Project of Numerical Analysis

February 18, 2014

Consider the Dirichlet boundary-value problem:

—AU = —Ugy — Uyy = 2% sinwx sinwy, for (z,y) € Q, (1)
u(z,y) =0 (z,y) € 09,

for Q := {z,y|0 < x,y < 1} € R? with boundary 95, which has the exact
solution

u(x,y) = sinwz sin 7y,

and is shown in Figure 1.

ulx,y) = sin{ %) sinly )

Figure 1: Exact solution.



1 Center difference discretization

To solve (1) by means of a difference methods, one replaces the differential
operator by a difference operator. Let

Qh = {(x'uyz)|7’7j = ]-7 e 7n}7
8Qh = {(IE“ 0)7 (xia 1)7 (Oa yj)7 (1ayj)|z7j = 07 ]-7 o, n 1}7

1

where x; = th, y; = jh, 1,7 =0,1,...,n+1, h:= o

From the Taylor’s theorem, we have

n > 1, is an integer.

/ h2 " hS " h4 4
u(w; +h) = u(z;) +u'(x;)h + 5 (w5) + oY (w3) + ﬂu( )(&1)
h? h3 ht
u(zi = h) = ulz;) —u'(zh + " (2:) = o (@) + ﬂum(&%

where & is between x; and x; + h and &5 is between z; and x; — h. Hence

u(r; + h) — 2u(x;) +u(x; —h)  h?

o (x;) = 2 - EU(4)(§)
_ u(:pi+1) — QU}ESZ‘) + ’LL(-’L'i—l) _ gu(@ (5)7

where £ is between x; — h and x; + h. Similarly,

d*u w(wisr,y;) — 2ulzi,y;) +ulwio1,y;)  h? 0%u
a$2 (xlvy]) = h2 - 561‘4 (5132/])7
d%u w(ws,yj1) — 2ul@i, y;) +ules,y;—1)  h? 0*u
8y2 (x’uyj) = ! h2 4 ! - EaIA (l'u%)»

where & € (z;-1,%i+1) and 1; € (y;—1,Y;+1). It implies that
0%u 0%u

Culwg, yy1) Fulmia,yy) — A, yy) +ulwie, yy) + e, yian)
= =3

h? [0*u 0*u
12 @(fuyj)‘i‘@(miaﬁj)

Let u;; denote an approximated value of function u at the grid point (x;, y;)
fori,j=1,...,n+ 1. Then

—Uj -1 — U1, + AU — Uip15 — Uj j41
h2

- uza:(xi7yj) - Uyy(xi»yj) ~
with an error O(h?) and the equation

—Upa (Ti, Yj) — Uyy (@i, y5) = 272 sin wz; sin Ty = fij



can be replaced by the following equation

—Uij—1 = Ui+ A = Ui — Ui
h2 - fl]
fori,j=1,...,n.
For j =1, we have
32
—u1,0 — Uo,1 +4ur1 —u21 —ur2 =h"f11,

2
—Ug,0 — Ur,1 +4us1 — U3 — uz2 =h"fa1,

2
—Up—1,0 — Un—2,1 + 4’U/nfl,l — Un,1 — Un—1,2 =h fn71,17
2
—Up,0 — Un—1,1 + 4Un,1 — Ung1,1 — Un2 =h"fn1.
By the boundary condition, it holds that
ul,O :u270 = e . = un70 = 07
Ug,1 =Unt1,1 = 0.

Substituting (4) into (3), we get

2
4U1,1 — U211~ U2 = h f1,1>
2
—uy,1 +4ug s —uzi—uz2 = hfaq,
2
—Up—21 +4Up_11 —Un,1—Un—12 = h"fa_11,
2
—Up_11 F4Up1—Uno = h7fp1.
Let, for j=1,...,n,
4 -1
Uy J1j
Uz, f2j -1 .
s ) . . nxn
U, 5 = . yJug = . ,A1: eR .
. . .' .. _1
Un fnj -1 4

Then (5) can be rewritten as following matrix form:

[ Al -1, ] l: 1 :| :hzf;J.

