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Chapter 9

4 5 Field s §F

B F ¢ AP A field A AR d 05 G B field REFT 0 MLl
R EPLEL I T St A ¢ E i Y - TR S BhA A A

9.1. Field =k & {45

[

o AP LA L TR R F P field Sl

¥ EE— T - i field £~ B commutative ring with 1 @ ® H ¢ 2t ( chx F SRE_

~ P
unit. ~ IT\‘“{’E F & - % field, B] F ¢ & 4 fo . % % & Definition 5.1.1 * (R1)
5| (R8) e f, ¥ 7h 3 4
e HELabeFEHLab=ba
eHElcFREHEL acF $Mal=1-a=a
* jﬁ-iii G/GFE a#oa EbTé‘ttaileF l,é %Ef' a-ailzafl.a,zl.
o 3 4 & K F # - B commutative ring with 1; {1 - B & L P ¢ 2 5 07
~ % $8A unit.

2

Popeend | ® P e ZAPET LA DLT 5O field i§ B e £ &
Lemma 9.1.1. & F - B field, ® F £ - B integral domain.

Proof. ¢ field i & © v F £~ 1 commutative ring with 1, #7/2 3 i 7 & P
F * i3 zero-divisor ¥ . &7 F ¢ Lemma5.3.7 5+ @4 2 5 7 % FHN

PEE- EP.
FacF A F ¥ - B gerodivisor, " a #0 X T b#A0 B L a-b=0. &
md bAQF b A F P huynit, A F b e PR bbb =1 FIprTE

O=(a-b)-bl=a-b-bH=0a1=ua.

e a0 FBEEIPF A, 7 a * ¥ i & F ¢ 9 zero-divisor. 0
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166 9. 4% Field sl

416241 € 5 ¥l Lemma 9.1.1 % )i M field srfd Fende HaEA2Y X F 3 2 4
B4Rt e i ‘FT 'JF,:— [):3 Fgﬂf i)+

Corollary 9.1.2. B F - B field, 4 F*=F\{0} #7% F " % 5 0 h~%

Ak &R F* k2@ R 27 & - B abelian group.

Proof. f1* F & -  ring with 1, #* i 4vif F* /& & Definition 1.1.1 ¢ (GP2)
1r (GP3) ehif . £ R F aeF* ApaodhtaolcF®%&aal=12%a a!
AT A0, FRERS a-al=a-0=0 & o e **{F’LF* R
Definition 1.1.1 ¥ (GP4 ) R Bl R EP P AR E N 2T 4 - B group
AP TR A (GP1). » R E a,beF*, Pla-beF* &a a,beF*%ﬁ
a,beF ¥ a#0b#0, ¥4 Lemma 9.1.1 = a-b#0, ¥ a-bec F*. 33 F* &

abelian, ]9 F #_commutative ring &  # % O

B 3&*

Example 9.1.3. ¥ &

7)57 = {0,1,2,3,4}
i&- B ring. 9 ¥ 5 E_ 7Z ¢ ¢ irreducible element £ 7Z #_ principle ideal domain
FI* Lemma 8.3.2 4v 5Z = (5) #_Z ¥ ¢ maximal ideal. #7144 Z/57 % - 1 field
(Theorem 6.5.11). # * ¥ 1 S 38

(z)57)* ={1,2,3,4}
t3kiz 2 7 &~ B abelian group. ¥ 7 + ¢

=1, =3, 2'=1,
¥ v (Z/5Z)* tw¥kiE 2T E - B cyclic group (%] |(Z/5Z)*| =4 ¥ ord(2) = 4).

Bk F 2~ field ! SCF. 4% # F b2 @ L2 EL 857 kg,
S+ & - B field, PIFE S & F Psubfield. Flt4rsk S o F chbei2 22 T & F o9
subgroup £ S* =S\ {0} & F* chkiz 2 T & F* & subgroup, Al S ;Ikg A_F eh
subfield. 4t 1% Lemma 1.3.4 2 * § ™ T ek & subfield 17 2.

Lemma 9.1.4. % F £ — 14 field A SCF. v RHAEZ a,be S, L ¥ b#£0
“fF a-becS Ha-bltecS Al SAEF 8 subfield.

