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Chapter 10
% Field e

hig- F ¢ AR L - H4F 3 algebraic element ' % algebraic extension 1
BLF by g 1 i e B R R S - 5 B finite field (A AR

10.1. Algebraic Elements

BE F A - B field, L % F - B extension. & frig [ ¥ ch—- B} g &
% algebraic over F, & T &Z < FHRFEALT F - B3 5 09 f(z) e Fla] # %
fla)=0. - B RkE* ofd> 2 K&%#E- B~ % A F & algebraic over F, $ vt &_
i FEeh &- & ¢ AP RGA B IcR L algebraic element PR & F W L
BRI APE - B~ % A F A algebraic over I )’I‘u’ﬁ 5 — BLen Sk Kk e

BALRL Y ae L A algebraicover F BF, £ F % & f(z) € Fla] £ f(a) =
BN AL IR, FEEEY G- BApF L AP F AT RE L f(a) =
i f(x) € Flz] » degree & -] i polynomials. iz tk 0 polynomials 7 M T & B
£ P

Lemma 10.1.1. B3k F & - B field, L & F - 1 extension. ¥ a € L i
algebraic over F' 2 f(z) € Flx] & Flz] * % & f(a) =0 220 5355 ¢ degree
] - B polynomial, B f(x) 3 ™M T S BALE
(1) % g(z) € Flz] £ g(a) =0, Pl F & h(z) € Flz] % & g(z) = f(x) - h(z).
(2) fz) &

Flz] ¥ & irreducible element.

Proof. (1) @ ** F # - ® field, 1* Euclid’s Algorithm (Theorem 7.2.4) 3 &
h(z),r(x) € Flx] & #

g9(x) = f(z) - h(z) + r(z) (10.1)
B p(x)=0 2 deg(r(z)) < deg(f(z)). ¥ a * »3*3+ (10.1) #

179
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d 3 fla) =gla) =0, P E r(a) =0. 4o% r(x) #0, MIFI r(z) € Fla] % &
2 r(a) =0. &fc f(z) § A4 PEPPA G, & or(x) = 0.

(2) X f(x) & Flz] » # & irreducible, ¥ % & h(x),l(z) € Flz] & &
deg(h(x)) < des(f(z)), deg(i(x)) < dea(f(x) * F(x) = h(z)-i(z). # a & »
23,4 fla) =0 h(a)-l(a) = 0. &3 h(z),l(z) € Flg] £ a € L, &P
h(a),l(a) € L. ¥4 L #_integral domain (Lemma 9.1.1) ¥ h(a) =0 2 [(a) = 0.
B e f(z) EPARFG F, i f(z) & Flz] ¥ 0 irreducible element. O

F f(z) e F[ | £ F[z] ® # & f(a) = 0degree #] “fipolynomial * g(x) € F[z]
m & g(a) 14 Lemma 10.1.1 (1) v g(z) € (f(x)). R 4% g(z) + £ Fla]
P RE gla ) = 0 degree | 0 polynomial, I ¥ # (f(z)) = (g(z)). ¢ ** F[w] 4
& unit A F ¢ 2k (0 ~F (Proposition 7.2.3) $1* Lemma 8.1.3 733 & ce F
% & f() cg(x). T A 3P R = ek KA % &L f(a) = 0 ¢9 polynomial
CRRA mﬁx % =& 78 % ##7 ¥ 7 monic polynomial %‘Lﬁi— CFR AP T 2

Definition 10.1.2. X F & B field, L ¥ F - 1 extension field * a € L
#_ algebraic over F. ¥ p(z) € F[z] & F[z] 2% 0 polynomial * /% & p(a) =0
degree # -] £ monic polynomial, P4 p(z) £ a over F' 7 minimal polynomial. *

4% deg(p(z)) =n, PIFE a A algebraic over F of degree n.

Npaeg g [L: F) A3 b iz, [ ¥ e~ & 8L algebraic over F. F
[L:F]l=n2 acL, 4> 1a,...,a" — % linearly independent over F, #<
vix e f(z) € Flz) 2 deg(f(z)) < n ## f(a) =0 (%2 Theorem 9.3.7 {7%E
F) #& ¢ minimal polynomial 7% & 4: ¥ p(z) % a 7 minimal polynomial, 7
deg(p(z)) < deg(f(z)) < mn. #H 7 2 NP E g 9 degree /| 3t & %3 [L: F|. 3 i %
TR EFBE T 2 Lemma.

Lemma 10.1.3. &3k F 4~ B field, L . F - B finite extension, B L ° £
T 7 & 38 algebraic over F X 3 degree /] v & 2 [L: F].

% L # 4_finite extension over F P, L » % X3 ¥ it ¥ =~ % 4_algebraic over
F. #c% qa € L &_ algebraic over F', #% i* {8 &g F fe L2 BFEEF I - B
field K #_F #1—- B finite extension % ¥_a € K?

Definition 10.1.4. B&X F d - B field, L 4 F - # extension field. # K #_
L - ¥ extension field ¥ FC K C L, FIf K & L over F - # subextension
& &_intermediate field.
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Proposition 10.1.5. & F - B field, L #_F - # extension field. % a € L
4_ algebraic over F * B degree » n, B 5 = L over F é1— B subextension K %
LaceK?® [K:F]=n.

Proof. ¥Jg ¢: Fla] - L &7 i%fi’g,ﬁ?f( ) € Flz], ¢(f(x)) = f(a). # * a €L,
g R o(f(x) = fla) € L L FER A - BE_F[x] P F] L ihadk, (%
T hRE qﬁ 4 - 1 ring homomorphlsm.

R ker(¢p) *2? d 3 Flo] £- B prmmple ideal domain * ker(¢) & Flz]
e ideal, # B p(a) € fla] ® W Ker(@) = (pw). FRL ABT G
ker(¢) = (p(z)) £ ¢ p(z) £ a 7 minimal polynomial. ¢kr] =% f(x) € ker(o),

frgb(()) f(a) = 0. #+d Lemma 10.1.1 ¥ f(x (p:c)) Fz2ooiE
& f(x) € (p(x)), % & h(z) € Flz] #7F f(z) = () h(z), F1# @ pla) =0
# f(a ) p(a) - h(a) = 0. #&#HE ker(¢) = (p(x)), 2 ¢ p(z) £ a 7 minimal
polynomial.

