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Chapter 4

Galois Extension

higkhis- X ¢, AP KA L Galois extension M F H A A IT, B AP AL - w2

4.1. Fundamental Theorem of Galois Theory

g LA %P3 Galois extension, 7. ¥ ¥] Galois extension 7 intermediate fields 1 %
H Galois groups 7 subgroups ¥ ¥ - - ¥ %,

B- 4 #cd ¢ Y Galois extension (hE & A EAPK, Bl T EE G ALLE G o
A AR Ee WM

Theorem 4.1.1. €% L/K £ — 18 finite extension. T ] #L i £ & 18 49.
(1) |Gal(L/K)| =L : K]
(2) Gal(L/K) 8 fized ficld 2 K.

(3) L/K & — 18 normal and separable extension.

Proof. (1) = (2): ®3#® Gal(L/K) ¢ fixed field £ F, B33 K C F C L *
|Gal(L/K)| = [L : F] (Theorem 2.3.4). Fl#*d |Gal(L/K)|=[L: K] #+&[L: K|=I[L:F)].
*d 3 [L:K]=[L:F|[F: K|, «®# [F:K]=1. % F=K.

(2) = (3): ¥ g Gal(L/K) iifixed field ¥ & 5 {a € L|o(a) =a, Vo € Gal(L/K)}.
10 K 5 Gal(L/K) t fixed field 3 £ 235 K * th= 4 45 ¢ 41} ¢ o € Gal(L/K)
¥4 AA LY thocGal(l/K) A e i K ¢ . REk ac [, BX
a over K ¢ minimal polynomial % p(z). £ a =ai,a9,...,a, » p(x) & L ? ¥73 4p
PR TR fo)=(@—a)(r—a) - (r—ay). 4 > n i plx) & L pEROBHE T
p AP e deg(f(z) = n < deg(p(x)). * 4 ** aj,ag,...,ap € L, 2 ™3 f(x) € Liz]. MK
K fx)=a"+cep2" 4+ ezt BY L #HiER o€ Gal(L/K), &

fo(z) = 2" 4+ o(cn1)z™ t + -+ o(cr)z + o(co). (4.1)

49



50 4. Galois Extension

1* Lemma 3.1.3 v

)+ (= o(an)).
A_p(x) - B Fpd o £ 1-1 &

Y-2ad 3 flo)=(r—a)(x—a2) - (z—ap),
f(@) = (z — o(a1))(z — o(az)

42t o€ Gal(L/K), & P4 o(a;) ¢ § & L* 2 ¢
) B

{ai,a2,...,an} = {o(a1),0(az

—h

(r —a))(z —az) - (& —an) = (x — 0(a1))(z — o(az)) - (z — o(an)),

Flt IR o€ Gal(L/K) % F f(z)=f(x). &d 3+ (4.1) =HZ X o€ Gal(L/K)
3 o) =c¢. + ,T‘u{;fué%«‘i ci %3 t Gal(L/K) 0 fixed field # . gt d Bk K A
Gal(L/K) fixed field v ¢; € K, 7+ % f(z) € K[z]. @ ** a &_f(x) € K[z] e— B3, =

p(x) #_a over K 7 minimal polynomial e2 5 5 p(x) | f(x). & deg(p(x)) < deg(f(x)),
Tl 5 e deg(f(x) < deg(p(a)) A @ deg(p(x)) = deg(f(x). F 4t pla) I
f(x) #%4_monic polynomials ## v p(z) = f(z). ¥ ** f(z) & L # ¥ 2=z 2 A far g%
iR, #% a over K ¢ minimal polynomial # L ® splits ¥ 5 separable polynomial. ]
5 %4 a€ L #.EP e &d normal extension {r separable extension 7€ & ¥ & L/K

&_normal and separable extension.

(3) = (1): B3k L/K % - B normal and separable extension, ¥ separable extension
2 F (Theorem 3.4.5) #v% N/K #_# 7 L ¢ finite normal extension, ?] |9y (L, N)| =
[L:K]. vd * L/K % normal extension, ¢ Lemma 3.2.6 ¥ Gal(L/K) = Mg(L,N), &
# |Gal(L/K)|=[L: K]. O

AP ¥ £ b i - 58 40 finite extension 2 & Galois extension.

Definition 4.1.2. B3% L/K #_- # finite extension. % L/K #_normal and separable

extension, I L/K # - B Galois extension.

Az B & P AP 5E normal and separable extension § = Galois extension #7%_
BEAFH AR g, i RF G € 313 A finite extension (R, - 4 € * normal
and separable extension * F_#% Galois extension. ¥ — * & B2#X Theorem 4.1.1 » = B 4c
WA E e A - AP AT 4 5 £ F 5 normal and separable extension * 2] #7—
B extension #_F % Galois extension. )42 i ¥ 12 4] * normal extension f= separable

extension e F E I 0T kg %

Proposition 4.1.3. & L/K £ finite normal extension A F & L/K 49 intermediate
field. B/ L/F #& —18 Galois extension.

Proof. = & L/K ¢ intermediate field F', ¢ ** L/K #_normal ¥ separable extension,
Flp & W4 * Corollary 3.2.3 ™ %2 Lemma 3.4.2 ¥4 L/F % &_normal and separable

extension. » i‘u{’;ﬁa L/F + #_Galois extension. O

L1 d* F/K % - & _normal extension (%2 Example 3.2.4 (1)), #714 & Proposition
413 ¢ F/K % - %_#_Galois extension.
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b- B iRde® e B - B extension €.F 5 normal {r separable extension *t 7
Theorem 3.2.2 fv Theorem 3.4.7, % i~ %W 4 % 7 # & normal extension fv separable

extension 1™ jE, ATl & ieS B IL, AP E R T & & Galois extension 77 jE |

Theorem 4.1.4. 3% L/K £ — 18 finite extension. TF 7| &9 #L ik & % 18 49.

(1) L/K & Galois extension.

(2) 74 separable polynomial f(x) € K(x] #£## L £ f(x) over K &9 splitting field.

Proof. (1) = (2): ¢ * L/K #_ finite extension, v & ay,...,a, € L ®# # L[ =
K(ay,...,an). % pi(zr) 5 a; over K 7 minimal polynomial, ¢ ** L/K #_normal
separable extension, ## p;(z) splits over L * % separable polynomial. & /L & 3 ¥ it
i#j 1 pi(x) =pj(x), * &% pi(x) # pi(x), 78 pi(x) fropi(z) SRE AR FRE
a b EE_pi(x) o pj(x) 913, § & =+ pi(z) fr pj(z) # % « 9 minimal polynomial 37
FeowE 2 GHEFD pia) B4 fz) 597 L An R o pi(x) DR, P fz) € K[x]
% separable polynomial * f(x) splits over L. I &3P L i f(z) 1 splitting field. X
KCFCLZ® f(x)splitsover F. d %573 4 {1,...,n}, a; ¥ minimal polynomial &_
flz) F N AR q & f(z) - B, &® g, € F. 71 L=K(ay,...,a,) CF, @
% L=F. » ,T*u{’éu L &_ f(x) over K 3 splitting field.