T kA kg field 2 B homomorphism e+ §. & R o R &% # ring ¢
YRR, B HELFacR%F Ya)=0,RikzH ¢ FRELRI R $-
# ring homomorphism. 7 i#§i&#4 ring homomorphism #F3% i kR E_& * 7 — 4

P FE2 & trivial homomorphism.

Proposition 9.1.5. 3% F Fv F' #f &2 field B 1p o 1p 3] Z F o F' ¥ F
7E 69 identity. %o R ¢ : F— F' & — 18 nontrivial 4 ring homomorphism, £/

(1) Y(1r) = 1p.
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(2) ¢ & - ¥ - 7 homomorphism.

Proof. (1) & ZP (1) £ F' 9% identity. ¢ %t ¢ * & trivial, &
EaeF RF a) #0. 80 o(a) =(a-1p), 11" ¢ & ring homomorphism
APE Ya) = Pla) - P(lp). Ba e F P RAEBRG Ya) 1p = Y(a), & F
¥(a) - (lp) = () - 1pr, # Feis

f1#* F’ - & integral domain (Lemma 9.1.1) £ t(a) # 0, 3 P #FE (1p) = 1p.

(2) BEP o - H- PEFLFEP ker(y) = (0) (Lemma 6.3.4). @ F
ker(¢) - A F - B ideal (Lemma 6.3.3) £ F ¢ &3 F {r (O) T3 B trivial
ideals (Lemma 6.2.4) *714 ¥ #v ker(¢) = F 2 ker(¢) = (0). Z4c% ker(¢) = F,
a8 EL aeF ¥ RE Ya) =0, & ¢ 3 &_trivial 57 ring homomorphism ##
G R A ker(y) = (0), ~ ;T‘u{?"b 1 #_— ¥ - 7 ring homomorphism. O

9.2. Field 7 Characteristic
H-Befield F, # ac F,d M 1cF, &f#HEz{ancNRAPG

at-ta=01+ - +1)-a (9.1)

n'g

n:'( n:%\'
BRI AR E N g 2l d N emO ] A F Y] #7 A Rk

N® ] blded e TEZHBZ? S ©
1+1+1+1+1=0,
N 5EDEN QT HUAPT RS (91) B

a+---+a=n-a.
——
n =X
AERT A HER ae P2 neNAPY na kAT afhpe nE, 2

a—+---+a=na.
N———

n =KX

FEAEF AN FAFE, FLAPT RS (01) B

no=a+--+a=01+---+1)-a=(nl)-a.

~~

n :)7\' n =X
Lemma 9.2.1. X F - B field, I F T o s faAfwz — ¢824
(1) HZ&Z neNZ2 ac F\{0} ¥7F na#0.

(2) F- B primepe NREHEL S acF ¥

2

P opa=0.
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Proof. Y6 ¢:Z —F 27 ¢(0)=0, 2 #Z & neN, ¢(n) =nl, ¢(—n) =n(-1).

2]
dn)=1+4-+1 2 ¢(—n)=(=1)+ -+ (=1).

AREEm ] EFPal A —1EF P 142 inverse. (XFFHE oA - B
#_7 ¥| F 9 ring homomorphism.

Y & ¢ 1 kernel. @ ring 7 1st isomorphism theorem (Theorem 6.4.2) #% i*

=

Z ] ker(¢) ~ im(¢).
Raoim(¢) ¢ & F - B subring (Lemma 6.3.3), ¥ ¢ F #_ integral domain
(Lemma 9.1.1) ¥ im(¢) » .- % integral domain. # ¢33 Z/ker(¢) - B
integral domain. ¥ - > & ker(¢) ¢ & Z - B ideal (Lemma 6.3.3) #== | *
Theorem 6.5.7 = ker(¢) #_7Z - B prime ideal. F] Z & - % principle ideal
domain, ¥ % % a € N /& & ker(¢) = (a). f1* Lemma 81.9 # 4 g =0 &
a=p, &7 pE7Z ¥ - B prime.

(1) ker(¢) = (0) 2 P EFFAFHEL S neN, ¥F nl#0 (Fl ndker(q)),

maFEL S aeF®E a#0, Fl F 4 integral domain, % 7

na = (nl)-a #0.