F.

#.d  First Isomorphism Theorem (6.4.2) +—

Fla)/(plx)) ~ im(¢).

@ p(x) & F[z] e~ B irreducible element (Lemma 10.1.1), #d (p(z)) & F[z] 0
- % maximal ideal (Lemma 8.3.2), ¥ #v F[z]/(p(x)) %~ % field (Theorem 6.5.11).
#7372 im(¢) £- B field.
3P AE im(g) 7 4 LA A

im(¢) = {f(a) | f(z) € Fla]}.

T2, im(p) A~ F A A KB Flz] 20 polynomial # » a T . #7101
ceF, f\nrwi K3 plc) =ceim(d), =¥ FCim(¢p) CL. ¥- > ¥ q it » ziz
- B polynormal #1oa: ~ Ef‘*u{?ﬁa ¢ H#xET a (T o(r) =a), 7T a€im(p). T
ME4L K =1im(¢), Bl% K & L over F - 1 subextension ¥ a € K. & {4 3K
a over F 1 degree A n, o+ fj"u{?u a 7 minimal polynomial p(z) 7 degree _n, %]
# 4 Lemma 9.3.6 #~ dimp(F[z]/(p(z))) = deg(p(z)) = n. ¥ ¢ K ~ Fz]/(p(x))
r [K: Fl=n. O

¥ ®d & k5 Proposition 10.1.5 # 7 im(¢) = {f(a) | f(z) € Flz]} ¥ &
- @ ring, 7% 5 0 v § A field *¢? F "3z ¥ Theorem 9.3.7 & - B 7 4 &

i %1% im(¢) C L p #X A integral domain, @ & Proposition 10.1.5 &M »
dimp(im(¢)) = n.

AL RFERE {f(a)| f(x) e Flz]} §4 L7 ¢ 3 F1Z% ab|hring, i&
EFiF RE-Bring? ¢ § F2 o PIHERD f(z) € Flz], ¢ * f(a) T2
WE afo F P chrid Benteid % i3 w30 ::EJEEJF’ . RY ~FandEE Ay AR
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@ fla) eR #3231 E {f(a)| f(x) € Fa]} TR, & %t {f(a) ]| f(z) € Flz]}
AEH - B oring T C pRRES Z F 1ME g k] hring U]

SO AP T2 g Ao it d e B AL ENT ¥R
Sk
Definition 10.1.6. &3k F 4 - # field, L #_F - # extension field ¥ a € L.
x

AP L Fla) 7 L7 F 1% g B | ehiring 20+ £ F(a) 27 L° ¢ 3
F v %2 g & ¢ field.

# 6 ¢ 4o Flo] L im(g) = {f(a) | f(x) € Pla]}. 7% F(a) ® 2%~ L&
#r2? 1% quotient field L (Proposition 7.4.2) %% % &#&

Fla) ={f(a)/g(a) | f(x),9(x) € Fla] = g(a) # 0}.

d iR T F 0 - HRE Fla] i F(a) 23 4Pk * o i F o A algebraic
over F', R| Fla] ¢ &- B field, #7/% Fla] p X ng v a&]mﬁeld.#ﬁvﬂ
W% a % algebraic over F' %, 345 Fla] = F(a). Fl¢* )Ih % Proposition

10.1.5 ¢ #7& 45 i1 K, #7121 2% i B Proposition 10.1.5 & &1 {s & 18,

Corollary 10.1.7. B3k F & - B field, L . F - B extension field. % a € L
_ algebraic over F £ p(x) € Flz] % a over F 7 minimal polynomial, P

F(a) = Flz]/(p(z)) and [F(a): F] = deg(p(x)).
Remark 10.1.8. F ¥ &3 € # & Fla] h~F £ D& f(a) 27 f(x) € Flz] &
B3, 0 Flo) REEFEDE fla)/gla) £ ¥ [(2),9(x) € Fla] A= 5 7
? 24 %5 % a A algebraic over F P¥,
Fla] (& F( )) %‘"m”b‘% H 7

polynomial, 4% £ g(z) = f(z) + p(z), Pl g(a) = f(a). T % ?
BT RN F TP HE AR D

FT RS e % 7 fr a A algebraic over F & i ehik i & A&7

Theorem 10.1.9. BX F & - B field, L % F - B extension field £ a € L,
BT & 3 M g gt £
(1) a %_ algebraic over F.
(2) & & K &L over F 7 subextension % ¥ a e K £ [K:F] &3 'L,
(3) Fla] = F(a).

Proof. ¢ % & Proposition 10.1.5 ¥ 4v (1) = (2), #7134 P & %&E (2) = (3)
% (3)=(1).
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2) = (3): ¥ K &_L over F sf1subextension (% F C K C L), Bld EX a € K
v Fla] CK. £ 4 B3% K 4 F -  finite extension, £ * Proposition 9.4.3 ¥
# Fla] - B field. #* F[a] = F(a).

(3) = (1): BR Fla] = F(a), * # %% Fla] L~ # field. 4% a=0¢€ F, 7%
% X a A_algebraic over F (A & F ® e~ % % R4 _algebraic over F). 4% a # 0,
Ald a€ Fla] & Fld] E'm— # field v o~ € Fla]. "X 7 Fla] 5~ F & f(a),
B f(a) € Fla] ©67 %, S0 AP 0l = f(a), 2 ¥

f(x):CnSUn'f‘"'—l-ClJU—l-Co, c; € F.

