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Chapter 1

JóÝÃÍP²

4Qb°!.�EJóÝP²8	Ý�, &Æ�¿à9Í��´!�Ý��¼+Û×ìA
¢àf´“ó.”Ý]°¼�§®Þ. b°��Ý®Þ&Æ��ºÆ��G­¼�§, x�

æ.Î�T���!��¾ó.Ý]°õ�P|C�ì.�ÝÄ�. X|9×aº�ÿ´

3�. u��E9°P²��!�v-
�¾ó.Ý�æ��W!, �|¯Äha,à#


áì×a.

1.1. .ó�¹ó

´�&Æ+Û¿ÍÐr5-�ê×ì/)ÝÃF. �á¼ÐrÎó.îQÃ&Æ����
¾¯�ÝÄ��Ì, ��T��.êA¢Ê6Ý¸àÐr.

3ÍýL�&Æà Z ¼�îXbJóXWÝ/). X| 0 3 Z �, 2 ô3 Z �, 2007
õ −365 ô3 Z �. 9ø×¼	&Æ�1×Íó a ÎJó`, &Æ©�1 a 3 Z �µ?
Ý. 3ó.î&Æ�1×Í��3×Í/)�µà“∈” 9ÍÐr, ôµÎ“òy”Ý�¤. X

||¡&Æ��¾ a Î×ÍJóµà#1 a ∈ Z Ç�. &Æôð©�ÊÑJó, 3ÍýL
�&Æà N �îXbÑJóXWÝ/). X|&Æà a ∈ N ¼�î a Î×ÍÑJó.

EyJó×��Îã�Qó�s�¿àóóÝ]°&Æ�LÝ�°�#½bÝ�ÝÃF
JÍJó�°Ý��µ�ñR¼Ý��� a ∈ Z, &Æà 2a �î. a + a ×�¼1u n ∈ N
&ÆÞ n Í a 8�Ý���
 na. &ÆôÞ (−n)a :W n Í −a 8�Xÿ�Â. u&

Æ�Þ 0a �
 0, Ah×¼E��Ý m ∈ Z, ma KbÝ�L. Ah�L�¼Ý¶°õ�
°� X��ÝºÕ!JAøð£, �)£õ5g£�h�µ��³�. &ÆÞ�|¶W

ma Í� m ∈ Z ÝóÌ
 a Ý¹ó (multiple). ¨×]«u b Î a Ý¹ó, &ÆôÌ a Î

b Ý.ó (divisor). ÐrB
 a|b.
&ÆÞ a Ý¹óXWÝ/)à aZ ¼�î. ôµÎ1 aZ �Ý-ôKÎ ma 9øÝ�

PÍ� m ∈ Z. 9øÝ/)�à aZ = {ma | m ∈ Z} ¼�î. .h&Æ�|1 b ∈ aZ õ b

Î a Ý¹ó (T a Î b Ý.ó) Î×øÝ�¤.
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2 1. JóÝÃÍP²

#ì¼&Æ�à/)Ý���§.ó¹óÝ×°P². �¥�9°P²��{�`K
�JÄ, &Æà/)Ý���§¬^bf´]-�+Û9øÝ�§]°GÎ¿à¸¯��
!�×ì/)Ý+�.

´�¥�u a ∈ Z, aZ 9×Í/)¬���Î×Í/). ãyJó3�°õ¶°�ì
bXÛÝ�TP, aZ ôb|ìËÍ¥�Ý�TP.

Proposition 1.1.1. �' a ∈ Z v b, c ∈ aZ. J&Æb|ì�P².

(1) b + c ∈ aZ.

(2) E�� m ∈ Z /b mb ∈ aZ.

Proof. .
 b, c ∈ aZ µ�LáD3 n, n′ ∈ Z ¸ÿ b = na v c = n′a.

(1) ã5g£á b + c = na + n′a = (n + n′)a. êãy n, n′ ∈ Z &Æá n + n′ ∈ Z, Æ

ÿ b + c ∈ aZ.

(2) ã�)£á mb = m(na) = (mn)a. êãy m,n ∈ Z &Æá mn ∈ Z, Æÿ

mb ∈ aZ. ¤

�) Proposition 1.1.1 Ý��&Æb|ì�P².

Corollary 1.1.2. �' a ∈ Z v b, c ∈ aZ. u m,n ∈ Z J mb + nc ∈ aZ. ð��, u a|b
v a|c, JE�� m,n ∈ Z /b a|mb + nc.

Proof. .
 b, c ∈ aZ |C m,n ∈ Z, ã Proposition 1.1.1(2) á mb, nc ∈ aZ. �¿à

Proposition 1.1.1(1) á mb + nc ∈ aZ. ôµÎ1 a|mb + nc. ¤

�I5×Í¥�ÝP²&ÆKºà Proposition ¼Ìñ�Cî_r|-|¡Sà. �à

#�à Proposition XÿÝP²&ÆKà Corollary ¼Ìñ.

#½&Æ¼:/)�öÝP². u A,B Î/)v A �Ý-ôK3 B �, J&Æµà

A ⊆ B ¼�î (Ì A �ây B). ��|b|ì�P²:

(1) u A ⊆ B v B ⊆ A J A = B.

(2) u A ⊆ B v B ⊆ C J A ⊆ C.

�)9/)ÝP²|CG«èÝ�TP&Æb|ì���.

Proposition 1.1.3. �' a, b, c ∈ Z. &Æb|ì���.

(1) bZ ⊆ aZ uv°u a|b.
(2) u a|b v b|a J a = ±b.

(3) u a|b v b|c J a|c.

Proof. (1) u bZ ⊆ aZ, ãy b ∈ bZ, &Æÿ b ∈ aZ. Æá a|b. D�, u a|b, &Æ�J�
bZ ⊆ aZ. ×�¼1�J�×Í/) B �ây¨×Í/) A, &Æ�J�ÝÎ B ��ã×
Í-ôKº3 A �. .hh�&Æ�JÝÎ�ã bZ �Ý×Í-ô mb, Í� m ∈ Z K�|
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ÿÕ mb ∈ aZ. Q�ã a|b Ý�'&Æá b ∈ aZ. #½&Æµ�¿à Proposition 1.1.1(2)
áE�� m ∈ Z /b mb ∈ aZ. ôµÎ1 bZ Ý-ôK3 aZ �. ÆÿJ bZ ⊆ aZ.

(2) u a|b v b|a, ã (1) á bZ ⊆ aZ v aZ ⊆ bZ. .hã/)P²á aZ = bZ. ôµÎ
1 aZ õ bZ Î8!Ý/). ãh, ��|:�	 a = 0 ` b = 0. D�ùQ. .h&Æ©y
�Ê a 6= 0 v b 6= 0 Ý�µ. h` aZ �t�ÝÑó a (	 a > 0) T −a (	 a < 0) º�y

bZ �t�ÝÑó b T −b. ÆÿJ a = ±b.

(3) u a|b v b|c, Jã (1) á bZ ⊆ aZ v cZ ⊆ bZ. .hã/)P²á cZ ⊆ aZ. Æ�

ã (1) Ý��n;á a|c. ¤

Remark 1.1.4. EyJób×Í�¥�ÝP² “well-ordering principle”. 9×Í principle
µÎ1��×Í&èÝJóÝ�/) S, A� S bì&( ub×ó�y S �XbÝó, J

Ì S bì&), J S �Äâb×Ít�ÝJó (;ðà minS ¼�î). !§uJóÝ&è
�/) S bî& (ub×ó�y S �XbÝó, JÌ S bî&), Jh/)�Äâb×Í
t�ÝJó (;ðà maxS ¼�î). »Aâ� Proposition 1.1.3(2) ÝJ��&Æ�Ê aZ
�t�ÝÑJó, 	 a > 0 ` a µÎ aZ �t�ÝÑJó. 9�.
&Æ@@á¼ aZ 9
Í/)�%�ø, X|¬�m9ÍP²à#�á a µÎt�Ý. |¡&Æðº$Õ×°h
éÝÑJó�/), £`µÿBðàÕJóÝ9ÍP²¼@áh/)D3×Ít�ÝÑó.
¨²�¥�hP²3Í�Ý�µAb§óµ�EÝ. ¯@îÑb§óÎbì&Ý(0 �yX

bÝÑb§ó), ¬¬^bXÛt�ÝÑb§ó.

�gú�×ìG«&Æà/)´héÝ]°J�JtÝP²x�Î���êY/)Ý
+�|C.ê×°héÝ¡J]°. ¸¬�Î%�©½Ý?]°. f]1��!áÝ a|b
J ma|mb µ�pàv«î«/)Ý]°¼�§. À�, ���×Í®Þ¬^b1×��à
%�]°. ¯©�¸à×Í¯-
��vÑ@Ý]°�§. X|.êó.���GÎe)
�§ÝJ�. A¢ÞÃ±ÝJ�J§W¯�
êYv�§�Ý+��Î¥F. #ì¼&Æ
µ/h�L¼J�G��P².

Lemma 1.1.5. �' a, b ∈ Z v a|b, &Æb|ì�P².

(1) u m ∈ Z, J ma|mb.

(2) u d|a v d|b, J (a/d)|(b/d).

Proof. ã�' a|b áD3 n ∈ Z ¸ÿ b = na.

(1) Þ�PË\!¶| m �ÿ mb = mna = n(ma) Æá ma|mb.

(2) d|a v d|b Ç�îD3 a′, b′ ∈ Z ¸ÿ a = a′d v b = b′d. Æã b = na ÿ b′d = na′d.
.
 d 6= 0, Ë\!t| d �ÿ b′ = na′, Ç a′|b′. .
 a/d = a′ v b/d = b′ ÆÿJ

(a/d)|(b/d). ¤

Lemma 1.1.5 Î×Í��ÝP². ¸Í�¬�Õ%�¥�ÝP², ¬Î|¡D¡&9P
²`K�àÕ¸, &Æ-à Lemma Ìñ�|]-Sà.
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3 Lemma 1.1.5(2) � d|a v d|b Ý�'µÎ1 d !`Î a õ b Ý.ó, &Æ�Ì�


a, b Ý2.ó. D¡×°Jó� Ýn;`2.óõt�2.ó|C2¹óõt�2¹ó
Î�¥�Ý�Ì. #ì¼&ÆÎ�¸Æì×Í�L.

Definition 1.1.6. � a1, a2, . . . , an ∈ Z.

(1) u c ∈ Z,v c|a1, c|a2, . . . , c|an,JÌ c
 a1, a2, . . . , anÝ2.ó (common divisor).

(2) u d ∈ N Î a1, a2, . . . , an Ý2.ó�t�Ý, JÌ d 
 a1, a2, . . . , an Ýt�2.
ó greatest common divisor, ;ð&Æºà gcd(a1, a2, . . . , an) ¼�î�.

(3) u m ∈ Z, v a1|m, a2|m, . . . , an|m, JÌ m 
 a1, a2, . . . , an Ý2¹ó (common

multiple).

(4) u l ∈ N Î a1, a2, . . . , an ÝÑÝ2¹ó�t�Ý, JÌ l 
 a1, a2, . . . , an Ýt�
2¹ó least common divisor, ;ð&Æºà lcm(a1, a2, . . . , an) ¼�î�.

;ð	b×ÍÐrT(Þm�+Û`, 
Ý]-0Õ&Æº©½à Definition ¼ýî�.

	�ì×Í�L`�¥�ÎÍ)§. ���Ý�LÝ��qÍ�D3T^bà. Definition

1.1.6 �µ�¥�t�2.óCt�2¹óÎÍD3: .
 1 JtXbÝJó, X|u

a1, a2, . . . , an ∈ Z JÍ2.óÄD3. ê.
 a1, a2, . . . , an bb§9Í2.ó, X|&Æ

á a1, a2, . . . , an Ýt�2.óÄD3. �Ä a1, a2, . . . , an Ýt�2.ób��Î 1. uA

h (Ç gcd(a1, a2, . . . , an) = 1), JÌ a1, a2, . . . , an !² (relatively prime). ¨×]«.


a1a2 · · · an Î a1, a2, . . . , an Ý2¹ó, X|Ê	Ý¶îÑ�r�á a1, a2, . . . , an ÑÝ2¹

óÄD3, .hã well-ordering principle á a1, a2, . . . , an Ýt�2¹óÄD3.

ì×;&ÆÞº�¡t�2.óCt�2¹óÝ×°ÃÍP².

1.2. t°æ§

Jó�tÃÍÝ�§T�µÎJóÝt°æ§ Division Algorithm, ¿{XbJóÝÃÍP
²KÎã¸.0�¼.

Theorem 1.2.1 (Division Algorithm). ��×ÑJó n, E��Ý m ∈ Z, /D3 h, r ∈ Z,
Í� 0 ≤ r < n, �� m = h · n + r.

9Î×Í�¥�ÝP², ¥�Õ&Æ| Theorem ¼Ìñ¸. 9Í�§&ÆêYÌ
t
°æ§, AhÌ¸	Qµ�â“t”9ÍÃF. �Ä.
&Æ¨3G��(3)°õ¶°ÝP

², &Æ�¹àtÝÃF.

Proof. �� n ∈ N v m ∈ Z. ´��Ê W = {m− t · n | t ∈ Z} 9×Í/). ôµÎ[/

m, m− n, m− 2n, . . . |C m + n, m + 2n, . . . �-ôXÿ/). .
 t �ã�¢Jó, �

�|µ:� W ×��â×°&�ÝJó. ð��, u�Ê W ′ 
 W �&�Ý-ôXWÝ

/), J W ′ Î×Í&èÝJóÝ�/). ÆãJóÝ well-ordering principle á W ′ �D
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3t�ÝJó r. Ç r Î W �t�Ý&�ÝJó. .
 r ∈ W , ã�LáD3 h ∈ Z ��
r = m− h · n. &Ætx�ÝêÝµÎ�J� 0 ≤ r < n.

�' r �)&ÆÝf�, ôµÎ1 r ≥ n (½�Ý r Î&�JóÝ�'). uAh, &Æ

�Þ r ¶W r = n + r′, Í� r′ ≥ 0. .h¿à

m = h · n + r = h · n + (n + r′) = (h + 1) · n + r′,

&ÆÿÕ r′ = m− (h + 1) · n ∈ W . ¬ 0 ≤ r′ < r, 9õ r Î W �t�Ý&�Jó8ë;.
ÆÿJÍ�§. ¤

�¥� Theorem 1.2.1 ÝJ�&ÆàÕJóî�|4�Ý well-ordering principle, .h

4QJ����, ¬¬��à#�àÕÍ�Ýó�.

#ì¼&Æµ�¿àt°æ§¼"D2.óCt�2.óÝÃÍP². ãy a õ −a

Ý.óÎ×øÝ, X|�´×�P, 3D¡.ó`&ÆGD¡ÑJóÝ��. &Æµ�ËÍ
ÑJóÝ����D¡.

Proposition 1.2.2. �' a, b ∈ N v d Î a õ b Ý2.ó. u d′ Î a/d õ b/d Ý2.

ó, J dd′ Î a õ b Ý2.ó.

Proof. ´�¥�, ãy d Î a, b Ý2.ó, ÆD3 m,n ∈ Z ¸ÿ a = dm v b = dn. ô
µÎ1 a/d = m õ b/d = n /
Jó. ê d′ Î m,n Ý2.óÆD3 m′, n′ ∈ Z ¸ÿ
m = d′m′ v n = d′n′. J§ÿ a = dd′m′ v b = dd′n′ Æá dd′ Î a õ b Ý2.ó. ¤

u Proposition 1.2.2 �&Æã d = gcd(a, b), J¿àt�2.óÝ�L&Æ�ÿ|ì�
P².

Corollary 1.2.3. �' a, b ∈ N v d = gcd(a, b). J a/d õ b/d !².

Proof. �J� a/d õ b/d !²µÎJ gcd(a/d, b/d) = 1. Q��1� gcd(a/d, b/d) = 1
µÿ1�u d′ Î a/d õ b/d Ý×ÍÑÝ2.ó, J d′ = 1. ¯@îu d′ Î a/d õ b/d Ý

×ÍÝ2.ó, Jã Proposition 1.2.2 á dd′ Î a, b Ý2.ó. Q��á d Î a, b 2.ó
�t�Ý, Æá d ≥ dd′. ôµÎ1 d′ ≤ 1. .h�)	��' d′ Î a, b Ý×ÍÑÝ2.ó

(Ç d′ ≥ 1) ÿJ d′ = 1. ¤

×��J� d = gcd(a, b) &Æ�J�Ë�¯. ´��J� d Î a, b Ý2.ó, �¼µÎ
J� d Î a õ b Ý2.ó�t�Ý. G« Corollary 1.2.3 �&Æ�J� gcd(a/d, b/d) = 1.
ãy 1 Ä
 a/d, b/d Ý2.ó, X|©�J��� a/d õ b/d Ý2.ó/�y�y 1 µ
�. #½&Æ¼:¨×Ít�2.óÝP²5-3J��.êJ�t�2.óÝ]°.

Proposition 1.2.4. �' a, b ∈ N, � d 
/) S = {ma + nb | m,n ∈ Z} �t�ÝÑJ
ó. J gcd(a, b) = d.

Proof. ´�¥�ãy9�m,nÎ��ÝJó,X|&Æá¼/) S = {ma+nb | m,n ∈ Z}
�ÄD3ÑJó. X| S �ÝÑJóÄ�W×Í&èÝ�/), .h&Æ�à well-ordering
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principle á S �Äbt�ÝÑJó. ôµÎ1B��Ý d ×�D3. #½&Æ�¶ïG«
èÝËÍM»J� d 
 a, b Ýt�2.ó.

´�lã d|av d|b. µ�LD3 m, n ∈ Z¸ÿ d = ma+nb. �lãÎÍ d|aàÆÝ]
°µÎÞ a t| d ::ÎÍõó
 0. ¿àt°æ§&ÆáD3 h, r ∈ Z ¸ÿ a = dh + r,
Í� 0 ≤ r < d. .hb

r = a− dh = a− (ma + nb)h = (1−mh)a− (nh)b.

ãy 1−mh õ −nh /
Jóµ�Lá r ∈ S. *u r 6= 0 º0l r Î S ��y d Ý×
ÍÑJó. 9õ	��' d Î S �t�ÝÑJó8ë;, Æá r = 0. ôµÎ1 d|a. !§

�J d|b.
#½&Æ�J� d Î a, b Ý2.ó�t�Ýó. ôµÎ�J�u d′ Î a, b Ý2.ó,

J d′ ≤ d. *ãy d′|a v d′|b ã Corollary 1.1.2 á d′|ma + nb. Ç d′|d, ôµÎ1D3

l ∈ Z ¸ÿ d = d′l. .hã�á d > 0 	Qÿ d′ ≤ d. ¤

3î«J� d t| a Ýõó
 0 ÝÄ��. &ÆP°à#J�õó
 0, �Äs¨u
õó�
 0 Ý�º0lë;Ý��, .�@áÍõó&
 0 ��. 9øJ�Ý]°µÎX
ÛÝ “DJ°”. 9øÝJ�]°&Æ|¡�ºBð:Õ.

T&��º�M, ×�¼10 a, b Ýt�2.ó©�3 a, b b§9Í2.ó�0t�
Ýµ?Ý
%���Ds*3 {ma + nb | m, n ∈ Z} 9ÍbPM9Í-ôÝ/)�0? ^

býA� a, b �Ì�Ýá¼Î%�	Qà#0, Q�	&Æ�D¡×�Ý�� a, b Î�

¢��ÝJó��à¿ÍÌ�»��×�µÝ¯. X|4Q Proposition 1.2.4 3@jE
®`¬�@à¬�àÕ§¡Ý.�`�QÎ�?à¼�¾t�2.óÝ�Ì. à#¿à

Proposition 1.2.4 &Æyîb|ì�P².

Corollary 1.2.5. �' a, b ∈ N v d = gcd(a, b) JD3 m,n ∈ Z ¸ÿ d = ma + nb. �

vE�� d′ ∈ Z, d′ Î a, b Ý2.óuv°u d′|d.

Proof. ã Proposition 1.2.4 &Æá d 3/) S = {ma + nb | m,n ∈ Z} �, Æµ�LD3

m,n ∈ Z ¸ÿ d = ma + nb.

¥�9�“uv°u”Ý�¤µÎ1A� d′ Î a, b Ý2.ó£� d ÄJt a, b Ýt�
2.ó d, D�u d′ Jt a, b Ýt�2.ó, £� d′ ×�Î a, b Ý2.ó. ã Proposition

1.2.4 ÝJ�&Æáu d′ Î a, b Ý2.óJ d′|d. D�u d′|d, Jãy d|a v d|b, ¿à
Proposition 1.1.3(3) á d′|a v d′|b. Ç d′ 
 a, b Ý2.ó. ¤

×�¼1bÝP²�|�ä�.ÿØ, ¬9¬��î�Ø�.ÿä. A�ËÍP²�|
!., &Æµà“uv°u”�î�. ©½�¥� Corollary 1.2.5 ¬�Î1ub×ÍÑJó d

�0Õ m, n ∈ Z ¸ÿ d = ma+nb, J d µÎ a, b Ý2.ó. 9Î×����3.ê�ì.
¡`ðÙÝý0. Í@ d �|¶W ma + nb G�î d º3/) S = {ma + nb | m,n ∈ Z}
�, ¬��î d ºÎ S �t�ÝÑJó. X|	Q d µÎÄÎ a, b Ýt�2.ó. .h	
¯�J� d Î a, b Ýt�2.ó`, �Îÿ¶Iµ°AG«XèÝËM»
�, û0��
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0ÕËÍJó m,n ¸ÿ d = ma + nb µ1 d µÎ a, b Ýt�2.ó. 	QÝA�¯�J
� a, b !² (Ç gcd(a, b) = 1) `�|¿à0Õ m,n ¸ÿ ma + nb = 1 ¼�§. 9Î.

h` 1 3 S �, Æ	QÎ S �t�ÝÑJóÝ. .h&ÆÞh©��µ��.

Corollary 1.2.6. �' a, b ∈ N. J gcd(a, b) = 1uv°uD3m,n ∈ Z¸ÿma+nb = 1.

Proof. �ú�×g, �J�uv°uÄmËÍ]'KJ�.

u gcd(a, b) = 1, ã Corollary 1.2.5 áD3 m,n ∈ Z ¸ÿ 1 = ma + nb. D�, uD3

m,n ∈ Z ¸ÿ ma + nb = 1, J 1 Ä
/) {ma + nb | m,n ∈ Z} �t�ÝÑJó, Æã

Proposition 1.2.4 á gcd(a, b) = 1. ¤

|îÝP²¬^b×å&Æ§�0Õ m,n ¸ÿ ma + nb = gcd(a, b), &ÆÞº3ì;
+Û��»8t°¡�×Í]°¼O m,n. 4QêG&Æ�áA¢Oÿ m,n, �Ä�ì×
Í"D a, b !²`Ý¥�ÝP²&Æ�|:ÕGGá¼¸ÆÝD3P3§¡Ý.�µ�Ñ
àÝ.

Proposition 1.2.7. �' a, b ∈ N v gcd(a, b) = 1. &Æb|ìÝP²:

(1) u k ∈ Z v a|bk, J a|k.

(2) u l ∈ Z v a|l C b|l, J ab|l.

Proof. .
 gcd(a, b) = 1, ã Corollary 1.2.6 &ÆáD3 m,n ∈ Z ¸ÿ ma + nb = 1.

(1) Þ ma + nb = 1 �PË\¶î k �ÿ mak + nbk = k. Q��' a|bk Æ¿à a|ak

|C Corollary 1.1.2 á a|k.

(2) ã a|l |C b|l áD3 r, s ∈ Z ¸ÿ l = ar = bs. .
 a|ar Æÿ a|bs. �ã
gcd(a, b) = 1 Ý�'¿à (1) �ÿ a|s. ð��D3 t ∈ Z ¸ÿ s = at. Þ�ñ/ l = bs ÿ

l = bat, ÿJ ab|l. ¤

�¥� Proposition 1.2.7 Ýf�. ×�¼1u^b a, b !²Ý�' a|bc ¬��1J a|b
T a|c. µJ 12|6× 4 ¼1Ï, ���Ý 12 - 6 (9� - �î�JtÝ�¤) �v 12 - 4. !

øÝu a, b �!² a|c v b|c ô��1J ab|c. »A 4|12 v 6|12 ¬Î 4× 6 - 12.

#ì¼&Æ¼:: a, b Ýt�2¹ó. u l Î a, b Ýt�2¹ó, Jãy gcd(a, b)|l, &
Æ�QáD3 m,n ∈ Z ¸ÿ l = ma + nb. �Ä9Í�î°E l µ^b%�QÃÝ. x�

æ.Î l 3 {ma + nb | m,n ∈ Z} 9Í/)��	 gcd(a, b) bA Proposition 1.2.4 X�×
ø©�Ý2�. �Ä^n;, ì×Í�§×å&Æ×�¼1©�Ý� a, b Ýt�2.óµ
�ßé a, b Ýt�2¹ó.

¯&Æ�¼::�§øá¼ l Î a, b Ýt�2¹ó. µA!t�2.óÝ��×ø&
Æ�J�Ë�¯. ´�J� l Î a, b ÝÑÝ2¹ó, �¼µÎJ� l Î a õ b ÝÑÝ2.

ó�t�Ý. Ah×¼µ�H1 l Î a, b Ýt�2¹ó.

Proposition 1.2.8. �' a, b ∈ N v gcd(a, b) = d C lcm(a, b) = l, J l = ab/d. �v

m ∈ Z Î a, b Ý2¹óuv°u l|m.
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Proof. ã�' d = gcd(a, b) áD3 a′, b′ ∈ N ¸ÿ a = a′d, b = b′d v gcd(a′, b′) = 1

(Proposition 1.2.3). ¨3&Æµî�ËÍM»J� ab/d = a′b = b′a Î a, b Ýt�2¹ó.

´�ã ab/d = b′a á a|(ab/d) !§á b|(ab/d), ôµÎ1 ab/d 
 a õ b Ý2¹ó. ê
.
 a, b, d /
Ñó, X| ab/d 
 a, b �ÑÝ2¹ó.

#½J�u m 
 a, b �ÑÝ2¹ó, J (ab/d) ≤ m. ã�'áD3 m′, n′ ∈ N ¸ÿ
m = m′a = n′b. ð�� m = m′a′d = n′b′d, Æ�* d (. d 6= 0) ÿ m′a′ = n′b′. ôµÎ1

a′|n′b′. ¬ãy gcd(a′, b′) = 1, Æã Proposition 1.2.7(1) á a′|n′. ôµÎ1D3 h ∈ N ¸
ÿ n′ = a′h. �/ m = n′b ÿ m = ha′b, Æÿá a′b = (ab/d)|m. ãy ab/d C m /
Ñ

ó, ÿJ (ab/d) ≤ m. ôµÎ1 ab/d = lcm(a, b) = l.

ÉQ ab/d = l ãî«ÝJ�&Æáu m 
 a, b Ý2¹ó, J l = (ab/d)|m. D�, u

l|m, Jã a|l v b|l, ÿá a|m v b|m, Æ m 
 a, b �2¹ó. ¤

�¥�4Q Proposition 1.2.8 ��' a, b ∈ N, ¬ÍêÝGÎ¿àÍ
Ñó]-à�t
�2¹ó. u a, b ∈ Z �×�
Ñ`, &Æ©�Ê	Ý�î�r)�¿à Proposition 1.2.8
ÝP�¶ìt�2¹ó. ¨²õ Corollary 1.2.5 �X�2.ó
t�2.ó�.ó8ÁÌ

Proposition 1.2.8 ×å&Æ2¹ó
t�2¹ó�¹ó.

#ì¼¯&Æ¼::bn9Í (9yËÍ) JóÝt�2.óP². &Æ�½½.ÂG
«Ý]°, ::G«Ý��E9ÍJóÎÍÊà.

Proposition 1.2.9. �' a1, . . . , an ∈ N, � d 
/) S = {m1a1 + · · · + mnan |
m1, . . . ,mn ∈ Z} �t�ÝÑJó. J gcd(a1, . . . , an) = d.

Proof. õG«Ý��8!, ¿à well-ordering principle á S �Äbt�ÝÑJó. ôµÎ
1B��Ý d ×�D3. #½&Æ�¶ïG«J�t�2.óÝM»J� d 
 a1, . . . , an

Ýt�2.ó.

´�lãEXb i ∈ {1, . . . , n}, /b d|ai. µ�L, D3 m1, . . . , mn ∈ Z ¸ÿ d =

m1a1 + · · · + mnan. ¿àt°æ§&ÆáE�� i ∈ {1, . . . , n} /D3 hi, ri ∈ Z ¸ÿ
ai = dhi + ri, Í� 0 ≤ ri < d. .hb

ri = ai−dhi = ai−(m1ai+ · · ·+mnan)hi = −(m1hi)a1+ · · ·+(1−mihi)ai+ · · ·−(mnhi)an.

Æÿá ri ∈ S. *u ri 6= 0 º0l ri Î S ��y d Ý×ÍÑJó. 9õ	��' d Î S

�t�ÝÑJó8ë;, Æá ri = 0. ôµÎ1E�� i = {1, . . . , n}, /b d|ai.

#½&Æ�J� d Î a1, . . . , an Ý2.ó�t�Ýó. ôµÎ�J�u d′ Î a1, . . . , an

Ý2.ó, J d′ ≤ d. *ãyE�� i ∈ {1, . . . , n}, /b d′|ai Æá d′|m1a1 + · · ·+ mnan.
Ç d′|d, .hã�á d > 0 	Qÿ d′ ≤ d. ¤

bÝ Proposition 1.2.9 &Æ	Q�|õG«Ý]°×øÿÕ|ì���, J�µ��
³�.
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Corollary 1.2.10. �' a1, . . . , an ∈ N v d = gcd(a1, . . . , an) JD3 m1, . . . ,mn ∈ Z ¸
ÿ d = m1a1 + · · ·+ mnan. �vE�� d′ ∈ Z, d′ Î a1, . . . , an Ý2.óuv°u d′|d.

�¥�¬�ÎXbbnËÍJóÝt�2.óÝP²K�|.ÂÕ9ÍJóÝ��.
»A Proposition 1.2.7(2) ×å&Æu gcd(a, b) = 1 v a|l C b|l, J ab|l. hP²3ËÍ
|îJóÝ��µ�×�E. x�æ.µÎµ9ÍJó!²Ý�L a1, a2, . . . , an !²
Î�î9°ó^b�!Ý.ó¬��î�ãÍ�ËÍóK!². Í@b���� ai, aj

K�!²¬Î a1, . . . , an )!². »A a1 = 6, a2 = 15 |C a3 = 10 Ý��. &Æb

gcd(a1, a2) = 3, gcd(a2, a3) = 5 |C gcd(a1, a3) = 2 ¬Î gcd(a1, a2, a3) = 1. X|b°�

�G�' a1, . . . , an !²Î�ÈÝ, &Æ6àÕ�ãËÍK!² (ÇE�� i, j ∈ {1, . . . , n}
v i 6= j, /b gcd(ai, aj) = 1) 9×Í´úÝ!²P��. 9Ë´úÝ!²P&ÆÌ�


“ËË!²” (pairwise relatively prime). 	QÝu a1, . . . , an ËË!², J a1, . . . , an Ä!

². ��×��z½9ËË!²P��!. Proposition 1.2.7(2), 39ÍJóÝ���ìu
;
ËË!²µºWñ. ãy9���Õ��9ÍJó, X|ÿàÕó.hû°¼J�. ó
.hû°Ýæ§&Æ�'��3{�`�Ý�, h���³�.

Proposition 1.2.11. �' a1, . . . , an ∈ N v9° ai ËË!². u� M = a1 · · · an, J&

Æb|ì�P².

(1) E�� i ∈ {1, . . . , n} /b gcd(ai,M/ai) = 1.

(2) uEXb i ∈ {1, . . . , n} /b ai|l, J M |l.

Proof. ãyG39y×ÍJó`��t�2.ó, X|&Æó.hû°� n = 2 ��.

(1) h�ãyõ a1, . . . , an Ý4�Pn, &ÆG�§ i = 1 Ý��. ´�: n = 2 Ý�

�. h` M = a1a2 Æã�' gcd(a1, a2) = 1 á gcd(a1,M/a1) = 1. �¼ãó.hû°�
' n = k − 1 `Wñ, Ç gcd(a1, a2 · · · ak−1) = 1, áD3 m′, n′ ∈ Z ¸ÿ

m′a1 + n′(a2 · · · ak−1) = 1. (1.1)

¨�Ê n = k ���, h` M = a1a2 · · · ak. ÞP� (1.1) Ë\¶| ak ÿ

m′a1ak + n′(a2 · · · ak−1ak) = m′aka1 + n′(M/a1) = ak. (1.2)

êãËË!²Ý�'á gcd(a1, ak) = 1, ÇD3 r, s ∈ Z ¸ÿ ra1 + sak = 1. |P� (1.2)
� ak �áîPÿ

1 = ra1 + s(m′aka1 + n′(M/a1)) = (r + sm′ak)a1 + sn′(M/a1).

.
 r + sm′ak ∈ Z v sn′ ∈ Z Æã Corollary 1.2.6 á gcd(a1,M/a1) = 1.

(2) ´��Ê n = 2 Ý��, h` M = a1a2 v gcd(a1, a2) = 1 Æ Proposition 1.2.7(2)
×å&Æu a1|l v a2|l, J M |l. �¼ãó.hû°�' n = k − 1 `Wñ, Çu�

M ′ = a1 · · · ak−1, J M ′|l. ¨�Ê n = k ���, h` M = a1 · · · ak−1ak = M ′ak. ã (1)
á gcd(ak,M

′) = gcd(ak,M/ak) = 1, Æã�' ak|l v M ′|l |C Proposition 1.2.7(2) á

M ′ak = M |l. ¤
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#ì¼&Æ¼:, u&ÆºOËÍJóÝt�2.ó (¢�ì×;��»8t°) £�
&Æµ�|ËÍËÍ2Oÿ9ÍJóÝt�2.ó. ôµÎ1�|�O d1 = gcd(a1, a2)
Oÿ d2 = gcd(a1, a2, a3) = gcd(d1, a3), 9ø×àì�|Oÿ gcd(a1, a2, · · · , an). &ÆÝJ
�]°�Î¿àG�J�t�2.ó]°
�.

Proposition 1.2.12. u a1, . . . , an ∈ N (n > 2), J

gcd(a1, . . . , an−1, an) = gcd(gcd(a1, . . . , an−1), an).

Proof. � d = gcd(gcd(a1, . . . , an−1), an) ´�&Æ�J� d Î a1, . . . , an Ý2.ó. ãy

d| gcd(a1, . . . , an−1) ã Corollary 1.2.10 á d Î a1, . . . , an−1 Ý2.ó. ��î d|an, Æá

d Î a1, . . . , an−1, an Ý2.ó.

¨�' d′ Î a1, . . . , an−1, an Ý2.ó. 	Q d′ Î a1, . . . , an−1 Ý2.ó,Æã Corollary

1.2.10 á d′| gcd(a1, . . . , an−1). ��î d′|an, Æá d′ Î gcd(a1, . . . , an−1) õ an Ý2.ó,
Æ�ã Corollary 1.2.5 á d′| gcd(gcd(a1, . . . , an−1), an) = d. ÿJ d Î a1, . . . , an Ý2.ó
�t�Ýó, Æ
 a1, . . . , an Ýt�2.ó. ¤

t¡&Æ::9ÍJóÝt�2¹óÝP². ´��¥�ÝÎ Proposition 1.2.8 �

lcm(a, b) = ab/ gcd(a, b) 9ÍP²39ÍJó`¬�×�E. »AG«Xè a1 = 6, a2 = 15
|C a3 = 10 Ý»�, &Æb a1a2a3 = 900, gcd(a1, a2, a3) = 1 ¬Î lcm(a1, a2, a3) = 30.
4QAh, &Æ)b2¹ó
t�2¹ó�¹óÝP², �vO9ÍJó�t�2¹óô�
At�2.ó×øËÍËÍ
�. 9ì&ÆÞ¿àó.hû°!`J�9ËÍP². 9Ë¥
�ÝJ�*»��T&^b�Ä, �ÄÍæ§A!×�Ýó.hû°æ§, ��T�§�.

Proposition 1.2.13. u a1, . . . , an ∈ N (n > 2), J

lcm(a1, . . . , an−1, an) = lcm(lcm(a1, . . . , an−1), an).

�v m ∈ Z Î a1, . . . , an Ý2¹óuv°u lcm(a1, . . . , an)|m.

Proof. Tàó.hû°, 	 n = 3 `� l = lcm(lcm(a1, a2), a3). .
 l 
 lcm(a1, a2) õ

a3 �2¹ó, á l 
 lcm(a1, a2) �¹ó, Æã Proposition 1.2.8 ÿá l 
 a1, a2 Ý2¹ó.
Æ l 
 a1, a2, a3 �2¹ó. ¨�' m 
 a1, a2, a3 �2¹ó. 	Q m Î a1, a2 �2¹

ó, Æã Proposition 1.2.8 á lcm(a1, a2)|m. ê. m 
 a3 �¹ó, Æá m 
 lcm(a1, a2)
õ a3 �2¹ó. .h�ã Proposition 1.2.8 á l = lcm(lcm(a1, a2), a3)|m. &ÆJÿÝ l

Î a1, a2, a3 ÝÑ2.ó�t�Ýó, Æÿ l = lcm(a1, a2, a3). &Æô!`Jÿ l JtXb

a1, a2, a3 Ý2¹ó. D�, u l|m, Jã a1|l, a2|l |C a3|l á m 
 a1, a2, a3 Ý2¹ó. .

h n = 3 Ý��J��W.

¨µó.hû°�' n = k − 1 `Wñ: Ç

lcm(a1, . . . , ak−1) = lcm(lcm(a1, . . . , ak−2), ak−1)

v m ∈ Z Î a1, . . . , ak−1 Ý2¹óuv°u lcm(a1, . . . , ak−1)|m. ¨�Ê k = n ���.
� l′ = lcm(a1, . . . , ak−1) v l = lcm(l′, ak) &Æ�J� l Î a1, . . . , ak Ýt�2¹ó.
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ãy l = lcm(l′, ak) Î l′ = lcm(a1, . . . , ak−1) Ý¹ó, Æãó.hû°�' (n = k − 1
��µ) á l 
 a1, . . . , ak−1 Ý2¹ó. ��î l ôÎ ak Ý¹ó, Æÿá l Î a1, . . . , ak Ý

2¹ó. ¨×]«u m Î a1, . . . , ak−1, ak Ý2¹ó, 	Q m Î a1, . . . , ak−1 Ý2¹ó. Æ

ãó.hû°�'á l′ = lcm(a1, . . . , ak−1)|m. ��î ak|m, á m 
 l′ õ ak �2¹ó.
Æã Proposition 1.2.8 á l = lcm(l′, ak)|m. .�ÿá l @
 a1, . . . , ak ÝÑ2¹ó�t�
ï, ôµÎ1 l = lcm(a1, . . . , ak). &Æô!`Jÿu m 
 a1, . . . , ak Ý2¹ó, J l|m. D

�u l|m, JãEXb i ∈ {1, . . . , k} /b ai|l, ÿJ ai|m. ôµÎ1 m 
 a1, . . . , ak Ý2

¹ó. ¤

1.3. �»8t°

�»8t°ÎOt�2.ó�b[£Ý]°. ´�&Æ+Û�»8t°Ýæ§.

Lemma 1.3.1. u a, b ∈ N v a = bh + r, Í� h, r ∈ Z, J gcd(a, b) = gcd(b, r).

Proof. �' d1 = gcd(a, b) v d2 = gcd(b, r). &ÆJ� d1|d2 v d2|d1, .��¿à

Proposition 1.1.3(2) |C d1, d2 /
ÑóÿJ d1 = d2.

. d1|av d1|b¿àCorollary 1.1.2&Æá d1|a−bh = r. .
 d1|b, d1|rv d2 = gcd(b, r)
Æã Proposition 1.2.5 á d1|d2. ¨×]«, .
 d2|b v d2|r Æ d2|bh + r = a. .h�ÿ

d2|d1. ¤

Lemma 1.3.1 ×å&Æ	 a > b > 0 `, �O a, b Ýt�2.ó&Æ�|�Þ a t| b

Xÿõóu
 r, J a, b Ýt�2.ó�y b õ r Ýt�2.ó. .
 0 ≤ r < b < a, X

|	Q.�Õ�;Ý. #½&Æµ¼::�»8t°. ãy gcd(a, b) = gcd(−a, b) X|&

Æ©��Ê a, b KÎÑJóÝ�µ.

Theorem 1.3.2 (The Euclidean Algorithm). �' a, b ∈ N v a > b. ãt°æ§&Æá
D3 h0, r0 ∈ Z ¸ÿ

a = bh0 + r0, Í� 0 ≤ r0 < b.

u r0 > 0, JD3 h1, r1 ∈ Z ¸ÿ

b = r0h1 + r1, Í� 0 ≤ r1 < r0.

u r1 > 0, JD3 h2, r2 ∈ Z ¸ÿ

r0 = r1h2 + r2, Í� 0 ≤ r2 < r1.

Ahµ�ì�àÕ rn = 0 
c. u n = 0 (Ç r0 = 0), J gcd(a, b) = b. u n ≥ 1, J

gcd(a, b) = rn−1.

Proof. ´�¥�u r0 6= 0, ãy r0 > r1 > r2 > . . . Î�}L3Ý, .
 r0 õ 0 � t9
G�æá r0 − 1 ÍÑJó, X|&Æá¼×�ºb n ≤ r0 ¸ÿ rn = 0.
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u r0 = 0, Ç a = bh0, Æá b 
 a �.ó, ÿJ b 
 a, b Ýt�2.ó. u r0 > 0, J

ã Lemma 1.3.1 á

gcd(a, b) = gcd(b, r0) = gcd(r0, r1) = · · · = gcd(rn−1, rn) = gcd(rn−1, 0) = rn−1.

¤

¨3&Æ¼:à�»8t°Ot�2.óÝ»�.

Example 1.3.3. &ÆO a = 481 õ b = 221 Ýt�2.ó. ´�ãt°æ§ÿ 481 =

2 · 221 + 39, á r0 = 39. .h��Ê b = 221 t| r0 = 39 ÿ 221 = 5 · 39 + 26, á r1 = 26.
�| r0 = 39 t| r1 = 26 ÿ 39 = 1 · 26 + 13, á r2 = 13. t¡.
 r2 = 13 Jt r1 = 26
á r3 = 0, Æã Theorem 1.3.2 á gcd(481, 221) = r2 = 13.

3¿à�»8t°Ot�2.ó`, ���ÄËÝOÕ rn = 0. »A3î»��:�

r0 = 39 õ r1 = 26 Ýt�2.óÎ 13, ¿à Lemma 1.3.1 yîÿá gcd(a, b) = 13.

3î×; Corollary 1.2.5 ×å&Æu gcd(a, b) = d, JD3 m,n ∈ Z ¸ÿ d = ma+nb.
	`&Æ^bèÕA¢0Õh m,n. ¨3&Æ¿à�»8t°¼+Û×Í0Õ m,n Ý

]°. &Æºà Theorem 1.3.2 ÝÐr. ´�: r0 = 0 Ý��, h` d = gcd(a, b) = b

X|u� m = 0, n = 1, J&Æb d = b = ma + nb. 	 r0 6= 0 ¬ r1 = 0 `, &Æá

d = gcd(a, b) = r0. Æ¿à a = bh0 + r0 á, u� m = 1, n = −h0, J d = r0 = ma + nb.
!§u r0 6= 0, r1 6= 0 ¬ r2 = 0, Já d = gcd(a, b) = r1. Æ¿à a = bh0 + r0 |C

b = r0h1 + r1 á

r1 = b− r0h1 = b− (a− bh0)h1 = −h1a + (1 + h0h1)b.

.hu� m = −h1 v n = 1+h0h1, J d = r1 = ma+nb. µïh°, 	 r0, r1 õ r2 /�


0`, ãy d = gcd(a, b) = rn−1 Æã rn−3 = rn−2hn−1 + rn−1 á d = rn−3−hn−1rn−2. ¿à

G«.0]P&ÆáD3 m1,m2, n1, n2 ∈ Z ¸ÿ rn−3 = m1a + n1b v rn−2 = m2a + n2b

Æ�áÿ

d = (m1a + n1b)− hn−1(m2a + n2b) = (m1 − hn−1m2)a + (n1 − hn−1n2)b.

.hu� m = m1 − hn−1m2 v n = n1 − hn−1n2, J d = ma + nb.

î«Ý1�:«?		 r0 6= 0`EN×Í i ∈ {0, 1, . . . , n−2}��Þ ri¶W ri = mia+nib,
t¡��Þ d = rn−1 ¶W ma + nb Ý�P. Í@9©Î¡J`Ý]-, 3@jE®`&Æ
Í@ÎÞNÍ ri ¶W m′

iri−2 + n′iri−1 Ý�PXXY./ d = ma + nb. �:|ìÝ»�.