(2) ker(¢) = (p) 5 P F p € ker(¢), T F pl =0 EHEL D
vk A

ac€F %7}
pa=(pl)-a=0.

Definition 9.2.2. X F % - B field. FHE &5 neNZE aec F\{0} ¥ 7
na # 0, PI# F 7 characteristic 0. 3 % char(F)=0. F 2 % # & pe N ELZ
¥ prime @R FHER S ae F ¥ F pa=0, RIF F 0 characteristic £ p. 3% &
char(F) = p.

b4eF T2 goft = e field Q £ characteristic TI&{ 0. * 4 Example 9.1.3 ¥
e 7,/57 Zj‘*u?" EHER D acZ/SL T F Ha=0, T35 char(Z/5Z) = 5.

%1% d Lemma 9.2.1 &g F 2 - B field, P char(F) & 7 £33 0 e
%2 - B prime p. ¥v% char(F)=p#0, Bl p AR L pa=02H" ac F\{0}
g AE B F1iE neNZE na=0, M4 F E_integral domain '* %

na = (nl)-a=0

Tnpl=0. ~+ IT‘%{?L n € ker(¢) = (p). &£ FX T n>p.
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FEFA-Bfield! FREFFRIBAF, RANPHE - B finite field.

Lemma 9.2.3. % F - B finite field, P17 &=— primep € N & # char(F) = p.

Proof. ¢ Lemma 9.2.1 3% i 4 char(F) =0 & char(F) =p # ¢ p & - & F #k.
AP ERP char(F) 2 ¥ i 2.0 2 F 4% Char( ) =10, %7 & TLHRR ring
homomorphism ¢ : Z — F # & ker(¢) = (0), + f&v’u o H - ¥- e T2
Z~im(p)CF. %Rm ZF&£85B~% @3 F°®F- % subringd ~%7 &
% % B, ¢4 F E_finite field 4p % 7, # v char(F) =p # 0. O

f1* Proposition 9.1.5 # i ¥ # 2 T § B ** characteristic S F. v £ A
% % B field 0 characteristic # 4p Fo P&, ¥ 2. & % ¥ it i & nontrivial 7 ring

homomorphism.

Proposition 9.2.4. BX F v [’ &_fields ¥ F v F' 22 B % & nontrivial 7 ring
homomorphism, ®| char(F) = char(F").

Proof. &K ¢ : F — F' % & - & trivial 7 ring homomorphism, @ Proposition
9.1.5 (1) i ¢(1F) =1p. ¥ Char( ) P 7& 0, ’f

Y(plr) = (0) =0

Y(plp) =Y(p+---1p) = pY(1r) = plp,

p X
s g
plF/ =0.
‘r'-‘t:“—" char(F') #0. 8@ ¥ char(F') =q#p, PIFl pfrq ¢ L FHH 113 B =&
EmneZ ®E mp+ng=1. Fld plp=qlp =07 F
Lr = (mp 4+ ng)Lp =0,
i# =4 f. #&F char(F) = char(F’).
¥ ¢ char(F) =0, *FHEZZL neN ¥ F nlp #0. 1* Proposition 9.1.5
(2) & oh(nlp) #0. #H R

Y(nlp) =np(lp) = nlp #0,
ig# 7 char(F') = 0. O

BisAP kg 4§ char(F)=p#£0 P, &EE - BEARLT.

Lemma 9.2.5. B3k F & - B field ¥ char(F)=p#0, R ¥ i a,be F, 3o

2

F

(a+b)P" =a” +0"" and (a—bP =a” —b", VneN.
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Proof. # i £ * induction #F (a+b)P" =a”" +0P". FELF g n=1 DR &
Pi¥Ed (a+b)? 57243 (a+b)2=a’+a-b+b-a+b? FI* F A~ B field
ra-b=b-a, FIAPE (a+b)?=a?+2(a-b)+b% EFXBEDEHE 2a-b) L
(@-b)+(a-b) @ % E_ 2. (a-b). *TFT I NPT % g 5 22w

(a+b)p:ap+p(ap_1-b)+~--—|—<1;>(ai-bp_i)+...+bp.
d 3% char(F) =p, 2R ae F,a B & @*cp e px &30 (T pa=0). * G4
l—Eé pi?&ﬂ%‘ii:l,...,p—lﬁﬁ (){pmlﬁi;r(fr () at - 71':
l"]LLi\.,Fa—agg
(a+ b = a? + 7. 9.2)

TATH B BRK
(@a+b)?" " =a" ", (9.3)
EA* R F(9.2) o (9.3) A e

n—1 n—1

(@40 = ((a+b)P" VP = (@ +0" P =a" +b".

