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Chapter 8

Normal Extension Fr
Separable Extension

% L= K(a) - B finite simple extension over K P¥ ' i frif % Gal(L/K) 7 order &
fr L/K 7 degree 48 %, B « over K ¢ minimal polynomial f(x) & £ # & % B & & (1)
flz) #7F R 23 L 7 (2) f(x) X3 £, # & (1) <7 extension ,T*u{“r;ﬁ 77 normal
extension, @ # & (2) £ extension J’I*u{“r;ﬁ £ separable extension. i— F ? P H-F 3
i@ f extensions 7k A PR

3.1. Splitting Field

FHPAEN f(r)eKz],  L? ¥R 2GS - N s, T f(n) PR 2NTF ALY
IS IF“?ﬁ!— f(:):) L ¥ splits. % 22% LCL Bl f(z)» & L' ® splits, #7121 5 1 @ & g
AT Vi e g R f(x) splits B i field, 2 5 f(x) <0 splitting field.

Definition 3.1.1. &3 L/K # - B field extension, f(z) € K[z]. 4% f(z) & L[z] * ¥
2R - g, T

f(@) =cle =) (z - an),
29 coai,...,on € L, RIFE f(z) splits over L.

4% f(x) splits over L ¥ ¥ & & L/K 7 proper intermediate field F' (¥ F C L), f(x)
#%* splits over F', RIFE L 4_ f(z) over K i1 splitting field.

v

5 1% L A f(x) over K 1 splitting field ¥ «q,...,a, € L
( at,...,0pn) 28 7 K v aq,...,qn B 0 field, 27

e 2 *llﬁﬁiﬁ‘\ f(x), » #BF over # I i field ¥ it € 7

7 I 0 splitting field. & X 7 7?5 KCFCL, A L=K(ag,...,an) = F(aq,...,ap), #T14
B pE L v 5 f(x) over F ¢ splitting field. 2 3% KCF @ FZL B Flag,...,op) £
f(z) € Flz] over F i1 splitting field, e P 30 L = K(aq,...,q,) # Flag,...,ap). 7

27



28 3. Normal Extension #2 Separable Extension

reFiE K(ag,...,an) ¥ 3 7 isomorphic to F(aq,...,q,). #7— S K F & % splitting
field & JE 3P &_over ¥8— B field < splitting field.

HF Wi over I i field K, f(x) o splitting field # 7 vE— | 2 8.d 35 f(x) 0
12 F T A - S ,T*u{;fué AP AR - B field L ¢ % f(z) 99773 1 aq,...,
HAE, F TR ey - B field  H3Y -2 8,0, ok Lo L/ 8¢ 2% B
{ ~ e field M, 7R AT 7 {a,...,ant ={l1,....0n} (FRIEFINEM? f(zx)
e e de(f(2) 03 ). M K(ono) - KBt ), 38 fm 5
F"T,r% LEeA£ET . BE f(x) 4 irreducible over K, %45 3 a 4A_ f(z) - BT,
BF Y- B field 3 0+ A flz) - B, AP ES | = K(a) v Fr = K(§) 4
isomorphic. % & 73] f(z) over K ¢ splitting field, % 45 3] f(z) £ # 2. d * o€ [y
A f(z) R, 5 e h(z) € Fifz] B # f(z) = (z — a)h(z), B & l(x) € Fylz] @ F
f@)=(x=P3)(x). MEFIEF AT h(z)fol(z) *» 7272 B i35 v P aihficir b
fields, Fi 4c Fy & ¥ i 7 I, ibth— 345107 4 4@ chiR £ 64 7 i AR kAR A 7RA- BB
3| e splitting field € % ¢+ L W4 ri? & v Fip B P AL, AP ERLT fRED h(x)
frl(z) 2 Benbl ., §F AN P ERALDLER A flx) ARG 0 ERE f() 3
F(x—a)(z—P0) FL V- B AN LTS afr fT R EFF LR - B field
¥, T BT BY, biefiE (r-a)(r—-0) LG L&D FFER A v R 2
F""{K isomorphic 7, 7 T3 & ¢ Fy — Fy, 4 K-isomorphism, * & & ¢(a) = 5. hF

hMzx)=an 12" '+ apo2" 2+ +a1x+ag, £* a; € F, T
f(z) = (x —a)(an_12""  + ap_oz™ 2 + - + a1z + ao). (3.1)
BB K P AEHE, EMR QT A f(r) it e, PITESNSREND L fo). ¥
-G R T RN (31) BRSNSk, T NS
(z — ¢(@)(¢(an-—1)z" " + d(an—2)z" > + - + ¢(a1)x + ¢(ap)).
49 gla) =g, Fr AP E
f(@) = (= B)(@lan-1)2""" + ¢lan-2)2" + - + d(a1)x + d(ag)).

x FA 10) {Fl Iy E”f‘hﬁ’rﬁi; ¥ ar gf)(an_l)xn_l+¢(an_2)xn_2+~ . '—l—qb(al):c—i—gb(ag) € Fg[l’]
Flt 1% Fpla] A fek— e I(2) = ¢(an—1)2" " + dlan—2)z" 2+ -+ d(a1)z + P(ao).
SIS RO B 1T R,

Definition 3.1.2. &¥& ¢ : F; — Fb, 4_ring isomorphism, ¥ &,

f(x)=apx™ + -+ a1z + ag € Filz],

i £
F(@) = plan)a™ + -+ + dlar)z + p(ao) € Falz].
i H K fO(x) TK%f VB 5Nt ¢ (T TR SN, 4 f(x)

S RTE f By, ST fO(a) g B By, AR A @ E]- B Fi[2] B Rlr] @
\Zl'yg;:,



3.1. Splitting Field 29

=

Lemma 3.1.3. &% F| fv Fy, £ isomorphic fields, ¢ : Fy — Fy & — isomorphism. &
£ O: Rz — B, #F#HEE f(x) € Fi[z] 4 o(f(z)) = (), & ® £ — 18 ring

isomorphism.

Proof. 7 £ % ® 4 - # ring isomorphism. ¥ f(z),g(x) € Fi[z], & T&, % * %#&
)

) + 026 = (F +.01(0), 471 BU(2) 5 0)) = M) + Dlgla)). 35 £, 5
¥ 0% induction XEM . FAF f(2) =ag € L1, 9(x) = bma™ + -+ + biw + by € Laa],
Al f(z) - g(z) = apbma™ + - - - + apbix + apby. #=++

O(f(x) - g(x))

¢(a0bm)$m + -+ Cf)(aobl)l' + ¢((I0b0)
= ¢(ao)p(bm)x™ + - + ¢(ao)(b1)z + d(ao)@(bo).

T - B(f(2))-B(g(x)) = Blao) - (D(bm)a™ + -+ b(by)z+b(by)), EE deg(f(x)) = 0
B 0 (f(x))- B(g(x)) = D(f(2)-g(x). RBRE deg(f(x) < n FEER g(x) = bpa™ 4+
hx+%6Lﬂﬂb¢<ﬂﬂ))¢@@» B(f(2)-g(@)). BF f(2) = ana”+ -+ a1z +ap,

]
VR f(r) B f(r) = + fi(z), £ 7 deg(fi(z)) <n. F&
f(@) - g(x) = anbma™™ + -+ 4 anbiz™ ! + anboa™ + fi(x) - g().

Flet 1% O idF 4o E 1 2 induction PR A

= B(apbpa™ ™+ -+ apbiz™ T + anbox™) + (f1(z) - g(x))

= B(an)P(bmn)a™ ™ -+ Ban)P(b1)x" T + $lan)p(bo)z" + @(fi() - g(x))
= ®(anz") - D(g(2)) + 2(f1(x)) - D(g(2))

= ®(anz" + fi(x)) - ©(g(x)) = (f(2)) - 2(g(x)).

7= d induction ¥ O(f(z)) - P(g(x)) = D(f(x) - g(x)).

d 3 ¢ [} — F, % isomorphism, #% if* 5= ¢ 0 inverse, ¢! : Fy — Fy % ¥ 3 ring
isomorphism. % g U : Fylz] — Fi[z], T& 5 HEZL g(x) = bpa™ +- - +bixz+by € Folz],
3 U(g() = L bm)a™ + -+ o7 b1)w + ¢ Hbo). xF P HRBEBHEL f(x) € Filz],

g(@) € Falz] ¥ F W(P(f(x))) = f(z) 2 (¥(g(x))) = g(x), 7=+ & £ 1-1 and onto, ¥
® & - 1 ring isomorphism. (I

- 4 ring RGP AP ArE Ry fr Ry A _rings, @ : Ry — Ry 4_ring homomorphism
2 I & Ry #hideal, Bl Ry/I v Ro/®(I) 5 + rings @ 5 isomorphic. #7142 i 5 12 7F 2
Ly
S

Corollary 3.1.4. 18 3% F| #v Fy, &£ isomorphic fields, ¢ : F| — Fy & — isomorphism H
p(x) € Fy[x]. 8] 7 4 — ring isomorphism 7 : Fy[x]/(p(z)) — Fa[z]/(p®(x)) %2 7(T) =7
BHEZE NS F, () = 6()).



