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Chapter 1

Field Extensions

AF Y AP R &5 B field extension ek AEF F 4 5 B e Galois theory 4p B
SRR o L

1.1. 7 B Field Extension 4

Ew*%ﬁﬂwﬁd”mﬂﬂﬁf,ﬁﬁﬁﬁaaﬁﬂ§¥%%ﬁﬁk%kﬁﬁéﬁiﬁ
fRe L F MR Pk AR EF T A s R e SRR (F-
R RIS SR R A el RS T

k% field extension FFj - B RE & HhE 2 o TR ok K & - B field,

p(x) € K[z] - % irreducible polynomial, B« 3% &~ i K 7 extension field L & &
pl)=0 & L " 3 & (%25 A#AEHER Theorem 10.3.4). & B TILFEP + R} i*u

L L= Klal/(p(a) 3 # fied, 5 a:feLﬁfu{p z) - B E - F DB ER
LA R B G B E AED LA R, AR §F 8 B

(1) SR BIARNHAEGE? 5 AR F Y BFERE SR 52505 21

47
2) @S K B hé 54 L=Klz]/(p(z)) 8?7 T & 58 pla) =0 - B 252

o BRIV REYE. BRI B AN P& RS- B field # ip(x) =0
BRI field ¥ FfR. AR Y HEELE RAF LD field ? H5fF (I TR A FEKC)
FRFAFRAE. HMLTEBE A2 T Q R, C = B fields.

IHC BRAREET §, AP - BH|EP - T APy 2d -2 £ Q] ¢ b
- 1 irreducible polynomial. 4v® % "J - B field @ 22 —2=0 &H ¢ § f37? BRI
7o B 3 RAe C & field, = ¢ £ A 77

A&m”éﬁ{¢@4b—@ﬁ%.¢”Hix—2mﬁ(%aﬁid%ﬂ)ﬂé
- B field L 819 o fr Q $R&d G, *TUA PR RafrQen~F ¢RI EX 51
PR QAL EN B Mf, SHUAPE R ahEPhp e SR N g o

~

&

© p a
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2 1. Field Extensions

FEFP . g AHEL S reQr+afrr o MALPAR? F r=0Fr+afrr-ai
R A wi*aﬁ0¢ﬁ1nﬁi,éiﬁﬁﬁ'-kﬁm*%€$fgﬁ g g

£ r#OE‘*r—i—a’ffr-a‘FKZ B QAP L P BEE T r+afrroa A
FE(LELER R A REa 2 LiEie i), GREILHENAPETFF I f2EE
AFAULER lafrathEiple. &T ?ii‘kff“'fg a *EiEY  agt+afra-a BiZAS
BR? AR RARFIAZDWETI N g+a=1-a+1-a=(1+1)-a=2-q, ;P37
TRATDPEAAL a+a, ”’,T"KZ a (35 2a). FHRaOEZE n B a#ﬂ‘c?‘u{n-a.
I q- *“T“T%’Jﬁvmﬁﬁfi ;',w]ﬂ*um“a‘pﬁitmfi%i%a-aé‘cé a’, FESHIEE n
f[&a;}p%fjafag a. L P FE G et #5225 - B field (¥ 1 ring A ), 3¢
PEFRGLE PR O Ap R, R rf S BEFNE LRI TP EDRERT
APER LY
ro+ri-atry-a’ 44y -a”

pat g HY o B 2hp Bl o, .. €EQ. FHMFLHiERENE LT B
%*&F’“‘m#pﬁ#p%)]&fw:ﬁ F'“rm}pﬁ#mf\ ﬁ (CREEET Mg hw g 78 TIL g

P %P ¢ 4o K[z] i polynomialring 7 B 7). TR+ NP2 5 RigAF FE e d
ﬂ?:\/ PR 0® =2, 2 at =20, 0" =207, B ET 2 APFRT G L PR
¥OrLH

ro+7r1-a+re-a’

ATV OR YR AECL PRI LAY PR R E R AT P d v
HeZ 2 EZA BABON ZHPERE A AT j,aa?ip; P S TR T
DRI G S BB (R at =20) £ - 2R PN B R AT AR R G LTS
Q & - B field P #F u* £ ‘,ﬁ% # (Euclid’s Algorithm % 2+ 5 ;A #  ## & Theorem
7.2.4) *ﬁf:i f(z )e@[ ] 7 35 7] h(z),r(z) € Qz] # @ f(z) = (23— 2)h(z) +r(z) &
¢or(x) = 2 H =t o] 3t 3L AT '%fi,ﬁév’ﬂf(a) +\.ru'|z—1uq+ T()%%ﬁ*(iﬁai«z*m
ﬁﬁ”%ﬂﬁvéﬁsfﬁLzKummw>w.awnﬁ&+*3ﬁmﬁﬁgiiﬁ%
Pt 58Nt 2 2 € MR AL (F1 5 D B 3 3 0 8 AR N A e v S i) 3 3); e AL
L SER R A SR R R T Bl e R S R e
R kgl 3 PR R AT (X R o R E % 2 Qlz)/(ad - 2)
FEHARR). ST B A

R:{To-i-n‘a+7'2'a2\7’0,7’177”2G@}

ﬁt’é" it e @J’%i'rﬁ*ﬁié FafrQrBE a®=2% ring. 9 R ¢ E- B field,
TEdNE f(r) £0, f(r) € Q] 2 deg(f(x)) < 3, BIF 2® — 2 & Q[z] 1 irreducible

polynomla flz) fo 23 —2 = 3 F. #&d & 4p % (¢d Qz] £~ ® principle ideal
domain % 2 * § A#  #t & Theorem 7.2.6) 3% & g(z), h(z) € Qz] # # deg(g(x)) < 3,
# 1 f@)gla)+ (P —Dha) = L 7% f(@) gla) = 1. ¢ BLRHEL fla) £0 2
fla) € R %% % gla) eR & F f(a)-g( y=1. #11 L= R,T*a‘\lr’“ﬁ#mﬁeld 12
v MU QCLZE ac L Ao —2 - B X RURIGA ?,u—JF’,- NiEg® L e



1. 7 B Field Extension .4 3

Q[z]/(23 — 2) &_isomorphic. & & & fitiz® LA~ FFAuFE 54750 B2 408 &2
Qlel/(* —2) 47 Ll 4o %

7 {27 35 ) extension # # 3 -2 F {2 mfffﬁ‘% Eie, N R FFE G ATHRE A i %%
o 2 -2 % 3 BA u A

B, ) g Y

2
T gl N PRE - BR? £ g wf;mu Pof P e #FIC O G E
Tz B —fr QY ~REFESL, %’?ﬁuf‘-‘a*’Q“‘i%@E#Mﬁ SEILE T
F-BAr b kAT 2% -2 i lwl,,*\ *wif S Rl - B field, R ARmoa=0 i

B =7

AF L H LI s B field 4 isomorphic ($% isomorphic to Q[z]/ (2 — 2)).
RFm g V- BRAR: K HRE 23 -2 €7 &5 5 BIUF &3 o P e
- B X FENLIF o0 BR (CEAF AR Theorem1033) WEFEReE? HF 2

7
R, Bwg g < FA# S BGER Theorem 10.3.3 v 2 F h- BE RS field ¥ 35T
n BN, F- BREL A & Galois ®#H P NP E g ho— 1B F Feh field ¥ W RO T
B field LR RO A PR EL1IE P AKS, 8 LD AT fiedd § 8B b4

P-28C¥?7F=mHELR, ‘\lf“ﬁfuwﬁ“ﬂ SR GEFCP . R Bl 23 -2 R
Q(V2) ¥ &5 - B (F1s Q(V2) P h~ad L Fdk, e 2® -2 CY Hw A3 BIRLE
o) A AP Aei B q 3D C 897 o= B fields 240 £ o

FEP iR ) G et f;-‘”fr? i F VR field 2R LA 2B
P2 gt - B R e field P 3w B T %&;’,;7.] 4o ¥ 3t irreducible polynomial
p(r) € K[z] &% & L= K[z]/(p(x)) & & (x) ALY H. kg KEF12 250
gz L¢ AP R I3 —B- ¥- 9 ring homomorphism # K # 3| [ ¢ . %5 iof
i% iz ring homomorphism i (image) = K it g8 - tkehm 2 & L 9 subfield
AP K 2 FAL.EFEAPG T - BRSO

Definition 1.1.1. B3X K {r L 384 fields ¥ K {= L B3 &—%¥t- ¢ ring homomorphism
i:K— L, M LA K extensmn. HEAPEivr L/K (A Lover K).

i H l?mih—i'\ié K#3e gz L NPgR3 &8 K hrg e Lar i idd
E. % 4% 5 - ¥ ¢ ring homomorphism i : K — L, 78AHEZ g ke K fvle L,
EA R ARV

ktl:=i(k)+1 and E-1:=i(k)-1,
Fli i(k) €e L *Tp RV fe L¢P A F @y 1. * Fl5 ¢ & - - 5 4 ik
i(K) = {i(k) [k € K} * m’b%ffK i mm% - fﬁt— $o M G R AT
K*sxg (keK)q L La=~% (i(k S PGS P K Sidentify” ¥ L
t1— i subfield. Flp & 5 Mg NP EET] L KK t extension & 7 F { AR E K ek R
2 G h-Bi:K L, a8 REXKCL

Galois 2.2 f§ ¥ Hﬂii&{”ff} field extensions ¥ ek i%. %% - B field K, $9 * %
3 5B K ¢ extensions, i X § K A B extensions Ly /K v Ly/K & f-if 2



4 1. Field Extensions

T g % E - P extension " ? 5 LE B A B fields Ly f Ly B b, B E
K te Ly fe Ly ? e "% ¢ 7 | JH kW, APF EFY L o Ly & isomorphic @ 2
7#‘;};‘5 l,&%ﬁKmLﬁ 3 LL_L\.]FB_,}é 'l'rg'i‘!’i%

Definition 1.1.2. ¢ i : K — Ly, j : K — Ly #_ K % # extensions. 4% i3 &
¢p:Ly — Ly - T isomorphlsm BEHERDEe K %5 o>i(k) =jk), PFIFE L1 /K Fr

Lo/ K &_isomorphic extensions over K.

FRFE ke K #rri(k) € Ly, B ¢ v & (k) 3 Ly * . & ¢(i(k) = j(k) #
AERGREP L L ? Rd EhAFET Ly @ 7B R kcha k. Frolchi§ 2 p#
K ~u g %8 Ly fo Ly o subfield (7 K C Ly & K C Ly), * F i(k) =k = j(k)=k
g R EENTF ke K, PR gk) =k EFRLTFERETS ¢
'T}“’ff)‘; Ly fv Lo 2. & eh— B “K-isomorphism”. # % 8% L = Ly B¥ ;u PG s B
“K-automorphism”. — #£ % 7 3 if 4=, & i extensions L1 /K v Lo/K 3 ?r; B ﬁ;ﬁ A
KCLfo K C Ly *711% L1/K 4v Ly/K E_isomorphic extensions over K TF“,T.%E B
B Ly fv Ly 2 & 5 - B K-isomorphism.

1.2. Field Extension 7 Degree

f~ B A # N B & 0 Chapter 9 Section 4 # 2 G p 5 L/K 4~ % field extension
FRAEF T - [+ R - B vector space over K. i ¥ &2 1 A7 field extension
T E 2T A e s i}u—f{—\?ﬁ.%’ i: K — L & - 1 field extension, 78 A& # B 70 & 1=
L EeK % 1L AT k-Li=i(k)-1, "F b7 NS AS RAELT L 105

® vector space over K. & L & - 1 vector space over K, {xp Rehg ¥ g3 H ‘&R

(dimension) FJpt 201 R F 00T R

Definition 1.2.1. % % - # field extension L/K, 34 #* [L: K| ® %7 dimg (L), fiLz %
the degree of L over K. % [L: K| 3 *¥¢ (¥ L # - 1 finite dimensional vector space
over K), RIf L &K - B finite extension.

% L1/K 4 Lo/ K &3 isomorphic extensions over K, ¢ extension degree fH#_& *
FRT IR (L K| =[Ly: K. BEPAFIEZEAPOEREP B TRA RO FF 4
& F isomorphism PF & %3 K E‘F’E‘_ ‘@ Ve

Lemma 1.2.2. # L1/K #2 Ly/K & /18 isomorphic extensions over K, A [L : K] =

[Ls : K.

Proof. = 3} F M EHRBEX K C L) v K C Ly kg2, iz AP 1Lk N eha & KFEP
BRi:K—>Lfej: K — Ly »% &% L[1/K ‘fr Lo/K ¢ extension ® ¢ : L1 — Lo

% Ly fv Lo 9 isomorphism over K. & % & ¢ €_— B ring homomorphism, 4= % 2% i it

#M ¢ H_ Ly i Ly i&% B vector space over K 7 K-linear map, 78 A& d &K ¢ 4 1-1

X onto (F1* 4 ¢ &_isomorphism) ¥ % dimg(L1) = dimg(L2), I [L1: K] = [La : K].



1.3. Field Extensions £/ ¢ 5

BHEP ¢4 K-linear, " EFP HEZ L ce K * abe Ly, ¥
plc-a+b)=c-d(a)+ ¢(b).

TR ca+bFarEL P 2 ASEE RTELi(c) - a+b &P ¢ £ Ly 7 Lo

£ ring homomorphism v

¢(c-a+b) = o(i(c) -a+b) = ¢(i(c) - a) + $(b) = ¢(i(c)) - p(a) + H(b).

F-2d,cpla)+ob) FFFL Ly ~RemBE, 2RI j(c) da) +o(b). K ¢ i%
K o(i(e )):J(C) FAT ¢(c-a—|—b) =c-¢(a) + ¢(b), » ‘T}‘k@’b ¢ 4 - B K-linear map. O

e BZM A0 f323 % ¢ 4 Ly | Ly ¢ ring homomorphism ¥ 4% K i 5 78 -
Jj*{* B Ly ¥ Ly 0 K-linear map. # i+ i k¥ 7 - T4, + i&{‘i{ir% YLy — Lo
& - B K-linear map I # — Z_i%3 1) ¥~ B ring homomorphism. i&&_d ** K-linear map
FiEdF KY ~d4c [y P ~ % 2E Y & & ring homomorphism 4r g #4F 3 B L, »
~FehkiEEL. FP RIS B extensions Ly /K fv Ly /K, 4v% &4 [y : K] = [Lo : K|
I * %5 Ly fv Lo A_isomorphic extensions over K.
% LFifc K % 5 fields, * i: K —>Ffj:F— L % % 1-1 ¢ ring homomorphism,
Bl joi: K — L ’é,? R+ A_1-1 0 ring homomorphism. *t2 4% L/F 4o F/K &_field
extensions ] L § 8+ & - 1 field extension of K. 24" 5 m T £ £ 3 B extension degree
SRR A A B A #H A B & 0 Theorem 9.4.6 fv Corollary 9.4.7 0 & & | 34 i
fj»’"ul LEP .

Lemma 1.2.3. 83% L/F #2 F/K & field extensions. #& F & K #5—18 finite extension
H L & F 4 — 18 finite extension ﬁ/ L & & K # —18 finite extension. K %, & L £
K 85— 18 finite extension, A F & K 49— 18 finite extension B L £ F &5 — 18 finite

extension.

B, EEREFFEHZT G A

[L:K]=[L:F][F:K]

1.3. Field Extensions =4 #f

& £1:3 11— field extension over K i #fﬁ%{ﬂ K©®4erHBumad, §R% 0S4
LF, Fla A PR R field extension 724 & & - B field #7124 » Wl & 1 e K 22 FF &
FUER. o AHRAPLI e il d o K XFAEE, AT gL A
K 3t t+_, B *xenfield L 27, iz TR f]’""é;‘f*:? 1 }s b'L'ro)g ﬁv;u-%—é L E L
LB RRT EE T R T e r A RAT IEERGEF S - B feld, &
FE 1B P et nr“ﬁ TR A

i

e



6 1. Field Extensions

Definition 1.3.1. % L € - & field, K CL & L shsubfield ¥ SCL A F eh— i+ &
& (subset). P2 & K(S) % L ¥ % ¢ 7 Ko S ¢ subfields s . » i*u{;m
K(S) = N F.

F subfield of L
KCF*® SCF

# & the extension of K generated by S.

TAREIE AR EP - B oring ® - & subrings 0 B 7 5 ring (% < B A#H N
#t & Lemma 6.2.2) 77 i APF UEE - B field P - & subfields 7% & 7 5 field.
01 K(S) 4 2- B field. d £B &S FoE N K(S)EF ALY & 5 K Ao S dl
thfield. # 367 4ok K/ E L éhsubfield 2 K CK' 1% SCK', BI¥ # K(S) C K.

¥ S={a,...,an} A F h—BF A3 EpF AP F 4 P B REa#
K(S) 5 K(ai,...,a,). #4EL% S={a} ¥} - BAEZFAPH K(a) L K - B
simple extension.

7 ¥tI2 {2 simple extensions ®_7 f# field extensions 7% % . Simple extension 7 ¥ & _#
i ¥ 0 extension @ F APz & B 3 0 extensions (4 %] &_finite extensions) * 84 A
41 * simple extensions — % — # extend * 3 @ # 3. #de%k iv 7 f# simple extensions
* R FRar T fE- Heh extensions. AP p REF CEEEER T f2- T simple extensions.

f1* a # 3|0 simple extension K (a) ¥ M A = & fafFw: - A4 [K(a): K| 4_finite
iR ¥ - AR [K(a) : K| A infinite (i,

Definition 1.3.2. 4r% K(a)/K # - & finite extension R|#- a #_ algebraic over K; F 2
RIHE a & transcendental over K.

BB ETREF oS FE algebraic hE & (* F A#H N #GE R Definition 9.4.4) 8%
i§ e pEd APy T m]iﬁ;“r

Theorem 1.3.3. &% K & — 1 field, L £ K 67— 18 extension field A a € L, A F &
1E—# & Fv a £ algebraic over K & 18 49.

(1) 74 Klz] 69— 18IF 0 49 polynomial f(z) #% & f(a)=

(2) 2 fe—18 field M %2 ac M, KCMCL B [M:K| Z%R#.

(3) # L #&& K F2 a &4y ring (BF Kla]) 2 &4 K F7 a &4 field (B
Kla] = K(a)).

Proof. (1), (2) fr (3) L& §ehav e & <« § A H * feed & Theorem 10.1.9 ¥ EP E 7 (L
LIOEEE_* (1) kT & algebraic). = AP X L E o 4 algebraic over K (7 [K(a) : K]
A3 en) e (2) 3;:% e

kot [K(a) :

e,

K| 2% pl4 M =K(a), %% ac M,KCMCLZ* [M:K| 2%



1.3. Field Extensions £/ ¢ 7

F2 4% M E- B field %8 ae M, KCMCLZ® [M:K] A3 "q, Bld K(a)
A L7?% 7 Kivad|ofieldaoii KCKaCM. ~ i*u‘{?m K(a) #_ M over
K ¢— i subspace. #7141 d & Feie over K 7 dimension — Z_ §o], 4 i*u{?u
[K(a): K] < [M:K]. &4 [K(a): K| 2.3 "Lh O

¥ EE— T % a #_algebraic over K F¥% & Theorem 1.3.3 (1) ¥ #7if = ## -] £ monic
polynomial (&8 =< 78 k¥ i 1) H- 5 a over K eminimal polynomial. (AR &4 - & %
# over ¥8— i field ¢ minimal polynomial, ¥] 5 over # F 1 field # minimal polynomial
€ F.) 4v% qover K 7 minimal polynomial % p(z) £ deg(p(z)) =n, 7RAN 5

Té“ﬁmvvﬂﬂ

(1) K(a) f= K[z]/(p(x)) &_isomorphic extensions over K.
(2) [K(a): K] =n.
(3) K(a) ¥ th= % chv rirk— 4 7 &

cot+cia+ - Fepa™t, HP ey en.. ., en € K.

FbeLx B pd) =0 %203 Kla)=K(Ob). td wa (1) #Fw K(a) f= K(b) $*
fr K[x]/(p(x)) #_isomorphic extensions over K, #7113 i 5 K (a) = K (b) #_isomorphic
extensions over K. ¥ § + F3A 2 ¢: K(a) — K(b) % &

dco+cra+ - +cp1a" ) =co+erb+ -+ 1", Veg, cry .y enm1 € K,

¢ #{* B K(a) 3| K(b) 9 K-isomorphism. & /i & 8 & { - LR, 4ok
q(z) € K[z] #_ ¢ € L 1 minimal polynomial over K ¥ p(x) # q(x), 78RN % i § +
#7% K(a) v K(c) #.% isomorphic over K. % 27 4r% deg(p(z)) # deg(q(x)), d **
[K(a): K]# [K(c): K] f1* Lemma 1.2.2 #* if* = %5 K(a) = K(c) # ¥ & &_isomorphic
extensions over K. ® 4 deg(p(z)) = deg(q(z)) P, 8 [K(a) : K] = K|(c) : K], 3
PR fEfRE S P 2 %3 K(a) f¢ K(c) & isomorphic over K. 7 % % fAfin©v P 4%
isomorphic, # ¥ § K &_finite field ¥, K(a) = K(c) #£7% ¢ isomorphic over K (¥ § }
2 K(a)=K(c) %8+ 5 A# B & Theorem 10.4.8).

% L/K #- ® extension ¥ L # #73 éh= % 3§84 algebraic over K, # i i{ fi L 8-
B algebraic extension over K. % L/K &_finite extension, ¥ Theorem 1.3.3 (2) = L/K %
% algebraic extension. # i & /L & algebraic extension # — Z_§ &_finite extension. ** = &
Q(S) £¢ S={/n|neN}, j]};{— i# algebraic extension over Q & 7 &_finite extension
over Q. ¥ - 25§ S -7 U e K(S)/K » &% finite extension, 'f 2 S ¥

€17 % 354 algebraic over K. # * 3 14T 5 B finite extension % & i .

Proposition 1.3.4. # S & — 14 finite set H S ¥ 49T % & algebraic over K, 8] L = K(S)
— 18 finite extension over K.
Rz, # L/IK & —18 finite extension, R s 77 £ — 18 finite set S ¥ S 89T H &
algebraic over K, £ 47 L = K(S).



8 1. Field Extensions

Proof. 7 £ %% F/K & - B extension ¥ a &_algebraic over K ] a {algebralc
over F. ;sﬂ-\é %t Theorem 1.3.3 £ 3734 P 3 & f(z) #0 & f(z) € K[z] % & f(a) =0.
d 3 K CF #“r1u4e f(z) € Flz], % & 1* Theorem 1.3.3 éh% i M (ki q 7 % algebraic
over F.

