Solutions of equations in one variable

August 26, 2016

Problem: Solve the following nonlinear equation
1
f(:z:)zﬂJrisin (g)fx:O, x € [0, 27]. (1)

e Bisection method: If f(z) € Cla,b] and f(a)f(b) < 0, then 3 ¢ € (a,b)
such that f(c) = 0.
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Figure 1: Bisection method

e Fixed-point iteration or functional iteration: Given a continuous function
g, choose an initial point o and generate {x}}3°, by
Tpy1 = g(zr), k>0
— 1
Take g(z) = 7 + 3 sin ().

e Newton’s method: Starts with an initial approximation zy and generates
the sequence {z,}52, defined by

f(zn)

Tn1 = Tp — f/(il' )
'n




Given f(z) defined on (a,b), the maximal number of iterations M, and stop
criteria § and e, this algorithm tries to locate one root of f(z).

Compute u = f(a), v= f(b),and e=b—a
If sign(u) = sign(v), then stop
For k=1,2,...,.M
e=e/2,c=a+e w= f(c)
If le| < 6 or |w| < e, then stop
If sign(w) # sign(u)
b=c,v=w
Else
a=c,u=w
End If
End For

Algorithm 1: Bisection method

Given xg, tolerance TOL, maximum number of iteration M.
Set i =1 and = = g(xo).

While i < M and % >TOL

Seti =i+ 1, zg =z and = = g(xg).
End While

Algorithm 2: Fixed point iteration
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Figure 2: Newton’s method

Given xq, tolerance TOL, maximum number of iteration M.
Set i =1 and x = zo — f(x0)/f' (x0).
While i < M and 2222l > TOL
Seti=1i+1, x9 =2 and x = x9 — f(z0)/f (x0).
End While

Algorithm 3: Newton’s method

e Secant method: Using the approximation

f/(xn—l) ~ f(xnfl) - f(xn72) )

Tn—1 — Tp-2

for f'(x,—1) in Newton’s formula gives

f(mu,—l)(rn—l - In,—?)

f(fl;nfl) - j(ln72)

Tp = Tp—1 —

Home works
1. Plot the figure of the function f(x) on [0, 27].

2. Use bisection method, fixed point iteration, Newton’s method and Secant

method to solve (1). In each iteration, please output the approximation

71 and the relative error %

3. Let



Given zg, x1, tolerance TOL, maximum number of iteration M.
Set i = 2; yo = f(wo);y1 = f(21); z =21 — y1(21 — 20) /(Y1 — Yo)-
While i < M and 225l > TOL
Set i =i+ 1; xg = z1;90 = y1; 21 = z;91 = f(x);
=z —yi(er — x0) /(Y1 — Yo)-
End While

Algorithm 4: Secant method

"4 ¥ =f)
4

Figure 3: Secant method




Asinacosa+ Bsin?a — Ccosa — Esina = 0,
where

A=/{sinfy, B=/{cosp, C=(h+05D)sinp —0.5D tanf;,
E = (h+0.5D)cos 1 —0.5D.

(a) It is stated that when ¢ = 89 in., h = 49 in., D = 55 in., and
B1 = 11.5°, angle « is approximately 33°. Verify this result.

(b) Find « for the situation when ¢, h, and S; are the same as in part
(a) but D = 30 in..