(2) = (1): B3K by,...,bp € L & f(x) *t3 2. F1i L & f(x) over K 7 splitting
field, & 7 L = K(by,...,by). ¥ 3% f(x) 4_separable polynomial, # — ¥ b; over K 9
minimal polynomial F] % & “,% f(z) %+ &_separable polynomial, F1#* b; & % separable
element over K. #xd Theorem 3.4.7 %v L/K &_separable extension. * F] 5 L &_ f(x)
over K 9 splitting field, ¥4 Theorem 3.2.2 ¥ L/K &_normal extension. F|p¢* # L/K
#_ Galois extension. O

A 4k B, Galois & é%fr"‘uiiﬁ £31 - B extension # Galois group 7 subgroups '
2 iz B extension 7 intermediate fields 2 B B 2. AP ¥ 4 LiES B S BRIFF T P
2 BFenRl ) A wAE- TS B, R L/K A finite extension. P ¥ & F A
L/K 7 intermediate fields *r= g & F F={F|F - ® field * KCFCL}. ® %
& & Gal(L/K) # subgroups #r= hf £, F & = {H |H & Gal(L/K) 7 subgroup}. #
PEiaBkG:F— & T T E L/K D intermediate field F ( F € F), & i 2%
G(F)=Gal(L/F). a &8 F:6 - § T & i: #$E L Gal(L/K) i subgroup H (F
Hc®), 2P a & F(H) 5 H & fixed field, T F(H) = LY.

¥t — 40 finite extension L/K, Corollary 2.3.6 % 372V 7 F & 1-1 chanfic® G A
onto shdndic. § L/K A_ Galois extension FF 3% * ¥ (8 F &_onto e(F]#* 4_1-1 ¥ onto
hanfic) M E G A 1-1 han e (FI A 1-1 £ onto 50 #k). “Eﬂ} A 73} Galois i eh

fundamental theory. iz fundamental theory ¥ § + § = 04 AP R-v A B33 5%,
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Theorem 4.1.5 (First Fundamental Theorem of Galois Theory). &% L/K & — 18 finite
Galois extension. A|¥fE & FeF, #FH FGF)=F. Ak G:§— & & T #Hr—
8 L/K & intermediate fields #v Gal(L/K) #9 subgroups 2 [6] 69 — 18 — #f — 69 3 J& B 1%

Proof. = & L/K 7 intermediate field F', ¢ Proposition 4.1.3 # & L/F & -
Galois extension. #7 ] * Theorem 4.1.1 ¥ # L/F ¢ Galois group ¢ fixed field = F.
d ** L/F 7 Galois group Gal(L/F) ﬁfu% G(F), m G(F) = fixed field fr‘t—«‘?\ F(G(F)), %
7% F(G(F)) =F.

BEFERP G:F -6, %7 T3 6&2F- B- - Rkt L3 50—
- #M % (one to one correspondence) 4p A A B F & B M 5, 4 ,]*u{;fu 3
Pihd - BAFAT Y WMTHIE- A F B R, F AR B AP R
G:F—6 I 1-1 P EXRPHL onto. RE F,ReF L G(F)=G(F), 2% F>»4#
8 FG(R)) =F(G(F)). ted F(GF)=F, @ F=F. ¥->*6 2k He®, ¥
BF = ]—"(H) Rld G(F(H)) = H (Corollary 2.3.6) v G(F) = H. # @ G:§ — & 7%
RHIT TG A Bke2 - B - DG .

% L/K #_finite Galois extension, ¢ Corollary 2.3.6 /2 2 Theorem 4.1.5 3% i* Fr3f %+
3 He® Mx FeFvF GFH)=H "% F(G( T W Fie g
PR Ok PERAILE I, IheF P L C R, R Q(Fg) Q Q(Fl) (Lemma 2.1.2). i}a
#FopL = 9 intermediate field ¥ & | # ] ¢0 subgroup. ¥ 2., % Hy,Hy € & * H; C Hy, P
F(H3) C F(Hy) (Lemma 2.2.2). ¥4 & ;3 § $& + &7 subgroup ¥ /& ¥l # -] e intermediate
field. &4% ~ /] FF EPF M B2 ¥ 4 11T extension degree fr group order B kg 1.

Corollary 4.1.6. % 3% L/K &£ finite Galois extension.

(1) # F & L/K #9 intermediate field, £/

|Gal(L/K)|  |Gal(L/K)|
|Gal(L/F)| — |G(F)|

HFH# P, Fy £ L/K 4 intermediate fields #% 2 Fy C Fy, A/
G|

G(F2)|

[F: K] =

[y Fy] =

(2) # H £ Gal(L/K) 85 subgroup, £/
|Gal(L/K)|
\H|
5% Hy f2 Hy £ Gal(L/K) &5 subgroup B % 2 Hy; C Hy, A
|Ha|
|Hy|

[F(H): K] =

[F(Hy) : F(Hs)] =

Proof. (1) ¥]15 L/K #_finite Galois extension, ¥ Proposition 4.1.3 # *4v L /F &_Galois
extension, ¢t d Theorem 4.1.1 # |Gal(L/K)| = [L : K| ¥ |Gal(L/F)| = [L : F]. &£ {I
* [L:K|=[L:F|[F:K| #& [F:K|=[L:K]/[L:F]=|Gal(L/K)|/|Gal(L/F)|.
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E I CFy, 43 [y B =[F: K|/[F: K], &fl* 56 8 %% 5 [Fy: 1| =
Gal(L/Fy)| / |Gal(L/ Fy)| = |G(F1)| / |G(F2)] -

(2) 41* Corollary 2.3.5 # P4 [F(H) : K| = [L : K]/ |H|, &fI* L/K &_ Galois
extension, #* 3 [F(H): K| =|Gal(L/K)|/|H|. % H; C Hy, Bl F(Hs) C F(Hy), #
v [F(Hy) : F(Ha)| = [F(Hy) « K|/[F(H2) : K] = [Ha| /[Hy|. 0

% L/K A_field extension FF  # i % 4% 3|47 34 L/K 7 intermediate field £_% it
#3F R Kk L/K 0 extension # B A€ & 33, 54 Galois ®#% H% - B fundamental
theory (Theorem 4.1.5) ,T*u{ |* 3§ L/K #&_finite Galois extension F¥, ¥+#735 L/K
intermediate field F', ¥ 3 L/F » #_Galois extension (Proposition 4.1.3). #% i 53 33 i & F*
F/K # % - %+ %_Galois extension. % = % fundamental theorem )I* i kv ¥ PR F/K
¢ E_Galois extension.

%X % - B fundamental theorem % €”T & TF“ L/K ¢ intermediate field = Gal(L/K)
subgroup 2. F ¥t M . AT A op R g BT Gal(L/K) & B group (R € 7
¢ B 573] L/K 5 intermediate field m!“ifﬁ'f T - B Lemma T‘u{? PPV P L AR
“T3HT,

Lemma 4.1.7. &% L/K £ — 18 field extension A F % L/K # intermediate field.
# o € Gal(L/K), A] o(F) % L/K & intermediate field A L/o(F) 89 Galois group
Gal(L/o(F)) %4 coGal(L/F)oo™. 758 G(o(F)) =0c0G(F)oo!.