Bt S={a,...,an} & ai,...,a, % algebraic over K, #iZ & i€ {1,...,n} 3
™4 F,=K(a,...,a;). 9% L=K(ay,...,ap)=F, "% F; C Fj41, 1* Lemma 1.2.3
A

[L:K]=[K(a1,...,ap): K] =[F,: Fo_1]---[Fy: Fi] - [F1 : K].

d 3 ) = K(a1) ¥ a; ® algebraicover K w#v [Fy : K] &3 " B F i€ {1,...,n—1}
Pl g = F'(ai+1) ¥ a;41 #_algebraic over F; (#la;q #_algebraicover K * K C Fj),
v [Foyy By 223 e, F)pt 8 3] [L: K| 4.5 e, ¥ L/K & - B finite extension.
F 2 4e% L/K #_finite extension, #% i* ¥} extension degree ¥ induction. ~ i*u{ﬁ £
% 0 extension L'/K' Bk % [L': K'] <m B¥, % 3 &— B finite set S/, # 7 L' = K'(5).
¥ LK) =1, 8% L=K Aprrns S={1} %7 ¥ [L:K]=m, #5 acL
TagK. &% [L:K|=[L:K(a)][K(a): K], 8t Fx[L:K()]<m(FlagK, #
[K(a): K] > 1) #&d induction PiEK 33 &~ B finite set S’ # # L = K(a)(5'). #& 4
S = S’U{a} Ale S & - & finite set ¥ L = K(S). &4 S ¢ 7~ % < T ¢ algebraic
over K, iz %] % L/K #_finite extension #71 L ¢ &1~ % & % algebraic over K. O

% Theorem 1.3.3 ¥ P iE: § a ¥ algebraicover K ¥ L=K(a)F, ¢ 7 afr K
ﬁx'J' 7 ring, Kla] ¥ 7 1 ,T*u{ L. % L/K #_finite extension F¥, d Proposition 1.3.4 4+
Tt oay,...,a, ¥ algebraic over K # # L= K(ay,...,a,). A RERF: £F39 7 K
froa,...,an B FDring, Klay,...,a,] § 2 L 7?7 4 % K C Klay,...,a,] C L, 3 i 4r
Klai,...,ay] % L over K i1 subspace, x4 dimg (K|a1,...,a,)) < [L: K] Fltd <~ £ X
# % it & Theorem 9.3.7 § i‘w"f’ Klay,...,a,] #— B field, &4 Klaq,...,a,] = L. i&
AP R * induction RFEM, E S R G EEB R,

Lemma 1.3.5. &% L/K & — 1@ finite extension. # L = K(ai,...,a,), Al & & K #o
ai,...,an KNG ring, Klay,...,a,) F7 L. A2 RHEZE N L, £ — 18 n 18
% # 49 polynomial, f(x1...,2,) € K[x1,...,25] B flai,...,an) = A

Proof. #* 7 ¥ n & induction. 3 n =1 P, §1* Theorem 1.3.3 & Z X o € K(a1)
‘FKT# &g Cly. .0 €K BRE a=cpt+car+ - +adl. £ flx) =cot+ar+ -+

7 #®# a= fla). $1* induction, B& F = K(ai,...,ap—1) EHEZL F ¢ o
~% B Fah flor,..,xn1) € Koy, ..,2p-1] wE 3 = flar,...,an-1). & L =
K(ay,...,an— 1,an) = F(an) d 3 a, T algebraic over K C F, £ 1* Theorem 1.3.3
fr’*ﬁn{& Ae L 3 ® Go,01,...,0, € F i = fo+ fan + -+ Bsa;,. XA
B e F,d 1nduct10n MBEXTHE - B G ¥ E R fl(:vl  Zp-1) € K[z, ... xp_q] &

r
rL

9]
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/Bi:fi(ala"'uan—l)- \‘—"EC%"!’\ f(xlv”’?wn—hxn) »

f0($17 . 7xn—1) + fl(x:h .. 7«73n—1)xn + -+ fs(x:h .o 73377,—1):1:2 S K[$17 ... 7xn—17xn]7

AP A= flar,...,an—1,an). O
% L/K 7 #_algebraic extension F¥, it & & L ¥ % 3 - ~% a & transcendental
over L. # % 2, K(a)/K # &_finite extension. # & 3% Fg? Hehh - T - f& simple

extension. a #_ transcendental over K & ¥ Z L 2L F h i 358 f(x) € Klz] ¥ 3

fla)#0. 4> K(a) #- B¢ 3 K fra hfield, #Z & f(z) € K[z], f(a) % &» & K(a)
LA A s

K[a] ={f(a)| f(z) € K[z]} € K(a)
H ¢ 7 K Jrad|ring. & B Ffr o 4 algebraic # transcendental over K # B . 7
¥ d * o & transcendental over K, & f(z),g(x) € K[z] & f(x) # g(z), Bl f(a) # g(a).
SERE () —gln) LK) ¢ 20 3T, 4ok f(a) = g(a) B 7 a 3 () (o)
- B4, #4274 transcendental over K 1% 7. i&fr algebraic over K i in? f, %]
% % b #_algebraic over K ¥ p(z) € K[z] £.# mlmmal polynomial over K, B| ¥ &
f(x) € K[z] i g7 10485 5] g(x) = f(x) +p(x) € K[z] @ F f(z) # g(z) &2 f(b) = g(b).
¥ - B algebraic fr transcendental # F 8 § b &_ algebraic over K FF¢ 7 K fr b
B hring » € - B field (7 K[b] = K(b)); * #% a #_ transcendental over K, 7%
Bed § K v a bl ring (7 Kla]) 7 £ L= @ field 7. 2 LF 5§ f(2) € K[a]
2 deg(f(z)) 2 1 F, f(a) #0 2 4w% % & g(a) € K[a] #F f(a) - gla) =1 %7 a L
f(z)-g(x) —1 - B2, £ =t fr o & transcendental over K 484 ‘. Flt X i 50 Kla] 7
7o A field. 70A K(a) FIAE SR field 2? 7 F4 6

L={f(a)/g(a)| f(z),9(x) € K[z] £ g(x) # 0}
RF b BE eI 7 K fra b ) dfield wF K(a)= L.

Fiang® 4ok L= K(ay,...,a,), B ¥ % & q; & transcendental over K, 78A- [ » &
AF T AR 2RI fay,...,an) B f(mr,... 1) € Koy, ... my), 8 k&7, w48
foitt L ¥ and APDT Y flay,...,an)/g(ar, ... an), B f(x1,...,20),9(x1,...,Tn) €
Klz1,...,2p] £ glar,...,an) #0 X & 7. AFER? AP T4 finite extension, #1714

¥ transcendental extension #' i 3% 34 3| p* .






Chapter 2

Galois Group {r Fixed
Field

Galois T % 1 & #5 34 e04_ field extensions 2. & el % igd B 27 12 4o groups 2. FF ehfd
GApi . AR LB EHFAFSLMGPA A TERZ LA AP

2.1. Galois Group

% L - 1 field ¥, j&_L 3| L 571-1 ¥ onto s ring homomorphism # % L 7automorphism.
A * Aut(L) %51 #7F L 7 automorphisms #7 = ek & & & R348 Aut(L) 4p B 0
i

F1# & 2 S i B AP T 0 Aut(L) RS~ B group. # ,Tf‘u%’—\é”fﬁfﬁ{ % o,7 € Aut(L),
AP RPEY L cor, B EX 2T Aut(L) € - B group. &L A
GRS e )Ikaé’brflifég ANeL,2FF cor(A) =0(r(N), FI* cor ™5 L ¥
Lehdnde @ Y o {e 7 R4 ring isomorphisms, %% % %% oo i & ring isomorphism.
FI oot € Aut(L), # e33R Aut(L) & o i B T F 45 i (closed).

EHEM Aut(L) oo FH 2T & - B group M PRIEHEM B & F (associative law) T
go(rtop) = (U oT)op % 3%t identity fv inverse. & % SBcenE L F h- Lk &5
PR AE (Re FUF A F RO p ([T5RE) BT WBkE. I identity € A AT <
%’\f'f Pel 7% 2 identity o S, LAY T kAR, S AR T L — L% UH
ERZAeL %3 IN) =X % &7 I & ring isomorphism #7™ I € Aut(L). * Fl5 #Z &
c€Au(L) ¥F col=Tooc=o0c, "7 [ § 4 Aut(L) % o &8 & 2. T i identity.

HEL P o Aut(L), £ inverse § A F A7 JS g:aﬁ%i ke o &2 €A1
muvﬁﬂ:ﬁ%fad gk S, X et oo E.1-1F onto B F Sndic ol % A, TIPS T
SR AT Ao HF S0l RBAPEEER o7l Aut(L) TF . F LA E
#P: o ': L — L ™% ring isomorphism. 0~! #_1-1 ¥ onto ¥ ¢ F ¥ T &I F, #711

11



12 2. Galois Group §r Fixed Field

FEFP o' 5 ring homomorphism ¥ .

a+b)=0cHa)+o b)) 2 o la-b)= J_l(a) : O'_l(b).

I
‘—XS \3
/‘An
ﬂcﬂ\\
ﬂt
(Y
(m\y
e
S
m
h
At

b
=
p
&

%] 5 o &_ring homomorphism, # ¥
oo Ha) + o7t D)) = o(c (a) + oo™ (b)) = a+0.

/j*ﬂu’w ol a+b) fr o a)+o7l(b) Fd o FF EFF atb Td o £ 1-1 F A
o Ha+b)=0"a)+o7L(b). FF# o7 a-b)=0"1a) - o7(b). ¥ ol € Aut(L)

o B3 Aut(L) t o i@ B 2 T &~ B group.
wom ki s T > e, § L/K A field extensions FFRA P E N B EBER K C L. Rip

BpFiz, % 0: L — L & L ¢~  automorphism ¥ #=Z & ke K ¥ &% L o(k)=Fk,
# 0 % L - B K-automorphism. % i #- [ 13 K-automorphisms #7= e f £ %
Autg (L) %7, 8 K3 Autg(L) s~ % %‘tiL 7 automorphisms ¢ § # K i~ % 7
F_7R I qutomorphisms.

Autg (L) % X E_ Aut(L) - B subset, ¥ F + & o hFE T Autg(L) § {Aut )
eh- B subgroup. & P & ¥, & group I H AR & FHP M {c inverse ¥ &
FLRAE oor€Autg(L), 9 HER KEK AP G ok)=k 2 7(k)=k, 1@
3l cor(k) = o(r(k)) = o(k) = k. ,T*un—\;bu goT € AutK(L). Ris¥HEd ke K, d
* o(k) =k & o (k) =0 (o(k) = k. F1¥* ¢! i» i K-automorphism, » ,T&L%L’
o=t e Autg(L).

Autg (L) #R I~ B group * fv L/K i -  extension & LApRE, A3 T aha i
KrBied 2%,

Definition 2.1.1. ¥ & & 7 extension L/K # P # Autg (L) = L/K 3 Galois group. il
¥ AP g+ L/K 0 Galois group 3 & Gal(L/K).

Autg (L) v Gal(L/K) 4 $h, 7 4§ 2 & % Galois «ip M LA PFA 0 € 9]
#E 1 Gal(L/K) i #4355,

% F/K #_ L/K ¢ subextension, & F & - & field ¥ K CF CL. }PFfH F &
L/K shintermediate field. &PV F & B groups ¥ M ¥ Jg: — B 4 Gal(L/F), ¥ - &
A Gal(F/K). &3 B groups 38fr Gal(L/K) 3 B, 7 i Gal(L/F) {v Gal(L/K) B T
E A AT AP R E Gal(L/F) v Gal(L/K) b i%.

¥Rt FocGal(L/F), #THxAPF R ocAut(L) 7 2 o ¥ F ¢ ik HE R

md W KCF A Pivreg § R K P iHEL » ;T‘u{;fu o € Autg (L) = Gal(L/K).
AP EH Gal(L/F) C Gal(L/K). * 4 * Gal(L/K) 4 Gal(L/F) & o i@ § 2% 14
group, *7 ™ Gal(L/F) #_ Gal(L/K) 7 subgroup.

£ § 4_L/K i intermediate fields #7= chfk & ¥ £ & & Gal(L/K) 7 subgroups
AR S d N ERtAA P T - BATI S kG TR SEK G F o &
TLE AT HiE L L/K 0 intermediate field F € §, 2 & G(F) = Gal(L/F).
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d T EA P g(K) = Gal(L/K) § 4 G(L) = Gal(L/L) = Aut(L), + #%
GL) P ehrk o FLLI LindB? ZEHERLANEL T o(N) =\ @427 o=1,
Flpt 8o G(L) = {I} &4 identity * = ¢ trivial group. $* Sndc G, PG T

i

Lemma 2.1.2. # % — extension L/K, # F1,F, € § £ L/K 2 8 intermediate fields
B2 Fy C Iy, A G(F2) C G(F1).

Proof. ¥ o0 € G(F;) = Gal(L/F2) % 7+ o 4_ L ¢ automorphism ¥ # [y ¥ chx % FH
T RAd N | CF, 7o TR B PR HE wiF o€ GaI(L/Fl) Q(Fl)
##E G(Fy) CG(F). O

BAAAPERA: LFALAF T - B extension L/K i T& N Gio- Bk ¥R
AROL G HTEB L & fields ¥ hfh 5 3 L fleld. { LA- B RGP 7 0
> G %A L/K 0 intermediate field @ % #_ L eh= % . I ¥— B intermediate
field * > G & #7118 chg % € 4 Gal(L/K) 7 subgroup, @ * #_Gal(L/K) ®» sh~%. + §
7B RS G KL ET Gal(L/K) Sk,

BT ORAPR AL - L Galois groups b+, F] 5 AR k| R simple extensions,
TR A % — T $£ 24 simple extension #7 Galois group ik & 2 2

B3k L/K 4~ B simple extension of degree n, & L = K(a) # ¥ « over K 7 minimal
polynomial & f(z) € K[z] ¥ deg(f(z)) =n. &vi- F* AP&2 HELH N c K(a) 8

LSl S
A=cot+cra+ - 4cp1a™t, B coer...eno1 € K.
B¥ o€ Gal(L/K), Bld ** o &_ring homomorphism * # K ¢ v~ % Hlz, 7 &
o(N) =o(co+cra+ -+ cp1a" ) =co+cro(a)+ -+ cpro(a) L

=2 HiEi Ael o) FBEz 2T ola ) Ak TR iR Gal(L/K) R & fA
HiEzd o Gal(L/K), o(a) 7 7R ¥ i ehB~E. iz B PAH simple extension 7 Galois
group 10§ £ &, A2 g * U ka2 simple extension.

REHERD o € Gal(L/K), o(a) F ¥ s Bt Eri? F AN PR R E R D
9(%) = amax™ + am_17™  + -+ a1z +ap € Kz, @ **

9(@) = ama™ + ap_1a™ 4 -+ aja + ag,
™ % o &_ring homomorphism ¥ # K ¢ i~ % F 2, AP

o(gla)) = o(ama™+ am_1a™ 4 4 aja + ag)
= 4o ()" 4 apm_10()™ ! + - 4 aro(a) + ag
— glo(a). (2.1)
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ted * f(z) 4« over K 7 minimal polynomial, & 75 f(z) € K[z] & f(a) =0, £ *
250 (21) 7 @

flo(a)) = o(f(a)) = a(0) = 0.

~ T’u%;ru o) % &
rAEE R ER: F L=K(a), f(x) € K[z] % « 7 minimal polynomial over K ¥
o€ Gal(L/K), Bl a(a) &G f(x) = L P - B4

r-BEHITERK o(a) % E f(o) B LP - BRI EAFHERL f(r) LY
- BR B Y FrocGal(l/K) 8T o(a)=0. T RAPERP LD gL
k- T: % f(z) € K[z] &~ B irreducible polynomial * « fv 3 & H 3, j& ~ & A #_
it & <0 Corollary 10.1.7 2% i 4rif 3 & K-isomorphisms ¢ : K[z]/(f(z)) — K(a) fr
b5 K U() — K(D) 55 60) = a 1o @) = . 4 p = o4 : K(@) » K(D),
7 5t h p ivi K-isomorphism ¥ % & p(a) = . REX &+ fe L =K(a), d 3
KB) CLz2 K@) : K =[L:K]=n, 78 K@) =L=K(a) #7#EReEHRmT p
% L 1 K-automorphism, ~ i&{;&» peGalL/K) &2 A% ¥ pla) =0. 5F& L gtk 3
e orid f(r) & L ¢ p R R #iF e Gal(L/K) 7 order. (% Ag— T “73) — i finite
group G 1 order #{G PR iRk, =0T |G

f($) g- B * B30 o Z_ L F| L 9 automorphism, #&+ o(«) € L.

Erad
P
S

Proposition 2.1.3. & L = K(«a) & — 1 finite simple extension over K A f(z) € K|x]
% « over K # minimal polynomial. % f(x) &£ L ¥ 2% m @4 EKR, 8] |Gal(L/K)| =

m.

Proof. £ 5 = {5 € LIJ(9) =0} & L * 4% [() fesisemb b, 4 fi- s
X:Gal(L/K) —» S # B EZR o€ Gal(L/K) & x(0) = o(a). K s FHmaoFzi
o€ Gal(L/K), ¢ 3 ola) €S, #1121 x 4 - B well defined s #ic. Vi B mn—‘ﬁ ALY
H_1-1 ® onto d ¥ {7 Gal(L/K) v S e~ % B #cip %

BK 0,7 € Gal(L/K) % & x(0) = x(7), T o(a) = 7(a). & 5 i 3d3mF o fo 7 ¥ iz
L LPAZaBER2d o(a) frr(a) X2 Fltd o(a)=7(a) FFvo=r1, ,IJL—EL

X E 1L ¥-2a$Ed gesSd waitmeeizihocGal(l/K) ## ola) =0,
~ ,T}u{;h. x(o) = 0. & #®# x 4 onto, F]* 4r Gal(L/K) 5 order = m. O

d 30— B AN A B field ? HfFahBHcA AZE Y F BN, ARy S ER

T 7 &
72 25

Corollary 2.1.4. &3 L/K & — 18 finite simple extension, A

|Gal(L/K)| < [L: K].
Proof. B3 L= K(a) ¥ «aover K ¢ minimal polynomial f(z) =t #k s n. &P ari L
Pof(r) R R EN @ P [L: K] =n, &d Proposition 2.1.3 #+

IGal(L/K)| <n =L : K].
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ERAPIEL - 7§ L/K A finite extension PF, 1 {30 & fvig TR L/K A
simple extension, @ #% § 3 |Gal(L/K)| < [L: K]. %™ %2 i %5 3 B simple extension

i)+

Example 2.1.5. ] * Eisenstain criterion % % ~ & L # * #c# & Proposition 7.3.14 #¢
i 2t — 2 2 Q[z] ¢ ¢ irreducible polynomial. 4 a = V2 R A —2=0rE- i F &
f2, 0P o, —a, i ME —ai A2t —2=0&C¥ 4B ML L=Q), 3
& L/Q i&- 1 extension.

BANPH Gal(L/Q) A&k group. 3 aeR Y L=Q(o) L7 7 Q fr o &
i field, & LCR. 2 ai R ¥ —ai ¢ R, AP @t —2 & L7 3% a fr —a.
#xd Proposition 2.1.3 # 4 |Gal(L/Q)| =2<4=[L:Q].

J&_group I A AR F S B & 0 group % isomorphic to Z/27, F|t 3 Ae
Gal(L/Q) #- ® order 2 £ cyclic group. ¥ F + Gal(L/Q) 7 = B ~4: - ® & identity
I# a3 o ¥- B3 5 identity 0~ % o # a EFI| —a. 4 * o(a) = —a, P4

coo(a)=0c(o(a)) =0(—a) = —o(a) = a.

Wiwrogoo=1I,~» TI&{?& o e order /£ & 2. Fl¥* Gal(L/Q) sz i - B order 2 £ cyclic
group.

i at=2 %t ad o L a2 -25- BR. L F=Q«?). 3 22 -2 L
irreducible over Q, #7102 [F: Q] =2, * F13 o2 €L, *# P+ QCFCL. %% F £ L/K
1 intermediate field, 78 G(F) = Gal(L/F) 3 f-+i? @ & Gal(L/F) ¢ 4_Gal(L/Q)
subgroup, * 4r Gal(L/Q) #_- # order 2 73 cyclic group, *714 Gal(L/F) & # &_identity
,Tfu{ Gal(L/Q). Flp* 2P r & % Gal(L/Q) » # 5 identity 7o (7 o(a) = —a) 4.7
& Gal(L/F) ¢ ¥ » ff"‘ui-@fﬁﬁ cRFHF=Q?) ¥~ HI Fli 0 #Q
PAREE, TNE o T BT R o €% F=Q(a?) ¢ ehnF B (B
Q(a?) ¢ th~ % ‘,5”55'-\7“0 +ra? B9 po,r € QBN KA

o(a?) = o(a)? = (-a)® = o2,
NP R o € Gal(L/F), 4 A% Gal(L/F) = Gal(L/Q). * ¢ & olckfpi
G(F)=G(Q). d » ¢ 4w F£Q, #TH ighine T G 73 - $- chaik.

Example 2.1.6. £ L=Q(a) 7% a=+2+i. %% %% 2222 +9 c Q[z] £ a over

Q 7 minimal polynomial. 3% i 3

a=V2+i, —a=-V2—i, a=v2—-i and —a=—-V2+i
B2t —2224+9=0 % C ¥ 4 B3

g3 (V2+4i)(vV2—i) =3, vra=v2—i=3(v/2+i) ' =3a"t € L. FI* 2* 22249
B C*®ad B (T a —a,3a”! v —3a71) ML ® . #&4d Proposition 2.1.3 4
Gal(L/Q)]| = 4.
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d group 2% 4 Gal(L/Q) ¢ isomorphic to Z/4Z & Z/2Z x Z)27 B ? 2 - . %
b LJAT e L)27 X )27 & B groups 97 2 H: d 3 Z/47 E - B order 4 £ cyclic
group, #TM B P &5 e~ B order 4 chrF, @ Z/27 X L/27 ,T.%;‘l”ﬁ order 4 h~ % . 7]
PRAPEZTHRE Gal(L/Q) ¥ 73 ~ % horder. ¢ KA Gal(L/Q) P K- EF| o i F
,T%{identity, MU APEE Y RHE B =B AE 0,09,03 €Gal(L/Q) £ ¥

-1 -1

oi(a) =—a, o2(a) =a =3« and o3(a) = —a = -3«

F] A&
o1ooi(a) =o1(o1(a)) = o1(—a) = —o1(a) = —(—a) = q,

Hirgioor =1, » Ij‘-ftﬁ'—‘?\;ﬁaal gorder 2 2. ¥ - > &

03 0 02(a) = 02(0()) = 92(3a71) = 302(a) " =3BaT) T =,

g3 o Ug(a) = 03(03(04)) = 03(—30471) — _30-3(0[)*1 — _3(_30[—1)71 —q,

Al gg froog dhorder ¥ & 2. 4 Gal(L/Q) ~ Z/2Z x Z/2Z.
BT ORAPGH L/K ¢ intermediate fields. o ¥ (V2+41i) + (V2 —i) =22 11 %
(V2+i) = (V2 —i) = 2i, & 4w

1 1 1
V2 = 5(a—{—?)oz_l) eL, i= 5(0[ ~3a Y eL and V2i= Z(O‘Q ~9a7%) € L.

£ P =Q(V2i), F,=Q(2) "* F3=Q(i). %33 qd [F:Q =[F:Q=[F:Q =2
43 P CRE F,F3 ¢ R Mpde By £#F)  Fy £ Fy. * £B% F = Fy, ¥
V2i € F3=Q(), Bl V2 =V2ifi € F5. 8% Fy=F3 23 '§, t&iv Iy £ F3. T3¢ B, B
e F3 #_L/Q 0= B 4p & 9 intermediate fields.

& &g G(Fy) (7 Gal(L/Fy)) 2 Gal(L/Q) 98— i subgroup, #* i 7 & 531 & 01, 09
foooz ¥ R ¢ B AP =Q(V2i) ¢ 1 A E. d

01(V2i) = 01(3(0% ~ 907)) = 1(o1(a)” ~9o1(a)2) = F((~a)’ ~9(~a)?) = V3,
o2 (V2i) = 0'2(%(012 —9a7?)) = i(ag(a)2 — 903(a)7?) = %(9cf2 —9(3a"H7?) = V2,
e
o3(V/2i) = 03(%(042 —9a7 %) = %(03(04)2 —909(a)™?) = i(QOFZ —9(=3a"17?) = —V2i,

APy oy §HTE P hRF, Tt G(F) =Gal(L/F) ={l,01}. B> 277
3 G(Fp) = Gal(L/Fs) = {I,09} ™% G(F3) = Gal(L/F3) = {I,03}. &Lx R G(F),
G(Fy) ™ %2 G(F3) % isomorphic to Z/2Z, & v i & Gal(L/Q) * = i 4p & 7 subgroups.

FRIMEAPE oy AR F Y iR aEE 11 F onto .
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2.2. Fixed Field

% LA- B field, ce Aut(L) # Ae L L o(A) =\, & fF“Jj‘*?fﬁi A o HZ (fixed). 2
Pr LA e LY Ak o HEdhad o & L7 FF V- B field A iPfz
% o i fixed field. i&- & ¢ AP L& I 4% fixed field 1 2 H f Galois group =k %,

FAAPKSF L0 2w - B fied % AL d €L, 2 A #£0Rld 3 o(Ay) = Ay,
og(A2) =X W% g€ Aut(L), ¥ ¥

oM — X)) =c(M) —a(A2) =M — A2 and oM Y) =a(M)o(ha) =Mt

Flfv A1 — Ay € L7 11 % )\1)\2 € L7, wiv [7 - B field. #%F% L/K - B field
extension ¥ o € Gal(L/K), Bld *» K ¢ eh~ ) ¥4k o, TN P35 KCLOCL, #%
L? &_L/K ¢ intermediate field.

- &P AP ERT - Btk §H# L/K 9 intermediate fields i# 3] Gal(L/K)
subgroups. — & ki G * - A 1-1 (42 Example 2.1.5), 5 T F{d PEF G § 1-1, 1T
ApslEd - BFow S #iol Gal(L/K) 0 subgroups i ¥| L/K 7 intermediate fields.

B A¥F H A Gal(L/K) - B subgroup 3\ i Z_&

={AeLlo(N)=\VoecH}= ()L
ocH
1% fields 52 B & field "2 $3 % o€ HC Gal(L/K) 3% KCL%, &pae LH i
- field * KCLY CL %#® L7 % L/K ¢ intermediate field.

Definition 2.2.1. § L/K # - # field extension ¥ H #_Gal(L/K) - i subgroup, #
A LT ={\eL|lo(A\) =)\ Vo€ H} 5 H ¢ fixed field.

whE - & ¢ §F L/K - B field extension, #* * £ §F {L/K £ intermediate fields
Pk £ ¢ £ B & Gal(L/K) ¢ subgroups e 0 &L AN PT MR- B Sk
F:6 g #E¢E3 Gal(L/K) @ subgroup H (* H € &), & i 2 & F(H) = L7, &
g gt e L 8 L/K - B intermediate field, » ﬂ}“k?u F(H)€gF, FI Fr

9 ¥ - # well-defined & #c.

% [ 2 Gal(L/K) # identity ¥, % 2% LI =L, Flptd 25w F{I}) =L. 81}
G Gal(L/K) # K a4 E T, i {Gal(L/K) i fixed field ¥ 4t 1+ K
M= B LR F(Gal(L/K)) =K (65 A & 8- Bo+). #Sde F ARG
fr G A E BT (Lemma 2.1.2).

