epimorphism..
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Chapter 7. ×°ð�Ý Rings

(1) �' R Î×Í integral domain v a, b ∈ R.

(a) �J�
(
a
) ⊆ (

b
)
uv°u b | a.

(b) �J� a | b v b | a uv°uD3 u ∈ R Î unit �� a = ub.

(c) �J� R �Ý prime element ×�Î irreducible element.

(d) �' a, b ∈ R Î prime �J� a | b uv°u b | a.

(2) �' R Î×Í integral domain v f(x), g(x) Î R[x] �& 0 Ý94P.

(a) �J� deg(f(x)+g(x)) ≤ max{deg(f), deg(g)}v	 deg(f) 6= deg(g)
`�rWñ.

(b) �J� deg(f(x)g(x)) = deg(f(x)) + deg(g(x)).

(c) �1�u R′ �b zero divisor, J3 R′[x] �ÄD3ËÍ& 0 Ý94
P f(x), g(x) º¸ÿ deg(f(x)g(x)) < deg(f(x)) + deg(g(x)).

(3) �' F �×Í field, f(x), g(x) ∈ F [x]. &ÆÌ f(x)õ g(x)!² relatively

prime A� gcd(f(x), g(x)) Î F [x] �Ý unit. ¨�' f(x) õ g(x) Î

relatively prime.

(a) �J�u h(x) ∈ F [x] �� f(x) | g(x)h(x), J f(x) | h(x).

(b) �J�u l(x) ∈ F [x]�� f(x) | l(x)v g(x) | l(x),J f(x)g(x) | l(x).

(4) �' F Î×Í field v f(x) ∈ F [x] Í� deg(f(x)) = 3. �J� f(x) 3

F [x] �Î irreducible uv°uD3 r ∈ F ¸ÿ f(r) = 0.

(5) �' F,K /
 field v F ⊆ K.

(a) u p(x) ∈ K[x]v3 K[x]�Î prime,�J� p(x)3 F [x]�Î prime.

(b) �0ÕËÍ field F õ K �� F ⊆ K v3 F [x] �0Õ×Í-ô 3

F [x] Î prime ¬3 K[x] �Î prime.

(c) �' f(x), g(x) ∈ F [x]. �J� f(x) õ g(x) 3 K[x] �Î relatively

prime uv°u f(x) õ g(x) 3 F [x] Î relatively prime.

(6) �J�
(
x2 + 1

)
Î R[x] �Ý maximal ideal ¬J� R[x]/

(
x2 + 1

) ' C.

(7) � F = Z/11Z, �á F 
×Í field.

(a) �J� x2 +1 3 F [x] �Î irreduciblev F [x]/
(
x2 + 1

)
Î×Íb 112

Í-ôÝ field.

(b) �J� x3 + x + 4 3 F [x] �Î irreducible v F [x]/
(
x3 + x + 4

)
Î×

Íb 113 Í-ôÝ field.

(8) �' F Î×Í field.

(a) �J� F [x] �D3PM9Í monic irreducible polynomial.

(b) �' F Î×Í finite field (ÇGbb§Í-ôÝ field). �J�E��

n ∈ N /D3 p(x) ∈ F [x] Î irreducible v deg(p(x)) > n.
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(9) � f(x) = 2
3x3 + 5

12x2 + 7
18x + 1

4 , g(x) = 3
4x4 − 5

24x3 − 2
9x2 + 7

24x + 1
27 .

(a) �Þ f(x) õ g(x) 5½¶W f(x) = c(f)f∗(x) |C g(x) = c(g)g∗(x)
��P, Í� f∗(x) õ g∗(x) Î primitive polynomials.

(b) �O f(x) + g(x) |C f(x)g(x) �content.

(10) �' f(x), g(x) ∈ Q[x].

(a) �á f(x), g(x) ∈ Z[x]. �J�u f(x)g(x) Î primitive polynomial
J f(x), g(x) /
 primitive polynomials.

