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General procedures for the construction of iterative methods

Given a linear system of nonsingular A
Az = b, (1)
we consider the splitting of A
A=M—-N (2)
with M nonsingular. Then (1) is equivalent to Mx = Nx + b, or
=M 'Ne+Mb=Tz+ /.
This suggests an iterative process
Tpy1 = Tap+ f =M Nxy + M~ 10, (3)

where zg is given. Then the solution z of (1) is determined by iteration.
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(a) Define e, = x, — x. Then
Eh1 = Thy1 — T =M 'Nay+ Mo — M Nz — M
= (M7IN)ej, = (M1N)*e
which implies that p(M~'N) < 1 if and only if {e;,} — 0.
(b) Let ry =b— Axy. Then,

Tkl = M™'Nzp+ M~1b
MY M — Az + M1
zp + MY (b— Axy)

= @ aF 2

where Mz, = 1.
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Example 1

We consider the standard splitting of A
A=D—-L—R, (4)
where A = [a;;]7';_, D = diag(a11, a2, -, ann),
[0 0
a1 0
L = ,
| An1 " Qpn-—1 0
[0 a2 - am
R = 0
Gp—1,n
0 0
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Fora;; #0,i=1,...,n, D is nonsingular. If we choose
M=D and N=L+R
in (2), we then obtain the Jacobi Method (Total-step Method):
Tpi1 =D YL+ R)xp+ D'

or in formula

1 .
Tht1,j = 7(—26@'@‘1']“ —i—bj), 7=1,....n, k=0,1,....
Yi i
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Example 2

If D — L is nonsingular in (4), then we choose
M=D-L, N=R

as in (2) are possible and yields the so-called Gauss-Seidel Method
(Single-Step Method):

Zpy1 = (D — L) *Ray + (D — L)™'

or in formula

1 :
Th+1,5 = ?(— E AjiTh+1,5— E ajz-:vk’i—l—bj), 1=1,....n, k=1,2,....
I i<y i>j

- Total-Step Method = TSM = Jacobi method.
- Single-Step Method = SSM = Gauss-Seidel method.
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We consider the following points on Examples 1 and 2:
(i) flops counts per iteration step.

(i) Convergence speed.

Let || - || be a vector norm, and ||T’|| be the corresponding operator norm.
e el _ 170)
e €0
= < 1™ (5)
ol [l€oll

L .
Here ||T™||= is a measure for the average of reduction of error &, per
iteration step. We call

R (T) = = (7™ %) = = In(| 7™ (6)

the average of convergence rate for m iterations.
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The larger is R,,,(T'), so the better is convergence rate. Let
1
o = (lem]|/ll€o]|) ™. From (5) and (6) we get

o < ||T™ |7 < e Bm(D)

or 1
O-I/Rm(T) g —.
&

That is, after 1/R,,,(T") steps in average the error is reduced by a factor of
1/e. Since R,,(T') is not easy to determine, we consider m — co. Since

1
ik
Tim ([T = p(T),

it follows
Ro(T) = lim R, (T)=—1np(T).

m— 00

R is called the asymptotic convergence rate. It holds always
Rin(T) < Roo(T).
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Example 3
Consider the Dirichlet boundary-value problem (Model problem):
—AU = —Uyy —Uyy = fz,y), 0< 2,y <], (7)

u(z,y) =0 (z,y) € 09,
for the unit square Q := {x,y|0 < z,y < 1} C R? with boundary 0.

To solve (7) by means of a difference methods, one replaces the
differential operator by a difference operator. Let

Q = {(:L‘Z,yz)\z,] =1,...,N+ 1},
8Qh = {(.%Z,O), (l’i, 1)7 (07y])7 (17:1/])‘@7] = 07 17 i '7N =+ 1}7

where
x; =1th, yj = jh, 1,7 =0,1,...,N+1, h:= ﬁ, N > 1, an integer.
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The differential operator —u,, — uy, can be replaced for all (x;,y;) € Qp,
by the difference operator:

Auij — Uim1j = Wit1,j = Wij—1 = Uij+1
h/2 (8)

up to an error 7; ;. For small h one can expect that the solution z; ;, for
1,7 =1,..., N, of the linear system

2 ..
Az — Zim1j — Zit1j — Zij—1 — Zij+1 = h fij, 0,0 =1,...,N,(9)

20,j = AN+1,j — %i,0 = Zi,N+1 = Ouiuj = 0717"'7N+ 1)

obtained from (8) by omitting the error 7; ;, agrees approximately with the
Uj,j- Let
_ T
2= (21,1, 22,1, " ,ZN,1, 21,2, s ZN,2s" " * »Z1,N+"** > ZN,N|

and

b= h2[f1,17"' 7fN,17f1,2,"' 7fN,2,"' 7f1,N7"' 7fN,N}T'
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Then (9) is equivalent to a linear system Az = b with the N2 x N2 matrix.

