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Section 2.1
The Derivative and the Tangent Line
Problem

(EHE)ERE)
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Tangent Line Problem (t]1#xXRRE)

Let fbe a real-valued function defined on I = (a, b) with c € .
What is the slope (R1Z) m of the tangent line (TJ#R) to the
graph of f at the point P(c, f(c))?
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(¢ + Ax, f(c + Ax))

fle+Ax) - flc) = Ay
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Obsevation

Since the slope of the secant line (ZJ#R) passing through P(c, f(c))
and Q(c+ Ax, flc+ Ax)) is

_ ﬁ/ _ fle+ Ax) — flc)
Msec = Ax Ax >

the slope m of the tangent line at P is determined by considering

m= lim msc= lim i vy = f(c).
Ax—0 Ax—0 Ax
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Def (HIREIEH)
flc+Ax)—fc)
Ax—0 X x—c X

through P(c, f(c)) with slope m is called a tangent line to the
graph of fat P.

If m= lim = lim % 4, then the line passing
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Vertical Tangent Lines

Def (EEVIRNER
A line x = c is called the vertical tangnet line (FEE1J4R) to the
graph of f at the point (¢, flc)) if

fm AEFAN=RO _ o RN _
Ax—0T Ax x—ct X—C
o fi A fi
L ActA) A9 AN-fd _,
Ax—0— Ax X—Cc— X—C
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Remark (TI&FGE)

Equation of the tangent line to the graph of y = f(x) at the point
(c,f(c)) is given by

y—flc) = m(x—c). (Point-Slope Form; F4&IT()
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Example 4

Let fix) = /x for x > 0.
(a) Find the tangent line to the graph of fat (4,2).
(b) Find the slopes of the graph of fat (1,1) and (0,0).

Sol: For ¢ > 0, the slope of a tangent line passing through (c, f(c))

is given by
. fle+ Ax) — flc) . Vet+Ax—/c
m=lim = lim ———
Ax—0 Ax Ax—0 Ax
Ax 1 1

AiIEoAx(\/H—Ax—i—\fc) Vet+ 0+ 2yc
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(a) At the point (4,2), m = ﬁ = 1 and the equation of the

tangent line at (4,2) is
1 1
y—2= Z(X—ZL) or y= 1x+ 1.
(b) The slope of the graph of fat (1,1) is m = 2%6 =1
addition, the slope of a tangent line at (0,0) is

In

. f0 + Ax) — f{0) . 1
lim = lim = 00,
Ax—0t Ax Ax—0T v/ A

and hence the graph of f has a vertical tangent line at x= 0.
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Read Examples 1 and 2 by yourself.

Def (BEEERBRIESR
(1) The derivative (B#]) of fat x € dom(f) is

f/(x) = lim f(XJr AX) — f(X) = lim M

Ax—0 Ax z=x  Z— X

(2) fis differentiable (B 7); BEA diff.) at x € dom(f) if the
derivative f'(x) 4.

(3) fis diff. on = (a, b) if it is diff. at each x € /.
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o If S={x & dom(f)|f’(x)3}, the first derivative f’ can be
regarded as a function defined on S.

e For any y = f(x), the derivative is often denoted by

P =y =T _ Y p g9 = Dufiw.
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Recall

Sice the following equality
(a+ b)® = a® +3ab + 3ab® + b
holds for any a, b € R, we immediately obtain

(x+ Ax)? = 5% 4 3x2(Ax) 4 3x(Ax)? + (Ax)3.

Hung-Yuan Fan (32#i8), Dep. of Math., NTNU, Taiwan Chapter 2, Calculus B 17/65



Differentiability v.s. Continuity

Thm 2.1 (TS — EE)

Let f be a real-valued function defined on X C R with
c € X=dom(f). If fis diff. at ¢, then fis conti. at c.

Hung-Yuan Fan (32#i8), Dep. of Math., NTNU, Taiwan Chapter 2, Calculus B 18/65



Y&‘ Smm EP R oXTQQ 'ak X=(. . -
> %‘(Q) ‘ %(%) (() -1

'Hc b

bi}q—,gm“ b X%M S(C )'\‘gl(’.)]

