
Zariski 的定理

ा᛾ܴ Hilbert’s Nullstellensatz ΋૓ࢂҔ Zariski 的定理ೀ理. ाΑှ೭ঁ定理的᛾ܴ,
ሡाкϩӦΑှ܌ᒏ algebraic element ک integral element ϐ໔的ᜢ߯, аϷ vector space
ک module ϐ໔的ᜢ߯. җܭ΋૓ӕᏢёૈჹ integral element ک module όࡐࢂమཱ, ॺך
ஒճҔ೭ঁᐒ཮ϟಏ࣬ᜢ的܄፦.

Zariski的定理ࢂᇥ,ଷ೛ K ΋ঁࢂ field, Lࢂ K 的΋ঁ field extension. ऩ α1, . . . ,αn ∈ L

٬ள K[α1, . . . ,αn] ΋ঁࢂ field, ߾ α1, . . . ,αn ࣣ algebraic over K.

೭္ L/K ࢂ field extension ჹ೭ঁ定理ٰᇥ٠όࢂख़ा的, ाࢂॺ੝ձගϷЬाך
ዴߥ K 的ϡનаϷ α1, . . . ,αn ೿ӧ΃ঁӅӕ的 field ϐϣ, .аωૈፋ೭٤ϡન໔的ၮᆉ܌
K[α1, . . . ,αn] Ңӧ߄ L ύх֖ K ک α1, . . . ,αn നλ的 ring. Ψ൩ࢂᇥ K[α1, . . . ,αn] ύ的ϡન

೿ёа߄Ңԋ f (α1, . . . ,αn), ύځ f (x1, . . . ,xn) ∈ K[x1, . . . ,xn]. ΋૓ٰᇥךॺΨಞᄍஒ L ύх

֖ K ک α1, . . . ,αn നλ的 field Ҕ K(α1, . . . ,αn) .Ң߄ٰ а೭ঁ定理的ଷ೛ёаᙁϯԋ܌
K[α1, . . . ,αn] = K(α1, . . . ,αn). നࡕ定理ගϷ΋ঁϡન α ࢂ algebraic over K. ೭ঁཀ߄ࢂࡘ
ҢӸӧό฻ܭ 0 的ӭ໨Ԅ f (x) ∈ K[x] ٬ள f (α) = 0.

೭ঁ定理ӧ n = 1 ਔࡐ৒ܰ᛾ܴ. २Ӄऩ α = 0 ྽ฅ൩ؒࣗሶӳ᛾, 0 ྽ฅࢂ algebraic
over K. ऩ α ̸= 0, җܭ α−1 ∈ K(α) (ձבΑ K(α) ΋ঁх֖ࢂ α 的 field), җଷ೛ࡺ
K[α] = K(α) ޕ α−1 ∈ K[α]. Ψ൩ࢂᇥӸӧ f (x) ∈ K[x] ٬ள α−1 = f (α). ӢԜऩԵቾ
g(x) = x f (x)−1, όՠ߾ g(x) ∈ K[x] ߚ΋ঁࢂ 0 的ӭ໨ԄЪ g(α) = 0, ள᛾ࡺ α ࣁ algebraic
over K.

྽ךॺाע೭ঁ᛾ܴ௢ቶډ n = 2 的௃ݩਔ, ൩཮࿘֚ډᜤ. २Ӄҗ定ကךॺԖаΠ的
ᜢ߯Ԅ:

K[α,β ] = K[α][β ]⊆ K(α)[β ]⊆ K(α,β ).

җࡺ K[α,β ] = K(α,β ) 的ଷ೛ёள K[α,β ] = K(α)[β ] (ӆԛமፓ೭ঁ฻Ԅ΋૓ٰᇥόჹ, ό
ၸӢךॺଷ೛ K[α,β ] ΋ঁࢂ field, .(аԋҥ܌ ӢԜҗ K(α) ΋ঁࢂ field аϷᘜયݤ ߻)
य़᛾的 n = 1 ϐ௃׎) ޕ β ࣁ algebraic over K(α). όၸךॺΨѝૈ຾Չډ೭္, Ӣࣁҗ
K[α,β ] ࢂ field 的೭ঁଷ೛, ؒԖޔௗ的Бݤᡣךॺޕၰࢂց K[α] ΋ঁࢂցࢂ field. ӢԜ
ॺόѝाΑှך β ک K(α) 的ᜢ߯, ᗋѸሡΑှ β ک K[α] 的ᜢ߯. ΋૓ٰᇥ΋ঁϡનک
field ϐ໔ךॺ཮ፋࢂց algebraic 的ᜢ߯, Զ΋ঁϡનک ring ϐ໔ࢂߡाፋ܌ᒏ integral 的
ᜢ߯.