Proof. & % & o(F) ={o(a)|a€ F}, d 3 F - B field ¥ o &_ring homomorphism
FiH o(F) mi- B field * F1ls KCFCLZ® o:L— L #_ K-monomorphism, #f4
o(K)=K Co(F)CL. #=%r o(F) & L/K ¢ intermediate field.

WEBEX 71€Gal(L/o(F),#*%F} 7:L—-L2%E% acF %73 7(0(a) =0(a). £
p=ocloroo:L— L. fﬂ % Gal(L/K) #- % group * 7€ Gal(L/o(F)) C Gal(L/K),
ApirpeGal(L/K). * ¥ EZX a€F, ¥ 7

“toroo(a) =07 (r(0(a)) = 0 (0(a) = a,

pla) =0
F® pe Gal(L/F). #® 1=0o0poocteotoGal(L/F)oo!

F2,% 17€00Gal(L/F)ooc !, #7 5t peGalL/F) BE 71=0co0pooc!. Fi
Gal(L/K) #- B group ¥ pe€ Gal(L/F) C Gal(L/K), #* P 4v 7 € Gal(L/K). iz
L aeF, Fla pHTF ¥ éhngk T pla)=a. FIFHERL aeF ¥5

7(0(a)) =00 poo(o(a)) = o(p(a)) = a(a).

@2 € Gal(L/o(F)). O

&3 & Lemma 4.1.7 ¥ % 7 B3k L/K #_ Galois extension. § L/K #_finite Galois

extension, ] * Lemma 4.1.7 22 7 ¥ ¥ 3] % =  fundamental theorem.



54 4. Galois Extension

Theorem 4.1.8 (Second Fundamental Theorem of Galois Theory). # & L/K & finite
Galois extension A F & L/K 69— 18 intermediate field. R F/K & Galois extension
# Bz Gal(L/F) £ Gal(L/K) & normal subgroup. 1 B & F/K & Galois extension
75, Gal(F/K) #= Gal(L/K)/Gal(L/F) & isomorphic.

Proof. 7 £ w8 H £ - # group G 7 normal subgroup % 7+ H #_ G 7 subgroup * #t
8 gEG #% g-H-g'=H.

R% F/K #_ Galois extension, R|i& ¥ & 4 F/K #_finite normal extension. # iZ &
o€ Gal(L/K), 4 ** o|lp: F — L &~ % F ¥ L e K-monomorphism, #xd Lemma 3.2.6
ro|lp - B F ¥ F ¢ K-monomorphism. # @& o(F) =F, F]¢* ¢ Lemma 4.1.7 &+

Gal(L/F) = Gal(L/o(F)) = oo Gal(L/F) oo *

* F 5% Gal(L/F) 4. Gal(L/K) 1 subgroup, # ## Gal(L/F) #_ Gal(L/K) 9 normal
subgroup.

F 2., % Gal(L/F) 4_Gal(L/K) ¢ normal subgroup, * 7+ ¥ Z & o € Gal(L/K) %
3 Gal(L/F) =coGal(L/F)oo~!. #&d Lemma 4.1.7 * Gal(L/F) = Gal(L/o(F)). ~
,Tk{;fu*ﬁ Z& oceGal(L/K) %3 G(F)=G(c(F)). @ * L/K #_Galois extension, # &
G:F— & E - - ik (Theorem 4.1.5), FI #EZ & 0 € Gal(L/K) % 3 o(F)=F.
#72 HEzid ceGal(L/K), ¥} olp: F—-F i F 3 F meonomorphlsm F] g
oo|p € Gal(F/K). R Jg &k \I/ : Gal(L/K) — Gal(F/K), # 882 % o€ Gal(L/K),
TE V(o) =o|p. %% % #4 U - B group homomorphism. ¥ 7 € Gal(F/K), R|d **
FCL##¥ 7t 5 F ¥ L ¢ K-monomorphism. * ¥]% L/K #_normal extension, .,—-t’f'
* Theorem 3.2.7 45 & 0 € Gal(L/K) @ # o|lp =7. Jj#‘-{?r;, HiEZR 7e Gal(F/K)
v toc€ Gal(L/K) " U(o)=7. #F V¥:Gal(L/K)— Gal(F/K) &_onto. % ¥ 3
& K3t ker(U) (7 U Frkernel) = ®. F o €ker(V), 27 V(o) =ol|p & Gal(F/K)
identity. *THEEL N F %3 oA =0lp(\) =\ Fltdr 0: L - L #¥ F i~z HT,
J" ,TJL{;L oc€Gal(L/F). ¥ - *% % o€ Gal(L/F), Rliz 2% o % F th~ % H %, &
o|F : F — F &_identity. ~ i]*uipfu o €ker(¥), #3& ker( ) = Gal(L/F). Fl&*f1* group
7 first isomorphism ¥32 (% L~ & A # * #c# & Theorem 2.6.1) 7 4w

Gal(F/K) ~ Gal(L/K)/ ker(¥) = Gal(L/K)/Gal(L/F).

B fl* ¢ &v L/K % finite Galois extensions, # 3| L/F 7 % finite Galois extensions, *7
o |Gal(L/K)|=[L: K| ©% |Gal(L/F)| =[L: F]. Fl¢#
|Gal(L/K)| [L:K] [L : F][F : K]
|Gal(L/F)|  [L:F]  [L:F]
#=41* Theorem 4.1.1 #3 F/K #_Galois extension. O

Gal(F/K)| = _F K]

£ 71 % Theorem 4.1.8 ¥ F %&{%{ﬂg . L/K #_finite Galois extension 7% $& 2. F |
F/K &_normal extension % * *&% Gal(L/F) 4 Gal(L/K) 7 normal subgroup. % i &
F/K #_normal extension 1& % ¥ Gal(L/F) €_ Gal(L/K) £ normal subgroup i 4% ®
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A g L/K #_ normal extension P (% F L/K &_separable extension). # i d
Gal(L/F) #_Gal(L/K) ¢ normal subgroup 4& % ¥ F/K #_normal extension #7842 ¢
AP g & /K % Galois extension % (% £ L/K € normal extension * % L/K
4_separable extension). ' > FFEM ¢ AP * 37 G H 1-1 ehifd %‘rfj*u% L/K 4_ Galois
extension 1 € ¥f.

Ape iR A g RHc? 77 f2ch Galois #. Aok it X B Ay Galois B
PR RAERRPHEIER GEFTERP N TNARLEEAA T AEE LG F
B R 0 R=r) M B = ] »ﬁ;;;ﬂﬁ;’%:rfas’gw TR EA I HE R P Z%L/ﬁ% .
i & %7, Galois 32 me)@;’“ BWF )+ ,T*u{ﬁanﬁ— - AR SN RN N R AT
2 - L RARITHIFAL. 2 Bmiee b R LR - Group Theory =k 8. — k2
7 BHEFhHL G AFR U RIFE T AP R IFE Galois BkH P oy - KT b3 %
WL BN IRIEA Y TG S L e Fp A :rﬂm#&z 4 E S A, A
BET AN AH - L AFEH LR EIEAET VR R R B

4.2. Galois 2 #H i

T- &P AP A LS B Galois Bkt . — B E 4534 finite separable extension — T_A_
simple extension; ¥ — B3 i 4 % trace ‘fr norm gk &

Galois Theory & X _4-#+ Galois extension, # i &7 &_ Galois extension FF» it Ji&* .
B ¥ L e mE_% finite separable extension ¥, # if* ¥ 12 B~ normal closure @ ¥ ¥ Galois

extension £ 4t 14 i ¥ |

Lemma 4.2.1. # 3% L/K & finite separable extension A N £ L/K 49 normal closure.
Al N/K #Z finite Galois extension.