= %m-o*vﬁ}ac) = Qo). S, 5 5 eath afe,
R o ' | o}

A s ) A

AR
Ya

Hung-Yuan Fan (32#i8), Dep. of Math., NTNU, Taiwan Chapter 2, Calculus B 19/65



@ ¥ i -— =
E_“’:E\_“if( Thm 2.1 mﬁzf%\ Y

S’Vw\wz\f%"‘ 2 %2 W oads |

20—

&K %=2, Wk ok o NOT &:Q%,‘«xx:z’
Sraa o, AR\ x2 | ad

D N S LYCE-VE

e S P e A = =\ . we kg bl

T X X2 X=Z2

k=27 x=2 o ace D N

So 3 N0l a8y oKX %=z §

St b T = )

MW Seo Evoude T+ (Tomz\g ?zfzt\ - @

Hung-Yuan Fan (32#i8), Dep. of Math., NTNU, Taiwan Chapter 2, Calculus B 20/65



O REW T Mo R EREER - 5FR Thm 2.1 -

Q BE - RERVEEMA—CEZ WMD) F R Example 6 ]
Example 7 °

Hung-Yuan Fan (32#i8), Dep. of Math., NTNU, Taiwan Chapter 2, Calculus B 21/65



Sections 2.2 & 2.3
Basic Differentiation Rules and
Higher-Order Derivatives

(BARMDZRESEER)
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Thm (Basic Differentiation Rules)

Let fand g be diff. functions of x and c € R. Then

(1) &ld=o0.
(2) Lix"|=n-x""LforneR.
(3) &[fx) £g(x)]=f'(x) £g'(x).

(4) fle- ] = c- /().

(5) LAx)g(x)] = f'(x)g(x) + fix)g'(x) = amrm + @FmEn).

(6) < {f(x)] f/(8g(x)=fxeg (X _ (FEETH - (FFRER)
L .

&(x) le(x)]* a (8)?
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Thm (Derivatives of Elementary Functions)

Q
|

(1) isinx] =cosx, Z[cosx = —sinx.

(2) di[tan x| = sec? x, j [cot x] = — cse? x.

(3) di[secx] = sec xtan x, %{[cscx] = — ¢sc xcot x.
(4) di[ex] = &, di[ln|x]] = 1 for x # 0.

Equivalent Def. of Euler number

The number e is the base number of an exponential function s.t.
the slope of the tangent line at (0,1) is 1, i.e., it satisfies

|
\

Ax 0 Ax_l
Fom & — - =7

Ax—0  Ax Ax—0  Ax

A\
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Sketch of the Proof

(1)

sin(x + Ax) — sin x

Zlsinxd = 1
gxonX = lim, Ax
sin xcos(Ax) 4 cos xsin(Ax) — sin x
= lim
Ax—0 Ax
s(Ax) — 1 in(A
:sinx< lim M) —i—cosx( lim M)
Ax—0 Ax Ax—0  Ax

= (sinx)(0) 4+ cos x- 1 = cos x.

d _ d|sinx| _ cos®x+sin®x __ 2
(2) &ltanx] = &[Cosx} = XX = sect x.

d _dj|_1 _ (0)cosx—1-(—sinx) __ 1 i .
(3) &[SQCX] — dx |:COSX] - cos? x - (cosx) (ig;i) - &
sec xtan x. (418

Chapter 2, Calculus B 29/65
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Higher-Order Derivatives (

Let y = f(x) be a diff. function of x. Then
o first derivative: y' = f'(x) = Z—)X’ = Z1f(x)].

