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Chapter 7

- & ¥ % ¢ Rings

o FAPMRA L - LF R Sring. B4 AL 5 ring F9 4 integral domain, # ¥ it
Fag- £ A 5 ring FFAAP L 73T - RFTRFFH DN F

7.1. The Ring of Integers

g AL RERE D ing Z. HF ) 3 ﬁ"lﬁ‘;;{‘n? F 3t o B ficdp
MR AT A4 oh, STriBX kR 8 C # 2l ey 0 fE, 2 r“:ﬁxfﬁﬁ ]
-7, & iR dmdn MR AEPTF R R

Fid B AL )@g"%fﬁ{ﬁﬁ:ﬁﬂéﬁgﬁiﬁ Euclid’s Algorithm, 3 #t3 &
ﬁ:cmg}ﬂ\r%?‘r WA D vHED keh HF FAP AT R S ST a[a;q‘;ﬂlﬁq»ﬁ&,k“
3SR B BER

Theorem 7.1.1 (Euclid’s Algorithm). % % - & F#icn, #E LD meZ, ¥ 7
hyreZ, 87 0<r<n, %X m=h-n+r.

Proof. i TIL P f L5 BT, 4ot LTy ;}ﬁ}bf ¢ “%”E%ﬁ&' K
Fl o AP A b ring ML SR LY SR OPEg
FEYRW={m—tn|tcZ} - k& Ao t7Erfl 54
RS TR ER SIS £ A U i i £
d E R TEhAhecZBE r=m—h-n APHBILEGP ':"f”)}j*l{*g?%—pq 0<r<n.
B, 4 G >0 (M0 AN FHRNER). F e
=1

r’ >0, Flt A
m=h-n+r=h-n+n+r)=(h+1)-n+7r,

APEED Y =m—(h+1)-neW. & 0<r <r, &fr LW ¢ & | d2bf Fik
AR mEES T O
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&1 & Theorem 7.1.1 & 2\ 7 % FEHc L ¥ PR 9 well-ordering principle,
FlULBE R R HE 2@ A EEREY I - HDring. # ﬁ%{;ﬁ, - 460 ring 7
- F #73) 0 Euclid’s Algorithm. #-% 2 i ¢ 5 ¥ - & #5K 5 integral domain ~
3 #73) 7 Euclid’s Algorithm. i&# 7 integral domain % i € % v - & & L5

Euclidean domain.

BT RAPRKRFF Theorem T.1.1 S 4 § 5 <o |
Theorem 7.1.2. & Z ® #7F 7 ideal $% 5 principle ideal.

Proof. ¥ - T &&: F I - B Z chideal, AP B AT © 3

F’_‘-
|
o

T

IS

3

g

I=(a)={h-a|heZ},

TF e REATFNE L F e w—F f A Ry Bk
Bedy Mg Bt ? §ORAS A do) il |
Z * 0 trivial ideal Z f= {0}, & ®d 1 {r 0 2 = #7128 & principle ideal. 7]
ViR &4 /K Z ¥ nontrivial proper ideal J]'fu?. Bk [ #_7 h— B nontrivial
proper ideal, ¢ ** T £ {0}, =3 b#0, 2 bel ¢ [ & ideal, b~ & I
CF ARG [P u Al e A acl LY Aol Kl AP R g

I:(a).

ﬁﬁiili
F
na

ﬁiaefﬁu%ﬁ%ﬁh62*¢hﬂefﬁ%() - et A g
TE% IC (o), # Tiﬁ mfamm%%{amr&rwkmezgﬁ
%om A g ehi g,:h_ ,T;Ki m ﬁz "oq g AREEH AT ) 1% Theorem

711, PG R hreZ, O<r<a«%’ir—m h-a. 4% melZ® h-acl,
) # I’«kldeal‘ﬁ“r—m—h'ael eedr g J7¢ bl e &% r=0,
T m = hae /T}{FI“IC() O

A F LG, £ A TG hring T €0 ideal 38 € &L principle ideal. 4o% - 1
integral domain ¥ £ ideal 3% principle ideal, i& ¥ ## %] <7 integral domain #* * f
2_ % principle ideal domain. /2 & ™+ Z &_principle ideal domain (Theorem 7.1.2)
B Ed Z & Euclidean domain (Theorem 7.1.1) i& B 2 F 42 ¥ &) &k o3,

o SR RS AR e i) ar R U Rl o Fliicfok < 2 Flik
T - B EA.

Definition 7.1.3. £ a,b € Z.
(1) #deZ 2 3trheZ®@F a=h-d P dE ad- B divisor, 75
d|a.
(2) F ceZ, ® cla® c|b, RIF c & a,b 7 common divisor.
(3) & d€Z E_a,b &= 7 common divisor, Rl d = a,b 7 greatest common

divisor.
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— R AN 3R ek i Ap Uik R B #c e greatest common divisor F 1, &
AL P A Theorem 7.1.2 45 ¥ greatest common divisor ¥ & 3| # & & & 5

Proposition 7.1.4. ¥ % a,beZ, M5t deN % & (d) = (a)+ (b) £ d * a,b

£ greatest common divisor

Proof. ¥ Lemma 6.2.1 3% i &v

(a)+(b):{r-a+s'b|r,s€Z}
#_Z - % ideal. @ Theorem 7.1.2 *r# & de€ Z # # (d) = (a) + (b). &
AAPTUE R A 28 FEF 1 47 ¢ unit & Lemma 6.5.4 & 373
(@) = (=d).

BEFAPREP B deN A q,b 9 greatest common divisor. B & F X A&
# d %_a,b 7 common divisor. A @ F] ae( )Q (a)—l—(b) = (d) HTGRhre’Z
#®a=r-d » i’*-«fr'\?u dla. B2, 4 be (d) 7 d|b. &+ d & a,b 7 common
divisor.

785 A A d € % a,b P common divisor ¥ & 727 d 3 d e (d) = (a) + (b),
AP FemncZ i@ d=m-a+n-b RXa % c i a,b common divisor,
Feclal el *FhrsecZ@F a=r-c® b=s-c. Fl#

d:m.(r.c)+n.(3.c):(m.r-’-n.s).c.
- ;T*U’EL;’» cld. #rmdv d %73 a,b 9 common divisor ? & = i3, O

Proposition 7.1.4 # ¥ £ $% 2% 4o i@ 45 ¥| greatest common divisor, ¥ § + &#

pd Ay # 1 greatest common divisor 7% £ & (2 FT

Corollary 7.1.5. £ a,b€Z & d % a,b 7 greatest common divisor, Bl d * & 1
T & .H—_?}’r

(1) FEmneZ %L d=m-a+n-b.

(2) B cla 2 c|b, Bl c|d.

BT RAPLGY RS RS B RS DAF [T S R - BT p
A FHr g 1 fed e JI* SREFAPFT FIE pla-b Pl plad plbieh
R, I = 7 g £ BT kn - B&LT 5 Tk 7@ - &9 ring &
AT - R AP 2 L F kT

Definition 7.1.6. % & Z ® sh~% p.
1) PHEZ B dpHdeZ %F d==+1 8 d==+p, RIFE p E- B
irreducible element.

(2) FHELB L pla-bFHa,beZ ¥F pla & p|b, PIF p £- B prime

element.
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PR ATARILT -, 2T - BEIRAFAP AEERY &9 AT
I F AAR R, 4 Fldopt B EcP S i e - f2 & F ¥ (prime).

Proposition 71.7. &= Z ® % p - B drreducible element, Pl p .- B prime

element. ¥ 2., % p #_— B prime element, Bl p £~ B irreducible element.

Proof. 7 £ &% p & irreducible A p & prime. ~ fj*ui;fwf;»?l{ ¢ v op A
irreducible. 2~ pla-b NP EEF: pla & plb. RA pla-bi T ErecZit
®a-b=r-p 4% pla 7"3}33‘?%;5'? AP RFD TN R R pla DR
LAY g p a7 greatest common divisor £ 2 & d. 4 3T d|p w&d p A
irreducible HERXK v d =128 d=p. Ad d 27 E3 p, BRI d A pa
common divisor 4 p=d|a: ¥*fr pta 3 . Flt 4 d=1, 4 Corollary 7.1.5
ER:S anZ/?ﬁil—npquai\ﬁéz%f\be—»
b=m-b)-p+m-(a-b)=(n-b)-p+m-(r-p)=(n-b+m-r)-p,

114 p|b.

IESNE \-"p #_ - & prime element % i & M p &_irreducible. » %*l{?ﬁﬂg
F d|p, Bl d N d=4p A dlpETF B RrcZ A p= dr*ﬁﬂi’?ﬁ
pld-r. #&+d p & prime m'F)»éi APEE pldE plr. § pldFE,d RABK dlp
Td=4p F plrF AT scZ B r=5-p. wd p=d-r=d-(s-p) #
d-s=1. FldscZ w#wd-s=1%77 d==%1. O

Bls A kg Flch ANy LR ek A fRIR. d N Flicfe | Flahs
ERE RN S A S ¥ SR
Theorem 7.1.8. BE&X a €N * a>1, M3 & py,...,p, B¢ p; 240 R 5 prime,
R
a:p?l---pf"", n; e NVie {1,...,r}.
dodk o q TR fES T AN g =" g B P g B AR R D prime, R
r=sSEBFHERETE p=q,ni=my, Vie{l,...,r}.

