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Chapter 8

Integral Domain } 4

IR

ANPERAER L - AT B hE R Sring FI{ - RARIR, Rig- F ¢ AP ring
A% A integral domain. * R FIRiE- FOp FF A FEL, PR
SRR A E R

8.1. Divisor

% integral domain A& 7~ % 4 f& < U3 R fiE A R ij‘%{ irreducible
elements fr prime elements. #% 7 #-5 & 3L m?ﬂ? E AN NP S e

HAA PRI - BAEOFEE- B NPT

Definition 8.1.1. 4 R ¥ - & integral domain ¥ a,d€ RE R *® % B2 5 0 P
AF kT reRB L a=d-r,lfd % a R - B divisor £ 35
d| a.

v A - T % R % integral domain £ d € R, | (d) ={d-r|r e R} #rrd -
BEHEAPRFI T d|aPEEF ac (d) RmE ac (d), d (d) % - B ideal
THEZSDreR Y a-re(d). =t (a)g(d). FZ2_FE (a)g(d),f) ae(a)
ﬂw@é@)ﬁaémae@ogfﬁggg (d), FIot 200 F 11T

Lemma 8.1.2. ¥ R # - % integral domain £ a,d € R\ {0} . Pl d|a %2 &%

(a) < (d).

Lemma 8.1.2 &’El"ifs?ﬁf‘f WmERF,vVEFAPAE Fﬁmf"'“ffﬁg DERSRE ¥
ideal FFene Z M . NUEAPEHELS ~ZF mﬁﬁffﬁ@lﬁfﬁ“ 3% P2 % divisor
EEE & Y%L Awgwwﬁlwmm&ﬁi%ﬁ,«%ﬁ%m@%*%{ﬁﬁ*%

g 67,

143



144 8. Integral Domain } e/ & {2 5

FacRZ a#0, APz 2L R ¥ - B unit §7¢ L a
- B divisor. &&d * % u £ R ¥ ¢ unit, ? (u) = R (Lemma 6.2.4). 4
(a) CR= (u) Toyla ¥- 36 F u A unit B, a-u~+ & a P divisor. i+ ¥ d
(a-u) = (a) (Lemma 6.5.4) # Lemma 8.1.2 8 * # 3| u fr a-u &4 a 7 divisor
Hoa s fEiRg A AFe AP L a9 trivial divisor. ™M T Lemma E_3F 3

a-u B a 0 trivial divisor v a @ f H B %
Lemma 8.1.3. £ R #- B integral domain £ a v+ b & R & B2 5 (0 ch~
%. A= q e b hB R EE G

(1) FhueRERD- B unit %L a=b-u.

(3)a\b ® b|a.

Proof. (1) = (2): ¥ ¢ Lemma 6.5.4 * (a) = (b).

(2) = (3): ¥ ¢ Lemma 8.1.2 E $&4& (¥,

B)=1): " a|lbrrrrreREEF b=a-r,£d blawFi ' cRZAT
a="b-7. &

a=b-r"=(a-r)-r"=a-(r-r).
4 gL

a-(I—r-ry=a—a-(r-r)=0.
fI* a#£02f R A~ B integral domain, # r-r' = 1. # o ER o L R - B
unit. ]

B0 AR A% Lemma 8.1.3 ¥ Al k- BaIRS L

Definition 8.1.4. ¥ a,b€ R\{0} £ ¥t ue REZR ¥~ B unit % La=>b-u,

PIFE a v b AL associates. 3 & a ~ b.

f1* Lemma 8.1.3 ¥ e (2) 4P g~ b F 2 FEFE (a) = (b), frrl B bR A
#_ - 1 equivalence relation.

¥ RE- T e Z ¢ NP Eq,b 7 greatest common divisor & a,b 7 common
divisor ¥ &% @ A Fla] ¥ 2 2 f(x),g(x) 7 greatest common divisor #_
f(z),g(x)  common divisor ¥ degree # = &7, f - #0 integral domain &_#&
i T %] & degree . 7 W A A% 0 greatest common divisor % — B &
i F (42 Corollary 7.1.5 (2) ™ %2 Corollary 7.2.9 (2)), # (AR IB R U &

integral domain ® 7 greatest common divisor.
Definition 8.1.5. ¥ R #_- B integral domain, a1,...,a, % R * 2L 0 =~ %.

(1) # ce Rd & cl|a;, Vie{l,...,n} PIF c & a1,...,a, - B common

divisor.
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(2) #de R E ay,...,a, 7= B common divisor £ % LHE L a,...,a,
7 common divisor ¢ ¥ % & ¢ | d, PIF d & ay,...,a, - B greatest

common divisor.

¥ u AR ¥ unit, Pld % (u) = R (Lemma 6.2.4) ¥ *#E X ay,...,a, ¥
¥ (ai) C (v),Vie{l,...,n}. ~ »?u{;fu ula;,Vie{l,...,n}. /& R ¢
unit $% 4 a1,...,a, 7 common divisor. # i ¥f - 4 ¢ integral domain, ¥ &
7 qy,...,a, B greatest common divisor A% F %, & F & H greatest common
divisor + # - TrE- (& Flx] E"f‘l‘]%‘i‘ﬁ,’j“nl{— Bl VA EIR DL AL THRZT Z
¥ £ greatest common divisor = Section 7.1 ¥ Definition 7.1.3 7 greatest common

divisor 48 £ 7 — B & f 5L & F A P74 greatest common divisor A & (2 F

Lemma 8.1.6. X R & - & integral domain.

(1) B dfcd ¥ 5 ay,...,a, 7 greatest common divisor, B| d §= d' asso-
ciates.

2.

(2) BK R ¥ EA B220 =% greatest common divisor 3 &, Bl R ¥ E§

n B 2% 0 ~ % 7 greatest common divisor » F .

Proof. (1) % d fvd’ ¥ %_ay,...,a, 7 greatest common divisor, R d % & d &
ai,...,a, 7 common divisor. £ f1* d &_aq,...,a, 7 greatest common divisor

FEd|d. FE d|d #1l* Lemma 8.1.3 v d~d.

(2) B R ¥ i @220 ~ 4% D greatest common divisor # ., # 7 f * H &
ET?P\ EEPEZL n B0 72 ay,...,a, 97 greatest common divisor » # . K
XEL n—1B2L0 ~% ay,...,a,_1 7 greatest common divisor ¥ &* 5 dp.
Fl dy fra, #4 R 7?2t 0 ~ %, d BEXFH greatest common divisor F . 4
d & do fr a, £ greatest common divisor, #* * & M d % ay,...,a, 7 greatest

common divisor.

Brd d|dy 2 dyp & ay,...,an, 7 common divisor v d | dy | a;, Vi €
{1,....n—1}. £4¢ dla, ¥ d & ay,...,a, 57— B common divisor.

BFE cia,...,a, - B common divisor, B ¢ ¥ R4 _a1,...,ap_1 - B
common divisor. #&d dy & ay,...,a,_1 7 greatest common divisor v ¢ | dy. #

% 2 c4_dy fr a, - B common divisor. ¥d d &_dy fr a,, 7 greatest common

divisor ¥ ¢ | d. Fl¢td & d E_aq,...,a, 77 greatest common divisor. O

B 1 AP & & irreducible element fv prime element. Irreducible _7 ¥ 4 f#

RN, T 2 %‘u{“ﬁ? 7 trivial divisor X F # i 0 divisor.