Lemma 2.2.2. # & — extension L/K, # H;,Hy € & £ Gal(L/K) % i 18 subgroups
ﬂ/»%/z H1 - H2, EV f(Hz) - .7'—(H1)

Proof. # N\€ F(Hy)=L"2 2 7 ER o€ Hy ¥ B L o(\) =\ EP 7€ Hy, ¥ 3
Hy C Ho, 214 7€ Hy, #cd \e F(Hy) i 4o 7(\) = A, 51 A e L = F(Hy). #
# F(H2) C F(Hy). O
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£ § % L/K 9 intermediate fields i# ¥] Gal(L/K) 9 subgroups, @ F & #-
Gal(L/K) ¢ subgroups ¥ ¥| L/K 7 intermediate fields. 1 T 357 B Sfcdp 3 oobf %,

Proposition 2.2.3. & L/K & — 18 field extension, F' & L/K &) intermediate field A
H & Gal(L/K) &7 subgroup. & 1% X F a1 % :

(1) FCF(G(F) £ HCG(F(H)).
(2) 6(F) = G(F(9(F))) £ F(H) = F(G(F(H))).

Proof. (1) 7 2% % F 4 L/K ¢ intermediate field, ?| G(F) = Gal(L/F), # 3 %
HELHocGF) Rg#F P ahrFAL FIF N F,RIEER o G(F) ¥
B o) =X 4 AR A e L) = F(G(F)). &®@@ FCFGF). ¥- 26, %
H #_ Gal(L/K) & subgroup, Bl F(H) * ﬁﬂi%?"g?ﬁ» H Hzia. Frr%E oc H, B
0 € Autry)(L) = Gal(L/F(H)) = G(F(H)). /@& H C G(F(H)).

(2) & * F Ae F(G(F)) ¥ » L/K 1 intermediate fields, §1* (1) F C F(G(F)) ™ %
Lemma 2.1.2 2% i {8 3| (f(g( ) CG(F). 2ma G(F) & Gal(L/K) £ subgroup, < #-
(1) s H ™ G(F) 8, 7 & G(F) CGFG(F))). 71w G(F) = G(F(G(F)). ¥ -7
% ¥ H4r G(F(H)) ¥ # Gal(L/K) 7 subgroups, $1* (1) H C G(F(H)) % Lemma
2.2.2 i 8 3| f(g(]:(H))) CF(H). #2m F(H) #_ L/K ¢ intermediate field, #=#- (1)
SEr F(H) 8,7 E F(H) CFG(FH)). Fle ## F(H) = F(G(F(H))). 0

f— H A Proposition 2.2.3 (1) ehE 383 ¥ & 2 2 (* F C F(G(F)) i+ H €
G(F(H)) o5 v ac s 4). g3 P ¢ g § L/K 4 finite extension ¥, $ & &
Gal(L/K) ¢ subgroup H ¢ 7 H = G(F(H)) o2 F. 2 > L/K 0 intermediate
field F', ¥ ic 3 F # F(G(F)) 28 2 (T & 241 ¢ %- B 5F). Galois mlﬁ‘—_";n*ni%{
B ¥R 3t v extension L/K, ¥ & & 7 L/K 7 intermediate field F ¢ 3 F = F(G(F))
e

TR g - &b K 4F 3 Galois groups v fixed fields 20 B B 7%,
Example 2.2.4. # ;> % Example 2.1.5 & extension, * L =Q(a) £ # o & z* -2k
- F R PEAPE Gal(L/Q) ={l,0}, 27 o(a)=—a. * F=Q(? i L/Q
intermediate field * Q C F C L.

Gal(L/Q) ¥ 7 = ¥ subgroups: ¥ {I} 4= Gal(L/Q). & & F({I}) =L, i kiF+
F(Gal(L/Q)) R3% A v"— & field. d *¢

F(Gal(L/Q)=L'NL =LNL° =1°,
AP R & ¥ o o0 fixed field T

dONHER LY g A IF R &7 S\ = rotriatna 24rgad, B9 ryrg,r3, s € Q.

FAeLo Aipd

A=0(X) =ro+r10(a) +roo(a)? + r30(@)® = rg — ria + raa® — r3a’.
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Flp i@ ry =r3 =0, » ﬁ%{?» Lo ¥ ik P B rg+ra?, B9 rorp € Q 487
Fow#E L7CQ?) =F. ¥ -2 & & Example 2.1.5 ¢ S iptde F ¢ A R4 0 B
W P CLY. P L7 =F, 4 U F(Gal(L/Q)) =F. RAF, NP8 SHRE -
i el Gal(L/K) & fixed field 7 - 28 K, &4 F s @ 6+ F(Cal(L/Q)) = F # Q,
%{Eﬁé’ﬁ“qﬁ.

% Example 2.1.5 22 ¢ & G(Q) = G(F) = Gal(L/Q) ™ 2 G(L) = {I}. Flet 33

F(G(Q) = F(G(F)) = F(Gal(L/Q)) = F and F(G(L)) = F({I}) =
Flt e
Qc F(G@Q), F=F(GF)) and L=F(G(L)).

21X QCF )) ,]*u{ProposrmonQQS( ) FNA AR 2 - S

Foa R G(F({I}) =6(L) £ G(F(Gal(L/Q))) = G(F) Fl* 4

{I} =G(F({1})) and Gal(L/Q) = G(F(Gal(L/Q))).

Example 2.2.5. iz &)+ 2 /. % Example 2.1.6 7 extension, ¥ L = Q(«a) & ¥
a=+2+i. P ERPE Gal(L/Q) = {I,01,02,03}, £ ¢ o1(a) = —a, oa(a) =3a~! 2
o3(a) = —3a~ L. ¥ ¢ L/Q % = ®4p £ hnontrivial intermediate fields, 4 =] 5 Fy = Q(v/2i),
F, =Q(V2) M2 F3=Q(0).

i Example 2.1.6 2 & & Gal(L/Q) ~ Z/2Z x Z/2Z *7 Gal(L/Q) £+ 73 5
subgroups: {I}, Gal(L/Q), Hy = {I,01}, Hy = {I,092} "% H3={l,03}. & -i# i F
%iz 5 B subgroups BB, F A AP v F({I}) = L. F(Hy), 4 *

FH)=L"=L"nL" =L,

AP R FFE o) 0 fixed field . 7 8 & Exampel 2.1.6, 2 P aig oy € T 04T
B A, FP A B C Lo ek By £ L0, T [P Y] > 1, 4 Lemma 1.2.3 4

2=[L:F|=I[L:L°%[L°: F1] > [L: L°],
pid @ [L: L) =1~ iﬁiﬁL:Lal. A AT NF L ael ®oo(a)=—a#a,
» ,‘T‘u{;k a g Lo d gt ’ﬁ o By =L% =L = F(Hy). #1¥ 8 Fy, = F(Hy) ™ %
F3=F(H3). 2% F(Gal(L/Q)), d & &M 2 o 6 &% 4
F(Gal(L/Q)) = L/ Q = [INL NI NL% = Fy N FyN F.
4% FQZFlﬂFQQFg,%\'/ Fy C FiNF; C Fj, LR iy Ebm(r‘]p [FQ Q] [ Q]:Q,
Fp Fy C F3 g ER Fy = Fg) 1l ) 7& P NEyNFEs, » /T}' Gal(L/@))]
£ =<1 * Lemma 1.2.3 &v
2=[Fy: Q] = [F2: F(Gal(L/Q))|[F(Gal(L/Q)) : Q] > [F(Gal(L/Q)) : QJ,

S [F(GAL/Q) Q) = 1, ¢ PAK F(GalL/Q) = Q T Ao F it h ottt
Gal(L/Q) 1 subgroups B~ & » %] & :

F{I}) =L, F(Hi)=F, F(H)=F, F(Hs)=F; and F(Gal(L/Q))=Q.
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4 Example 2.1.6 # i 5
G(L)={I}, G(F)=H, G(F)=H,, G(F;)=H; and G(Q)=Gal(L/Q),
B g
L=F(G(L), F=FG)), FR=FGF)), F;=FG(F;) and Q=F(G(Q)),
A
{1} =6(F({1})), Hi1=G(F(H2)), Hy=G(F(H2)),
Hs = G(F(Hs)) and Gal(L/Q) = G(F(Gal(L/Q))).
11453 ¢ dei L/Q hintermediate fields £ F Q, Fy, Fy, F3 1% L, A4 G:§ — &
FeFi®-F35F Sl LR G F ;rsq‘ 1-1 2 onto. &8 extension jL 3

7 Galois Extension.
2.3. Extension Degree fv Galois Group 7 Order 2 B %
% L/K #_finite extension F¥ Gal(L/K) ¢ 4 - # finite group @ ¥ Gal(L/K) 7 order
fr L/K £ degree 1o M. iz — & ¢ fr“i&{ﬁ; #31 |Gal(L/K)| v [L: K] B .
& Corollary 2.1.4 ¢ 2P srig 4 L/K #_finite simple extension F¥, |Gal(L/K)| < [L : K].

A AeiE i) Gal(L/K) #.- 1 finite group. ¥ % + 7 % simple 0K, ¥ L/K
#_finite extension F¥ Gal(L/K) % & - i finite group.

Lemma 2.3.1. # L/K & — 18 finite extension, A Gal(L/K) & — 18 finite group.

Proof. 41 * Proposition 1.3.4, & P &% & ay,...,a, € L, & ® :2# q; ¥ algebraic over

K, #%# L=K(ay,...,a,). 9 Lemma 1.3.5, A FrE g Ne L, ¥ F & f(x1,...,2,) €
Klzy,...,zp] B8 A= f(a1,...,an). FI*F o€ Gal(L/K), Bld 3 f(x1,...,2,) Dk
JF’K* K©*#, 6 vi%

oA =o(f(ar,...,an)) = flo(ar),...,o(an)).
5 fr!-;{;ﬁ,g WHLY 2Za8EBx274d o(ay),...,0(a,) KA #HHEEE 0,7 € Gal(L/K)
P ami=1,...,n, ¥ 3 o(a;) =7(a;), Bl o =7.
% 0 € Gal(L/K) P, o(a;) F VR ¥ s BB ? ¥ fi(x) € K[z] 4 a; over K 9
minimal polynomial, £ deg(fi(z)) = m;, Bl d **
(

fi U(az)) = U(fz(az)) = U(O) =0,

Aipde g(a;) 5 filr) L P - B FLEBR o(a;) 5 R F om; BEHE. ATUHE
# o€ Gal(L/K) &% o(ay),...,0(an) B % ’ﬁ my---my, BER, i Gal(L/K) 8§ F
e F omyoomy Bk O

L* 3 s B3, 7 it Hsimple extension 3w 3] |Gal(L/K)| =
SELAEE a1 an € LAWE fi(2) =0, fule) & L iR, £ 4
€ Gal(L/K) ¢ I sz% L o(a)) = ay,... (an) = Q.



2.3. Extension Degree v Galois Group 7 Order 2- B % 21

41* Corollary 2.1.4 12 %2 induction # ¥ 42 ¥ 1 & [/K J_finite extension, P
|Gal(L/K)| < [L: K]. #]4c% L= K(a1,a9), # "4 F = K(al), plee L = F(ag). Fltd
L/F {= F/K $%4&_finite simple extensions, | * Corollary 2.1.4 ¥ {#

Gal(L/F)||Gal(F/K)| < [L: FI[F : K] = [L : K].
SF AR & A [Gal(L/K)| {7 |Gal(L/F)| (Gal(F/K)| b 3e™ @ 57 & i, &

5| |Gal(L/K)| 4= |Gal(L/F)|[Gal(F/K)| éhb %13 £ 7 6 &, 7 §d 558 g {8
15' 3 Galois groups fr fixed fields 2 @ B} %, fpt 3 ?F“ﬁ-"'uﬂ 2 ERY s R

@”

IR [L: K] #_% vector space 7 dimension Xk T &, & #5 7| |Gal(L/K)| fv [L : K] 7
B %, AP e & EyEZ - Gal(L/K) o vector space ik F B k. 2 i g 0 vector space
LA AL 3 Lochadeis g & TS V= {f: L — L} 822 Gal(L/K) * 2%
2 R AL P L e, < E 4 ring homomorphism ¥ #_1-1 and onto, # &% # ring

2

homomorphisms #p #r 5 ¥ it 3 £ #_ring homomorphism, @ % & 1-1 and onto 7.3 HcAp +e

+ ¥ i3 # & 1-1 and onto. T4 7 it % g #TF ring homomorphisms #7 = ik &
% i 4 g3 1-1 and onto e Fehr Sk & IF“F’M& ER I = e Tl @’*ﬁ/fq =~
vector space. FJpt A e iE 2 H DL grd LI L chadi, @R EHE fgeV
frecel, 7APEE frgfre- fid B3z HEZZL Nel, f+g B Idfich \ a5
E5 fN)+9) (T (F+9)N) =FA)+9(N); @ ¢ f e ddci X BB 5 e f(A) (T
(c-fYA)=c-fN), RIxF 2 a8 frgfee f e LI Laddk (T f+g.c feV),

* V FEF 5 - B over L 11 vector space.

1

ﬁ

Lemma 2.3.2. 8% L %4 — 18 field & o1,...,0, € Aut(L) BZ—@ad it £ L &9
automorphisms. #& # & o1,...,0n £ V ={f: L — L} iz @] vector space over L 6 T %,

Bl o1,...,0, & linearly independent over L.
Proof. ¥ & W = (01,...,0,) % ™ 01,...,0, over L span @ = {7 subspace of V. %
Rooy,...,op PES W, BEPM 0q,...,0, 4_ linearly independent over L, ¥ &

dimL(W) =n T¥

A E gt B dimp(W) =1 <n, d S S B TOT & oy, o ¥ 45 5] 1
B~% =5 Wover L ¢h— % basis. F#B & #, AP EX 0,...,0; i*w?\W over L - &
basis. F1% o, € W, §1* basis eEF, AP oig 5 prk- g- ooy, ., q €L #F

Op=C¢C-01+" --+¢ -0 (2.2)
Flsd op 2 5 0 3#e, - T 58— ¢ e{c,...,qf @& ¢ #0, 571 > {33, *\IF“)I&IF,\P{

1 #0. 4% gy Fo,, %3 el #F o1(\) #o,(N\). AL FE o1 fr 0 A ring
homomorphism, *1™ A #0 (BRI €& = o1(A\)=0=0,()\)). REHEZR e L, }PH
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)\5 [APN On "E cl'Ul—i—"’—i-Cl‘O'l v 5 E; T TFB{*Egﬁj‘}'ﬁtv 5\'1?3?5,
Un<)\)an(/8) = Un()‘ﬁ>

= c1-o1(AB)+ -+ -o(AF)
c1 -01()\)01(5) +---t+c- Ul()\)al(ﬂ)

F]% oy, & ring isomorphism £ A #0, & P4 o, (N) #£0. 4 E R i on(A), #

(G 0'1(/\)
on(N)

C| 'Jl()\)

on(B) = Tn(\)

a1(B) + o1(8)-

BRSNS e LA S, UF Y L s, A

01'0'1(/\) o Cl-O'l()\)
)T

32 gy (N) £ on(N) 2 e £0, v

Opn = - 0. (2.3)

-o1(A
761 Jl( ) 7561.
on(A)
W (22) 7 (2.3) AR, A PET o, €W F A R oq,...,00 PR S A 7k
Tfr o1,...,00 LW - '@ basis fpi& ¥, & dim (W) =1 =n. O

% L/K #_- % finite extension, ¥ Lemma 2.3.1 3 4 Gal(L/K) & Aut(L) © -
# finite subgroup, + f1* Lemma 2.3.2 ¥ Gal(L/K) =~ % &_linearly independent over
Lod AP @™ & o

Proposition 2.3.3. &% L/K & — 18 finite extension, £/

|Gal(L/K)| < [L: K].
Proof. &3k Gal(L/K)={o1,...,0n} "% a1,...,a;m € L £ L/K - % basis. 3% i |
FEEE: TEX a>masa®a . g aEda ce{l,...,n},je{l,....m}, 4

oi € Aut(L) * a; € L, PG oi(a;) € L. Flp 7 Y g™ rlict L chn B %8, m B
B AR N e 2 S g 5L

oi1(ar)ry +oz(ar)ze + -+ op(ar)z, = 0

o1(a2)xy + o2(az)xa + - -+ on(az)z, = 0
(a2) (a2) . (a2) (2.4)

o1(am)z1 + o2(am)xe + - + oplam)r, = 0

Fli BBchBlon ~ W3 2 PREom, d P AR LY %FAE- 27 25 0D
( 1)

Cly-oyCn €L T 11 =0c1,...,00 =cp 78 EIHZ > 4230 (24). 4 AR

cio1(aj) + caoa(aj) + - - + cponla;) =0, Vi e {1,...,m}. (2.5)
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WF G a1, 0, & L/K G- % basis, HERL A€ L5 - 2,1 € K i
FX=riar 4+ +rmapm. FFENEX o1+ oo, BB SET T
(C1'0_1+"'+Cn'0—n)()\) = 01'0'1()\)+"'+Cn'0_n(A)
m m
= - a1(Y_rja) + o+ enon( ] ria)
Jj=1 Jj=1
m
= chal(rjaj) + -+ cpop(rja;).
j=1
i3 0 € Gal(L/K) # K ¥ éha R H L% 583 (25), S0
m m
me(rjaj) + - Fepon(rja) = qujm(aj) + -+ enrjon(ay)
j=1 j=1

m

= er(clal(aj) + -+ cnon(ay))
=1

= 0.
- BEF3E (Yo +Fep-0,=0). 8% ¢,...,cnelL ALY -2% 2500
#c,c1-01+ - +c¢p0n =0 F Lemma 2.3.2 7% gq,...,0, &_linearly independent over
Lt g, «#®& |Gal(L/K)|=n<m=[L: K] O

FI* g NPT L ED T Eag sk RA P L E Galois group fr fixed
field 2. FF efd 1%,
Theorem 2.3.4. & L/K & — 1 finite extension A H & Gal(L/K) 89 subgroup. A/

|H| = [L: F(H)].
Proof. wfg—- * F(H) = LY & H ¢ fixed field @ * £ L/K 1 intermediate field. &
Y8 L/F(H) iz— B extension, § X+ &_ finite extension, ¥t & * Proposition 2.3.3, ¥
|Gal(L/F(H))| < [L: F(H)]. i %% Gal(L/F(H)) = G(F(H)), #¢ Proposition 2.2.3 4~
H C Gal(L/F(H)), 7
|H| < [Gal(L/F(H))| < [L: F(H)].

B3R |H|=n, #XFPaEP 22 L ¥ n+1 B~ 4% <% % linearly dependent over F(H), B
<n=|H|. «## |H|=[L:F(H).

Bk H={n,....,7n}, 27 7 =1 & identity. =2 ay,...,ap41 € L, 3 P EM
ai,...,ant1 % linearly dependent over F(H). AN F Y g™ Gt Lein+1 B
B, on B AR AR nmE 2 S AR5

Ti(a1)xy + 1i(a2)xe + - + T (Ang1)Tper = 0
m(a1)xy + mo(a2)xe + - + T2(Ang1)Tpyr = 0

Tn(ar)r1 + m(ag)zs + - 4+ Th(ang1)Tnsr = 0
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s

AR F T =1 #Trme 2 fest (26) ¢ ehE - B HF A
a1x1 + agr2 + - + pyp1Tpy1 = 0.
APREPI RN (26) & F(H) ® 3h- 2225 0% ¢q,...,cnp1 € F(H),
EH #
cia1 + caa2 + -+ - + cpqr1any1 =0,
FAT Ay, ..., apy1 % linearly dependent over F(H).

Fod AR S A (2.6) KRB BE a+1 SRS RN DB En, J PP AR LY
& - B XG0 iR AP g B AR (2.6) hfE P 2 &3 0 grE ek b en
Z |

- efE SWERATER 11 =01,...,Tpp1 = bpy1 LI AR (2.6) - efE H P
B b €L by,...,by,#0 1E bm+1,... bpi1 = 0. AP AP 2 eE e [P 5T -
.Eﬁi_ﬁ'ﬂ%i"‘[)miﬁﬁi/’f‘mﬂ - E'ﬁ’q;u{.ii‘s"o L3 by £ 0, * P
(2.6) SR, g1t by A e

T = 1,1’2 :bz/bl,...,ZEm :bm/bl,xm+1 :07-”737714—1 =0

R TCHIE S S N E AR E L WO (2 &

ipe 7; 1T o E 5N

m1(a1) +m(ag)es + -+ 1(am)em = 0
Tola1) + T2(az)co + - - - + Ta(am)c =0
(a1) ()' (am)em . 2
Tn(al) + Tn(QQ)CQ + 4 Tn(am)cm =0
Tl oy REL Y EA L0, A PREN SL .0 FF L L F(H) Y

kT EH FH) A3 HOAFRHAILANL Y chraFiraaft & FPL L HEP ¢ € F(H),
APrEREPHERTEH YT () =¢. TUHEHER 7€ H AP R w% 3383 (2.7)
Pind - BRAFEREEL je{l,...,n}, ¥
0 = 7(rj(a1) + 7j(az)ea + - + 7(am)cm)

= (ry(on)) + 7(rs(@)r(ea) -+ 7(ry(om)rlem)

= to7j(a1) +71oTi(as)r(c2) + -+ 7 oTi(am)T(cm)
d > H & - B group ” TeH, &w¥qHiEzd j={1,....n} ¥ 5 bri-j e{l,....n} &
Lrorj=Tp. FlAPEe st ey

Tj(a1) + Ty (a2)T(c2) 4+ - - + Ty (am)7(cm) = 0.

£ At %’j;ﬁk Al Torj #Tom, FIV % jBkHTT D1, n B, “THEGD j + kT

Pl PSR E L e {1, n} A 2, s ARG T R
EaE
T1(a1) + 11(a2)7(c2) + -+ + 11(am)7(cm) = 0

To(a1) + m(a2)T(c2) + - + m(am)T(cm) = 0

Tn(a1) + Tn(ag)T(Cg)'-f- oo+ To(am)T(Cm) : 0
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T 2HER T1€EH,
x1=1lxze =7(c2)y.yTm =T(Cm), Tms1 =0,...,2p41 =0

B2 2 AE5N (2.6) eh- . d 0

r1=1Lzo=co....Tm =CmyTin+1 =0,...,Zpy1 =0
e I AR (2.6) - EfEE 2 2 AR (2.6) AR AT A

r1=1-1=0,22 =co—7(c2),...,Tm =Cm — T(cm), Tmt1 =0, ..., Tpy1 =0

2 EFE 2 AR5N (2.6) dh- M fR RAER e BfER E 0 SR ES N m, B g A A
B om LA A 25 0 PR 2 L0 Aot gkt ih, Bt dvip e 2 s 0, 4 R
T(co) =coy.. ., T(Cm) = Cp. > TEF TR TEH P2 & e, em € F(H). 7o

d o,y em A0 E ayp+coas+ -+ eman, =0, v ay,. .., ay % linearly dependent over
F(H). i1 % 2R ay,...,am,...,an+1 % linearly dependent over F(H), & & 232, [

1% Theorem 2.3.4 34§ F ¥ 40— & 5 # it 7.

Corollary 2.3.5. &% L/K & — 18 finite extension A H #& Gal(L/K) & subgroup, A/
[F(H): K|=[L:K]/|H|.

Proof. ¢ *» K C F(H) C L, §1* Lemma 1.2.3 & P 4v [L: K| =[L: F(H)|[F(H) : K].
£ f1* Theorem 2.3.4 #* 4w [L: F(H)] = |H|, %= ##. O

Corollary 2.3.6. %% L/K & — 18 finite extension B H & Gal(L/K) 49 subgroup, A/
G(F(H))=H.

Proof. ¢ Proposition 2.2.3 P4 H C G(F(H)), FIt # & #E H=G(F(H)) " &% 4
A% |H|=|G(F(H))|. & * G(F(H)) i* % Gal(L/K) ¢ subgroup, #x¢ Theorem 2.3.4
= |G(F(H))|=[L: F(G(F(H))). » 4 F(GF(H))) =F(H) (Proposition 2.2.3) #4r
G(F(H))| = [L: F(H)] = |H|. #& G(F(H))=H. O

¥ RE- T, % L/K #_- B finite extension, 3 7 £ F & L/K 7 intermediate fields #7
2k & £ 6 4 Gal(L/K) i subgroups #ra ik & m G F— 6 - B F IS
e, P F 6 —§F 4 - BA_SG I F ehdn#ke. Corollary 2.3.6 273§ Hec & pBF
G(F(H))=H, ~ ﬁ*i::m GoF:6 — & - B & #7I| & 1 identity map. Ft 3 i
F ik o#i 1-1 (Fls % F(H) =F(Hy), #22 % » G# H =Hy) ™ G #_onto (¥
L He® F=FH)eF ¥ G(F)=H). & Example 2.1.5 #» S iFir—- & k® G %
- LALLM A EREA PR G § A1






Chapter 8

Normal Extension Fr
Separable Extension

% L= K(a) - B finite simple extension over K P¥ ' i frif % Gal(L/K) 7 order &
fr L/K 7 degree 48 %, B « over K ¢ minimal polynomial f(x) & £ # & % B & & (1)
flz) #7F R 23 L 7 (2) f(x) X3 £, # & (1) <7 extension ,T*u{“r;ﬁ 77 normal
extension, @ # & (2) £ extension J’I*u{“r;ﬁ £ separable extension. i— F ? P H-F 3
i@ f extensions 7k A PR

3.1. Splitting Field

FHPAEN f(r)eKz],  L? ¥R 2GS - N s, T f(n) PR 2NTF ALY
IS IF“?ﬁ!— f(:):) L ¥ splits. % 22% LCL Bl f(z)» & L' ® splits, #7121 5 1 @ & g
AT Vi e g R f(x) splits B i field, 2 5 f(x) <0 splitting field.