-1

Iterative Methods for L!

October 25




Let A=D — L — R. The matrix J = D~!(L + R) belongs to the Jacobi
method (TSM). The N2 eigenvalues and eigenvectors of J can be
determined explicitly. We can verify at once, by substitution, that N?

vectors 250 k.1 =1,..., N with components
zi(”;fl) 1= sin ]\fj—ll sin ]\;731, 1<4,7<N,
satisfy
T2 kD — \(RD) (kD)
with ) - -
AL = §(COSN+ . +COSN+ 1), 1<kI<N
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J thus has eigenvalues A0 1 < k,1 < N. Then we have

T w2h2
— — =1— 4 12
p(J) = A1 = cos Nl 5 T O (12)
and 2h2 2h2
Roo(J) = —In(1 — % +O(hY) = 5 4 O(hY).

2
These show that

(i) TSM converges;

(ii) Diminution of h will not only enlarge the flop counts per step, but
also the convergence speed will drastically make smaller.
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Some theorems and definitions

p(T): A measure of quality for convergence.

Definition 4

A real m x n-matrix A = (a;) is called nonnegative (positive), denoted
by A>0(A>0),ifar>0(>0),i=1,....,m k=1,...,n.

Definition 5

An m X n-matrix A is called reduciblg, if there is a subset
IcN={1,2,...,n}, I#¢, I # Nsuchthatiel, j&1I = a;; =0.
A is not reducible < A is irreducible.
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G(A) is the directed graph associated with the matrix A. If A is an
n X n-matrix, then G(A) consists of n vertices Py, -- , P, and there is an
(oriented) arc P; — Pj in G(A) precisely if a;; # 0.

It is easily shown that A is irreducible if and only if the graph G(A) is
connected in the sense that for each pair of vertices (P;, P;) in G(A) there
is an oriented path from P; to P;. i.e., if i # j, there is a sequence of
indices ¢ = 11, @2, - -+, s = j such that (ailﬂ;Q <o aisfl,is) 7& 0.
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Theorem 6 (Perron-Frobenius)

Let A > 0 irreducible. Then
(i
(ii

) p=p(A) is a simple eigenvalue;
)

(iii) If Az =Xz, 2 >0, then A\ =p, z = az, a > 0;
)

There is a positive eigenvector z associated to p, i.e., Az = pz,z > 0;

(v) A< B,A# B = p(A) < p(B).
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Theorem 7

Let A > 0,z > 0. Define the quotients:

_(Ax); 1 ¢ o
qi(x) = o x—iZakak, fori=1,...,n.
k=1
Then
1 8 < < 5
min () < p(4) < max a(z). (13)

If A is irreducible, then it holds additionally, either

G =q2="=qy (thenx = pz, ¢ = p(A))
or
i qi(x) < p(4) < s ¢i(2)- (14)
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The statements in Theorem 7 can be formulated as: Let A > 0,x > 0.
(13) corresponds:
Az <pzx = p<up
(15)
Az >ve = v <p.
Let A >0, irreducible, x > 0. (14) corresponds :
Arx < px, Az #pr = p<pu, (16)
Ax > vz, Az #ve = v <p.

Definition 9

A real matrix B is called an M-matrix if b;; < 0,7 # j and B! exists
with B~1 > 0.
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Sufficient conditions for convergence of TSM and SSM

Theorem 10

Let B be a real matrix with b;; < 0 for i # j. Then the following statements are
equivalent.

(i) B is an M—matrix.
(ii)
(iii) B has a decomposition B = sI — C with C > 0 and p(C) < s.
(iv)

There exists a vector v > 0 so that Bv > 0.

For each decomposition B = D — C with D = diag (d;) and C > 0, it
holds: d; >0,i=1,2,...,n, and p(D~C) < 1.

(v) There is a decomposition B = D — C, with D = diag(d;) and C > 0 it
holds: d; > 0,i=1,2,...,n and p(D~'C) < 1.
Further, if B is irreducible, then (vi) is equivalent to (i)-(v).

(vi) There exists a vector v > 0 so that Bv > 0, # 0.
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Let A be an arbitrary complex matrix and define |A| = [|a;;]]. If |A| < C, then
p(A) < p(C). Especially p(A) < p(|Al).

