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In this chapter, we discuss numerical methods for solving ordinary differential equations of

initial-value problems (IVP) of the form

y = f(z,y), =€la,b]
?J(%) — Yo,

(1)

where ¥ is a function of x, f is a function of y and x, x is called the initial point, and yq the
initial value. The numerical values of y(x) on an interval containing x are to be

determined.
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1 — Existence and Unigueness of Solutions

Theorem 1 If f(x,y) is continuous in a region €2, where
Q:{(ZC,’y), ‘ZC—ZC0| < q, |y_y0| SB} (2)

then the IVP (1) has a solution y(x) for |z — x¢| < min{a, M} where

M = max x,Y)|.
(x,y)eﬂ\f( y)

-
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IVP of ODE 4

1 — Existence and Unigueness of Solutions

Theorem 1 If f(x,y) is continuous in a region €2, where
Q:{(ZE,’y), ‘ZIZ‘—ZC()| < q, |y_y0| SB} (2)

then the IVP (1) has a solution y(x) for |z — x¢| < min{a, M} where

M = max x,Y)|.
(x,y)eﬂ\f( y)

Theorem 2 If f and % are continuous in €2, then the IVP (1) has a unique solution in the

interval |x — x| < min{a, % .
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IVP of ODE 4

1 — Existence and Unigueness of Solutions

Theorem 1 If f(x,y) is continuous in a region €2, where
Q:{(:C)y)v ‘x_$0| < q, |y_y0| SB} (2)

then the IVP (1) has a solution y(x) for |z — x¢| < min{a, M} where

M = max x,Y)|.
(x,y)eﬂ\f( y)

Theorem 2 If f and % are continuous in €2, then the IVP (1) has a unique solution in the

B

interval | — x| < min{a, 47 }.

Theorem 3 If f is continuousina < x < b, —00 < y < o0 and

| f(x,y1) — f(z,92)] < Lly1 — y2

for some positive constant L, (that is, f is Lipschitz continuous in ), then IVP (1) has a

unique solution in the interval |a, b|.
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[1 Numerical integration of ODES :

Given

dy

% :f(fll',y>, y(x()) — Yo-

Find approximate solution at discrete values of x
X5 = I + jh
where £ is the “stepsize”.

[1 Graphical interpretation

- S
Department of Mathematics — NTNU Tsung-Min Hwang December 8, 2003




IVP of ODE 6

2 — Euler’'s Method

On of the simplest methods for solving the IVP (1) is the Euler's method.
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2 — Euler’'s Method

On of the simplest methods for solving the IVP (1) is the Euler's method.

Subdivide [a, b] into 7 subintervals of equal length h with mesh points {xg, 1, ..., Tn}

where

r;,=a+1th,Vi=0,1,2,...,n.
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2 — Euler’'s Method

On of the simplest methods for solving the IVP (1) is the Euler's method.

Subdivide [a, b] into 7 subintervals of equal length h with mesh points {xg, 1, ..., Tn}

where
r;,=a+1th,Vi=0,1,2,...,n.

Recall the Taylor's Theorem

Yy(rir1) = y(@) + (Topr — 20y (24) + -
h2
= y(=z;) + hy' (=) + E?J"(fz') (3)
h2

for some &; € [x;, Tiy1].
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We have the formulation of Euler's mehtod

Tkr1 = xpkt+h=x0+ (k+1)h
Yet1 = Y+ hf(Tr, k)
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We have the formulation of Euler's mehtod

Tkr1 = xpkt+h=x0+ (k+1)h
Yet1 = Y+ hf(Tr, k)

On the other hand, from (3),

Flasy(e) = o/ (@) = PO V@) B
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We have the formulation of Euler's mehtod
Tkr1 = xpkt+h=x0+ (k+1)h
Yet1 = Y+ hf(Tr, k)

On the other hand, from (3),

Flasy(e) = o/ (@) = PO V@) B

It implies that Euler's method is a first-order (O(h)) method.
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IVP of ODE 7

We have the formulation of Euler's mehtod
Tkr1 = xpkt+h=x0+ (k+1)h
Yet1 = Y+ hf(Tr, k)

On the other hand, from (3),

Flasy(e) = o/ (@) = PO V@) B

It implies that Euler's method is a first-order (O(h)) method.