30 3. Normal Extension ## Separable Extension

Proof. ¢ Lemma 3.1.3 & P4 & : Fi[z] — Fylz] ¥ - % ring isomorphism. ¥ Jg
: Bola] — Fy2]/(pP(x)) ® BHEL g(x) € Bofa], ¥ F 7(g(x)) = g(z) (modulo (p®(2))).
A i se 1 #_onto #ring homomorphism, #& 1o® : Fy[z] — Fy[x]/(p?(x)) - B onto iring
homomorphism. % f(z) € ker(mo®), T &(f(z)) = f(x) € (p?(z)), Pl t h(z) € Folz]
1 fox) =pP(x) h(z). @B SHNenthd® ¢l v 7 f(z) =px)-h¢ (z). ¥
b (@) € Fifa], &4 f(z) € (p(a)), B8 ker(mo®) = (p(z)). F1*41* ring & first
isomorphism ZIZ 4 7w o ® induces — # ring isomorphism 7 : Fi[z]/(p(z)) — F»|
B HE L f(2) € Filal, 1(f@) = 7o B(f(x)). * 515 & Tk mo(x) = n(z) =7 * #
ERLANER, mo®\) =7a(p(\) =d(\), =F 7(Z) =T EHEL Ne [, 7(\) =¢()\). O

=

B
~
—
s

=
8

=

AL FN BB RR D Fiz] — Fylz] 4 ring isomorphism, 2 fF p(z) € Fi[x]
%_irreducible polynomial, ] ®(p(z)) = p?(z) & Fylx] # 7 4 irreducible polynomial. ]
pLAI R T 2 R

Corollary 3.1.5. & 3% F| v Fy & isomorphic fields, ¢ : Fi — Fy & — isomorphism A
p(z) € Fi[z] £ Fi[z] # 49 irreducible polynomial. # o £ p(z) &9 — 18R, @ B Z p®(z)
49 — 1848, R 7 # — isomorphism p : Fi(a) — Fy(B) % & pla) =0 AHEZ N\ e F,
P = 6.

Proof. d ** p(x) #_ Fi[z] * ¢ irreducible polynomials, #' %33 % ring isomorphism

n: Fi(e) — Filz]/(p@) % Lnla) =7 12 HEL N € F, () =X * 43 pPz) L
Fy[x] # #rirreducible polynomials, # *4v3% & ring isomorphism 6 : F»(3) — Fy[z]/(p®(z))
BEOB) =7 N EHEIR (€, I0)=C( &F1* Corollary 3.14, ¥ & p=0"toTon:
Fi(a) — Fy(B). Bl p - & ring isomorphism, *

pla) =0 oron(a) =07 (1(z)) =07 (z) =8
TR ¥ER NEF,

O

& Corollary 3.1.5 ¢ | d 3t p F X & F W F| Plfe ¢ 5 b - 3dk (7 p|lp =¢). &
(IR TF“J*I.‘rLﬁ; ¢ : Fy — Fy &_extendible to p: Fi(a) — Fa(f).

B v Bl 4 & 45313 B splitting field v~ 2. Corollary 3.1.5 + &k + &3R:
FHEAPF BN, Tk - 2 extend * 4 o fields % § isomorphic. T - & iﬁ%i@ B
EE. @B LG M osplitting field &£ & LA, 112 A P RIFHF M splitting field

IR PR AL, 50 RA VLR A PERL S osplitting field
fundamental theorem (— 43 I & 4oyt fied ).

Theorem 3.1.6 (The Fundamental Theorem for Splitting Fields). & % Fy f= F, &
isomorphic fields, ¢ : F| — Fy & — isomorphism A f(z) € Fi[z]. & L & f(x) over Fy
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89 splitting field, B L'/Fy & — 18 field extension % 4% f®(x) splits over L', A 77 #£ — 18
— # — 49 ring homomorphism (&7 monomorphism) o : L — L' % & o|p, = ¢.

Proof. {1 * Corollary 3.1.5 # f* § ¥ r1 & = #8* simple extension #- ¢ extends I
L — L' 9 monomorphism. # iz 1k 0 argument 3£ 7% % 5 i ¥, ddFeh 2R L0
induction. d ** L &_ f(x) over Fy ¢ splitting field, 712 L/F &_finite extension. % i
,T* w4t ¥t [L: F1] = n % induction.

BR [L:F] =1 0@is L=F, %1t g=¢ %7, ¥ [L:FR]=n>1,pld
W LALF, %GR f(r) - BRaBEL ad F. RE p(r) € Filz] E a over F)
7 minimal polynomial, ¥ minimal polynomial e+ 5 4w p(z) | f(x) in Fiz] (%2~ &
# % ot & Lemma 10.1.1). e ¢ 8% & % 3 N enthdc® p®(2) | f9(z) in Fyla]. HF
f(x) splits over L/, & ¥ $ 3 3 € L' 5 p®(x) - B4, mA1* Corollary 3.1.5 i &
p: Fi(a) — Fy(f) 4_isomorphism ¥ /& & p|p, = ¢. MNP 4 - T induction (K
g, § AN G - field isomorphism p : Fi(a) — Fo(a). £ kd % F; C Fi(a) C L, &4
L % f(x) over Fy(a) 7 splitting field. £ 4+ ¢ extends to p ¥ f(x) € Fy[x], & 7 F
fP(z) = fo(x) € Falz] C Fy(B)[x] & L'/Fy(B) & field extension % & fP(x) splits over L.
5% [Fi(a): Fi) > 1, %% [L: Fi(«)] = [L: F]/[Fi(a) : Fi] <n. #7727 £ * induction
£hE3K 4073 fe— monomorphism o : L — L' % & 0|p o) = p. &9 3 F C Fi(a), #v

olp = (U’F1(o¢))’F1 =plm =9

iEE A T I, O

BB EILA & FH4e® ¥ U - B isomorphism F1E_& B extends ¥ * - B field. F
FLAR,eRTRLFER LA f(r) over [y ¢ splitting field. # &0 WE3K f(z) splits
over Fy (%1% % WK f(x) splits over Fy, {# & iethenifF 2 an [ 7 & & * U R &2 %
¢ extends to L). ¥ *t & AR A, ¥ 3 F &K f(x) € Fiz] 4 irreducible. #75 &F & &
f®(z) splits over L', @ % % & & L' &_f%(x) over Fy & splitting field. # &% L' k|4 £
f?(x) over Fy # splitting field, 78 & o fI*u € & - 1 isomorphism.

Corollary 3.1.7. &% F| #v Fy & isomorphic fields, ¢ : F| — Fy & — isomorphism £
f(x) € Fi[z]. # Ly #7 Ly 512 f(x) over Fy #= f%(x) over Fy &9 splitting fields, 877
# — 18 isomorphism o : Ly — Lo #% & o|p, = ¢

Proof. F] Lo &_f?(z) over I, ¢hisplitting field, #712 f?(x) splits over Lo, #c% * Theorem

316 % 0: L1 — Ly - B monomorphism "R E o|lp =¢. £ im(o) 7 o 7 image, B

@ [Ll : Fl] = [im(a) : FQ] < [Lg : FQ] ¥ - % #- Theorem 3.1.6 -EJi * AT (25_ By — P,
B 5’ [LQ : FQ] [Ll : Fl] é-ifg [Ll : Fl] = [Hn(a) : FQ} [LQ )]'} KPYL‘ 1m( ) = LQ,
## o 4- B isomorphism. O

FuEg FL=F=K~®* ¢ £ K  identity map (" Z & a € K ¥ 3 ¢(a) = a).
Al E R f(r) € Kla], ¢ * fo(z) = f(z) % & * Corollary 3.1.7 #v: ¥ Ly v Ly 382
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f(z) over K 1 splitting field, B %~ B isomorphism o : L; — Lo % ¥ ¥ T E a € K
* 3 o(a) = ¢la) =a. ~ J’I‘t{;fu o: Ly — Ly #- B K-isomorphism, 7 ¥ L; v Lo &_

isomorphic over K. S P ¥z B &% 8 T,

Proposition 3.1.8. % K & —18 field A f(z) € K|x]. 81#7 % f(x) over K 49 splitting

fields & isomorphic over K.

-4k F 0 L1 — Lo £~ 1 K-isomorphism, | o € # L, /K ¥ =& hintermediate
field F i | Ly/K 0 intermediate field, o(F). F 2 o ! : Fy — F ¢ # LQ/K £
intermediate field ¥ ¥| L;/K < intermediate field. ¥ - % & & 7 € Gal(L1/K), R %% »
%% ocortoo e Gal(Ly/K). FI A PF4I* o 2 - B Gal(L/K) I Gal(Lg/K)
group isomorphism. 3 % 2, % L; v Ly &_isomorphic over K B, L1/K {v Lo/K 9
intermediate fields 2 &3 — B - - ¥ &M %, @ ¥ v 0 Galois groups, Gal(L1/K)
fr Gal(Ly/K) #_isomorphic. F]* § # P & #£3¢ f(x) € K[z] over K 7 splitting field #
Galois group fr intermediate fields PR % F¥, Proposition 3.1.8 % 3734 # 7 7 & 4. &
T € F197iE o splitting filed 7 @ 33 = 3 G H.