~

Proof. iz* & - B & Alehj B 5 A& Phg @ AP ARAR KET AL
greg - 4

PARARgE Al BE kRGA I“*Jj}iig ARECE A 2 E SRR
F 'S5 B (¥ r14a k) prime (HF . Aok o 2 P LB prime, Bl a =p; (7 r =1,
np =1), # % &t 4% o 7 & prime ¥ ? d Proposition 7.1.7 ¥ ¢ # &_
irreducible, f’kp’u Fra,bi ENE ey A1, by A1 B a=a; -b. &7 j\%&{
T oa, b A7 {prlme GLhe% H P 5 - B 72 & prime, 2 lF“ﬁ* WL fETEE D
@3 prime » 1k, T BEAE- TLE BT RF)ZEF LA fREE DBAR KA F AR E
f3® M # g B = - & prime OFFF . i*eﬁﬁ“%ﬁ_pg FROAG A REF - AR
7%*{””/5, F, A PRL LR 2 REP . F a=2 FFd 3 2 4 prime,
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A I A BEFBREATF A 2 fra— 1 PE T A
4% q #_prime, 78 7F i p R 2 4o% g 7 & prime, Bld Proposition 7.1.7
a=ai- b e al,bleNf l<ai<a? 1<b<a. \?‘C’f']?ﬁffﬁp‘ff;»ﬁ:"f' al ’f‘—"bl
TEBAF LS B oprime HRAF, T ERE 0 T LB FF TS B prime R A
AR RS I I DL A Sl e A
a=pitopt =g g,

2P pr,...,pr EB SR Dprime, £ oqp,...,qs » AP 3 AR Fprime. d 3T py A
prime, ¥&d pyla=¢" ¢l T ERE B je{l,...,s} B Lp|q. FFH- TE
BAPETEBEX p|q. 3% ¢ {prime d Proposition 7.1.7 ¥ ¢; &_irreducible.
¥R, @ Ddivisor Bt A+l & +q. wd pr|gg vpr=q. RET R

a ni—1 mi—1 m

— =D T =q st

D1
43 a/pr <a, & AI* rE- PLEERZBEXAPE =52 pr=q,...,pr =g ™
2 onp=my, Ng =My, ..., Ny = My, 78R 2 O

Yo% - 1 integral domain F fr Z - $R* @ ~ % §8F rvE— B = - & jrreducible
element 3k ff P AP ALY integral domain = — # unique factorization

domain.
7.2. Ring of Polynomials over a Field

?\Fﬂzrgg EEE AR RS 2 SCSNELT S SRS NS

BRI G A - R field D F NS Hen hiE- § ¢ AP REREA
polynomlal ring. = Rg FRAP R/ F e b - § ¢ Fiagn- 2GR FE D

L F A - B field A4 gd 75 chiidicn F o g

f(:n):ao—{—al:z:—l—---jtan,l:n”_l+anx”, a; € FVi=0,....n
“A % B & Flz]., AP Rp R Flz] ¢ hAd AN T ik foki: ¥
f(@) =ao+ a1z +apa™ v g(x) = bo + brx + -+ + bpa™ L Fla] * 5 > F%
L fx)+gl@)=cotaz+-+ea", B¢ 55 ie{l,....r},ci=a;+b 2
r=max{m,n}. ¥ AP f(x) g(x)=do+dix+ - +dpinx™™, B¢ FH1
Fie{l,...,m+n},
di=ao-b;+ay-bj—1+---+aj_1-b1+a;- by

AR F j>nEFAPL ;=02 F k>mBEAPL b =0. —ﬂ?iﬁ*{*\
[ S I 3 s ERRRE N OE R ¢ 4\:}:’%,7‘}&,5’.\:35-}15 = 7 chia BoAp Se ;AP %}T}bg\é
BAERIEE &8 F I,

gd - oy APT ET Flz] - B commutative ring with 1, 4234 i

frﬁﬂ%iﬁﬁﬁ"i AT . AR BN - T Fla] % ring e E identity 0 L0 3 F
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i, 4 Jj*k B GEFA_O (BRSO F 0) HIAN @ %fwzmldentltqu‘
1 BVEs?as, - T*{#?@:IE Rl (RN 1A F 1) His o et AL
0. 3 ¥ 2P H Flz] = the ring of polynomials in x over F.

% AP ALT - BATS ring FF, B A g B e 8T 67 zero divisor fv unit F vRL?
AL d 3 AP R 9 polynomial ring Fo— B AF W[ AFF ch1 B K FTA ,T*u{“r

7 7 degree.

Definition 7.2.1. # f(z) =ay+az+- -+ ap2a" € Flz] £ a, #0, PRI f(x) &
degree = n & & deg(f(x)) =n.

ARBROIANAP SN I A, 28 THFLZ 0 FANTH 5
P u 0 nfhd, AT 0 FIE AR R R T 0 degree 5 0. i ¥ A TF“)*I.%Z 70
1 degree (7 PF L&k deg(0) = —o0). & T KA Kk F degree L

Lemma 7.2.2. % f(z) {v g(z) $8 4 Flz] # 0220 58 3% R
deg(f(x) - g(x)) = deg(f(2)) + deg(g())-

Proof. # deg(f(z)) =n t deg(g(x)) =m ~ yA f(2) =ao+ a1z + - +ana”
2 g(z) =bo+brx+--F+bpz™ E® a, #0 2 b, #0. A& f(x)-g(x) = cpa”,
e ckzzi+jzkai-bj. FPARNPEP Y E>n+m P e =0 % i<nZ® j<m,
ﬂ'Ji+j<n—|—m B g k>n+mPEF i+j=k B i>nd j>m ~
i&g\éﬁaai 08 b =0 %% k>n+mPF =0 "% k=n+mP, ¥
Bi+j=k P FavE3 F i=n j=mM q#£A02 b £0. FHFER
Cnim = Ap by 9 % F &—- B field, 1% F X3 zero divisor, #& ¢ a, #0 ¢
bn 0 7 # cpum #0. ¥ PR deg(f(2)-g(x)) =n+m. O

d Lemma 7.2.2, & 75 F ¥ v Fx] 0 zero divisor f= unit 7 8L .

Proposition 7.2.3. 4 F #- B field.
(1) Flz] ® iZF zero divisor, ¥ 353 Flz] - ® integral domain.
(2) Flz] ® & unit ﬁfu%@r*p 2L 0 Y i

Proof. (1) 5 f(x),g(x)
Ald Lemma 7.2.2 v deg(
BEF 0. &= f(z) - g(

(2) & f(z) E_F[z] ¥ & B unit, R 2ETF Eg(x) € Flz]) @ F f(z)-g(z) =1.
Fli 1 A4 #sANHE degree » 0, ¥xd Lemma 7.2.2 4 deg(f(z) - g(z)) =
deg( () +deg(g(a) = 0. * deg(f(2)) > 0 2 deg(g(x)) > 0, &7 deg(f(x)) = 0
oW f(o) AW EIIES . X 072 F i A unit, = ® f(z) £- B0 D ik
F2 % f(z)=c i~ B0 5% & ~ J‘j‘ﬁggceFﬁ’ c#0. 7l F - & field,

EFx] %2 % 0. % deg(f(z)) =n 2 deg(g(z)) =m,
F(2) - g(@) =n+m. #oER, f(z)glx) #amt™ F
)* & 0 5. EEE Fla] L3 zero

T divisor.
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B F PP I e Binverse el 54 g(x) =cl € Flz], Bl f(x) - g(x) = 1. &
 f(x) =c¢ #- B unit. O

#T KA Kk F polynomial ring R TIL

Theorem 7.2.4 (Euclid’s Algorithm) * F - B field, % 23 polynomials f(x),
g(z) € Flz], £ ¢ g(z) #0, Rl & h(z), r(z) € Flz] & L f(z) = h(z) g(z)+7(2),
2 r(2) =0 & deg(r(x)) < deg(g()).

Proof. 7 £ &L E, AR p(z) d 7 20, 0= iXF degree, T
% it F R deg(r(x)) < deg(g(x)), Mo fe b op(z)=0 @B Atk
24 * fo Theorem 7.1.1 40 02 P 3 g W = {f(z) —l(x) - g(x) | l(x) € Flx]}
T-BHEE IE 0eW, + )’Ih{?’uﬁc & h(z) € Flz] @ 8 f(z) — h(x) - g(xz) =0,
wEE r(r)=0. 4% 0¢gW, B4 r(z) e W LW 7 degree #-| 77 polynomial.
BR deg(r(z)) =m 2 deg(g(x))=n, P E* F ZZ2EP m<n 4% m>n,
Bk r(x) hE B = o™ B DGREE a, W g(z) BB " IE REE b d
beEF X b#£0, ¥ g s(x) =r(x)— ((a-b=1)a™ ") g(x) &B 33855, d 2 p(z) f¢
cg(z) BF = ™ DGREE 5 a, 7w deg(s(z)) < m = deg(r(x)).
yeW &% & l(z) € Flz] @ % r(x) = f(z) —l(x) - g(z). =
)-9(2)=((ab )™ ")-g(x) = f(z)=(Uz)+(ab™)a™")-g(z) € W.
AW ¢ - B r(z) degree ‘I 7 polynomial, * fr r(z) £ W
R AR A =E om < n~» ﬁ‘%{ﬁuﬁ & h(r) € Flz] #® #
r(z) = f(x) — h(z) - g(x) 2 deg(r(m)) < deg(g(x). = HEES L, O

((a-b-amn)
Fohd BR (o
s(z) = f(z)—l(z

R ()
¥ degree |

Remark 7.2.5. 42 % 3% - 7 % Theorem 7.2.4 ¢hzEM #» A% )5 F 4 -
# field s F (7 g(x) 5B = T #c b D inverse b1 F &). #7141 Theorem 7.2.4
A e R 3| hEE - D ring 0 polynomials F . FF b & Z[x] ? )’I-*'uiljf A 50
IR 4y B f(r) =22, g(z) =22 A I'F“,Tf'uii?*%ié I e $ 3858 h(x) @
® f(z) = h(z) g(z) =0 & L deg(f(z) — h(z) - g(x)) < deg(g(z)).

iR B ok o T I (Theorem 7.1.1) ##® Z ¢ ¢ ideal ¥ &_ principle
ideal (Theorem 7.1.2). I ke f] * 43¢ TI2 (Theorem 7.2.4), & P # 711 T ez 3L,

Theorem 7.2.6. % F 24— ® field, R| Flz] * 7 ideal $% 2 principle ideal.