Example 1.3.4. &Æ�½¿à Example 1.3.3 Xÿ��0Õ m,n ∈ Z ¸ÿ 13 =

gcd(481, 221) = 481m + 221n. ´�&Æb 13 = r2 = 39 − 26 = r0 − r1. � r1 =

221− 5 · 39 = b− 5r0, Æÿ 13 = r0 − (b− 5r0) = 6r0 − b. �ã r0 = 481− 2 · 221 = a− 2b,
ÿá 13 = 6(a− 2b)− b = 6a− 13b. Æÿ m = 6 v n = −13 º�� 13 = 481m + 221n.

�¥�9�0ÕÝ m,n ¬�ºÎ°×�� d = ma + nb Ý×à�. 4Qî«Ý.�Ä
�?	º©b×à�, �Ä©�1Îàî«Ý]°ºÿÕ×à�, ¬��H1�0ÕXbÝ
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�. f]1u� m′ = m+ b, n′ = n− a, J m′a+n′b = (m+ b)a+(n− a)b = ma+nb = d.
X| m′, n′ ôºÎ¨×à�. X||¡	�"D°×P`, u^b�5Ý§ãû0��1
ãG«Ý.0Ä�:�Î°×Ýµ\�Î°×. ×�Ý®°Î�'¯bËà�, �¿à9
Ëà�X�!��ÝP�0ÕËï� Ýn;. &Æ::|ìÝ®°.

Proposition 1.3.5. �' a, b ∈ N v d = gcd(a, b). u x = m0, y = n0 Î d = ax + by Ý

×àJó�, JE�� t ∈ Z, x = m0 + bt/d, y = n0−at/d /
 d = ax+ by Ý×àJó�,
�v d = ax + by ÝXbJó�Ä
 x = m0 + bt/d, y = n0 − at/d Í� t ∈ Z 9øÝ�P.

Proof. �' x = m, y = n Î d = ax + by Ý×à�. ãy��' x = m0, y = n0 ôÎ×
à�, Æÿ am + bn = am0 + bn0. ôµÎ1 a(m−m0) = b(n0−n). ãy d = gcd(a, b), &

Æ�|�' a = a′d, b = b′d Í� a′, b′ ∈ Z v gcd(a′, b′) = 1 (¢� Corollary 1.2.3). .h

ÿ a′(m−m0) = b′(n0 − n). ¿à b′|a′(m−m0), gcd(a′, b′) = 1 |C Proposition 1.2.7(1)
ÿ b′|m −m0. ôµÎ1D3 t ∈ Z ¸ÿ m −m0 = b′t. Æá m = m0 + b′t = m0 + bt/d.
Þ m = m0 + bt/d �/ am + bn = am0 + bn0 �ÿ n = n0 − at/d, .hÿJ d = ax + by

ÝJó�KÎ x = m0 + bt/d, y = n0 − at/d Í� t ∈ Z 9øÝ�P. t¡&ÆG�@-
E�� t ∈ Z, x = m0 + bt/d, y = n0 − at/d /
 d = ax + by Ý×àJó�. Q�Þ

x = m0 + bt/d, y = n0− at/d �á ax+ by ÿ a(m0 + bt/d)+ b(n0− at/d) = am0 + bn0 = d,
ÆÿJÍ�§. ¤

¿à Proposition 1.3.5 &Æµ�¿à Example 1.3.4 0Õ 13 = 481x + 221y Ý×àJ
ó� x = 6, y = −13 ÿÕ x = 6 + 17t, y = −13− 37t Í� t ∈ Z Î 13 = 481x + 221y Xb

ÝJó�.

1.4. ²ó

9×;&Æ��JóÝ5��tÃÍÝ-ô: ²ó. ��Ká¼×Í²ó p µÎÑ.ó©
b 1 õÍ�Ýó. &Æ)�×ÍÑPÝ�L.

Definition 1.4.1. u p ∈ Z, p > 1 v p ÝÑ2.ó©b p õ 1 JÌ p Î×Í²ó (prime

number). u×ÑJóbÍ�ÝÑ.óJÌ
)Wó (composite number).

��¼1²óµÎP°5�WËÍ´�ÝÑJó¶�Ýó. ²ó9×Ë��5�Ý©P
¯¸b�9©�P². »A��×²ó p |C×Jó a ∈ Z, &Æ��|¾� gcd(a, p) 


¢. u d = gcd(a, p) J. d|p, á d = 1 T d = p. u d = p �î p|a, X|&Æáã p - a,
�ÿ d = 1. X|¿à Proposition 1.2.7(1) &Æb|ì��¡.

Lemma 1.4.2 (Euclid). �' p Î×Í²ó, v a, b ∈ Z. u p|ab, J p|a T p|b.

Proof. 9�&Æ�J� p|a T p|b. A� p|a 	Qµ�|Ý (�ÄHTÎÍ p|b); ¬u p - a,
£�&ÆµÿJ� p|b. �ÄãGá p - a �î gcd(p, a) = 1, Æ¿à Proposition 1.2.7(1)
ÿJ p|b. ¤
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Euclid 9×Í Lemma ×å&Æ×Í²óuÎ ab Ý.ó£¸×�Î a, b Í���Ý
.ó. ¯@î9ÍP²¬�©Êà3ËÍJó8¶Ý�µ, &Æ��|.Â�?9ó8¶
��µ.

Corollary 1.4.3. �' p Î×Í²ó, v a1, a2, . . . , an ∈ Z. u p|a1a2 · · · an, JD3

i ∈ {1, . . . , n} �� p|ai.

Proof. &ÆµQàó.hû°J�. 	 k = 2 `ã Lemma 1.4.2 áu p|a1a2, J p|a1 T

p|a2. �' k = n− 1 `Wñ, Çub n− 1 ÍJó a1, . . . , an−1 �� p|a1 · · · an−1, JD3

i ∈ {1, . . . , n−1}¸ÿ p|ai. ¨�Ê k = nÝ��,u a1, . . . , an Î nÍJó�� p|a1 · · · an,
J� a = a1 · · · an−1, b = an. h`ã p|ab C Lemma 1.4.2 á p|a T p|b. u p|a, Jãó.
hû°�'áD3 i ∈ {1, . . . , n− 1} ¸ÿ p|ai, �u p|b Ç p|an, ÆÿJÍ�§. ¤

u×²ó p Î×Jó a Ý.ó, J&ÆÌ p Î a Ý×Í².ó. 	QÝ²ó p Í�µ
Î p Ý².ó, �×Í)Wóº�ºb².ó÷? ����QÝÆÿ×�b, &Æ�Î�
×ÍÑPÝJ�.

Lemma 1.4.4. �' a ∈ Z v a > 1. JÄD3×²ó p ¸ÿ p|a.

Proof. &Æàó.hû°. ´�u a = 2, Jãy 2 Î²ó&Æÿ p = 2 
XO. ¨�'
E�� b ∈ Z �� 2 ≤ b ≤ n Ýó/D3²ó p ¸ÿ p|b, &Æ�Ê a = n + 1 Ý��. u

a Í�Î²ó£	Q p = a 
XO. D�, A� a �Î²óµ�LD3 b ∈ Z v 2 ≤ b < a

¸ÿ b|a. Æãó.hû°�'áD3×²ó p �� p|b. .h¿à Proposition 1.1.3(2) ÿ
J p|a. ¤

4QÑJóbPM9Í� Lemma 1.4.4 ×å&ÆN×Í�y 1 ÝÑJóKb².ó,
¬9¬���ºbPM9Í²ó. #½&ÆµÎ�"D²ó@bPM9Í. ×�¼1�J
�²óbPM9ÍT&ºbÝ�°Î�T¿à¨bÝ²óxC?�Ý²ó. �Ä9Í�°
Î���Ý, x�Ýæ.ÎÕêG
c&Æ^b×Í¾½×ÍóÎÍ
²ó?Ý]°. ¨

vÝ¤�ÎàDJ°, �'©bb§Í²ó�ÿÕë;. 9Í]°µ�º$Õ¾½²óÝ
®Þ, 8*ãh��?��ºÕDJ°Ýúà.

Theorem 1.4.5 (Euclid). ²óbPM9Í.

Proof. &ÆàDJ°�'©bb§Í²ó. ÉQ©bb§Í&Æ�|Þ��×��, µ�
' p1, . . . , pn ÎXbÝ²ó. ¨�Ê a = p1 · · · pn + 1, ã Lemma 1.4.4 áÄb×²ó pi,

i ∈ {1, . . . , n} �� pi|a. Q� pi Í�Jt p1 · · · pn Æã Corollary 1.1.2 á pi|a− p1 · · · pn,
ôµÎ1 pi|1 �ÿÕë;. Æá���Gbb§9Í²ó, �ÿJbPM9Í²ó. ¤

²ó4QbPM9Í�Ä�ÆÝ5¾�Î&ð4ÛÝ. »A�����ÝJó n &Æ

�|0Õ n Í=�JóK�Î²ó. &ÆÝ0°Î�Ê

(n + 1)! + 2, (n + 1)! + 3, . . . , (n + 1)! + n + 1
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9 n Í=�Jó. ���:�¸ÆK�Î²ó. µÎ²ó9���|�¨�î�p¾½×
Í��ÝóÎÍ
²ó, X|²óð�Tà3ÛD.�. 9ì&Æ+Û×Ët��¾\²
óÝ]°.

Proposition 1.4.6. u n > 1 Î×JóvE���y�y
√

n Ý²ó p /��Jt n, J

n 
×²ó.

Proof. .
&ÆP°à#J� n ºÎ²ó, X|màDJ°. �' n �Î²ó, µ�Lá
D3 a, b ∈ Z �� 1 < a ≤ b < n v n = ab. ãh&Æ�|@� a ≤ √

n, ÍJu a >
√

n

ºCW ab > (
√

n)2 = n �� n = ab �). �ã Lemma 1.4.4 áD3²ó p ¸ÿ p|a. É

Q p|a &Æÿ p ≤ a ≤ √
n v p|n. h��'Xb�y�y

√
n Ý²ó/�Jt n �Ð, Æ

á n 
²ó. ¤

Proposition 1.4.6 Xè¾½²ó]°Ì
 ° (sieve method). ¸�|QÃ&Æ ÿø
°óÎ²ó. »Au�0�Xb�y 100 Ý²ó. &Æ©�Þ�y

√
100 = 10 Ý²ó (Ç

2, 3, 5, 7) 0�, ºì 2, 3, 5, 7 Q¡ÞÍõ 2, 3, 5, 7 Ý¹óÀt, BÄ9ø ó¡ºì¼�y

100 ÝóµKÎ�y 100 Ý²ó. 9Î.
u n < 100 v�Î²ó, Jã Proposition 1.4.6
á n Äb×².ó�y�y

√
n <

√
100 = 10. .h�&ÆXÀt 2, 3, 5, 7 Ý¹óµÎX

b�y 100 Ý)Wó, �QyìÝ-KÎ²óÝ.

²óÉQbPM9Í, #ì¼&Æ�|®ÎÍb°©��PÝ²óôºbPM9Í? »

A&Æá¼�ó�©b 2 Î²ó, .h�|ÞXb�ó5v, 5W 4n + 1 õ 4n + 3 9Ëv
Q¡®ø×vºbPM9Í²ó. �¥� 4n + 1 9×vÝób×¥�©PµÎËÍ 4n + 1
�PÝó8¶)QÎ 4n + 1 Ý�P. .h��b§9Í 4n + 1 �PÝó8¶)Î 4n + 1
Ý�P, ôµÎ19×vÝób¶°�TP. ¨×]« 4n + 3 Ý�PÝóµ^b9Í©
P, ¯@îËÍ 4n + 3 �PÝó8¶º�W 4n + 1 Ý�P. ¿à9ËvóÝ©P|Cv«

Lemma 1.4.4 ÝJ�, &Æb|ì���.

Lemma 1.4.7. �' a = 4n + 3 Í� n ∈ N ∪ {0}, JÄD3×²ó p = 4n′ + 3 Í�

n′ ∈ N ∪ {0} �� p|a.

Proof. &Æ¿àó.hû°J�. ´�u a = 3, Jãy 3 Î²ó&Æÿ p = 3 
XO.
¨�'E�� b = 4k + 3 ∈ Z �� 0 ≤ k ≤ n− 1 Ýó/D3²ó p = 4k′ + 3 ¸ÿ p|b, &
Æ�Ê k = n Ý��. u a Í�Î²ó£	Q p = a 
XO. D�, A� a �Î²óµ�
LD3 b, c ∈ N Í� b < a v c < a ¸ÿ a = bc. ¥� b, c �Äb×Í-ôÎ 4k + 3 �P,
ÍJ b, c KÎ 4k + 1 �PºCW bc = a ôÎ 4k + 1 �PÝë;¨é. µ�' b = 4k + 3
Ï! h` 0 ≤ k ≤ n − 1 (. b < a), Æãhû�'áD3 p = 4k′ + 3 ¸ÿ p|b, .�ÿJ
p|a. ¤

¥� 4n + 1 �PÝó¬�×�b 4n + 1 �PÝ².ó. 9 µÎt�ÝÝ»�. ÌDã
Lemma 1.4.4 .ÿ Theorem 1.4.5 Ýn;, !øÝ&Æô�¿à Lemma 1.4.7 .ÿ 4n + 3
�PÝ²óbPM9Í.
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Proposition 1.4.8. /) S = {4n + 3 | n ∈ Z, n ≥ 0} �bPM9Í²ó.

Proof. &ÆµQàDJ°�' S �©bb§9Í²ó¬� p0 = 3, p1, . . . , pn Î S �X

bÝ8²²ó. ¨�Ê a = 4(p1 · · · pn) + 3. ãy a ∈ S ¿à Lemma 1.4.7 áÄb×²ó

p ∈ S �� p|a, Æã�'áD3 i ∈ {0, . . . , n} ¸ÿ p = pi, .

u p = p0 = 3, Jã 3|a, 3|3 |C a− 3 = 4(p1 · · · pn) ÿá 3|4(p1 · · · pn), Æã Corollary

1.4.3 ÿÕ 3|4 Tï 3|pi, i ∈ {1, . . . , n} 9øÝë;.

u p = pi Í� i ∈ {1, . . . , n}, Jã pi Í�Jt p1 · · · pn á pi|a− 4(p1 · · · pn), ôµÎ
1 pi|3 �ÿÕë;. ÆÿJ S ����Gbb§9Í²ó. ¤

.
 Lemma 1.4.7 ¬�Êày 4n + 1 �PÝJó, X| Proposition 1.4.8 Ý]°��
à¼D¡ 4n + 1 �PÝ²ó, �Ä 4n + 1 �PÝ²ó)bPM9Í. ¯@îó¡×Í�¥
�Ý�§ (Dirichlet Theorem) ×å&ÆE��!²ÝËJó a, b /bPM9Í an + b �

PÝ²ó. 9Í�§ÝJ�ø�ÍýLP�, &Æµ��9�Ý.

1.5. ÕóÃÍ�§

Õ�ÃÍ�§ (The fundamental theorem of arithmetic) Ç°×5��§, ×å&ÆN×Í
�y 1 ÝJóu�Î²óK�|¶Wb§9Í².óÝ¶�vBÄÊ	4�Í¶°°×.
h�§:«�Qv��, ¬)m×ÍÑPÝJ�.

9�&Æê$Õ×ÍÎlÝbnD3P�°×PÝ®Þ. 9�ÝD3P¼ÝµÎE×
�y 1 ÝJó�|0Õb§9Í²ó¸Í�|¶W9°²óÝ¶�, �°×PµÎ¼Ýµ
Î¶°°×. ãyÑJóõ�JóÝ5�©-×Í�r, &Æ©m�ÊÑJóÝ�µ.

Theorem 1.5.1 (The Fundamental Theorem of Arithmetic). �' a ∈ N v a > 1, JD

3 p1, . . . , pr, Í� pi Î8²Ý²ó, ��

a = pn1
1 · · · pnr

r , ni ∈ N, ∀i ∈ {1, . . . , r}.

A� a �|5�W¨²Ý�P a = qm1
1 · · · qms

s , Í� qi Î8²Ý²ó, J r = s vB
Ä�ð5��ÿ pi = qi, ni = mi, ∀ i ∈ {1, . . . , r}.

Proof. &Æ5�¼JD3P�°×P.

´�¼:D3P: ��¼1D3PµÎ�J�N×Í�y 1 ÝJóK�|¶Wb§9
Í(�|8!)²óÝ¶�. A� a Í�ÎÍ²ó, J a = p1 (Ç r = 1, n1 = 1), ÿJD3
P. A� a �Î²ó÷? ã�LáD3 a1, b1 ∈ N v a1 6= 1, b1 6= 1 �� a = a1 · b1. #ì
¼µÎ: a1, b1 Î�Î²óÝ. A�Í�b×Í�Î²ó, &Æµµ�5�ì�àÕÿÕ
²ó
c. 9ÍÄ�×�º�ì¼.
Ng5�¡ÿÝó÷¼÷�. 	Qt¡µ�|Þ a

¶W×°²óÝ¶�Ý. 9øÝJ�]P, 8*��ºb×Ë1�z½Ý�Æ, X|&Æ�
Îàó.hû°¼J�. 	 a = 2 `ãy 2 Î²ó, X|39�µD3PÎEÝ. #½�
'EXb� 2 Õ a− 1 ÝJóD3PÎEÝ. A� a Î²ó, £D3P�QWñ. A� a
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�Î²ó, Já a = a1 · b1 Í� a1, b1 ∈ N v 1 < a1 < a C 1 < b1 < a. Æ¿àhû�'á

a1 õ b1 K�¶Wb§9Í²óÝ¶�, X|ÿJ a ô�|¶Wb§9Í²óÝ¶�.

&ÆµQàhû°J°×P, �'

a = pn1
1 · · · pnr

r = qm1
1 · · · qms

s ,

Í� p1, . . . , pr ÎËË8²Ý²ó, v q1, . . . , qs ôÎËË8²Ý²ó. ãy p1 Î²ó, Æ

ã p1 | a = qm1
1 · · · qms

s |C Corollary 1.4.3 áD3ØÍ j ∈ {1, . . . , s} �� p1 | qj . �ð×
ì5�&Æ�|�' p1 | q1. ãy q1 Î²ó, q1 Ý.ó©�Î ±1 T ±q1. Æã p1 | q1 á

p1 = q1. ¨3�Ê
a

p1
= pn1−1

1 · · · pnr
r = qm1−1

1 · · · qms
s .

ãy a/p1 < a, Æ¿à°×PÝhû°�'&Æÿ r = s v p1 = q1, . . . , pr = qr |C

n1 = m1, n2 = m2, . . . , nr = mr, ÆÿJ°×P. ¤

×�¼1&ÆÞ×ÑJó a ¶W²ó�¶� a = pn1
1 · · · pnr

r `, 
Ý°×P&Æ�ON
Í²ó pi Ýg] ni KÎÑÝ, ôµÎ1&Æ©Ã� aÝ².ó p1, . . . , pr. �Ä	�D¡Ë
Ñó a, b `
Ý]-f´, &Æ;ðºÃ� a õ b XbÝ².ó�Þ a, b ¶W9°²ó�
¶�Ýø�. ôµÎ1�¶W a = pn1

1 · · · pnr
r |C b = pm1

1 · · · pmr
r Í�Ey i ∈ {1, . . . , r},

pi|a T pi|b, v ni ≥ 0, mi ≥ 0. ¥�9�ãy a Ý².óÎÄµÎ b Ý².ó, D�ùQ,
X| ni,mi b��
 0. 9ø¶°Ý]-PµÎ&Æ�Ä 5ø° pi Î a Ý².ó, ø°

Î b Ý².ó. ¿à9øÝ¶°&Æ��|Þ a, b Ýt�2.ó�î�¼.

Proposition 1.5.2. �' a, b ∈ N v a, b > 1. u a = pn1
1 · · · pn1

r v b = pm1
1 · · · pmr

r , Í�

p1, . . . , pr 
8²²óv ni,mi ≥ 0, J a, b ÝÑ2.óK�¶W pt1
1 · · · ptr

r Ý�P, Í�

0 ≤ ti ≤ min{ni,mi}. ©½2, &Æb

gcd(a, b) = p
min{n1,m1}
1 · · · pmin{nr,mr}

r .

Proof. ´�/)×ì min{x, y} �î x, y �t��ó. ¨�' d Î a, b ÝÑ2.ó, Jã

d|a &Æáu p Î d Ý².ó, Jã p|d á p|a. Æã Corollary 1.4.3 áD3 i ∈ {1, . . . , r}
¸ÿ p|pi. .hã p, pi /
²óÿ p = pi. ôµÎ1 d Ý².óÄ3 {p1, . . . , pr} �, Æ

d ×��|¶W pt1
1 · · · ptr

r Ý�P, Í� ti ≥ 0. êãyE�� i ∈ {1, . . . , r} /b pti
i |d Æ

pti
i |a, ùÇ pti

i |pn1
1 · · · pnr

r . ãyu i 6= j J pi 6= pj , áh` gcd(pti
i , p

nj

j ) = 1, Æã 1.2.7(1)
ÿ pti

i |pni
i , ôµÎ1 ti ≤ ni. !§ã d|b �ÿ ti ≤ mi, ÆÿJ 0 ≤ ti ≤ min{ni, mi}.

¨� d = p
min{n1,m1}
1 · · · pmin{nr,mr}

r , yîÿá d 
 a, b �2.ó. êãîá�� a, b Ý

2.ó d′ /�� d′|d, Æá d = gcd(a, b). ¤

4Q Proposition 1.5.2 ôÎ×ÍOÿËÍó�t�2.ó�]°, �Ä3@j�µ (L

ÍÎ�§��Ýó`) ãy5�².óÎ�æpÝ¯�, X|)Î|�»8t°ÿt�2
.ó´Ñà. Proposition 1.5.2 ¥���Î¸��@Ý×å&Æt�2.ó�%�ø�, 9
3×°hé§¡Ý.0ÎbàÝ.

#ì¼&Æ�|¿à Proposition 1.2.8 Þt�2¹ó¶ì.
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Corollary 1.5.3. �' a, b ∈ N v a, b > 1. u a = pn1
1 · · · pn1

r v b = pm1
1 · · · pmr

r , Í�

p1, . . . , pr 
8²²óv ni,mi ≥ 0, J

lcm(a, b) = p
max{n1,m1}
1 · · · pmax{nr,mr}

r .

Proof. ãy ab = pn1+m1
1 · · · pnr+mr

r ¿à Proposition 1.2.8 |C Proposition 1.5.2 á

lcm(a, b) =
ab

gcd(a, b)
= p

n1+m1−min{n1,m1}
1 · · · pnr+mr−min{nr,mr}

r .

E��Þó x, y,�´×�P&Æ�' x ≥ y,h`&Æbmin{x, y} = yvmax{x, y} = x,
.hÿ x+ y = min{x, y}+max{x, y}. X|E�� i ∈ {1, . . . , r} &Æ/b max{ni,mi} =

ni + mi −min{ni,mi}, .hÿJÍ�§. ¤

	&Æb9yËÍÝJó`, &Æµ�|¿à².ó5�|C Proposition 1.2.12 õ

Proposition 1.2.13 Þ�ÆÝt�2.óõt�2¹ó¶ì. »Au a = pn1
1 · · · pn1

r , b =

pm1
1 · · · pmr

r v c = pt1
1 · · · ptr

r , Í� p1, . . . , pr 
8²²óv ni,mi, ti ≥ 0, J

gcd(a, b, c) = p
min{n1,m1,t1}
1 · · · pmin{nr,mr,tr}

r ,

lcm(a, b, c) = p
max{n1,m1,t1}
1 · · · pmax{nr,mr,tr}

r .



Chapter 2

Arithmetic Function

	&Æ�"D×ó�`, �Ê�L3¸î«ÝÐó;ðÎ×Í¥�Ý]°. 3ó¡�&Æ
	QµÎ�"D�L3ÑJóîÝÐó, &ÆÌ�
 arithmetic function. 9×a�&ÆÞ
D¡¿Íð�Ý arithmetic function.

2.1. Multiplicative Arithmetic Functions

¬�ÎXbÝ arithmetic function K�b¶, Õ9�"Dø° arithmetic function ÷? 9
��X�yy�"DÝÎbnø°JóÝ©P. .
3h&Æ½¥yJóÝ5�P², X

|&Æ"DXÛÝ multiplicative arithmetic function.

Definition 2.1.1. &ÆÌ� N Õ C ÝÐó
 arithmetic function. u f : N→ C Î×Í
arithmetic function ��E�� a, b ∈ N v gcd(a, b) = 1 /b f(ab) = f(a)f(b), JÌ f Î

×Í multiplicative arithmetic function.

�¥�	×Í arithmetic function f Î multiplicative `, f(ab) = f(a)f(b) ¬�×�
Wñ. 9Î�3 gcd(a, b) = 1 `��|@�ÎEÝ. A� f ÝP²úÕE�� a, b ∈ N
/b f(ab) = f(a)f(b), £�&ÆÌ f Î completely multiplicative. ãy completely

multiplicative arithmetic function Ýf�´ú, v¬PH99vb¶ÝÐó, X|9�&Æ
©Ý¥y multiplicative arithmetic function.

&Æ�¼:×Í multiplicative arithmetic function Ý»�.

Example 2.1.2. &Æ�Ê Möbius µ-function, Í�L


µ(n) =





1, u n = 1;
0, uD3²ó p ¸ÿ p2|n;
(−1)r, u n = p1 · · · pr, Í� p1, . . . , pr 
8²²ó.

&Æ¼�J µ @
 multiplicative. �Ê a, b ∈ N v gcd(a, b) = 1. *u a = 1 Jã

µ(a) = µ(1) = 1 ÿ µ(ab) = µ(b) = µ(a)µ(b). !§u b = 1 ôÿ µ(ab) = µ(a)µ(b). X|

&ÆG��Ê a > 1 v b > 1 Ý��. ãÕóÃÍ�§ (Theorem 1.5.1) &Æ�|Þ a, b

19
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5½¶W a = pn1
1 · · · pnr

r |C b = qm1
1 · qmt

t Ý�PÍ� ni,mj /�y 0 vãy a, b !²
XbÝ²ó pi õ qj /8². *u ni T mj �b×Í�y 1, �´×�Pµ�' n1 ≥ 2,
Jã p2

1|a v p2
1|ab, á µ(a) = 0 v µ(ab) = 0, Æÿ µ(ab) = µ(a)µ(b). t¡&Æ©yì

n1 = · · · = nr = 1 v m1 = · · · = mt = 1 Ý�µ. h`ãy ab = p1 · · · pr · q1 · · · qt v

p1, . . . , pr, q1, . . . , qt 
8²²óÿ µ(ab) = (−1)r+t. Q� µ(a) = (−1)r v µ(b) = (−1)t,
ÆÿJ µ(ab) = µ(a)µ(b). ôµÎ1 µ Î×Í multiplicative arithmetic function.

�¥� µ ¬& completely multiplicative. &Æ�|� a = b = p, Í� p 
²óÝ�
�:�. h` µ(a) = µ(b) = 1 ¬Î µ(ab) = 0, Æá µ(ab) 6= µ(a)µ(b). �á¼¯�J
×Í arithmetic function f Î multiplicative `, ¯Ä6�ÊXbÝ�µ, ÇEXb��

gcd(a, b) = 1ÝÑJó a, b/�Ð) f(ab) = f(a)f(b), ���G�Í»��J. ¬	¯�1

f �Î multiplicative `, ©�0Õ×à a, b ∈ N v gcd(a, b) = 1 º¸ÿ f(ab) 6= f(a)f(b)
Ç�.

#ì¼&Æ¼: multiplicative arithmetic function ÝÃÍP².

Proposition 2.1.3. �' f Î×Í& 0 Ý multiplicative arithmetic function. J f(1) = 1,
vuE��Ý²ó p |C t ∈ N, K�á f(pt) ÝÂJE�� n ∈ N, f(n) �Âµ�|@�.

Proof. . f Î multiplicative v gcd(1, 1) = 1, Æá f(1) = f(1)f(1) ÿá f(1) = 1 T

f(1) = 0. u f(1) = 0, JE�� n ∈ N, ãy gcd(n, 1) = 1, �ÿ f(n) = f(n)f(1) = 0. ô
µÎ1 f Î 0 Ðó, hõ f Î& 0 âó��'ë;, Æá f(1) = 1.

¨E�� n ∈ N, u n = 1, JãGá f(n) = f(1) = 1. u n > 1, JãÕóÃ
Í�§á n = pn1

1 · · · pnr
r , Í� pi 
8²²óv ni ∈ N. Æã f Î multiplicative v

gcd(pn1
1 , pn2

2 · · · pnr
r ) = 1 á f(n) = f(pn1

1 pn2
2 · · · pnr

r ) = f(pn1
1 )f(pn2

2 · · · pnr
r ). µ�ì�¸à

ó.hû°á f(n) = f(pn1
1 ) · · · f(pnr

r ). Æã�'�á9° f(pni
i ) �Â&Æ�@� f(n)

�Â. ¤

µ Proposition 2.1.3 &ÆáA� f Î multiplicative arithmetic function, £�u�ßé
Xb²ó p |C t ∈ N � f(pt) �Â£�µ�|��Ý� f 9×ÍÐó. �ÄGÞÎ�
@- f ÎÍ
 multiplicative. 9ì&Æº�×Íðà¼@-Î multiplicative Ý]°. 9
Í]°�©�|J¼@- multiplicative arithmetic function �v�|QÃ&ÆxC&9

multiplicative arithmetic function. �Ä´�&Æm�×Í�Ã�§.

Lemma 2.1.4. �' a, b ∈ N v gcd(a, b) = 1. u d Î ab ÝÑ.ó, JD3°×Ý a Ý

Ñ.ó d1 |C b ÝÑ.ó d2 ¸ÿ d = d1d2.

Proof. 9êÎ×ÍD3C°×Ý®Þ. D3µÎ�JD3 d1|a v d2|b ¸ÿ d = d1d2, �

°×µÎ�J��9f�Ý¶°©b×Ë.

´�J�D3P. �� d|ab, �A¢0Õ d1|a v d2|b ¸ÿ d = d1d2 ÷? ãy�O

d1d2 = d |C d1|a X| d1 Ä6Î a õ d Ý2.ó. ¤�×ì, &Æ��Êã d1 
 a, d Ý

t�2.ó, 9ø×¼ d2 = d/d1 ºf´�f´��Jt b. µ¯&Æã d1 = gcd(a, d) :
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:ÎÍ��. h`� d2 = d/d1, &Æ@@b d = d1d2 v d1|a. ©yì��JÎÍ d2|b. Q
� d|ab Æá (d/d1)|(a/d1)b. êã d1 = gcd(a, d) á gcd(a/d1, d/d1) = 1 (Corollary 1.2.3),
Æã Proposition 1.2.7(1) á d/d1|b, ôµÎ1 d2|b.
#ì¼J°×P. �� d|ab �'D3 d1, d

′
1, d2, d

′
2 ∈ N 5½�� d = d1d2, d1|a v

d2|b |C d = d′1d
′
2, d′1|a v d′2|b, &Æ�J� d1 = d′1 v d2 = d′2. ãy d1d2 = d′1d

′
2, &

Æá d1|d′1d′2. êãy d1|a, d′2|b |C gcd(a, b) = 1, &Æá gcd(d1, d
′
2) = 1. X|�¿à

Proposition 1.2.7(1) ÿá d1|d′1. !§�J d′1|d1 ��î d1, d
′
1 ∈ N Æá d1 = d′1, vÿ

d2 = d′2. ¤

3 Lemma 2.1.4 bnyD3PÝJ��&Æs¨¬ÎàÕ gcd(a, b) = 1 Ý�', ôµ
Î1¬�m�' gcd(a, b) = 1, E�� ab ÝÑ.óK�|0Õ d1|a, d2|b ¸ÿ d = d1d2. �

Ä3J�°×P`, gcd(a, b) = 1 Ý�'µm�Ý. f]1�Ê a = 6, b = 4 õ d = 6 Ý�

�, &Æ�|ã d1 = 6, d2 = 1 õ d′1 = 3, d′2 = 2 K���O, X|°×P3h�µ¬�W
ñ. ãh&Æô�gú�°×P���à.
 a õ d Ýt�2.óÎ°×Ýá d1 Î°×
Ý�ÿJ°×P. 9Î.
P�ÿá
¢ d1 &ÿÎ a, b Ýt�2.ó��. X|3J�
°×P`, ���Î�¶Iµ°2��'bËË¶°��1�9ËË¶°Î×ø, 9øÝ
]°¼�§f´�º�ý.

¯@î Lemma 2.1.4×å&Æ	 gcd(a, b) = 1 ,̀u d1, . . . , di, . . . , dr õ e1, . . . , ej , . . . , es

5½Î a õ b XbÝ8²Ñ.ó, J d1e1, . . . , diej , . . . , dres ºÎ ab XbÝ8²Ñ.ó.
9Î.
9° diej ×�Î ab ÝÑ.ó, ��î Lemma 2.1.4 ×å&Æ ab ÝÑ2.ó×
��|¶W diej Ý�P�v9° diej ×�8². #ì¼&ÆµÎ�à9P²¼¿à×Í
�áÝ multiplicative arithmetic function ÿÕ±Ý multiplicative arithmetic function.

Theorem 2.1.5. �' f : N → C Î×Í multiplicative arithmetic function. �ÊÐó

F : N→ C Í�L
E�� n ∈ N,

F (n) =
∑

d|n,d>0

f(d),

J F Î×Í multiplicative arithmetic function.

Proof. ´��Õ×ì F (n) =
∑

d|n,d>0 f(d) 9Ðr�îA� d1, . . . , dr Î n ÝXb8²

Ñ.ó£� F (n) = f(d1) + · · · + f(dr). &Æ�J� F Î multiplicative µÎ�J�	

a, b ∈ N v gcd(a, b) = 1 ` F (ab) = F (a)F (b).

¨�' d1, . . . , di, . . . dr õ e1, . . . , ej , . . . , es 5½Î a õ b XbÝÑ.ó. &Æb

F (a) = f(d1) + · · ·+ f(di) + · · ·+ f(dr) |C F (b) = f(e1) + · · ·+ f(ej) + · · ·+ f(es). .h

á F (a)F (b) = f(d1)f(e1)+ · · ·+ f(di)f(ej)+ · · ·+ f(dr)f(es). ãy gcd(a, b) = 1 � di, ej

5½Î a, b Ý.ó, &Æá gcd(di, ej) = 1. ��î f Î multiplicative, ÆÿEXb di, ej

/b f(di)f(ej) = f(diej). .hÿ F (a)F (b) = f(d1e1) + · · ·+ f(diej) + · · ·+ f(dres). Q
� Lemma 2.1.4 ×å&Æãy gcd(a, b) = 1, 9° d1e1, . . . , diej , . . . , dres â?µÎ ab X

bÝ8²Ñ.ó, ÆÿJ F (ab) = F (a)F (b). ¤



22 2. Arithmetic Function

t¡&Æ¼:: Example 2.1.2�Ý µ¿à Theorem 2.1.5XxC�¼Ý multiplicative

arithmetic function 
¢.

Example 2.1.6. � δ : N→ C Î×Í arithmetic function Í�L
, E�� n ∈ N,

δ(n) =
∑

d|n,d>0

µ(d),

Í� µ Î möbius µ-function. .
 µ Î multiplicative, ã Theorem 2.1.5 á δ Î multi-

plicative. Æ�X� δ �Âã Proposition 2.1.3 á©���Ê δ(pt) �ÂÇ�, Í� p Î²
ó t ∈ N. Q� pt XbÝÑ.ó
 1, p, p2, . . . , pt, Æã�Lá

δ(pt) = µ(1) + µ(p) + µ(p2) + · · ·µ(pt) = 1− 1 + 0 + · · ·+ 0 = 0.

Æun > 1,Jã n = pn1
1 · · · pnr

r á δ(n) = δ(pn1
1 ) · · · δ(pnr

r ) = 0. Q�ã�L δ(1) = µ(1) = 1,
X|&Æ�ÿ

δ(n) =
∑

d|n,d>0

µ(d) =
{

1, 	 n = 1;
0, 	 n > 1.

2.2. Ñ.óÍóCÑ.óõ

&Æ�|à multiplicative arithmetic function ÝÃF�"ÝO�×ÑJóÍÑ.ó�Íó
CÑ.óõ.

��×ÑJó n, � v(n) �î n ÝÑ.óÍó. ÉQE�� n ∈ N, v(n) KbãÂ,
X|&Æ�|ÞÍ:WÎ×ÍÐó v : N→ N. �ÐóÝ��¼:, v µÎ×Í arithmetic

function. �� n ∈ N A¢O v(n) Â÷? à#Ý®°µÎÞ n ÝÑ.ó××��Q¡ó
b9KÍ. »A 6 ÝÑ.ób 1, 2, 3, 6, X| v(6) = 4. 9øÝO°A¢àP��î÷? &

Æ�|�à summation
∑
ÝÐr, Þ v(n) ¶W

v(n) =
∑

d|n,d>0

1.

îPÝ�¤µÎNg¯:Õ d �� d|n v d > 0 µ�×g, X|��QÿÕ n ÝÑ.óÍ
ó.

Proposition 2.2.1. E�� n ∈ N, � v(n) �î n ÝÑ.óÍó. J v : N → N Î
×Í multiplicative arithmetic function. �vu n = pn1

1 · · · pnr
r , Í� pi 
8²²ó, J

v(n) = (n1 + 1) · · · (nr + 1).

Proof. u� l : N→ N Î×Í arithmetic function ��E�� n ∈ N, l(n) = 1, J v(n) �

�


v(n) =
∑

d|n,d>0

l(d).

ãyE�� a, b ∈ N, l(ab) = l(a)l(b) = 1, &Æá l 
 (completely) multiplicative. .hã

Theorem 2.1.5 á v 
 multiplicative.
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ÉQ v Î multiplicative, &Æ�|¿à Proposition 2.1.3 OE�� n ∈ N, v(n) �

Â. ôµÎ1&Æ��"DE��²ó p |CÑJó t, v(pt) �Â. ãy pt ÝÑ.óµÎ

pi, Í� i ∈ {0, 1, . . . , t}, &ÆÿÕ v(pt) = t + 1. .hE�� n ∈ N, u n = 1, &Æá

v(n) = v(1) = 1; �u n = pn1
1 · · · pnr

r Í� pi 
8²²ó, Jã v Î multiplicative á

v(n) = v(pn1
1 ) · · · v(pnr

r ) = (n1 + 1) · · · (nr + 1).

¤

Ü»¼1, &Æ�O 360 ÝÑ.óÍó, ãy 360 = 23 · 32 · 5, ¿à Proposition 2.2.1,
&Æ�"µ�ÿ v(360) = (3 + 1)(2 + 1)(1 + 1) = 24. �9���T?��º multiplicative

arithmetic function Ý?�. T&O v(n) Ý2P��3{�`.4�à)`µà¶°æ§
ÿÕÄ. �|à¶°æ§Ýæ.Í@µõ v Î multiplicative >>8n.

#ì¼&Æ"DÑ.óõ. ��×ÑJó n, � σ(n) �î n ÝXbÑ.ó�õ. É

QE�� n ∈ N, σ(n) KbãÂ, X|&Æ�|ÞÍ:WÎ×ÍÐó σ : N → N. �Ð

óÝ��¼:, σ µÎ×Í arithmetic function. �� n ∈ N A¢O σ(n) Â÷? à#

Ý®°µÎÞ n ÝÑ.ó××��Q¡�I�R¼. »A 6 ÝÑ.ób 1, 2, 3, 6, X|

σ(6) = 1 + 2 + 3 + 6 = 12. 9øÝO°A¢àP��î÷? &Æ�×g�à summation
∑

ÝÐr, Þ σ(n) ¶W

σ(n) =
∑

d|n,d>0

d.

îPÝ�¤µÎNg¯:Õ d �� d|n v d > 0 µ� d, X|��QÿÕ n ÝÑ.óõ.

Proposition 2.2.2. E�� n ∈ N, � σ(n) �î n ÝÑ.óÍó. J σ : N→ N Î×Í
multiplicative arithmetic function. �vu n = pn1

1 · · · pnr
r , Í� pi 
8²²ó, J

σ(n) =
pn1+1
1 − 1
p1 − 1

· · · p
nr+1
r − 1
pr − 1

.

Proof. u� I : N→ N Î×Í arithmetic function ��E�� n ∈ N, I(n) = n, J σ(n)
��


σ(n) =
∑

d|n,d>0

I(d).

ãyE�� a, b ∈ N, I(ab) = ab = I(a)I(b), &Æá I 
 (completely) multiplicative. .

hã Theorem 2.1.5 á σ 
 multiplicative.

ÉQ σ Î multiplicative, &Æ�|¿à Proposition 2.1.3 OE�� n ∈ N, σ(n) �Â.
ôµÎ1&Æ��"DE��²ó p |CÑJó t, σ(pt) �Â. ãy pt ÝÑ.óµÎ pi,
Í� i ∈ {0, 1, . . . , t}, &ÆÿÕ σ(pt) = 1 + p + · · ·+ pt. ãy 1, p, . . . , pt Î×Í2f
 p

Ý�fó�, &Æÿ

σ(pt) =
pt+1 − 1
p− 1

.
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.hE�� n ∈ N, u n = 1, &Æá σ(n) = σ(1) = 1; �u n = pn1
1 · · · pnr

r Í� pi 
8²

²ó, Jã σ Î multiplicative á

σ(n) = σ(pn1
1 ) · · ·σ(pnr

r ) =
pn1+1
1 − 1
p1 − 1

· · · p
nr+1
r − 1
pr − 1

.

¤

Ü»¼1, &Æ�O 360 ÝÑ.óõ, ãy 360 = 23 · 32 · 5, ¿à Proposition 2.2.2, &

Æ�"µ�ÿ

σ(360) =
24 − 1
2− 1

33 − 1
3− 1

52 − 1
5− 1

= 15 · 13 · 6 = 1170.

2.3. The Euler φ-function

&Æ�"Df n �v� n !²ÝÑJóÍó.

Definition 2.3.1. �� n ∈ N, φ(n) �îf n �v� n !²ÝÑJóÍó. 9ø��Ý
Ðó φ : N→ N, Ì�
 Euler φ-function.

&Æ�J� Euler φ-function Î multiplicative, ¬OÍ3��ÑJó�ãÂ. ãy��

|0Õ��Ý multiplicative arithmetic function f ¸ÿ φ �îWA Theorem 2.1.5 Ý�

P, X|&Æ�à#J� φ Î multiplicative. ôµÎ1E�� a, b ∈ N �� gcd(a, b) = 1,
&Æ�J� φ(ab) = φ(a)φ(b).

´�&Æ:×Í a = 5, b = 4 Ý»�. &Æ�1� φ(20) = φ(5)φ(4). ãy φ(20) �î

f 20 �v� 20 !²ÝÑJóÍó, X|&ÆÞ�y�y 20 ÝÑJóAì��:

1 6 11 16
2 7 12 17
3 8 13 18
4 9 14 19
5 10 15 20

��|:�t¡×� 5 10 15 20 �N×ÍóKÎ 5 Ý¹óX|���õ 20 !², .h&

Æ�Àt9×�. �Íõ 4 �N×��Ýót| 5 ÝõóK8!vK��y 0 X|9 4
�ÝóKõ 5 !². .h&Æ©��Ê9 4 �Ýóø°õ 4 Î!²Ý. ~ÞÌD9N×�
�Ýót| 4 ÝõóK8².hN��©bõ 1 õõ 3 ÝËÍóõ 4 !². À�¼1&
Æs¨�b φ(5) = 4 �Ýóõ 5 !², �9 4 �Ýó�N�/b φ(4) = 2 Íóõ 4 !²,
.h 1 Õ 20 ���b φ(5)φ(4) = 8 Íóõ 5 võ 4 !². 9°óµÎ 1 Õ 20 ��õ 20
!²Ýó, X|á φ(20) = φ(5)φ(4).

#ì¼&ÆµÎ�àG«Ý]°J�×�Ý��. �¥�G«Ý]°&Æ¬PËÑF
�ø°óõ 20 !², .
&Æ©�á¼Íó��î&ÆÝ]°¿{õ a = 5, b = 4 PnX
|f@j0�ø°óõ 20 !²?�ºà3×�ÝÏµ. ´�&ÆàÕõ 20 !²ÝóµÎ
õ 5 võ 4 !²Ýó, 9ÍP²3×�Ý�µKE.

Lemma 2.3.2. �' a, b, c ∈ Z. J gcd(ab, c) = 1 uv°u gcd(a, c) = 1 v gcd(b, c) = 1.
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Proof. �' gcd(ab, c) = 1. u d = gcd(a, c), �î d Î a, c Ý2.ó, X| d ôÎ ab õ

c Ý2.ó, Æÿ d = 1. !§á gcd(b, c) = 1.

D�, �' gcd(a, c) = 1 v gcd(b, c) = 1. u gcd(ab, c) 6= 1, �îD3×²ó p ��

p| gcd(ab, c). ôµÎ1 p|ab v p|c. ¬ p Î²ó, Æã Lemma 1.4.2 á p|a T p|b. ÿá p

Î a, cT b, cÝ2.ó. hõ gcd(a, c) = 1v gcd(b, c) = 18ë;,Æá gcd(ab, c) = 1. ¤

3G«O� 20 !²Ýó�, ¨×Í¥�M»Î�×4�N×Íót| 4 ÝõóK8²,
93×� gcd(a, b) = 1 Ý�µKÎEÝ.