Algebraic Element Vs. Integral Element. ྽ L/K ΋ঁࢂ field extension Ъ α ∈ L, ߻
य़ගၸऩӸӧ f (x) ∈ K[x] ߚ΋ঁࢂ 0 的ӭ໨Ԅ٬ள f (α) = 0, ᆀ߾ α ࢂ algebraic over K.
ډ೭ᜢ߯௢ቶעఈ׆ॺך ring, ੝ձࢂ integral domain 的௃׎.

྽ R ΋ঁࢂ integral domain ਔ, ऩ R′ ΋ঁх֖ࢂ R 的 ring Ъ α ∈ R′, ॺ྽ฅёך
ԵቾࢂցӸӧ߯ኧӧ R Ъόࣁ 0 的ӭ໨Ԅ f (x) ∈ R[x] ٬ள f (α) = 0. όၸ೭ኬ的ᜢ߯ک
α ࢂ algebraic over R 的 quotient field F ؒϙሶٿኬ. ೭ࢂӢࣁऩ α ࢂ algebraic over F

Ъ g(x) = anxn + · · ·a1x+a0 ∈ F [x] ߚ΋ঁࢂ 0 的ӭ໨Ԅ٬ள g(α) = 0, ܭҗ߾ ai ∈ F Ъ F
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ࢂ R 的 quotient field, ჹҺཀࡺ 0 ≤ i ≤ n ࣣӸӧ ci,di ∈ R Ъ di ̸= 0 ٬ள ai = ci/di. ӢԜ
ऩз f (x) = dn · · ·d0 · g(x), ߾ f (x) ∈ R[x] ߚ΋ঁࢂ 0 的ӭ໨ԄЪ f (α) = 0. ඤقϐჹҺཀ
algebraic over F 的ϡન α ೿ёаډפ΋ঁߚ 0 的ӭ໨Ԅ f (x) ∈ R[x] ٬ள f (α) = 0. аज़܌
ӭ໨Ԅ的߯ኧӧڋ R ჴሞ΢٠ؒԖቚуज़ڋ, όၸऩךॺעӭ໨Ԅज़ڋӭ΋ᗺ, ा؃߯ኧӧ
R Ъനଯԛ໨߯ኧࣁ 1, ٗሶ΋૓的 algebraic element ൩ό΋定಄ӝΑ. .ॺԖаΠ的定ကך

Definition 1. ଷ೛ R,R′ ࢂ integral domainᅈى R ⊆ R′. ჹܭ α ∈ R′, ऩӸӧ΋ঁ߯ኧӧ R

Ъനଯԛ໨߯ኧࣁ 1 的ӭ໨Ԅ g(x) (ջ g(x) ∈ R ΋ঁࢂ monic polynomial) ٬ள g(α) = 0,
ᆀ߾ α ࣁ integral over R.

΋૓ٰᇥऩ F ࢂ R 的 quotient field, ٗሶऩ α ࣁ integral over R ྽ฅࢂߡ algebraic
over F , ՠࢂϸၸٰ൩ό΋定ჹ. ӵٯ

√
2 ᅈى x2 −2 = 0 ࣁࡺ integral over Z, ՠ

√
2/2 ᗨ

ࣁ algebraic over Q (ᅈى 2x2 −1 = 0) ՠόࢂ integral over Z (೭ᗺሡуа᛾ܴ). ྽ฅΑऩ
R ҁࢂي΋ঁ field, Ԝਔ R = F аԾฅ܌ algebraic element ൩཮ࢂ integral element. ٣ჴ
΢؂΋ঁ߯ኧӧ F 的ߚ 0 ӭ໨Ԅךॺ೿ёаନ௞ځനଯԛ໨߯ኧளډ΋ঁ߯ኧϝӧ F (Ӣ
F ࣁ field) 的 monic polynomial. аҺՖ的܌ algebraic over F 的ϡન೿཮ࢌࢂ΋ঁ߯ኧӧ

F 的 monic polynomial 的ਥ.