_ Ly &P

@ second derivative: y” = f"(x) = a2 = gzlfx)] = S,

o third derivative: y " = f”(x) = ¥ = L[] = L(y "),

o fourth derivative: Y14 = A% (x) = %’ = %[f(x)] =d(ym.

o nth derivative: y(") = £ (x) = 2¥ = L [fix)] = L (yn-1)

T dx”

for n € N. Here, we denote y0) = y = f(x).
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Section 2.4
The Chain Rule
(ZESHR)
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Thm 2.11 (The Chain Rule; ZEfH{E)

If y = f{u) is a diff. function of u and u = g(x) is a diff. function of
x, then y = f{g(x)) is a diff. function of x and

dy dy du d

T=S o L [fe)] = Fle) £/
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Thm 2.12 (General Power Rule; EEEAA)

If u(x) is a diff. function of x, then y = [u(x)] " is also a diff.
function for any n € R with
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Example 8

Find f/(x) if fix) = 3/X2(+4 = 2 +X4)1/3.

Sol: From the Quotient Rule of Differentiation and the Chain
Rule, we see that

DB — x(1/3)(3 +4)72/3(2%)
(X2 +4)2/3

1 Layz [30¢ +4) =24

=50+ [ (X2 + 4)2/3 }

B 1 X+12 X +12

T 302428 (4428 302 +4)13

f-,(X): 1(
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Example 11 (1/2)

Fid the derivative y .
(a) y = cos3x® = cos(3x?).

(b) y = (cos3)x%.

(c) y= cos(3x)? = cos(9x%).

Sol: By the Chain Rule, we have
(a) y' = (—sin3x%) - (6x) = —6xsin(3x3).

(b) y' = (cos3)-(2x) = (2cos 3)x.

(c) y' = (—sin9x%) - (18x) = —18xsin(9x?).
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Example 11 (2/2)

(d) y = cos® x = (cos x)?.

(e) y=y/cosx = (cosx)'/2.

Sol: From the Chain Rule, we see that

(d) y' =2(cos x)(—sin x) = —2sixxcos x.

/ 1

(e) y' = becosx)~V/2(—sinx) = = SlX

2+/cos x’
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Thm (Derivatives of ¢ and In |u|)

If u= u(x) is a diff. function of x, then
(1) Ll =¢ VxeR, Zlev=¢e"u'.

dx
(2)

(3)

[Inx] =1 for x>0, dix[lnu]:”Tlforu>0.

ng_ ng_

=1 [ —1forX7éO./ 4 n|u :”—,foru#O.
dx u
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(b) Find y' = f'(x) if y = flx) = In(x* + 1).

Sol: If we let u= u(x) =x*+1 >0 for x€ R, then

: [ln(x2 + 1)} = u—/ 2x

T dx U R+l

Please read Example 13 of Section 2.4 by yourself. \

f'(x) VxeR.
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Differentiate the following function

X0+ 1)? we (L o
f(x)—ln—m v 6(\3/5, )-

Sol: Firstly, it follows from Laws of Logarithm that
) = In [x(3 + 12 = | (24 = 1)/?]
=Inx+2In(2+1) — %1n(2x3 —1).
Thus, the first derivative of fis given by

o= 25 ()
1

4x 3x2 1

1 _ o AT
xTeri o el R0
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Def (RIZ 2 M log, x WER

Let 0 < a# 1.

(1) The exponential function to the base a (M a Z/ERIIEEIEK
£) is defined by

F=e"? yxeR.

(2) The logarithmic function to the base a (M a &R ERIEIEIK
£) is defined by
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Thm (B a¢ M log, |u| A AR)

Let u = u(x) be a diff. function of x and 0 < a # 1.
(1) dix[ax] = (Ina)a* VxeR, d_(i[au] = (Ina)a“ - u’.

(2) %( _logax} = (lna)x for x > 0, d—‘i[loga } (lna) for u> 0.
(3) £ 108, x| = b for x 0.

(4) & _loga \uq — (1na)u for u # 0.
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Section 2.5
Implicit Differentiation

(BRm5)
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Representations of a function

e Explicit Form (F&z():
y = fx),
e A—]

where x is the independent variable (H%=) and y is the

dependent variable (FEE£).

e Implicit Form (F&=V):
F(xy) =0,
where we assume that y = y(x) is a diff. function of x.