(b) �á f(x) ∈ Z[x] Î primitive polynomial. �J�u f(x)g(x) ∈ Z[x]
J g(x) ∈ Z[x].

(c) �á f(x) ∈ Z[x] Î primitive polynomial. �J� f(x) 3 Q[x] �Î

prime uv°u f(x) 3 Z[x] �Î prime.

(11) �' R Î×Í commutative ring v I Î R Ý×Í ideal. �Ê R[x] õ

I[x] 5½Î;ó3 R õ I Ý94PXW�/).

(a) �Ê×�94PÝ�°C¶°�J� I[x] ºÎ R[x] Ý×Í ideal.

(b) � R = R/I �ÊÐó Φ : R[x] → R[x] �L
: u

f = anxn + · · ·+ a1x + a0 J Φ(f) = anxn + · · ·+ a1x + a0.

�J� Φ Î×Í ring homomorphism.

(c) �J� R[x]/I[x] ' (R/I)[x] as a ring.

(d) �¿à (b) � Φ Î homomorphism ÝP²J� Gauss Lemma: Çu

f, g ∈ Z[x] Î primitive polynomial, J fg ôÎ primitive polynomial.

(e) �¿à (b) � Φ Î homomorphism ÝP²J� Eisenstein Criterion:
Çu f(x) = xn +an−1x

n−1 + · · · a1x+a0 ∈ Z[x]vD3×²ó p��

p | an−1, . . . , p | a1, p | a0 ¬ p2 - a0, J f(x) 3 Z[x] �Î irreducible.

(12) �' F Î×Í field v φ : F [x] → F [x] Î×Í ring homomorphism ��
E�� a ∈ F /b φ(a) = a.

(a) �J� φ Î epimorphism uv°u deg(φ(x)) = 1.

(b) �J� φ Î epimorphism uv°u φ Î isomorphism.

(c) �J� φ Î isomorphism uv°uD3 a, b ∈ F v a 6= 0 ¸ÿE�
� f(x) ∈ F [x] /b φ(f(x)) = f(ax + b).

(d) �' φ Î isomorphism. �J� f(x) ∈ F [x] Î irreducible uv°u

φ(f(x)) Î irreducible.

(e) �J�u f(x) = anxn + an−1x
n−1 + · · · a1x+ a0 ∈ Z[x] vD3×²ó

p �� p | an−1, . . . , p | a1, p | a0 ¬ p - an v p2 - a0, J f(x) 3 Q[x]
�Î irreducible.

(f) u p ∈ Z Î×²ó, �J� f(x) = xp−1 + xp−2 + · · ·+ x + 1 3 Q[x]
�Î irreducible.

———————————– 19 April, 2007



22 Exercise

(13) � Q(Z) �î Z Ý quotient field. �0Õ×Í Q(Z) Õ Q Ý ring isomor-

phism.

(14) �' R Î×Í field, Q(R) 
Í quotient field. �0Õ×Í R to Q(R) Ý

ring isomorphism.

(15) �'RõR′ 
 integral domainvQ(R), Q(R′)5½
RõR′ Ý quotient

field.

(a) �J�u R ' R′ as a ring, J Q(R) ' Q(R′) as a ring.

(b) �0Õ×Í Q(R) ' Q(R′) ¬Î R 6' R′ Ý»�.

(16) �' R Î×Í commutative ring without zero divisor (b��^b 1).

(a) �J��¿à integral domain ÿÕ quotient field Ý]°ÿÕ Q(R)
v Q(R) Î×Í field.

(b) �J�D3×Í R Õ Q(R) Ý ring monomorphism.

(c) �J�u F Î×Í fieldvD3×Í� RÕ F Ý ring monomorphism,
JD3×Í Q(R) Õ F Ý ring monomorphism.

(d) �0Õ×Í� Q(2Z) Õ Q Ý ring isomorphism.
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Chapter 8. Integral domain îÝ5�P²

(1) �' d ∈ Q[x] Î 4x |C 2x2 3 Q[x] �Ý greatest common divisor.