Definition 3.1.1. &3 L/K # - B field extension, f(z) € K[z]. 4% f(z) & L[z] * ¥
2R - g, T

f(@) =cle =) (z - an),
29 coai,...,on € L, RIFE f(z) splits over L.

4% f(x) splits over L ¥ ¥ & & L/K 7 proper intermediate field F' (¥ F C L), f(x)
#%* splits over F', RIFE L 4_ f(z) over K i1 splitting field.

v

5 1% L A f(x) over K 1 splitting field ¥ «q,...,a, € L
( at,...,0pn) 28 7 K v aq,...,qn B 0 field, 27

e 2 *llﬁﬁiﬁ‘\ f(x), » #BF over # I i field ¥ it € 7

7 I 0 splitting field. & X 7 7?5 KCFCL, A L=K(ag,...,an) = F(aq,...,ap), #T14
B pE L v 5 f(x) over F ¢ splitting field. 2 3% KCF @ FZL B Flag,...,op) £
f(z) € Flz] over F i1 splitting field, e P 30 L = K(aq,...,q,) # Flag,...,ap). 7

27
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reFiE K(ag,...,an) ¥ 3 7 isomorphic to F(aq,...,q,). #7— S K F & % splitting
field & JE 3P &_over ¥8— B field < splitting field.

HF Wi over I i field K, f(x) o splitting field # 7 vE— | 2 8.d 35 f(x) 0
12 F T A - S ,T*u{;fué AP AR - B field L ¢ % f(z) 99773 1 aq,...,
HAE, F TR ey - B field  H3Y -2 8,0, ok Lo L/ 8¢ 2% B
{ ~ e field M, 7R AT 7 {a,...,ant ={l1,....0n} (FRIEFINEM? f(zx)
e e de(f(2) 03 ). M K(ono) - KBt ), 38 fm 5
F"T,r% LEeA£ET . BE f(x) 4 irreducible over K, %45 3 a 4A_ f(z) - BT,
BF Y- B field 3 0+ A flz) - B, AP ES | = K(a) v Fr = K(§) 4
isomorphic. % & 73] f(z) over K ¢ splitting field, % 45 3] f(z) £ # 2. d * o€ [y
A f(z) R, 5 e h(z) € Fifz] B # f(z) = (z — a)h(z), B & l(x) € Fylz] @ F
f@)=(x=P3)(x). MEFIEF AT h(z)fol(z) *» 7272 B i35 v P aihficir b
fields, Fi 4c Fy & ¥ i 7 I, ibth— 345107 4 4@ chiR £ 64 7 i AR kAR A 7RA- BB
3| e splitting field € % ¢+ L W4 ri? & v Fip B P AL, AP ERLT fRED h(x)
frl(z) 2 Benbl ., §F AN P ERALDLER A flx) ARG 0 ERE f() 3
F(x—a)(z—P0) FL V- B AN LTS afr fT R EFF LR - B field
¥, T BT BY, biefiE (r-a)(r—-0) LG L&D FFER A v R 2
F""{K isomorphic 7, 7 T3 & ¢ Fy — Fy, 4 K-isomorphism, * & & ¢(a) = 5. hF

hMzx)=an 12" '+ apo2" 2+ +a1x+ag, £* a; € F, T
f(z) = (x —a)(an_12""  + ap_oz™ 2 + - + a1z + ao). (3.1)
BB K P AEHE, EMR QT A f(r) it e, PITESNSREND L fo). ¥
-G R T RN (31) BRSNSk, T NS
(z — ¢(@)(¢(an-—1)z" " + d(an—2)z" > + - + ¢(a1)x + ¢(ap)).
49 gla) =g, Fr AP E
f(@) = (= B)(@lan-1)2""" + ¢lan-2)2" + - + d(a1)x + d(ag)).

x FA 10) {Fl Iy E”f‘hﬁ’rﬁi; ¥ ar gf)(an_l)xn_l+¢(an_2)xn_2+~ . '—l—qb(al):c—i—gb(ag) € Fg[l’]
Flt 1% Fpla] A fek— e I(2) = ¢(an—1)2" " + dlan—2)z" 2+ -+ d(a1)z + P(ao).
SIS RO B 1T R,

Definition 3.1.2. &¥& ¢ : F; — Fb, 4_ring isomorphism, ¥ &,

f(x)=apx™ + -+ a1z + ag € Filz],

i £
F(@) = plan)a™ + -+ + dlar)z + p(ao) € Falz].
i H K fO(x) TK%f VB 5Nt ¢ (T TR SN, 4 f(x)

S RTE f By, ST fO(a) g B By, AR A @ E]- B Fi[2] B Rlr] @
\Zl'yg;:,
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=

Lemma 3.1.3. &% F| fv Fy, £ isomorphic fields, ¢ : Fy — Fy & — isomorphism. &
£ O: Rz — B, #F#HEE f(x) € Fi[z] 4 o(f(z)) = (), & ® £ — 18 ring

isomorphism.

Proof. 7 £ % ® 4 - # ring isomorphism. ¥ f(z),g(x) € Fi[z], & T&, % * %#&
)

) + 026 = (F +.01(0), 471 BU(2) 5 0)) = M) + Dlgla)). 35 £, 5
¥ 0% induction XEM . FAF f(2) =ag € L1, 9(x) = bma™ + -+ + biw + by € Laa],
Al f(z) - g(z) = apbma™ + - - - + apbix + apby. #=++

O(f(x) - g(x))

¢(a0bm)$m + -+ Cf)(aobl)l' + ¢((I0b0)
= ¢(ao)p(bm)x™ + - + ¢(ao)(b1)z + d(ao)@(bo).

T - B(f(2))-B(g(x)) = Blao) - (D(bm)a™ + -+ b(by)z+b(by)), EE deg(f(x)) = 0
B 0 (f(x))- B(g(x)) = D(f(2)-g(x). RBRE deg(f(x) < n FEER g(x) = bpa™ 4+
hx+%6Lﬂﬂb¢<ﬂﬂ))¢@@» B(f(2)-g(@)). BF f(2) = ana”+ -+ a1z +ap,

]
VR f(r) B f(r) = + fi(z), £ 7 deg(fi(z)) <n. F&
f(@) - g(x) = anbma™™ + -+ 4 anbiz™ ! + anboa™ + fi(x) - g().

Flet 1% O idF 4o E 1 2 induction PR A

= B(apbpa™ ™+ -+ apbiz™ T + anbox™) + (f1(z) - g(x))

= B(an)P(bmn)a™ ™ -+ Ban)P(b1)x" T + $lan)p(bo)z" + @(fi() - g(x))
= ®(anz") - D(g(2)) + 2(f1(x)) - D(g(2))

= ®(anz" + fi(x)) - ©(g(x)) = (f(2)) - 2(g(x)).

7= d induction ¥ O(f(z)) - P(g(x)) = D(f(x) - g(x)).

d 3 ¢ [} — F, % isomorphism, #% if* 5= ¢ 0 inverse, ¢! : Fy — Fy % ¥ 3 ring
isomorphism. % g U : Fylz] — Fi[z], T& 5 HEZL g(x) = bpa™ +- - +bixz+by € Folz],
3 U(g() = L bm)a™ + -+ o7 b1)w + ¢ Hbo). xF P HRBEBHEL f(x) € Filz],

g(@) € Falz] ¥ F W(P(f(x))) = f(z) 2 (¥(g(x))) = g(x), 7=+ & £ 1-1 and onto, ¥
® & - 1 ring isomorphism. (I

- 4 ring RGP AP ArE Ry fr Ry A _rings, @ : Ry — Ry 4_ring homomorphism
2 I & Ry #hideal, Bl Ry/I v Ro/®(I) 5 + rings @ 5 isomorphic. #7142 i 5 12 7F 2
Ly
S

Corollary 3.1.4. 18 3% F| #v Fy, &£ isomorphic fields, ¢ : F| — Fy & — isomorphism H
p(x) € Fy[x]. 8] 7 4 — ring isomorphism 7 : Fy[x]/(p(z)) — Fa[z]/(p®(x)) %2 7(T) =7
BHEZE NS F, () = 6()).
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Proof. ¢ Lemma 3.1.3 & P4 & : Fi[z] — Fylz] ¥ - % ring isomorphism. ¥ Jg
: Bola] — Fy2]/(pP(x)) ® BHEL g(x) € Bofa], ¥ F 7(g(x)) = g(z) (modulo (p®(2))).
A i se 1 #_onto #ring homomorphism, #& 1o® : Fy[z] — Fy[x]/(p?(x)) - B onto iring
homomorphism. % f(z) € ker(mo®), T &(f(z)) = f(x) € (p?(z)), Pl t h(z) € Folz]
1 fox) =pP(x) h(z). @B SHNenthd® ¢l v 7 f(z) =px)-h¢ (z). ¥
b (@) € Fifa], &4 f(z) € (p(a)), B8 ker(mo®) = (p(z)). F1*41* ring & first
isomorphism ZIZ 4 7w o ® induces — # ring isomorphism 7 : Fi[z]/(p(z)) — F»|
B HE L f(2) € Filal, 1(f@) = 7o B(f(x)). * 515 & Tk mo(x) = n(z) =7 * #
ERLANER, mo®\) =7a(p(\) =d(\), =F 7(Z) =T EHEL Ne [, 7(\) =¢()\). O

=

B
~
—
s

=
8

=

AL FN BB RR D Fiz] — Fylz] 4 ring isomorphism, 2 fF p(z) € Fi[x]
%_irreducible polynomial, ] ®(p(z)) = p?(z) & Fylx] # 7 4 irreducible polynomial. ]
pLAI R T 2 R

Corollary 3.1.5. & 3% F| v Fy & isomorphic fields, ¢ : Fi — Fy & — isomorphism A
p(z) € Fi[z] £ Fi[z] # 49 irreducible polynomial. # o £ p(z) &9 — 18R, @ B Z p®(z)
49 — 1848, R 7 # — isomorphism p : Fi(a) — Fy(B) % & pla) =0 AHEZ N\ e F,
P = 6.

Proof. d ** p(x) #_ Fi[z] * ¢ irreducible polynomials, #' %33 % ring isomorphism

n: Fi(e) — Filz]/(p@) % Lnla) =7 12 HEL N € F, () =X * 43 pPz) L
Fy[x] # #rirreducible polynomials, # *4v3% & ring isomorphism 6 : F»(3) — Fy[z]/(p®(z))
BEOB) =7 N EHEIR (€, I0)=C( &F1* Corollary 3.14, ¥ & p=0"toTon:
Fi(a) — Fy(B). Bl p - & ring isomorphism, *

pla) =0 oron(a) =07 (1(z)) =07 (z) =8
TR ¥ER NEF,

O

& Corollary 3.1.5 ¢ | d 3t p F X & F W F| Plfe ¢ 5 b - 3dk (7 p|lp =¢). &
(IR TF“J*I.‘rLﬁ; ¢ : Fy — Fy &_extendible to p: Fi(a) — Fa(f).

B v Bl 4 & 45313 B splitting field v~ 2. Corollary 3.1.5 + &k + &3R:
FHEAPF BN, Tk - 2 extend * 4 o fields % § isomorphic. T - & iﬁ%i@ B
EE. @B LG M osplitting field &£ & LA, 112 A P RIFHF M splitting field

IR PR AL, 50 RA VLR A PERL S osplitting field
fundamental theorem (— 43 I & 4oyt fied ).

Theorem 3.1.6 (The Fundamental Theorem for Splitting Fields). & % Fy f= F, &
isomorphic fields, ¢ : F| — Fy & — isomorphism A f(z) € Fi[z]. & L & f(x) over Fy
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89 splitting field, B L'/Fy & — 18 field extension % 4% f®(x) splits over L', A 77 #£ — 18
— # — 49 ring homomorphism (&7 monomorphism) o : L — L' % & o|p, = ¢.

Proof. {1 * Corollary 3.1.5 # f* § ¥ r1 & = #8* simple extension #- ¢ extends I
L — L' 9 monomorphism. # iz 1k 0 argument 3£ 7% % 5 i ¥, ddFeh 2R L0
induction. d ** L &_ f(x) over Fy ¢ splitting field, 712 L/F &_finite extension. % i
,T* w4t ¥t [L: F1] = n % induction.

BR [L:F] =1 0@is L=F, %1t g=¢ %7, ¥ [L:FR]=n>1,pld
W LALF, %GR f(r) - BRaBEL ad F. RE p(r) € Filz] E a over F)
7 minimal polynomial, ¥ minimal polynomial e+ 5 4w p(z) | f(x) in Fiz] (%2~ &
# % ot & Lemma 10.1.1). e ¢ 8% & % 3 N enthdc® p®(2) | f9(z) in Fyla]. HF
f(x) splits over L/, & ¥ $ 3 3 € L' 5 p®(x) - B4, mA1* Corollary 3.1.5 i &
p: Fi(a) — Fy(f) 4_isomorphism ¥ /& & p|p, = ¢. MNP 4 - T induction (K
g, § AN G - field isomorphism p : Fi(a) — Fo(a). £ kd % F; C Fi(a) C L, &4
L % f(x) over Fy(a) 7 splitting field. £ 4+ ¢ extends to p ¥ f(x) € Fy[x], & 7 F
fP(z) = fo(x) € Falz] C Fy(B)[x] & L'/Fy(B) & field extension % & fP(x) splits over L.
5% [Fi(a): Fi) > 1, %% [L: Fi(«)] = [L: F]/[Fi(a) : Fi] <n. #7727 £ * induction
£hE3K 4073 fe— monomorphism o : L — L' % & 0|p o) = p. &9 3 F C Fi(a), #v

olp = (U’F1(o¢))’F1 =plm =9

iEE A T I, O

BB EILA & FH4e® ¥ U - B isomorphism F1E_& B extends ¥ * - B field. F
FLAR,eRTRLFER LA f(r) over [y ¢ splitting field. # &0 WE3K f(z) splits
over Fy (%1% % WK f(x) splits over Fy, {# & iethenifF 2 an [ 7 & & * U R &2 %
¢ extends to L). ¥ *t & AR A, ¥ 3 F &K f(x) € Fiz] 4 irreducible. #75 &F & &
f®(z) splits over L', @ % % & & L' &_f%(x) over Fy & splitting field. # &% L' k|4 £
f?(x) over Fy # splitting field, 78 & o fI*u € & - 1 isomorphism.

Corollary 3.1.7. &% F| #v Fy & isomorphic fields, ¢ : F| — Fy & — isomorphism £
f(x) € Fi[z]. # Ly #7 Ly 512 f(x) over Fy #= f%(x) over Fy &9 splitting fields, 877
# — 18 isomorphism o : Ly — Lo #% & o|p, = ¢

Proof. F] Lo &_f?(z) over I, ¢hisplitting field, #712 f?(x) splits over Lo, #c% * Theorem

316 % 0: L1 — Ly - B monomorphism "R E o|lp =¢. £ im(o) 7 o 7 image, B

@ [Ll : Fl] = [im(a) : FQ] < [Lg : FQ] ¥ - % #- Theorem 3.1.6 -EJi * AT (25_ By — P,
B 5’ [LQ : FQ] [Ll : Fl] é-ifg [Ll : Fl] = [Hn(a) : FQ} [LQ )]'} KPYL‘ 1m( ) = LQ,
## o 4- B isomorphism. O

FuEg FL=F=K~®* ¢ £ K  identity map (" Z & a € K ¥ 3 ¢(a) = a).
Al E R f(r) € Kla], ¢ * fo(z) = f(z) % & * Corollary 3.1.7 #v: ¥ Ly v Ly 382
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f(z) over K 1 splitting field, B %~ B isomorphism o : L; — Lo % ¥ ¥ T E a € K
* 3 o(a) = ¢la) =a. ~ J’I‘t{;fu o: Ly — Ly #- B K-isomorphism, 7 ¥ L; v Lo &_

isomorphic over K. S P ¥z B &% 8 T,

Proposition 3.1.8. % K & —18 field A f(z) € K|x]. 81#7 % f(x) over K 49 splitting

fields & isomorphic over K.

-4k F 0 L1 — Lo £~ 1 K-isomorphism, | o € # L, /K ¥ =& hintermediate
field F i | Ly/K 0 intermediate field, o(F). F 2 o ! : Fy — F ¢ # LQ/K £
intermediate field ¥ ¥| L;/K < intermediate field. ¥ - % & & 7 € Gal(L1/K), R %% »
%% ocortoo e Gal(Ly/K). FI A PF4I* o 2 - B Gal(L/K) I Gal(Lg/K)
group isomorphism. 3 % 2, % L; v Ly &_isomorphic over K B, L1/K {v Lo/K 9
intermediate fields 2 &3 — B - - ¥ &M %, @ ¥ v 0 Galois groups, Gal(L1/K)
fr Gal(Ly/K) #_isomorphic. F]* § # P & #£3¢ f(x) € K[z] over K 7 splitting field #
Galois group fr intermediate fields PR % F¥, Proposition 3.1.8 % 3734 # 7 7 & 4. &
T € F197iE o splitting filed 7 @ 33 = 3 G H.

3.2. Normal Extension

fiz— & ¢ AP & 45 normal extension. 2 € 7 f2 normal extension fr splitting field
B % & @ J e A PR Galois group.

% Proposition 2.1.3 ¥ 2 P irig F L = K(«) .- T finite simple extension, & if 3|
|Gal(L/K)| = [L : K] ,T*w» A& % o over K minimal polynomial eh#75 ef348 % & L
TR T 2 T K

Definition 3.2.1. B3k L/K % - # finite extension. % *73 & L ? h~ %) H over K

minimal polynomial ¥ splits over L, Rl L/K & - # normal extension.

BAR, - &hF P ALK L/K A normal extension, % 7 F p(z) £ Klz] ¢ 0
irreducible polynomial ¥ p(z) & L * 3 13, Bl p(z) & L » ¥ 2 2 A f&. B F PR
fet gt & - fheh Flo 2 g I K(x] ® 1 irreducible polynomlal p(z) F & L
¥ 3 - 12 a, P| a over K ¢ minimal polynomial f= p(z) # £ & % #ic® @ ¢ (%] 5 minimal
polynomial % & & &_monic polynomial), FI* 7 & § - BF = 24 fF ¥ - B+ ¥ =2 24
fE. A2 AT REFLFFF FEIT irreducible ik 300 L L/K & normal
extension % 7+ % f(z) € K[z] &= L 7 12, B] f(z) splitsover L. » F cnF &L 7 & L &
L¢3 ahdixie @i i L/K 4 normal extension # 7 *73 Klz] 7 irreducible
polynomial ¥ splits over K. @ 3\ i mkssa,j*ul € 7 T FE.

L % % - B field extension L/K #_% % normal extension, & T & 7 &% 475 L 0
AEF,FENTORELFAPREREF LS @T}L? LA

Theorem 3.2.2. K 3% L/K £ — 14 field extension. T 7| #t ik £ & 18 49.
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(1) L/K & —14 finite normal extension.
(2) L=K(a1,...,an) £ Fi& 2 a; over K 45 minimal polynomial & splits over L.
(3) ## f(x)e Klz] # 4 L £ f(x) over K &9 splitting field.

Proof. (1) = (2): f1* Proposition 1.3.4, ¢ L/K #_ finite extension K F i3 7
ai,...,anp € L ¥ a; % algebraic over K # ¥ L= K(ay,...,a,). B¥& pi(z) € K[z] £ o
over K 7 minimal polynomial, 4 L/K #_normal extension ml?)‘»‘%k s p;(x) splits over L.

(2) = (3): B® L=K(ay,...,a,) 8 ¥ & q; over K 9 minimal polynomial p;(x) ¥
splits over L. 4 f(z) = p1(x) - pu(z), 2 4 f(z) splits over L. P &P [ 7+
A_ f(x) over K 5 splitting field. 3k K C F C L, * F &_ f(x) over K 7 splitting field.
d gty ie{l,...,n},a FEF f(x) 49, F&F aq; € F. Fl¥ L=K(ay,...,a,) CF,
i L=F.

(3)=(1): ¥ f(z) € K[x] £ L &_ f(x) over K 1 splitting field, B| 2 7 12 B 3% KK
L=K(a,...,a,), B° ay,...,an € L 4 f(x) #77 42, 4 Proposition 1.3.4, &v L/K
A_ finite extension. # ¥ ' i & % L/ K &_normal extension. % a € L ¥ # over K 1
minimal polynomial 3 p(x), & P& FEMP p(z) *77 PRY & L °?. E5 § 3 p(x)

- B, d 3 p(z) & K[z] ? 0 irreducible polynomial ¥ «,3 % 243, AP ied - B
K-isomorphism ¢ : K(a) — K(3). 4 3% f(z ) Klz], &% f(z) € K(a)[z]. £4% 1 ¢ #
LK SRR, ANE [O0) = f@). Rew fo) S hE K] ¥ 5, A
K(a)(ay,...,an) £ f(z) over K(a) 1 splitting field. ¥ - = & # f9(z) = f(z) ¥ & =
K(B)[x ] 15350 AP ae K(B)(ay,. .., an) £ f2(x) over K(B) 1 splitting field. & *%
K(a)(al,...,am) = K(al,...,am)(a) =Lla) Mm% ac L, ¥ K(a)(ar,...,am) =L. ¥
- 2w AFF K(B)(a,...,am) = K(a1,...,an)(8) = L(B). £ AL hlg % £ 3
3 — B isomorphism, ¢ : K(a) — K(f) ™ % - % polynomial f(z) € K(a)[z], ¥ ** L fr
L(B) # =& f(x) §= f?(z) over K(a) §= K(B) & splitting fields. #702 & 3 % * Corollary
3.1.7 #73% &~ B isomorphism o : L — L(B) i% & 0|g@) = ¢. ¥ ** ¢ ¥ K e~ g HE,
A g s B K R F B 4 i“t“{;ﬁa o #_ K-isomorphism, 7 " [ 4= L(3) 4&_isomorphic
over K. 1* Lemma 1.2.2 & [L: K| = [L(8) : K|, #+d [L(B) : K] =[L(B) : L|[L : K] #
[L(B): L] =1. ~ ﬁ‘u‘i?fu LB)=L, "% el XPRERFTH plo) 9t ia L9

i]ﬁl 3% p(z) splits over L, #d ¥ & 4 L/K & - % normal extension. O

#% extension B % B e E: WK L/K & - B filed extension ¥ F & L/K
intermediate field. 78 L/K R & B FEFE L/F & F/K € %#. bl4cs L/K &
algebraic extension, 78 & L/F v F/K » &_algebraic extension. ¥ ¢t & Lemma 1.2.3 ¥
S 4w finite extension e F» € 4%, 78 A normal extension m']i*_%,‘rh TRy T

¥k,

Corollary 3.2.3. &% L/K & — 1@ finite extension B F & L/K #9 intermediate field.
# L/K & —18 normal extension, 8| L/F + & — 18 normal extension.
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Proof. ¢ Theorem 3.2.2 ((1) = (3)) & P4 & f(z) € K[z| # 7 L & f(z) over K 9
splitting field. * #12 K C F C L, # f(z) § = 4 over F ¢ polynomial, = L * & f(x)
over F' irisplitting field. #f §1* Theorem 3.2.2 ((3) = (1)) 2* & L/F i % — 1 normal

extension. 0

-

&1 & d Corollary 3.2.3 enif 2 A i ¥ 2 %% F/K &_normal extension. ¥ - = &
Corollary 3.2.3 ¥ i k= & I Fr, » iﬁ»{?’u? ¢ 4v L /F #_normal extension, + #& ;% 3
L/K #_normal extension. ¥ 1 ¥ # ¢ & L/F v F/K #_normal extension, ~ # = ##
L/K %_normal extension. ™ F ,T&L{— 2+
Example 3.2.4. (1) & 4 & 2° — 2 over Q 0 splitting field. £ w = (=1 4+ v/314)/2
51329 p 22-2 8 Creh3 BRAsSE V2 V2w i {202 FM
L=Q(V2, V2w, vV2uw?) = Q(V2,w) 5 23 —2 over Q ¢ splitting field. & 2 #® L/Q &
normal extension. % 4 F = Q(v/2), ¢ ** L = F(w) ™ & 2% — 2 over F 1 splitting field,
#t10 [/F % ®_normal extension. 2 @ +/2 € F over Q 1 minimal polynomial 5 2 — 2,
RE 23 -2 hk F¥FAR2A[R &iv F/Q & 7 % normal extension.

(2) #4 F =Q2), | F & 2% — 2 over Q ¢ splitting field, *714 F/Q €_ normal
extension. #* 4 L = F(v/2), Bl L & 22 —+/2 over F = Q(\/2) # splitting field, #712
L/F 4_normal extension. ¥ L/F {= F/Q 3% 4_normal extensions, # & L/Q & 7 i_
normal extension. =& _F1 i v2e L & 2* —2 #_ /2 over Q " minimal polynomial,
%L—Qﬁf%ﬂm%“"a$:W%ﬂm:fQﬂwmﬁPjn@mv%ﬁLﬂ.iﬁij

xt —2 & % splits over L, #712 L/Q # &_normal extension.

