


Chapter 5

—=x#§ Congruence
Equations

i —F P R E EE N AR R 8 congruence equation. kA A4 AR — A% 69 — =R congruence
equation Ffl4s, K212 2L R E BB KX, B N4 quadratic reciprocity law. 2% &3,
KA €438 — B A L H B == congruence equation & F F R4 F ik, B EH BT K
MR ARTONREET. KMAFLEZENE L T d FILBaF R

5.1. —=% Congruence Equation #j4tfj

B 38 ==k 8§ congruence equation, Bpé4 % m € N, # & az? +br +c =0 (mod m), £ ¥
a,b,c € Z B m+ta ZEHE equation.

AREDEHOFTRX, GG BE T XZRME. A8 AMELEAEREY X FB
BEA—BEHNEE, MARME ALY EN, TR R BIRE. Bllo REE#
az? +br+c=0 8, % — AR a5 M 22 BhE o REF 22+ (b/a)s + (c/a) = 0. &
¥ A 42 3% congruence equation, $ B X E E KA X GE, BEFERITFAT (BIE alb
Hoale) ERT, T af m ZEEHEL e € Z#4F ae =1 (mod m), AF LA b BF KA =T 24
# ax’ +br+c=0 (modm) MR L e M#F 22 +bex +ce =0 (mod m). RBEMF ik
ZRHAE ged(m,a) =1 9B H, MBMAEHRFHZ—RERL, AAKMERIELRIE. R
TERATRS ARG RMRERRN Y X BERARY. AAAA THERRY %R
T RE 2> ARERAELSTH, AWK ar’ +br+c=0 (mod m) mE R E o MiF
(ax)®*+abr +ac=0 (mod m). H#F R v FhI, SN FAERRGHATRIER abr B
2(ab/2)x, 12 B F ik v BAHEEBYE, BbF F 2B RARERN 2. RBEH—R
XHETRE 2> BHBARE T OFR, IARMBE SR8 2 %43 22 BhLHM A
a7

B AR, M az’ +br +c=0 (mod m) BHRMTRHBRHERE da BIFRARSL
4ax? + dabx + dac = (2ax)? + 2(2az)b + 4ac = 0 (mod m). #HTF R ¥T A& F k% A5
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56 5. ==k &y Congruence Equations

BHXTFER (200 + )2 = b2 — dac (mod m). B LHAFEF AR 2 = b? — dac
(mod m). 5% &KX kHR k= b>— 4ac (mod m), AR B $%491% 40 B congruence
equation, ax® + bxr +c =0 (mod m) &M. £ TH%| k€ Z HR k*>=0*— dac (mod m),
BR B AP 2 T 4R AT @ 48 31 — R 89 congruence equation # ¥ 7k 2ax + b =k (mod m), M
%% ax’? +bx+c=0 (mod m) AZ .

48z  f2 ==k congruence equation, ax?+br+c =0 (mod m) &4, TILM KA 2 =d
(mod m) &+ d =0 —4ac. BLKRFIHET REE 22 =a (mod m) EH 4 congruence
equation.

B m=p plr, EPizk p AAEEH. & Corollary 4.4.3 49, 22 = a (mod m)
KRG B EEHAAEY pi, 2° =a (mod p") A . HLFMHEMABLBELER 22 =a
(mod p™), £ p HEHE nec N &§HH.

HAIRFE —BER AL L& R ey 6] F.

Example 5.1.1. #/3XZ#2 2922 +152+1 =0 (mod 45). B AKX FRERE 4x29, 47
(582)2 4+ 2% 58 x 152+ 116 = 0 (mod 45). #:E A A& H %4F (58z+15)2 = 109 (mod 45),
Bp (13x 4+ 15)%2 =19 (mod 45) (%] % T 58z = 13z (mod 45)).

BE R B 45 = 32 x5, BT LUE KX TEIERM (132+15)% =19 (mod 9) & (13z+15)% =
19 (mod 5). LK ARS H M (42+6)2 =1 (mod 9) A& (32)2 =4 (mod 5). & y=+1
(mod 9) & y?> =1 (mod 9) Z M, 4w 4+ 6 = £1 (mod 9), #4%F = = 1,5 (mod 9) %
(132 +15)2 =19 (mod 9) 2. B —F @ y==42 (mod 5) & y> =4 (mod 5) = %, # 4%
3z =42 (mod 5), #4F x = 1,4 (mod 5) % (1322 +15)2 =19 (mod 5) % #%.
Bt B 2902 + 152 +1 =0 (mod 45), B AT = F 4
r=1 (mod 9) r=1 (mod 9)
(1){x:1 (mod 5) 7(2){95:4 (mod 5) ’
x=5  (mod9) x=5  (mod9)
(3){ r=1 (mod 5) & (4){ r=4 (mod 5)
e RF v =1,14,19,41 (mod 45) & 2922 + 150+ 1 =0 (mod 45) Z ##.

B 8| A8 XA, RAVFBA—# =Ry congruence equation /bR A r2 = a (mod p"),
Hbp BEBA neNeyEH. BIMERE o fop REEGHED. BEK p'la ENE =0
(mod p"), SbEBF ERAM. # a=pd £ F ptd B 1<i<n-—1EEMW? BEE i 2F
B, KRV BRAEF 22 = pld/ (mod p") &M, X HMAE b B 22 =p'd (mod p") 2 —#,
HAEOBR b=V, £F ptt. EHFEMEE b =p'd (mod p"), T4F p*|p*b? — p'd.
B 25 RABET 0 AT, 4o 25 A0 kR 25 >0, B p?b2 —pla’ = pi(p* W2 —d)). 124
S p|p2s—i H pjfa/’ ﬁﬁ’ﬁ%ﬂ pprs_ib/Q —a. Tz pi+1 +p23b/2 —pia,. sbfu pn|p25b/2 —pia/
BEn>i+1BFE. AR, 5 25 <i, RAVLTHFBGHEL. FAE i <n BAFHEF
22 = p'a’ (mod p") &A%,