Proof. 3 Fz] é— B ideal, [. 32 # L & [ * 53— ~ 4% g(z) # 7 (g(g;)) =1
£ g(x) .1 ¢ degree # ] 7 polynomial, # 1 # ¥ # ¥ (g(z)) =

A ga) eI FTUE R (g(x) CI. F 2, RFP [ C (g > AR E
P flx) e I & 453 h(z) € Flo] @ ¥ f(z) = h(z ) cg(z). I Theorem 7.24
A 3 A h(x),r(z) € Flzg] @ 7 f(z) = h(z) glx)+r(z) 29 r(@) =0
deg(r(z)) < deg(g(z)). & g(z), f(z) € I, = r(z) = f(z) — h(z) g(x) € I. 4=
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* r(z) #£0, %7 r(z) .17 - B g(x) degree & | e polynomial, &fc% 4
g(z) PEPApF F. i r(z) =0, ¥ f(z) =h(z) g(z) € (g(x)) O

2T kR Fla] 25 S A R B BN 2 A S ok 2 AR T -

BT,
Definition 7.2.7. 4 f(z),g(x) € F[z].

(1) % d(z) € Flz] £ % & h(z) € Flz] @ # f(z) = h(z) - d(z), PIFE d(x) £
f(x) = B divisor, 38 d(x)| f(x).

(2) # Uz) € Fla], 2 U2)|[f(z) * Uz)|g(x), RIF Uz) & f(x),g(x) =
common divisor.

(3) # d(z) € Flz] & f(x),g(x) 7 common divisor * degree # ~ 7 polyno-

mial, PIF d(z) & f(x),g(z) e greatest common divisor.

£ ;2 & 1242 greatest common divisor I 7 *&— . F 73 € ¥ greatest common

divisor #*TF common divisor * degree # = ¥ & & = {2 # 5 1 P polynomial, ¥

Bt ¥ & 2T greatest common divisor T*JEL— 3.

— AR A ey i AR it S B % 38 ;% ¢ greatest common divisor F !
K feipAg AP -1 * Theorem 7.2.6 35 I greatest common divisor I {8 3| H# A& 4

Proposition 7.2.8. % % f(z),g(z) € Flz], Pl % & d(z) € Flz] & & (d(z)) =
(f(@) + (9(x)) £ d(z) 5 f(x),g(x) & greatest common divisor

Proof. ¢ Theorem 7.1.2 #v#% . d(z) € Flz] # # (d(z)) = (f(z)) + (9(x)). #&=F
PEFEP B dx) € Flz] £ f(x),g(x) e greatest common divisor. 7 % % X £ &
d(z) & f(z), g(x) ¥ common divisor. #d F f(z) € (f(z)) C (f(2))+ (9(x)) =
(d(z)), #& ¥ & h(z) € Flz] @ # f(z) = h(z)-d(z). ~ ﬁ*»{;ﬁa d(z)| f(z). B3,
? g(z) € (d(z)) ¥ # d(z)|g(x). %+ d(z) & f(z),g(z) e common divisor.
R H B d(x) € &

( , i 3 e om(x),n(z) € Flz) @ # d(z) =
m(z)- f(z)+n(x)-g(x). #aF I(z) & f(x),g(z) 7 common divisor, T I(z) | f(z)
£ 1) | gla), T & (@), s(z) € Fle] # @ f(z) = r(2) @) 2 g(a) = s(z) - (z).

d(x) = m(z) - (r(z) - 1(z)) + n(z) - (s(x) - U(z)) = (m() - r(2) + n(z) - s(z)) - U(z).
- IT%{F’D l(z)|d(x). T 4e d(z) 2%7F f(z),g(x) 7 common divisor ¥ degree
- SN2 O

Proposition 7.2.8 # ¥ £ 37 [ 4c i@ 45 T| greatest common divisor, ¥ § + &#

pe AL A oreatest common divisor % £ & (2 F
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AN

Corollary 7.2.9. f(x),g9(x) € Flz] £ d(z) & f(x),g(z) 7 greatest common
divisor, B d(z) # & M T A 45

(1) # & m(z),n(z) € Flz] % & d(m) =m(z) - f(x) +n(z) - g(x).
(2) ®BK U(z) [ f(x) £ U(x)[g(z), AT U(x)[d(z).

- h- Boring ¥ A F LR AP I R unit ) F R, BlAch Z ¢ s
fRIAP R A 1 e —1 7] "1&1“’}?@ i Flz] ¢ 0 units £97F 220 0% 8 5
7 3% (Proposition 7.2.3), #7123V e 3 4 g v 5 I 0 divisor. Flpt AP LT
¥ A% %38 5% (irreducible element) 7 & .

Definition 7.2.10. ¥ jg Flz] * 57~ % p(z).

(1) #2438 L dw) | pl) @ d(z) € Fla), ¥ d@) = ¢ & d(z) = ¢ p(o),
2P 0£ceF, Pl p(x) - B irreducible element.

(2) #HELB L pa)| f(z)- glx) 9 f(x),g9(x) € Fla] & F pla)|f(z) &
p(z) | g(x), PIFE p(z) £- B prime element.

st

ii k- B irreducible element % 7 T % ¥ 12 B = 3 B degree ' T | 7
polynomial 73k ##. %% X irreducible v prime &7 A TR ELF - heh, 2 BT -
B EImE AP A Flo] ? &9 82 & 7 polynomial E_4p e e,

Proposition 7.2.11. & F[z] * % p(z) - B irreducible element, ?] p(z) &

B prime element. ¥ 2., % p(x) E— & prime element, P| p(z) - B irreducible

element.

Proof. 7 £ &% p(z) 4 irreducible B p(x) {prime - i‘u{?ﬁa&?}i ¢ Fv p(x)
A irreducible. =%~ p( )!f(l‘)'g(iv) AR pa)| f(z) & pla)]g(z). A
p(x)| f(z)-g(z) %7 & &r(x) € Fla] @ # f(z)- ( ) =r(= )P(x) ek p(a) | f(z)
7R B e 18 5| lrwga-im, AR T R p(x) f f(x) PR, BREAPL R
p(x), f(z) 7 greatest common divisor 4 2 % d(z). 4 ** d(x )|p( ) #&=d p(x) &
irreducible FPEX T d(z) =c & d(z) =c-p(z), E? 0#£ce F. A d(:c) E
3 cop(z), FRIY d(z) Ep(x), f(x) 7 common divisor * p(z ) d(z)| f(x)
(A& c & Flz] e unit). & 9c pla) f f(z) 3 5. F & d(z )— ¢, 4 Corollary
7.2.9 7% & n(z),m(z) € Flz] % L c=n(z) plx) + m(x) - f(z). E543 @k

cloglx) #

g(xz) = ¢ H(n(x)-9(x)  p(x) +cH(m(z) - (f(2) - g(x)))
= ¢ (n(z) - g(z) +m(z)-r(z)) - pla),
“r14p(e) [g(@).

3 L, —Z:" ¢ 4 p(z) £~ B prime element #* i & E P p(x) & irreducible. ~

RAEP F d(2) |p(e), B d(x) = ¢ & d(x) = ¢ p(x). %5 d(z)|ple) =7 & b
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r(z) € Flz] & & p(z) = r(x) - d(z), » f]"*u{;fu p(x)|r(z)-d(z). %4 p(z) £ prime
R, AR p(x) |d(x) & p(z)|r(z). & plz)|d(x) B, %7 % & s(z) € Flao] 1
® d(z) = s(z) - p(z). ¥ BRABX p(z) =r(z)- dz)  dz) = (s(z)  r(2)) - d).
- )’I‘u{ﬁu d(z)-(s(x) r(x)— * Flx] m’ﬁ zero divisor (Proposition 7.2.3)
% d(z) #0, & s(z) -r(r) =1, ¥ s(x) % unit. ﬂ*umpfu s(x) B B ¥ #5550
¢, 7 i® d(z) = s(x) p(x) =c-plx). % plx)|r(z) F, 27 % & s(z) € Flz] i &
r(z) = s(z) - p(z). &4 plz) =d) r(z)=d)-(s(z) p(z)) # d(z)- s(z) =1
%7 d(x) & Flz] &0 unit, T d(z) = c. O

5 ;% BRIZF K, AMFER L 05 ER PR LRI Flo] 1. % R
Li7s € Rl Fla) © € 1 ‘frZ;[rgquvrer——A}ﬁ $39 WG B LA fRREA A

g#a unit m;ﬂ K 5@,£,T;K,,\ﬁ:\,laa ST R L A D . A Flo]
P # d(z) L f(x) @ divisor, T & M)eﬂ]%@ﬂ):a@wuxm%g
iF[l‘]ﬂZi—%&Oﬁj#ﬁtCﬂé\—rﬁ []mumt E‘;;J—i\‘.frsj‘—r.c—l.h(x)eF[.%].