(a) �¶ì d Xb����P

(b) �J�3 Q[x] �
(
4x

)
+

(
2x2

)
=

(
d
)
.

(2) �' d ∈ Z[x] Î 4x |C 2x2 3 Z[x] �Ý greatest common divisor.

(a) �¶ì d Xb����P

(b) �J� 3 Z[x] �
(
4x

)
+

(
2x2

) 6= (
d
)
.

(3) �' R Î×Í integral domain, a, b ∈ R v d Î a, b �×Í greatest

common divisor.

(a) �J� d′ ∈ R Î a, b � ×Í greatest common divisor uv°uD3

u ∈ R Î R �� unit ¸ÿ d′ = ud.

(b) �' a = da′ v b = db′, Í� a′, b′ ∈ R. �J� 1 Î a′ õ b′ �×Í

greatest common divisor.

(4) �' F Î×Í field. �0Õ×Ðó Φ : F \ {0} → N ∪ {0} ¸ÍÐ)
Euclidean domain ��O,

(5) �' R Î×Í Euclidean domain Í�Ðó Φ : R \ {0} → N ∪ {0} �¸Í
Ð) Euclidean domain ��O.

(a) �J�u α ∈ R vE�� β ∈ R \ {0} /b Φ(α) ≤ Φ(β), J α Î R

�Ý×Í unit.

(b) �0Õ×Í Euclidean domain R CÐó Φ |C R �Ý×Í unit α

¸Í���E�� β ∈ R \ {0} /b Φ(α) ≤ Φ(β).

(6) �á3 principle ideal domain �×Í nontrivial ideal Î maximal ideal u

v°uÎ prime ideal. |ì�:�u�Î principle ideal domain 9�×�
E.

(a) �J�3 Q[x] �
(
x
)
Î maximal ideal.

(b) �J� x 3 Z[x] �Î×Í irreducible element.

(c) �J�3 Z[x] �
(
x
)
Î prime ideal ¬�Î maximal ideal.

(7) �' R Î×Í integral domain, v a, b ∈ R.

(a) u d ∈ R ��
(
a
)

+
(
b
)

=
(
d
)
, �J� d Î a, b Ý greatest common

divisor.

(b) �' R Î×Í principle ideal domain. u d ∈ R Î a, b Ý greatest

common divisor, �J�
(
a
)

+
(
b
)

=
(
d
)
.

(c) �0Õ×»�1� (b) �@@m� R Î principle ideal domain ��
'�ºE.
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(8) �' R Î×Í integral domain v a1, . . . , an ∈ R. &Æ�L R ���|
ìf�� l 
 a1, . . . , an � least common multiple:
ä: EyXb i ∈ {1, . . . , n} /b ai|l.
Ø: u m ∈ R ��EyXb i ∈ {1, . . . , n} /b ai|m, J l|m.

(a) �J� l ∈ R ��
(
a
) ∩ (

b
)

=
(
l
)
, uv°u l Î a, b �×Í least

common multiple.

(b) �' R ��ËÍ-ôÝ least common multiple /D3, �J��ã

a1, . . . , an ∈ R Í least common multiple ùD3.

(c) �' R Î×Í unique factorization domain v a, b ∈ R. �J� a, b

Ý least common multiple ÄD3.

(d) �' RÎ×Í unique factorization domainv d
 a, b�×Í greatest

common divisor. � a = da′, b = db′ Í� a′, b′ ∈ R. �J� a′b′d 


a, b �×Í least common multiple.

(e) �' R Î×Í unique factorization domain v a, b ∈ R. �J�(
a
)∩ (

b
)

=
(
ab

)
uv°u a õ b Ý greatest common divisor Î unit.

(9) �' R Î×Í integral domain v a1, . . . , an ∈ R.