U: 2
For j =2,...,n— 1, using ug; = Un+1,; = 0, we have
_ 32
—upjo1+durg —ug - = hTfiy,
32
—Up 1 — Uy +4ug; —uzj—uz ;1 = h7fay,
. ) _ 2
—Up—1,j—1 — Un—2,5 + 4un—1,j —Un,j—Un—1,45+1 = h fn—l,ja
2
—Unj—1 = Un—1,j T dUpj—Unjy1 = h"fn;.



Above equations can be represented as following matrix form:

U: j—1
[*In Ay *In] U, j
U:,j4+1

=h*f. ;.

For j =n, using %1 n4+1 = U2,n41 = Un,nt+1 = 0, we have

—Ul,n—1 + 4u1,n — U2,n

—U2 1 — UL p + 4U2p — U3 R

—Up—1,n—1 — Un—2,n + 4un—1,n — Un,n

—Unpn—1 — Un—-1,n + 4un7n

= hzfl,ru
= h2f2,n7

= h2fn—1,n7
= h2fn,n-

Above equations can be represented as following matrix form:

[ -1, A] [ u,;nfl

Ln

:| = h2f:,n~

Therefore, (2) with boundary conditions is equivalent to a linear system

Au = h%f (6)
with
Al _In
A= _In Al c Rn2><n27 (7)
L —In
I, A
and
4 -1 u:, f:,l
-1 U:2 f:,2
Al - , U= . ) f = .
—1 .
—]. 4 u 1 f:,n

2 Project for direct method

(a) Use Algorithms 1, 2 and 3 (Gaussian elimination) to reduce A in (7) to an
upper triangular matrix and modify the entries of b accordingly. Compare
and plot the CPU times for reducing A to upper triangular with various

n by using these three algorithms.
MATLAB to estimate the CPU times.)

(Use “tic” and “toc” functions in



Require: Nonsingular matrix A and right hand side vector b.
Ensure: This algorithm implements the Gaussian elimination procedure to re-
duce A to upper triangular and modify the entries of b accordingly.
1: fork=1,...,n—1do
2 Let p be the smallest integer with k£ < p < n and a,, # 0.
3. If 3 p, then stop.
4. If p # k, then perform (E,) <> (Ek).
5 fori=k+1,...,ndo
6: Compute t = A(i, k) /A(k, k);
7: Set A(i, k) =0;
8 Update b(i) = b(i) — t x b(k);
9: for j=k+1,....,ndo
10: Update A(i,j) = A(i,j) — t x A(k, j);

11: end for
12:  end for
13: end for

Algorithm 1: Gaussian elimination

Require: Nonsingular matrix A and right hand side vector b.
Ensure: This algorithm implements the Gaussian elimination procedure to re-
duce A to upper triangular and modify the entries of b accordingly.
1: fork=1,...,n—1do
Let p be the smallest integer with k£ < p < n and a,, # 0.
If 3 p, then stop.
If p # k, then perform (E,) <> (Eg).
fori=k+1,...,ndo
Compute t = A(i, k) /A(k, k);
Set A(i, k) =0;
Update b(i) = b(i) — t x b(k);
Update A(i,k+1:n)=A(i,k+1:n)—tx A(k,k+1:n);
10:  end for
11: end for

Algorithm 2: Vector version of Gaussian elimination




Require: Nonsingular matrix A and right hand side vector b.
Ensure: This algorithm implements the Gaussian elimination procedure to re-
duce A to upper triangular and modify the entries of b accordingly.
1: for k=1,....,n—1do

2
3
4
5:
6:
7
8
9:

Let p be the smallest integer with k£ < p < n and a,; # 0.

If 3 p, then stop.

If p # k, then perform (E,) <+ (Eg).

Compute t = A(k+1:n,k)/A(k, k);

Set A(k+1:n,k)=0;

Update A(k+1:n,k+1:n)=Ak+1:nk+1:n)—txAlk,k+1:n);
Update b(k+1:n) =b(k+1:n)—b(k) x t.

end for

(b)

()

(d)

Algorithm 3: Matrix version of Gaussian elimination

Use backward substitution to solve the upper triangular linear system in
(a). Plot the CPU times for solving such linear system with various n.