BTORER (a-bF =a” — 0" FRELE cha(F) =2 #HEL acF
PG a+ta=20=0 KT a=—a. FP i p=2FFNFa K7

n

(a—bP" = (a+bP" =a" +0" =a?" — ",

@ % p 4 odd prime number ¥, d *HEZ X o ¥ F (—a)? = —a?" (Corollary
5.2.4), 2 i &

(a=b"" = (a+(=0))" =a”" + (-0
(I
Lemma 9.2.5 » ¥ 384 | Flz] + e85 A { Fla] 1 1 polynomial 1% #yn

BF Y @D Flr] itk TR MR R OB icde kL FYFE char(F) = p
PLHER D f(2) =apa” + -+ ag € Fla] 755

f(x)_|_..._|_f(x):(an_|_...+an)$”+...+(a0+...+a0):0.

p= p= p =

Flot 41 * £ 02 Lemma 9.2.5 g 34§ 00T e T

Lemma 9.2.6. &% F & - B field * char(F) = p # 0, PIHEZ R f(z) =
™ + -+ ag € Flz], 23

(f@)P" =aba™" ... +ad), YneN.

Fulg acF @ 205

n n

(x—a)P" =a2P" —a”", VYneN.
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9.3. M NHRH

- g APEAGE v AR - MM Ak AL NI R MARY &
1B field SR E

9.3.1. M A BA AMEF, AipAm P [ H v AF ¢ A 2 vector space, basis ™ £
dimension. #1173 %igd A A FIRER | F 3 G E AR Tt - &G M
Heehd 5.
Definition 9.3.1. £ F & - B field. 2* P V - B wvector space over F, 4%
VAEAFEF 2 7 8E A XHER ceF,veV ¥F coveV, 2 isi
(VS1): V feteix 2 £ - & abelian group.
(VS2): 13 checeF ME vj,v0€V ¥7F c-(vi+wv3) =c-v1+c-ve.
(VS3): %73 ci,co€ F M2 veV %3 (a+ce) v=c-v+c-v?E
c1-(ca-v)=(c1-c2) v
(VS4): 2z veV ¥F 1l-v=v, 2° 1€ F I F % identity.

T4 &3 - 4K vector space FNEERLT LG ERFCV, » G &RV
ARG RZEL. FERRANPE feld DI P ATELD] 0 vector space B § #F
I FPCV A VERFEG RFELEA B L R LES BRELR T field
et Bt — 460 vector space 3 7 5.

Definition 9.3.2. &3 F - B field £ V &.- B vector space over F, 4r%
Vi, EV BEHEZ vEF ¥ Htc,...,cpe F T
V=C1-U1+ 4G U,
P v1,... 0, span V over F.
4% — B vector space ¥ &~ % vy,...,v, €V span V over F, B2V L V A

- B finite dimensional vector space over F.

4o% v,...,vpspan Vover F, 5 28+ 3 ¥ &3 ¥ - 2 wy,...,w, €V + span
Vover F. AP g RFEFuBI-2xZEa " Dou,...,v, ¥ spanV over F. &
EPE-8 v, 0, 2FI PR RBM G R REY DR oy, TR

Wiy B SN TI“;T-%? MPBIL A F span VOO L FRE AP G T R K
Definition 9.3.3. X F & - B field £ V & - B vector space over I, 4v% %
WV P - AR vy, v, €V AFIS AT 25 0 ey, e FRE
c1-v1+--+cp-vy =0,
PIFE 2 vy, ... v, A linearly independent over F.

4% v,...,v, € F span V ¥ &_linearly independent over F, RIF vq,..., v,
A - % pasis of V over F.