Lemma 2.3.3. �' a, b, l ∈ Z, b > 1 v gcd(a, b) = 1. J3 l, l +a, l +2a, . . . , l +(b− 1)a,
�N×Íót| b Ýõó/8². �vÍ��b φ(b) Í-ôõ b !².

Proof. u u, v ∈ Zv u, v t| bÝõó8!,�î b|u−v. .h�1 l, l+a, . . . , l+(b−1)a
�Ý-ôt| b Ýõó/8², µÎ1�ã l + ia, l + ja, Í� 0 ≤ i < j ≤ b − 1, KP
°¸ÿ b Jt (l + ja) − (l + ia). *�' b|(l + ja) − (l + ia), ôµÎ1 b|(j − i)a. ãy

gcd(a, b) = 1, Proposition 1.2.7(1) ×å&Æ b|j− i. ¬h� 0 ≤ i < j ≤ b− 1 8ë;, Æã

DJ°á b �Jt (l + ja)− (l + ia). ôµÎ1�ã l + ia, l + ja, Í� 0 ≤ i < j ≤ b− 1,
J¸Æt| b �õó/8².

Ey i ∈ {0, 1, . . . , b − 1} u� ri �î l + ia t| b Ýõó, ãy 0 ≤ ri ≤ b − 1 v

9 b Í ri /8², &Æá {r0, r1, . . . , rb−1} 9×Í/)õ {0, 1, . . . , b− 1} Î8!Ý. Q�

Lemma 1.3.1 ×å&Æ gcd(l + ia, b) = gcd(ri, b), X| {l, l + a, . . . , l + (b− 1)a} �õ b !

²Ýóõ {0, 1, . . . , b− 1} �õ b !²Ýó�Íó8!. µ�Lá {0, 1, . . . , b− 1} ��b
φ(b) Íó� b !², ÆÿJ. ¤

#ì¼&ÆJ� φ Î×Í multiplicative arithmetic function.

Proposition 2.3.4. u a, b ∈ N v gcd(a, b) = 1, J φ(ab) = φ(a)φ(b).

Proof. &ÆÞ�y ab ÝÑJóµì�]°4W b �:

1 1 + a · · · 1 + (b− 1)a
2 2 + a · · · 2 + (b− 1)a
...

...
. . .

...
a 2a · · · ba

Í�Ï l �
 l, l + a, . . . , l + (b− 1)a. ã Lemma 1.3.1 á9�N×óõ a Ýt�2.ó/
� l õ a Ýt�2.ó8!. ð��, u l õ a !²JÏ l ��N×ó/õ a !²; �u l

õ a �!²JÏ l ��N×ó/õ a �!². ê.
 1 ≤ l ≤ a, Æµ�L�b φ(a) Í l

º� a !². �&ÆµG�Ê9 φ(a) �Ýó (ÍõÝóKõ a �!²Æõ ab �!²).

9 φ(a)�Ýó4Kõ a!²¬¬�Kõ b!². Q�N×�/
 l, l+a, . . . , l+(b−1)a
Ý�P, Æã gcd(a, b) = 1 |C Lemma 2.3.3 áN×�/b φ(b) Íóõ b !². Æ 1 Õ

ab �À�b φ(a)φ(b) Í-ôõ a võ b !². ã Lemma 2.3.2 9°óµÎõ ab !²Ý
ó. ÆÿJ φ(ab) = φ(a)φ(b). ¤
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ÉQ φ Î multiplicative, &Æµ�|¿à Proposition 2.1.3 Õ� φ �Â.

Proposition 2.3.5. u n = pn1
1 · · · pnr

r , Í� pi 
8²²ó, J

φ(n) = (pn1
1 − pn1−1

1 ) · · · (pnr
r − pnr−1

r ) = n(1− 1
p1

) · · · (1− 1
pr

).

Proof. &Æ�OE��²ó p |CÑJó t, φ(pt) �Â. ãy p Î pt °×Ý².ó, u õ

pt �!²�î p Ä
 u �.ó. .h��Õ�y pt ÝÑJó�b9K� pt !², ©�Õ
�9°ó�bø°Î p Ý¹ó�X*Ç�. Q� 1 Õ pt ��b pt/p ÍóÎ p Ý¹ó. Æ

ÿá 1 Õ pn ��b pt − pt−1 ÍJóõ pt !².

¨�Ê�� n ∈ N. u n = 1, &Æá φ(n) = φ(1) = 1; �u n = pn1
1 · · · pnr

r Í� pi 


8²²ó, Jã φ Î multiplicative á

φ(n) = φ(pn1
1 ) · · ·φ(pnr

r ) = (pn1
1 − pn1−1

1 ) · · · (pnr
r − pnr−1

r ) = n(1− 1
p1

) · · · (1− 1
pr

).

¤

ÉQ φ Î multiplicative, &Æ�|¿à Theorem 2.1.5 C�¨×Í multiplicative

arithmetic function. �Ê F : N→ N Í�L
E�� n ∈ N, F (n) =
∑

d|n,d>0 φ(d). ãy

F Î multiplicative, vE��²ó p |C t ∈ N, &Æb

F (pt) = φ(1) + φ(p) + φ(p2) + · · ·+ φ(pt) = 1 + (p− 1) + (p2 − p) + · · ·+ (pt − pt−1) = pt.

.h&Æb|ì���.

Corollary 2.3.6 (Gauss). u n ∈ N J
∑

d|n,d>0

φ(d) = n.

Proof. � F (n) =
∑

d|n,d>0 φ(d), ãGá F �Î 0 ÐóÆã F Î multiplicative, ¿à

proposition 2.1.3 á F (1) = 1. u n ∈ N v n > 1 `, Þ n ¶W n = pn1
1 · · · pnr

r , Í� pi 


8²²ó, �ãî« F (pt) = pt Ý��C Proposition 2.1.3 á

F (n) = F (pn1
1 ) · · ·F (pnr

r ) = pn1
1 · · · pnr

r = n,

ÿJÍ�§. ¤

2.4. Convolution

&Æ�|¿à convolution �L�±Ý multiplicative arithmetic function, ¨² convolution
ôèºÝ×Í´��Ý]°¼J�ì×;�"DÝ Möbius inversion formula. 4QÍ;C
ì×;Ý/�3ÍýL�|¡�ºàÕ, ¬�T¿àh+Û¯��á¼b`Ê	�L×°
ºÕE�X®Þb��ÝQÃ.
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Definition 2.4.1. ��Ë arithmetic functions f, g &ÆBÍ convolution 
 f ∗ g, Í�L

E�� n ∈ N,

f ∗ g(n) =
∑

d|n,d>0

f(d)g(n/d).

µï convolution Ý�L, �O f ∗ g(n) �Â, ´�0� n ÝXbÑ.ó, Q¡EyN
×Í n ÝÑ.ó d, &ÆO f(d)g(n/d) �Â, �Þ9°Â�R¼. u d Î n ÝÑ.ó, �

e = n/d, &Æ�Qb de = n. D�, u d, e ÎÑJó�� de = n, J&Æ�Qb d|n. .h

&Æô�|àAìÝ�î°�î f ∗ g. Ç,

f ∗ g(n) =
∑

de=n
d,e∈N

f(d)g(e).

9øÝ�î°4Q:¼	ËÍ�ó, ¬@²îu�� d, J e �Q@�. &Æóà9Í�î
°Î.
9ì�.0 convolution ÝP²`à9Ë�°´��.

ãy f õ g Î arithmetic function, X| f ∗ g 3��ÑJó/bãÂ, .h f ∗ g )


arithmetic function. ð�� convolution �|:WÎ×Í arithmetic function � ÝºÕ

(¯�|Þ¸:WÎËÍ arithmetic function � Ý¶°). #ì¼&ÆµÎ�"D9Ëº
ÕÝÃÍP².

Proposition 2.4.2. ' f, g, h /
 arithmetic function. � δ : N→ N �L


δ(n) =
{

1, n = 1;
0, n > 1.

ny convolution &Æb|ì�P².

(1) f ∗ δ = δ ∗ f = f.

(2) f ∗ g = g ∗ f .

(3) (f ∗ g) ∗ h = f ∗ (g ∗ h).

Proof. (1) µ�LE�� n ∈ N, f ∗ δ(n) =
∑

d|n,d>0 f(d)δ(n/d). ãy	 n/d > 1 `

δ(n/d) = 0. .h3
∑
/, ©b d = n 9×4ºì, Æÿ f ∗ δ(n) = f(n)δ(1) = f(n). ð�

�, f õ f ∗ δ 3�� n ∈ N ÝãÂ/8!. Æ�ÐóÝÌF¼:, ¸ÆÎ8!ÝÐó. !

§�J δ ∗ f = f .

(2) ãyE�� n ∈ N,

f ∗ g(n) =
∑

de=n
d,e∈N

f(d)g(e) =
∑

de=n
d,e∈N

g(e)f(d) =
∑

de=n
d,e∈N

g(d)f(e) = g ∗ f(n).

&ÆÿJ f ∗ g = g ∗ f .
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(3) µ�L, E�� n ∈ N,

(f ∗ g) ∗ h(n) =
∑

de=n
d,e∈N

(f ∗ g)(d)h(e)

=
∑

de=n
d,e∈N

( ∑

rs=d
r,s∈N

f(r)g(s)
)
h(e)

=
∑

rse=n
r,s,e∈N

f(r)g(s)h(e).

!§&Æb

f ∗ (g ∗ h)(n) =
∑

duv=n
d,u,v∈N

f(d)g(u)h(v).

.hÿJ (f ∗ g) ∗ h = f ∗ (g ∗ h). ¤

Proposition 2.4.2 ×å&Æ, uÞ ∗ :WÎ arithmetic function � ÝºÕ, J δ 9×
Í arithmetic function µA!¶°ºÕÝ 1 (9øÝ-ô, &ÆÌ�
 identity). �v ∗ 9
ÍºÕ��øð£|C�)£. ∗ 9ÍºÕÍ@Ey multiplicative arithmetic function ô
Ìb�TP. ôµÎ1&Æb|ì�P².

Theorem 2.4.3. �' f, g /
 multiplicative arithmetic function, J f ∗ g ôÎ multi-

plicative arithmetic function.

Proof. �' a, b ∈ N v gcd(a, b) = 1, &Æ�J� f ∗ g(ab) = (f ∗ g(a))(f ∗ g(b)). E�
� d, e ∈ N �� de = ab, &Æ/b d|ab v e|ab. µ Lemma 2.1.4 á5½D3°×Ý×à

d1, d2 |C e1, e2 �� d = d1d2 C e = e1e2 Í� d1, e1 
 aÝÑ.óv d2, e2 
 bÝÑ.

ó. ê. gcd(a, b) = 1, Æ gcd(d1, d2) = 1 v gcd(e1, e2) = 1. X|ã f, g Î multiplicative
|C�Lá

f ∗ g(ab) =
∑

de=ab
d,e∈N

f(d)g(e) =
∑

d1d2e1e2=ab
d1|a,d2|b,e1|a,e2|b

d1,d2,e1,e2∈N

f(d1)f(d2)g(e1)g(e2).

¨E�� d1, d2, e1, e2 ∈ N �� d1d2e1e2 = ab v d1, e1 õ d2, e2 5½Î a õ b Ý.

ó. .
 d1e1|ab, ê. gcd(a, b) = 1 v d1, e1 Î a Ý.ó, á gcd(d1e1, b) = 1. .hã

Proposition 1.2.7(1) á d1e1|a. ¨×]« a|d1e1d2e2, �ã gcd(a, b) = 1 |C d2, e2 
 b �

.ó, ÿ gcd(a, d2e2) = 1. .há a|d1e1. X|ÿJ a = d1e1, !§ÿJ b = d2e2. D�,
u d1, d2, e1, e2 ∈ N �� a = d1e1 v b = d2e2, J&Æb d1d2e1e2 = ab v d1, e1 õ d2, e2

5½Î a õ b Ý.ó. .h&Æb
∑

d1d2e1e2=ab
d1|a,d2|b,e1|a,e2|b

d1,d2,e1,e2∈N

f(d1)f(d2)g(e1)g(e2) =
∑

d1e1=a,d2e2=b
d1,d2,e1,e2∈N

f(d1)f(d2)g(e1)g(e2).
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¨×]«

(f ∗ g(a))(f ∗ g(b)) =
∑

d1e1=a
d1,e1∈N

f(d1)g(e1)
∑

d2e2=b
d2,e2∈N

f(d2)g(e2).

¿à5g£á
∑

d1e1=a
d1,e1∈N

f(d1)g(e1)
∑

d2e2=b
d2,e2∈N

f(d2)g(e2) =
∑

d1e1=a,d2e2=b
d1,d2,e1,e2∈N

f(d1)f(d2)g(e1)g(e2).

.hÿJÍ�§. ¤

u� l : N → N Î×Í arithmetic function ��E�� n ∈ N, l(n) = 1, JE��Ý

arithmetic function f , /b	 n ∈ N `,

f ∗ l(n) =
∑

de=n
d,e∈N

f(d)l(e) =
∑

d|n,d>0

f(d).

.
 lÎ×Ímultiplicative arithmetic function,�9Í��: Theorem 2.1.5©Î Theorem

2.4.3 Ý×Í©��µ.

Example 2.4.4. &Æ�|¿à Theorem 2.4.3 ¼OE�� n ∈ N,
∑

d|n,d>0

µ(d)
n

d

�Â, Í� µ 
 Möbius µ-function (¢� Example 2.1.2).

� I : N→ NÎ×Í arithmetic function��E�� n ∈ N, I(n) = n. �Ê F : N→ N
Î×Í arithmetic function ��E�� n ∈ N,

F (n) =
∑

d|n,d>0

µ(d)
n

d
=

∑

d|n,d>0

µ(d)I(
n

d
).

µ�L&Æá F = µ ∗ I. Q� µ õ I /
 multiplicative, Æ¿à Theorem 2.4.3 á F ô
Î multiplicative. .h&Æ©�lÚE��²ó p |C t ∈ N, F (pt) �Â
¢. µ�L

µ(1) = 1, µ(p) = −1 v	 i > 1 ` µ(pi) = 0, Æÿ

F (pt) = µ(1)I(pt) + µ(p)I(pt−1) = pt − pt−1.

¥�hõ φ(pt) ÝÂ8! (¢� Proposition 2.3.5), Æ¿à F õ φ /
 multiplicative |

C Proposition 2.1.3 á F = φ. ôµÎ1E�� n ∈ N /b
∑

d|n,d>0

µ(d)
n

d
= φ(n).

2.5. The Möbius Inversion Formula

G«3+Û Euler’s φ-function ,̀&Æ�èC��|0Õ arithmetic function f Þ φ-function
�W φ(n) =

∑
d|n,d>0 f(d) 9øÝ�P. ¯@î Möbius inversion formula �|QÃ&Æ0

Õ9øÝ f .
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Theorem 2.5.1 (Möbius Inversion Formula). �' F, f /
 arithmetic function, µ 


möbius µ-function. JE�� n ∈ N, F, f ��

F (n) =
∑

d|n,d>0

f(d),

uv°uE�� n ∈ N, F, f ��

f(n) =
∑

d|n,d>0

F (d)µ(
n

d
).

Proof. � l : N→ NÎ×Í arithmetic function��E�� n ∈ N, l(n) = 1. µ convolution
Ý�L&Æ�J� F = f ∗ l uv°u f = F ∗ µ.

u F = f ∗ l, J F ∗ µ = (f ∗ l) ∗ µ. ¿à Proposition 2.4.2(3) á F ∗ µ = f ∗ (l ∗ µ). Q
�E�� n ∈ N, l ∗ µ(n) = µ ∗ l(n) =

∑
d|n,d>0 µ(d), ã Example 2.1.6 á l ∗ µ = µ ∗ l = δ,

Í� δ : N→ N �L


δ(n) =
{

1, n = 1;
0, n > 1.

ð��, &Æb F ∗ µ = f ∗ (l ∗ µ) = f ∗ δ. .�¿à Proposition 2.4.2(1) ÿJ F ∗ µ = f .

D�, u f = F ∗ µ, J f ∗ l = (F ∗ µ) ∗ l = F ∗ (µ ∗ l). Æ�¿à µ ∗ l = δ ÿá

f ∗ l = F ∗ δ = F . ¤

¥� Möbius inversion formula m�E�� n ∈ N E��¸à. ôµÎ1¯��:Õ

F (6) = f(1) + f(2) + f(3) + f(6)

µì�¡1

f(6) = F (1)µ(6) + F (2)µ(3) + F (3)µ(2) + F (6)µ(1) = F (1)− F (2)− F (3) + F (6).

m�l�Xb n ∈ N KE��ìh�¡ (�K3h»���9lã F (1) = f(1) , F (2) =

f(1) + f(2) |C F (3) = f(1) + f(3)).

Example 2.5.2. ¨3&Æ¼::A¢¿à Möbius inversion formula, 0Õ f ¸ÿ φ(n) =∑
d|n,d>0 f(d).ãMöbius inversion formulaáh` f = µ∗φ. ãy µõφ/
multiplicative,

ã Theorem 2.4.3á f ù
 multiplicative. .h&Æ�ÌDE��²ó p|C t ∈ N, f(pt)
�Â. Q�

f(pt) =
∑

d|pt,d>0

µ(d)φ(
pt

d
) = µ(1)φ(pt) + µ(p)φ(pt−1) = φ(pt)− φ(pt−1).

.há f(p) = p−1−1 = p−2v	 t ≥ 2` f(pt) = pt−pt−1−(pt−1−pt−2) = pt−2(p−1)2.

.hu n = pn1
1 · · · pnr

r , Í� pi 
8²²ó, �|ÿ f(n) = f(pn1
1 ) · · · f(pnr

r ). ¬Î#ì¼
�pÞ f ¶W�?Ý�P (¥�� 5bØÍ ni = 1 Ý��). ¯@îu^b Möbius

inversion formula, &Æô�pJ�9Í f @@�� µ(n) =
∑

d|n,d>0 f(d). X|	�3J
� φ Î multiplicative `, &Æ¬^b¿à Theorem 2.1.5 Jÿ.
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¯@î¿à Example 2.5.2 Ý]°&Æ�|J��¢Ý arithmetic function F /�0

Õ°×Ý arithmetic function f ¸ÿE�� n ∈ N, /b F (n) =
∑

d|n,d>0 f(d). 	&Æ0
ÕÝ f Î multiplicative `, Theorem 2.1.5 ×å&Æ F ôÎ multiplicative. D�, |ì

Corollary ×å&Æu�á F Î multiplicative, J0�Ý f ×�ôÎ multiplicative.

Corollary 2.5.3. �' F, f /
 arithmetic function. uE�� n ∈ N, /b

F (n) =
∑

d|n,d>0

f(d)

v�á F Î×Í multiplicative arithmetic function, J f ù
×Í multiplicative arithmetic

function.

Proof. ã Theorem 2.5.1 á f = µ ∗ F , Æã µ Î multiplicative |C F Î multiplicative
Ý�', ¿à Theorem 2.4.3 á f = µ ∗ F ù
 multiplicative. ¤

Example 2.5.4. G«¿;�&Æ�¿à multiplicative arithmetic function ÿÕ×°b¶
Ý�P, #ì¼Ý»�&ÆÞ¿à Möbius inversion formula ÿÕ?9�P.

(1) � v(n) �î n ÝÑ.óÍó. �áE�� n ∈ N, /b

v(n) =
∑

d|n,d>0

1 =
∑

d|n,d>0

l(d),

Í�EXb n ∈ N, l(n) = 1, Æ¿à Möbius inversion formula áE�� n ∈ N,

1 = l(n) =
∑

d|n,d>0

µ(d)v(
n

d
) =

∑

d|n,d>0

v(d)µ(
n

d
).

(2) � σ(n) �î n ÝXbÑ.ó�õ. �áE�� n ∈ N /b
σ(n) =

∑

d|n,d>0

d =
∑

d|n,d>0

I(d),

Í�EXb n ∈ N, I(n) = n, Æ¿à Möbius inversion formula áE�� n ∈ N,

n = I(n) =
∑

d|n,d>0

µ(d)σ(
n

d
) =

∑

d|n,d>0

σ(d)µ(
n

d
).

(3) ã Corollary 2.3.6 áE�� n ∈ N /b
n = I(n) =

∑

d|n,d>0

φ(d),

Æ¿à Möbius inversion formula áE�� n ∈ N, /b

φ(n) =
∑

d|n,d>0

µ(d)I(
n

d
) =

∑

d|n,d>0

µ(d)
n

d
.

Example 2.5.4(3) Ý�P3G×; Example 2.4.4 �&Æ�à multiplicative ÝP²ÿ
Õ. ¯@î Example 2.5.4 �Ý�PK�|à multiplicative ÝP²ÿÕ. �Ä�¥�Ý
Î Möbius inversion formula ¬�?§y multiplicative Ý��, ¸E×�Ý arithmetic

function /Êà.





Chapter 3

Congruences

!õ (congruence)ÝÃFµÎÞJóÊ	Ý5Wb§9v,¸Í)�õJó×øÝºÕ,��

ÿÕ×°JóÝ¥�P². ÍaµÎ"D congruence Ý�L|CÿÕ×°bn congruence
Ý¥�P�.

3.1. !õÝ5v

Congruence relation Î×Í equivalent relation. ´�&Æ"D equivalent relation ÝÃÍ
ÃF.

×�¼1�Þ×Í/)5vÄ6Ð)|ìëÍ�ô. Ï×ÍµÎ, �
õ�
Î!v
Ý; ¨×�ôÎuäõØÎ!vÝJØôÄ6õäÎ!vÝ; t¡×Í�ôÎA�äõØ
!vvØõs!v, JäÄ6õs!v. �9!.T�á¼9øÝ5v!v Ýn;Ì�

 equivalence relation. &Æ�Îàó.Ý]°� equivalence relation ÑPÝ�L.

Definition 3.1.1. u×/) S �&Æà a ∼ b �î a õ b Î!vÝ, J9øÝ5vuÐ
)|ìP²&ÆÌ�
 equivalence relation:

(equiv1): EXb a ∈ S, &ÆKb a ∼ a (reflexivity).

(equiv2): u a ∼ b, J b ∼ a (symmetry).

(equiv3): u a ∼ b v b ∼ c, J a ∼ c (transitivity).

&ÆðàÝ “=” µÎ×ÍÎlÝ equivalent relation.

b°!.��ºÆÿ�MÉQ (equiv2) 1: u a ∼ b J b ∼ a. £��¿à (equiv3) &

Æ�ÿ a ∼ a. 
%���ú� (equiv1) ÷? x�æ.Î (equiv1) ú�Î S �Ý�×-
ô a K6Ð) a ∼ a. A�&Æ©�O (equiv2) õ (equiv3), £�A� S �b×-ô a 3

S �0�Õ�¢Ý-ô b ¸ÿ a ∼ b, £� a µ�×��� a ∼ a Ý. .hºCWbÝ-ô
b��^b�5vÕ. �Ð) equivalence relation Ý5vµ@1N×Í-ôKº�5ÕØ
×v (�Äb��Ø×v�©b×Í-ô).

33
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Õ9à equivalence relation 5vb%�?�÷? ´�	QÎAGX1ã (equiv1) �ÿ
N×Í-ôKº�5ÕØ×v. ¨²ã (equiv2) õ (equiv3) áËÍ�!vÝ/)�ºb
ø/; 9Î.
A� b 3 A vv3 B v�, J3 A v�Ý�×-ô a .õ b Î!vÝÆ

a ∼ b � B v�Ý�×-ô c .ôõ b !vÆ b ∼ c. Æã (equiv2) õ (equiv3) á a ∼ c.
ôµÎ1 A �ÝXb-ôõ B �ÝXb-ôK!v. 9õ A � B Î�!vÝ�'8ë
;. À���¿à×Í equivalent relation &Æ�|Þ×/)5vWËË!�8øÝv½.

#ì¼&Æµ¼"D!õÝ5v°.

Definition 3.1.2. ��×ÑJó m, A� a, b ∈ Z 3t| m �ìÍõó8!, &ÆÌ a, b

3t| m �ìÎ!õÝ (a is congruent to b modulo m), vàÐr a ≡ b (mod m) ¼�î.
u a õ b 3t| m �ì�!õ (a is incongruent to b modulo m), Jà a 6≡ b (mod m) ¼

�î.

�¥�3�!õ`×���ü�×Í m ��1. ^b a õ b Î!õÝ1°, ¯Ä6�
JÝ1� a õ b 3t|%��ìÎ!õÝ�E.

4Qlã a, b 3t| m �ìÎÍ!õ, µ�L�lã a õ b t| m �õóÎÍ8!,
¬¯@î©�lã m ÎÍJt a− b.

Lemma 3.1.3. ��×ÑJó m, v a, b ∈ Z, J a ≡ b (mod m) uv°u m|a− b.

Proof. µ�Lu a ≡ b (mod m)Jµ�LD3 h1, h2 ∈ Z¸ÿ a = mh1 +r C b = mh2 +r

Í� 0 ≤ r < m. Æÿ a− b = m(h1 − h2) ôµÎ1 m|a− b.

D��' a, b t| m �õó5½
 r1 C r2, Ç5½D3 h1, h2 ∈ Z ¸ÿ a = mh1 + r1

C b = mh2 +r2,Í� 0 ≤ r1, r2 < m,Já a−b = m(h1−h2)+(r1−r2). Æã�' m|a−b

ÿ m|r1 − r2. ê. 0 ≤ r1, r2 < m, á −m < r1 − r2 < m, Æã m|r1 − r2 ÿ r1 = r2. ¤

&Æ�|¿à Lemma 3.1.3 �"ÝÿÕ congruent relation Î×Í equivalent relation.

Proposition 3.1.4. ��×ÑJó m, JJó3t| m !õÝ5v�ìÎ×Í equivalent

relation. ôµÎ1Ð)|ìëÍP².

(1) u a ∈ Z J a ≡ a (mod m).

(2) u a ≡ b (mod m) J b ≡ a (mod m).

(3) u a ≡ b (mod m) v b ≡ c (mod m), J a ≡ c (mod m).

Proof. (1) u a ∈ Z, . a− a = 0, ÿ m|a− a. Æã Lemma 3.1.3 á a ≡ a (mod m).

(2) u a ≡ b (mod m) ã Lemma 3.1.3 á m|a− b, Æã m|b− a ÿJ b ≡ a (mod m).

(3)u a ≡ b (mod m)v b ≡ a (mod m),Jám|a−bvm|b−c. Æá m|(a−b)+(b−c),
Ç m|a− c. ôµÎ1 a ≡ c (mod m). ¤

ãy!õÝÃFà5vÝ:°Î�?Ý5vv9øÝ:°�¡×°P²�]-, *¡&

ÆBðºà “a õ b 3 modulo m �ìÎ!v”Ý1°¼�¾: a õ b t| m �õó8!.
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ÉQà!õÝÃF�ÞJó5v, &Æ�Qº®�� m ∈ N, 3 modulo m �ì�|5
W¿v÷? XbJó3t| m �ìÝõóÀ���
 0, 1, . . . , m− 1, X|ÿá�b m v.
5v?¡3N×v�&Æ�|Ã×Í��-ô¼��9×v, vNv�GÃ�×Í���
�¥�, 9øXÃ�Ý��&Æ�¸×Í©½(Ì.

Definition 3.1.5. ��×ÑJó m, u/) S b m Í-ô, Í�-ô3 modulo m �ì
ËË�!v, JÌ S Î×Í complete residue system modulo m.

u S Î×Í complete residue system modulo m, J.Jó3 modulo m �ìÎ×Í

equivalent relation, X| S �Ý-ôKº�5ÕØ×v, �vê�á S �Ý-ôËË�!

v, ��î�á Z 3 modulo m �ì���5W m v, X|ã S Ý-ôÍó
 m á, N×
v�K�3 S �0Õ°×Ý-ô��hv. ð��, S �Ý-ô�|�� Z 3 modulo m

�ì�5v. »A {0, 1, . . . , m − 1} µÎ×ÍðàÝ complete residue system modulo m.
�Äb`&Æº.®ÞÝm�óC½Ë complete residue system modulo m.

¿à!õ5vtÝÎ×Í equivalent relation �², �b&9�?ÝP². »A3ì×
;&Æº+Û�|3&v� �LºÕ. ¨²3 modulo m �ì, &Æs¨Í@!vÝ-
ôõ m �t�2.óÍ@Î8!Ý.

Lemma 3.1.6. ��×ÑJó m, u a ≡ b (mod m), J gcd(a,m) = gcd(b,m).

Proof. u a ≡ b (mod m), ã�Lá a õ b 3t| m �ì�õó8!, 'Í
 r. Æã

Lemma 1.3.1 á gcd(a,m) = gcd(r,m) = gcd(b,m). ¤

©½Ýu a õ m Î !²Ý, J3 modulo m �ìõ a !vÝ-ôKõ m !². ôµ
Î1u S Î×Í complete residue system modulo m, ©�0� S �bø°-ôõ m !

², £�9°-ôX��Ý5v�NÍ-ôKõ m !². 3 modulo m �ìÕ9b¿v
Ý-ôºõ m !²÷? &Æµ�Ê S = {0, 1, . . . , m − 1} 9Í complete residue system

modulo m Ï! S �õ m !²Ý-ôÍóµ Euler φ-function Ý�LµÎ φ(m) Í, ÆáJ
ó3 modulo m �ì�b φ(m) vÝ-ôõ m Î!²Ý. b`3�§®Þ`&Æm�Þ9

φ(m) vÝ��-ô��, X|&Æô�¸×Í©½(Ì.

Definition 3.1.7. ��×ÑJó m, u/) S b φ(m) Í-ô, Í�Ý-ô/� m !²
v3 modulo m �ìËË�!v, JÌ S Î×Í reduced residue system modulo m.

	 m Î×²ó p `, {1, . . . , p− 1} µÎtðàÝ reduced residue system modulo p.

3.2. !õÝºÕ

!õ5vt¥�ÝP²µÎ, &v� �|AJó×�®�°|C¶°ÝºÕ (3b°�

µ#��|®t°).

�� m ∈ N, 3 modulo m �ì&ÆÞ!×vÝ-ô:WÎ!øÝ�� (ôµÎÞ×J
vÝ-ô:WÎ×Í-ô), �::&v� �A¢8�8¶÷? ��QÝ�°Î3�8�
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ÝËv�&Ã×Í��-ô, Q¡8�8¶::ayø×v. �Ä9º$Õ×Í®ÞµÎ
N×v���ÃÝ��-ôu�!º�º8�8¶¡Xÿ���!÷? »A3 modulo 5
�ì, &Æ�Þt| 5 õó
 2 Ý9×võõó
 3 Ý9×v8�. uõó
 2 õ 3 Ý9
Ëv&Æ5½Ã 2 õ 3 ¼��, £�ã 2 + 3 = 5 C 2× 3 = 6 ÿÕ8�8¶¡º5½a3
õ 0 õõ 1 Ý9Ëv�. A�Ã�!Ý��-ô÷? f]1õ 2 õõ 3 Ý9Ëv&Æ5
½Ã 7 õ −12 	��, �� 7 + (−12) = −5 C 7× (−12) = −84, &Æ)ÿÕ8�¡ay
t| 5 õ 0 9×v, �8¶¡ayt| 5 õ 1 9×v, õG«��×l. &Æ��ã9Í
»�µ-
9×�E, m��Í]°¼1�9Î¯@��Î»).

Lemma 3.2.1. �� m ∈ N, u a, b ∈ Z �� a ≡ b (mod m), JE�� c ∈ Z /b
a + c ≡ b + c (mod m) and ac ≡ bc (mod m).

Proof. ã�' a ≡ b (mod m) á m|a− b. Æÿ m|(a+ c)− (b+ c), ôµÎ1 a+ c ≡ b+ c

(mod m). ¨×]«ãy m|(a− b)c Æá m|ac− bc, ÿJ ac ≡ bc (mod m).. ¤

Lemma 3.2.1 ×å&ÆËÍ!vÝó5½�î!×Íó¡Xÿ�óôº!v. !vÝ
ó!¶×Íó¡Xÿ�óô!v. µh&Æµ�|ÿÕËÍ!vÝó5½�î(T¶î)¨

ËÍ!vÝóÍ��)º!v.

Proposition 3.2.2. �� m ∈ N, u a, b, c, d ∈ Z �� a ≡ b (mod m) v c ≡ d (mod m),
J

a + c ≡ b + d (mod m) and ac ≡ bd (mod m).

Proof. . a ≡ b (mod m), ã Lemma 3.2.1 á a + c ≡ b + c (mod m). !§ê. c ≡ d

(mod m) á b + c ≡ b + d (mod m), Æ¿à!õÎ equivalent relation (Ç Proposition

3.1.4(3)) á a + c ≡ b + d (mod m).

!øÝ, ã a ≡ b (mod m) C c ≡ d (mod m) 5½ÿ ac ≡ bc (mod m) C bc ≡ bd

(mod m), Æá ac ≡ bd (mod m). ¤

ãh�§, &Æ|¡��Õ 1752 ¶| 388 t| 5 �õó, &Æ�ÄÞ¸Æ¶�¡�:
Ít| 5 �õó
¢. &Æ�|¿à 1752 ≡ 2 (mod 5) |C 388 ≡ 3 (mod 5) �"Ýÿ
Õ 1752× 388 ≡ 6 ≡ 1 (mod 5).

Proposition 3.1.4 (Ç congruence relationÎ equivalent relation)×å&Æ	ü�m ∈ N
` “≡”bõ�r8!Ý°J. ¨×]«3 Lemma 3.2.1�u� c = −1,J	 a ≡ b (mod m)
`&Æb −a ≡ −b (mod m). X|�à Proposition 3.2.2 á&Æ�|Þ ≡ “:W”Î�r

(ÇÞ!õÝ-ô:WÎ8!) �Þ!õvÝºÕA×�Jó®�, 3, ¶ÝºÕ. »A3

�Õ 5742 t| 11 Ýõó`, &Æ�|¶W 5742 = 5× 103 + 7× 102 + 4× 10 + 2. ãy

10 ≡ −1 (mod 11) Æÿ 5742 ≡ 5× (−1)3 + 7× (−1)2 + 4× (−1) + 2 ≡ −5 + 7− 4 + 2 ≡ 0

(mod 11). ôµÎ1 5742 �|� 11 Jt, 9õ&Æ�.`�X.¾½ 11 Ý¹ó°J8!.
!§¾½ 9 Ý¹ó°Jô�ã 10 ≡ 1 (mod 9) �ÿ. ¯ô�|¿à 10 ≡ 3 (mod 7) J§
�×�¾½ 7 Ý¹ó�°J (	Qº�Ó9Ý).
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9�bËF�©½¥�: ´�, 3 modulo �!Ýó�ìXÿÝ5v°�!, X|��
Þ ≡ �à. »Au a = 3, &Æ�|1 a ≡ 3 (mod 5) v a ≡ 3 (mod 7), ¬¯��.


a2 ≡ 32 ≡ 4 (mod 5) �1 a2 ≡ 4 (mod 7). ¨²�¥�ÝµÎ3×��P�Ýt(V)3

congruence ¬�×�Êà. ôµÎ1u a 6= 0 v ab = ac, &Æá b = c ¬93 congruence
Ý�µb���®Þ. »A	 a = 2, b = 2, c = 5 3 modulo 6 �ì&Æb a 6≡ 0 (mod 6)
v ab ≡ ac (mod 6), ¬���Ý b 6≡ c (mod 6). X|3�§ congruence Ý®Þ`�àt
°��×Íó`�©½¥�. |ì�§×å&Æ¢`��, ¢`���.

Proposition 3.2.3. �� m ∈ N v�' a, b, c ∈ Z. � d = gcd(m, a) J ab ≡ ac (mod m)
uv°u b ≡ c (mod m/d).

Proof. . d = gcd(m, a),&Æ�m = m′dv a = a′d,ã Corollary 1.2.3á gcd(m′, a′) = 1.

¨�' ab ≡ ac (mod m), Ç m|ab− ac. .hã Lemma 1.1.5(2) á (m/d)|(a/d)(b− c),
Ç m′|a′(b − c). Æ. gcd(m′, a′) = 1 ¿à Proposition 1.2.7(1) ÿJ m′|b − c, Ç b ≡ c

(mod m/d).

D�, u b ≡ c (mod m/d), Ç m′|b − c. .hã Lemma 1.1.5(1) ÿ dm′|d(b − c), Ç

m|d(b− c). ôµÎ1 db ≡ dc (mod m). Æã Lemma 3.2.1 á a′db ≡ a′dc (mod m), ÿJ

ab ≡ ac (mod m). ¤

»A�GÝ»�, .
 m = 6 v a = 2, ÿ gcd(m, a) = 2. Æã ab ≡ ac (mod 6) ÿ

b ≡ c (mod 3). ¯@î, î»� b = 2, c = 5, &Æ@@b 2 ≡ 5 (mod 3).

Õ93¢`��. a�*v1¹æ¼ modulo mÝ congruence÷? ã Proposition 3.2.3
&Æá©b3 gcd(m, a) = 1, Ç m õ a !²`��1JE. &ÆÞ9Í¥�ÝP²¶ì.

Corollary 3.2.4. �� m ∈ N v�' a, b, c ∈ Z. u m õ a !², J ab ≡ ac (mod m)
uv°u b ≡ c (mod m).

Í@u§×3Jó`, u a 6= 0 v ab = ac �Þ a ��.ÿ b = c, Ñ@¼1��à“t”
ÝÃF¼1, �ÎàJó a 6= 0 v b 6= 0 J ab 6= 0 ÝP²ÿÕ. 9ÍÃF3 congruence Ý

�µµ�×�E, »A 2 6≡ 0 (mod 6) v 3 6≡ 0 (mod 6) ¬Î 2× 3 ≡ 0 (mod 6). 9ôÎ×
�¼13 congruence ��àVÝ]°��Ýx�æ.. Q�3�Êb§ó`, u a 6= 0, .


ÄD3¨×b§ó a−1 ¸ÿ a · a−1 = 1, X|u ab = bc, JË\!¶ a−1, �ÿ b = c. 9
µÎàt°“ V”ÝÃF�� a. ãyb§ó�E��& 0 -ô a, Í¶°D-ô (Ç a−1)
ÄD3, ¸ÿ&Æ3�b§óÝ]�P`?�|0Õ�. 3×�Jó`4QGb ±1 Í¶

°D-ô
Jó, ¬3D¡ congruence `b?9-ôÍ¶°D-ôºD3.

Proposition 3.2.5. �� m ∈ N, �' a ∈ Z, JD3 b ∈ Z �� ab ≡ 1 (mod m) uv°
u a õ m !².

Proof. �' b ∈ Z �� ab ≡ 1 (mod m), Ç m|ab − 1. � d = gcd(m, a), �ÿ d|m v
d|ab. Æ¿à m|ab− 1 C d|m �ÿ d|ab− 1, �¿à d|ab ÿ d|1. ôµÎ1 a õ m !².
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D�, u a õ m !², Ç gcd(m, a) = 1, Jã Corollary 1.2.5 áD3 r, s ∈ Z ¸ÿ
mr + as = 1. Æ� b = s, &Æb m|ab− 1, ùÇ ab ≡ 1 (mod m). ¤

t¡�ú�, 	 a õ m !²`4QbPM9ÝJó b º�� ab ≡ 1 (mod m), ¬Î9
øÝ b 3 modulo m �ìÎ°×Ý. ôµÎ1u c ∈ Z ù�� ac ≡ 1 (mod m), Jãy

ab ≡ 1 ≡ ac (mod m) |C gcd(m, a) = 1, �à Corollary 3.2.4 &Æÿá b ≡ c (mod m).
bh°×P, &Æ©½Ì b 
 a 3 modulo m �ìÝ¶°D-ô.

3.3. Euler’s Theorem

×�3�]�P`,&ÆBðm�¶°D-ô¼QR. X|	 m ∈ N, a ∈ Zv gcd(a,m) = 1
`, u�@@á¼ø° b ∈ Z º�� ab ≡ 1 (mod m) ÞÎ�bàÝ. ã Proposition 3.2.5
ÝJ��&Æá�|¿à�»8t°� mx + ay = 1 ÝJó�¼ÿÕ b, ¬9�3 m õ a

/ÎÌ�Ýó`��E®. &ÆÞ¿à Euler’s Theorem E×�Ý m, a K�Þ b @@0Õ.

�� m ∈ N, u a, b ∈ Z �� ab ≡ 1 (mod m), Jã Proposition 3.2.5 á a õ b /�

m !². ð��, &Æ©��Êõ m !²ÝóÇ�, X|&Æ�Q�Ê reduced residue

system modulo m.

Lemma 3.3.1. �� m ∈ N, �Ê a ∈ Z �� gcd(m, a) = 1. u {r1, . . . , rφ(m)} Î×
Í reduced residue system modulo m, J {ar1, . . . , arφ(m)} ôÎ×Í reduced residue system

modulo m.

Proof. �ê×ì, {r1, . . . , rφ(m)}Î×Í reduced residue system modulo m�î gcd(m, ri) =

1 vE�� i 6= j, /b ri 6≡ rj (mod m). ¨�J� {ar1, . . . , arφ(m)} ôÎ reduced residue

system modulo m, &Æm�J� gcd(m, ari) = 1 vE�� i 6= j /b ari 6≡ arj (mod m).

¨�' gcd(m, ari) 6= 1, ÇD3×²ó p �� p|m v p|ari. . p Î²ó, Æã Lemma

1.4.2 ÿ p|a T p|ri. ð��, p 
 m, a Ý2.óTÎ m, ri Ý2.ó. hõ gcd(m, a) = 1
v gcd(m, ri) = 1 8ë;, ÆÿJ gcd(m, ari) = 1.

¨×]«, u i 6= j v ari ≡ arj (mod m), Jã gcd(m, a) = 1, ¿à Corollary 3.2.4 ÿ

ri ≡ rj (mod m). hõ ri 6≡ rj (mod m) ë;, ÆÿJ ari 6≡ arj (mod m). ¤

G«èÄ, �� m ∈ N, ¿àt| m !õÝ5v, &Æ�|Þ� m !²Ýó5W φ(m)
v. �ÞN×v�Ã�×��-ôXW�/)µÎ×Í reduced residue system modulo m.
*�u S = {a1, . . . , aφ(m)} õ T = {b1, . . . , bφ(m)} /
 reduced residue system modulo m,
�ã ai ∈ S, ãy¸��� m !²ÝØ×!õv, � T �ôb×-ôÎ3õ ai !vÝ-
ô�Ã�. ð��, D3 bj ∈ T �� ai ≡ bj (mod m). êãy9° bj ËË/�!v, X|

S õ T �-ô3 modulo m �ìb×E×ÝETn;. ôµÎ1BÄÊ	Ý4�, &Æb

ai ≡ bi (mod m). .hÿ a1 · · · aφ(m) ≡ b1 · · · bφ(m) (mod m). ¿à9Í��&Æ�|ÿJ

Euler’s Theorem.
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Theorem 3.3.2 (Euler’s Theorem). �� m ∈ N, u a ∈ Z �� gcd(m, a) = 1, J

aφ(m) ≡ 1 (mod m).

Proof. ã S = {r1, . . . .rφ(m)} 
×Í reduced residue system modulo m. ´�&ÆJ
� gcd(m, r1 · · · rφ(m)) = 1. u gcd(m, r1 · · · rφ(m)) 6= 1, ÇD3×²ó p ¸ÿ p|m v
p|r1 · · · rφ(m). ¿à Corollary 1.4.3 áD3 ri ∈ S ¸ÿ p|ri, ôµÎ1 gcd(m, ri) 6= 1. hõ

S Î reduced residue system modulo m v ri ∈ S 8ë;, ÆÿJ gcd(m, r1 · · · rφ(m)) = 1.

¨ãy gcd(m, a) = 1, Æ¿à Lemma 3.3.1 á {ar1, . . . , arφ(m)} ôÎ×Í reduced

residue system modulo m, .hÿ

r1 · · · rφ(m) ≡ (ar1) · · · (arφ(m)) ≡ aφ(m)(r1 · · · rφ(m)) (mod m).

�.
 gcd(m, r1 · · · rφ(m)) = 1, Æ¿à Corollary 3.2.4 ÿJ aφ(m) ≡ 1 (mod m). ¤

�� m ∈ N C a ∈ Z �� gcd(m, a) = 1, u� b = aφ(m)−1, J¿à Euler’s Theorem
ÿá ab ≡ aφ(m) ≡ 1 (mod m). .h&Æ0ÕÝ a 3 modulo m �ìÝ¶°D-ô.

Corollary 3.3.3. �� m ∈ N, u a ∈ Z �� gcd(m, a) = 1, J� b = aφ(m)−1, º��

ab ≡ ba ≡ 1 (mod m).

©½2, 	 m Î×Í²ó p `, Euler’s Theorem µÎXÛÝ Fermat’s Little Theorem.
&Æ©½Þ¸¶ì¼.

Theorem 3.3.4 (Fermat’s Little Theorem). ��×²ó p, u a ∈ Z �� p - a, J

ap−1 ≡ 1 (mod p).

©½2, u� b = ap−2, J ab ≡ ba ≡ 1 (mod p).