% L/K 4_- % finite extension ¥ Gal(L/K) ¥ 483t L 3| L ¢ K-isomorphisms. # #
A0 R - AapkmAipy B LT 5 o fields R, ¥ 2R K- B field 3] Y -
i# field 7 ring homomorphism, T 4_0 mapping syt s ¥ 5 1-1 (R < FAA
% #c# & Proposition 9.1.5), #7022 i 7 & 4 5 1-1 ¢ homomorphism.

Definition 3.2.5. ¥ LM, fv K ¥ % fields #? KCL*®* KCM. ¥ ¢:L— M
#_1-1 ring homomorphism * %73 ke K %5 ¢(k) =k, RIFfE ¢ - B L 3] M
K-monomorphism. % 7 2 {422 2 #-4r5 € L ¥| M ¢ K-monomorphisms *7= i1
& My (L, M) k% 7.

ANPERGEP - T A PGS L B M 9 K-monomorphism, $% ¢ ¥ ¥ g L C M
R, A& R FIE AP A Y K-monomorphism i (image) = L 75 M 7%, 2425 M
g A2 B inv 3 APIEE . BE TP ey ”L\T*u' £ K-monomorphism i e L
WE g - B c i field P od N - B I EDEEE TLG RR RS, AT
1‘@Liﬁiﬁﬁ§%@ﬁ?zb

% L/K #_finite normal extension P, T — B RILE 7N - B L Fl- B L < 0
field 7 K-monomorphism v 7 image — @& L 7 . » ,T&{FLLL T R4 R Gal(L/K)
fj»’wig'@ K
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Lemma 3.2.6. & 3% L/K & — 18 finite normal extension, B M & — 18 field # 2
LCM. #% ¢:L— M & —1 K-monomorphism, 8] ¢ £ L &7 K-automorphism. 7JF B
My (L, M) = Gal(L/K).

Proof. # £ A PHEPHEZL acL ¥F ¢la) e L. BK ac L ® p(z )GK[ ] &8 over
K ¢ minimal polynomial. & ** L/K {normal extension v p(zr) & = A fEOBK
px)=(x—a)(x—ag) - (x—ap), ¥ €L, 4% LCM, g~ ap(x) e Mlx] ¢ 9
A fE. ¥ - 34 ¢ 4 K-monomorphism, ¥ ¢(a) % & p(x) &= M ? di— B 4 ,T*u{;ru
x—¢(a) & M[x] ¢ % 7}5‘,? p(z). 4 * Mlx] £- B unique factorization domain (§]* M
A~ B field 12 & F A H * #ed & Theorem 7.2.14), 2 7 5 ¢(a) € {a,ao,...,an}. Flt
##E ¢(a) € L. &4 ¢ #_ L  K-automorphism.
o AFEEE o€ Mi(L, M), Bl ¢ € Gal(L/K), ,T‘{Ju My (L, M) C Gal(L/K)
d 3% LCM,% o€ Gal(L/K) % o #_ L ¥| L 9 K-monomorphism % X 1}4\[,
e K-monomorphism. F#* 5 Gal(L/K) C M (L, M), #=®& My (L, M) = Gal(L/K). O

F X - B finite normal extension &~ # polynomial 7 splitting field, 2% i # 1441 * The
Fundamental Theorem for Splitting Field (Theorem 3.1.6) ¥ 3| ™ ™ 5 B normal extension
8

Theorem 3.2.7. 183 L/K & — 14 finite normal extension, F' & L/K & — 18 intermediate
field B M & — 18 field %2 LC M. % 7:F — M £ —18 K-monomorphism, 8 # £
o€ Gal(L/K) % & olp =T.

Proof. #] L/K #_- i finite normal extension, ¥ ¥ & f(x) € K[z] @& & L #_ f(x) over
K i splitting field. ] K C F C L, %% % & f(x) € Flz], Bl L ™5 f(z) over F h
splitting field. * F15 7 #% K 2 & H 2, “701 fT(x) = f(z) £ f7(x) splits over M (%]
LCM). Flgo# 7 F - 7(F) i&— B 1somorph1sm % * 3] Theorem 3.1.6, 3% i* &5 &
o:L— M &~ # monomorphism # ## olp=7. * F|5 7 HET K v~ %, #7111 o &~

# K-monomorphism, F]#* 4 Lemma 3.2.6 * 0 € Gal(L/K). ## & T 3. O
% L/K # #_normal extension ¥, 3 ¥ it — B K-monomorphism § # L 1~ % ¥ 7|

Lovhshag. 2 @50 i Fl 3 image s W, F A4 50T 2 Wk,

Definition 3.2.8. 3% L/K & - # field extension ¥ N & - i field /% &

(1) LCN * N/K #_-  normal extension.

(2) # M & - % intermediate field of N/L ® M/K E_— i normal extension, B/
M = N.

PIF N 2 L/K - B normal closure.
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i ¥ k3 N 4 L/K cnormal closure %7 N £ 3 L crifield * #& % N/K #_normal
extension & -] &0 field. ¥ A 7, 4v% L/K © &_normal extension, 78 A& L » ¥ g R E_
L/K ¢ normal closure.

AR X € B normal closure (773 Rt R rE - (2

Proposition 3.2.9. # L/K £ —18 finite extension, £ L/K # normal closure s 77 ,
7 H & — 18 finite extension over K. % N #v N' ¥ %4 L/K # normal closure, 8] N

Fv N' £ isomorphic over K.

Proof. ] L/K #_ finite extension ¥ Proposition 1.3.4 % % ay,...,a, € L ¥ a; ¥
algebraic over K # ## L = K(ay,...,a,). % (x) Klx] % a; over K £ minimal
polynomial ® 4 f(z) =pi(z)---pp(x). % (:):) over L 9 splitting field, | N/K
%_ finite normal extension. A ¥ F %% N / H_¢ § L %] ¢ normal extension. &

LCMCN *® M/K #_normal extension. d ** a; € M, vxd M/K &_normal extension
# p;(x) splits over M, » F]¢* f(x) splits over M. 2 d > N 2 &_f(x) over K 7 splitting
field * M C N, %@ M=N.

ww e M E N A f(r) over K 7 splitting field, Al N & L/K 7 normal closure. ¥
T FRERY A ¥ ﬁk{;& % N E_L/K 1 normal closure, B] N &_ f(z) over K
e splitting field. &4 %1% % N 4 L/K 1 normal closure, ¥ ** q; e LC N * N/K &_
normal extension ¥ p;(x) splits over N, F]¢* f(x) splits over N, #1123 LC M CN, *
M E_ f(z) over K s splitting field, B|d Theorem 3.2.2 &+ M /K & - i normal extension,
fcd N E_ L/K ¢ normal closure 2 B # N = M.

BBK N o N $8 8 L/K < normal closure. @ % N f= N’ 38 & f(x) over K 0
splitting field, #= 4] * Proposition 3.1.8 %= N = N’ #_isomorphic over K. O

£ =% # L/K fnormal closure 3 7 v~ . § R 7 4ok N fo N/ "’VS{L/K £ normal
closure ¥ 3% ¢ 7z %I - 1 field, 78 A& {r splitting field cHfFa- &, 7 % N=N' (Z Rl ¢
$- B AN b B field P BT B B 0 S e F ).

%7 kAP ¥ 3 K-monomorphism 7 image. #3% L/K # - i finite extension,
¢:L— M 4~ % K-monomorphism, # ¢ L C M. d > M ¥ & ¢ s, Nipe
M GEH AN HH (SR F LR K ¢ 9 image). d WEXR LCM, * 4
- AT - MY Pl A M/K - % normal closure M/, 4% =~ & i M F] 5 v e
z L ® M'/K #_normal extension, ¥ normal closure shZ & M € ¢ 7 L/K O% B
normal closure (¥] = L/K ¢ normal closure #_¢ 3z L # -] {77 normal extension). | 7
A - BPEAPTER oDk 7 2B L/K ¢ normal closure.

Proposition 3.2.10. & % L/K £ — 18 finite extension H ¢ : L — M £ — 18 K-
monomorphism. 4w M &4 L/K &% 18 normal closure N, 8] ¢ &5 image € &% N,
B ¢: L — N.
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Proof. ¢ ** LCNC M, ® N/K & - i finite normal extension. #- L 4 % & N/K
- B intermediate field, 2 * Theorem 3.2.7, ¥v 3 & o € Gal(N/K) mE olp=¢. 8 %o
N 3 Nmﬂ.%, L P —O'|L - L 7 N ¥k, i A S 4

T FEFEF A BAR D L/K 0 normal closures P e 330 - B field. F]t &
Proposition 3.2.10 ¥ 7 N § &r&— ¢ 7> M ¢ L/K ¢ normal closure. F]p* 34 i 5 14
T 3 28

S-S

Corollary 3.2.11. & 3% L/K £ — 18 finite extension A M #Z —18¢é& & L 49 field. %o
R M &4 L/K 4% 18 normal closure N, R My (L, M) = Mg (L, N).

Proof. & ¢ € Mg (L,N), %51 ¢ - B L ¥ N 7 K-monomorphism, d ** N C M,
B ¢4 &~ L ¥ M ¢ K-monomorphism, * %‘u{?ﬁ- v e Mg(L,M). ¥- >
F ¢ € My(L, M), B| Proposition 3.2.10 £ 3 ¢ € My (L, N). w8 My (L, M) =
My (L, N). O

Corollary 3.2.11 2 37 P 5~ ¥ M 3¢ 7 L/K % B normal closure {s, *7
3 L 3] M 9 K-monomorphisms 7= 9% & My (L, M) ;‘j‘ﬁ.% gL B Ft AP R
TR E © R T L i EATF RO LR R0 R AE 2 FeARGE At L L/K
¢ normal closure. # i d ** 14 {5 F ll" ’éﬂ“ ¢ K-monomorphism PE &% ¢ & L/K 1
intermediate fields 2. R 3 k4% 2 | TR TEB NI AR kS AP e
BHREEHETLS N2 LCN = N/K 4_finite normal extension. izfk— k% & F H >
g irm 2 d Corollary 3.2.11 4 ¥ X 7 = % iz ¥ K-monomorphisms *7= 3§ & .

J%_ Proposition 2.3.3 # i fvif § L/K #_ finite extension P, *t3 L ¥| L 1 K-

monomorphisms ( Gal(L/K)) eni 8] >t 23 [L: K|. e M - B 7 L e field,
FRE-41% L 3] M ¢ K-monomorphism mllﬁﬁt‘ff [L:K] €7F AR GR? (AP A ad 304
EE o~ L ¥ M 1 K-monomorphisms 7 #7F ¥ & % *% L | L ¢ K-monomorphisms

i, TP EEE R BT g R E LK.

B A& 4F Gal(L/K) 4v [L: K] b tapFs ¥ 3%+ 12 * induction 7\){‘@1“1 * @
7R F) ; {Eff%“ L E'J L ¢ automorphism, * f‘tﬁ?[k R R AN PR R
- LIJI‘* { %7, MPAEEFEIT 2 Lemma.

;4

Lemma 3.2.12. &% L/K & — 18 finite extension, F & — 18 L/K &9 intermediate field
A N #Z—18 L 89 extension & N/K &£ finite normal extension. £ My (L,N),
Mp(L,N) F2 My (F,N) ZEZ finite sets A

M (L, N)| = [9p (L, N)| M (F, NI

Proof. # L1 # M3 KCFCLCN itk . d % N/K £ - % finite normal
extension * L #_ N/K ¢— i intermediate field, ] * Theorem 3.2.7 4v% - # L 3| N
7 K-monomorphism (¥ My (L, N) €0~ %) ¥ extends = & Gal(N/K) éh~F%, F]p
# My(L,N)| < |Gal(N/K)| < [N : K]. w5 Mg(L,N) £~ & finite set. 27 &
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My (F,N) » &_finite set. ¥ ?td *> K C F #r— B L 3 N ¢ F-monomorphism » & -
® L ] N ¢ K-monomorphism, 4 Mp(L, N) £ Mg (L, N) 7 subset, Fl#* Mp(L, N)
» H_ - 1 finite set.

Bk Mp(L,N) = {p1,....,ps} @ M(F,N) = {db1,....eh}, % pi : L - N &
F-monomorphism *® 1; : F — N & K-monomorphism. ¢ * N/K #_ - & finite nor-
mal extension ¥ F #_ N/K - i intermediate field, 1 * Theorem 3.2.7 % - & K-
monomorphism ¢; : ' — N $8¥ 11 extends = - # K-monomorphism ¢; : N — N (7
bilr =j). TR ¢jopi: L - N, AP &%FET £ - B K-monomorphism. ¥ § 4
* K CF ¥ p; & F-monomorphism, #f ™ p; % 2+ % K-monomorphism, £ 4t t ¢; &_
K-monomorphism, FI* iz v ke K ¥ F ¢j0pi(k) = ¢i(pi(k)) = ¢j(k) = k. #=irdt
ERie{l,...,s} 1% je{l,... ,t}, ¢jop; $*E L ¥| N ¢ K-monomorphism.

FEFAPLEP HEIL K-monomorphism o : L — N, %7 1453 i€ {1,...,s} ™
2 je{l,...;t} % og=¢jop;. 4% olp: F - N EZ- B K—monomorphism, Sl
* My (F, N) 4 %% F 3| N ¢ K-monomorphism #7= éhf &3 & je {1,...,t} & 7
Yy =olr RAB ¢ oo Lo N, 4 HHEL ACE, EF o(A) = () = 650 (4

J
T gjlr = ¢y). AT ¢' oo(A) = A ¢'100 - L 3| N e F—monomorphism
A EJJIF(L N) #47% L 3| N F monomorphlsm ek e e {l,..., s}

e #® pl—qﬁ oo. ¥% L 0=0¢;0p;.

e B ME(L,N)={gjopili=1,...,s & j=1,...,t}. B&RF Mg(L,N)| =

= |Mp(L, N)|| Mg (F,N)|, & 87 %% EJ“ pjopi ¥ #Bﬁ '%%{?’Lif*‘g%?ﬁi F
i€ {1l s}, g €1, 4} 2 diopi=dyops, Bli=i 2 j=j. $Ed AeF,
d 3t p;, py & F-monomorphisms, #¢ i ¥

¢jopi(A) = ¢j(A) and  @j o py(A) =gy (A).
7 gbjopi:gbj/opi/ MERTHEL Ne F Px—fsb’ﬁ d)j()\):gbj/()\). #T 2
Y = djlr = djrlr =1y,
i j=g % Fl v gy =y £ 94 ¢y =y ME Qjop = dyopy T
= ¢ o (pjop) =" oy opi) = pu,

wEHE =1 O
%7 KA P F 2 * induction ® &JIZ monomorphism 1B #icfe extension degree ek .

Proposition 3.2.13. %% L/K & —18 finite extension B N & — 8 L 69 extension i#%
& N/K & finite normal extension. 8| | Mg (L, N)| <[L: K].

Proof. # 7% [L: K] i¥ induction # M : BK [L:K|=1, % L=K, $*F*3 LI N
¢ K-monomorphism ¥ § e L &L ¥| L oidentity, “77 ¥ 3 - B. K $¥7F extension
degree | ** n ¢ field extension $¥= = . RA g [L: K] =n> 13, E8 ac L
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T adgdK. £ F=Ka), *FAFF [F: K| >1#&4% [L:F]<n. B& p) e K|z
4_ « over K ¢ minimal polynomial. ¢ ** F = K(a) ¥~ # simple extension over K,
% - i K-monomorphism ¢ : F — N ¥ d () WB~ErE- fEE. * i (o) € N &
S pla) & N - B, i p(e) & N G0 gl 2 deg(ple) = [F : K]
Mr(F,N)| <[F:K]. ¥-*ad*» KCFCLCN ® N/K #-  normal extension,
#rra 4% Corollary 3.2.3 ¥+ N/F i% % finite normal extension. FJ¢* 2 PR 5 — & finite
extension L/F ¥ N & - i L ¢ extension /% & N/F #_finite normal extension. * %] &
[L:F]<n#%™* induction sHEX % [Mp(L,N)| < [L: F]. Fl&* ¢ Lemma 3.2.12 4

Mg (L, N)| = |9Mp(L, N)| M (F,N)| < [L: FI[F: K] = [L: K].

O

B 6 24155 34 Proposition 3.2.13 #4 & 2 @ $]#13 L | N 9 K-monomorphisms i
HWEN LK) i & hFEAP ALY g F=K(ao) 3 N 9 K-monomorphism F¥, 82X «
over K 7 minimal polynomial p(z) & N ¥ ¥ = >4 f# (¥] N/K #_normal extension),
FiEd T p(x) Faed BT, 0 op(x) BN P B EY T o 03 deg(p(x)) = [F: K.
Flpt #r 3 F ¥| N ¢ K-monomorphisms # B #civ 5 ¥ i > [F: K], $#RE2 1
induction # # #t% L 3| N ¢ K-monomorphisms # # % ** [L: K]. I%"“ # lf’“ﬁ* L H_& fF 3t
separable extension 1% & 14§ B4 2 i e T B R,

3.3. Separable Polynomial

fi # k3. - B separable polynomial ¥~ B3 £ 530, d 2R - B FNF 2
FERZHI- B EIAN LR T hie- &0 APALGE aup Y - 8§ N8 R
MIEE, £ 45313 B separable polynomial ZElE

Bk K 4- B field, B] K[z] i&- ® polynomial ring ¥~ % principle ideal domain (%
L% B A H N gt & Theorem 7.2.6), F1t » &_— % unique factorization domain (%% = %
A # N Bt & Theorem 7.2.14). f§ H & ‘;ru,j‘*u{# - B Klz] ¥ a2t #c § 58 5% jF""F_’ E
- & irreducible polynomials 73k 4. # unique factorization domain » = & ;b'% e ged
(greatest common divisor) #_F &, ¥ F KR f(x),g9(x) € K[z] & f(z) fr g(x) F
) P ER I

f(z) = cpi(@)™ - pp(x)™ and  g(z) = 'pr(2)™ - pr(a)™,

HY ¢d e K ¥ pi(x) & K[z] ¥ 7 irreducible polynomial. % 4 d; = min{m;,n;} Rl
pr(@)® -y (@) A (o) 17 gla) S god. F - B4 TR EE god 4 LY R
5. FF 1 Klz] - % principle ideal domain, ¥4 4p %5 2 7 2§22 945 5] ideal
generator. 4 AR f(z) 1+ g(z) 9 ged $L (f(x),g(a) & # ideal (¥ f(z) f g(o) &
4 fhideal) 7 generator. Fl#t d(z) & f(x) fr g(z) Frged F 2 *EF (d(z)) = (f(x),g(x)).
i e m(x),n(z) € Kz] @ ® d(z) =m(x)f(z) + n(x)g(x). ¢ 3 B 755585 ged &
PEFE- ) ¢ LBV ESE (FLXEAFAEEAELemma 8.1.6), FP 50 3 TAL, A
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AN E RP ged - & monic (TE B KIE RBE 1), Aot - 3 ﬁ} A
f(@) f= g(z) 2 ged * ged(f(z),g(x)) %7 . #F=% ged(f (fﬂ),g(l‘)) L p, AR f(x)
fe g(z) .3 F (relatively prime).

B® L/K - B field extension ¥ f(z),g(x) € K[z]. $* FFRFF 1208 f(z) fr g(x)

A Lx] ¢ e~k KSR e fRchdk R kg & Klz] ? A\ﬁiﬂfr" L[x] LEPAS F R I
B w2k f(r) & Klz] ¢ F 7 st A irreducible polynomial & & L JI*Z A Fpe RN
g RALE f(z) I g(z) & -’L']"f”gcdf‘" [»”U]"?ﬁgcdgzﬂ%“i?ﬁ v iR
g, 3 d 4o BR f(z) frog(z) & Kz] fr & L{z] ?ﬁgcd A u G dig(x) fo dp(x). @ %
K[z] € Llz], #7 dg(z) € L[] £ & L[z] @ E*F f(x) 12 9( ). Flet i dp(x) L f(x) fe
g(x) & Llz] 7 ged #v dg(2) & Llz] * B dp(z) -F“ wod 205 & m(z),n(z) € Klz]
& Lom(z) f(x ) ( ) (¥) =dg(x), » dp(x) & Lfz] * fmf f(@) 112 g(x), FIH** dp(z)
& Llz] ¥ % # g L] @ dp(z) | di(z) 2 di(2) [di(e), “T 41" dg(z)
fedr(x) ‘Fﬂimomc polynomlals mllésétff'd;((a:) dL(x) Flpt i AP ged(f(x), g(x))
i R HLR A L f(2) frog(z) & K[2] ¢ EL[ ] ¥ —mgcd-
totm A, RIF f(z) frg(e) &2 K] » £33 B Ljz] » F34 2 7 2

3
B, FtF R %E f(x) frogla) £.F 3 FRF, AP ¥ 00 g4 + 0 extension L/K i
f@) e g(z) & L2 7otz 2afi gk ge i 3 218 f(z) fo g(e) L33 0.

Lemma 3.3.1. &% L/K & — 18 field extension, f(x),g(x) € K[z] A f(zx) #= g(z) split
over L. A ged(f(x),g(z)) =1 % A&% f(z) F= g(z) & L ¥R A 18 F44R.

Proof. &} & it @ AP e ¥ 0 # f(x) fr g(z) 4 &+ Llz] ¥ 9 polynomials.
Bk ged(f(x),9(x) =1, 27 % & m(x),n(x) € Llz] & # m(z)f(z) +n(x)g(r) = 1.
a€Ll A f(x)frg(x) = L ° 4pk i BIH#-a & > F 1 =m(a)f(a) +n(a)g(a) =0.

™ 5 é-tfr' f(.x) ’fr’ g(w) &L " '};‘7»4 Ap e g,

Y- 26, BRf(r)frge) & L*RFAARSR. F A4 f(2) frg(e) & L ¢ » 4

%A R

+
i@

flz)=alzr—a1) - (r—am) and g(x)=0bx —b1) - (x — by).

d 23— = 8 58— €A _irreducible, T * - A FREF LR {aq, ... am 0{b1, ..., by} =0
B, @A f(z) fr g(x) 2.3 F e, O

% K& £ 31 separable polynomial s

Definition 3.3.2. Bk K - B field, f(z) € K[z] £ L #_ f(z) over K ¢ splitting field.
4%k f(z) 2 L ¢ 24, AIHE f(z) £- B separable polynomial.

£ 3 R B f(r) over K ¢ splitting field I % v~ | 7 i d ** splitting fields 2 B 4_
K-isomorphic (Proposition 3.1.8) #714 f(x) % 7 & 134 splitting field 4% B~ & B . & H 7]
%% Ly fv Ly ¥ % f(x) over K s splitting field, R % &~ ® K-isomorphism ¢ : L1 — Lo.
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kh
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N~—
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8
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8
|
)
=

(x—an), Bl f(z) & Lofz] ¥ » fi& =
f(x) = f2(x) = ¢p(a)(x — p(a1)) -+ (xz — P(ayn)). & ** ¢ £ 1-1, ¥ # f(z) & L1 » 2 E£12

B X% — B i;ﬁ;\l*‘}, RFEA, A RARAE R A kAT, 4 :T‘P{—&r'% f(x) 4
) ’ﬁ rﬁ—maé Ao N E R A U A B
EAR P A | AT R AR, TP A PR P W N
e ;%@w BAL AT m/%@“’" PES ﬁ?fru SR E M T X RE AR R A
JﬁJf'{' 7 - b field RS, T Ei& biF iz - B, @ & Lemma 3.3.5 #F A
- 3 .

f’(

b

=

o

o
Ji

“.l

Definition 3.3.3. % K - ® field * f(2) = apa™+ - +agz? + a1x +ag € K[x]. #
s flx) A 5 fl(x) =napa™ 4 -+ 2002 + ay.

SRR A L, B ¢ A P ER RS, kAR
flx) 5. REEAPERTE f’( ) R, AT RRE (R ) il s TR 7
- A NP PSR SR A AR LT A P2 R (addition rule) frak iz R IZ

(product rule) £ % = * .
Lemma 3.3.4. &% K £ — 1 field & f(z),9(x) € K[z]. &/
(f+9)(@) =f(z)+g'(x) and (f 9)(z)=f(2) g(z)+ f(z) g (2).

Proof. B f(z) =apz" + -+ a1z +ap £ g(x) =bpax™ +---+ar1x+ap (f(z) fr g(z)
F- FAHAPR, FEAPAALTET PR A AN RR RS AR Gl 0 AT ),

T (f+9)(@) = (an +bp)z" + -+ (a1 + bi)x + (ag + bp). 7 & L&A
(f+9)(x) = nlan+by)z" 4+ (a; + by)
= (na,a" '+ +a1) + (b

= fl(@)+g'(x).