%a=pd BF ptd,0<i<n B i=2k ZBEEE EH/0E v B &R o =pht, sboF
# 22 = a (mod p") R (pFt)? = p?*d/ (mod p"), Lk LR p*Ft? = p?*a/ (mod p").
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B % 2k < n, Proposition 4.2.1 £ 3 &b X £ F# A t2 = o/ (mod p"~2F). &K L

BE PR

Proposition 5.1.2. 4 & —HE# p A neN. B% a=pd £ ptd L 1<i<n—-1.
(1) % i AF#, 8l 2° =a (mod p") /2.
(2) % i 1B, B 22 =a (mod p") A M B k% 2 =d (mod p" ') £ #.

oA ka3t i 4038 £ A2 — 8 =k 8§ congruence equation £ LA fHILE] 22 = a
(mod p™), £ F pta 4. AR RIMEREN 22 =a (mod p") £ F pla yiEH.

5.2. # 2* =a (mod p")

J£ BT — & P A 4038 — 18 =k 8§ congruence equation T ILf A& 22 = a (mod p"), £ F p
BEH neN A pla EHEMKAYMA 2EERFEEN pla, ¥ 22 =a (mod p") # #&,
AL b B p BF, FRIGER ploa XFB. BHERIIMK p=2F p AT HHRAEF
&3t 22 =a (mod p?) Bz .

5.2.1. p=2 B, £MELE 22 =a (mod 2"), £ ¥ 24a 9HH. &% o RHH,
FTIAERBEBRL B, —HBEREALTE n=18%M, WER o G, Fa=1
(mod 2). AT2A 22 =a (mod 2), Bp & 22 =1 (mod 2), ¥ KM EME 2 =1 (mod 2).

Fn=28 B4 a=13 (modd), £FMEEZ#E 22 =1 (mod4) RA& 2% =
(mod 4) M #& congruence equations. &b B FEH BT UUBRZ 2k+1 A —4. Bitd
(2k+1)2=4k(k+1)+1=1 (mod 8), #M4= 22 =3 (mod 4) &M. @ 22 =1 (mod 4)
22 r=+1 (mod 4) (B pr A 4 #).

HE@mHHsE n=38, 22=3>57 (mod8) &, M z2=1 (mod 8) AR AMAL
x==+1,£3 (mod 8). n >3 B, HAI4oiE R Ao sbARAE T &, 7T SAF B2 5 497545 3] 1L
T&X.

Proposition 5.2.1. 5% n >3 B o £ — 8 2%. B 22 = a (mod 2") & ## 3 B o 3
a=1 (mod 8).

Proof. 3 a=3,5,7 (mod 8), Al &A% 22> =a (mod 8) &A&. B A n >3, #d Lemma
42240 2 =a (mod 2") &M B A a AFHMERT a=1 (mod 8) B9 EH K33, A
KRR EHH a=1 (mod 8) ¥ 22 =a (mod 27) A #.

Baon=38RiL BEn=k—-1(k>4) BRI BF%a=1 (mod8) 8, 2> =a
(mod 2F~1) A%, 1B3% c€Z & 22 =a (mod 2871 ey — 1B (Bp 2871 — a), AR
A=a+2F, Eb beZ HAMBHA c HF 22 =a (mod 2F) 2. % 2 =a+2"1
HF b Ams, AlAK 2P —a, F cha?=a (mod2") 2—#. % b AHFH, AXE
d=c+2F2 gog 2 =242 e 2%t =g 2P (b4 o) + 2% B bR c B AF
Bho 2btc, MA2k—4=k+k—4>k (R k>4), %4F >=0a (mod 2¥). 5% 22=a
(mod 2%) % #&. O
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KM 4o 2? = a (mod 27) fTHFH MRATE B AR 5K MEF, £/ modulo 2" X F& A %
DRERT BAVR AR A 4B AR 2 R 64 B AR R AR 3T

Proposition 5.2.2. &% n >3 BLa=1 (mod 8). # z =c (mod 2") & 22 = a (mod 2")
— @, Al x=c,c+2" —c,—c+ 2" (mod 2") & 22 =a (mod 2") AT K 84 #E.

Proof. 3 ¢ € Z B —#%, 8] 272 — 2, Bp 2" (c—)(c+ ). BxER A cHh % B
T, RAVTUA c=+£1 (mod 4) F2 ¢/ = £1 (mod 4), WEFEH. RERELHF—HEF
We—d Foctd 2P Lf—A(BMER—E)RERK 4 Bk (B0 ABE). flwk c=1
(mod 4) & ¢ =—1 (mod 4) 84N, H#AIE c+c=0 (mod 4) 12 ¢ — ¢ =2 (mod 4). B
2e—d 2 dfc—c. RPAFTRE 4fc+d BEEH. iF c+ =2\, £ F A AFH. R
E AT @ g 2% (c—d)(c+ ), 43 272\ (c— ), Bp 2" Y A(c— ). e ged(2,)) =1,
# & Proposition 1.2.7(1) 4 2" lec— . Fl3E# 41c—, B4 2" e+ (.