7 o
al=cp-a"+ - +ec-ate
i
l=cp-a""' 4+ 4 -a’+c-a.
G
g(z) = cpx™ 4 4 4 o — 1,
Al gla) =0. & * g(x) € Flz] 2 g(z) # 0, ¥+ a 4_ algebraic over F. O

Theorem 10.1.9 &7 2V i — i {34 0 ;2 k%% o 4_F 4 algebraic over F. »
)?ui}k & % a L algebraicover F ¥ M3 % Ehd $5- B f(x) € Flz] #
I=

o) 0. § 22 £ % Bs g IR § LS S S e L
a? ‘ialgebram over F, 4v% f(x) € Flz] #% & f(a®) =0, Bl £ g(z) = f(2?), & P

7 8 g(a) = f(a®) = 0. Fl# & g + 4 algebraic over F. # Jj}uié a® E_ algebraic
over F P a ~ ¢ &_algebraic over F. ® &_F i & 4v¥% ¢ &r g &_ algebraic over
F, 2o ,j‘w'ii #41* 3% & a 0 polynomial * ®ig - Bi% & o? ¢ polynomial 7 . F

£ERRE flo) =0 AT gfa) = S, M) = ) =071 5L
# ifm i f(x) FF FETE, R g(x) = f(2/?) q"‘ff £ & - i polynomial 7 .
A e fE K T )T‘u? it §1* 5 polynomial e17 * kZHP o2 E_algebraic over
F. 29 % a 4 algebraic over F F¥f1* Theorem 10.1.9 =73 %~ # field K & F
£ finite extension ¥ a€ K. #d K - B field ¥ ac K, *T™§ & o® € K, #f
" * - = Theorem 10.1.9 (£ 4] * Lemma 10.1.3) # 7 (¥ # a? » &_ algebraic
over Fl. I s 2V € * i e & K ad2Ap B e f 3.

10.2. Algebraic Closure

% F 2 - B field, L &_F - # extension ¥, 4 ¥ 10 #- [ ¢ =% & = algebraic
over F' v 7 #_algebraic over F 1% f&, fig— & ¢ NP RAEL L ¢ #7F algebraic
over F enZ 972 &

Definition 10.2.1. B&X F # - # field £ L 4 F - 1 extension. 3% if* £

Lr ={a € L|a #_algebraic over F},
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2 & F % L 9 algebraic closure.

F ¢ chn % g 22 & algebraic over F, #7174 d L& FCLp CL. ¥ 4k L
4_F ¢- B finite extension, Fld4 Lemma 9.4.5 -~ L ® e~ % jﬁ’i algebraic over F,
e B ERRLT Lp =L,

BT RAPERED Lph- BELWBF ¥ Lp £- B field #7372, APEH

PEabclp, 2% b#£0, Rl a—b"% a-b7' % & Lr ? (Lemma 9.1.4). & 4-
PP ip e & 38 algebraic over F L7 5 X3 F i * 35 polynomial 17 &,

i g %ﬁfzé Theorem 10.1.9. Zigz w2 P L2 B - T Definition 10.1.6.

Definition 10.2.2. B3X F £~ # field * L #_F - # extension. % a1,...,a, €
L, R % Flay,...,ap) %77 % L¥ & 7 FM% qp,... a, #] 9 field.

Lemma 10.2.3. B3k F - B field ¥ L #_F - B extension. % ai,...,a, € L

% % algebraic over F, B] F(ay,...,a,) & F - B finite extension. ¥ § * , 4v
%2 & oaq,...,a, over F 0 degree ~ % & mq,...,my, B

K1 = F(al),Kg = Kl(ag) = F(al,ag), . .,Kn = Kn_1(an) = F(al, e ,an).

g4, AP (K K] = [Kici(ag) @ K] < mg. @42 [Kiq1(a;) @ Ki—1]

]2 E A oy, R F1E 4 Corollary 10.1.7 v [K;_1(a;) @ K;q] s0ERK]
¥ #_ a; over K;_1 " minimal polynomial ¢;(z) € K;_1[z] # degree. X d
B3X  a; over F 7 minimal polynomial p;(z) € F[z] ¢ degree » m;. @ *%
pi(z) € Flz] C Ki—1[z] £ pi(a;) = 0, ¥&=d g¢i(x) & a; over K;,_; 7 minimal
polynomial K Fv deg(q;(z)) < deg(pi(x)) = m;. ¥+

[Kl : Kifl] = [Ki,l(ai) : Kifl] = deg(ql(a:)) < m;.

Wted 30E - BKG K] $R80 "0, At AT L@ 2 Theorem 9.4.6

[
[F(al) 7an) : F] = [Kn : anl][anl : F]
= [Kn : Kn—l][K’n—l : Kn—2][Kn—2 : F]
= [Kn:Kp1] - [K1:F] <my---my.
= ## Flay,...,a,) & F - # finite extension. O

f1* Lemma 10.2.3 A/ 5 ¥ @& Lp & - B field.
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Theorem 10.2.4. X F & - B field ¥ L & F - B extension. & a,b€ L,
HP b#£0, ¥ 5 algebraic over F, Bl a+b,a—b, a-b ™% a-b~' # % algebraic
over F. d v @ Lp & - B field.

Proof. ¥ Lemma 10.2.3 #* % F(a,b) £ F #7— # finite extension. ¥ * q,b €
F(a,b),b# 0 % F(a,b) %~ ® field, # P p X5 a+b a—b a-b "% a b}
% % F(a,b) @7 %. #&d Theorem 10.1.9 (& Lemma 10.1.3) Friz e B ~ % ¥ 5
algebraic over F'.