172 9. 4= % Field el 5

RN B B AR fr"v%é V' &_ finite dimensional vector space over F
BF, - &7 33 ] V over F 97— 2 basis. B27R basis I % &r&— ch 3 iE - B
basis # ~ % B # 0 2Ap F 0. 2B basis hBEALL 5V over F 0 dimension,
2ieze 5 dimp(V). + ,T*u{?fu%' dimp(V)=n, MI¥ WH - 2 o, 0, €V A
linearly independent over F' ¥ span V over F.

ok WCV EAI* Ve FRESELE W+ - B vector space over F, Rl
W &V - B subspace over F. ™ T &_ dimension — & & & ed F i 4 g
[

Lemma 9.3.4. X F #- B field 2 V #- B finite dimensional vector space
over F.

(1) # vi,...,v, span 'V over F, R dimp(V) < n.
= Wy, ..., Wy € F & linearly independent over F, B dimp(V) > m.

(3) & W &V - B subspace over F, R dimp(V) > dimp(W).

S
W

9.3.2. # ring 7 * & vector space. # P g L kq - &+ ¥ EH dimension.
Bk F 42— B field, ™% g Flz] &- B polynomial ring. %% % gk Flz]
fr F % & Definition 9.3.1 ¥ (VS1) | (VS4) #£5, #&4v F[z] £~ ® vector space

over F. 1% F[z] € % ¢ &_finite dimensional vector space over F' *%?

Proposition 9.3.5. &% F #- B field, %% Flz] 7 * &~ B vector space over
F, R Flz] #* &_ finite dimensional vector space over F.

Proof. ' 4% & iz, B3K F[r] A finite dimensional over F' * dimp(F[z]) = n,
Rl F@ La,z? ... ,2" € Flz], #* P & %% 1,2,2%,... 2" 4_linearly independent

over F. ‘«k'—]aﬁ"hﬁi‘a 0 ¢y, c1,...,cp 3P AT
co-l+c-z+--+c,-2"#N0.
AR Lwa2?.. 2" % F n+1 B3, &fl* Lemma 9.3.4 (2) &
n+1 < dimp(F[z]) = n,
EE A . 9T Flz] * ¥ it & finite dimensional over F. O
BEFAPTRY - B oring. BE f(z) € Flz] 2 deg(f(z) > 1, &4 &
\

[:c]/(f(x)) - B quotient ring. WAE—- T R ¥
g(z) € Flz]. #EZ L P ce F, g(z) € R, 3 7 T &

c-g(x) =c-g(x).

i 38 8 L well-defined. 13 % g(z) = h(z) %7, g(z) — h(z) € (f(z)). » F &
c€ FCFz] 2 (f(z)) & Flz] é- B ideal, * % 23 c-(g9(z) — h(z)) € (f(2)),

tzalw
ok
Py
flm
K
—
&
3
i)
N
o
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wiecog(w) =c-h(x). fI* B FH ROEEAPE L &%E R - B vector

space over F. 78 R € % ¢ #_finite dimensional vector space over F' % ?

Lemma 9.3.6. %X F #- B field, % f(z) € Flz] £ deg(f(z)) > 1, Bl R =
Flz]/(f(z)) &- B quotient ring ¥~ B finite dimensional vector space over F
2 dimp(R) = deg(f(x)).

Proof. & deg(f(z)) =n, # P E2&EP 1,7,...,7" ' €¢ R & Rover F ¢ &
basis.

HAHEM 1,7,..., 7" span Rover F. 3 g(z) € R, £ ¢ g(x) € Flz], *
EH I co,c1,...,cnp 1 EF EE

gx)=co-T+c1 T+---+cpq TN
d Theorem 7.2.4, 3 P 4vig 5 & h(x),r(z) € Flz] % & g(x ) (x) h(z) + r(z),