3.2. Normal Extension

fiz— & ¢ AP & 45 normal extension. 2 € 7 f2 normal extension fr splitting field
B % & @ J e A PR Galois group.

% Proposition 2.1.3 ¥ 2 P irig F L = K(«) .- T finite simple extension, & if 3|
|Gal(L/K)| = [L : K] ,T*w» A& % o over K minimal polynomial eh#75 ef348 % & L
TR T 2 T K

Definition 3.2.1. B3k L/K % - # finite extension. % *73 & L ? h~ %) H over K

minimal polynomial ¥ splits over L, Rl L/K & - # normal extension.

BAR, - &hF P ALK L/K A normal extension, % 7 F p(z) £ Klz] ¢ 0
irreducible polynomial ¥ p(z) & L * 3 13, Bl p(z) & L » ¥ 2 2 A f&. B F PR
fet gt & - fheh Flo 2 g I K(x] ® 1 irreducible polynomlal p(z) F & L
¥ 3 - 12 a, P| a over K ¢ minimal polynomial f= p(z) # £ & % #ic® @ ¢ (%] 5 minimal
polynomial % & & &_monic polynomial), FI* 7 & § - BF = 24 fF ¥ - B+ ¥ =2 24
fE. A2 AT REFLFFF FEIT irreducible ik 300 L L/K & normal
extension % 7+ % f(z) € K[z] &= L 7 12, B] f(z) splitsover L. » F cnF &L 7 & L &
L¢3 ahdixie @i i L/K 4 normal extension # 7 *73 Klz] 7 irreducible
polynomial ¥ splits over K. @ 3\ i mkssa,j*ul € 7 T FE.

L % % - B field extension L/K #_% % normal extension, & T & 7 &% 475 L 0
AEF,FENTORELFAPREREF LS @T}L? LA

Theorem 3.2.2. K 3% L/K £ — 14 field extension. T 7| #t ik £ & 18 49.
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(1) L/K & —14 finite normal extension.
(2) L=K(a1,...,an) £ Fi& 2 a; over K 45 minimal polynomial & splits over L.
(3) ## f(x)e Klz] # 4 L £ f(x) over K &9 splitting field.

Proof. (1) = (2): f1* Proposition 1.3.4, ¢ L/K #_ finite extension K F i3 7
ai,...,anp € L ¥ a; % algebraic over K # ¥ L= K(ay,...,a,). B¥& pi(z) € K[z] £ o
over K 7 minimal polynomial, 4 L/K #_normal extension ml?)‘»‘%k s p;(x) splits over L.

(2) = (3): B® L=K(ay,...,a,) 8 ¥ & q; over K 9 minimal polynomial p;(x) ¥
splits over L. 4 f(z) = p1(x) - pu(z), 2 4 f(z) splits over L. P &P [ 7+
A_ f(x) over K 5 splitting field. 3k K C F C L, * F &_ f(x) over K 7 splitting field.
d gty ie{l,...,n},a FEF f(x) 49, F&F aq; € F. Fl¥ L=K(ay,...,a,) CF,
i L=F.

(3)=(1): ¥ f(z) € K[x] £ L &_ f(x) over K 1 splitting field, B| 2 7 12 B 3% KK
L=K(a,...,a,), B° ay,...,an € L 4 f(x) #77 42, 4 Proposition 1.3.4, &v L/K
A_ finite extension. # ¥ ' i & % L/ K &_normal extension. % a € L ¥ # over K 1
minimal polynomial 3 p(x), & P& FEMP p(z) *77 PRY & L °?. E5 § 3 p(x)

- B, d 3 p(z) & K[z] ? 0 irreducible polynomial ¥ «,3 % 243, AP ied - B
K-isomorphism ¢ : K(a) — K(3). 4 3% f(z ) Klz], &% f(z) € K(a)[z]. £4% 1 ¢ #
LK SRR, ANE [O0) = f@). Rew fo) S hE K] ¥ 5, A
K(a)(ay,...,an) £ f(z) over K(a) 1 splitting field. ¥ - = & # f9(z) = f(z) ¥ & =
K(B)[x ] 15350 AP ae K(B)(ay,. .., an) £ f2(x) over K(B) 1 splitting field. & *%
K(a)(al,...,am) = K(al,...,am)(a) =Lla) Mm% ac L, ¥ K(a)(ar,...,am) =L. ¥
- 2w AFF K(B)(a,...,am) = K(a1,...,an)(8) = L(B). £ AL hlg % £ 3
3 — B isomorphism, ¢ : K(a) — K(f) ™ % - % polynomial f(z) € K(a)[z], ¥ ** L fr
L(B) # =& f(x) §= f?(z) over K(a) §= K(B) & splitting fields. #702 & 3 % * Corollary
3.1.7 #73% &~ B isomorphism o : L — L(B) i% & 0|g@) = ¢. ¥ ** ¢ ¥ K e~ g HE,
A g s B K R F B 4 i“t“{;ﬁa o #_ K-isomorphism, 7 " [ 4= L(3) 4&_isomorphic
over K. 1* Lemma 1.2.2 & [L: K| = [L(8) : K|, #+d [L(B) : K] =[L(B) : L|[L : K] #
[L(B): L] =1. ~ ﬁ‘u‘i?fu LB)=L, "% el XPRERFTH plo) 9t ia L9

i]ﬁl 3% p(z) splits over L, #d ¥ & 4 L/K & - % normal extension. O

#% extension B % B e E: WK L/K & - B filed extension ¥ F & L/K
intermediate field. 78 L/K R & B FEFE L/F & F/K € %#. bl4cs L/K &
algebraic extension, 78 & L/F v F/K » &_algebraic extension. ¥ ¢t & Lemma 1.2.3 ¥
S 4w finite extension e F» € 4%, 78 A normal extension m']i*_%,‘rh TRy T

¥k,

Corollary 3.2.3. &% L/K & — 1@ finite extension B F & L/K #9 intermediate field.
# L/K & —18 normal extension, 8| L/F + & — 18 normal extension.
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Proof. ¢ Theorem 3.2.2 ((1) = (3)) & P4 & f(z) € K[z| # 7 L & f(z) over K 9
splitting field. * #12 K C F C L, # f(z) § = 4 over F ¢ polynomial, = L * & f(x)
over F' irisplitting field. #f §1* Theorem 3.2.2 ((3) = (1)) 2* & L/F i % — 1 normal

extension. 0

-

&1 & d Corollary 3.2.3 enif 2 A i ¥ 2 %% F/K &_normal extension. ¥ - = &
Corollary 3.2.3 ¥ i k= & I Fr, » iﬁ»{?’u? ¢ 4v L /F #_normal extension, + #& ;% 3
L/K #_normal extension. ¥ 1 ¥ # ¢ & L/F v F/K #_normal extension, ~ # = ##
L/K %_normal extension. ™ F ,T&L{— 2+
Example 3.2.4. (1) & 4 & 2° — 2 over Q 0 splitting field. £ w = (=1 4+ v/314)/2
51329 p 22-2 8 Creh3 BRAsSE V2 V2w i {202 FM
L=Q(V2, V2w, vV2uw?) = Q(V2,w) 5 23 —2 over Q ¢ splitting field. & 2 #® L/Q &
normal extension. % 4 F = Q(v/2), ¢ ** L = F(w) ™ & 2% — 2 over F 1 splitting field,
#t10 [/F % ®_normal extension. 2 @ +/2 € F over Q 1 minimal polynomial 5 2 — 2,
RE 23 -2 hk F¥FAR2A[R &iv F/Q & 7 % normal extension.

(2) #4 F =Q2), | F & 2% — 2 over Q ¢ splitting field, *714 F/Q €_ normal
extension. #* 4 L = F(v/2), Bl L & 22 —+/2 over F = Q(\/2) # splitting field, #712
L/F 4_normal extension. ¥ L/F {= F/Q 3% 4_normal extensions, # & L/Q & 7 i_
normal extension. =& _F1 i v2e L & 2* —2 #_ /2 over Q " minimal polynomial,
%L—Qﬁf%ﬂm%“"a$:W%ﬂm:fQﬂwmﬁPjn@mv%ﬁLﬂ.iﬁij

xt —2 & % splits over L, #712 L/Q # &_normal extension.

% L/K 4_- % finite extension ¥ Gal(L/K) ¥ 483t L 3| L ¢ K-isomorphisms. # #
A0 R - AapkmAipy B LT 5 o fields R, ¥ 2R K- B field 3] Y -
i# field 7 ring homomorphism, T 4_0 mapping syt s ¥ 5 1-1 (R < FAA
% #c# & Proposition 9.1.5), #7022 i 7 & 4 5 1-1 ¢ homomorphism.