Compare the CPU times for using left matrix divide “A\ b” in MATLAB
with that in (a) and (b).

Store the matrix A with sparse format. Plot the CPU times for generating
matrix A and solving the associated linear systems by left matrix divide
“A\ b’ with various n.

Project for iterative method

Use Jacobi method to solve linear system (6).

Given an initial vector z(?), rewrite the linear system as:
auzzzgk) + amz;k—l) + algasgk_l) I amx%k_l) .
a21$gk71) + azgxé’v) + a23x§k71) IS agnmgﬁl) — by
anlxik_” + anzxék_l) + an3$§k_1) +oida, 2P = b,

If we decompose the coefficient matrix A as
A=L+D+U,

where D is the diagonal part, L is the strictly lower triangular part, and
U is the strictly upper triangular part, of A, then we derive the iterative
formulation for Jacobi method:

™ = D YL+ U)z*=Y 4+ D,
e Use Algorithm 4 with initial vector 2(®) = [1,--- 1]T to solve linear

system (6). Plot the CPU times and iteration numbers k for solving such
linear system with various n.




Require: Given 29, tolerance TOL, maximum number of iteration M.
Ensure: The solution z.
1: Set k = 1.
2: Compute z = —D~ YL + U)z® + D~1b.
3: while £ < M and ||z — 29|y > TOL do
4 Setk=k+1, 20 = g;
5. Compute x = —D~ YL+ U)z® + D~ 1b;
6: end while

Algorithm 4: Jacobi method

(f) Use Gauss-Seidel method to solve linear system (6).

Given an initial vector z(?), rewrite the linear system as:
anwy’) + a12x§k_1) + a13$§,k_1) + -+ a1n$£zk_1) = b
aglmgk) + (Ilggl’ék) + ag3$§k_1) 4+ 4 agnx%k_l) = by

asal" + azpas? + azsal) + -+ agaalTY = b3

anlxgk) + Clnﬂ‘ék) + an3x:(3k) +oee (]'n,n,mslk) = bp.

This improvement induce the Gauss-Seidel method. The iteration of the
Gauss-Seidel method is defined as follows:

2B — —(D + L)flUl,(kfl) + (D + L)*lb.

Require: Given z(9), tolerance TOL, maximum number of iteration M.
Ensure: The solution z.
1: Set k= 1.
2. Compute z = —(D + L)~ 'Uz® + (D + L)~ 'b.
3: while k£ < M and |z — 29|y > TOL do
4 Setk=k+1, 2@ =g,
5. Compute z = —(D + L)~'U2©) + (D + L)~ 'b;
6: end while

Algorithm 5: Gauss-Seidel method

1. Use MATLAB functions “triu(A,1)” and “tril(A,-1)” to extract the
strictly upper and lower triangular parts of A, respectively.

2. Use Algorithm 5 with initial vector 2(®) = [1,--- ,1]T to solve linear
system (6). Plot the CPU times and iteration numbers k for solving
such linear system with various n.

3. Compare the results produced by Jacobi and Gauss-Seidel methods.




(g) Use SSOR method to solve linear system (6).
Given an initial vector z(?), rewrite the linear system as:

@117 L< )+ ans wé i frék_l) Fotamaed™ = by
aglm( ) + as2 ( 2 + as :Egk D +---4a ﬂx;’“ b = by
a31$5 ) + a32x(2 ) + 0/33-7/53’”) +---+ag x(k b = b3
anlmgk) + a7l2’r( ) + a7,3x( ) + -+ (]/'n,n,q;sf) == bn

Let the approximate solution x*% produced by Gauss-Seidel method be
defined by

X(k,i) - {xgk)a ) Ek)l’ $Ek 1) e ’xgzkil) '
and
rz( ) = [rgf), réz), ceey fﬁ)] =b— AxFD

be the corresponding residual vector. Then the ith component of r( )i

i1 n
O =t =3 aga® = 3 aga®Y = g,
=1

j=i+1
SO
i—1 n
k—1 k k k—1 k
CbiiﬂUl(- ) + 7”51-) =b; — Zaijxg' ) _ Z aijxg- ) = aiixg ).
j Jj=i+1