Definition 8.1.7. 3% R #_ - # integral domain.
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(1) % a {R #enZh 0~k 2% K g <0 divisor 38 AL trivial divisor (« i*u‘«‘?-\
F d|aR dE- % unit & d~a), Pl a £ R - B irreducible
element.
(2) F pER?PPE)AFIHELBLp|c-dPe,deRF T plcd
p|d, RIFE p & R c9— B prime element.

1 % i irreducible element v prime element e E & A~ F % e Hp
TR ES AR e, 2T 8% 2 AP & integral domain 2 T

prime element — Z_#_irreducible element.

Lemma 8.1.8. B3 R &_ integral domain. % a € R - B prime element, ?| a

= H - B irreducible element.

Proof. 2 d | a, &% #% a 4 irreducible ;T*{'@ ZM d ¥ - B unit & d~a. ©
Wdla, mErktreRB  a=d-r. 1A PF a|d-r. FI* o & prime it
Fioa|ds al|r. 4% a|d, 4 d|a PEKYE Lemma 8.1.3 r d ~ a. 4%
a|r, BHd Lemma 813 T an~r. #aFEHE, T B unitu 8% a=u-r.

d g=d-r=u-r "% R ¥ - # integral domain v d = u ¥ - B unit. O

oo Y GHREN P E BT ideal B kR B~ F ﬁ':"mg“,f B %. T % 9 Lemma
i-*'uf?\% #7249 irreducible element = prime element *74& 2 ¢ principle ideal *7¥t

Rt

Lemma 8.1.9. &3k R & - B integral domain, a € R £ a # 0.

Ay

(1) a - B idrreducible element & & *&% X F nontrivial principle ideal ¢ %
(a)-

(2) a &~ B prime element ¥ 2 *&% (a) - B prime ideal.

Proof. (1) =: B3X a &~ # irreducible element, 4v% 3 %2 b € R i & (a) C (b),
d Lemma 8.1.2 = b | a. ¥4 a #_irreducible # b - B unit & £ b ~ a. #
% 2 (b) =R (Lemma 6.2.4) & (b) = (a) (Lemma 6.5.4). #7443 # ¥| nontrivial
principle ideal ¢  (a).

< F 2% d|a, P4 (a) C (d). 4 BKiXLF nontrivial principle ideal ¢ #
a), # (d) - % trivial principle ideal ¢ # (a). #% 2 (d) =R & (d) = (a).
(d) =R %7 (d) = (1) #d Lemma 8.1.3  d ~ 1, ~ Ij‘k{’pﬁ- d ¥_- B unit.

)

)

—

*
¥ (d
(2

prime FFBEK T a|c & a|d TE2FNP ce (a) & de (a), il (a) - B

= (a) FFtd Lemma 8.1.3 v d ~aqa. ¥ ¥ q .- B irreducible element.

=: BX a - B prime element. 4v% c-d€ (a), * alc-d. %94 a &L

prime ideal.
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<: B (a) - B prime ideal. B ¢,d€e R& X a|c-d, v c-d€ (a). &
? (a) £- B prime ideal PEKF c€ (a) & d€ (a). #¥F 2 alc® ald, &

# a 4_- 1 prime element. O
8.2. Euclidean Domain

A aryg Z fe Flz] 7 #7353 0 Euclid’s Algorithm (%% 438 232), fig- &7
AR e B R & - AR ring # 5 Euclidean domain. & i &
APz Z - BT e AF ABARFEAPEELRD G P 7
WEF AP & D Buclidean domain fo— 4% }+ % & ¢ Euclidean domain ¥ 14
AR e,

% fE— T Z ° ¢ Buclid’s Algorithm ¥ MR EEP g becZ 27 b#£0, 5 &
hyreZ, 2¢ r 58 r=08 |r|<p|@F a=b-h+r. @ & F[z] ? {7 Euclid’s
Algorithm HAREP f(z),9(x) € Flo] 279 g(x) #0, P15 & h(z),r(x) € Flz], &
S r(a) # 6 r(e) =0 # des(r(x)) < dealg(@) & @ f(x) = g(x) - h(z) + r(z). &
BMERDE L Z°YF - BEFEIERZ P 20 ~FET2LE mg@: M T
Flz] * 7 - B degree Sn#ic# Flx] » 02 0 ~ % & P2 § g #c, lF“ﬂ&{Jﬂffﬁ!
Priptk ehdn e

Definition 8.2.1. X R #_ - i integral domain. 4= % % - S #k
®: R\ {0} - NU{0}

REFHEL D abeREY b0 WT P hreR B¢ v 8 r=0&
O(r) < ®(b), W a=b-h+r, IIf£ R = - ® Euclidean domain.

"$ 7 Z 1 Fla] *ti®3 3% % eh Buclidean domain. &4 Z[i| = {a+bi | a,b € Z} &
- & integral domain f1#* ®(a+bi) = a?+b* & Lj*u # Z[i] £~ ® Euclidean do-
main (et A3 ERP | FF BB §F Ik http: //math.ntnu.edu.tw/~li/note

T 3% “Factorization of Commutative Rings” 3 w3 ).

- 4@ 3 & %% - B integral domain £ % 5 — # Euclidean domain #_{% F1#{
e, gt AP E R e AR AL AP 5 1 Euclidean domain € & (2.
B g 41% Buclid’s Algorithm # M & Z f= Flz] ® #7F ¢ ideal 3% 4L principle
ideal. i&— Z#P ¥ = = FEF#HI| Euclidean domain ' .

Theorem 8.2.2. ¥ R i~ ® Euclidean domain Rl R * 7 ideal $% 5 principle

ideal.

Proof. # [ . R ¥ - B ideal. ¥ g T = {®(a) |a € I\{0}} i&-
WP hiEE A NU{0} #T T £ NU{0} ch- B+ F &, Fpt T %7 ‘
F.oEOERFEdeIN\{0} & HF é%lf.&mael\{o}?" P(d) < P(a). # P ax
# 1= (d).

~—
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i3 del, pRE (d)CI. ¥ h$ER ael, 4 Euclidean domain PR 4
FrhreRBLa=d-h+r 2 r=08 &) <o¢(d). % r#£0,9 r=a—d-h
Ladel el « FAFE reI\{0} 2 O(r) <®(d). &fr o(d) LT ¢

=4

JEnER A f e =0. %7 2 a=d-h, ¥ ac(d). “@# [1C(d). O

d ** - i integral domain £ ideal %% principle ideal i& ¥k £ ring 2= ¥ 4 %,
AL Lo - BEED r;f)g_
Definition 8.2.3. 4v% R 4 - # integral domain * R ® &7 ideal 3% principle
ideal, PI4£ R % — % principle ideal domain.