BERR, % R 22 =a (mod 2") 2 — R, BIFL t € Z 4% ¢ = c+ 1271 &
d=—c+t2"l Rz d=c+ 2% 8l 2=+ 2%t +22"22 B 2n—-2>n+1,
$P=c=a(mod2"). ¥4 ¢ & a2®=a (mod2") 2—#. FE ¢ =—c+12""
B 22 =a (mod 2") 2 —f. KmE t AHHF I =c+t2" L =c+2"! (mod 2") A
= —c+ 12" = —c4+ 2" (mod 2"). WE t RAGEEF ¢ = c+ 12" = ¢ (mod 27)
d = —c+t2"1 = —¢ (mod 2"). ¥ 4F4 4 modulo 2" ZTF 2% = a (mod 2") #£ 4
r=cc+2" 1 —c+2"1 —c (mod 27) i 4 AR CEER c BF B, ATLEEH AL modulo

Z T %48 %). O

=N
[N}

FDQ

AR A BB F

Example 5.2.3. # 2% = 17 (mod 32). @& # 17 =1 (mod 8), & Proposition 5.2.1 4=
&7 AR, F&AIFI A Proposition 5.2.1 B P AR & F iR RKE — B BhRAE 22 =17
(mod 2°71), Bp 22 = 1 (mod 16). T4 =z =1 % 22 = 17 (mod 16) = —f%. 12 &H»
1217 = 24 x (1) B —1 &4 #, #&#A Proposition 5.2.1 t4 M4 1+ 2072 =9
% 22 =17 (mod 32) = —#&. # 8| — M4, %1% A A Proposition 5.2.2 40 x = 9,25,7,23
(mod 32) % x? =17 (mod 32) Fi A & A%,

5.2.2. p AT EHOBEH. & p RTEHN, KM EA T p=2 9FH3H. FiBd
Lemma 4.2.2 $ /4% 2> =a (mod p) &%, RAIEEZ neN, 22 = (modp ) s & f2.

B ERABLFMNEERAE 22 =a (mod p) AA&, BI¥EE n e N, 22 = a (mod p?) 7§
B .

Proposition 5.2.4. % p A—FTHE# A pta. B =a modp HHAE A kx#EE
n €N, 2?2 =a (mod p") K #%.

Proof. # {2 £3% W% 22 =a (mod p) £ A8 22 = a (mod p") 7F K #Z.

ZcBr’=a(modp) Z—M, BPHLENCZER C=a+)Ip. BEE ¢ =c+ip.
B 2= 2tp+t2p? =a+ 2ct + N)p+12p?. %% ? =a (mod p?), B BRIt Z
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#4% 2ct = =\ (mod p). A dEH 2¢c Fv p ZH, Theorem 4.3.3 EFH{FIE4heh t —FF
fi. ¥obE#E S =c+tp, Bl 2= (mod p?) & 22 =a (mod p?) 2 —#7.
AR BE Tk n=k—1(k>2) 8% 22 =a (mod p" ') A, BBH v=c
(mod p*F—1) BE—m. KIIAFA c HFl 2?2 =a (mod p¥) Wk GWFLE )\ € ZAEF P —a =
APl B E = ctpFTl ke ¢ = 2 2etpF T Ht2p%R 2 = a (2et 4+ M) pF T - 12p?R 2,
W 2%k -2=k+k—-2>k (B k>2) &F44F 2 =a+ (2ct +N)pF! (mod p*). XEA %
200 p BE, Gt €L AEAF 2’ + X =0 (mod p). sb#F%4 ¢ =c+t'p, Al x =7
(mod p*) & 22 =a (mod p*) 2z —#&. 0

4o & 22 =a (mod p") K A&, KM% KK Bk iE £ modulo p” 2 F, 22 =a (mod p")
H g8 8

Proposition 5.2.5. 3% p A —F H#, plfa EneN. #* 22=a mod p" FMA x =c
(mod p") BH—#, 8] x = +c (mod p") & 22 =a (mod p") AT K 84 #%.

Proof. #3% ¢ % 22 =a (mod p") Z % — %, 4o p*|c2 — 2. &% cHho S p BH,
c+d fwe—cd P F—BEp Y, TR H plct+d & ple— T4 pl2c, M X p# 2,
T ple 2 F . BABR e+ B p BF, i ged(c+d,p") =1, #d p*l(c+)(c—¢)
% Proposition 1.2.7(1), 4342 p"lc— ¢, BF ¢ =c¢ (mod p"). R, &F c—c B p B H, T#
d = —c (mod p").

B—F@, & c2=a (mod p") 4o (—c)2 =c® =a (mod p"), # 4= = = +c (mod p") %
2?2 = a (mod p") Fi A B4 R O

KA RE BT

Example 5.2.6. # 12 =14 (mod 125). &7 22 =14=4 (mod 5) A4 (z =2 BH— ),
& Proposition 5.2.4 4o 22 = 14 (mod 125) &% #&. #1941 F Proposition 5.2.4 380 F 7 A
B F kAR — B e E 22 =14 (mod 25) 2 —{A&. #IB 2 & 22 = 14 (mod 5)
Z —# R (2+51)2 =4+20t +25t2. Bt (2+5t)% —14 = —10+20¢ (mod 25). L3t A&
WEMRE t € Z454F 20t = 10 (mod 25), Bp## 4t =2 (mod 5). T4 t =3 B — R, ¥HFA
245t 4 2 =17 & 22 = 14 (mod 25) Z — M. RAEFA 17 X 22 = 14 (mod 125) = —
A, # & (174 25t)% = 289 + 850t + 625¢2. Bt (17 + 25¢)2 — 14 = 275 + 850t = 25 + 100¢
(mod 125). &3t AR EFEMRE t € Z #44%F 100t = —25 (mod 125), B 4t = —1 (mod 5). 7T
Bot=1 25—, ¥BA1IT+25t 43 2 =42 & 22 = 14 (mod 125) 2 —#%. K 5| — M4k,
%% #| A Proposition 5.2.2 4o = = £42 (mod 125) % z? = 14 (mod 125) #f 4 &4 #&.

HMERLTH 2> =a (mod 2") ¥y ER. Mm¥E p AT T, HE2E neN,
22 =a (mod p") (B F pta) 9B AR EEEW 22 =a (mod p) &AL L. AT LA
BBMEZREN 22 =a (modp) B F p AFEEEA pla 9.
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5.3. The Legendre Symbol

AP €48 d AR — A% B9 =R congruence equation — % — ¥ 894t 2| A2 22 = a (mod p), £ P
pAHFEHE pla i, BRBIFE ST 22 =a (mod p) A M. ENEA il
B BMEHFT-—F2BR S h B ARE.