Ftd f(z) = (c-d(x))- (¢t h(z)) B3I c-d(z) » & f(x) o divisor. *T 4 ¥ 7
F0£ceF, KA fRREEA PR d(z) o c-d(z) 7+ A f(z) - 9 divisor.
APFTE-BP2RER- B F D c-dx) XF f(x) D divisor. — &Y ff 2
PYREE c % c.d(r) 5B FIE GEE 1, FlF 0T DKL

Definition 7.2.12. ¥ f(z) € Flx] £ f(x) &8 =<7 ks 1P f(z) = - B
monic polynomial.
T — @ Lemma 4 2% 3£ P~ monic polynomial 4% .

Lemma 7.2.13. #3X p(x),q(z) € F[z] $85_monic irreducible element = p(z) | q(z),

Rl p(z) = q(@).

Proof. 4 ** ¢(x) &_irreducible, q(x) 7 divisor ¥ it 2% # ¢ & c-q(x) THAT)

. wd p(x) A ALY B (F]EK A irreducible) ¥ op(x)|q(z) TF R ce F ik &

p(x) =c-q(z). » & > p(z),q(z) ¥4 monic polynomial, ¥ * b § = 7 % e
RE_ 1. #%® c=1, F px) =q(z). O

aA PR Flo] v - &R LA AR

Theorem 7.2.14. B& f(x) € Flz] £ deg(f(z)) > 1, Al3 & c € F "%
p1(x), ..., pr(x), B¢ FE pi(x) £A8 R D monic irreducible elements, % &

fl@)=c-pi(x)™ - -p(x)", n; e NVie{l,...,r}.

bk f(a) T A RE T AR () = dqy@)™ gy, B dEF
(x) AR & 9 monic irreducible elements, Bl ¢ =d, r = s & 58 % #H %
FE¥# pi(z) =q(x), ni=m, Vie {1,...,r}.
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Proof. # i 4| * fr Theorem 7.1.8 #f i1 117 ;2 K ZE P . Theorem 7.1.8 * 3|7 #c &
Fropiz, oABE R A P ah? S H, 7 B AP degree iE B A KoK
Fla] 07 % & P #, #7137 104 degree # induction.

FahFEhl (f L f(@) T B TR R § deg(f(a) = 1 B
4% fz)=ax+b, B¥ 0#acF,*TAPF R fo) B a-(z+b-al).
AR x4+ b-a”! 27 LB S B degree /] ¥t 1 £ polynomial 3k, #2
r+b-a"! ¥~ ® monic irreducible element. *T/1 fizfin T i A & 2 B F
B EHTF degree /1 ¥t 1 v n — 1 & &7 polynomials 7 &l E = = e, MY g
deg(f(x)) = n Hi%. 4v% f(z) L irreducible ¥ # &8 5% 2¥c i o, 7"A a7 f(2)
% X %~ B monic irreducible element, *71 f(z) =a-(a"'- f(z)), 7 &t p K=
2. 4% f(x) * A irreducible, R4 f(z) = g(z) - h(z) & ¢ g(z),h(x) € Flz] &
1 <deg(g(z)) <n % 1<deg(h(z)) <n. w=fl* §F{ BX v

g(z) =cr-pi(z)™ - pu(x)™ F7 h(z) = c2 - pr(z)™ - po(2)™",
# 7 pi(z), pj(x) ¥4 monic irreducible elements, *f 4 #-4p I £7 monic irreducible
elements & & ## f(x) » 7 G AR LeHA) 50

#T RprE- M B deg(f(z)) =1, 9 3 f(x) =ax+b, Bri- fp a2
FF BRI T degree 177 1 fvn—1 & ¢ polynomials 38+ =, R4 g
deg(f(z)) = n PfFi. BX

N

f@)=c pi(@)" - pr(2)" =d-q(z)™ - gs(x)™,

29 cdeF,px) LAAME, g(z)~ L3 34E, 32 pi(x),q(x) 75 monic
irreducible element. 7 %%, ¥ > pi(x),¢;(x) A monic, “T14 ¢ fr d &%
A f(x) Bo® A D ikdc. — B polynomial hd § I iz ArE- i ¥
c=d. #%4d * p(x) L irreducible *7/ ¢ Proposition 7.2.11 &+ & % prime, #<d
o1 ()| F(2) = cqa(@)™ - go(a)™ o R B G (L) T pr(e)| (). B
- TORAENPETILEK pi(2)|q(z), &F1* pi(x) 7 qi(x) $54 monic irreducible
element ™ % Lemma 7.2.13 ¥ py(z) = qi(z). FI* N PP % f(z) b fRieh =

f(@) = c-pi(e)™ - pa(x)™ - - pr(2)"™ = - pr(x)™ - ga(2)™ - - gs(2)

BEABARERD copi(x), P TE

c-pu(@) - (pr(e)™ ™ pa(2)" - pp(2)™ = pu(x)™ 7 ga(2)™2 - gs(2)™) = 0.
d 2 copi(z) £0 2 Flz] & integral domain, #* i {#

ni—1 ng mi—1

pi(z) p2(2)" - pr(@)" = p1(2) q2(x)™ -+ qs(x)™ = 0.

Bt g(z) =pi(z)™ - pa(a)™ - pe(a)tr. @

deg(g(x)) = deg(f(x)) — deg(p1(x)) < deg(f(x)) =n
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g

g(@) = pr(@)™ " pa(2)" - pp(a)™ = pr(x)™ - go(x) ™2 - ()™

{g(l‘) N A E = L ETF PEBERNAPF r=52 pi(z) =q(x),...,pr(x) =

() M E np=my, ng=ma,...,np =m,, < FFEHE- L O

7.3. Polynomials over the Integers

>

o R A SRy T L E Y TG I T #ceh polynomials, & 4°F d R R R
% * P Ui #ceh polynomials. &— F 2 g 5 B fhdicfo 3 = % ¥ polynomials
B, BRI e R SR A BarE- A 21002 5 12 %D polynomial
ring g - A fR k] 7 F|EF T #ice polynomial ring fFE - A fR L

AL Qx| # 1 #TF 7 = %A#K polynomials #T= ehf & ¥ 4 Z[:c] Foom 7 B TR
# polynomials #7= hfk &, 6 © 4o Q[z] * - et 2 frk 2 ¥ A5 - B ring,
AP FE2 5 polynomial ring over Q. I AL FugE ) Zx] 4 A - B ring,
P42 % polynomial ring over Z.

Zlx) 20 f 1 fe Qz] H0fr 14k, 2Py ¥ & Z[z] ¢ T& degree (F & ¥
M Zlzl 5 Qlr] ehF B E). #rr Al o Lemma 7.2.3 49 g AT F
Zlz] £- ® integral domain. Z[z] f= Q[z] & % 9% F &_Q[z] ¥ “T7 ?3 0 i #
L unit, KA Z[z] ¢ 73 £13&3 B Y &S H unit. ©LF5 1% Lemma 7.2.3
ST AP Ay Z[x] ¢ Hunit B degree — A0, TR G OF A ¥ i A Zx] 0
unit, X @ FsL F“‘"“’}’ﬁﬁ’fr‘*& AP0 70 R unit 1 F A Z[z] 90 unit, » ,T‘u{
+1. FIP e AR P PR RS Ry B Z[z] ¢ A FERR K Boha 250 Y g

& Remark 7.2.5 ¢ A P& E Z[z] ¢ £i24 R RIL A0 A Q] ¢ T AT 4
CERILE R 090G ideal ¥R AL prmmple ideal (Theorem 7.2.6) ¥t Z[x ,T‘ LI & 5

FEAPET A Z2] " 3 - B (%27 % - B)ideal © # & principle ideal.