Theorem 8.2.2 % 73 7 - # Euclidean domain - % & - # principle ideal
domain. &/ &, —# principle ideal domain * % ¢ £ - # Euclidean domain. 7
BAR DR B F 5 ANl & “Factorization of Commutative Rings” # ¢ § % -

B principle ideal domain & # £_Euclidean domain 76]+
8.3. Principle Ideal Domain

ig- & ¢ A EEE T principle ideal domain P& AL d 3¢ Fr— B Euclidean
domain — #_&_principle ideal domain, 77 i&— & “73 L F § 2R3 * 3 Euclidean
Domain.

o 8- P integral domain E% 3 B2E0 % H greatest common divisor
- FF . A ¥ principle ideal domain, E & @ 2L 0 7~ % 2. greatest common
divisor ¥ - %75 &7 !

Proposition 8.3.1. & R & - principle ideal domain. ¥ =& a,b € R ®
a,b#0 2 greatest common divisor % . @ 2 % d 4_a,b - B greatest common

divisor, Bl 3 e r,s € R @ d=r-a+s-b.

Proof. 7 £% & (a)+ (b) &~ B ideal. 4 ** R A principle ideal domain, # % &
de Ri% & (d) = (a) + (b). 2P EEFEP d ,]* £_a,b 0 greatest common divisor.

BAAEP d & a,b P common divisor. d **

(a) < (a) + (b) = (),
#=d Lemma 8.1.2 v d|a. FE¥&E d|b, = ® d & a,b - B common divisor.
#T KREP E ¢ A a,b - B common divisor, B ¢|d. 2% % c|la X c|b,
% 7T (a) C (c) e (b) g (c) d 3 (c) A - B ideal, v 3 #viZ p
(a) +(b) € (c). » eI (d) C (). % W& c|d.

s d 'h%z,() (b)‘Jm F;ALr-a+s-b, H rsERfeﬁ“};“.éfU’
de (d) =(a) + (b) = TLix & rseRlﬁx—*d—r a+s-b EBHFEHEEE
a,b i greatest common divisor ¥ ¥. &4 #1534 Lemma 8.1.6 &% d & _a,b ¥
- 1 greatest common divisor, FI#* &2 5 (d') = (d) = (a) + (b). O
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“# d H_a,b - 1 greatest common divisor, Bl % & r,s € R® X d=r-at+s-r’
T BAEEEEY GO A RE I 2B AL P B Proposition 7.1.7 & Proposition
7.2.11 (REP > N E ¥ - B principle ideal domain ® 7 irreducible element A

prime element. # #BiEAZ NP4 5 F - fEF]* ideal > iF EP .

Lemma 8.3.2. 3% R % - B principle ideal domain, a € R * a#0. % a 4 R
e~ B dirreducible element P (a) & R - % mazimal ideal. ¥ 2, ¥ (a) & R

- B mazimal ideal, Bl a & R 97— B irreducible element.

Proof. 4r% a £ - ® irreducible element, ¥ Lemma 8.1.9 (1) 2% i &rig 35 # 3| -
& nontrivial 7 principle ideal /i % (a) = R 2 &. % #&d R & principle ideal 7
B A R ¥ 0 ideal 35 principle ideal. # 7R A 7 2= B ideal 17 (a)
fr R 2B, %# (a) £- % maximal ideal.

F 2, 4c% (a) - % maximal ideal, § #%4% 7 ¥ nontrivial principle ideal ¢

A

? (a). #41* Lemma 8.1.9 (1) v @ .~ & irreducible element. O

¥ A - T Lemma 8.1.9 i7¥ — 384 38 o A prime element % £ *&F (a) -

B prime ideal. #71 # 0P (P ™ W E DT 208 %

Proposition 8.3.3. B3 R ¥ - B principle ideal domain, Pl R ® 7 irreducible

element 38 8_ prime element. ¥ 2, R ® 7 prime element 352 irreducible element.

Proof. #]1 5 R “_integral domain, Lemma 8.1.8 4 ¥ * R ¥ ¢ prime element
#% 4 irreducible element.

E 2, % a % R 7 ¢ irreducible element, ¥ Lemma 8.3.2 v (a) & R -
maximal ideal. #8@ Corollary 6.5.13 £ %% i R * £ maximal ideal %4 prime
ideal, ¥ ¥ (a) #_ R - B prime ideal. F1#*§1* Lemma 8.1.9 (2) #3# a &~

i# prime element. O

ok & - 0 commutative ring with 1 ¥ 7 maximal ideal %4 prime

ideal, & 4_prime ideal * ¢ ¥_maximal ideal. A ® Lemma 8.3.2 ™1 % Proposition
8.3.3 #- principle ideal domain * 7 maximal ideal f= prime ideal %7 - B £ & 7

P i

Corollary 8.3.4. B3k R - B principle ideal domain ® I % R ® - B 2L (0

ideal. Pl T .~ B prime ideal % 2 *&% I 4 - B mazimal ideal.

Proof. # i* ¢ s— i# maximal ideal — Z_&_ prime ideal. 7™ ¥ & #P & [ & -
B 22 0 <0 prime ideal, B] I % - # maximal ideal.
%] R & - % principle ideal domain, ¥ % & a #0 & # I = (a). 4% (a) L

- B prime ideal, P] 9 Lemma 8.1.9 ¥ ¢ - # prime element. ¥<d Proposition
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8.3.3 (& Lemma 8.1.8) #* ¢ #_—  irreducible element. F]#* 4 Lemma 8.3.2 #¢
(a) = [ ® - # maximal ideal. ]

Ay 5 fl* Z fe Fla] ? 9 irreducible element fr prime element £_4p I 57538
P Z e Flx] dwi— AR5 NPR ST @ DEF UEP principle ideal domain
G- A R D . 3 EE EA P A 2 fe Fla] ¢ A40T B2 KEP e
- AR R B - 490 principle ideal domain L PEE @ BF fFR T
- B Lemma ¥ ' § B4 2% 09 50 PR B F 3R

Lemma 8.3.5. &3k R .- B principle ideal domain, P &% &= R * 3£ 5 7
B Bt iR 0 ddeals. # P A% {1,100, - 2 R ¢ D ideal % T

LCLC---CI,C---,

Pl temeNRE Ly =Lpy =

Proof. A F Y g I=U2 [, - BE & AP REEP [ £ R ¥ D ideal
(21L& - ﬁii #HE O, ‘~LR 7 ideal 78 J; U Jy * — AR ¢ ideals. # i
fipAld 2 [ 3 ¢ 7B P E s T 2 - B ideal.)

BEabel #owgimzhijeNRFagcl, ¥ bel;. B i>j, d Bk
I; C L. &® abel. Fl¥*d I, £- B ideal, * ™5 a—be L. *TF a—bel.
YaE el P reR 4 BEXTF EieNREF acl, «i® a-rEIi,Jfr%{‘éﬁa
a-recl. #&d Lemma6.1.2 & [ & R ® &1— B ideal.