A ERMRME 22 = a (mod p) AT A MR, 1785 & A2, HIIN L — 845354 (Legendre
symbol) R &= HF K &R,

Definition 5.3.1. 4 X ¥ H#H p U R a € Z %R pla. #* 2°2=a (mod p) K #, FHM14
a & —18 quadratic residue modulo p 3t BA <a> =1%7z2. Rz, % 22=a (mod p) &
p

- . . . a _
B, #4148 a &£ — 18 quadratic nonresidue modulo p I 2A <> =1 %% .
p

R EEEWHRA Legendre symbol R 2 #HR. ARFERE T IR =52 -0

2 2 \
O &A1& A (5)2 % (2/3)? WA FH k&R, #HIELE. @ Legendre symbol 3) &
FHIRLB K. B IMRE R Legendre symbol 9 HF— A —BHFEHA Ny F— oL

E(ﬁ%%ﬁi%ﬂ,ﬁﬁ%TKﬁﬁ%%m&ﬁﬁ%%kﬁi)M%&$%%¢<Z>
6 . "
ﬁ<3>ﬁﬁ%ﬁ%%&€%%.
BT R#%AIRAE Legedre symbol HBARE RAAIFZMHE.

Lemma 5.3.2. 8% p £A—BFEH AL o€ Z HE pta.

0(3)-
b

(2) H#beZ &R b=a (mod p), A (a> = <>
b b

Proof. (1) & #| & a’® % % % quadratic residue modulo p, 4.3k & & #] ¥ 22 = o? (mod p)
2
REEMB. KAMBREH4E v=0a & 22 =a® (mod p) By R, #4e <C;> =1.

(2) 2H¥7 b & F A quadratic residue modulo p, 43t & & H¥F 22 = b (mod p) £ F
KA. RmRB% b=a (mod p) ¥ &M 22 =b (mod p) % % F# A% 22 =a (mod p). #
%o <b> = <a). O

p p

BF 22=a (modp) BRREMERARMEA. ATLEEH Legendre symbol & & R
A—EAFRERTABERRARIECT. XEEHR, BMETURERZTA 1 BB A
0, RAter Rey MBI, BITERAMEL 1 BHESH -1 R? REEXEARREHRT
RETHBRERYFEN, REALEE TEL T, Kmotb— REZGFIRTA S £3%
BAIHERERRREROEN, RAHE KK ER. Legendre symbol Z A A &% H ##
TH1EMTh -1, TELRMTUHECIEREHRY 1 -1 RURZFEL. LREAR
AT @iz — 8 ZRE.
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Theorem 5.3.3 (Euler’s Criterion). 8% p £ — B EH AL a € Z %2 pta.

(1) % 2? =a (mod p) F#, A a®?V/2=1 (mod p).
(2) # 2> =a (mod p) &2, 8] a?»1/2 = -1 (mod p).
Proof. (1) # 22 =a (mod p) A v =c BE—#, B 2 =a (mod p). sbi¥
a7 = (02)%1 =1 (mod p).

whafep BE, A 22 =a (modp) 2/ ¢ FF¥ p Z'H. BEst#A A Fermat’s Little
Theorem (3.3.4) 42 c»~! =1 (mod p), ¥ 453 ar=1/2 =1 (mod p).

(2) & S={1,2,...,p— 1} i& —18 reduced residue system modulo p. #4£ & i€ S,
B i fe p K, % & Theorem 4.3.3 42 iz = a (mod p) £ modulo p Z FH -k —#. &
W oadep BY, HewBEMLbE p BE. BN, LT i S oG hR—t j€SH
Rij =a (modp). REEHH j#i, FREHE i =a (modp), bRAR =i %
22 =a (mod p) &y — 1A, b 22 =a (mod p) BB XBFE. B —H @LEEER
% jr=a (modp) £ modulop Z FTHAE—H Tl z =1 HH A, FAARTREHK 2]
B8 i €S 44 ij=a (modp). Bi#n S Fendk, RINTUKZABEY, &
HMAHEE icSH i MR ij=a (modp) "B—#) j €S MEYH. wib—RKMEA
(p—1)/2 #. &7 —#H4aKA modulo p 2 T4 a congruent, # T4

p—1

p—1)!=1-2---p—1=a 2z (mod p).

R i Wilson’s Theorem (3.4.3) &3 £/ (p — 1)! = —1 (mod p), ¥ AF&H aP-1/2 =
(mod p). 0

W RRKRERESWE, §mieEA Wilson’s Theorem #4424 S={1,....p—1} ¥
LER ij =1 (mod p) REz¥. Atk Wilson’s Theorem #Fu Euler’s Criterion #2380 £
] T2 4.

% pta ¥ a?P V2 4 modulop Z FZEARE 1 #hA —1. BRABEA b=aP D2
Al B2 =aP"' =1 (mod p), AR 2 =0 % 22 =1 (mod p) 2 —4&. Hitd Lemma
3424 b=+1 (mod p). Mk, &2 a € Z H R pla, HAT 22 a?~1/2 modulo p 4 1
& —1 #1822 = a (mod p) F A M. Hlke, % P V/2=1 (mod p) X <a> =1,
Al E 22 =a (mod p) & & Theorem 5.3.3 40 a?~1/2 = —1 (mod p). ﬁ@:&ﬁi 1=-1
(mod p) BF p]2 89 FJ&. B4, % aP Y2 =1 (mod p), 81 <Z) —1. FE, %

a®?=1/2 = _1 (mod p), B <a> = —1. i # & Legendre symbol Bt 1 v —1 A a93E .

p
BIVH AT 2 453

e

Corollary 5.3.4. 8% p A — B E#H B a € Z H R pta. B
(CL) =a7 (mod p).

p
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B oA S KB40l 22 =a (mod p) AKX &M, REXE aP=D/2 gt p g B
1&hp—1 ZHELT 1AM 4L p-—1ER RBBTEFELETEKRLTINE
EFE BAEHE P2 —gp e p BAREMBIBFIE. RiBIEE criterion fE B —
i 2R RMBER T. &IMA UL TAHM Legendre symbol 89 & &4 4.