The Improved Euler's method

Tpa1 = xxt+h=x0+ (k+1)h

Yni1 = Yk +hf(Tr, yr) (4)
h «

Yk+1 = Yk T 9 [f(xkv Yr) + f(Tr1, yk—|—1)}
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Example 1 Use Euler’'s method to integrate

= =2 0) = 1.
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Example 1 Use Euler’'s method to integrate

The exact solution is
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Example 1 Use Euler’s method to integrate

The exact solution is
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3 — Runge-Kutta Methods

One of the most important methods for solving the IVP (1) is the Runge-Kutta method.
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3 — Runge-Kutta Methods

One of the most important methods for solving the IVP (1) is the Runge-Kutta method.
Recall the Taylor's Theorem
2 3
h h 11/

y+h) = ylo) +hy'(@) + Sy + Syt
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3 — Runge-Kutta Methods

One of the most important methods for solving the IVP (1) is the Runge-Kutta method.

Recall the Taylor's Theorem

h? h?
y+h) = ylo) +hy'(@) + Sy + Syt
2

= y(x)+ hy'(z) + %y” + O(h?)
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By differentiating y(z), we have

y = flay=f
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By differentiating y(z), we have

y = flay=f
y// — %f:fw—|—fyy/:fx+fyf
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By differentiating y(z), we have

y = flay=f

y// — %f:fw—|—fyy/:fx+fyf
d d

y,// — f:c:c"'—f:vyf—l_f@fy_'_fy%f
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By differentiating y(z), we have

y = flay=f
y// — %f:fw—|—fyy/:fx+fyf
d d
y,// — f:c:c"'—f:vyf—l_f_fy_'_fy%f
— ot Saud + SO £+ B 1)
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By differentiating y(z), we have

y = f@y)=f
y'o= %f=h+@y=h+@f
V' = fet el AT fyt fy f
— ot Saud + SO £+ B 1)

= Jfoz + Joyl + f(fy:c + fyyf) + fy(fz + Sy f)
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Then
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Then

2

h
y@+h) = y+hy'+ Y+ 00

2
= YR e 1)+ O0)
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Then
2

y(x + h) 2

h
y+hy + —y" + O(h?)

— —Hﬁ+ (h+ﬁjyuxm)

= y+- f+hf+

5 (o + fyf) + O(7)
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Then

2

h
y(z +h) = y+hy’+7y”+0(h3)

— yhf+ T (fx‘|‘fyf)+0(h3)

_ gl f+hf+ (ot o)+ O()

S y+gf+ (F + s+ hfyf) + O()
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Then

y(x +h) =

Apply Taylor's Theorem on f

2

h
y + hy' + 73/’ + O(h%)

y+hf+ (fx + fyf) + O(h?)

vty f+hf+ (e + fuf) +O0)

y+gf+ (F + s+ hfyf) + O()

f(x+hy+hf) = f(z,y) +hfs +hff, +OR?)
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Then

2

h
y(z +h) = y+hy’+7y”+0(h3)

— yhf+ T (fx‘|‘fyf)+0(h3)

_ gl f+hf+ (ot o)+ O()

S y+gf+ (F + s+ hfyf) + O()

Apply Taylor's Theorem on f

f(x+hy+hf) = f(z,y) +hfs +hff, +OR?)
= fH+hfe+hffy=fle+hy+hf)
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Then

2

h
y(z +h) = y+hy’+7y”+0(h3)

— yhf+ T (fx‘|‘fyf)+0(h3)

_ gl f+hf+ (ot o)+ O()

= y+ Zf + —(f+ hfe +hf,f) +O(R?)

Apply Taylor's Theorem on f

f(x+hy+hf) = f(z,y) +hfs +hff, +OR?)
= fH+hfe+hffy=fle+hy+hf)

= y(az—i—h):y—l—%hf—l—gf(:v—l—h,y+hf)+0(h3)
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Let
Fi =hf(z,y), Fs=hf(x+ h,y + F1)
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Let
Fi =hf(z,y), Fs=hf(x+ h,y + F1)
Then

1
y(r+h) =y + §(F1 + ).
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Let
Fi =hf(z,y), Fs=hf(x+ h,y + F1)
Then

1
y(r+h) =y + §(F1 + ).

This is called the second-order Runge-Kutta method.
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Let
Fi =hf(z,y), Fs=hf(x+ h,y + F1)

Then

1
y(r+h) =y + §(F1 + ).

This is called the second-order Runge-Kutta method. Two function evaluations are required

at each step.
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Let
Flzhf(xay)v nghf<$+h,y—|—F1)

Then

1
y(x + h) =y + §(F1 + Fy).

This is called the second-order Runge-Kutta method. Two function evaluations are required

at each step.