S % a,beLp, B b#0, Bld 2 &% q,b ¥ % algebraic over F. #&d 7 v
a+b,a—b,a-b% q-b-! ¥ % algebraic over F. #tivize B3 ¥ & Lp ® |
Flp BE Ly 4- B field. O

B3k L #_F - 1 extension, * K #_L over F fisubextension (" F C K C L).
L ¥ &_algebraic over K e~ % A« #_algebraic over F'. 7 3 L ® ¥_algebraic over
F eh=~ % J’J'*“ ¥_A_ algebraic over K. :#4. %15 % a € Ly (T a € L 4_ algebraic
over F), 27 & Flz] * 3 & f(z) #0 @ F f(a)=0. ¢ % f(z) € Flz] C K[x], #

i p RE a+ & algebraic over K. #&1¥ a € Ly, # @3 A P 313
Lr C Lg.
NG BABITE P APEG Lp § 23 L. M T E - BHS

Lemma 10.2.5. X F - B field, L . F - B extension, £ K #_ L over

F ¢ subextension. % K #_F - B finite extension, Bl Ly = Lx

Proof. # ¢ 5 L C Lk, *T™ X B &M L CLp. + i.%{s& #HP:F acL A
algebraic over K, ] a #_algebraic over F. ¥4 g K(a) - ® field. ¢ B& a
#_algebraic over K, #{1* Corollary 10.1.7 = K(a) ¥ K ¢— ¥ finite extension.

£ 4t K & F - % finite extension, £ * Theorem 9.4.6 ¥
(K (a) : F] = [K(a) : K][K : F],

Fl¥¢ K(a) & F - & finite extension. #=f1* a € K(a) ™ % Theorem 10.1.9
(& Lemma 10.1.3) #v a &_algebraic over F. O

ST 2% Lemma 10.2.5 7 7l - dxefim, whi- TE K L F - B
algebraic extension # 7+ K ¥ i~ % % & algebraic over F. & Lemma 10.2.5 ¥ 1
B3X K #_F 0 finite extension, *7/% p X #_F - {# algebraic extension. #' i*

£ ¥ Lemma 10.2.5 & & ¥| K #_ F 7 algebraic extension & % /%,

Theorem 10.2.6. &3k F & - @ field, L & F - B extension, * K &_L over

F ¢ subextension. % K A_F - B algebraic extension, Bl Lp = Ly
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Proof. = Lemma 10.2.5 48 6 132, 4 2 R EP . % o € L #_ algebraic over
K, Bl a €_algebraic over F. 7 i#Ee42 I ek ;R & K ¥ it 7 4_ finite extension
over F, #1272 it € # 2 * Lemma 10.2.5. & 5 PRIz B FIEg, VP2 Jf B2 35
F|- B F 5 finite extension K’ ¥ % ¥ a #_algebraic over K'. 4r#* £ £ * Lemma
10.2.5 ## a #_ algebraic over F.

d 3K a & algebraic over K, v 3 & f(z) #0 2 f(z) € K[z] @ # f(a) = 0.
B f(r) =apa™ +---+ap. 93 an,...,a0 € K ! K & F - # algebraic
extension, ¥4 a,,...,ay % = algebraic over F. £ K' = F(ay,...,ap), ¥ Lemma
10.2.3 = K’ €_F - % finite extension. #=f|* Lemma 10.2.5 * Ly = Lp. ¥
bl 3 ay, . a0 € Fan,...,a0) = K/, 24 f(z) € K'[z]. %4 f(a) =04 a

#_algebraic over K'. # % 2., 3 a € Ly, wd Ly =Lp #5 a € Lp. F*

## o #_ algebraic over F. O

A e Ty £- % filed (Theorem 10.2.4) * FCLp C L. 4o% AP E fc B
L °® &_algebraic over Ly e77 % ¢ % § # 3| { * & field 52 ? o35 k3, AP
Bavsf Lo (7 RSP EEF 0 ) L A7 FF 1 43 6 algebraic closure Tj‘u{
# L ¥ algebraic over Lp e~ % #r= chf & ,‘T‘*u{ Lp B &,

Corollary 10.2.7. B}k F % - B field * L 4_F - B extension, % a€ L *
a %_ algebraic over Ly, R a 4_ algebraic over F. » ﬁ%{?’u, EAN Al

Ly

F

= Lp.

Proof. § A& d & Lp ¥ > % ¥4 algebraic over F, ¥4 Ly & Fea— B
algebraic extension. Fl#* % 4 K = Lp, Bl K # & Theorem 10.2.6 7if it x4
Lx=Lp. » F1#*% a € L #_algebraicover Lr = K, %7 a € Li. ¥<d Ly =Lp
B gecLp, ~ )’I‘u{?u a %_ algebraic over F. O

10.3. Roots of Polynomials

T- & ¢ AP RSEm - B polynomial - B field ¥ v R R,

FAAPBEAF A RERE PN L

Lemma 10.3.1. &% F - B field. #* f(z) € Flz], & ¢ deg(f(z)) = n,
2 a€eF B fla) =0, P13 & hiz) € Flz], 27 deg(h(z)) =n—1, & &
f(@) = (z —a) - h(z).

Proof. 4 ** F & - ® field, ¥ & f(z) € Flz] "% (z—a) € Flz], 11* Euclid’s
Algorithm (Theorem 7.2.4) ¥ & h(z),r(z) € Flz] % & f(z) = (x—a)-h(z)+r(z),
B9 p(x) =0 & deg(r(z)) <deg(z—a)=1. 4% r(z) #0 4 deg(r(z)) <1 4
r(z)=ceF &- B¥#k td* fla)=0w&*%a & >r fz)=(r—a) h(z)+c
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Fe=0 9 r(z) #0473 Feimr(r) =0~ B fz) = (x—a)-h(z). 1%
deg h(z))=n—1, 7 ¢ Lemma 7.2.2 & ¥ 4. 0

d 3 deg(x —a) =1, P o —a & Flz] ? ¢ irreducible element. ]2t
Lemma 10.3.1 £+ #F 2 P % f(a) =0, Pl x —a € & f(x) - B irreducible divisor.
FI* Flx] & unique factorization domain (Theorem 7.2.14), & 4% & k€ N ™4
2 q(a) € Fla] # % f(2) = (z—a)f-q(@), % qla) #0 (T 2 —a 3 L g(z)
divisor). P ie KT &K o & f(z) HE

Definition 10.3.2. &KX F # - B field. & f(z) € Flz] £ a€ F % & f(a) =
Rl a - B root of f(z). * 4% f(z) = (x —a)k-q(x), 2 *® q(a) #0, B 7f
A - B root of multiplicity k of f(x).