%% ] R hideal 2 R A principle ideal domain, ¥ & a € R # # (a) = I.
BRafl* ac(a) =I5 meNR®F acl, " (a) L7 7 a |
ideal (Lemma 6.5.1) 4= I = (a) C Iy,. # #15H [ = L, F- 1% #4975 i >m
#4 L, CLME [ CI 8% I—Im—IZ,Vz>m 0

A g %%'** Lemma 8.3.5 chi & i F] & v % d 4_q -  nontrivial divisor
(' d|ai® d? & unit ¥ “ff a # associates), B (a) C (d). 4ot = *, 7 uggd
R@? en % Fiv B3 TS5 B irreducible element 73k # .

v

Theorem 8.3.6. &3k R 4 - % principle ideal domain * a Z_ R °® % 52 02 %

Hunit P F Bl a T BT RSB R P D irreducible elements R ff, @~
# &% associates B T3 11 % %/z FUER e BRF OB E- ,T* A %
a = p?l .. .p?T
e qinl e qgls
HP p,...,p. AB S 240 associates 7 irreducible elements £ qp,...,qs 2 B

48 associates 7 irreducible elements, Pl 538 g § O FHEER AP r=35,p ~ ¢

ME o, =m, Vi=1,...,r.
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Proof. 7 £ PEP o ¥ 8B *7F TS B irreducible elements 7k fi. 4r% q
% i B3 "F B irreducible elements 7%k ff, % 7% a & ¥ 7 &_irreducible, F]*

a=ay by, 2% a,by € R E_a P nontrivial divisors ¥ aj, by ¥ % F - B3 5§ =

7 "% B irreducible elements sk ff. BRX A ay, B+ A PG g, by e R 8 7
a; = ag - by, £ ¢ ay &_ap 7 nontrivial divisor £ ag # & B = 3 *T % B irreducible
elements rﬂ% FoAot - BT A APHE T - P 0 ideals # &

(@) € (o) € (@) € € fan) -
P fr Lemma 8.3.5 % A, ¥ g - TF M H = F '35 B irreducible elements 3k
.

BT kA ipgErE- B - BRI E S FEFE irreducible element iﬁ{prime element
PE — ]%L_,T*uﬁ a2 2l F L Aek

e __

a=pi" Pl =g gl
EB p, @

pil @™ g,

2 p; & prime (Proposition 8.3.3) 3 & j € {1,...,s} ®# p; | ¢;. ¥F 2 p;
Am g & irreducible £ p; # 5'; unit, & & p; ~q; (T p;
fr gj associates). Flp AP AvE HieB p;, & {qr,...,qs} ¢ TR IE- g @
Fopi~g BRIF GFATE pi| g, PIFZT
equivalence relation #* i # ¢; ~ qj, 2o 8K F j £ R T i gy~ gy 4B

FLEdamg v e {p,...p} ¢ HIE-p @ F %~ Pi e 'F“
b {propy T {an . qs ) BF BE T BII- o e 2 R =52
SEFFDOERENTTF pr~q,. e~ IEJF}’»E‘{H- B n; #Amg, =3 > {42L R
'F“TMFA\J{ ni#Emi L ng>mp el d N g =u-p, 27 u A R - B unit, AP
2

F

#_g; - B divisor.

#® p; ~ gy, TI* associates &

i li .

1 —mi 2

" (p] Py -ppt —u™ gy - q) = 0.

FI#* p" #£0 2 R & integral domain, #* * 7

prl my ng' p?r_ m1,q;n2”,q;nr
Rad 3 n—m >0 7@ {g...,¢o} " Fqg F p g (LR v A unit
AT p ) Tj‘*“ L pr~ g, w2 g L{qr, g} 7R )
associates I 4 A, FE S T, O

# %_Theorem 8.3.6 ¥ - & @t Fihring 26 £ & P2 v - BHEAK

R AR

Definition 8.3.7. 1;}\;&: R - B integral domain @ £ R ? 2L (0 ¥ 7 &_unit =
x
v

* AR B3 I B R P irreducible elements 73 &, @ F F L v associates
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PR RF PR e RRFOBEE- P R A - B unique factorization

domain.

Theorem 8.3.6 % ¥ #%  — B principle ideal domain - Z_&_- # unique factor-
ization domain. & #_- i unique factorization domain ¥ # — Z_&_ principle ideal
domain. #* % 5 & Z[z] £~ B unique factorization domain (Theorem 7.3.13)
e B¢ (2) + (z) &- B ideal ¥ * & principle ideal (Example 7.3.1).

8.4. Unique Factorization Domain

ip— & ¢ A PREE S unique factorization domain PR E I it 4 R aE 4

- % 7| & unique factorization domains.

8.4.1. Unique factorization domain 7 5. $+* - B unique factorization
domain #' ¥ 1 i e JR B B K ed2 - 4 BT divisor (PR AE. 3 R A Z
PRI S L F a,b 7 greatest common d1v1sor ORI HRgE AR R h SR
#a,b WF FlEcA f2 2 R greatest common divisor.

% — 9 unique factorization domain R ¢ ** R % - Z_&_Euclidean domain,
ATILE R S PR AR Rkt R F greatest common divisor. &A@ % a,b € R,

¥ 241 * unique factorization domain FHEF #-q b & =

a=u-pMt--plt. E b=u-pl..ph (8.1)
H¥ y,v R ¥ units, pr,...,p, =R 7 B 3 % associates 7 irreducible elements,
AER S e {1, r} n from; FAEZEL R RS 0 R B SN
B A op L pe IR 0, b P PGS R LR AAPEF 0 & omy B0,

YE pila e pﬂ(bf\ll’“? m;=0. F 2% p;j|b® pita, B4 n;=0. FI* %4

d=pppt,

B9 t; =min{n;,m;}, AT F LEP d 2 a,b 7 greatest common divisor.

Proposition 8.4.1. B3k R 4 - B wunique factorization domain ® a1,...,a, %

R ¥zt 0 ~%, Pl ay,...,a, 7 greatest common divisor F T

Proof. §1* Lemma 8.1.6 # P F &FEP R? EZX = B2L0 ~4% a f- b 7 greatest
common divisor ¥ & ¥
BARNPR g b ARG ST (81) AN 24
d:p?‘--pff,
AP t; =min{n;,m;}. TP EEP d E_a,b D greatest common divisor.
Fhd 4 <my ME G <n,Vi=1,...,r, %F LB d]al d]b Fiw
d %_a,b 7 common divisor. IE ¢ #E_a,b - B common divisor, K p £ -

# irreducible element £ p|c, Bld pla ® plb*wp- Tfop,....,p. " - B
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p; associates. T & FFNP & ¢ AL fEP 3 F i IURAe py,...,p. * associates 7
irreducible divisor, + B‘I‘u{;su:‘\ [RIP ISP AAN 7 ARV
S S

C:w.pll...pr”‘7
Be o A unit ¥ s F2Lp B RAcE T B i B L s>, B0 {g;j‘};‘fgs%‘/{
sp>mny 2L AT pit e A cfa T plt [a. #T 2

s1—n n n

pll 1 ‘p22.__pr’r.
d S1—mny1 > 1#

1Py o

R pp A prime, =% T p; v po,...,pr ¥ % B p; associates. =fri 47 BEK
P1,...,pr ™ @ F associates 18 % A, = ® 5 <my, Vi=1,...,r. B g5 < m,,
Vi=1,...,r. &®@ x5 D i=1,....r ¥F s; <min{n;,m;} =t;. ~ ;T&‘E‘L?’u
c|d. #* d &_a,b 7 greatest common divisor. O

o m A a8 Y REP - B integral domain .- # unique factorization domain,
AR P e B integral domain ¥ 7 irreducible elements v prime elements £_
- #eh. 7 1+, & unique factorization domain ¥ irreducible element f= prime
element 3 24p F 9,

Proposition 8.4.2. ¥ R ¥~ ® unique factorization domain, Pl R ® 7 irreducible

elements v prime elements E_4p I¢ 3,

Proof. #' i ¢ & —  integral domain ¥ prime element € #_irreducible element
(Lemma 8.1.8). #7142 i 22 & Z# P irreducible element » € #_ prime element.