Algorithm 1 Algorithm for second-order Runge-Kutta mehtod :

For k£=0,1,2,...
Tpi1=xx +h=z0+ (k+1)h
Py =hf(zk, yx)
Fo = hf(zg+1,ye + F1)
Yet1 = Yk + 3 (F1 + F2)
End for
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General form of second-order Runge-Kutta method :
y(z +h) =y +wihf(z,y) +wshf(z + ah,y+ Bhf) + O(R?)

where w1, wa, &, 3 are constants to be defined, and

1 1
4w =1, wor = = woll= =
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General form of second-order Runge-Kutta method :
y(z +h) =y +wihf(z,y) +wshf(z + ah,y+ Bhf) + O(R?)

where w1, wa, &, 3 are constants to be defined, and

n 1 _1 5_1
W1 w2 = 1, W2Oé—2, W2 ~ 9

leads to the modified Euler’'s mehtod.

By letting w1 = 0, w2 = 1704:5:%
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General form of second-order Runge-Kutta method :

y(z +h) =y +wihf(z,y) +wshf(z + ah,y+ Bhf) + O(R?)

where w1, wa, &, 3 are constants to be defined, and

1 1
p— 1 - — = —
w1 + wo y Wolx 27 WQﬁ 9

leads to the modified Euler’'s mehtod.

N —

By letingw; =0, we =1, =3 =

Fourth-Order Runge-kutta method

1
y(x +h) =y + 6<F1 + 2F, + 2F5 + Fy) + O(h°)

where
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Algorithm 2 Algorithm for fourth-order Runge-Kutta mehtod :

For k£=0,1,2,...

Tpql = Tp + %h

Tpi1 =2Tp +h=x0+ (k+1)h

By =hf(2k: yx)

Fy = hf(zpy1,y6 + 551

F3 = hf(zpy1,y6 + 5F2)

Fy = hf(Trs1,yx + F3)

Yk+1 = Yk + %(F1 + 2F5 + 2F3 + Fy)
End for

The fourth Runge-Kutta method involves a local truncation error of O(h5).
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Example 2 (Stiff problem, van der Pol equation)
Y1 = Yo,
vo = p(l—yi)y2—yi.
S
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Solution of van der Pol Equation, p = 1000

—
>
c

S
=
E
(@)
(%]

805.715 805.725 805.735
time t
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Definition 1 A multistep method for solving the initial-value problem
y' = f(z,9), a <z <D, yla) = o
5
Wit1 = Am—1W; + Qm—2Wi—1 + *** + AQOWit1—m T
B bm f(Zig1, Wir1) + b1 f(@s, ws) + -+ + bo f (ZTip1—m), Wit1—m)]
foro =m — 1, m,..., N — 1, where the starting values
Wy =@, W1 = 1, "+ yWm—1 = Q1

are specified and h = (b — a)/N.

T
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Definition 1 A multistep method for solving the initial-value problem
y' = f(2,y), a <2 <b, y(a) = a
IS
Wit1l = Gmpm—1W; + Qm_—2W;—1 + **+ + AWijtr1—m T
B By S (Za11, Wign ) F b1 f(@5, we) - - - + bof (T —ms Wit 1—m)]
foro =m — 1, m,..., N — 1, where the starting values
Wy =, W1 =Q1, *** yWmp_1 = Qm_1
are specified and h = (b — a)/N.

[l 1f b,,, = 0, the method is called explicit or open
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Definition 1 A multistep method for solving the initial-value problem
y' = f(z,y), a<z <b, yla) =0
5
Wit1 = Am—1W; + Qm—2Wi—1 + *** + AQOWit1—m T
b f (@541, Wit1) + b1 f (25, wi) + -+ + Do f (Ti1—m, Wit1-m)]
foro =m —1,m,..., N — 1, where the starting values
Wy =, W1 =Q1, *** yWmp_1 = Qm_1
are specified and h = (b — a)/N.
[l 1f b,,, = 0, the method is called explicit or open

L1 If b,,, # 0, the method is called implicit or closed.

-
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Example 3

[1 Explicit fourth-order Adams-Bashforth method:
Wo = &, W1 = 1, W2 = g, W3 = a3,
Wir1 = w; + % (55 f (i, w;) — 59f (x;_1,w;_1)
+37f(xi—2, wi—2) — 9f (zi—3, w;—3)]

foreach: = 3,4,..., N — 1.