Theorem 12

Let A be an arbitrary complex matrix. It satisfies
either (Strong Row Sum Criterion):

> laijl < lal, i=1,...,n.
JF#L

or (Weak Row Sum Criterion):

Z\aij\ < agl,i=1,...,n,
J#i
< aigigl, at least one ig,

for A irreducible. Then TSM(Jacobi) and SSM(GS) both are convergent.

17

(18)
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Relaxation Methods (Successive Over-Relaxation (SOR) Method)

Consider the parametrized linear system wAx = wb and consider the
splitting

wA = wD—-—wL—-—wR+D-D
= (D-—wl)—((1-w)D+wR)=M — N.
From (3) we have the iteration
Tpy1 = (D —wL) (1 —w)D 4+ wR) 21, + w(D — wL) ™. (19)
From Remark 1 (b) the iteration (19) is equivalent to

Tht1 = Tp + W2k

where
(D —wl)zk, =1 =b— Axy.
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Define
L,:=(D—-wL)™ (1 -w)D+wR).

We may assume D =1, i.e,,
L, = —wL) ™ (1 —w)+wR).

Otherwise, we can let A= D 'A, [ = D', R= D 'R. Then it holds

that . 3 }
A=1—-L—R.

w < 1:  under relaxation
w=1: single-step method (GS)

w > 1: over relaxation.
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We now try to choose an w such that p(L,,) is small as possible. But this
is only under some special assumptions possible. we first list a few
qualitative results about p(Ly,).

Let A= D — L — L* be Hermitian and positive definite. Then the
relaxation method is convergent for 0 < w < 2.

Theorem 14

Let A be Hermitian and nonsingular with positive diagonal. If SSM
converges, then A is positive definite.
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Determination of the Optimal Parameter w for 2-consistly

Ordered Matrices

For an important class of matrices the more qualitative assertions of
Theorems 13 and 14 can be considerably sharpened. This is the class of
consistly ordered matrices. The optimal parameter w; with

p(Lay,) = min p(Ly,)

can be determined. We consider A=1 — L — R.

Definition 15

A is called 2-consistly ordered, if the eigenvalues of oL + 'R are
independent of .
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If A is 2-consistly ordered, then L + R and —(L + R) (o« = —1) has the
same eigenvalues. The nonzero eigenvalues of L + R appear in pairs.
Hence

det(\ - L — R) = AmH —u2), n=2r+m (m =0, possible). (20)

Theorem 16

Let A be 2-consistly ordered, a;; = 1, w # 0. Then hold:
(i) If X # 0 is an eigenvalue of L,, and 1 satisfies the equation

A +w—1)% = ap?e?, (21)
then p is an eigenvalue of L + R (so is —p).

(ii) If p is an eigenvalue of L + R and )\ satisfies the equation (21), then
A is an eigenvalue of L.
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Ifw=1, then A\ = p?, and p((I — L)"'R) = (p(L + R))?.

Proof: We first prove the identity
det(Al — sL —rR) = det(\ — /sr(L + R)). (22)

Since both sides are polynomials of the form A" 4 --- and

sL+7R= f\[LJr\[ Vsr(aL + o 'R),

if sr # 0, then sL +rR and /sr(L + R) have the same eigenvalues. It is
obviously also for the case sr = 0. The both polynomials in (22) have the
same roots, so they are identical.
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For

det(I —wL)det(A — L) = det(A(/ —wL) — (1 —w)I — wR)
=det(A+w—1)I —wAL —wR) = ()

and det(I —wL) # 0, X is an eigenvalue of L, if and only if ®(\) = 0.
From (22) follows

®(\) = det((A +w — 1)I —wVA(L+ R))

and that is (from (20))

T

O\ =A+w—1)"[[((A+w—1)" = Afw?), (23)
=1

where p; is an eigenvalue of L 4+ R. Therefore, if 1 is an eigenvalue of
(L + R) and A satisfies (21), so is ®(\) = 0, then X is eigenvalue of L.
This shows (ii).
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Now if A # 0 an eigenvalue of L, then one factor in (23) must be zero.
Let u satisfy (21). Then

(i) p# 0: From (21) follows A +w — 1 # 0, so

A +w—1)% = X?u?, foronei (from (23)),
Mw?p?, (from (21)).