B3K pe R - B irreducible element * pla-b, 2 ¥ a,be R ¢ B3 &
heR®E a-b=h-p. AP H# qb* 3+ (81) P58 & f2 Flt 3

a - b — (u . U) . p?l—"—ml .. .p?””—"_mr‘
F1* R &_ unique factorization domain, ¥ a-b P& 25 p - e py,...,p. ®
% - B p; associates. @ n; fvm; * FEFE 0, ~ i&{;ﬁ« n; #0 & m; #0. %
n; 0, FlFpla, mF m; #0 RF p|b. ### p A prime element. O

8.4.2. Polynomials over unique factorization domain. % i #-| #* g 48 ¥
Z|x] E_unique factorization domain 77 ;& £ § R E_unique factorization domain
223

Rlz] = {apa" + -+ a1x +ag | a; € R}
A R 5 %#iishpolynomials ¥73)= e polynomial ring .- # unique factorization

domain.
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F f(z) € Rlz] & f(x)#£0, AIAPEF# f(x) B f(x) =apa™+ -+ a1z +ao,
HP g, #0. 4ok e 33% Flo] 0FRAPT 22K deg(f(x) =n fI* e
Lemma 7.2.2 bt A7 8 5] F f(x),g9(x) €ER[z] £ ¥ F & 0, 7

deg(f(z) - g(x)) = deg(f(x)) + deg(g(x)).
A& hp F1E Lemma 7.2.2 (EP &% 3|3 B2 0 ~F 40k 2 5 0 (7" integral
domam) A FT TG 5 field . I degree i BAFEAFE P 5o

Lemma 8.4.3. 4 R &_- % integral domain.
(1) R[x] » & - B integral domain.
(2) R[z] ® 7 unit ,T*L{R ¥ ynit.

(3) # ac€ R R ¥ 1 irreducible element Pl a 7 & & R[z] *» th~Z& (T ¥
B 9 5Y) P A drreducible.

Proof. (1) # f(z) #0 2 g(x) #0, B f(z) B <A k¥ q, ¥ g(z) 5
B X I B A by, B f(x) g(x) B AE BB a, by 33 ap, by €ER, X
an #, by #0 F1* R &_integral domain v ay, - b, # 0. ~ TT*D'«EL?‘-« f(z)-g(x) » +
e 0 %I

(2) # f(z) € R[z] & R[z] ® unit, RIFI* 5 & g(z) € Rlz] % & f(z)-g(z) =1
o deg(f(x))+deg(g (1:)) 0 (L& 1A% 8?55  x degree # 0). #= ¥ deg(f(x))
deg(g(x)) = 0. # @38 f(x),g(x) FRAF &3 A3 ~ TKFL f(z),9(x) € R. 2%
md BR f() - (IL‘)Zl v f(z) & R ¥ ¢ unit.

(3) & a € R & R ¥ ¢ irreducible element. A & @ degree ’Fr Eiy
# g(x) L fz) @ divisor (4 ¥ 5% & h(z) € Rlz] & L g(z) - h(z) = f(z)), 7
deg(g(x)) < dea(f(x)). REH o § % LA B3 TR, 4 3 deg(a) = 0, &b R[x]
¥ q 0 divisor  degree » #_0. ?f%’ R AR R[az] # a @ divisor /AR G
. wfl* o & R ® A irreducible izt divisor & 7 #_ R ¥ &7 unit »T"u{”ff’ a

associates. @ 4 (2) &+ R ¥ dunit § A+ A R[z] ¢ 7 unit, ¥4 a & Rlz] *

A

% &_irreducible. U

% R #_- # unique factorization domain F¥, £ F 5 R 7 quotient field. & ™
kAP EAY R A Flz] $% 40 unique factorization domain (Theorem 7.2.14) 7P

R[z] .- # unique factorization domain.

v

w1 % Rlx] fv Flz] ¥ Bdpsd g, A PR EEF A S e Zx] ¢ % 020 content
L. B 4 d  Proposition 8.4.1 ¥ f(x) = apa" + ---a1x + ap € R[z], Pl

Qp,...,a1,ag 7 greatest common divisor &_7F fe3,

Definition 8.4.4. # f(x) = apa"+---+a1z+ag € R[z] £ ay,...,a1,a0 7 greatest

common divisor #_ R ¥ 7 unit, PIFE f(x) £ R[z] ¥ 7 primitive polynomial.
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Lemma 8.4.5. BX R & - B unique factorization domain, R ¥t Z & f(r) € R|x]
2 f(x)#0, 3% HF ce R Y f*(x) € R[z] & R[z] &7 primitive polynomial i% %

fla) =c- f(2).

X
flz) = c-f(x)
= g(x)

B¢ ¢ d€eR, X f*(x),9(z) € Rlz] & R[] 7 primitive polynomials, ] ¢~ *
(@) ~g(x).

Proof. 7 £#PF 7 &lt: ¥ f(z) =apz"+ - +aix+ag, ¥ ¢ » an,...,a1,a0
£ greatest common divisor. *T ™M ¥#7F 9 4 =0,1,....n ¥ F a;=c-b, E*
b € R, " & bg,...,b, 7 greatest common divisor # R 7 unit. ¥4 f*(z) =

bpx™ + -+ bix + by, P f*(x) #_ R[z] ¢ primitive polynomial ¥ f(z) =c- f*(z).
T .
BFEPE- P F f(r)=Cd g(x), 27 g(z) & R[z] 7 primitive polynomial.
Bk g(z) =apa™+ - +adx+af, P15 i=0,1,...,n, ¥F a;=( -a}. ¥
wi d ap,...,a0 - B common divisor. Fl*d ¢ E_a,,...,ap 77 greatest
common divisor = ¢/ |c. ¥ 3 & deRE® c=c -d. fI* ay=c-bj=-a}, 3

Pa¥tiry g i=0,1,...,n, ¥ 7

d(d-b)=(-d)-bj=c-b=ca.

b* ¢ #£0 2 R & integral domain, ¥ #$1F Hi=0,1,...,n, ¥F a.=d-b.
e d & a),... a) - B common divisor. @ @ BX al, ..., af 7 greatest

common divisor #_ unit, ¥ ¥ d & R - B unit. #HER c~ . £ I
fx)y=c-f*(x) = g(x), "% R[z] & integral domain, ¥ d- f*(x) = g(x). 9 **
d #_ R unit » & R[z] 7 unit, =& f*(z) ~ g(x). O

FI* Lemma 8.4.5 v — {2 AR5 0T e K.