ۭΠࣁΑБߡ, ऩ R ΋ঁࢂ integral domain, ॺ೿Ҕך F ځҢ߄ٰ quotient field, όӆ
ќՉமፓ. ќѦךॺ૸ፕ的ϡન೿཮ӧ΋ঁڰ定х֖ F ܈) R) 的 field L ܈) ring R′) ύ܌
аךॺόӆமፓ೭ঁ L ܈) R′).

ଷ೛ α ࣁ algebraic over F , Ъ f (x) = xn + an−1xn−1 · · ·+ a1x+ a0 ∈ F [x] ٬ள f (α) = 0.
җܭჹҺཀ 0 ≤ i ≤ n−1, ࣣӸӧ ci,di ∈ R Ъ di ̸= 0 ٬ள ai = ci/di. ऩз b = dn−1 · · ·d1 ·d0,
ܭҗ߾

f (α) = αn +d−1
n−1cn−1αn−1 + · · ·+d−1

1 c1α +d−1
0 c0 = 0

ॺԖך

bn · f (α) = (bα)n +bd−1
n−1cn−1(bα)n−1 + · · ·+bn−1d−1

1 c1(bα)+bnd−1
0 c0 = 0.

ऩз g(x) = xn +∑n−1
i=0 bn−id−1

i cixi, ܭҗ߾ bn−id−1
i ∈ R (Ӣ i ≤ n−1), ޕࡺ g(x) ∈ R[x] Ъࢂ΋

ঁ monic polynomial, ΞӢࣁ g(bα) = 0 ޕॺך bα ࣁ integral over R. ाݙཀ೭္җܭ R

ࢂ integral domain, җࡺ di ̸= 0 ޕ b = dn−1 · · ·d1 ·d0 ̸= 0. ٩ԜךॺԖаΠϐ่ፕ.

Lemma 2. ଷ೛ R ࢂ integral domain Ъ F ځࣁ quotient field. ऩ α ࣁ algebraic over F,
Ӹӧ߾ b ∈ R Ъ b ̸= 0 ٬ள bα ࣁ integral over R.

җܭаךࡕॺा૸ፕ的 R ࣁ K[x] ೭ኬ的ӭ໨Ԅᕉ, εৎ೿ޕၰ K[x] ΋ঁࢂ UFD
(unique factorization domain), ۭΠךॺஒ૸ፕ integral over UFD 的੝ਸ܄፦.

Lemma 3. ଷ೛ R ΋ঁࢂ unique factorization domain Ъ F ࢂ R 的 quotient field. ऩ
α ∈ F ࣁ integral over R, ߾ α ∈ R.
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Proof. Ӣ α ∈ F аёஒ܌ α ቪԋ ab−1, ύځ a,b ∈ R. ΞӢࣁ R ࣁ UFD, ॺёଷ೛ךа܌
a,b ؒԖӅӕ的 divisor. ΞӢࣁ α ࣁ integral over R Ӹӧࡺ monic polynomial f (x) ∈ R[x]

٬ள f (α) = 0. ଷ೛ f (x) = xn + cn−1xn−1 + · · ·+ c1x+ c0, ளࡺ

an =−b(cn−1an−1 + · · ·+ c1abn−2 + c0bn−1).

ऩ b όࢂ unit, ѸӸӧ΋ঁ irreducible element p Ъ p|b. Ԝਔ p|an Ӣ p ࣁ prime ளࡺ p|a.
Ԝک a,b ؒԖӅӕ divisor ҟ࣯. ޕࡺ b Ѹࣁ΋ঁ unit, ள᛾ α = ab−1 ∈ R. �

ԖਔёаޔௗҔ定ကೀ理΋٤ algebraic 的܄፦, ӵऩٯ K ⊆ K′ Ъ α ࣁ algebraic over
K, ߾ α ࣁ algebraic over K′. ӕኬ的БךݤॺԖаΠϐ่݀

Lemma 4. ऩ R ⊆ R′ Ъ α ࣁ integral over R, ߾ α Ѹࣁ integral over R′.

