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1. A set (5£5) is a collection of specified objects, and usually
denoted by A, B, C,---.

R = {x|x is a real number (E&{)}
N = {x| x is a positive integer (IEE2£{)}
Z = {x| xis an integer (22}
Q = {x| x is a rational number (BIE&I)}
2. x € A: x belongs to (BBIR) A, i.e., x is an element of the set A.

2
mneR, 5eN, —-T7€Z and geQ.

AC B: Ais asubset (FE5) of B, i.e., if x€ A, then x € B.
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3. The union (B#£E) and intersection (32%8) of two sets A and B
are defined by

AUB={x|xe A or xe B},
ANB={x|xe A and xe€ B}.

4. V: for all CHIIRFRA).
5. 3 exist (f71E).
6. P: does not exist (FTZ1E).

7. s.t. or O: such that (f£18).
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8. =: imply that (215).
9. < if and only if CEBEIE®).
10. Greek letters: (BRAFEFR)

a (alpha), f (beta), ~ (gamma), 0 (delta),
¢ (epsilon), @ (theta), A (lambda), u (mu),

p (rho), 7 (tau), ¢ (phi), w (omega),---

Hung-Yuan Fan (32#i8), Dep. of Math., NTNU, Taiwan Chapter 1, Calculus B 6/122



11. The intervals (EF’eﬁ) in R are often denoted by /, e.g.,
(a,b) ={xeR|a< x< b},
[a,b] = {xe R|a < x< b},
(a,b) = {x€eR|a< x< b},

[a,b) = {xeR|a< x< b}.

Hung-Yuan Fan (32#i8), Dep. of Math., NTNU, Taiwan Chapter 1, Calculus B 7/122



12. i.e.: that is (LELER).
13. e.g.: for example (ZBHIZRER).
14. w.r.t.: with respect to (EIX).

15. Def: Definition (%), Thm: Theorem ().
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Section 1.2
Functions and Their Graphs

(RBREET)
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Def (EEREMER
Let XC R and YC R.
(1) A real-valued function f from X to Y, denoted by f: X — Y, is

a correspondence (¥1f&) that assigns to (¥8JK) each x € X
one unique (ME—RY) value y € Y.

(2) The set X = dom(f) is called the domain (FE&) of f.
(3) The subset of Y defined by
range(f) = {y € Y|3Ixe€ Xs.t. y=f(x)}
is called the range (fEI%) of £.

(4) x is the independent variable (E%2{) and y is the dependent

variable (FBEE]) of f. <
oy
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Basic Operations of Functions

Def (RBAVEAEH; 1/2)

Let fand g be real-valued functions defined on X C R.
(1) The sum f+ g of fand g is defined by

(f+g)(x) = ix) + g(x) Vxe X
(2) The difference f— g of fand g is defined by
(f—g)(x) = fix) —g(x) ¥xeX
(3) For any k € R, the constant multiple kf of fis defined by

(kf)(x) = k- fx) VxeX
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Basic Operations of Functions

Def (REMEREE; 2/2)

(4) The product fg of fand g is defined by
() () = flx) - g(x) VxeX

(5) The quotient g of fand g is defined by

Vxe X,

provided that g(x) #0 Vxe X
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Three Categories of Elementary Functions (1/2)

1. Algebraic Functions (fCEIEKE])
(a) polynomial (function) of nth degree (n € N)

Ax) = anX" + ap_1X" L4+ 4ag with a, # 0.
(b) rational function (BIEK )
fix) = p(x)/a(x),

where p(x) and q(x) # 0 are polynomials.
(c) radical function (fRTVEAEN)

fix) = x'/" = /x with ne N.
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Note (1RTCEREIAVE FIHELEE)

Let f(ix) = ¢/x with n € N.
e When n is odd (Z7#]), we know that

dom(f) = range(f) = (—o0,0) = R.