(a) �' d Î a1, . . . , an Ý×Í greatest common divisor vE�� i ∈
{1, . . . , n}, ai = a′id, Í� a′i ∈ R. �J� a′1, . . . , a

′
n Ý greatest

common divisor ÄD3vÎ R �Ý unit.

(b) �' RÎ×Í unique factorization domainvE�� i 6= j, ai õ aj Ý

greatest common divisor Î×Í unit. �J� a1 · · · an Î a1, . . . , an

Ý×Í least common multiple.

(10) �' R Î×Í integral domain vÐ)|ìËÍP².
ä: E�� R �PML¦Ý principle ideal

(
a1

) ⊆ (
a2

) ⊆ · · · ⊆ (
an

) ⊆ · · ·
/D3 m ∈ N, ¸ÿEXb i ≥ m /b

(
ai

)
=

(
am

)
.

Ø: R �Ý irreducible element /
 prime element.
�J� R Î×Í unique factorization domain.

(11) �' RÎ×Í unique factorization domainv�Î×Í field. � F = Q(R)

 R Ý quotient field.

(a) �J�u f(x) = anxn + an−1x
n−1 + · · · a1x + a0 ∈ R[x] vD3×Í

R �Ý irreducible element p ¸ÿ3 R � p | an−1, . . . , p | a1, p | a0

¬ p - an v p2 - a0, J f(x) 3 F [x] �Î irreducible.

(b) �J�E��n ∈ N/D3 p(x) ∈ R[x]Î irreduciblevdeg(p(x)) = n.
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Chapter 9. �ù Field ÝP²

(1) �' R, R′ /
 ring with 1 v φ : R → R′ Î×Í nontrivial Ý ring

homomorphism.

(a) u�á R′ ^b zero divisor, �J� φ(1R) = 1R′ (1R, 1R′ 5½� R

õ R′ ¶°Ý identity).

(b) u�á R Î×Í field �J� φ(R) (Ç φ Ý image) ôÎ×Í field.

(2) �' R′ Î×Í integral domain v R Î R′ Ý subring ¬�' 1R 
 R ¶

°Ý identity. u 1R′ 
 R′ �¶° identity, �J� R ù
×Í integral

domain v 1R = 1R′ .

(3) �' F,K /
 field, u F �D3×Í subfield õ K Î isomorphic, 
Ý
]-B&Æà#1 K Î F Ý subfield.

(a) �J� Q ºÎ F Ý subfield TÎD3×²ó p ¸ÿ Z/pZ Î F Ý

subfield.

(b) �J����!` Q õ Zp /
 F Ý subfield.

(c) 	 p Î²ó`, �J�Xbb p Í-ôÝ field /õ Z/pZ isomorphic

(*¡
Ý]-B, &Æ| Fp �îb p Í-ôÝ field.)

(4) �' F Î×Í fieldv φ : F → F Î×Í nontrivialÝ ring homomorphism.

(a) �J�u Q Î F Ý×Í subfield, J φ ×�Î Q-linear, ÇE��

a, b ∈ F C r ∈ Q /b φ(ra + b) = rφ(a) + φ(b).

(b) �J�u Fp Î F Ý subfield, J φ ×�Î Fp-linear.

(c) �J�u F Î×Í finite field, J φ ×�Î×Í isomorphism.

(5) �' F Î×Í field of characteristic p. E�� n ∈ N �Ê ↑pn : F → F �

L
 ↑pn (α) = αpn
, ∀α ∈ F .

(a) �J� ↑pn Î×Í ring homomorphism.

(b) �' F Î×Í finite field, �� n ∈ N �J�E�� a ∈ F /D3°
×Ý b ∈ F ¸ÿ bpn

= a.

(c) �' F Î×Íb pn Í-ôÝ finite field (|¡&Æºá¼XbÝ finite

field ÝÍó/
9Ë�P). �J� ↑pn Î×Í identity map, ôµÎ
1E�� a ∈ F /b ↑pn (a) = a.
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(6) |ìÎ"D Q[x]/
(
x2 − 1

)
|C Q[x]/

(
x2 + 1

)
:W vector space over Q |

C:W ring Ý-².

