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o Model problem

e Center difference discretization



Model problem

Consider the Dirichlet boundary-value problem:
— AU = —Uyy — Uy, = 202 sinTrsiny, for (z,y) € Q, (1)
u(z,y) =0 (z,y) € 09,

for Q := {x,y/0 < x,y < 1} C R? with boundary 92, which has
the exact solution

u(z,y) = sinmx sinry.




Center difference discretization

u(cy) = sin(x %) sin(y ) u(cy) = sin(x %) sin( y x)
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Center difference discretization

To solve (1) by means of a difference methods, one replaces
the differential operator by a difference operator. Let
Qh = {(l'z,ylﬂl,] = 1, N ,n},
agh = {(-rza 0)7 (xia 1)’ (Ovy])’ (Lyj)‘Z?.] = 07 17 N+t 1}7

where z; = ih, y; = jh, i,j =0,1,...,n+1, h:= 25, n > 1,
is an integer.



Center difference discretization

From the Taylor’'s theorem, we have

4 h2 " h3 " h4 4
u(wi+h) = (e + o (@)h+ u (@) + u (xi)+ﬂu()(§1)
_p N — (2 h j// ._hig”’ , h74(4)
u(; ) = u(wi) —uw(z)h+ B u’ () 6 u” (z;) + 24U (&2),

where ¢, is between x; and x; + h and &, is between x; and
z; — h. Hence

(zs) = u(zi+h) — QU}E;&') +uzi—h) ’f;u(@(g)
_ o u(@i) — 2ui52xi) +u(zio1) }1@“(4)(5)’

where ¢ is between z; — h and x; + h.



Center difference discretization

Similarly,

9%u w(Ziv1,v5) — 2u(zs, y;) + w(@i-1,95) h? 9%
@(x’uyj) - h2 _ﬁ@(g’uy‘])?
9%u w(xg, yj+1) — 2u(zi, y;) + uw(w, yj—1) h2 9%
gE ) = T g e

where §; € (z;—1,2i41) and n; € (yj—1,y;j+1). It implies that

9%u 0%
@(%Z/j) + Tyg(xzﬁyj)

ulmy Y1) Hulmio1, y) — 4w, yg) + w(@iv, yy) + ul@i, yja)
h2

h? [0%*u ot
12 w(fuyj)va(%,nj) .



Center difference discretization

Let u;; denote an approximated value of function « at the grid
point (z;,y;) fori,j =1,...,n+ 1. Then

_umx<$i7 yj) - uyy(mzﬁ y])
—Uij—1 = Ui—1,j + AUij — Uit — Uij

h2

with an error O(h?) and the equation
— U (T4, Yj) — Uyy(zi,y5) = 272 sin 7, sin Ty = fij

can be replaced by the following equation

—Uj -1 — Ui—1j T 45 — Uip1j — Wijr1 5
02 = fij (2)

fori,j=1,...,n.



Center difference discretization

For j =1, we have

2
—ur0—uo1 +4uin —uz1 —ui2 = hfi1, (3@)

—ugp —ui1 +4ugy —usy —uze = hifa1, (3b)

~Up—1,0 — Un—21 T 4Up_11 — U1 — Up—12 = h2fn—1,17(30)
—Upo — Up—11+ Mp1 — Unt11 —Un2 = h*fn1. (3d)

By the boundary condition, it holds that

U = U0 =" =Upo =0, (4a)
ug1 = Upg1,1 = 0. (4b)



Center difference discretization

Substituting (4) into (3), we get

dupy —ug1—uro = h2fiy, (5a)
—upq +dugy —uzi—uss = hifaq, (9b)
~Up—91 +Mp11 = Up1—Up12 = B fa 11, (5¢)
—Un—1,1 + 4un,1_“'n,,2 = h2fn,1- (5d)
Let,forj=1,...,n,
u1j f1, 4 -1
u 5 fg7 i _ .
U:J‘ = . J y 37j = -] aAl f 1 G Rnxn
: : 1

Un,j fnj 1 4



Center difference discretization

Then (5) can be rewritten as following matrix form:

[ A 1, ] [“1 ] =h2f.1.

U. 2
Forj=2,...,n—1,using up; = un+1,; = 0, we have

2

—uy -1 +4ur; —ugj—uij1 = hofij,
, 2

—U2,4-1 — Ulj t 4“’27]' —Uzj—U2+1 = h f27j7
, 2

—Up—1j-1— Un—2j +4Up_1j — Unj—Up—1,41 = h*fu_1;,

2

—Unj-1 = Un—1j + dnj—tnjr1 = h"fn;.

Above equations can be represented as following matrix form:

U:,5—-1
[ *In Al *In ] U. 5 = h2f;7j.



Center difference discretization

For j = n, using ui n41 = U2 n+1 = Unnt1 = 0, We have

2

—U 1+ AUy — U2 = AT f1g,
2

—Ugp—1 — Uiy + AUy — U3y = h%fop,
2

—Up—1n—1 — Un—2n + 4un71,n — Upn = h fnfl,na

2

—Unpn—1 — Up—1n T 4un,n = h fn,n-

Above equations can be represented as following matrix form:

[ -1, A ] [ Hin—1 } = h2f;7n.

U:n



Center difference discretization

Therefore, (2) with boundary conditions is equivalent to a linear
system Au = h?f with

A -1,
A=| A e R"X™, (6)
. I,
I, A
and
4 —1 U: 1 1
— U: 2 fi2
Al pr 1 y u pr . y f fry
.o—1 : :
-1 4 Usn [

Question: How to solve such large sparse linear systems?



Center difference discretization

Exercise

Prove that
@ the vector f is an eigenvector of

J =4I - A)/4,
also an eigenvector of A. Furthermore,
Jf=upf with p=coswh;
@ the exact solution of Au = h%f can be found

h2

“= 4(1 — cosmh) J
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