e When n is even (fB£]), we see that

dom(f) = range(f) = [0, o0).
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Three Categories of Elementary Functions (2/2)

2. Trigonometric Functions (= AR E])
f(x) = sin x, cos x, tan x, cot X, sec X, €SC X.

3. Exponential and Logarithmic Functions (}5&EA%I (K E)

fix) =a" or f(x)=log,x,

where 0 < a # 1. (See Section 1.4 later!)
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Def (&M EBHES

Let X, Y and Z be subsets of R. The composite function (& %
) of f: Y~ Zand g: X — Yis defined by

(fog)(x) = flg(x)) Vxe X
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Def (Even and Odd Functions)

Let f be a real-valued function defined on X C R.
(1) fis an even function (fBERE) if {—x) = f(x) Vxe X

(2) fis an odd function (FFRE]) if {—x) = —f([x) Vxe X
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@ The graph of an even function is symmetric w.r.t. the y-axis.

(BEREEFZ R -8h)

@ The graph of an odd function is symmetric w.r.t. the origin.

(BFREWEFHERIRE)
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Section 1.3
Inverse Functions

(REE)
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Def (I EBHY
Let f: X — Y be a function, where X, Y C R. A function
g: Y — Xis called the inverse function (ZEKE]) of fif

=
|
i
|
SA 7

g(fix))=x Vxe X and flgly))=y VyeY.

In this case, we denote g = L. (uEﬂE finverse)
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Q If 1 3 then (F1) =+
@ In general, it is true that £~ !(x) # %

© The graph of ! is a reflection (525%) of the graph of fin the
line y = x, i.e.,, b= fla) « f }(b) = a.

(5B R e )
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Main Questions

@ Does falways have an inverse function 17

@ When does f~! exist for any real-valued function f?
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Def (—4—REHES

Let fbe a real-valued function defined on X C R. If f(x;) # f(x2)
for any x; # x2 € X, then fis an one-to-one function. (—#f—IX
g, BEM 1-1)

T =5y
Y \ l /\A - /({9*/37= %()()_:)( 7‘$
e N e
. c\x\\ '>C7.>,\< ) lﬁé\’ -
Rr-ouet o SX \.Q 17 -~ .. . @ 4
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Existence of !

Thm (REH ' HEEL)

Let f be a real-valued function defined on X C R. Then

f~!' 3« fis one-to-one on X.
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Inverse Trigonometric Functions (&z =K )

@ In order to obtain the inverse trigonometric functions, we need
to restrict the domains of six trigonometric functions.

@ Conventionally, the following functions

sin ; [_7”, g] 5 [-1,1], cos:[0,7] = [~1,1]

tan: (5, 5) = (—00,50),  cot : (0,m) = (~50,00)
sec : 0, ) U (5, 7] = (=00, ~1] U [1,00),

ese: [5,0) U (0, 5] = (o0, 1] U [L,00)

are both 1-1 on the restricted domains.
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Section 1.4
Exponential and Logarithmic Functions

(15 B BB 4 B 2])
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Def (I a BERIEEIR )

The exponential function with base number a is defined by
fix) =a VxeR,

where 0 < a # 1.
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Thm (Basic Properties of a¥)

Let flx) = a“ with 0 < a# 1. Then
Q@ dom(f) =R = (—o00, ).

@ range(f) = (0,00), i.e., fix) =a*>0 VxeR.
© f0)=a=1, i.e, the y-intercept of fis (0,1), and A1) = a.

Q fisoneto-oneon R, ie., f1:(0,00) =R 3.
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Thm (Laws of Exponents; f§&{E)

If a,b> 0 and x,y € R, then
Q =3I,

Q (¥) = a9 = ()

Q (ab)* = a*b~.
(4] ‘??X = a7

°(3) =%
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Def (Euler's number; BREIE T AL HIE)

The irrational number e = hH(l)(l + X) /X ~ 2.71828182846 - - - .
X—>

Note: see Example 3 for observing the behavior of
f(x) = (1 + x)'/* as x approaches 0.