(a) Þ Q[x]/
(
x2 − 1

)
|C Q[x]/

(
x2 + 1

)
:W vector space over Q. �J�

Q[x]/
(
x2 − 1

)
õ Q[x]/

(
x2 + 1

)
Î×Í isomorphic vector space over

k.(ôµÎ1¸Æ� D3×Í×E×vÌWÝQ-linear transformation).

(b) ÞQ[x]/
(
x2 − 1

)
|CQ[x]/

(
x2 + 1

)
:WP ring,�J�Q[x]/

(
x2 − 1

)

|C Q[x]/
(
x2 + 1

)
� ���0Õ×Í ring isomorphism.

(7) � C õ R 5½�î�óC@óXW� field.

(a) �J� [C : R] = 2.

(b) J�u α ∈ C,JÄD3 f(x) ∈ R[x]Í� deg(f(x)) = 2¸ÿ f(α) = 2.

(c) �áXb@;ó94P/b×Í�óq. µhJ�Xb R[x] �Ý

ireeducible polynomial /
×gTÞg@;ó94P.

(8) �' L/F Î×Í field extension.

(a) �' α ∈ L Î transcendental over F . �J�u f(x) ∈ F [x], Í�

deg(f(x)) ≥ 1, J f(α) ôÎ transcendental over F .

(b) �' α ∈ L, f(x) ∈ F [x] v deg(f(x)) ≥ 1. u�á f(α) Î algebraic

over F , �J� α ù
 algebraic over F .

(9) �' L/F Î×Í finite extension v V Î×Í finite dimensional vector

space over L. �J� V Î×Í finite dimensional vector space over F v

dimF (V ) = [L : F ] dimL(V ).

(10) �' L/F Î×Í field extension. u α ∈ L, &Æ�

F [α] = {f(α) | f(x) ∈ F [x]}.
(a) �J� F [α] Î×Í vector space over F .

(b) �J� F [α] Î×Í integral domain.

(c) �' α ∈ L Î transcendental over F . �J� F [α] ' F [x] as a ring.

(d) �' α ∈ L Î algebraic over F , vD3 f(x) ∈ F [x] Í degree 
 n,
¸ÿ f(α) = 0. �J� F [α] Î×Í finite dimensional vector space

over F v dimF (F [α]) ≤ n.

(e) �' α ∈ L Î algebraic over F . �J�D3 F [x] �Ý irreducible

polynomial p(x) ¸ÿ F [α] ' F [x]/
(
p(x)

)
.
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Chapter 10. �ù Field ÝP²

(1) �á π Î transcendental over Q. �J� Q[
√

π] �Î×Í field ¬ R[
√

π]
Î×Í field.

(2) �' L/F Î×Í field extension, α, β ∈ L. �á α Î algebraic over F v

β Î transcendental over F .

(a) �' f(x) ∈ F [x]. �J� f(α) Î algebraic over F vÍ over F Ý

degree �y�y α over F Ý degree.

(b) u f(x), g(x) ∈ F [x] v deg(g(x)) ≥ 1. �J� f(α) + g(β) Î

transcendental over F .

(3) �' L/F Î×Í field extension v α ∈ L Î algebraic over F of degree n.
�J� 1, α, . . . , αn−1 Î F (α) over F Ý×à basis.

(4) �Ê Q(
√

2) õ Q(
√

3) 
 Q Ý extension.

(a) �J� Q(
√

2 + 3) = Q(
√

2).

(b) �J� [Q(
√

2) : Q] = [Q(
√

3) : Q]¬Q(
√

2)õQ(
√

3)¬� isomorphic

as rings.

(c) ¿à (b) ÿá Q(
√

2) 6= Q(
√

3) ¬µhJ� [Q(
√

2 +
√

3) : Q] = 4.