Proposition 5.3.5. &% p £ —EF E#HHE a,beZ %2 pta B ptd. Al

p p p .

(Cf) = (ab)"T =a"T b7 = <Z> (;) (mod p).

B (C;b> Fa (Z) <Z> ZMEERL 1A -1, AT 44 modulo p 2 TF Bl ER &Rk

ME(FR X pl2 2 FE). #IF <ab> = <a> <b> O
p p p
Proposition 5.3.5 T LAk R 4 AL B w4 £, Flaofix 22 =a (mod a) Fo 2? =
(mod p) ¥ HMBEZr=cHn =< 'Ji%ﬁ AR, AR RAIAE 5 H#4F 22 = ab (mod p)
LK. BA x=cd ?Jtmﬁ-“l’ff;'—ﬁi K@% 2?2 =a (moda) f» 22 = b (mod p) £
oA — 8 & AR SR AR, AR SR A ?i.ff’&%ﬂlﬂﬁ?ﬁﬁi&éﬁff%*}{’ 2 22 = ab (mod p)

AEREMBT. RiBZHF A Proposition 5.3.5, Fk IR Bt 6918 fo 35 = a (mod p) #& #1a
2?2 =b (mod p) &#% (Bp <Z) =1, <Z> = —1), 8 22 = ab (mod p) & &4 (B & LoF
‘;b i (—1) = —1). BAAFEGAE 22 =a (mod p) Fo 22 = b (mod p) % &A,

HATT 4o 2% = ab (mod p) <% B (B % JLEF (2) = (1) x (-1) =1). EELERLR
SRR AR EARIEHN A LR T

Proposition 5.3.5 % — B4k A HAE B HEE o KRPIT A5 R a = (—1)"2"0¢7" - - g,
Eb g AFEB (Bp#q B pta), me{0,1},n;>0. BH&TH

(-GG @- 6

1 2
LA RLE —FEH p, RIVR B4038 <p>7 <p) Fu <;> (¢ BAEZES p A E ST
W) 2 ME, T B EHE &9 p B R a, BT <p) iy

FAVH B R B T R — A2 =R By congruence equation A&y EM, — BRI RLER R T
2?2 =—-1 (modp), 22 =2 (mod p) Fv 2> =q (mod p) (¥ ¢ AE p AAEWFEH), &
ZHBEMAYEY. ERAMEARSHATERIGETILHeeE, 4 %K%*@*@%&@‘E
¥y Eit. A — 4 H e & Legendre symbol Fv Euler’s Criterion % 8 84 45 — 18 & A& &
=% congruence equation & F AR B — AR I RAZTSEHMO T EREE. B TR
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—1 2
FAIH A A A B 7 A Rk E <> <p) Fa <Z>, MARBAEBERT 22 = -1,2,¢9
(mod p) # & %A & 7.

5.4. Quadratic Reciprocity Law

—1 2
ﬁﬁ@%T%ﬁ%(p)(p)%<Z)zﬁwﬁﬁ%¢p%q$%%%@m£%g%,
KRR B AR A T.

-1 —1
5.4.1. % <p). A9 B S iE (p) HEBREFH. RBFARETHRAT o £—BA
By — T T UK —EEH b E1F a =0 (mod p), BybF A Lemma 5.3.2(2) &K1 E
b
(“)—(p)mung SHESHA S URAF T AITREAE A B ILE? A8, — i

p
RABMARZREEEHOFEVRRAT, FEEEAFREA LT EM. fllofhMNER

19071 B2 97=—-4=(-1)x 2% (mod 101), #/ B Lemma 5.3.2 24 & Proposition 5.3.5
97 1
& L% < 101 > = ( 101) A —F @4 modulop ZFAEFA AFHRAE T i —HH

1
B i2=—-1 BAREKA—AFBGPE. FTUT R ( ) > ZHEEFEFTLERLEY.
Euler’s Criterion % 2k f£ & — 42 49 (Z) RARBR, RBAHE <_pl> FARKFR T .

Theorem 5.4.1. 153% p & 42 3, )

-1\ [ 1, % p=1 (mod4);
p/) | -1, #p=-1 (mod4).
Proof. #] A Corollary 5.3.4 #4 4«
—1 p—1
— | =(-1)2 (mod p).
(5) =0 modn)
% p=1(mod4), ZFHFL k€ NAEHF p=4k+1, %43 (-1)PV2 = (-1)%* = 1.
-1
B b 45 3% (p) =1 % p=-1(mod4), =G5 ke NFEF p=4dk—1, 4%
(—1)P=1/2 = (—1)%-1 = 1. H g <_1> = 1. O
p

B2EERN pATEE, Rk p £ modulod 2 FERARF 1 AAEARARI —1 B4,
#ir tA Theorem 5.4.1 4 T <_1> REHEE SBEMEwE 22 =1 (mod p) 2 FH#
p

%, RE% p A& modulo 4 Z BT ko A E. 4o bl f £ B0 22 = 97 (mod 101)

XEEM, B < 19071 > (1?.11> & 101 =1 (mod 4) & k4viE 22 = 97 (mod 101) £ &
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2
5.4.2. % (;) BT RSB (p) BB, G0 2 fo— x5 B B2

WHREALER A2 AE—B T RARERSIRARANTERARY, TFELERMA
MBCEERFSE2HEAF—RTEHARAREAGE B4 22 = a (mod 27) o
2?2 =a (mod p") & W #E congruence equation A28 E T 2K F.