Consequently, the Gauss-Seidel method can be characterized as choosing
xz(-k) to satisfy

(k) (k—1) T({C)
x, = + 2.
Qg

Relaxation method is modified the Gauss-Seidel procedure to
( )
xEk) _ (k 1) +w
all

j=i+1
i—1
_ w
= (1_w)$z('k 1)+; bi_zaw (k) _ Z(I .Tk 2 (8)
w Jj=1 j=i+1



for certain choices of positive w. These methods are called for
w < 1: under relaxation,
w = 1. Gauss-Seidel method,
w > 1: over relaxation.

Over-relaxation methods are called SOR (Successive over-relaxation). To
determine the matrix of the SOR method, we rewrite (8) as

1—1 n
a,-ixz(-k) + wZaijxyC) =(1- w)aiixgk_l) —w Z aijzg»k_l) + whb;,
j=1 j=it1
so that if A= L+ D + U, then we have
(D4 wL)z® = [(1 - w)D — wU] %Y + wb.

Theorem 1 (Ostrowski-Reich) If A is positive definite and the relaz-
ation parameter w satisfying 0 < w < 2, then the SOR iteration converges
for any initial vector ().

Let A be symmetric and A = D + L + LT. The idea is in fact to imple-
ment the SOR formulation twice, one forward and one backward, at each
iteration. That is, SSOR method defines

(D +wL)z® 2 = [(1-w)D —wL"] 2F=D 4 wb, (9)
T . .1
(D+wLTz® = [1-w)D—wL]z*"2) 4 wb. (10)

Define

N,: =(1-w)D —wL™.
Then from the iterations (9) and (10), it follows that

{ M,: =D+ wL,

a®) = (MZTNIMSING) oY 4w (MZTNEMS + M) b
= T(w)z*™ Y + M(w)™ b,

where

M (w) (D+wL)D™" (D+wL™).

- w(2 —w)

1. Take (% = [1,---,1]" as an initial vector.

2. Use MATLAB functions “triu(A,1)” and “tril(A,-1)” to extract the
strictly upper and lower triangular parts of A, respectively.

3. Fixed n = 100 and uniformly took 40 values for the parameter w
in the interval (0,2), show the iteration numbers and CPU times of
SSOR iterative method for each w. Find the optimal value w* of the
parameter w.



4. Compare the iteration numbers and CPU times for Jacobi, Gauss-
Seidel and SSOR(w*) iterative methods with various n.

(h) Use conjugate gradients method to solve linear system (6).
1. Use MATLAB function pcg without any preconditioner:
[x, flag, relres, iter] = pcg(A, b, tol, maxit)
2. Use MATLAB function pcg with a given preconditioner:

x, flag, relres, iter A b, tol, maxit, M),

A, b, tol, maxit, M1, M2),
A, b, tol, maxit, [, M2),
A b, tol, maxit, MFUN).

= pcg
= pcg
= pcg
= pcg

x, flag, relres, iter

x, flag, relres, iter

[
[
[
[

== = =

x, flag, relres, iter
(i) Jacobi method: A=D+ (L+U), M=D
Tpt1=—-D"YL+U)z, +D'b
(ii) Gauss-Seidel: A=D+L)+U, M=D+L
Thp1 = —(D+ L) *Uxp + (D + L) 'b.
(iii) SSOR: A=D+L+L", M=M®w)
™ = (MZTNIMZIN,) 2*Y + M(w) ™',

where

1

M9 =5e=

(D+wL)D™" (D+wL").

(iv) M may be a function handle MFUN returning M ~1x

[x, flag, relres, iter] = pcg(A, b, tol, maxit, ...
Q@Q(x)precSSOR(x,0mega,mtxLower, mtxdiag)

3. Compare the iteration numbers and CPU times for pcg by using
different preconditioner with various n.

10