Proof. 715 L/K 4_ finite extension, ¥ & ay,...,a, € L # ¥ L = K(ay,...,a,). &
% a; over K ¢ minimal polynomial % p;(z). %15 L/K &_ separable extension, i&
£ pi(r) € K[z] ¥ % separable polynomials. & 4 f(z) = p1(z)---pn(x), Bl d normal
closure (7 & N % f(zr) over K ¢ splitting field ¥ % N/K #_finite normal extension
(Proposition 3.2.9).

R a1,...,qm €N & f(x) #TF 1, BN = K(ai,...,am). R5F - B a; F5 2
f(@)=p1(z) - pu(x) = B #7112 H over K eminimal polynomial % % p1(z),...,pn(x)
Az - Fgtd py(x),...,pu(x) ¥ 5 separable polynomials ¥ oy, ..., a,, % % separable
element over K. #xd Theorem 3.4.7 ¥+ N/K #_separable extension. F#* N/K 4_finite

Galois extension. O

%7 % L/K »~¥ = 72 §_ separable extension, # ;= L ® 15 &=~ % % &_ separable
element over K, ¥]* 7 3 £ /& (¥ L ¢ extension $8% ¥ it = 5 separable extension. #714

ip iz T B~ L/K ¢ normal closure N, ¥ # ;2 ¢ # N/K &_ Galois extension.
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4.2.1. Primitive Element Theorem. ' i % 53 % /i % finite simple extension. ¥ 14
# M. simple extension 2 T, F FALFF L] H G 2. FF L A PESE
%% 3 B finite extension K 3L 48 E_ L &L simple extension /%, £ * induction &JZ.
B2 FiF ALY - B field extension &_simple extension, 78 A {% % B %Eﬁ}“ 38 e B2

% %

d A-pFiz - B extension € &_simple extension ¥t 7 primitive element theorem %&»{L‘tﬁu m

#r3 finite separable extension ¥ % simple extension.

Theorem 4.2.2 (Primitive Element Theorem). &% L/K #& — 18 finite separable exten-
sion, A L/K #& — 18 simple extension.

Proof. 2 4 K #_finite field fv K 7 4_finite field & f& 4= k3%

B AT B K A finite field ehfie. ppFd 3t L/K {ﬁnite extension, v [ » & -
B finite field. #] 5 — B finite field ¢ 2L 0 ~ % #7= Ak 2 ¥F L~ B cyclic group (% 2
* FA#H A gt £ Theorem 10.4.3), *1 s e a e L& @ L ¢ 2k 0 A 487 1% of) H
PieNREAT.#T 2, L=K(a),*TM L/K #_simple extension.

R+ g K A infinite snf-%. F1% L/K 4_finite separable extension, ¢ Lemma 4.2.1 4=
%P~ L/K - 1 normal closure, ?] N/K &_finite Galois extension. §]* First Fundamental
Theorem 4.1.5, 2 &rif N/K ¢ intermediate fields fv Gal(N/K) 7 subgroups 2 & 3
- i 1-1 correspondence * F1% N/K #_finite extension, #7™ Gal(N/K) #_- & finite
group (¥ § } |Gal(N/K)| = [N : K]), F1#* Gal(N/K) ¥ 3 3 *1 % # subgroups. #& %
N/K % 7 ”ﬁ L% B intermediate fields. e d *»» K CLCN, &% L/K ¥ F 3 15 B
intermediate fields. d ** [L: K| .3 "L, % 3 aec L & 7 [K(a): K] 28+ e, » ﬁl—..
{?LaEL?%i[ (a) : K] > [K(b): K],Vbe L. A P& %P [=K(a). & K(a)#L,
tAthbel i bdKa) z&%f@rﬁ Ka+ch) #¢ cekK, ¢7fé”/;\m L/K
intermediate fields. #1% L/K % 3 7 '3 % B intermediate fields ¥ K 7 £ 8 7 ® ~ %,
FIr BHRIL LG c,c0 € K P o) #cy & K(a+ c1b) = K(a+ cob). #7144 #
a+cbe K(a+cb) ¥ #

(c1 —c2)b=(a+ c1b) — (a+ c2b) € K(a + c1b).

AFE cg—ceK P cag—c#0F@rbe Kla+eab). £H1* a=(a+c1b) —cib #
rae Klat+ab). #%2 Kla) CK(a+aeb). ©d * be Kla+aeab) £ b¢g K(a)
K(a) € K(a+ ¢1b). j"—«x—‘pfu

[K(a+c1b): K] =[K(a+ c1b) : K(a)][K(a) : K] > [K(a) : K].

Pieg A a PERT R, wT% L=K(a). 0

f1* 2B %%, £ 1 & 473 finite separable extension R %EF%,T%? MERBERT I~
B simple extension, &tk & A&JZ f %E?LFE? 37, vz d - BApy % ehe Il
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4.2.2. Trace and Norm. Trace fv norm Z_3{# finite extension FF = B £ & 7. #ic.

Definition 4.2.3. B3k L/K & - 1 finite separable extension ¥ N #_L/K - i# normal
closure. £ Mg (L,N) ={01,...,0n} »*F L ¥| N e K-monomorphisms *7= e f & .

-

F acl, Pk
Tr/k(a) =01(a) + - +on(a) and N g(a)=o1(a)---on(a).

Tr/k(a) v Np (a) » ST a 9 trace f= norm for L/ K.

£ ;3 & trace fv norm P~ E ¥ extension 7 M. Hl4cE F 4 L/K 0 intermediate
field ® a € F, E]'J TL/K(a) ’f‘-" TF/K(CL) ¥ o A P\F', [ ’bt\‘?h NL/K(G‘) ’f‘? NF/K(G) » iR
. #&T kAP A% - trace fr norm ik AR

Lemma 4.2.4. &% L/K & — 18 finite separable extension A [L : K| =n. Al # /£ &
a,belL UR ke K, #FIH U FagtE:

(1) Tr/k(ka+b) =kTp/k(a)+Tr k(b)) £ Np/g(ab) = Np g (a)Ng g (b).
(2) TL/K(k) =nk B Np/x(k) = k"

Proof. &3k N #_L/K - B normal closure. #1 5 L/K &_finite separable extension,
d Theorem 3.4.5 & Mg (L,N)| =[L: K] =n. REKX Mg(L,N)={o1,...,0n}.
(1) ¢ ** ¢g; . K-monomorphism, #  F o;(ka + b) = koi(a) + o;(b), F1#* & T & 7

n

Trx(ka+b)=> oika+b)=k> oia)+ > oib) = kT x(a) + Tpx(b).
=1 =1 =1

@, F15 oi(ab) = oi(a)oi(b), #&=F
NL/K(ab) = o1(ab) - -~ op(ab) = (o1(a)o1(b)) - -+ (on(a)on (b)) = NL/K(G)NL/K(b>-
(2) & * oy(k) =k, /=2 ik TET
Tr/k(k) = o1(k) + - +on(k) =nk and Np (k) =o1(k)---on(k) = k"
O
% L/K #_Galois extension F¥, F] 5 L/K #_normal extension, #xd Lemma 3.2.6 ¥

My (L,N) = Gal(L/K), Fl&* % Gal(L/K) ={o1,...,0n}, BRI ERZ T € Gal(L/K), ¢ *

Gal(L/K) 4_- ® group, ## "3 Gal(L/K)={7ro001,...,To0o,}. Fl ik T &+
T(Tr/x(a)) = 7(01(a) + -+ on(a)) = 7(01(a)) + - - + 7(on(a)) = Tr/k(a).