Definition 3.2.5. ¥ LM, fv K ¥ % fields #? KCL*®* KCM. ¥ ¢:L— M
#_1-1 ring homomorphism * %73 ke K %5 ¢(k) =k, RIFfE ¢ - B L 3] M
K-monomorphism. % 7 2 {422 2 #-4r5 € L ¥| M ¢ K-monomorphisms *7= i1
& My (L, M) k% 7.

ANPERGEP - T A PGS L B M 9 K-monomorphism, $% ¢ ¥ ¥ g L C M
R, A& R FIE AP A Y K-monomorphism i (image) = L 75 M 7%, 2425 M
g A2 B inv 3 APIEE . BE TP ey ”L\T*u' £ K-monomorphism i e L
WE g - B c i field P od N - B I EDEEE TLG RR RS, AT
1‘@Liﬁiﬁﬁ§%@ﬁ?zb

% L/K #_finite normal extension P, T — B RILE 7N - B L Fl- B L < 0
field 7 K-monomorphism v 7 image — @& L 7 . » ,T&{FLLL T R4 R Gal(L/K)
fj»’wig'@ K
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Lemma 3.2.6. & 3% L/K & — 18 finite normal extension, B M & — 18 field # 2
LCM. #% ¢:L— M & —1 K-monomorphism, 8] ¢ £ L &7 K-automorphism. 7JF B
My (L, M) = Gal(L/K).

Proof. # £ A PHEPHEZL acL ¥F ¢la) e L. BK ac L ® p(z )GK[ ] &8 over
K ¢ minimal polynomial. & ** L/K {normal extension v p(zr) & = A fEOBK
px)=(x—a)(x—ag) - (x—ap), ¥ €L, 4% LCM, g~ ap(x) e Mlx] ¢ 9
A fE. ¥ - 34 ¢ 4 K-monomorphism, ¥ ¢(a) % & p(x) &= M ? di— B 4 ,T*u{;ru
x—¢(a) & M[x] ¢ % 7}5‘,? p(z). 4 * Mlx] £- B unique factorization domain (§]* M
A~ B field 12 & F A H * #ed & Theorem 7.2.14), 2 7 5 ¢(a) € {a,ao,...,an}. Flt
##E ¢(a) € L. &4 ¢ #_ L  K-automorphism.
o AFEEE o€ Mi(L, M), Bl ¢ € Gal(L/K), ,T‘{Ju My (L, M) C Gal(L/K)
d 3% LCM,% o€ Gal(L/K) % o #_ L ¥| L 9 K-monomorphism % X 1}4\[,
e K-monomorphism. F#* 5 Gal(L/K) C M (L, M), #=®& My (L, M) = Gal(L/K). O

F X - B finite normal extension &~ # polynomial 7 splitting field, 2% i # 1441 * The
Fundamental Theorem for Splitting Field (Theorem 3.1.6) ¥ 3| ™ ™ 5 B normal extension
8

Theorem 3.2.7. 183 L/K & — 14 finite normal extension, F' & L/K & — 18 intermediate
field B M & — 18 field %2 LC M. % 7:F — M £ —18 K-monomorphism, 8 # £
o€ Gal(L/K) % & olp =T.

Proof. #] L/K #_- i finite normal extension, ¥ ¥ & f(x) € K[z] @& & L #_ f(x) over
K i splitting field. ] K C F C L, %% % & f(x) € Flz], Bl L ™5 f(z) over F h
splitting field. * F15 7 #% K 2 & H 2, “701 fT(x) = f(z) £ f7(x) splits over M (%]
LCM). Flgo# 7 F - 7(F) i&— B 1somorph1sm % * 3] Theorem 3.1.6, 3% i* &5 &
o:L— M &~ # monomorphism # ## olp=7. * F|5 7 HET K v~ %, #7111 o &~

# K-monomorphism, F]#* 4 Lemma 3.2.6 * 0 € Gal(L/K). ## & T 3. O
% L/K # #_normal extension ¥, 3 ¥ it — B K-monomorphism § # L 1~ % ¥ 7|

Lovhshag. 2 @50 i Fl 3 image s W, F A4 50T 2 Wk,

Definition 3.2.8. 3% L/K & - # field extension ¥ N & - i field /% &

(1) LCN * N/K #_-  normal extension.

(2) # M & - % intermediate field of N/L ® M/K E_— i normal extension, B/
M = N.

PIF N 2 L/K - B normal closure.
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i ¥ k3 N 4 L/K cnormal closure %7 N £ 3 L crifield * #& % N/K #_normal
extension & -] &0 field. ¥ A 7, 4v% L/K © &_normal extension, 78 A& L » ¥ g R E_
L/K ¢ normal closure.

AR X € B normal closure (773 Rt R rE - (2

Proposition 3.2.9. # L/K £ —18 finite extension, £ L/K # normal closure s 77 ,
7 H & — 18 finite extension over K. % N #v N' ¥ %4 L/K # normal closure, 8] N

Fv N' £ isomorphic over K.

Proof. ] L/K #_ finite extension ¥ Proposition 1.3.4 % % ay,...,a, € L ¥ a; ¥
algebraic over K # ## L = K(ay,...,a,). % (x) Klx] % a; over K £ minimal
polynomial ® 4 f(z) =pi(z)---pp(x). % (:):) over L 9 splitting field, | N/K
%_ finite normal extension. A ¥ F %% N / H_¢ § L %] ¢ normal extension. &

LCMCN *® M/K #_normal extension. d ** a; € M, vxd M/K &_normal extension
# p;(x) splits over M, » F]¢* f(x) splits over M. 2 d > N 2 &_f(x) over K 7 splitting
field * M C N, %@ M=N.

ww e M E N A f(r) over K 7 splitting field, Al N & L/K 7 normal closure. ¥
T FRERY A ¥ ﬁk{;& % N E_L/K 1 normal closure, B] N &_ f(z) over K
e splitting field. &4 %1% % N 4 L/K 1 normal closure, ¥ ** q; e LC N * N/K &_
normal extension ¥ p;(x) splits over N, F]¢* f(x) splits over N, #1123 LC M CN, *
M E_ f(z) over K s splitting field, B|d Theorem 3.2.2 &+ M /K & - i normal extension,
fcd N E_ L/K ¢ normal closure 2 B # N = M.

BBK N o N $8 8 L/K < normal closure. @ % N f= N’ 38 & f(x) over K 0
splitting field, #= 4] * Proposition 3.1.8 %= N = N’ #_isomorphic over K. O

£ =% # L/K fnormal closure 3 7 v~ . § R 7 4ok N fo N/ "’VS{L/K £ normal
closure ¥ 3% ¢ 7z %I - 1 field, 78 A& {r splitting field cHfFa- &, 7 % N=N' (Z Rl ¢
$- B AN b B field P BT B B 0 S e F ).

%7 kAP ¥ 3 K-monomorphism 7 image. #3% L/K # - i finite extension,
¢:L— M 4~ % K-monomorphism, # ¢ L C M. d > M ¥ & ¢ s, Nipe
M GEH AN HH (SR F LR K ¢ 9 image). d WEXR LCM, * 4
- AT - MY Pl A M/K - % normal closure M/, 4% =~ & i M F] 5 v e
z L ® M'/K #_normal extension, ¥ normal closure shZ & M € ¢ 7 L/K O% B
normal closure (¥] = L/K ¢ normal closure #_¢ 3z L # -] {77 normal extension). | 7
A - BPEAPTER oDk 7 2B L/K ¢ normal closure.

Proposition 3.2.10. & % L/K £ — 18 finite extension H ¢ : L — M £ — 18 K-
monomorphism. 4w M &4 L/K &% 18 normal closure N, 8] ¢ &5 image € &% N,
B ¢: L — N.
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Proof. ¢ ** LCNC M, ® N/K & - i finite normal extension. #- L 4 % & N/K
- B intermediate field, 2 * Theorem 3.2.7, ¥v 3 & o € Gal(N/K) mE olp=¢. 8 %o
N 3 Nmﬂ.%, L P —O'|L - L 7 N ¥k, i A S 4

T FEFEF A BAR D L/K 0 normal closures P e 330 - B field. F]t &
Proposition 3.2.10 ¥ 7 N § &r&— ¢ 7> M ¢ L/K ¢ normal closure. F]p* 34 i 5 14
T 3 28

S-S

Corollary 3.2.11. & 3% L/K £ — 18 finite extension A M #Z —18¢é& & L 49 field. %o
R M &4 L/K 4% 18 normal closure N, R My (L, M) = Mg (L, N).