+ -4 bp)

2 % product rule 24 ¥ 12 ¥ induction kJZL. % E g(x) = bpa™ +- - +biw+bo, 2 H
deg(f(x)) = n ¥ induction, P HE X f(x) € K[z], (f-9)'(z) = f(x) - g(z)+ f(2)- ¢ (z).
3 deg(f(x)) =0, f(z) =a €K, & (f g)(x) = abpz™ + -+ abjz + aby. ¢ **
fl( ) ’ rﬂ LL ,5,

(f - 9)'(x) = mabya™ " + -+ aby = a(mbpa™ ™" + -+ by) = f(2) - g(x) + f(2) - ¢ ().

B F deg(f(2)) <n B, (f-9)(2) = f'(2)-g(2)+f(2)-¢'(z). % deg(f(x)) = n, RI#f(z)
B f(z) = ana™ + fi(z), £ 7 deg(fi(z)) <n. &G (f-9)(x) = (anz" - g(z)) + (f1-9)(2).
B apa - g(x) F B BA T

n—1

(anxn : g($))/ = nanx g(l’) +apx" - g/(l‘)'
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~ #1: deg(fi(x)) <n 41" induction i3k 4w

(fi-9)(x) = fi(z) - g(z) + fi(z) - ¢'(2).

Flpt £ * e © #F {7 o0 addition rule, i 3

(f-9)(x) = (anz"-g(x)) + (fi-9)(2)
= napa" !t g(x) + apa” - ¢'(x) + fi(2) - g(x) + fi(z) - ¢ (2)
= (nane™ "+ fi(@)) - g(x) + (anz" + f1(2)) - ¢ (x)
= f'(z)-g(x) + f(z) - g'(2).

F #X product rule = * 2 II’",TJL'P’ 241 % product rule 7 3|2 3 E cnX| g B § E 5N
{?. FERT R SRR A v L RO o2

Lemma 3.3.5. &% K £ — 1 field A f(x) € K[z|. R f(z) & —18 separable polynomial
#ARF ged(f(@), f(2) =1

Proof. 3 L/K & - 1 extension # 8 f(x) v f/(x) % split over L. §1* Lemma 3.3.1
AR RAF f(o) fr fl(x) = L7 5 F APk,

B flz) = fie) & L 2 3kl o (7 ged(f(2), f(2) # 1), %7 & Lzl
vof(x) = (x—a) glx) 27 g(x) € L[z]. FfI* product rule (Lemma 3.3.4) ¥
fx) =g(@) +(z—a)-¢'(z). £d ¥ flla) =0, # » & g(a) =0, » L z—a & L] ¥
s FEE g(r). w8 o Z f(x) - BEA. FI f(x) * & separable polynomial.

F 2 4e% f(x) * & separable polynomial, % 7% % & o € L ™% h(z) € L[z] #
# flx) = (x—a)® - hx). F1i (2 —a)® =22 — 20z +a?, £ x41* product rule #

fl(z) =2z —a) hz)+ (z—a)? W(x). Flw ax 5 fllo) & L H- B2, Ftd
Lemma 3.3.1 v ged(f(x), f'(z)) # 1. O

W om il ’éﬁ%ﬁi*ﬁ’lﬁil}tf’}%‘r h— denfield ¥ 4 - T E $He b4 f’() 0%
Do f(r) Lo BFERd - KA FRI ARG AT LB,

Lemma 3.3.6. 3% K £ — 1 field A f(x) € K|x].
(1) 1 3% K & — 18 characteristic % 0 89 field. 8] f'(x) =0 % A&% f(x)=
— 18 % #.
(2) & K & — 18 characteristic & p 49 field. A f'(z) =0 # H &% 77 4& —
9(z) € Klz] €47 f(z) = g(aP).
Proof. 5w f—- T - & field K 7 characteristic ¥ 7 @ f&f2: § characteristic = 0
FiT,FacK?® a0, PIHEL L EHn na's? 5 0;a characteristic 3 p FF 4
T, HEZZ ae K, pa ¥ % 0.
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(1) B3¥k K 1 characteristic # 0 ® f(z) = apa™ + -+ a1z +ap. Bl f'(z) =
napz™ 4 - +a;. % f(z) =0 (n—1Dap-1,-..,a1 & % 0. 4 K e
characteristic 3 0 PEEF ap,...,a1 & 5 0. ¥ f(r) =ap #- B ¥ #]. F 2 4ok
fl@)=c®E- B ¥ p R THT f(2)=

(2) B3k K i characteristic # p £ f(x) =apa™+---+a1x+ag, £ ¢ a, #0. RIE>*
i€ {l,...,n}, fl(x) é5F - B 2L Feniilich da;. FIE f(2) =02 a; #0, RId ia; =0
pli.o» )j*un—\pfu PR di=pt, B¢t F2f B f(o) ot Eeantiicd T h 5 0.
FuFlEX a, #0, b'L'r.'"/-%'\—"n:pm. FletF 4 by =ap £ g(x) =bpa™ +- -+ bix+by, A

Za @ = bi(a?) = g(aP).
t=0

F 2, % g(x) =bpa™+--+bix+b € Klz] 2 f(z) =g(aP), Bl f(z)=>1"ob(aP)! =
Sy bt 18

n
% 7 nap,

3y

f/(.'lf) = Z(pt)btmptil = Zp(tbt)xptil = 0
t=1 t=1
O

BT - g AP R Mo E - B irreducible polynomial €% 5 separable polynomial.
AT A PR L g - T Lemma 3.3.5 # % & f(x) A irreducible FF i3

Proposition 3.3.7. & K & — 18 field A f(x) € Klz] £ Klz] ¥ 49 irreducible

polynomial.

(1) #x & — 18 characteristic & 0 89 field. A f(x) — & & — 18 separable

polynomzal.

(2) 3% K & — 18 characteristic & p &9 field. A f(x) &£ separable polynomial
#HBogEfFE—M gx) € Klz] ## f(zx) = g(aP).

Proof. ¢ **— i polynomial 3+ — 2L 0 ¥ #ci 7 AL 21 ch B, #7103V i B iR
(z) € K[z] - T monic irreducible polynomial. ¥ d(z) = ged(f(x), f'(x)), ¢ ** d(x)
(m) e7— B monic 7%]3%, @ f(z) 4 irreducible # monic HFIFF EF 1 e f(x) » £
i d(r) =1 d(x) = f(z). F=ELEL, 4ok fl(z) #£0, I deg(f( )) < deg(f(x)),
PR f(x) AV ACEE f(). Bl fi(x) #0, A ged(f(2), fl(@) 2 7w f(z), =@
ged(f(z), f'(z)) = 1.

(1) B3k K &~ i characteristic = 0 shfield. F15 f(z) &_irreducible, & deg(f(x)) > 1,
Flot 4 Lemma 3.3.6 v f/(z) 2 ¥ i 5 0. & F o a3 ged(f(2), f(z) =1, Flet d
Lemma 3.3.5 ¥ % f(z) .- B separable polynomial.

(2) B3k K #_- B characteristic # p 7 field. & f(z) # {separable polynomial,
Ald Lemma 3.3.5 ¥ ged(f(z), f'(z)) # 1. #d 3 & 313 5 f’ =0~ ﬂ} L H T B
- B g(x) € K[z] 8 f(x) = g(zP) (Lemma 3.3.6). ¥ 2 % 7 t— l[? g(z) € Klz] # %

[
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F(@) = gla), B /(@) = 0. %8 ged(F(a), f/(w)) = f(@) £ 1. F& £ 4 Lemma 335 @
F f(x) * &_separable polynomial. O

3.4. Separable Extension

fip- & ¢ AP ALY - B £ & 9 extension, separable extension. F k34 € 3 IR
i & Nfd 9 extension ‘,5’5 #_separable extension, X5 2% i € & - % 3434 separable
extension & & 4 F.

Eamog APREF L= K(o) 4 K 0 finite simple extension ¥, % « 7 minimal
polynomial 2 F & 3 pF, 2 i fr"‘u? md 2 minimal polynomial degree /&2 § *rig 5 M L

K-monomorphisms e #c. #7008 F 0T 2 2.

Definition 3.4.1. #&3% L/K #_- 1 finite extension. % a € L ¥ a over K ¢ minimal
polynomial #_separable polynomial, ?|# a ¥ - # separable element over K. 4r% L ¥

T3 ~*% % & separable element over K, R|f L/K & - & separable extension.

EAIREH- B~F A FE A~ B separable element, 7% P E_over 8- B field. 3

Vi K CF 3, a %~ B separable element over F' 2 7 §_separable over K. 7# i
F i K4r%k © i g & - B separable element over K 78 q — T_4_— B separable element
over F. 28 F| 5 4c% mg(x) € Klz] v mp(z) € Flz] # % 5 a over K 7 minimal
polynomial §= a over F' {7 minimal polynomial, | mp(x) & Flz] ¢ % fg‘,f mpg(x). Fl
ok omy(x) X3 £, 5 B omp(x) 2 F g3 £

% L/K #_- & finite extension, # o $£3E F fAbfw — & L/K 2 52 F & intermediate
fields 2. B %45 . ¥ % } separable extension = algebraic extension — #% #_§ 4% F-3F i,

Lemma 3.4.2. 83% L/K & — 18 finite separable extension B F & L/K #&j intermediate
field. 8] L/F #2 F/K ZF& separable extension.

Proof. E3 g€ F,d *t ae€ L ¥ L/K &_separable extension, ¥ % a #_- i separable
element over K. Flytd % &% 4 F/K #_separable extension. ¥ *t @B g L, d ** K CF
* a ¥ - B separable element over K, ¢ % & 34 #% v a » & - i separable element over
F. F]pt & L/F » # - 1 separable extension. O

TR AP G oEhe® L/F v F/K ¥% 4 separable extension | L/K » ¢ & -
i separable extension (£ — =t % 3% normal extension fT&L;}Z*ﬁ TR,

L h L/K &% % separable extension, & T &Z#FH & L ¢ 75 ~% 4% & separable
element over K. A" f AR F X 5 - BE R R b RF 5k h i (fI‘ i§7 % % “ normal
extension). 14 & %37 f2 { 5 separable extension ffE F 2 {5, F i € 3 RAr normal
extension (Theorem 3.2.2) -~ kX & & 5 'L 5 B ;u-,%fj.%’v’ M AEEF AP RS

Ak RATRE 0 field extension i 4_separable extension.
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Proposition 3.4.3. &% K £ — 18 field. A #& XX T d A X Z T 69 finite extension #f

& separable extension.
(1) % K 89 characteristic & 0 BF;
(2) & K & finite field #F.

Proof. (1) % K ¢ characteristic £ 0 P, ¢ Proposition 3.3.7 & i &r#r3 Klz] ¢ 0
irreducible polynomial % % separable polynomial. % L/K #_ finite extension, %] % £ &,
a € L over K 1 minimal polynomial $%£_ K[z] # ¢ irreducible polynomial, ## a ¥ &

separable element over K. % L/K &_separable extension.

(2) % K A finite field P¥, 7 £ 745 ¥ - T finite field R F. APy K o0
characteristic % & - H#icp ($# L~ £ AH A Zlemma 9.2.3) * K ¢ ~ % B#cw
Pt B n e N (%8 8 A#H L ##E Theorem 10.4.1). 4 »* K\ {0} £F p"—1 B =
" k22T § - B group, F1# f1* Lagrange Theorem # Pt T8 ac K * a#0
th "= A ERY 0, TK?ERAAE a Bl o =a FNEL b=a"
E‘J W= (""" VP=a"=a #7T2 HEL acK, ¥+ H50beK #®@ P =aqa ¥etd
K ¢ characteristic = p, § a,b€ K 375 (a+b)P =aP + 0P (%L~ F A#H Sl &
Lemma 9.2.5). FI#* % f(z) =Y qaix’, Bl f(z)P =Y 0 jala™ (40« 5 A # S e &
Lemma 9.2.6).

ulw
g

£
4

BBEFX L/K # - B finite extension, ¥ B3X ¥ & a € L % - # separable element
over K. # % 2, % a over K 7 minimal polynomial & f(x), B f(z) € K[z] * - &
separable polynomial. F]#*d Proposition 3.3.7 (2) & 5% & g(z) = Y0, ez’ € K|x]
1 flr)=g(P). d wmadmw, 2L te{0,1,...om} ¥rbecKi?# b =a.

Flt

fla) = g(@?) = a(a?)' =) W) = () ba').
t=0 t=0 t=0

BT e F M) = Slohet € Klal M J@) = M. B f@) & Kl ¢ L
irreducible polynomial A a, Flet L ¢ # B A% % 5 separable element over K. # 3

L/K %_separable extension. O

d S AP A s 23 Q 9 finite extension £ #_finite field £ finite extension,
AP FRT 0L B %30 A separable extension. 82 X PI“OPOSltIOH 343 Bl amE T AP Y R
extension, € ¥ 2§ il F 5 ). &£ T KA PGB HE 5S4 5 - B finite extension & 3 &

separable extension =]+

Example 3.4.4. £ Fy % - B % 5 = =~ 4% <7 finite field, @ &_ transcendental over Fy
r 4 K =Fya). B1Z K A7 1 finite field & £ 2 characteristic 7 3 2. ¥ g
> —a € Klz], m 4 L=K(B) 4 22— aover K ¢ splitting field, £ * 3 % & 3% = q.
PARZ ¢ K. w4 %: ?ﬁGKr"’%\’? ’é_f(x),g()EIFQ[]—,—\ g(z) #0 #
® 8= f@)/gla). #3F 2, f(@)/ga)’ =a. E§EF a i f2)’ -z g(r)* € Fofa]
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- 13, fv o 4 transcendental over Fo 484 4. #c4v 22 —a & Klz] ¥ 1 irreducible
polynomial. * #1% 4 h(z) =z —a, Bl 22 —a = h(z?), %4 Proposition 3.3.7 #* 22 —a %
4_separable polynomial. F|#* 3 # & - i separable element over K, :&@ ¥ % L = K(f3)

7 & - i# separable extension over K.

L R BLHEE B 0 42 B |- 4K characteristic p 5] .
BT ok irei.*‘ui’c—ﬁ F % 4”& 1 % separable extension #3 & éhf F. g+ &£ M separable
extension & & & i F

Theorem 3.4.5. &% L/K & — 18 finite extension A N Z — 18 L #j extension /&
& N/K & finite normal extension. R| L/K & — 18 separable extension # H £ #
My (L, N)| = [L - K.

Proof. 7 424 * £ 02 Proposition 3.2.13 7& P * # ¥t [L : K] i induction, #F % L/K
#_— 1 finite separable extension * N & - L ¢ extension /% & N/K #_finite normal
extension, B My (L,N)|=[L:K|. % [L:K]=1p8F, Fli L ¥ N ¢ K-monomorphism
F 3 identity, T p A= 2. B ¥¥TF  extension degree /| 3t n £ separable extensions
vz, RYRE [L:K]l=n>1a3), @8 el it ad K. £ F=K(a),
PG [F: K] >1 &~ [L:F]<n B& pk) € Klz] & a over K 7 minimal
polynomial. ¥ ** o€ L ® L/K &_separable extension, *7™ « &#_— i separable element
over K, » %}u{;ﬁ‘ p(z) #_— 1 separable polynomial. X% N/K #_normal extension,
mople) B NP2 B4t pa)dd £, &« plo) & N ¢? R B s >
deg(p(x)) = [F : K]. F1* 1 * 7% K(a) ¥| N 7 K-monomorphisms i # % ** p(z) &
N ? Renp ik, @ Mg(F,N)|=[F:K]. ¥-*a %5 [L:F]<n, NF &_normal
extension (Corollary 3.2.3) ¥ L/F #_separable extension (Lemma 3.4.2), ¥ % * induction
SRR A Mp(L,N)| = [L: F]. F]1#*§1* Lemma 3.2.12 ¥ &

My (L, N)| = |9Mp(L, N)| Mg (F,N)| = [L: FI[F: K] = [L: K].

F 2 4v% L/K 7 #_separable extension, 4 &5 & € L * 4_separable element
over K. # % 2., % [ over K ¢ minimal polynomial = h(z), Bl h(z) & N ¢ 3 £43. 7]
BEL F=Kp) R Mg(F,N)| < deg(h(x)) =[F: K|]. ¥ - * & d Proposition 3.2.13
A Mp(L,N)| <[L:F]. %% * Lemma 3.2.12 ¥

My (L, N)| = |Mp(L, N)| My (F,N)| < [L: FJ[F : K] = [L: K].

#1* Theorem 3.4.5 AP ¥ 1w ¥ § 4734 | Lemma 3.4.2 0k w 5 @4 F 0

Proposition 3.4.6. #% L/K &£ — 14 finite extension A F #& L/K #j intermediate
field. B L/K #Z separable extension # A "¢z L/F #2 F/K #8#% separable extension.
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Proof. % Lemma 3.4.2 # # < 3% {# % L/K 4_separable extension ?] L/F = F//K %%

4_separable extension.

I¥»¥-2wn w44 N5 L/K “normal closure. 247 ¥ N &_L -  extension ¥
N/K v % N/F &_finite normal extensions. |t % L/F fr F/K &_separable extensions,
A141%* Theorem 3.4.5 #= |Mp(L,N)|=[L: F] 2 |Mg(F,N)|=[F:K]. #%4]* Lemma
3.2.12 @3] [Mu(L,N)| = [L: F[F : K] = [L: K]. F3* & %41* Theorem 3.4.5 # 4=
L/K %_separable extension. O

B8 2P Bl - B 2] %] separable extension eH4F 2 X

Theorem 3.4.7. & 3% L/K & — 18 field extension. T 3| # i & & 18 49.

(1) L/K & finite separable extension.
(2) L=K(a1,...,am), £ F a1,...,an &% algebraic B separable element over K.

Proof. (1) = (2) ¢ * L/K &_finite extension, ¥ Proposition 1.3.4 4v7% & ay,...,a, 2
algebraic over K # ## L = K(a1,...,an). * %1% L/K &_separable extension, *73 L *

€17 % 35 & separable element over K, ¥ #v a; ¥ & separable element over K.

(2) = (1) 1% ay,...,a;m % 5 algebraic over K, #7111 L = K(aq,...,a,) 4_ finite
extension over K. # ¥ [L : K| ¥ induction. #3K [L: K| =1, »*F L = K *f
" L/K % X 4 separable extension. 3k ¥ #7F degree -] 3% n 7 extension ¥ =
RE L:Kl=n>1 tktrtadlaggKk 3%-SHEAPER a ¢ K.
F = K(a), Pld * [F: K] >1, #2F3 [L:F] <n %% a % separable

element over K, 714 a; over K 1 minimal polynomial p(z) % separable polynomial. %

SR

£ N % L/K # normal closure, #* ¥ #t3 F ¥| N ¢ K-monomorphisms 7 # %
** deg(p(x)) = [F : K|. Fl¢*d Theorem 3.4.5 % F/K #_ finite separable extension.
¥-2ad* L=K(a,az,...,am) = K(a1)(ag,...,an) = F(ag,...,an) £ ag,...,an
% » separable element over K, § X~ #% A separable element over F' (¥]15 K C F),
#=d [L:F] <n %* induction Pk v L/F &_ finite separable extension. %] |
*  Proposition 3.4.6, ¥ F/K &_finite separable extension ™ % L/F #_ finite separable

extension # 4 L/K & - # finite separable extension. O

i B %3 Theorem 3.4.7 2 373 E & 4 » e 3 " 4_separable element 7% & #7118 eh
extension ,T*u{ separable extension. FIp* T & v » cha F @ 2 & B AT i F

fe Vi & ZLm - gL d 3 A e AP R 2L finite extension, 1 AP R 23 & finite

extension 2. 7 7 normal extension fr separable extension. ¥ ¥ } normal extension fr

separable extension 2 % - 4 &0 algebraic extension ¥ » ¥8F 1134,






Chapter 4

Galois Extension

higkhis- X ¢, AP KA L Galois extension M F H A A IT, B AP AL - w2

4.1. Fundamental Theorem of Galois Theory

g LA %P3 Galois extension, 7. ¥ ¥] Galois extension 7 intermediate fields 1 %
H Galois groups 7 subgroups ¥ ¥ - - ¥ %,

B- 4 #cd ¢ Y Galois extension (hE & A EAPK, Bl T EE G ALLE G o
A AR Ee WM

Theorem 4.1.1. €% L/K £ — 18 finite extension. T ] #L i £ & 18 49.
(1) |Gal(L/K)| =L : K]
(2) Gal(L/K) 8 fized ficld 2 K.

(3) L/K & — 18 normal and separable extension.

Proof. (1) = (2): ®3#® Gal(L/K) ¢ fixed field £ F, B33 K C F C L *
|Gal(L/K)| = [L : F] (Theorem 2.3.4). Fl#*d |Gal(L/K)|=[L: K] #+&[L: K|=I[L:F)].
*d 3 [L:K]=[L:F|[F: K|, «®# [F:K]=1. % F=K.

(2) = (3): ¥ g Gal(L/K) iifixed field ¥ & 5 {a € L|o(a) =a, Vo € Gal(L/K)}.
10 K 5 Gal(L/K) t fixed field 3 £ 235 K * th= 4 45 ¢ 41} ¢ o € Gal(L/K)
¥4 AA LY thocGal(l/K) A e i K ¢ . REk ac [, BX
a over K ¢ minimal polynomial % p(z). £ a =ai,a9,...,a, » p(x) & L ? ¥73 4p
PR TR fo)=(@—a)(r—a) - (r—ay). 4 > n i plx) & L pEROBHE T
p AP e deg(f(z) = n < deg(p(x)). * 4 ** aj,ag,...,ap € L, 2 ™3 f(x) € Liz]. MK
K fx)=a"+cep2" 4+ ezt BY L #HiER o€ Gal(L/K), &

fo(z) = 2" 4+ o(cn1)z™ t + -+ o(cr)z + o(co). (4.1)

49
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1* Lemma 3.1.3 v

)+ (= o(an)).
A_p(x) - B Fpd o £ 1-1 &

Y-2ad 3 flo)=(r—a)(x—a2) - (z—ap),
f(@) = (z — o(a1))(z — o(az)

42t o€ Gal(L/K), & P4 o(a;) ¢ § & L* 2 ¢
) B

{ai,a2,...,an} = {o(a1),0(az

—h

(r —a))(z —az) - (& —an) = (x — 0(a1))(z — o(az)) - (z — o(an)),

Flt IR o€ Gal(L/K) % F f(z)=f(x). &d 3+ (4.1) =HZ X o€ Gal(L/K)
3 o) =c¢. + ,T‘u{;fué%«‘i ci %3 t Gal(L/K) 0 fixed field # . gt d Bk K A
Gal(L/K) fixed field v ¢; € K, 7+ % f(z) € K[z]. @ ** a &_f(x) € K[z] e— B3, =

p(x) #_a over K 7 minimal polynomial e2 5 5 p(x) | f(x). & deg(p(x)) < deg(f(x)),
Tl 5 e deg(f(x) < deg(p(a)) A @ deg(p(x)) = deg(f(x). F 4t pla) I
f(x) #%4_monic polynomials ## v p(z) = f(z). ¥ ** f(z) & L # ¥ 2=z 2 A far g%
iR, #% a over K ¢ minimal polynomial # L ® splits ¥ 5 separable polynomial. ]
5 %4 a€ L #.EP e &d normal extension {r separable extension 7€ & ¥ & L/K

&_normal and separable extension.

(3) = (1): B3k L/K % - B normal and separable extension, ¥ separable extension
2 F (Theorem 3.4.5) #v% N/K #_# 7 L ¢ finite normal extension, ?] |9y (L, N)| =
[L:K]. vd * L/K % normal extension, ¢ Lemma 3.2.6 ¥ Gal(L/K) = Mg(L,N), &
# |Gal(L/K)|=[L: K]. O

AP ¥ £ b i - 58 40 finite extension 2 & Galois extension.

Definition 4.1.2. B3% L/K #_- # finite extension. % L/K #_normal and separable

extension, I L/K # - B Galois extension.

Az B & P AP 5E normal and separable extension § = Galois extension #7%_
BEAFH AR g, i RF G € 313 A finite extension (R, - 4 € * normal
and separable extension * F_#% Galois extension. ¥ — * & B2#X Theorem 4.1.1 » = B 4c
WA E e A - AP AT 4 5 £ F 5 normal and separable extension * 2] #7—
B extension #_F % Galois extension. )42 i ¥ 12 4] * normal extension f= separable

extension e F E I 0T kg %

Proposition 4.1.3. & L/K £ finite normal extension A F & L/K 49 intermediate
field. B/ L/F #& —18 Galois extension.

Proof. = & L/K ¢ intermediate field F', ¢ ** L/K #_normal ¥ separable extension,
Flp & W4 * Corollary 3.2.3 ™ %2 Lemma 3.4.2 ¥4 L/F % &_normal and separable

extension. » i‘u{’;ﬁa L/F + #_Galois extension. O

L1 d* F/K % - & _normal extension (%2 Example 3.2.4 (1)), #714 & Proposition
413 ¢ F/K % - %_#_Galois extension.
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b- B iRde® e B - B extension €.F 5 normal {r separable extension *t 7
Theorem 3.2.2 fv Theorem 3.4.7, % i~ %W 4 % 7 # & normal extension fv separable

extension 1™ jE, ATl & ieS B IL, AP E R T & & Galois extension 77 jE |

Theorem 4.1.4. 3% L/K £ — 18 finite extension. TF 7| &9 #L ik & % 18 49.