P\-:'IEJ_:I‘F T(NL/K(CL)) = NL/K(G) » ﬁ)':{;ﬁb TL/K<a) ’f‘:' NL/K(G) 2\5 75 ’lli" Gal(L/K) zx) ﬁxed

field ¢ . fed ** i3k L/K 4 Galois extension, #xd Theorem 4.1.1 ¥ Gal(L/K) 7 fixed

field 3 K, #3% Tr/gx(a) € K ¥ Npjg(a) € K. § L/K &&_finite separable extension
P, 20 R 2R 1% Galois 2 # Tpk(a) € K 2 Npjg(a) € K.
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Proposition 4.2.5. &% L/K & finite separable extension. #| #E & a€ L, ¥ %

TL/K((I)GK and NL/K((I)GK

Proof. # N & L/K - % normal closure, B¢ Lemma 4.2.1 & N/K &_finite Galois
extension. B Mg (L,N) = {o1,...,00}. $E XL 7€ Gal(N/K), d ** 700, : L - N
#_ K-monomorphism, # 7 & 70, € My (L,N). * % T7oo; =700y, M| Fl 7 & 1-1+ #
oi=0j. FIAPIHEEL 7€ Gal(N/K) ¥ F Mr(L,N)={1001,...,Too,}. “TIik
TETHEIL 7€ Gal(N,K) ¥ 7

m(Tr/k(a)) = 7(o1(a) + -+ -onla)) = 7(01(a)) + - -- + 7(on(a)) = Tr/k(a).

32 7(Np/g(a)) = Np/k(a) » ¥ L Tr/g(a) f7 Npjg(a) %% & Gal(N/K)
fixed field ¥ . #d N/K 4 Galois extension 1 # Theorem 4.1.1 #= Ty k(a) € K *
NL/K(G) € K. |

% L/K #_finite separable extension ¥ F #_L/K 5 intermediate field, | L/F fr
F/K ¢ % finite separable extension (Lemma 3.4.2), *t 3V i 5 L/F fr F/K 3 trace fr
norm. 3% a € L, B4 Proposition 4.2.5 = Ty /p(a) = Ny p(a) & 5 F & e F, #70
LT P o~ Tpe 13 Npjg ®, ® Tpg(Trr(a)) % Npg(Npp(a). 3% 2 v
g & B %3 Tpg(a) 4% Npg(a), Eifu—i—'\ trace f norm 7 transitive property.

Proposition 4.2.6. &3 L/K & finite separable extension A F & L/K &9 intermediate
field. RI¥1E& ac L, BF

Tr/k(Tryr(a)) = Tr/g(a) and Np/g(Np/p(a)) = Np g(a).

Proof. # N & L/K ¢ - B normal closure, 4 ** N/K #_normal extension ¥ F C
L C N, f1* normal closure 7% % 43 & N’ £ F/K ¢ normal closure ¥ N’ C N.

Bk Mp(L,N) ={p1,...,ps} £ Mg(F,N) = {¢1,..., 9%}, # * N/K & - B finite
normal extension * F #_ N/K ¢1- B intermediate field, 1 * Theorem 3.2.7 v& - i
K-monomorphism 1; : F' — N 387 14 extends = - % K-monomorphism ¢; : N — N (%
¢jlF = ;). ® Lemma 3.2.12 g p? @ 3t ip g i

Mr(L,N)={pjopi|li=1,...,s ¥ j=1,...,t}

F]pt e

Tr/x(a) Z Z ¢i(pi(a) =6 pi(a)) = ¢j(T1r(a))
=1 =1 =1

7j=11i=1 =
¥ - 2 & fI* Corollary 3.2.11 2 5 My (F,N') = Mi (F,N) = {ah1,..., b} M2 | *
Proposition 4.2.5 2 i & T p(a) € F, F1#* ¢;(Tr/r(a)) = ¢5lr(Tr/r(a)) = (T r(a)).
=

t
TF/K TL/F Z% TL/F Z TL/F TL/K(a)-
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e 12 25 18
t t s
Np/k(Np/r(a) H (Nzyp(a)) = H H ¢j(pi(a)) = Np/k(a).
j=1 j=1i=1
U
%] % - 1 finite extension 7 normal closure I % & — | d Z_&% trace v norm =B~ (&

¥ i € fr normal closure e3:E B~ B . 3P A S )I‘ L §_& %??f BRI FFFAPED-
i ~ % 0 trace ¥ norm frv 9 minimal polynomial § M, » F]# ¥ & trace fr norm fr

normal closure 7:% B~ & B .

Theorem 4.2.7. 3% L/K & finite separable extension A [L: K| =n. #% a€ L A a
over K # minimal polynomial % f(x) = 2™ + apm_12™ L+ 4+ a1z + ag, £

n n/m
Tr/k(a) = —m-1 and Ny g(a)= (—1)"a0/ .

Proof. £ F = K(a), 9 ** f(x) %_a over K ¢ minimal polynomial ® deg(f(z)) =m,
[F:K]=m,w® [L:F]=[L:K|/[F:K|=n/m. F]$*4 a€ F "% Lemma 4.24 (2)
v Ty p(a) = (n/m)a 42 Ny p(a) = AV BEA PR Tr/k(a) % Np/g(a).

£ N i F/K ¢ i normal closure, |15 L/K E_finite separable extension, x4 F//K
~ &_finite separable extension (Lemma 3.4.2), F]¢*d Theorem 3.4.5 = Mg (F,N)| =
[F: K] =m. B&X Mg(F,N) = {o1,...,om}. 8% F = K(a) - B over K
simple extension, # - # F ¥| N ¢ K-monomorphism P P fE e - FEE. PTIUR
o1(a),...,om(a) AR . X F15 oi(a) % i f(z) R, T2 E o1(a),...,on(a '%i&—ﬁ'—\
flx) #7F R. &® f(z)=(x—o01(a)) - (x — om(a)). FI* 13 thdicenh %, 2P E 5

Tr/k(a) =01(a) + -+ om(a) = —am—1

Np/k(a) = o1(a)---om(a) = (=1)"ao.
Fl#t 1% Proposition 4.2.6 "2 2 Lemma 4.2.4 (1) ##&

n n n
TL/K(a) = TF/K(TL/F(a)) = TF/K(E a) = ETF/K(GJ) = T am—1

"z
Ni/x(a) = Np/x(Npyp(a)) = Np/jg(a™™) = Npje(a)"™ = ((=1)"a)™™ = (‘Unag/m-
O

d Theorem 4.2.7 ¥ M5 &1, 2 & T

/k(a) € K Np/g(a) € K @Y trace fv norm
ehB~ B fr L/K 7 normal closure 3 B~ ﬁ Bé .
4.3. Galois 3% |+

higdfe - & ¢ A4 5 S AL & 0 fields: finite fields fr cyclotomic fields. I 4 % v

£ Galois groups.
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4.3.1. Finite Fields. 7 A2 P ¥ chw fg— & 5 B finite field A A 27, o fiF2)+
%%+ B L # % #od & Chapter 10 Section 4.