This shows that y = +pu;, so u is an eigenvalue of L + R.
(i) p=10: We have A\ +w —1=0 and
0=®(\) = det((A+w— )T —wVAL+ R)) = det(—wVA(L + R)),

i.e., L+ R is singular, so p = 0 is eigenvalue of L 4+ R. |
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Theorem 17

Let A=1— L — R be 2-consistly ordered. If L + R has only real
eigenvalues and satisfies p(L + R) < 1, then it holds

p(Luy,) = wp — 1 < p(Ly), forw # wy,

where

wp = solve wy in (21)).
o 1—p2(L-|-R)( b in (21))

sssss

Figure: figure of p(L.,)
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Theorem 18

One has in general,

w—1, forwp <w < 2

L) =
p(Le) 1—w+ sw?p? +wpy /1 —w+ tw2p2, for 0 <w < wp

(24)

v
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Remark: We first prove the following Theorem proposed by Kahan: For
arbitrary matrices A it holds

p(Ly) > |w—1], for all w. (25)

Since det(/ —wL) =1 for all w, the characteristic polynomial ®(\) of L,
is
®(\) = det(M — L) =det(({ —wL)(A — L))
= det(A+w—1)1 —wAL —wR).
For H Ai(Ly) = @(0) = det((w — 1) —wR) = (w —1)", it follows

|mmed|ately that

p(Le) = max|M(Lu)| > w — 1].
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Proof of Theorem: By assumption the eigenvalues p; of L + R are real

and —p(L + R) < p; < p(L + R) < 1. For a fixed w € (0,2) (by (25) in

the Remark it suffices to consider the interval (0,2)) and for each y; there
are two eigenvalues /\gl)(w,,u,i) and )\52) (w, p;) of Ly, which are obtained
by solving the quadratic equation (21) in A.

Geometrically, )\Z(-l)(w) and )\EQ) (w) are obtained as abscissae of the points
of intersection of
A tw-—1

the straight line g, (\) =
w

and

the parabola m;(\) := £V Au;
(see Figure 2). The line g,,(\) has the slope 1/w and passes through the
point (1,1). If g,(A) N m;(\) = ¢, then /\gl)(w) and /\1(2) (w) are conjugate
complex with modulus |w — 1| (from (21)).
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Evidently

p(Le) = max(IA (@)1, NP (@)]) = max(AD (@)], 3@ @))),

where A\(U(w), A®)(w) being obtained by intersecting g.,(\) with
m(\) := £V, with 1 = p(L + R) = max; |g;|. By solving (21) with
= p(L+ R) for A, one verifies (24) immediately, and thus also the
remaining assertions of the theorem.
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2,0 g, (W)

m(\)
m, (L)

Figure: Geometrical view of )\El)(w) and )\52) (w).
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Application to Finite Difference Methods: Model Problem

We consider the Dirichlet boundary-value problem (Model problem) as
in Example 3. We shall solve a linear system Az = b of the N2 x N?
matrix A as in (11).

To Jacobi method: The iterative matrix is
1
J:L+R:Z(4I—A).

It is easily seen that A is 2-consistly ordered (Exercise!).

To Gauss-Seidel method: The iterative matrix is

H=(I-L'R
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From the Remark of Theorem 16 and (12) follows that

™
N+1

p(H) = p(J)? = cos”

According to Theorem 17 the optimal relaxation parameter wy, and p(L,,,)
are given by

_ 2 _ 2
L4 /1—cos? ¥ 1+ sin %5

COS2

Wh

and

Iy S
p( wb) (1+SiIlNL+1)2

The number k = k(N) with p(J)* = p(L,,) indicates that the k steps of
Jacobi method produce the same reduction as one step of the optimal
relaxation method. Clearly,

k=np(Ls,)/ In p(J).
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Now for small z one has In(1 + 2) = z — 22/2 4+ O(2?) and for large N we
have

™ 2 1
—1- 1O
COS<N+1> sav e o)

Thus that
np(d) = =" ol
P =2 TN
Similarly,
Inp(Ly,) = 2[np(J)—In(1+sin NZ— 1)]
w2 m w2 1
= 9[- _ —
v vat Taw e T O
27 1
= TN+ + O(ﬁ) (for large N).
and AN 41
k=k(N)=~ g
T
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The optimal relaxation method is more than N times as fast as the Jacobi
method. The quantities

—In10
Ry = ~ 0.467(N + 1) 26
1
Ry = §RJzO.234(N+1)2 (27)
In10
= - ~0.367T(N+1 2
Rp,, (L) 0.367(N +1) (28)

indicate the number of iterations required in the Jacobi, the Gauss-Seidel
method, and the optimal relaxation method, respectively, in order to
reduce the error by a factor of 1/10.
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SSOR (Symmetric Successive Over Relaxation):

Ais symmetricand A= D — L — L7 Let

M,: =D —wL, and MI'=D —wL”,
Ny: = (1 —w)D+wL™, NEZ(l—w)D-i-wL-

Then from the iterations

Myxit12 = Nozi+wb,

Ml = fovm/z + wb,
follows that
m’z‘_;'_l = (M;TNEMJINUJ) €T; +5

= Gui+w (M;TNIMT + M;T)b
= Gur;+ M(w)™'b.