(1) L/K & Galois extension.

(2) 74 separable polynomial f(x) € K(x] #£## L £ f(x) over K &9 splitting field.

Proof. (1) = (2): ¢ * L/K #_ finite extension, v & ay,...,a, € L ®# # L[ =
K(ay,...,an). % pi(zr) 5 a; over K 7 minimal polynomial, ¢ ** L/K #_normal
separable extension, ## p;(z) splits over L * % separable polynomial. & /L & 3 ¥ it
i#j 1 pi(x) =pj(x), * &% pi(x) # pi(x), 78 pi(x) fropi(z) SRE AR FRE
a b EE_pi(x) o pj(x) 913, § & =+ pi(z) fr pj(z) # % « 9 minimal polynomial 37
FeowE 2 GHEFD pia) B4 fz) 597 L An R o pi(x) DR, P fz) € K[x]
% separable polynomial * f(x) splits over L. I &3P L i f(z) 1 splitting field. X
KCFCLZ® f(x)splitsover F. d %573 4 {1,...,n}, a; ¥ minimal polynomial &_
flz) F N AR q & f(z) - B, &® g, € F. 71 L=K(ay,...,a,) CF, @
% L=F. » ,T*u{’éu L &_ f(x) over K 3 splitting field.

(2) = (1): B3K by,...,bp € L & f(x) *t3 2. F1i L & f(x) over K 7 splitting
field, & 7 L = K(by,...,by). ¥ 3% f(x) 4_separable polynomial, # — ¥ b; over K 9
minimal polynomial F] % & “,% f(z) %+ &_separable polynomial, F1#* b; & % separable
element over K. #xd Theorem 3.4.7 %v L/K &_separable extension. * F] 5 L &_ f(x)
over K 9 splitting field, ¥4 Theorem 3.2.2 ¥ L/K &_normal extension. F|p¢* # L/K
#_ Galois extension. O

A 4k B, Galois & é%fr"‘uiiﬁ £31 - B extension # Galois group 7 subgroups '
2 iz B extension 7 intermediate fields 2 B B 2. AP ¥ 4 LiES B S BRIFF T P
2 BFenRl ) A wAE- TS B, R L/K A finite extension. P ¥ & F A
L/K 7 intermediate fields *r= g & F F={F|F - ® field * KCFCL}. ® %
& & Gal(L/K) # subgroups #r= hf £, F & = {H |H & Gal(L/K) 7 subgroup}. #
PEiaBkG:F— & T T E L/K D intermediate field F ( F € F), & i 2%
G(F)=Gal(L/F). a &8 F:6 - § T & i: #$E L Gal(L/K) i subgroup H (F
Hc®), 2P a & F(H) 5 H & fixed field, T F(H) = LY.

¥t — 40 finite extension L/K, Corollary 2.3.6 % 372V 7 F & 1-1 chanfic® G A
onto shdndic. § L/K A_ Galois extension FF 3% * ¥ (8 F &_onto e(F]#* 4_1-1 ¥ onto
hanfic) M E G A 1-1 han e (FI A 1-1 £ onto 50 #k). “Eﬂ} A 73} Galois i eh

fundamental theory. iz fundamental theory ¥ § + § = 04 AP R-v A B33 5%,
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Theorem 4.1.5 (First Fundamental Theorem of Galois Theory). &% L/K & — 18 finite
Galois extension. A|¥fE & FeF, #FH FGF)=F. Ak G:§— & & T #Hr—
8 L/K & intermediate fields #v Gal(L/K) #9 subgroups 2 [6] 69 — 18 — #f — 69 3 J& B 1%

Proof. = & L/K 7 intermediate field F', ¢ Proposition 4.1.3 # & L/F & -
Galois extension. #7 ] * Theorem 4.1.1 ¥ # L/F ¢ Galois group ¢ fixed field = F.
d ** L/F 7 Galois group Gal(L/F) ﬁfu% G(F), m G(F) = fixed field fr‘t—«‘?\ F(G(F)), %
7% F(G(F)) =F.

BEFERP G:F -6, %7 T3 6&2F- B- - Rkt L3 50—
- #M % (one to one correspondence) 4p A A B F & B M 5, 4 ,]*u{;fu 3
Pihd - BAFAT Y WMTHIE- A F B R, F AR B AP R
G:F—6 I 1-1 P EXRPHL onto. RE F,ReF L G(F)=G(F), 2% F>»4#
8 FG(R)) =F(G(F)). ted F(GF)=F, @ F=F. ¥->*6 2k He®, ¥
BF = ]—"(H) Rld G(F(H)) = H (Corollary 2.3.6) v G(F) = H. # @ G:§ — & 7%
RHIT TG A Bke2 - B - DG .

% L/K #_finite Galois extension, ¢ Corollary 2.3.6 /2 2 Theorem 4.1.5 3% i* Fr3f %+
3 He® Mx FeFvF GFH)=H "% F(G( T W Fie g
PR Ok PERAILE I, IheF P L C R, R Q(Fg) Q Q(Fl) (Lemma 2.1.2). i}a
#FopL = 9 intermediate field ¥ & | # ] ¢0 subgroup. ¥ 2., % Hy,Hy € & * H; C Hy, P
F(H3) C F(Hy) (Lemma 2.2.2). ¥4 & ;3 § $& + &7 subgroup ¥ /& ¥l # -] e intermediate
field. &4% ~ /] FF EPF M B2 ¥ 4 11T extension degree fr group order B kg 1.

Corollary 4.1.6. % 3% L/K &£ finite Galois extension.

(1) # F & L/K #9 intermediate field, £/

|Gal(L/K)|  |Gal(L/K)|
|Gal(L/F)| — |G(F)|

HFH# P, Fy £ L/K 4 intermediate fields #% 2 Fy C Fy, A/
G|

G(F2)|

[F: K] =

[y Fy] =

(2) # H £ Gal(L/K) 85 subgroup, £/
|Gal(L/K)|
\H|
5% Hy f2 Hy £ Gal(L/K) &5 subgroup B % 2 Hy; C Hy, A
|Ha|
|Hy|

[F(H): K] =

[F(Hy) : F(Hs)] =

Proof. (1) ¥]15 L/K #_finite Galois extension, ¥ Proposition 4.1.3 # *4v L /F &_Galois
extension, ¢t d Theorem 4.1.1 # |Gal(L/K)| = [L : K| ¥ |Gal(L/F)| = [L : F]. &£ {I
* [L:K|=[L:F|[F:K| #& [F:K|=[L:K]/[L:F]=|Gal(L/K)|/|Gal(L/F)|.
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E I CFy, 43 [y B =[F: K|/[F: K], &fl* 56 8 %% 5 [Fy: 1| =
Gal(L/Fy)| / |Gal(L/ Fy)| = |G(F1)| / |G(F2)] -

(2) 41* Corollary 2.3.5 # P4 [F(H) : K| = [L : K]/ |H|, &fI* L/K &_ Galois
extension, #* 3 [F(H): K| =|Gal(L/K)|/|H|. % H; C Hy, Bl F(Hs) C F(Hy), #
v [F(Hy) : F(Ha)| = [F(Hy) « K|/[F(H2) : K] = [Ha| /[Hy|. 0

% L/K A_field extension FF  # i % 4% 3|47 34 L/K 7 intermediate field £_% it
#3F R Kk L/K 0 extension # B A€ & 33, 54 Galois ®#% H% - B fundamental
theory (Theorem 4.1.5) ,T*u{ |* 3§ L/K #&_finite Galois extension F¥, ¥+#735 L/K
intermediate field F', ¥ 3 L/F » #_Galois extension (Proposition 4.1.3). #% i 53 33 i & F*
F/K # % - %+ %_Galois extension. % = % fundamental theorem )I* i kv ¥ PR F/K
¢ E_Galois extension.

%X % - B fundamental theorem % €”T & TF“ L/K ¢ intermediate field = Gal(L/K)
subgroup 2. F ¥t M . AT A op R g BT Gal(L/K) & B group (R € 7
¢ B 573] L/K 5 intermediate field m!“ifﬁ'f T - B Lemma T‘u{? PPV P L AR
“T3HT,

Lemma 4.1.7. &% L/K £ — 18 field extension A F % L/K # intermediate field.
# o € Gal(L/K), A] o(F) % L/K & intermediate field A L/o(F) 89 Galois group
Gal(L/o(F)) %4 coGal(L/F)oo™. 758 G(o(F)) =0c0G(F)oo!.

Proof. & % & o(F) ={o(a)|a€ F}, d 3 F - B field ¥ o &_ring homomorphism
FiH o(F) mi- B field * F1ls KCFCLZ® o:L— L #_ K-monomorphism, #f4
o(K)=K Co(F)CL. #=%r o(F) & L/K ¢ intermediate field.

WEBEX 71€Gal(L/o(F),#*%F} 7:L—-L2%E% acF %73 7(0(a) =0(a). £
p=ocloroo:L— L. fﬂ % Gal(L/K) #- % group * 7€ Gal(L/o(F)) C Gal(L/K),
ApirpeGal(L/K). * ¥ EZX a€F, ¥ 7

“toroo(a) =07 (r(0(a)) = 0 (0(a) = a,

pla) =0
F® pe Gal(L/F). #® 1=0o0poocteotoGal(L/F)oo!

F2,% 17€00Gal(L/F)ooc !, #7 5t peGalL/F) BE 71=0co0pooc!. Fi
Gal(L/K) #- B group ¥ pe€ Gal(L/F) C Gal(L/K), #* P 4v 7 € Gal(L/K). iz
L aeF, Fla pHTF ¥ éhngk T pla)=a. FIFHERL aeF ¥5

7(0(a)) =00 poo(o(a)) = o(p(a)) = a(a).

@2 € Gal(L/o(F)). O

&3 & Lemma 4.1.7 ¥ % 7 B3k L/K #_ Galois extension. § L/K #_finite Galois

extension, ] * Lemma 4.1.7 22 7 ¥ ¥ 3] % =  fundamental theorem.
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Theorem 4.1.8 (Second Fundamental Theorem of Galois Theory). # & L/K & finite
Galois extension A F & L/K 69— 18 intermediate field. R F/K & Galois extension
# Bz Gal(L/F) £ Gal(L/K) & normal subgroup. 1 B & F/K & Galois extension
75, Gal(F/K) #= Gal(L/K)/Gal(L/F) & isomorphic.

Proof. 7 £ w8 H £ - # group G 7 normal subgroup % 7+ H #_ G 7 subgroup * #t
8 gEG #% g-H-g'=H.

R% F/K #_ Galois extension, R|i& ¥ & 4 F/K #_finite normal extension. # iZ &
o€ Gal(L/K), 4 ** o|lp: F — L &~ % F ¥ L e K-monomorphism, #xd Lemma 3.2.6
ro|lp - B F ¥ F ¢ K-monomorphism. # @& o(F) =F, F]¢* ¢ Lemma 4.1.7 &+

Gal(L/F) = Gal(L/o(F)) = oo Gal(L/F) oo *

* F 5% Gal(L/F) 4. Gal(L/K) 1 subgroup, # ## Gal(L/F) #_ Gal(L/K) 9 normal
subgroup.

F 2., % Gal(L/F) 4_Gal(L/K) ¢ normal subgroup, * 7+ ¥ Z & o € Gal(L/K) %
3 Gal(L/F) =coGal(L/F)oo~!. #&d Lemma 4.1.7 * Gal(L/F) = Gal(L/o(F)). ~
,Tk{;fu*ﬁ Z& oceGal(L/K) %3 G(F)=G(c(F)). @ * L/K #_Galois extension, # &
G:F— & E - - ik (Theorem 4.1.5), FI #EZ & 0 € Gal(L/K) % 3 o(F)=F.
#72 HEzid ceGal(L/K), ¥} olp: F—-F i F 3 F meonomorphlsm F] g
oo|p € Gal(F/K). R Jg &k \I/ : Gal(L/K) — Gal(F/K), # 882 % o€ Gal(L/K),
TE V(o) =o|p. %% % #4 U - B group homomorphism. ¥ 7 € Gal(F/K), R|d **
FCL##¥ 7t 5 F ¥ L ¢ K-monomorphism. * ¥]% L/K #_normal extension, .,—-t’f'
* Theorem 3.2.7 45 & 0 € Gal(L/K) @ # o|lp =7. Jj#‘-{?r;, HiEZR 7e Gal(F/K)
v toc€ Gal(L/K) " U(o)=7. #F V¥:Gal(L/K)— Gal(F/K) &_onto. % ¥ 3
& K3t ker(U) (7 U Frkernel) = ®. F o €ker(V), 27 V(o) =ol|p & Gal(F/K)
identity. *THEEL N F %3 oA =0lp(\) =\ Fltdr 0: L - L #¥ F i~z HT,
J" ,TJL{;L oc€Gal(L/F). ¥ - *% % o€ Gal(L/F), Rliz 2% o % F th~ % H %, &
o|F : F — F &_identity. ~ i]*uipfu o €ker(¥), #3& ker( ) = Gal(L/F). Fl&*f1* group
7 first isomorphism ¥32 (% L~ & A # * #c# & Theorem 2.6.1) 7 4w

Gal(F/K) ~ Gal(L/K)/ ker(¥) = Gal(L/K)/Gal(L/F).

B fl* ¢ &v L/K % finite Galois extensions, # 3| L/F 7 % finite Galois extensions, *7
o |Gal(L/K)|=[L: K| ©% |Gal(L/F)| =[L: F]. Fl¢#
|Gal(L/K)| [L:K] [L : F][F : K]
|Gal(L/F)|  [L:F]  [L:F]
#=41* Theorem 4.1.1 #3 F/K #_Galois extension. O

Gal(F/K)| = _F K]

£ 71 % Theorem 4.1.8 ¥ F %&{%{ﬂg . L/K #_finite Galois extension 7% $& 2. F |
F/K &_normal extension % * *&% Gal(L/F) 4 Gal(L/K) 7 normal subgroup. % i &
F/K #_normal extension 1& % ¥ Gal(L/F) €_ Gal(L/K) £ normal subgroup i 4% ®
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A g L/K #_ normal extension P (% F L/K &_separable extension). # i d
Gal(L/F) #_Gal(L/K) ¢ normal subgroup 4& % ¥ F/K #_normal extension #7842 ¢
AP g & /K % Galois extension % (% £ L/K € normal extension * % L/K
4_separable extension). ' > FFEM ¢ AP * 37 G H 1-1 ehifd %‘rfj*u% L/K 4_ Galois
extension 1 € ¥f.

Ape iR A g RHc? 77 f2ch Galois #. Aok it X B Ay Galois B
PR RAERRPHEIER GEFTERP N TNARLEEAA T AEE LG F
B R 0 R=r) M B = ] »ﬁ;;;ﬂﬁ;’%:rfas’gw TR EA I HE R P Z%L/ﬁ% .
i & %7, Galois 32 me)@;’“ BWF )+ ,T*u{ﬁanﬁ— - AR SN RN N R AT
2 - L RARITHIFAL. 2 Bmiee b R LR - Group Theory =k 8. — k2
7 BHEFhHL G AFR U RIFE T AP R IFE Galois BkH P oy - KT b3 %
WL BN IRIEA Y TG S L e Fp A :rﬂm#&z 4 E S A, A
BET AN AH - L AFEH LR EIEAET VR R R B

4.2. Galois 2 #H i

T- &P AP A LS B Galois Bkt . — B E 4534 finite separable extension — T_A_
simple extension; ¥ — B3 i 4 % trace ‘fr norm gk &

Galois Theory & X _4-#+ Galois extension, # i &7 &_ Galois extension FF» it Ji&* .
B ¥ L e mE_% finite separable extension ¥, # if* ¥ 12 B~ normal closure @ ¥ ¥ Galois

extension £ 4t 14 i ¥ |

Lemma 4.2.1. # 3% L/K & finite separable extension A N £ L/K 49 normal closure.
Al N/K #Z finite Galois extension.

Proof. 715 L/K 4_ finite extension, ¥ & ay,...,a, € L # ¥ L = K(ay,...,a,). &
% a; over K ¢ minimal polynomial % p;(z). %15 L/K &_ separable extension, i&
£ pi(r) € K[z] ¥ % separable polynomials. & 4 f(z) = p1(z)---pn(x), Bl d normal
closure (7 & N % f(zr) over K ¢ splitting field ¥ % N/K #_finite normal extension
(Proposition 3.2.9).

R a1,...,qm €N & f(x) #TF 1, BN = K(ai,...,am). R5F - B a; F5 2
f(@)=p1(z) - pu(x) = B #7112 H over K eminimal polynomial % % p1(z),...,pn(x)
Az - Fgtd py(x),...,pu(x) ¥ 5 separable polynomials ¥ oy, ..., a,, % % separable
element over K. #xd Theorem 3.4.7 ¥+ N/K #_separable extension. F#* N/K 4_finite

Galois extension. O

%7 % L/K »~¥ = 72 §_ separable extension, # ;= L ® 15 &=~ % % &_ separable
element over K, ¥]* 7 3 £ /& (¥ L ¢ extension $8% ¥ it = 5 separable extension. #714

ip iz T B~ L/K ¢ normal closure N, ¥ # ;2 ¢ # N/K &_ Galois extension.
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4.2.1. Primitive Element Theorem. ' i % 53 % /i % finite simple extension. ¥ 14
# M. simple extension 2 T, F FALFF L] H G 2. FF L A PESE
%% 3 B finite extension K 3L 48 E_ L &L simple extension /%, £ * induction &JZ.
B2 FiF ALY - B field extension &_simple extension, 78 A {% % B %Eﬁ}“ 38 e B2

% %

d A-pFiz - B extension € &_simple extension ¥t 7 primitive element theorem %&»{L‘tﬁu m

#r3 finite separable extension ¥ % simple extension.

Theorem 4.2.2 (Primitive Element Theorem). &% L/K #& — 18 finite separable exten-
sion, A L/K #& — 18 simple extension.

Proof. 2 4 K #_finite field fv K 7 4_finite field & f& 4= k3%

B AT B K A finite field ehfie. ppFd 3t L/K {ﬁnite extension, v [ » & -
B finite field. #] 5 — B finite field ¢ 2L 0 ~ % #7= Ak 2 ¥F L~ B cyclic group (% 2
* FA#H A gt £ Theorem 10.4.3), *1 s e a e L& @ L ¢ 2k 0 A 487 1% of) H
PieNREAT.#T 2, L=K(a),*TM L/K #_simple extension.

R+ g K A infinite snf-%. F1% L/K 4_finite separable extension, ¢ Lemma 4.2.1 4=
%P~ L/K - 1 normal closure, ?] N/K &_finite Galois extension. §]* First Fundamental
Theorem 4.1.5, 2 &rif N/K ¢ intermediate fields fv Gal(N/K) 7 subgroups 2 & 3
- i 1-1 correspondence * F1% N/K #_finite extension, #7™ Gal(N/K) #_- & finite
group (¥ § } |Gal(N/K)| = [N : K]), F1#* Gal(N/K) ¥ 3 3 *1 % # subgroups. #& %
N/K % 7 ”ﬁ L% B intermediate fields. e d *»» K CLCN, &% L/K ¥ F 3 15 B
intermediate fields. d ** [L: K| .3 "L, % 3 aec L & 7 [K(a): K] 28+ e, » ﬁl—..
{?LaEL?%i[ (a) : K] > [K(b): K],Vbe L. A P& %P [=K(a). & K(a)#L,
tAthbel i bdKa) z&%f@rﬁ Ka+ch) #¢ cekK, ¢7fé”/;\m L/K
intermediate fields. #1% L/K % 3 7 '3 % B intermediate fields ¥ K 7 £ 8 7 ® ~ %,
FIr BHRIL LG c,c0 € K P o) #cy & K(a+ c1b) = K(a+ cob). #7144 #
a+cbe K(a+cb) ¥ #

(c1 —c2)b=(a+ c1b) — (a+ c2b) € K(a + c1b).

AFE cg—ceK P cag—c#0F@rbe Kla+eab). £H1* a=(a+c1b) —cib #
rae Klat+ab). #%2 Kla) CK(a+aeb). ©d * be Kla+aeab) £ b¢g K(a)
K(a) € K(a+ ¢1b). j"—«x—‘pfu

[K(a+c1b): K] =[K(a+ c1b) : K(a)][K(a) : K] > [K(a) : K].

Pieg A a PERT R, wT% L=K(a). 0

f1* 2B %%, £ 1 & 473 finite separable extension R %EF%,T%? MERBERT I~
B simple extension, &tk & A&JZ f %E?LFE? 37, vz d - BApy % ehe Il
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4.2.2. Trace and Norm. Trace fv norm Z_3{# finite extension FF = B £ & 7. #ic.

Definition 4.2.3. B3k L/K & - 1 finite separable extension ¥ N #_L/K - i# normal
closure. £ Mg (L,N) ={01,...,0n} »*F L ¥| N e K-monomorphisms *7= e f & .

-

F acl, Pk
Tr/k(a) =01(a) + - +on(a) and N g(a)=o1(a)---on(a).

Tr/k(a) v Np (a) » ST a 9 trace f= norm for L/ K.

£ ;3 & trace fv norm P~ E ¥ extension 7 M. Hl4cE F 4 L/K 0 intermediate
field ® a € F, E]'J TL/K(a) ’f‘-" TF/K(CL) ¥ o A P\F', [ ’bt\‘?h NL/K(G‘) ’f‘? NF/K(G) » iR
. #&T kAP A% - trace fr norm ik AR

Lemma 4.2.4. &% L/K & — 18 finite separable extension A [L : K| =n. Al # /£ &
a,belL UR ke K, #FIH U FagtE:

(1) Tr/k(ka+b) =kTp/k(a)+Tr k(b)) £ Np/g(ab) = Np g (a)Ng g (b).
(2) TL/K(k) =nk B Np/x(k) = k"

Proof. &3k N #_L/K - B normal closure. #1 5 L/K &_finite separable extension,
d Theorem 3.4.5 & Mg (L,N)| =[L: K] =n. REKX Mg(L,N)={o1,...,0n}.
(1) ¢ ** ¢g; . K-monomorphism, #  F o;(ka + b) = koi(a) + o;(b), F1#* & T & 7

n

Trx(ka+b)=> oika+b)=k> oia)+ > oib) = kT x(a) + Tpx(b).
=1 =1 =1

@, F15 oi(ab) = oi(a)oi(b), #&=F
NL/K(ab) = o1(ab) - -~ op(ab) = (o1(a)o1(b)) - -+ (on(a)on (b)) = NL/K(G)NL/K(b>-
(2) & * oy(k) =k, /=2 ik TET
Tr/k(k) = o1(k) + - +on(k) =nk and Np (k) =o1(k)---on(k) = k"
O
% L/K #_Galois extension F¥, F] 5 L/K #_normal extension, #xd Lemma 3.2.6 ¥

My (L,N) = Gal(L/K), Fl&* % Gal(L/K) ={o1,...,0n}, BRI ERZ T € Gal(L/K), ¢ *

Gal(L/K) 4_- ® group, ## "3 Gal(L/K)={7ro001,...,To0o,}. Fl ik T &+
T(Tr/x(a)) = 7(01(a) + -+ on(a)) = 7(01(a)) + - - + 7(on(a)) = Tr/k(a).

P\-:'IEJ_:I‘F T(NL/K(CL)) = NL/K(G) » ﬁ)':{;ﬁb TL/K<a) ’f‘:' NL/K(G) 2\5 75 ’lli" Gal(L/K) zx) ﬁxed

field ¢ . fed ** i3k L/K 4 Galois extension, #xd Theorem 4.1.1 ¥ Gal(L/K) 7 fixed

field 3 K, #3% Tr/gx(a) € K ¥ Npjg(a) € K. § L/K &&_finite separable extension
P, 20 R 2R 1% Galois 2 # Tpk(a) € K 2 Npjg(a) € K.
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Proposition 4.2.5. &% L/K & finite separable extension. #| #E & a€ L, ¥ %

TL/K((I)GK and NL/K((I)GK

Proof. # N & L/K - % normal closure, B¢ Lemma 4.2.1 & N/K &_finite Galois
extension. B Mg (L,N) = {o1,...,00}. $E XL 7€ Gal(N/K), d ** 700, : L - N
#_ K-monomorphism, # 7 & 70, € My (L,N). * % T7oo; =700y, M| Fl 7 & 1-1+ #
oi=0j. FIAPIHEEL 7€ Gal(N/K) ¥ F Mr(L,N)={1001,...,Too,}. “TIik
TETHEIL 7€ Gal(N,K) ¥ 7

m(Tr/k(a)) = 7(o1(a) + -+ -onla)) = 7(01(a)) + - -- + 7(on(a)) = Tr/k(a).

32 7(Np/g(a)) = Np/k(a) » ¥ L Tr/g(a) f7 Npjg(a) %% & Gal(N/K)
fixed field ¥ . #d N/K 4 Galois extension 1 # Theorem 4.1.1 #= Ty k(a) € K *
NL/K(G) € K. |

% L/K #_finite separable extension ¥ F #_L/K 5 intermediate field, | L/F fr
F/K ¢ % finite separable extension (Lemma 3.4.2), *t 3V i 5 L/F fr F/K 3 trace fr
norm. 3% a € L, B4 Proposition 4.2.5 = Ty /p(a) = Ny p(a) & 5 F & e F, #70
LT P o~ Tpe 13 Npjg ®, ® Tpg(Trr(a)) % Npg(Npp(a). 3% 2 v
g & B %3 Tpg(a) 4% Npg(a), Eifu—i—'\ trace f norm 7 transitive property.

