Exercise

Chapter 1. Field Extensions

(1) &% Q(«), Q(B), Q(v) % & Q &y simple extensions H ¥ «, 5,7 7 5% 2
a2 —-2=0,82-3=0UK 2 —4y+2=0.
(a) ¥FEH Q(a)/Q #v Q(5)/Q & & isomorphic extensions over Q.
(b) #R## Q(a)/Q #» Q(v)/Q & isomorphic extensions over Q.
(c) &4 a,7 € R, KEHR Qo) = Q(v).
(2) # & R/Q & subextension Q(v/2,v3)/Q.
(a) 2 abchQ, REW a+bvV2 + V3 +dvV6 € Q(v2,V3)
(b) & [Q(V2,v3): Q=4 ERH Q(vV2,V3) vy nEHTok— %
R a+b\f+cf+df 6 9K, £+ a,b,c,deQ.
(c) Za=a+b/24cV3+dV6 ¥ a,be,deQ B a,bc,d ¥R 50,
RKK d W, deQgiFal=d+VV2+IV3+dV6.
B)#%#K=KyCK)C---CK,1CK, =L &—i& %8 field extensions. &
8 [L:K|=[K,: Kp1]---[K;: Ko] 838 L/K & finite extension
EHREHAA 1<i<n, K;/K,_1 % #4 finite extension.
(4) 5% L/K & —18 finite extension B p(z) € Klz] £ —18 Klz] ¥4
irreducible polynomial. # @4z deg(p(z)) t [L : K|, REH R TG L
a € L #£4% p(a) =0.
(5) & A={a € C|a % algebraic over Q}.
(a) X8 A & C 89 subfield.
(b) #1H Eisenstein’s Criterion 3#BA¥HME & e n € N %754 p(z) € Q[z] %2
deg(p(x)) = n B p(z) & irreducible in Q[z]. KL [A: Q] = oo.
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(6) 3% o & algebraic over Q B a % & o? —3a+1=0. XK 2 B Q)
HR B =a.

(7) 1% o & transcendental over K, 3B AL K(a) FHRARE] B 1E4%F 62 = .

(8) M8 #% L/K % —18 field extension B «,f € L, £ ¥ a % algebraic over K,
1 3 % transcendental over K. X% a+ 8, a— 3, af A&k apf~ ! &
transcendental over K.

(9) B#% KCF CL B F/K #&—18 algebraic extension. &4 « € L, ¥
B o % transcendental over K # H"# 3% « % transcendental over F.
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Chapter 2. Galois Group and Fixed Field

(1) BExacRBR P =74 L=0Q(). % F & L/Q & intermediate fields
R4, @ & & Gal(L/Q) & subgroups Af X & &
(a) XK Gal(L/Q).
(b) EK 3.
(c) ¥R &.
(d) 4 G:3— 6 EEAHESE Feg £k GF) = Gal(L/F). M G
REH—H—T? T AR
(2) 4 L=Q(V2,V3). % T & L/Q & intermediate fields f7 R &4, @ & %
Gal(L/Q) & subgroups A i Z % &
() % & Gal(L/Q).
(b) XK 3.
(c) K &.
(d) 24 G:F— 6, E3HEE FeF 24 GF)=Gal(L/F). %M G
REH—H-? REHBR
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(3 ) i?&t L/Q #% field extension. 3% § % L/Q #j intermediate fields Ff ﬁk‘gf‘é
A, M & A& Gal(L/Q) 49 subgroups FimZ&4. % F:6 - F, £ %
ABHEEZE Hc® 4F(H)=L"={NcL|o(A\)=)\YocH}
(a) 2 L=Qa) EF aceRHRE =7, RX#HH—MHE He & X F(H)
BRAF RATA—H -7 TFAHBR?
(b) # L=Q(V2,V3), "#tE—8 Hc & Kt F(H) 3RA F AT 4
—# -7 AT ABK?
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(4) % C=R(i), £¥ i e CHRE i’ = -1
o1(i) =1 AR 03(i) = —i.
(a) XA BT 02(i) = —01(1), 12 09 # —
(b) 2 f=cio1+ 209, B c1,c0 € C. & E,%n f(l)

. & 01,09 € Gal(C/R) #% 2

f(i) =0, FKFEH
c1 =co =0, KA 01,02 & linearly independent over C.