Definition 8.4.6. %X R #_— & unique factorization domain. % f(x) € R[x] ¥
B fr)=c-f(x) 2¢ ce RY f*(x) & R[x] 7 primitive polynomial, F|# ¢
& f(x) 7 content, T & c(f).

%1% J Lemma 8.4.5 GRgM 2 P avig f(x) ¢ content £ F %&5’\ flx) 75 &
#c e greatest common divisor. ¥t & L E HE f(z) 0 content H F ¥ 3 E - B

T €_0iE ) content 2 F § £ B associates.
i F 0 H# content AR T Flz]. W F A R ¢ quotient field, *7
R P EBAFERTUBE /b N R g beRE b£0 REELD

fl@)y=mrpa"+ - +rix+ro€ Flz], d ®"HEXDi=0,1,....,n, ¥F r =a;/b;,
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HY gub € R, 2AFPFHIN de RE d#£0 #F d- f(x) € Rlz] (>R 4
d="by--by). FI*F1* Lemma 84.5 5t c€ R M % f*(x) € R[z] & R[x] 7
primitive polynomial # # d- f(z)=c- f*(z). ¢ ** d#£0, 27 # f(z) B>

C *
#HeFEREL Fla] ¢ 22 0 ¢ polynomial f(x) % ¥ B = f(z) =7 f*x), #°¢
reF 2 f*(z) € R[z] & R[z] " primitive polynomial. #% i & R F e r & f(z)

77 content ¥ 738 1% ¢(f).

Corollary 8.4.7. B3X R #— B unique factorization domain, & F E_R ¢ quotient
field. RIHER f(x) € Flz] £ f(x) #0, ¥ H ¥ ce F 2 f*(z) € Rlx] 4 Rlz]
57 primitive polynomial 7 &
flx)=c- f*(2).
X TF;;‘;Q
flx) = ¢ f(x)
= g(x)

2P o, d eF, ¥ f*(x),9(x) € R[z] & R[x] 7 primitive polynomials, B % & u € R
AR unit B c=u- 2 u- f*(x)=g().

Proof. w o @ @3 ffd, AP gEee- . APR cfed A8 BF ¢ =a/b
Pl —d W, R ad bV R DAO Y £0 ¥ f(z) £ bV, AT
(b-0)- f(x) € Rla] =
b-V) fx) = (a-V) f(x)
= (d-b) g(@).
R (b-V)- f(z) € Rlz] 7 F 2% Lemma 84.5 2% & (b-V) - f(z) +, &3
tueRERY D unit B a-bV=u-(d b). ~» ‘7*0{?» c=u-d. £H1* J#0
% F[z] #_ integral domain & u- f*(x) = g(x). O

e Zlx] - eavfin, AP 02T 1 Gauss Lemma, K §e4 24 3 5 3 B polynomials

AP %k {3 2. content.

Lemma 8.4.8 (Gauss). B3X R - B unique factorization domain. ¥ f(z),g(x) €
Rlz] &_R[x] ® < primitive polynomials, B f(x)-g(z) %2R E R[z] ¥ 7 primitive

polynomial.

Proof. # #{]* fr Lemma 7.3.5 48 f FREF | “T1 B S aRiEP . B3R f(x)-g()
% #_ primitive polynomial, % 7 f(x) - g(x) *7F % # greatest common divisor
* 4. R ® ¢ unit. F]t 1 * R 4 unique factorization domain % & p € R 4_

R ¢ - B irreducible (» #_ prime) element #_ f(x) - g(z) *7F % # common
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divisor. 2@ f(x) f= g(z) ¥ A primitive polynomials, p # ¥ & JE*F “ f( ) &
Gles 3V B “ﬁ?” g(z) i, T E A Eo) i 7 f(x) ot I8 ik
ZsMJipr“f Mg A k] il B g(x) i) IE A sb%ﬁ'»p?“”’f ,'J E%’ﬁ
3 () - gla) A T A T A p KR e p L f(n) - gla) BT B e

common divisor # A, #& ##& f(z) - g(x) £ R[z] 7 primitive polynomial. O

f\m

Primitive polynomial % R[z] * & fr Flz] &€ iR, FF F & Rlz] * 7

¥ #h irreducible element $% AL primitive polynomial.

Lemma 8.4.9. B3k R & B unique factorization domain. % f(z) € R[z] %_R[z]
7 jrreducible element £ deg(f(z)) > 1, Bl f(x) & R[z] © 7 primitive polynomial.

Proof. % f(z) £ R[x] ¥ firreducible element, & ** f(z) ¥ B = f(x) = c(f)-f*(x)
B¢ ¢of) e RCR[z] & f*(z) € Rlz], %+ c(f) & f(z) e~ B divisor. ¢ f(z)
#_irreducible element PEK F ¢(f) £ R 7 unit (f(x) * ¥ it fr ¢(f) associates

Fl deg(f(x)) > 1 & deg(e(f)) =0), #=* f(x) & primitive polynomial. O

# f(z),9(z) € R[z], # ¥ RCF, f(z) fr g(z) ¥ Ip 5 =+ &_R[z] 7 polynomials
+ ¥ g & F[z] 0 polynomials. F]#* &3 B polynomials B B &5 =+ £ R[z]
S Pla] ¢ R w%%g<wamwwmmﬁﬂfm»em1%wr
5 S() | ale) n Bl 25 % blo) € Fll, # P35 J0) | g(o) i Flal. 4
Rlz] C Fla], fp @&enav i deig £ f(2) | g(x) in Rlz] R f(2) | g(z) in Fla]. 2%

- BRE f(2) [ g(x) in Flz] 2 LR §F f(z) | g(z) in Rlz]. 2 8% f(z) L R[a]
£ primitive polynomial ¥, IT\‘U*EEJL 0.

Lemma 8.4.10. B3k R - B unique factorization domain ® F E_R 9 quotient
field. B3X  f(z),9(x) € Rlz] £ f(x) & R[z] - B primitive polynomial, R
f(@) | g(z) in Fla] %2 *&% f(z) | g(x) in R[z].

Proof. X PR &P : ¥ f(x)]|g(x) in Fla] B f(x) | g(x) in R[x]. ¥ EK 35 &
h(z) € Flz] # ® g(x) = f(z)-h(x). F1* content, #* i ¥
c(g) - g"(x) = (c(f) - e(h)) - (f* () - h¥()).

Hoe c(g)7 c(f) € R &_g(x), f(z) 7 content, @ c(h) € F #_ h(z) 7 content, *

g*(z), f*(x) M % h*(x) $* & R[z] ¢ primitive polynomials. 1* Lemma 8.4.8
v f*(x) - h*(x) #_ R[z] 7 primitive polynomial. £ §1* Corollary 8.4.7 4% &
uw € R A R unit i L wu-c(g) =c(f) clh). Bmad  f(r) & R[z] 77 primitive
polynomial, ¥= ¢(f) #_ R 7 unit. * ¢ K g(z) € R[z] v c¢(g) € R. +« ¥

c(h) =c(f)™ -u-c(g) € R.