Proof. . p Î×²ó, ã p - a ��'á gcd(p, a) = 1. êh` φ(p) = p− 1, Æà#�à

Theorem 3.3.2 ÿJ ap−1 ≡ 1 (mod p). ¤

	 p|a ` Ferma’s Little Theorem ¬�E, .
h` a ≡ 0 (mod p), Æ ap−1 ≡ 0

(mod p). �Ä&Æ�|.0�ì×ÍE��Jó a /WñÝP�.

Corollary 3.3.5. ��×²ó p, JE��Jó a /��

ap ≡ a (mod p).

Proof. .
 p Î²óX|E�� a ∈ Z, &Æ�|5W p|a õ p - a ��µ�§. 	 p|a `,
ãy a ≡ 0 (mod p), Æÿ ap ≡ 0 ≡ a (mod p). 	 p - a `, ã Theorem 3.3.4 á ap−1 ≡ 1

(mod p), ÆË\¶î a �ÿ ap ≡ a (mod p). ¤
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3.4. Wilson’s Theorem

	 p Î×Í²ó`, u p - a, J Fermat’s Little Theorem ×å&Æ ap−2 3 modulo p �ì
Î a Ý¶°D-ô. 4Q a Ý¶°D-ô3 modulo p �ìÎ°×Ý, Wilson’s Theorem
�Ý&Æ3 modulo p �ì a Ý¶°D-ôÝ¨×Ë�°.

�� m ∈ N, Ey��õ m !²ÝJó a, ã Proposition 3.2.5 áK�|0Õ×Íõ

m !²ÝJó b ¸ÿ ab ≡ 1 (mod m), &ÆôèC4Q9øÝ b ¬�°×, ¬3 modulo

m Ý5v�ì¸ºÎ°×Ý. ôµÎ1©b3t| m �ìõ b !õÝJó�ºÐ). 9Ë
3 modulo m �ì¶°D-ôÝD3°×Pà modulo m �ìÝ reduced residue system
t�|�¾.

Lemma 3.4.1. �� m ∈ N, �' S = {r1, . . . , rφ(m)} Î×Í reduced residue system

modulo m. JEy�� ri ∈ S /D3°×Ý rj ∈ S ¸ÿ rirj ≡ 1 (mod m).

Proof. .
 S Î×Í reduced residue system modulo m, N×Í S �Ý-ô si /õ m!

²,Æ¿à Proposition 3.2.5áD3 b ∈ Z¸ÿ rib ≡ 1 (mod m). ãy bõ môÎ!²Ý,
Æã S Î×Í reduced residue system modulo m ��LáÄD3 rj ∈ S õ b 3 modulo

m �ìÎ!vÝ, ôµÎ1 b ≡ rj (mod m). .hã Lemma 3.1.3 á, rirj ≡ rib ≡ 1

(mod m). JÿD3P.

Ey°×P, &Æ��' rj , rk ∈ S /�� rirj ≡ 1 (mod m) |C rirk ≡ 1 (mod m).
.hÿ rirj ≡ rirk (mod m). ¬ãy gcd(m, ri) = 1, ¿à Corollary 3.2.4 ÿ rj ≡ rk

(mod m). ¬ S Î reduced residue system modulo m �î S �8²Ý-ô3 modulo m

�ìTÎ�!vÝ, Æã rj ≡ rk (mod m) á rj = rk. ÿJ°×P. ¤

»A S = {1, 2, 3, 4, 5, 6, 7, 8, 9, 10}Î×Í reduced residue system modulo 11,3modulo

11 �ì&Æb

1× 1 ≡ 2× 6 ≡ 3× 4 ≡ 5× 9 ≡ 7× 8 ≡ 10× 10 ≡ 1 (mod 11).

39Í»�, S �tÝ 1 õ 10 |²Í�Ý-ô/m�¨²Ý-ô8¶, 93 modulo ×�
Ý²óKÎEÝ.

Lemma 3.4.2. ��×²ó p. J a ∈ Z �� a2 ≡ 1 (mod p) uv°u a ≡ ±1 (mod p).

Proof. ´�u a ≡ ±1 (mod p), J a2 ≡ (±1)2 (mod p). ÿJ a2 ≡ 1 (mod p).

D�, u a2 ≡ 1 (mod p), �î p|a2 − 1, ôµÎ1 p|(a− 1)(a + 1), Æ. p Î²ó, ¿

à Lemma 1.4.2 ÿ p|a− 1 T p|a + 1. ôµÎ1 a ≡ 1 (mod p) T a ≡ −1 (mod p). ¤

�¥� Lemma 3.4.2 3 modulo ×�Ý&²ó�ìµ�×�EÝ, »A3 modulo 15
�ìtÝ 1 õ 14 ², �b 4 º�� 42 ≡ 1 (mod 15), �v��QÝ 4 6≡ ±1 mod 15. X|

�¿à Lemma 3.4.2, &ÆÄ6§�3²óÝ��, h`&Æ�|ÿÕ Wilson’s Theorem.
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Theorem 3.4.3 (Wilson’s Theorem). ��×²ó p. ' {r1, . . . , rp−1}
× reduced residue

system modulo p. J

r1 · · · rp−1 ≡ −1 (mod p).

©½2, &Æb

(p− 1)! ≡ −1 (mod p).

Proof. u p = 2,J modulo 2�ìÝ reduced residue system
 {r1}×Í-ô,Í� r1 ≡ 1

(mod 2). ¬3 modulo 2 �ì&Æb 1 ≡ −1 (mod 2), ÆÿJ r1 ≡ −1 (mod 2).

¨�Ê p > 2 Ý��, � S = {r1, . . . , rp−1} ãy gcd(p, 1) = gcd(p,−1) = 1 v 1 6≡ −1

(mod p) (ÍJ p|2), Æ5½D3 ri, rj ∈ S Í� ri 6= rj �� ri ≡ 1 (mod p) v rj ≡ −1

(mod p). .h�´��P,&Æ��' r1 ≡ 1 (mod p)v r2 ≡ −1 (mod p). ¨�Ê ri ∈ S,
Í� 3 ≤ i ≤ p − 1. µ Lemma 3.4.1 áD3°×Ý rj ∈ S ¸ÿ rirj ≡ 1 (mod p). .


ri 6≡ ±1 (mod p), Æá rj 6≡ ±1 (mod p), ôµÎ1 3 ≤ j ≤ p − 1. êu ri = rj , º0l

r2
i ≡ 1 (mod p), 9� Lemma 3.4.2 8ë;, Æá i 6= j. ôµÎ13 T = {r3, . . . , rp−1} �
�ã×-ô ri Ä�0Õ°×Ý¨×-ô rj ∈ T ¸ÿ rirj ≡ 1 (mod p). .h&Æ�|E

T �9 p − 3 Í-ôËËgE (¥� p Î�ó), ¸ÿN×E�-ô8¶¡t| p ºõ 1.
ôµÎ1 r3 · · · rp−1 ≡ 1 (mod p). .h&ÆÿJ

r1r2r3 · · · rp−1 ≡ r1r2 ≡ −1 (mod p).

t¡ãy {1, 2, . . . , p− 1} Î×Í modulo p Ý reduced residue system, Æá

1× 2× · · · × (p− 1) = (p− 1)! ≡ −1 (mod p).

¤

u pÎ×²óv aÎõ p!²ÝJó, &Æ�|¿àWilson’s Theorem0Õ3 modulo

p �ì, a Ý¶°D-ô. ãy	 a ≡ ±1 (mod p) ` a2 ≡ 1 (mod p), ôµÎ1 a Í�3

modulo p �ìÎ�
Ý¶°D-ô, X|&ÆGD¡ a 6≡ ±1 (mod p) Ý�µ.

Corollary 3.4.4. ��×²ó pC a ∈ Z�� p - a. �' a ≡ i (mod p),Í� 2 ≤ i ≤ p−2.
u�

b =
(p− 2)!

i
J ab ≡ 1 (mod p).

Proof. ãy 2 ≤ i ≤ p− 2, &Æá b Î×ÍJó. h`

ab ≡ i
(p− 2)!

i
≡ (p− 2)! (mod p)

êãy (p− 1)! = (p− 1) · (p− 2)! v p− 1 ≡ −1 (mod p), ÆÿJ

ab ≡ (p− 2)! ≡ −((p− 1)!) ≡ 1 (mod p).

¤
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&Æ)�ú�×ì4Q Lemma 3.4.1 3×�Ý m ∈ N KWñ, ¬ Lemma 3.4.2 m§×
3²ó`�Wñ, X| Wilson’s Theorem 3 modulo ×�Ý m ¬�×�Wñ. ôµÎ1u

{r1, . . . , rφ(m)}Î×Í reduced residue system modulo m,¬�×��|ÿ r1 · · · rφ(m) ≡ −1

(mod m). »A3 modulo 15 �ì&Æ��b 4 õ −4 �� 42 ≡ (−4)2 ≡ 1 (mod 15), X

|¿à Theorem 3.4.3 ÝJ�]° (Tà#�Õ) &Æ�ÿ, u {r1, . . . , r8} Î×Í reduced

residue system modulo 15, J r1 · · · r8 ≡ 1 (mod 15). 4Q¿à Theorem 3.4.3 Ý]°&Æ

�|Þ Wilson’s Theorem .ÂÕ×� m Ý��, �Äh`E×Í modulo m Ý reduced

residue system {r1, . . . , rφ(m)} �� r2
i ≡ 1 (mod m) Ý ri ºb�9Ë��, D¡R¼´�

Ó, 39�&Æµ�9"DÝ.



Chapter 4

Congruence Equations

ÉQ3 modulo m �ì “≡” �|A “=” ×øºÕ, &Æ!øÝ�|"D�]�PÝ®Þ.
9øÝ]�PµÌ
 congruence equation. ÍýL�, &Æ©D¡���óÝ congruence

equation. 9×a�, &ÆÞ"D� congruence equation Ý×�æJ, ¬D¡�»yõ�§
|C�×gÝ congruence equation.

4.1. � Congruence Equation ÝæJ

��×J;ó94P f(x) (Ç f(x) = cnxn + · · ·+ c1x + c0, Í� ci ∈ Z), ãy f(x) Ý;ó
ÎJó, Þ x ��×Jó a `, f(a) )
Jó. .hu�� m ∈ N, &Æ�|®§øÝJó

a º¸ÿ f(a) ≡ 0 (mod m) (Ç m|f(a)). 09øXbÝJó�µÎXÛÝ� congruence

equation.

�� f(x) = cnxn + · · ·+ c1x + c0, Í� ci ∈ Z. u�áEy m ∈ N, a ∈ Z Î f(x) ≡ 0

(mod m) Ý×Í�, Ç f(a) ≡ 0 (mod m). �' b ≡ a (mod m), ã Proposition 3.2.2 á,
E�� i ∈ N /b bi ≡ ai (mod m). �ã!× Proposition á cib

i ≡ cia
i (mod m), 
�

ÿ f(b) ≡ f(a) (mod m). ôµÎ1, u x = a Î f(x) ≡ 0 (mod m) Ý×ÍJó�, JE�
� b ∈ Z �� b ≡ a (mod m), x = b ù
 f(x) ≡ 0 (mod m) Ý×Í�. X|u x = a Î

f(x) ≡ 0 (mod m) Ý×ÍJó�, &Æ;ðº1 x ≡ a (mod m) Î f(x) ≡ 0 (mod m) Ý

×Í�. 	Q�b��bÍ�3 modulo m �ìõ a �!õÝJóºÎ f(x) ≡ 0 (mod m)
Ý�. &ÆÄ6.9°�à modulo m Ý!õvÝ]P�I¶ì, 9øÝ�¾]°��Þ
XbÝJó�¶ì. X|&Æ3� f(x) ≡ 0 (mod m) Ý�`, �ÝÎ modulo m Ý!õ
v, .h	&Æ1 f(x) ≡ 0 (mod m) Ý�ÝÍó`, �ÝÎ3 modulo m �ìb9KÝ8
²!õvº�� f(x) ≡ 0 (mod m), ��Î�b9KÍJó�.

�9Í��¼:, &Æ©���×Í modulo m Ý complete residue system S, Q¡Þ

S Ý-ô××ñá f(x) �, ::ø×°º¸ÿ f(x) ≡ 0 (mod m), £�µ�|0ÕXb
Ý�Ý. �Ä9]°3 m ��`µ�ÿ�6@jÝ. .h&Æ�T�s"×�§¡, �

43



44 4. Congruence Equations

K�§�×°´©�Ý congruence equation Í�Ý©P. �Ä�Ñ§ø, &Æá¼×Í

congruence equation 3 modulo m �ìÍ�ÝÍó�9µÎ m.

Í@î, &Æ�Gµ�#ÇÕ×°� congruence equationÝ®ÞÝ. 3 modulo m�ì
0 a ∈ Z Ý¶°D-ôÝ®Þ¯@îµÎ3� ax ≡ 1 (mod m) (Ç ax− 1 ≡ 0 (mod m))
9×Í congruence equation. ã Proposition 3.2.5 á	 a õ m �!²`, h congruence

equation P�. ¨²�î Proposition 3.2.3, &Æá¼	 a õ m !²`h congruence

equation 3 modulo m �ìb°×�.

�A Lemma 3.4.2 ÎD¡	 p Î²ó` x2 ≡ 1 (mod p) Ý�. h`ã Lemma 3.4.2 &

Æá	 p Î�²ó`bËÍ�, 5½Î x ≡ 1 (mod p) õ x ≡ −1 (mod p). &ÆèÄ	 m

�Î²ó`, 4Q x ≡ ±1 (mod m) )
 x2 ≡ 1 (mod m) 9×Í congruence equation Ý

ËÍ�, ¬h congruence equation b��b9yËÍ�. »A x2 ≡ 1 (mod 15) Ý�µÎ

x ≡ ±1 (mod 15) õ x ≡ ±4 (mod 15) 9 4 Í�. 9õ&Æ×�!á×Í n g94P�
9b n Í��!, T©½¥�.

×Í n gÝ@;ó94P�9b n Í�Ýæ.Î.
@;ó94P� ôbXÛÝ
t°æ§, 9Íæ§¬���à3J�ó94P�. �Ä	tPÎ×Ít{g4;ó
 1
ÝJ;ó94P`, )��àt°æ§. ãy&Æ¬�m�×�ÝP², 9�&ÆG"Dt
PÎ×g94PÝ�µ.

Lemma 4.1.1. �' f(x) Î×Í n g (n ≥ 1) ÝJ;ó94Pv a ∈ Z. JD3×Í

n− 1 gÝJ;ó94P h(x) |C r ∈ Z ��

f(x) = (x− a)h(x) + r.

Proof. E f(x) Ýgó n �ó.hû°. �' f(x) Î 1 g94P, Ç f(x) = c1x + c0, J

� h(x) = c1 v r = ac1 + c0, &Æÿ (x− a)h(x) + r = f(x).

Tàó.hû°, �'Egó n < k ÝJ;ó94P g(x), /D3 n − 1 gÝJ;ó
94P h0(x) |C r0 ∈ Z ¸ÿ g(x) = (x − a)h0(x) + r0. ¨�Ê f(x) Ýgó n = k

Ý��, ôµÎ1 f(x) = ckx
k + ck−1x

k−1 + · · · + c1x + c0, Í� ci ∈ Z v ck 6= 0. �

g(x) = f(x)− (x− a)ckx
k−1, J g(x) = (ck−1 + cka)xk−1 + · · · c1x + c0 Î×Ígó�y k

ÝJ;ó94P. Æ�àhû�'áD3×gó�y k − 1 ÝJ;ó94P h0(x) |C

r0 ∈ Z ¸ÿ g(x) = (x− a)h0(x) + r0. ôµÎ1 f(x) = (x− a)ckx
k−1 + (x− a)h0(x) + r0.

Æ� h(x) = ckx
k−1 + h0(x) |C r = r0, &Æb h(x) Î×Ígó
 k − 1 ÝJ;ó94

Pv r ∈ Z �� f(x) = (x− a)h(x) + r. ¤

�à Lemma 4.1.1,&Æ�|Jÿ	 pÎ×²ó`3modulo p�ì×Í ngÝ congruence

equation t9b n Í�. �Ä´�&ÆmE×Í congruence equation ÝgóìÍ�L.

Definition 4.1.2. �' f(x) = cnxn + · · ·+ c1x + c0 Î×ÍJ;ó94P, �� m ∈ N.

(1) u m - cn, J&ÆÌ f(x) 3 modulo m �ìÎ×Ígó (degree) 
 n Ý94P.
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(2) u m - cr ¬ m|ci, for r < i ≤ n, J&ÆÌ f(x) 3 modulo m �ìÎ×Ígó


r Ý94P.

A�×ÍJ;ó94P g(x) Í3 modulo m �ì�gó
 n, J&ÆÌ g(x) ≡ 0

(mod m) Î×Í n gÝ congruence equation.

ãh�L&Æá¼u f(x) Î×Í3 modulo m �ìgó
 n ÝJ;ó94P, b�

� f(x) Í�ÝgóÎ�y n Ý. �Ä&Æ�|0Õ×Ígó
 n ÝJ;ó94P g(x)

(»AÀ� f(x) ��|� m JtÝ4) ¸ÿE�×Jó a, /b f(a) ≡ g(a) (mod m).
X| f(x) ≡ 0 (mod m) Ý�ºõ g(x) ≡ 0 (mod m) 8!. ãy&Æ©nT congruence

equation Ý�, X|*¡	D¡×Í n gÝ congruence equation f(x) ≡ 0 (mod m) `, �

´��P, &Æµà#�' f(x) Ýgó
 n.

Theorem 4.1.3 (Lagrange). ��×²ó p |C×J;ó94P f(x). A�3 modulo p

�ì f(x) ≡ 0 (mod p) Î×Ígó
 n Ý94P, J f(x) ≡ 0 (mod p) 3 modulo p �

ì�9b n Í�.

Proof. �´×�P,&Æ�' f(x) = cnxn + · · ·+ c1x+ c0,Í� p - cn. &ÆE n�hû°.
´�	 f(x) = c1x + c0 Î×gJ;ó94P`, �' x ≡ a (mod p) Î f(x) ≡ 0 (mod p)
Ý×Í�. ¨¨�' x ≡ b (mod p) ôÎ×Í�, ùÇ c1a + c0 ≡ c1b + c0 (mod p). .


gcd(p, c1) = 1, ã Lemma 3.2.4 �ÿ a ≡ b (mod p). ôµÎ1 n = 1 `�9b×Í�.

àhû�'	 n < k `×Í n gÝ congruence equation �9b n Í�. ¨�Ê n = k

Ý��. u x ≡ a (mod p) Î f(x) ≡ 0 (mod p) Ý×Í�, ¿à Lemma 4.1.1 áD3

×Ígó
 k − 1 ÝJ;ó94P h(x) |C r ∈ Z ¸ÿ f(x) = (x − a)h(x) + r. µ�
' x ≡ a (mod p) Î f(x) ≡ 0 (mod p) Ý×Í�, Ç f(a) ≡ 0 (mod p), Þ a �áÿ

f(a) = r ≡ 0 (mod p). ¨¨�' x ≡ b (mod p) ôÎ×Í�, Jã f(b) = (b− a)h(b) + r

á (b − a)h(b) ≡ 0 (mod p). ð��, u b 6≡ a (mod p), Ç p - (b − a), Jã Lemma 1.4.2
á, p|h(b), ôµÎ1 x ≡ b (mod p) Î h(x) ≡ 0 (mod p) Ý×Í�. .h&Æá¼ k g

congruence equation f(x) ≡ 0 (mod p) Ý�
 x ≡ a (mod p) T h(x) ≡ 0 (mod p) Ý�.
Q� h(x) ≡ 0 (mod p) Î×Ígó�y k Ý congruence equation, Æµhû°�'Í�
9b k − 1 Í�, ÆÿJ f(x) ≡ 0 (mod p) �9b k Í�. ¤

t¡&Æ�gèø, �� congruence equation f(x) ≡ 0 (mod m) mÞ�ÝXb�µ¶
ì¼, ×�ºÞ�| x ≡ a (mod m) 9øÝ�P¶ì¼. �Äb`
Ý]-&ÆºÞ�|

modulo ½ÝóÝ]P¶ì. »A� x2 ≡ 1 (mod 8), &Æs¨XbÝ�óK��, X|


Ý]-&Æ�|Þ�| x ≡ 1 (mod 2) ¶ì. �Ä�¥�9Ë�P¶ì¡	&ÆèC�Ý
Íó`mèC3 modulo %��ìÝ�ÝÍó. »A3h»�&Æ�|1 x2 ≡ 1 (mod 8)
3 modulo 8 �ìb x ≡ 1, 3, 5, 7 (mod 8), 4 Í�, ô�|13 modulo 2 �ìb×Í�.
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4.2. ËÍðàÝ]°

&Æ+ÛËËðàÝ]°Þ×Í��Ý congruence equation ;W��×FÝ�P, �¼O

�.

39×;�&ÆK�' f(x) = anxn + · · ·+ a1x + a0, Í� ai ∈ Z, � m ∈ N Î×��
ÝÑJó. &Æ��¡ f(x) ≡ 0 (mod m) 9×Í congruence equation.

Ï×Ë��Î9øÝ: A� dÎ an, . . . , a1, a0 |C mÝÑ2.ó. ôµÎ1&Æ�|Þ

ai C m ¶W an = a′nd, . . . , a1 = a′1d, a0 = a′0d |C m = m′d, Í�9° a′i ∈ Z v m′ ∈ N.
� g(x) = a′nxn + · · · a′1x + a′0, &Æ¼"D f(x) ≡ 0 (mod m) C g(x) ≡ 0 (mod m′) 9Ë
Í congruence equation � Ýn;.

Proposition 4.2.1. �� m ∈ N C f(x) = anxn + · · · + a1x + a0, Í� ai ∈ Z. �' d

Î an, . . . , a1, a0 C m ÝÑ2.óv an = a′nd, . . . , a1 = a′1d, a0 = a′0d |C m = m′d. �

g(x) = a′nxn + · · ·+ a′1x + a′0.

u x ≡ c (mod m′) Î g(x) ≡ 0 (mod m′) Ý×Í�, JE�� t ∈ Z, x ≡ c + m′t
(mod m) 
 f(x) ≡ 0 (mod m) Ý�. ¨×]«, u g(x) ≡ 0 (mod m′) P�, J f(x) ≡ 0

(mod m) P�.

Proof. x ≡ c (mod m′) 
 g(x) ≡ 0 (mod m′) Ý×Í�, �î m′|a′ncn + · · ·+ a′1c+ a′0. .

h�ÿ m′d|a′ndcn + · · ·+ a′1dc+ a′0d, ôµÎ1 m|ancn + · · · a1c+ a0. .h x ≡ c (mod m)
Î f(x) ≡ 0 (mod m) Ý×Í�.

E�� t ∈ Z |C r ∈ N, ãy (c + m′t)r = cr + rcr−1m′t + · · ·+ rc(m′t)r−1 + (m′t)r,
&Æ�|Þ (c + m′t)r ¶W cr + m′λr, Í� λr ∈ Z. .h

f(c + m′t) = an(c + m′t)n + · · ·+ a1(c + m′t) + a0 = f(c) + anm′λn + · · ·+ a1m
′λ1.

.
 d|ai, Æá dm′|aim
′, ôµÎ1 aim

′ ≡ 0 (mod m). X|&Æÿ

f(c + m′t) ≡ f(c) ≡ 0 (mod m),

ôµÎ1E�� t ∈ Z, x ≡ c + m′t ôºÎ f(x) ≡ 0 (mod m) Ý×Í�.

¨×]«,u x ≡ c (mod m)
 f(x) ≡ 0 (mod m)Ý×Í�,Çm|ancn + · · ·+a1c+a0,
J m′|a′ncn + · · · + a′1c + a′0. ôµÎ1 x ≡ c (mod m′) 
 g(x) ≡ 0 (mod m′) Ý×Í�.
.hu g(x) ≡ 0 (mod m′) P�, J f(x) ≡ 0 (mod m) ùP�. ¤

Proposition 4.2.1 ×å&Æ, A� x ≡ c (mod m′) Î g(x) ≡ 0 (mod m′) Ý×Í�, J

E�� t ∈ Z, x ≡ c + m′t (mod m) -ºÎ f(x) ≡ 0 (mod m) Ý×Í�. �Ä9�ãy&
Æ��Ê3 modulo m Ý�µ, �9�Î¥�Ý. ¯@îu t ≡ t′ (mod d), Jã d|t− t′,
�ÿ dm′|m′(t− t′). ôµÎ1 c + m′t ≡ c + m′t′ (mod m). .h&Æ©��Ê x ≡ c + m′t
(mod m) Í� 0 ≤ t ≤ d− 1, µ�|Ý.

Proposition 4.2.1 Þ×Í modulo m Ý congruence equation ;W×Í modulo f´�
Ý m′ Ý congruence equation. 9ø×¼ãy3 modulo m′ �ì��ÊÝó´K, T�Þ
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æ¼Ý®Þ�;Ý. Q�u an, . . . , a1, a0 õ m Î!²Ý, &Æ)Q�|�Ê modulo ´�
ÝÂ::b^b�. ¯@î, &Æb|ì���.

Lemma 4.2.2. �� m ∈ N C×J;ó94P f(x). u m′|m v f(x) ≡ 0 (mod m′) P
�, J f(x) ≡ 0 (mod m) ùP�.

Proof. �' f(x) ≡ 0 (mod m)b�v x ≡ c (mod m)
Í�×�,Çm|f(c). ãy m′|m,
á m′|f(c), ôµÎ1 x ≡ c (mod m′) 
 f(x) ≡ 0 (mod m′) �×�. h��' f(x) ≡ 0

(mod m′) P�ë;, ÆÿJ f(x) ≡ 0 (mod m) P�. ¤

Lemma 4.2.2 õ Proposition 4.2.1 �!��3y Proposition 4.2.1 Þæ94P&;ó
t|2.ó¡�Ê modulo m′ ��, �v�¿àÍ�ÿÕæ94P3 modulo m ��, �

Lemma 4.2.2 ¬^b;�94P, vGáæ94P3 modulo f´�Ý m′ �ìP��.ÿ
æ94P3 modulo m�ìP�. ¬P�¾\3 modulo m′ �ìb�ÎÍ�ÿ3 modulo m

�ìb�, �vôP�.ÿ���P. �Äu&Æ9�Ê¿Í m Ý.óXÿÝ congruence

equations, @@�|Q&Æÿá����. 9µÎ&Æ�"DÝÏÞË]°.

9×ËðàÝ]°µÎ�Þ m ¶W².óÝ5�, Ç m = pn1
1 · · · pnr

r , Í�9° pi 


8²²ó. #½G�"DEXb i = 1, . . . , r, f(x) ≡ 0 (mod pni
i ) ��Ý��µ�, .
&

Æb|ì���.

Proposition 4.2.3. �' m = pn1
1 · · · pnr

r , Í�9° pi 
8²²óv f(x) 
×J;ó9
4P. uD3 i ∈ {1, . . . , r}, ¸ÿ f(x) ≡ 0 (mod pni

i ) P�, J f(x) ≡ 0 (mod m) P�.
¨×]«, E�� i ∈ {1, . . . , r}, x ≡ c (mod pni

i ) /
 f(x) ≡ 0 (mod pni
i ) Ý�uv°u

x ≡ c (mod m) 
 f(x) ≡ 0 (mod m) ��Í�.

Proof. ´�, ãy pni
i |m, .h�à Lemma 4.2.2 á, u f(x) ≡ 0 (mod pni

i ) P�, J

f(x) ≡ 0 (mod m) P�.

¨�' x ≡ c (mod m) 
 f(x) ≡ 0 (mod m) Ý×Í�, ôµÎ1 m|f(c), ãyE��

i ∈ {1, . . . , r} /�� pni
i |m, á pni

i |f(c). .háEXbÝ i ∈ {1, . . . , r}, x ≡ c (mod pni
i )


 f(x) ≡ 0 (mod pni
i ) Ý�.

D�, uEXb i ∈ {1, . . . , r}, x ≡ c (mod pni
i ) /
 f(x) ≡ 0 (mod pni

i ) Ý�. Ç

pni
i |f(c). Jãy9° pni

i ÎËË!²Ý, ¿à Proposition 1.2.7(2) á pn1
1 · · · pnr

r |f(c), ùÇ

m|f(c). ÆÿJ x ≡ c (mod m) 
 f(x) ≡ 0 (mod m) Ý×Í�. ¤

Proposition 4.2.3 ×å&Æ, ub×Í pi ¸ÿ f(x) ≡ 0 (mod pni
i ) P�, £� f(x) ≡ 0

(mod m) µP�. ¬ÎA�EXbÝ pi, f(x) ≡ 0 (mod pni
i ) /b�, ÎÍ�î f(x) ≡ 0

(mod m) b�÷? �nÎù�Ý. 9Î.
4QE��Ý pi �ÿÝ�ÎÄ8!, ¬¿à|

¡º"DÝ�»yõ�§�0Õ×Jó!`�� modulo pni
i ìNÍ�Ý�P, .h�ã

Proposition 4.2.3 ÿá f(x) ≡ 0 (mod m) b�. nyhI	|¡3"D�»yõ�§`&
Æº�1�.
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4.3. ×gÝ Congruence Equations

&Æ"Dt��Ý×Ë congruence equation, ×gÝ congruence equation. &ÆÞºá¼
Í�ÝÍóC�Ý�P.

�� m ∈ N XÛ modulo m Ý×g congruence equation Ç ax ≡ b (mod m) 9ø�
PÝ congruence equation, Í� a, b ∈ Z v m - a. ´�&Æ¼::A¢¾½×Í×gÝ

congruence equation ÎÍb�.

Proposition 4.3.1. �� m ∈ N. �Ê×gÝ congruence equation ax ≡ b (mod m), Í

� m - a. �' d = gcd(m, a). J d|b uv°uh congruence equation b�.

Proof. .
 d = gcd(m, a) Æã Corollary 1.2.5 áD3 r, s ∈ Z ¸ÿ d = rm + sa.

¨�' d|b, ÇD3 b′ ∈ Z ¸ÿ b = b′d. .h b = b′d = b′rm + b′sa, Æu� x = sb′, J

ax = asb′ = b − b′rm. ôµÎ1 m|ax − b, ÿJ x ≡ sb′ (mod m) 
 ax ≡ b (mod m) �

×�.

D�, u x ≡ c (mod m) 
 ax ≡ b (mod m) �×�, Ç m|ac− b. ð��, D3 r ∈ Z
¸ÿ ac− b = mr, ôµÎ1 b = ac−mr. ¨ãy d = gcd(m, a), &Æb d|m v d|a, Æÿ
J d|b. ¤

ã Proposition 4.3.1 ÝJ�&Æá¼, �� m ∈ N, v a, b ∈ Z. �' gcd(m, a) = d v

d|b. u r, s, b′ ∈ Z �� d = rm + sa v b = b′d, J x ≡ sb′ (mod m) 
 ax ≡ b (mod m)
Ý×Í�. �Ä9¬��îXbÝ�K�µhÿÕ. �A¢0ÕXbÝ�÷? ¶ï|G&
ÆðàÝ]°µÎ�"DË�� Ýn;, �¿à�áÝ×Í�¼0ÕXbÝ�. #ì¼
&Æ¼: ax ≡ b (mod m) Í�� Ýn;.

Proposition 4.3.2. �� m ∈ N, �Ê×gÝ congruence equation ax ≡ b (mod m). �
' d = gcd(m, a) v�á x ≡ c (mod m) Î ax ≡ b (mod m) Ý×Í�, JE�� ax ≡ b

(mod m) Ý� c′ Kº�� c′ ≡ c (mod m/d). D�, E��Ý t ∈ Z,

x = c +
m

d
t

ù
 ax ≡ b (mod m) Ý×Í�.

Proof. �' x ≡ c′ (mod m) ù
 ax ≡ b (mod m) Ý×Í�, Jãy�á x ≡ c (mod m)

×�, Æÿ ac ≡ b ≡ ac′ (mod m). .hã Proposition 3.2.3 á c ≡ c′ (mod m/d).

D�, u c′ = c + (m/d)t, Í� t ∈ Z, J ac′ = ac + (a/d)mt. . d = gcd(m, a), Æ

á a/d ∈ Z, ôµÎ1 ac′ ≡ ac (mod m). �Ä�á ac ≡ b (mod m), X|ÿJ ac′ ≡ b

(mod m). ¤

Proposition 4.3.2 ×å&Æ�Ê congruence equation ax ≡ b (mod m). u x ≡ c

(mod m) Î×Í�, JÍ¸Ý�/
 c + (m/d)t 9øÝ�P, Í� d = gcd(m, a) v t ∈ Z.
.há3 modulo m �ì x ≡ c + (m/d), x ≡ c + 2(m/d), . . . , x ≡ c + (d− 1)(m/d) Kº
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Î ax ≡ b (mod m) Ý�. &ÆÞºJ�9°�3 modulo m �ì/8², �v3 modulo

m �ìXbÝ�K��
9°�P, .há) Proposition 4.3.1 |C Proposition 4.3.2, &

Æb|ì���.

Theorem 4.3.3. �� m ∈ N, a, b ∈ Z �Ê×gÝ congruence equation ax ≡ b (mod m).
� d = gcd(m, a).

(1) u d - b, J ax ≡ b (mod m) P�.

(2) u d - b, J ax ≡ b (mod m), 3 modulo m �ìb d Í�. vu�á x ≡ c

(mod m) 
×�, J

x ≡ c +
m

d
t, t = 0, 1, . . . , d− 1


 ax ≡ b (mod m) 3 modulo m �ìXbÝ�.

©½2, 	 a õ m !²`, EyXb b ∈ Z, ax ≡ b (mod m) /b�, vÍ�3 modulo m

�ìÎ°×Ý.

Proof. µ Proposition 4.3.1|C Proposition 4.3.2, &Æ©yì�J� ax ≡ b (mod m)u

b�, J3 modulo m �ì�b d Í�. .h&ÆmJ�Ë�¯: (×) 	 0 ≤ i, j ≤ d− 1 v

i 6= j ` c+mi/d 6≡ c+mj/d (mod m) (Ah-�ÿ	 0 ≤ i ≤ d−1` c+mi/d3 modulo

m �ì/8²). (Þ) E�� t ∈ Z, /D3 i ∈ {0, 1, . . . , d− 1} ¸ÿ c + mt/d ≡ c + mi/d

(mod m) (Ah-ÿJXbÝ�@�¶
 c + mi/d, Í� 0 ≤ i ≤ d− 1 Ý�P).

�' 0 ≤ i, j ≤ d− 1 v i 6= j. �´×�P&Æ�' i > j, h` 1 ≤ i− j ≤ d− 1. u

c + mi/d ≡ c + mj/d (mod m), Ç (m/d)i ≡ (m/d)j (mod m). ãy gcd(m/d,m) = m/d,
Æã Proposition 3.2.3 á i ≡ j (mod m/(m/d)), Ç i ≡ j (mod d). ôµÎ1 d|i− j. h

õ 1 ≤ i− j ≤ d− 1 ë;, ÆÿJ c + mi/d 6≡ c + mj/d (mod m).

¨�á ax ≡ b (mod m) Ý�/
 c + mt/d, Í� t ∈ Z 9øÝ�P. E�� t ∈ Z, ã

Theorem 1.2.1 áD3 h, r ∈ Z ¸ÿ t = hd + r, Í� 0 ≤ r ≤ d− 1. .hÿ

c + mt/d = c + m(hd + r)/d = c + mh + mr/d.

Æ� i = r, &Æb 0 ≤ i ≤ d − 1 v c + mt/d ≡ c + mi/d (mod m). ôµÎ1 ax ≡ b

(mod m) Ý�/
 c + mi/d, Í� 0 ≤ i ≤ d− 1 9øÝ�P. ¤

ã Theorem 4.3.3 &Æáu ax ≡ b (mod m) b�, ©���Í�×Í�, Í�Ý�µ
�ÿÕ. �y0�Ý]°, tÝ Proposition 4.3.1 ÝJ��X+ÛÝ]°², ¯@î&Æ
�|¿à Proposition 4.2.1 XèÝ]°¼�. .
h`u d = gcd(m, a), J d|b, ôµÎ
1 d Î a, b õ m Ý2.ó. ÆuÞ a, b, m 5½¶W a = a′d, b = b′d õ m = m′d Ý�
P (Í� a′, b′,m′ ∈ Z v gcd(m′, a′) = 1), ¿à Proposition 4.2.1 &Æá�|�� a′x ≡ b′

(mod m′) 9×Í congruence equation. ãy gcd(a′,m′) = 1, µ Proposition 3.2.5 áD3

e ∈ Z ¸ÿ a′e ≡ 1 (mod m′). ÆÞ a′x ≡ b′ (mod m′) �Ë\¶î e ÿ

x ≡ a′ex ≡ b′e (mod m′).
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.h�ÿ x ≡ b′e (mod m′) 
 a′x ≡ b′ (mod m′) Ý×Í�, .�ã Proposition 4.2.1 ÿ
á x ≡ b′e (mod m) 
 ax ≡ b (mod m) Ý×Í�. �yh� e (Ç a′ 3 modulo m′ �ì
Ý¶°D-ô) u��|0, �¿à Corollary 3.3.3 (Euler’s Theorem) 0Õ. &Æ:|ì
Ý»�.

Example 4.3.4. &Æ�� 16x ≡ 8 (mod 52). . gcd(52, 16) = 4v 4|8,Æáh congruence

equation Äb�, v3 modulo 28 �ì�b 4 Í�.

´�&Æ�� 4x ≡ 2 (mod 13). ãy 4× 10 ≡ 1 (mod 13), &Æÿá x ≡ 2× 10 ≡ 7

(mod 13) 
 4x ≡ 2 (mod 13) Ý×Í�. .�ÿ x ≡ 7 (mod 52) 
 16x ≡ 8 (mod 52) Ý

×Í� (Ç 16× 7 = 112 = 52× 2 + 8).

�yÍ�Ý�,ãy 52/4 = 13Æµ Theorem 4.3.3á3modulo 52�ì x ≡ 7, 20, 33, 46

(mod 52) 
 16x ≡ 8 (mod 52) ÝXb�.

4.4. Chinese Remainder Theorem

�' m = pn1
1 · · · pnr

r Í� pi 
8²²óv f(x) Î×ÍJ;ó94P. Proposition 4.2.3
×å&ÆuEXb i ∈ {1, . . . , r}, f(x) ≡ 0 (mod pni

i ) /b�vb�!�, J f(x) ≡ 0

(mod m) -b�. A¢0Õ�!�÷? �»yõ�§ (Chinese Remainder Theorem) ×å
&Æ©�Í½2Þ f(x) ≡ 0 (mod pni

i ) Ý�0Õ, µ�ÿÕ�!�.

Theorem 4.4.1 (Chinese Remainder Theorem). ��×à m1, . . . , mr ∈ N Í�9° mi

/ËË!² (Ç	 i 6= j `, gcd(mi,mj) = 1). JE��Ý×à c1, . . . , cr ∈ Z /�0Õ×
Jó c ¸ÿ

c ≡ ci (mod mi), ∀ i ∈ {1, . . . , r}.

Proof. 
Ý]-, &Æ� M = m1 · · ·mr vE�� i ∈ {1, . . . , r}, � Mi = M/mi.

�¥�9�Mj õ mi b|ìÝn;: (1)u i 6= j,J mi|Mj . (2) gcd(Mi,mi) = 1. 9�

(1) ã Mj Ý�L8*����|ÿá, �y (2) �´×�P (�ð×ì mi Ý5�), &ÆG
mJ� gcd(M1,m1) = 1. �' M1,m1 �!², ÇD3×²ó p ¸ÿ p|M1 v p|m1. Q�
µ�L M1 = m2 · · ·mr, Æã Corollary 1.4.3 áD3 i ∈ {2, . . . , r} ¸ÿ p|mi. ¬Î i 6= 1,
µ�' gcd(m1, mi) = 1, Æ p|m1 v p|mi õ m1,mi !²8ë;, ÆÿJ gcd(M1,m1) = 1.

#ì¼&Æ��0Õ×à t1, . . . , tr ∈ Z ¸ÿEXbÝ i ∈ {1, . . . , r},
t = c1M1t1 + · · ·+ crMrtr

/�� t ≡ ci (mod mi). Q�E�¢Ý×à t1, . . . , tr ∈ Z |C×��Ý i ∈ {1, . . . , r},
ã (1) (Ç mi|Mj for i 6= j) &Æ/b t ≡ ciMiti (mod mi). Æ&ÆGm0Õ ti ∈ Z ¸ÿ
ciMiti ≡ ci (mod mi)Ç�. Q�ã (2) (Ç gcd(Mi, mi) = 1)|C Proposition 3.2.5áD3

ei ∈ Z ¸ÿ Miei ≡ 1 (mod mi), Æu� ti = ei, Jÿ t ≡ ciMiei ≡ ci (mod mi). .hEX
b i ∈ {1, . . . , r}, &Æ�0Õ ei ¸ÿ Miei ≡ 1 (mod mi), �� c = c1M1e1 + · · ·+ crMrer,

J�ÿ c ≡ ci (mod mi), ∀ i ∈ {1, . . . , r}. ¤
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�¥�! 	9° mi �ÎËË!²`, ����Ý c1, . . . , cr ��ÿ�0Õ×ÍJó c

¸ÿ c ≡ ci (mod mi) EXbÝ i ∈ {1, . . . , r} KWñ. »A	 m1 = 4, m2 = 6 `u�Ê

c1 = 1, c2 = 2, J���0Õ×Jó c !`�� c ≡ 1 (mod 4) v c ≡ 2 (mod 6). 9Î.

u c ≡ 1 (mod 4) �î c 
 4k + 1 Ý�P, ÆÄ
�ó. Q�u c ≡ 2 (mod 6), J c 


6k + 2 ��P, Ä
�ó. .h	Q���0Õ×JóÎ�óêÎ�ó.

×�¼1&Æ�|Þ�»yõ�§:WÎ�A




x ≡ c1 (mod m1)
x ≡ c2 (mod m2)

...
...

x ≡ cr (mod mr)

9øÝÐñ]�P. ×�¼1Ðñ]�PÎ�0Õ×Í�!�!`Ð)9 r ÍP��ÆR
¼´p. �3 Theorem 4.4.1 ÝJ��, ���|:�¢ó t1, . . . tr Ý'�, µÎ�.9 r

ÍÐñÝP�;W r Í}ñÝP�Í½�� ti ¼, �Qµ���Ý. &Æ¼::|ìÝ»
�.

Example 4.4.2. �� m1 = 3, m2 = 4, m3 = 5 |C c1 = 2, c2 = 1, c3 = 3 &Æ�T0Õ

×Jó c ¸ÿ c ≡ ci (mod mi), ∀ i ∈ {1, 2, 3}. ôµÎ10Õ c !`��





c ≡ 2 (mod 3)
c ≡ 1 (mod 4)
c ≡ 3 (mod 5)

µï Theorem 4.4.1 ÝÐr�°&Æb M1 = 20, M2 = 15 |C M3 = 12. ´�&Æ0Õ

e1 ∈ Z ¸ÿ M1e1 ≡ 1 (mod m1), Ç 20e1 ≡ 1 (mod 3), ôµÎ1�� 2e1 ≡ 1 (mod 3).
ãh0Õ e1 = 2. !§&Æ�0Õ e2, e3 5½�� 15e2 ≡ 1 (mod 4) (Ç 3e2 ≡ 1 (mod 4))
|C 12e3 ≡ 1 (mod 5) (Ç 2e3 ≡ 1 (mod 5)). �ÿ e2 = 3 õ e3 = 3 5½��îP. Æ�

c = 2× 20× 2 + 1× 15× 3 + 3× 12× 3 = 233 �� 233 ≡ 2 (mod 3), 233 ≡ 1 (mod 4) |

C 233 ≡ 3 (mod 5).

G«èÄ, �� m ∈ N, �' m = pn1
1 · · · pnr

r , Í� pi 
8²²ó. A� f(x) Î×Í
J;ó94P, �� f(x) ≡ 0 (mod m), &Æ�|�ENÍ pi �Ê� f(x) ≡ 0 (mod pni

i ).
A�b×Í pi sß f(x) ≡ 0 (mod pni

i ) P�Ý�µ, £�µ Proposition 4.2.3 á f(x) ≡ 0

(mod m) P�. A�N×Í pi /º¸ÿ f(x) ≡ 0 (mod pni
i ), Jµ Proposition 4.2.3 á,

m�Ðñ]�P 



f(x) ≡ 0 (mod pn1
1 )

f(x) ≡ 0 (mod pn2
2 )

...
...

f(x) ≡ 0 (mod pnr
r )

b×�!���ÿ f(x) ≡ 0 (mod m) Ý�. �Ðñ]�ÎæpÝ, ��»yõ�§×å&
Æ�|�Ä�Ê�ÐñP�, �Í½Þ�O�-�ÿÕ�!Ý�.
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Corollary 4.4.3. �' m = pn1
1 · · · pnr

r , Í�9° pi 
8²²óv f(x) 
×J;ó94
P. JE�� i ∈ {1, . . . , r}, f(x) ≡ 0 (mod pni

i ) /b�uv°u f(x) ≡ 0 (mod m) b�.