Proof. & ¢ € Mg (L,N), %51 ¢ - B L ¥ N 7 K-monomorphism, d ** N C M,
B ¢4 &~ L ¥ M ¢ K-monomorphism, * %‘u{?ﬁ- v e Mg(L,M). ¥- >
F ¢ € My(L, M), B| Proposition 3.2.10 £ 3 ¢ € My (L, N). w8 My (L, M) =
My (L, N). O

Corollary 3.2.11 2 37 P 5~ ¥ M 3¢ 7 L/K % B normal closure {s, *7
3 L 3] M 9 K-monomorphisms 7= 9% & My (L, M) ;‘j‘ﬁ.% gL B Ft AP R
TR E © R T L i EATF RO LR R0 R AE 2 FeARGE At L L/K
¢ normal closure. # i d ** 14 {5 F ll" ’éﬂ“ ¢ K-monomorphism PE &% ¢ & L/K 1
intermediate fields 2. R 3 k4% 2 | TR TEB NI AR kS AP e
BHREEHETLS N2 LCN = N/K 4_finite normal extension. izfk— k% & F H >
g irm 2 d Corollary 3.2.11 4 ¥ X 7 = % iz ¥ K-monomorphisms *7= 3§ & .

J%_ Proposition 2.3.3 # i fvif § L/K #_ finite extension P, *t3 L ¥| L 1 K-

monomorphisms ( Gal(L/K)) eni 8] >t 23 [L: K|. e M - B 7 L e field,
FRE-41% L 3] M ¢ K-monomorphism mllﬁﬁt‘ff [L:K] €7F AR GR? (AP A ad 304
EE o~ L ¥ M 1 K-monomorphisms 7 #7F ¥ & % *% L | L ¢ K-monomorphisms

i, TP EEE R BT g R E LK.

B A& 4F Gal(L/K) 4v [L: K] b tapFs ¥ 3%+ 12 * induction 7\){‘@1“1 * @
7R F) ; {Eff%“ L E'J L ¢ automorphism, * f‘tﬁ?[k R R AN PR R
- LIJI‘* { %7, MPAEEFEIT 2 Lemma.

;4

Lemma 3.2.12. &% L/K & — 18 finite extension, F & — 18 L/K &9 intermediate field
A N #Z—18 L 89 extension & N/K &£ finite normal extension. £ My (L,N),
Mp(L,N) F2 My (F,N) ZEZ finite sets A

M (L, N)| = [9p (L, N)| M (F, NI

Proof. # L1 # M3 KCFCLCN itk . d % N/K £ - % finite normal
extension * L #_ N/K ¢— i intermediate field, ] * Theorem 3.2.7 4v% - # L 3| N
7 K-monomorphism (¥ My (L, N) €0~ %) ¥ extends = & Gal(N/K) éh~F%, F]p
# My(L,N)| < |Gal(N/K)| < [N : K]. w5 Mg(L,N) £~ & finite set. 27 &
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My (F,N) » &_finite set. ¥ ?td *> K C F #r— B L 3 N ¢ F-monomorphism » & -
® L ] N ¢ K-monomorphism, 4 Mp(L, N) £ Mg (L, N) 7 subset, Fl#* Mp(L, N)
» H_ - 1 finite set.

Bk Mp(L,N) = {p1,....,ps} @ M(F,N) = {db1,....eh}, % pi : L - N &
F-monomorphism *® 1; : F — N & K-monomorphism. ¢ * N/K #_ - & finite nor-
mal extension ¥ F #_ N/K - i intermediate field, 1 * Theorem 3.2.7 % - & K-
monomorphism ¢; : ' — N $8¥ 11 extends = - # K-monomorphism ¢; : N — N (7
bilr =j). TR ¢jopi: L - N, AP &%FET £ - B K-monomorphism. ¥ § 4
* K CF ¥ p; & F-monomorphism, #f ™ p; % 2+ % K-monomorphism, £ 4t t ¢; &_
K-monomorphism, FI* iz v ke K ¥ F ¢j0pi(k) = ¢i(pi(k)) = ¢j(k) = k. #=irdt
ERie{l,...,s} 1% je{l,... ,t}, ¢jop; $*E L ¥| N ¢ K-monomorphism.

FEFAPLEP HEIL K-monomorphism o : L — N, %7 1453 i€ {1,...,s} ™
2 je{l,...;t} % og=¢jop;. 4% olp: F - N EZ- B K—monomorphism, Sl
* My (F, N) 4 %% F 3| N ¢ K-monomorphism #7= éhf &3 & je {1,...,t} & 7
Yy =olr RAB ¢ oo Lo N, 4 HHEL ACE, EF o(A) = () = 650 (4

J
T gjlr = ¢y). AT ¢' oo(A) = A ¢'100 - L 3| N e F—monomorphism
A EJJIF(L N) #47% L 3| N F monomorphlsm ek e e {l,..., s}

e #® pl—qﬁ oo. ¥% L 0=0¢;0p;.

e B ME(L,N)={gjopili=1,...,s & j=1,...,t}. B&RF Mg(L,N)| =

= |Mp(L, N)|| Mg (F,N)|, & 87 %% EJ“ pjopi ¥ #Bﬁ '%%{?’Lif*‘g%?ﬁi F
i€ {1l s}, g €1, 4} 2 diopi=dyops, Bli=i 2 j=j. $Ed AeF,
d 3t p;, py & F-monomorphisms, #¢ i ¥

¢jopi(A) = ¢j(A) and  @j o py(A) =gy (A).
7 gbjopi:gbj/opi/ MERTHEL Ne F Px—fsb’ﬁ d)j()\):gbj/()\). #T 2
Y = djlr = djrlr =1y,
i j=g % Fl v gy =y £ 94 ¢y =y ME Qjop = dyopy T
= ¢ o (pjop) =" oy opi) = pu,

wEHE =1 O
%7 KA P F 2 * induction ® &JIZ monomorphism 1B #icfe extension degree ek .

Proposition 3.2.13. %% L/K & —18 finite extension B N & — 8 L 69 extension i#%
& N/K & finite normal extension. 8| | Mg (L, N)| <[L: K].

Proof. # 7% [L: K] i¥ induction # M : BK [L:K|=1, % L=K, $*F*3 LI N
¢ K-monomorphism ¥ § e L &L ¥| L oidentity, “77 ¥ 3 - B. K $¥7F extension
degree | ** n ¢ field extension $¥= = . RA g [L: K] =n> 13, E8 ac L
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T adgdK. £ F=Ka), *FAFF [F: K| >1#&4% [L:F]<n. B& p) e K|z
4_ « over K ¢ minimal polynomial. ¢ ** F = K(a) ¥~ # simple extension over K,
% - i K-monomorphism ¢ : F — N ¥ d () WB~ErE- fEE. * i (o) € N &
S pla) & N - B, i p(e) & N G0 gl 2 deg(ple) = [F : K]
Mr(F,N)| <[F:K]. ¥-*ad*» KCFCLCN ® N/K #-  normal extension,
#rra 4% Corollary 3.2.3 ¥+ N/F i% % finite normal extension. FJ¢* 2 PR 5 — & finite
extension L/F ¥ N & - i L ¢ extension /% & N/F #_finite normal extension. * %] &
[L:F]<n#%™* induction sHEX % [Mp(L,N)| < [L: F]. Fl&* ¢ Lemma 3.2.12 4

Mg (L, N)| = |9Mp(L, N)| M (F,N)| < [L: FI[F: K] = [L: K].

O

B 6 24155 34 Proposition 3.2.13 #4 & 2 @ $]#13 L | N 9 K-monomorphisms i
HWEN LK) i & hFEAP ALY g F=K(ao) 3 N 9 K-monomorphism F¥, 82X «
over K 7 minimal polynomial p(z) & N ¥ ¥ = >4 f# (¥] N/K #_normal extension),
FiEd T p(x) Faed BT, 0 op(x) BN P B EY T o 03 deg(p(x)) = [F: K.
Flpt #r 3 F ¥| N ¢ K-monomorphisms # B #civ 5 ¥ i > [F: K], $#RE2 1
induction # # #t% L 3| N ¢ K-monomorphisms # # % ** [L: K]. I%"“ # lf’“ﬁ* L H_& fF 3t
separable extension 1% & 14§ B4 2 i e T B R,

3.3. Separable Polynomial

fi # k3. - B separable polynomial ¥~ B3 £ 530, d 2R - B FNF 2
FERZHI- B EIAN LR T hie- &0 APALGE aup Y - 8§ N8 R
MIEE, £ 45313 B separable polynomial ZElE

Bk K 4- B field, B] K[z] i&- ® polynomial ring ¥~ % principle ideal domain (%
L% B A H N gt & Theorem 7.2.6), F1t » &_— % unique factorization domain (%% = %
A # N Bt & Theorem 7.2.14). f§ H & ‘;ru,j‘*u{# - B Klz] ¥ a2t #c § 58 5% jF""F_’ E
- & irreducible polynomials 73k 4. # unique factorization domain » = & ;b'% e ged
(greatest common divisor) #_F &, ¥ F KR f(x),g9(x) € K[z] & f(z) fr g(x) F
) P ER I

f(z) = cpi(@)™ - pp(x)™ and  g(z) = 'pr(2)™ - pr(a)™,

HY ¢d e K ¥ pi(x) & K[z] ¥ 7 irreducible polynomial. % 4 d; = min{m;,n;} Rl
pr(@)® -y (@) A (o) 17 gla) S god. F - B4 TR EE god 4 LY R
5. FF 1 Klz] - % principle ideal domain, ¥4 4p %5 2 7 2§22 945 5] ideal
generator. 4 AR f(z) 1+ g(z) 9 ged $L (f(x),g(a) & # ideal (¥ f(z) f g(o) &
4 fhideal) 7 generator. Fl#t d(z) & f(x) fr g(z) Frged F 2 *EF (d(z)) = (f(x),g(x)).
i e m(x),n(z) € Kz] @ ® d(z) =m(x)f(z) + n(x)g(x). ¢ 3 B 755585 ged &
PEFE- ) ¢ LBV ESE (FLXEAFAEEAELemma 8.1.6), FP 50 3 TAL, A
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AN E RP ged - & monic (TE B KIE RBE 1), Aot - 3 ﬁ} A
f(@) f= g(z) 2 ged * ged(f(z),g(x)) %7 . #F=% ged(f (fﬂ),g(l‘)) L p, AR f(x)
fe g(z) .3 F (relatively prime).