Definition of &*

For the base number a = e > 1, f{x) = a* = € is called the natural
exponential function (BAIEZIRE).
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The Inverse Function of €~

Since the function f(x) = €* is one-to-one on R, it must have an
inverse function f~1: (0,00) — R = (—00,00)!

Definition of In x

The inverse function of f(x) = €, denoted by f~!(x) = Inx, is
called the natural logarithmic function (EZA%I &K E]). Moreover,
we have

y=lnx Vx>0<=¢& =x VyeR.
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Thm (Basic Properties of In x)

Let f{x) = Inx. Then
Q@ dom(f) = (0, 00).

@ range(f) =R = (—o0, ).

© f(1) =In1 =0, i.e., the x-intercept of fis (1,0), and
fle) =lne=1.

Q fis one-to-one on (0,00), i.e., f 1 : R — (0,00) 3.

O In(e&¥) = x for x€ R, and ¥ = x for x > 0.
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Thm (Laws of Logarithms; ¥1£{{)

If x>0, y>0and z€ R, then
QO In(xy) =Inx+1Iny.

Q In (%) =Ilnx—Iny.

Q@ In(x¥*) =z-Inx
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Section 1.5
Finding Limits Graphically and
Numerically

(TEEf LB EUE LK 1EFR)
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Informal Definition of a Limit

Def (RSBRIERIEERXNER

Let f be a real-valued function defined on X C R with ¢ &X. If f(x)
becomes arbitrarily close to a unique number L € R as x
approaches c¢ from either side, then the limit of fis L as x
approaches ¢, denoted by i;ni fx) = L.

i= g(‘x)
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Nonexistence of a Limit

Type | (& c RMENBIRIEARHEE)

If f(x) — Ly and f(x) — Lo, where L; # Lo, as x approaches c from
either side, then 1iin fix) 3.
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Nonexistence of a Limit

Type Il (REEE c HMOEETR)

If f{x) increases (ME1Z) or decreases (¥EJ&) without bound as x
approaches ¢ from either side, then liin fix) 3.
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Nonexistence of a Limit

Type Il (REEE c FMIAEE)

If f{x) oscillates (Z2&) between two fixed values as x approaches ¢
from either side, then lim f(x) 7.
X—C
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Formal Definition of a Limit

Def (REBRERENER

Let f be a real-valued function defined on X C R with ¢ €X. Then

lim f(x) = L.

X—C
<—Ve>0, 30 >0st. if0<|x— ¢ <0 (and x € X),
then |f(x) — L| <e.

Note: this is also called the -6 definition of a limit.
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Section 1.6
Evaluating Limits Analytically

(1€ 53 tr £ SK 1B ER)

A%
Ya
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Thm (Basic Limit Laws; 1/2)

Let b,c € R and let f and g be real-valued functions with

lim f(x) =L, limg(x) = K.
X—C

X—C
(1) lim b= b and lim |x| = |c|.
X—C X—C

(2) lim X" = ¢” and lim [f(x)}n —L" VneN.

X—C X—C

(3) lim[b- f(x)] = b- [lim f(x)} —b-L

X—C X—C

(4) lim [f(x) + g(x)} - [lim f(x)} + [nm g(x)} —L+K

X—C X—C X—C

Hung-Yuan Fan (32#i8), Dep. of Math., NTNU, Taiwan Chapter 1, Calculus B 72/122



Thm (Basic Limit Laws; 2/2)

(5) lim [f(x)- g(x)] - [lim f(x)] : [lim g(x)} —L K

X—C X—C X—C
lim f(x)
= _ L.
©) MWeghg ~ gt ~ K7

(7) The Limit of fo g: (B EKEHIHRIRE)

If lim f(x) = f(K), then lim g(x)) = f(m g(x)) = fK).
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Thm (Limits of Elementary Functions; 1/2)

Let ¢ be a real number in the domain of the given function.