N
N
a4
>
—~
8
~—
I
Q
—~
&
>
*
—~
~—
b=
Q
—~
>
~—
m
-
N
W
>
*
m
=3

S z] ¥ 1 h(z) € R[z]. # &
3% f(2) | g(x) in Rla] 0
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1% Lemma 8.4.10 24 i+ 1 ## ¥| R[z] fv Flz] ¢ prime element 8 %,

Corollary 8.4.11. &3k R & - B unique factorization domain £ F E_ R i
quotient field 2 3K p(x) € Rlz] £ R[z]| 7 primitive polynomial. % p(x) % Flx]

® 9 prime element B p(x) & R[z] ® 7 prime element.

Proof. B3 p(x) & Fz] ¥ ¢ prime element. & #P p(z) & R[z] ¥ 7 prime
element, #% % F P £ p(x) | f(z) - g(z) in Rlz], B¢ f(x),9(x) € R[z], P
p(x) | f(z) in R[x] & ( )| g(x) in R[z]. %] p(x) £_R[z] ¥ " primitive polynomial,
d Lemma 8.4.10 & 73 p(x) | f(x)- ( )in Flz]. #=F1* p(x) £ Flz] 7 prime

element, #' 7 ¥ p(x) \ f(z) in Flzx ] p(z) | g(z) in Flz]. £ - & {/* Lemma
8.4.10, % v p(z) | f(x) in Rlz) # p(x) | g(z) in Rlal, % ¥ p(z) L Ra]
prime element. O

¥ Rz fr Flz] ¥ & % 4 5 #% - B Rlz] ¥ ¢ polynomial % R[z] fr
Flz] ¢ ¥ % & % (7 &F irreducible) R 55 |4

Lemma 8.4.12. B3k R .- B unique factorization domain ® F E_R 9 quotient
field 2 B3& f(z) € Rlz] 2 deg(f(x)) > 1. # % & g(z),h(z) € Flz] & &
oalo(@) 212 deglhle) 2 1, & 7 1) = o(@) - h(e), M b m(e).n(e) €
% & deg(g(x)) = deg(m(z)) 2 deg(h(x)) = deg(n(z) & # f(z) = m(z) - n(z).

Proof. 1* content #* 7 #- f(z) = g(x) - h(z) B

c(f) - f(x) = (c(g) - e(h)) - (¢" () - B* (),
27 ¢(f) € R, c(g),c(h) € F, @ f*(x),9*(x) f= h*(x) & R[z] ¢ primitive
polynomial. f/* Lemma 8.4.8 # g*(x) - h*(x) #_ R[x] 7 primitive polynomial,
#cd Lemma 8.4.5 i3 & u € R . R e unit ® 7 c(g9) - c(h) = c(f) -u. #H7 2,
c(g) - c(h) € R. %% 5 m(z) = (c(g) - c(h)) - g"(x) € R[z], n(x) = h*(x), I m(z),
n(z) #* & LWL & K O

? Lemma 8.4.12 2 ¥ ¥ R[z] fr F[z] B irreducible element 8 .

Corollary 8.4.13. &% R % - B wunique factorization domain ® F E_ R 9

quotient field. % p(z) € R[z] #% & deg(p(x)) > 1 & R[z]| 7 primitive polynomial,

Al p(x) % R[z] 7 irreducible element % 2 *&% p(x) 4 F[z] 7 irreducible element.

Proof. 7 £ B3K p(z) 4 R[z] 7 irreducible element, & F#F p(z) + & F[z] 7
irreducible element. B4 p(x) & F[z] # #_irreducible element, #] % & g(z), h(x) €

Flz] i & deg(g(z)) > 1 2 deg(h(z)) > 1 #& ¥ p(z) = g(x) - h(z). ¥ ¢ Lemma
8.4.12 % & m(z),n(z) € Rlz] & & deg(m(x)) > 1 & deg(n(x)) > 1 & &
p(x) = m(z) -n(z). #FHI 1< deg(m(x)) < deg(p(x)) *v, m(z) L p(x) &
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R[z] - B divisor ¥ %% &_unit + # {r p(z) associates. #&+v p(x) * & R[z]
irreducible element. #* friEk 4§, w4 p(x) £ F[z] 7 irreducible element.

F 2 B p(r) & F(x) 0 irreducible element. #=% p(z) & R[z] # % &
irreducible, ¥ % & I(z),m(z) € R[z] #% & p(x) = I(z) - m(z), £ ¢ (z) = m(x)
AL R[] ¢ o unit. ® I(x),m(x) € Rlz] C Flz]|, &% p(z) & Flz] ¥
irreducible element 4v [(x) = m(z) ¢ % F — B & F[z] ¥ ¢ unit (7% #& 5 5 3°).
,T‘ulf»x?{{l(x) =a€R™! d BEK a* i i R T unit, R I(z) =a & Rz] P
unit (Lemma 8.4.3). 2@ d  f(x) =1(x) -m(z) =a -m(z) £ m(z) € R[z] & a #_
f(x) & 78 %#c2 common divisor, ¥ a | ¢(f) in R. & d BK f(r) £ primitive
polynomial ¥v ¢(f) £ R ? 3 unit, ¥xd a | c(f) in R ¥ a £ R 7 unit; ¢* fr a 7

A. w<F f(z) & R[z] ¥ & irreducible. O

£

#_ R Hunit 875 7.
BFAPAFEP R[z] & unique factorization domain s b 4 i F7.

Proposition 8.4.14. B3X R & - B wunique factorization domain, B R[x] ¢

irreducible element v prime element 2_4p Fe i,

Proof. ¢ *" R[z] A_integral domain, #* 4= R[x] 7 prime element ,T-%{irreducible
element (Lemma 8.1.8). F|* ¥ &P & f(r) € R[z] £~ ® irreducible element,
Rl f(z) %~ % prime element. # P & Hd Flz] (T2 F 4 R 0 quotient field)
? £ irreducible element %_ prime element (Proposition 7.2.11) Xz .