Proposition 4.2.6. &3 L/K & finite separable extension A F & L/K &9 intermediate
field. RI¥1E& ac L, BF

Tr/k(Tryr(a)) = Tr/g(a) and Np/g(Np/p(a)) = Np g(a).

Proof. # N & L/K ¢ - B normal closure, 4 ** N/K #_normal extension ¥ F C
L C N, f1* normal closure 7% % 43 & N’ £ F/K ¢ normal closure ¥ N’ C N.

Bk Mp(L,N) ={p1,...,ps} £ Mg(F,N) = {¢1,..., 9%}, # * N/K & - B finite
normal extension * F #_ N/K ¢1- B intermediate field, 1 * Theorem 3.2.7 v& - i
K-monomorphism 1; : F' — N 387 14 extends = - % K-monomorphism ¢; : N — N (%
¢jlF = ;). ® Lemma 3.2.12 g p? @ 3t ip g i

Mr(L,N)={pjopi|li=1,...,s ¥ j=1,...,t}

F]pt e

Tr/x(a) Z Z ¢i(pi(a) =6 pi(a)) = ¢j(T1r(a))
=1 =1 =1

7j=11i=1 =
¥ - 2 & fI* Corollary 3.2.11 2 5 My (F,N') = Mi (F,N) = {ah1,..., b} M2 | *
Proposition 4.2.5 2 i & T p(a) € F, F1#* ¢;(Tr/r(a)) = ¢5lr(Tr/r(a)) = (T r(a)).
=

t
TF/K TL/F Z% TL/F Z TL/F TL/K(a)-
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e 12 25 18
t t s
Np/k(Np/r(a) H (Nzyp(a)) = H H ¢j(pi(a)) = Np/k(a).
j=1 j=1i=1
U
%] % - 1 finite extension 7 normal closure I % & — | d Z_&% trace v norm =B~ (&

¥ i € fr normal closure e3:E B~ B . 3P A S )I‘ L §_& %??f BRI FFFAPED-
i ~ % 0 trace ¥ norm frv 9 minimal polynomial § M, » F]# ¥ & trace fr norm fr

normal closure 7:% B~ & B .

Theorem 4.2.7. 3% L/K & finite separable extension A [L: K| =n. #% a€ L A a
over K # minimal polynomial % f(x) = 2™ + apm_12™ L+ 4+ a1z + ag, £

n n/m
Tr/k(a) = —m-1 and Ny g(a)= (—1)"a0/ .

Proof. £ F = K(a), 9 ** f(x) %_a over K ¢ minimal polynomial ® deg(f(z)) =m,
[F:K]=m,w® [L:F]=[L:K|/[F:K|=n/m. F]$*4 a€ F "% Lemma 4.24 (2)
v Ty p(a) = (n/m)a 42 Ny p(a) = AV BEA PR Tr/k(a) % Np/g(a).

£ N i F/K ¢ i normal closure, |15 L/K E_finite separable extension, x4 F//K
~ &_finite separable extension (Lemma 3.4.2), F]¢*d Theorem 3.4.5 = Mg (F,N)| =
[F: K] =m. B&X Mg(F,N) = {o1,...,om}. 8% F = K(a) - B over K
simple extension, # - # F ¥| N ¢ K-monomorphism P P fE e - FEE. PTIUR
o1(a),...,om(a) AR . X F15 oi(a) % i f(z) R, T2 E o1(a),...,on(a '%i&—ﬁ'—\
flx) #7F R. &® f(z)=(x—o01(a)) - (x — om(a)). FI* 13 thdicenh %, 2P E 5

Tr/k(a) =01(a) + -+ om(a) = —am—1

Np/k(a) = o1(a)---om(a) = (=1)"ao.
Fl#t 1% Proposition 4.2.6 "2 2 Lemma 4.2.4 (1) ##&

n n n
TL/K(a) = TF/K(TL/F(a)) = TF/K(E a) = ETF/K(GJ) = T am—1

"z
Ni/x(a) = Np/x(Npyp(a)) = Np/jg(a™™) = Npje(a)"™ = ((=1)"a)™™ = (‘Unag/m-
O

d Theorem 4.2.7 ¥ M5 &1, 2 & T

/k(a) € K Np/g(a) € K @Y trace fv norm
ehB~ B fr L/K 7 normal closure 3 B~ ﬁ Bé .
4.3. Galois 3% |+

higdfe - & ¢ A4 5 S AL & 0 fields: finite fields fr cyclotomic fields. I 4 % v

£ Galois groups.



60 4. Galois Extension

4.3.1. Finite Fields. 7 A2 P ¥ chw fg— & 5 B finite field A A 27, o fiF2)+
%%+ B L # % #od & Chapter 10 Section 4.

% K # - 1 finite field 2% " &+ K ¢ characteristic - T4 - B & #& p. » if‘-«{;&}‘;f i
L aceK %3 pa=0,dpvdNE a,be K, Bl (a+b)P =aP+0 ¥ 7 * induction
FHHEL meN*F (a+b)P" =aP” +0P". ¥ 2% K & characteristic 5 p, # i+
F,={0,1,---,p—1} 5- & field (iﬂw F, ~Z/pL) ® ¢ 5+ K. % # K/F, £-
i finite extension. B% [K :F,| =n, BI¥ & |K| = p", Fl#* #F < finite field 1~ % B
AR RV

REX K #_finite field * |K|=p". d ** K*=K\{0} £~ ® order % p" —1 13
i# ¥ %4 Lagrange theorem ¥t E % a € K* ¥ % o' "1 =1, FI}* K # % (¢ 45 0)
PRt gl —p=0. 2d 3 2" —x 2 58 F pt B, T K P AR W'Jﬁ?ifbixpn —x
et e, @ K 4 2P — x over F, &7 splitting field. @ *% splitting filed v — 4
(Proposition 3.1.8) @ & # | ¢ =p" B =~ % ¢ finite field & P48 * F, k& 7

BAr L/F, - ® finite extension ¥ [L:Fy] =m, Rl4v |L| =¢", # % 2 L =Fym
Y H- Bk o Fyn —»Fym THEE pyla) =al, Va€Fym. d WHER o, EFm ¥ 1

g+ B) = (a4 B)1 = a4 37 = p4(a) + ¢q(6)

pq(af) = (af)? = a?B7 = pq(a)pq(B),
AP E A o, £ - B Fym ¥| Fem 0 ring homomorphism. * F1 & Fgm & - B field » $ix
LaeK %3 pgla)=al=aq, & pg - B Fgm 3| Fgm 9 Fi-monomorphism. ~ )’I*u{
W € Gal(Fgm [Fy). 2P H @4 5 Fgm/Fy 0 Frobenius automorphism.

Theorem 4.3.1. # 3% L/F, £ —14 finite extension, & L/F, & — 18 Galois extension. #
wg: L—L #H& pjla) =al,Vae L % L/F, 69 Frobenius automorphism, £/ Gal(L/F)
& — 18 cyclic group generated by ¢,.

Proof. & [L:F,]=m. %o ¢ v ¢, € Gal(L/F,). ¥ & H = (py) # Gal(L/F,) -
¥ generated by ¢, 7 cyclic subgroup. % it ##® ¢, 7 order & m, R4 |H|=m = ¢
Proposition 2.3.3 4
m = [L:Fq] > |Gal(L/F,)| > [H| = m

Fla 73 [L:F, = |Gal(L/F,)| = |H|. F1&* F i #E @, Frorder 5 m, B3 e FEE
L/F, %_Galois extension (Theorem 4.1.1) ¥ Gal(L/Fy) = H = (pq).

ML @ Porder. FAFE |L| =¢™, Fl#t L* =L\ {0} £~ % order 7 ¢™—1
e cyclic group. B3k B 5 2 generator F g order & T, B ©q 4_identity, ~ )Tj'ﬂ—\pfu
en(B) =6. AR @2 =pg0pg T

‘Pg(ﬁ) = pq(pq(B)) = @q(B?) = ﬂqQ
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1ot 417 induction F pp(5) = A7, wd i(B) = @ BT = 0. 4 g T =1 0
d_pBeorder 5 ¢m—1, Hfrq —1>¢"—-1,7Fr>m. ¥- s HEi acl,d 3
ea) =" =a (M7 |L]=q¢m), AP gom A_identity, #f1* ¢, 7 order & r
BRirr <m. X PEE @, Dorder & m, @ E S TIL O

% — # field extension €_ Galois extension ¥ £ Galois group &_ cyclic group PF, # i
F-2 extension % cyclic extension. Theorem 4.3.1 )J'* L H 4 /3% iE R finite field #7 finite

extension 'FK 4_ cyclic extension.

- kEy L/K # - B cyclic extension ® [L: K| =m PF, 3 i s Gal(L/K) i - B
order m =cyclic group. @ cyclic group m]’* %”r o HER R s|m ok Flics ¥ 5 hrE- n
subgroup H C Gal(L/K) #% & |H| =s. ¥ 2% H &_Gal(L/K) ¢ subgroup, ¥ Lagrange
Theorem # |H| |m. ¥ ¢t F1 & Gal(L/K) E’acyclic group, *714 Gal(L/K) 1 subgroup H
#% 4 normal subgroup, @ * H ™% Gal(L/K)/H $%4_ cyclic groups. & & iz g% d
First Fundamental Theorem 4.1.5 &% i 4vig 12 &, s | m, ¥ &rE— &1 [/K i intermediate
field F i &_[L: F|=s, @ & 25 Gal(L/F) #_- B cyclic group of order s. ¥ ¢t %] &
Gal(L/F) #_Gal(L/K) 7 normal subgroup, #7124 Second Fundamental Theorem 4.1.8
v F/K + #_Galois extension, @ ¥ Gal(F/K) isomorphic to Gal(L/K)/Gal(L/F) + &_-
I cyclic group. T 5% 3¥ 2% 3] K =F, chffa), @ 2§ F 4 L/F; ¢ intermediate
field P, #- L/F 1 %2 F/F, £ * Theorem 4.3.1 e % £ fc3b 11 b it g % fpre & .

4.3.2. Cyclotomic Fields. % n % = 2 chfF#i, B] 2™ — 1 over Q 7 splitting field
2_ % n-th cyclotomic field.

B4r L & n-th cyclotomic field, Bl d Theorem 4.1.4 % L/Q #_ Galois extension, #'
P& # 3t L/Q ¢ Galois group Gal(L/Q) % ®. 7 LA E *TF 2" —1 2 ’&_i{;;‘;iiv‘ -
A5 = - B cyclic group of order n, ¥ % + &4 (, = cos(27r/n) +isin(27/n) R F ¢, 8

generator. # % 2% C, 4977 2" — 1 af@5r 2 g & B C,={C 1<t <n}. FH*
Afpie [ =Q(G)

R 0 € GallL/Q) P o(G)" = aGh) = 1 () 33 4" 1 g 7 2

o(G)™ =1, %1 J(Qm)zl wd o A 1-1 40 r=1. vd * (, forder = n, F&E

n|m » )I‘*FLPL 0(Cn) Porder » E_n. & Cp ¢ order E_n i F, NP H2 L primitive
n-th root of 1. ~ T AR E o€ Gal(L/Q), Pl 0(¢,) %~ T primitive n-th root of 1.

P8P Cp ® F % 5 primitive n-th root of 1 ¥ ? & (¢! & - T primitive n-th root of
1, Bld >t ¢t ehorder 3 n/ged(t,n) (%2 = 5 & # % #ci# & Proposition 2.3.3) 3 i 7 &
ged(t,n) =1. ~ ifu{;fw primitive n-th root of 1 i@ &,T}u{ 13 n2fien 3 ik
B#c. T RELFER? AP* gn) K&7, 27 ¢ APH2 L Euler ¢-function.

FF 1R n 2B fon 3 FaolFich Z/nZ ¢ 25+ - BREH, LF PRy (Z/n)*
k7. 8K Z/nZ A (Z/nZ)* R, LR Z/nZ &~ B order 5 n iz ¥,
M (Z/nZ)* - B order & ¢(n) shk2¥. ¥ ¢t Z/nZ &_cyclic group © (Z/nZ)* F
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¥ it * &_cyclic group, # i § X i &_abelian group. l4r Z/12Z = {0,1,...,11} - B
cyclic group generated by 1. i

(z/127Z)* = {1,5,7,11} * B52=25=1, 7?2=49=1, 11?=121=1,

w110 (ZJ1272)* - B order & ¢(12) = 4 1 abelian group € # #_ cyclic group.

1R GAL/Q) AR R (010, 4 L= QG Sk R G,
over Q £ minimal polynomlal i1 degree » . W@ ¢ drE o€ Gal(L/Q), Bl o(¢) = ¢,
He 1<t<n 2 i® & ged(t,n)=1,*4d * o(,) % 5 (, over Q 7 minimal polynomial
gh— BT, AT A R g g T eh S g 5N

folz) = 11 (= G,)-
1<t<n, ged(t,n)=1
T 53NN AL n-th cyclotomic polynomial. M F A& FER f (z) € Q] £ A Qx]
¥ 7 irreducible polynomial, #]@ # &v f, (z) &_ (, over Q 7 minimal polynomial. & i &
MBS ARG EESBAHIRED . FRLTEF, T L5 BPEA_Theorem 4.3.5
e
FAAPRER () € Zh], 2T Za] 2 o8 EFER fu0) L QW] ¢

irreducible polynomial.

Lemma 4.3.2. # f,(z) & n-th cyclotomic polynomial, 8| f,(z) € Z[z].

Proof. # i & ] * {r Theorem 4.1.1 (2) = (3) EP &F 010> 2 LEP f,(x) € Qz]. #
£ L=Q(), Bl folz) € Liz]. =& o€ Gal(L/Q), d ** o((,) =¢5 2 ¢ ged(s,n) =1,
A ae g ged(t, n) =18 o) = o()! = ¢ ™ 5% primitive n-th root of 1 (%] 5
ged(st,n) =1). )T* AR

gw= I @-olc) = s,
1<t<n, ged(t,n)=1
#22 fole) B - FEDGEER o FlTA » TI‘L%’;@ fo(z) * - FEhiificg 5 & Gal(L/Q)
e fixed field ¢ . e ¢ 4 L/Q &_ Galois extension, *7 Gal(L/Q) 5 fixed field TI&{ Q,
=B # fo(x) € Q[z].

MENPERFEP f(r) €Zx]. &3 2" —1= HKK”( — ), e e g(z) € Llz] #
#a"—1=fu(o)g(x). HZ R o€ Gal(L/Q), #o % 3|3 B BN ekl 7 2" 1=
fo(x)g%(x) = fo(x)g?(x). Fletd Q[z] L+ Hri— /w\ﬁ’*'li%.‘r, FaEgEd oeGal(L/Q) ¥ 7
¢ (2) = g(z). &5 g(x) € Qla]. A3 fule) fr g(x) $EQfs] * & monic polynomial, *¢
Mg ey, co €N T ey fr(z), co9(2) € Z[x] £ 1 fn(x) fv cog(z) # % primitive polynomials
(& o0 Dedeende s 2 Bl s 1), Bl d (enfu(@))(c29(2)) = crca(a” — 1) € Zlz], F17
Gauss Lemma (% %~ § A # S it & Lemma 7.3.5) 7 7 cre0 = 1, #&4v f,,(2), 9(x) € Z[z].
et fu(z) € Z[z). O
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FBFAPFPEEP f,(r) & Q[x] A irreducible polynomial. 7 i &3EM 2. A7 & -
MmPITE D Lemma. B A% - T notation. F p A - BF#H Y acZ R4 F,=7Z/pL

2 a7 atlF,? $E (7 amodulop). FFE f(z)=anz™+ -+ az+ay € Zlx],
IR A 7(53):7m33m+"'+611‘+60€Fp[$].
Lemma 4.3.3. 8% L/Q £ — 18 field extension B p & — 18 % #. X &% h(z),l(x)

% Zlx] ¥ &5 monic polynomials X ¥ h(x) £ Q[z] ‘Péé irreducible polynomial. 4
f(z) = h(z)l(z), #H % a € L #%E h(a) =0 & l(a?) =0, 8 f(x) € Fplx] A2 —1

separable polynomial.

Proof. F1i h(z) #_Q[z] ¢ ¢ irreducible polynomial * h(a) =0, = h(z) #_« over Q 7
minimal polynomial. 4 g(x) = [l(aP) € Z[z], F1 & (o) =0, 3* TF“ 7 g(a) =0, #&d h(x)
#_ o over Q 7 minimal polynomial 4v h(z) & Q[z] ® f}?.”f g(x). *~ d 3% h(z) 5 Z[z] ®

£ monic polynomial, ] * Gauss Lemma ' 7 % h(x) » & Zlx ] f glx) (L~ 5K
#_ N & Lemma 7.3.7). > A Tk oe(x) € Zlx] # F [(2P) = g(z) = e(z)h(x).
¥ AE- T F] S IE‘p - B p ® ~ % 0 finite field, #712 F, & characteristic » p * &
LacZ¥3 a?=a FIE l(v) =2+ am12™  + -+ a1z + ap, B
I(a?) = (@)™ 4 o1 (@P)" " 4 +aa? + @
@@ @ e 4
= @™+ ap12™ 4+ @ +ao)?
= ()"

? l(z)? =e(x)h(z). LR h(xr) A= E_F,[z] ¥ 0 irreducible polynomial, # i - %
- B Fp[:z:] ? ¢ irreducible polynomial ¢(z f”f h(z), *~ F15 h(x) f;;f“,’f [(z)P, #712
< B U(2)P. Pl A1 Fpla] £~ # unique factorization domain 11 2 g(z) £ Fplz]
1rredu(31ble polynomial, ¥ % ¢(x) ?g’f l(z). #3 2, % & di(z),da(x) € Fplz] # 7
h(m) =di(z)q(z) & I(z) = do(z)q(x). &€ E

f(z) = h(2)l(z) = q(x)’di(x)da(z),

#:12 f(xz) * ¥ it 4_separable polynomial. 0

=& 1
%

qx
v

F}

~—

ﬂ

WP F % Lemma 4.3.3 X#P f,(z) 4 Q[z] ¢ ¢ irreducible polynomial.

Proposition 4.3.4. # f,(z) £ n-th cyclotomic polynomial, A fn(x) & Q[z] F &9

1rreducible polynomial.

Proof. p ABEEE p A - BFEE pin, Bl f,(z) € Fpla] &~ B separable polynomial.
T H i & Lemma 4.3.2 P ¢ AP arr bog(x) € Zx] # 7 2" — 1= fu(x)g(x), Fl
d :r:"—lzfn( 9(x) % fo(z) e Fpla] ¥ Big ot — 1 e o —1 & Fpla] * higs
L B¢ Fpin, A mA0 Tt AP h Fyr] ¢ oged(z” — 1,nz" ) =1, &
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Lemma 3.3.5 4 2™ — 1 t Fp[x] * 4_separable polynomial. + st d f,(2) & Fplz] ®
A" —1 D F, # e f,(x) A Fy[z] P 9 separable polynomial.

B4 h(z) 5 ¢, over Q ¢ minimal polynomial, ¥ ** f,,((,) =0, # h(z) & Qx] ¢ f{f“ﬁ
fulx). ®F & fo(x) . Z[z] ® 7 monic polynomial, ¢ Gauss Lemma ' * & h(z) € Z[z]
T l(n) e Zz) #E fo(z)=h(@)l(z) (%8 + 5 A# A Bt & Lemma 7.3.8). 3 P& #

PE 1<t<n?® gad(t,n)=1, B h(¢)=0.

Bk ¢t DFFEAfEL t=p1oop (EA p A% ApR), d 3 ged(t,n) =1, A ipdr
pi fn. 9 ged(pr,n) =1, & Cﬁl 4 - B primitive n-th root of 1, &+ f,(¢h') = 0,
%5 h(C) =02 folxr) & Fplz] » 4 separable polynomial, ¥ Lemma 4.3.3 = (5

3R L) o B, & () = 0. R ged(pan) = 1, A (PP 4

A_ primitive n-th root of 1. #d f,(((B")P2) =0, h(¢E') =0 M2 fo () & Fplz] * A
separable polynomial, £ =X | * Lemma 4.3.3, #* * # &= h(¢h'P?) = 0. F1#* *  induction,
A h(Ch) = h(GRT) =0

2]

AP E T 4T3 0 primitive n-th root of 1 F84_ h(x) €713, @ iz& primitive n-th root
of 1~ W4 & fu(z) #r3 13, #&¢d h(z) f= fu(x) ¥4 monic polynomial * h(z) fé”ﬁ?
falz) #3& h(z) = fo(z). ~ %‘u{?& fn(x) E_Q[z] ¥ 5 irreducible polynomial. O

¥ § F & Proposition 4.3.4 ® AP E T f,(v) ,T-*L{Cn over Q 7 minimal polynomial.

Theorem 4.3.5. % L & n-th cyclotomic field, 8] L/Q & — 18 degree % ¢(n) & Galois
extension B Gal(L/Q) & — 18 isomorphic to (Z/nZ)* & abelian group.
Proof. 24/ ¢ & L/Q & - B Galois extension. * F12 L=Q((,) & fu(z) & (, over Q
£ minimal polynomial, #7141 [L: Q] = deg(fn(:z)) = ¢(n).

A g Sk U Gal(L/Q) — (Z/nZ)*, B €& 5: % o€ Gal(L/Q), & o(¢,) =, Rl
L VU(o)=t€Z/nZ. F* % ¥ - & well-defined Sn#c. 8K o(¢,) =, 2 t/€Z i
W=, @G =14 Godorder 5 on, E@ 0 | t—t, 4 REI-T=1-¢=0.
e t=+1. ¥ - 5 %5 o0(¢) % 5 primitive n-th root of 1, &% o(¢,) = ¢, R
ged(t,n) =1, F]$t 4 U(o) =t € (Z/nZ)*.

#T k%% U A - B group homomorphism. B*k o,7 € Gal(L/Q) & o(¢,) = ¢, ™
2 7(C) = ¢ Rl

T00(C) = T(0(C)) = 7(¢n) = 7(G)" = (G)' = G-

RApEFE (o) =12 U(r) =5, M U(roo)=st =5 %@ W(roo)=U(r)¥(o) Wi
U & - B group homomorphism.

HEKX o€ ker(V), 27 U(o) =1. BmE o) =, & V(o) =t =1. Fa
Brhh meZ R t = mn—|—1 s o(G) = ¢ho= = G 4 RAR o

AL 3 L ¢ identity. #3# U & 1-1. & d * L/Q & Galois extension, ' i 7}
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Gal(L/Q)| = [L : Q] = ¢(n) = |(Z/nZ)*]. #d ¥ :Gal(L/Q) — (Z/nZ)* 4 1-1 #3 U
A_onto. FlM ¥ Gal(L/Q) ~ (Z/nZ)*. 0

% — B field extension &_ Galois extension ¥ # Galois group %_ abelian group B, #% if®
#4t extension & abelian extension. Theorem 4.3.5 )I* L 2Ny L - B cyclotomic
field ¥, L/Q — % & - 1 abelian extension. % § p - ® F#= L & p-th cyclotomic
field, d ** Z/pZ E_ finite field 4v (Z/pZ)* #_— B cyclic group, *74 L/Q & - & cyclic
extension.

- Bk y L/K I_- B abelian extension * [L: K] =m B, A4 Gal(L/K) 4~

# order m ¢ abelian group. ¢ abelian group M 4v, $HE % & s|m Ol Flics ¥
% - B (7 - %rE- ) subgroup H C Gal(L/K) % ¥ |H|=s. ¥ 2% H &_Gal(L/K) i
subgroup, 4 Lagrange Theorem #v |H| |m. ¥ ¢ F]1& Gal(L/K) &_ abelian group, #7 4
Gal(L/K) =1 subgroup H $%&_normal subgroup, # * H % Gal(L/K)/H #%4_abelian
groups. % & izt % % 4 First Fundamental Theorem 4.1.5 2 P4 2 F s|m, ¥ 5 &
- L/K > intermediate field F/ 7% &_[L: F]=s, m £ i 4 Gal(L/F) #_— & abelian
group of order s. ¥ * %1% Gal(L/F) #_Gal(L/K) ¢ normal subgroup, 7 ¢ Second
Fundamental Theorem 4.1.8 %+ F//K » #_Galois extension, @ ¥ Gal(F/K) isomorphic to
Gal(L/K)/Gal(L/F) + 4~ i abelian group. iz 5% 8% £ * ¥| L & cyclotomic field
I K=Q ;. by F A L/Q 0 intermediate field p+, 24 & L/F 1212 F/Q 48
#_ abelian extension.

s 0 & - @ cyclotomic field 7 subfield 3% 4 finite abelian extension over Q. ¥
R F ke A4 Z R finite abelian extensmn over Q 3" g #_ % - B cyclotomic field
&1 subfield. E%{”T;ﬁ e Kronecker- Weber Theorem. % X7 i& B TR PFP A 01 i
WE R, 2 BT E R HED Galois T, RIF R L EIFHmLp e 3 ﬂgﬁﬁii.