2
£ /ML E A Euler’s criterion #9448 & K (p) AR AABEE 22 =2 (mod p) 47

2
B55 #2. R Euler’s criterion 3 R AHEE A & K (p)’ FRRHAKMEREY p A —

BT EHMARABTHTEH, ATURRE LS 207D/2 & modulop 2 F & 1 % —1.
BV BB R B FETRE B &K 20-D/2 & modulo p 2 #.

Lemma 5.4.2 (Gauss’s Lemma). 8% p X H# AL acZ %R pta £EESLE S =

-1
{a,2a,.... 2 soal- # S FHA n MAKABL p HBRERR (p-1)/2, 8

az =(-1)" (mod p).

Proof. 1145 S P& EMSR A p 898RE R 11, ..., Tn B S1,...,5, WEAY, P r; KR
W (p—1)/2 th¥ty, @ s; ZAONERN (p—1)/2 434, N S Fayn k%8 p 25, Ar
A ie{l,....n}fje{l,....om} KR r,s; HEREMIELELI<n < (p-—-1)/2
E4F nja REA p 48R E A r B (p+1)/2<r<p-1, 5—F@fHLe 1<m;<(p-1)/2
1543 mja R p 8RB A s; B 1<s; <(p—1)/2. BEEWREF n+m=(p—1)/2, BF
B T={p—r1,...,p—"Tn,S1,-.,Sm}, HZATEEAH T ={1,2,...,(p—1)/2}.

AT ={1,2,...,(p—1)/2}. &M%FEA T C{1,2,....(p—1)/2}. AMHIEEY
ie{l,....n}&MAAp-m<p—@p@+1)2=p-1)/2Bp-—r>p—(p—1)=1, th4e
p—rmie{l,2,....(p—1)/2}. B—F@EEEE je{l,....m}Brw1<s; <(p—1)/2%
FETC{1,2,....(p—1)/2}.

BTR&MERA p—r,i€{l,...,n}Fo s, j€{l,....m} & n+m (B (p—1)/2)
BraikbmE ETHET={1,2,....,(p—1)/2}. FAAKMEEHR 1): 1<i#i<n
B, p—ri#p—ry; (2): 1<j#7 <mbu s #sy RA& (3): #42EF i€ {1,...,n},
je{l,...,m}, p—r; #sj.

F1<i#i{ <n® Fp—ri=p—ry K& ri=ry, RERB nja Fo nya Rl p 698RH
BB, AR nia = nya (mod p). AR EARE a Fv p ZLE o dy Corollary 3.2.4 % n; = ny
(mod p). 12t 1 <n;#ny < (p—1)/2 YBREFE, $FEp—ri#£p—ry, B0 (1) £ Y
6. BIFEITEAF (2) . 2% (3), Fp—ri=sj, kmri+sj=p, TH na+mja=0
(mod p). # A d Corollary 3.2.4 4% n; +m; =0 (mod p). &AM 1 <n;,m; <(p—1)/2, %
2<ni+m; <p—1, RITREHZ p|ln; +my, WIFHE p—r; #s;.

BRAR T ={1,2,...,(p—1)/2}, $M14F

p—1
2

!:(p—rl)...(p_rn).sl...sm (_1)n7ﬂl...rn.31...sm (modp)
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—1
B—F@ S ={a,2a,..., P —a} ¥ AEHRp BBRIEABAEES (P, S Sm)s

2

¥ AT
1 -1 _
rl'--rn-31---3m5a-2a~-pTa:p2 o' (mod p).

Ao B X EEF

~1 -1 _

p2 !E(—l)”p2 l.a"s (mod p).

—1
ma L 5! p K, #d Corollary 3.2.4 4o
15(—1)”a% (mod p),

Bp

az =(-1)" (mod p).
O

-1
%{mﬁwwgiw}?%ﬁn@i%%up%%ﬁk%Q%JVZ%ﬁmemy
5.3.4 L & Lemma 5.4.2 4o

<“> =43 = (-1)" (mod p).

p
(-

Gauss’s Lemma %3 oPD/2 gyt B Rt & {a,2a,...,

Hod (Z) WBE % +1, 43

p—1

at YH % VAR p

. 2
HERBR (p—1)/2, EHPIRBAET. BMTUHACRFE <p).

Theorem 5.4.3. 153% p =& % % %, A

-1
Proof. # & S:{2,2><27...,p2 ¥ 2V, BV S =1{2.4,...,p—1}. AR S T &

BRI p FRATER BT I B4 A S, Bp v p Y EBBARZES. & p RFH,
BIEZ o p=+1,43 (mod 8) WwHEHRIH. £F SFYHEEIAEFAN (p—-1)/2.

% p=8k+1 (B p=1 (mod 8)) 8§, (p—1)/2=4k. Bt S FR® (p—1)/2 4tk
EHLBp B W7 p—1 =8k BAM 4k 4Bz EE. oL EH (8k—4k)/2 =2k ¥ &
Corollary 5.3.4 XA & Lemma 5.4.2 %a

(-

%p=8k—1(Bpp=—1 (mod 8)) B, (p—1)/2 = 4k—1. Bk S ¥ A (p—1)/2 ey E1E
BB A I ER p—1 = 8k—2 A dk—1 4R B 2 B3 S £A (8k—2—(4k—2))/2 = 2k.
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# & Corollary 5.3.4 24 & Lemma 5.4.2 4o

()=

% p=28k+3(BFp=3 (mod8)) B, (p—1)/2 = 4k+1. Bk S ¥R (p—1)/2 Y %18
BBp B N EY p—1 = 8k+2 B R¥ 4k+1 tyfBs 3. sHEH (8k+2—4k)/2 = 2k+1.
# & Corollary 5.3.4 24 & Lemma 5.4.2 %o

()=

wp=8k—3(BPp=-3 (mod 8)) B}, (p—1)/2 =4k—2. Bt S ¥ AN (p—1)/2 47k
BB B SR p—1 = 8k—4 BRW 4k —2 thiB 2 A% koL H (8k—4—(4k—2))/2 =
2k — 1. #& & Corollary 5.3.4 A & Lemma 5.4.2 4o

(-

% T Theorem 5.4.3, &4 X —F E # p, HAVBEREH 40 22 =2 (mod p) £ F K #.
Bl B & 101 =5 = —3 (mod 8), ¥ 4= 22 =2 (mod 101) &#. M 23 = —1 (mod 8) #*%
40 22 =2 (mod 23) F#E. ETF L 52 =2 (mod 23), ¥4 r = £5 (mod 23) % 22 = 2
(mod 23) z ##.