(5) 3 L = Q(v2,V3) & 0;; € Gal(L/Q) # & 0;;(vV2) = (-1)'WV2 B
O‘ij(\/g) = (— )j\/g’ _;H\‘_‘# 1< iaj <2

(a) KEH%
f= > cjoy B f(1)=f(V2) = f(V3) = f(V6) =0,
1<4,j<2

A 1<4,j<2, 8F ¢;; =0
(b) Kz

0'11(1) 0’12(1) 0’21(1) 022(1
dot | T1(V2) 012(V2) 021(V2) 0:(V2) 40
o11(V3) 012(V3) 021(V3) 022(V3)
o11(V6) 012(V6) 021(V6) 022(\/6)

(6) 8% L/K & —1& finite extension B |Gal(L/K)|

Gal(L/K) :{0'1,...,0'n} H aq, ..

[\
DO | ~—

=LK =n &

2

Lan €L & L/K #— % basis. ¥

or(ar) o) -+ onlar)
ot o1(az) o2(az) -+ op(ag) 40
o1(an) oaan) - oulan)

(7) #3% L/K & —18 finite extension, F' & L/K & —1& intermediate field
#% ceGal(L/K) # )& o(F)={c(\) | e F}.
(a) RFEH o(F) &% L/K # intermediate field.
(b) 2% aq,...,an, & F/K 8)—#% basis, 3X&EH o(aq), .

ooy o(an) 2o(F)/K
&) — 8 basis, IR ILRA [F: K] = [o(F) : K].
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(8) fr#& L = Q(\f V3) B o€ Gal(L/Q) # 2 U(\[) (— )\[E_ O’(\[)
—V3. & H = {l,0} C Gal(L/Q), &4 F(H) = Q(V6), A A%
B |H| = [L: F(H)] #9% %32 c,c,c3 € QW6) F2 5 0 A% R
c1+ cav/2 4+ c3v/3 = 0.

Chapter 3. Normal Extension v Separable Extension

(1) &% F/K & —18 field extension, f(x) € K[x] B L1, Ly %% & f(x) over
K #v f(x) over F #4 splitting field.
(a) 2% L/K % —18 field extension #% & L; C L, X3RN f(z) splits
completely in L.
(b) 2% L/K & —18 field extension & K C L C L; B f(x) splits
completely in L, 3:RI8A L = L.
(¢) # L/K #&—18 field extension i#% & L1 C L B Ly C L, 38 Ly C Lo.
(d) 33 L1 =Ly Z B35 F C L.
(2) 1B3% K & —18 field, f(z) € K[z] B L & f(z) over K & splitting field.
% deg(f(x)) =n, REH [L: K] |nl
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(3) & K A& —18 field B f(z) € Kz]. XA A BEFMEER f(x) over K
&y splitting field s 7745
(4) #/& f(z) =2 —3. k& R $3 32 f(z) over Q MA f(x) over Q(V2) #Y
splitting field.
(5) &K =Q(v2) BL=Q((W2,V3). #f& 0 € Gal(K/Q) & 0(v/2) = —V/2.
(a) ¥ A A The Fundamental Theorem for Splitting Field 38 F & T :
L — L & —14 ring isomorphism B %2 7 |x= 0.
(b) #1 A The Fundamental Theorem for Splitting Field &% 8 F ik 3% 2
WA E 7, ¥4 L & automorphism B extend o.
(c) RBAT@ EA KRB Gal(L/Q) RIMLHAATH extends o THEH L 8y
automorphism £ w #&.
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(6) 3% L/K & —18 finite extension B ¢ : L — L' &—1& ring isomorphism.
(a) H#EWH ¢(K) ={o(k) | ke K} & L' # subfield.
(b) RX#EAZE a1,...,an € L & Lover K #—% basis, Bl ¢(ay),...,d(an)
& L' over ¢(K) #)— % basis, 4K 4F [L: K] = [L': ¢(K)).
(7) 8% L/K % —18 field extension B [L : K] = 2, %W L/K & —18
normal extension.
(8) 3% L/K & —18 field extension B aq,...,a, € L4£4F K(aq,...,a,)/K
& —1# finite normal extension. {5 % F / K &% —18 field extension B
FCL,R#EHR Flay,...,a,)/F 4% —18 finite normal extension.
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(9) fB#& L/K 5% field extension, f(x),g(z) € K[z]. 3} #™H f(z) | g(z) in K[z]
f(@) | g(z) in Lfz].