Proof. µ Proposition 4.2.3 á, A� f(x) ≡ 0 (mod m) b�, JE�� i ∈ {1, . . . , r},
f(x) ≡ 0 (mod pni

i ) /b�.

¨�'E�� i ∈ {1, . . . , r}, f(x) ≡ 0 (mod pni
i ) /b�v x ≡ ci (mod pni

i ) 
Í×�.
ãy9° pni

i ÎËË!²ÝÆµ Theorem 4.4.1á, D3 c ∈ Z��E�� i ∈ {1, . . . , r}/
b c ≡ ci (mod pni

i ). ôµÎ1�� i ∈ {1, . . . , r}, x ≡ c (mod pni
i ) 
 f(x) ≡ 0 (mod pni

i )
�×�. Æ�¿à Proposition 4.2.3ÿá x ≡ c (mod m)
 f(x) ≡ 0 (mod m)�×�. ¤

&Æµ¼:×Í9]«Ý��»�. 4Q9ìÝ»��|à#�óCÿÕ��, ¬Î&

Æ©Î�T¿àh»¼ý�9�XàÝÃF, X|�T��Ý�T½¥yA¢TàX.Ý
]°��3y��
¢.

Example 4.4.4. &Æ¼� x2 ≡ 1 (mod 15). µG«��á&Æ�|5½�Ê x2 ≡ 1

(mod 3) C x2 ≡ 1 (mod 5) Ý�. .
 3 õ 5 /
²ó, µ Lemma 3.4.2 á x ≡ ±1

(mod 3) õ x ≡ ±1 (mod 5) 5½
 x2 ≡ 1 (mod 3) õ x2 ≡ 1 (mod 5) ��. .h&Æ�

0Õ|ìÝ°ÍÐñÝ congruence equation:

(1)
{

x ≡ 1 (mod 3)
x ≡ 1 (mod 5)

, (2)
{

x ≡ −1 (mod 3)
x ≡ −1 (mod 5)

,

(3)
{

x ≡ −1 (mod 3)
x ≡ 1 (mod 5)

, (4)
{

x ≡ 1 (mod 3)
x ≡ −1 (mod 5)

.

(1) õ (2) &Æ��|:�5½ãJó 1 õ −1 µ�5½�� (1) õ (2). � 11 �|�
� (3), 4 �|�� (4). X|ã Proposition 4.2.3 &Æá x ≡ 1,−1, 11, 4 (mod 15) K


x2 ≡ 1 (mod 15) Ý�. &Æ0Õ x2 ≡ 1 (mod 15) 3 modulo 15 �ìÝ 4 Í�, ¬��î

µ©b9 4 Í�. �Ä���|���J×ì3 modulo 15 �ì@@Gb9 4 Í�.

3îÍ»��&Æ�� x2 ≡ 1 (mod 15) 3 modulo 15 �ìÝ 4 Í�¬�ö@�ÎÍ
Gb9 4�Î.
&Æ�á3¿à�»yõ�§`, ÎÍ�bÍ�Ý�. ôµÎ1 Theorem

4.4.1 ©×å&Æ�ÝD3P, ¬Î×å&ÆÎÍbÍ��. 	Q&ÆKá¼ºbPM9�,
¬ÎÍ�Ý�A¢ÿá÷? &Æ��à×gðàÝ�]°, ::ËÍ�� Ýn;
¢, �

Qµ�ÞXbÝ�¶ìÝ.

Theorem 4.4.5. ��×à m1, . . . , mr ∈ N Í�9° mi /ËË!². � M = m1 · · ·mr,
JE��Ý×à c1, . . . , cr ∈ Z |ìÐñÝ congruence equation




x ≡ c1 (mod m1)
x ≡ c2 (mod m2)

...
...

x ≡ cr (mod mr)

3 modulo M �ìD3°×Ý×Í�. ¯@îu c ∈ Z ��hÐñ congruence equation,
JE�� c′ ∈ Z �� c′ ≡ c (mod M) /º��hÐñ congruence equation.
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Proof. Theorem 4.4.1 �JÿD3P, &Æ�J�3 modulo m1 · · ·mr �ìÍ�°×.

�' c, c′ ∈ Z /��|îÐñÝ congruence equation. ôµÎ1E�� i ∈ {1, . . . , r}
&Æ/b c ≡ ci (mod mi)v c′ ≡ ci (mod mi). .h�E�� i ∈ {1, . . . , r}/b mi|c−c′.
Q�9° mi ËË!², Æ¿à Proposition 1.2.11(2), &Æÿ m1 · · ·mr|c − c′, Ç c ≡ c′

(mod M). ôµÎ13 modulo M �ìÍ�°×.

¨×]«, u c ��Ðñ congruence equation v c′ ∈ Z �� c′ ≡ c (mod M), Jãy

E�� i ∈ {1, . . . , r}, mi|M , Æá c′ ≡ c ≡ ci (mod mi). ùÇ c′ ��hÐñ congruence

equation. ¤

»A3 Example 4.4.2 �, &Æá¼ x = 233 ��



x ≡ 2 (mod 3)
x ≡ 1 (mod 4)
x ≡ 3 (mod 5)

9×àÐñÝ congruence equation,X|ã Theorem 4.4.5á��ÝJó c�� c ≡ 233 ≡ 53

(mod 60)K�|��9×àÐñ congruence equation. 	QÝôGb�� c ≡ 53 (mod 60)
ÝJóº��hÐñ congruence equation.

Theorem 4.4.5 f Theorem 4.4.1 �J. .
3 Theorem 4.4.1 �&ÆGèC�ÝD3
P, � Theorem 4.4.5 èC�3 modulo m1 · · ·mr �ìÎD3v°×Ý, �v.��ã×
�0ÕXbÝ�. bÝh�ºÞË�§5�¼�, �à#�¡´�JÝ Theorem 4.4.5 ¬

Ì�
 Chinese remainder theorem. &ÆÞË�§5�x�Î.
��ú��»yõ�§
�ÝD3PCA¢0Õ×�.





Chapter 5

ÞgÝ Congruence
Equations

9×a�&Æ�Ý¥y�ÞgÝ congruence equation. &Æ���×�ÝÞg congruence

equation ��, Q¡XX;�W��Ý�P, t¡+Û quadratic reciprocity law. J�¼1
&ÆºÿÕ×Íb[¾½Þg congruence equation ÎÍb�Ý]°, �yub�A¢O
�µ�3ÍaÝD¡P�Ý. &Æ�T�½¥y.êA¢ãÃ;�ÝM».

5.1. Þg Congruence Equation Ý;�

XÛÞgÝ congruence equation, Ç�� m ∈ N, �Ê ax2 + bx + c ≡ 0 (mod m), Í�

a, b, c ∈ Z v m - a 9øÝ equation.

��:Õ9øÝ]�P, ´�º�Õàg]°¼�. ^ý, &ÆôÎ�àg]°. �Ä
9�b×F�©½¥�, µÎ&ÆKÎ3JóÝ�µ, X|6�¹àÕt°. »A����

ax2 + bx + c = 0 `, Ï×Í�ÕÝÎÞ x2 4Ý;ó a t�ÿ x2 + (b/a)x + (c/a) = 0. ã

y&Æ3� congruence equation, 94Pm�O
J;ó, 9Í]°µ��;Ý (t& a|b
v a|c). 	QÝ, 	 a õ m !²`D3 e ∈ Z ¸ÿ ae ≡ 1 (mod m), X|h`&Æ�|

Þ ax2 + bx + c ≡ 0 (mod m) Ë\¶î e �ÿ x2 + bex + ce ≡ 0 (mod m). �Ä9Í]°
�§×3 gcd(m, a) = 1 Ý��, �&Æ�"DÝÎ×��µ, X|&Æm�ð°�§. �

Ñ§ø
Ý¯94P
J;ó, &Æ��àtÝ]°, ��à¶Ý. X|
Ý¸àg]°&
Æ�|¯ x2 4;óW
��¿], ôµÎÞ ax2 + bx + c ≡ 0 (mod m) Ë\¶î a �ÿ

(ax)2 + abx + ac ≡ 0 (mod m). #½�§ x 4;ó, ãy��àtÝX|��Þ abx ¶W

2(ab/2)x, ¬àg]° x 4;óm�ó, .h?Ý]°ÎÞæPË\¶| 2. �Ä9ø×¼
êÓûÝæ� x2 4;ó
��¿]Ý?�, X|&Æ�9¶×Í 2 ¸ÿ x2 4;ó)

��¿].

ôµÎ1, 3� ax2 + bx + c ≡ 0 (mod m) `&Æ�|ÞË\¶î 4a ¸ÿæPW


4a2x2 + 4abx + 4ac = (2ax)2 + 2(2ax)b + 4ac ≡ 0 (mod m). #ì¼µ�àg]°ðàM

55



56 5. ÞgÝ Congruence Equations

»ÞP�¶W (2ax + b)2 ≡ b2 − 4ac (mod m). .h&ÆÞ®Þ�;W� y2 ≡ b2 − 4ac

(mod m). *u^bJó k �� k2 ≡ b2 − 4ac (mod m), £�&Æ-áæ congruence

equation, ax2 + bx + c ≡ 0 (mod m) P�. u�0Õ k ∈ Z �� k2 ≡ b2 − 4ac (mod m),
£�&Æ-�µG«"D×gÝ congruence equation Ý]°� 2ax + b ≡ k (mod m), �

ÿÕ ax2 + bx + c ≡ 0 (mod m) ���µ.

À�,�Þg congruence equation, ax2+bx+c ≡ 0 (mod m)Ý®Þ,�;�W� y2 ≡ d

(mod m) Í� d = b2 − 4ac. .h&Æ#ì¼G"D x2 ≡ a (mod m) 9øÝ congruence

equation.

�' m = pn1
1 · · · pnr

t , Í�9° pi 
8²²ó. ã Corollary 4.4.3 á, x2 ≡ a (mod m)
b�uv°uEXbÝ pi, x2 ≡ a (mod pni

i ) b�. .h&ÆêÞ®Þ;�
O x2 ≡ a

(mod pn), Í� p 
²óv n ∈ N Ý��.

&Æ¼:×Íá)|î��Ý»�.

Example 5.1.1. &Æ�½� 29x2 +15x+1 ≡ 0 (mod 45). ´�ÞP�Ë\¶î 4×29,ÿ

(58x)2 +2× 58× 15x+116 ≡ 0 (mod 45). #½¿àg]°ÿ (58x+15)2 ≡ 109 (mod 45),
Ç (13x + 15)2 ≡ 19 (mod 45) (½�Ý 58x ≡ 13x (mod 45)).

#½.
 45 = 32×5,&Æ�|ÞP�»;W� (13x+15)2 ≡ 19 (mod 9)C (13x+15)2 ≡
19 (mod 5). ôµÎ15½� (4x+6)2 ≡ 1 (mod 9)|C (3x)2 ≡ 4 (mod 5). ãy y ≡ ±1

(mod 9) 
 y2 ≡ 1 (mod 9) ��, Æá 4x + 6 ≡ ±1 (mod 9), �ÿ x ≡ 1, 5 (mod 9) 


(13x + 15)2 ≡ 19 (mod 9) ��. ¨×]« y ≡ ±2 (mod 5) 
 y2 ≡ 4 (mod 5) ��, Æÿ

3x ≡ ±2 (mod 5), �ÿ x ≡ 1, 4 (mod 5) 
 (13x2 + 15)2 ≡ 19 (mod 5) ��.

t¡�� 29x2 + 15x + 1 ≡ 0 (mod 45), ãGá x mÐ):

(1)
{

x ≡ 1 (mod 9)
x ≡ 1 (mod 5)

, (2)
{

x ≡ 1 (mod 9)
x ≡ 4 (mod 5)

,

(3)
{

x ≡ 5 (mod 9)
x ≡ 1 (mod 5)

T (4)
{

x ≡ 5 (mod 9)
x ≡ 4 (mod 5)

.

.hOÿ x ≡ 1, 14, 19, 41 (mod 45) 
 29x2 + 15x + 1 ≡ 0 (mod 45) ��.

/Õ&ÆÝxÞ. &ÆÞ��×�ÞgÝ congruence equation;�W� x2 ≡ a (mod pn),
Í� p
²óv n ∈ NÝ��. &Æ�¼: aõ p�!²Ý��. �' pn|a�y� x2 ≡ 0

(mod pn), h`	Qb�. u a = pia′ Í� p - a′ v 1 ≤ i ≤ n− 1 §�ð? ¨�u i Î�

ó, &Æ�1�h` x2 ≡ pia′ (mod pn) P�. ub�v b 
 x2 ≡ pia′ (mod pn) �×�,
&ÆÞ b ¶W b = psb′, Í� p - b′. h`.�' b2 ≡ pia′ (mod pn), �ÿ pn|p2sb′2 − pia′.
ãy 2sÎ�ó� iÎ�ó, á 2s 6= i. A� 2s > i, J p2sb′2−pia′ = pi(p2s−ib′2−a′). ¬ã
y p|p2s−i v p - a′, &Æá p - p2s−ib′2−a′. ð�� pi+1 - p2sb′2−pia′. hõ pn|p2sb′2−pia′

v n ≥ i + 1 8ë;. !§, u 2s < i, &Æô�ÿë;Ý��. X|	 i < n vÎ�ó`

x2 ≡ pia′ (mod pn) P�.

	 a = pia′ Í� p - a′, 0 < i < n v i = 2k Î�ó`, u&ÆÞ x ¶W x = pkt, h`

� x2 ≡ a (mod pn) �!y� (pkt)2 ≡ p2ka′ (mod pn), ôµÎ� p2kt2 ≡ p2ka′ (mod pn).
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ãy 2k < n, Proposition 4.2.1 ×å&ÆhP�!y� t2 ≡ a′ (mod pn−2k). &ÆÞ|î
D¡¶W�¡.

Proposition 5.1.2. ��×²ó p C n ∈ N. �' a = pia′ Í� p - a′ v 1 ≤ i ≤ n− 1.

(1) u i Î�ó, J x2 ≡ a (mod pn) P�.

(2) u i Î�ó, J x2 ≡ a (mod pn) b�uv°u x2 ≡ a′ (mod pn−i) b�.

�|îÝD¡&Æá¼��×ÍÞgÝ congruence equation K�|�;Õ x2 ≡ a

(mod pn), Í� p - a Ý�µ. X||¡&ÆGÝ¥y x2 ≡ a (mod pn) Í� p - a Ý��.

5.2. � x2 ≡ a (mod pn)

3G×;�&Æá¼×ÍÞgÝ congruence equation �;�W x2 ≡ a (mod pn), Í� p


²ó, n ∈ N v p - a 9Ë�PÝ®Þ. �¥�h`ãy p - a, u x2 ≡ a (mod pn) b�,
JÍ�Äô� p !², ÍJºCW p|a �ë;. #½&Æµµ p = 2 õ p 
�²óËË�
�¼D¡ x2 ≡ a (mod pn) ���µ.

5.2.1. p = 2 Ý��. &Æ��Ê x2 ≡ a (mod 2n), Í� 2 - a Ý��. ãy a Î�ó,
X|ub�Í�Ä
�ó. ×��	QÎ�Ê n = 1 Ý��, h`. a Î�ó, ÿ a ≡ 1

(mod 2). X| x2 ≡ a (mod 2), Ç
 x2 ≡ 1 (mod 2), ÆÄb�v�
 x ≡ 1 (mod 2).

	 n = 2 `, .
 a ≡ 1, 3 (mod 4), &ÆG��Ê x2 ≡ 1 (mod 4) |C x2 ≡ 3

(mod 4) ËË congruence equations. ãy�Ä
�ó&Æ�|�' 2k + 1 
×�. .hã

(2k + 1)2 = 4k(k + 1) + 1 ≡ 1 (mod 8), &Æá x2 ≡ 3 (mod 4) P�. � x2 ≡ 1 (mod 4)
��
 x ≡ ±1 (mod 4) (ÇXb�ó).

ãî«D¡á	 n = 3 `, x2 ≡ 3, 5, 7 (mod 8) P�, � x2 ≡ 1 (mod 8) b�v�


x ≡ ±1,±3 (mod 8). n > 3 `, &Æá¼��Ah{®ì�, �|¿àó.hû°ÿÕ|
ì��.

Proposition 5.2.1. �' n ≥ 3 v a Î×Í�ó. J x2 ≡ a (mod 2n) b�uv°u

a ≡ 1 (mod 8).

Proof. u a ≡ 3, 5, 7 (mod 8), JãGá x2 ≡ a (mod 8) P�. .
 n ≥ 3, Æã Lemma

4.2.2 á x2 ≡ a (mod 2n) P�. .
 a 
�óÆGyì a ≡ 1 (mod 8) Ý��ÎD¡. X

|&Æ©�J� a ≡ 1 (mod 8) ` x2 ≡ a (mod 2n) b�.

�á n = 3 `Wñ. �' n = k − 1 (k ≥ 4) `Wñ, Ç	 a ≡ 1 (mod 8) `, x2 ≡ a

(mod 2k−1) b�. �' c ∈ Z Î x2 ≡ a (mod 2k−1) Ý×Í� (Ç 2k−1|c2 − a), ôµÎ1

c2 = a + 2k−1b, Í� b ∈ Z. &Æ�¿à c 0Õ x2 ≡ a (mod 2k) ��. u c2 = a + 2k−1b

Í� b 
�ó, J�Q 2k|c2 − a, ÿ c 
 x2 ≡ a (mod 2k) �×�. u b 
�ó, J�Ê

c′ = c + 2k−2. h` c′2 = c2 + 2k−1c + 22k−4 = a + 2k−1(b + c) + 22k−4. ãy b õ c /
�

óá 2|b + c, �v 2k − 4 = k + k − 4 ≥ k (. k ≥ 4), Æÿ c′2 ≡ a (mod 2k). ÿJ x2 ≡ a

(mod 2k) b�. ¤
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&Æ�á x2 ≡ a (mod 2n) ¢`b�¢`P�. ub�`, Í3 modulo 2n �ìºb9
K�÷? &ÆµQàËÍ�� Ýn;¼"D.

Proposition 5.2.2. �' n ≥ 3v a ≡ 1 (mod 8). u x ≡ c (mod 2n)Î x2 ≡ a (mod 2n)
Ý×Í�, J x ≡ c, c + 2n−1,−c,−c + 2n−1 (mod 2n) 
 x2 ≡ a (mod 2n) XbÝ�.

Proof. u c′ ∈ Z ù
×�, J 2n|c2 − c′2, Ç 2n|(c− c′)(c + c′). �¥�.
 c õ c′ /

�ó, &Æ�|b c ≡ ±1 (mod 4) õ c′ ≡ ±1 (mod 4), °Ë��. �Ä�ÑÎø×Ë�
� c− c′ õ c + c′ ��Äb×Í(vGb×Í)��� 4 Jt (¬)
�ó). »A3 c ≡ 1

(mod 4) C c′ ≡ −1 (mod 4) Ý�µ, &Æb c + c ≡ 0 (mod 4) ¬ c− c′ ≡ 2 (mod 4). Ç

2|c− c′ ¬ 4 - c− c′. &Æ��Ê 4 - c + c′ 9Ë��. h` c + c′ = 2λ, Í� λ 
�ó. .

hãG«�á 2n|(c− c′)(c + c′), ÿ 2n|2λ(c− c′), Ç 2n−1|λ(c− c′). ¨ãy gcd(2, λ) = 1,
Æã Proposition 1.2.7(1) ÿ 2n−1|c− c′. !§u 4 - c− c′, Já 2n−1|c + c′.

À�¼1, u c′ Î x2 ≡ a (mod 2n) �×�, JD3 t ∈ Z ¸ÿ c′ = c + t2n−1 T

c′ = −c + t2n−1. D�u c′ = c + 2n−1, J c′2 = c2 + 2nct + 22n−2t2. ãy 2n− 2 ≥ n + 1,
ÿ c′2 ≡ c2 ≡ a (mod 2n). Æá c′ 
 x2 ≡ a (mod 2n) ���. !§ c′ = −c + t2n−1 ù


 x2 ≡ a (mod 2n) ���. Q�	 t Î�ó` c′ = c + t2n−1 ≡ c + 2n−1 (mod 2n) v

c′ = −c + t2n−1 ≡ −c + 2n−1 (mod 2n). �	 t Î�ó` c′ = c + t2n−1 ≡ c (mod 2n)
v c′ = −c + t2n−1 ≡ −c (mod 2n). Æÿá3 modulo 2n �ì x2 ≡ a (mod 2n) �b

x ≡ c, c+2n−1,−c+2n−1,−c (mod 2n) 9 4 Íq (¥�. c 
�ó, X|9°ó3 modulo

2n �ì/8²). ¤

&Æ¼:Í»�.

Example 5.2.3. � x2 ≡ 17 (mod 32). ãy 17 ≡ 1 (mod 8), ã Proposition 5.2.1 á

Äb�. &Æ¿à Proposition 5.2.1 J��XàÝ]°¼0�×Í�. ´�� x2 ≡ 17

(mod 25−1), Ç x2 ≡ 1 (mod 16). �á x = 1 
 x2 ≡ 17 (mod 16) �×�. ¬ãy

12 − 17 = 24 × (−1) v −1 Î�ó, Æ¿à Proposition 5.2.1 ÝJ�á 1 + 2(5−2) = 9

 x2 ≡ 17 (mod 32) �×�. 0Õ×�¡, t¡¿à Proposition 5.2.2 á x ≡ 9, 25, 7, 23

(mod 32) 
 x2 ≡ 17 (mod 32) XbÝ�.

5.2.2. p 
�²óÝ��. 	 p Î�²ó`, &Æ	Q��A p = 2 Ý��D¡. �Äã

Lemma 4.2.2 &Æáu x2 ≡ a (mod p) P�, JE�� n ∈ N, x2 ≡ a (mod pn) ùP�.
&Æ�àó.hû°J�u x2 ≡ a (mod p) b�, JE�� n ∈ N, x2 ≡ a (mod pn) ù

b�.

Proposition 5.2.4. �' p 
×�²óv p - a. J x2 ≡ a mod p b�uv°uE��

n ∈ N, x2 ≡ a (mod pn) b�.

Proof. &ÆG�J�u x2 ≡ a (mod p) b�J x2 ≡ a (mod pn) ùb�.

u c 
 x2 ≡ a (mod p) �×�, ÇD3 λ ∈ Z ¸ÿ c2 = a + λp. ¨�Ê c′ = c + tp.
ãy c′2 = c2 + 2ctp + t2p2 = a + (2ct + λ)p + t2p2. u� c′2 ≡ a (mod p2), Jm0Õ t ∈ Z
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¸ÿ 2ct ≡ −λ (mod p). Q�ãy 2c õ p !², Theorem 4.3.3 ×å&Æ9øÝ t ×�D
3. Æh`u� c′ = c + tp, J x ≡ c′ (mod p2) 
 x2 ≡ a (mod p2) �×�.

¨¿àó.hû°�' n = k − 1 (k ≥ 2) ` x2 ≡ a (mod pk−1) b�, v�' x ≡ c

(mod pk−1)
Í×�. &Æ�¿à c0Õx2 ≡ a (mod pk)Ý�. ãyD3 λ ∈ Z¸ÿ c2−a =

λpk−1,&Æ�Ê c′ = c+tpk−1. h` c′2 = c2+2ctpk−1+t2p2k−2 = a+(2ct+λ)pk−1+t2p2k−2.
ãy 2k − 2 = k + k − 2 ≥ k (. k ≥ 2) &Æÿ c′2 ≡ a + (2ct + λ)pk−1 (mod pk). ê.


2c õ p !², ÆD3 t′ ∈ Z ¸ÿ 2ct′ + λ ≡ 0 (mod p). h`u� c′ = c + t′p, J x ≡ c′

(mod pk) 
 x2 ≡ a (mod pk) �×�. ¤

A� x2 ≡ a (mod pn) b�, &Æ	Qb·¶á¼3 modulo pn �ì, x2 ≡ a (mod pn)
Í�ÝÍó.

Proposition 5.2.5. �' p 
×�²ó, p - a v n ∈ N. u x2 ≡ a mod pn b�v x ≡ c

(mod pn) 
Í×�, J x ≡ ±c (mod pn) 
 x2 ≡ a (mod pn) XbÝ�.

Proof. �' c′ 
 x2 ≡ a (mod pn) �¨×�, á pn|c2 − c′2. ãy c õ c′ /� p !²,

c + c′ õ c− c′ á�Äb×Í� p !², ÍJã p|c + c′ C p|c− c′ �ÿ p|2c, �ê p 6= 2,
�ÿ p|c �ë;. ¨�' c + c′ � p !², h` gcd(c + c′, pn) = 1, Æã pn|(c + c′)(c− c′)
C Proposition 1.2.7(1), ÿá pn|c− c′, Ç c′ ≡ c (mod pn). !§, u c− c′ � p !², �ÿ

c′ ≡ −c (mod pn).

¨×]«, ã c2 ≡ a (mod pn) á (−c)2 = c2 ≡ a (mod pn), Æá x ≡ ±c (mod pn) 


x2 ≡ a (mod pn) XbÝ�. ¤

&Æ�¼:Í»�.

Example 5.2.6. � x2 ≡ 14 (mod 125). ãy x2 ≡ 14 ≡ 4 (mod 5) b� (x = 2 
×�),
ã Proposition 5.2.4á x2 ≡ 14 (mod 125)Äb�. &Æ¿à Proposition 5.2.4J��Xà
Ý]°¼0�×Í�. ´�0� x2 ≡ 14 (mod 25) ��Í�. ¿à 2 
 x2 ≡ 14 (mod 5)
�×�, �Ê (2 + 5t)2 = 4 + 20t + 25t2. .h (2 + 5t)2− 14 ≡ −10 + 20t (mod 25). ôµÎ
1m�� t ∈ Z ¸ÿ 20t ≡ 10 (mod 25), Ç� 4t ≡ 2 (mod 5). �ÿ t = 3 
×�, Æñá

2 + 5t ÿ x = 17 
 x2 ≡ 14 (mod 25) �×�. ¨�¿à 17 O x2 ≡ 14 (mod 125) �×
�. �Ê (17 + 25t)2 = 289 + 850t + 625t2. .h (17 + 25t)2 − 14 ≡ 275 + 850t ≡ 25 + 100t

(mod 125). ôµÎ1m�� t ∈ Z ¸ÿ 100t ≡ −25 (mod 125), Ç� 4t ≡ −1 (mod 5). �

ÿ t = 1 
×�, Æñá 17 + 25t ÿ x = 42 
 x2 ≡ 14 (mod 125) �×�. 0Õ×�¡,
t¡¿à Proposition 5.2.2 á x ≡ ±42 (mod 125) 
 x2 ≡ 14 (mod 125) XbÝ�.

&Æ���Ý� x2 ≡ a (mod 2n) Ý�Ý�µ. �	 p Î�²ó`, E�� n ∈ N,

x2 ≡ a (mod pn) (Í� p - a) Ý�Ý�µ��ãXy x2 ≡ a (mod p) Ý�Ý�µ. X||

¡&ÆGÝ¥y x2 ≡ a (mod p) Í� p 
�²óv p - a Ý��.
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5.3. The Legendre Symbol

&Æ�B.�×�ÝÞg congruence equation ×M×MÝ;�Õ� x2 ≡ a (mod p), Í�

p 
�²óv p - a Ý��. 9�&ÆÞ"D¢` x2 ≡ a (mod p) b�. �yub�A¢
0�, &Æº�ì×a.ê?9]°¡��§.

ãy&Æ©n¥ x2 ≡ a (mod p) ¢`b�, ¢`P�, &Æ+Û×ÍÐrÌ (Legendre

symbol) ¼�îÍb�TP�.

Definition 5.3.1. ���²ó p |C a ∈ Z �� p - a. u x2 ≡ a (mod p) b�, &ÆÌ

a Î×Í quadratic residue modulo p ¬|
(

a

p

)
= 1 �î�. D�, u x2 ≡ a (mod p) P

�, &ÆÌ a Î×Í quadratic nonresidue modulo p ¬|
(

a

p

)
= −1 �î�.

´��¥�ÝÎ Legendre symbol ��õ5ó¢�. 3ÍýL�Ý5óAë5�ÞÝ

¿]&Æºà (
2
3
)2 T (2/3)2 9ËË]°�î, Àrf´�. � Legendre symbol

(
2
3

)
Ý

Àrf´�. ¨²µ�L Legendre symbol Ý5Ò×�Î×Í�²óv5�×�õ5Ò!

² (bÝh!��!, 9�
Ý�¯!.¢�&Æ�}Ah!�). »A3ÍýL�
(

5
6

)

T
(

6
3

)
9øÝÐrÎ^�LÝ .

#ì¼&Æ¼: Legedre symbol à#µ�LXÿ�P².

Lemma 5.3.2. �' p Î×Í�²óv a ∈ Z �� p - a.

(1)
(

a2

p

)
= 1.

(2) u b ∈ Z �� b ≡ a (mod p), J
(

a

p

)
=

(
b

p

)
.

Proof. (1) �¾\ a2 ÎÍ
 quadratic residue modulo p, ôµÎ�¾\ x2 ≡ a2 (mod p)

ÎÍb�. Q���|á¼ x = a Î x2 ≡ a2 (mod p) Ý�, Æá
(

a2

p

)
= 1.

(2) �¾\ b ÎÍ
 quadratic residue modulo p, ôµÎ�¾\ x2 ≡ b (mod p) ÎÍ

b�. Q�µ�' b ≡ a (mod p) Æ�� x2 ≡ b (mod p) µ�!y� x2 ≡ a (mod p). Æ

á
(

b

p

)
=

(
a

p

)
. ¤

Í@ x2 ≡ a (mod p) ��Qb���QµP�. X|uGÞ Legendre symbol :W©

Î×ÍÐr�îb�P�µH�:¸Ý. u��Ðr, &Æô�|Þb��
 1 P��


0, TÍ�8²ÝËÍó, 
¢�Þb��
 1 P��
 −1 ÷? 1@�uG�àËÍóC
¼�îb�TP�Ý�µ, £ËÝÎ§��ÂK�|, Q�Ah×¼9øÝÐrc9G¯
&Æ]-�¾b�TP�Ý�µ, ^b%�H�Ý�L. Legendre symbol �X|�Þb�
�
 1 P��
 −1, x�Î&Æ�|Þ¸Æ:WJóÝ 1 õ −1 ¼�¶°ºÕ. Íæ.µ
Îì«9×Í�§.
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Theorem 5.3.3 (Euler’s Criterion). �' p Î×Í�²óv a ∈ Z �� p - a.

(1) u x2 ≡ a (mod p) b�, J a(p−1)/2 ≡ 1 (mod p).

(2) u x2 ≡ a (mod p) P�, J a(p−1)/2 ≡ −1 (mod p).

Proof. (1) u x2 ≡ a (mod p) b�v x = c 
Í×�, Ç c2 ≡ a (mod p). h`

a
p−1
2 ≡ (c2)

p−1
2 ≡ cp−1 (mod p).

ãy a õ p !², X| x2 ≡ a (mod p) �� c ù� p !². .h¿à Fermat’s Little

Theorem (3.3.4) á cp−1 ≡ 1 (mod p), ÆÿJ a(p−1)/2 ≡ 1 (mod p).

(2) �Ê S = {1, 2, . . . , p− 1} 9×Í reduced residue system modulo p. E�� i ∈ S,
ãy i õ p !², Æã Theorem 4.3.3 á ix ≡ a (mod p) 3 modulo p �ìb°×�. ã

y a õ p !², ÆáÍ�Äô� p !². ð­�1, �� i ∈ S ÄD3°×Ý j ∈ S �
� ij ≡ a (mod p). �¥�h` j 6= i, ÍJºÿÕ i2 ≡ a (mod p), ôµÎ1 x = i Î

x2 ≡ a (mod p) Ý×Í�, h� x2 ≡ a (mod p) P�Ý�'8ë;. ¨×]«ô�¥�.

 jx ≡ a (mod p) 3 modulo p �ìÍ�°×v�á x = i 
Í×�, X|���0Õ
¨×Í i′ ∈ S ¸ÿ i′j ≡ a (mod p). .hEy S �Ý-ô, &Æ�|Þ�ËËgE, ô
µÎE�� i ∈ S Þ i õ�� ij ≡ a (mod p) °×Ý j ∈ S 8gE. Ah×¼&Æ�b

(p− 1)/2 E. ãyN×E8¶3 modulo p �ìõ a congruent, Æ�ÿ

(p− 1)! = 1 · 2 · · · p− 1 ≡ a
p−1
2 (mod p).

�Ä Wilson’s Theorem (3.4.3) ×å&Æ (p − 1)! ≡ −1 (mod p), ÆÿJ a(p−1)/2 ≡ −1

(mod p). ¤

A������Ý�, 	�3J� Wilson’s Theorem &ÆÎÞ S = {1, . . . , p− 1} ��
-ôµ ij ≡ 1 (mod p) ¼gE. X| Wilson’s Theorem õ Euler’s Criterion ÝJ�b²
`!��ú.

	 p - a ` a(p−1)/2 3 modulo p �ì�Â�Î 1 µÎ −1. 9Î.
u� b = a(p−1)/2,
J b2 = ap−1 ≡ 1 (mod p), ôµÎ1 x = b 
 x2 ≡ 1 (mod p) �×q. .hã Lemma

3.4.2 á b ≡ ±1 (mod p). .h, �� a ∈ Z �� p - a, &Æ�|ã a(p−1)/2 modulo p 
 1

T −1 ¼¾\ x2 ≡ a (mod p) ÎÍb�. »A, u a(p−1)/2 ≡ 1 (mod p) �ê
(

a

p

)
= −1,

J. x2 ≡ a (mod p) P�ã Theorem 5.3.3 á a(p−1)/2 ≡ −1 (mod p). 9ºCW 1 ≡ −1

(mod p) Ç p|2 Ýë;. .h&Æá, u a(p−1)/2 ≡ 1 (mod p), J
(

a

p

)
= 1. !§, u

a(p−1)/2 ≡ −1 (mod p), J
(

a

p

)
= −1. 9µÎ Legendre symbol ã 1 õ −1 
ÂÝ§ã.

&Æb|ì��¡.

Corollary 5.3.4. �' p Î×Í�²óv a ∈ Z �� p - a. J
(

a

p

)
≡ a

p−1
2 (mod p).
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X|*¡&Æ�á¼ x2 ≡ a (mod p) b�TP�, ©��Õ a(p−1)/2 t| p ÝõóÎ

1 T p− 1. uõóÎ 1 Jb�, uõóÎ p− 1 JP�. �Ä9Í]°3@jÏµì)�
ð¯, .
��Õ a(p−1)/2 ×�¼1	 p ��`)��jì. �Ä9Í criterion 3J�×
�héÝ�§`µ�ÑàÝ. &Æb|ìbn Legendre symbol Ý¥�P².

Proposition 5.3.5. �' p Î×Í�²óv a, b ∈ Z �� p - a v p - b. J
(

ab

p

)
=

(
a

p

) (
b

p

)
.

Proof. ã Corollary 5.3.4 á
(

ab

p

)
≡ (ab)

p−1
2 = a

p−1
2 b

p−1
2 ≡

(
a

p

)(
b

p

)
(mod p).

ãy
(

ab

p

)
õ

(
a

p

)(
b

p

)
�Â��Î 1 µÎ −1, X|�Æ3 modulo p �ì!õ�îÄ

8�(ÍJêºÿ p|2 �ë;). Æÿ
(

ab

p

)
=

(
a

p

)(
b

p

)
. ¤

Proposition 5.3.5 �|.���ß*�Ý��. »A�' x2 ≡ a (mod a) õ x2 ≡ b

(mod p) /b�v' x = c õ x = c′ 5½
Í×�. £�&Æ��|.ÿ x2 ≡ ab (mod p)
Äb�. .
 x = cc′ µÎÍ��×�. �Äu x2 ≡ a (mod a) õ x2 ≡ b (mod p) Í

�b×ÍP�TÎ/P�, £Æ&Æµ�p¿à�]�PÝ]°¼�§ x2 ≡ ab (mod p)
ÎÍb�Ý. �Äu¿à Proposition 5.3.5, &Æ�"Ý-áu x2 ≡ a (mod p) b�¬

x2 ≡ b (mod p) P� (Ç
(

a

p

)
= 1,

(
b

p

)
= −1), J x2 ≡ ab (mod p) -P� (.
h`

(
ab

p

)
= 1× (−1) = −1). ?�ß#²ÝÎu x2 ≡ a (mod p) õ x2 ≡ b (mod p) /P�,

&Æ�|á x2 ≡ ab (mod p) Äb� (.
h`
(

ab

p

)
= (−1)× (−1) = 1). 9Í��Î�

pàb�P�9øÝ��¼¾\Ý.

Proposition 5.3.5 ¨×Í?�ÎE��Jó a &Æ�|5�W a = (−1)m2n0qn1
1 · · · qnr

r ,
Í� qi 
�²ó (v p 6= qi . p - a), m ∈ {0, 1}, ni ≥ 0. .h�ÿ

(
a

p

)
=

(−1
p

)m (
2
p

)n0
(

q1

p

)n1

· · ·
(

qr

p

)nr

.

ôµÎ1��×�²ó p, &Æ©�á¼
(−1

p

)
,
(

2
p

)
õ

(
q

p

)
(q 
��� p 8²Ý�

²ó) �Â, £�E��� p !²ÝJó a, µ�|Õ�
(

a

p

)
�ÂÝ.

&Æ�æ¼�Ý�×�ÞgÝ congruence equation �Ý��, ×­;�Õ¨3©�Ý
� x2 ≡ −1 (mod p), x2 ≡ 2 (mod p) õ x2 ≡ q (mod p) (Í� q Î� p 8²Ý�²ó), 9
ëË���PÝ��. 9µÎ�Xó.®ÞðÂÕÝãÃ;�ÝÄ�, Âÿ��ÞÞ�ºÍ
�Ý�;. ¨×�b¶ÝÎ Legendre symbol õ Euler’s Criterion QÃ&ÆÞ×ÍæÍ�
Þg congruence equation Ý®ÞðW¨²×Íõ�]�P��PnÝ]°¼�§. #ì¼
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&ÆµÎ�¿à9øÝ]P¼�§
(−1

p

)
,
(

2
p

)
õ

(
q

p

)
, ���à#"D x2 ≡ −1, 2, q

(mod p) b�TÎP�.

5.4. Quadratic Reciprocity Law

&ÆGyì�D¡
(−1

p

)
,
(

2
p

)
õ

(
q

p

)
�Â. 39;� p õ q ÕG�îË8²�²ó,

&Æµ�¨�1�Ý.

5.4.1. O
(−1

p

)
. &Æ´�"D

(−1
p

)
ÝãÂ��. T&��º¶É	 a Î×Í�

Jó`, ×��|0Õ×ÑJó b ¸ÿ a ≡ b (mod p), .h¿à Lemma 5.3.2(2) &Æb(
a

p

)
=

(
b

p

)
, X|©�"DÑJóÝ�µµ?Ý
¢���Ê�Ý�µ÷? ^ý, ×�

¼1&Æ©�á¼ÑJóÝ��µ�ÈÝ, �Ä�Ê�JóôbÍ]-P. »A&Æ�O(
97
101

)
. .
 97 ≡ −4 = (−1)× 22 (mod 101), ¿à Lemma 5.3.2 |C Proposition 5.3.5

yî�ÿ
(

97
101

)
=

( −1
101

)
. ¨×]«3 modulo p �ìÎÍb-ô	�ó�Ý i ×ø�

� i2 = −1 æÍôµÎ×Íb¶Ý®Þ. X|Ý�
(−1

p

)
�Â¯@îÎÄ�Ý.

Euler’s Criterion 4Q3Õ×�Ý
(

a

p

)
�Î�?à, �Ä3Õ

(−1
p

)
µ�?àÝ.

Theorem 5.4.1. �' p Î�²ó, J
(−1

p

)
=

{
1, 	 p ≡ 1 (mod 4);
−1, 	 p ≡ −1 (mod 4).

Proof. ¿à Corollary 5.3.4 &Æá
(−1

p

)
≡ (−1)

p−1
2 (mod p).

u p ≡ 1 (mod 4), �îD3 k ∈ N ¸ÿ p = 4k + 1, Æÿ (−1)(p−1)/2 = (−1)2k = 1.

.hÿJ
(−1

p

)
= 1. u p ≡ −1 (mod 4), �îD3 k ∈ N ¸ÿ p = 4k − 1, Æÿ

(−1)(p−1)/2 = (−1)2k−1 = −1. .hÿJ
(−1

p

)
= −1. ¤

�¥�ãy p Î�²ó, .h p 3 modulo 4 �ì��Qõ 1 !õ��Qµõ −1 !õ,

X| Theorem 5.4.1 �Ý
(−1

p

)
�JÝ�n. *¡&Æ�á¼ x2 ≡ −1 (mod p) ÎÍb�

`, ©�: p3 modulo 4���µ�|á¼�n. »Aâ�&Æ�á¼ x2 ≡ 97 (mod 101)

ÎÍb�, ã
(

97
101

)
=

( −1
101

)
|C 101 ≡ 1 (mod 4) yîá¼ x2 ≡ 97 (mod 101) Îb

�Ý.
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5.4.2. O
(

2
p

)
. #ì¼&Æ�"D

(
2
p

)
ÝãÂ��. ºÞ 2 õ×�Ý�²ó5�D

¡Ýæ.Î.
 2 Î°×Ý�²ó, Í�¨3�9ÏµÎõ�²ó�!Ý, ¯@î&Æ3
G«�B:Õ&93 2 Ý�µõ×��²ób���!Ý��»A x2 ≡ a (mod 2n) õ

x2 ≡ a (mod pn) 9ËË congruence equation Í�Ý�Vµ���!.

&Æ�Î�à Euler’s criterion ÝÞß¼O
(

2
p

)
��Îà#"D x2 ≡ 2 (mod p) ¢

`b�. Q� Euler’s criterion ¬��à#�à¼O
(

2
p

)
, x�æ.Î&Æ9�Ý p Î×

�Ý�²ó��Î©�Ý�²ó, X|qÍP°£� 2(p−1)/2 3 modulo p �ì
 1 T −1.
&ÆÄ6.0�¨²Ý]°�|QÃ&ÆO 2(p−1)/2 3 modulo p ���.

Lemma 5.4.2 (Gauss’s Lemma). �' p Î�²óv a ∈ Z �� p - a. �Ê/) S =

{a, 2a, . . . ,
p− 1

2
a}. u S ��b n Í-ôÍt| p Ýõó�y (p− 1)/2, J

a
p−1
2 ≡ (−1)n (mod p).

Proof. &ÆÞ S �Ý-ôt| p Ýõó5W r1, . . . , rn C s1, . . . , sm ËI	, Í� ri Î�

y (p− 1)/2 ÝI	, � sj ��y�y (p− 1)/2 ÝI	. ãy S �Ý-ô/� p !², X

|EXbÝ i ∈ {1, . . . , n} õ j ∈ {1, . . . , m} µ ri, sj Ý�L&ÆáD3 1 ≤ ni ≤ (p− 1)/2
¸ÿ nia t| p Ýõó
 ri v (p + 1)/2 ≤ ri ≤ p− 1, ¨×]«D3 1 ≤ mj ≤ (p− 1)/2
¸ÿ mja t| p Ýõó
 sj v 1 ≤ sj ≤ (p− 1)/2. �¥�h` n + m = (p− 1)/2, ¨�

Ê T = {p− r1, . . . , p− rn, s1, . . . , sm}, &Æ�J� T = {1, 2, . . . , (p− 1)/2}.
�J� T = {1, 2, . . . , (p− 1)/2}. &Æ�J� T ⊆ {1, 2, . . . , (p− 1)/2}. Q�E��Ý

i ∈ {1, . . . , n} &Æb p− ri ≤ p− (p + 1)/2 = (p− 1)/2 v p− ri ≥ p− (p− 1) = 1, Æá

p− ri ∈ {1, 2, . . . , (p− 1)/2}. ¨×]«E�� j ∈ {1, . . . ,m} �á 1 ≤ sj ≤ (p− 1)/2 Æ

ÿJ T ⊆ {1, 2, . . . , (p− 1)/2}.
#ì¼&ÆJ� p − ri, i ∈ {1, . . . , n} õ sj , j ∈ {1, . . . , m} 9 n + m (Ç (p − 1)/2)

Í-ô/8², -�ÿJ T = {1, 2, . . . , (p − 1)/2}. X|&Æ�J� (1): 1 ≤ i 6= i′ ≤ n

`, p − ri 6= p − ri′ ; (2): 1 ≤ j 6= j′ ≤ m `, sj 6= sj′ |C (3): E�� i ∈ {1, . . . , n},
j ∈ {1, . . . , m}, p− ri 6= sj .