Example 7.3.1. 2 P& P & Zz] ¥ T = (2)+ () * & principle ideal. #3X
I '«kprlnmple ideal, % & f(z) € Z[z] & 7 I = (f(x)). 1 'lq* 2¢el, *PiET

2 € (f(2), * L& & h(z) € Zla] % L 2= h(z)- f(z). 11" degree § 1 7 4w
deg(f(x) —0 *q*a o f(x) - B¥ ¥k ce Z IFLé_'f"* xe[_()xr,;ﬂ
gw)eZ[]xéagx—cg(). L& ocog(r) @- B 5AN T NGE- LA PR
(W% g(x) € Z[z], #114 g(x) mx‘ﬁﬁz’&{ﬁ’rﬁi)‘ Fpd p=c-g(z) o iE- B

RN GEEZ A cBE Re pie- BIANTG pe-dEr H R,

# c|1 - ;T*u{c_:l:l ] c{umt Lemma 6.2.4 % 7724 [ = (¢) = Z[x], #
PEElel=(2)+ (z). 1I* (2) + (2) PEERFTTEE T F & n(z),m(z) € Zz]
#E1=2-n(x)+z-mx). & z-m(z) XF ¥E&E & 2.n(x) DF FIF - TE
2 R, T 2-n(z)+x-om(z) IR EE - AT i s 1w F n(z),m(x) € Zlx]
B l=2-n(@)+xz mx >7ix2, 45 5482»APHER T A principle
ideal, % # I = (2) + (z) * ¥ & & Z[z] 5 principle ideal.
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W R Z[x] ¢ Pideal 7 — A _principle ideal 78 A3t irﬂi%‘uz it & Proposition
7.2.11 07 2 7 3] Z[x] ¢ e irreducible element ij‘h{ prime element 7 . % i * i&
RFOETAEATEREHE Flap T V- E2 2V UENELR ORI e

A R-¢FEP & Zx] P 9 irreducible element f- prime element E_ip I 3 3 i 3
frngf;xfy N EN SR
SR E AR RAL SR 6 R T Z[2] fo Qz] Bt 07 R R AL Za] ¢ £ F

WA R LT f(r)=ao+arx+ -+ apa” € Zlx] & f(z) 4 fES degree
Vo] eh polynomials PR Z W, T AT BT AT Uk - B A Bk (F] L F
VD L LR L] ¢ g d - B oA fR) T oo A
BRR? X RGRE BT AL T g, a1, .., 0, GBS D FHOT ] ST
M EH g2 S

Lemma 7.3.2. # f(x) € Z[z] £- B2~ 0 9 polynomial, P f(x) ¥ *&E—- B =
f@)=c [, BE N, [(e) €Zla] £ fH(a) ikt 2 TEE L

Proof. § £#P 7 &tt: % f(2) =ap+arz+- - +anz™, 4 d = ged(ag,ay,...,a,).
d B X FEAE T a9 = d-by, a1 = d-by,. .., an, =d-by, 2 ged(bg, by, ..., b)) =1
BT f(x) B d-(bg+ bzt -+ bya™) B ATE FehA) 5N

BFEME- 12 BR fo)=c f(2), BY ceNZE f(z) € Z[z]. ¥ cF »
fr(x) e o8 Gk | e f(x) S0 Gk ag,a1,. .., an $8E R c PR K - j‘kc
ag,a1,...,a, D2 FE Aok c£d=ged(ag,ar,...,an), I fH(z) Siki? §
b djciz- B A G Fik, ““fr' f(x) 98 Glicendox 2 Fd#ch 1407 F.
“® d=c 4 ,J-;{F;,d f*(x) =d-(bg+bix+---+bya™). B % Z[z] 4 integral
domain, #* & f*(x) = by + bix + - + bya™. O

3 7 Lemma 7.3.2, & 5 1T HE &K,

Definition 7.3.3. % f(z) € Z[z] ¥ B = f(z)=c-f*(x), B¢ ceN, f*(x) € Z|x]
2 ofH(w) o EhE s 2 FlEAE 1. P ¢ & f(x) 9 content, 3= 5 c(f). F
fx) € Zlx] 2 c(f) =1, PIF f(x) £- B primitive polynomial.

BR olf) i f(z) 77 Tidesnde < 2 5l Lemma 7.3.2 #3573 P &
& f(x) € Z[x] $°7 72 B = £ content ¥ - ¥ primitive polynomial. # if* ¥ 2 #-
Lemma 7.3.2 £ 5 ] Q[z] 7 .

Proposition 7.3.4. ¥ f(z) € Q[z] £~ B2~ 0 ¢ polynomial, P| f(z) ¥ *&- &
* fl@)=c- fHx), B® c€eQ,c>02 f*(z)€ Zz] &- B primitive polynomial.

Proof. 7 £#PF 7 &lt: & f(x)=aytaz+- - +apx", 2? q,€Q. NP7
BI-2FEmEE m-fr)€Zx] (" FRE m oY g A DRH). ER
m- f(x) € Z[z] ¢ Lemma 7.3.2 c733 fiivriz &t FlHcag M2 f*(z) € Zz] £ ¢
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f*(z) & primitive polynomial, #& & m - f(z) =a- f*(x). & &
a

fa) =2 )
5 OrE e

I BAPEX f(2)=d ff(x)=d gx) 7 dd FmELL DG L
f*(x), g(x) € Z]x] ¥4 primitive polynomials. # d fv d’ » =& = a/b f= o/ /b, £
v a/’a/,abgb,EN- 5\‘?5?%’?"

(a-0) - f*(x) = (d"-b) - g(x).

ML (o) f(e), (@ 8)g(n) € 2] < Fla W beN 2 [(2),g(x)
#_ primitive polynomial, ¥ Lemma 7.3.2 & - 5 a0 =b-a' (Y d=4d) 2

ff(x) =g(z). w=HEFEE- 4. O

d Proposition 7.3.4, #* ¥ " J content PEERE I Qz], 1N HE-E
ER f(z) € Qlz] B flz)=c(f) f*(x), £ ® 0<c(f) € QA f(z) 7 content,
f*(z) € Z]x] #~ B primitive polynomial.

% f(x),9(x) € Qlx], E3E f(x)-g(x) 7 content, B F E_{*AF feehn, i
42 % B polynomial k # K #IEFEL LA L HE L DF ) APFFRAFL f(x) g(x)
1 content ¥ 14 f(z) v g(x) 7 contents E & K fr!-;%z? G, A i—é - B
B+ )T*Ui f(x) f= g(z) € contents A1 fii.

Lemma 7.3.5 (Gauss Lemma). ¥ f(z),g(z) € Z[z] 384 primitive polynomials,
Al f(z)-g(x) » - B primitive polynomial.

Proof. & f(z) =ana" + -+ a1x+ag, g(x) = bpa™ + -+ bjx + by, PR * K
BEEPE c(f)=clg)=1,c(f-g)=1. BK c(f-g)=d#1,2- F#p it ¥
pld, » ‘Tfu{p %’f“f f(z)-g(x) 7 el 2R F] o(f) =c(g) =1, &% % & a;, b,
®® pta; 2 ptbj. £ v Ao R E pta, (¢ :\I‘!rlip)[ar, EHEZL <7,
play), FARns o BBl B 7 prby, BER f(2)- glz) 2™ T
Z a; - bj.
i+j=rts

K'ITTOJ a b JJ:’F’-}if"'IE':""”’ai-ijW{i<1“ﬁ~*'l{j<s. EFRE i>rE j>s70
ﬁ“i—i—j>7’+3fj‘~"¢7‘?§‘§ﬁ€ itj=r+s 1. 40k j<rd A EPT | g
AT ERT plaicbj. PR, FE j<s* T pla b AT 2 f(z)g(x) P
s ;’?jgﬁﬁg{n/%ﬁ ap - bs M H B a; b, ‘F’K?%‘}tpiéf“,f. Ry A B pla, 2
Dby 5 plan by 4 LR f(0) - glo) 0t T R T A p B e
BAERK p VR f(x) g(x) F - SRGERAR §L R TR ofg) # 1, 4

v f(x)-g(x) + & primitive polynomial. O

% 7 Gauss Lemma ¥t - &0 f(z),g9(x) € Q[z], & i f‘—k'}i—_&ﬁﬁ%—;? v E

c(f - g).
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Proposition 7.3.6. # f(z),g(z) € Q[z] 3% 42% 0 7 polynomial, R
o(f-g) = c(f) - elg).

Proof. ¥ Lemma 7.3.4 ¥ # f(z) fc g(z) # & B = f(z) = c(f) - f*(z) fr
g(x) =c(g) - g*(x), £ ¢ f*(x) fv ¢*(x) 3% & primitive polynomials. #< ¥

f@)-g(@) = (c(f) clg) - (f*(@) 9" (@)

£ ¢ Lemma 7.3.4 # f(z) - g(z) ¥*&— B+ ¢(f-g) -h(z) 2 ¥ h(z) & primitive
polynomial. 8% Lemma 7.3.5 % %24 f*(z) - g*(x) A primitive polynomial, #<

d s - A £ (2) - g*(x) = h(x) L o(f) - elg) = o(f - ). .

BTORAPRN Zl] AR FARRA - T & Z] fr Q] ¥ SR
&. BT f(2),g9(z) € L], *"F°'\=“~f()\g()mZ[fU]%*ﬁ‘ﬁth(fﬂ)EZ[m]%
Logla) = h(z) - f(x). @20 f() | g(x) in Qz] %77 & & I(z) € Qlz] & X
g(a) = (s )-f(x). A4 7 A h(z) & K5 & Zf), B U(z) & & Qla] T
¥ (

S T RE R f(2) ] g(e) in Qe] & f(2)fg(a) in Zla] S,

Lemma 7.3.7. &KX f(z),9(x) € Z[z], & f(x) - B primitive polynomial, P
f(@) | g(x) in Z[z] &2 "% f(x) | g(z) in Q[z].

Proof. B3k f(z) | g(z )mZ[]%:r’?zi_h(x) Zlx] % & g(x) = h(z) - f(z). &
5 h(z) € Zlx] § A7 h(z) € Qla], &5 f(z) | g(x) in Qle). (L LA AP F
& f( ) & primitive 3K .)