H
/\
\_/
;“
—~
8
~—
m
=1
8
=

(z
B9 () =0 # dog(r(s)) < deg(f(x)). A5 glx) — r(z)
d  quotient ring FEHE 4 g(z) = r(z). RE r(z) = 0 37\-" g(z) =0, #&P

co=cl=-=Cp1 =07
g(x)=0=co-T4c1 T+ - +cp1 77

¥- 35 % r(x) #0, 4 deg(r(z)) <n-—1%% & ap,a1,...,ap1 € F &7

r(x) =ag+arz+-+a,_ 12", F&E cg=ag,...,cn1=ap_1 FFNTT
gl@)=r(@)=co-T4+e T+ +cpq -T" "
TR ¢ eha e d T, 7" span over F 3.
BF#H#P 1,7,...,72"7 ! 4_linearly independent over F. 3 | * & %2 BEXK
FeAr>2E 0cy,cq,0 01 €EF B8

co-I+ei T+ Fep -7 =0

g(x) =co+ - tepav B DIENTE g
0

_ﬁ—
o(x) € (f(@)). 7 g(x) # 0, &5 & i) € Fla] * hiz) £
BLZ degree 4v

deg(g(x)) = deg(f(x)) + deg(h(x)) > deg(f(x)) = n,
B A gla) PER, AP deg(gle) < m— 1, T @IS FL e

1,7,...,7z" ' 4_linearly independent over F.
Ao FE® 17,..., 7" € R A Rover F - % basis. * %] 1,7,..., 7"}
PR3 on BRE, & dimp(R) = n = deg(f(z)). O

4 R %_- B integral domain ¥ F & - B & 2> R o field P, 2 P e ¥ 10K
R 7 & #- ® vector space over F. ¥ % } d ring £ {4t F C R, Definition
9.3.1 # 1 (VS1), (VS2) ™ & (VS3) A R &, A iprE- &g § ni (VS4). &
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K 1p, 1g » WA F fr R %2 chidentity, A PR &R R lp =15 7. L% 5
(VS4) £ HEXR Dac REFE lpra=a FIrEw®EE 1p=1g, 7RA 5P
A RALATY 5586 F - B subring 7 identity * — ¢ £ &R k0 ring
e identity. # ¥4 >R & R 4 integral domain, ¥ ,T*wl" FREAERET . PR
EEp PP B0 rd o, BV L RIELF A E APG lpc=c¢ V- 7
PR AL RDAFE, APF lpc=c BEFRABFENETE: (1p—1g)-c=0.
d % R &_integral domain £ ¢ # 0, *TM AP F 1p = 1g.

%X R - B over F 1 vector space, # ' % 5 § R A_finite dimensional over

FR©TYARAEEREE

Theorem 9.3.7. B3k R - B integral domain, F - B field ¥ FCR. * &
* R 7+ A - B vector space over F ¥ &_ finite dimensional over F, R

(1) HZX a€R, ¢ 7 t— B220 9 f(z)e Flz] @ % f(a)=0.

(2) R L~ # field.

Proof. 2 * B3 dimp(R) = n.
(1) % & 1,a,a2,...,a" & n+1 B R ? chx%. 4% U & linearly independent
over F'; Bld Lemma 9.3.4 (2) #
n=dimp(R) >n+1,

#HAh, & 1a,6?,...,a" % 4 linearly independent over F. # #3537 &7
5 0y cp,...,0p EF, &

co-14+cr-a+---+cp-a"=0.

=45 flx)=cotcax+-Fcpx™, APE f(2)#£02 fla)=

(2) )1 R = ff’mlntegral domain, & P R - B field, A P 7 &LFEP R 7
5 0~ F A unit, HOFREFEPHEL ae R a#0, T beRBE
a-b=1. 49 (1) 45 &zt 0‘-’7”;’;9_ 3 f(x) B & f(a) =0. 3P EX

fl@)=c+az+--+cpz™ € Flx]
H_Flz] ¢ 220 2 % & f(a) = 0 <7 degree # ] e polynomial. @ degree | i
E,ANPETE g £0. TEFEZE =0, B4
fla=c-a+ - +ecp-a"=(1+ca-at - +em-a™ ) a=0

"2 R #_integral domain ¥ g(a) =0, £ ¢ g(z) =c1 +coz+ -+ cpaz™ F[x

% % 02 deg(g(z)) < deg(f(x)). #fr f(z) & degree | iy 244 5, & ¥®
co# 0. B fla) =01y #ILEFNNT - F AipF