(10) 3% L/K 7% —1& finite extension B charK = p. &3 L & & separable
over K, :X#H p | [L: K].

(11) 8% L = K(«) & —18 finite extension, L C N B N/K & —18 normal
extension.
(a) #&3% charK =0, 3X##H My (L,N)| =[L: K].
(b) 8% charK =p B pt{[L: K], R&EH Mx(L,N)|=[L: K].
(c) 3% charK =p B L/K R separable extension, X3 B

[L: K]

\SLRK(L N)’ <
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Chapter 4. Galois Extension
(1) #| #7380 F 5| %R 18 filed extension L/K 3 Galois extension.

(a) K=Q,L=K(a) £¥ o £ 2 —-2=02—4.
(b) K=Qw), L=K(a) #F w,a 523 & 2>+ +1=0# 23 -2=0

Z —#R.
(c) K=Q,L=K(w,a) 2F w,a 53 & 22 +2+1=0823-2=0
Z —#R.

(d) K = Fs(y), L = K(B) &% ~ & transcendental over F3 B 3 &
22—y =02—4.

(e) K = F3(y), L = K(A\) £ % ~ & transcendental over F3 B X\ &
xt — vy=0Z—4R.

(f) K = F3(v)(€), L = K(\) £+ ~ & transcendental over F3, { &
P 4+1=0Z2—HRAENE 2 —7=02—4.

(2) #8733 8A T 7|18 filed extension L/K & Galois extension.

(a) K & —18 field B charK # 2, L = K(«a) &% « over K #) minimal
polynomial % degree % 2.

(b) K=Q, L=K(8) £% [ over K &) minimal polynomial % degree
B 3 LA EAR.
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(3) 4 L=0Q(2.v3) & K = Q.
RFEHW L/K & Galois extension.
APt Gal(L/K) &9A7 A subgroups.
AKX L/K A& 4 intermediate fields.
AP H Gal(L/K) #P7 A & normal subgroups.
KX B AT A L/ K & intermediate field F' {£4F F/ K & Galois extension.
L=Qa) ¥ acCR '+ +22+2+1=02—REA K=Q.
RFEWH L/K & Galois extension.
B HE Gal(L/K) 89 A7H subgroups.
c) R&H L/K FiA &Y intermediate fields.
d) R # Gal(L/K) #975% &9 normal subgroups.
e) R BAAFA L/K 4 intermediate field F {45 F//K & Galois extension.
(5) A L=QBw) £F¥ BweCyita®-2=0RR s’ +z+1=02—
RAELS K=Q.
(a) 3X#%E8A L/K & Galois extension.
(b) & B Gal(L/K) #97F5#A subgroups.
(c) R4 ¥ L/K FiA & intermediate fields.
(d)
)
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d) X#& # Gal(L/K) 8975 A & normal subgroups.
(e) FH&LZ AT A L/K & intermediate field F 443 F/K & Galois extension.
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