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1 Norms

1.1 Vector Norm Definition and Properties

Definition 1.1 A vector norm is a function || - || : R™ — R satisfying the following

conditions for all z, y € R™ and o € R.
1 ||z >0 (||z||=0< x=0);

2. |z +yl| < |lz|| + |lyll;

3. [laz|| = |af||z].

Some of the most frequently used vector norms for z € R"™:
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[1 1-norm:

n

lzlls =D |zl = laa] + |za] + - - + |2l
i=1
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[1 1-norm:
folls = 3" ol = 1] + foal + -+ + [zl
1=1
[1 2-norm:
el = > il = (nf? + sl + ..+ lal?) V2 = VaTz
=1

Department of Mathematics — NTNU Tsung-Min Hwang September 11, 2003



Mathematical Preliminaries 3

[1 1-norm:
]|y = zn: 2] = |w1] 4 |za] 4 - + | ].
i=1
[1 2-norm:
el = > il = (nf? + sl + ..+ lal?) V2 = VaTz
i=1
[1 oo-norm

|70 = max |a.
1<i<n
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[l 1-norm:
n
|zl =) Jai| = |z1] + o] + - + |z,
i=1
[1 2-norm:
- 1/2
lzllz = 4| ) loil? = (lza? + |zl + ...+ [za]?) " = VaTa.
\ =
[1 oo-norm
7|l = max |x.
1<i<n
[l p-norm:

n 1/p
|||, = (Zmp) = (|z1 [P + |walP + ... + |zal?) 7.
i=1
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Definition 1.2 (unit vector) « € R" is called a unit vector if ||| = 1 with respect to

some vector norm.
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Definition 1.2 (unit vector) « € R" is called a unit vector if ||| = 1 with respect to

some vector norm.

Property 1.1 For any z,y € R", the following two inequalities hold.

e Holder inequality:

2"yl < |lzllpllyllg, where

| =

e Cauchy-Schwartz inequality:

2" y| < ||zll2]lyll2-
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Definition 1.2 (unit vector) « € R" is called a unit vector if ||| = 1 with respect to

some vector norm.

Property 1.1 For any z,y € R", the following two inequalities hold.

e Holder inequality:

1 1
T
oyl < ||lx|lp||y where — + — =1.
7 y| < flflpllylle, >t
e Cauchy-Schwartz inequality:
2yl < [ll2llyll2:
Definition 1.3 Two vector norms || - || and || - || g are equivalent if there exist constants

c1,c2 € R such that

crlzlla < lzllp < coflz]a

forany x € R".
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Property 1.2 For all x € R",

lzll2 < [lzllr < vnllz]l2. (1)
lzlloo < llzll2 <vnllzlloo. )
|zlloo < l[zlx < nf[#]co- 3)
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Property 1.2 For all x € R",

lzll2 < [lzllr < vnllz]l2. (1)
lzlloo < llzll2 <vnllzlloo. )
|zlloo < l[zlx < nf[#]co- (3)

Definition 1.4 (absolute error and relative error) Suppose x € R" is the exact solution

of some problem and Z is an approximation to x. We define
absolute error = ||z — Z|| (4)

and

= R if z#0. (5)

relative error =
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1.2 Matrix Norm Definition and Properties

Definition 1.5 A matrix norm is a function || - || : R™*™ — R satisfying the following

conditions forall A, B € R"™*™ and o € R.
1. [A|| >0 (J|[A|l|=0«< A=0);

2. [|[A+ B| < [[All + [IBII

3. [|aA|| = [af||All

Definition 1.6 Some of the most frequently used matrix norms are
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1.2 Matrix Norm Definition and Properties

Definition 1.5 A matrix norm is a function || - || : R™*™ — R satisfying the following

conditions forall A, B € R"™*™ and o € R.
1. [A|| >0 (J|[A|l|=0«< A=0);

2. [|[A+ B| < [[All + [IBII

3. [|aA|| = [af||All

Definition 1.6 Some of the most frequently used matrix norms are

[1 Frobenius norm:

™m n

1AllF = \ DD a2

i=1 j=1
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[1 2-norm:
|Az|2

|All2 = max =
R™ ||z|2 ||| 2=1

x#0
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[] 2-norm:
A
IA|l2 = max IAzlls o |Az||
R ||z]|l2  [=z]2=1
x#0
[] 1-norm:
m
JAly = max ) agl.
1<j<n —
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[1 2-norm:
A
IA|l2 = max IAzlls o |Az[-.
zeR" ||x]|2 |l]|2=1
x#0
[1 1-norm:
m
|Aly = max Y a;]-
1<j<n“
1=1
[] oco-norm:

1<2<m 4

mn
|Allse = max Y as|-
71=1
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[l 2-norm:
A
|A|2 = max IAzllz - o | Az][>.
zeR" ||x]|2 |l]|2=1
x#0
[l 1-norm:
m
|Aly = max Y a;]-
1<j<n“
=1
[1 oo-norm:
mn
|Allse = max Y as|-
1<2<m 4
71=1
[l p-norm:
A
JAllp = max 122 _ o Az,
R* |zl fell=1

x7#0
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Theorem 1.1 Suppose A € R™*". Then there exists z € R"”, ||z||2 = 1, such that
AT Az = p?2, where i = || A2

Proof: Let z € R", ||z||2 = 1, be a unit vector that satisfies

|All2 = ||Az||]2 = max ||Az||2. Define
l=]|2=1

oy = LETATAs 1] Aal3 1 (| Ac]s ?
I = Ty T 2~ 2\ zll, /)

2 xlzx 2 ||z||5
for z € R™. Then z is a maximizer of g(x) which implies \7¢g(z) = 0. Since

(xl2) (AT Ax) — (CIZTATACE)(CE).

(2% x)2

vy(z) =
Hence
vg(z) =0 = (T2)(ATAz) — (T AT Az)z =0

= [l213(AT A2) — | Az]3z = 0
= ATAz= |43z = u=
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Remarks 1.1 || Al|2 is the square root of the largest eigenvalue of A7 A. When A is

symmetric, || A||2 is the absolute value of the largest eigenvalue in magnitude.
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Remarks 1.1 || Al|2 is the square root of the largest eigenvalue of A7 A. When A is

symmetric, || A||2 is the absolute value of the largest eigenvalue in magnitude.

Property 1.3

[All2 < [JA|F<v/n||All2. (6)
1
— || Allae < [|All2 < All . 7
\/EH oo < [|4]l2 <v/mllA] (7)
1
ﬁHAHl < ||All2 <v/n||A:- (8)
max |a;;| < || All2 <v/mnmax |ag;]. (9)
1,7 3V,

Department of Mathematics — NTNU Tsung-Min Hwang September 11, 2003



Mathematical Preliminaries 10

[1 SVD: The Singular Value Decomposition
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[1 SVD: The Singular Value Decomposition

Theorem 1.2 (Existence of SVD) If A € R " then there exists orthogonal matrices

U=up,us,. ...,y € R™"*™andV = [v1.v9,...,v,] € R"*™ such that
A=UxVv?T, (10)
where
2 :diag(017027"' 7Up)7 p:min<m7n)7
with
01202220y >0
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[1 SVD: The Singular Value Decomposition

Theorem 1.2 (Existence of SVD) If A € R " then there exists orthogonal matrices

U=up,us,. ...,y € R™"*™andV = [v1.v9,...,v,] € R"*™ such that
A=UzV", (10)
where
Y =diag(o1,09,- - ,0p), p=min(m,n),
with

[1 The o; are called the singular values of A and the vectors u; and v; the i-th left

singular vector and the z-th right singular vector, respectively.
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[1 SVD: The Singular Value Decomposition

Theorem 1.2 (Existence of SVD) If A € R " then there exists orthogonal matrices

U=up,us,. ...,y € R™"*™andV = [v1.v9,...,v,] € R"*™ such that
A=UzV", (10)
where
Y =diag(o1,09,- - ,0p), p=min(m,n),
with

[1 The o; are called the singular values of A and the vectors u; and v; the i-th left

singular vector and the z-th right singular vector, respectively.

[ We usually use 7,,,.(A) to denote the largest singular value of A and 7,,,;,,(A) the

smallest singular value of A.
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