BT Rk AAFRAENTIL: - B n X FEN - B field? FEE
54 0 B wiﬂm EERAR ek o LhEH ARE S L g

Theorem 10.3.3. B3k F #- B field. ¥ f(z) € Flz] £ deg(f(z))=n>1, P
b F ¥ ¥ multiplicity 3-8 &0, f(z) I % 7

n ¥ roots.

Proof. #* P 4] * induction. 4% deg(f(z)) =1, Rl f(z) % R EF 1 B, &K
degree ‘]' ** n &7 polynomial TIL ¥ = = . Y g f( ) € Flz] £ deg(f(z)) =n
i), Aok f(x) = F P iXF root, BIZILF A2 4ok ge F A f(x) -
i root of multiplicity k, % 7 % & q(z) € F[m] #® fr)=(xr—a) q), &7
q(a) #0. F1* degree T F (Lemma 7.2.2) # 7% deg(q(z)) =n —k <n, ¥

* induction FIEK fr i F ¥ # multiplicity 35 & 2], q(x) 2 ¥ F n—k B roots.

RaE beF A f(x) 99— B root, 3 i3
0=f(b)=(b—a)" q(0).

1% F #_ integral domain, %  f(x) 7 roots & % &_q ,T*u{ q(z) 7 roots.
Flet i F ¢ f(z) roots ik ﬁ’:ﬁﬁ{ k #vt q(x) 97 roots iR B, #r L 5 G
k+(n—k)=n . O

ARG BAA o LI f(a) - B, X FE LR RS B f(2)
FEEL 0 FF LAY ¥ 8 fo) 3R e flz) DBER R
frkiz. BT 2dek g BF - B¢ 7 Firafield L (I ° & & ring) ¢, &tk
éhfra‘i?,vxdé;-a«fr (x) G B AR LAt a e 1R B f( )( s
Li~k) 47 & & if{'}’&kﬂ“ﬁ‘\ e it g L% F - B extension

L, Xt £ 3% a € L & Flx] ¥ 0 polynomials B T, #7028V p 2R ¢ B 62
- 22 ¥ fieeh f(n) € Flo) 2.7 7 45 3] F 09— B extension L # # f(z) & L

3R? FERAF T u"fmgl‘i',rk‘% =B R AR, A r“ﬂ&ﬁf‘f# B F

extension field #X f¢ 3P FHI- B OSBRI SEP TR ERE R
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BV, Bl G GR Aa SRR L. 2 S LRF AR AT e hE
AP R R LF o en AR E R AFRLT AP A

Theorem 10.3.4. BX F - B field * p(x) € Flz] & F[z] ¥ 9 irreducible
element, P13 t— B field L & F 9 finite extension, £ ¢ [L: F| = deg(p(z)) *
L*?%taeclLi®%pla)=0.

Proof. £ L= F[z]/(p(x)). @ * p(z) & irreducible, 2* I 4 (p(x)) & Flz] *
maximal ideal, 7 L £ - # field.

BANPLRERE LY 5 - B subfield v F 4 isomorphic 7, F]pt 2 F -

L g+ A F - B extension. ¥ %+ ¥ o 7: F — Flz]/(p(x)), &+ n(c) =7,
% % %% m - B ring homomorphism. » %% % % & 7 - - o &4 7
s4c% ceker(m), 27 ¢=0, T ce (p(x)). &AL (p(z)) ¢ 0 iRy R
1% B, 7 c=0(+ ¥ £* Proposition 9.1.5 (2) # 3 7 - - ). FprFFE

im(7) % L <7 subfield ¥ f= F &_isomorphic .

RABEP L - 3 {p(x) G Y a=T€ L, A PERP p(T)=0
(A& 0 & L=F[z]/(p(z)) 520). BX p(x)=anz"+ - +arz+ag, 27 a; €F.
PRE pla) € AP AT B3 3\'F“ifefﬁ~e%“’ Rx g Plend_ Lo m@ﬁ, i

® L7 CEF{rﬁ ER g ED L EoFERAPREY ROI_E F T

= plx) =0
LSV PR N v I -V S EIPS p(m):ﬁﬁ*"L"mO
B s d Lemma 9.3.6 ©v [L : F] = dimp(L) = dimp(F[z]/(p(z))) = deg(p(z))

d Theorem 10.3.4 % P i< 5 & 3] 11T - AR,

Corollary 10.3.5. X F &- % field ® f(z) € Flz], £ ¢ deg(f(z))=n>1
Al 5 - B field L 4_ F 0 finite extension, 8 ° [L:F]|<n 2 L* 5t acl
w2 f(a) =

*  Flz] & unique factorization domain, 2 II’“ e
irreducible element % & p(z) | f( ). AR A% pa) =
d Theorem 10.3.4 % & L, 2 ¢ [L: F| = deg(p(z
f(a) =p(a) = 0. 0
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A - E 2% Corollary 10.3.5 45 ¥ - % F 7 finite extension L' #& ¥ f(x)

V=) i/}ﬁ# by 4 erFﬁ 2 E) f( ) L = >k iz fr&{;ﬁ, S lag’ S deg(f(;[;)) =n,
E"Jf()é_L’[] FUBS fr)=c- (r—a1) - (x—ay), B? a € L. s pFFERGP
W ¥ F f(x) splits into linear factorsin L.

Theorem 10.3.6. &K F #- B field & f(z) € Flz], 8 ? deg(f(z)) =n > 1,
Bl 5 - B field L' & F 0 finite extension, £ ¢ [L': F] <n!, & # f(z) splits

into linear factors in L'.

Proof. 1* Corollary 10.3.5 4vi% & Ly #_F - 1 extension i & [Ly : F] <n
a; € Ly #@ # f(a;) =0. ¥4 Lemma 10.3.1 3% & fi(z) € L1[z] & deg(fi(x)) =
n—1®&%# fz)=(r—a1)- fi(z). ¥ fi(x) £ 2* - = Corollary 10.3.5 #v i & Ly

H_ Ly - B extension % & [Lo: L] <n—12 ag€ Ly ®F fi(ag) =0. L&

[LQ : F] = [L22L1HL1 . F] Sn(n—l),

f(@) = (2 —a1) - (x —az) - fo(2).