Proof. ऩ f (x) ∈ R[x] ࣁ monic polynomial Ъ f (α) = 0, ߾ f (x) ϝё࣮ԋࢂ over R′ 的

monic polynomial, а܌ α ࣁ integral over R′. �

ฅԶӧ΋૓௃ޔ׎ௗҔ定ကೀ理 algebraic 的௃׎ёૈ཮Ԗ֚ᜤ, ӵऩٯ α,β ࣣ
algebraic over K, ा᛾ܴ α +β Ϸ αβ ࣁ algebraic over K ൩ѸሡЇ຾ vector space 的ཷۺ
ٰೀ理. ࣬ӕ的ा᛾ܴঁٿ integral over R 的ϡન࣬уϷ࣬४ࣁ integral over R ൩ѸሡЇ

຾ module 的ཷۺ.

Vector Space Vs. Module. ๏定΋ঁ field K ᒏ܌ V ࣁ vector space over K, Ң߄ V ҁ

΋ঁࢂݤуي abelian group, ќѦჹ K ک V ϐ໔Ԗ४ݤၮᆉ٠ा؃ჹҺཀ c ∈ K Ъ v ∈V

ࣣԖ cv ∈V . ೭ϐ໔уݤ४ݤሡᅈىϩଛ౗的܄፦. ٩Ԝ, ऩ K ΋ঁࢂ field, Ъ L/K ࢂ field
extension, ёஒ߾ L ࣮ԋࢂ K 的 vector space.

࣬ჹ的๏定΋ঁ integral domain R, ऩ M ҁيуࢂݤ΋ঁ abelian group Ъ R ک M ϐ

໔Ԗ४ݤၮᆉᅈىჹҺཀ r ∈ R Ъ m ∈ M ࣣԖ rm ∈ M, ӆу΢уݤ४ݤϐ໔ᅈىϩଛ౗的
.፦܄ ॺᆀך M ΋ঁࣁ R-module. ᙁقϐ, module ൩ӵ vector space ѝࢂ४΢的߯ኧόा
ࢂ؃ field ѝाঁࢂ ring ջё. ٩Ԝ, ऩ R,R′ ࢂ integral domain Ъ R ⊆ R′, ёஒ߾ R′ ຎࣁ

΋ঁ R-module.

Vector space ک module നε的όӕࢂߡ, җܭ vector space ߯ኧࢂ΋ঁ field, ॺё定ך
ကځ dimension. ੝ձࢂ vector space Ԗ܌ᒏ的 basis, ྽΋ঁ vector space V over K ёډפ

΋ಔ basis v1, . . . ,vn ৖ԋ V ਔ, ೭ঁ basis ಔԋҽη的ঁኧڰࢂ定的, ൩ځࢂ dimension. ჹ
ܭ R-module೭൩ό΋定ჹΑ. ёૈԖ΋ঁ R-moduleգёаډפԖज़ӭϡન৖ԋԜ module
ՠќ΋Бय़գΞёډפคጁӭঁϡનࢂ linearly independent over R. ᜢܭ module 的೭٤
࣬ᜢୢᚒךॺόుፋ, Ҟ߻໻૸ፕаΠ的௃׎.

Definition 5. ଷ೛ M ΋ঁࢂ R-module. ऩӸӧ m1 . . . ,mt ∈ M ٬ளჹҺཀ m ∈ M ࣣԖ

r1, . . . ,rt ∈ R ٬ள m = r1m1 + · · ·+ rtmt , ᆀ߾ M ΋ঁࢂ finitely generated R-module.

Finitely generated R module ൩ӳႽ finite dimension vector space ΋ኬёҗԖज़ӭঁϡ
ન৖ԋ.
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ჹܭ algebraic over K 的ϡન α Ӹӧ΋ঁࢂॺԖ΋ঁ฻ሽ的చҹ൩ך field K′ ᅈى

α ∈ K′ Ъ K′ ΋ঁࢂ finite dimensional vector space over K. ᙁൂٰᇥଷ೛ dimK(K′) = n, ߾
җ vector space ύ basis 的܄፦ޕ 1,α, · · · ,αn Ѹࣁ linearly dependent over K, ߡॺךࢂܭ
΋ঁډפ α .ሡ಄ӝ的ӭ໨ԄΑ܌ ჹܭ integral over R 的ϡનךॺΨԖ࣬ჹᔈ的܄፦. ό
ၸҗܭ R-module ΋૓ٰᇥؒԖ basis, .ॺሡҔќѦ的БԄೀ理ךа܌

Proposition 6. ଷ೛ R ΋ঁࢂ integral domain ߾ α ࣁ integral over R ऩЪ୤ऩӸӧ΋ঁ

integral domain R′ ᅈى R ⊆ R′, α ∈ R′ Ъ R′ ΋ঁࢂ finitely generated R-module.