% K # - 1 finite field 2% " &+ K ¢ characteristic - T4 - B & #& p. » if‘-«{;&}‘;f i
L aceK %3 pa=0,dpvdNE a,be K, Bl (a+b)P =aP+0 ¥ 7 * induction
FHHEL meN*F (a+b)P" =aP” +0P". ¥ 2% K & characteristic 5 p, # i+
F,={0,1,---,p—1} 5- & field (iﬂw F, ~Z/pL) ® ¢ 5+ K. % # K/F, £-
i finite extension. B% [K :F,| =n, BI¥ & |K| = p", Fl#* #F < finite field 1~ % B
AR RV

REX K #_finite field * |K|=p". d ** K*=K\{0} £~ ® order % p" —1 13
i# ¥ %4 Lagrange theorem ¥t E % a € K* ¥ % o' "1 =1, FI}* K # % (¢ 45 0)
PRt gl —p=0. 2d 3 2" —x 2 58 F pt B, T K P AR W'Jﬁ?ifbixpn —x
et e, @ K 4 2P — x over F, &7 splitting field. @ *% splitting filed v — 4
(Proposition 3.1.8) @ & # | ¢ =p" B =~ % ¢ finite field & P48 * F, k& 7

BAr L/F, - ® finite extension ¥ [L:Fy] =m, Rl4v |L| =¢", # % 2 L =Fym
Y H- Bk o Fyn —»Fym THEE pyla) =al, Va€Fym. d WHER o, EFm ¥ 1

g+ B) = (a4 B)1 = a4 37 = p4(a) + ¢q(6)

pq(af) = (af)? = a?B7 = pq(a)pq(B),
AP E A o, £ - B Fym ¥| Fem 0 ring homomorphism. * F1 & Fgm & - B field » $ix
LaeK %3 pgla)=al=aq, & pg - B Fgm 3| Fgm 9 Fi-monomorphism. ~ )’I*u{
W € Gal(Fgm [Fy). 2P H @4 5 Fgm/Fy 0 Frobenius automorphism.

Theorem 4.3.1. # 3% L/F, £ —14 finite extension, & L/F, & — 18 Galois extension. #
wg: L—L #H& pjla) =al,Vae L % L/F, 69 Frobenius automorphism, £/ Gal(L/F)
& — 18 cyclic group generated by ¢,.

Proof. & [L:F,]=m. %o ¢ v ¢, € Gal(L/F,). ¥ & H = (py) # Gal(L/F,) -
¥ generated by ¢, 7 cyclic subgroup. % it ##® ¢, 7 order & m, R4 |H|=m = ¢
Proposition 2.3.3 4
m = [L:Fq] > |Gal(L/F,)| > [H| = m

Fla 73 [L:F, = |Gal(L/F,)| = |H|. F1&* F i #E @, Frorder 5 m, B3 e FEE
L/F, %_Galois extension (Theorem 4.1.1) ¥ Gal(L/Fy) = H = (pq).

ML @ Porder. FAFE |L| =¢™, Fl#t L* =L\ {0} £~ % order 7 ¢™—1
e cyclic group. B3k B 5 2 generator F g order & T, B ©q 4_identity, ~ )Tj'ﬂ—\pfu
en(B) =6. AR @2 =pg0pg T

‘Pg(ﬁ) = pq(pq(B)) = @q(B?) = ﬂqQ
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1ot 417 induction F pp(5) = A7, wd i(B) = @ BT = 0. 4 g T =1 0
d_pBeorder 5 ¢m—1, Hfrq —1>¢"—-1,7Fr>m. ¥- s HEi acl,d 3
ea) =" =a (M7 |L]=q¢m), AP gom A_identity, #f1* ¢, 7 order & r
BRirr <m. X PEE @, Dorder & m, @ E S TIL O

% — # field extension €_ Galois extension ¥ £ Galois group &_ cyclic group PF, # i
F-2 extension % cyclic extension. Theorem 4.3.1 )J'* L H 4 /3% iE R finite field #7 finite

extension 'FK 4_ cyclic extension.

- kEy L/K # - B cyclic extension ® [L: K| =m PF, 3 i s Gal(L/K) i - B
order m =cyclic group. @ cyclic group m]’* %”r o HER R s|m ok Flics ¥ 5 hrE- n
subgroup H C Gal(L/K) #% & |H| =s. ¥ 2% H &_Gal(L/K) ¢ subgroup, ¥ Lagrange
Theorem # |H| |m. ¥ ¢t F1 & Gal(L/K) E’acyclic group, *714 Gal(L/K) 1 subgroup H
#% 4 normal subgroup, @ * H ™% Gal(L/K)/H $%4_ cyclic groups. & & iz g% d
First Fundamental Theorem 4.1.5 &% i 4vig 12 &, s | m, ¥ &rE— &1 [/K i intermediate
field F i &_[L: F|=s, @ & 25 Gal(L/F) #_- B cyclic group of order s. ¥ ¢t %] &
Gal(L/F) #_Gal(L/K) 7 normal subgroup, #7124 Second Fundamental Theorem 4.1.8
v F/K + #_Galois extension, @ ¥ Gal(F/K) isomorphic to Gal(L/K)/Gal(L/F) + &_-
I cyclic group. T 5% 3¥ 2% 3] K =F, chffa), @ 2§ F 4 L/F; ¢ intermediate
field P, #- L/F 1 %2 F/F, £ * Theorem 4.3.1 e % £ fc3b 11 b it g % fpre & .

4.3.2. Cyclotomic Fields. % n % = 2 chfF#i, B] 2™ — 1 over Q 7 splitting field
2_ % n-th cyclotomic field.

B4r L & n-th cyclotomic field, Bl d Theorem 4.1.4 % L/Q #_ Galois extension, #'
P& # 3t L/Q ¢ Galois group Gal(L/Q) % ®. 7 LA E *TF 2" —1 2 ’&_i{;;‘;iiv‘ -
A5 = - B cyclic group of order n, ¥ % + &4 (, = cos(27r/n) +isin(27/n) R F ¢, 8

generator. # % 2% C, 4977 2" — 1 af@5r 2 g & B C,={C 1<t <n}. FH*
Afpie [ =Q(G)

R 0 € GallL/Q) P o(G)" = aGh) = 1 () 33 4" 1 g 7 2

o(G)™ =1, %1 J(Qm)zl wd o A 1-1 40 r=1. vd * (, forder = n, F&E

n|m » )I‘*FLPL 0(Cn) Porder » E_n. & Cp ¢ order E_n i F, NP H2 L primitive
n-th root of 1. ~ T AR E o€ Gal(L/Q), Pl 0(¢,) %~ T primitive n-th root of 1.