0

5.4.3. & <Z) B BIRIE pg AEES F RGBT, £HRT p i g RITE R

T A A B Gauss’s Lemma K <;Z> WAL HG LM p A g, BRIFILIBEFEE
B Tk,

. 1 _
# Gauss’s Lemma ¥ £ % ZH# {0,2a,....0——a} ¥ 5 5D A HE LB p o

AW (p—1)/2. ZHEE A n, 8] (;) = (—1)" @# (-1)" shyEBRME T 2EAEN n A
HRBE, FARMEFREREE L n B 5D, AEEZLBTHRIMBHT. AT K
PENB—BH I n BB Tk FBHRRMAEF LY <p> By qgBTEE A
LR T 89 0 ik b RAMEEE o BT HBE R

BT HERMENG—EHE. &2 —FH r, H#MS ] R IRAER r 98P R
ROGEH. Plhozt © ZAAE, B [1] =3. Xfldw [-5.2] = —6. BxEE m,n £ EEH
B [m/n] BP A m R n 897,

Lemma 5.4.4. #7— 4§ #p A— 430 %2 pla £4 n 2mks (0,20, L Ta)
PR p BREAR (p—1)/2 9L FE B, B

ST o

k=1

S
Il
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Proof. 153% ka BR2A p éﬁﬁ%%% 7" AR E & H1VA ka = plka/p] +r. # K Lemma
5.4.2 e93 A HKAVHE {a,2a, -, a} PR LERR L p B9BRE R T, T & ST, ..., 5m
WY, b or AAR (p— 1)/2 B3R, T os; ROADER (p—1)/2 6934, Al

(p—1)/2 (p—1)/2

ka = Z P |:'Im:| +ZTZ~+ZS]‘.
k=1 p i=1 j=1

k=1
A RAE L T R E, AT E B E X A modulo 2 8985, #AIA a Fop & B3 (B
a=p=1 (mod 2)) &K%
(p—1)/2 (r—1)/2 n

Y ok= Y |:k;a:|+zn+zsj (mod 2). (5.1)

k=1 k=1
A — 7 @4 Lemma 5.4.2 843880 F K ATEHF

{p—ri,...;p—7rn,s1,-..,sm} ={1,2,...,(p—1)/2}.

¥ AT
(p—-1)/2 n

m n m
Z kzZ(p—m)%—Zsy:np—Zr,-—i—Zsj.
k=1 j=1 i=1 j=1

i=1
BA A p=1 (mod 2) 45

n m

(p—1)/2
Z k‘—n—Zrz+ZsJ (mod 2). (5.2)

S RF (5.1) Fo (5.2) 1%

(/2 ph n wD/2
n= — | +2) = [] (mod 2).
 Blenee g

=1 LP
t

BR3P Lemma 5.44 693 A F HRMAE o 5 (B a =1 (mod 2)) &9183%, A7
B IEs R AL m%a%ﬁﬁm%a,+%wm%%M;<;)

#] B Corollary 5.3.4 XA % Lemma 5.4.2, Lemma 5.4.4, %1 %04 HEop BIE
~mw%a£<2>zﬁ.ﬁmﬂ HE @1”wwmz@w7 gﬁgjmwﬁ

(Z)z(—l)N.{ﬁvjﬁu k( ):&{F‘i,\ B3 E [5/11]+[10/11]+[15/11]+[20/11] +[25/11].

BHAMEA 4, B <151) =(-D*=1.

BERMEAA Lemma 5.4.4 K3 E (q). BB GEMRE (;) FakFe p H Hbde

S |

q A B, PRIARMI R <Z> #u (2) QR B pq B AT E B, KAVERT AT A

mmm&M%ﬁﬁ<;>%<q>l&&ﬁ%&?zwlﬁMMHﬂ @ 20p/q) 2
P 4 B 4.
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FAFF L PAEAT, BB A —EABERE [r]) BEEHR. & r RESGTEN, [r] 2E
HAMABRL O0<n<r WEEHn é’ﬂl%ﬁ FeBAR vy-F @ b, RV - R y-dh B AR
BB EEBMGE A CEN TR R EER, § k R EEEEE [kq/p) TERAAGL v =k
£ 0<y<kq/pZFeERTFIEEEK. fﬁJ'E-'.? | REEEE Ip/g 2 EHAESR y=1 4%
0<z<lIp/q ZHEEHTFIEE. HREHERL KMNARTZILER.

Lemma 5.4.5. 3% p #v ¢ A 8 & % § $. B
(p—1)/2 (g—1)/2
Ip —1g-—1
> s -
k=1 =1

Proof. % zy-F @k, & (0,0), (p/2,0), (p/2,q/2) BA & (0,q/2) v B & 1A 2s 84 & F B
EERT, RAEL L:y=(¢/p)x Bsb@&HRG R T1 Fo To R3Ity. B¥ T REHR L TH
g, Ty R A% L EH a3y, w FH.