	 1 ≤ i 6= i′ ≤ n`,u p−ri = p−ri′ �î ri = ri′ ,µ�LÇ niaõ ni′at| pÝõó
8!,ôµÎ1 nia ≡ ni′a (mod p). Q���' aõ p!²Æã Corollary 3.2.4á ni ≡ ni′

(mod p). ¬h� 1 ≤ ni 6= ni′ ≤ (p− 1)/2 Ý�'ë;, ÆÿJ p− ri 6= p− ri′ , Ç (1) ÎE
Ý. !§�Jÿ (2) ÎEÝ. �y (3), u p− ri = sj , �î ri + sj = p, �ÿ nia + mja ≡ 0

(mod p). Æ�ã Corollary 3.2.4 ÿ ni + mj ≡ 0 (mod p). Q� 1 ≤ ni,mj ≤ (p− 1)/2, ÿ

2 ≤ ni + mj ≤ p− 1, ����� p|ni + mj , ÆÿJ p− ri 6= sj .

ÉQ T = {1, 2, . . . , (p− 1)/2}, &Æÿ
p− 1

2
! = (p− r1) · · · (p− rn) · s1 · · · sm ≡ (−1)nr1 · · · rn · s1 · · · sm (mod p).
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¨×]« S = {a, 2a, . . . ,
p− 1

2
a}�-ôt| pÝõóXWÝ/)
 {r1, . . . , rn, s1, . . . , sm},

Æÿ

r1 · · · rn · s1 · · · sm ≡ a · 2a · · · p− 1
2

a =
p− 1

2
! · a p−1

2 (mod p).

õîPJ§ÿ
p− 1

2
! ≡ (−1)n p− 1

2
! · a p−1

2 (mod p).

.

p− 1

2
! õ p !², Æã Corollary 3.2.4 á

1 ≡ (−1)na
p−1
2 (mod p),

Ç

a
p−1
2 ≡ (−1)n (mod p).

¤

u {a, 2a, . . . ,
p− 1

2
a} ��b n Í-ôt| p Ýõó�y (p − 1)/2, Jã Corollary

5.3.4 |C Lemma 5.4.2 á (
a

p

)
≡ a

p−1
2 ≡ (−1)n (mod p).

Æã
(

a

p

)
ÝãÂ
 ±1, ÿ

(
a

p

)
= (−1)n.

Gauss’s Lemma ÞÃ� a(p−1)/2 Ý�ÕðW�Õ {a, 2a, . . . ,
p− 1

2
a} �b9KÍt| p

Ýõó�y (p− 1)/2, @@Þ®Þ�;Ý. &Æ�|¿à¸¼�Õ
(

2
p

)
.

Theorem 5.4.3. �' p Î�²ó, J
(

2
p

)
=

{
1, 	 p ≡ ±1 (mod 8);
−1, 	 p ≡ ±3 (mod 8).

Proof. �Ê S = {2, 2× 2, . . . ,
p− 1

2
× 2}, &Æÿ S = {2, 4, . . . , p− 1}. ôµÎ1 S �Ý

-ót| p XÿõóXWÝ/)ª
 S, Ç�y p ÝÑ�óXW�/). ãy p Î�ó,
&ÆÞ�5W p ≡ ±1,±3 (mod 8) °Ë��¼D¡. :: S �b9K-ô�y (p− 1)/2.

	 p = 8k + 1 (Ç p ≡ 1 (mod 8)) `, (p− 1)/2 = 4k. .h S ��y (p− 1)/2 Ý-ô

ÍóÇ
�y�y p− 1 = 8k v�y 4k Ý�ó�Íó. áÍ�b (8k− 4k)/2 = 2k. Æã

Corollary 5.3.4 |C Lemma 5.4.2 á
(

2
p

)
= (−1)2k = 1.

	 p = 8k−1 (Ç p ≡ −1 (mod 8)) ,̀ (p−1)/2 = 4k−1. .h S��y (p−1)/2Ý-ôÍ

óÇ
�y�y p−1 = 8k−2v�y 4k−1Ý�ó�Íó. áÍ�b (8k−2−(4k−2))/2 = 2k.
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Æã Corollary 5.3.4 |C Lemma 5.4.2 á
(

2
p

)
= (−1)2k = 1.

	 p = 8k+3 (Ç p ≡ 3 (mod 8)) ,̀ (p−1)/2 = 4k+1. .h S ��y (p−1)/2Ý-ôÍ

óÇ
�y�y p−1 = 8k+2v�y 4k+1Ý�ó�Íó. áÍ�b (8k+2−4k)/2 = 2k+1.
Æã Corollary 5.3.4 |C Lemma 5.4.2 á

(
2
p

)
= (−1)2k+1 = −1.

	 p = 8k−3 (Ç p ≡ −3 (mod 8)) ,̀ (p−1)/2 = 4k−2. .h S ��y (p−1)/2Ý-ô

ÍóÇ
�y�y p−1 = 8k−4v�y 4k−2Ý�ó�Íó. áÍ�b (8k−4−(4k−2))/2 =

2k − 1. Æã Corollary 5.3.4 |C Lemma 5.4.2 á
(

2
p

)
= (−1)2k−1 = −1.

¤

bÝ Theorem 5.4.3, ��×�²ó p, &ÆÞ��|á¼ x2 ≡ 2 (mod p) ÎÍb�.
»A.
 101 ≡ 5 ≡ −3 (mod 8), Æá x2 ≡ 2 (mod 101) P�. � 23 ≡ −1 (mod 8) Æ

á x2 ≡ 2 (mod 23) b�. ¯@î 52 ≡ 2 (mod 23), Æá x ≡ ±5 (mod 23) 
 x2 ≡ 2

(mod 23) ��.

5.4.3. O
(

q

p

)
. t¡&Æ¼"D p, q 
8²�²óÝ��. u��Ý p õ q &Æ	Q

µ�|¿à Gauss’s Lemma O
(

q

p

)
, �Ä¨3�D¡ÝÎ×�Ý p õ q, &ÆÄ6�Ê

½Ý]°.

3 Gauss’s Lemma �&Æm�Õ� {a, 2a, . . . ,
p− 1

2
a} �b9K-ôÍt| p Ýõó

�y (p− 1)/2. uÍÍó
 n, J
(

a

p

)
= (−1)n. ãy (−1)n ÝãÂ��ãXy n Î�

óT�ó, X|&Æ¬�mÞ@2Õ� n 
9K, ©m@-Í
�óT�óÇ�. |ì&

ÆÞ+Û×Í¾½ n 
�T�Ý]°, �Äãy&Æ��ÊÝ
(

q

p

)
Í� q 
�²ó, X

|9ìÝ]°�&ÆG�Ê a 
�óÝ�µ.


Ý]-&Æ�+Û×ÍÐr. ��×@ó r, &Æ� [r] �î�y�y r ÝJó�t
�ÝJó. »Au π �iø£, J [π] = 3. ê»A [−5.2] = −6. �¥�	 m,n ÎÑJó
` [m/n] Ç
 m t| n Ý¤.

Lemma 5.4.4. ��×�²ó p C×�ó a �� p - a. u� n �î/) {a, 2a, . . . ,
p− 1

2
a}

�t| p õó�y (p− 1)/2 Ý-ôÍó, J

n ≡
(p−1)/2∑

k=1

[
ka

p

]
(mod 2).
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Proof. �' ka t| p Ýõó
 r, Jµ�L&Æb ka = p[ka/p] + r. Æuµ Lemma

5.4.2ÝJ�&ÆÞ {a, 2a, · · · ,
p− 1

2
a}�Ý-ôt| pÝõó5W r1, . . . , rn C s1, . . . , sm

ËI	, Í� ri Î�y (p− 1)/2 ÝI	, � sj ��y�y (p− 1)/2 ÝI	, J

(p−1)/2∑

k=1

ka =
(p−1)/2∑

k=1

p

[
ka

p

]
+

n∑

i=1

ri +
m∑

j=1

sj .

ãy&ÆG3{�T�, X|��ÊîP3 modulo 2 Ý�µ, Æ¿à a õ p /
�ó (Ç

a ≡ p ≡ 1 (mod 2)) &Æÿ
(p−1)/2∑

k=1

k ≡
(p−1)/2∑

k=1

[
ka

p

]
+

n∑

i=1

ri +
m∑

j=1

sj (mod 2). (5.1)

¨×]«3 Lemma 5.4.2 ÝJ��&ÆJÿ

{p− r1, . . . , p− rn, s1, . . . , sm} = {1, 2, . . . , (p− 1)/2}.
Æÿ

(p−1)/2∑

k=1

k =
n∑

i=1

(p− ri) +
m∑

j=1

sj = np−
n∑

i=1

ri +
m∑

j=1

sj .

�¿à p ≡ 1 (mod 2) ÿ
(p−1)/2∑

k=1

k ≡ n−
n∑

i=1

ri +
m∑

j=1

sj (mod 2). (5.2)

)¿P� (5.1) õ (5.2) ÿJ

n ≡
(p−1)/2∑

k=1

[
ka

p

]
+ 2

n∑

i=1

ri ≡
(p−1)/2∑

k=1

[
ka

p

]
(mod 2).

¤

�gú�3 Lemma 5.4.4 ÝJ��&ÆàÕ a Î�ó (Ç a ≡ 1 (mod 2)) Ý�', X

|h��GÊày a 
�óÝ�µ, û0½àh°¼Õ
(

2
p

)
.

¿à Corollary 5.3.4 |C Lemma 5.4.2, Lemma 5.4.4, &Æá��×�²ó p, ��Õ

×Í�ó a Í
(

a

p

)
�Â, &Æ©��Õ

∑(p−1)/2
k=1 [ka/p] �ÂÇ�. uÍÂ
 N , Jÿ

(
a

p

)
= (−1)N .»A�O

(
5
11

)
,&Æ©��Õ [5/11]+[10/11]+[15/11]+[20/11]+[25/11].

Õ�ÍÂ
 4, Æá
(

5
11

)
= (−1)4 = 1.

#½&Æ�¿à Lemma 5.4.4 ¼�Õ
(

q

p

)
. ��|§�Õ

(
q

p

)
�cõ p bnôõ

q bn, X|&Æ�"D
(

q

p

)
õ

(
p

q

)
Ýn;. ãy p, q /
�²ó, &ÆK�|¿à

Lemma 5.4.4 ¼�Õ
(

q

p

)
õ

(
p

q

)
. .h&Æ�"D

∑(p−1)/2
k=1 [kq/p] õ

∑(q−1)/2
l=1 [lp/q] �

 Ýn;.
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3"Dh®ÞG, &Æ��¨×Í��¼: [r] 9ÍJó. 	 r ÎÑÝ@ó`, [r] �Â

µÎXb�� 0 ≤ n ≤ r ÝÑJó n ÝÍó. 32ý xy-¿«î, &ÆÌ x-�C y-�2ý
/
ÑJóÝF
“Ñ}�F”. µh:°, 	 k ÎÑJó`, [kq/p] �ÂµÎàa x = k

3 0 ≤ y ≤ kq/p � ÝÑ}�FÍó. �	 l ÎÑJó`, [lp/q] �ÂµÎàa y = l 3

0 ≤ x ≤ lp/q � ÝÑ}�FÍó. ¿à9ËÌF, &Æb|ì���.

Lemma 5.4.5. �' p õ q 
8²�²ó. J

(p−1)/2∑

k=1

[
kq

p

]
+

(q−1)/2∑

l=1

[
lp

q

]
=

p− 1
2

q − 1
2

.

Proof. 3 xy-¿«î, �Ê| (0, 0), (p/2, 0), (p/2, q/2) |C (0, q/2) °F
cFÝ�]�
 ½ T , ¬|àa L : y = (q/p)x Þh ½5W T1 õ T2 ËI	. Í� T1 �àa L ì]
ÝI	, � T2 �àa L î]ÝI	, Aì%.

-

6 L : y = (q/p)x

(p/2, 0)

(p/2, q/2)(0, q/2)

(k, 0)

(0, l)
T1

T2

3 T �Ý��Ñ}�F (m,n),µ�Lm�� m,n ∈ Nv 0 ≤ m ≤ p/2C 0 ≤ n ≤ q/2.

.hã p, q 
�óá3 T �ÝÑ}�FÍó

p− 1

2
q − 1

2
.

¨×]«3 T1 �ÝÑ}�F (k, s), µ�Lm�� k, s ∈ N v 0 ≤ k ≤ p/2 C

0 ≤ s ≤ kq/p. ôµÎ1 k ∈ N m�� 1 ≤ k ≤ (p− 1)/2, v�� k, J 0 ≤ s ≤ kq/p. ð
­�1��Õ3 T1 �Ý}�F, �y3�Õ�� k ∈ N v 1 ≤ k ≤ (p− 1)/2 `ºb9K

s ∈ N �� 0 ≤ s ≤ kq/p, �ÞXb k XÕÿ����R¼. Q�E��ÝÑJó k Ð)

0 ≤ s ≤ kq/p ÝÑJó s ÝÍó
 [kq/p]. X|3 T1 �ÝÑ}�Fó

∑(p−1)/2

k=1 [kq/p].
!§3 T2 �ÝÑ}�Fó


∑(q−1)/2
l=1 [lp/q].

3 T1 õ T2 Ýø&, Ç�� y = (q/p)x v 0 ≤ x ≤ p/2 Ýaðîº�ºbÑ}�F÷?
u (m, n) 
Íî��Ñ}�F, J&Æb pn = qm v 1 ≤ m ≤ (p− 1)/2. Q�ã pn = qm

�ÿ p|qm, �. p, q 
8²²óÆã Proposition 1.2.7(1) á p|m, hõ 1 ≤ m ≤ (p− 1)/2
8ë;. Æá3 T1 õ T2 ø&ÝaðîPÑ}�F. .h3 T1 õ T2 îÝÑ}�Fó�
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õª
3 T îÝÑ}�Fó, ÆÿJ
(p−1)/2∑

k=1

[
kq

p

]
+

(q−1)/2∑

l=1

[
lp

q

]
=

p− 1
2

q − 1
2

.

¤

	 p, q 
8²�²ó, u M =
∑(p−1)/2

k=1 [kq/p] v N =
∑(q−1)/2

l=1 [lp/q] ã Lemma 5.4.4

á
(

q

p

)
= (−1)M v

(
p

q

)
= (−1)N . � Lemma 5.4.5×å&ÆM +N = (p−1)(q−1)/4,

Æÿ (
q

p

)(
p

q

)
= (−1)M+N = (−1)

p−1
2

q−1
2 .

.h&Æb|ì���.

Theorem 5.4.6 (Quadratic Reciprocity Law). �' p õ q 
8²�²ó. J

(
q

p

)
=





−
(

p

q

)
, u p ≡ q ≡ −1 (mod 4);

(
p

q

)
, Í���.

Proof. ãy p, q /
�ó, &Æµ p ≡ ±1 (mod 4) |C q ≡ ±1 (mod 4) °Ë��¼D
¡.

�' p = 4k − 1 v q = 4k′ − 1 Í� k, k′ ∈ N (Ç p ≡ q ≡ −1 (mod 4)). J

(p− 1)/2 = 2k − 1 v (q − 1)/2 = 2k′ − 1, Æÿ(
q

p

)(
p

q

)
= (−1)(2k−1)(2k′−1) = −1.

ôµÎ1
(

q

p

)
= −

(
p

q

)
.

yìÝ�µ
 p õ q ��Kb×Í3 modulo 4 �¡õ 1. �´×�Pµ�' p ≡ 1

(mod 4). h` p = 4k + 1, Í� k ∈ N, Æÿ (p− 1)/2 = 2k. � (q − 1)/2 Ä
JóÆá(
q

p

)(
p

q

)
= (−1)(2k) q−1

2 = 1
q−1
2 = 1.

ôµÎ1
(

q

p

)
=

(
p

q

)
. ¤

�¥� Theorem 5.4.6 �3 p, q 
8²�²ó`�Êà, ÍJu q �Î�²ó,
(

p

q

)

9ÍÐrÎ^b�LÝ. 4Q Theorem 5.4.6 ¬^b�@×å&Æ
(

q

p

)
�Â
¢, ¬

Î�¿à
(

p

q

)
�Â¼Oÿ

(
q

p

)
. ×�¼1Þ

(
q

p

)
Ý®ÞD»W

(
p

q

)
Ý®Þµ	

�»8t°×ø, �|">ÝÞ®Þ�;. 9Î.
×�¼1¿à Lemma 5.3.2(2), �O(
q

p

)
`, ��' q < p, X|×D»W

(
p

q

)
`&Æ�Þ×Í modulo f´�Ý p Ý®

Þ�;W×Í modulo f´�Ý q Ý®Þ. »AO
(

7
101

)
, ãy 101 ≡ 1 (mod 4), Æÿ
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(
7

101

)
=

(
101
7

)
. X|yîÞ modulo 101 Ý®Þ»W modulo 7 Ý®Þ, �Q�ÿ�

�. ¯@î
(

101
7

)
=

(
3
7

)
, �yî�Já

(
3
7

)
= −1 (T�à×g Theorem 5.4.6 ÿ

(
3
7

)
= −

(
7
3

)
= −

(
1
3

)
= −1). X|ÿá

(
7

101

)
= −1. À���, Ey×�Ý8²

�²ó p, q, &Æ^bð°ã p õ q yîÿá
(

q

p

)
�Â. ¬Î¿à Theorem 5.4.6, &Æ

�|�">ÝÞ®Þ;��O�ÍÂ. t¡&Æ¼:×Í»�J)9×;�.ÕÝ]°.

Example 5.4.7. �ÊÞg congruence equation x2 ≡ 539 (mod 631) ÎÍb�. �¥�u
�à Legendre symbol �§, ´��lã 631 ÎÍ
²ó. &Æ�|¿à ° (Proposition

1.4.6) lã�y
√

631 Ý²óÎÍ�Jt 631. ãy�õ 25 Ý²ó/��Jt 631, X|

Proposition 1.4.6 ×å&Æ 631 Î²ó. .h&ÆµÎ��Õ
(

539
631

)
�Â. ãy 539 õ

631 q�, &Æ¿à 539 ≡ −92 (mod 631) |C Lemma 5.3.2(2) á
(

539
631

)
=

(−92
631

)
#

½Þ 92 ®².ó5�ÿ 92 = 22 × 23. Æ¿à Proposition 5.3.5 á(
539
631

)
=

(−92
631

)
=

( −1
631

)(
4

631

)(
23
631

)
.

ãy 631 ≡ 3 ≡ −1 (mod 4),Æã Theorem 5.4.1á
( −1

631

)
= −1. � 4 = 22,Æã Lemma

5.3.2(1) á
(

4
631

)
= 1, .hÿ

(
539
631

)
= −

(
23
631

)
. ãy 631 ≡ 23 ≡ 3 (mod 4), Æã

Theorem 5.4.6 á
(

23
631

)
= −

(
631
23

)
. êã 631 ≡ 10 (mod 23) .há

(
539
631

)
= −

(
23
631

)
=

(
631
23

)
=

(
10
23

)
=

(
2
23

)(
5
23

)
.

.
 23 ≡ 7 ≡ −1 (mod 8), Æã Theorem 5.4.3 á
(

2
23

)
= 1. ê. 5 ≡ 1 (mod 4),

Æã Theorem 5.4.6 á
(

5
23

)
=

(
23
5

)
. .hÿ

(
539
631

)
=

(
2
23

)(
5
23

)
=

(
23
5

)
. �

ã 23 ≡ 3 (mod 5) |C 5 ≡ 1 (mod 4) á
(

23
5

)
=

(
3
5

)
=

(
5
3

)
=

(
2
3

)
. X|á

(
539
631

)
=

(
2
3

)
= −1. ôµÎ1 x2 ≡ 539 (mod 631) P�.

	QÝ	�u:� 539 = 72× 11, Jyîÿ
(

539
631

)
=

(
72

631

)(
11
631

)
=

(
11
631

)
. �

. 631 ≡ 11 ≡ 3 (mod 4) |C 631 ≡ 4 (mod 11) á(
539
631

)
=

(
11
631

)
= −

(
631
11

)
= −

(
4
11

)
= −1.

X|�ÑàøË:°©��à Legendre symbolvÑ@2¸à quadratic reciprocity law (B
ÿ©b�²ó��Hy Legendre symbolÝì]), -�">vÑ@ÝO� Legendre symbol
�Â.



Chapter 6

Primitive Roots

�� m ∈ N, uD3 a ∈ Z¸ÿ {a, a2, . . . , aφ(m)}W
×Í reduced residue system modulo

m, JÌ aÎ modulo m �ìÝ primitive root. Primitive rootsÝÃF�|QÃ&Æ�{g
Ý congruence equation. 3Ía�&ÆÞ"D Primitive Root Theorem, ÇÝ�§øÝÑJ
ó m º¸ÿ3 modulo m �ìb primitive root. ¬µh¼�{gÝ congruence equation.

6.1. Order � Primitive Roots

�� m ∈ N |C a ∈ Z, &Æ�áA¢¾½ x2 ≡ a (mod m) b�TP�, � primitive root
ÝÃF�|QÃ&Æ0Õ�.

�Ê x2 ≡ 5 (mod 11). ¿à quadratic reciprocity law &Æá
(

5
11

)
=

(
11
5

)
=

(
1
5

)
= 1, Æá x2 ≡ 5 (mod 11) b�. Q��
¢÷? &Æ�|¿à 2 3 modulo 11 �

ì©bÝP²QÃ&Æ0�. ì�
 2n 3 modulo 11 Ý��.

n 1 2 3 4 5 6 7 8 9 10
2n (mod 11) 2 4 8 5 10 9 7 3 6 1

&Æs¨ÏÞ� (Ç an £×�)�9 10 (= φ(11))Íó3 modulo 11�ì/8², �v. 2
õ 11!²X|�Q 2n õ 11!², .hã reduced residue systemÝ�Lá {2, 22, . . . , 210}
Î×Í reduced residue system modulo 11. 9��Ý�LÎNÍõ 11 !²Ýó a, K�
|0Õ 1 ≤ n ≤ 10 ¸ÿ a ≡ 2n (mod 11). ¨×]«&ÆGÞ n �Õ 10 Ýæ.Î.


210 ≡ 1 (mod 11), A� m = 10k + i Í� 0 ≤ i ≤ 9, J 2m ≡ 2i (mod 11). ôµÎN 10
g]×Ç�, X|�� 10 gµÈÝ. êãy�á	 1 ≤ i 6= j ≤ 10 `, 2i 6≡ 2j (mod 11),
&Æá 2i ≡ 2j (mod 11) uv°u i ≡ j (mod 10). �)9°���|QÃ&Æ� x2 ≡ 5

(mod 11). æ.Aì: �' x = c Î×�, ãy 5 õ 11 !², Æá c õ 11 !². .háD

3 t ∈ N ¸ÿ c ≡ 2t (mod 11). Q� 5 ≡ 24 (mod 11), Æã 22t ≡ c2 ≡ 5 ≡ 24 (mod 11)
ÿ 2t ≡ 4 (mod 10). &Æ�»úÝÞ�ÞgÝ x2 ≡ 5 (mod 11) »;W�×gÝ 2t ≡ 4

(mod 10) (¥� modulo �!Ýó). Æ¿à Proposition 4.2.1 �ÿ t ≡ 2 (mod 5), ôµÎ

71
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1 t = 2, 7, . . . 
 2t ≡ 4 (mod 10) ��. Þ��/ c = 2t, ÿ c ≡ 4, 7 (mod 11). Æá

x ≡ ±4 (mod 11) 
 x2 ≡ 5 (mod 11) ��.

�µh°�Þg congruence equation h�y3 modulo 11 �ì {2, 22, . . . , 211} Î
reduced residue system. �¥�¬�Î 2 ÕGbh©P. »A 23 ≡ 1 (mod 7), X|

{2, 22, . . . , 26} 3 modulo 7 �ì¬�Î reduced residue system. &ÆÞbh©PÝ-ô�
Í©�Ý(�.

Definition 6.1.1. ��m ∈ N,u a ∈ Zv�m!²�� {a, a2, . . . , aφ(m)}Î×Í reduced

residue system modulo m, JÌ a 
 modulo m �ìÝ×Í primitive root.

�¥�¬�ÎEXbÝ m/b primitive root. »A3 modulo 15�ì, Xbõ 15!²
Ýó a /b a4 ≡ 1 (mod 15), X|ê. aφ(15) = a8 ≡ 1 (mod 15) á {a, a2, a3, a4, . . . , a8}
����W reduced residue system modulo 15. ôµÎ13 modulo 15 �ì¬P primitive

root. &Ætx�ÝêÝµÎ�"Dø° m ∈ N 3 modulo m �ìºb primitive root.

´�&ÆÄ6Ý�§øÝ a 3 modulo m �ìºÎ primitive root. ãy S =

{a, a2, . . . , aφ(m)} Î reduced residue system modulo m, X|u 1 ≤ i 6= j ≤ φ(m), J

ai 6≡ aj (mod m). ÍJ S 3 modulo m �ìºbKy φ(m) Í!õv, P°�W reduced

residue system modulo m. Q� a õ m !², Euler’s Theorem (3.3.2) ×å&Æ aφ(m) ≡ 1

(mod m), X| a 3 modulo m �ìÎ primitive root Ý�Xf�Îu 1 ≤ i ≤ φ(m) − 1,
J ai 6≡ 1 (mod m) (ÍJºCW 1 ≤ i < φ(m) v ai ≡ aφ(m) (mod m) Ýë;). ôµÎ1
�� an ≡ 1 (mod m) Ýt�ÑJó n 
 n = φ(m). .h�� a ∈ Z v gcd(a,m) = 1,
t�ÝÑJó n �� an ≡ 1 (mod m) 
¢, Î¾\ a 3 modulo m �ìÎÍ
 primitive

root Ý¥�µA. &Æ�Qb|ì��L.

Definition 6.1.2. �� m ∈ N |C a ∈ Z �� gcd(a,m) = 1. u n ∈ N Ît�ÝÑJó
�� an ≡ 1 (mod m), JÌ n 
 a 3 modulo m �ìÝ order, ¬| ordm(a) = n ��.

�¥�ãy gcd(a,m) = 1, Euler’s Theorem×å&Æ aφ(m) ≡ 1 (mod m),X| ordm(a)
ÄD3vµ�Lá ordm(a) ≤ φ(m). ´�&Æ¼:µ�Lyî�ÿ�P².

Lemma 6.1.3. �� m ∈ N |C a ∈ Z �� gcd(a,m) = 1.

(1) u a ≡ b (mod m) J ordm(a) = ordm(b).

(2) ordm(a) = 1 uv°u a ≡ 1 (mod m).

Proof. (1) u a ≡ b (mod m), áE�� i ∈ N /b ai ≡ bi (mod m), Æu n Ît�Ý
ÑJó¸ÿ an ≡ 1 (mod m), J n ôºÎt�ÝÑJó¸ÿ bn ≡ 1 (mod m). .há

ordm(a) = ordm(b).

(2) u ordm(a) = 1, �î a1 ≡ 1 (mod m), Æÿ a ≡ 1 (mod m). D�, u a ≡ 1

(mod m), 	Q n = 1 Ît�ÝÑJó¸ÿ an ≡ 1 (mod m), Æá ordm(a) = 1. ¤

Í@ order Ý�Lõt�2.óÝ�Lv«, &Æ�1 ordm(a) = n �y�1Ë�¯:
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(1) an ≡ 1 (mod m).

(2) u 1 ≤ i ≤ n− 1, J ai 6≡ 1 (mod m).

�B�9Ë�¯þ×����1J ordm(a) = n. #ì¼&Æµ¼:µhËF�.ÿ ordm(a)
ÝP².

Proposition 6.1.4. �� m ∈ N |C a ∈ Z �� gcd(a,m) = 1. �' ordm(a) = n. J

ak ≡ 1 (mod m) uv°u n|k.

Proof. �' ak ≡ 1 (mod m). ¿à Division Algorithm (Theorem 1.2.1) áD3 h, r ∈ Z
�� k = nh + r, Í� 0 ≤ r ≤ n− 1. ã an ≡ 1 (mod m) á ak = anh+r = (an)har ≡ ar

(mod m). ¨�' r 6= 0 (Ç 1 ≤ r ≤ n − 1), Jã ak ≡ 1 (mod m) ��'á ar ≡ 1

(mod m). hõ n Ît�ÝÑJó�� an ≡ 1 (mod m) 8Àe, Æá r = 0, Ç n|k.

D�u n|k, ÇD3 h ∈ Z �� k = nh, Æÿ ak = anh = (an)h ≡ 1 (mod m). ¤

u a õ m !², Euler’s Theorem ×å&� aφ(m) ≡ 1 (mod 1), Æã Proposition 6.1.4
á ordm(a)|φ(m),9f&ÆG«µ�Lá ordm(a) ≤ φ(m)?9Ý. !øÝ,¿à Proposition

6.1.4, &Æ�|b??Ý]P¼¾� ordm(a) �Â.

Corollary 6.1.5. �� m ∈ N |C a ∈ Z �� gcd(a,m) = 1. J ordm(a) = n uv°u

n ��|ìËf�:

(1) an ≡ 1 (mod m).

(2) u ak ≡ 1 (mod m), J n|k.

Proof. u ordm(a) = n, J�Qb an ≡ 1 (mod m), �¿à Proposition 6.1.4á, u ak ≡ 1

(mod m), J n|k.

D�u n �� (1), (2) Ë4, &Æ�J� ordm(a) = n. ãy (1) �á an ≡ 1 (mod m),
ÆGy�J�u 1 ≤ i ≤ n−1,J ai 6≡ 1 (mod m). &ÆàDJ°,�' ai ≡ 1 (mod m),J

ã (2)á n|i. hõ 1 ≤ i ≤ n−18ë;,Æá ai 6≡ 1 (mod m). ôµÎ1 ordm(a) = n. ¤

Corollary 6.1.5 Ý (2) Þ ordm(a) = n æÍ�t�ÝÑJó�� an ≡ 1 (mod m) ÝP

²»ðW:«?úÝP² (µA!	�æÍt�2.óÎt�Ý2.ó�»ðW
XbÝ
2.óÝ¹ó9øÝP²) 3|¡bn order Ý§¡.0�b��ÝQÃ.

�Õ order Ý¨×Í¥�Ýæ.Î&Æ�|á¼ ai 3 modulo m �ìÝ��.

Proposition 6.1.6. �� m ∈ N |C a ∈ Z �� gcd(a,m) = 1. �' ordm(a) = n v

i, j ∈ N. J ai ≡ aj (mod m) uv°u i ≡ j (mod n).

Proof. �' ai ≡ aj (mod m), �´×�P&Æô�' i ≥ j, h` ai − aj = aj(ai−j − 1).
¿à m|ai−aj |C mõ aj !² (. mõ a!²), Proposition 1.2.7×å&Æ m|ai−j−1,
Ç ai−j ≡ 1 (mod m). Æ¿à ordm(a) = n |C Proposition 6.1.4 á m|i− j, ùÇ i ≡ j

(mod n).
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D�, u i ≡ j (mod n), �´×�P&Æ�' i ≥ j, Jb n|i− j. Æ�¿à Proposition

6.1.4 á ai−j ≡ 1 (mod m). Ë\¶î aj .hb ai = ajai−j ≡ aj (mod m). ¤

u ordm(a) = n, Proposition 6.1.6 �©×å&Æ a, a2, . . . , ai, . . . 3 modulo m �ìÝ
��
 n (ÇNâ nÍ i, ai º�W×Ç�)�v×å&Æ, a, a2, . . . , an 3 modulo m�ì/
8². ÍJuD3 1 ≤ j < i ≤ n¸ÿ ai ≡ aj (mod m), �ÿ n|i− j �� 0 < i− j < n− 1
8ë;. µh&Æ�|@��|à ordm(a)�Â¼¾� a3 modulo m�ìÎÍ
 primitive

root.

Corollary 6.1.7. �� m ∈ N |C a ∈ Z �� gcd(a,m) = 1. J ordm(a) = φ(m) uv

°u a 3 modulo m �ìÎ×Í primitive root.

Proof. �' a Î modulo m �ìÝ×Í primitive root. ãy a, a2, . . . , aφ(m) 3 modulo

m �ì/�!õ, Æáu 1 ≤ i ≤ φ(m), J ai 6≡ aφ(m) (mod m). êãy Euler’s Theorem
á aφ(m) ≡ 1 (mod m), Æá ordm(a) = φ(m).

D�, �' ordm(a) = φ(m), ã Proposition 6.1.6áu ai ≡ aj (mod m), J φ(m)|i− j.
.h a, a2, . . . , aφ(m) 3 modulo m �ì/�!õ. êãy a õ m !², á ai /� m !

², Æ {a, a2, . . . , aφ(m)} Î×Í reduced residue system modulo m, ôµÎ1 a 3 modulo

m �ìÎ×Í primitive root. ¤

u�á a 3 modulo m Ý order, JE�� i ∈ N, ¿à Corollary 6.1.5 &ÆK�Õ�

ai 3 modulo m �ìÝ order.

Proposition 6.1.8. �� m ∈ N |C a ∈ Z �� gcd(a,m) = 1. u ordm(a) = n, JE
y��ÝÑJó i,

ordm(ai) =
n

gcd(i, n)
.

Proof. 
Ý]-, &Æ� d = gcd(i, n). kJ� ordm(ai) = n/d, ´�ÿJ� (ai)n/d ≡ 1

(mod m). ¯@î.
 d Î i Ý.ó, i/d ÎÍJó. ��îã�' ordm(a) = n, Æ an ≡ 1

(mod m). X|�ÿ

(ai)n/d = (an)i/d ≡ 1 (mod m).

#ì¼&Æ6J�, u (ai)k ≡ 1 (mod m) J (n/d) | k (¢� Corollary 6.1.5(2)). u

(ai)k ≡ 1 (mod m), Ç aki ≡ 1 (mod m). Æã Proposition 6.1.4, &Æ�ÿ n | ki. ¬. d

Î nõ iÝt�2.ó. &Æb n/dõ i/d/
Jóv!². Æã n | ki�ÿ (n/d) | k(i/d).
�ã n/d õ i/d !², ÿ (n/d) | k. ¤

ã Proposition 6.1.8, &Æá ordm(ai) Jt ordm(a) �v ordm(ai) = ordm(a) uv°
u gcd(i, ordm(a)) = 1. .h3 modulo m �ì primitive root uD3, J&Æ�.á3

modulo m �ìºb9KÍ primitive roots.
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Corollary 6.1.9. �� m ∈ N |C a ∈ Z �� gcd(a,m) = 1. u ordm(a) = n, J

{a, a2, . . . , an} ��b φ(n) Í-ôÍ3 modulo m �ìÝ order 
 n. ©½2, u3 modulo

m �ì primitive root ÎD3Ý, J3 modulo m �ì�b φ(φ(m)) Í primitive roots.

Proof. �á ordm(a) = n,ã Proposition 6.1.8á ordm(ai) = nuv°u gcd(n, i) = 1. ê
ãy a, a2, . . . , an 3 modulo m �ì/8², Æ {a, a2, . . . , an} �3 modulo m �ì order

 n Ý-ôÍó�yõ n !²v�y n ÝÑJóÝÍó, µ�Láhó
 φ(n).

¨�'3 modulo m �ìb primitive root v a 
×Í primitive root. Æá ordm(a) =

φ(m) vXbõ m !²ÝJó3 modulo m �ì/õ S = {a, a2, . . . , aφ(m)} �ØÍ-ô!
õ. X|3 modulo m �ìXbÝ primitive root /�3 S �0Õ. Q�ãGá S ��

b φ(φ(m)) Í-ôÍ3 modulo m �ìÝ order 
 φ(m), v Corollary 6.1.7 ×å&Æ3

modulo m �ì©b9°-ô
 primitive root. Æá3 modulo m �ì�b φ(φ(m)) Í

primitive roots. ¤

6.2. ^b Primitive Root Ý�µ

&ÆÞ"Dbø° m 3 modulo m �ì^b primitive root.

&Æ)Q�°×Ý�²ó 2 �s. 3 modulo 2 �ì φ(2) = 1, ��¢Ý�ó3 modulo

2 �ì/õ 1, ÆXbÝ�ó/
 primitive root. 3 modulo 4 `, {1, 3} Î×Í reduced

residue system modulo 4, � 31 6≡ 1 (mod 4) v 32 ≡ 1 (mod 4) Æÿ ord4(3) = 2 = φ(4),
Æá 3 3 modulo 4 �ìÎ primitive root. ¯@îu a ∈ Z �� a ≡ 3 (mod 4) J a 3

modulo 4 �ì
 primitive root.

#½&Æ¼: 8 ��, ãy {1, 3, 5, 7} Î×Í reduced residue system modulo 8, &Æ¼

::¸Æ3 modulo 8 �ì� order 
¢. ���Ý ord8(1) = 1 v.
 7 ≡ −1 (mod 8),
Æá ord8(7) = 2. ¨² 31 ≡ 3 (mod 8) v 32 ≡ 1 (mod 8), Æá ord8(3) = 2. !§ÿ

ord8(5) = 2. ãyXbõ 8 !²Ýó3 modulo 8 �ìÄõ 1, 3, 5, 7 �Ø×ó!õ, .hã

Lemma 6.1.3(1) á^b×Íõ 8 !²ÝóÍ3 modulo 8 �ìÝ order 
 φ(8) = 4. Æá

3 modulo 8 �ì^b primitive root.

T&��:Õ modulo 8 �ì^b primitive root ��Qº-
£�3 modulo 16 �ì
ô^b primitive root. ¯@î9�¯¬��à#à order Ý�LÿÕ. ôµÎ1u�á

ord8(a) = n¬��à#à orderÝP².� ord16(a)�Â. c9&Æá¼u ord16(a) = n′,
Jã an′ ≡ 1 (mod 16) �á an′ ≡ 1 (mod 8), Æ¿à Proposition 6.1.4 ÿ n|n′. ¬&Æ¬
��ãh|C n < φ(8) .� n′ < φ(16). X|�.�3 modulo 16 T#� modulo 2n,

n > 3 `^b primitive root, Îm�9ì�GÝ. 3G«&Æ�Õ�E���ó a, /��

a2 ≡ 1 (mod 23). &Æ�àhû°.�|ì��.

Lemma 6.2.1. �' a 
×�ó, JE�� n ∈ N /b a2n ≡ 1 (mod 2n+2).
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Proof. &Æ�á	 n = 1 `9ÎEÝ. �'	 n = k `/b a2k ≡ 1 (mod 2k+2), &Æ�

J�	 n = k + 1 `ùWñ. µ�'&ÆáD3 b ∈ Z ¸ÿ a2k
= 1 + 2k+2b. Æ

a2k+1
= (a2k

)2 = (1 + 2k+2b)2 = 1 + 2(2k+2b) + (2k+2b)2.

ãy 2(k + 2) = k + (k + 4) > k + 3, &Æÿ a2k+1 ≡ 1 (mod 2k+3). ôµÎ1	 n = k + 1
` a2n ≡ 1 (mod 2n+2) ùWñ, Æãó.hû°ÿJÍ�§. ¤

µ order Ý�L&Æyîã Lemma 6.2.1 á	 a 
�óv n ∈ N `,

ord2n+2(a) ≤ 2n < 2n+1 = φ(2n+2),

ÆÿJ|ì¥�Ý��.

Proposition 6.2.2. 	 n ∈ N v n ≥ 3 `, 3 modulo 2n �ì^b primitive root.

#ì¼&Æ�"D¨×Ë^b primitive root Ý�µ, ´�&Æ¼:¨×Íbn order
��ÝP².

Lemma 6.2.3. ��!²ÝËÑJó m, n |C a ∈ Z �� gcd(a,mn) = 1. J

ordmn(a) ≤ φ(mn)
gcd(φ(m), φ(n))

.

Proof. � d = gcd(φ(m), φ(n)). ãy gcd(a,mn) = 1, &Æá gcd(a,m) = gcd(a, n) = 1.
.hã Euler’s Theorem &Æb aφ(m) ≡ 1 (mod m) |C aφ(n) ≡ 1 (mod n). .hã

φ(mn) = φ(m)φ(n) (. gcd(m,n) = 1) |C φ(n)/d ∈ N �ÿ
a

φ(mn)
d = (aφ(m))

φ(n)
d ≡ 1 (mod m).

!§�ÿ aφ(mn)/d ≡ 1 (mod n). ôµÎ1 m|aφ(mn)/d − 1 v n|aφ(mn)/d − 1, Æ�.

gcd(m,n) = 1 ¿à Proposition 1.2.7(2) �ÿ mn|aφ(mn)/d− 1, Ç aφ(mn)/d ≡ 1 (mod mn).
Æµ order ��Lÿ ordmn(a) ≤ φ(mn)/d. ¤

©½2, �' m Î×Í�y 2 ÝJó. u m ^b�Ý².ó, Ç m = 2k Í� k ≥ 2.
h` φ(m) = φ(2k) = 2k−1, Æÿ 2|φ(m). u m b�Ý².ó, ÇD3×�²ó p ¸ÿ

m = plm′, Í� l ∈ N v p - m′. h` φ(m) = φ(pl)φ(m′) = (p − 1)pl−1φ(m′), !ø�ÿ

2|φ(m). .h�á	 m, n > 2 ` gcd(φ(m), φ(n)) ≥ 2. ¿àh×��, &Æyî�ÿ¨×
Í¥��¡.

Proposition 6.2.4. 	 m > 2 v n > 2 
Ë!²ÝJó`, 3 modulo mn �ì^b

primitive root.

Proof. . m,n /�y 2 &Æá 2|φ(m) v 2|φ(n) Æÿ gcd(φ(m), φ(n)) ≥ 2. ¨×]« m

õ n Î!²Ý, ÆE�×� mn !²ÝJó a, ã Lemma 6.2.3 á

ordmn(a) ≤ φ(mn)
gcd(φ(m), φ(n))

≤ φ(mn)
2

< φ(mn).

Æá3 modulo mn �ìP primitive root. ¤
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	 m > 1 v^b�Ý².ó`, &Æá¼	 m = 2, 4 `3 modulo m �ìb primitive

root, �3Í�Ïµ (Ç m = 2n v n ≥ 3) Proposition 6.2.2 ×å&Æ3 modulo m �ì^
b primitive root. 	 m b�Ý².ó`, Proposition 6.2.4 ×å&Æu m bËÍTËÍ

|î�Ý².ó`, 3 modulo m �ì^b primitive root. �	 m ©b×Í�Ý².ó
`, Proposition 6.2.4 ô×å&Æu 4|m, 3 modulo m �ì^b primitive root. X|&Æ

Gyì m Gb×Í�Ý².óv 4 - m Ý��ÎD¡, Ç m = pn T m = 2pn, Í� p 


�²óÝ��.

6.3. The Primitive Root Theorem

&ÆGyì m = pn T m = 2pn, Í� p 
�²óÝ��$Î"D. ¯@î39yìÝ�µ
�, primitive root /D3. 39;�&ÆÞ�ÿÕ	 p Î×Í�²ó`, 3 modulo p �ì
�0Õ primitive root. �¿à modulo p XÿÝ primitive root ÿÕ3 modulo p2 �ìÝ

primitive root. t¡¿à modulo p2 XÿÝ primitive root ÿÕ modulo pn |C modulo

2pn Ý primitive root. 3Í;� p ÕG�î
�²ó, &Æµ��91�.

6.3.1. Modulo p Ý Primitive Root. &Æ�1�	 p Î×Í�²ó`3 modulo p �

ì�|0Õ primitive root. &Æ�BèC�J�D3P, ×�¼1bËË]°: Ï×Ëµ
Îèº×Í�|0Õ��Ý]°; ¨×ËµÎ¿à�ì.�Ý]P¼.0���×�D3
(»AàDJ°J�u0�Õº0lë;). Ï×Ë]°Ý?�Î¸èºÝ0Õ��Ý]°
X|�©×å¯��D3v×å¯A¢0Õ. �Ä93×�hé§¡Ý.0��Î�|Ý,
»AG×aèÄ0Þg congruence equation Ý�¬��|, ¬&Æ�s"×�§¡¼@-
¢`b�. !ø2, 3J� primitive rootD3Ý®Þî, Ç¸�áD3ÕêG
c)^b×
���Ý]°�|à#0Õ primitive root, X|&Æ)Îà�ì.�Ý]P¼J�D3P.

3 modulo p`,b×�¯Î�©�ÝÇ Theorem 4.1.3×å&Æ×Í ngÝJ;ó94
P3modulo p�ìt9b nÍ�. Q�u p - av ordp(a) = n,�á a, a2, . . . , an 3modulo

p�ì/8²,vãy an ≡ 1 (mod p),Æ (ai)n ≡ 1 (mod p). ãh�á a, a2, . . . , an 9 nÍ

3modulo p�ì/�!õÝó/
 xn ≡ 1 (mod p)Ý×Í�,¬ãyhP3 modulo p�ì
�9b n Í�, X|¸ÆµÎ xn ≡ 1 (mod p) XbÝ�. ¨×]«, u p - b v ordp(b) = n,
Jãy b Î xn ≡ 1 (mod p) �×�, ÆãGáD3 i ∈ {1, . . . , n} ¸ÿ b ≡ ai (mod p). ð
��, Xb3 modulo p �ì order 
 n Ý-ô, 3 modulo p �ìÄõ {a, a2, . . . , an} �
ØÍ-ô!õ, Æ¿à Corollary 6.1.9 á3 modulo p �ìGb φ(n) Í-ôÍ order 
 n.
&ÆÞh��À�Aì.

Lemma 6.3.1. �' p 
²óv3 modulo p �ìb×-ôÍ order 
 n, J3 modulo p

�ì�b φ(n) Í-ôÍ order 
 n.