P8P Cp ® F % 5 primitive n-th root of 1 ¥ ? & (¢! & - T primitive n-th root of
1, Bld >t ¢t ehorder 3 n/ged(t,n) (%2 = 5 & # % #ci# & Proposition 2.3.3) 3 i 7 &
ged(t,n) =1. ~ ifu{;fw primitive n-th root of 1 i@ &,T}u{ 13 n2fien 3 ik
B#c. T RELFER? AP* gn) K&7, 27 ¢ APH2 L Euler ¢-function.

FF 1R n 2B fon 3 FaolFich Z/nZ ¢ 25+ - BREH, LF PRy (Z/n)*
k7. 8K Z/nZ A (Z/nZ)* R, LR Z/nZ &~ B order 5 n iz ¥,
M (Z/nZ)* - B order & ¢(n) shk2¥. ¥ ¢t Z/nZ &_cyclic group © (Z/nZ)* F
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¥ it * &_cyclic group, # i § X i &_abelian group. l4r Z/12Z = {0,1,...,11} - B
cyclic group generated by 1. i

(z/127Z)* = {1,5,7,11} * B52=25=1, 7?2=49=1, 11?=121=1,

w110 (ZJ1272)* - B order & ¢(12) = 4 1 abelian group € # #_ cyclic group.

1R GAL/Q) AR R (010, 4 L= QG Sk R G,
over Q £ minimal polynomlal i1 degree » . W@ ¢ drE o€ Gal(L/Q), Bl o(¢) = ¢,
He 1<t<n 2 i® & ged(t,n)=1,*4d * o(,) % 5 (, over Q 7 minimal polynomial
gh— BT, AT A R g g T eh S g 5N

folz) = 11 (= G,)-
1<t<n, ged(t,n)=1
T 53NN AL n-th cyclotomic polynomial. M F A& FER f (z) € Q] £ A Qx]
¥ 7 irreducible polynomial, #]@ # &v f, (z) &_ (, over Q 7 minimal polynomial. & i &
MBS ARG EESBAHIRED . FRLTEF, T L5 BPEA_Theorem 4.3.5
e
FAAPRER () € Zh], 2T Za] 2 o8 EFER fu0) L QW] ¢

irreducible polynomial.

Lemma 4.3.2. # f,(z) & n-th cyclotomic polynomial, 8| f,(z) € Z[z].

Proof. # i & ] * {r Theorem 4.1.1 (2) = (3) EP &F 010> 2 LEP f,(x) € Qz]. #
£ L=Q(), Bl folz) € Liz]. =& o€ Gal(L/Q), d ** o((,) =¢5 2 ¢ ged(s,n) =1,
A ae g ged(t, n) =18 o) = o()! = ¢ ™ 5% primitive n-th root of 1 (%] 5
ged(st,n) =1). )T* AR

gw= I @-olc) = s,
1<t<n, ged(t,n)=1
#22 fole) B - FEDGEER o FlTA » TI‘L%’;@ fo(z) * - FEhiificg 5 & Gal(L/Q)
e fixed field ¢ . e ¢ 4 L/Q &_ Galois extension, *7 Gal(L/Q) 5 fixed field TI&{ Q,
=B # fo(x) € Q[z].

MENPERFEP f(r) €Zx]. &3 2" —1= HKK”( — ), e e g(z) € Llz] #
#a"—1=fu(o)g(x). HZ R o€ Gal(L/Q), #o % 3|3 B BN ekl 7 2" 1=
fo(x)g%(x) = fo(x)g?(x). Fletd Q[z] L+ Hri— /w\ﬁ’*'li%.‘r, FaEgEd oeGal(L/Q) ¥ 7
¢ (2) = g(z). &5 g(x) € Qla]. A3 fule) fr g(x) $EQfs] * & monic polynomial, *¢
Mg ey, co €N T ey fr(z), co9(2) € Z[x] £ 1 fn(x) fv cog(z) # % primitive polynomials
(& o0 Dedeende s 2 Bl s 1), Bl d (enfu(@))(c29(2)) = crca(a” — 1) € Zlz], F17
Gauss Lemma (% %~ § A # S it & Lemma 7.3.5) 7 7 cre0 = 1, #&4v f,,(2), 9(x) € Z[z].
et fu(z) € Z[z). O
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FBFAPFPEEP f,(r) & Q[x] A irreducible polynomial. 7 i &3EM 2. A7 & -
MmPITE D Lemma. B A% - T notation. F p A - BF#H Y acZ R4 F,=7Z/pL

2 a7 atlF,? $E (7 amodulop). FFE f(z)=anz™+ -+ az+ay € Zlx],
IR A 7(53):7m33m+"'+611‘+60€Fp[$].
Lemma 4.3.3. 8% L/Q £ — 18 field extension B p & — 18 % #. X &% h(z),l(x)

% Zlx] ¥ &5 monic polynomials X ¥ h(x) £ Q[z] ‘Péé irreducible polynomial. 4
f(z) = h(z)l(z), #H % a € L #%E h(a) =0 & l(a?) =0, 8 f(x) € Fplx] A2 —1

separable polynomial.

Proof. F1i h(z) #_Q[z] ¢ ¢ irreducible polynomial * h(a) =0, = h(z) #_« over Q 7
minimal polynomial. 4 g(x) = [l(aP) € Z[z], F1 & (o) =0, 3* TF“ 7 g(a) =0, #&d h(x)
#_ o over Q 7 minimal polynomial 4v h(z) & Q[z] ® f}?.”f g(x). *~ d 3% h(z) 5 Z[z] ®

£ monic polynomial, ] * Gauss Lemma ' 7 % h(x) » & Zlx ] f glx) (L~ 5K
#_ N & Lemma 7.3.7). > A Tk oe(x) € Zlx] # F [(2P) = g(z) = e(z)h(x).
¥ AE- T F] S IE‘p - B p ® ~ % 0 finite field, #712 F, & characteristic » p * &
LacZ¥3 a?=a FIE l(v) =2+ am12™  + -+ a1z + ap, B
I(a?) = (@)™ 4 o1 (@P)" " 4 +aa? + @
@@ @ e 4
= @™+ ap12™ 4+ @ +ao)?
= ()"

? l(z)? =e(x)h(z). LR h(xr) A= E_F,[z] ¥ 0 irreducible polynomial, # i - %
- B Fp[:z:] ? ¢ irreducible polynomial ¢(z f”f h(z), *~ F15 h(x) f;;f“,’f [(z)P, #712
< B U(2)P. Pl A1 Fpla] £~ # unique factorization domain 11 2 g(z) £ Fplz]
1rredu(31ble polynomial, ¥ % ¢(x) ?g’f l(z). #3 2, % & di(z),da(x) € Fplz] # 7
h(m) =di(z)q(z) & I(z) = do(z)q(x). &€ E

f(z) = h(2)l(z) = q(x)’di(x)da(z),

#:12 f(xz) * ¥ it 4_separable polynomial. 0

=& 1
%

qx
v

F}

~—

ﬂ

WP F % Lemma 4.3.3 X#P f,(z) 4 Q[z] ¢ ¢ irreducible polynomial.