I
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Example 3

[1 Explicit fourth-order Adams-Bashforth method:
Wo = &, W1 = 1, W2 = g, W3 = a3,
Wir1 = w; + % (55 f (i, w;) — 59f (x;_1,w;_1)
+37f(xi—2, wi—2) — 9f (zi—3, w;—3)]
foreach: = 3,4,..., N — 1.

L] Implicit fourth-order Adams-Moulton method:

Wy = &y, W1 = 1, Wy = 2,

h
Wit1 = W; + Y 9f(xi11, wir1) + 19f (x4, w;)

—5f(xi—1,wi—1) + f(xi—2, wi—2)]
foreach: =2,3,..., N — 1.

I
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[1 Derivation of the multistep methods:

o) =) = [y @de = [ fay)da

L 7

Tit1

Li4+1

- m%ﬁ)zm%wy/ #(, y(@))do

L4

-
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[1 Derivation of the multistep methods:

y(@iv1) — y(z;) = /x

Tit1

z/(w)dx:=:j/mi“'f<x,y<x>>dx

7 7

Li4+1

- m%ﬁ)zm%wy/ #(, y(@))do

L4

P(z): an interpolating polynomial to f(x, y(x)) and y(z;) ~ w;.

I
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IVP of ODE 19
[1 Derivation of the multistep methods:

y(@iv1) — y(z;) = /x

Tit1

z/(w)dx:=:j/mi“'f<x,y<x>>dx

7 7

Li4+1

- m%ﬁ)zm%wy/ #(, y(@))do

1ig
P(x): an interpolating polynomial to f(x,y(x)) and y(x;) ~ w;. Then

Tit1

y(Tit1) = w +/ P(z)dx

Xq

T
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[1 Derivation of the multistep methods:

y(ziy1) —y(zs) = /x

Tit1

@)z = | T el

7 7

Li4+1

S y(@irn) = y(z) + / #(, y(@))do

1ig
P(x): an interpolating polynomial to f(x,y(x)) and y(x;) ~ w;. Then
Tit1

y(Tit1) = w +/ P(z)dx

Xq

[1 Adams-Bashforth explicit m-step technique:
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[1 Derivation of the multistep methods:

y(ziy1) —y(zs) = /x

Tit1

@)z = | T el

7 7

Li4+1

S y(@irn) = y(z) + / #(, y(@))do

1ig
P(x): an interpolating polynomial to f(x,y(x)) and y(x;) ~ w;. Then
Tit1

y(Tit1) = w +/ P(z)dx

Xq

[1 Adams-Bashforth explicit m-step technique:

The binomial formula is defined as

(s) s(s—1)---(s—k+1)

L) k!

T
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We introduce the backward difference notation V
Vi(z:) = fz:) — f(ziz1)
and
VEf(zi) =V fa) = Vi flmmr) = V (VT f(ay)

fore =0,1,...,n— 1.

T
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We introduce the backward difference notation V

Vfxi) = fa:) — fi-1)
and
VEf(z) = VF () — VR (1) = V (V7 ()
e d = 01— 1

Let P,,,_1(x) be the Newton backward difference polynomial through (x;, f(x;, y(x;))),
(i1, f(@im1,Y(®i=1)))s - - o+ (Tit1—ms [ (@it 1—m, Y(Tit1-m))),

T
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We introduce the backward difference notation V

Vi(zi) = f(z:) = f(zi-1)
and
VEf(2:) = VEH f (i) = V7 f(ima) = V (V71 f(24)
fore =0,1,...,n— 1.
Let P,,,_1(x) be the Newton backward difference polynomial through (x;, f(x;, y(x;))),

(ic1, f(Tiz1,Y(Ti=1))): -+ oo (Bit1—m [(Tit1—m, Y(XTit1-m))). Le.,

_]: VFf (@i, y(z4))
k=0

where £ = x; + sh. Then

T
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Fm (&, y(&))

o (z —z5)(x — 2i-1) - (T — Tig1—m)

B
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i Fm(&, (&)

m!

A M) (& y (&)

m!

f(z,y(z)) = Pr-1(z) (. —z)(@ —ziz1) (T — Tit1-m)

=P,_1(z) + s(s+1)---(s+m—1)

for some & € (x;11_m,x;). Hence

-
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i Fm(&, (&)

m!

A M) (& y (&)

m)!

f(z,y(z)) = Pr-1(z) (. —z)(@ —ziz1) (T — Tit1-m)

= /21w s(s+1)---(s+m—1)

for some & € (x;11_m,x;). Hence

/%Hl flz,y(z))dx = /%Hl z_:(_l)k ( —S ) ka(ﬂ?z,y(flfz))dx

k=0 k

Ti+1 pm f(m)(¢. _
o )

' s(s+1)---(s+m—1)dx
m!