B® L/K - B field extension ¥ f(z),g(x) € K[z]. $* FFRFF 1208 f(z) fr g(x)

A Lx] ¢ e~k KSR e fRchdk R kg & Klz] ? A\ﬁiﬂfr" L[x] LEPAS F R I
B w2k f(r) & Klz] ¢ F 7 st A irreducible polynomial & & L JI*Z A Fpe RN
g RALE f(z) I g(z) & -’L']"f”gcdf‘" [»”U]"?ﬁgcdgzﬂ%“i?ﬁ v iR
g, 3 d 4o BR f(z) frog(z) & Kz] fr & L{z] ?ﬁgcd A u G dig(x) fo dp(x). @ %
K[z] € Llz], #7 dg(z) € L[] £ & L[z] @ E*F f(x) 12 9( ). Flet i dp(x) L f(x) fe
g(x) & Llz] 7 ged #v dg(2) & Llz] * B dp(z) -F“ wod 205 & m(z),n(z) € Klz]
& Lom(z) f(x ) ( ) (¥) =dg(x), » dp(x) & Lfz] * fmf f(@) 112 g(x), FIH** dp(z)
& Llz] ¥ % # g L] @ dp(z) | di(z) 2 di(2) [di(e), “T 41" dg(z)
fedr(x) ‘Fﬂimomc polynomlals mllésétff'd;((a:) dL(x) Flpt i AP ged(f(x), g(x))
i R HLR A L f(2) frog(z) & K[2] ¢ EL[ ] ¥ —mgcd-
totm A, RIF f(z) frg(e) &2 K] » £33 B Ljz] » F34 2 7 2

3
B, FtF R %E f(x) frogla) £.F 3 FRF, AP ¥ 00 g4 + 0 extension L/K i
f@) e g(z) & L2 7otz 2afi gk ge i 3 218 f(z) fo g(e) L33 0.

Lemma 3.3.1. &% L/K & — 18 field extension, f(x),g(x) € K[z] A f(zx) #= g(z) split
over L. A ged(f(x),g(z)) =1 % A&% f(z) F= g(z) & L ¥R A 18 F44R.

Proof. &} & it @ AP e ¥ 0 # f(x) fr g(z) 4 &+ Llz] ¥ 9 polynomials.
Bk ged(f(x),9(x) =1, 27 % & m(x),n(x) € Llz] & # m(z)f(z) +n(x)g(r) = 1.
a€Ll A f(x)frg(x) = L ° 4pk i BIH#-a & > F 1 =m(a)f(a) +n(a)g(a) =0.

™ 5 é-tfr' f(.x) ’fr’ g(w) &L " '};‘7»4 Ap e g,

Y- 26, BRf(r)frge) & L*RFAARSR. F A4 f(2) frg(e) & L ¢ » 4

%A R

+
i@

flz)=alzr—a1) - (r—am) and g(x)=0bx —b1) - (x — by).

d 23— = 8 58— €A _irreducible, T * - A FREF LR {aq, ... am 0{b1, ..., by} =0
B, @A f(z) fr g(x) 2.3 F e, O

% K& £ 31 separable polynomial s

Definition 3.3.2. Bk K - B field, f(z) € K[z] £ L #_ f(z) over K ¢ splitting field.
4%k f(z) 2 L ¢ 24, AIHE f(z) £- B separable polynomial.

£ 3 R B f(r) over K ¢ splitting field I % v~ | 7 i d ** splitting fields 2 B 4_
K-isomorphic (Proposition 3.1.8) #714 f(x) % 7 & 134 splitting field 4% B~ & B . & H 7]
%% Ly fv Ly ¥ % f(x) over K s splitting field, R % &~ ® K-isomorphism ¢ : L1 — Lo.
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kh
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N~—
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8
N~—
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8
|
)
=

(x—an), Bl f(z) & Lofz] ¥ » fi& =
f(x) = f2(x) = ¢p(a)(x — p(a1)) -+ (xz — P(ayn)). & ** ¢ £ 1-1, ¥ # f(z) & L1 » 2 E£12

B X% — B i;ﬁ;\l*‘}, RFEA, A RARAE R A kAT, 4 :T‘P{—&r'% f(x) 4
) ’ﬁ rﬁ—maé Ao N E R A U A B
EAR P A | AT R AR, TP A PR P W N
e ;%@w BAL AT m/%@“’" PES ﬁ?fru SR E M T X RE AR R A
JﬁJf'{' 7 - b field RS, T Ei& biF iz - B, @ & Lemma 3.3.5 #F A
- 3 .

f’(

b

=

o

o
Ji

“.l

Definition 3.3.3. % K - ® field * f(2) = apa™+ - +agz? + a1x +ag € K[x]. #
s flx) A 5 fl(x) =napa™ 4 -+ 2002 + ay.

SRR A L, B ¢ A P ER RS, kAR
flx) 5. REEAPERTE f’( ) R, AT RRE (R ) il s TR 7
- A NP PSR SR A AR LT A P2 R (addition rule) frak iz R IZ

(product rule) £ % = * .
Lemma 3.3.4. &% K £ — 1 field & f(z),9(x) € K[z]. &/
(f+9)(@) =f(z)+g'(x) and (f 9)(z)=f(2) g(z)+ f(z) g (2).

Proof. B f(z) =apz" + -+ a1z +ap £ g(x) =bpax™ +---+ar1x+ap (f(z) fr g(z)
F- FAHAPR, FEAPAALTET PR A AN RR RS AR Gl 0 AT ),

T (f+9)(@) = (an +bp)z" + -+ (a1 + bi)x + (ag + bp). 7 & L&A
(f+9)(x) = nlan+by)z" 4+ (a; + by)
= (na,a" '+ +a1) + (b

= fl(@)+g'(x).

+ -4 bp)

2 % product rule 24 ¥ 12 ¥ induction kJZL. % E g(x) = bpa™ +- - +biw+bo, 2 H
deg(f(x)) = n ¥ induction, P HE X f(x) € K[z], (f-9)'(z) = f(x) - g(z)+ f(2)- ¢ (z).
3 deg(f(x)) =0, f(z) =a €K, & (f g)(x) = abpz™ + -+ abjz + aby. ¢ **
fl( ) ’ rﬂ LL ,5,

(f - 9)'(x) = mabya™ " + -+ aby = a(mbpa™ ™" + -+ by) = f(2) - g(x) + f(2) - ¢ ().

B F deg(f(2)) <n B, (f-9)(2) = f'(2)-g(2)+f(2)-¢'(z). % deg(f(x)) = n, RI#f(z)
B f(z) = ana™ + fi(z), £ 7 deg(fi(z)) <n. &G (f-9)(x) = (anz" - g(z)) + (f1-9)(2).
B apa - g(x) F B BA T

n—1

(anxn : g($))/ = nanx g(l’) +apx" - g/(l‘)'



42 3. Normal Extension §= Separable Extension

~ #1: deg(fi(x)) <n 41" induction i3k 4w

(fi-9)(x) = fi(z) - g(z) + fi(z) - ¢'(2).

Flpt £ * e © #F {7 o0 addition rule, i 3

(f-9)(x) = (anz"-g(x)) + (fi-9)(2)
= napa" !t g(x) + apa” - ¢'(x) + fi(2) - g(x) + fi(z) - ¢ (2)
= (nane™ "+ fi(@)) - g(x) + (anz" + f1(2)) - ¢ (x)
= f'(z)-g(x) + f(z) - g'(2).