—

(61+62-a—|—--'+cm-am_1)-a:—co.
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FltE 4

b _CO)_l'(Cl+62-a+...+cm,am—1)’
BIAMG g b=1 LRd* —cqeF 2 —cg£0ME F E— % field, &}
(—CO)—leFQR,-FT—%n_ cL+cy-a+-+ey-am e RAPE be R, i q &
R - 1B unit. -

—

— Em\a-

F1* Theorem 9.3.7 2 7 ¥ 1 {p-9% Proposition 9.3.5 ¥ — BEM : Bdr F|x]
#_ finite dimensional over F, & ** F[z] &_integral domain §/* Theorem 9.3.7 #*
PE Flr] § 2- B field TiEd 27 Fi Flz] ® FF degree & 0 77+ 4

1 &_ unit.
9.4. Extension Field

- B field F, 227§ 2R ¥ 333k H subfield, 7 i F]- 4% field 3% % M < e
f(x) € Fla] % & F ¢ f(x) R G 13, 70A4c® At F X 0 field 45 3|42, 47

cd
T
AR AR 8 N R H 73] F 0 extension field.

1
Definition 9.4.1. X% F - B field, # LD F » & - B field m ¥ L[ 38§ '3
#lwF? IT“U{}%' A F i@y RIAPH LA F - B extension (R extension
field). & 227 s ¥ s F AL ch- B subfield.

B3k F A - B field ¥ L 4 F - i extension field, ¥ Lemma 9.1.1 & L &_
- ® integral domain, #xd % — & 3t #H AP A [ 4~ B vector space over F. #
"% RT3 EH L over F 9 dimension.
Definition 9.4.2. &% F % - B field ¥ L & F - B extension field. 4% #-
L 5 = & over F - i vector space £~ # finite dimensional vector space over
F, RIf£ L 2_F ¢h— B finite extension. i ¥ 2 7 § ¥ dimp(L) * [L: F] * %71,
#2 & the degree of L over F (f # &3 the dimension of L over F).

29 F 24 * Theorem 9.3.7 # 3| 1T F AB% %

Proposition 9.4.3. &%k F & - % field £ L 4_F - B finite extension. 4%
R AL - B subring 2 #& FCRCL, ?l R &~ B field.

Proof. # 7 5 * T £ 3 ##EM R 2 - B field, » B £ * Theorem 9.3.7 %
#3. & 2% Theorem 9.3.7, 3 & FHP R £ - B integral domain ¥ dimpg(R)
24,

Fla L ° 5% - B integral domain (Lemma 9.1.1), # R #_ L 7 subring, *7
" R % %4 integral domain. ¥ - 2 &, AP F Ui R f > AL - B subspace
over F. wfl* [ & F - B finite extension 3K ™ % Lemma 9.3.4
dimp(R) < dimp(L), # @33 R #_ - # finite dimensional vector space over F.
F1#t 1% Theorem 9.3.7 (2) #3 R & - # field. O
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% L &_F -  finite extension, | £ ##- Theorem 9.3.7 (1) 2 * & L + &
PE P aEE L Dae L ¥ 3 - B Flz] ¢ 9 polynomial f(x) # 0 #% & f(a) = 0.
SHPAEAPLT - BRKPLT

Definition 9.4.4. & F ¥ - B field ¥ L % F - B extension field. &
a€ L, 4% % & Flz] ¢ - B2 0 7 polynomial f(z) i & f(a) =0, FIF a &

algebraic over F.
#7110 Theorem 9.3.7 2 FFA P10 T 2 4.

Lemma 9.4.5. B3¥& F &~ # field * L #_F - B finite extension, Bl L ® i3

~ % 84 algebraic over F.

% — 1 extensional field of F' # &7~ % 3% &_ algebraic over F &, # " ffic
extension - # algebraic extension. Lemma 9.4.5 4 3% 2% 7* iZ i® 1 finite extension
of F + 3% algebraic extension of F. # i &1 & 14 ~ # algebraic extension of
F # - Z_&_finite extension of F.

B AL - B3 M finite extension €& i F. 4ok F £ - B field, K
#_F ¢ - B extension field, @ * L #_ K - i extension field. » i&{f“ "3
FCKCLi&- BM%& §2R7 L+ ¥ x+4F - B extension. 7 BX
K over F v L over K 3%4_ finite extension, #* * p X § M 78A [ 7 = & F

extension ¥ ¥_% »+ ¥_finite extension?