T
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i Fm(&, (&)

m!

A M) (& y (&)

m)!

f(z,y(z)) = Pr-1(z) (. —z)(@ —ziz1) (T — Tit1-m)

= /21w s(s+1)---(s+m—1)

for some & € (x;11_m,x;). Hence

/%Hl flz,y(z))dx = /%Hl z_:(_l)k ( —S ) ka(x“y(xz))dx

k=0

Ti+1 pm f(m)(¢. _
o )

' s(s+1)---(s+m—1)dx
m!

k

= i ka(xi,y(:vi))h(—l)k/ ( - ) ds
k=0 0

hm—l—l

n /0 s(s+1)---(s+m—1)f™ (&, y(&))ds

m)!

T
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k 0 1 2 3 4 5
el | 9 1| 5 | 3] 251 | 95
(—1)% [, . ds | 1|35 | 15|85 | %0 | 288

-
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k 0 1 2 3 4 5
el | 9 1| 5 | 3] 251 | 95
(—1)% [, . ds | 1|35 | 15|85 | %0 | 288

Since s(s + 1) -+ - (s +m — 1) does not change sign on |0, 1], by the Weighted Mean

Value Theorem for Integrals, 3 u; € (ZIZi, a:z-+1) such that

hm—l—l

- /0 s(s+1)---(s+m— l)f(m)(fi,y(&))ds
B JeE A iyl /1 s(s+1)---(s+m—1)ds

m)!

1 _
— RO (e, () (—1)™ / ) ds
0

m

T
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Therefore,
y(ziv1) = ylzs) +h [f(l‘i,y(ﬂ?i)) + %Vf(xz',y(%))
+ V) +

1 _
RmLEO (g () (=)™ / * ) ds
0

m

-
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[1 Predictor-Corrector Method:

B
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[1 Predictor-Corrector Method:

[1 Using explicit method as a predictor:

(0)
W, 7 = Am—1Wi T Ap—2Wi—1 + T AOWi+1—m

+h [bp—1 f(zi,w;) + - 4+ bo f(Tit1—m, Wit1—m)]

T
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IVP of ODE 24

[1 Predictor-Corrector Method:

[1 Using explicit method as a predictor:

(0)
W, 7 = Am—1Wi T Ap—2Wi—1 + T AOWi+1—m

+h [bp—1 f(zi,w;) + - 4+ bo f(Tit1—m, Wit1—m)]

] Using implicit method as a corrector:
Witl = Qm-1W; + Qp_oW;—1 + -+ AQoW;itr1—m
0
+h bmf(CErH_l, w§—|—)1) + bm—lf(ajiv wz)
+ -+ bOf(xi—i-l—m: wi—|—1—m)]

T
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5 — Systems and Higher-Order Ordinary Differential Equations

Consider a system of first-order ODE'’s.

(1 = fi(z,y1, 92, Yn)

Yy = fa(x, 1,92, ., Yn)

/

Yn — fn(maylay% <. 7yn)

with initial conditions

(yl(ivo) — y?
< yz(fBO) — ?JS
\yn(xo) — yg
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Define

Y1
Y2

Yn

h
f2

I

and transform the system into vector form

/

Y
Y (o)

= F(x,Y)

=Y

Department of Mathematics — NTNU
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Define
Y1 J1 ?J(f
Y2 J2 ?Jg
Y = ) b= ) YO —
| Yn L | Yy

and transform the system into vector form

/

Y — F(z,Y)
Y([I?()) p— YO

[1 The Runge-Kutta methods can be easily extended to vector form.
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Define
Y1 J1 ?J(f
Y2 J2 ?Jg
Y = ) b= ) YO —
| Yn L | Yy

and transform the system into vector form

/

Y — F(z,Y)
Y([I?()) p— YO

[1 The Runge-Kutta methods can be easily extended to vector form.