(1) If p(x) is a polynomial, then 1i_r>n p(x) = p(c).

(2) If r(x) = p(x)/q(x) is a rational function with g(c) # 0, then
lim r(x) = r(c) = p(c)/q(c).

X—C

(3) lim ¢/x= y/c Vné€N, where ¢ > 0 when n is even and

X—C

c € R when n is odd.
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Thm (Limits of Elementary Functions; 2/2)

(4) Limits of 6 trigonometric functions are given by

limsinx=sinc¢c, limcosx=cosc, limtanx= tanc,
X—C X—C X—C

lim cot x=cotc, limsecx=secc, limcscx= cscc.
X—C X—C X—C

(5) lim &= a for 2 > 0 and c€ R.

X—C

(6) limInx=Inc for ¢ > 0.
X—C
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Thm 1.7 ({6 R EEKHBRE)

If 36 > 0s.t. ix) =g(x) Vx€ (c—0,¢)U(cc+ ), then

lim f(x) = lim g(x).

X—C X—C

Note: i f(x) B1ER g(x) & - MEBE c FHTINIBRERS!
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Thm 1.8 (Squeeze (or Sandwich) Thm; RiEEIRYIREETEIER)

If 30 > 0s.t. h(x) < fix) < g(x) Vxe(c—0d,¢c)U(c,c+ ), and

lim h(x) = L = lim g(x),

X—C X—C

then lim f(x) = L.

X—C
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Thm 1.8 W ~EE

h(x) = f(x) = g(x)

y

\

flies in here.
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Thm 1.9 (Some Special Limits)

o hm sin@ =1
§—0 0 '

- 1—cosf _
o (}]I_I)I%)T—O.

Q lim(1+ x> =e
x—0
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Section 1.7
Continuity and One-Sided Limits
(4B B IR AT R)

n Fan (GEi#ti&), Dep. of Math.,, NTNU, Taiwan Chapter 1, Calculus B 87/122



Continuity of a Function

Def (E{EREBOEMEY)

Let fbe a real-valued function defined on I = (a, b) with c € .
(1) fis continuous (EAER; % conti.) at cif lim f(x) = fc).

X—C

(2) fis conti. on [if it is conti. at each c € I.

(3) fis everywhere conti. (BEEZ3E4) if it is conti. on
R = (—00, 00).
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Discontinuity of a Function

Def (HB(HYFEMEE)

Let f be a real-valued function defined on /= (a, b) with c € .

s =

(1) fhas a discontinuity (FNE#ER; BE S disconti.) at cif it is
NOT conti. at c.

(2) A disconti. of fat cis called removable (BJ#%BRHY) if fcan be
made conti. at ¢ by redefining f(c). Otherwise, the disconti. at
c is called nonremovable (AT FRAY).
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One-Sided Limits

Def (BEBREMNER

(1) fhas the limit L from the right (or the right-hand limit L; &
MRPR1E) at ¢, denoted by lim fix) =L, if flx) > Lasx—c
X—C

from the right.

(2) fhas the limit L from the left (or the left-hand limit L; ZZ4R[R
1) at ¢, denoted by lim f(x) = L, if ix) — L as x — c from
X—C

the left.
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Solution of Example 3

o \W Dﬁa" w auo\ m.\[,x]l
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Existence of a Limit

Thm 1.10 (RBUBRIEFENSFERYE)

lim fix) = L <= lim fix)=L= lim+ f(x).

X—C X—C— X—>C

(f £ c BB IRES L <— EABIRENS L)
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One-Sided Continuity

Def (EBEEIEE)

Let f be a real-valued function defined on X C R with c € X.
(1) fis conti. from the right ({6E#4&) at cif lim+ fx) = flc).
X—C

(2) fis conti. from the left (Z£3E#&) at cif lim f(x) = flc).