�gú�, h��3²ó`�E. »A3 modulo 15 `, �b 4, 11 õ 14 ëÍ-ô3

modulo 15 �ìÝ order 
 2, ��Î φ(2) = 1 Í.
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&Æ�13 modulo p �ìb primitive root x�Ý]°-ÎÞ modulo p �ìÝ-ô
µÍ order 5v. t¡1� order 
 φ(p) = p− 1 £×v-ôXWÝ/)�Î ∅ (è/)).
ì«µÎµ9ø5vXÿ���.

Lemma 6.3.2. �' p Î²óv� S = {1, 2, . . . , p− 1}. ¨Ey d ∈ N �� d|p− 1, &

Æ�Ê Sd = {i ∈ S | ordp(i) = d}.

(1) u d 6= d′, J Sd ∩ Sd′ = ∅.
(2)

⋃
d|p−1,d>0

Sd = S.

(3) u Sd 6= ∅, J Sd �b φ(d) Í-ô.

Proof. (1) u a ∈ Sd ∩ Sd′ , Ç�î ordp(a) = d v ordp(a) = d′. ¬µ order Ý�LN×
Íõ p !²Ýó3 modulo p �ìÍ order Î°×Ý, h� d 6= d′ ��'8ë;, Æá

Sd ∩ Sd′ = ∅.
(2)

⋃
d|p−1,d>0

Sd 9ÍÐrÝ�¤ÎÞXb Sd Í� d ∈ N v d|p − 1 Ð/R¼. ãy

EXb d|p − 1 /b Sd ⊆ S, X|
⋃

d|p−1,d>0

Sd ⊆ S. ¨×]«u i ∈ S, ãy p - i, Æã

Theorem 3.3.4 á ip−1 ≡ 1 (mod p). .hã Proposition 6.1.4 á ordp(i)|p− 1. ð­�1,
u ordp(i) = d, J d|p − 1, ÆáD3 d|p − 1 ¸ÿ i ∈ Sd. ÿJ S ⊆ ⋃

d|p−1,d>0

Sd, .há
⋃

d|p−1,d>0

Sd = S.

(3) u Sd 6= ∅, �îD3 a ∈ Sd. h` p - a v ordp(a) = d, Æ¿à Lemma 6.3.1 á3

modulo p �ì�b φ(d) Í-ôÍ order 
 d. ãy S Î reduced residue system modulo

p, 9 φ(d) Í-ô3 modulo p �ìÄõ S � φ(d) Í-ô!õ. .h S �9 φ(d) Í-ô

â?àW Sd, Æá Sd �b φ(d) Í-ô. ¤

Lemma 6.3.2(1,2) ×å&Æ S = {1, 2, . . . , p− 1} �ÝN×Í-ôÄºa3ØÍvªb
×Í Sd �, Í� d ∈ N v d|p− 1. .hu�ÕNÍ Sd �Ý-ôÍó��ÀR¼ÍÂT


S �Ý-ôÍó p− 1. µh&Æ�|ÿÕ|ì¥�Ý��.

Theorem 6.3.3. �' p Î×Í²óv d ∈ N �� d|p− 1. J3 modulo p �ì�b φ(d)
Í-ôÍ order 
 d. ©½2, 3 modulo p �ì primitive root ÄD3.

Proof. &Æºà Lemma 6.3.2 �XàÝÐr, ¬� n(d) �î Sd = {i ∈ S | ordp(i) = d}
�-ôÝÍó, Ç n(d) 
3 modulo p �ì order 
 d Ý-ôÍó.

ã Lemma 6.3.2(1,2) &Æá
∑

d|p−1,d>0

n(d) = p − 1 �v Lemma 6.3.2(3) ×å&Æ

n(d) = 0 T n(d) = φ(d). ¨×]«¿à Corollary 2.3.6 &Æá
∑

d|p−1,d>0

φ(d) = p − 1, �

φ(d) > 0, Æf´
∑

d|p−1,d>0

n(d) =
∑

d|p−1,d>0

φ(d), �ÿEXbÝ d ∈ N �� d|p − 1 /b

n(d) = φ(d).
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©½2 n(p − 1) = φ(p − 1) �î3 modulo p �ìb φ(p − 1) 6= 0 Í-ôÍ order 


p − 1, ôµÎ19°-ô/
 primitive root. Æá3 modulo p �ì primitive root ÎD

3Ý. ¤

&ÆJ�Ý3 modulo p�ì primitive rootÎD3Ý. 9ÍJ�]P���Ý¬^b×
å&ÆA¢0Õ primitive root. ¯@î&ÆXàÝJ�]PbF	DJ°, ôµÎ1A�
^b primitive root, £�3�Õî«£°-ôÍó`ºsßóê���Ý���CWë;.

6.3.2. Modulo p2 Ý primitive root. ��|��?u3 modulo p2 �ìb primitive

root, £�9Í primitive root T¼�y modulo p �ìÝ primitive root. .h&ÆÞ¿à

modulo p Ý primitive root ¼0Õ modulo p2 Ý primitive root. 9�ÝD3PÝJ�µf
´Ì�, ôµÎ1A��0Õ modulo p Ý primitive root, £Æ&ÆÝJ����Ì�Ý
]°¼0Õ modulo p2 Ý primitive root.

´�&Æ¼:A¢¾½×Í modulo p Ý primitive root 3 modulo p2 �ìÎÍ


primitive root.

Lemma 6.3.4. �' a ∈ Z Î×Í primitive root modulo p. J ordp2(a) = p − 1 T

ordp2(a) = p(p − 1). ©½2, ap−1 6≡ 1 (mod p2) uv°u a 3 modulo p2 �ìÎ×Í

primitive root.

Proof. µ�' a 3 modulo p �ìÎ primitive root �î ordp(a) = p − 1. ¨�'

ordp2(a) = n, J an ≡ 1 (mod p2), .há an ≡ 1 (mod p). Æµ ordp(a) = p − 1 C

Proposition 6.1.4á p−1|n. ê.
 a� p!², Æ a� p2 !², Æã Euler’s Theoremá

aφ(p2) ≡ 1 (mod p2), .h3 modulo p2 Ý�µ�¿à Proposition 6.1.4 á n|φ(p2). ãy

φ(p2) = p(p−1),&Æÿ p−1|nv n|p(p−1). ôµÎ n = λ(p−1)vê λ(p−1)|p(p−1),Æ

á λ|p. .hã pÎ²óá λ = 1T λ = p. ÆÿJ ordp2(a) = p− 1T ordp2(a) = p(p− 1).

¨u ap−1 6≡ 1 (mod p2), á a 3 modulo p2 �ìÍ order ×��Î p − 1, Æÿ

ordp2(a) = p(p− 1) = φ(p2). ã Corollary 6.1.7 ÿJ a 3 modulo p2 �ìÎ×Í primitive

root. D�u a 3 modulo p2 �ìÎ primitive root, Ç ordp2(a) = p(p− 1), Æã order Ý

�Lá ap−1 6≡ 1 (mod p2). ¤

á¼A¢¾½ modulo p Ý primitive root 3 modulo p2 ùÎ primitive root ¡, #ì¼
&Æµ�0Õø° modulo p Ý primitive root 3 modulo p2 �ì)
 primitive root. ¨

�' a 3 modulo p �ìÎ primitive root, £�£°3 modulo p �ìõ a !õÝó3

modulo p �ìôKÎ primitive root, ¬9°ó3 modulo p2 �ì���!õ, &ÆµÞ¸
Æ××��. ôµÎ1, a, a + p, . . . , a + (p− 1)p, �b9 p ÍóÎ3 modulo p �ì!õ¬
3 modulo p2 �ì�!õ.

Proposition 6.3.5. �' p Î×Í²óv a ∈ Z 
×Í3 modulo p �ìÝ primitive root.
� S = {a, a + p, a + 2p + · · · , a + (p− 1)p}, J3 S �Gb×Í-ô3 modulo p �ì�
Î primitive root, Íõ p− 1 Í-ô3 modulo p �ìÎ primitive root.
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Proof. �á a 3 modulo p �ìÎ primitive root v S �Ý-ô3 modulo p �ì/� a

!õ, Æá S �Ý-ô3 modulo p �ì/
 primitive root. X|&Æ�|¿à Lemma

6.3.4 lã S �ø°-ô a + tp º¸ÿ (a + tp)p−1 ≡ 1 (mod p2).

ãy ap−1 ≡ 1 (mod p), ÆD3 λ ∈ Z ¸ÿ ap−1 = 1 + λp. .h

(a + tp)p−1 = ap−1 + (p− 1)ap−2(tp) +
(p− 1)(p− 2)

2
ap−3(tp)2 + · · ·

ãy Cp−1
2 ap−3(tp)2 9×4|CÍ�¡N×4 Cp−1

k ap−1−k(tp)k, k ≥ 3 3 modulo p2 �ì
/
 0, X|&Æÿ

(a + tp)p−1 ≡ ap−1 − ap−2tp ≡ 1 + (λ− ap−2t)p (mod p2).

.h�0Õ t ¸ÿ (a + tp)p−1 ≡ 1 (mod p2) uv°u p|λ − ap−2t. ôµÎ1&Æ�0
Õ t ∈ {0, 1, 2, . . . , p − 1} ¸ÿ ap−2t ≡ λ (mod p). Q� ap−1 ≡ 1 (mod p), ÆîPË\
¶î a ÿ t ≡ aλ (mod p). ôµÎ1	 0 ≤ t ≤ p − 1, Gb t ≡ aλ (mod p) `, º¸ÿ

(a + tp)p−1 ≡ 1 (mod p2), h` a + tp 3 modulo p2 �ì�Î primitive root. Íõ S �Ý

-ô a + rp ãy/º¸ÿ (a + rp)p−1 6≡ 1 (mod p2), Æã Lemma 6.3.4 á/
 modulo p2

�ìÝ primitive root. ¤

� Theorem 6.3.3 |C Proposition 6.3.5 &Æá¼ãy modulo p Ý primitive root D

3, X| modulo p2 Ý primitive root ôD3. ¯@îu a Î modulo p Ý primitive root,
&ÆG�l�ÎÍ ap−1 ≡ 1 (mod p2). �Î ap−1 6≡ 1 (mod p2), £�ã Lemma 6.3.4, &

Æá a 3 modulo p2 �ìÎ primitive root. �Î ap−1 ≡ 1 (mod p2), £� a 3 modulo p2

�ì�Î primitive root, Æã Proposition 6.3.5 á a + p 3 modulo p2 �ìÄ
 primitive

root.

6.3.3. Modulo pn Ý Primitive Root. ãy modulo p Ý primitive root D3, ¿à

Corollary 6.1.9á3 modulo p �ì�b φ(φ(p)) = φ(p− 1) Í primitive roots. Proposition

6.3.5×å&ÆN×Í modulo pÝ primitive root3 modulo p2 �ì�ÿ p−1Í primitive

roots, X|3 modulo p2 �ì&Æ�0ÕÝ (p − 1)φ(p − 1) Í primitive roots. Q�ã
y modulo p2 Ý primitive root D3, Corollary 6.1.9 ×å&Æ3 modulo p2 �ì�b

φ(φ(p2)) = φ(p(p − 1)) Í primitive roots. ãy p õ p − 1 !², &Æb φ(φ(p2)) =

φ(p)φ(p− 1) = (p− 1)φ(p− 1). hÂª�G«ã modulo p Ý primitive root Xÿ modulo

p2 Ý primitive roots ÝÍó8Ù). ôµÎ1N×Í modulo p2 Ý primitive root @¼�
yØÍ modulo pÝ primitive root. &Æ�|Ah×à£Õì�, u modulo p3 Ý primitive

root D3, Jã Corollary 6.1.9 á3 modulo p3 �ì�b

φ(φ(p3)) = φ(p2(p− 1)) = φ(p2)φ(p− 1) = p(p− 1)φ(p− 1)

Í primitive roots. �ê�á3 modulo p2 �ì�b (p − 1)φ(p − 1) Í primitive roots.
N×Í modulo p2 Ý primitive root, 3 modulo p3 �ì��®ß p Í�!õv, X|9

(p−1)φ(p−1)Í modulo p2 Ý primitive roots3 modulo p3 �ì�®ßÝ p(p−1)φ(p−1)
Í�!õv. 9ÍóCª�G«Xèu modulo p3 Ý primitive rootD3J3 modulo p3 �
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ì�b p(p− 1)φ(p−1)Í primitive roots8Ù). ôµÎ1N×Í modulo p2 Ý primitive

root, 3 modulo p3 �ì®ßÝ p Í�!õv“T�”3 modulo p3 )
 primitive root.

#ì¼&ÆµÎ�àó.hû°¼�Jh¯, &Æ�J�	 n ≥ 3 `�¢ó©�3

modulo p2 Î primitive root, J3 modulo pn ÄôÎ primitive root. ´�&Æ¼:A¢¾

½×Í modulo pn Ý primitive root 3 modulo pn+1 �ìÎÍ
 primitive root.

Lemma 6.3.6. �' a ∈ Z Î×Í primitive root modulo pn. J ordpn+1(a) = pn−1(p− 1)
T ordpn+1(a) = pn(p− 1). ©½2, apn−1(p−1) 6≡ 1 (mod pn+1) uv°u a 3 modulo pn+1

�ìÎ×Í primitive root.

Proof. µ�' a3 modulo pn �ìÎ primitive root�î ordpn(a) = φ(pn) = pn−1(p−1).
¨�' ordpn+1(a) = k, J ak ≡ 1 (mod pn+1), .há ak ≡ 1 (mod pn). Æµ ordpn(a) =

pn−1(p − 1) C Proposition 6.1.4 á pn−1(p − 1)|k. ê.
 a � p !², Æ a � pn+1 !

², Æã Euler’s Theorem á aφ(pn+1) ≡ 1 (mod pn+1), .h3 modulo pn+1 Ý�µ�¿

à Proposition 6.1.4 á k|φ(pn+1). ãy φ(pn+1) = pn(p − 1), &Æÿ pn−1(p − 1)|k v
k|pn(p− 1). ôµÎ k = λpn−1(p− 1) vê λpn−1(p− 1)|pn(p− 1), Æá λ|p. .hã p Î

²óá λ = 1 T λ = p. ÆÿJ ordpn+1(a) = pn−1(p− 1) T ordpn+1(a) = pn(p− 1).

¨u apn−1(p−1) 6≡ 1 (mod pn+1),á a3modulo pn+1�ìÍ order×��Î pn−1(p−1),
Æÿ ordpn+1(a) = pn(p−1) = φ(pn+1). ã Corollary 6.1.7ÿJ a3 modulo pn+1 �ìÎ×
Í primitive root. D�u a3modulo pn+1�ìÎ primitive root,Ç ordpn+1(a) = pn(p−1),
Æã order Ý�Lá apn−1(p−1) 6≡ 1 (mod pn+1). ¤

¨u&Æ0Õ a 3 modulo p2 �ìÎ primitive root, �lã a 3 modulo p3 �ìÎÍ

 primitive root, µ Lemma 6.3.6, &Æ�lã ap(p−1) 3 modulo p3 �ìÎÍ� 1 !õ.
Q��á ap−1 ≡ 1 (mod p) (Fermat’s Little Theorem) &Æ�� ap−1 = 1 + λp. h`ãy

a 3 modulo p2 �ìÎ primitive root Æã Lemma 6.3.4 á ap−1 6≡ 1 (mod p2), Ç p - λ.
µh�ÿ

ap(p−1) = (ap−1)p = (1 + λp)p = 1 + p(λp) +
p(p− 1)

2
(λp)2 + · · · .

9�ãy p Î�óX| p|p(p − 1)/2 (¥�9µÎ
¢h��3 p = 2 `�WñÝæ.),
��î�¡N×4 Cp

k(λp)k, k ≥ 3 3 modulo p3 �ì/
 0, X|&Æÿ

ap(p−1) ≡ 1 + λp2 (mod p3).

Æã p - λ ÿJ ap(p−1) 6≡ 1 (mod p3), X|µ Lemma 6.3.6 á a 3 modulo p3 �ìù


primitive root. Ah×àì�, &Æ�Jÿ	 n ≥ 3 `, a 3 modulo pn �ì/
 primitive

root.

Proposition 6.3.7. �' a 3 modulo p2 �ìÎ×Í primitive root. JE�� n ≥ 3, a

3 modulo pn �ìôÎ primitive root.
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Proof. G«&Æ�Jÿ a 3 modulo p3 �ìÎ primitive root. ¨3µhû°, &Æ�' a

3 modulo pn (n ≥ 3) �ìÎ primitive root, �J� a 3 modulo pn+1 �ì)
 primitive

root.

ãy a � p !², µ Euler’s Theorem á aφ(pn−1) = apn−2(p−1) ≡ 1 (mod pn−1). ¨�
' apn−2(p−1) = 1 + λpn−1. ãy a 3 modulo pn �ìÎ primitive root, µ Lemma 6.3.6 á

apn−2(p−1) 6≡ 1 (mod pn), Æá p - λ. ¨�Ê

apn−1(p−1) = (apn−2(p−1))p = (1 + λpn−1)p = 1 + p(λpn−1) +
p(p− 1)

2
(λpn−1)2 + · · · .

3 p(λpn−1)�¡N×4 Cp
k(λpn−1)k, k ≥ 2�ãy k(n−1) ≥ 2(n−1) = n+(n−2) ≥ n+1

(.
 n ≥ 3), X|	 k ≥ 2 `3 modulo pn+1 �ì Cp
k(λpn−1)k /
 0, X|&Æÿ

apn−1(p−1) ≡ 1 + λpn (mod pn+1).

Æã p - λ ÿJ apn−1(p−1) 6≡ 1 (mod pn+1), X|µ Lemma 6.3.6 á a 3 modulo pn+1 �

ìù
 primitive root. ¤

� Theorem 6.3.3 |C Proposition 6.3.5 &Æá¼ modulo p2 Ý primitive root D3,
X|�ã Proposition 6.3.7 ÿá	 n ≥ 3 ` modulo pn Ý primitive root ôD3. �gú
�ãy� modulo p2 Ý primitive root .ÿ modulo p3 Ý primitive root �Ä�màÕ p

Î�óX|	 n ≥ 3 ` modulo pn Ý primitive root D3m3 p Î�²ó�Wñ. ¯@î
�G&Æ�á3 modulo 23 = 8 ` primitive root Î�D3Ý.

6.3.4. Modulo 2pn Ý Primitive Root. &Æ�á3 modulo pn �ì/b primitive root.
¨3&ÆÞã modulo pn Ý primitive root 0� modulo 2pn Ý primitive. ´�&Æ¼:

	 m Î�ó` modulo m Ý order õ modulo 2m Ý order  �n;.

Lemma 6.3.8. ��×�ó m, v a ∈ Z Î×Íõ m !²Ý�ó. u ordm(a) = n, J

ord2m(a) = n.

Proof. ãy a Î�óv� m !², Æá gcd(a, 2m) = 1. .h a 3 modulo 2m �ìÝ

order Îb�LÝ, µ�' ord2m(a) = k. ã ak ≡ 1 (mod 2m) �ÿ ak ≡ 1 (mod m). Æ

ã ordm(a) = n |C Proposition 6.1.4 á n|k. ¨×]«ãy an ≡ 1 (mod m) v a 
�

óá an ≡ 1 (mod 2), Æá m|an − 1 v 2|an − 1. êãy m Î�óá gcd(2,m) = 1, Æã

Proposition 1.2.7(2) á 2m|an − 1, ôµÎ1 an ≡ 1 (mod 2m). .�' ord2m(a) = k, Æ

�¿à Proposition 6.1.4 ÿ k|n. .hÿJ k = n ôµÎ1 ord2m(a) = n. ¤

�' a
 modulo pn Ý primitive root,Ç ordpn(a) = φ(pn). u aêÎ�óJã Lemma

6.3.8á ord2pn(a) = φ(pn). ¬ãy pÎ�²ó� 2!²,Æá φ(2pn) = φ(2)φ(pn) = φ(pn).
ôµÎ1 ord2pn(a) = φ(2pn). Æã Corollary 6.1.7á a3 modulo 2pn �ìù
 primitive

root. ¿àh��&Æ�0Õ modulo 2pn Ý primitive root.
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Proposition 6.3.9. �� p Î×Í�²ó, J×��0Õ×�ó a ¸Í3 modulo p2 �

ìÎ×Í primitive root. ©½2, h`E�� n ∈ N, a 3 modulo 2pn �ìù
 primitive

root.

Proof. 	 p = 3 `, ãy ord3(5) = ord3(2) = 2 Æá 5 3 modulo 3 �ìÎ×Í primitive

root. êãy 53−1 = 25 6≡ 1 (mod 9), Æã Lemma 6.3.4 á 5 3 modulo 32 �ìÎ×Í

primitive root.

	 p ≥ 5 Î×Í�²ó`, Theorem 6.3.3 ×å&Æ3 modulo p �ìÝ primitive root
D3. ¨�' α Î×Í modulo p �ìÝ primitive root. ¿à Proposition 6.3.5 á

{α, α + p, . . . , α + (p− 1)p} �Gb×Í3 modulo p2 �ì�Î primitive root. ãy p ≥ 5,
ÿ p− 1 ≥ 4, Æá {α, α+ p, α +2p, α +3p} ��9b×Í3 modulo p2 �ì�Î primitive

root. .hu αÎ�ó,Jÿ α, α+2p9ËÍ�ó�Äb×Í3 modulo p2 �ìÎ primitive

root. u αÎ�ó,Jÿ α+p, α+3p9ËÍ�ó�Äb×Í3 modulo p2 �ìÎ primitive

root. &ÆÿJÄD3×�ó3 modulo p2 �ìÎ primitive root.

¨�' a Î×�óv3 modulo p2 �ìÎ primitive root. ã Proposition 6.3.7 á a 3

modulo pn �ìù
 primitive root. Æã Lemma 6.3.8 á ord2pn(a) = ordpn(a) = φ(pn) =

φ(2pn), ÆÿJ a 3 modulo 2pn �ìù
 primitive root. ¤

¯@î�0Õ×�ó¸Í3 modulo p2 �ìÎ primitive root ¬�mA Proposition

6.3.9 ÝJ��£��Ó. u a Î�óv3 modulo p2 �ìÎ primitive root, £� a + p2

Ä
�óvãy a + p2 ≡ a (mod p2) X| a + p2 	QôÎ3 modulo p2 �ìÝ primitive

root. �Äãy�Ê a + p2 óÂ´�, &Æu�0´�Ý primitive root, J��t�©�
�ÊÕ a + 3p, 9Íó	 p ��`	Qf a + p2 ��ÿ9.

&ÆÀ�9Ë; Proposition 6.2.2, Proposition 6.2.4, Theorem 6.3.3, Proposition 6.3.5,

Proposition 6.3.7 |C Proposition 6.3.9 ���ÿÕ|ìXÛÝ primitive root Theorem.

Theorem 6.3.10 (Primitive Root Theorem). ©b	 m = 2, 4, pn, 2pn `, Í� p 
�²
óv n ∈ N, 3 modulo m �ìºb primitive root.

6.4. {gÝ Congruence Equation

XÛ{gÝ congruence equation ¼ÝÎgó�y 2 Ý congruence equation. &Æ9��
�§Ý	Q�Î×�Ý congruence equation. &Æ�¿à primitive root ¼Q&Æ�A

xn ≡ a (mod m) Í� gcd(a,m) = 1 9øÝ congruence equation.

´�&ÆÞ m ¶W².óÝ¶�, Ç m = 2n0pn1
1 · · · pnr

r , Í�9° pi 
8²�²ó�

n0 ≥ 0. ¿à Corollary 4.4.3, &Æá¼ xn ≡ a (mod m) b�uv°u xn ≡ a (mod 2n0)
|CXbÝ i ∈ {1 . . . , r}, xn ≡ a (mod pni

i ) /b�. X|&Æ©�"D xn ≡ a (mod 2n0)
C xn ≡ a (mod pni

i ) �Ý�µ. 	 n0 ≥ 3 `, ãy3 modulo 2n0 ^b primitive root, D
¡�Ý��´�Ó, 9�&Æ�9�D¡. &ÆGD¡	 n0 ≤ 2 Ý��, ôµÎ1h�&Æ
"D� xn ≡ a (mod m) Ý]°GÊày 8 - m Ý�µ. 3h�µ�ì&Æ©�� xn ≡ a
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(mod 2n0), Í� n0 ≤ 2, |C� xn ≡ a (mod pni
i ). 9ËË�µ (Ç modulo 2n0 õ modulo

pni
i ), ãy primitive root /D3, &Æ¿àì«Ý]°µ�¾½Í�ÎÍD3.

Theorem 6.4.1. �� m ∈ N, �'3 modulo m �ì primitive root D3. �Ê xn ≡ a

(mod m), Í� n ∈ N v gcd(a,m) = 1. � d = gcd(n, φ(m)). J xn ≡ a (mod m) b�
uv°u

aφ(m)/d ≡ 1 (mod m).

Proof. ´��' xn ≡ a (mod m) b�, ÇD3 c ∈ Z �� cn ≡ a (mod m). .


gcd(a,m) = 1, X| gcd(c,m) = 1, Æã Euler’s Theorem (3.3.2) á cφ(m) ≡ 1 (mod m).
h`ãy d|φ(m) v d|n, Æÿ

aφ(m)/d ≡ (cn)φ(m)/d = (cφ(m))n/d ≡ 1 (mod m).

(¥�hI5ÝJ�Î�m modulo m Ý primitive root D3��'.)

D�, �' γ 
 modulo m �ìÝ×Í primitive root. µ�L {γ, γ2, . . . , γφ(m)} Î
×Í reduced residue system modulo m, ôµÎ1�¢õ m !²Ýó b, /D3 i ∈ N ¸
ÿ γi ≡ b (mod m). .hD3 r ∈ N ¸ÿ a ≡ γr (mod m). ¨×]«u c Î xn ≡ a

(mod m) Ý×Í�, Jãy gcd(c,m) = 1, ×�ôD3 t ∈ N ¸ÿ c ≡ γt (mod m). .h

�� xn ≡ a (mod m) µ�!y�0Õ t ∈ N ¸ÿ

(γt)n = γnt ≡ γr (mod m).

ãy γ Î modulo m Ý primitive root, &Æb ordm(γ) = φ(m), Æ¿à Proposition 6.1.6,
á γnt ≡ γr (mod m) uv°u nt ≡ r (mod φ(m)), ôµÎ1&Æ�0Õ t ∈ N ��

nt ≡ r (mod φ(m)).

¨×]«µ�' aφ(m)/d ≡ 1 (mod m), Ç γrφ(m)/d ≡ 1 (mod m), Æã Proposition 6.1.4
á φ(m)|rφ(m)/d. 9�î φ(m)r/d Ä6Î φ(m) Ý¹ó, ùÇ r/d ∈ Z, ôµÎ1 d|r. Q
� Proposition 4.3.1 ×å&Æ�� n, r, ×gÝ congruence equation, nt ≡ r (mod φ(m))
b�uv°u d = gcd(n, φ(m))|r. X|&Æã aφ(m)/d ≡ 1 (mod m) ��'á nt ≡ r

(mod φ(m)) Äb�. u t0 
Í×�, � c = γt0 , Jÿ

cn = γnt0 ≡ γr ≡ a (mod m).

Æá c 
 xn ≡ a (mod m) Ý×Í�. ¤

	 m = p 
×²ó (h` modulo p 	Qb primitive root) v n = 2 `, Theorem 6.4.1
µÎ Euler’s criterion (Theorem 5.3.3). X| Theorem 6.4.1 �|1Î Theorem 5.3.3 Ý.

Â.

#ì¼&Æ�á¼ xn ≡ a (mod m) �Îb�, £�3 modulo m �ìºb9K�. õ

?ð×ø, &ÆXàÝ]°Îà#"DËÍ�� Ýn;, Ah×¼�©�|Þ@2Õ�
�ÝÍó, �v�|�"Ý¿à×Í�á�ÞÍ�Ý�O�.
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Proposition 6.4.2. �� m ∈ N, �'3 modulo m �ì primitive root D3. �Ê xn ≡ a

(mod m), Í� n ∈ N v gcd(a,m) = 1. � d = gcd(n, φ(m)). u xn ≡ a (mod m) b�,
J3 modulo m �ì�b d Í�.

¯@î, u x ≡ c (mod m) Î xn ≡ a (mod m) Ý×Í�v γ Î modulo m �ìÝ×
Í primitive root, J3 modulo m �ì x ≡ cγtφ(m)/d (mod m), Í� t ∈ {0, 1, . . . , d − 1}
Î xn ≡ a (mod m) XbÝ�.

Proof. ãy a õ m !², xn ≡ a (mod m) Ý�/� m !². êãy γ Î modulo m �

ìÝ×Í primitive root, X|Ey xn ≡ a (mod m) Ý�ËÍ�, &Æ��'Í5½
 γr

õ γs, Í� r, s ∈ N. ôµÎ1

γrn = (γr)n ≡ a ≡ (γs)n ≡ γsn (mod m).

.h¿à ordm(γ) = φ(m) |C Proposition 6.1.6 ÿ rn ≡ sn (mod φ(m)). .hãy

d = gcd(n, φ(m)) µ Proposition 3.2.3 á r ≡ s (mod φ(m)/d). ôµÎ1D3 λ ∈ Z ¸ÿ
s = r + λφ(m)/d. D�, u γr Î xn ≡ a (mod m) Ý×Í�v s = r + λφ(m)/d, J

(γs)n = (γrγλφ(m)/d)n = γrnγλφ(m)n/d ≡ a (γφ(m))λn/d ≡ a (mod m).

.h γs ôÎ xn ≡ a (mod m) Ý×Í�.

&ÆJÿÝu x ≡ c ≡ γr (mod m), Î xn ≡ a (mod m) Ý×Í�, J x ≡ cγλφ(m)/d

(mod m), Í� λ ∈ Z, Î xn ≡ a (mod m) XbÝ�. �Ä9°�3 modulo m �ì
b&9Î8!Ý, &ÆÄ6Þbø°8²�0�. Q� c õ m !², Æã Corollary

3.2.4á cγλφ(m)/d ≡ cγλ′φ(m)/d (mod m) uv°u γλφ(m)/d ≡ γλφ(m)/d (mod m). �¿

à ordm(γ) = φ(m) |C Proposition 6.1.6 á γλφ(m)/d ≡ γλ′φ(m)/d (mod m) uv°u

λφ(m)/d ≡ λ′φ(m)/d (mod φ(m)) ôµÎ1 φ(m)|(λ − λ′)φ(m)/d ùÇ d|λ − λ′. .h	

0 ≤ t ≤ d−1`, cγtφ(m)/d 3 modulo m�ì/8². ¨×]«E�� λ ∈ Z/D3 h, t ∈ Z
¸ÿ λ = hd+ t,Í� 0 ≤ t ≤ d−1. X| cγλφ(m)/d 3 modulo m�ìKº�ØÍ cγtφ(m)/d

!õ,Í� t ∈ {0, 1, . . . , d−1}. .h&ÆÿJ xn ≡ a (mod m)ub x ≡ c (mod m)9×Í
� J3 modulo m �ì xn ≡ a (mod m) �b x ≡ c, cγφ(m)/d, cγ2φ(m)/d, . . . , cγ(d−1)φ(m)/d

9 d Í�. ¤

#ì¼&Æ¿à×Í@jÝ»��Õ Proposition 6.4.1 õ Proposition 6.4.2 Xÿ��
�.

Example 6.4.3. &Æ¼"D x12 ≡ 10 (mod 27) õ x12 ≡ 11 (mod 27) �Ý��.

ãy 27 = 33 X|3 modulo 27 �ì primitive root ÎD3Ý. ê φ(27) = 18 v

gcd(12, φ(27)) = gcd(12, 18) = 6 ¿à Proposition 6.4.1 &Æ�5½ã 10φ(27)/6 = 103 õ

113 3 modulo 27 ÎÍ
 1 ¼¾� x12 ≡ 10 (mod 27) õ x12 ≡ 11 (mod 27) ÎÍb�. ¯

@î 103 ≡ 1 (mod 27)v 113 ≡ 8 6≡ 1 (mod 27),X| x12 ≡ 10 (mod 27)b�� x12 ≡ 11

(mod 27) P�.
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�0� x12 ≡ 10 (mod 27) Ý�, ´�m�0Õ modulo 27 Ý×Í primitive root. ã

y 2 Î modulo 3 Ý primitive root v 22 ≡ 4 6≡ 1 (mod 9), X|ã Lemma 6.3.4 á 2
3 modulo 9 Î primitive root. .�ã Proposition 6.3.7 á 2 3 modulo 27 �ìµQÎ

primitive root. ÉQ 2Î modulo 27Ý×Í primitive rootB�Õ&Æá 26 ≡ 10 (mod 27)
v�|Þ x12 ≡ 10 (mod 27) Ý×�¶W x ≡ 2t (mod 27) Ý�P. ôµÎ1&Æ��

(2t)12 ≡ 26 (mod 27).

.hã ord27(2) = φ(27) = 18 |C Proposition 6.1.6 áh��y�

12t ≡ 6 (mod 18).

Æã gcd(18, 12) = 6 ÿ 2t ≡ 1 (mod 3), Ç t ≡ 2 (mod 3). �� x ≡ 22 ≡ 4 (mod 27)

 x12 ≡ 10 (mod 27) Ý×Í�. �ã φ(27)/6 = 3 |C Proposition 6.4.2 á x ≡
4, 4×23, 4×26, 4×29, 4×212, 4×215 (mod 27),Ç x ≡ 4, 5, 13, 23, 22, 14 (mod 27)
x12 ≡ 10

(mod 27) XbÝ�. ¯@î&Æô�|ã 12t ≡ 6 (mod 18) 0Õ t ≡ 2, 5, 8, 11, 14, 17

(mod 18) 
ÍXbÝ�, �ÿ x ≡ 22, 25, 28, 211, 214, 217 (mod 27) 
 x12 ≡ 10 (mod 27)
XbÝ�.



Chapter 7

¯� Diophantine
Equations

&Æ¿à"D Diophantine equationsÝ®Þ¼®
ÍýL�À�. ×���u f(x1, . . . , xn)
Î×Í9�óÝJ;ó94P,O f(x1, . . . , xn) = 0ÝXbJó�µÎ Diophantine equation
Ý®Þ. ãyÎOJó�bP§9Ë��, X|� Diophantine equations Ý®ÞfR�b
§®ÞÝ congruence equations Îæp&9. ¯@î&ÆêG.Ý§¡G�¡C×°��
Ý Diophantine equations. 39�&ÆG�T¿àG¿aX.Ý��¯��Ý�A¢à¸
Æ¼�X®Þ, ����áÝ�¡ Diophantine equations.

7.1. ËÍ�§ Diophantine Equations Ý]°

&Æ��Ý+ÛËË�§ Diophantine equations Ý]°. 9ËË]°KÎà¼�§ Dio-

phantine equations P�Ý�µ.

Ï×Ë]°Îà congruence Ý]°�§. ôµÎ1A�×Í Diophantine equation

f(x1, . . . , xn) = 0 bJó�, JE��Ý m ∈ N 3 modulo m �ì f(x1, . . . , xn) ≡ 0

(mod m) 	Qb�. .hu�0Õ×Í m ¸ÿ f(x1, . . . , xn) ≡ 0 (mod m) P�, £�æ

Diophantine equation f(x1, . . . , xn) = 0 µP�.

Proposition 7.1.1. �' f(x1, . . . , xn) Î×ÍJ;ó94P. uD3 m ∈ N ¸ÿ
f(x1, . . . , xn) ≡ 0 (mod m) P�, J f(x1, . . . , xn) = 0 PJó�.

Proof. ¿àDJ°�' x1 = c1, . . . , xn = cn Î f(x1, . . . , xn) = 0 Ý×àJó�. ãy

f(c1, . . . , cn) = 0, �Qb f(c1, . . . , cn) ≡ 0 (mod m), ôµÎ1 x1 = c1, . . . , xn = cn Î

f(x1, . . . , xn) ≡ 0 (mod m) Ý×à�. hõ f(x1, . . . , xn) ≡ 0 (mod m) P�Ý�'8ë;
Æá f(x1, . . . , xn) = 0 PJó�. ¤

87
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�¥� Proposition 7.1.1 1ÝÎu�0Õ×Í m ∈ N ¸ÿ f(x1, . . . , xn) ≡ 0 (mod m)
P�, J f(x1, . . . , xn) = 0 PJó�. ¬�Î1u�0Õ m ∈ N ¸ÿ f(x1, . . . , xn) ≡ 0

(mod m) b�, J f(x1, . . . , xn) = 0 bJó�. û0½¢ýÝ, &Æ¼:Í»�.

Example 7.1.2. �Ê Diophantine equation 11x2 − 7y2 = 2. 3 modulo 11 �ì, &Æ�

� −7y2 ≡ 2 (mod 11). ãy −7× 3 ≡ 1 (mod 11), −7y2 ≡ 2 (mod 11) Ë\¶î 3 �ÿ

y2 ≡ 6 (mod 11). �Ê Legendre symbol
(

6
11

)
=

(
2
11

)(
3
11

)
. ãy 11 ≡ 3 (mod 4)Æ

ã Theorem 5.4.3á
(

2
11

)
= −1vã Theorem 5.4.6á

(
3
11

)
= −

(
11
3

)
= −

(
2
3

)
= 1.

.hÿ
(

6
11

)
= −1,ôµÎ1 y2 ≡ 6 (mod 11)P�. ð��, 11x2−7y2−2 ≡ 0 (mod 11)

P�, .�ã Proposition 7.1.1 á 11x2 − 7y2 = 2 PJó�.

¥�uÞ 11x2 − 7y2 = 2 �Ê3 modulo 7 Ý��, ôµÎ� 11x2 ≡ 2 (mod 7). ãy

11 × 2 ≡ 1 (mod 7), 11x2 ≡ 2 (mod 7) Ë\¶î 2 ÿ x2 ≡ 4 (mod 7). ���ÝhPb
x ≡ 2 (mod 7) 
Í�, ¬ãG�á 11x2 − 7y2 = 2 ¬PJó�. X|ãh»�á, ¬��
.0Õ m ∈ N ¸ÿ f(x1, . . . , xn) ≡ 0 (mod m) b�, -\� f(x1, . . . , xn) = 0 b�.

T&��º?�, uEy��ÝÑJó m, f(x1, . . . , xn) ≡ 0 (mod m) /b�, ÎÍµ
�ÿ f(x1, . . . , xn) = 0 bJó�÷? ãì«Ý»�&Æ�|á¼, 9)Î�×�EÝ.

Example 7.1.3. � f(x) = (x2−17)(x2−19)(x2−323)�ÊDiophantine equation f(x) = 0.
���Ý9Í Diophantine equation¬PJó�. ¬Î&ÆÞ1�,E�� m ∈ N, f(x) ≡ 0

(mod m) /b�.

ã Corollary 4.4.3 &Æá¼�J�E�� m ∈ N, f(x) ≡ 0 (mod m) /b�, �!y
�J�E��²ó p |C n ∈ N, f(x) ≡ 0 (mod pn) /b�.

	 p = 2, n = 1 `, f(x) ≡ (x2 − 1)3 (mod 2), Æ f(x) ≡ 0 (mod 2) b�. �	

p = 2, n = 2 `, f(x) ≡ (x2 − 1)(x2 − 3)2 (mod 4), X| f(x) ≡ 0 (mod 4) ùb�. 	

p = 2, n ≥ 3 `, ãy 17 ≡ 1 (mod 8), Proposition 5.2.1 ×å&Æ x2 ≡ 17 (mod 2n) Äb

�, X| f(x) = (x2 − 17)(x2 − 19)(x2 − 323) ≡ 0 (mod 2n) 	Qb�.

	 p = 17 `ãy 17 ≡ 1 (mod 8), Æã Theorem 5.4.3 á x2 ≡ 19 ≡ 2 (mod 17) b�.
.hã Proposition 5.2.4 áE�� n ∈ N, x2 ≡ 19 (mod 17n) /b�. .há f(x) ≡ 0

(mod 17n)b�. �	 p = 19 ,̀ãy 17 ≡ 1 (mod 8)Æÿ
(

17
19

)
=

(
19
17

)
=

(
2
17

)
= 1,

ôµÎ1 x2 ≡ 17 (mod 19) b�. �ã Proposition 5.2.4 áE�� n ∈ N, x2 ≡ 17

(mod 19n) /b�. .há f(x) ≡ 0 (mod 19n) b�.

	 pÎ�²óv p 6= 17, 19 ,̀u x2 ≡ 17 (mod p)b�,J Proposition 5.2.4×å&ÆE
�� n ∈ N, x2 ≡ 17 (mod pn)ùb�. X|h` f(x) ≡ 0 (mod pn)b�. !§u x2 ≡ 19

(mod p) b�, �ÿE�� n ∈ N, f(x) ≡ 0 (mod pn) ùb�. �u x2 ≡ 17 (mod p)

õ x2 ≡ 19 (mod p) /P�, Ç
(

17
p

)
=

(
19
p

)
= −1, Jã

(
232
p

)
=

(
17
p

)(
19
p

)
= 1
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á x2 ≡ 232 (mod p) b�, .hÿE�� n ∈ N, x2 ≡ 232 (mod pn) /b�. &Æ)ÿ

f(x) ≡ 0 (mod pn) b�.

á)|î��&Æá, E��²ó p |C n ∈ N, f(x) ≡ 0 (mod pn) /b�. X|E�
� m ∈ N, f(x) ≡ 0 (mod m) /b�. ¬Î¯@î f(x) = 0 ¬^bJó�.

�gú�×g, &Æ+ÛÝ congruence ]°G�J¼J� Diophantine equation P�.
X|ub×Í Diophantine equation ¯-
¸¬PJó�, £¯�|�Êà congruence Ý

]°�J�¸P�. ôµÎ1�½0Õ×Í m ∈ N ¸Í3 modulo m �ìP�, £�µ
Jÿh Diophantine equation PJó�. u¯-
×Í Diophantine equation b�, £�

congruence Ý]°c9�|èº¯Í�Ý���P, ¬P°×å¯æ Diophantine equation
b�.

¨×ËðàÝ]°Ì
 descentÝ]°. ¸ôÎJ¼J�×Í Diophantine equation^b

ÑJó�. Íe¡Ýæ§ÎàÕÑJóÝ well-ordering principle. ]°)QÎàDJ°: �
' Diophantine equation f(x1, . . . , xn) = 0 bÑJó�v x1 = c1, . . . , xi = ci, . . . , xn = cn


Í×à�. u&Æ�¿à x1 = c1, . . . , xi = ci, . . . , xn = cn 9×àÑJó�0Õ¨×à
ÑJó� x1 = c′1, . . . , xi = c′i, . . . , xn = c′n, Í�EØÍ©� i ∈ {1, . . . , n} ºb c′i < ci,
J#ì¼�¿à x1 = c′1, . . . , xi = c′i, . . . , xn = c′n 9×àÑJó�0Õ¨×àÑJó�

x1 = c′′1, . . . , xi = c′′i , . . . , xn = c′′n �� c′′i < c′i. Ah×àì�&Æ�ÿ×Í�}L3Ý
PMÑJóó� ci > c′i > c′′i > · · · hõÑJóÝ well-ordering principle 8Àe, ÆÿJ

f(x1, . . . , xn) = 0 ^bJó�.

|¡&Æº¿à descent Ý]°J�ØÍb(Ý Diophantine equation PÑJó�. 9

ì&Æ�Ü×Í��Ý»�¯��Ý� descent Ý]°.

Example 7.1.4. ��Ká¼
√

2 ÎP§ó, X|&Æ�á x2 − 2y2 = 0 9Í diophantine

equation PÑJó�. &Æ¿à descent Ý]°¼�Õ x2 − 2y2 = 0 PÑJó�.

�' x = c1, y = d1 Î x2 − 2y2 = 0 Ý×àÑJó�. Jãy c2
1 = 2d2

1, &Æá c1 Ä


Ñ�ó, ôµÎ1D3 c2 ∈ N ¸ÿ c1 = 2c2. .hÿ 4c2
2 = 2d2

1, Ç 2c2
2 = d2

1. ãhê
ÿ d1 ÎÑ�ó, ÆD3 d2 ∈ N ¸ÿ d1 = 2d2. .hÿ 2c2

2 = 4d2
2, Ç c2

2 = 2d2
2. ôµÎ1

x = c2, y = d2 
 x2 − 2y2 = 0 Ý×àÑJó�. &Æ¿à x = c1, y = d1 9×àÑJó�
ÿÕ x = c2, y = d2 9×àÑJó�v�� c1 > c2, Æ¿à descent Ý]°á x2 − 2y2 = 0
PÑJó�.

