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Definition 1

@ An eigenvalue whose geometric multiplicity is less than its
algebraic multiplicity is defective.

©Q The matrix A € C"*" has a complete system of eigenvectors if it
has n linearly independent eigenvectors.

Let A be a nondefective matrix and (\;, z;) fori =1,--- ;nbe a
complete set of eigenpairs of A. Thatis {z1,--- ,x,} is linearly
independent. Hence, for any ug # 0, 3 aq, - - - , oy, such that

Uy = a1 + -+ Ry
Now A¥z; = A\Fz;, so that
Abyy = 041)\]1“1‘1 + -4+ an)\ﬁxn. (1)
If [A\1] > |A;] fori > 2 and a; # 0, then

1 A
—kAkuo =121 + (ﬁ)kazSUQ 4+ -+ an(—n)kxn — oz as k — oo,
S A1 A1

T.M. Huang (Nat. Taiwan Normal Univ.) February 15, 2011 3/17



Algorithm 1 (Power Method with 2-norm)

Choose an initial u # 0 with ||u||2 = 1.
Iterate until convergence
Compute v = Au; k = ||v]|2; u:=v/k

Theorem 2

The sequence defined by Algorithm 1 is satisfied
lim k; = [\
12— 00

- A
lim e'u; = ———, where ¢ = [l
1—00 ||:l?1|| |a1| )\1

rr o
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Proof: It is obvious that
us = Auo/|| A%uoll, ks = [|A%uo|| /[l A° Huo]-
This follows from A\ ~*A%uy — a2 that
A7 A%uo || — |a ]| |

Ad] = HIA o | — Ja |l

and then
M| A%uo || /| A5 o | = M| ks — 1.

From (1) follows now for s — oo

AN
. . ASUO B 0411}1—1—2?22011'()\—;) X
e%ug VT = \F
IA0ll oz + 0, as(32) il
oz T Qg
loazy]] [l oa]
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Algorithm 2 (Power Method with Linear Function)

Choose an initial u # 0.
Iterate until convergence
Compute v = Au; k=4L4(v); u:=v/k
where ((v), e.g. e1(v) ore,(v), is a linear functional.

Theorem 3
Suppose ¢(z1) # 0 and ¢(v;) # 0,1 =1,2,..., then

11— 00

1i Z1
m u; = .

1—00 6(331 )
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Proof: As above we show that
u; = Alug J0(Aug), ki = £(Alug) L(A L ug).
From (1) we get for i — oo
M TH(AMg) — arb(z1),

)\1 _i+1£(Ai_1uO) — alﬁ(wl),

thus
)\1_1]{}1' — 1.
Similarly for i — oo,
A'ug 1T + 2?22 aj()\_i)lxj 11
Uy = = —

U(Afo) — flagay + Y0, o (32)is) arl(z1)
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@ Note that:

0(Aug) arl(@r) + Y5y ay(52) e(a;)
ki = g,y =M n Ay
(A" uo) onl(my) + 35 o a(5H)~H(x;5)

Ao .
A“’O('f'z_l)'

A2
A1

That is the convergent rate is
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Theorem 4

Letw # 0 and for any p setr,, = Au — pu. Then ||r,|2 is minimized
when

= u*Au/u*u.
In this case r,, L u.

Proof: W.L.O.G. assume |[ufl2 = 1. Let ( w U ) be unitary and set

u* _ (v bR\ [ uAu uAU
(U*)A(“ U):(g B)_(U*Au U*AU)'
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Then

u*
(5 ) =

:*§§
N

7 N 7 N 7 N 7 N
Q@ T @ T
*
& %
\/\/D>

It follows that

v—p
Il =1 e )l =0( 75" ) B == w4 gl
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Hence
min Irullz = llgllz = [Irv|l2-

That is © = v = u*Au. On the other hand, since
uw'ry, = u*(Au — pu) = u*Au — p =0,
it implies that r,, L . |

Definition 5 (Rayleigh quotient)

Let v and v be vectors with v*u # 0. Then v* Au/v*u is called a
Rayleigh quotient.

If w or v is an eigenvector corresponding to an eigenvalue A of A, then

* ES
v*Au v*u
=\

v*U v*U

=\

Therefore, uj Auy/ujuy, provide a sequence of approximation to A in
the power method.
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Inverse power method

Goal

Find the eigenpair (), z) of A where X is belonged to a given region or
closest to a certain scalar o.

Let A1, --- , A\, be the eigenvalues of A. Suppose A, is simple and
o~ \. Then

_ 1 _ 1 _ 1
_Al—o’uz_/\g—a’ 7Mn_)\n—a

M1

are eigenvalues of (A —oI)~! and p; — oo @as o — 1. Thus we
transform \; into a dominant eigenvalue ;.

The inverse power method is simply the power method applied to
(A—ol)7L.
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Algorithm 3 (Inverse power method with a fixed shift)

Choose an initial ug # 0.

Fori=0,1,2,...
Compute Vil = (A = UI)flui and kit1 = E(Uiﬂ).
Setuir1 = vit1/kiv1

@ The convergence of Algorithm 3 is ]i;:ﬂ whenever \; and )\, are

the closest and the second closest eigenvalues to o.

@ Algorithm 3 is linearly convergent.
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Let (\, z) be an eigenpair of 4, i.e.,

1

A$=)\$=>(A—O'I)$=(>\—O').'L‘=>(A—O'I)_l.%‘:)\
-0

T = .

It implies that

A=o+pu '

Algorithm 4 (Inverse power method with variant shifts)

Choose an initial uy # 0. Given oy = o.
Fori=0,1,2,...
Compute Vir1 = (A — O'Z‘I)_lui and ki+1 = K(viﬂ).
Set Ujt1 = Ui+1/ki+1 and Oi+1 = 05 + 1/ki+1.

@ Above algorithm is locally quadratic convergent.
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Connection with Newton method
Consider the nonlinear equations:

() =lEa]=1]

Newton method for (3): for: =0,1,2,...

FR R () )
P(R)=1 9

the Newton method can be rewritten by component-wise

Since

(A—=XiDuir1 = (Nig1 — i)y
ET’UﬂH_l = 1.
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Let

v o Ui
N —
(N VIS

Substituting v;1 into (4), we get
(A — )\iI)UZ'+1 = Uyj.
By equation (5), we have

E(Ui_i_l) _ 1
Aidl — N Xip1 — A

ki1 =£(vip1) =

It follows that

1

T = .
i i kiy1

Hence the Newton’s iterations (4) and (5) are identified with Algorithm
4,
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Algorithm 5 (Inverse power method with Rayleigh Quotient)

Choose an initial ug # 0 with ||ugl|2 = 1.
Compute g = ul Aug.
Fori=0,1,2,...

Compute Vit1l = (A = O'iI)flui.

Set Uit = Ui+1/HU/L'+1H2 and Oi+r1 = Uﬁ_lAuiJrl.

@ For symmetric A, Algorithm 5 is cubically convergent.
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