£ F ()| gla) in Qlel, %7 ¥ & I(2) € Q] & & g(x) = I(2) - f(z). A1
fh,;né;’?_nf? [(z) € Z]z]. $1* Lemma 7.3.4 #-[(z) B = [(z ): c(l)-1*(z), &£ ¢ I*(x)
#_ primitive polynomials. ¥ ® g(z) = c(l) - (I*(z) - f(x)). f(x) = I*(x) oA
primitive polynomials, #§]* Lemma 7.3.5 &% [*(x) - f(ac) primitive polynomial.
£ f1* Lemma 7.3.4 - {5v ¢(g) = c(l). %] ¢(g9) €N, &=# ¢(l) e N, 2 =
(@) € Zfa], %9 1x) = ) - 1*(2) ¥ I(z) € Zla]. 0

e APL & RA-T AQ| ¢
w o f(x) & Qla] ¥ A fEE T flx) VB f(z) = g(z) - h(z), #
2 deg(g(z)) f= deg(h(z)) & /I * deg(f(x)). Bizx 2 7 f(x)
&= f(z) =m(z) n(x), ¢ mx),n(z) € AT
T35 1) en,

8,
—
in)
N
8,

T
D2
=
3
3
N
T
o f’:’r\'

|
=

=

@

B

E =
o

'1‘+

ﬂ'\

b2

R

f

Lemma 7.3.8. Bk f(x) € Z[z] £ f(z) = g(z) - h(z) 27 g(z),h(z) € Qlx],
Al s & m(x),n(z) € Z[z] % & f(x) = m(z) -n(z) £ deg(m(x)) = deg(g(z)) *
deg(n(z)) = deg(h(z)).
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Proof. {1 * Lemma 7.34 #v g(z) = ¢(g) - g*(z) & h(z) = c(h) - h*(z) & *
g*(x), h*(x) € Z[x] 2 $% A primitive polynomial. §1* Proposition 7.3.6

c(g) - c(h) =c(g-h) = c(f),

deg(m(z)) = deg(g”(z)) = deg(g(z)) *  deg(n(z)) = deg(h(z)) = deg(h(x)).
O

b Zz) ¥ A RS f(z) = m(z) -n(z), 27 m(z),n(x) € Zx],
2 m(x),n(x)  E_ Zlx] ¢ Funit. TRE X Fe TG 43 m(z),n(z) & Q[x]
] PE A ECRF AR T m(x),n(x) & Zz] ¢ F A unit,
#_unit 1. B4 2242 & Q[z] & irreducible & & Z[z] ¢
A2 241 & Zg] ¥ 7F A unit (2 2 & Q[z] 4 unit),
T8 2 4 2 fe Z[x] ¥ F A irreducible. &4 F ¥ Zz] ¥ ¢ irreducible element

fr Q[z] #7 irreducible element # F .

-+

T,

-

=

=
E
F_k
=

®RE— AP = &K T3] P irreducible element & - B 7 % v 7 divisor ¥ F unit
Fo A E R} unit &A A 43 Zz] P Hunit B 1 fo -1 A T
Definition 7.3.9. 4 p(z) € Z|x]
(1) # p(z) & Z[z] # 0 divisor ¥ F £1 fo £p(x), RIF p(x) & Zz] 5
irreducible element.

(2) FH#7F B X p(r)| f(z) - g(x) 0 f(2),g9(x) € Zlx] FF pla) | f(z) &
p(z) | g(x) PIFE p(x) £ Z[x] 9 prime element.

d BB XKRAPE L @I T 6 Lemma.
Lemma 7.3.10. X p(x) € Z[z] £ deg(p(z)) > 0.

(1) # p(x) - B dirreducible element, R p(x) E_- B primitive polynomial.
(2) # p(x) £- B prime element, P| p(x) £~ B primitive polynomial.

v

2 pi(a)
deg(p*(z)) = deg(p(x)) > 0 ** ¢(p) =1, # ¥ p(x) & primitive.

Proof. (1) B3 p(x) &_irreducible. F| p(x) = c(p) - p*(x), £ ¢ c(p) € N C Z[x]
€ Zlx], T c(p) #_ p(z) - B divisor. @ p(x) & irreducible %
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(2) B3 p(z) & prime. ¥ p(z

) ) = c(p) - p*(z), 7= p(x) | c(p) -p*(x)- d
p(x) & prime m'wﬁ, S p( ) IC( ) & p(x) |

*( ). d 3 deg(p(z)) >0 % ¥ iy
p(z) | c(p). = p(z) * PG B Nz) € Z[a] R F p(z) = AMa)- ()‘
wi® pH(z) = (M=) c(p)) p*(:v) 1+ Z|x { integral domain % p*(z) # 0 v
Az) - clp) =1. + %ER \z) fr c(p) & Z[z] 77 unit. & d T&H c(p) LT ik,
mE# Nx)=c(p)=1. » %‘u{?’u p(z) & primitive. O

dead B E P gk APR-EEE L Zx] ¥ 9 irreducible element fr prime
element #_ - ke, d Z[ | L #7F 7 ideal ¥ principle ideal L F, 2 i3
B * A g enD e Bl A PR Q[z] P ¢ irreducible element ek T
JedZ AT AR & L f2 & Z[z] P 7 irreducible element fr Q[x] ¥ 7 irreducible

element 2. ¥ enff %

Lemma 7.3.11. % p(x) € Z[z], deg(p(z)) > 0 2 p(x) £—- B primitive polynomial,
Al p(x) & Qx] ® 7 irreducible element % £ *&% p(x) 4 Z[x] © 7 irreducible

element.

Proof. 7 % BX p(x) & Z[m] ¥ i irreducible element. 4% p(z) & Q[x] ¢ 7
ﬂ;lrredumble element, # 7 ¥ & g(z), h(z) € Q[z] % & 0 < deg(g(z)) < deg(p(x)),
0 < deg(h(z)) < deg(p(z)) & p(x) = g(z) - h(z). f1* Lemma 7.3.8 i3 &
m(x)m(x) € Zfe) * deg(m(z)) = deg(g(x)), deg(n(x)) = des(h(z)) # T p(z) =
m(zx) n(zx). » ih{;fu m(z) & p(x) 7 divisor. & 0 < deg(m(z)) < deg(p(x)), #<
om(z) #£1 2 m(z) # £p(z). 2o p(z) £ Z[z] - B irreducible element
EApA AL &4 p(z) + A Qlx] ¥ 7 irreducible element.

F 2% p(x) % Q[z] ¢ 7 irreducible element. % p(z) = m(x) - - n(z), & *
m(x),n(x) € Zlz]. 4 p(z) & Q[z] £ irreducible FPEKX 4 m(x) frn(z) ¥ 7 - B
H_Qlx] 7 unit, T F # ,T*u'F» m(z) =d L% & 5] m(z) € Zlz] & d € Z.
d p(z) =d-n(z) 7 d & p(x) 5 Glceh Flfc, e @ & p(z) £ primitive, ¥
Fd=£1. » A5 p(x) 9 divisor ¥ v £ £1 e dp(x) L8755, & @ p(z) &
Zlz] * &_irreducible. O

d 2 Q A - B field, #T10 — & ¢ Flx] et %‘”’K” o Q] b AR
* Q[z] ¥ # irreducible f prime & - ﬁm # 3| & Z[z] ¢ 0 irreducible fr prime

5 H - e,

Proposition 7.3.12. B3X p(z) € Z[z]. & p(z) & Z[z] ® 9 irreducible element,
Al p(x) E_Z[x] ° 7 prime element. ¥ 2., & p(x) E_Z[z] ® 7 prime element, P!
p(z) & Z[z] ® 7 irreducible element.
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Proof. B £A X, % deg(p(z)) =047 p(x) e Z A~ BH# NP wh 775
irreducible fr prime #_— & ¢/ (Proposition 7.1.7), #7234 7 £ & B < deg(p(z)) >
R,

B A BK p(x) & Z[z] ¢ 9 irreducible element. ¢ Lemma 7.3.10 # 3
primitive, 7 d Lemma 7.3.11 ¥ p(z) » & Q[z] ¥ 7 irreducible element. £ o
Proposition 7.2.11 4v p(z) % Q[z] ¥ 7 prime element. ¥ f(z),g(z) € Z[z] £

p(x) | f(x)-g(x) in Z[z], ¥ Lemma 7.3.7 4= p(x )\f z)-g(z) in Qlz]. #&d p(z)

Q[z] A_prime # ()|f()JC p(z) | g(x) in Qz]. # ¢ Lemma 7.3.7 4 p(x) | f(
& p(z) | g(x) in Zx] rkv’b p(x) £ Z[z] ¥ 7 prime element.