X—C

fis conti. at ¢ <= fis conti. from the right and from the left at c.
(FE cHEE — (& c MOEBBLER)
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Continuity on a Closed Interval

Def (EERIEM LAY EMEIE)
We say that fis conti. on / = [a, b] if the following conditions hold:

@ fis conti. on the open interval (a, b).

@ fis conti. from the right at a, i.e.,, lim f(x) = f(a).

x—at

© fis conti. from the left at b, i.e., linbl f(x) = f(b).
x—b—
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Properties of Continuity

Thm (GEERRAVMEE)

Q If fand g are conti. at cand b € R, then f+ g, bf, fg and f/g
with g(c) # 0 are conti. at c, respectively.

@ If gis conti. at c and fis conti. at g(c), then
(fo g)(x) = flg(x)) is conti. at c.

© All elementary functions are conti. on their domains.

Note: the above properties are also true for one-sided continuity!
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Intermediate Value Theorem

Thm 1.13 (I.V.T.; PEEEE)

If fis conti. on [a, b], fla) # f(b) and k is any number between f{a)
and f(b), then Ic € [a, b] s.t. flc) = k.
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Section 1.8
Infinite Limits

(IREEIR)
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Def (REMGIREMNER; 1/2)
(1) li_r>nf(x)=oo<=>V/\/l>0, 35 >0st if0<|x—c <9,
then flx) > M.

(2) imfix) = —0c0o <= VN<0, 3§ >0st. if0<|x—c] <6,

X—C

then fx) < V.
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REE (K EE)

lim £(x) = oo
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Def (REMRENTESR; 2/2)
(3) lim+f(x):oo (or lim f(x)zoo) <= VM>0,306>0

X—C™
st. ifc<x<c+6 (orc—0 < x<c), then x) > M.

(4) lim flx) = —o0 (or lim f(x)z—oo) <= VN<O0,36>0
x—ct x—>c~
st. ifc<x<c+6 (orc—0<x<c), then x) < N.

<
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Vertical Asymptotes

Def (S5 E MMM EEITLR)

If lim f(x) = £oo or lim f{x) = +o0, then the line x=cis a
x—ct X—c™

vertical asymptote (FEE EIT4R) of the graph of £.

Thm 1.14 (FEFEEARNUE)

If fand g are conti. on an open interval / containing c, where

gx) #0 Vxe N{c}. If flc) #0 and g(c) = 0, then g(())?) has a

vertical asymptote at x = c.

Hung-Yuan Fan (32#i8), Dep. of Math., NTNU, Taiwan Chapter 1, Calculus B 116/122



& ﬁwi\g (ﬂw\m% \/W\"CZEQ ﬁﬁM?foUg>
"d*ff %ﬁf %es a vw.a& fsym?’ca’(a & =

Q\,} o )(1-4 -
, ﬁf( ')F"H“"( et ve@rechvaj

e ?Sm C6Ct'\( 9'WX g\qg \VS{W‘&y MAR / \)?/f'bc&,
e ok xenm Yuez

Hung-Yuan Fan (32itiR), Dep. of Math., NTNU, Taiwan Chapter 1, Calculus B 117/122



B %m (m)(y;) ,i‘i. %g’k#"?.&& Kk
3 Yo wetll appts & 122

.

Hung-Yuan Fan (32#i8), Dep. of Math., NTNU, Taiwan Chapter 1, Calculus B 118/122



Example 3 UREE (K LER)

<y
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Thm 1.15 (Properties of Infinite Limits)

Suppose that li_I)l’l f(x) = +o00 and li_r}n g(x)=L#0.
(1) ligl[f(x) + g(x)] = £oo.

Q lim[f(x)g(x)] = £oo if L > 0.

X—C

Q@ lim[f(x)g(x)] = Foo if L < 0.

0 lim &% — .

lim 35
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Thank you for your attention!
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