Arrliptk- E RT3 (&4 AL¥ degree ¥ induction) # 7 #F A TIL. O

B i AP M - T Theorem 10.3.6 D [/ § R € % f(x) » b 2, % &%
F P APT US P - B F 9 extension F i 1 F Flz] ¢ %1% polynomial - 4w ¢
F8F 12 splits into linear factors (% & 2 P& F $ ¥ i # #_F ¢ finite extension). #

W g ip LILARER F ¥ I1ATH) 40 Zorn's Lemma, F PR 3 2E T

10.4. Finite Fields

iz BHEEDERLE - & APL G E DAL finite field T & § H e T

WA~ T 473 F A~ ® finite field ?{;m F2- % field ¥ F e i (id
FAPr Pl %4 7) 305 B, GBREAPS L oF F L finite field, Bl
F ¢ characteristic - T &_— B F #i p (Lemma 9.2.3). % #° 2% I Z_ characteristic
A A1 * - B ring homomorphism ¢ : Z — F, 2 ? #E & ne N A 2 ¢(n) =nl,
@ ¢(—n) = n(—1). F i characteristic £ p % 7 ker(¢) = (p). Fl#* @ ring 7 Ist
Isomorphism Theorem #% i 4 Z/( ) ~im(¢) CF. W& p Ak, &5 (p) §
A7 - B maximal ideal, F1* Z/(p) &- % field. * F |Z/(p)| =p, ##F F
¢ 5 te— B subfield fv Z/(p ) iz p B~ 4 ¢ finite field &_ isomorphic 3. & 7
SRR op B % 0 finite field 37 5 F,.

FRF A F, - B extension, #* I § & ﬁ&? 3 F g+ & - B vector space
over F,. 78 F ¢ # ¢ 4_finite dimensional over F, *©? = 53 i 35 ¢ i £ § ,

L ERHER? - KRR APEZEP - B vector space V 4_finite dimensional over —
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B field K, * PR &P V ¢ 7 B35 LS B~% span Voover K. ppd 3 [
#_finite field, Feipz =nw FRE F ¢ 43 haF f R span Foover F, 7 (%]
s A*BackF 3}_],,3_1 Mg F A a=1-a). *Td Lemma 9.3.4 (1) v dimg, (F) < n.
FARNPER RIS dlmenswn 2 F v A EAP P P hR &y F
#_TF, - & finite extension. 5 & ™} ihlg % AP F 08 DT finite field % -

BE R PR

Theorem 10.4.1. B3k F - % finite field ® char(F) =p, Bl F ¢ 5 - B
subfield F,, & ¢ |F,| = p 2 4= Z/(p) isomorphic, @ £ F &_F, - B finite
extension. ¥ [F:TF,) =k, Bl |F| = pk

Proof. % & & 4v F ¥ % e~ B subfield F, % &L F, ~Z/(p), @ 2 F & F, e
finite extension. #rM NP EF| T RFE: F [F:F,| =k, Rl |F| =
TR E - BRESEDNE J dimp (F) = [F:F)] =k NIRRT B

at,...,ap € F - %2 F over F, 77 basis. ¢ basis DT ETHEL S acF, &
’ér_— ErE- e, €F, RE a=c a1+ +opap (BRDT LTS
ai,...,a span F over Fp, @ *&— & F]1 5 qq,...,a; & linearly independent over
Fp.) "if” TAA ., A A 2 basis, 7 cp,...,c, €EF, §EF o€ F
HuRLR N T, T2 FYoaiE- B ;u%if;ﬁr} PE— e— ¥ oy ..o PTEL 2 d
W G T RTF, Y A [Fpl=p FIHEFR ic{l,. .k}, op BEE &
TR oo 2T PR ll%é’ﬁ*fj‘b{;ﬁ:F“—t“ﬁ pF B E. O

Theorem 10.4.1 4 ¥ j\\:;'-‘ﬂ} T2 #FAPAE - B finite field B ~ % B B R % T

FpigfEa;3%. #7022 ¥ it 3 finite field 7 6 B ~%; 7 ¥ Theorem 10.4.1 + X
FEFAPIAG LT finitefield 7 9B~ (& 16 B~%2%%. 51 “\'FE,T“Q‘?"
FiB R AL, 7B At 2w A A finite field k2 B

B F & - B finite field, 1% F #_field, ¢ Corollary 9.1.2 & F* = F\ {0}
f3ki2 2 T £ - @ abelian group. * F]5 F B F 3 U@~ F, AR iy oA
— B finite abelian group. # X F* & - # finite group, 11 * Lagrange’s Theorem
AT B

Proposition 10.4.2. B3#% F - B finite field & |F| = p*. £ f(z) = 2*" —z,
PIHER aeF ¢ 3 E fla)=02 f(z) splits linear factors in F. ¥ 3 + 325

g H(x—a).

a€F

Proof. § £ A P4 g F* i&® order 2 p* — 1 0 finite group. 1* Lagrange’s
Theorem (Corollary 2.3.4), A P itEd ac F*, %4 o 1 =1(1d 1 & F*
1 identity). £73 Bk 0 @ o =a, & fla)=0. THF a=0Fp £}

2

fla)=0, T A PFEINHEEL S acF ¥ #4E fla)=0. %a d Theorem 10.3.3
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Aip s f(x ) B F P hS Rt deg(flx))=pF B2, #5r1 F P chad .
{f(w) h"r)a ﬂ]t'l_ ] gL f(l‘) EEVE N ﬁé’:%\'
f(x) = H(:E—a),

acl
J~' ,T*ufr'\;fu f(z) splits linear factors in F'. U

& 7 & Lagrange’s Theorem #_#t— 4k finite group ¥ e, #7140 Proposition
10.4.2 23 * 3] F* &_abelian (P2 F . &7 KA P & * | finite abelian group
NEEPFREPEF Y Y - B cyclic group. ¥ - T finite abelian group
1 fundamental theorem (Theorem 3.3.11) 3% i &, £ finite abelian group i B
= — # cyclic groups 7 direct product. ¥ ¢t &L & hE FE O, %7 - B cyclic
group of order n, Pl Cp, x C,;, # L # € isomorphic to Cpp, ‘,% 2 fom £ 3 Fan
(Proposition 3.2.2).