Proposition 4.3.4. # f,(z) £ n-th cyclotomic polynomial, A fn(x) & Q[z] F &9

1rreducible polynomial.

Proof. p ABEEE p A - BFEE pin, Bl f,(z) € Fpla] &~ B separable polynomial.
T H i & Lemma 4.3.2 P ¢ AP arr bog(x) € Zx] # 7 2" — 1= fu(x)g(x), Fl
d :r:"—lzfn( 9(x) % fo(z) e Fpla] ¥ Big ot — 1 e o —1 & Fpla] * higs
L B¢ Fpin, A mA0 Tt AP h Fyr] ¢ oged(z” — 1,nz" ) =1, &
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Lemma 3.3.5 4 2™ — 1 t Fp[x] * 4_separable polynomial. + st d f,(2) & Fplz] ®
A" —1 D F, # e f,(x) A Fy[z] P 9 separable polynomial.

B4 h(z) 5 ¢, over Q ¢ minimal polynomial, ¥ ** f,,((,) =0, # h(z) & Qx] ¢ f{f“ﬁ
fulx). ®F & fo(x) . Z[z] ® 7 monic polynomial, ¢ Gauss Lemma ' * & h(z) € Z[z]
T l(n) e Zz) #E fo(z)=h(@)l(z) (%8 + 5 A# A Bt & Lemma 7.3.8). 3 P& #

PE 1<t<n?® gad(t,n)=1, B h(¢)=0.

Bk ¢t DFFEAfEL t=p1oop (EA p A% ApR), d 3 ged(t,n) =1, A ipdr
pi fn. 9 ged(pr,n) =1, & Cﬁl 4 - B primitive n-th root of 1, &+ f,(¢h') = 0,
%5 h(C) =02 folxr) & Fplz] » 4 separable polynomial, ¥ Lemma 4.3.3 = (5

3R L) o B, & () = 0. R ged(pan) = 1, A (PP 4

A_ primitive n-th root of 1. #d f,(((B")P2) =0, h(¢E') =0 M2 fo () & Fplz] * A
separable polynomial, £ =X | * Lemma 4.3.3, #* * # &= h(¢h'P?) = 0. F1#* *  induction,
A h(Ch) = h(GRT) =0

2]

AP E T 4T3 0 primitive n-th root of 1 F84_ h(x) €713, @ iz& primitive n-th root
of 1~ W4 & fu(z) #r3 13, #&¢d h(z) f= fu(x) ¥4 monic polynomial * h(z) fé”ﬁ?
falz) #3& h(z) = fo(z). ~ %‘u{?& fn(x) E_Q[z] ¥ 5 irreducible polynomial. O

¥ § F & Proposition 4.3.4 ® AP E T f,(v) ,T-*L{Cn over Q 7 minimal polynomial.

Theorem 4.3.5. % L & n-th cyclotomic field, 8] L/Q & — 18 degree % ¢(n) & Galois
extension B Gal(L/Q) & — 18 isomorphic to (Z/nZ)* & abelian group.
Proof. 24/ ¢ & L/Q & - B Galois extension. * F12 L=Q((,) & fu(z) & (, over Q
£ minimal polynomial, #7141 [L: Q] = deg(fn(:z)) = ¢(n).

A g Sk U Gal(L/Q) — (Z/nZ)*, B €& 5: % o€ Gal(L/Q), & o(¢,) =, Rl
L VU(o)=t€Z/nZ. F* % ¥ - & well-defined Sn#c. 8K o(¢,) =, 2 t/€Z i
W=, @G =14 Godorder 5 on, E@ 0 | t—t, 4 REI-T=1-¢=0.
e t=+1. ¥ - 5 %5 o0(¢) % 5 primitive n-th root of 1, &% o(¢,) = ¢, R
ged(t,n) =1, F]$t 4 U(o) =t € (Z/nZ)*.

#T k%% U A - B group homomorphism. B*k o,7 € Gal(L/Q) & o(¢,) = ¢, ™
2 7(C) = ¢ Rl

T00(C) = T(0(C)) = 7(¢n) = 7(G)" = (G)' = G-

RApEFE (o) =12 U(r) =5, M U(roo)=st =5 %@ W(roo)=U(r)¥(o) Wi
U & - B group homomorphism.

HEKX o€ ker(V), 27 U(o) =1. BmE o) =, & V(o) =t =1. Fa
Brhh meZ R t = mn—|—1 s o(G) = ¢ho= = G 4 RAR o

AL 3 L ¢ identity. #3# U & 1-1. & d * L/Q & Galois extension, ' i 7}



4.3. Galois . et + 65

Gal(L/Q)| = [L : Q] = ¢(n) = |(Z/nZ)*]. #d ¥ :Gal(L/Q) — (Z/nZ)* 4 1-1 #3 U
A_onto. FlM ¥ Gal(L/Q) ~ (Z/nZ)*. 0

% — B field extension &_ Galois extension ¥ # Galois group %_ abelian group B, #% if®
#4t extension & abelian extension. Theorem 4.3.5 )I* L 2Ny L - B cyclotomic
field ¥, L/Q — % & - 1 abelian extension. % § p - ® F#= L & p-th cyclotomic
field, d ** Z/pZ E_ finite field 4v (Z/pZ)* #_— B cyclic group, *74 L/Q & - & cyclic
extension.

- Bk y L/K I_- B abelian extension * [L: K] =m B, A4 Gal(L/K) 4~

# order m ¢ abelian group. ¢ abelian group M 4v, $HE % & s|m Ol Flics ¥
% - B (7 - %rE- ) subgroup H C Gal(L/K) % ¥ |H|=s. ¥ 2% H &_Gal(L/K) i
subgroup, 4 Lagrange Theorem #v |H| |m. ¥ ¢ F]1& Gal(L/K) &_ abelian group, #7 4
Gal(L/K) =1 subgroup H $%&_normal subgroup, # * H % Gal(L/K)/H #%4_abelian
groups. % & izt % % 4 First Fundamental Theorem 4.1.5 2 P4 2 F s|m, ¥ 5 &
- L/K > intermediate field F/ 7% &_[L: F]=s, m £ i 4 Gal(L/F) #_— & abelian
group of order s. ¥ * %1% Gal(L/F) #_Gal(L/K) ¢ normal subgroup, 7 ¢ Second
Fundamental Theorem 4.1.8 %+ F//K » #_Galois extension, @ ¥ Gal(F/K) isomorphic to
Gal(L/K)/Gal(L/F) + 4~ i abelian group. iz 5% 8% £ * ¥| L & cyclotomic field
I K=Q ;. by F A L/Q 0 intermediate field p+, 24 & L/F 1212 F/Q 48
#_ abelian extension.

s 0 & - @ cyclotomic field 7 subfield 3% 4 finite abelian extension over Q. ¥
R F ke A4 Z R finite abelian extensmn over Q 3" g #_ % - B cyclotomic field
&1 subfield. E%{”T;ﬁ e Kronecker- Weber Theorem. % X7 i& B TR PFP A 01 i
WE R, 2 BT E R HED Galois T, RIF R L EIFHmLp e 3 ﬂgﬁﬁii.