[1 An higher order ODE can be converted into a system of first-order

equations, hence higher-order ODEs can be solved in vector form.
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Example 4

(sinx)y” + cos(zy) + sin(z? +vy") + (v)° = logx
y(2)=79(2)=3,¢y"(2) = 4
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Example 4

(sinx)y” + cos(zy) + sin(z? +vy") + (v)° = logx
y(2)=79(2)=3,¢y"(2) = 4

Solution: Let u; = vy, us = y', and ug = v

Department of Mathematics — NTNU Tsung-Min Hwang December 8, 2003



IVP of ODE 27

Example 4
(sinx)y” + cos(zy) + sin(z? +vy") + (v)° = logx
y(2)=7,9'(2) =3, y"(2) = 4

Solution: Let u; = y, us = vy', and uz = y”

(sinz)y” + cos(zy) + sin(z? +y”) + (v)° = logx

= (sin ZU)U/3 + cos(zuq ) + sin(z? + u3) + (uz)® = logx
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IVP of ODE 27

Example 4

(sinx)y” + cos(zy) + sin(z? +vy") + (v)° = logx
y(2)=79(2)=3,¢y"(2) = 4

Solution: Let u; = vy, us = y', and ug = v

(sinz)y” + cos(zy) + sin(z? +y”) + (v)° = logx
= (sin ZU)U/3 + cos(zuq ) + sin(z? + u3) + (uz)® = logx
=

uy = [logx — cos(zuy) — sin(z? + uz) — (u2)’] /sinz
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IVP of ODE 27

Example 4

(sinx)y” + cos(zy) + sin(z? +vy") + (v)° = logx
y(2)=79(2)=3,¢y"(2) = 4

Solution: Let u; = vy, us = y', and ug = v

(sinz)y” + cos(zy) + sin(z? +y”) + (v)° = logx
= (sin ZU)U/3 + cos(zuq ) + sin(z? + u3) + (uz)® = logx

= uy = [logx — cos(zuy) — sin(z? + uz) — (u2)’| /sinz

Therefore,
(u’l = Uo
\ ’LL’Q = us
kug = [logx — cos(xu;) — sin(z? + u3) — us]/sinw

with u1(2) = 7,u2(2) = 3 and uz(2) = —4.
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Let
e ) " _
U = U9 ,F — us )
| ug | | |log z — cos(zuq) — sin(z? 4+ uz) — u3] /sinz |

T
andU0:{7 3 —4} , To = 2.
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IVP of ODE 28

Let
_ ” - _ . -
U= u |, = us 7
| ug | | |log z — cos(zuq) — sin(z? 4+ uz) — u3] /sinz |
1T
and Uy = [ 7T 3 —4 , To = 2. Then the higher-order ODE
becomes )
JU’ = F(z,U)
\U(azo) = U
and can be solved by Runge-Kutta methods. B
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IVP of ODE

28
Let
_ ” - _ . _
U=| u, |, F = U3 7
| ug | | |log z — cos(zuq) — sin(z? 4+ uz) — u3] /sinz |
1T
and Uy = [ 7T 3 —4 , Lo = 2. Then the higher-order ODE
becomes
<r U’ = F(z,U)
\U(azo) = Uy
and can be solved by Runge-Kutta methods. B
Truncate Taylor series:
o+ 1) = @)+ hyl@) + @)+ -+ ey @
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h? h"
= Y(z+h) =Y(2) +hY(2) + Y (2) + - + Y (x)
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2

h h"
= Y(xz+h)=Y(x)+hY'(z)+ gY”(x) + -+ —'Y(”) ()
! n!

The classical fourth-order Runge-Kunge-Kutta formula, in vector form, are

h

6
where
)
F, = F(Y)
<FQ:F(YJr%Fl)
Fs=F(Y + 1 F)
Fy = F(Y + F3)
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2

h h"
= Y(xz+h)=Y(x)+hY'(z)+ gY”(x) + -+ FY(”) ()

The classical fourth-order Runge-Kunge-Kutta formula, in vector form, are

h

where

Example 5 Compute the solution the following initial-value problem on
—2<t<1.

' =x+y?—t3, z(1) =3
y =y + a3 +cost, y(1)=1
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Matlab program for Example 5.

format long e

clear all

TSPAN = 1:-0.01:-2;

y0(1) = 3; y0(2) = 1;

[T,Y] = oded5(fun_ex2’, TSPAN,y0);
plot(T,Y(:,1),b-", T,Y(:,2),r-));

legend(’x-curve’,y-curve’)

ODE function

function [DY] = fun_ex2(T,Y)
DY(L,1)=YQ) +Y2Q)*Y(2)-T*T*T,

DY(2,1) = Y(2) + Y(1) * Y(1) * Y(1) + cos(T);
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60

— x—curve
— - y-curve

50

40

30

— 7=
|

101 ]

Figure 1: Solution curves for Example 5.
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