Theorem 10.4.3. B3k F % - B finite field, ]| F*=F\ {0} 5 &~ B {5
group FFE_~ B cyclic group.

Proof. ¥ Theorem 3.3.11 4v%F % nq,...,n, € N & ¥

F*~Ch X xXCy,,

Cn, - B cyclic group of order n;. ¥ 3% P i #EP L& n, A A3 F

H ¢
J:a‘_ ## i3 * Proposition 3.2.2 ¥ &
Cpy X - xCp, >~ Chin,s
# % 2 * & cyclic group.
NpEfr R EE G yifmp,.;; nyfrmg 23 F4FT (B ﬁa;}%;m?;m{w n
SREP ), TR 3 - Bl ¢ ﬂELnl fo ng h2 Flik, T i q | ny ¥ q ZF
#, Cauchy’s 32 (Theorem 3.3.2 & Theorem 4.2.1) 4 #F#: 7 3 & a € Cp, % &
ord(a) = q. ~ ﬁ*um?u a,a®,.. .07V al=e 2 C, 7 q BB ET”U'% (AT P
*oe; KET Oy, identity). FEA P L O,y ¢ 3 & be Oy, % L ord(b) =
e
a=(a,eq,...,e;),0=1(e1,b,...,e;) € Cpy X Cpy X --- X Cp,.
% i,je{l,...,q} X i#£jE NP
of = (d'ey,...,e;) and of = (a’, ez, ..., €,),
ted i, AP iAol R AR TR ER S je{l,...,q—1),
d % ai#el_g bj#e%g\:ffa; 3
o = (d',eg,....e;) # (e, V0, ... e) = (.
e

2 -1 2 —1
Oé,Oé,...,Oéq 76357"'7ﬁq
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&
al = 1= (e1,e,...,6)
A Cpy X xCp, "HED2q—-1B~F. d3 qgf=¢ ¥ bl =¢g, i&2q—1 1
o SRR U AN
(@) = ()1 = (e1,e2, ... er). (10.2)
ST (ery...er) L Cpy X e x G, # 0 identity, #7172 Cpy x - x Cy, e F*
R 9 isomorphism € #- (e1,...,e,) & ¥ F* 7 identity 1. @ £ i& % isomorphism

(FliE-H- )5 §# v &2 1 BAPR D FED] F* ¥ 21 B4p R
hrF.od 3 (102) AiPAvie 2g—1 B F* P A FARE L 27 -1 =0. &
Theorem 10.3.3 37 P 24 —1 & F ¢ 1 5 ¥ i3 q B, Fp @35 7. » ¥
A F* Oy X - xCy, P g, oo n, 383 A 3 @@ F* - B cyclic
group. O

F* & cyclic 27 3 e ae F* @ @95 F* ¢ chi 88 o ioff7) 5%, #r
FF TR ER DR

Corollary 10.4.4. &% F f- B finite field ® |F| = pF, Rl & a € F & %
Fp(a) =F 2 a over F, 7 degree = k.

A

Proof. £ a€ F*CF #% F* i&— B cyclic group. WAi— T Fy(a) L. F 7 ¢ 3
afe B, Bl P filed, FIL AP P 5F Fya) CF. ¥ - % @5 be F, 4% b=0,
PIA R beFya); 4wk b#£0, %7 be F*, & i e N # b=a’. d 3 Fy(a)
T @ field, &2 B b=d’ € Fya). L% E FCFy(a), %4 F =F,(a).

d 3t g |F| = pk #&41* Theorem 10.4.1 %= [Fy(a) : Fp] = [F : Fp] = k. F*
4 Corollary 10.1.7 v a over F, 77 minimal polynomial 77 degree = k, #=d % &

v q over F,, i degree = k. 0

T KA PR F finite field g R, E""‘ﬂ“ifi— F#cp M2 keN PR
- i finite field I/ =~ k|4 Lph. § LAY k=1 Z/(p) L B~
% B#c s p <0 finite filed, 7 > @ 2 P #t filed 35 & Fp. Theorem 10.4.1 £ 773
- A Bds pP o finite filed F % & &, Bl F - 2§ £ F, 91— B extension.
¥ b Proposition 10.4.2 % 32 &gt 75 2P° — g & F ¢ & % splits into linear
factors. Flpt & F 45 F & P EGe S b ELEE DR

Theorem 10.4.5. % T iZ- Fl#cp M2 ke N, - 25 - B finite field F % &
|F| =

Proof. 4 i 27" —z € Fp[z], Theorem 10.3.6 4 37 " % &~ B filed L & F, 9

- B finite extension & ¥ 2P" —x % L ® splits into linear factors. I &% &

F:{a€L|apk:a},
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SRARF ALY o —p T R g g

ApEp AEP FA- B filed f1* Lemma 9.14, AP ERKRAHEL a,be F
2b#0%F a—beFME a/beF *¥ . a—b% af/b g RYEALLh~F%, ¢
4e b d Lemma 9.2.5 24 3

k k

(a—b)P =adP — " and (a/b)pk:apk/bpk,
“FabeF(Ta' =a W =0b) @4 (a—bP =a—b"% (a/b)P =a/b. +
)Thi?’u a—b M E a/b |MAF k.