Theorem 9.4.6. B F - # field, L v K "4 F 0 extensions & * &
FCKCL. #%%% K& F - B finite extension * L i K - B finite

extension, | L » #_F - B finite extension, m *

[L:F)=|[L:K]K:F|

Proof. Bk [K:F]=m "% [L:K]=n, * P E&EF L - # finite extension
of F 2 2 degree » m-n. ¢ [K:F|=m PEX™ dimp(K) =m, ¥F &
ai,...,am € K K over F #1— ¥ basis. F 5 & by,...,b, € L A_L over K
- % basis. P EEM
{ai-bj}, izl,...,mi‘ jzl,...,n
#_Lover F ih— 2 basis. 4t p RERE AT, g LR AL PELFZ KCLY
d g, e K, bjeLl p AT q-bjeL. A PEFEP EE g -b; span L over F P
#_linearly independent over F.
B AEP {a;-bj} span Lover F: P~ qc L, # P& 33| ¢ € F & F

o = chi,j . (ai . bj)

j=1 i=1
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R Flby,...,b,span L over K, 22 ¥ 11455 dy,...,d, € K & ¥

a=dy b+t dy by (9.4)
£HI* ay,...,am span K over F, #Z2- d; € K, P ¥ 5T ey j,...,¢pj €F
i¢ 1%

dj:ch.a1+C2,j.a2+...+Cm7j.am‘
Bzl d; B+ (9.4), FE{a; - b} span L over F.
BEFHEP {a; b;j} & linearly independent over F. f1* F #i# | Bk F - &
* }_j::\ Oé’f"ci’jEFf? %5' Zci7j-(ai~bj):0. SE’%\T_I‘
0 = (ci-a1+c1-a2+-+cm1-am)- b
+...+(017n.al+027n.a2+...+cm7n.am).bn
ALHEETILSj=1,...,n, F 4%
dj=cij-a1+coj-az+- -+ cmj- anm,
23 CiijF,aiEKf FCK, 5\“?]”4}5 djEK_E'
O=dy-by+ds byt +dy- by
F1% by,...,b, % linearly independent over K, ¥+ dy =dy =---=d, =0. & »
WEREHELD j=1,...,n, T 7

0:dj:cl,j-a1+02,j-a2—|—---+cm7j-am.

£ 41" ay,...,an, & linearly independent over F 11 % igd ¢;; ¥ B> F, i@
Bl TEWO LR AER ¢ P20 R, B E {a;- b} A linearly
independent over F. O

% 72 & Theorem 9.4.6 ¥ 1if * £ & & K & F ¢ finite extension * L £ K
7 finite extension 1 it &% L & F ¢ finite extension. 2% p X ¢ ¥ & i & $e5 7
" ﬁ‘}uiﬁu ©4r% ¢ &v [ 8 F 0 finite extension, # P E F ¥ % K A F 0 finite
extension £ L #_ K ¢ finite extension **? % kX F T FF P AP G 0T

ow

Corollary 9.4.7. & F & - B field, L fv K 384 F < extensions £ # &
FCKCL. %% L & F - B finite extension, Bl K 4 F - B finite

extension * L A_K - B finite extension, m *
[L:F)=|[L:K]K:F|

Proof. ¢ FC K C L ix®M ik, 2P 7 % K 5+ 4 L over F 7 subspace,
“r10d Lemma 9.3.4 (3) #v dimp(L) > dimp(K), & @73 % L over FF & -
i# finite extension 7% K over F & A+ &_ finite extension. ¥ — = & % K&

[L: F|=dimp(L)=n, ~ )‘I‘u;“fuﬁ & oay,...,a, € L - %2 [ over F 7 basis, ¢ **
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ai,...,ap span Lover F £ 4} FCK, 4§ R+ ay,...,a, » span L over K.
#0041 * Lemma 9.3.4 (1) #v dimg (L) < n = dimp(L). FI&#® L & K - B

finite extension.

bt wme®EPF LA F - B finite extension, P| K & F - B finite extension

¥ L #_ K “— P finite extension. F]#* ¥ 2 * Theorem 9.4.6 ¥ %

[L:F)=|[L:K]K:F|