F #X product rule = * 2 II’",TJL'P’ 241 % product rule 7 3|2 3 E cnX| g B § E 5N
{?. FERT R SRR A v L RO o2

Lemma 3.3.5. &% K £ — 1 field A f(x) € K[z|. R f(z) & —18 separable polynomial
#ARF ged(f(@), f(2) =1

Proof. 3 L/K & - 1 extension # 8 f(x) v f/(x) % split over L. §1* Lemma 3.3.1
AR RAF f(o) fr fl(x) = L7 5 F APk,

B flz) = fie) & L 2 3kl o (7 ged(f(2), f(2) # 1), %7 & Lzl
vof(x) = (x—a) glx) 27 g(x) € L[z]. FfI* product rule (Lemma 3.3.4) ¥
fx) =g(@) +(z—a)-¢'(z). £d ¥ flla) =0, # » & g(a) =0, » L z—a & L] ¥
s FEE g(r). w8 o Z f(x) - BEA. FI f(x) * & separable polynomial.

F 2 4e% f(x) * & separable polynomial, % 7% % & o € L ™% h(z) € L[z] #
# flx) = (x—a)® - hx). F1i (2 —a)® =22 — 20z +a?, £ x41* product rule #

fl(z) =2z —a) hz)+ (z—a)? W(x). Flw ax 5 fllo) & L H- B2, Ftd
Lemma 3.3.1 v ged(f(x), f'(z)) # 1. O

W om il ’éﬁ%ﬁi*ﬁ’lﬁil}tf’}%‘r h— denfield ¥ 4 - T E $He b4 f’() 0%
Do f(r) Lo BFERd - KA FRI ARG AT LB,

Lemma 3.3.6. 3% K £ — 1 field A f(x) € K|x].
(1) 1 3% K & — 18 characteristic % 0 89 field. 8] f'(x) =0 % A&% f(x)=
— 18 % #.
(2) & K & — 18 characteristic & p 49 field. A f'(z) =0 # H &% 77 4& —
9(z) € Klz] €47 f(z) = g(aP).
Proof. 5w f—- T - & field K 7 characteristic ¥ 7 @ f&f2: § characteristic = 0
FiT,FacK?® a0, PIHEL L EHn na's? 5 0;a characteristic 3 p FF 4
T, HEZZ ae K, pa ¥ % 0.
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(1) B3¥k K 1 characteristic # 0 ® f(z) = apa™ + -+ a1z +ap. Bl f'(z) =
napz™ 4 - +a;. % f(z) =0 (n—1Dap-1,-..,a1 & % 0. 4 K e
characteristic 3 0 PEEF ap,...,a1 & 5 0. ¥ f(r) =ap #- B ¥ #]. F 2 4ok
fl@)=c®E- B ¥ p R THT f(2)=

(2) B3k K i characteristic # p £ f(x) =apa™+---+a1x+ag, £ ¢ a, #0. RIE>*
i€ {l,...,n}, fl(x) é5F - B 2L Feniilich da;. FIE f(2) =02 a; #0, RId ia; =0
pli.o» )j*un—\pfu PR di=pt, B¢t F2f B f(o) ot Eeantiicd T h 5 0.
FuFlEX a, #0, b'L'r.'"/-%'\—"n:pm. FletF 4 by =ap £ g(x) =bpa™ +- -+ bix+by, A

Za @ = bi(a?) = g(aP).
t=0

F 2, % g(x) =bpa™+--+bix+b € Klz] 2 f(z) =g(aP), Bl f(z)=>1"ob(aP)! =
Sy bt 18

n
% 7 nap,

3y

f/(.'lf) = Z(pt)btmptil = Zp(tbt)xptil = 0
t=1 t=1
O

BT - g AP R Mo E - B irreducible polynomial €% 5 separable polynomial.
AT A PR L g - T Lemma 3.3.5 # % & f(x) A irreducible FF i3

Proposition 3.3.7. & K & — 18 field A f(x) € Klz] £ Klz] ¥ 49 irreducible

polynomial.

(1) #x & — 18 characteristic & 0 89 field. A f(x) — & & — 18 separable

polynomzal.

(2) 3% K & — 18 characteristic & p &9 field. A f(x) &£ separable polynomial
#HBogEfFE—M gx) € Klz] ## f(zx) = g(aP).

Proof. ¢ **— i polynomial 3+ — 2L 0 ¥ #ci 7 AL 21 ch B, #7103V i B iR
(z) € K[z] - T monic irreducible polynomial. ¥ d(z) = ged(f(x), f'(x)), ¢ ** d(x)
(m) e7— B monic 7%]3%, @ f(z) 4 irreducible # monic HFIFF EF 1 e f(x) » £
i d(r) =1 d(x) = f(z). F=ELEL, 4ok fl(z) #£0, I deg(f( )) < deg(f(x)),
PR f(x) AV ACEE f(). Bl fi(x) #0, A ged(f(2), fl(@) 2 7w f(z), =@
ged(f(z), f'(z)) = 1.

(1) B3k K &~ i characteristic = 0 shfield. F15 f(z) &_irreducible, & deg(f(x)) > 1,
Flot 4 Lemma 3.3.6 v f/(z) 2 ¥ i 5 0. & F o a3 ged(f(2), f(z) =1, Flet d
Lemma 3.3.5 ¥ % f(z) .- B separable polynomial.

(2) B3k K #_- B characteristic # p 7 field. & f(z) # {separable polynomial,
Ald Lemma 3.3.5 ¥ ged(f(z), f'(z)) # 1. #d 3 & 313 5 f’ =0~ ﬂ} L H T B
- B g(x) € K[z] 8 f(x) = g(zP) (Lemma 3.3.6). ¥ 2 % 7 t— l[? g(z) € Klz] # %

[
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F(@) = gla), B /(@) = 0. %8 ged(F(a), f/(w)) = f(@) £ 1. F& £ 4 Lemma 335 @
F f(x) * &_separable polynomial. O

3.4. Separable Extension

fip- & ¢ AP ALY - B £ & 9 extension, separable extension. F k34 € 3 IR
i & Nfd 9 extension ‘,5’5 #_separable extension, X5 2% i € & - % 3434 separable
extension & & 4 F.

Eamog APREF L= K(o) 4 K 0 finite simple extension ¥, % « 7 minimal
polynomial 2 F & 3 pF, 2 i fr"‘u? md 2 minimal polynomial degree /&2 § *rig 5 M L

K-monomorphisms e #c. #7008 F 0T 2 2.

Definition 3.4.1. #&3% L/K #_- 1 finite extension. % a € L ¥ a over K ¢ minimal
polynomial #_separable polynomial, ?|# a ¥ - # separable element over K. 4r% L ¥

T3 ~*% % & separable element over K, R|f L/K & - & separable extension.

EAIREH- B~F A FE A~ B separable element, 7% P E_over 8- B field. 3

Vi K CF 3, a %~ B separable element over F' 2 7 §_separable over K. 7# i
F i K4r%k © i g & - B separable element over K 78 q — T_4_— B separable element
over F. 28 F| 5 4c% mg(x) € Klz] v mp(z) € Flz] # % 5 a over K 7 minimal
polynomial §= a over F' {7 minimal polynomial, | mp(x) & Flz] ¢ % fg‘,f mpg(x). Fl
ok omy(x) X3 £, 5 B omp(x) 2 F g3 £

% L/K #_- & finite extension, # o $£3E F fAbfw — & L/K 2 52 F & intermediate
fields 2. B %45 . ¥ % } separable extension = algebraic extension — #% #_§ 4% F-3F i,

Lemma 3.4.2. 83% L/K & — 18 finite separable extension B F & L/K #&j intermediate
field. 8] L/F #2 F/K ZF& separable extension.

Proof. E3 g€ F,d *t ae€ L ¥ L/K &_separable extension, ¥ % a #_- i separable
element over K. Flytd % &% 4 F/K #_separable extension. ¥ *t @B g L, d ** K CF
* a ¥ - B separable element over K, ¢ % & 34 #% v a » & - i separable element over
F. F]pt & L/F » # - 1 separable extension. O

TR AP G oEhe® L/F v F/K ¥% 4 separable extension | L/K » ¢ & -
i separable extension (£ — =t % 3% normal extension fT&L;}Z*ﬁ TR,

L h L/K &% % separable extension, & T &Z#FH & L ¢ 75 ~% 4% & separable
element over K. A" f AR F X 5 - BE R R b RF 5k h i (fI‘ i§7 % % “ normal
extension). 14 & %37 f2 { 5 separable extension ffE F 2 {5, F i € 3 RAr normal
extension (Theorem 3.2.2) -~ kX & & 5 'L 5 B ;u-,%fj.%’v’ M AEEF AP RS

Ak RATRE 0 field extension i 4_separable extension.
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Proposition 3.4.3. &% K £ — 18 field. A #& XX T d A X Z T 69 finite extension #f

& separable extension.
(1) % K 89 characteristic & 0 BF;
(2) & K & finite field #F.

Proof. (1) % K ¢ characteristic £ 0 P, ¢ Proposition 3.3.7 & i &r#r3 Klz] ¢ 0
irreducible polynomial % % separable polynomial. % L/K #_ finite extension, %] % £ &,
a € L over K 1 minimal polynomial $%£_ K[z] # ¢ irreducible polynomial, ## a ¥ &

separable element over K. % L/K &_separable extension.