(5) �' p Î×Í�²ó, � L/F Î×Í finite extension of degree p.

(a) �J�u α ∈ L ¬ α 6∈ F , J F (α) = L.

(b) �J�u F (α) = L J F (α2) = L.

(6) �' L/F Î×Í field extension.

(a) �' α, β ∈ L 
 algebraic over F vÍ over F Ý degree 5½
 m,n

Í� m,n !². �J� [F (α, β) : F ] = mn.

(b) �' γ ∈ L Î algebraic over F �J�D3 n ∈ N ¸ÿEXb m > n

��� F (γ2m
) = F (γ2n

)

(7) �' L/K Î×Í algebraic extension v K/F ôÎ algebraic extension.
�J� L/F ôÎ algebraic extension.
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(8) �' L/F Î×Í field extension v L õ F 5½
-ôÍó
 pn õ qm

Ý finite field, Í� p, q 
²ó.

(a) �J� p = q v m|n.

(b) �J�u p(x) ∈ F [x] Î×Í irreducible polynomial v p(x) 3 L �

b×Íq, J p(x) 3 L ����5� (splits completely).

(c) �J�u p(x) ∈ F [x] Î×Í irreducible polynomial v p(x) 3 L �

b×Íq, J deg(p(x))| n
m .

(9) �' F Î×Í finite fieldv p(x), q(x) ∈ F [x]/
 irreducible polynomial.

(a) u deg(p(x)) = deg(q(x)), �J� F [x]/
(
p(x)

) ' F [x]/
(
q(x)

)
as rings.

(b) �J� deg(p(x))| deg(q(x)) uv°uD3×Í� F [x]/
(
p(x)

)
Ì Õ

F [x]/
(
q(x)

)
Ý nontrivial ring homomorphism.

(10) � Fq �î-ôÍó
 q Ý finite field.

(a) �J�u 2 | q,JE�� a ∈ Fq, x2−a3 Fq[x]�×��Î irreducible.

(b) �J�u 2 - q, JÄD3 a ∈ Fq ¸ÿ x2− a 3 Fq[x] �Î irreducible.

(c) �x�×Í finite field F ¸ÿ F ' F4, ¬0� F ∗ Ý generater.

(d) �x�×Í finite field F ¸ÿ F ' F9, ¬0� F ∗ Ý generater.

(11) � F Î×Í field, �L×ÍÐó δ : F [x] → F [x] Í�u

f(x) = anxn + an−1x
n−1 + · · ·+ a1x + a0 ∈ F [x],

J�L

δ(f(x)) = nanxn−1 + (n− 1)an−1x
n−2 + · · ·+ a1.

�' f(x) ∈ F [x] vD3×Í field extension L/F ¸ÿ f(x) 3 L �b

¥q. J&Æ-Ì f(x) b¥q.

(a) �' f(x), g(x) ∈ F [x], �J� δ(f(x) + g(x)) = δ(f(x)) + δ(g(x)).

(b) �'f(x), g(x) ∈ F [x],�J� δ(f(x)g(x)) = f(x)δ(g(x))+δ(f(x))g(x).

(c) �' f(x) ∈ F [x] b¥q. �J� f(x) õ δ(f(x)) 3 F [x] �b

nontrivial Ý2.P.

(d) �J�u p(x) ∈ F [x] Î×Í irreducible polynomial vb¥q, J

δ(p(x)) Îë94P.

(e) �J�u F Ý characteristic 
 0, J F [x] �XbÝ irreducible

polynomial K�ºb¥q.

(f) �J�u F Î×Í finite field,J F [x]�XbÝ irreducible polynomial
K�ºb¥q.

(12) �' F Î×Í field, � F ∗ �î F �& 0 -ôXW�¶°N.

(a) u G Î F ∗ Ý×Í finite subgroup, �J� G Î×Í cyclic group.

(b) �J�3 C∗ �,�� n ∈ N/D3°×Ý×Í order
 nÝ subgroup.
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