BAYRE deg(f(z) =0 (" f(z) =a € R A¥ &) iF3). %l a e R A
irreducible * R #_unique factorization domain, ¢ Proposition 8.4.2 ¥ ¢ #_ R 1
prime element. # & #P ¢+ E_ R[x] ¥ 7 prime element. BX g(z),h(z) € R[]
%% a|g(x) h(z)in Rz], 3 & l(z) € Rlz] @ % a-l(z) = g(x) h(z). FI*
content ¥

(a-e1) - T'(x) = (clg) - c()) - (4" (&) - (),
29 c(),c(g),c(h) € R 2 1*(x),g"(x), h*(x) € R[z] & R[z] 7 primitive polyno-
mials. ¢ Lemma 8.4.8 & ¢g*(z) - h*(
8.4.5 43 i u € R #_ R # unit % &L

u-a-cl) = cg) - c(h),
#eoEF alc(g) e(h)in R. f1* a £ R ¢ prime element 2. B3KX # a | ¢(g) &
h). #a g(x) =clg) g*(x), =F a|clg) Pl a|g(x). BEF a|c(h), P
x). ¥4 a = f(r) & R[z] » 7 prime element.
W g deg(f(x)) > 1 035, £ F AR 7 quotient field. F1% f(z) 4 Rx]
77 irreducible element @ Corollary 8.4.13 = f(x) #_ F[x] 7 irreducible element.
2@  Proposition 7.2.11 % 77 3%  p ¥ f(z) » & F[z] ? 7 prime element. & %
Lemma 8.4.9 & #F 2V ¥ f(x) #_ R[z] ¢ primitive polynomial, # ¥ % * Corollary
8.4.11 ## f(x) » & R[z] ¥ " prime element. O

x) & R &_primitive polynomial, ¥ ¢ Lemma
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MNP Gy FRF AP EP Rz » £- B unique factorization
domain. = FF i * #F Z[z] A unique factorization domain (Theorem 7.3.13)
7 R, AP Y Flz] & unique factorization domain (Theorem
7214) B EF A E SRHEPF LAt RGP 2 ET L FT AP L0 3 Rx]
o Flz] B b 55,

Theorem 8.4.15. &K R & - B wunique factorization domain, ?] Rlz] » # - &

unique factorization domain.

Proof. £ F #_R 7 quotient field.

BAEP T AN TE- R ¢A02FE wmit PF f(a) TB

# R[z] e irreducible elements P&k f. B A% f(z) BF f(z) = c(f) -
B¢ ¢f)e RZE f*(x) € Rlz] £ Rlx] prlmltlve polynomial. % ¢(f
unit, #141* R #_ unique factorization domain #% i* ¥ 12 #- ¢(f) B = 5 T
? i1 irreducible elements Pk . f1* Lemma 8.4.3 (3) #rig c(f) ¥ ™ B

B R[x] ¥ i irreducible elements Pk fF. #T AP R REP  f*(2)
B3 'TS B irreducible elements 3k fi. MH- f*(z) 5~ & Fla] ¢ =
F1*  Flx] & unique factorization domain, 4vig f*(z) = py(z) - pp(z), £ ¥
(2),...,pm(x) € Flx] & Flz] ¥ 7 irreducible elements. £ 1* content, 4v#
B pi(z) 337 B = pi(z) = clps) - pj(x), £ 7 pj(z) € Rlz] 4 R[z] & primitive
polynomial. # ¢ 3% 3%

fr(@) = (c(pr) -+ - c(pm)) - P1(2) - - - pro ().

F1* Lemma 8.4.8 # pj(z)---p},(x) £ R[z] 7 primitive polynomial, #&d f*(z)
#_ R[x] ¢ primitive polynomial ' %2 Lemma 8.4.5 v ¢(p1)---c(pm) =u E_ R ¥ 1
unit, ¥ Lemma 8.4.3 v u » & R[z| 7 unit. FM* P RFP pi(x),...ph(x)
#_R[z] ¥ " irreducible elements Few . At - *

(@) = (u-pi(z)) - pa(2) - pr (),
AL f*(x) T LB F S B irreducible elements Pk (LR uw-pi(x) fo pi(x)

associates, “T14» H_ R[ ] # 7 irreducible element). @ %] p;(z) = c(p;) - pi(2),
d pi(xz) & Flz] ¢ irreducible # pf(z) » & F|[z] 7 irreducible element. ¢ **

ot o

pi(x) £ R[x] © primitive polynomial, £ * Corollary 8.4.13 = p¥(z) + & R[xz]
irreducible element.

BEEP L fRevE- i B F AP 0% Proposition 8.4.14 E P vE -
f, 3 AN R AR Flr] o R % unique factorization domain X3P . B &
BRK

fl@) = (af*-am) - py"" () Pyt ()
= (7" 0 g (@) gt (),
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29 a,...ap, € R (% deg(a;) = 0) & R[z] ¥ # 3 % associates 7 irreducible
elements @ pi(z),...,py(z) € R[z] £ Rlz] ¥ & & % associates £ degree * ** 0
e irreducible elements, %% by,...,bs € R 1 % q(x),...,qu(x) € Rlz] » & F tk
B, §ARLR A L pi(x) {7 gj(z) A R[z] * 0 irreducible elements *

deg(pi(z)) > 1 ™ % deg(qj(z)) > 1, ¢ Lemma 8.4.9 iz # p;(z) f ¢j(z) 3L
primitive polynomial, ¥t ¢ Lemma 8.4.8 /X %2 Lemma 8.4.5 % & R ® 7 unit u
R

nl-.- n/r_ . ml--- ms
ay a,” =u-by by,

#=f1* R E_unique factorization domain P F g §ERHENFT G r =5,

ai~b; F ong=m, Vi=1,...,r. THUEBEAPEE TR

folx) = w-pi"(z)---pyr (z)

= ¢ (@) g (@)

T- WA awE- . d 3 fo(z) € Rlx] C Flz], £ pi(z),qi(z) £ R[z] ¢ “irreducible
elements *7™ + &_ F[z] ¢ 7 irreducible elements (Corollary 8.4.13), #&11* F|x]

#_ unique factorization domain 58 € £ v = w, pi(z) = k; - ¢i(z) £ n; = my,
Vi=r+1,...r4+v, 8¢ ke F. #2a pi(z) v ¢(x) $* & R[z]  primitive

polynomial, ¥+ k; & R ¢ unit. # 7 2, #9773 S i=r+1,...,r+v, ¥}
pi(x) ~ qi(z). =EFEE- |2, 0

B {8 21 kg Theorem 8.4.15 - BE£ & Hfg* . ¥ R % - B unique factorization
domain, # Theorem 8.4.15 v R’ = R[z| + &~ % unique factorization domain. I
TR Ry iE&- By i %8 R 5~ % % (%80 polynomial ring, » II%—EL R'[y] &
S i

fa(@)y"™ + fn—l(x)ynil + -+ fi(z)y + fo(z),
PTG hi=0,1,...,n, fi(x) e R = R[z] .l Reh g D53 RF %
F 4 Rly) = Rlally) = Rla,y] 201 R0t 5 o,y 5 $Heind 6 @4esns
Carai el £ ¢ =t d Theorem 8.4.15 ¥ R[x,y] % unique factorization domain.
Vi w ke boanhii e g Bl Rlxy, ..., m,] B R E G BB, 1, &

% #ceh I % #cch polynomial ring:

Nud

)

W

[N

Theorem 8.4.16. H3X R %~ B unique factorization domain, Pl Rlxy,...,x,] i&

B n B % #D polynomial ring » %~ B unique factorization domain.

Proof. {1* #&& jFiri2, § n =1 Theorem 8.4.15 % ?# * R[z;] £~ # integral
domain. B n—1F R = R[ry,...,2,-1] % unique factorization domain. £ ¢

Theorem 8.4.15 4 R'[z,] = R[x1,...,x,] * % unique factorization domain. O
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Theorem 8.4.16 ¥ — B A ¥kt A€ & e I@ & F Leakmi § F - B field
P %] Fz1] #- ® unique factorization domain, ¥+ F[z1,...,1,] * - # unique

factorization domain.