8
~—

m

k2 ,-{s p( ) ®_Z[x] ¢ “prime element. % p(x) = m(z)-n(z) &7 m(x),n(z)

[«’E] Rld > p(z) | m(z) - n(z), ¥ # px) [ n(z) & p(x) [ m(z). # pe) [ n(z), *
% & Aw) € Zle] # @ n(a) = M) -pla). 9

d n(z) #0 ™% Zz] & integral domain, # A(z)-m(z) =1. ~ EI‘*L»{?L m(x) i

Zlz] 1 unit, ¥ m(z) = +1. B F p(z) | m(x) ¥ & n(z) = £1. FF& p(x) P
divisor 38 & £1 fv £p(x) &f7) 5", 7 p(z) £~ B irreducible element. O
RERFEN Zx) L ovea- AREFEDN T - RBEL wg &P ApPgEpE- L

JRIEF LG * B|* - B ideal ¥% AL principle ideal P27, & A% F|4e Proposition
7.3.12 ¥ # @ irreducible element %_prime PEF . 4ok G HNER d 2 f() fo
—f(z) PR L - B fEL NPT RS gEF LI BT B #ich polynomial.

Theorem 7.3.13. % f(z) € Z[z] £—- B3 5 0,1,—1 2 &3 =07 G#c 1 Fl#cn
polynomial, Bl % t pi(2),....pr(x) € Zz], £ ¥ &L pi(x) L Z[2] * 3 5 4p R 2
BB =R R BE_T B 8D drreducible elements, i &
flz)=pi(x)"---pr(x)", mn;eN,Vie{l,...,r}.
ik flr) THARE T A S f(@) = (@)™ g™, A SR gl

)
< E_Zx) ¢ A A ApR 2 By X Gl A L FHD irreducible elements, Bl r=s 2 5§
WHRBERET E pi(x) =q(x), ni=m, Vie{l,...,r}.

Proof. 7 £#F 7 &t + ﬂ}{f B35 B Z[x] ¢ irreducible elements
kA, AR ($ degree) * &%Eﬁ F\/f KM 'FN‘/‘: deg(f(z)) =0, %1 f(z) €

2 3 & unit, #xd Z L fRIEF (Theorem 7.1.8) i A fo) FRSF IR
irreducible elements 73k #. RIEK 5 |2 ¥ degree A rWpolynomlal o

% deg(f(z)) =n P, % f(x) j\f/fx—\lrredumble, Falkp RS2 W f(x) A
A_irreducible f{H iR & ¥ . S PRI R & Zr] ¥ - B polynomial &_irreducible
FA AT - T UHFA B degree Y #-| 17 polynomials R (Hdem b
Benol3 204 2) FEA RS f) B @) =) fa) B0 1) € Zla]
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#_primitive polynomial. # ** ¢(f) € N, £ - =t 1 * Theorem 7.1.8 #* ¢(f) =1 &
A7 0B 23 TS B irreducible ¥ #ic polynomials Pk . TP R FIT F G
(o) {? B3 LS B irreducible elements 7k f. & f*(z) A irreducible P
FAaMp ARX A2 @ F ff(x) * 4 irreducible F¥, Lemma 7.3.11 % 32

) & Q[z] * & irreducible, ~ ,]* A fH(x) =g(z) -h(z) B¢ g(x),h(z) € Q]
d

T 0 < deg(g(x)) < deg(F(x)) " * 0 < deg(h(x)) < deg(f()). ¥ Lemma 7.3.8
% tm(z),n(z) € Z[e] 2 deg(m(x)) = deg(g(x) "4 * deg(n(x)) = deg(h(z)) ¢

) = mle) (o). # % dogln(s) < dg( ) = 72 egln(e) <. <3
B2 Bk v om(x) fron(z) $°F B+ 5 "7 B irreducible elements 3k A, Fl
?5'%3_ [H(x) ¥ 2B 23 S B irreducible elements sH%k fi, = f(x) = (f)f*( )
B *F TS B irreducible elements %k fi .
INE - AP R FF N2 AL F deg(f(x) =0, F f(z) €N,
¥ 14 * Theorem 7.1.8 ¢vi — P {7 vl — 12, MK E— H degree /| ¥ n

polynomial ¥ = = . ¥ deg(f(z)) =n ¥, &
f@) =pi(@)™ - pr(@)" = quz)™ - qs(@)™,

HY pla) 3SR, gpla) S LA S HE, 52 (), qi(e) BT[] ¢ A
% B H_ B #icen irreducible elements. @ %t deg(f(z)) > 0, wF pi(x) ¢ % F R
polynomial # degree = ** 0, SLE {53V £ 2 5 py(z). Proposition 7.3.12 & 3754
7 pi(z) & Z[z] 2 prime element, 2 pi(z) | f(z) F+, ¢;(z) 7 - polynomial
f# pi(e) B, SERLATL LS q(2). ~ ;T*‘kpfu () | q(z). Ba ¢ (x)
A_irreducible, # divisor ¥ 3 +1 = £q;(z). * F1® & deg(pi(z)) >0 2 pi(z) fr
(o) BT A LR A, S i (2) = (@), T T e () <0
(RN

f(@) = pi(@)™ - pa(2)™ - pr(@)" = pr(2)™ - qa(2)™2 - ()™
BrPABALED p(x), T E

pi() - (pr(x)™ 1 pa(a)™2 - pr(@)™ = pr(2)™ - ga ()2 - go(2)™) = 0.

d 3 pi(x) #0 2 Z[z] & integral domain, #* * ¥

pr(@)" 7 pa (@)™ - pp ()™ = pi(x)™ T ga(2)™2 - gs(2)™ =

b g(z) = pr(z)Lopa(x)2 - pp(x). o 3T F A7 E B pi(z) & Edeg(py(x)) > 0,
=t

deg(g(z)) = deg(f(x)) — deg(p1(x)) < deg(f(z)) =n

=

g(@) = pr(@)™ " pa(x)" - pp(a)™ = pr(x)™ - go(@) ™2 - ge(2)™

L g(x) e AR wfI* FR2ZEXATF r=52 pi(z)=q),. .. p(2) =

gr(z) ™ E np=mq, ng=ma, ..., =m,, < EFEE- |2 O
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? Theorem 7.3.13 #v Z[z] ¥ 7 irreducible elements fr"‘uiﬂ"ﬂ»’“ Z ¢ -tk
E&. ¥- 23 fl* Lemma 7.3.8 % %3724 & Zz] ¢ ¢ irreducible element %
Qlz] ® # #_irreducible. FI* 3t Z[z] ¥ 7 Y& irreducible elements ¥ - # £ &
kA B ST f(x) € Zlx] & F|ETH {? & irreducible I % F % . T A4

% - FE7 T UFERE - % 90 polynomial &_ irreducible.

Proposition 7.3.14 (Eisenstein Criterion). %

fx)=a2" 4+ ap_12" 4+t ayz + ag € Z[z],
BY n>0 BERFE- FlHpeN B L
plag,plai,....plant & p*fao,

Rl f(x) & Z[z] ¢ 9 irreducible element.

Proof. @ ** ¢(f) =1 #71% f(x) & primitive polynomial. F]* & P f(z) &
irreducible in Z[x ] RGP f( ) * ¥ i B A A B degree °] T n 7 polynomials £
FAE. AP R EERE

Bk f(x) =g(@) h(z) £ 7

g(x) =ca"+ - tartc €Zx], 0<r<n

=

h(z) = dsx® + -+ dix+do € Z[z], 0<s<n.
T g(x)-h(x) ¥ EF co-do=ap. ¥ BK plag=co-do, % p|co & pldo.
KRmx —'z‘r'p2J(co-d0, ey frdg B rE Ay - Tﬁ;iﬁpﬁgxﬁ' ;hfpeiﬁ,fﬁa{CO v |
'T‘}‘L{?’LP|CO ® ptdy. MEBER g(x)-h(z) - 7 kB ey -dy+c1-dyg=ay. ¥
Bk plag AR Brodpog T @ pledy. A phdy el ple. Efk-
ETAAPET FFREEN plo. s ABRE T pleg,plen..p| e,
AP gET ple,. Y E g(x) h(x) 2" 3 Gl

co drtcr-dri+ -+ o1 di+ oo do = ay.

GEBFR-E s<r, R RELL dyy1=---=d,=0)d ¥ 0<r<nw™pla,,
Bt BRRR plcororp| e, R plodo ST pldo, &FE p| .
RAA I o g(o) - h(o) e % BEE (T f(2) 60 n HE)

cr-dg = 1.
SFErghd ple AV REI ¢ dy =1 FIEFIS R, S )I}{vhf A_Zx]

i1 irreducible element. O

BigAPEY -7 d Lemma 7.3.8 (2 Lemma 7.3.11) 3 i 4vif # & Proposition
7.3.14 9 polynomials & Q[z] » &_irreducible.
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7.4. Quotient Field of an Integral Domain

i gRaiE Z {integral domain @ Q ¥_field. ¥F + Q £.¢ 7 Z ] e field.

ARG R L Z E D Q 0 2 3] {9 integral domain D.
& 2_iZ X P integral domain D, 4 S = {(a,b) |a,be D, b#0}. 7 L3N H-b

S ¥ ¥ - B equivalence relation. ¥3+ § ¥ &3 % (a,b),(c,d) € S, A £
(a,b) ~ (e,d) #2*&EF a-d=c-b.
¢ LHigfh relation ¥ 32 F4E, * FINUBHEQ P PELZAEZFT BT /b £
c/d, 2% abjc,deZ 2 b#0,d#0,78Fp RF a-d=c-bie— BM RS,
NP EBE ~ i&- B relation - B equivalence relation:

(equivl): ¥#7% e (a,b) € S, @ * D & - & integral domain *7 ™ com-
mutative, & a-b=">b-a. T EE (a,b) ~ (a,b).