Proof. २Ӄᇥܴऩ α ࣁ integral over R, з߾ R′ = R[α] ջ؃܌ࣁ. ଷ೛ f (x) = xn +

an−1xn−1 + · · ·+a1x+a0 ∈ R[x] ᅈى f (α) = 0. ჹҺཀ β ∈ R[α], ٩定ကջӸӧ g(x) ∈ R[x] ٬

ள β = g(α). җܭ f (x)的നଯԛ໨߯ኧࣁ 1,Ӹӧ h(x), l(x)∈R[x]٬ள g(x) = f (x)h(x)+ l(x),
ύځ l(x) = 0 ܈ deg(l(x)) ≤ n− 1. ளࡺ β = g(α) = l(α). ඤقϐ, R[α] ύ的ϡનࣣё߄

ԋ cn−1αn−1 + · · ·+ c1α + c0. Ψ൩ࢂᇥ R[α] җࢂ 1,α, . . . ,αn−1 ৖ԋ的 finitely generated
R-module. (εৎᔈݙཀ೭ঁ᛾ܴύ f (x) ࢂ monic 的ख़ा܄.)

ϸϐ, ଷ೛ R′ ΋ঁࢂ integral domain ᅈى R ⊆ R′ аϷ α ∈ R′ Ъ R′ ΋ঁࢂ finitely
generated R-module. з α1, . . . ,αn ∈ R′ ৖ԋ R′. җܭ R′ ΋ঁࢂ ring Ъ α ∈ R, ჹҺޕॺך
ཀ 1 ≤ i ≤ n ࣣԖ ααi ∈ R′, ҭջӸӧ ci1, . . . ,cin ∈ R ٬ள ααi = ci1α1 + · · ·+ cinαn. ౽໨ள
x1 = α1, . . . ,xn = αn ᅈىᖄҥБำಔ

(c11 −α)x1+ c12x2+ · · · +c1nxn = 0
c21x1+ (c22 −α)x2+ · · · +c2nxn = 0

...
...

...
...

cn1x1+ cn2x2+ · · · +(cnn −α)xn = 0

ஒ೭٤Бำಔ的߯ኧ࣮ԋӧ R′ 的 quotient field ύ, җԜБำಔԖ΋ಔόӄࣁ 0 的ှ, ள

det


c11 −α c12 · · · c1n

c21 c22 −α · · · c2n
...

... . . . ...
cn1 cn2 · · · cnn −α

= 0

ҭջ α ᅈى΋ঁԛኧࣁ n ߯ኧӧ R 的 monic polynomial, ளࡺ α ࣁ integral over R. �

ԖΑ Proposition 6, ӵӕ᛾ܴૈߡॺך algebraic elements ࣬у࣬४٩ฅࣁ algebraic 的
Бݤ᛾ܴаΠ的܄፦.

Proposition 7. ऩ α,β ࣁ integral over R, ߾ α +β ک αβ ࣁࣣ integral over R.

Proof. Ӣ α ࣁ integral over Rࡺҗ Proposition Ӹӧ΋ޕ6 integral domain R′ ᅈى α ∈ R′,
R ⊆ R′ Ъ R′ ࣁ finitely generated R-module. ΞӢ β ࣁ integral over R Ъ R ⊆ R′ ޕࡺ β ࣁ
integral over R′. ӆҗ Proposition 6 Ӹӧޕ integral domain R′′ ᅈى β ∈ R′′ аϷ R′ ⊆ R′′

Ъ R′′ ࣁ finitely generated R′-module.
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ॺట᛾ܴך R′′ ࣁ finitely generated R-module. ऩள᛾, ԜਔӢ α,β ∈ R′′ Ъ R′′ ΋ঁࣁ

ring, ёள α +β ∈ R′′ Ъ αβ ∈ R′′. ӆճҔࡺ Proposition 6 ёள α +β ک αβ ࣁࣣ integral
over R.