9�b×Í�ìîÝ®Þm¥�. XÛ descentÝ]°Î¼×Í Diophantine equationu

�J�5��×à6ÑJó�K�®ß¨×à“´�”ÝÑJó�,J� Diophantine equation
PÑJó�. Gã5©�Ý×à6ÑJó��|ÿÕ¨×à“´�”ÝÑJó�¬P°.ÿ
ë;Ý�¡. »A x = 8, y = 6, z = 10 Î x2 + y2 = z2 Ý×àÑJó�, Þ x, y, z /t|

2 ÿ x = 4, y = 3, z = 5 ôÎ x2 + y2 = z2 Ý×àÑJó�, ¬hà�¬���µh.ÿ?
�Ý×à�, X|P°.ÿë;Ý�¡. ¯@î x2 + y2 = z2 	QÎbÑJó�, 9¬^b
õ descent Ý]°8Àe.
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7.2. Pythagorean Triple õ Fermat’s Last Theorem

&ÆKá¼à�ë��ÝËô¿]õ�yE\Ý¿]. u×Íà�ë��Íë\�/
Ñ
JóJhëÍÑJóµÌ
Î×à Pythagorean triple. ð��, �� Diophantine equation

x2 +y2 = z2 Ý×àÑJó�µÎ Pythagorean triple. &ÆÞ0ÕXb Pythagorean triples
Ý�Pv¿àÍ¼"Dõ Fermat’s Last Theorem bnÝ®Þ.

7.2.1. Pythagorean Triples. &Æ�T�0ÕXbÝ Pythagorean triples. �Äu^
b§×f��0ÕXbÝ�@3bFæp, ?¢µb° Pythagorean triple Í@Î�Ø°

Pythagorean triple D|ÿÕÝ. .h&Æ�T0Ý Pythagorean triples 4Qb§×f�¬
�TK�ã9° Pythagorean triples ÿÕXb��Ý Pythagorean triples. �9�ø°§
×�¾Õ9ÍêÝ÷? »A&Æ�|G�Ê x2 + y2 = z2 ÝÑJó�. 9Î.
×¼u

x = 0 T y = 0 £� x2 = z2 T y2 = z2 9øÝ Diophantine equation qÍ^b�¤; �¼

Í�Ý�Jó�K�|Dê2ãÑJó�ÿÕ, X|G�ÊÑJó�µ�|�¾XbÝ�.

v«Ý¤�]',&Æô��D|Ý� x2+y2 = z2Ý×àÑJó�ÿÕPM9àÑJó�.
»A x = 3, y = 4, z = 5Î×àÑJó�,.h�ÿE�� λ ∈ N, x = 3λ, y = 4λ, z = 5λô
Î×àÑJó�. X|&ÆábPM9à Pythagorean triples. �Ä9øXÿÝ Pythagorean

triple E&Æ¼1Î^9�·¶Ý. &Æf´b·¶ÝÎ×à Pythagorean triple “æ�”Î

¼�øÍ Pythagorean triple. ôµÎ&Æb·¶y£°t�2.ó
 1 Ý Pythagorean

triple. ¯@î�×à Pythagorean tripleKÎ¼�yØ×àt�2.ó
 1Ý Pythagorean

triple. 9Î.
u x = a, y = b, z = c Î×à Pythagorean triple v gcd(a, b, c) = d, JD

3 a′, b′c′ ∈ N ¸ÿ a = da′, b = db′, c = dc′ v gcd(a′, b′, c′) = 1. ¨×]«ãy a2 + b2 = c2

�ÿ a′2 + b′2 = c′2, X| x = a′, y = b′, z = c′ µÎ×àt�2.ó
 1 Ý Pythagorean

triple. .h&Æ©�Ý¥yt�2.ó
 1 Ý Pythagorean triple Ç�.

t¡&Æs¨u x = a, y = b, z = c Î×àt�2.ó
 1 Ý Pythagorean triple, 	Q

x = b, y = a, z = c ôÎ×àt�2.ó
 1 Ý Pythagorean triple, ôµÎ1¢ãøð x, y

Ý5�XÿÝ�ô^9��¤. X|&Æ�0×Í]°G�Ê×à x, y Ý5�Ç�. »A

&Æ�G�Ê x > y Ý��. �Ä9øÝ§×E&Æ0�^b9�ÝQÃ. &Æ�|�Ê
¨×Ë§×. ´�¥�t�2.óÝ§×¸ÿ&ÆÝ Pythagorean triple Í x, y ÝÂ��
!
�ó, ÍJã z2 = x2 + y2 á z Ä
�ó, CW x, y, z Ýt�2.óº�y�y 2. ¨

×]« x, y ÝÂô��!
�ó. 9Î.
u x, y /
�ó, J x2 ≡ y2 ≡ 1 (mod 4). .

hºCW x2 + y2 ≡ 2 (mod 4), Q� x2 + y2 Î�ó, Æã z2 = x2 + y2 ÿ z 
�ó. ôµ
Î1 z2 ≡ 0 (mod 4). 9ºCW

0 ≡ z2 ≡ x2 + y2 ≡ 2 (mod 4)

Ýë;. .hu&Æ�OÝ Pythagorean triple Ít�2.óÎ 1, J x õ y Ä×�×�.
X|&Æ�|�Ê§×&ÆÝ Pythagorean triple Í x Â
�ó� y Â
�ó. &Æ�b
9°§×Ý Pythagorean triples ×Í©½Ý(C.
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Definition 7.2.1. �' a, b, c ∈ N �� a2 + b2 = c2 v gcd(a, b, c) = 1 ê a 
�ó� b 


�ó, JÌ a, b, c 
×Í primitive Pythagorean triple.

&Æ�T�0ÕXbÝ primitive Pythagorean triples. ¯@î primitive Pythagorean

triples ºbPM9Í, X|9�¼Ý0Õ¬�ÎÞXbÝ primitive Pythagorean triples K
��, &ÆÎ�0Õ×Í]°ÞXbÝ primitive Pythagorean triples �î�¼.

Theorem 7.2.2. ���×à primitive Pythagorean triple x, y, z /D3×à m,n ∈ N Í
� m > n, gcd(m,n) = 1 v m,n �b×ÍÎ�ó×ÍÎ�ó¸ÿ

x = m2 − n2, y = 2mn, z = m2 + n2.

D�E��×à m,n ∈ N �� m > n, gcd(m,n) = 1 v m,n �b×ÍÎ�ó×ÍÎ
�ó, u� x = m2−n2, y = 2mn v z = m2 + n2, J x, y, z 
×à primitive Pythagorean

triple.

Proof. �' x, y, z Î×à primitive Pythagorean triple. ãy x2 + y2 = z2, &Æÿ

y2 = (z + x)(z − x). µ�L y Î�ó� x, z Î�ó, X| y/2,(z + x)/2 õ (z − x)/2 /


ÑJóv (y/2)2 = ((z + x)/2)((z − x)/2). ¥�h` (z + x)/2 õ (z − x)/2 !². ��Q
ºb×²ó p 
 (z + x)/2 õ (z − x)/2 Ý2.ó, .�ÿ p 
 (z + x)/2 + (z − x)/2 = z

õ (z + x)/2 − (z − x)/2 = x Ý2.ó. AhºCW p|y2 = z2 − x2, Ç p|y, .��

gcd(x, y, z) = 1 8ë;.

ÉQ (z +x)/2õ (z−x)/2!²,Æã (y/2)2 = ((z +x)/2)((z−x)/2)�ÿ (z +x)/2õ

(z−x)/2 /
ØÍJó�¿], ùÇD3 m,n ∈ N ¸ÿ m2 = (z + x)/2 C n2 = (z−x)/2.
h`&Æÿ

x = m2 − n2, y = 2mn, z = m2 + n2.

�y m õ n, ãy x > 0, Ç m2 − n2 > 0, Æá m > n. ê.
 (z + x)/2 õ (z − x)/2 !

², Ç gcd(m2, n2) = 1, &Æÿ gcd(m,n) = 1. t¡µ�L x = m2 − n2 Î�ó, Æá m

õ n �b×ÍÎ�ó×ÍÎ�ó.

D�E��×à m,n ∈ N �� m > n, gcd(m, n) = 1 v m,n �b×ÍÎ�ó×ÍÎ
�ó, u� x = m2 − n2, y = 2mn v z = m2 + n2, J�Qá x, y, z ∈ N v x2 + y2 = z2,
ôµÎ1 x, y, z Î×à Pythagorean triple. .h&ÆGyì�1�¸ÆÎ primitive, Ç

gcd(x, y, z) = 1, x 
�óv y 
�ó. µ�L y = 2mn X| y 	QÎ�ó, � m,n �

×ÍÎ�ó×ÍÎ�óX| x = m2 − n2 	QÎ�ó. �y gcd(x, y, z) = 1 Î.
A

� gcd(x, y, z) > 1, J gcd(x, y, z) Ä
�ó (.
�á x Î�ó) X|D3×�²ó p 


x, y, z Ý2.ó. .
 p Jt z + x = 2m2 v p Jt z − x = 2n2 ê.
 p 
�²ó, &

Æÿ p|m v p|n. h� m,n !²Ý�'8ë;, Æá gcd(x, y, z) = 1. ¤

Theorem 7.2.2 ×å&ÆN×Í primitive Pythagorean triple K�ã×à×�×�v
!²ÝÑJó m,n ÿÕ, �vN�×à9øÝÑJóµ�ÿ×à primitive Pythagorean

triple. 4Q&Æ�|D|Ý0ÕPM9à9øÝ m,n ¬9¬��î�|®ßPM9à
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primitive Pythagorean triples, t&&Æá¼�!Ý×à m,n �®ß�!Ý Pythagorean

triple. ¯@îu m,n õ m′, n′ ÎËà×�×�v!²ÝÑJóÍ� m > n v m′ > n′, �
' m,n õ m′, n′ ®ß×øÝ primitive Pythagorean triple. ùÇ m2 − n2 = m′2 − n′2 v

m2 + n2 = m′2 + n′2. ÞËP8��ÿ 2m2 = 2m′2, Æã m,m′ /
ÑJóÿ m = m′. !
§ÿ n = n′. .h&Æb|ì���.

Corollary 7.2.3. D3PM9à primitive Pythagorean triple. ¯@îE��Ý×à primitive

Pythagorean triple /D3°×Ý×à m,n ∈ N Í� m > n, gcd(m,n) = 1 v m,n �b

×ÍÎ�ó×ÍÎ�ó¸ÿ x = m2 − n2, y = 2mn, z = m2 + n2.

7.2.2. Fermat’s Last Theorem. &Æ�0ÕXb x2 + y2 = z2 ÝÑJó�, ��QÝ
º® x3 + y3 = z3 ÝÑJó�, #�®E���y�y 3 ÝÑJó n, xn + yn = zn ÝÑJ
ó�. Fermat -
	 n ≥ 3 ` xn + yn = zn ¬PÑJó�. �G�yÝ1b×Í�Ï�Ý
]°J�h¯¬¬^bè�J�, X|&ÆÌh��
 Fermat’s Last Theorem.

¯@î	`TÌ Fermat’s Last Theorem 
×Í conjecture (��) .
¬^bß��
�JÝJ�. ëy9O¼&&99Ýó.���J�h�§, ¬×àÕ 1995 O���J
ÝJ�. �ÄXàÝ]°��Õ&9�ÓÝ�Ýó.§¡, 	Q�ºÎ Fermat 	�X¼
Ý]°. ãh&Æ�|á¼ Diophantine equation 4QGÎD¡Jó�Ý®Þ, �ÄbÝ

Diophantine equation @@��Õ��Ýó.®Þ.

Í@� Fermat’s Last Theorem �Ä�ÊXb�y�y 3 ÝÑJó. u n b�Ý²
.ó p, h` n = pm, Æu x = a, y = b, z = c Î xn + yn = zn Ý×àÑJó�, J.

apm + bpm = cpm á x = am, y = bm, z = cm Î xp + yp = zp Ý×àÑJó�. ð��u�
Jÿ xp + yp = zp PÑJó�, JE�� n = pm, xn + yn = zn ôPÑJó�. !§u n

P�Ý².ó, Ç n = 2r, h`. r ≥ 2 á 4|n, X|u�Jÿ x4 + y4 = z4 PÑJó�, J

E�� n = 2r > 2, xn + yn = zn PÑJó�. .h�J� Fermat’s Last Theorem, &Æ

©�J�E���²ó p, xp + yp = zp PÑJó�, |C x4 + y4 = z4 PÑJó�Ç�.
êG&ÆP°�§�²óÝ��, #ì¼&ÆÞ¿à descent Ý]°J� x4 + y4 = z4 P
ÑJó�.

&Æ��§×Íf x4 + y4 = z4 ?×�Ý Diophantine equation.

Proposition 7.2.4. x4 + y4 = z2 PÑJó�.

Proof. &Æ¿à descentÝ]°J� x4 + y4 = z2 PÑJó�. �' x = a1, y = b1, z = c1

Î x4 +y4 = z2 Ý×àÑJó�,&ÆÞ¿à¸ÆÿÕ¨×àÑJó� x = a2, y = b2, z = c2

v c1 > c2. Ah×àì�ºõÑJóÝ well-ordering principle 8Àe, ÆáæPPÑJó
�.

¨�' x = a1, y = b1, z = c1 Î x4 +y4 = z2 Ý×àÑJó�. A� gcd(a1, b1) = d > 1,
ãy d|a1 v d|b1 á d4|a4

1 + b4
1 = c2

1, Æÿ d2|c1. .h x = a1/d, y = b1/d, z = c1/d2 Î

x4 + y4 = z2 Ý×àÑJó�v c1/d2 < c1.
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u x = a1, y = b1, z = c1 Î x4 + y4 = z2 Ý×àÑJó�v gcd(a1, b1) = 1. h`ãy

gcd(a2
1, b

2
1, c1) = 1 (. gcd(a2

1, b
2
1) = 1) v x = a2

1, y = b2
1, z = c1 �� x2 + y2 = z2. ¿àG

«D¡ primitive Pythagorean triple Ý��, �´×�P&Æ�' a2
1 Î�ó� b2

1 Î�ó,
ùÇ x = a2

1, y = b2
1, z = c1 Î×à primitive Pythagorean triple. Æ¿à Theorem 7.2.2 á

D3 m,n ∈ N �� m > n v gcd(m,n) = 1 ¸ÿ

a2
1 = m2 − n2, b2

1 = 2mn, c1 = m2 + n2.

êãy gcd(a1,m, n) = 1 (. gcd(m,n) = 1), v x = a1, y = n, z = m �� x2 + y2 = z2, Æ

ã a1 Î�ó��'|CG«D¡ primitive Pythagorean triple �P²á n Ä
�ó (v

m 
�ó), ôµÎ1 x = a1, y = n, z = m êÎ×à primitive Pythagorean triple. .h�

à×g Theorem 7.2.2 áD3 u, v ∈ N �� u > v v gcd(u, v) = 1 ¸ÿ

a1 = u2 − v2, n = 2uv, m = u2 + v2.

9��¥�, ãy b1 õ n /
�ó, &Æ��' b1 = 2b′1 v n = 2n′. h`ã b2
1 = 2mn á

b′21 = mn′. êãy gcd(m,n′) = 1 &Æá m õ n′ /
ØÍJó�¿], ùÇD3 c2, e ∈ N
¸ÿ m = c2

2 v n′ = e2. êãy 2e′2 = 2n′ = n = 2uv |C gcd(u, v) = 1, &Æÿ u õ v

/
ØÍJó�¿], ùÇD3 a2, b2 ∈ N ¸ÿ u = a2
2 v v = b2

2. .hã m = u2 + v2

Ç c2
2 = (a2

2)
2 + (b2

2)
2 á x = a2, y = b2, z = c2 Î x4 + y4 = z2 Ý×àÑJó�. h`.

c1 = m2 + n2 > m2 > c4
2, á x = a2, y = b2, z = c2 @@Î¨×à x4 + y4 = z2 ÝÑJó�

v�� c2 < c1. Æ¿à descent Ý]°ÿJÍ�§. ¤

Proposition 7.2.4 ×å&Æ x4 + y4 = z2 PÑJó�, &Æ�|DêÝ¿à9Í��J
� x4 + y4 = z4 PÑJó�. 9Î.
u x = a, y = b, z = c Î x4 + y4 = z4 Ý×àÑJ
ó�, J x = a, y = b, z = c2 µºÎ x4 + y4 = z2 Ý×àÑJó�. hõ Proposition 7.2.4
8ë;, Æb|ì��¡.

Corollary 7.2.5. x4 + y4 = z4 PÑJó�.

7.3. ¿]õ®Þ

3ht¡×;�&Æ�"DJó¡¨×Íb¶Ý®Þ, µÎÞÑJó¶W×°JóÝ¿]
õ®Þ. &ÆÞ�JÝ/�ø°ÑJó�|¶WËÍJóÝ¿]õ, �vJ�XbÝÑJ
óK�|¶W°ÍJóÝ¿]õ.

7.3.1. Sum of Two Squares. 	×ÍÑJó�ÎØÍJóÝ¿]`, &Æb·¶á¼¸
ÎÍ�¶WËÍJóÝ¿]õ. u n Í�ÎØÍJóÝ¿], ÇD3 m ∈ N ¸ÿ n = m2,
	Q&Æ�|Þ n ¶W n = m2 + 02. X|&Æ�|Þ�¶WËÍJóÝ¿]õÝóÚ

¿]óÝ.Â.

´�&Æ¼:×Íb¶Ý�P:

(a2 + b2)(c2 + d2) = (ac + bd)2 + (ad− bc)2. (7.1)
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9Í�P�|à#Þ�rË\"�¼OJ, ô�|à��!�Ý�óºÕ¼1�. �'

z1 = a + bi, z2 = d + ci ∈ C (9� C �î�óXW�/), � i ∈ C �� i2 = −1).
&Æá z1, z1 Ý�7�ó5½
 z1 = a − bi, z2 = d − ci v |z1|2 = z1z1 = a2 + b2 C

|z2|2 = z2z2 = c2 + d2. .h

(a2 +b2)(c2 +d2) = z1z1z2z2 = z1z2z1z2 = |(ad− bc) + (ac + bd)i|2 = (ac+bd)2 +(ad−bc)2.

¿àP� (7.1) &Æyîb|ì���.

Lemma 7.3.1. u m,n ∈ N /�|¶WËÍJóÝ¿]õ, J mn ù�|¶WËÍJó
Ý¿]õ.

Proof. u m = a2 + b2 v n = c2 + d2, Í� a, b, c, d ∈ Z, J¿àP� (7.1) á mn =

(ac+ bd)2 +(ad− bc)2. . ac+ bd, ad− bc ∈ Z Æá mn ù�|¶WËÍJóÝ¿]õ. ¤

¥� Lemma 7.3.1 G×å&Æ	 m,n /�|¶WËÍJóÝ¿]õ`, mn ô�|¶
WËÍJóÝ¿]õ; ¸¬^b×å&Æu m,n �b×Í��¶WËÍJóÝ¿]õ`,

mn ÎÍ�|¶WËÍJóÝ¿]õ.

ãyNÍ�y 1 ÝJóK�|¶W².óÝ¶�, X|ã Lemma 7.3.1 &Æ��QÝ
�"Dø°²ó�|¶WËÍJóÝ¿]õø°²ó��. ãy 2 = 12 + 12, Ç 2 �|¶
WËÍJóÝ¿]õ, .h|ì&ÆG�Ê�²óÝ��. ¿à Lemma 7.3.1 &Æ�|ÿ
Õ×Í¾½×Í²óÎÍ�|¶WËÍJóÝ¿]õÝ]°.

Lemma 7.3.2. �' p Î×Í²ó. uD3 a, b ∈ Z ¸ÿ a2 + b2 = λp, Í� λ ∈ N ��
λ < p, J p �|¶WËÍJóÝ¿]õ.

Proof. �Ê/) S = {s ∈ N | D3 u, v ∈ Z ¸ÿ u2 + v2 = sp}. µï S Ý�L, �J�

p �|¶WËÍJóÝ¿]õµ�!y�J� 1 ∈ S. �A¢á 1 ∈ S ÷? µ�'á S 


&è/) (. λ ∈ S) v S Ý-ô/
ÑJó, X| 1 ∈ S uv°u S �t�Ý-ôµÎ

1 (¥�µÑJóÝ well-ordering principle, ãy S �Îè/)X| S �ÄD3t�Ý-
ô). � m ∈ S Î S �t�Ý-ô, &Æ�J� m = 1.

¿àDJ°, �' m 6= 1. Æã λ ∈ S v λ < p á 1 < m < p. &Æ�T3 S �0Õf

m ?�Ýó�ÿÕë;. ãy m ∈ S, ÆD3 u, v ∈ Z ¸ÿ u2 + v2 = mp, &Æ5W m Î

�óC m Î�óËË�µD¡.

(I) m Î�ó: h`ãy u2 + v2 = mp Î�ó, &Æá u, v Ä!�!� (ÍJ u2 + v2

�ºÎ�ó), Ç u + v õ u− v /
�ó. h` (u + v)/2 õ (u− v)/2 /
Jóv

(
u + v

2
)2 + (

u− v

2
)2 =

u2

2
+

v2

2
=

m

2
p.

Æá m/2 ∈ S v m/2 < m, h� m Î S �t�Ý-ô8ë;.

(II) m Î�ó: .
	 m Î�ó`

{−m + 1
2

,
−m + 1

2
+ 1, . . . , 0, 1, . . . ,

m− 1
2

− 1,
m− 1

2
}
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Î×Í complete residue system modulo m. &Æ�0Õ c, d ∈ Z �� c ≡ u (mod m) v

d ≡ v (mod m), Í� −(m− 1)/2 ≤ c, d ≤ (m− 1)/2. ¥�9� c õ d ��!`�y 0, 9
Î.
A� c = d = 0�î u ≡ v ≡ 0 (mod m), Ç m|uv m|v. .h m2|u2 + v2 = mp, Ç

m|p. Ahºõ 1 < m < p8ë;,Æá cõ d�!`
 0. .
 c2 +d2 ≡ u2 +v2 (mod m)
|C u2 + v2 = mp, &Æÿ c2 + d2 ≡ 0 (mod m). ùÇD3 k ∈ Z ¸ÿ c2 + d2 = km. ¥

�. c õ d �!`
 0, Æ k 6= 0. ¨×]«.
 −(m − 1)/2 ≤ c, d ≤ (m − 1)/2, X|

c2 + d2 ≤ (m− 1)2/4 + (m− 1)2/4 = (m− 1)2/2 < m2, Æÿ 0 < k < m. ôµÎ1 k ∈ N
v k < m. ¨3&ÆbËÍ�P: u2 + v2 = mp |C c2 + d2 = km. ¿àP� (7.1) ÿ

(uc + vd)2 + (ud− vc)2 = m2kp.

ê.
 u ≡ c (mod m) v v ≡ d (mod m), &Æÿ

uc + vd ≡ u2 + v2 ≡ 0 (mod m) and ud− vc ≡ uv − uv ≡ 0 (mod m).

ôµÎ1 (uc + vd)/m ∈ Z v (ud− vc)/m ∈ Z. .há

(
uc + vd

m
)2 + (

ud− vc

m
)2 = kp,

ôµÎ1 kp �|¶WËÍJóÝ¿]õ, Æêã k ∈ N á k ∈ S. Q�&Æêá k < m,
h� m Î S �t�Ý-ô8ë;.

&ÆJÿu m 6= 1 ºCW m �Î�óv�Î�ó9øÝë;. ÆãDJ°áæ�'

m 6= 1 �Wñ, ôµÎ1 m = 1. .hÿJ p �|¶WËÍJóÝ¿]õ. ¤

Lemma 7.3.2 ÝJ�]°Í@Îv«y descent Ý]°KÎã×Í�ÿÕ?�Ý��
.ÿë;. T&��º¶É
¢!øÝ.¡]°, ×ÍºÿÕP�; ¨×ÍQ.ÿb�. 9
Î.
3 descent Ý]°.¡�Î^b�¢f�Ý, X|ubÑJó�Jº^b§×Ý.
ÿPM9Í?�ÝÑJó��CWë;, .hºÿÕP�Ý�¡. �9�XàÝ]°�º
ÿÕf m ?�ÝÑJóÎbf�Ý, ôµÎ1Ä63 m > 1 Ý����|. .h!ø.
ÿë;, ¬h`ë;º¯&Æ.ÿ m = 1, X|b�. �T9Ëï�ìîÝ-², ��K�
Ý�. ¨² Lemma 7.3.2 JÿD3Ý]°�«î?	©Î�ì.�, ¬^b×å&ÆA¢
0Õ�. ¯@îÍ�°Ä���âÝ0Õ�Ý]°. &Æ¼:×ÍÌ�Ý»�.

Example 7.3.3. �Ê p = 89. ãy 89 ≡ 1 (mod 4), &ÆáD3 a ∈ Z ¸ÿ a2 ≡ −1

(mod 89). ¯@î	 a = 34 `, a2 = 1156 ≡ −1 (mod 89), &Æb (34)2 + 1 = 13 × 89.
.
 13 < 89 Æã Lemma 7.3.2 á 89 �|¶WËÍJóÝ¿]õ. &Æ�¿à Lemma

7.3.2 ÝJ�]°Þ 89 ¶WËÍJóÝ¿]õ.

ETÕ Lemma 7.3.2 ÝJ�, &Æá 13 ∈ S. . 13 6= 1, &Æ�¿à 13, 3 S �0Õ?

�Ý-ô. &Æ�0Õ c, d �� 34 ≡ c (mod 13), 1 ≡ d (mod 13) |C −6 ≤ c, d ≤ 6. �

�|ÿá c = −5 v d = 1. #½&Æ�Ê c2 + d2 = 25 + 1 = 26 = 2× 13. ÆãP� (7.1)
ÿ

(34× (−5) + 1)2 + (34− (−5))2 = 1692 + 392 = 2× 132 × 89.
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ãy 169 = 13× 13 v 39 = 3× 13, &Æÿ 132 + 32 = 2× 89, ôµÎ1 2 ∈ S. ¥�Õ&Æ
�Þ 13 ∈ S ªÕ 2 ∈ S. �¿à�§�ó�µÝ]°, Þ 2 ¹�. Çÿ

(
13 + 3

2
)2 + (

13− 3
2

)2 = 82 + 52 = 89.

3 Example 7.3.3 �&Æ¿à 89 ≡ 1 (mod 4) X|�|0Õ a ∈ Z �� a2 ≡ −1

(mod 89). �Ê	Ýóã a (Çóã a È�) ¸ÿ a1 + 1 = λp, Í� 0 < λ < p, |-�à

Lemma 7.3.2. 3×�Ý��, 	 p Î×²ó�� p ≡ 1 (mod 4) `, &ÆK�|Ah®. X

|&Æb|ì���.

Proposition 7.3.4. u p Î×²óv p ≡ 1 (mod 4), J p �|¶WËÍJóÝ¿]õ.

Proof. ãy p ≡ 1 (mod 4), Theorem 5.4.1 ×å&Æ x2 ≡ −1 (mod p) b�. ùÇ

D3 a ∈ N ¸ÿ a2 ≡ −1 (mod p). ãy {1, 2, . . . , p − 1} Î×Í reduced residue

system modulo p, X|&Æ�|óã 1 ≤ a ≤ p − 1 ¸ÿ a2 ≡ −1 (mod p) (¯@î�
óã 1 < a < p/2). .hD3 λ ∈ N ¸ÿ a2 + 1 = λp. ê.
 a ≤ p − 1, &Æb

λp = a2 + 1 ≤ (p− 1)2 + 1 = p2 − 2(p− 1) < p2. ôµÎ1 λ < p, Æ¿à Lemma 7.3.2 ÿ
J p �|¶WËÍJóÝ¿]õ. ¤

#ì¼&Æ:§øÝ²ó��¶WËÍJóÝ¿]õ. 	 p ≡ 1 (mod 4) `, 3

Proposition 7.3.4 &ÆÎ¿àh` x2 ≡ −1 (mod p) b�Jÿ p �|¶WËÍJóÝ¿]
õ. &Æô�|¿à	 p ≡ 3 (mod 4) `, x2 ≡ −1 (mod p) P�Jÿ p ��|¶WËÍ
JóÝ¿]õ.

Lemma 7.3.5. �' p Î×Í²ó�� p ≡ 3 (mod 4) v n ∈ N �� p|n. u a, b ∈ Z ¸
ÿ a2 + b2 = n, J p|a v p|b.

Proof. &Æ�àDJ°J�h�§. �´×�P, &Æ�' p - a. h`ã a2 + b2 = n v

p|n á p - b, ÍJã a2 = n− b2 ÿ p|a2 ºCW� p - a Ý�'8ë;. ÉQ a2 + b2 = n v

p|n, &Æÿ a2 ≡ −b2 (mod p). ¥�ãy a, b /� p !², &Æ�|à Legendre symbol
�§®Þ. ¿à Legendre symbol ÝP² (Lemma 5.3.2) á

1 =
(

a2

p

)
=

(−b2

p

)
=

(−1
p

)(
b2

p

)
=

(−1
p

)
.

Q�ã p ≡ 3 (mod 4) |C Theorem 5.4.1 &Æá
(−1

p

)
= −1. ãhë;á p|a, ¬ã

b2 = n− a2 ÿ p|b. ¤

Lemma 7.3.5 J�Ý�°v«y Proposition 7.1.1 XèÝ]°, Ç¿à"D x2 + y2 = n

9Í Diophantine equation 3 modulo p Ý��¼.ÿh Diophantine equation P�. ¿à

Lemma 7.3.5 &ÆyîÿÕ|ì���.

Proposition 7.3.6. u p Î×²óv p ≡ 3 (mod 4), J p ��¶WËÍJóÝ¿]õ.
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Proof. &ÆàDJ°. �'D3 a, b ∈ Z ¸ÿ a2 + b2 = p. ãy p Î²ó, &Æá a, b /

��y 0. Æá�ã a, b ∈ N �� 1 ≤ a ≤ p− 1 v 1 ≤ b ≤ p− 1. h` a, b /� p !²Æ
� Lemma 7.3.5 Ý��8ë;. ãhë;á p ��¶WËÍJóÝ¿]õ. ¤

á¼Ýø°²ó�|¶WËÍJóÝ¿]õ, ø°²ó��|¶WËÍJóÝ¿]õ.
#ì¼&Æµ¼"Dø°ÑJó�|¶WËÍJóÝ¿]õ. ��×ÑJó n. u n = 1
	Q�¶WËÍJóÝ¿]õ. u n ≥ 2, ´�&ÆÞ n ®².óÝ5�. &Æ�|Þ 2
õt| 4 õ 1 Ý².óE¯, .
¸Æ�|¶WËÍJóÝ¿]õ. �u n bt| 4 õ 3
Ý².ó, &Æê�|Þb¿]ÝI	E¯, .
¸Æô�|¶WËÍJóÝ¿]õ. ãh

:�².ó5�¡ÝgóÎ¥�Ý, &Æ©½à|ì(ÞÝ�L: u n = pn1
1 · · · pnr

r , Í�

9° pi Î8²²ó. &ÆÌ pi Î n Ý².óv ni Î pi Ýgó. »A 2250 = 2× 32× 53,
&ÆÌ 2250 b 2 g 3 Ý².óvb 3 g 5 Ý².ó. µh�L&Æb|ì���.

Theorem 7.3.7. �' n ∈ N. J n �|¶WËÍJóÝ¿]õuv°u n ^b�¢Ý

t| 4 õ 3 Ý².óÍgóÎ�ó.

Proof. �' n ^b�¢Ýt| 4 õ 3 Ý².óÍgóÎ�ó. &ÆGm�Ê n ≥ 2 Ý�

�. h`�Þ n ².ó5�W

n = 2n0qn1
1 · · · qnr

r · p2m1
1 · · · p2ms

s ,

Í� qi, pj /
8²Ý�²óv qi ≡ 1 (mod 4) C pj ≡ 3 (mod 4). ãy&Æ�Þ n ¶W

n = 2n0qn1
1 · · · qnr

r · (pm1
1 · · · pms

s )2,

� 2 �|¶WËÍJóÝ¿]õ, q1, . . . , qr �|¶WËÍJóÝ¿]õ (Proposition 7.3.4)
|C (pm1

1 · · · pms
s )2 �|¶WËÍJóÝ¿]õ (.
Î×Í¿]ó), Æã Lemma 7.3.1 á

n �|¶WËÍJóÝ¿]õ.

D�, u p ≡ 3 (mod 4) Î n Ý×Í².óvÍgó
 2k + 1, Ç n = p2k+1n′, Í
� p - n′. &ÆàDJ°J� n ��|¶WËÍJóÝ¿]õ. �'D3 a, b ∈ Z ¸ÿ
a2 + b2 = n. Jã Lemma 7.3.5 á p|a v p|b. � a = prc v b = psd, Í� c, d /� p !²
v r, s ∈ N. �´×�P&Æ�' 2r ≤ 2s, &Æ�J� 2k + 1 > 2r. �' 2k + 1 < 2r, ã

p2rc2+p2sd2 = p2k+1n′ á n′ = p2r−2k−1c2+p2s−2k−1d2. ê.
 2s−2k−1 ≥ 2r−2k−1 > 0
á p|n′. h� p - n′ 8ë;, Æá 2k + 1 > 2r. �ã p2rc2 + p2sd2 = p2k+1n′ á

c2 + p2s−2rd2 = c2 + (ps−rd)2 = p2k+1−2rn′,

Ç p2k+1−2rn′ �|¶W c õ ps−rd Ý¿]õ. ãy p ≡ 3 (mod 4), p|p2k+1−2rn′ v p - c,
h� Lemma 7.3.5 Ý��8ë;, Æá n ��|¶WËÍJóÝ¿]õ. ¤

»A 2250 = 2× 32 × 53 �°×Ýt| 4 õ 3 Ý².óÎ 3, v 3 Ýgó
 2 Î�ó,
X| 2250 �|¶WËÍJóÝ¿]õ. ¯@î 2250 = 452 + 152. ¨² 6174 = 2× 32× 73

�t| 4 õ 3 Ý².óÎ 3 õ 7, Í� 7 Ýgó
 3 Î�ó, X| 6174 P°¶WËÍJ
óÝ¿]õ.
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7.3.2. Sum of Four Squares. &Æ�á¬�ÎXbÝÑJóK�|¶WËÍJóÝ¿
]õ, X|��Qº®ÎÍXbÝÑJóK�|¶WëÍJóÝ¿]õ. 9Í@)�E, »

A 7 µ��¶WëÍJóÝ¿]õ. ¯@î&Æ�|Jÿ×ÍÑJó��¶WëÍJóÝ
¿]õuv°uhÑJó��W 4m(8n + 3) 9øÝ�P. �Ä9�.
ëÍJóÝ¿]
õ^bA Lemma 7.3.1 ÝP², X|h¯@�J�ºf�§ËÍJóÝ¿]õ�ÓÝ9.
ãy3h&Æ½¥y¯��.êA¢Þ�áÝ]°.Â, &ÆÞ��ëÍJó¿]õÝ®
Þ, �à#�¡°ÍJóÝ¿]õ®Þ.

&Æ�.Â�§ËÍJóÝ¿]õÝ]°¼�§°ÍJóÝ¿]õ®Þ. ´�&Æb

×ÍõP� (7.1) 8ETÝP�.

(a2 + b2 + c2 + d2)(e2 + f2 + g2 + h2) = (ae + bf + cg + dh)2 + (af − be + ch− dg)2

+(ag − bh− ce + df)2 + (ah + bg − cf − de)2.

(7.2)

9Í�P�|à#Þ�rË\"�¼OJ. T&��º?�9Í�PÎA¢ÿÕÝ, ¯@î
9Í�P�|¿à�óÝ.ÂÇXÛÝ quaternion algebra ¼1�. �Äãy quaternion

algebra ��Ò&ÆÝxÞHG, &Æµ��91�Ý.

¿àP� (7.2) &Æyîb|ì���.

Lemma 7.3.8. u m,n ∈ N /�|¶W°ÍJóÝ¿]õ, J mn ù�|¶W°ÍJó
Ý¿]õ.

ãyNÍ�y 1 ÝJóK�|¶W².óÝ¶�, X|ã Lemma 7.3.8 &Æ��QÝ
�"Dø°²ó�|¶W°ÍJóÝ¿]õ. ãy 2 õt| 4 õ 1 Ý²ó/�¶WËÍ
JóÝ¿]õ, X|¸Æ/�¶W°ÍJóÝ¿]õ (9õÝËÍ� 0), .h&ÆGyì
�D¡t| 4 õ 3 Ý²ó. &Æ�|.Â Lemma 7.3.2 Ý]°ÿÕ×Í¾½×Í²óÎ
Í�|¶W°ÍJóÝ¿]õÝ]°.

Lemma 7.3.9. �' p Î×Í²ó. uD3 a, b, c, d ∈ Z ¸ÿ a2 + b2 + c2 + d2 = λp, Í

� λ ∈ N �� λ < p, J p �|¶W°ÍJóÝ¿]õ.

Proof. �Ê/) S = {s ∈ N | D3 t, u, v, w ∈ Z ¸ÿ t2 + u2 + v2 + w2 = sp}. µï S Ý

�L, �J� p �|¶W°ÍJóÝ¿]õµ�!y�J� 1 ∈ S. �A¢á 1 ∈ S ÷?
µ�'á S 
&è/) (. λ ∈ S) v S Ý-ô/
ÑJó, X| 1 ∈ S uv°u S �t
�Ý-ôµÎ 1. � m ∈ S Î S �t�Ý-ô, &Æ�J� m = 1.

¿àDJ°, �' m 6= 1. Æã λ ∈ S v λ < p á 1 < m < p. &Æ�T3 S �0Õf

m ?�Ýó�ÿÕë;. ãy m ∈ S, ÆD3 t, u, v, w ∈ Z ¸ÿ t2 + u2 + v2 + w2 = mp,
&Æ5W m Î�óC m Î�óËË�µD¡.

(I) m Î�ó: h`ãy t2 + u2 + v2 + w2 = mp Î�ó, &Æá t, u, v, w Ä/
�ó;
/
�ó�; TÎÍ�ËÍÎ�óËÍÎ�ó. 3XbÝ�µ�ì&ÆK�|Þ t, u, v, w
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5W!�!�ÝËE. �´×�P, &Æ�' t, u !�!�v v, w !�!�, Ç t+u, t−u,

v + w õ v − w /
�ó. h` (t + u)/2, (t− u)/2, (v + w)/2 õ (v − w)/2 /
Jóv

(
t + u

2
)2 + (

t− u

2
)2 + (

v + w

2
)2 + (

v − w

2
)2 =

m

2
p.

Æá m/2 ∈ S v m/2 < m, h� m Î S �t�Ý-ô8ë;.

(II) m Î�ó: .
	 m Î�ó`

{−m + 1
2

,
−m + 1

2
+ 1, . . . , 0, 1, . . . ,

m− 1
2

− 1,
m− 1

2
}

Î×Í complete residue system modulo m. &Æ�0Õ e, f, g, h ∈ Z �� e ≡ t (mod m),

f ≡ u (mod m), g ≡ v (mod m) v h ≡ w (mod m), Í� −(m − 1)/2 ≤ e, f, g, h ≤
(m− 1)/2. ¥�9� e, f , g õ h ��!`�y 0, ÍJºÿ m|p �õ 1 < m < p 8ë;.
.
 e2 + f2 + g2 + h2 ≡ t2 + u2 + v2 + w2 (mod m) |C t2 + u2 + v2 + w2 = mp, &Æ

ÿ e2 + f2 + g2 + h2 ≡ 0 (mod m). ùÇD3 k ∈ Z ¸ÿ e2 + f2 + g2 + h2 = km. ¥�.

e, f , g õ h �!`
 0, Æ k 6= 0. ¨×]«.
 −(m− 1)/2 ≤ e, f, g, h ≤ (m− 1)/2, X

| e2 + f2 + g2 + h2 ≤ (m − 1)2 = (m − 1)2 < m2, Æÿ 0 < k < m. ôµÎ1 k ∈ N v
k < m. ¨3&ÆbËÍ�P: t2 + u2 + v2 + w2 = mp |C e2 + f2 + g2 + h2 = km. ¿à

P� (7.2) ÿ

(te+uf+vg+wh)2+(tf−ue+vh−wg)2+(tg−uh−ve+wf)2+(th+ug−vf−we)2 = m2kp.

ê.
 e ≡ t (mod m), f ≡ u (mod m), g ≡ v (mod m) v h ≡ w (mod m), &Æÿ

te+uf +vg+wh ≡ tf−ue+vh−wg ≡ tg−uh−ve+wf ≡ th+ug−vf−we ≡ 0 (mod m).

ôµÎ1u�

T =
te + uf + vg + wh

m
, U =

tf − ue + vh− wg

m
,

V =
tg − uh− ve + wf

m
and W =

th + ug − vf − we

m
,

J T, U, V, W ∈ Z v
T 2 + U2 + V 2 + W 2 = kp.

ôµÎ1 kp �|¶W°ÍJóÝ¿]õ, Æêã k ∈ N á k ∈ S. Q�&Æêá k < m,
h� m Î S �t�Ý-ô8ë;.

&ÆJÿu m 6= 1 ºCW m �Î�óv�Î�óÝë;. ÆãDJ°áæ�' m 6= 1
�Wñ, ôµÎ1 m = 1. ÆÿJ p �|¶W°ÍJóÝ¿]õ. ¤

#ì¼&ÆÞ¿à Lemma 7.3.9 ¼J�XbÝÑJó/�¶W°ÍJóÝ¿]õ. &

ÆGyì�1�t| 4 õ 3 Ý²ó�|¶W°ÍJóÝ¿]õ. ãyh` x2 ≡ −1

(mod p) P�, &Æ�¿àh©P0�×Í α ∈ N ¸ÿ x2 ≡ −α (mod p) b�. ãyh

`
(−α

p

)
=

(−1
p

)(
α

p

)
= −

(
α

p

)
, ÿ

(−α

p

)
= 1 uv°u

(
α

p

)
= −1. X|&ÆÄ

60Õ α ∈ N ¸ÿ x2 ≡ α (mod p) P�. 9Î�|ðÕÝ, .
 S = {1, 2, . . . , p− 1} Î
modulo p Ý reduced residue system, u p - a, J x2 ≡ a (mod p) Ý�Äõ S �ÝØÍ-

ô3 modulo p �ì!õ. ôµÎ1 x2 ≡ a (mod p) b�uv°uD3 c ∈ S ¸ÿ c2 ≡ a
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(mod p). X|&Æ©�Þ S �ÝN×Í-ô¿], u a õ¿]¡ÝØÍó3 modulo p �

ì!õJ x2 ≡ a (mod p) b�; D�, u a õ¿]¡NÍó3 modulo p �ì/�!õJ

x2 ≡ a (mod p) P�. Q�u c ∈ S J p− c ∈ S v (p− c)2 ≡ (−c)2 ≡ c (mod p), ê.


p Î�²ó, X| c 6≡ p− c (mod p). ôµÎ1 S �Ý-ô¿]¡3 modulo p �ìGb

(p− 1)/2 Í�!õv. .h&Æá¼ S ��b (p− 1)/2 Í-ô a º¸ÿ x2 ≡ a (mod p)
b�, vb (p− 1)/2 Í-ô a º¸ÿ x2 ≡ a (mod p) P�.

Theorem 7.3.10. u p Î×²óv p ≡ 3 (mod 4), J p �|¶W°ÍJóÝ¿]õ. ©

½2, XbÝÑJó/�|¶W°ÍJóÝ¿]õ.

Proof. �' pÎ×²óv p ≡ 3 (mod 4). &Æ�0Õ a, b, c, d ∈ Z¸ÿ a2+b2+c2+d2 = λp,
Í� λ ∈ N v λ < p, �¿à Lemma 7.3.9 Jÿ p �|¶W°ÍJóÝ¿]õ.

¨�Ê S = {1, 2, . . . , p−1}9×Í modulo pÝ reduced residue system. � α ∈ S Î S

�t�Ýó¸ÿ x2 ≡ α (mod p)P�,ôµÎ1
(

α

p

)
= −1. ãy

(
1
p

)
= 1,&Æá α > 1,

.h α−1 ∈ S,v x2 ≡ α−1 (mod p)b� (. αÎ S �t�Ýó¸ÿ x2 ≡ α (mod p)P�

). ¨×]« p ≡ 3 (mod 4),X|
(−1

p

)
= −1,Æÿ

(−α

p

)
=

(−1
p

)(
α

p

)
= 1,ôµÎ1

x2 ≡ −α (mod p)b�. ¨� a ∈ S Î x2 ≡ α−1���,&Æ�ó a¸ÿ 1 ≤ a ≤ (p−1)/2.
9Î.
u (p + 1)/2 ≤ a ≤ p− 1, J�Ê p− a, h` (p− a)2 ≡ (−a)2 ≡ α− 1 (mod p)
)
 x2 ≡ α − 1 (mod p) ���v 1 ≤ p − a < (p − 1)/2. !§&Æô�0Õ b ∈ S Î

x2 ≡ −α (mod p) ���v 1 ≤ b ≤ (p− 1)/2. ¨ãy

a2 + b2 + 1 ≡ α− 1 + (−α) + 1 ≡ 0 (mod p),

ÆD3 λ ∈ N ¸ÿ a2 + b2 + 1 = λp. êãy

λp = a2 + b2 + 1 ≤ (
p− 1

2
)2 + (

p− 1
2

)2 + 1 <
p2

2
+ 1 < p2,

X|&Æb λ < p. Æ¿à Lemma 7.3.9 ÿJ p �|¶W°ÍJóÝ¿]õ.

¨�ã n ∈ N. u n = 1, J n 	Q¶W°ÍJóÝ¿]õ. u n > 1, J�Þ n ¶W
².ó�¶� n = pn1

1 · · · pnr
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