(equiv2): #° # (a,b) ~ (¢,d), * P REEF (¢,d) ~ (a,b). ¢ (a,b) ~ (¢,d)
APF a-d=c-bie- BMES. 7 REF (c,d) ~ (a,b) P LFLT
c-b=a-d, LefrBEX DM G, T (¢,d) ~ (a,b).

(equiva): # 4 (a,) ~ (c,d) * (cd) ~ (e, f), % 1'% & (a,5) ~ (c, f).
BB R AP

a-d = (7.1)
c-f = e-d (7.2)

S

Bgew it t (71) fo(7.2) @ B M RS EF5 o f = biEBH ENR? F
LM (7)) DESIERY F 7 (a-d)-f=(cb)-f=(cf)b £
P33+ (72) F (a-d)-f=(e-d)-b,» )T-‘faamd-(a'f—e-b)zo. 71 d#0,
2 D ixF zerodivisor (%% 7 D #_integral domain), #= ¥ a- f =e€-b.
WM ~ S ¥ h- B equivalence relation, # [AF R =iel 1
Yoo RAEL E (0,b) €S, AL [a,b] A4 E S P F e (a,b) b AR F S
&L L S RS AR R TG & Y 1}“,@ S ¥ n 3 [a,b]
AN 2 qbeD X b£0, M2 F (a,b) ~ (cd) Al S P Ja,b] =|[c,d].
MENPREAES Y LEAEfrRE. £ (0,0 €S2 [e,d el M
[a,b] + [c,d] =[a-d+c-bb-d ™% Ja,b]-[c,d=]a-cb-d].
PR AEEER B foRE AR < Tty N A Bk e oz A
Mk, L AR FITE T - ‘}5%}&5’-\4@ e & otk Lt 2 fr k2 & well-defined. §
A& Ag b DGR TP (0,0 + e, d] fo [a,b] - [e,d] €SP, fj‘uﬁlﬁu b-d+#0.
d b#£02 d#0 ™% D 4 integral domain, § A7 # b-d#0. &7 K&
L HEE [a,b] = [d,V] 2 [e,d] = [,d], B [a,b] + [c,d] = [a/,b] + [, d] ™ %
la,b] - [e,d] = [, V] - [, d]. A& TRNGRE [a,b] + [c,d] = [d/, V] + [, d] F3 &
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(a-d+c-b)-(b-d)=(d-d+-b)-(b-d).
Kafl* q.b=ad-b"% c.d=c -dF
(a-d+c-b)-(t-d) = (a-V)-(d-d)+(c-d)-(b-b)
— (ab)-(d-d)+ (- d)- (VD)
= (d-d+c V) (b-d).

:3"-‘
2
ycl

WA [a,b][c,d] = [, V] [d,d] T &Z%#E (a-c)-(V-d)=(a ) (b-d).
ffﬁﬁﬂ"* a-b=a-bM% c.d=c-d%¥

(@a-c)-(/-d)=(a-V) (c-d)=(a"-b)-(-d)=(d-)(b-d).

TR ST AR A o, AP RER S EFE- B ring ¢ PR
’fﬁﬁ (R1)-(RB). - i ¢ ik A8 R % iipt, B AT A IFMIWE 9+ S
# - # commutative ring with 1. # ¢ S &0 & [0,1] & 1 & [1,1]. &+ M
* Va,b] € S Pl [a,b] +[0,1] = [a,b] & [a,b] - [1,1] = [a,b] #EF. 23§
#_ commutative ¥ ¢ D #_ integral domain K Fv D #_ commutative #< ¥
[a,b] - [e,d] =[a-c,b-d] =c,d] - [a,b].

A g (R EP S 8- B feld, + ERHELD 0,0 €52 [o,8] #[0,1]
T3 E] [e,d €S #F [a,b] - [e,d] =[1,1]. Fl& [a,b] 7$ [0,1] #& 4T a #£ 0, #7714
[ba] € S. %% % #4 [a,b]-[ba] =[a-ba-b]=[1,1]. B2 K EZ § ¢ 2
F* #0 A unit, #F4 S E- B field, & P2 5 D 9 quotient field & fraction field.

D 1 quotient field § § — B & & chft FF ,T%{T/’ H.¢ 7 D | e field. ife%‘i’“ﬁ
BEFAPERP - T ANPREL l*ﬁit" i ¥ #-3 B isomorphic P & 7 = 4
-tk T F 5511";‘2)1 Ereng 7 D, B kwmpzisr - B subrmg i
D E_isomorphic. *T ™ &AL #73] S *«ié’ 2 D -] e field % 7 %" F & - B field

£ % — 1 subring f= D isomorphic, B] F * 7 — # subring fr S isomorphic.
RS fra k| D ¢ 3T 1 quotient field.

Proposition 7.4.1. B3k D - ® integral domain, * % S E_D ¢ quotient field,
pIF $ 5 - BHE_D | S 1 injective (— ¥ - ) ring homomorphism .

Proof. 48 ¢: D — S T&FHE L aeD, ¢a)=[a,1]. ¢ % a,be D Pl

¢pla+0b)=[a+0b,1] =a,1] + [b,1] = ¢(a) + ¢(b)

=1

¢la-b) =la-b,1] = [a,1] - [b,1] = ¢(a) - H(b).
tcir ¢ E - B D ¥ S 7 ring homomorphism. 1 * &% ¢ £- #-, APpx
L4 4 ker(¢) = {0}. 4 3 ¢(0) =[0,1] %4 0 € ker(¢). % a € ker(¢), % 7T
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d(a) = [a,1] =[0,1]. I* =&, [a,1]=[0,1] %7 a-1=0-1, %=F a=0. FI* ¥
7 ker(¢) = {0}.

O

% A Theorem 6.4.2 % 7734 D/ker(¢) ~ im(¢) ® Proposition 7.4.1 £ 3 #%
ker(¢) = {0} F1* ¥ D ~im(¢). & & im(¢) £ S 7 subring (Lemma 6.3.3), & 4v
D e D # quotient field S ¥ - i subring £ isomorphic. #F kA P& P D
7 quotient field #_7 i B #F {2 & ] i field.

Proposition 7.4.2. B3% D - ® integral domain, £ 4 S %D 1 quotient field.

F F A~ field #° ¢ 7 - B subring = D isomorphic, | F ¥ » F — B subring

1= S isomorphic.

Proof. ¢ & 43 &~ B - # - ¢ ring homomorphism ¢ : D — F. % 4] *
$B ¢ i ¥ - B- - 9 ring homomorphism ¢ : § — F.

HiEdhab el 2P Y(a,b])=d¢a) o). FRERAPERE o £
% well-defined.

FAAPRE (a,b]) LEEF P hAE. 43 [q,0] €S, T b#£0, Fltd
¢ E-H-wpb) LEF P - BAER R F, wd F A field SRR o
dp(b)te F. &=®# (a,b) =¢(a) - ¢p(b) L eF. HFE®RALTEF [0, = [c,d]
Al ([a, b)) = (e d]). (£ FHAL: § AP BIEPFiod: LRELDEF D
ForiE AvE- | A - {Q%ﬁﬁk@ - ~ZH2 Pk TiE §HRPHIIRDE
PR S el )I-‘u{\a’u? a-d=c-b, B 4HAT

6(a) - 6(b) ™" = ¢(c) - ¢(d) .

ma it ¢ {ring homomorphism Tpla-d) = d(a) - d(d) £ ¢(c-b) = ¢(c)-o(b). #=
4 ad=cb? qb(a d) Jf’kpfu(b o(d) = ¢(c)-p(b). + 3 FEF
¢(d)~" - p(b)! ( ~ ( ) 1“-" ( ) # 3 E200) 7 # ¢(a)-H(b) ! = ¢(c) - ¢(d)
Flt ¢p - B well-defined 75 #c.

BT AAPR o £- B ring homomorphism. ¥ E & 1 [a,b],[c,d] € S, & o

=3

N E N

Y([a,b] + [, d])) =¢(fa-d+c-bb-d)) =d(a-d+c-b)-¢(b-d)~*

=]

¥ (la,b]) +¥([e, d]) = d(a) - 6(0) ™" + () - H(d) .
A f1* ¢ & ring homomorphism, &+ ¢(b-d) = ¢(b) - p(d) #* P %% * 5%
$la-d+c-b)-¢(b-d)™" = (a) - ¢(b) " + ¢(c) - p(d) .
i

¥(la, bl + [¢, d]) = ¢([a, b]) + ¥([c, d]).
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e IR ¥ 2F
w([av b] ’ [C’ d]) = ¢([a ¢, b- d]) = ¢(a’ ’ C) : ¢(b ’ d)il = w([av b]) : 1/1([@ d]),
A ) #_— 1 ring homomorphism.

BRAMERE QK- o - RARKE ker( ) = {0, ]} B3t [0,b] € ker(1),
o w([av b]) - (25(@) : ¢(b)71 =0. &+ ¢(b) & v iF ¢( ) fe d % é ¥ - %t

%4 acker(d) = {0}, @ a—0. PR 0= [0.1] www v - %
o O
.4 r1is % § & D e quotient field, 2 i - 5 g D@ g S, 4 T‘K;’"z‘

[a,1] B =+ a. F AP [a,b) €S EEB Y afb