ଷ೛ R′ ࣮ԋࣁ R-module ёҗ a1, . . . ,am ∈ R′ ৖ԋ (ջҺཀ R′ ύ的ϡનࣣёቪԋ

c1a1 + · · ·+ cmam, ύځ ci ∈ R 的׎Ԅ). ӆଷ೛ R′′ ࣮ԋࣁ R′-module ёҗ b1, . . . ,bn ∈ R′′ ৖

ԋ. ॺё᛾ளך R′′ ࣮ԋࣁ R-module ёҗ {aib j | 1 ≤ i ≤ m,1 ≤ j ≤ n} ৖ԋ. ೭ࢂӢࣁჹ
Һཀ λ ∈ R′′ ёቪԋ λ = ∑n

j=1 d jb j ύځ d j ∈ R′. ӆҗ d j ∈ R′ Ӹӧޕ c1 j, . . . ,cm j ∈ R ٬ள

d j = ∑m
i=1 ci jai. ёளࡺ λ = ∑n

j=1(∑
m
i=1 ci jaib j). �

Remark 8. ྽ R = F ΋ঁࢂ field ਔ, Ψёҗ Proposition 7 ऩޕ α,β ࣁ algebraic over F ,
߾ α +β ک αβ Ψࣁ algebraic over F .

K[α] Vs. K(α). ௗΠٰךॺٰፋፕ K[α] ೭ঁ ring ک K(α) ೭ঁ field ϐ໔的ᜢ߯. K[α]

ک K(α) ऩ࣬฻ਔ, ޕय़ς߻ α Ѹࣁ algebraic over K, ӢԶऩ α όࢂ algebraic over K, ߾
K[α] ό฻ܭ K(α). ೭္ךॺࢂߡा௖૸Ֆਔ K(α) ک K[α] ࣬฻. ٣ჴ΢྽ K[α] ΋ঁࢂ

ring όࢂ field ਔ, α ࣁ transcendental over K (ջόࢂ algebraic over K) Ԝਔ K[x] ک K[α]

ࢂ isomorphic (Եቾ f (x) 7→ f (α)), ॺ໻ሡ௖૸ךа܌ K[x] 的௃׎.

җܭ K[x] ࢂ UFD, ॺёаүྣך Euler ᛾ܴ᏾ኧύԖคጁӭঁ፦ኧ的Бٰݤ᛾ܴ K[x]

ύԖคጁӭঁ non-associate irreducible polynomial. Ψ൩ࢂᇥ K[x] ύԖคጁӭঁ monic
irreducible polynomial. ӢԜךॺԖаΠ的่݀.

Lemma 9. όёૈӸӧ q(x) ∈ K[x] ٬ளჹҺཀ r(x) ∈ K(x) ࣣӸӧ n ∈ N ٬ள q(x)nr(x) ∈
K[x].

Proof. ଷ೛Ӹӧ೭ኬ的 q(x), җܭӧ K[x] ύԖคጁӭঁ monic irreducible polynomial, ך
ॺёډפ p(x) ∈ K[x] ࢂ irreducible polynomial Ъ p(x) - q(x). ฅԶ 1/p(x) ∈ K(x) ЪჹҺཀ

n ∈ N, p(x) ӧ K[x] ύࣣόૈ᏾ନ q(x)n (ճҔ K[x] ࢂ UFD), ޕࡺ q(x)n/p(x) όӧ K[x] ύ,
Ԝᆶଷ೛ҟ࣯ࡺள᛾. �

ऩ K[α] = K(α) ྽ฅჹҺཀ߾ r(α) ∈ K(α) ࣣԖ r(α) ∈ K[α]. ڗॺѝाךаԜਔ܌
q(α) = 1 ൩ёள q(α)r(α) ∈ K[α]. ӢԜ Lemma 9 ёаᇥࢂ΋ᅿղձ K[α] ܭց฻ࢂ K(α)

的Бݤ.