‘ L:y=(q/p)w

(0,4/2) (r/2,4/2)
b

Ty
O]

0 /20

AT Ve EEATFE (mn), REEEHL mneNBO<m<p/2%0<n<q/2
1lg—1

Hitd pq A &Hsr T ¥y EAsF A0 % A %T

p—r@k T PESTE (hs), REEAFEHL ks e NLO0<k<p/2 R
0<s<kq/p £#ZER keNEHR1<Ek<(p—1)/2, B&FE k B 0<s<kq/p. #
QNREFEALE T PR TE FNEFELEFeNA1I<k<(p-1)/2%€H %D
sENMBR 0<s<kq/p, BHFMA kEFZERE MR A ﬁﬁﬂa;-—""g@j:_ﬁ%\ YN
0<s<kq/ptyE%s s BB [kq/pl. At Tr e EtFrEE SV ke/p).
AEs T, yeyE4FEss X ip/q).

AT Ao T ey PR y=(¢/p)r B 0<z<p/2 4RELEREH EH TR
% (m,n) AR L2 —FEBF BHRMAAE pn=qn B1<m< (p—1)/2. Kk pn=qm
4% plgm, B R p,q B8 EE 3 d Proposition 1.2.7(1) 4o plm, sbFv 1 <m < (p—1)/2
AMPJE. ¥l T fo Th ARGRELEEEHATE. Ritd T o Th L ERFHERZ
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Folh Bfe T Loy E#-FEER, SATHE

k=1 p =1 q 2 2 .

O

¥ pg R EaEs, % M=""" k) & N=21"""lp/q] & Lemma 5.4.4
ko <;> = (-1)M 81 1;) = (=1)N. @ Lemma 5.4.5 3% M +N = (p—1)(¢—1)/4,

B b HAAE LT 2R,

Theorem 5.4.6 (Quadratic Reciprocity Law). &% p = ¢ A48 &4 % #. 7]

<q>: —(I(;), #p=g=-1 (mod4);

P <§)7 At

Proof. &% p,q % %8, HA/9K p=£1 (mod 4) A& g = £1 (mod 4) wF&FH# k3
.

B3k p=4k—1 80 q=4kK -1 £+ kK € N (Bp p = ¢ = —1 (mod 4)). &l
(p—1)/2=2k—1H8 (g—1)/2 =2k —1, %43

(q)<P>:4_D@mw@w4>:_L

b q

&ﬁ%ﬁ(q>=—<p>
b q

FTHEALE pFo g PELV A — B4 modulo 4 2448 1. Rk —H®MBE p=1
(mod 4). b8 p=4k+1, A ¥ keN, &5 (p—1)/2=2k. @ (¢—1)/2 2 B &4

() -rr

£ & Theorem 54.6 48 p,q A ETEHGAEA, FAE ¢ R A
BEGRALAE LA, ¥R Theorem 5.4.6 3% & 97 5 2 ¥ & A1 <q> ZAE B AT, A2

%?ﬂﬁ(i)zﬁ%*ﬁ(?)*%%ﬁ%(Z)%ﬁ%&%ﬁ p)%M%ﬁ@
WA — 1, TR R AL, 3R E A — & RNAA Lemma 5.3.2(2), K
(;) Ef*r, TAREZ g < p, BT A — R Ay, <]q9> BF 7% 1 € 4% — 18 modulo - # K 84 p 8

7
FAff 4L — 18 modulo L8N g B9 FIAE. Bl K <m1>’ B 101 =1 (mod 4), ¥ 45
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7 101
<101> = <7> PR B B4 modulo 101 &Y B #8485k, modulo 7 &9 K18, B K131

101
CERLE < ! > <3) T & LB e <§) = —1 (&AM —=k Theorem 5.4.6 4%

3 1 . T\
7)- () () =0 i () =1 s

S p, g BAVEEMER p g B EiF4 (Z) zfa. 12 F A Theorem 5.4.6, 1
TR REREARIE MR E EE. RAEBMRE -G FEESE—H P2 L.

9

Example 5.4.7. # & ==k congruence equation x> = 539 (mod 631) & % # #%. Bir &3
Z B Legendre symbol BRI, B X EHmE 631 £ F AT . KT AH A &% (Proposition
1. 46) MBS V631 B9 E B R TS 631, B AR 25 69 E BB R AE B 631, AT BA

Proposition 1.4.6 % 3 &1 631 & 4 #. FH KM ALTE <Z§‘?> ZAE. @A 539 Ao
631 BE3L, HAIFIA 539 = —92 (mod 631) LA & Lemma 5.3.2(2) 4o <2§?> = <6§12> B

242 02 B8 B Sy 243 92 =22 x 23. ## A Proposition 5.3.5 4o
539\ _ (Z92) _ (LY ( 4 ) (2
631 ) \631/) \631 631 631 )’

1
#7631 =3 = —1 (mod 4), & Theorem 5.4.1 %o (631 = —1. @ 4 =22 # & Lemma

4 539 23
5.3.2(1) 4o <631> 1, B sbi3 (631) (631) B7 631 =23 =3 (mod 4), & &
23 631
Theorem 5.4.6 %o (631) =— <23> X & 631 =10 (mod 23) B gh4=

(or) = (ar) = () = () - () ()

B4 23=7= -1 (mod8), % & Theorem 5.4.3 4o 23) 1
# & Theorem 5.4.6 4o <5> - <23> B i3 <539> <23
& 2353(m0d5)u&551(m0d4)%‘:<5> ( ) (

23 5 631 ) ( ) < ) B
S
3
(539> = <2> = —1. £ AR 22 =539 (mod 631) & #7.

SE 5=1 (mod 4),

)= (3) mus
631 3

539 72 11 11
ERT & 530 =72 x 11, BB (— )= — | (=) = _
FRTEMEE & <11, A& B4 <631> (631> (631) (631) E’

631 =11=3 (mod 4) A A& 631 =4 (mod 11) %=
(&r) = (oor) == () == (55) -
631 631 11 11
PR AR % B 4% % R & % A Legendre symbol B E#EH{E B quadratic reciprocity law (32

i3 PR H B A8 B4 Legendre symbol 8 F %), 1@ gE ik B E#E 89 K Legendre symbol