T.M. Huang (NTNU) Iterative Methods for LS October 25, 2011



It holds that

(1—w)D+wL)(D—wL) ' +1

= (wL—D—wD+2D)(D—wL) 41
= JT+2-wDD—-wL) ' +1
=(2-w)D(D —-wL)™,

M) =w(D-wL") " (2-w)D(D - wL)™,

M(w) = w(21—w)(D —wL)D™' (D —wL") (29)

(D-L)D*(D-L"), (w=1).

%
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Appendix

Proof of Theorem

(1) = (2): Lete = (1,---,1)T. Since B~! > 0 is nonsingular it follows
v=DB"le>0and Bv=B(B le)=e>0.

(2) = (3): Let s > max(b;;). It follows B = sI — C with C' > 0. There
exists a v > 0 with Bv = sv — Cv (via (2)), also sv > Cv. From the
statement (15) in Theorem 8 follows p(C) < s.

(3) = (1): B=sI—-C=s(I—10). For p(1C) < 1 and from Theorem

o
2.6 (I — LC)~! follows that there exists a series expansion Y- (1O)*.

v=0
Since the terms in sum are nonnegtive, we get B~! = (1 — 1C)~! > 0.
(2) = (4): From Bv = Dv —Cv > 0 follows Dv > Cv > 0 and d; > 0,
fori=1,2,--- ,n. Hence D~' > 0and v > D~'Cv > 0. From (15)
follows that p(D~1C) < 1.

(4) = (5): Trivial.
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(5) = (1): Since p(D~1C) < 1, it follows from Theorem 2.6 that
o0
(I — D7'C)1 exists and equals to > (D~'C)¥. Since the terms in sum
k=0
are nonnegative, we have (I — D~1C)~! is nonnegative and
B~l'={I-D'0)"'D1 >0

(2) = (6): Trivial.

(6) = (5): Consider the decomposition B = D — C, with d; = b;;. Let
{I =i|d; <0}. From d;v; — Zk# cikVg > 0 follows ¢, = 0 for i € 1,
and k #i. Since Bv > 0,#0 =1 # {1,--- ,n}. But B is irreducible
— I = and d; > 0. Hence for Dv >,# Cv also v >,# D~'Cv and
(16) show that p(D~1C) < 1. u
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Proof of Lemma 11 There is a z # 0 with Az = Az and |\| = p(4).
Hence

n n n
p(A)zil =1 aimar] < lallzr] <D cinlawl.
k=1 k=1 k=1

Thus,
p(A)|z| < Clzl.

If |z| > 0, then from (15) we have p(A) < p(C). Otherwise, let

I ={i|x; # 0} and C be the matrix, which consists of the ith row and
ith column of C with i € I. Then we have p(A)|z;| < Crlzy|. Here ||
consists of ith component of |z| with ¢ € I. Then from |z7| > 0 and (15)
follows p(A) < p(C7). We now fill C; with zero up to an n x n matrix C;.
Then C; < C. Thus, p(C) = p(C1) < p(C) (by Theorem ?2(3)). [ ]
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Proof of Theorem ?? Let A=D — L — R. From (17) and (18) D must
be nonnsingular and then as in Remark 9.3 we can w.l.o.g. assume that
D =1. Now let B=1—|L|—|R|. Then (17) can be written as Be > 0.
From Theorem 10(2) and (1) follows that B is an M-matrix.

(18) can be written as Be > 0, Be # 0. Since A is irreducible, also B,
from Theorem 10 (6) and (1) follows that B is an M-matrix.

Especially, from theorem 10(1), (4) and Theorem ?? follows that

p(IL] + |R[) < 1and p((I — [L|)"!|R]) < L.
Now Lemma 11 shows that
p(L+R) < p(|L| + |R]) < 1.
So TSM is convergent. Similarly,
p(I-L)'R) = p(R+LR+---+L"'R)
p(IR| + |L||R| + -+ [L["7[R])
p((I = |L[)7HR]) < 1.

IN

So SSM is convergent. |
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