(2) % K A finite field P¥, 7 £ 745 ¥ - T finite field R F. APy K o0
characteristic % & - H#icp ($# L~ £ AH A Zlemma 9.2.3) * K ¢ ~ % B#cw
Pt B n e N (%8 8 A#H L ##E Theorem 10.4.1). 4 »* K\ {0} £F p"—1 B =
" k22T § - B group, F1# f1* Lagrange Theorem # Pt T8 ac K * a#0
th "= A ERY 0, TK?ERAAE a Bl o =a FNEL b=a"
E‘J W= (""" VP=a"=a #7T2 HEL acK, ¥+ H50beK #®@ P =aqa ¥etd
K ¢ characteristic = p, § a,b€ K 375 (a+b)P =aP + 0P (%L~ F A#H Sl &
Lemma 9.2.5). FI#* % f(z) =Y qaix’, Bl f(z)P =Y 0 jala™ (40« 5 A # S e &
Lemma 9.2.6).

ulw
g

£
4

BBEFX L/K # - B finite extension, ¥ B3X ¥ & a € L % - # separable element
over K. # % 2, % a over K 7 minimal polynomial & f(x), B f(z) € K[z] * - &
separable polynomial. F]#*d Proposition 3.3.7 (2) & 5% & g(z) = Y0, ez’ € K|x]
1 flr)=g(P). d wmadmw, 2L te{0,1,...om} ¥rbecKi?# b =a.

Flt

fla) = g(@?) = a(a?)' =) W) = () ba').
t=0 t=0 t=0

BT e F M) = Slohet € Klal M J@) = M. B f@) & Kl ¢ L
irreducible polynomial A a, Flet L ¢ # B A% % 5 separable element over K. # 3

L/K %_separable extension. O

d S AP A s 23 Q 9 finite extension £ #_finite field £ finite extension,
AP FRT 0L B %30 A separable extension. 82 X PI“OPOSltIOH 343 Bl amE T AP Y R
extension, € ¥ 2§ il F 5 ). &£ T KA PGB HE 5S4 5 - B finite extension & 3 &

separable extension =]+

Example 3.4.4. £ Fy % - B % 5 = =~ 4% <7 finite field, @ &_ transcendental over Fy
r 4 K =Fya). B1Z K A7 1 finite field & £ 2 characteristic 7 3 2. ¥ g
> —a € Klz], m 4 L=K(B) 4 22— aover K ¢ splitting field, £ * 3 % & 3% = q.
PARZ ¢ K. w4 %: ?ﬁGKr"’%\’? ’é_f(x),g()EIFQ[]—,—\ g(z) #0 #
® 8= f@)/gla). #3F 2, f(@)/ga)’ =a. E§EF a i f2)’ -z g(r)* € Fofa]
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- 13, fv o 4 transcendental over Fo 484 4. #c4v 22 —a & Klz] ¥ 1 irreducible
polynomial. * #1% 4 h(z) =z —a, Bl 22 —a = h(z?), %4 Proposition 3.3.7 #* 22 —a %
4_separable polynomial. F|#* 3 # & - i separable element over K, :&@ ¥ % L = K(f3)

7 & - i# separable extension over K.

L R BLHEE B 0 42 B |- 4K characteristic p 5] .
BT ok irei.*‘ui’c—ﬁ F % 4”& 1 % separable extension #3 & éhf F. g+ &£ M separable
extension & & & i F

Theorem 3.4.5. &% L/K & — 18 finite extension A N Z — 18 L #j extension /&
& N/K & finite normal extension. R| L/K & — 18 separable extension # H £ #
My (L, N)| = [L - K.

Proof. 7 424 * £ 02 Proposition 3.2.13 7& P * # ¥t [L : K] i induction, #F % L/K
#_— 1 finite separable extension * N & - L ¢ extension /% & N/K #_finite normal
extension, B My (L,N)|=[L:K|. % [L:K]=1p8F, Fli L ¥ N ¢ K-monomorphism
F 3 identity, T p A= 2. B ¥¥TF  extension degree /| 3t n £ separable extensions
vz, RYRE [L:K]l=n>1a3), @8 el it ad K. £ F=K(a),
PG [F: K] >1 &~ [L:F]<n B& pk) € Klz] & a over K 7 minimal
polynomial. ¥ ** o€ L ® L/K &_separable extension, *7™ « &#_— i separable element
over K, » %}u{;ﬁ‘ p(z) #_— 1 separable polynomial. X% N/K #_normal extension,
mople) B NP2 B4t pa)dd £, &« plo) & N ¢? R B s >
deg(p(x)) = [F : K]. F1* 1 * 7% K(a) ¥| N 7 K-monomorphisms i # % ** p(z) &
N ? Renp ik, @ Mg(F,N)|=[F:K]. ¥-*a %5 [L:F]<n, NF &_normal
extension (Corollary 3.2.3) ¥ L/F #_separable extension (Lemma 3.4.2), ¥ % * induction
SRR A Mp(L,N)| = [L: F]. F]1#*§1* Lemma 3.2.12 ¥ &

My (L, N)| = |9Mp(L, N)| Mg (F,N)| = [L: FI[F: K] = [L: K].

F 2 4v% L/K 7 #_separable extension, 4 &5 & € L * 4_separable element
over K. # % 2., % [ over K ¢ minimal polynomial = h(z), Bl h(z) & N ¢ 3 £43. 7]
BEL F=Kp) R Mg(F,N)| < deg(h(x)) =[F: K|]. ¥ - * & d Proposition 3.2.13
A Mp(L,N)| <[L:F]. %% * Lemma 3.2.12 ¥

My (L, N)| = |Mp(L, N)| My (F,N)| < [L: FJ[F : K] = [L: K].

#1* Theorem 3.4.5 AP ¥ 1w ¥ § 4734 | Lemma 3.4.2 0k w 5 @4 F 0

Proposition 3.4.6. #% L/K &£ — 14 finite extension A F #& L/K #j intermediate
field. B L/K #Z separable extension # A "¢z L/F #2 F/K #8#% separable extension.
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Proof. % Lemma 3.4.2 # # < 3% {# % L/K 4_separable extension ?] L/F = F//K %%

4_separable extension.

I¥»¥-2wn w44 N5 L/K “normal closure. 247 ¥ N &_L -  extension ¥
N/K v % N/F &_finite normal extensions. |t % L/F fr F/K &_separable extensions,
A141%* Theorem 3.4.5 #= |Mp(L,N)|=[L: F] 2 |Mg(F,N)|=[F:K]. #%4]* Lemma
3.2.12 @3] [Mu(L,N)| = [L: F[F : K] = [L: K]. F3* & %41* Theorem 3.4.5 # 4=
L/K %_separable extension. O

B8 2P Bl - B 2] %] separable extension eH4F 2 X

Theorem 3.4.7. & 3% L/K & — 18 field extension. T 3| # i & & 18 49.

(1) L/K & finite separable extension.
(2) L=K(a1,...,am), £ F a1,...,an &% algebraic B separable element over K.

Proof. (1) = (2) ¢ * L/K &_finite extension, ¥ Proposition 1.3.4 4v7% & ay,...,a, 2
algebraic over K # ## L = K(a1,...,an). * %1% L/K &_separable extension, *73 L *

€17 % 35 & separable element over K, ¥ #v a; ¥ & separable element over K.

(2) = (1) 1% ay,...,a;m % 5 algebraic over K, #7111 L = K(aq,...,a,) 4_ finite
extension over K. # ¥ [L : K| ¥ induction. #3K [L: K| =1, »*F L = K *f
" L/K % X 4 separable extension. 3k ¥ #7F degree -] 3% n 7 extension ¥ =
RE L:Kl=n>1 tktrtadlaggKk 3%-SHEAPER a ¢ K.
F = K(a), Pld * [F: K] >1, #2F3 [L:F] <n %% a % separable

element over K, 714 a; over K 1 minimal polynomial p(z) % separable polynomial. %

SR

£ N % L/K # normal closure, #* ¥ #t3 F ¥| N ¢ K-monomorphisms 7 # %
** deg(p(x)) = [F : K|. Fl¢*d Theorem 3.4.5 % F/K #_ finite separable extension.
¥-2ad* L=K(a,az,...,am) = K(a1)(ag,...,an) = F(ag,...,an) £ ag,...,an
% » separable element over K, § X~ #% A separable element over F' (¥]15 K C F),
#=d [L:F] <n %* induction Pk v L/F &_ finite separable extension. %] |
*  Proposition 3.4.6, ¥ F/K &_finite separable extension ™ % L/F #_ finite separable

extension # 4 L/K & - # finite separable extension. O

i B %3 Theorem 3.4.7 2 373 E & 4 » e 3 " 4_separable element 7% & #7118 eh
extension ,T*u{ separable extension. FIp* T & v » cha F @ 2 & B AT i F

fe Vi & ZLm - gL d 3 A e AP R 2L finite extension, 1 AP R 23 & finite

extension 2. 7 7 normal extension fr separable extension. ¥ ¥ } normal extension fr

separable extension 2 % - 4 &0 algebraic extension ¥ » ¥8F 1134,