΋૓ٰᇥ྽ r(x) ∈ K(x), ऩคݤղ定ࢂց r(x) ∈ K[x], җܭ K[x] ࢂ UFD, ॺёаճҔך
Lemma 3 ቨ኱ྗԵቾܫ r(x) ցࢂ integral over K[x] ջё. ӢԜ঺Ҕऩ α όࢂ algebraic
over K, ߾ K[α]≃ K[x] аϷ Lemma 9, .ॺԖаΠϐ่݀ך

Corollary 10. ऩӸӧ q(α) ∈ K[α] ٬ளჹҺཀ β ∈ K(α) ࣣӸӧ n ∈ N ٬ள q(α)nβ ࣁ
integral over K[α], ߾ α ࣁ algebraic over K.

Proof. ճҔϸ᛾ݤ, ଷ೛ α όࢂ algebraic over K, ջ K[α]≃ K[x]. ౜җܭ q(α) ∈ K[α] Ъ

β ∈ K(α) ޕࡺ q(α)nβ ∈ K(α). ӢԜऩ q(α)nβ ࣁ integral over K[α] ճҔ߾ Lemma 3 ջ
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ޕ q(α)nβ ∈ K[α]. ฅԶҗ Lemma 9 όёૈԖ೭ኬ的ޕ q(α) Ӹӧ. җԜҟ࣯ள᛾ࡺ α ࣁ
algebraic over K. �

ӆԛமፓऩ α ࣁ algebraic over K ჹҺཀ߾ β ∈ K(α) ࣣԖ β ∈ K[α]. ӢԜ Corollary 10
ύ的చҹёᇥࢂ α ࣁ algebraic over K 的฻ሽచҹ.

Zariski 的定理.

Theorem 11 (Zariski). ऩ K[α1, . . . ,αn] ΋ঁࢂ field, ߾ α1, . . . ,αn ࣣ algebraic over K.

Proof. ॺჹך n բ induction ೀ理. ྽ n = 1 ਔςޕԋҥ. ྽ n ≥ 2 ਔ, җܭ K[α1, . . . ,αn]

΋ঁࢂ field ޕࡺ K[α1, . . . ,αn] = K(α1)[α2, . . . ,αn] Ҕٯ induction ޕ α2, . . . ,αn ࣣ algebraic
over K(α1). Ӣࣁ K(α1) ࣁ K[α1] 的 quotient field, җࡺ Lemma 2 ჹޕ 2 ≤ i ≤ n ࣣӸӧ

qi(α) ∈ K[α] ٬ள qi(α1)αi ࣁ integral over K[α1]. җܭ qi(α1) ∈ K[α1] ҁࢂي integral over
K[α1] аऩз܌ q(α1) = q2(α1) · · ·qn(α1), җ߾ Proposition 7 ჹޕ 2 ≤ i ≤ n ࣣԖ q(α1)αi ࣁ

integral over K[α1].

౜ჹҺཀ β ∈ K[α1, . . . ,αn] Ӹӧޕ f (x1, . . . ,xn) ∈ K[x1, . . . ,xn] ٬ள β = f (α1, . . . ,αn). ऩ
з m ࣁ f (x1, . . . ,xn) 的നଯԛ, җ߾ Proposition 7 ޕ q(α1)

m f (α1, . . . ,αn) ࣁ integral over
K[α1],ඤقϐჹҺཀ β ∈ K[α1, . . . ,αn]ࣣӸӧ m ∈N٬ள q(α1)

mβ ࣁ integral over K[α1]. ฅ
Զ٩ଷ೛ K[α1, . . . ,αn] ΋ঁࢂ field, Ԗࡺ K(α1)⊆ K[α1, . . . ,αn], Ψ൩ࢂᇥჹҺཀ β ∈ K(α1)

ࣣӸӧ m∈N٬ள q(α1)
mβ ࣁ integral over K[α1]. ӢԜճҔ Corollary ޕ10 α1 ࣁ algebraic

over K. ฅࡽ α2, . . . ,αn ࣣ algebraic over K(α1)Ъ α1 ࣁ algebraic over K,ޕࡺ α1,α2, . . . ,αn

ࣣ algebraic over K. �

Remark 12. ᇸܰ的Ҕࡐॺёаך induction ᛾ܴऩ α1,α2, . . . ,αn ࣣ algebraic over K, ߾
K[α1, . . . ,αn] ΋ঁࢂ field. а܌ Zariski 的定理ёа௶ॊԋ:

K[α1, . . . ,αn] = K(α1, . . . ,αn) ऩЪ୤ऩ α1,α2, . . . ,αn ࣣ algebraic over K.