[Q]: How to fined y’ d Y under the implicit form?
Ans: apply the technique of Implicit Differentiation!
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Example (fi7t=E)

Find Z—i if xy=1.

Sol: Assume that y = y(x) is a diff. function of x. Thaen x and y
satisfy the following equation

Fix,y)=xy—1=x-y(x) —1=0.

Differentiating w.r.t. x on both sides of equality gives that

ey~ =ytx L= 0) =0

So, we have Z—i = ¥ for x # 0.
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Example 8 (FIFBEM% KIN@AER)

Find the tangent line to the graph of
PR +Y)=y o Fixy)=xX*+xy -y =0
at the point (v/2/2,v/2/2).
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Solution of Example 8

Sol: Assume that y = y(x) is a diff. function of x. It follows from
the Chain Rule that
dy

dxzo'

453+ 2xy% + 2x%y - ——2

Thus, the first derivative 9 i Y is given by

dy —2x(2x2 +%) X2+ %)

e 202 —1)  y1-2)
At the given point, m = Zﬁ(’ s= ?7/3 = 3, and hence the
x=y=%5%

equation of the tangent line at this point is

Hung-Yuan Fan (32#i8), Dep. of Math., NTNU, Taiwan Chapter 2, Calculus B 52/65



Fﬂf_\_l Pod L e that gl gy oo oh

-

>°_Q Ass»\w\gf\w& ‘A &(&) »QQGM‘Q %W\dtb’h 0‘?%
U +y-5Y- Xl e 41=0"
_5 ;K {.'2‘3 M'\/‘CQZ?I%(/ o \o\} ST uL@

Hung-Yuan Fan (32#i8), Dep. of Math., NTNU, Taiwan Chapter 2, Calculus B 53/65



N ———— o~y

Eﬁ\w Tototuing. the Slo one N W‘&WL\ "%

3(*&3« b5"*)7‘*; {00ty
Qk V\\L '(b\

ﬁﬁ% ot 3 %m o diff. Suctin & 4.
ST )= & ey ],

. . . . . . . . . . . . . . . . . . . . (I AR

Hung-Yuan Fan (32#i8), Dep. of Math., NTNU, Taiwan Chapter 2, Calculus B 54/65



9& ook + 124 Uc-\-a)}& looY, -12 (o<+g)
= ﬂ ’_loo}ﬂwx(o(-(-b) -
dx ~( 00K ‘\'12\3(0(’ \323 %%\}/ Z7‘)
A Y- ?9((0<+‘q')_'_ —
SEXE Y

.

Chapter 2, Calculus B 55/65



_ 1 v~ » - T 7

(‘3‘3 __}j{_\ﬂ, (e =% %. ‘3@7 -
Gen ‘x+‘0 25, %w\ dge— -‘1”
gog A%MM%%“) w«é(%.? Qv.wwv\ o‘? rx‘\
T |
-(°Sff‘6 ) =Q7(zq) S =0

> 3% X B .
dx Ty i
5 8 L} Y- ) ﬂ -\3 X \‘a ) -y
'25'
Pecouse XxY=2
\Ars 3 oW ”m’i&” 5- & - ?;za
” - -

Hung-Yuan Fan (32#i8), Dep. of Math., NTNU, Taiwan Chapter 2, Calculus B 56/65



Logarithmic Differentiation (21811 73)%)
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Section 2.6
Derivatives of Inverse Functions

(BRI 73 ER)

A%
Ya
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Let f be diff. on an open interval /. If fhas an inverse function
g = f !, then gis diff. at any x € range(f) for which f'(g(x)) # 0,
with the derivative
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Thm 2.18 (R=AR RIS A )

Let u = u(x) be a diff. function of x. Then

d in—1, _ _u’ d -1, _ —u’
(1) ssin""u= =5, g COST U= ==

_u/

1+u?-

d -1, _ _u d -1, _
(2) Htan™ u= 115, gecotT u=

1 —_—

(3) Lseclu=—4 — Leselu= 4.
dx luvu2—1"  dx |ulv/u2—1
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Thank you for your attention!
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