BT REHEP |F|l=pF &1 LV‘ B 2 — g splits into linear factors in L,
AP rade Pt BEI F 5 ®, f L o g Ry . ”Sﬂq
P —x G T, AP E aGL £ gP* —g - B2, 9 Lemma 10.3.1 475 &
h(z) € Llz] @ o' —x = (x—a)-h(z). €% h(a)#£0, Bléraq ? £ #a 'f']
* Lemma 9.2.6, & P40 (z—a)' —(z—a) =a? —a” —z+a. 3% & =aq

(A% o Lo — o - B9, %@

xpk—x:(:B—a)pk—(m—a):(x—a)-h(:c),

hz) = (z—a)' "1 =1 1% ha) = -1#£0, &z g o — g fima L£
FJ. Fp B F - B3 pf B~ % 9 finite field. O
F

1% finite field e77F 42 2 Corollary 10.4.4, 2 8 + § 11T g * |

Corollary 10.4.6. &3k F, - B3 p B~ % 9 finite field, PI¥ =L ke N,
# & g(x) € Fplz] & Fpla] # A irreducible 2 deg(g(z)) = k.

Proof. f1* Theorem 10.4.5 #ri %~ B finite field F & & [F : F,] = k. #
Corollary 10.4.4 3 ra € F #  F =Fy(a), £ ¥ 3 [Fy(a) : F)] = k v a over F,
£ minimal polynomial 77 degree # k. @ *% minimal polynomial — Z_&_irreducible
(Lemma 10.1.1), #& # &~ 232, O

T kAP kF A Fylx] ¥ 97 irreducible element #7314
Z P

Lemma 10.4.7. B& F, - B3 p B ~F o finite field £ g(x) € Fplz] & Fpla]
¢ & grreducible. & deg(g(x)) =k, Bl & Fylz] * g(z) | P

Proof. ¥ *" deg(g(z)) =k, 1* Theorem 10.3.4 #~i3 .- B F, ¢ extension L %
L [L:Fpl=kZX acL B gla)=0. #7372, L %~ B finite field ¥ |L| = p*
2@ Proposition 10.4.2 37X L ¥ ch~F 8 ¢ & f(z) = a?" — g R F
a€l ¥ fla)=0. RAZZFF L g(x) €1 aover F, 77 minimal polynomial h(z)
associates. T %5 g(a) =0 #&J1* Lemma 10.1.1 (1) #* h(x) | g(z), & g(x) *
B3k A irreducible, 7 # h(z) fr g(z) associates (‘A & h(z) * ¥ it _unit). * d **
fla) =0, £ 41" = = Lemma 10.1.1 (1) = h() | f(z) (* f(2) € (h(2))). & g(z)
fo h(x) associates v (g(:n)) = ( (x)) P EE f(x) € ( (:U)) T og(x)| f(z). O
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B S kg 3 B finite field FrE- (2 AP HRSER F K o L 38 finite
field 2 |K| = |L] Pl K ~ L. 7 *%& 5% 845 isomorphic 4p 4L ring
7 jsomorphism. * R F R F AR A #K? 3 B vector space & dimension
P ke, BT 2 B & isomorphic. # i iz4L 1 isomorphic #4p vector space & i
isomorphism, & R # & linear transformation, &3 42 chigdp. ¥ ¢ K* o
L* .7 % B #A4p F 9 cyclic group, #_Theorem 3.1.1 = K* f= L* »+ #_isomorphic.
# i {42 1 isomorphic 4p (AL group 7 isomorphism, 3 f iz higHE. &5 &
isomorphic $% % it ## K v L 73 &% ring isomorphism. #% g 3 £ E o
3 K ¢ L 9 ring isomorphism. @ £ 8353 - B field F A& K~F * F~1L,

A1 * isomorphism 7 transitivity &8 &% K ~ L.

Theorem 10.4.8. X K fr L %4 finite field * |K|=|L|, Rl K {= L 2 &

2 2 . . . s B 2o .
- B ring isomorphism. » ,T*uﬂ-\é’w K ~ L as rings.

Proof. F %% |K|=|L| =p P, ¢ Theorem 10.4.1 = K # - & subfield
e Z/(p) isomorphic. # iEd ¥ |K| = ‘Z/(p)’ =p wiFw K~ Z/(p). e 22 {8
L~7/(p), #&* K ~ L.

Rt - K| =|L|=pFaFa). d 95 A Z BHEcE p b finite field ¥
isomorphic, #7141 # ¥ 12 BK K fr L $88_ F, &1 extension, # * T, ;T‘Ui;"‘%
%5 p o finite field. @ ¥% |K| = p*, §1* Corollary 10.4.4 % t a € K
# Fp(a) = K £ a over F, 7 minimal polynomial g(z) 7 degree &_ k. F]p*d
Corollary 10.1.7 #

K = Fy(a) = Fyla]/ (9(x).

B E PG RE LA WiFD LFya]/(g(x). FF 4@ 79, 7
= B2 2% Corollary 10.4.4 2373 P 3 & o/ € L ® 1F L =TFy(d), *» & d over F, e
minimal polynomial # ,E.'i}b—f".\ g(z). & PR B FIEEA P EF 1 * Lemma 10.4.7.
B %, ¢ % |L| = p*, Proposition 10.4.2 % 3 #% i 2P" — z splits into linear factors in
L. ##d 3 g(x) t Fplz] * & irreducible (Lemma 10.1.1), #1#* ¢ Lemma 10.4.7
@50 g(x) | 2" —z. #7140 g(x) 4 splits into linear factors in L. 33 2 & L ¥ &
wbeLm& gb)=0. %47 g(x) & bover F, e minimal polynomial. % %]
#_ b over F, ¢ minimal polynomial - A g(z) # divisor (Lemma 10.1.1) & g(x)
A_irreducible ¥ @ 4 % & monic polynomial, # ¥ & g(x) 4_b over F;, #7 minimal

polynomial. F]#*d Corollary 10.1.7 v

3 d 0 Fy(b) C L
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Mo A A field (PR, AR A G I AP LG R A D
Galois Theory, # i ® § &3 g & +rit. 2 F P8 ALK Y 9 field Eim i

¥, B%7 M 8- a3 T f# Galois Theory.





